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Abstract 

We review recent results on the manifestly supersymmetric form of higher­
derivative terms in the low energy effective actions of N = 1 and 2 supcrsymmetric 
gauge theories in four dimensions. There is a rich structure of these higher-derivative 
terms. Many are holomorphic and therefore non-perturbatively calculable by the 
same approach as used in Seiberg-Witten theory. The algebraic structure of these 
higher-derivative terms in superspace is intricate and largely unexplored. Their 
classification even at the 4-derivative order is not complete. 

1 Introduction 

A common picture of the form of the derivative expansion for the low energy effec­
tive action, of, say, N = 2 superQCD on its Coulomb branch is L ~ .f d48 F(W) + 
J d4Bd47J J(W, W) + .. ., where Wis the U(l) chiral field strength superfield in N = 2 su­
perspace, F is the holomorphic 2-derivative term, calculable by Seiberg-Witten theory [1], 
and J is a non-holomorphic: 4-derivative term, and therefore not exactly calculable by 
those techniques. Similar expressions are often quoted for the effective actions on other 
branches of N = 2 superQCD moduli spaces and for N = 1 superQCD effective actions 
as well. 

The basic purpose of this talk is to point out that the derivative expansion is much 
more intricate than the above would suggest, and to review some recent results towards 
a systematic understanding of supersymmetric higher-derivative terms. 

In section 2, we review derivative counting in SUSY effective actions. Section 3 de­
scribes some systematic results for 3-derivative terms in N = 1 superspace, while section 
4 reviews some known 3- and 4-derivative terms in N = 2 effective actions. In sections 
5 and 6 we turn to some global issues on the moduli space: electric-magnetic duality 
transformations of higher-derivative terms on Coulomb branches in section 5, and gen­
eralizations of global but not local F-terms in section 6. Sections 2 and 4 are largely a 
review of [2, 3], while sections 3, 5, and 6 report new results, described in more detail 
in [4,5]. 

2 Derivative counting in SUSY effective actions 

Denote the derivative-dimension by square brackets, so 

(1) 
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Then compatibility with the supersymmetry algebra implies that Grassrnann coordinates 
should he as8igned derivative-dimension -1/2, giving 

[D/80°] = 1/2 aml L(dlJ" ~ D"] = 1/2. (2) 

To be suitable for effective actions on a moduli space coordinati7.cd by the vevs of scalar 
fields </i, we must assign derivative dimensions to the fields as 

[</>] = 0 , [·1/Jc,] = 1/2 , [F,w] = 1 ([A1,] = 0) , (3) 

where °VJ,, are spin-1/2 fermions and A1, and }~w arc gauge potential and field strength. 
This assigmnent is compatible wit.h gauge invariance ([8µ] = [Dµ]) of the low energy action 
since generically the only massless fields on the moduli space arc U(l) gauge fields and 
neutral scalars and spinors. Thus this counting works only at generic vacua: it cannot 
be applied to IR effective actions at special submanifolds where charged massless fields 
or non-abelian gauge fields persist. 

For N = 1 superfields, we must then assign derivative dimensions 

[<I>]= 0, [W0 ] = 1/2 , [VJ= -1 , (4) 

when~ <I> is a scalar chiral superficld, Wa is the field strength spinor chiral superfield, and 
V is the vector potential real superfield. All auxiliary fields have derivative dimensions 
consistent with the supersymmetry algebra. Familiar N = 1 superspace terms in the 
effective Lagrangian are 

(5) 

Derivative counting shows that. the T- and K-terms are 2-derivative (kinetic) terms, while 
the W-term (the superpotential) is a I-derivative term. This last is in contradiction to 
the fact that the superµotential term gives rise to 0-derivative sc.:alar potentials through 
integrating out auxiliary fields. This illustrates the fact that this assignment of derivative 
dimensions is only valid for the IR effective action, where only the massless fields on the 
moduli space appear, and where W(<I>) = 0 by definition. 

With this derivative counting, there are a finite number of terms at each order in 
the derivative expansion with coefficients which are functions on the moduli space. This 
followi; since space-time derivatives and superderivatives as well as all other gauge in­
variant superfields have positive derivative dimension. The moduli-dependent coefficient 
functions, like r(<I>) and K(<I>, ~) encode all the observables of the low energy effective 
action, and computing their dependence on the microscopic (UV) parameters defining 
the theory is the ultimate goal of developing a supersymmetric effective action formalism. 
The implicit assumption is made that all gauge invariant terms in the low energy effective 
action can be written using only the field strength superfield W 0 , and not the potential 
superfield V . The validity of this assumption of the non-existence of Chern-Simons-like 
superspace terms [3] is an open question, though examples of such terms globally on the 
moduli space are known (see section 6 below). 

For N = 2 superfields in harmonic superspace (see e.g. [6] for a review), derivative 
dimensions are assigned as 

[q+J = 0 , [W] = 0 , [V++] = -1 , (6) 
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where q+ is the scalar analytic superficl<l describing a hypc11nultiplet, W i;; the scal<u 
chiral supcrfielt! describing tlw field strength multiplet, and i ·+ ~ i;; the analytic: supcr­
fidd ckscribing the vector potential n111ltiplet. In harmonic supcrspacc, the harmo11ic 
coorcliuat.l's u± on the internal 5 2 c:any zero derivative-dimension. Familiai examples of 
low-ckrivatiw terms in N = 2 effective actions arP 

where J ct1e+ ::::; (D- )1 is the analytic s11perspacP measure, J cl'1() is the chiral superspace 
measure, and J d7l is the harmonic 5 2 iuvariant measure. Derivative counting shows that 
F and L are 2-derivative (generalized kinetic) terms, including for example~ component 
terms like g(t/;)(8¢) 2

, h(t/;)1jj?J1f;, r(tj;)tr(F2 ), etc., while J is a 4-clerivative term, containing 
e.g., tr(F4

), (1jj1f;)1, etc. 
As in the N = 1 case, the assumption of no Chern-Simons-like superspace terms leads 

to a well-defined derivative expansion. One potentially troubling point is that since the 
derivative dimension vanishes for the harmonic coordinates u± and their derivatives, it 
would seem that at each order in the derivative expansion an infinite series of harmonic 
derivatives should be considered (thus rendering the derivative expansion practically uoc­
lcss in harmonic superspace). However, it was shown in [2] that there exists a finite bound 
on the number of harmonic derivatives that need be included at each order in the deriv­
ative expansion: upon eliminating auxiliary fields, terms with more than this number of 
derivatives are not independent. 

3 3-derivative terms in N =1 effective actions 

Armed with this derivative-counting calculus it is easy to write a set of manifestly 
N = 1 supersymmetric 3-derivative terms which are inequivalent under integration by 
parts: 

L3a j d2B81,<I>iaµrpi F;i(<I>) + c.c. 

L3b J d2
() (Wa · Wb)(Wc · Wd) Gabrd(<I>) + C.C . 

L3c J d4B (W" · Wb) Hab(<I>, Ci>) + C.C. 

L3d J d4
() (Wa · D<f>i) fai ( <f>, Ci>) + C.C. 

L3. = I d4
() (D<f>i. D<f>J) Jij(<f>, <i>) + c.c. (7) 

Here the i, j and a, b, ... subscripts denote the different species of <I> and W0 chiral mul­
t,iplcts. nnd Ll.tt1 dot produ L d ··11 01.es spinor <:m1t.rnc: t.io11 . 

The L3., L •rm is chiral (can 11 ol, be wdt.t 11 n.s a11 i111,egrnl over the t"ull superspac1) as long 
as F.ti,kJ ;/:- 0, whcr -. X,k := DX/D<f>k . tJmrwisu, the L :11t tcrrn is a Sp ·ial cas1~ or tht• £3, 
l«m.11 (up to glolin.l issu · 0 1t Lhe muduli spacr:; see section 6 ltulmv) . Siuc;n l ite rn , ffidPuts 
of the• chiral L 3o and L3& tN111s dopm1d holoin()rphici:i.l ly on Llw <l) 's, l.lici r f1111ctio 1rn l fonn s 
are tightly restricted by the usual non-renormalization theorems. These arc thus term;; 
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which iu sp<•cific: modrds may lw cxact.ly computed usiug Seibcrg's arguments (see, e.g., [7] 
for a rc·viC'w). Nute that the L;i,, (L:ii.) holornorphic: 3-dcrivativC' tC'rms require at least two 
massless chit al (wet.or) multipl<~t.s to be non-zc~ro, rcspcct.ivc~ly. 

In (7) we' simply pn•sc~ntecl " list. of ruanifostJ.v s111w1sy111m<'tric :3-clcrivativr terms . 
How clo we lrnow t.hat that. list. is all of thcru 7 For example', pc~rhaps I.here exists some 
c:o111plic:atecl 2-clcrivilt.iw function of superfielcls, .f (14', H', <Ji, (j), D, D). which is chiral in a 
11011-obvious way h.v virtrn• of the snpc1symmctry algebra and LlH' 13ianclti identity satisfic~d 
by H'e1. If so. th cu J rl~O f would UC' another 3-clerivative t<~rn1. 

It. turns 011t. that a s~rst.cmatic search for all snch terms by the· straight forward method 
of listing all possible~ term:; and checking th1~ir supersyrnrnPtry variations is already lengthy 
for 3-clcrivat.iw terms. and is prohibitively cornplicatccl for 4-dc~rivativc terms. The result 
of the 3-dcrivativc search is that. t.hc above list is complete modulo global issues to be 
discussed below [ 4 J. 

The algebraic structure uuderlying the classification of supcrsyrnmetric terms in low 
energy effective act.ions is a kind of differential complex with the suµerderivativcs, De., 75,,.., 
playing tlw role of the exterior derivatives and the superfields and their space-time deriv­
atives playing the role of coordinate functions on some manifold. This point of view may 
be helpful in finding more efficient ways of classifying higher-derivative supersymmctry 
invariants [4]. 

4 3- and 4-derivative terms m N =2 effective actions 

A similar list was been proposed for N = 2 effective actions in [2]. As might be 
expected, since N = 2 supcrsymmetry is more restrictive, there are fewer terms, and a 
list of both 3- and 4-derivative terms can be found: 

L3 j du (D- )2 {D- )2(D+) 2 F(q+, W) 

Lfo j du (D-)~(I5-) 2 (D+) 2 (D+wi)(D+w1) G;1(q+, W) 

L4b j du (D-) 2 {D-) 2 (D+) 2 (D- q;t)(D-qt) H"b(q+, W) 

L4c = f du (D-)2 (D-)2 (D+) 2 (D+) 2 J(q+, q--, W, W) (8) 

{For simplicity, the u± derivatives on the harmonic S2 have been suppressed.) The Gra.ss­
mann measures have been written as superderivatives for clarity. Note that the L 3 , L 40 , 

and L4b terms are integrals over 3/4 of superspace, the union of its chiral and the ana­
lytic halves. (The other three unions, e.g., anti-chiral plus analytic, etc., are also allowed 
terms.) 

There are a few restrictions on the terms in (8) which should be mentioned: 
• L3 -=/:- 0 only for mixed branches {i.e., F must depend on both q+ and W). 
• L4a ¥ L.1c only if G;[j,k] ¥ 0, which implies that the holomorphic L40 can exist only on 
branches of the moduli sµace where the number of vector multiplets is greater than or 
equal to 2. 
• Lfo = 0 on pure Higgs branches {i.e., if G depends only on q+'s). 
• L40 = fd41J(o1,Wi)(oi•W1)G;1(W) on pure Coulomb branches (i.e., ifG depends only 
on M"s) . 
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• £ 40 :== 0 rn1 pure Coulomb Ill anchcs. 
• L 11, :== .frlu rt1fJ 1- (D,,q;~ )(o1'qnf-1"0 (q+) on purr. Higgs hrnnclws. 

Then~ an! (infinit('ly) many <'Xcunples of asymptotically fr1 1 <! N = 2 snperQCD tlworics 
with approp1iatc moduli spat·<•s so Llrnt non-vauishing L:i, L 111 , and L,11, t('rms co11ltl !!xist. 
Not(' farther t.hat the c:ocfficicut fnu<:tions, F , G, a,ll(] H , of th<•sc 3/4-s11p1!rspace terms 
are holommphic, a nd so arc alll('B<l.ulc to <!xact calculation 11si11g thP t<!chniq11c of [l] 
Th(' basic idea behind this t<~chnique is _aw1lytic cuntinuation from perturbative boundary 
data on the rnoduli space. 01w ingrndient in this program, a boundary datum, has been 
calculated in [8] as the one-loop contribution to F in ccrtaiu N = 2 s11perQCD them i1!s. 
To perform the analytic coutirmatiou from such data, the global properties of F , G, 
and H on the moduli space must be determined . In partic:ular, F, G, and f-1 1we<l not 
be single-valur.d functions ou the moduli space, but may have non-trivial monotlromirs 
around singularities. The determination of these allowrcl monodromies is the topic of the 
next section . 

Before turning to that topic, there is the question of whether the list of 3- and 4-
clerivative N = 2 terms in (8) is complete. A systematic search seems difficult, but in this 
case there is an indirect argument which implies that there must be another 4-clerivative 
term. The argument is as follows: In the SU(2) N = 4 SYM theory there is a 4-clerivative 
Wess-Zumino term in the effective action on the moduli space [9]. The contribution to 
the equations of motion coming from this term is covariant under the N = 4 80(6) R­
symmetry, treating the six real scalars on the moduli space symmetrically. However in [2] 
the L4a,u,c four-derivative terms were shown to contribute a Wess-Zumino term in which 
the hypermultiplet and vector multiplet scalars appear asymmetrically, and so cannot 
reproduce the known N = 4 Wess-Zumino term. Thus another N = 2 4-derivative term 
must exist. 

5 Electric-magnetic duality 

For simplicity, concentrate on a pure Coulomb branch. In this case only the L1a and 
L4c terms occur: 

L4a ! d4B(81,Wi)(aµwj) G;j(W), G;[i,kJ =I- 0, 

L4c = J d4Bd47J J(W, W). 

We want to determine how G and J are allowed to change upon traversing a closed path 
on the Coulomb branch. The allowed changes correspond to the possible different low 
energy actions which describe equivalent physics . 

On the Coulomb branch, the only non-trivial such equivalence is that of electric­
magnetic duality, under which two U(l) theories with field strengths Fµv and Gµv are 
equivalent, (1/e2)tr(F2) :== e2tr(G2), if Fµv couples with strength e (l/e) to massive 
electric (magnetic) sources, while Gµv couples with the inverse strengths. This, together 
with the angularity of the theta angle, gives rise to the familiar Sp(2n, IE) discrete group 
of equivalences of the U(l)n theory under which the allowed monodromies of the gauge 
coupling function T;j(W) are T -+TD = (Ar+ B)/(Cr + D) for (~ g) E Sp(2n, IE) . 

ThC' above describes thr action of elr.ctric-magnetic duality on the two-derivative term 
in t.tw effective action. This is extended to higher-dcriv;i,tivc terms in [3], where a very 
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simple auswer in N = 2 (harmonic) superspace is found: the electric-magnetic dual action 
is the Lege11dre transform with respect to chiral field strength superfield W, 

Lv(Wv, W v) = L(W, W) - ld'1(} WvW + c.c.1 
• Wo=M./oH• 

This is similar to the answer in rwn-supersymrnctric non-linear electrodynamics [10], 
where the Legendre transform is with respect to the field strength. However, one new 
point is that wh<~n L includes higher-derivative terms, the Legendre transform is not 
well-defined by itself, but must be specified by further data in a way consistent with thr 
derivative expansion of low energy effective actions [3]. 

I Prform.inv; tlw Lcgeud1 ! trnnsf'uru1 ::ipprnprial.cly gi ve.~ f.haL Liu? e>rigirnd LR aGtio.n. 
l = Jd'O [F + (81• ) ~ GI I f d80 ./ , l.ra 11sfom1s LO ~h c•q 11 ivril ~ILL (d qa.1) IR t\C:Lion, /,11 , 

with P - ) Pn = F ll'';Wv,, whi le t.hr G' aud .J Lcrml' rnmaiu 111varinnL, ./--* ./11 ~ .! 
aud r.,j -> ni = F·1kGufi'/.i. Ji · !"I' l hr~ righr hand sidt~~ IU'C evaluated at W' = w'(Wo) 
:rnd1 r.lmL 1",(w) = W1J, . J\ lsu F·') ~ (F,,j) 1 as a maLrix on i,,i , is the J aco i)ian fo1· t.hc 
change of variables from W to W 0 . Thus the above transformation rule for G means that 
in local coordinates on the Coulomb branch, G is single-valued. 

This simple result for the electric-magnetic duality monodromies only holds because 
the G and J terms are the leading higher-derivative corrections to the 2-derivative term 
on the Coulomb branch. On mixed branches, however, where the 3-derivative term is the 
leading correction, the electric-magnetic duality monodromies are more complicated, as 
the four derivative terms can shift by expressions involving the coefficient functions the 
three-derivative term [3]. 

6 Topological issues 

There are other ways that the global structure of the moduli space can enter i11to 
t.he cxisLcm:e and dA(,flrtlli11at.io11 or ltigltcr-deriv11.Llve t 'rtllR. TllC' firs!, way it1 Llmmgh 1,1\('J 

·xisl1~n cc of t.cn ns wlLicb can lir wriLt<m ns nun-clliraJ L<'l'lllli locally un Lu rno<l 1tli sp<~n., 

li11 I. nol g lolmltv on the rnocfol i spiwc. Tb is ohstrnr.t.iou lflP11ns t.haL glohally they <:ft.i t ouly 
b' wrltL n u.H int. 1grnl s vrr a fruc t.ion of su pcrt>pac:e, i.e., as eltiral wnns or 3/ 1- ~\IP rsprir.1~ 
I. rms. A. iipecial sci or 1-1 u<'11 glolmJ ly <' hind l.c:rnis was discussed in j 11 j. 

Global chiral terms and holomorphic de Rham cohomology. A systematic search 
among 3-derivative N = 1 terms [4] finds many such terms. Two examples which illustrate 
them are 

J d2
(} ltio a w2n"'~, /d4

(} aW2 

/d4
(} l¥WDil> j d2

(} [a (W Dil>)(D2~) +a' (vVDil>)(DiI>) 2 
- 2a (Woil>)(Dil>)] .(9) 

Here a and a are functions of the scalar chiral superfields iI> and ~ related by 

a= a', (10) 

and the prime denotes a derivative with respect to ~- The non-chiral 3-derivative terms 
on the left can be rewritten as the 3/4-superspace or .chiral terms on the right when 

272 



(rn) is satislic~d. lJut il' Llu:n: i8 au ohstrnctimt tu finding ;111 11· globallv 011 llw ntoduli 
sp;tc·c solvi11g u = c/, t.lwu I.he~ right. sicks c·auuol he n•11Tittc•n as th<' 11on-d1irnl lc'n sidc·s 

).\lolrnlly 011 th!' llLOdnli spac<' . This ohstrnction is lll<'ilSlll"!'d by a holmll{)tphic: ell' rl11;1111 

('Ohomologv class of the• moduli space: . 
A si1nilat <'Xarnpl<' occms for th<' fom-dct ivatiw .\' = :2 lc:rn1s. TlH' dtirnl L 1,, ~~ 

J1/'1(1 D1,ll''i)l'ff'J Ci,;(11') cau he: L1:-writtr11 usi11g t.IH' 1Jia11clti idc:11t.it.\' fo1 11' as the: Jl<lll-

('hiral t.cnn ... ~ .f'd8 fJ W'IV1 h';i(ll') t.c•1n1 whcu 

( ll) 

for s0111c: f\.;J. .. vVith t.wo or 1110n• \'c:ctot lllllliiplcts. (11) C'itll fail to lw i11tr:grnliJc• <'V<'ll 

lo('ally, C:,11,kl ¥ 0, so locally holo11101phic: L,,,, t.c:rn1s exist., as was point<·'d ont. aliovc . But 
(11) cau also fail to be: int.c'grnhlc' globally: L.1,, ddi11<"~ a holo111orphic quadratic fon11 011 
Coul0111h hrnuc:h, g = Ci( 11') (di 1')'1 , and th!' ohst.rnc:t.ion to solving ( 11) is again rnc:asnn•d 
by the holo111orphic de• nh1u11 rnhomology on t.llf' Coulmnh l>rnuch, 9 ~ 9 +Dr. 

Chern-Simons-like terms and Dolbeault cohomology A ditforeat way in which 
tl\C' topology uf' 11rnduli SJl<ll'<' cau play a role is throngh tlw c~xisteun' of ohst rll('l.ions 
t.o c<'l't.ai11 lo('al ga11g<•-i11variaut. t.<•1ms being written in a manifestly gang<• iuvmiant way 

globally [3]. 
A simple c•xatnplc is the 11011-chiral L1c = Jd811.J(TV, vV) t.t?rm ill N = 2 SUJlPrspacC'. 

Any such lr~rn1 with J(W, W) = Bi(W, W) W;, can be rnwritt.e11 as 

f du d8B v- -i D+(Aj(W, W)D+wj) + c.c:. (12) 

whew ..i; = D1 B' . Note that (12) is a Ch<?rn-Si111ons-likP term: it uses tlw potP11tial 
supcrfidd v--. (Note that this does not imply that it give~ rise t.o a ClL<•rn-Silllous 

tc:nn in components - we are four dimensions, after all, where Chern-Simons Lt•nus do not 
c-:xist) Some algcbrn shows that (12) is non-vanishing whenever 

(13) 

which is the local integrability condition to rewrite (12) as J d8(} J. 
But J (or the !Ji) may foil to exist globally on thr: Coulomb branch. The Chcrn­

Simons-like term defines a set of (1,0)-forrns on the Coulomb branch, Ai = A;(w, W) dl-Vi , 
so (12,13) implies that non-trivial Chern-Simons-like terms are classified by Dolbt?ault 
cohornology classes on the Coulomb branch. 
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