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3
A BCS-Josephson Wormhole
in coupled superconducting

Yukawa-SYK metals
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Abstract
We show that two Yukawa-SYK models with a weak tunneling contact can have an ex-

otic superconducting hybrid thermofield-double-like state holographically dual to a

traversable wormhole connecting two black holes with charged scalar hair. The hy-

brid thermo-field-double/wormhole state is distinguishable by anomalous scaling

of revival oscillations in the fermionic Green’s function, while the BCS-like super-

conducting condensate is responseless. The existence of this TFD/wormhole state

surprisingly shows that the some quantum critical effects can survive the phase tran-

sition to superconductivity. It also suggests a more strange metallic TFD/Josephson

wormhole can exist correlated with superconductivity at strong coupling, where

Cooper pairs persist above the critical temperature.

53



3

54
3. A BCS-Josephson Wormhole in coupled superconducting

Yukawa-SYK metals

3.1. Introduction
The realization that the quantum critical strongly correlated groundstate of the

Sachdev-Ye-Kitaev model is in the same universality class as the groundstate of holo-

graphic models of charged anti-de-Sitter black holes has opened up a wide avenue to

study exotic gravitational questions with quantum-mechanical Hamiltonians. One

such question is the existence of traversable wormholes. Maldacena and Qi [105],

based on an earlier work of Gao, Jafferis and Wall [136] and more recently oth-

ers [60, 137–145], showed that (marginally) relevant tunneling interactions between

two such SYK Hamiltonians could induce a phase transition to a finite temperature

“wormhole” state as the temperature is lowered. The quantum mechanical under-

standing of this transition is as follows. At high temperatures, where tunneling is

minimal, the state of the coupled system is arbitrarily close to two independent de-

coupled thermal ensembles at high temperature — holographically dual to two black

holes

ρ2BH = 1

Z 2
β

∑
n1,n2

e−β(H1+H2)|n1,n2〉〈n1,n2| . (3.1)

The density matrix can also be written as a state in a doubled system

|2BH〉β =
1

Z 2
β

∑
n1,n2

e−β(En1+En2 )|n1, n̄2〉 , (3.2)

where |n̄〉 = |Θn〉 with Θ an anti-unitary symmetry of the SYK model (usually CPT).

As one lowers the temperature and the tunneling becomes stronger the thermody-

namically preferred state is a different one. This is the state close to the maximally

entangled so-called Thermo-Field-Double state — holographically dual to a worm-

hole connecting the two black holes

|WH〉β = |TFD〉β =
1√
Zβ

∑
n

e−
β
2 En |n, n̄〉 (3.3)

Here Zβ =
∑

e−βEn is the partition function of a single SYK model.

Macroscopically it is a first order transition driven by the relevancy of the tunnel-

ing interaction, but the telltale sign of the wormhole is more subtle than a macro-

scopic order parameter. When the high temperature state is in the strongly corre-

lated regime such that it is the finite temperature extension of the quantum critical

SYK groundstate dual to a black hole, rather than a thermal gas of free quasiparti-

cles, the low temperature “wormhole” state can remember this critical origin in that

its spectrum can be better explained as a perturbation of its quantum critical spec-

trum rather than a perturbation around a free system. Specifically, the near-AdS2

symmetry group (time-reparametrizations modulo PSL(2)) that defines the quan-

tum critical state of a single SYK system, continues to determine the spectrum of the
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coupled system even when the groundstate changes to the TFD/WH state [105]. This

deformed N-AdS2 spectrum has a uniquely characteristic fixed spacing between lev-

els similar to that of a harmonic oscillator: En = Egap(1+ 1
∆n),n ∈N, with the ground-

state energy Egap ∼λ 1
2−2∆ proportional to a non-perturbative non-analytic fractional

power of the tunneling strength λ in terms of the IR critical scaling dimension ∆ of

a fermionic excitation. This fixed integer spacing in units of c is observable in char-

acteristic revivals in a linear response probe, as convincingly shown in subsequent

numerical simulations [134, 143, 146, 147]. From the dual holographic gravitational

perspective this revival is a perturbation that has fallen into a black hole, traveled

through the wormhole and back. One should be careful: Revival-signatures in linear

response can have many origins and not all revivals are dual to a signal traversing a

wormhole. The key aspect is the non-analytic dependence of the gap Egap and the

spacing ∆E = Egap/∆ on the relevant tunneling strength λ. Even within these SYK-

models, if this relevant coupling becomes strong, the system still shows revivals. But

as the system has now crossed over to a free-fermion state, the gap and the level spac-

ing underlying the revivals are now an integer analytic power of tunneling strength.

It is just a reflection of the regularity of the underlying standard free particle har-

monic oscillator spectrum. Fig.3.1A summarizes this phase diagram of the 2BH/WH

transition in quantum critical SYK models.

However theoretically appealing, in actual physical systems quantum critical states

are rare. Moreover, experimentally they are fragile and extremely susceptible to de-

cay to a conventional ordered state, usually a BCS superconductor. It is conjectured

that in 2D systems this is in fact always the case [41, 42, 148]. The SYK-like quan-

tum critical systems are essentially 0D quantum dots, but 2D extensions can pre-

serve many of its features including the N-AdS2 like structure of its groundstate [33].

Some of the fragility of this quantum critical grounstate is suppressed by a large N -

limit, but some is also by construction. In particular the simplest SYK models do not

preserve time-reversal symmetry and singlet Cooper pairs are not stable enough to

form a long range coherent state. More realistic models must preserve (some) time

reversal symmetry to allow pairing. One such model is the Yukawa-SYK model con-

structed in [24]. This is a quantum critical superconductor with a tunable pairing

strength and Tc whose condensate is not controlled by the density of states at the

Fermi surface [24, 149]. In particular, the charge neutral critical state with no Fermi

surface is already unstable towards superconductivity. It is able to do so as the den-

sity of states is large even at charge neutrality, which allows a macroscopic conden-

sate to form. For a large part of the phase diagram this superconductivity indeed

prevents the emergence of quantum criticality, but this view has been challenged

recently in Ref. [150].

The question we address in this article is whether the exotic revival physics dual to a

wormhole state persists in tunneling contacts between such more realistic SYK mod-
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els as Yukawa-SYK that do exhibit superconductivity. Naively one would think not,

in accordance with the wisdom that superconductivity prevents quantum critical-

ity. The onset of superconductivity gaps the low-energy spectrum and this ought

to destroy to characteristic fixed level spacing responsible for the wormhole revival

physics. The loophole is that in these models superconductivity is tunable and a

window may exist that nevertheless allows for a sufficiently regular spectrum that

a wormhole like state survives. The holographic gravitational dual of such a state

would be a wormhole with a scalar condensate also known as scalar hair. An ar-

gument in favor that such state could result from this construction is the fact that

the thermofield-double state is a formal purification of the straightforward thermal

mixed state of a single YSYK model. It must therefore exist, and perhaps the better

posed question is whether this protocol contructs the TFD-state as the groundstate

of the coupled YSYK system.

In this article we report that this indeed turns out to be the case and the loophole

is realized — in a particular way. There exists indeed a strongly entangled tunnel-

ing contact state between two superconducting YSYK systems that nevertheless has

a low-energy spectrum controlled by the N-AdS2 of the critical state. Pictorially this

is represented in Fig. 3.1B. The particularity of this state is that the regime where

this state is found is one where superconducivity manifests itself in the fermionic

spectrum by the BCS-like opening of gap. Qualitatively, this means that Cooper

pairs condensate immediately upon binding and there are no uncondensed bound-

fermion states in the spectrum. The “wormhole” state is therefore the honest TFD

of the fermionic excitations on top of the BCS-like groundstate. This is in contrast

to a more BEC-like superconductivity where bound states form first, exist as in-

dependent asymptotic excitations in the spectrum, and only condense at a lower

temperature. In the fermionic spectral function this manifests itself as a depletion

of the gap/growth of a peak at finite energy, as is observed in real high Tc strange

metals for instance [151–155]. The TFD/“wormhole” state of such a system would

have the same formal form as Eq. (3.3), but now the energy states would contain

both fermionic and bosonic excitations. In principle the YSYK model we study has

a regime where such BEC-like superconductivity occurs [24]. However, generically

this originates from an impurity-like normal state above Tc and not from the quan-

tum critical state holographically dual to black holes. We have therefore not studied

this here.

Tunneling contacts between superconducting systems — a Josephson junction —

are of course an enormously well studied and useful arena of physics. As the Joseph-

son current is the tunneling of Cooper pairs, an immediate question is whether the

Josephson current can also show revivals characteristic of a “wormhole”. Even if

quantum in origin, the dominant Josephson effects are macroscopic thermodynamic

manifestions: they are captured by the Landau-Ginzburg free energy. The universal-
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1.1 Two sided YSYK phase diagrams at fixed SYK-coupling
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Figure 3.1: Schematic phase diagram of two coupled Yukawa-SYK systems without (left) and with super-
conductivity (right). When superconductivity is suppressed, there is a first order phase transition at fixed
λ < λSYK for T ∼ λ. There the system transitions from a intermediate temperature T . TSYK state of es-
sentially two decoupled thermal strongly correlated SYK systems holographically dual to two black holes
(2BH), to a low temperature thermofield double state with specific cross-correlations holographically dual
to wormhole (WH). At very high temperatures T À TSYK or very high tunneling coupling λÀ λSYK the
coupled system is in a free fermion phases that are smoothly connected to each other. When supercon-
ductivity is included. The above is valid for an intermediate value of the averaged Yukawa-YK-coupling in
terms of the bare boson mass gSYK/ω3/2 ∼ 0.5, the two-black-hole phase first becomes a two essentially
independent superconductor phase, holographically dual to two hairy black holes (2BH-SC). This state
crosses over around the value of the putative 2BH/WH phase-transition to a excitation spectrum on top
of the superconducting groundstate that is characteristic of the thermo-field-double/wormhole state.

ity of the latter precludes any significant change in observational responses due to

an underlying TFD/wormhole state. We confirm this by a computation of the DC

Josephson current in the TFD/wormhole state. Similar to non-superconducting SYK

models, the manifestation of the wormhole is more subtle. A more fine grained anal-

ysis of Josephson physics may reveal other effects in addition to the single fermion

revivals. We leave this for further study. Nevertheless, as the superconductor-

superconductor wormhole is supported by a tunneling interaction, to christen it the

BCS-Josephson wormhole seems apt.

Section 3.2 describes the YSYK model, the tunneling interaction coupling two YSYK

models and the effective Schwinger-Dyson equations controlling the large N -limit

of the model after disorder averaging over random four-fermion interactions. Sec-

tion 3.3 describes the TFD/wormhole state when superconductivity is artifially sur-

pressed to connect with earlier coupled SYK wormhole results and set the stage for

Section 3.4 where we exhibit the existence of the BCS-Josephson wormhole, i.e. a

thermodynamic phase transition to a superconducting TFD-state. From the free en-

ergy of the total system we compute the DC Josephson current to show that it is not

affected by the underlying state change as could have been surmised by the fact that

the TFD-state is thermodynamically in the same phase as the ordinary BCS state. We

conclude with a brief outlook in the conclusion Section 3.6.
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3.2. Two Yukawa-SYK models with a tunneling con-
tact with shared disorder.

The Yukawa-SYK model describes a quantum dots with N flavors of spin- 1
2 fermions

and M flavors of bosons with Hamiltonian [24]

HY-SYK =−µ
N∑

i=1

∑
σ=↑,↓

c†
i ,σci ,σ+

M∑
k=1

1

2

(
π2

k +ω2
0φ

2
k

)+ p
2

N

∑
i , j ,k

∑
σ

gi j k c†
i ,σc j ,σφk . (3.4)

In a single instance of the model the complex couplings gi j k = g
′
i j k + i g

′′
i j ,k are ran-

domly drawn from an ensemble with zero mean and variance

〈g ′
i j k g ′

lmn〉 = (1− α

2
)g 2δkn(δi lδ j m +δi mδ j l ) ,

〈g ′′
i j k g ′′

lmn〉 =
α

2
g 2δkn(δi lδ j m −δi mδ j l ) ,

〈g ′
i j k g ′′

lmn〉 = 0 . (3.5)

For α = 1 the hermitian matrix gi j k = (gk )i j is in the Gaussian Unitary ensemble;

for α = 0 the matrix is real and in the Gaussian orthogonal ensemble. The model is

solvable after averaging over the ensemble and taking the double limit N →∞, M →
∞ with κ= M/N fixed. For α= 1 the system has a quantum critical SYK groundstate

for any value of the chemical potentialµ and boson massω0 with scaling dimensions

∆ f and ∆b for the fermions and bosons respectively that are fixed by

2∆ f +∆b = 1,

κ
Γ(1−∆ f )Γ(1− (∆ f +∆b))

Γ( 1
2 +∆ f )Γ( 1

2 +∆ f +∆b)
=−2

Γ( 1
2 −∆b)Γ( 1

2 −2∆ f )

Γ(∆b)Γ(2∆ f )
. (3.6)

(see Appendix 3.7.1). For α < 1 the theory has a time-reversal preserving sector and

allows for pairing and a stable superconducting phase. In particular, at α = 0 for

a small range of g ∼ ω3/2
0 the phase diagram (Fig. 3.2) has a small window where

the onset of superconductivity occurs from the finite temperature extension of the

quantum critical Yukawa-SYK N-AdS2 state holographically dual to a black hole [24,

26–28]. We shall choose the model with α = 0 at charge neutrality µ = 0 with that

value of g /ω3/2
0 = 0.5 and hold these fixed throughout this study; we shall also choose

κ = 1 throughout. What shall be important later in Section 3.4, is that for this value

the onset of superconductivity manifests itself in the fermionic spectral function by

the opening of a gap (Fig. 6 in [24]), i.e. bound fermion states immediately condense

and the spectrum of excitations does not contain bound-fermion states.

The two coupled system configuration that allows for entangled TFD phase at low

temperatures is constructed by coupling two identical Yukawa-SYK models, i.e. with
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1.1 Two sided YSYK phase diagrams at fixed SYK-coupling
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Figure 3.2: The phase diagram of a single Yukawa-SYK model with couplings drawn from the GOE from
[24]. FF is a free-fermion phase; BH is the finite temperature version of the quantum critical N-AdS2 SYK
groundstate dual to a black hole. SC is the superconducting state which has a crossover from BCS-like
SC to BEC-like SC as g /ω3/2

0 increases. At high temperatures for large g the model is controlled by an

impurity fixed point. The dashed line denotes the value of the disorder-averaged coupling g /ω3/2
0 = 0.5

we use in this in article such that the normal phase right above the superconducting transition is the
quantum critical/BH phase.

the same random coupling constants before disorder averaging, together with a sim-

ple tunneling interaction. The joined model is then described by the following action

S = S(1)[gi j k ]+S(2)[gi j k ]+Sc ,

S(a)[gi j k ] =
∫

dτ
∑
i ,σ

c†(a)
iσ (τ)

(
∂τ−µ

)
c(a)

iσ (τ)+∑
k
φ(a)

k (τ)
1

2

(−∂2
τ+ω2

0

)
φ(a)

k (τ)

+
p

2

N

∫
dτ

∑
i j k,σ

gi j k c†(a)
iσ (τ)c(a)

jσ (τ)φ(a)
k (τ) ,

Sc =
∫

dτ
∑
i ,σ
λc†(1)

iσ (τ)c(2)
iσ (τ)+λ∗c†(2)

iσ (τ)c(1)
iσ (τ) (3.7)

Other tunneling couplings such as boson-boson tunneling S = ∫
dτJφ(1)

k φ(2)
k or cor-

related two-fermion tunneling S = ∫
dτgi j k gl mk c†(1)

iσ (τ)c(2)
jσ(τ)c†(1)

kσ′ c(2)
lσ′ + c.c. are pos-

sible. By dimensional analysis, such terms are less relevant in the IR. As a sim-

ilar study for complex SYK models has shown [147], there is still a transition to

a TFD/wormhole state, but is weaker, at lower temperature and harder to detect.

Moreover, such boson-boson and correlated multi-fermion tunnelings are also dy-

namically generated at subleading order in λ. We will therefore not consider such

couplings here.

The coupled system is solved by disorder averaging over the couplings gi j k that are

identical in subsystem (1) and (2) in each instance of the ensemble. Introducing bilo-
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cal fields

Gab(τ,τ′) =− 1

N

∑
i

c(a)
i (τ)c†(b)

i (τ′)

F ab(τ,τ′) =− 1

N

∑
i

c(a)
i (τ)c(b)

i (τ′)

Dab(τ,τ′) =− 1

M

∑
k
φ(a)

k (τ)φ(b)
k (τ′). (3.8)

through their respective self-energies Σab ,Φab ,Πab as Lagrange multipliers, one can

perform the path-integral over the fermions. The resulting effective action in terms

of these bilocal fields has a set of Schwinger-Dyson equations as saddle-point equa-

tions. Using the fact that the original action Eq.(3.7) has a Z2 mirror symmetry

c1 → c2e iθ, c2 → c1e−iθ where θ is the phase of the tunneling coupling λ = |λ|e iθ,

the large N , M saddle-point Schwinger-Dyson equations can be expressed in terms

of Gd = G11 = G22,God = G12 = e2iθG21 etc only. Assuming time-translation invari-

ance in addition, they are

Σab(τ,τ′) = κg 2Dab(τ,τ′)Gab(τ,τ′) ,

Φab(τ,τ′) =−(1−α)κg 2Fab(τ,τ′)Dab(τ,τ′) ,

Πab(τ,τ′) =−2g 2 [
Gab(τ,τ′)Gba(τ′,τ)− (1−α)Fab(τ,τ′)F̄ba(τ′,τ)

]
,

G11 F11 G12 F12

F̄11 G̃11 F̄12 G̃12

G21 F21 G22 F22

F̄21 G̃21 F̄22 G̃22

=


iωn −Σ11 −Φ11 −λ−Σ12 −Φ12

−Φ̄11 iωn − Σ̃11 −Φ̄12 λ∗− Σ̃12

−λ∗−Σ21 −Φ21 iωn −Σ22 −Φ22

−Φ̄21 λ− Σ̃21 −Φ̄22 iωn − Σ̃22


−>

,

(
D11(iνn) D12(iνn)

D21(iνn) D22(iνn)

)
=

(
ν2

n +ω2
0 −Π11(iνn) Π12(iνn)

Π21(iνn) ν2
n +ω2

0 −Π22(iνn)

)−>
. (3.9)

Here G̃(iωn) = −G∗(iωn) is the Green’s function for spin down fermions in the

Nambu basis. In the fermionic matrix equation all self energies are evaluated at the

Matsubara frequencies Σab(iωn),Φab(iωn). Details of the derivation are given in the

appendix 3.7.1.

3.3. The YSYK-TFD/wormhole for the metallic nor-
mal state

To show that the N-AdS2 quantum critical point of the time-reversal symmetry break-

ing non-superconducting version of the YSYK model has a TFD/wormhole state in

the weak tunneling configuration of two coupled systems, we first study the coupled

system with superconductivity suppressed. It is metallic for all temperatures. For

this we set α = 1 which breaks time-reversal symmetry completely. The Schwinger-
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Dyson equations simplify to

detG = (iωn +µ−Σd )2 − (λ+Σod )2

Gd (iωn) = iωn +µ−Σd

detG

God (iωn) = (λ+Σod )

detG

detD = (ν2
m +ω2

0 −Πd )2 − (Πod )2

Dd (iνm) = ν2
m +ω2

0 −Πd (iνm)

detD

Dod (iνm) = Πod

detD

Σ(o)d (τ) = κg 2 D(o)d (τ)G(o)d (τ)

Π(o)d (τ) =−2g 2 G(o)d (τ)G(o)d (−τ) (3.10)

Note from the last two equations that the interacting part of the Schwinger-Dyson

equations for the off-diagonal components is just a copy of the interacting part of

the Schwinger-Dyson equations for the diagonal part and that they do not mix. These

equations can be solved numerically in imaginary time and Matsubara frequency.

We first delineate the phase diagram of the coupled metallic α= 0 YSYK system as a

function of T and the coupling strength λ already sketched in Fig. 3.1A. At high tem-

perature, when T À TSY K ∼ g 2/ω2
0 for any λ the system is in a nearly free fermion

phase, where the interactions g and tunneling λ only give small perturbative cor-

rections to the free fermion Fermi-Dirac density matrix state. The diagonal Green’s

function is well approximated by Gd (τ) ∼− 1
2 sgn(τ) at small time scales. Correspond-

ingly, Gd (iωn) ∼ 1
iωn

. as seen in the high frequency tail of the inset in Fig. 3.8. This

represents the situation in which the fermions are essentially separately free in each

dot.

For very large λ this phase continues to extend to lower temperatures as well. For

λ& g 2/ω2
0 the tunneling coupling is more dominant and essentially acts as an “off-

diagonal” mass term between the two systems. After diagonalization one expects a

gapped state with Egap ∼ λ and this gap prevents a flow to a quantum critical state.

The diagonal Green’s function shows this gap and has a long time behavior for 1
Egap

.

τ.β that, as behoves a nearly free fermion system, is well approximated by turning

off the self-energies in Eq. (3.10)

G0
d (τ) =

∫ ∞

−∞
dω

2π

iω

(iω)2 −λ2

=−1

2
sgn(τ)e−λ|τ|. (3.11)

See Fig. 3.3. This represents a situation when the fermions just occupy the ground

state of the cross coupling part of the hamiltonian, but are otherwise free. When
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Figure 3.3: For large λ& g 2/ω2
0, the diagonal fermion Green’s function has a gap that scales linearly with

λ, and is well approximated by Eq. 3.11.

analytically continued to the real axis, the spectral function would simply represent

a quasiparticle pole at ±λ. Formally this is the same phase as the high temperature

phase as it simply the irrelevance of mass at high temperatures as is reflected in the

smooth deformation of the one Green’s function into the other.

At small λ . g 2/ω2
0 there are different phases. Now the YSYK coupling g is more

important. From dimensional analysis, it can be expected to become important at

an energy scale of TSY K ∼ g 2/ω2
0 Below this temperature a single YSYK system is in

the finite temperature version of the quantum critical state, rather than a perturba-

tively interaction free Fermi gas. This is the state that is holographically dual to an

AdS2 black hole [156]. Including only a weak tunneling coupling λ the full state of

the coupled system will still be very close to each of the two YSYK systems being in

its own finite-T-QC/BH state Eq.(3.2) when the temperature is still on the high side

T & λ. This is what the numerics shows. In Fig. 3.4 the orange curve compares the

full two YSYK numerics to a single YSYK model at T > λ. The diagonal Green’s func-

tions Gd (τ), Dd (τ) are indistinguishable from the single YSYK model one. The off-

diagonal Green’s functions are significantly smaller indicating some communication
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Figure 3.4: Imaginary time Green’s functions at on lowering temperature at fixed λ in the metallic state.
The dotted lines show the exact numerical solution to the one-sided model, i.e. when λ= 0, at the corre-
sponding temperature. These figures indicate that in the wormhole phase, off-diagonal correlations are
enhanced and diagonal correlations are suppressed. The insets show the frequency dependence of the
respective Green’s functions.

but suppressed by the smallness of the tunneling coupling.

The numerics can also confirm more precisely that it is the single YSYK QC state and

its emergent conformal symmetry that is seen. At low frequencies, T ¿ ω¿ g 2/ω2
0

the diagonal Green’s functions scale with a power law

G(τ) ∼ 1

|τ|2∆ f
, (3.12)

D(τ) ∼ 1

|τ|2∆b
. (3.13)

In these equations,∆ f and∆b are the scaling dimensions of the fermions and bosons

in the single YSYK model respectively, given by the solutions to Eqs. (3.6). Fig. 3.4

inset shows this powerlaw behavior in the numerically exact solutions for this case.

On further lowering temperature to T .λ at low λ¿ g 2/ω2
0 the state with power law

correlations changes over into a state with exponentially decaying correlations in a

first order phase transition. This is shown in the green curves in Fig. 3.4. This is a

phase transition driven by the tunneling coupling as predicted and as can be seen
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by comparison to the single sided YSYK Green’s function for the same variables. The

new state is the TFD/Wormhole state characterized by a gap and a linearly periodic

spectrum E = Egap(1+ 1
∆n). The gap is directly visible in the single fermion Green’s

functions in their exponential decay at large times

Gd (τ) ∼ e−γτ. (3.14)

The size of the gap γ is controlled by λ and its leading functional dependence can be

understood from the scaling properties of the tunneling interaction as a perturbation

of the quantum critical state [105]. In the bilocal formulation of the action this term

is (see Appendix. 3.7.1 Eq.(3.43))

Stunnel =
∫

dτdτ′λG12(τ,τ′) , (3.15)

and hence at the quantum critical point λ ∼ Λ2−2∆ f where Λ is the RG scale of the

theory. Hence just below the transition we expect the gap to scale as

γ[λ] ∼λ
1

2−2∆ f . (3.16)

This scaling is indeed seen by extracting the gap γ from the logarithmic derivative

of the single fermion Green’s function Gd (τ) in the long time regime for various λ

at fixed T ¿ λ in the TFD/Wormhole phase: Fig. 3.5. The single boson Green’s

function exhibits the same gap D ∼ e−γτ as there is only one energy scale that can

be constructed using λ consistent with the dimensional analysis of Eq. (3.15). As

can be seen from the insets in Fig. 3.5, although the scaling of the exponent γ with

the coupling λ is according to Eq. (3.16) for both the bosons and the fermions, the

numerical prefactor is different for the two cases.

This specific non-analytic scaling of the gap γ ∼ λ
1

2−2∆ f with the tunneling strength

is the first indication that the gapped state obtained after the phase transition is in-

deed the TFD state holographically dual to an an eternal traversable wormhole(WH)

geometry. The more detailed prediction is that the spectrum also has linearly spaced

excited states. This would be very clearly visible as peaks in the frequency spectrum

in numerical solution to the real time Schwinger-Dyson equations. Though in the

real time numerics in Fig. 3.8 we can clearly see the gap development in the emer-

gence of a single peak as temperature is lowered from T À λ to T ¿ λ, no other

peaks are visible for the parameters and accuracy with which we are able to solve the

system. This is in contrast to the results for Majorana and complex-SYK in [134, 147]

where these excited states are clearly visible in the spectral density ρ ∼−ImG . How-

ever, we are able to see signatures of precisely these linearly spaced excited states

in the numerical solution to the imaginary time Schwinger-Dyson equations. The

imaginary times numerics are more stable and we are able to compute at much lower

temperatures where thermal broadening plays less of a role. For a system with well



3.3. The YSYK-TFD/wormhole for the metallic normal state

3

65

2× 10−3 3× 10−3 4× 10−3 6× 10−3

λ

10−2

2× 10−2

m
as

s 
g
ap

 γ
[ λ

]

Gap scaling calculated from Gd

fit with slope 0.7909

Expected slope 0.8626

0.0 0.5

τ/β

10−3

10−1

|G
d
(τ

)|

 β = 2000 λ = 0.002

2× 10−3 3× 10−3 4× 10−3 6× 10−3

λ

10−2

3× 10−3

4× 10−3

6× 10−3

m
as

s 
g
ap

 γ
[ λ

]

Gap scaling calculated from Dd

fit with slope 0.8518

Expected slope 0.8626

0.0 0.5

τ/β

10−2

10−1

|D
d
(τ

)|

 β = 2000 λ = 0.002

10−2 2× 10−2 3× 10−2 4× 10−2

λ

3× 10−2

4× 10−2

6× 10−2

m
as

s 
ga

p
 γ

[ λ
]

Gap scaling calculated from Gd for = 10

fit with slope 0.6078

Expected slope 0.6196

0.00 0.05

τ/β

10−3

10−2

10−1

|G
d
(τ

)|

 β = 5000 λ = 0.01

10−2 2× 10−2 3× 10−2 4× 10−2

λ

3× 10−2

4× 10−2

6× 10−2

m
as

s 
ga

p
 γ

[ λ
]

Gap scaling calculated from Dd for = 10

fit with slope 0.6563

Expected slope 0.6196

0.00 0.05

τ/β

10−3

|D
d
(τ

)|

 β = 5000 λ = 0.01

Figure 3.5: Scaling of the gap with the cross coupling λ. Panels(a) and (b) show the diagonal fermion and
boson green’s function respectively for κ = 1 and ∆ = 0.42 respectively. Panels (c) and (d) show the same
scaling upon changing the effective slope by increasing κ to 10, and hence reducing ∆ to 0.193. There is

good agreement between the expected λ
1

2−2∆ scaling based on dimension analysis to the exact numerical
solution. The insets show the exponential behavior of the respective Green’s functions, and the window
marked with the purple dotted lines indicate the region where the fit was performed for each data point
of the main panels.

defined asymptotic states that only interact locally the asymptotic Greens function

in imaginary time at very low temperature will take the form

G(τ) ∼ a0e−E0τ+a1e−E1τ+a2e−E2τ+ . . . (3.17)

Here E0,E1,E2, . . . are the energies of the lowest excited states. Fig. 3.6 shows that

subtracting out the dominant contribution of the gapped groundstate with E0 = c∆

shows a clear remaining exponential decay whose exponent should be proportional

to E1 = c(∆+1). We know the analytic value of ∆ = 0.42037. . . for these parameters,

see Appendix 3.7.2. From this we can extract c = Eg ap /∆ and predict E1 = c(∆+1).

The predicted slope is up to two digits accurate with the fitted slope; see Fig. 3.6.
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This is a strong second sign that the state at T . λ for λ ¿ g 2/ω2
0 is indeed the

TFD/wormhole state of the YSYK model.1

In coupled Majorana [105, 134] and complex SYK models [147] the physics under-

lying the diagonal Green’s functions jump from power law to exponential decay is a

first order phase transition. In the gravitational dual this is a so-called Hawking-Page

transition between a two black hole configuration and a wormhole. As the gravita-

tional dual of quantum critical ground state of the non-superconducting Yukawa-

SYK and Majorana and complex SYK models are essentially the same, we expect the

same here. This is what we find and is illustrated in the free energy of the coupled

YSYK system shown in Fig. 3.7. Though not perfectly discontinuous, the derivative

of the free energy exhibits a clear jump. Furthermore, while for temperatures away

from the critical point, the numerical solution is unique upon annealing both up-

1Fitting multiple exponentials is notoriously difficult and small fitting adjustments can result in large
changes in the value of the exponent. A visible cue is the residuals after the leading exponential(s) is/are
subtracted. The remainder needs to extend at least for a small window into the previously fit region with
no kink at the edge of the fitting region, as a sign that the data was not overfit.
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ward and downward in temperature, there is a hysteresis near the phase transition

indicating that it is indeed first order. The hysteresis is small and not as sharp as in

simpler models, but it is clearly there. It is supported by our observation that in our

numerics the iterations take longer and longer to reach the convergence threshold

for temperatures very close to the transition, as the system struggles to find the true

ground state.2

We note that the YSYK TFD/wormhole solution can also be obtained alternatively in

a smooth manner by starting from the nearly free fermion thermal state FF at large

λÀ g 2/ω2
0 but low T ¿λ described above, and then reducing λ. No phase transition

is seen. Instead the gap dependence on λ changes smoothly from γλÀ ∼λ+ . . . as in

Fig.3.3 to γλ¿ ∼λ
1

2−2∆ f exhibited in Fig. 3.5.

3.4. Inclusion of superconductivity: the BCS Joseph-
son wormhole

We now probe whether this YSYK TFD/wormhole state survives the inclusion of

superconductivity. To do so we turn on the possibility of a non-vanishing pair-

condensate 〈F 〉 6= 0 by setting α = 0. For simplicity we shall first look at the spe-

cific model where the phase of λ = |λ|e iθ is set to vanish: θ = 0. In this case, both

2At very low temperatures and very small λ however, we find that the annealing in temperature is not
sufficient as a numerical procedure to find the true ground state as the difference in free energy between
the two distinct minima become smaller than the precision with which we can calculate our numerical
solutions.
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Figure 3.8: Temperature evolution various spectral functions in the model. The wormhole state is char-
acterized by two symmetrically placed split peaks, but the black hole state is characterized by a smooth
spectral function with the quantum critical form.

sides are identical to one another — there is an explicit mirror symmetry c1 ↔ c2 and

the superconducting state will also be mirror symmetric under this symmetry. In a

spatially extended system, this would correspond to the situation where the phases

of the superconducting condensates in both of the subsystems are by construction

aligned.

Fig. 3.9 shows the exact numerical solution to the saddle point equations now in-

cluding the presence of the anomalous propagator terms Fd and Fod . For the pa-

rameters we studied we know based on the time-reversal symmetry breaking α = 1

model roughly at which temperature to expect the transition to the TFD/wormhole

state. We have specifically chosen parameters g /ω3/2
0 = 0.5, such that this descent

into superconductivity happens from the thermal quantum-critical state holograph-

ically dual to a BH (see Fig. 3.2). From the single sided YSYK model we also know

that for these parameters this superconducting transition temperature is higher than

the TFD/wormhole transition temperature: Tc > TT F D . The question therefore is

whether after the transition to superconductivity there is still a transition/crossover
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to a TFD/wormhole like state as one lowers the temperature further.

The numerics indicate that this is so, but the identification is tenuous. The issue is

that the superconducting state is also characterized by a gap in the single fermion

spectral function Gd . So is the wormhole state, as we have shown. In neither case

is this the single defining characteristic, but we can determine whether the robust

spontaneous symmetry breaking gap, or the fragile remnant quantum criticality in-

duced gap is the physics that the numerics shows. The full Green’s functions in

Fig. 3.9 show that the coupled YSYK system indeed first transitions to a supercon-

ducting state — the appearance of a non-vanishing order parameter∆= ∣∣Fd (τ= 0+)
∣∣

in the right column. At this time the asymptotic behavior is not yet recognizable

as the exponential decay corresponding to a gap. This is so, because for the value

g /ω3/2
0 = 0.5 the gap develops BCS-like by opening up and is very weak for T . Tc

[24]. For T ¿ Tc one does clearly see a gap in the green curve in Fig. 3.9. This is

also the regime where one would expect the TFD/wormhole gap to arise. The gap

that is present is the ordinary BCS superconducting gap, however. This follows from
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a direct comparison with the result for a single sided YSYK model at the same pa-

rameters, but absent tunneling (λ= 0). Fig. 3.9 shows that the dominant exponential

scaling is the same.

The indication that this is nevertheless also a TFD/wormhole state follows removing

the contribution of the superconducting component. Taking the difference of the

coupled YSYK model with the single-sided YSYK model with no tunneling shows that

a distinct subleading exponential form remains in the single fermion response Gd

of the coupled model; see Fig. 3.10. This residual exponential in the single fermion

response can be compared with the leading exponential of the TFD/wormhole state

in the absence of superconductivity. The exponent of the remnant exponential decay

in the superconducting state is within 10% of that of the TFD/wormhole value. We

can understand this through a simple Landau-Tisza two-fluid model. A fraction of

fermions on the superconducting sector form pairs and enter the condensate. The

other fermionic sector parallels theα= 1 non superconducting TFD/wormhole state

discussed in Sec. 3.3, and also holds some spectral weight, as is illustrated in Fig. 3.10.

Numerical accuracy prevents us from testing more firmly whether the supercon-

ducting state below T < TWH is indeed a TFD/wormhole state built on a BCS-

groundstate with higher excited states which should also follow the wormhole pat-
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tern. Our knowledge of ordinary BCS superconductors, however, supports that this

only slightly changed first excited state can be taken as a convincing signature of the

equivalent state of the TFD/wormhole state in the non-superconducting model.

The excitation spectrum above the BCS-groundstate does not contain any finite en-

ergy Cooper pair excitations. All low energy excitations are based on the (dressed,

gapped) fermionic excitations in the theory. The TFD state of a BCS-like supercon-

ductor will therefore formally be very similar to the TFD state of a gapped fermion

system without superconductivity.3 This is indeed what our numerics shows, in that

the single fermion Green’s function of the coupled superconducting YSYK model are

the made up of a weighted sum of the one-sided superconducting model and the

two-sided non-superconducting YSYK model.

It is further supported by studying the anomalous Green’s function Fd (τ). Here the

subtraction of the single sided response leaves a remnant that simply follows F (τ) of

the one sided model but with a much smaller magnitude - this just means that its

3Of course in a real superconductor this simplified picture does not hold completely. There are order pa-
rameter fluctuations supported by gradients. Such order parameter fluctuations can always be excited at
finite temperature. Correspondingly a TFD state for these should exist. The SYK model is a quantum dot
and there are no spatial gradients that can support a finite phase space of order parameter fluctuations.
The simplified notion therefore does work here.
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magnitude is shifted by a small constant, but with the function containing no addi-

tional structure. We also observe that the off-diagonal terms of the anomalous prop-

agator Fod (τ) are numerically vanishingly small. The condensate sector is therefore

completely equivalent between the single sided YSYK model and the tunneling cou-

pled model, i.e. the condensing Cooper pairs are well formed separately on either

side, and there is no cross-condensation or cross-excitation tunneling. In particu-

lar this means there are no (observable) excited states in the pairing channel, or any

indication of pair-tunneling physics.

From the gravitational perspective it is perhaps surprising that certain excitations —

single fermion — can traverse the wormhole and others — Cooper pairs — cannot.

At this stage we have only shown the single fermion response function, and not the

Cooper pair response function. This would correspond to a four-point function in

terms of elementary fermionic excitations. In the large N limit in which we compute

and which is the limit in which a dual gravitational description emerges, such a four-

point function is suppressed at order 1/N . Formally at the order we work there are

no correlations whatsoever between Cooper pairs. This absence of correlations thus

matches the microscopic YSYK perspective. At the same time it also indicates that

a true answer whether the wormhole supports Cooper pair tunneling and revivals

requires this four-point function computation. We leave this for future work.

From this microscopic viewpoint one would also expect Cooper pair tunneling and a

Cooper pair TFD/wormhole state in a BEC like superconducting state where Cooper

pairs can exist as uncondensed excitations. This regime exists in YSYK models for

larger g /ω3/2
0 ∼ 1 identifiable by the fact that the superconducting gap fills as T in-

creases, rather than closes [24]. The issue is that in this regime the metallic state

is not the quantum critical groundstate gravitationally to a two-sided black hole.

As revivals can arise for many different reasons and it is precisely the level spac-

ing in the spectrum inherited from the quantum critical state that we use to iden-

tify the wormhole, it is not clear how we could identify a BEC-like superconducting

TFD/wormhole.

At very large λ, we do not find any evidence of superconductivity, even down to the

lowest temperatures that we can reach in our numerics. This can be understood

because the metallic state in this case is a conventional gapped free fermion state at

charge neutrality. There is no macroscopic density of states at zero energy; there is

no density at all. There is no reservoir for Cooper pairs to form or condense.

3.5. A standard Josephson current
This observation that the TFD/wormhole state of the coupled model is built on a

direct-product groundstate of two essentially independent condensates with no ob-
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servable overlap suggests that its Josephson physics is standard. This is indeed the

case. It is a well known trick in the conventional BCS Bogoliubov-deGennes formu-

lation of Josephson physics that the external phase difference can be moved to the

phase of the tunneling coupling λ (see e.g. [157]). This follows from the fact that

a change of variables c2 → c2e iθ can be compensated by a change in λ → λe−iθ.

Thanks to the earlier mentioned mirror symmetry, this remains a solution to the

saddle point equations, this change of variables will simply change the phase of the

saddle-point solution of the second anomalous Green’s function F22 → F22e2iθ w.r.t.

to the first anomalous Green’s function. If the two superconductors are connected

by a (metallic) ring-like configuration as well θ equals the magnetic flux through the

loop in units of the superconducting flux quantum h
2e (set to unity in our conven-

tions). A sudden quench of λe iθ → λ then sets up a configuration where the BCS

condensate in the second system differs by a phase, but this is no longer the exact

groundstate. The relaxation to the groundstate is the Josephson current.

The one difference between the YSYK model and the conventional BCS system is that

the mean-field kinetic part of the action also has non-neglible contributions to the

off-diagonal Green’s functions. This is due to the strong coupling nature of the the-

ory at low energies. These off-diagonal Green’s functions must all be directly propor-

tional to the tunneling coupling λ: They vanish when λ= 0. In the protocol to set up

the Josephson configuration, these off-diagonal Green’s functions must therefore in-

stantaneously follow the quench that rotates the tunneling coupling. To clarify what

we point out, recall that the Josephson Hamiltonian for two coupled conventional

mean-field BCS system whose free energy gives the Josephson current is

HBCS-BdG-Josephson(k) =
(
c†

1↑ c1↓ c†
2↑ c2↓

)
ε(k) Φ λ 0

Φ −ε(k) 0 −λ
λ† 0 ε(k) Φe−2iθ

0 −λ† Φe2iθ −ε(k)




c1↑
c†

1↓
c2↑
c†

2↓

 .

(3.18)

The Josephson configuration for the coupled YSYK system has for the kinetic part of

the action following the insight that all off-diagonal Green’s functions are slaved to

the quench in λe iθ →λ.

S f =− lndet


iωn −Σd −Φd −λ−Σod −Φod

−Φ̄d iωn − Σ̃d −Φ̄od λ− Σ̃od

−λ−Σod −Φod iωn −Σd −e2iθΦd

−Φ̄od λ− Σ̃od −e−2iθΦ̄d iωn − Σ̃d

 (3.19)

The kinetic part of the action Eq.(3.19) is the only term in the full two sided action

that depends on the Josephson phase. The other terms are explicitly gauge invariant,

as is evident from inspecting Eq. (3.42). The phase dependence of the free energy can
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Figure 3.12: Magnitude of the various self energies in the superconducting state. In the first two panels, the
solid lines indicate the real parts and the dotted lines indicate the imaginary parts. The different curves
have been manually offset on the y-axis by 0.01 each, for ease of presentation.
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therefore be written as

F =− 1

β

∑
ωn

ln
(

f0(Σ,λ,ωn)+ f2(Σ,λ,ωn)cos2θ+ g2(Σ,λ,ωn)sin2θ
)

, (3.20)

with f2 and g2 just extracted from Eq.(3.19).

f2 =Φ∗
d

(
−ΣodΦodΣ

∗
d +Σ∗

od (2ΦdΣod −ΣdΦod)+2λ2Φd −2λΦod Re(Σd )+4λΦd Re(Σod)

+2iωΦod Re(Σod)−2iωΣodΦod

)
−ΦdΦ

∗
od

(
ΣdΣ

∗
od +Σod (Σd )∗+ΦdΦ

∗
od ∗+2λRe(Σd )+2iω (Σod −Re(Σod))

)−Φ2
od

(
Φ∗

d

)2 ,

g2 = i
(
ΦodΦd

∗−ΦdΦ
∗
od

)(
ΣdΣ

∗
od +ΣodΣ

∗
d +ΦdΦ

∗
od +ΦodΦ

∗
d +2λRe(Σd )−2ω Im(Σod)

)
.
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physical phase difference between the left and the right superconducting order parameters is 2θ. In the
right panel, we also show the temperature dependence of the critical current, which is a measurable phys-
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The term g2 in the free energy is perhaps not familiar. However, it is generic if time-

reversal symmetry is broken [158]. Our model preserves time-reversal, and explicit

substitution shows that it vanishes asΦod = 0 (Fig. 3.12. There is a tiny value of order

10−7 forΦod (0) which is numerical noise.)

We can further simplify f2 by observing in Fig. 3.12 that the off diagonal self energy for

the pairingΦod is vanishingly small (numerically several orders of magnitude smaller

than the others). In that case, we can simply setΦod = 0 in Eq. (3.20) to obtain

F =− 1

β

∑
ωn

ln
(

f0(Σ,λ,ωn)+ f2(Σ,λ,ωn)cos2θ
)

, (3.21)

with

f2 = 2|Φd |2|λ+Σod |2 . (3.22)

This formula does not assume weak coupling, and enables us to obtain a non-

perturbative expression for the Josephson current, and we can see that Σod acts as

a vertex correction to λ. Substituting in our previously calculated values for the vari-

ous quantities, we can evaluate Eq. (3.20) and its derivative to calculate the Josephson

current from the Josephson relation I (θ) = ∂θF . The results are shown in Fig. 3.14.

3.6. Conclusion
It remains remarkable that the notion of holographic duality allows in principle the

study of exotic (quantum)-gravitational phenomena through ordinary strongly cou-

pled systems. The more difficult prerequisite is that such a system must also be
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quantum critical. Those are not only rare, but often fragile and unstable. The most

prominent instability is superconductivity. In this article, we have studied the cou-

pled quantum critical Yukawa SYK model to understand how this instability might

affect the exotic “wormhole” state that can exist in tunneling-coupled systems at low

temperatures. This wormhole is the holographic gravitational description of a state

that is very close to the thermo-field-double. The in-laboratory generation of the

TFD-state is of its own interest to study entangled systems.

One clear qualitative way that the TFD/wormhole is visible is in the development of

a gap in the single fermion spectrum. This is also one of the primary ways supercon-

ductivity manifests itself. The TFD gap inherits special properties from the quantum

critical groundstate, whereas the superconducting gap is an ordinary robust BCS ef-

fect. With the notion that superconductivity usually wins from quantum criticality

[148], the guess would be that there is no visible TFD/wormhole state in the coupled

superconducting model. We have shown that this is only partly true. The supercon-

ducting groundstate of the coupled model is indeed indistinguishable from the un-

coupled model. The Cooper pair condensate lives independently on either bound-

ary, and there is no Cooper tunneling visible in “Wormhole” revival in the fermionic

or bosonic Green’s function. Direct Cooper pair tunneling could be expected in a four

point function, but this is formally suppressed in the large N -limit in which the grav-

itational dual description is appropriate. Nevertheless, we find that the wormhole

state still lives on as a subleading effect even in the superconducting state at temper-

atures when the metallic state would have transitioned to the TFD/wormhole state:

We see a remnant exponential of the same decay constant as the metallic state at that

temperature when the superconducting component corresponding to the single side

model is subtracted out.

Since the coupling term in the action is identical to the electron tunneling in met-

als and superconductors, we use this model to non-perturbatively (in the cross cou-

pling) calculate the Josephson current in the superconducting phase, and we find

that it is quite ordinary. The temperature dependence of the critical current is com-

pletely smooth at the temperature in which the normal state transitions to the worm-

hole/TFD state. We conjecture that the superconductivity only lives separately on the

two sides owing to the fact that for the configuration we study the Cooper pairs are

composite particles which as in BCS theory immediately break apart on excitation in

the weak coupling superconducting phase, and are hence unable to be put into a TFD

state. At strong coupling, however, the one-sided Yukawa SYK model shows a BEC-

like gap filling [24]. This means Cooper pairs exist in the spectrum as uncondensed

bound states which should be partially occupied at finite temperature. It therefore

has the required ingredients for forming a TFD state of Cooper pairs. The challenge

there is that for these strong coupling parameters at finite temperature above Tc , the

normal state is not described by a thermal quantum critical state dual to a black hole,
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but by an impurity-like fixed point, which is not holographically dual to any known

geometry. It is therefore not clear whether the TFD state which ought to exist fulfills

the conditions to be also seen as a macroscopic semi-classical wormhole state. We

leave this as an open question for future study.
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3.7. Appendix

3.7.1. Derivation of the effective action

Starting from the bare action, we will obtain the disorder averaged theory by per-

forming the average over the couplings gi j k . As discussed in the main text, we are

interested in both the TRS broken (GUE) and TRS preserving (GOE) states to study

the metallic and superconducting states respectively. We will thus interpolate be-

tween the two with theα parameter, which can be thought of as a pair breaking term

in the superconducting state. To a certain extent, this parameter can also be used to

tune the superconducting transition temperature, details of which are discussed at

length in [27]. We will use the following lemma to do the disorder average in the α

interpolating ensemble (for Hermitian Oi j k =O†
j i k , as the case is here)

e−
∑

i j k gi j k Oi j k = exp

{
−∑

i j k

[
−1

4
(1− α

2
)ḡ 2

(
Oi j k +O†

i j k

)2 + 1

4
(
α

2
)ḡ 2

(
Oi j k −O†

i j k

)2
]}

,

(3.23)

α= 0 is the GOE and α= 1 is the GUE. The required terms in Eq. (3.23) for our model

are

(
Oi j k ±O†

i j k

)2 = ∑
a,b

∑
σσ′

∫
dτ

∫
dτ′φ(a)

k (τ)φ(b)
k (τ′)

[
c†(a)

iσ (τ)c(a)
jσ (τ)± c†(a)

jσ (τ)c(a)
iσ (τ)

]
[

c†(b)
iσ′ (τ′)c(b)

jσ′ (τ
′)± c†(b)

jσ′ (τ′)c(b)
iσ′ (τ

′)
]

. (3.24)

At this point, the following insertions of identity can be used to formally rewrite the

action in terms of the collective G −Σ variables [34, 159]

1=
∫

DGDΣe
−

[
−NGba

σ′σ(τ′,τ)+∑
i c†(a)

iσ (τ)c(b)
iσ′ (τ

′)
]
Σab
σσ′ (τ,τ′)

, (3.25a)

1=
∫

DFDΦ̄e
− 1

2

[
−N F ba

σ′σ(τ′,τ)+∑
i c(a)

iσ (τ)c(b)
iσ′ (τ

′)
]
Φ̄ab
σσ′ (τ,τ′)

, (3.25b)

1=
∫

D F̄DΦe
− 1

2

[
−N F̄ ba

σ′σ(τ′,τ)+∑
i c†(a)

iσ (τ)c†(b)
iσ′ (τ

′)
]
Φab
σσ′ (τ,τ′)

, (3.25c)

1=
∫

DDDΠe
− 1

2

[
MDba (τ′,τ)−∑

k φ
(a)
k (τ)φ(b)

k (τ′)
]
Πab (τ,τ′)

. (3.25d)

We can write the interaction part of the action

Sg = M g 2

2

∑
ab

∑
σ,σ′

∫
dτ

∫
dτ′Dab(τ,τ′)

[
Gab
σσ′ (τ,τ′)Gba

σ′σ(τ′,τ)+ (1−α)F̄ ab
σσ′ (τ,τ′)F ab

σσ′ (τ,τ′)
]

(3.26)
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This effective action is now quadratic in the boson and fermion terms, and they can

now be integrated out to give

S =
∫

dτdτ′
∑

i

∑
σ,σ′

∑
ab

c†(a)
iσ (τ)

[
(∂τ−µ)δabδσσ′δ(τ−τ′)+Σab

σσ′ (τ,τ′)
]

c(b)
iσ′ (τ

′)

+ 1

2
c(a)

iσ (τ)Φ̄ab
σσ′ (τ,τ′)c(b)

iσ′ (τ
′)+ 1

2
c†(a)

iσ (τ)Φab
σσ′ (τ,τ′)c†(b)

iσ′ (τ′)

+ 1

2
φ(a)

k (τ)
[

(−∂2
τ+ω2

0)δabδ(τ−τ′)−Πab(τ,τ′)
]
φ(b)

k (τ′)−NGba
σ′σ(τ′,τ)Σab

σσ′ (τ,τ′)

− N

2
F ba
σ′σ(τ′,τ)Φ̄ab

σσ′ (τ,τ′)− N

2
F̄ ba
σ′σ(τ′,τ)Φab

σσ′ (τ,τ′)+ M

2
Dba(τ′,τ)Πab(τ,τ′)

+ M g 2

2
Dab(τ,τ′)

[
Gab
σσ′ (τ,τ′)Gba

σ′σ(τ′,τ)+ (1−α)F̄ ab
σσ′ (τ,τ′)F ab

σσ′ (τ,τ′)
]

. (3.27)

At this point, we can perform the sum over the spin indices by imposing spin sym-

metry and simultaneously putting to zero all terms that do not appear in a form con-

sistent with singlet pairing.

F ab
↑↓ (τ,τ′) = F ab(τ,τ′) (3.28a)

F ab
↓↑ (τ,τ′) =−F ba(τ′,τ) (3.28b)

F̄ ab
↓↑ (τ,τ′) = F̄ ab(τ,τ′) (3.28c)

F̄ ab
↑↓ (τ,τ′) =−F̄ ba(τ′,τ) (3.28d)

We illustrate this with the example of the Lagrange multiplier term (3.25b), and it

follows similarly for the rest.

S ⊃ 1

2

∫
dτdτ′

∑
σ,σ′

∑
ab
Φ̄ab
σσ′ (τ,τ′)

[
−N F ba

σ′σ(τ′,τ)+∑
i

c(a)
iσ (τ)c(b)

iσ′ (τ
′)

]
,

= 1

2

∫
dτdτ′

∑
ab
Φ̄ab

↓↑ (τ,τ′)

[
−N F ba

↑↓ (τ′,τ)+∑
i

c(a)
i↓ (τ)c(b)

i↑ (τ′)

]
+

Φ̄ba
↑↓ (τ′,τ)

[
−N F ab

↓↑ (τ,τ′)−∑
i

c(a)
i↓ (τ)c(b)

i↑ (τ′)

]
(3.29)

We can use the definitions Eqs. (3.28) and also define a new function for a singlet

form of the Φ̄ field

Φ̄ab(τ,τ′) =
Φ̄ab

↓↑ (τ,τ′)− Φ̄ba
↑↓ (τ′,τ)

2
, (3.30)

to obtain

SΦ̄,F
LM =

∫
dτdτ′

∑
ab
Φ̄ab(τ,τ′)

[
−N F ba(τ′,τ)+∑

i
c(a)

i↓ (τ)c(b)
i↑ (τ′)

]
(3.31)
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Likewise, we can also obtain for theΦ, F̄ terms using the definition

Φab(τ,τ′) =
Φab

↑↓ (τ,τ′)−Φba
↓↑ (τ′,τ)

2
(3.32)

to get

SΦ,F̄
LM =

∫
dτdτ′

∑
ab
Φab(τ,τ′)

[
−N F̄ ba(τ′,τ)+∑

i
c†(a)

i↑ (τ)c†(b)
i↓ (τ′)

]
(3.33)

The relationship between F and F̄ is as follows. For Grassmann numbers, (θ1θ2)∗ =
θ∗2 θ

∗
1 , where ∗ denotes complex conjugation. On the saddle point, one can take the

complex conjugate of Eq. (3.31) and match it to the constraint given by Eq. (3.33) to

get (
F ab(τ,τ′)

)∗ = F̄ ba(τ′,τ) (3.34a)(
Φab(τ,τ′)

)∗ = Φ̄ba(τ′,τ) (3.34b)

One can also note that Eq. (3.34a) for matsubara frequencies implies(
F ab(iωn)

)∗ = F̄ ba(iωn) (3.35)

For the Lagrange multiplier terms that contain the electron and hole propagators,

SG ,Σ
LM =

∫
dτdτ′

∑
ab

[
Σab
↑↑ (τ,τ′)

(
−NGba

↑↑ (τ′,τ)+∑
i

c†(a)
i↑ (τ)c(b)

i↑ (τ′)

)

+ (−Σba
↓↓ (τ′,τ))

(
NGab

↓↓ (τ,τ′)+∑
i

c(a)
i↓ (τ)c†(b)

i↓ (τ′)

)]
,

(3.36)

=
∫

dτdτ′
∑
ab

[
Σab(τ,τ′)

(
−NGba(τ′,τ)+∑

i
c†(a)

i↑ (τ)c(b)
i↑ (τ′)

)

+ Σ̃ab(τ′,τ)

(
−NG̃ba(τ′,τ)+∑

i
c(a)

i↓ (τ)c†(b)
i↓ (τ′)

)]
.

(3.37)

Spin symmetry at the saddle point in this case is the requirement that Gba
↑↑ (τ′,τ) =

Gba
↓↓ (τ′,τ). This can be naturally imposed by the same Lagrange multiplier constraint

in Eq. (3.37) if we pick on the saddle point

G̃ba(τ′,τ) =−Gab(τ,τ′) (3.38)

Σ̃ab(τ,τ′) =−Σba(τ′,τ). (3.39)

If we assume Gab(τ) and Dab(τ) to be real, then this implies that Σab(τ) will also be

real on the saddle point, and then we can write

Σ̃(iωn) =−Σ∗(iωn). (3.40)
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The sum over spins can also be performed in the disorder averaged interaction term

above, and we get

Sg = M g 2

2

∑
ab

∫
dτdτ′Dab(τ,τ′)

[
Gab(τ,τ′)Gba(τ′,τ)+G̃ab(τ,τ′)G̃ba(τ′,τ)

−2(1−α)F̄ ba(τ′,τ)F ab(τ,τ′)
]

. (3.41)

We are then left with the

S

N
=− lndet

{
Ĝ0

−1 − λ̂− Σ̂
}
+ κ

2
lndet

{
D̂0

−1 − Π̂
}

+κg 2

2

∫
dτdτ′

∑
ab

Dab(τ,τ′)
[
Gab(τ,τ′)Gba(τ′,τ)+G̃ab(τ,τ′)G̃ba(τ′,τ)−2(1−α)F̄ ab(τ,τ′)F ba(τ′,τ)

]
−

∫
dτdτ′

∑
ab

[
Gba(τ′,τ)Σab(τ,τ′)+G̃ba(τ′,τ)Σ̃ab(τ,τ′)+F ba(τ′,τ)Φ̄ab(τ,τ′)+ F̄ ba(τ′,τ)Φab(τ,τ′)

]
+ κ

2

∫
dτdτ′

∑
ab

Dba(τ′,τ)Πab(τ,τ′) . (3.42)

The trace-log term is just spelled out for completeness as

S f =∑
ωn

− lndet K̂ ,

K̂ (iωn) =


iωn −Σ11 −Φ11 −λ−Σ12 −Φ12

−Φ̄11 iωn − Σ̃11 −Φ̄12 λ∗− Σ̃12

−λ∗−Σ21 −Φ21 iωn −Σ22 −Φ22

−Φ̄21 λ− Σ̃21 −Φ̄22 iωn − Σ̃22

 . (3.43)

The Euler-Lagrange equations for varying the action with the self energy variables

are calculated using the trace-log identity

δ(tr ln M) = tr
(
M−1δM

)
= M−1

αβδMβα

=⇒ δ tr ln M

δMβα
= [

M−1]
αβ . (3.44)

to arrive at the Schwinger-Dyson equations in the main text.
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3.7.2. Conformal limit of the one sided Schwinger-Dyson equa-
tions

The Schwinger-Dyson equations in this case are the limit of λ= 0, and are the replica

diagonal solutions to the action in Eq. (3.42). They are simply written as

Σ(τ) = κg 2 G(τ)D(τ) (3.45a)

Π(τ) ==−2g 2 G(τ)G(−τ) (3.45b)

G(iωn) = 1

iωn −Σ(iωn)
(3.45c)

D(iνn) = 1

ν2
n +ω2

0 −Π(iνn)
. (3.45d)

The model is self-tuning to criticality [24], i.e the boson modes soften in the infrared.

This is the condition that at zero temperature,Π(ω= 0) =ω2
0. The Dyson equation in

the fully conformal limit, where the self energy wins over the free propagators are

−1 =G(ω)Σ(ω) , (3.46a)

−1 = D(ω)Π(ω). (3.46b)

In the infrared, they can be solved with the zero-temperature conformal ansatz

G(τ) = b
sgn(τ)

|τ|2∆ f
, (3.47)

D(τ) = d
1

|τ|2∆b
. (3.48)

These can be Fourier transformed using the identities∫ ∞

−∞
dτ

sgn(τ)

|τ|α e iωτ = i 21−αpπ Γ(1− α
2 )

Γ( 1
2 + α

2 )
|ω|α−1 sgn(ω), (3.49)

∫ ∞

−∞
dτ

1

|τ|α e iωτ = 21−αpπΓ( 1
2 − α

2 )

Γ(α2 )
|ω|α−1. (3.50)

We then get

Σ(ω) = κg 2bd i 21−2(∆ f +∆b )pπΓ(1− (∆ f +∆b))

Γ( 1
2 +∆ f +∆b)

|ω|2(∆ f +∆b )−1 sgn(ω) (3.51a)

Π(ω) = 2g 2b2 21−4∆ f
p
π
Γ( 1

2 −2∆ f )

Γ(2∆ f )
|ω|4∆ f −1 (3.51b)

G(ω) = b i 21−2∆ f
p
π
Γ(1−∆ f )

Γ( 1
2 +∆ f )

|ω|2∆ f −1 sgn(ω) (3.51c)

D(ω) = d 21−2∆b
p
π
Γ( 1

2 −∆b)

Γ(∆b)
|ω|2∆b−1 (3.51d)
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Eqs. (3.51) and (3.46) together imply that

2∆ f +∆b = 1, (3.52)

κ
Γ(1−∆ f )Γ(1− (∆ f +∆b))

Γ( 1
2 +∆ f )Γ( 1

2 +∆ f +∆b)
=−2

Γ( 1
2 −∆b)Γ( 1

2 −2∆ f )

Γ(∆b)Γ(2∆ f )
. (3.53)

For κ = 1, these equations are solved by ∆ f = 0.420374, and ∆b = 0.159252, and for

κ= 10, these are solved by ∆ f = 0.193052, and ∆b = 0.613896.

3.7.3. Numerical details

In order to obtain the wormhole solution at low temperatures, it was essential to

pick a good starting ansatz for the iterative procedure. For this purpose, we started

with the large λ free fermion solution, and implemented an annealing procedure

by successively solving the Schwinger-Dyson equations for lower and lower values

of λ by using the immediately previous solution as a seed. In order to stabilize the

iteration procedure, it was also essential to mix in some of the Green’s functions at

each previous step as is standard in literature as

G i+1
d (ω) = x T̂ G i

d (iωn)+ (1−x)G i
d (ωn) (3.54)

and similarly for the rest, where T̂ represents the operator corresponding to one it-

eration step

T̂ G i
d = iωn −Σi

d

(iωn −Σd )2 − (λ+Σi
od )2

. (3.55)

The Σi refer to the self energies calculated using the G i . We keep repeating this it-

eration process until the two norm between the Green’s functions calculated in suc-

cessive iterations is smaller than an error threshold εth . We use a constant mixing

parameter x = 0.01. Since the difference between successive steps itself depends on

what x is chosen, the renormalized threshold εth
x2 must be chosen small in compari-

son to 1. This can be easily seen in the following way.∥∥∥G i+1 −G i
∥∥∥=

∥∥∥x T̂ G i + (1−x)G i −G i
∥∥∥

= x2
∥∥∥T̂ G i −G i

∥∥∥ , (3.56)

and the criterion that we need for convergence to be achieved is that
∥∥T̂ G i −G i

∥∥¿ 1.

In the numerics unless otherwise specified, we always work in units where the boson

mass ω2
0 is set to 1. Additionally, in all calculations, the Yukawa SYK coupling g was

set to 0.5.


