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Estimating quantum fermionic properties is a computationally difficult yet crucial task for the study of
electronic systems. Recent developments have begun to address this challenge by introducing
classical shadows protocols relying on sampling of Fermionic Gaussian Unitaries (FGUs): a class of
transformations in fermionic space which can be conveniently mapped to matchgates circuits. The
different protocols proposed in the literature use different sub-ensembles of the orthogonal group
O(2n) to which FGUs can be associated. We propose an approach that unifies these different
protocols, proving their equivalence, and deriving from it an optimal sampling scheme. We begin by
demonstrating that the first three moments of the FGU ensemble associated with SO(2n) and of its
intersection with the Clifford group are equal, generalizing a result known for O(2n) and addressing a
question raised in previous works. Building on this proof, we establish the equivalence between the
shadows protocols resulting from FGU ensembles analyzed in the literature. Finally, from our results,
we propose a sampling scheme for a small sub-ensemble of matchgates circuits that is optimal in
terms of number of gates and that inherits the performances guarantees of the previous ensembles.

Understanding the physics of correlated electronic systems is crucial for
quantum chemistry1–3 and condensed matter physics4,5, with potential far-
reaching applications in drug discovery6, chemical engineering7 and mate-
rial science8. Simulating such many-body quantum systems on a classical
computer is challenging due to the exponential scaling of the system’swave-
function. This difficult task was one of the first applications envisioned for
quantum computers9–13 and it remains one of the most promising14–20.
However, current quantumdevices are noisy and of limited size, which puts
severe restrictions on the quantum algorithms that can be reliably executed.
In that context, variational quantumalgorithms21 have emerged as a popular
class of algorithms addressing these hardware constraints. These versatile
algorithms rely on a classical optimization of a variational ansatz obtained
by applying a parameterized quantum circuit to some fixed initial state.
Among these algorithms, the variational quantum eigensolver22–24 has
attracted lot of attention in view of the simulation ofmany-body systems on
near-term devices.

A critical step of this algorithm is the estimation of the expec-
tation values of a set of observables. This operation occurs repeatedly
during the optimization of the variational ansatz, which requires
measuring the systemHamiltonian, and at the end of the algorithm to
characterize the obtained quantum state. To this end, typical quan-
tities of interest are the k-body reduced density matrices (k-RDM),
which encode many relevant physical properties of the simulated
systems25. For the study of fermionic systems on quantum devices, the
2-RDM can be used to estimate the system energy26,27, the associated

gradients28,29 and multipole moments30; while the 3-RDM finds useful
applications for condensedmatter models31,32. Multiple methods have
been developed to efficiently estimate fermionic k-RDM. Bonet-
Monroig et al.33 proposed a strategy based on the gathering of the
target observables into cliques of commuting operators that can be
measured simultaneously. Although nearly optimal for the 1- and 2-
RDMs, the proposed methods cannot be easily generalized to larger
values of k. Another similar strategy has been proposed in ref. 34 but
requires the use of multiple ancillary qubits.

Recognizing these limitations, Zhao et al.35 proposed a prob-
abilistic strategy, building on the recent breakthrough of the classical
shadows protocol36,37. This protocol consists in the construction of a
classical representation of a quantum state obtained from the mea-
surement performed on the system evolved according to a random
unitary transformation. This representation is then used to build
estimators of the quantities of interest. A key choice in this procedure
is the ensemble of random unitary transformations used to derive the
classical representation. The strategy proposed in ref. 35 relies on a
subgroup of the group of Fermionic Gaussian Unitaries (FGUs),
which is a particular subset of the transformations preserving the
linear span of the 2n Majorana operators associated with n fermionic
modes (see Sec. Fermionic Gaussian Unitaries andMatchgate Circuits
for more details). Under the Jordan-Wigner mapping38, these trans-
formations correspond to matchgate circuits39, a class of efficiently
classically simulable circuits generated by specific Pauli rotations
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acting on adjacent pairs of a qubits chain40,41. Up to a global phase,
FGUs are in one-to-one correspondence with the elements of the
group of special orthogonal matrices SO(2n). This allows for efficient
classical simulation schemes that do not rely explicitly on the previous
mapping42–45, which in turns enables an efficient classical post-
processing for the classical shadows protocol.

Zhao et al.35 considered the subset of FGUs belonging to the Clifford
group (under an arbitrary fermion-to-qubit mapping). The obtained
ensemble corresponds to a subgroup of SO(2n) solely composed of signed
permutationmatrices. Using this ensemble, they derived an asymptotically
optimal classical shadows protocol for the estimation of fermionic k-
RDMs. A limitation of the proposedmethod lies in the use of the subgroup
of Clifford FGUs,which appears to single out a preferred basis ofMajorana
operators. Following this work,Wan et al.46 introduced a classical shadows
protocol using a larger ensemble, which we refer to as the generalized
FGUs, in view of an application to hybrid quantum-classical quantum
Monte-Carlo simulations (QC-QMC) of fermionic systems47. Similarly to
FGUs, generalized FGUs are in one-to-one correspondence with the
orthonormal group O(2n) and correspond to matchgate circuits com-
plemented with single-qubit Pauli gates under the Jordan-Wigner map.
The authors prove that thefirst threemoments of theuniformdistributions
on the generalized FGUs and on the subset of Clifford generalized FGUs
are equal. This result enables them to simultaneously exploit the symme-
tries of the Clifford group and the invariance under rotation of the Haar
measure on O(2n), thereby avoiding singling out a preferred basis of
Majoranaoperators. Leveraging thisfinding, they show that their scheme is
efficient in estimating various quantities such as the overlap between an
arbitrary pure state and a fermionic Gaussian state. In a related work,
O’Gorman48 provide a simplified analysis of the scheme presented in
ref. 35, offering a corrected expression of the estimators variances within
and showing the efficiency of the Clifford FGU ensemble for the classical
shadows estimation of various quantities. They also considered a shadows
protocol associatedwith a specific subgroup of permutation corresponding
to the so-called perfect-matchings, and proved a partial equivalence with
the results of ref. 35.

As noted by Zhao and Miyake49, so far the group of FGU corre-
sponding to the continuousmatrix group SO(2n) has not yet been analyzed
in the context of classical shadows, and Wan et al.46 left the possibility to
extend the matchgate 3-design property to this ensemble as an open
question. Furthermore, to this day, the link between the shadows protocols
corresponding to different sub-ensembles of FGU remains unclear. In this
paper, we investigate the use of the FGU ensemble associated with SO(2n)
for the classical shadows protocol. First, we consider the larger class of
ensembles that can be decomposed into circuits with independent random
Pauli rotations and show that under mild symmetry assumptions on the
distributions of the random angles, these ensembles admit the same first
three moments as their sub-ensembles belonging to the Clifford group.We
refer to ensembles with this property as Clifford-3-cubatures. We find that
the FGU ensemble associated with SO(2n) is a Clifford-3-cubature, thereby
providing a positive answer to the open question introduced in ref. 46. Our
result proves that the SO(2n) group leads to a shadows protocol that is
equivalent to the one considered in ref. 35. Second, we show that classical
shadows protocols using ensembles of Clifford FGUs are unaffected by the
injection of reflections with respect to Majorana operators. Precisely, we
complete the results of ref. 35 and show that the variances of the shadow
estimators are invariant under such reflections.We also extend the results of
ref. 48 and show that ensembles of FGU,which permutations correspond to
the same perfect-matching also lead to shadow estimators with the same
variances. This allow us to rigorously prove that the different FGU
ensembles considered in the literature (inparticular in refs. 35,46 and ref. 48)
yield equivalent classical shadows protocols. Finally, we present and discuss
new sampling schemes for different subsets ofCliffordFGU.Buildingon the
previous equivalence result, we derive a sampling scheme that is optimal in
termsof anumberof gates and that generates aFGUensemble inheriting the
best performance guarantees of the previous ensembles.

Results
Background
In the following we provide an overview of the background material
necessary to develop and prove our results. First, we introduce some general
notations and mathematical facts in sec. “Notations and mathematical
preliminaries”. Then, we review the classical shadows protocol in sec.
“Classical shadows protocol”. We gather useful definitions and results
related to fermionic Gaussian unitaries and matchgate circuits in sec.
“Fermionic Gaussian Unitaries andMatchgate Circuits”. Finally, we review
existing results related to shadowsprotocols basedonFGUensembles in sec.
“Previous results”.

Notations andmathematical preliminaries. Throughout this paper, we
will denote N the set of non-negative integers, k½ � :¼ 1; . . . ; kf g and we
write N� :¼ Nnf0g. For multi-indices μ; ν � N� we write δμν the gen-
eralized Kronecker symbol that is equal to 1 if μ = ν and 0 otherwise. We
follow ref. 35 and write Sym(2n) the symmetric group on 2n objects. This
group is faithfully represented by the group of 2n × 2n permutation
matrices, namely matrices, which columns and rows have only one non-
zero entry equal to 1. We denote Sym(2, 2n) the generalized symmetric
group of cyclic order 2, which is defined as the wreath product
Z2 o Symð2nÞ. The group Sym(2, 2n) is faithfully represented by per-
mutation matrices whose non-zero entries take values in {−1, 1}. Every
suchmatrixM can be writtenM =DPwith P a permutationmatrix andD
a diagonalmatrix with entries in {− 1, 1}. ThematricesD can be seen as a
faithful representation of Zn

2 ffi f�1; 1gn and for two generalized per-
mutations matrices M1, M2 we have the semi-direct product
M1M2 ¼ ðD1P1D2P

�1
1 ÞðP1P2Þ, so that Symð2; 2nÞ ¼ Zn

2 ⋊ (Sym) (2n).
We also write Sym+(2n) (respectively Sym+(2, 2n) the subgroup of
Sym(2n) (respectively Sym(2, 2n)) corresponding to matrices with
determinant+ 1. Note that Sym+(2n) is exactly the alternating group, i.e.
the subgroup of even parity permutations denoted Alt(2n) in ref. 35. In
the following we do not distinguish the previous groups and their matrix
representations.

The Hilbert space of a system of n qubits is denotedHn ffi C2n . Since
they have the same dimension,Hn is unitarily isomorphic to the state-space
of a system n fermionic modes, and upon fixing a fermion-to-qubits
mappingwe can identify both.DenoteUðHnÞ the set of unitaryoperators on
Hn. Operators acting trivially on all but the k-th qubit are written with a
lower index k. In particular, we denote Xk, Yk, Zk the Pauli operators asso-
ciatedwith the k-th qubit. The identity operator is denoted I.Hn is equipped
with the usual canonical basis of eigenstates of the Pauli-Z operators
jzi; z 2 0; 1f gnf g. We denote Pn the Pauli group, which contains all Pauli
words of the form P ¼ λ

Qn
k¼1 Pk with Pk 2 I;Xk;Yk;Zk

� �
and

λ 2 1;�1; i;�if g. We write Cln for the Clifford group, which is defined as
the group of unitary operators normalizing the Pauli group, namely
Cln :¼ C 2 UðHnÞ jCPnC

y � Pn
� �

. Recall that up to global phases Cln is
generated by the control-Z, the Hadamard and the phase gates, respectively
denoted CZ, H and S.

WewriteLðVÞ the space of linear operators on a complex vector space
V. The setLðHnÞ is itself aHilbert space equippedwith theHilbert-Schmidt
innerproduct hA; BiHS :¼ Tr½AyB�.WewriteLðLðHnÞÞ the vector space of
superoperators onLðHnÞ andwe call a quantumchannel any superoperator
that is completely positive and trace preserving50. In the following, super-
operatorswill be denotedwith calligraphic letters. In particular, for a unitary
transformation U, we will write U the corresponding unitary quantum
channel defined as UðAÞ :¼ UyAU for A 2 LðHnÞ.

Classical shadows protocol. In this subsection we briefly review the
classical shadows procedure introduced byHuang et al. in ref. 36. The aim
of this protocol is to estimate the expectation values of a set of M
observables O1; . . . ;OM

� � 2 LðHnÞ with respect to an unknown
quantum state ρ of which we have multiple copies. The first step of the
procedure is to chose a unitary ensembleU characterized by a probability
measure η over UðHnÞ (or some subset thereof) which can be efficiently
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sampled. For each copy of ρ, one then draw a random unitary transfor-
mation Û � U, apply it to ρ and perform ameasurement of the resulting
state in the computational basis. One then obtain a classical bit-string ẑ,
whose probability distribution conditioned on Û is given by Born’s rule

P ẑ ¼ z j Û� � ¼ hzjÛρÛ
yjzi: ð1Þ

Applying the inverse unitary Û
y
to the state jẑi and averaging over the

realisations yields a mixed state that can be seen as the image of ρ under the
so-called measurement quantum channel

MðρÞ :¼ EÛ;ẑ Û
yjẑihẑjÛ

h i

¼ EÛ

P
z2 0;1f gn

hzjÛρÛ
yjziÛyjzihzjÛ

" #
;

ð2Þ

Assuming thatM is invertible, one can define an estimator of ρ as follow

ρ̂ :¼ M�1 Û
yjẑihẑjÛ

� �
: ð3Þ

This estimator and its realisations are referred to as classical shadows in the
literature. Note that the requirement thatMmust admit an inverse on the
whole spaceLðHnÞ can be relaxed toM admitting an inverse on a subspace
of LðHnÞ, provided that both ρ and UyjzihzjU belong to this subspace for
any z 2 0; 1f gn and U 2 U46.

Using the classical shadow ρ̂, one can then build estimators for the
expectation values oi :¼ Tr½Oiρ� for i ∈ [1,M] by defining

ôi :¼ Tr½Oiρ̂�: ð4Þ

Remark that these estimators are to be computed classically from the
knowledge of the sampled unitaries Û and measurement outcomes ẑ. By
construction, the classical shadows and the corresponding estimators are
unbiased. In particular, the only part of the variance of ôi affected by the
choice of U is the raw second moment E ô2i

� �
, which is also a simple

majorant of Var ôi
� �

. Huang et al.36 also introduced another usefulmajorant
of the previous variance, the so-called shadow normwhich is defined as the
supremum of the second raw moment over all possible states ρ. Using a
median-of-mean estimator and the associated concentration
inequalities36,51, it can be shown that a sample size

N / 1
ϵ2
log

M
δ

� 	
max

1≤ i≤M
Var ôi
� �
 � ð5Þ

is sufficient to estimate all theM expectation values up to an error ϵ andwith a
probability of failure δ. ref. 36 motivates the use of a median-of-mean
estimator by the obtention of a logarithmic scaling in both M and δ.
Depending on the observables to measure and on the unitary ensemble
considered, theobservables estimatorsmightbebounded. In that case, adirect
applicationof theHoeffding inequality52 shows that a simplemean-of-sample
estimator can be used, leading to a similar scaling for N (upon replacing the
variances by the range of the estimators in Eq. (5)).However, as the inverse of
themeasurement channelmight not be a quantumchannel itself, the classical
shadows are notwell definedquantumstates in general. In particular, ρ̂might
fail to be positive, which can make it difficult to bound for Tr½Oiρ̂�.

In order to better appreciate the role of the chosen unitary ensemble in
the classical shadows protocol, it is insightful to introduce the t-fold twirl53

(or simply t-fold54) channel ofU, whose action on A 2 LðH	t
n Þ is given by

EðtÞðAÞ :¼
Z
UðHnÞ

ðUyÞ	t
AU	tηðdUÞ ð6Þ

with η the probability measure definingU. The t-fold channel completely
characterizes the first t moments of the distribution η. Random unitary

ensembles whose t-fold channel matches the t-fold channel of the Haar
measure55 onUðHnÞ are said to be unitary t-designs.As an example, it iswell
known that theClifford groupCln equippedwith the uniformdistribution is
a 3-design although it fails to be a 4-design56,57. The notion of t-design have
also been extended to other unitary groups (see e.g. ref. 58) and to
continuous variable systems in ref. 59. These ensembles have found
numerous useful applications in quantum information theory54,60–65. In
particular, the use of theuniformClifford ensemble for the classical shadows
protocol was investigated in ref. 36.

Having defined the t-fold channel of U, one can use the linearity of
both the trace and the expectation to rewrite the measurement channel as

MðρÞ ¼
X

z2 0;1f gn
Tr1 Eð2Þðjzi zh ∣	2Þðρ	 IÞ� �

; ð7Þ

where Tr1 denotes the partial trace over the first tensor component. Like-
wise, using the fact that Tr½M�1ðAÞB� ¼ Tr½AM�1ðBÞ�, one can write the
second raw moment E ô2i

� �
as follow

X
z2f0;1gn

Tr Eð3Þðjzi zh ∣	3Þðρ	M�1ðOiÞ 	M�1ðOiÞÞ
� �

: ð8Þ

These expressions show that unitary ensembles sharing the same 3-fold
channel yield classical shadows protocols whose efficiencies are essentially
equal. As for the results presented in ref. 46, many of our results will rely on
this observation.

Fermionic Gaussian Unitaries and Matchgate Circuits. In the next
paragraphs, we introduce some notations and definitions related to
many-body fermionic systems. Then, we review the various ensembles of
fermionic Gaussian unitaries used in the literature and give some of the
associated results in the context of classical shadows.

Consider a system of n fermionic modes whose creation and annihi-
lation operators are denoted ai; a

y
i with i 2 n½ �. The fermionic modes can

equivalently be represented by the 2nMajorana operators

γ2p�1 :¼ ayp þ ap; γ2p :¼ i ayp � ap
� �

; ð9Þ

which are self-adjoint and satisfy the anti-commutation relations
γk; γl
� � ¼ 2δklI. In the following we will denote ½2n�

k


 �
the set of subsets

of 2n½ � with k elements, and identify an element μ 2 ½2n�
k


 �
with the

corresponding k-multi-index μ≔ (μ1,…, μk) which elements are sorted in
increasing order 1 ≤ μ1 <⋯ < μk ≤ 2n. For any such μ, define the associated
k-degree Majorana operator

γμ :¼ γμ1 . . . γμk : ð10Þ

These operators form an orthogonal family for the Hilbert-Schmidt inner
product.

The k-RDM of a state ρ is defined as the tensor of order 2k whose
entries are written

k
Dp1...pk

q1...qk
:¼ Tr ayp1 . . . a

y
pk
aq1 . . . aqkρ

h i
: ð11Þ

In order to estimate the k-RDM using a quantum computer, one needs
to map the system of n fermionic modes to a system of qubits. For the
sake of clarity, we will use the Jordan-Wigner (JW) transformation
throughout this paper, which we recall at the end of the Methods
section “Fermion-to-qubit mapping.”Having fixed a fermion-to-qubit
mapping, we will no longer distinguish the fermionic from the qubit
transformations. Note that the results presented in this paper are
independent of the exact mapping used, as long as Majorana operators
are mapped to Pauli ones.
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Zhao et al.35 proposed a classical shadows protocol tailored for the
estimationof fermionic k-RDMsrelyingona subsetof the continuous group
of fermionic Gaussian unitary transformations. A FGU is a unitary trans-
formation UQ 2 LðHnÞ associated with some Q ∈ SO(2n) such that

Uy
QγkUQ ¼

X2n
k¼1

Qklγl ð12Þ

for every k 2 2n½ �. As before, we denote UQ the corresponding unitary
quantum channel. Using the Leibnitz formula for determinants and the
commutation relation of the Majorana operators, we have

Uy
QγμUQ ¼

X
ν2 2n½ �

jμj


 � det Qμν

� �
γν; ð13Þ

where Qμν 2 Rjμj× jμj is defined by ðQμνÞij ¼ Qμiνj
for 1 ≤ i, j ≤ ∣μ∣ = ∣ν∣.

Hence, every FGU is characterized up to a global phase by its associated
element Q ∈ SO(2n). In particular, the map Q 7!UQ yields a faithful
representation of SO(2n) on LðHnÞ that satisfies

UQ0 °UQ ¼ UQQ0 ð14Þ

for all Q;Q0 2 SOð2nÞ. Using the Cauchy-Binet formula66 and the matrix
elements Tr½γyνUQðγμÞ� in Liouville representation, one can show that this
representation is orthogonal35.

The existence of an homomorphism from SO(2n) toLðLðHnÞÞ allows
to transform a decomposition of the element Q in elementary building
blocks into a decomposition of the corresponding UQ. Of note are the
decompositions in terms ofGivens rotations67, which are rotations in planes
spanned by two coordinate axes ofR2n. More precisely, a Givens rotation
gij(θ) of axes i, j ∈ ⟦1, 2n⟧ and angle θ ∈ (− π, π] is defined as the rotation
whose matrix in the canonical basis ofR2n reads

ð15Þ

Defining

GijðθÞ ¼ exp � θ

2
γiγj

� 	
; ð16Þ

and writting GijðθÞ the corresponding channel, we have

GijðθÞðγkÞ :¼ GijðθÞyγkGijðθÞ

¼ P2n
l¼1

½gijðθÞ�klγl;
ð17Þ

that is gij(θ) is represented byGijðθÞ. Fromwhat precedes, decomposingQ∈
SO(2n) as a product of gij(θ) yields a decomposition ofUQ as a composition
of GijðθÞ. Such decompositions have found useful applications in the lit-
erature related to FGU and the simulation of fermionic systems15,16,68.

Under the JW mapping, the FGUs correspond to the so-called
matchgate circuits. A matchgate is defined as a two-qubits Pauli rotation of

the form

UðθÞ ¼ exp i θ2 P 	 P0
 �
;

P 	 P0 2 Z 	 I; I 	 Z; X 	 Xf g: ð18Þ

Considering that the n qubits are placed on a line, matchgate circuits are
then defined as the quantum circuits composed of matchgates acting on
pairs of adjacent qubits. This correspondence between FGU andmatchgate
circuits, which was first proven in ref. 42, can be elucidated as follow. First,
notice that

iZk ¼ γ2k�1γ2k; iXkXkþ1 ¼ γ2kγ2kþ1; ð19Þ

so thatmatchgates correspond toGivens rotations on adjacent qubits. In the
following we write gk(θ)≔ gk−1k(θ) these Givens rotations, and likewise for
Gk(θ) and GkðθÞ for 2 ≤ k ≤ 2n. Then, remark that any elements of SO(2n)
can be decomposed as a product of gk(θ). We review an important scheme
introduced in ref. 69 that achieves such a decomposition in the next section.

The classical shadows introduced in ref. 35 are built using the subgroup
of FGU belonging to the Clifford group. Considering a fermion-to-qubit
transformationmapping the Pauli operators to theMajorana ones, a FGU is
in the Clifford group if and only if its matrixQ belongs to Sym+(2, 2n). The
corresponding matchgate circuits are generated by matchgates with angles
belonging to 0; π; π2 ;� π

2

� �
, which we refer to as the Clifford angles. To see

this, remark that any rotation generated by aPauli string canbe transformed
into a single-qubit Z-rotation upon conjugating with the adequate Clifford
gates, and that the only Z-rotations in the Clifford group are the ones for
which θ belongs to the Clifford angles (the angles 0; π; π2 ;� π

2 correspond
respectively to the gates I, Z, S and S†, up to global phases).

The previous definition of FGU and of the corresponding matchgate
circuits can be extended to include transformations satisfying Eq. (12) with
Q ∈ O(2n), which we refer to as generalized FGU. Notice that most of the
previous discussion on FGU remains valid for these transformations, and in
particular Eqs. (13) and (14) hold true. Generalized FGU form a group
comprising the previous FGU together with unitary transformations
implementing reflections, namely transformations that map γk to − γk for
some k 2 2n½ � and leave all over Majorana operators invariants. Adding
such reflections allows to navigate between both connected components of
O(2n) corresponding tomatriceswith determinant+ 1 and−1.Note that it
suffices to add a single reflection to the group of FGU to generate the whole
group of generalized FGU. A simple choice is to include the reflection with
respect to the last Majorana operator γ2n. In terms of qubits, this amount to
allow the additionof the single-qubitPauli gateXn to thepreviousmatchgate
circuits, as can be checked from Eq. (92). We refer to the corresponding
circuits as generalizedmatchgate circuits. Remark that by using Eq. (92) one
may verify that the reflections with respect to γ2k−1 and γ2k correspond
respectively to Xk∏l > kZl and Yk∏l > kZl, which can easily be decomposed
into products of Xn and matchgates.

Due to the connection between matchgate circuits and FGU, we write
respectively Mþ

n and Mn for the groups of FGU and generalized FGU.

Previous results. Having reintroduced the relevant ensembles, we can
now recall some of the results on FGU shadows protocols established in
previous works. Zhao et al.35 derived an exact expression for the mea-
surement channel for the ensemble Mþ

n \ Cln that reads

MMþ
n \Cln

¼
Xn
k¼1

n
k

� � 2n
2k

� 	�1

P2k ð20Þ

withP2k the projector on the subspace of Majorana operators of degree 2k.
This measurement channel is diagonal in the basis of Majorana operators
andwewrite λk;n :¼ n

k


 �
2n
2k


 ��1
its eigenvalues. Thanks to its diagonal form,

this channel can be easily inverted. Moreover, a simple calculation shows
that for a 2k-degreeMajorana operator γμ the shadow norm is given by λ�1

k;n,
which yields an upper bound on the variance of the corresponding shadow
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estimator. The authors prove that this bound is optimal in the sense that
there is no subgroup of Clifford FGU resulting in a strictly lower shadow
norm. Another important result from ref. 35 is the fact that the measure-
ment channel of an ensemble of FGU associated with a set of generalized
permutation matrices is independent of the signs of the matrices entries. In
particular, the authors show that the sub-ensembles of Clifford FGU
corresponding to the groups Sym+(2, 2n) and Sym+(2n) result in the same
measurement channel given by Eq. (20). This result seems to indicate an
equivalence between the different ensembles of Clifford FGU.However, the
equality of the measurement channels does not guarantee that the
corresponding shadow estimators have the same variance, even though
the authors showed that the corresponding shadow norms are the same.
Besides, a potential limitation of the approach taken in ref. 35 lies in the
restriction to the subgroup of Clifford FGU. In fact, focusing on this
subgroup appears to single out a preferred basis ofMajorana operators, and
the bounds on the variance of the corresponding shadow estimators do not
necessary hold for rotated bases of Majorana operators of the form ~γk :¼
UQðγkÞ for some Q ∈ O(2n).

Building on the work of ref. 35,Wan et al.46 proposed to use ensembles
of generalized matchgate circuits. Most of their results stem from an
important propertywhich theyprove, namely that the 3-fold channels of the
ensembles Mn and Mn ∩ Cln are equal:

Eð3Þ
Mn

¼ Eð3Þ
Mn \Cln

: ð21Þ

This result is reminiscent of the3-designpropertyof theCliffordgroup56,58,70,
and the authors informally summarize it by saying that the groupofClifford
generalizedmatchgate circuits formamatchgate 3-design.As a consequence
of this result, the ensemblesMn∩Cln andMn are equivalent for the classical
shadowsprotocol, and they yields the samemeasurement channels aswell as
shadow estimators with the same variance. Moreover, it is shown that the
measurement channel is equal to the one obtained in ref. 35 for Mþ

n , such
that

MMn
¼ MMn \Cln

¼ MMþ
n \Cln

: ð22Þ

The authors also derive improved variance bounds for Majorana operators
as well as for other types observables, including some important overlaps
quantities for hybrid quantum-classical Monte Carlo simulations. The
equivalence betweenMn ∩Cln andMn enables to use the symmetries of the
Clifford group while preserving the invariance under rotations and
reflections of the generalized matchgate group. This allows the authors to
evade the specification of a preferred set of operators and to apply their
bounds to any rotated bases of Majorana operators.

O’Gorman48 extend the results of ref. 35 and provide a simplified
analysis of the protocol as well as a corrected expression of the variance of
the shadow estimators.Moreover, they show that themeasurement channel
of any sub-ensemble of Mþ

n \ Cln only depends on the perfect-matching
associated with each (signed) permutation of the ensemble. The perfect-
matching associated with a permutation σ : 2n½ � 7! 2n½ � is defined as

PerfMatchðσÞ :¼ σð2i� 1Þ; σð2iÞ� �
; i 2 ½n�� �

: ð23Þ

As such, PerfMatch(σ) is the equivalence class of permutations that differs
from σ by transposition acting on pairs of the form (2i − 1, 2i) and by
permutations preserving these pairs. For Q ∈ Sym(2, 2n), we define Perf-
Match(Q) as the perfect-matching of the corresponding unsigned
permutation. We denote PerfMatch(2n) the set of all possible perfect-
matching of 2n½ �. A complete set of representatives of PerfMatch(2n) is a
subset of Sym(2, 2n) composed of exactly one representative per class in
PerfMatch(2n). Using their result, the authors show that any such set
equipped with a uniform measure leads to the same measurement channel
asMþ

n \ Cln. Hence, theyfind a strict sub-ensemble ofMþ
n \ Cln admitting

the samemeasurement-channel. As before, note that this imply an equality
of the corresponding shadow norms but not necessarily of the variance of

the shadow estimators. Besides their results, the authors conjecture the
existence of an efficient sampling scheme for some complete sets of
representatives of PerfMatch(2n).

Other works in the literature investigated the use of FGUs for
classical shadows protocols. Wu and Koh71 presented an error-
mitigated version of the protocol of ref. 35. Statistical properties of the
matchgate shadows of ref. 46 were investigated in refs. 72 and 73 in the
respective context of quantum chemistry and QC-QMC. This pro-
tocol was also numerically and experimentally investigated in ref. 74,
again in view of QC-QMC simulations. The authors show that the
matchgate shadows protocol is robust to noise, connecting with
earlier results of this nature53,75. They also show that the post-
processing of the data remains a challenging bottleneck for an
application to QC-QMC. Another classical shadows scheme based on
the subset of number-conserving generalized FGU was investigated
in ref. 76 for the particular case of quantum states with a fixed particle
number. Low76 found an exponential improvement for average var-
iance of their estimator over the worst-case bounds obtained in
ref. 35. However, this protocol suffers some limitations that are dis-
cussed in ref. 46, 77 and 78 introduced FGU-based shadow protocols
adapted to the estimation of fermionic correlations on analog
quantum simulator. Ref. 77 proposed a sampling scheme for a sub-
group of FGU utilizing beam-splitter operations, enabling the esti-
mation of 2- and 4-point fermionic correlations in ultra-cold atom
experiments. In ref. 78, the authors explored protocols adapted to
current experimental platforms, relying on translationally-invariant
FGU. Zhao and Miyake49 proposed a quantum error-mitigation
strategy using classical shadow tomography and relying on symme-
tries of the system of interest. They apply their method in the context
of matchgate shadows protocols and derive an optimal sampling of
the continuous matchgate group. At last, the generalized FGU group
was also explored in ref. 79 in the context of randomized
benchmarking.

The different ensembles of generalizedmatchgates studied in this work
and their corresponding matrix groups are summarized in Table 1.

Clifford 3-cubatures and Matchgate Ensembles
Herewe investigate the use of the ensembleMþ

n corresponding to thematrix
groupSO(2n) for the classical shadowsprotocol. As pointedout in ref. 46, so
far it was unclear whether the matchgate 3-design property holds for Mþ

n .
Here,weprovide apositive answer to this question.Consequently,weobtain
that the groupMþ

n leads to a classical shadows protocol that is equivalent to
one of the group Mþ

n \ Cln analyzed in ref. 35.
To prove our claim, we first derive a general result in sec. “Locally

random ensembles and Clifford 3-cubatures” which extends the relation-
ship between the unitary group and its Clifford subset to non-uniform
ensembles admitting a decomposition into independent local random
rotations. Then, in sec. “Matchgate 3-desig”, we show that Mþ

n falls within
the scope of the previous result, on which we build to conclude.

Table 1 | Sub-ensembles of the generalizedmatchgate used in
the literature and the corresponding subsets S ⊆ O(2n)

U :¼ UQ; Q 2 S
� �

S ⊂ O(2n) ref.

Mn O(2n) 46

Mn ∩ Cln Sym(2, 2n) 46

Mþ
n SO(2n) This work

Mþ
n \ Cln Sym+(2, 2n) 35

n.a. Sym+(2n) 35

n.a. S ≅ PerfMatch(2n) 48

In this work, we show that these ensembles yield equivalent classical shadows protocols. The last
line correspond to subsets that are complete sets of representatives of PerfMatch(2n), i.e. sets that
are isomorphic to PerfMatch(2n) under the associated natural projection.

https://doi.org/10.1038/s41534-025-01015-y Article

npj Quantum Information |           (2025) 11:65 5

www.nature.com/npjqi


Locally random ensembles andClifford 3-cubatures. To present our
result, it is convenient to first introduce a type of ensemble that gen-
eralizes the notion of t-design to non-uniform distributions, which we
call t-cubatures. Akin to unitary designs that were introduced as the
unitary analogs of spherical designs, we define unitary t-cubatures as
the analogs of positive cubatures appearing in the literature on
numerical integration (see for instance refs. 80–84). Recall that the t-
fold channel EðtÞ

U of a unitary ensemble U is given by Eq. (6).

Definition 1. (Unitary t-cubature). LetU � UðHnÞ be a unitary ensemble.
We say that a finite sub-ensemble fUj; j 2 Jg � U with an associated
probability distribution ðpjÞj2J is a t-cubature ofU (or ðU; tÞ-cubature) if it
satisfies

EðtÞ
U ¼

X
j2J

pjU	t
j : ð24Þ

We call a Clifford t-cubature any t-cubature whose elements belong to Cln,
and we say thatU admits a (Clifford) t-cubature if there exists a (Clifford)
ðU; tÞ-cubature.

Consistently with the definition of unitary t-design, we will call a
ðU; tÞ-design any ðU; tÞ-cubature associated with a uniform distribution pj
= 1/∣J∣, ∀ j ∈ J. Equipped with the previous definition, we can now state the
main result of this section.

Theorem 1. LetU be a unitary ensemble generated by a quantum circuit
composed of fixed Clifford gates and Pauli rotations with independent
random angles distributed symmetrically about the Clifford angles. ThenU
admits a Clifford 3-cubature.

Recall that a random angle θ is symmetrically distributed about an
angle θ0 if and only if E f ðθ � θ0Þ

� � ¼ E f ðθ0 � θÞ� �
for any bounded

function f. To prove our theorem, we only need to focus on unitary
ensembles generated by a random Pauli rotation of the form

UðθÞ :¼ exp �i
θ

2
P

� 	
; θ � ν

� 

ð25Þ

with P ∈ Pn and ν a probability measure on ( − π, π]. In fact, for an
ensembleU generated by a circuit with a fixed architecture composed
of Clifford gates and independent random rotations, if the unitary
ensembles corresponding to the random rotations admit a Clifford t-
cubature, then so does U by independence of the angles and linearity
of the quantum channels. Furthermore, as for every Pauli string P
there exists a Clifford unitary C ∈ Cln such that C†PC = Z1, one can
simply focus on the particular case of a single-qubit random Z-
rotation. For instance, Fig. 1 gives such a decomposition for the
rotations generated by P = X ⊗ X which represents Givens rotations
under the JWmapping. Let us denote Rθ :¼ e�iθ2Z , and recall that up to
a global phase we have

R0 ¼ I; Rπ
2
¼ S; Rπ ¼ Z; R3π

2
¼ Sy: ð26Þ

As before, we write respectively Rθ; I ;S;Z and Sy the corresponding
unitary channels. We prove the following lemma in the Methods section “
Proof of Lemma 1.”

Lemma1. Let ν be a probability distribution on (− π, π] symmetric about
the Clifford angles and θ ~ ν. Then

E R	3
θ

� � ¼ ð1� pÞ
2

I	3 þ Z	3

 �þ p

2
S	3 þ Sy	3
 � ð27Þ

with p :¼ E sin ðθÞ2� �
.

This shows that under the constraints on angle distribution state in the
Lemma, theunitary ensemble corresponding to a randomZ-rotationadmits
a Clifford 3-cubature, and the proof of Theorem 1 follows.

Note that Theorem 1 and Lemma 1 above are generalizations of pre-
vious results presented in ref. 85 that focused on Clifford 2-cubatures.
Intuitively, these results can be interpreted as the outcomesof a decoherence
effect induced by a random choice of the angles. It is natural to wonder
whether ornot theprevious lemmageneralizes tok-fold channelswithk ≥ 4.
We provide a negative answer to this question and discuss some related
implications in the Methods section “Absence of Clifford 4-cubature for
single random Pauli rotations.”

Matchgate 3-designs. To show that matchgate circuits are encom-
passed by the previous result, we rely on a well-known decomposition of
elements of SO(2n) into Givens rotations as well as an associated sam-
pling method introduced in ref. 69. Consider a matrix Q ∈ SO(2n), one
can show that there exists Givens rotations glkðθlkÞ acting on axes (k− 1, k)
with 1 ≤ l < 2n + 2 − k ≤ 2n such that

Q ¼ ðg12g13 . . . g12nÞ . . . ðg2n�2
2 g2n�2

3 Þðg2n�1
2 Þ; ð28Þ

where we dropped the angles for clarity. Detailed proofs of this decom-
position can be found in refs. 86,87. To this decomposition corresponds a
matchgate circuit. Figure 2 show this circuit for 2n = 2. In the general case,
that circuit is composed of n(2n − 1) rotations of angles θlk that can be
adjusted to generate any FGU. By sampling the rotation angles according to
the right distributions, one canuse this circuit to sample uniformlyoverMþ

n .
This result is encapsulated in the following proposition, which is adapted of
a result given in ref. 86. Details on our modifications of the original pro-
position can be found in theMethods section “Distribution of the angles of
Givens rotations.”

Proposition 1. (Proposition 1.6 in ref. 86, adapted.). Let Q be a random
matrix defined by Eq. (28) for random independent angles θlk. If

θlk � f kðθÞ :¼
Γ k

2


 �
2Γ 1

2


 �
Γ k�1

2


 � jsinðθÞjk�2 ð29Þ

for all l and k, then Q is uniformly distributed on SO(2n).
Note that there exists other decompositions similar to the one pre-

sented here, some of which rely onGivens rotations with non-adjacent axes
(see for instance ref. 88), and other ones with a different order of the Givens
rotations (see ref. 89).

As the distributions of Eq. (29) are symmetric with respect to the
Clifford angles, Theorem 1 applies to the random matchgate circuits cor-
responding to the decomposition of Proposition 1, as long as Majorana
operators are mapped to Pauli strings under the considered. This is inde-
pendent of the exact fermion-to-qubit mapping. This allows us to prove the
following proposition, which generalizes the matchgate 3-design result of
ref. 46 to Mþ

n \ Cln.

Proposition 2. The uniform FGU group Mþ
n admits a Clifford 3-design,

i.e.

Eð3Þ
Mþ

n
¼ Eð3Þ

Mþ
n \Cln

: ð30ÞFig. 1 | Decomposition of the 2-qubits rotation generated by X⊗ X into Clifford
gates and single-qubit Z-rotation.
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Proof. From Theorem 1, there exists a Clifford 3-cubature fCj; j 2 Jg �
Mþ

n \ Cln with a probability distribution ðpjÞj2J such that

Eð3Þ
Mþ

n
¼
X
j2J

pjC	3
j : ð31Þ

The 3-fold channel Eð3Þ
Mþ

n \Cln
can be written

Eð3Þ
Mþ

n \Cln
¼ 1

jMþ
n \Clnj

X
C2Mþ

n \Cln

C	3: ð32Þ

Composing this equation on the left with Eð3Þ
Mþ

n
gives

Eð3Þ
Mþ

n
Eð3Þ
Mþ

n \Cln
¼ 1

jMþ
n \Clnj

P
C2Mþ

n \Cln

Eð3Þ
Mþ

n
C	3

¼ 1
jMþ

n \Clnj
P

C2Mþ
n \Cln

Eð3Þ
Mþ

n

¼ Eð3Þ
Mþ

n
;

ð33Þ

wherewe used the left-invariance of theHaarmeasure onMþ
n on the second

line. Likewise, using Eq. (31) and the right-invariance of the Haar measure
on Mþ

n \ Cln, we have

Eð3Þ
Mþ

n
Eð3Þ
Mþ

n \Cln
¼P

j2J
pjC	3

j Eð3Þ
Mþ

n \Cln

¼P
j2J

pjEð3Þ
Mþ

n \Cln

¼ Eð3Þ
Mþ

n \Cln ;

ð34Þ

and equating Eqs. (33) and (34) yields the desired result.□
Remark that the analog of Proposition 2 holds true for the subgroup of

unitary transformations belonging to the orthogonal groupO(2n)⊂U(2n)90.
The authors of ref. 91 recently conjectured that a similar result could extend
to the symplectic group. Investigating whether our findings could aid in
proving this conjecture would be interesting.

The preceding results can be summarized as follow. First, we proved in
Lemma1 that up to the third order randomPauli rotations can bewritten as
convex sums of Clifford gates, provided their random rotation angle is
symmetrically distributed according to the Clifford angles. This allowed us
to prove the existence of a Clifford 3-cubature for a large class of random
circuits inTheorem1. Second,weprovided a decomposition of the elements
of the uniformFGUensembleMþ

n associatedwith thematrix group SO(2n)
into products of independent Givens rotations through Eq. (28) and Pro-
position 1. Under the considered fermion-to-qubit mapping, this yielded a
decomposition of the corresponding matchgates circuits in terms of inde-
pendent random Pauli rotations. Leveraging this decomposition and the
previous theorem, we obtained the existence of a Clifford 3-cubature for
Mþ

n . Finally, we used the invariance of the Haar measure on this group to
derive the equality of the 3-fold channels ofMþ

n and of its Clifford subgroup
Mþ

n \ Cln, thereby proving the equivalence of the shadows protocols
associated with the matrix groups SO(2n) and Sym+(2, 2n).

Invariances and equivalence of the Matchgate Shadows
Protocols
The results of the previous section proves that the classical shadows pro-
tocols corresponding to the ensemblesMþ

n andMþ
n \ Cln are equivalent. In

this section we extend the results of refs. 35 and ref. 48 and show that, as for
the measurement channels, the variances of the shadow estimators asso-
ciated with the ensembles of generalized Clifford FGU corresponding to
signed permutations are independent of the permutations signs and only
depend on the associated perfect-matchings. From this, we identify the
relevant properties of ensembles of matchgate circuits for the classical
shadows protocol and we establish the equivalence between the different
ensembles of Table 1. Importantly, this result allows us to transfer the
performances guarantees associatedwith a given ensemble to the others. For
instance, the results obtained in ref. 46 for Mn andMn ∩ Cln, which rely on
the invariance of the shadows protocols under an arbitrary rotation of the
basis of Majorana operators, can be generalized to the other ensembles.

One of the key ingredient used byWan et al.46 to derive their results is
the invariance of the generalised FGU groupMn under arbitrary reflections.
This invariance enables them to explicitly calculate the 3-fold channel Eð3Þ

Mn

and to establish the equality Eð3Þ
Mn

¼ Eð3Þ
Mn \Cln

. Before we state and prove our
results, let us introduce a few facts regarding reflections. These transfor-
mations are intimately related with the signs of the matrices in Sym(2, 2n)
associated with Clifford generalized FGU. In fact, the channels imple-
menting reflections with respect to Majorana operators are of the form UD
withD 2 Z2n

2 . Consider the channelUQ withQ∈ Sym(2, 2n). Recall thatQ
admits a unique decomposition Q = DP with D 2 Z2n

2 and P ∈ Sym(2n),
such that UQ ¼ UPUD. For elements of Sym(2, 2n), define the equivalence
relationQ � Q0 if and only if the entries ofQ andQ0 only differ by a sign, i.e.
Q ¼ DQ0 for some D 2 Z2n

2 . This equivalence relation can be lifted to the
corresponding quantum channel and we write UQ � UQ0 if and only if
Q � Q0. In the following, we will prove that for a unitary ensemble
U � Mn \ Cln, the corresponding classical shadowsprotocol only depends
on the equivalence classes of the elements of U for the equivalence rela-
tion ~ .

We define the k-fold channels associated with the ensemble of reflec-
tions (equipped with the corresponding Haar measure) as

ΛðkÞ :¼ 1
22n

X
D2Z2n

2

U	k
D : ð35Þ

By the right invariance of the Haarmeasure, we haveU	k
D ΛðkÞ ¼ ΛðkÞ for all

D 2 Z2n
2 . In particular, the following lemma holds true.

Lemma 2. Let UQ; UQ0 be a Clifford generalized FGUs such that
UQ � UQ0 . Then we have 8k 2 N�:

U	k
Q ΛðkÞ ¼ U	k

Q0 ΛðkÞ: ð36Þ

We can now prove the following proposition.

Proposition 3. Let U � Mn \ Cln be a unitary ensemble of Clifford
generalized FGU. For any UQ 2 U with Q ∈ Sym(2, 2n), replacing UQ by
some UQ0 � UQ has no effect on the measurement channel and on the
variance of the estimators of the resulting classical shadows protocol.

Fig. 2 | Example of matchgate circuit corresponding
to the decomposition of Eq. (28) for the Jordan-
Wigner mapping and n = 2 qubits.
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Proof. The invariance of measurement channel under such exchange was
proven in ref. 35. We can thus focus on the variance of the shadow esti-
mators. Letuswrite fUQj

; j 2 Jg the elements ofU and ðpjÞj2J the associated
probability distribution. Denote Eð3Þ

U ¼Pj2J pjU	3
Qj

the corresponding
3-fold channel. As recalled in sec. “Classical shadows protocol”, for an
observable O 2 LðHnÞ, the variance of the corresponding estimator ô is
essentially determined by the second rawmomentE ô2

� �
which expression

is given in Eq. (8). Using the linearity of the trace, we can rewrite this
expression

E ô2
� � ¼ Tr ϒð3Þ

U ðρ	M�1ðOiÞ 	M�1ðOiÞÞ
h i

ð37Þ

where we defined

ϒð3Þ
U :¼ Eð3Þ

U

X
z2f0;1gn

jzi zh ∣	3

 !
: ð38Þ

Remark that ∀ P ∈ Pn the map A ↦ P†AP is bijective and maps bitstring
states of the form jzihzj to bitstring states, such that

Py	3
X

z2f0;1gn
jzi zh ∣	3

 !
P	3 ¼

X
z2f0;1gn

jzi zh ∣	3: ð39Þ

As reflections with respect to Majorana operators corresponds to Pauli
strings under the JW mapping, we have

Λð3Þ X
z2f0;1gn

jzi zh ∣	3

 !
¼

X
z2f0;1gn

jzi zh ∣	3 ð40Þ

and one can rewrite Eq. (38) as

ϒð3Þ
U ¼ Eð3Þ

U Λð3Þ X
z2f0;1gn

jzi zh ∣	3

 !
: ð41Þ

Hence we can replace Eð3Þ
U by Eð3Þ

U Λð3Þ in the expression of the variance.
Finally, one can rewrite

Eð3Þ
U Λð3Þ ¼

X
j2J

pjU	3
Qi
Λð3Þ

ð42Þ

and invoking Lemma 2 achieves the proof.□
Note that adapting this proof to the measurement channel is

straightforward, so that we incidentally proved the result of ref. 35.
In the caseswhere elements of the considered ensembleU are obtained

as products of more elementary Clifford generalized FGUs, we can likewise
replace the elementary channels by any other equivalent channel. This is a
direct consequence of Proposition 3 and of the following Lemma:

Lemma 3. Let UQ be a Clifford generalized FGU, then

U	k
Q ΛðkÞ ¼ ΛðkÞU	k

Q ; 8k 2 N� ð43Þ

Proof. This lemma is easily proven. To lighten notations we take k = 1, the
proof remaining valid for any k. Decomposing Q as Q = DP with P ∈

Sym(2n) and D 2 Z2n
2 , we have 8D0 2 Z2n

2 :

UQUD0 ¼ UD0Q ¼ UD0DP

¼ UDD0P

¼ UDPP�1D0P

¼ UP�1D0PUQ

ð44Þ

Hence

UQΛ
ð1Þ ¼ 1

2n
X
D2Z2n

2

UQUD

¼ 1
2n
X
D2Z2n

2

UP�1DP

0
@

1
AUQ

¼ Λð1ÞUQ;

ð45Þ

using the fact that for any P ∈ Sym(2n) the map D↦ P−1DP is bijective an
preservesZ2n

2 .□
Proposition3andLemma3clearly prove that thefirstfive ensembles of

Table 1 lead to equivalent classical shadows protocols. More generally, this
equivalence holds between any unitary sub-ensembles of the generalized
FGU admitting Clifford 3-cubatures whose elements differ only by reflec-
tions. In terms of matchgate circuits, one can rephrase this equivalence and
state that inserting Pauli strings into any matchgates circuit of a sub-
ensemble of Mn ∩Cln has no effect on the corresponding classical shadows
protocol. Note that the addition of reflections plays a crucial in the proof of
the results of ref. 46. From our result, it appears that these reflections
naturally stems from the measurement and averaging process of the sha-
dows protocol, so that there is no need to explicitly add them to the circuits
of the considered ensemble.

Having proved the previous equivalences, it remains to show that the
shadows protocol only depends on the perfect-matching corresponding to
permutationmatrices of the considered ensemble. O’Gorman48 proved this
result for themeasurement channels using arguments similar to the oneswe
use in theproofofProposition3.Asbefore,wegeneralize it to the varianceof
the corresponding estimators.

In what precedes we exploited the symmetry of the state
P

zjzi zh ∣	3

under conjugation by 3-fold products of Pauli strings. This state is also
clearly invariant under conjugation by any 3-fold product of single-qubitZ-
rotations andCNOT gates. Since the transposition Ti that exchange the pair
(γ2i−1, γ2i) corresponds to the Z-rotation on qubit i (up to irrelevant signs),
we get that

U	3
Ti

X
z

jzi zh ∣	3

 !
¼
X
z

jzi zh ∣	3: ð46Þ

On theother hand, anypermutation ~Q preserving thepairs of the form(2i−
1, 2i) can be represented (again up to irrelevant signs) by products of SWAP
gates, which are themselves products of CNOT gates. Hence, for any such
generalized permutation, we also have

U	3
~Q

X
z

jzi zh ∣	3

 !
¼
X
z

jzi zh ∣	3: ð47Þ

With these invariances, the proof of Proposition 3 is straightforwardly
adapted and the following proposition holds.

Proposition 4. Let U � Mn \ Cln be a unitary ensemble of Clifford
generalized FGU. For any UQ 2 U with Q ∈ Sym(2, 2n), replacing UQ by
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some UQ0 with Q0 satisfying

PerfMatchðQÞ ¼ PerfMatchðQ0Þ ð48Þ

has no effect on the measurement channel and on the variance of the
estimators of the resulting classical shadows protocol.

This last result achieves the proof that the shadows protocols corre-
sponding to the ensembles of Table 1 are all equivalent.

Samplings of ensembles of matchgate circuits
Now we build on the results of secs. “Clifford 3-cubatures and
Matchgate Ensembles ” and “Invariances and equivalence of the
Matchgate Shadows Protocols ” to improve over the existing methods
and derive a sampling scheme for a small sub-ensemble of Mþ

n \ Cln
that is optimal in terms of number of gates and that inherits the per-
formance guarantees of the protocols considered previously. Before we
present our optimal sampling scheme, we also introduce simple sam-
pling schemes for sub-ensembles of generalized FGUs resulting in
equivalent shadows protocols and based on the results of Section “
Clifford 3-cubatures and Matchgate Ensembles.”Note that a sampling
scheme for a sub-ensemble of Mþ

n can easily be extended to a sub-
ensemble of Mn by randomly adding a single reflection (for instance
with a Pauli X gate on the last qubit) to the generated circuits with
probability 1/2. Consequently, we focus on ensembles in Mþ

n in this
section.

Algorithm 1. Sampling of matchgates circuits for the classical shadows
protocol

Input: Number of qubits n
Output: Random matchgates circuit

1. Sample a permutation P ∈ Sym(2n)
2. Extract the corresponding perfect-matching PerfMatch(P) = {{P2i−1,

P2i}, i ∈ [n]}
3. ∀ i ∈ [n], sort the pair {P2i−1, P2i} in increasing order
4. Sort the n pairs by their first element in increasing order
5. Concatenate the sorted pairs to obtain a new permutation P0

6. Decompose the permutation P0 in a sequence of transpositions using
the bubblesort algorithm

7. Compile the quantum circuit by turning each transposition into a
Givens rotation with angles π/2
The decomposition of Proposition 1 directly provides a method to

sample circuits uniformly in Mþ
n , relying on single-and-two qubits

random rotations. Although simple, this sampling scheme is not
necessarily efficient. An efficient sampling schemes for Mþ

n can be
found in ref. 49.

Proposition 1 and Lemma 1 yields a simple sampling scheme for
Mþ

n \ Cln. In fact, assuming that the distribution of random angles θ satisfy
the constraints of Lemma 1, Eq. (27) can be rewritten for random Givens
rotations GkðθÞ as:

E G	3
k ðθÞ� � ¼ ð1� pÞ

2
G	3
k ð0Þ þ G	3

k ðπÞ
 �
þ p

2
G	3
k

π

2

� �
þ G	3

k � π

2

� �� �
:

ð49Þ

For θlk distributed according to the probability density of Eq. (29) we have
(by identifying a ratio of Wallis integrals)

E sin2ðθlkÞ
� � ¼ k� 1

k
: ð50Þ

As a result, to generate a circuit uniformly over Mþ
n \ Cln, it suffices to

consider the matchgate circuits corresponding to the decomposition of Eq.
(28) and to independently sample each angle θlk from the set of Clifford

angles according to the distribution

p0 ¼ pπ ¼ 1
2k

; pπ
2
¼ p�π

2
¼ k� 1

2k
: ð51Þ

In the context of the classical shadows protocol, one can use the
invariance under composition by reflections to further refine this dis-
tribution. Remarking that the Givens rotation GkðπÞ is equal to the com-
position of the reflections with respect to γk−1 and γk, we have
Gkð0Þ � GkðπÞ andGkðπ=2Þ � Gkð�π=2Þ. Hence, for the shadows protocol
one can simply use the decomposition of Eq. (28) and sample each angle θlk
independently from {0, π/2} according to the distribution

p0 ¼
1
k
; pπ

2
¼ k� 1

k
: ð52Þ

From the results of ec. “Invariances and equivalence of the Matchgate
ShadowsProtocols”, each rotation gatewith an angle θ=±π/2 corresponds,
up to a reflection, to the application of a transposition. Therefore, the pre-
vious sampling scheme can be seen as a way to sequentially build a random
permutation from independent random transpositions. Note that the
structure of the circuit obtainedby this sampling is not optimal indepth, due
to inverted triangular shape that prevents an efficient parallelization. We
provide a simple method to turn each circuit with the corresponding
structure into an equivalent (up to reflections) more compact “brick-wall”
structure in the Methods section “Brick-wall and triangular circuits struc-
ture.”Unfortunately, this conversion does not allow to preserves the locality
of the sampling, in the sense that the resulting random brick-wall circuit
cannot be expressed as a product of local random gates.

We investigate numerically and compare the performances of the
shadows protocol associated with previous sampling methods to estimate
the 1-RDMof a simple system of 8 qubits. Specifically, we consider random
matchgates circuitswith the triangular structure of Fig. 2 and randomangles
sampled according either to the distribution of Eq. (29) or to the distribu-
tions of Eqs. (52) and (51). Figure 3 shows the corresponding results.Weuse
the absolute error for each of the observable estimators as measures of
performance, andwe plot the related relevant statistics averaged over the set
of consideredobservables.As expected, thedifferent sampling schemes yield
shadow estimators with equivalent performances.

The sampling methods considered so far yield circuits with a large
number of gates. In view of obtaining an ensemble of matchgate circuits for
the classical shadows protocol that are optimal in number of gates, we focus
on sub-ensembles of Mþ

n \ Cln in the following. For the samplings corre-
sponding to Eqs. (52) and (51), one could try to reduce the number of gates
by scanning the layers of the circuit and pruning the redundant gates. We
leave the exploration of this path for future works.

Here, we propose another method leveraging the results of sec.
“Invariances and equivalence of the Matchgate Shadows Protocols”. Since
the signs of the generalized permutations corresponding to the ensemble of
Clifford matchgate circuits are irrelevant, one can first a draw a uniformly
random permutation P. Then, we build the corresponding circuit by
decomposing the permutation into a sequence of transposition andbyusing
the equivalence between transpositions andGivens rotationswith angle ±π/
2.Due to this equivalence, to obtain aminimal number of gates in the circuit
amount to decompose P into a minimal number of transpositions. The
optimal decomposition can be computed using a bubblesort92, which will
produce a circuit with a triangular structure and minimal number of gates.
Using themethodof theMethods section “Brick-wall and triangular circuits
structure,”we can finally to turn this circuit into an equivalent circuit with a
brick-wall structure and the same number of gates. As theminimal number
of transpositions required to decompose P is equal to the number of its
inversion92, so is the number of gates in the associated circuit. As the
expected number of inversion in a random permutation of the set 2n½ � is
equal to n(2n − 1)/2, a circuit obtained with this method will present the
same expected number of gates. Eventually, as the shadows protocol is only
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sensitive to the perfect matching associated with the previous permutation,
one can replace P by any other permutation P0 satisfying
PerfMatchðPÞ ¼ PerfMatchðP0Þ. To obtain a circuit with an optimal
number of gates, we can chose the permutation P0 resulting in a minimal
number of inversions. Given the perfect matching PerfMatch(P) = {{p2i−1,
p2i}, i∈ [n]}, it suffices to consider the permutation obtained by first sorting
each pair {p2i−1, p2i} and then sorting the pairs by their first element. This
clearly produces the permutation with the lowest number of inversion and
thus the circuit with the lowest number of gates among the corresponding
equivalence class. The average number of gates is then n(n − 1)/2, with a
maximal depth of 2n layers of commuting Givens rotations. We verify the
scaling of the average gate count numerically onFig. 4. The procedure above
is summarized in Algorithm 1, and the corresponding optimality result is
encapsulated in the following proposition.

Proposition 5. Algorithm 1 produces circuits with the lowest number of
gates among the class of circuits that are equivalent under the symmetries
considered in Sec. “Invariances and equivalence of the Matchgate Shadows
Protocols”. Furthermore, the shadows protocol corresponding to the sub-
ensemble of Mþ

n \ Cln generated by this algorithm is equivalent to the
protocols associated with the ensembles of Table 1.

Although this method is optimal in the number of gates, it is unclear
whether it could be used to confirm the conjecture of ref. 48, as it would
require a more detailed investigation of the average depth of the circuits
obtained. Also, it would be interesting to explore the combination of the
previous sampling scheme with the method presented in ref. 49 and the
compilation scheme for Clifford circuits of ref. 93. We leave these investi-
gations for future work.

Discussion
In this paper, we investigated the matchgate classical shadows protocol
associated with matrix group SO(2n), which remained unanalyzed in the
previous related literature. Our approach relied on a decomposition of
random matchgate circuits in products of independent Pauli rotations. By
decomposing the quantum channels corresponding to these random rota-
tions into convex sums of Clifford channels, we were able to show that the
considered unitary ensemble admits the same first three moments as its
intersection with the Clifford group. Thereby, we generalized a result that
was previously known for the group of generalized matchgate circuits
associated with O(2n). Extending existing results related to Clifford
matchgate circuits, we further proved the equivalence between the shadows
protocols corresponding to the various ensembles of matchgates studied in
the literature. Building on our results, we also proposed new sampling
schemes for different sub-ensembles of Clifford FGU, including a sampling
scheme based on perfect-matching that is optimal in terms of number
of gates.

We believe that our unifying results will prove very useful in future
applications, as they allow to transfer the results obtained for specific FGU
ensembles to many others. In particular, our results show that one can use
our gate-count optimal sampling scheme with the same performances

guarantees as for the shadows protocol relying on the full ensemble of
generalized FGUs,which is a clear improvement over the existing protocols.
Along the way, we proved the existence of Clifford 3-cubatures for a large
class of circuits of independent randomPauli rotations.Weexpect this result
to find relevant applications in the contexts of randomized benchmarking
and of variational quantum algorithms.

Many open questions and interesting research avenues remain. In this
work, we derived a sampling method for the matchgate shadows protocol
that is optimal in the number of gates. It would be interesting to analyze the
scaling of the proposed scheme in terms of circuit depth. In particular,
whether one could rely on the symmetry invariances of sec. “Invariances and
equivalence of the Matchgate Shadows Protocols” to sample circuits with a
proven minimal depth is unclear at this point. To further optimize the
sampling scheme formatchgate shadows, a potentially fruitful research path
would be to investigate the use of approximate matchgate design. This
approach has recently proven successful in ref. 94, where the authors show
that such an approximate ensemble can be used for Clifford shadows to
obtain circuits with a logarithmic depth in the number of qubits. To obtain
this approximate ensemble, one could for instance rely on classical random
walksobtained fromMarkov chains applying randomtranspositions at each
step. It is known that the mixing time of such Markov chain scales as
np logðnÞ95, with p = 2 for random transpositions of nearest neighbors and p
=1 for transpositionsbetweenanypairs of then indices.Thus, dependingon
the connectivity of the considered device, it might possible to derive a
sampling scheme yielding circuits with a sub-linear depth. However, it is
unclear how to reliably build an estimator based on such an approximate
ensemble, for the corresponding unitary ensemble would yields t-fold
channels that would only approximate the ones of thematchgate ensemble.
In the same spirit, and in viewof the dependence of the shadows protocol on

Fig. 3 | Statistics of the error of the shadow esti-
mators as a function of the number of shadows for
the different samplings of the rotation angles. The
input state is an 8-qubit state obtained from CCSD
calculation on a fictitious H4 molecule. The set of
observables considered are the Majorana operators
of order 2, namely fγpγq; p < q; p; q 2 ½2n�g. The left
panel shows the mean value of the shadow estima-
tors absolute error for a given number N of shadow
shots, averaged over all of the observables. The right
panel shows the standard deviation of the same
quantity. We simulate a total of 2e6 shadows sam-
ples, and the results are obtained using a bootstrap
sampling with a bootstrap sample size of 1e3.

Fig. 4 | Average number of gates in circuits produced with Algorithm 1. For each
n, we use 100b ffiffiffi

n
p c samples.
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perfect-matchings, it would be worth exploring possible links with random
phylo-genetic trees which can be seen as random perfect-matchings96.

Methods
Proof of Lemma 1
In this section we prove Lemma 1 of the main text. Recall that we denote

Rθ :¼ e�iθ2Z ¼ e�iθ2Π0 þ ei
θ
2Π1; ð53Þ

with Π0 :¼ j0ih0j and Π1 :¼ j1ih1j, and that

R0 ¼ I; Rπ
2
¼ S; Rπ ¼ Z; R3π

2
¼ Sy: ð54Þ

The corresponding channels are respectively writtenRθ; I ;S;Z and Sy.

Proof. For 1 ≤ k ≤ 3, define the projector onto the subspace of constant
Hamming weight k

Λk :¼
X

k1; k2; k3 2 f0; 1g
k1 þ k2 þ k3 ¼ k

Πk1
	 Πk2

	 Πk3
:

ð55Þ

We have

R	3
θ ¼ e�i3θ2Λ0 þ e�iθ2Λ1 þ ei

θ
2Λ2 þ ei

3θ
2Λ3

¼ e�i3θ2
P3
k¼0

eikθΛk

ð56Þ

such that

R	3
θ ρ

 � ¼ X3

k;l¼0

eiθðk�lÞΛkρΛl: ð57Þ

For θ symmetrically distributed around0,wehaveEθ einθ
� � ¼ Eθ e�inθ

� � ¼
Eθ cosðnθÞ½ � for all n 2 N, and it comes

E R	3
θ

� �
ρ

 � ¼ X3

k;l¼0

E cosðθðk� lÞÞ½ �ΛkρΛl: ð58Þ

Using theparity of cos and settingn= l−k, we can reorder the sumtoobtain

E R	3
θ

� �
ρ

 � ¼X3

k¼0

X3�k

n¼0

E cosðθnÞ½ �Ukn ρ

 �

; ð59Þ

where we defined

Ukn ρ

 �

:¼ Λkρ̂Λkþn þ ΛkþnρΛk � δn0Λkρ̂Λk: ð60Þ

Let δ(θ) denote the Dirac distribution. Applying Eq. (59) for θ following the
even distributions δ(θ − π), δ(θ) and 1

2 δðθ � π
2Þ þ δðθ þ π

2Þ

 �

gives

Z	3 ¼ P3
k¼0

P3�k

n¼0
ð�1ÞnUkn;

I	3 ¼ P3
k¼0

P3�k

n¼0
Ukn;

1
2

S	3 þ Sy	3
 � ¼X3
k¼0

X3�k

n¼0

δn0 � δn2

 �Ukn:

ð61Þ

Recombining the previous equations, we get

1
4

I	3 þ Z	3 þ S	3 þ Sy	3
 � ¼X3
k¼0

X3�k

n¼0

δn0Ukn

1
4

I	3 þ Z	3 � S	3 � Sy	3
 � ¼X3
k¼0

X3�k

n¼0

δn2Ukn

ð62Þ

Assuming further that θ is symmetrically distributed around π
2, and thus that

θ is symmetric around everyClifford angle, wehave thatE cosðnθÞ½ � ¼ 0 for
n=1 andn=3, but not necessarily forn=2. In that case, injectingEq. (62) in
Eq. (59) yields

E R	3
θ

� � ¼ 1
4

I	3 þ Z	3 þ S	3 þ Sy	3
 �
þ E cosð2θÞ½ �

4 I	3 þ Z	3 � S	3 � Sy	3
 �
;

ð63Þ

which gives the result outlined in Eq. (27).□

Absence of Clifford 4-cubature for single random Pauli rotations
Here we show that Lemma 1 cannot be generalized to the 4-fold channel by
proving the following result.

Lemma 4. Let ν be a probability distribution on ( − π, π] symmetric
about the Clifford angles and θ ~ ν. If ν is not only supported by the set
of Clifford angles, then the ensemble Rθ; θ � ν

� �
admits no Clifford

4-cubature.

Proof. As before, we write

Rθ :¼ exp �i
θ

2
Z

� 	
ð64Þ

and Rθ the corresponding quantum channel. Let us denote U ¼
Rθ; θ � ν
� �

the unitary ensemble associated with the random
rotation angle θ distributed according to ν. The distribution
ν is not supported by the set of Clifford angles if it cannot be
written as

ν ¼
X3
k¼0

pkδkπ=2 ð65Þ

with pk ≥ 0 and
P3

k¼0 pk ¼ 1. Suppose thatU admits a Clifford 4-cubature
fðCj; pjÞ; j 2 Jg such that

E R	4
θ

� � ¼X
j2J

pjC	4
j : ð66Þ

For every j ∈ J, there is a unique Pauli operator Pj ∈ {I, X, Y, Z} satisfying
CjðXÞ ¼ λjPj with ∣λj∣ = 1. We denote

Γ :¼
X

P2 I;X;Y ;Zf g	4

1
24

Tr PE Rθ Xð Þ	4� �� ��� ��; ð67Þ

and from the above we have

Γ ¼ P
P2 I;X;Y ;Zf g	4

P
j2J

pj
24 Tr PCjðXÞ	4

n o�����
�����

≤
P

P2 I;X;Y ;Zf g	4

P
j2J

pj
24 Tr PP	4

j

n o��� ���
≤
P
j2J

pj ¼ 1:

ð68Þ
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On the other hand, for all θ ∈ [ − π, π) we have

RθðXÞ ¼ cosðθÞX þ sinðθÞY ð69Þ

such that

E RθðXÞ	4� � ¼ E cosðθÞX þ sinðθÞYð Þ	4� �
: ð70Þ

Developing this equation, we obtain

E RθðXÞ	4� � ¼ E cos ðθÞ4� �
XXXX þE sin ðθÞ4� �

YYYY

þE cosðθÞ sin ðθÞ3� �
XYYY þ YXYY þ YYXY þ YYYXð Þ

þE cos ðθÞ3 sinðθÞ� �
YXXX þ XYXX þ XXYX þ XXXYð Þ

þE cos ðθÞ2 sin ðθÞ2� �
XXYY þ YYXX þ XYXYð

þYXYX þ XYYX þ YXXYÞ;

ð71Þ

where we dropped the tensor products for clarity. Assuming that θ is
symmetrically distributed about the Clifford angles, we have

E cosðθÞ sin ðθÞ3� � ¼ E cos ðθÞ3 sinðθÞ� � ¼ 0; ð72Þ

which gives

Γ ¼ E cos ðθÞ4� �þE sin ðθÞ4� �þ 6E cos ðθÞ2 sin ðθÞ2� �
¼ E cos ðθÞ4 þ sin ðθÞ4 þ 6 cos ðθÞ2 sin ðθÞ2� �
¼ E cos ðθÞ2 þ sin ðθÞ2
 �2 þ 4 cos ðθÞ2 sin ðθÞ2

h i
¼ E 1þ 4 cos ðθÞ2 sin ðθÞ2� �
¼ 1þ 4E cos ðθÞ2 sin ðθÞ2� �

:

ð73Þ

Writing f ðθÞ ¼ cos ðθÞ2 sin ðθÞ2, we have f(θ) ≥ 0 such that {f ≥ 0} = (−π,π].
Moreover, f(θ) = 0 if and only if sin ðθÞ2 ¼ 0 or cos ðθÞ2 ¼ 0, that is if and
only if θ 2 fkπ2 ; k 2 f�1; 0; 1; 2gg. As a result, we have

ff ¼ 0g ¼ kπ
2 ; k 2 f�1; 0; 1; 2g� �

ff > 0g ¼ �π; πð � n ff ¼ 0g: ð74Þ

Furthermore, ∫(−π, π]f(θ)ν(dθ) = 0 if and only if f vanishes ν-almost
everywhere (see97, Theorem 1.39-(a)) and thus if and only if the support
of ν is included in the set of Clifford angles. Hence, if ν is not supported
only on the set of Clifford angles, we have E cos ðθÞ2 sin ðθÞ2� �

> 0 such
that Γ > 1. This contradicts Eq. (68), henceU do not admit any Clifford
4-cubature. □

The previous result rules out the existence of Clifford 4-cubature for a
single layer of Pauli rotations of the form

ÛðθÞ ¼
O
j2J

eiθjPj=2; ð75Þ

provided that the Pj acts on different sets of qubits and that any of the
marginal distribution of one of the angles is not supported on the set of
Clifford angles. In fact, by conjugating with adequate Clifford gates, this
transformation can be transformed to

V̂ðθÞ ¼
OjJj
k¼1

eiθjZj=2 ð76Þ

with Zj acting only on the j-th qubit. Supposing that the marginal
distribution of θk is not solely supported by the set of Clifford angles, we
can repeat the previous proof by replacingRθðXÞ by the action of V̂ðθÞ

on Xk, namely

V̂ðθÞyXkV̂ðθÞ ¼ Rθk
ðXkÞ: ð77Þ

However, this reasoning does not extends easily to the case ofmultiple such
layers applied successively. In particular, even if Lemma 4 shows that the
matchgate group does not admit any 4-Clifford cubature for n= 1, this does
not necessary imply that this is the case when n ≥ 2, which remains an open
question for future work.

The t-fold channels of unitary ensembles admitting a Clifford t-
cubature are stabilizer-preserving channels, for which efficient classical
simulation schemes exists (see for instance ref. 98). Remark that deter-
mining the degree of non-stabilizerness of a quantum state or operation
(often referred to as the “magic” in the literature) is a delicate task99,100.
Interestingly, the previous lemma suggests that correlations between ran-
dom single-qubit Pauli rotations can be a source of magic for the corre-
sponding 1-fold average channel.

Distribution of the angles of Givens rotations
This sectionprovidedetails and justify our adaptationof theProposition1.6.
of ref. 86.Up toa change of notations, the original version of the proposition
proves the result for following distribution for the independent rotations
angles

θl2 �
dθl2
2π

on ½0; 2πÞ ð78Þ

and ∀k ∈ (2, 2n],

θlk �
Γ k�1

2


 �
2Γ 1

2


 �
Γ k�2

2


 � sin ðθÞk�2 on ½0; πÞ: ð79Þ

The proof of ref. 86 relies on a colmun-by-column construction of the
random rotation matrix Q. Before we review this construction, we recall
some facts related to randomvectors on spheres. LetSn�1 � Rn be the (n−
1)-sphere, a vector v 2 Sn�1 is characterized by its associated Euler angles
θ1,…, θn−1 as follow

v ¼

sinðθn�1Þ . . . sinðθ2Þ sinðθ1Þ
sinðθn�1Þ . . . sinðθ2Þ cosðθ1Þ

..

.

sinðθn�1Þ cosðθn�2Þ
cosðθn�1Þ

0
BBBBBBB@

1
CCCCCCCA
; ð80Þ

with 0 ≤ θ1 < 2π and 0 ≤ θk ≤ π for 2 ≤ k ≥ n − 1. For v to be uniformly
distributed over Sn�1, it suffices that its Euler angles are distributed
according to the measure

dμSn�1 :¼ Γ n
2


 �
ð2πÞn=2

Yn
k¼2

sink�1ðθkÞ1½0;πÞðθkÞdθk
 !

dθ1; ð81Þ

where 1A is the indicator function of the set A.
Remark that in the previous definition of the Euler angles, the domains

of the θk for 2 ≤ k ≤ n− 1 can be freely chosen to be either [0, π] or [− π, 0]
without loss of generality. We use this freedom to extend the domain of the
randomEuler angles associatedwith uniformly distributed random vectors.

Let v(θ1, …, θn−1) be defined by Eq. (80) with θ1, …θn−1 distributed
according to the measure of Eq. (81). Since v is uniformly distributed, so is
Q0v for any matrix Q0 2 OðnÞ. Take Q0 to be the reflection with respect to
the i-th axis and let X be a Bernouilli random variable with
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PðX ¼ 1Þ ¼ PðX ¼ 0Þ ¼ 1=2, we have that

u :¼ ð1� XÞv þ XQ0v ð82Þ

is also uniformly distributed on Sn�1, with

Q0v ¼ vðθ1; . . . ;�θi: . . . θn�1Þ: ð83Þ

As a result, replacing

sini�1ðθiÞ1½0;πÞðθiÞ ð84Þ

by

1
2
j sinðθiÞji�1 ¼ 1

2
sini�1ðθiÞ1½0;πÞ�ðθiÞ þ sini�1ð�θiÞ1 �π;0ð �ðθiÞ
� �

ð85Þ

in the probability distribution of Eq. (81) above still yields a uniformly
distributed vector. As this holds for any index i, we get that any vector
defined by Eq. (80) such that θ1,…θn−1 follow the distribution

d~μSn�1 :¼ Γ n
2


 �
2n�1ð2πÞn=2

Yn
k¼2

j sinðθkÞjk�1dθk

 !
dθ1 ð86Þ

is uniformly distributed on Sn�1.
The constrution of a random elementQ∈ SO(2n) presented in ref. 86

then proceeds as follow. We write qi the i-th column of the matrix Q. The
first step of the construction is to draw the last column ofQ, i.e. q2n =Qe2n,
uniformly from the sphere S2n�1. To do so, one can take q2n = Q1e2n with
Q1 :¼ g12g

1
3 . . . g

1
2n. This vector has the formgiven in Eq. (80) and the vector

Euler angles are the ones of the rotations g1k. From the above, choosing these
angles randomly according the distribution of Eq. (86) yields a vector uni-
formly distributed onS2n�1. Then, the second-to-last column q2n−1 =Qe2n
−1 is uniformly sampled in the (2n − 2)-sphere of the orthogonal com-
plement ofQe2n, namely S2n�2 \ fQe2ng?. As before, it suffices to take the
vectorQ1Q2e2n−1 withQ2 ¼ g22g

2
3 . . . g

2
2n�1 and to sample the angles ofQ2

from the distribution of Eq. (86). Multiplying on the left by Q1 allows to
sample the resulting vector from the orthogonal complement of q2n, as we
have

hq2n; q2n�1i ¼ he2nQT
1Q1Q2e2n�1i

¼ he2nQ2e2n�1i
¼ 0:

ð87Þ

Proceeding like that up to the first column yields a Haar-distributed
random matrix Q of the form given in the main text, that is

Q ¼ ðg12g13 . . . g12nÞ . . . ðg2n�2
2 g2n�2

3 Þðg2n�1
2 Þ: ð88Þ

Importantly, for each 1 ≤ k ≤ 2n − 1 the angles of the Givens rotations
gkl ðθkl Þ correspond to the random Euler angles of the column vector Qe2n
+1−k. In particular, in the proof of ref. 86, the distribution of the angles is
inherited from the probability distribution of Eq. (81) used to generated the
various randomvectors. Consequently, the proof remains valid if we replace

the distribution of Eq. (81) by the one of Eq. (86) and our adapted version of
the proposition follows.

Brick-wall and triangular circuits structures
Here we give a simple method to transform circuits with a triangular
structure described in the sampling scheme of sec. “Samplings of ensembles
of matchgate circuits” into a circuit with a “brick-wall” structure that is
equivalent for the classical shadows protocol.

We consider matchgate circuits that can be decomposed according to
Eq. (28) with angles belonging to {0, π/2}. The corresponding quantum
circuit is given forn=1qubit in Fig. 2 for the JWmapping. Recall that under
thismapping, eachPauli rotation corresponds to aGivens rotation acting on
a pair of adjacent indices. From the invariance results of sec. “Invariances
and equivalenceof theMatchgate ShadowsProtocols”, eachGivens rotation
of angle π/2 acting on the pair of indices (i, i + 1) corresponds to a trans-
position of these indices. Thus, one can represent the equivalence class of
circuits yielding the same permutation by a sequence of transposition. For
the considered circuits, the obtained sequence is represented by a triangular
“circuit” of transpositions as represented on the left panel of Fig. 5.

The triangular shape is inherited from the decomposition of Eq. (28).
There exists other such decomposition in the literature. In particular,
Clements et al.101 provide an analog decomposition leading to a circuit of
Givens rotations arranged in a rectangular structure, which we refer to as a
“brick-wall” structure. Under the previous equivalence, this decomposition
leads to circuits of transposition with the shape given on the right panel of
Fig. 5.

In order to turn circuit inMn∩Clnobtained from the sampling scheme
of the sec. “Samplings of ensembles ofmatchgate circuits” into an equivalent
circuit with a brick-wall structure, it suffices to transform its corresponding
triangular circuit of transposition into abrick-wall one and chose a quantum
circuit in the associated equivalence class.

To transform a triangular circuit of transpositions into a brick-wall
one, we propose a simple strategy that consists in permuting the successive
diagonals of transpositions as represented on Fig. 5. Denote τi the trans-
position of the indices (i, i + 1). It is well known that such transpositions
satisfy the following braid relation

τiτiþ1τi ¼ τiþ1τiτiþ1: ð89Þ

Let b∈ {0, 1}, and write τbi the permutation equal to τi if b= 1 and that is the
identity otherwise. A simple inspection shows that for all b1, b2, b3 ∈ {0, 1}
there exists b01; b

0
2; b

0
3 2 f0; 1g such that

τb1i τ
b2
iþ1τ

b3
i ¼ τ

b01
iþ1τ

b02
i τ

b03
iþ1;

b1 þ b2 þ b3 ≥ b
0
1 þ b02 þ b03:

ð90Þ

Figure 6 shows how the previous relation can be used to permute two
diagonals. This is straightforwardly extended to diagonals of any size.

Fermion-to-qubit mappings
We briefly review some facts about fermion-to-qubit mappings and recall
the well-known Jordan-Wigner mapping. There exists a large variety of
fermion-to-qubit mappings in the literature (see refs. 34,38,102–106, to cite
but a few). Typically, such a mapping takes the form of a unitary trans-
formation between the state-spaces of the considered fermionic and qubit
systems. This transformation yields a homomorphism on the algebra of

Fig. 5 | Structures of the sequences of transposi-
tion considered in this work. (a) triangular struc-
ture and (b) brick-wall structure. Each line
corresponds to a single Majorana operator and
connections between adjacent lines correspond to
the application of either the identity or to the
transposition of the two lines.

(b)(a)
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observables that preserves the algebraic properties of the operators. As the
Majorana operators have the same algebraic properties as the Pauli opera-
tors, it is natural to require that the considered mapping sends Majorana
operators to Pauli strings.

The Jordan-Wigner mapping identifies the fermionic Fock states
jz1 . . . zni of the fermionic modes a1, …, an with the states 	n

i¼1jzii of
canonical basis of the Hn, yielding the following correspondence between
the Pauli and the mode operators:

Xk ¼
Q
l<k

eiπa
y
kak

� 	
ayk þ ak
� �

;

Yk ¼
Q
l<k

eiπa
y
kak

� 	
i ayk � ak
� �

;

Zk ¼ 1� 2aykak ¼ eiπa
y
kak :

ð91Þ

The mapping with the Majorana operators follows

γ2k�1 ¼
Y
l<k

ZlXk; γ2k ¼
Y
l<k

ZlYk; ð92Þ

and states in the canonical basis can be written

jzihzj ¼ 1
2n
Yn
k¼1

I � ið�1Þzkγ2k�1γ2k

 �

: ð93Þ

Data availability
The data used in this work are available from the corresponding author
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