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Abstract
Analyzing the representations of the Lorentz group, we give a systematic count
and construction of all the possible Lagrangians describing an antisymmetric
rank two tensor field. The count yields two scalars, which provide the ingredi-
ents of the gauge invariant Kalb–Ramond model, equivalent to the sigma
model and familiar from super gravity and string theory, and of the conform-
ally invariant Avdeev–Chizhov model, which describes self-dual tensors. The
count also includes a pseudoscalar with symmetric coupling, and an additional
pseudoscalar, an antisymmetrized form of the Avdeev–Chizhov Lagrangian.
This quantity was first derived in an SU(2/1) superalgebraic model of the
weak interactions. It is also conformally invariant, and naturally implements
the Landau CP symmetry. Then, by extending the DKP ten component form-
alism, we recover the model Lagrangians as first order systems. To complete
the analysis, we classify all local Lorentz invariant potentials (mass terms
and quartic couplings) for charged antisymmetric tensor fields coupled to a
Yang-Mills field.
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1. Introduction and main results

The theoretical project of constructing invariant actions for ‘higher spin’ relativistic fields can
plausibly be claimed to have originated with the Klein-Kaluza models, in curved space, but
was subsequently shaped by Dirac’s formulation for spin- 12 and generalizations [1]. Famous
early examples include the Proca spin-1 equation [2], and, for example the treatment by Fierz
and Pauli of spin- 32 and spin-2, [3], but the topic has spawned an enormous and still expanding
literature. The successful validation of the elementary particle standard model has led to the
quantum field-theoretical focus on ‘fundamental’ entities , as currently understood to be quarks
and leptons (spin- 12 Fermions), together with vector exchange particles (spin-1 gauge Bosons),
being augmented by an additional, apparently fundamental, spin-0 entity, the Higgs Boson,
with deep implications for the origin of mass, and cosmology. While a full understanding of
the physics of the symmetry breaking phenomena is incomplete, it is prudent, on a theoretical
level, to consider possible alternative presentations of, or potential extensions to, the Bosonic
sector.

In this vein we reconsider the case of local relativistic antisymmetric tensor fields (rank
2 tensors in 4 dimensional Minkowski space). In the guise of higher spin gauge models [4],
such degrees of freedom are a known concomitant of various string theories and dualities (see
for example [5]), and indeed have been much studied in topological quantum field theory,
in applications to geometric invariant theory [6]. Skew symmetric tensor gauge fields have
also been invoked in connection with the quantum chromodynamics (QCD)U(1) problem [7].
Moreover, a different formulation, of conformally invariant antisymmetric tensor fields, pro-
posed and developed some time ago [8] has also been explored as a possible accompaniment of
phenomenological scalar degrees of freedom in the standard model symmetry breaking Higgs
sector [9] (for technical aspects see also [10, 11]).

In section 2 below we present a systematic count of all local invariant combinations (one
dimensional representations) which are quadratic in a generic antisymmetric tensor and in
derivatives, thereby enumerating all admissible linearly independent kinetic terms for the free
fields. The tensor analysis is based on the analysis of representations of the special Lorentz
group SO(3,1), but also on group character theory in the full Lorentz groupO(3,1). The result
of this counting is that in symmetric coupling, as to be expected, there are just two linearly
independent Lorentz invariant scalar candidate terms, which reproduce (in appropriate linear
combinations) the Lagrangians for the known gauge invariant two-form potential model, and
conformally invariant antisymmetric tensor model, referred to above. Furthermore, the count
of one dimensional representations includes two additional Lorentz pseudo-scalar terms: one
symmetrically coupled, and one antisymmetrically coupled. The antisymmetrically coupled
pseudo-scalar, which is also conformally invariant, has also been exploited, as a Lagrangian
model, in our recent work [12], in which ‘chiral Bosons’ (see [11]) appear as part of the
SU(2/1) superalgebraic extension of the electroweak gauge sector. (See section 6 for further
discussion).

In section 3, we flesh out the previous classification by giving free Lagrangians with the
desired properties. From the literature, these include the two symmetric scalar Lagrangians:
the Kalb-Ramond gauge invariant model L KR [5] and the Avdeev-Chizhov self-dual tensor
model L AC [8], and thirdly the antisymmetric self-dual pseudo-scalar Lagrangian L CP from
[12]. The remaining, fourth case is a trivial, symmetric pseudo-scalar Lagrangian, describing
a collection of 6 independent fields.

Amongst the contributions to the early work on relativistic wave equations should also be
included the papers of Duffin, Kemmer and Petiau (DKP) [13–15]. In particular, the seminal
paper of Kemmer presented a general first order equation, involving the Kemmer β matrices, a
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weaker algebraic structure than that of the Dirac matrices. Two different cases, with five- and
ten-component wave functions, provided (at least for free fields) for formulations equivalent to
the Klein–Gordon (massive complex scalar) spin-0 equation and the Proca (massive complex
vector) spin-1 equation.

In section 4 and appendix B below, we present an extension of the ten component DKP sys-
tem. Specifically, we show that there are two ‘twisted’ variants of the Duffin-Kemmer-Petiau
local action providing first order equations, which after elimination of auxiliary fields, pre-
cisely reproduce the two known physical models identified above in the count for the symmet-
ric coupling (the two-form gauge potential and the conformally invariant antisymmetric tensor
field, respectively). For antisymmetric field coupling, we demonstrate a third variant, which
recovers the pseudo-scalar term identified above. As an illustration of the method, the standard
Proca system for a massive vector field is given in first order DKP form in the appendix C.1.
The corresponding details for the two form gauge potential and the two antisymmetric tensor
field cases are given in appendix C.2. The conformal invariance of these two models is dis-
cussed in appendix D.

Moving from kinetic terms to couplings, for completeness we also provide in section 5 a
count of Lorentz invariant local interactions, (‘mass’ terms and quartic potentials), for phys-
ically relevant cases of a complex scalar and complex antisymmetric tensor, invariant under
global internal U(n)∼= SU(n)×U(1), in the fundamental n-dimensional representation.

In section 6, we summarize our main results and discuss the implications of these models
for physics.

2. Lorentz invariant tensor polynomials: kinetic energy

Relativistic fields in Minkowski space are labeled as representations of the Lorentz group by
their associated spins. For the special Lorentz group SO(3,1), we exploit the isomorphism
with the direct product sl(2)× sl(2), and denote irreducible representations by pairs ( j1, j2)
with integer and half-integer spins j1, j2 = 0, 12 ,1, · · · and dimension (2j1 + 1)(2j2 + 1). Thus a
Lorentz vector is the representation ( 12 ,

1
2 ), while (1, 1) represents a traceless symmetric tensor

(such as the gravitational metric in some gauges). Finally, an antisymmetric tensor, of dimen-
sion 6, is a reducible representation (1,0)+ (0,1) (see below).

For enumerating candidate kinetic terms we take local invariants quadratic in derivatives
and fields, of the form

L = Cµναβγδ∂µTαβ∂νTγδ + h.c., (1)

where3 Tµν =−Tνµ and Cµναβγδ is any numerical tensor made from (monomials in) the
invariant tensors ηκλ and ερστυ . With this in mind we have the derivative terms contribut-
ing a symmetric tensor (of dimension 10) with the two T terms providing additional factors
in the overall tensor product, written symbolically as a product of irreducible representation
labels (or group characters),

((0,0)+ (1,1))·((1,0)+ (0,1))2 . (2)

Thus far we have suppressed (global, or eventually local) internal symmetry transformations,
which would require appending to the fields an additional internal suffix a,b, · · · ,. Here we

3 We use standard notation for Minkowski space with coordinates xµ = (x0,xi) = (ct,x), metric ηµν =
diag(1,−1,−1,−1) and Levi-Civita tensor 1= ε0123 =−ε0123.
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Table 1. Count of symmetric and antisymmetrically coupled SO(3,1) and O(3,1)
invariant kinetic terms.

Symmetric Antisymmetric

SO(3,1) 3 1

O(3,1)
scalar pseudo-scalar scalar pseudo-scalar
2 1 0 1

keep this implicit, but to accommodate later extensions (see sections 3 and 5 below) we
separately take account of which invariants arise from symmetric, or antisymmetric, coup-
lings (corresponding to orthogonal or symplectic representations of internal symmetry groups,
respectively)4.

A simple count (appendix A.1) shows that there are four invariants in total: three symmetric,
and one antisymmetric.

We now augment the analysis, by identifying the above invariants under the full Lorentz
groupO(3,1). At this level the machinery of tensor representations is somewhat more intricate
than for SO(3,1), and relevant details are provided in appendix A.1 below, based on formal
group character manipulation.

Table 1 shows how the SO(3,1) count is refined underO(3,1). Clearly, under restriction the
latter count (of one dimensional representations) must reduce to that for the special Lorentz
group. In symmetric coupling we find two scalars and one pseudo-scalar, while the single
SO(3,1) invariant in antisymmetric coupling is a Lorentz pseudo-scalar.

Capitalizing on previous knowledge, we present below for each of these cases, a corres-
ponding Lagrangian, written in the standard covariant way. In this context, the interest of the
present section is the proof that in four dimensions our enumeration of these Lagrangians is
complete.

3. Lorentz invariant tensor polynomials: free Lagrangians

In the previous section we established that in four dimensional Minkowski space there are
precisely four linearly independent local terms which are suitable ingredients for kinetic terms
of antisymmetric tensor Lagrangians.

It is straightforward to construct, in standard relativistic tensor notation (compare (1)) an
explicit basis of local monomials which, given the count, must provide the ingredients for any
physical models. Four such candidates, L □, L ∇, ∗L □,and ∗L ∇ are listed in table 2, with
properties in accord with table 1 above.

We now review and discuss various Lagrangians incorporating these terms, and which (as
mentioned in the introduction) which have been considered as models for the physics of anti-
symmetric tensor fields. Note that the third invariant in table 2, the pseudoscalar ∗L □ = ∗T□T,
does not appear to have been used in model building, and will not be discussed further.
The symmetrically coupled, scalar, contributions are incorporated in the Kalb-Ramond and
Avdeev-Chizhov models [4, 5, 8],

L KR = −L □− 2L ∇ = (∂ρTµν)(∂ρT
µν)− 2(∂ρTρµ)η

µν (∂σTσν) ; (3)

4 The role of the Hodge dual ∗T in the projection of a tensor T into self-dual and anti self-dual parts (1, 0) and (0, 1)
is explained below in relation to explicit local forms of the invariants.
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Table 2. Explicit local candidates L □, L ∇, ∗L □, and ∗L ∇ for SO(3,1) and scalar
(S) and pseudoscalar (P) O(3,1) invariant kinetic terms. The notation ∗T denotes the
Hodge dual (see text). The first three rows are for symmetric coupling, and the last row
(vanishing if T ′=T) is for antisymmetric coupling. For discussion purposes, an informal
representation of each candidate term is also listed.

S L □ Tµν∂
ρ∂ρTµν (T□T)

S L ∇ (∂ρTρµ)ηµν(∂σTσν) (∂ ·T)(∂ ·T)
P ∗L □ ∗Tµν∂

ρ∂ρTµν (∗T□T)
P ∗L ∇ (∂ρ∗Tρµ)ηµν(∂σT ′

σν) (∂ ·∗T)(∂ ·T ′)

L AC = −L □− 4L ∇ = (∂ρTµν)(∂ρT
µν)− 4(∂ρTρµ)η

µν (∂σTσν) . (4)

Note that L AC can be re-written [8] in terms of the self-dual and anti self-dual projections of
a complex antisymmetric tensor Zµν ,

Z := T+ i∗T , Z := T− i∗T ,

where ∗Tµν := 1
2εµνρσT

ρσ is the Hodge dual such that ∗∗T=−T in Minkowski space, with
∗Z=−iZ, ∗Z=+iZ. With these definitions we find [8]

L AC =∂ρZρµη
µν∂σZσν . (5)

The Kalb-Ramond model does not admit an analogous rearrangement, but instead can be re-
written

L KR = 1
6δ

λµν
ρστ∂λTµν∂ρTστ (6)

in terms of the totally antisymmetric determinant invariant5 δλµνρστ =δλρδ
µ
σδ

ν
τ±·· · .

Rather than expanding ∗L ∇ = (∂ ·Z)(∂ ·Z) in terms of projections as above, consider now
the corresponding expansion starting with two distinct fields Z,Z ′ and projections T, T ′ and
∗T, ∗T ′. This reproduces the analogue of L AC (symmetrized in T,T ′), but also returns a cross
term, which is the antisymmetric pseudoscalar listed in table 2 above,

∗L ∇ := i(∂ρ∗Tρµ)η
µν (∂σT ′

σν) . (7)

Endowed with a multiplet of complex fields Za, a= 1,2, · · · , belonging to a representation
of some internal symmetry group, with antisymmetric quadratic invariant κab =−κba, this
becomes the model of antisymmetric tensors first identified in [12, 16, 17] via Fermion loop
corrections in a superalgebra-enhanced standard model, augmented by antisymmetric tensor
fields in the gauge sector6:

L CP := i
(
∂ρ∗Ta

ρµ

)
ηµν

(
∂σTb

σν

)
κab . (8)

5 We have δλµνρστ = εκλµνεκρστ ; recall from (1) that scalar and pseudoscalar Lagrangian densities must be
even or odd in εαβγδ , respectively. That this form is also GL(4) covariant is evident from the character analysis
(appendix A.1 and equation (17)). A general discussion of the role of the structure group GL(d) in higher dimensions
is given in [18].
6 This coupling applies in particular when the fields are allocated to a real reducible representation comprised of a
conjugate pair, (as in section 5) where an antisymmetric bilinear form is always available.
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Importantly, the models L KR, L AC and L CP which we have identified are distinguished
by their symmetries. Evidently, L KR is gauge invariant7, while L AC (containing a different
admixture of L □ and L ∇) is not. Vice versa, as noted in the original literature, L AC is
invariant under the conformal group acting in four-dimensional Minkowski space, whereas
L KR is not.

For further details of the physics of the identified models, we refer to the literature cited
[4, 5, 8–11]. In particular we note that quantization of the models L KR and L AC entails one
degree of freedom (two for complex fields). In the case of themodelL CP, while the propagator
appears to be in agreement with fermion couplings to one loop, full analysis of consistency
and unitarity are still under investigation (see [12] and section 6 for concluding remarks).

Beyond four dimensions, we note that L KR, L AC (and also L CP) are specific instances of
hierarchies of models of generalized antisymmetric tensors, of various ranks p, and space-time
dimension D. For example, L KR itself is a generalization to rank 2 of Maxwell electromag-
netism, which is well known to be conformally invariant [19] as well as being gauge invariant;
however for antisymmetric rank 2, conformal invariance holds in D= 6 rather than D= 4. For
a comprehensive discussion we refer the reader to [20], where it is also proven that the gen-
eralization of L CP, for self-dual fields, is conformally invariant in any dimension D= 2p in
Minkowski space. Further details are beyond the scope of this paper; however, given the sig-
nificance of the results, in appendix D we provide for completeness, a derivation of conformal
invariance of L CP and L AC within the four dimensional first order formulation.

4. Ten component DKP formulation for antisymmetric tensor fields in 4D

It is well known that the wave equations associated with the Dirac algebra

{γµ,γν}= 2ηµν ,

together with those for the Duffin–Kemmer algebra

βµβρβν +βνβρβµ = ηµρβν + ηνρβµ ,

provide the only single-mass instances of the general class of SO(5)-related Bhabha wave
equations. The Dirac equation of course pertains to Fermionic fields of spin- 12 , while (as
reviewed above), the DKP equation either to Bosonic spin 0 (for 5 component wave func-
tions) or spin 1 (for ten component wave-functions, in the standard picture)8. Both cases have
been much studied as alternatives to the complex scalar Klein–Gordon model and the complex
vector Proca model, both in phenomenological applications, and also in relation to their equi-
valence to these standard systems, especially in the interacting case or in curved backgrounds
(for an overview see [21], for classical solutions see for example [22, 23]. A detailed analysis
has been presented in [24, 25], and for investigation at the second quantized level see [26]).

7 In the language of exterior forms, the action corresponding to the Lagrangian densityL KR is proportional to
´ ∗dT∧

dT, which is manifestly gauge invariant under T→ T+ dX.
8 These cases correspond to the irreducible five- and ten- dimensional representations of the Kemmer algebra and,
together with the trivial one-dimensional representation, saturate the dimension of the adjoint representation 126=
12 + 52 + 102 in accordance with Wedderburn’s theorem.
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An explicit representation of the Kemmer β-matrices in the 10× 10 case is conveniently
written in 3+3+3+1 block form as follows9:

β0=


· · 1 ·
· · · ·
1 · · ·
· · · ·

 , βi =


· · · ei
· · ℓi ·
· ℓi · ·
−fi · · ·

 . (9)

The three triplet plus singlet partitioning reflects the reducible Lorentz structure of the DKP
wave-function at the level of the rotation group: namely, antisymmetric tensor (dimension 6)
plus four-vector. The parity transformation, such that for the ten-component wave-function
Φ ′(ct,−x) =−ηΦ(ct,x), leads to the standard parity matrix [14]

η :=2
(
β0

)2− 1= diag(1,−1,1,−1) (10)

and in the usual way to the conjugate wave-function Φ := Φ†η.
In appendix C.1 we demonstrate for completeness the well-known standard DKP derivation

of the Proca action for a (free) massive complex spin-1 field. Kemmer [14] pointed out that the
roles of the antisymmetric tensor (field strength) and vector in the 10 component DKP wave-
function could be reversed (now with an axial vector as field strength tensor). In this vein we
proceed to develop a corresponding extended DKP formalism as follows. Firstly note that the
pseudo-scalar object β5 :=

1
8ε

µνρσ[βµ,βν ][βρ,βσ]≡ 1
2ε

µνρσβµβνβρβσ is the analogue for the
Kemmer algebra of the pseudo-scalar γ5 = γ0γ1γ2γ3 in the Dirac case, and takes the form10

β5=


· 1 · ·
−1 · · ·
· · · ·
· · · ·

 . (11)

We now assume that in an extension of the DKP equation, the Kemmer matrix βµ may be
replaced by an analogue taken from the enveloping algebra. Here we investigate the choice

qβµ :=[β5,β
µ] , (12)

from which

qβ0=


· · · ·
· · −1 ·
· −1 · ·
· · · ·

 , qβi =


· · ℓi ·
· · · −ei
ℓi · · ·
· fi · ·

 . (13)

For this twisted system the appropriate parity matrix is

η ′ := −
(
1+2(β5)

2
)
η , (14)

9 Here ei, i = 1,2,3 are standard three-component unit column vectors, fi = ⊤ei the corresponding row vectors, and
ℓi :=

1
2
εijkℓjk elementary 3× 3 rotation generators. (For details see appendix B).

10 β5 ≡ 0 in the five dimensional representation.
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Table 3. Extended DKP models (see appendix C.2 for derivations). In each case the
DKP action is given along with the type of ten component wave-function (complex,
real, self dual, i.e. β5Φ

∧ =±iΦ∧). The reduced G
µ
Gµ forms after elimination of vari-

ables for the two-form gauge, antisymmetric tensor and antisymmetric tensor in anti-
symmetric coupling are explicitly compared with the standard tensor expressions in the
concluding discussion section 6.

L (DKP form) Φ L (G
µ
Gµ form)

LKR Φiβ̌µ∂µΦ +mΦ(1+β2
5)Φ r.(or c.) Gµ = εµνρσ∂

νZρσ

LAC Φβ̌µ 1
2

←→
∂µΦ +mΦΦ c.s.d. Gµ = ∂ρZρµ

LCP 1
2

(
Φcaβµ∂µΦ

b+imΦ
a
Φb)κab

)
+h.c. c.s.d Ga

µ := ∂ρZa
ρµ

with modified conjugate wave-function Φ := Φ†η ′, enabling current bilinears to be construc-
ted in the usual way11. Just as in the case of Dirac spinors, it is possible to work with projected
wave-functions. For example Φ∧ := (−β2

5)Φ is the restriction to the upper (antisymmetric
tensor) components, from which we can further project out self-dual and anti self-dual com-
ponents as ±i eigenvectors of the chirality matrix β5 in correspondence with the constraint
∗Zµν =±iZµν on the Hodge dual ∗Zµν := 1

2εµνρσZ
ρσ of the antisymmetric tensor.

It remains to present the variants of the extended DKP formalism which recover the known
models for antisymmetric tensor fields (the KR two-form gauge field and the AC antisymmet-
ric tensor field in symmetric coupling, as well as the CP antisymmetric coupling case). In
table 3 we list in each case the candidate action in terms of the DKP wave-function, and the
corresponding action after elimination of auxiliary fields, which recovers the known model
in question. Details of the calculations are given in appendix C.2, following the method of
appendix C.1.

5. Lorentz invariant tensor polynomials: potential energy

Given the possibility of antisymmetric tensor fields providing ingredients (together with scalar
fields) of an extended symmetry breaking sector, we supplement our count and identification
of admissible kinetic terms (for free fields), as in sections 2 and 4, with a systematic count
of invariant potential terms (both self-coupling interaction and mass terms, where applicable).
Invariants are again identified by group theoretical techniques where fields are represented by
appropriate group characters, and local monomials in fields are classified by character manip-
ulations (with powers in fields counted as symmetrized products).

Here wework at the SO(3,1) level with complex self-dual antisymmetric tensors , which are
allowed to carry distinct representations of an internal symmetry, taken to be SU(n)×U(1)∼=
U(n), in the fundamental representation, which includes the standard model for n= 2, and the
Abelian case for n= 1. We also include a complex scalar as proxy for the physical Higgs field.
The complex self-dual antisymmetric tensor field is now represented as

(1,0) + (0,1) ,

where the Young diagram stands for a representation of SU(n) with accompanyingU(1) eigen-
value the diagram weight±1 for the fundamental and contragradient, and , respectively. To

11 For example, Φβ̌µΦ is a Lorentz four-vector.
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Table 4. Number of Lorentz invariants for contributions to potential, from monomials
of the form (scalar)p ·(antisymmetric tensor)q.

p,q 2,0 1,1 0,2 4,0 2,2 0,4
count 1 0 0 1 2 1

include the scalar content we append

(0,0) + (0,0) ,

and seek Lorentz invariants amongst monomials in the complex scalar and tensor at degrees
p,q up to quadratic and quartic contributions (where cross terms with odd powers are disal-
lowed, as the U(1) charge, viz. (±3)+ (±1) is non-vanishing). The resulting count (table 4)
lists admissible mass terms for the complex scalar and antisymmetric tensor, as well as quartic
interaction potentials in each, and a possible quartic term with mixed powers (a bilinear scalar-
tensor mixing being excluded). See appendix A.2 for details. The count includes, as expected
a single complex scalar mass term and its square, the quartic scalar potential, while forbid-
ding a mass term for the complex self-dual antisymmetric tensor. The quartic pure tensor, and
quartic mixed quadratic scalar-tensor, invariants arise from combinations of the symmetrized
contributions of one component of the tensor, say (1,0) · , with the corresponding opposite
weight counterpart(s), in the expansions of either the tensor, or the scalar, respectively12. For
further details see appendix A.2.

6. Conclusions

In this workwe have provided a robust count of all possible invariant local Lagrangian densities
for antisymmetric tensor fields, including both kinetic and potential energy terms, and these
have been correlated with different physical models.

While it is straightforward (section 3) to construct invariants using standard tensor nota-
tion for such relativistic fields, we have been at pains in section 2 to provide a realization-free
identification of the number of admissible linearly independent contributions and their corres-
pondence with known models, which we have also reproduced in section 4 via first order DKP
formulations involving an extension to the Kemmer algebra which we believe to be new. The
universality of our ‘existence’ count guarantees that, in any alternative presentations such as
generalized Bargmann-Wigner, Schwinger, multispinor or other methods (see [29, 30]), only
and precisely the same local Lagrangian densities must enter. At the same time, the first order
DKP formulation, in which the Kemmer matrix β5 plays a central role, analogous to that of γ5

in the Dirac equation and spin- 12 context, deepens the analogy between ‘chiral Fermions’ and
‘chiral Bosons’.

For further details of the known models identified, including degree of freedom count,
quantization and renormalizability, we refer to the literature cited. However, one of the most
interesting results of the present paper concerns the identification of the conformally invari-
ant self-dual tensor Lagrangian L CP. This antisymmetric tensor model has been exploited in

12 Using the complex vector C := S± iR (for one choice of sign) and its conjugate [27, 28], (compare equation (22)),
local forms for the tensor-scalar and tensor quartic invariants are Ca ·CbH∗

aH
∗
b + c.c. and Ca ·CbC∗

a ·C∗
b , respectively.

The abstract count establishes unequivocally that these are the only candidates. Quartic interactions for antisymmetric
tensors have also been discussed in [9–11].

9



J. Phys. A: Math. Theor. 58 (2025) 035402 P D Jarvis and J Thierry-Mieg

our recent work [12], in which such ‘chiral Bosons’ (see [9]) appear as part of an SU(2/1)
superalgebraic extension of the electroweak gauge sector13. In [12] it was noticed that if a
complex self-dual antisymmetric tensor is coupled to Fermions using the odd matrix gener-
ators of SU(2/1) in the appropriate representations, then the Fermion loop counterterms of
the quantum field theory induce a new type of tensor propagator, corresponding precisely to
that of L CP. Moreover, this Lagrangian, being pseudoscalar and antisymmetric in the internal
charge space, naturally implements the Landau CP symmetry of the weak interactions. From
the enumeration of Lorentz invariants done in this study, this model indeed occupies the niche
allowed by the additional pseudoscalar term, as distinct from the known scalars (tables 1 and 2
above). This surprising discovery was part of the motivation for the present work.

Data availability statement

No new data were created or analysed in this study.

Acknowledgments

This research was supported in part by the Intramural Research Program of the National
Library of Medicine, National Institute of Health. The authors acknowledge correspondence
with Ronald King and Sergei Kuzenko on aspects of this work. The authors thank the anonym-
ous referees for constructive suggestions.

Appendix A. Lorentz invariant tensor polynomials

A.1. Kinetic energy

With the notation [· · · ]⊗(2), [· · · ]⊗(12) to represent the symmetric or antisymmetric symmetrized
quadratic tensor power, our task is to count SO(3,1) invariants in the expansion of equation (2),
namely

((0,0)+(1,1))·[(1,0)+(0,1)]⊗(2) +((0,0)+(1,1))·[(1,0)+(0,1)]⊗(1
2) . (15)

Using the standard rules for symmetrization of rotation group representations, viz. (1)⊗(2) =

(0)+ (2), (1)⊗(12) = (1), and the fact that the symmetrization or antisymmetrization of a sum
of two parts contains a single copy of the cross term, we require SO(3,1) invariants in

((0,0)+(1,1))·[(0,0)+(2,0)+ (0,0)+ (0,2)+ (1,1)] and

((0,0)+(1,1))·[(1,0)+(0,1)+(1,1)] ,

13 In 1979, Ne’eman [31] and Fairlie [32] independently proposed embedding the electroweak Lie algebra of the
standard model, SU(2)×U(1), into the simple Lie-Kac superalgebra SU(2/1) (of which it is the even Lie subal-
gebra). Indeed, the weak isospin and electric charge content of not only the leptons ((νL,eL)/eR), but also of the
colored quarks (uR/(uL,dL)/dR), graded by their left/right chirality, match the lowest triplet and quartet irreducible
representations of SU(2/1) [33, 34]. Also, we recently presented general results on superalgebra representations of
real and indecomposable type [35–37], consolidating the original observation [38] that in the case of SU(2/1), the
observed three generations of Fermions, associated to the electron, the muon and the tau families, can be naturally
accommodated.

10
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and by matching we find three invariants in symmetric, and one in antisymmetric coupling,
respectively:

SO(3,1) ((0,0)+(1,1))·[(1,0)+(0,1)]⊗(2)︸ ︷︷ ︸ ((0,0)+(1,1))·[(1,0)+(0,1)]⊗(1
2)︸ ︷︷ ︸

count 3 1
(16)

A short cut to the needed classification of terms under the full Lorentz group is provided by
working initially with tensors under the larger structure groupGL(4), and restricting toO(3,1)
in the final step. In this case the kinetic term is now an irreducible symmetric second rank
tensor, and the antisymmetric tensor field simply an irreducible antisymmetric second rank
tensor, represented as and , respectively14. The counting needed is thus to identify O(3,1)
invariants in the reduction of the GL(4) characters

· ⊗(2) and · ⊗(12) ,

respectively. Given that

⊗(2) = + , and ⊗(12) = ,

we look for orthogonal group15 invariants in the general linear group products16

. + . = + + +

and . = + + + .

Reduction to the orthogonal group requires diagram manipulation equivalent to removing all
possible contractions with the metric tensor. In symmetric coupling we have firstly

⇒ + + + + 2. + • ,
(126=42+ 25+ 30+ 10+ 18+ 1) ;

⇒ + + + •⇒− + + + • ,
(10=9+ 1) ,

where ‘•’ stands for the scalar (one dimensional) representation, and dimension checks have
been included. Note that the second expansion contains a non-standard orthogonal group dia-
gram (with more than two rows) which modifies to the negative of an irreducible character17.

14 The computation is aided visually by use of Young diagram notation for tensor manipulation (see for example [39]).
15 We use combinatorial character manipulation methods with O(4) diagrams being a proxy for (finite dimensional)
tensor reps. We have ∼= 4, ∼= 6. Under O(3,1) ↓ SO(3,1), two-rowed diagrams reduce to inequivalent irreducible
parts, viz. ∼= + + − (self-dual and anti self-dual tensors, respectively). For ∼= + + − etc with row lengths
[ℓ1, ℓ2], the rep is irreducible if ℓ2 = 0 and reduces to SO(3,1) ( 1

2
ℓ1,

1
2
ℓ1), and for ℓ1 ⩾ ℓ2 > 0 the decomposition is

( 1
2
(ℓ1 + ℓ2),

1
2
(ℓ1 − ℓ2))+ ( 1

2
(ℓ1 − ℓ2),

1
2
(ℓ1 + ℓ2)).

16 Diagrams with five or more rows have been removed because the corresponding GL(4) characters are zero.
17 If there are 2+ h rows the modification is by removal of boundary strip of length 2h, starting with the offending
rows, with accompanying sign reversal, or change to an associated representation (‘∗’), or removal if an improper
diagram results. For notation and methods see [40, 41].

11
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From the above diagrams it is of note that one GL(4) term occurs in both symmetric and
antisymmetric coupling, corresponding to two distinct (linearly independent) couplings. The
orthogonal reduction follows

⇒ + + ⇒ •∗ + ∗

(10=1+ 9) ,

where the modification rules have been applied (with removal of a vanishing character). This
term therefore supplies the pseudo-scalar candidate •∗ in both coupling symmetries.

Verifying that the remaining GL(4) terms do not contain further scalars or pseudoscalars
completes the accounting of kinetic terms admissible under the full Lorentz group, with the
results (cf equation (16) and table 1):

GL(4) · ⊗(2) · ⊗(12)

O(3,1) scalar 2 0
O(3,1) pseudo-scalar 1 1

(17)

A.2. Potential energy

The count of admissible local invariant interaction terms for the complex scalar and self-dual
antisymmetric tensor fields (section 5) by group methods requires working with expansions
of symmetrized powers of the characters representing them. Here we provide more details for
the quartic couplings (the scalar quartic is the square of the quadratic mass term). As already
noted, the the requirement to have only monomials with net vanishing U(1) charge consider-
ably restricts the count. For example at quartic degree, the only possible contributions from
the antisymmetric tensor field come from the nine terms in

[(1,0)· ]⊗(2) ·[(1,0) · ]⊗(2)
= [(0+ 2,0)· +(1,0)· ]·

[
(0,0+2)· +(0,1)·

]
= (0+2,0+2)· · +(0+2,1)· · +(1,0+2)· · +(1,1) · .

wherein the (0,0)· · term contains a unique one dimensional representation18. On the other
hand for the mixed quadratic scalar-tensor term we have

[ + · + ]·[(0+ 2,0)· +(1,1)· · +(0,0+ 2) ]

wherein two invariants will come from the expansions of

·(0,0)· and ·(0,0)· .

Note that the present count (table 4) holds for internal symmetry U(n)∼= SU(n)×U(1) which
includes the standard model SU(2)×U(1) and also the Abelian case of complex fields.

18 Compound diagrams provide a succinct way to handle contragradient representations [41].
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Appendix B. The DKP algebra

For completeness, we give explicit representations of the Kemmer β-matrices for (in 1+3+1
block form) the 5× 5:

β0 =

 · · 1
· · ·
1 · ·

 , βi =

 · · ·
· · ei
· −fi ·

 ;

and (in 3+3+3+1 block form) 10× 10:

β0=


· · 1 ·
· · · ·
1 · · ·
· · · ·

 , βi =


· · · aei
· · bℓi ·
· b ′ℓi · ·

a ′fi · · ·

 ;

representations. Here ei, i = 1,2,3 are standard 3-component unit column vectors, fi = ⊤ei
the corresponding row vectors, and ℓi :=

1
2εijkℓjk elementary 3× 3 rotation generators19.

Examination of the form of the SO(3,1) rotation generators [βi,βj], the boost generators
[β0,βi], as well as algebra identities such as {βj,(βi)2}=−βj, {(βi)2,(β0)}=−β0 yields
aa ′ =−1, bb ′ =+1. Hereafter we choose a = b =+1.

For the pseudo-scalar β5 :=
1
2ε

µνρσβµβνβρβσ direct evaluation gives after normalization

β5=


· 1 · ·
−1 · · ·
· · · ·
· · · ·

 ,

from which we derive the 10-component twisted β̌µ = [β5,βµ] matrices,

β̌0=


· · · ·
· · −1 ·
· −1 · ·
· · · ·

 ; β̌i =


· · ℓi ·
· · · −ei
ℓi · · ·
· fi · ·

 .

The parity operators are defined

η :=2β2
0 − 1= diag(1,−1,1,−1) ,

η ′ := −
(
1+ 2β2

5

)
η = diag(1,−1,−1,1) ,

with ηβµ⊤η = +βµ =−η ′βµ⊤η ′ , η ′β̌µ⊤
η ′ =+β̌µ =−ηβ̌µ⊤

η , (18)

from which we define Φ := Φ†η and Φ := Φ†η ′. Sundry properties which we shall use are{
β2
5 ,β

µ
}
= −βµ ,

{
β2
5 , β̌

µ
}
=−β̌µ ;

βµβ
µ =3+β2

5 , β̌µβ
µ = 2β2

5 ,

(β5)
3
= −β5 , βµβ

σβµ = 2βσ . (19)

19 Where ℓjk := ejk − ekj = ej ⊗ fk − ek ⊗ fj, with commutation relations [ℓi, ℓj] =−εijkℓk and matrix elements
(ℓi)jk = εijk, and for example ℓiei = 0, (ℓi)2 = ei i − 1.
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Appendix C. Extended DKP formalism

C.1. Proca massive vector field

As a case study, and to illustrate the reduction of first order DKP actions to standard forms, we
reproduce here the standard treatment for the derivation of the Proca (complex massive spin-1)
system. In an obvious notation we have

Φ(iβµ∂µΦ)−mΦΦ =
(
E,−B,A,−A0

)

−m · ∂0 ∇
· −m ℓ·∇ ·
∂0 ℓ·∇ −m ·
−∇· · · −m




E
B
A
A0

 .

=E · (i∂0A+ i∇A0)+E ·
(
−i∂0A− i∇A0

)
+B ·

(
i∇×A

)
+B ·

(
−i∇×A

)
+

−m
(
E ·E−B ·B

)
−m

(
A ·A−A0A0

)
The expansion in three-vector calculus involving E,B and A (with scalar A0) and complex
conjugates follows using matrix forms such as (ℓ ·∇)⇒−∇× and use of partial integration.
After eliminating auxiliary fields E,B using their equations of motion we find

Φ(iβµ∂µΦ)−mΦΦ ⇒ +
1
m

(
∂0A+∇A0

)
· (∂0A+∇A0)−

1
m

(
∇×A

)
· (∇×A)+m

(
A0A0−A ·A

)
which after rescaling A0→−

√
mA0, A→

√
mA accords with the free action for a complex

vector field of mass m,

LProca =− 1
2F

µν
Fµν +m2A

µ
Aµ

with field strengthFµν = ∂µAµ− ∂νAµ and the standard identification of electric andmagnetic
fields20 E,B.

C.2. Two-form gauge potentials and antisymmetric tensor fields

In the sequel we adopt the following notation for fields in the ten component wave-function
of the modified DKP systems:

Φ = ⊤ (S,R,G,G0) , Φ=
(
S,−R,G,−G0

)
, Φ=

(
S,−R,−G,+G0

)
, (20)

together with Φc := ⊤Φη, in which we identify the three-vector S= (Z01,Z02,Z03), and
pseudo-vectorsR= (Z23,Z31,Z12) as putative ‘electric’ and ‘magnetic’ parts of an antisymmet-
ric tensor Zµν , the Hodge dual of whose three-form curl (in the twisted case) becomes the axial
vector field strength Gµ

∼= (G0,G) consisting of a pseudo-vector together with a pseudoscal-
ars. The allocations in (20) to the components of Zµν in order to reassemble the DKP-derived
actions as kinetic terms in local relativistic invariants in standard tensor notation, follow after
field rescaling.

20 Elimination of auxiliary fields amounts to changing the normalization of the generating function by a functional
Gaussian. From the above expansion, it is evident that elimination of A0,A instead of E,Bwould lead to a ‘dual’ model
equivalent to the Proca theory, at least at the non-interacting level.
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Case 1: two-form gauge field [4, 5]:
Following the above discussion we consider

Φiβ̌µ∂µΦ +mΦ
(
1+β2

5

)
Φ

= G · (i∂0R+ i∇× S)+ G0 (−i∇ ·R)+G ·
(
−i∂0R− i∇× S

)
+G0

(
+i∇ ·R

)
+m

(
G0G0−GĠ

)
⇒ 1

m

((
∂0R+∇× S

)
· (∂0R+∇× S)−

(
∇·R

)
(∇ ·R)

)
so finally with R,S→−

√
mR,
√
mS,

Φiβ̌µ∂µΦ +mΦ
(
1+β2

5

)
Φ ⇒

((
−∇ ·R

)
(−∇ ·R)−

(
−∂0R+∇× S

)
· (−∂0R+∇× S)

)
Here the four-vector components of Φ have again been eliminated using their equations

of motion. The action is proportional to the (complex) Lorentz invariant length, when re-
expressed in terms of derivatives of S,R. We find

1
4L

KR =Φiβ̌µ∂µΦ −mΦ
(
1+β2

5

)
Φ ⇒ GµGµ

where Gµ := 1
2εµνρσ∂

νZρσ

with G0 = −∇ ·R , G=−∂0R+∇× S . (21)

□
As pointed out in section 2, under the special Lorentz group, an antisymmetric tensor field

Zµν can be projected into two irreducible, so-called self-dual and anti self-dual components,
using the Hodge dual

∗Zµν := 1
2εµνρσZ

ρσ =±iZµν .

Individual terms in local actions are no longer separately fixed under parity, but the con-
tributions of the (anti) self-dual components to the total count of invariants can easily be
inferred from equations (16) and (17) above. For imposing duality restrictions on the DKP
ten-component wave-function, it is evident that the pseudo-scalar β5 and Hodge dual projec-
tion (both of whose eigenvalues are ±i) play analogous roles, and indeed

∗Zµν :=±iZµν ⇔ β5Φ
∧ =±iΦ∧ (22)

where Φ∧ is the invariant projection via P∧ :=−β2
5 on to the upper (antisymmetric tensor)

components21 of Φ. In terms of the components in equation (20) we find correspondingly
R=±iS.

Note that, for a self-dual or anti self-dual wave function with β5(β
2
5)Φ =±iβ2

5Φ, we have
22

Φβ5Φ=−Φ†ηβ5
(
β2
5

)
Φ=∓iΦ†η

(
β2
5

)
Φ

≡ +Φ† (β5)
2
β5ηΦ=±iΦ†η (β5)

2
Φ ,

21 With P∨ := 1−P∧ = 1+β2
5 the lower projection.

22 Note β3
5 =−β5 and {η,β5}= 0.
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whence Φβ5Φ = 0=Φβ2
5Φ , or equivalently, ΦΦ ≡ Φ(1+β2

5)Φ , expressing the fact that
only the projection onto the vector part is present, as is evident from the following explicit
calculations.

Case 2: antisymmetric tensor field [8, 9]:
Take for example a complex anti self-dual DKP wave-function (∗Zµν =−iZµν , β5Φ

∧ =
−iΦ∧) with

Φ = ⊤ (S,−iS,+G,G0) , Φ= Φ†η =
(
S,−iS,+G,−G0

)
.

Consider the action

L AC :=Φβ̌µ 1
2

←→
∂µΦ +mΦΦ . (23)

We have (see appendix C.1 for details)

L AC = 1
2

(
S · (−∇×G)+

(
−iS

)
· (−∂0G+∇G0)+G · (+i∂0S−∇× S)−G0 (i∇ · S)

+ S ·
(
−∇×G

)
+(+iS) ·

(
−∂0G+∇G0

)
+G ·

(
−i∂0S−∇× S

)
−G0

(
−i∇· S

))
+m

(
G ·G−G0G0

)
⇒ 1

m

((
∇ · S

)
(∇· S)−

(
∂0S− i∇× S

)
· (∂0S+ i∇× S)

)
after elimination. With the re-scaling S→

√
mS we have

L AC =Φβ̌µ 1
2

←→
∂µΦ +mΦΦ ⇒ ∂ρZρµ∂σZσµ = GµGµ ,

where Gµ :=∂ρZρµ ,

with G0 =∇ ·G , G= ∂0S+ i∇× S . (24)

in accord with the (complex) Lorentz invariant length of the gradient of the (anti) self-dual
complex antisymmetric tensor field [10, 42]. □

Case 3: antisymmetric tensor field (antisymmetric coupling) [12, 18]:
The final invariant coupling identified in section 2 above arises from a scenario in which there
is an internal symmetry (possibly local) conferring an antisymmetric bilinear invariant. Note
that in the standard DKP Proca formalism a kinetic term such as Φ⊤ηβµ∂µΦ becomes a total
derivative in view of the symmetry of ηβµ; in the complex self-conjugate form Φ†ηiβµ∂µΦ
≡ Φiβµ∂µΦ, this is of course averted. Appending an additional internal indexΦa, and antisym-
metric bilinear invariant κab =−κba however, again with an anti self-dual DKPwave-function,
permits the alternative action23 in terms of Φc := Φ⊤η,

L CP :=Φca (βµ∂µΦ
bκab

)
+h.c.−imΦa

Φbκab . (25)

23 The possible combination η ′β̌µ also has the correct ingredients for a variant Φ⊤η ′β̌µ∂µΦ.
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Expanding components in terms of three-vector notation as above,

L CP :=2Ga ·
(
∂0S

b+i∇× Sb)κab + 2Ga
0

(
∇ · Sb)κab + 2G

a ·
(
∂0S

b−i∇× Sb
)
κab

+ 2G
a
0

(
∇ · Sb

)
κab + im

(
G

a
0G

b
0 −G

a ·Gb
)
κab

⇒ − 4
im

(
∇ · Sa

)(
∇ · Sb)κab +

4
im

(
∂0S

a−i∇× Sa
)
·
(
∂0S

b+i∇× Sb)κab ,

again after elimination. With the field redefinition S→ 1
2 i
√
mS, we have finally

L CP :=Φca (βµ∂µΦ
bκab

)
+h.c.−imΦa

Φbκab ⇒ i∂ρZa
ρµ∂σZ

bσµκab

= iGaµGb
µκab , where Ga

µ := ∂ρZa
ρµ , with

Ga
0 =∇ · S , Ga = ∂0S

a + i∇× Sa . (26)

□

Appendix D. Conformal invariance

To complete the discussion of symmetry aspects of the physical antisymmetric tensor models,
reviewed in section 3 above, we here provide a demonstration of the conformal invariance
both of the antisymmetrically coupled pseudoscalar L CP (equation (8)) here using its first
order four dimensional DKP formulation (table 3 and equation (25)). A similar calculation
obtains for the symmetrically coupled scalar L AC (table 3 and equations (5), (24)).

We adapt to the present case the analysis of Jackiw and Pi [43], which gave a convenient
criterion for verifying conformal invariance in a scale-invariant system. In the first order for-
mulations however it is necessary to adjust for the fact that the scaling behaviour of the 10
component DKP wave function (table 2) is no longer a diagonal multiplier, but must be taken
as D := diag(1,1,2,2) in 3+3+3+1 block form24. Given that β2

5 = diag(−1,−1,0,0), other
Lorentz invariants can be written similarly as

βµβ
µ = diag(2,2,3,3) =

(
3+β2

5

)
, D =

(
2+β2

5

)
,

with the projectors Id= (1+β2
5)+ (−β2

5).
Checking the scale invariance of the first order Lagrangian (25), we have25

δ
(
Φ
(
1+β2

5

)
Φ
)
= =Φ

{
D,
(
1+β2

5

)}
Φ = Φ

{(
2+β2

5

)
,
(
1+β2

5

)}
Φ = 4

(
Φ
(
1+β2

5

)
Φ
)
,

δ (Φcβµ∂µΦ) = (Φcβµ∂µΦ)+
(
Φc

{
βµ,

(
2+β2

5

)}
∂µΦ

)
=5(Φcβµ∂µΦ)+

(
Φc

{
βµ,β2

5

}
∂µΦ

)
= 4(Φcβµ∂µΦ) .

The criterion of Jackiw and Pi [43] for conformal invariance is that the field virial,

Jσ =
δL

δ∂µφ
(Dηµσ −Σµσ)φ,

24 In the Kemmer presentation of the Proca massive vector field we would have D ′ := diag(2,2,1,1).
25 Recall that ΦΦ = Φ(1+β2

5)Φ for (anti) self-dual wave functions, β4
5 =−β2

5 , and that {β2
5 ,β

σ}=−βσ .
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is a divergence, Jσ = ∂µWµσ. Here the sum is over all fields φ of scaling dimension D, and
Σµσ are the Lorentz group generators applied to the field multiplet φ.

We assume here that the method of [43] simply goes through, now with the scaling dimen-
sion being the operator D, and also with use of the reducible representation of the Lorentz
group generators, provided by the Kemmer 10× 10 matrices. Proceeding with the functional
differentiation of (25) we have

Jσ =Φcβµ
(
Dηµσ + [βµ,βσ]

)
Φ

where βµ
(
Dηµσ + [βµ,βσ]

)
=βσ

(
2+β2

5

)
+βµβ

µβσ −βµβ
σβµ

=βσ
(
2+β2

5

)
+
(
3+β2

5

)
βσ − 2βσ ≡ 3βσ +

{
β2
5 ,β

σ
}
= 2βσ

using {β2
5 ,β

σ}=−βσ. Hence with antisymmetric coupling

Jσ = 2κab (Φ
a)

⊤
ηβσΦb + h.c.≡ 0+ 0

because (ηβσ) is symmetric and κab is antisymmetric.
A similar computation applies to the (symmetric) Avdeev–Chizhov Lagrangian (24) for

scaling invariance, as {β2
5 , β̌

σ}=−β̌σ. A detailed expansion shows that the field virial is now
proportional toΦβ̌σΦ + h.c., which again vanishes, but now due to the antisymmetry of (ηβ̌σ).
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