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Abstract: A simple Lévy a-stable (SL) model is used to describe the data on elastic pp and pp
scattering at low-|t| from SPS energies up to LHC energies. The SL model is demonstrated to describe
the data with a strong non-exponential feature in a statistically acceptable manner. The energy
dependence of the parameters of the model is determined and analyzed. The Lévy a parameter of the
model has an energy-independent value of 1.959 + 0.002 following from the strong non-exponential
behavior of the data. We strengthen the conclusion that the discrepancy between TOTEM and ATLAS
elastic pp differential cross section measurements arises only in the normalization and not in the shape
of the distribution of the data as a function of t. We find that the slope parameter has different values
for pp and pp elastic scattering at LHC energies. This may be the effect of the odderon exchange or the
jump in the energy dependence of the slope parameter in the energy interval 3 GeV < /s < 4 GeV.

Keywords: elastic scattering; proton—proton; proton—antiproton; Lévy-a stable model

1. Introduction

The physics of elastic proton—proton (pp) and proton—-antiproton (pp) scattering can be
studied by measuring the differential cross section doy| /dt at a given center of mass (cm) en-
ergy +/s as a function of the squared four-momentum transfer . The characteristic structure
of the t-distribution of elastic pp scattering was revealed in the 1970s by experiments per-
formed with the ISR accelerator at CERN [1,2] in the energy range 23 GeV < /s < 63 GeV.
It was found that after the Coulomb-nuclear interference region at very small || values,
the do /dt is nearly exponentially decreasing in the range of 0.01 GeV? < |t| < 1 GeV?
and has a characteristic diffractive minimum-maximum (dip-bump) structure in the do-
main 1 GeV? < |t| < 2.5 GeV2. Beyond the bump, || > 3 GeV?, the dog /dt was found
to be decreasing according to a power law |t|™" with n ~ 8 [3]. Measurements on pp
elastic scattering at LHC by TOTEM and ATLAS Collaborations at /s = 2.76, 7, 8, and
13 TeV [4-13] confirm the structure of the ¢ distribution of elastic pp scattering as observed
at ISR and allow for more detailed studies. As the energy rises, the dip-bump structure goes
to lower |t| values: at LHC energies, it appears in the range of 0.3 GeV? < [t| < 1 GeVZ.
Remarkably, in elastic pp scattering, only a shoulder-like structure is observed, and no dip
is seen [14-17]. Otherwise, the t-distribution of elastic pp scattering is very similar to that
of elastic pp scattering.

In this work, we analyze the low-|t| nearly exponential do, /dt. It was first observed
at ISR [1] and later confirmed at LHC by TOTEM [6,9,10] that the pp do, /dt at low-|¢t]|
values does not show a purely exponential Ae~5olf| structure: there is a change in the slope
By at around || = 0.1 GeV2. At /s = 8 TeV, TOTEM excluded a purely exponential pp
dog /dt in the range of 0.027 GeV? < |t| < 0.2 GeV? with a significance greater than 7o [6].
In pp scattering, a change in the slope was observed at SPS at /s = 540 GeV and 546 GeV
around || = 0.15 GeV? [18,19].
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In the framework of the Regge approach, the non-exponential behavior of the elas-
tic differential cross section was related to the 4m2 branch point of t-channel scattering
amplitude and, hence, is explained as the manifestation of {-channel unitarity [20-26].
According to the findings of Refs. [27,28], the low-|t| non-exponential behavior of the elastic
pp differential cross section can be a consequence of an interplay between the real parts of
the Coulomb and nuclear amplitudes.

In order to describe the low-|t| pp dog/dt, the TOTEM Collaboration used the

parametrization [6]:
do

T
where g, by, and b, are free parameters to be determined at a given cm energy. In this study,
we analyze the low-|t| pp and pp do,/dt in the energy range 546 GeV < /s < 13 TeV
using a simple Lévy a-stable (SL) model, as introduced in [29]. In the SL model, the low-|¢|
elastic differential cross section has the form:

dt

S,—t) _ a(s)efbl(s)ﬂrbz(s)tz, (1)

—t) = aL(s)e*VbL(S)\“L(s)/Z, (2)

where the Levy index of stability ay (s), the optical point parameter a; (s), and the slope
parameter by (s) are fit parameters to be determined at a given cm energy.

Lévy distributions were introduced to high-energy physics in several papers. The
common theme of these papers is the application of generalized central limit theorems for
the convolution of elementary processes that may have infinite first or second moments (a
trivial example of this is the Lorentzian distribution). Due to this property of the elementary
processes, the conditions of validity for the classical central limit theorems that lead to
Gaussian limiting distributions are not satisfied. However, in certain cases, generalized
central limit theorems are still valid when the addition of one more elementary process
does not modify the shape of the limiting distribution and only modifies the parameters of
it. The mathematical theory of generalized central limit theorems were worked out in the
1920s by the French mathematician Paul Lévy, and the resulting limiting distributions are
named after him as Lévy or Lévy stable distributions.

The book of Uchaikin and Zolotarev [30] lists several examples of their applications in
probabilistic models, related to anomalous diffusion, astrophysics, biology, chaos, correlated
systems and fractals, financial applications, geology, physics, radiophysics, and stochastic
algorithms, among others. Stable distributions provide solutions to certain ordinary and
fractional differential equations, and the extremely broad range of their applications indicate
that Lévy stable distributions are ubiquitous in nature, as noted and explained by Tsallis and
collaborators in Refs. [31,32]. A recent book of J. P. Nolan discussed and also standardized
the notation for the theory, numerical algorithms, and statistical methods associated with
stable distributions using an accessible, non-technical approach and also highlights many
practical applications of Lévy stable distributions, including their applications in finance,
statistics, engineering, physics, and, in particular, high-energy physics [33].

Lévy stable distributions were utilized in high-energy physics to explain the applicabil-
ity of Tsallis distributions [31] and, in general, power-law tails in the transverse momentum
spectra of particles by Wilk and Wlodarczyk in Ref. [34]. They were applied to describe an
intermittent behavior in the quark-gluon plasma-hadron gas phase transition in Ref. [35]
and to describe anisotropic dynamical fluctuations in multiparticle production dynamics
by Zhang, Lianshou, and Fang [36].

Another wave of applications of Lévy stable distributions in high-energy physics was
opened in Ref. [37], where univariate and multivariate Bose-Einstein correlation functions
were carefully analyzed, and the structure of the peak of these correlation functions was
investigated without using the assumption of analyticity at zero relative momentum. In
this case, both symmetric and asymmetric, univariate and multivariate Lévy stable data
analysis becomes possible.
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Univariate and asymmetric Lévy distributions were subsequently found to character-
ize two-particle Bose-Einstein correlation functions in electron—positron collisions at LEP,
first using simulated data [38] and subsequently L3 measurements [39]. This univariate
Lévy analysis has been extended to a three-dimensional Lévy analysis of Bose-Einstein
correlation functions on PHENIX preliminary data in Ref. [40]. Univariate and symmetric
Lévy distributions were found to describe precisely the experimental data of the PHENIX
Collaboration of Au+Au collisions at /sy = 200 GeV in the 0-30% centrality class [41].
By now, several experiments in high-energy particle and nuclear physics analyze their data
with the help of Lévy distributions, for example, the ATLAS [42] and CMS [43] experi-
ments at the Large Hadron Collider (LHC), the PHENIX [44] and STAR [45] experiments at
the Relativistic Heavy Ion Collider (RHIC), and the NA61/SHINE experiment at CERN
SPS [46,47]. The application of Lévy stable source distributions to high-energy heavy ion
physics has been recently reviewed by Csandd and Kincses in Ref. [48].

A model-independent expansion technique was proposed by Novak and colleagues
in Ref. [49] to allow for a test of a possible deviation from the Lévy shape. So far, no such
deviations were found in the field of Bose-Einstein correlations as far as we know. However,
important deviations were found in a related femtoscopic area called elastic scattering and
diffraction, where a quantum interference between the scattered wave and the unscattered
incoming plane wave creates a well-measured diffractive interference pattern. The model-
independent Lévy expansion technique was successfully applied to these data and has
been utilized to identify hollowness and odderon effects in elastic proton—proton collisions
in Refs. [50,51], respectively.

In the present study, we apply a simple Lévy a-stable model of Equation (2) to describe
low-|t| elastic pp and pp data. The paper is organized as follows. In Section 2, we recapitu-
late the basic formulae for describing high-energy elastic scattering. In Section 3, we detail
the emergence of Lévy a-stable distribution in elastic hadron-hadron scattering that leads
to the SL model. In Section 4, we analyze the low-|t| pp and pp do,;/dt in the energy range
546 GeV < /s < 13 TeV using the SL model; we present the fits to the data and determine
the energy dependencies of the SL model parameters. The results are discussed in Section 5
and summarized in Section 6. Simple models of elastic scattering are shortly reviewed in
Appendix A.

2. Basic Formalism of High-Energy Elastic Scattering

The formulas that describe high-energy, small-angle scattering of particles are anal-
ogous to those describing Fraunhofer diffraction of light by absorbing and refracting
obstacles [52-54]. The characteristics of the “obstacle” at a given cm energy and impact
parameter b are specified by the profile function,

[(s,b) =1—e Q) ©)

where Q)(s, b) is called the opacity function, which is, in general, a complex quantity [55].
We can define the impact parameter representation of the elastic scattering amplitude
fai(s,b) as
fai(s,b) =il (s, b). (4)
In the general case, one has an impact parameter vector b. However, here, we assume
azimuthally symmetric interactions, allowing us to fully describe the scattering process
using the absolute value of the impact parameter vector b = 1B].

The high-energy, small-angle scattering amplitude in the momentum representation
T(s,t) is given as the Fourier transform of f (s, b):

Ta(s,t) = [ e ig(s,b), ©
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where A is the momentum transfer vector. In the high-energy limit applicable in our case,
A = |A| = \/—t. Taking advantage of the azimuthal symmetry, one can integrate out for
the azimuthal angle and rewrite Equation (5) as

Ta(s,t) =27 / dbbJo(Ab)Ex (s, b), ©6)

where Jj is the zeroth order Bessel function of the first kind. By inverting Equation (5),
we can express the amplitude in the impact parameter representation as the integral
transformed of the amplitude in the momentum representation:

1
(27)?

Fu(s,b) = / PRBT, (5, ). @)
Our basic measurable quantity, the differential cross section, is determined by the
absolute value squared of the scattering amplitude in momentum representation:

do 1
a(sf t) = H‘Tel(sf H>. (8)

When describing scattering processes, we require the unitarity of the scattering matrix.
At high energies, this unitarity constraint can be expressed as

2ReT(s,B) = |T(s,B)|* + (s, b), )

where 07, (s, b) is called the shadow profile or inelastic overlap function. Utilizing Equa-
tion (4), Equation (9) can be rewritten as

. . 2 .
2Imtg(s,b) = |Fa(s,b)|” + Fin(s, b). (10)

Although elastic scattering corresponds to a genuine quantum interference between the
elastically scattered wave and the unscattered incoming wave, so it has no probabilistic in-
terpretation, the quantity that describes the inelastic scattering, &, (s, b), has a probabilistic
interpretation, and it can be interpreted as the probability of inelastic scattering at a given
energy and impact parameter, as detailed, e.g., in Ref. [56].

3. Emergence of Lévy a-Stable Distribution in Elastic Scattering

Realistic models of elastic pp (or pp) scattering try to deal simultaneously with the
large and small || behavior of elastic scattering. One of the key qualitative features of the
experimental data is the existence of a unique diffractive minimum and maximum in elastic
proton—proton collisions at the TeV energy scale. Glauber’s multiple diffractive theory,
as implemented in the Bialas-Bzdak (BB) model [57], relates the number of diffractive
minima to the basic structure of the proton in elastic scattering. Namely, if the proton
behaves as a weakly bound quark-diquark state, denoted as p = (gq,d), it corresponds
to one-hole on one-hole scattering and has only a unique diffractive minimum in the
experimentally available four-momentum transfer range. On the other hand, if the diquark
can be decomposed as a weakly bound quark—quark state, this leads to the p = (4, (q,7))
structure of the proton, and in this case, several diffractive minima are predicted. The
BB model thus comes in two variants: the proton can be modeled either as a weakly
bound quark-diquark state, p = (g,d), or the diquark can be resolved as a weakly bound
quark—diquark state, p = (g, (4,9))-

The original p = (q,d) and p = (g, (9,q)) BB models [57] were formulated by neglect-
ing the real part of the elastic scattering amplitude. The real part was added in a unitary
manner in Refs. [56,58], leading to the so-called Real-extended Bialas-Bzdak model (ReBB).
In the quark-diquark model of elastic pp scattering, the p = (g, d) variant has only a single
diffractive minimum, and this variation of the ReBB model gives a statistically acceptable
description to the proton—proton (pp) and proton—antiproton (pp) elastic scattering data in
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a limited kinematic range [56,59] that includes the diffractive interference (minimum and
maximum) region but does not include the low-|t| domain, where a strong non-exponential
shape characterizes the experimental data. Although the ReBB model also featured a
non-exponential behavior at low —f values, this was obtained as a small violation of a
nearly exponential behavior of elastic pp scattering that was not strong enough to describe
the experimental observations [56,58]. This can be attributed to the assumption of BB
models that all relative distance scales are Gaussian random variables. As detailed below,
if we assume Gaussian distributions and apply a central limit theorem to the tail of the
inelastic collision b-distribution, o, (s, b), a Gaussian model is obtained with an exponential
behavior in the diffractive cone region.

For elastic scattering at high energies, we know from experimental data that the elastic
scattering amplitude is dominantly imaginary at small values of |¢|; see, for example,
Ref. [9] for a recent summary of measurements of p(s), the ratio of the real to imaginary
part of the elastic scattering amplitude at a vanishing four-momentum transfer. In this case,
as it follows from Equation (4), the profile function I'(s, b) is dominantly real. Neglecting
its imaginary part, one can write I'(s, b)asa particular solution of Equation (9) in the form

I(s,b) =1— /1 — (s, b). (11)

Atlarge b, both &, (s, b) as well as T'(s, b), are expected to be small. This selects the negative
sign in the right-hand side of the above equation. If the elastic scattering is described in
the impact parameter space by the small but analytic function of 7;,(s,b) < 1, a large b
approximation of Equation (11) is given as

—

I'(s,b (s,b). (12)

large b Eam

In this work, we limit our studies to elastic pp scattering at small —t, where a nearly
exponential behavior, the so-called diffractive cone phenomena, is observed. This can be
obtained from several different approaches (see Appendix A for a short review of simple
models of elastic scattering). Let us now consider a derivation that is based on the validity
of the central limit theorem of probability distributions.

In a nearly exponential —¢ region, it is customary to use a Gaussian approximation for
the shadow profile function, &i,. Such a behavior can be obtained from the fact that inelastic
scattering may have a probabilistic interpretation, and if these scatterings are obtained as
convolutions of elementary scattering processes, where each of the convoluted elementary
distributions has a finite mean and a finite variance, then, in the limit of a large number of
convolutions, the resulting net distribution for inelastic scattering has an asymptotically
Gaussian form, according to the central limit theorem of probability distributions:

2
Tin(s,b) = 2I(s,b) = 2cg(s) exp <_2bZ(s)>' (13)

where c(s) is an s-dependent factor, and bg(s) is an s-dependent slope parameter (for
more details, see Appendix A .4).

In the small —t approximation, corresponding to large values of the impact parameter
b, the Gaussian model yields the following elastic scattering amplitudes:

2
Fi(s,b) = ico(s)exp <2bz (S)), (14)
Ta(s,t) = 2micg(s)bg(s)exp (tbcz(s)> (15)

Given that small-|#| scattering corresponds to large b scattering, the Gaussian approx-
imation of Equation (13) corresponds to the assumption of the validity of a central limit
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theorem for scattering at large impact parameters: if many small random scatterings with
finite means and root mean squares are convoluted to describe the inelastic scattering
at large impact parameters, a Gaussian source emerges due to the validity of the central
limit theorem of probability distributions, without reference to the particular details of the
elementary inelastic scattering processes.

This so-called gray Gaussian model, together with Equations (4), (5), (8), and (12),
leads to an exponential small-|¢| differential cross section

92(5,0) = a(s) e, 16
dt

where the fit parameter ag(s) = 7mc(s)b% (s) is the optical point parameter, as this is the
value of the differential cross section at the optical point, corresponding to an extrapolation
tot =0.

The above-given Gaussian model has two shortcomings. One of them is obvious:
given that the experimental data on elastic pp scattering have a single diffractive minimum
and the Gaussian model has no diffractive minimum, it is clear that the domain of validity
of this model does not extend to the vicinity of the diffractive minimum. Furthermore,
a nearly exponential cone is observed experimentally at low values of the squared four-
momentum transfer —¢. This leads to the second, more subtle shortcoming of this Gaussian
source model: as long as the experimental data are not precise enough to see deviations
from an exponentially falling diffractive cone, the Gaussian model remains adequate.
However, as we have already entered the domain of high statistic and precise elastic pp
scattering at LHC energies of 8 and 13 TeV, a subtle but statistically significant deviation
from an exponential behavior has been discovered by the TOTEM Collaboration [6,9,10].
This experimental discovery rules out, with a statistical significance much greater than 5c,
models that rely on the existence of an exactly exponential diffractive cone in elastic pp
scattering. Thus, models with a nearly Gaussian tail in their probability distribution of
inelastic pp scattering are ruled out by TOTEM data at /s = 8 TeV.

In the ReBB model, the assumed quark and diquark constituents of the proton have
Gaussian parton distributions, and also, the distance between these constituents has a
Gaussian shape. Consequently, in the ReBB model, 7;,, is a sum of convolutions of Gaussian-
shaped terms; hence, this model leads to a nearly exponential differential cross section in
the diffractive cone: to the leading order, the shape is exponential, which is modified by
weakly non-exponential correction terms, as detailed in Refs. [56,58].

In a recent work [29], we have formulated Glauber’s multiple diffractive theory for a
case where the elementary distributions in proton—proton collisions have a power-law type,
Lévy tail. In particular, we have formulated the real extended Lévy a-stable generalized
Bialas—Bzdak (LBB) model as the generalization of the ReBB model [56,58] of elastic pp
and pp scattering. However, to apply the full LBB model to analyze the data, one needs to
solve the problem of integrating products of two-dimensional Lévy a-stable distributions,
and access to relatively high computing resources is necessary. As a temporal solution, we
introduced approximations that are valid at the low-|¢| domain of elastic scattering. This
led [29] to the to the SL model, as given by Equation (2). In Ref. [29], we have demonstrated
that the SL model describes the non-exponential low-|t| differential cross section of pp
scattering at 8 TeV in a statistically acceptable manner. In contrast, the original form
of the ReBB model with Gaussan-shaped terms in &;, could not reproduce this strong
non-exponential feature of the data.

The Gaussian distribution is the & = 2 special case of the Lévy a-stable distribution.
The LBB model with Lévy a-stable parton and distance distributions may reproduce the
strong non-exponential behavior seen in the low-|t| data. In the case of the LBB model, the
leading terms in 0, are a sum of Lévy a-stable shaped terms. Based on generalized central
limit theorems, these scatterings correspond to power-law tailed probability distributions,
where the second and possibly even the first moment of the distributions is infinite. This
leads to a non-analytic, stretched exponential shape of the elastic scattering amplitude at
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small values of the four-momentum transfer and a strongly non-exponential behavior of
elastic proton—proton (pp) scattering at the TeV energy scale.

The SL model of Ref. [29] given in Equation (2) is obtained by choosing &;,, to have a
Lévy a-stable shape,

|1xL(s)/2

Gin(s,B) = 2T(s,b) = 2¢1(s) / P2 ReiB T 3|87 (5) (17)
where c[ (s) is an energy-dependent overall normalization factor, by (s) is the Lévy slope
parameter, and ay(s) is the Lévy-a parameter. Equation (17) with Equation (12), and
Equations (4), (5), and (8) lead to the SL model, i.e., a non-exponential low-|¢| differential
cross section of the form given in Equation (2). The o = 2 case corresponds to a Gaussian
profile, as given by Equation (13), and an exponential differential cross section, as given
by Equation (16). In the case of 0 < a < 2, the impact parameter profiles, &;, and I', are
Lévy a-stable distributed at high-b, having a long tail, and the differential cross section is
non-exponential as at low-|t|.

4. SL Model Analysis of Elastic pp and pp Low-|t| Data

We present in this section the results of the SL model fits to the low-|t| pp and pp
doe /dt in the energy range 546 GeV < /8 < 13 TeV. First, we detail the fit method, then
we show the fit results and determine the energy dependencies of the fit parameters of the
SL model.

We performed the fitting procedure by using a x? definition, which relies on a method
developed by the PHENIX Collaboration [60]. This x? definition is equivalent to the
diagonalization of the covariance matrix of statistical and systematic uncertainties if the
experimental errors are separated into three different types:

*  type a: point-to-point varying uncorrelated systematic and statistical errors;

*  type b: point-to-point varying and 100% correlated systematic errors;

*  type c: point-independent, overall correlated systematic uncertainties that scale all the
data points up and down by the same factor.

We categorized the available experimental uncertainties into these three types as
follows: horizontal and vertical t-dependent statistical errors (type a), horizontal and
vertical t-dependent systematic errors (type b), and overall normalization uncertainties
(type c). The x? function used in the fitting procedure is:

N ~ 2
d: . d: —m:
o= (Z( £ B ;NC L) >+e§+e§, (18)
i=1 i
where
5’12 _ ,&ai<di+€b(7;:iil+ ecacdi>, (19)
1
T = \/0F + (diopti)?, k by, (1) = Gt =4 20
Oki = Uki+(ik1)/ € {a, b}, (z)*m/ (20)

N is the number of fitted data points, d; is the ith measured data point, and m; is the
corresponding value calculated from the model; oy; is the type k € {a, b} error of the data
point i, o¢ is the type c overall error given in percents, dg]- denotes the numerical derivative
in point t; with errors of type k € {a,b}, denoted as d;t;; € is the correlation coefficient
fora type ! € {b,c} error. These correlation coefficients are fitted to the data and must be
considered as both free parameters and data points not altering the number of degrees of
freedom. The x? definition, Equation (18), was utilized and further detailed in Ref. [56].
The SL model was fitted using the above detailed x? definition, Equation (18), to all
the available pp and pp differential cross section data in the kinematic range of 0.54 TeV
< /s <13 TeV and 0.02 GeV2 < —t < 0.15 GeV2. In total, eleven pp and pp datasets were
included in the analysis. The values of the parameters of the model at different energies as
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well as the confidence levels of the fits and the data sources are shown in Table 1. We regard
a fit by a model to be a statistically acceptable description in the case of 0.1% < CL < 99.9%.
One can see that the confidence level (CL) values range from 8.8% to 96%, implying that
the SL model represents the data in a statistically acceptable manner.

Table 1. The values of the parameters of the SL model at different energies from half TeV up to 13 TeV
in the four-momentum transfer range 0.02 GeV2 < —t < 0.15 GeV?2. The last column shows the

confidence level of the fit to the data at different energies.

ar

Vs [GeV] Data From ar [mb/GeV?] by [GeV 2] CL (%)
546 UA4[19] 1.93 £ 0.09 209 +£ 15 15.8 £ 0.9 18.1
1800 E-710 [61] 20+15 270 + 24 16.2 +0.2 77.1
2760 TOTEM [4] 1.6 £0.3 637 £ 25 28 £ 11 20.5
7000 TOTEM [5] 1.95 £ 0.01 535 + 30 20.5 4+ 0.2 8.8
7000 ATLAS [11] 1.97 + 0.01 463 + 13 19.8 +£0.2 96.0
8000 TOTEM [6] 1.955 + 0.005 566 4+ 31 20.09 4+ 0.08 43.9
8000 TOTEM [7] 1.90 £ 0.03 582 + 33 209+ 04 19.6
8000 ATLAS [12] 1.97 + 0.01 480 + 11 199+ 0.1 55.8

13,000 TOTEM [9] 1.959 + 0.006 677 £+ 36 20.99 4+ 0.08 76.5
13,000 TOTEM [10] 1.958 + 0.003 648 + 95 21.06 + 0.05 89.1
13,000 ATLAS [13] 1.968 £ 0.006 569 + 17 20.84 + 0.07 29.7

Using the values of the parameters of the model at different energies given in Table 1,
we determined the energy dependence of these parameters.

Table 1 indicates that the TOTEM datasets at /s = 7, 8 and 13 TeV, as well as the ATLAS
dataset at \/s = 13 TeV feature a strongly non-exponential shape, with «; significantly less
than 2. The other datasets provide a less precise value for this Lévy exponent.

The ay (s) parameters can be fitted with an energy-independent constant a; value, as
shown in Figure 1. This average, constant value of the a; parameter is consistent with
all the measurements, with a; = 1.959 £ 0.002. Although this average value is close to
the Gaussian a; = 2 case, which corresponds to an exponentially shaped cone of the
differential cross section of elastic scattering, its error is small, and thus, the constant value
of «y is significantly less than 2. This indicates that a strongly non-exponential SL model is
consistent with all the low-|| datasets cited in Table 1.

We know that the optical point parameter is proportional to the square of the total
cross section [29,54], a(s) ~ 02,(s), and the total cross section is related to the square of
the size parameter [29], ciot(s) ~ R?(s). This leads to the relation a(s) ~ R*(s) (see more
details also in Appendix A).

The “geometric picture”, based on a series of studies [62—-67], motivates the In? (s/s0)
behavior of the total cross section and the In(s/sg) behavior of the size parameter. In
addition, the leading In?(s/sg) term of hadronic total cross sections was obtained from
lattice QCD calculations [68,69]. In the Donnachie-Landshoff approach of hadronic cross
sections [70], the energy dependence is described by a sum of powers of s, Y; c;(s/50)%.
However, it was discussed in Refs. [71-76] that models with a In? (s/sg) asymptotic term
work much better than those with In(s/sg) or (s/so)° asymptotic terms. '

In Ref. [56], the size parameter was successfully parameterized by a Y1, p;In’(s/sg)
functional form in the energy range of 546 GeV < /s < 8 TeV. This would suggest a
Y+ o piln'(s/sp) functional form for the energy dependence of the optical point parameter.
However, in our analysis with the SL model, we find that the energy dependence of the
optical point ay (s) for pp and ATLAS or for pp and TOTEM data in the energy range
0.54 TeV < /s < 13 TeV is compatible with a quadratically logarithmic shape,

a(s) = po+p1 ln(lGSW> +pzln2(1csw>, (21)
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i.e., the corrections of the In3(s/sq) and In*(s/sg) terms are smaller than the current experi-
mental precision. Our result for the energy dependence of the optical point ay (s) is shown
in Figure 2.

- 4.0 T T T T T T T |
S O pp @ pp TOTEM

3.5 @ PPATLAS  —fittoall data

3.0

25

2.0 a 8

15

1.0 p, = 1.959 = 0.002
X2/NDF = 13.75/10

CL =18.48 %

0.5

IIII|IIII|IIIIlllltillllllllllll

10° 10*

0.0
Vs [GeV]

Figure 1. The values of the o} parameter of the SL model at different energies from half TeV up to 13
TeV. The o} parameter of the model is energy-independent: its values at different energies can be
fitted with a constant, 1.959 + 0.002.

For pp and ATLAS data, the values of the parameters in Equation (21) are pg =
1213 4+ 604 mb/GeV?, p; = —180 + 79 mb/GeV?, and p, = 8 2 mb/GeV?, resulting in
a confidence level of 33.22%. For pp and TOTEM data, the parameter values are py =
1133 £ 523 mb/GeV?, p; = —161 £ 69 mb/GeV?, and p, = 7 + 2 mb/GeV?, resulting in
a confidence level of 82.30 %. A fit by the parametrization Equation (21) that includes a
parameter values for all data—pp, ATLAS, and TOTEM—is statistically not acceptable
since its confidence level is 6.06 x 10~4%.

— 1000——— : _— .
% ® ppTOTEM 1
o 800| ® PpPATLAS |
-g — fit to all data
= - fit to pp & pp ATLAS . o
& 600 - - - fittopp & pp TOTEM . “ e

-

400 —
200 —
B all data pp & pp TOTEM ppP & pp ATLAS i
P, =2205+402[mb/GeV’]  p =1213£604 [mb/GeV’]  p = 1133523 [mb/GeV’]
0 - p,= =307 & 52 [mb/GeV’] p,= —180 £ 79 [mb/GeV’] p,= —161 £ 69 [mb/GeV’] ]
 p=12:2 [mb/GeV?] p=81%2 [mb/GeV?] p=7%2 [mb/GeV?] B
—200/— Xx*NDF=385/8 X2INDF =5.7/5 X2/INDF =0.39 /2 |
[ CL=6.06x10"% CL=33.22% CL=8230% 7]
—_ B 1 1 1 1 I 1 1 1 1 1 1 1 1 I i

400 5 "

10 10

Vs [GeV]

Figure 2. The values of the optical point parameter of the SL model at different energies from half
TeV up to 13 TeV.
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As discussed in Appendix A, the slope parameter is related to the size parameter as
b(s) = R?(s). This would suggesta Y-2_, = p;In’(s/sg) functional form for the energy de-
pendence of the optical point parameter. However, we find that for ATLAS and TOTEM pp
data, the energy dependence of the b; parameter is compatible with a linearly logarithmic
shape,

S
b(S) = p0—|—P1 hl(m), (22)

with pg = 4+1GeV~2and p; = 0.8840.07 GeV 2, resulting in a confidence level of 0.36%,
as illustrated in Figure 3. This result, when taken together with the results of Figures 1
and 2, suggests that ATLAS and TOTEM data in the low —t region have a consistent non-
exponential shape but differ in their overall normalization. A linearly logarithmic shape
for the slope parameter also follows form the one-pomeron exchange Regge model [54].

The values of the by parameter for pp data lie on the line given by Equation (22)
with the parameters pg = 14 £ 6 GeV~2 and p; = 0.2 £ 0.4 GeV 2. These values are
significantly different from the values of linearity for elastic pp collisions, pg = 4+£1
GeV~2and p; = 0.88 & 0.07 GeV 2. The fit for the b; parameter values of all data—pp,
ATLAS, and TOTEM—even by the quadratic parametrization Equation (21) is statistically
not acceptable, as it has too small of a confidence level of 1.45 x 10~3%.

pp TOTEM & pp ATLAS
p,=4t1 [GeV?
p, =0.88 £ 0.07 [GeV’]
X2INDF =21.09/ 7
CL=0.36%

20

“H 40 O pB T T T T T T T I ]
! TOTEM -
% : zs ATLAS PP & pp TOTEM & pp ATLAS -
o ) p, =167 [GeV?] ]
= 35(-=-=-=- f!t to pp TOTEM & pp ATLAS b= 3.0 £ 0. [GeV?] ]
= = :" to pp p,= ~0.05 + 0.02 [GeV?] .
— fittoall X2INDF = 36.46 / 8 ]
30 = CL=1.45%x103% —

PP
p, =14 + 6 [GeV?] ® ]
p,=0.2+04 [GeV? —
25 —

-
--

----

g o o P

W

II_\&III'IIII'IIII'

15

10°

Vs [GeV]

Figure 3. The values of the slope parameter of the SL model at different energies from half TeV up to
13 TeV.

5. Discussion

In this work, we fitted the low-|t| elastic pp and pp differential cross section in the
center of mass energy range of 0.54 TeV < /s < 13 TeV. To do this, we used the SL model
as defined by Equation (2). Another popular empirical parametrization for the low-|¢t|
non-exponential differential cross section is Equation (1). The effect of the quadratic term
in the exponent of Equation (1) is reproduced in our model by an &, parameter value less
than 2.

An exponential differential cross section corresponds to a Gaussian impact parameter
profile. The Gaussian distribution is the a; = 2 special case of the more general Lévy
a-stable distributions. The experimentally observed non-exponential differential cross
section at low-|t| indicates that the impact parameter profiles, &;, and I, rather have Lévy
a-stable shapes at high-b, resulting in the SL model given by Equation (2). Accordingly, it
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may be more natural to use Equation (2) instead of Equation (1) to model the experimental
data. Lévy-a-stable-shaped source functions are extensively used in the analysis of data
on heavy ion collisions, as detailed in the Introduction.

As an illustrative example, the SL model fit to the most precise TOTEM data measured
at /s = 13 TeV [10] is shown in Figure 4, and the case with aj = 2 fixed is shown in
Figure 5. The SL model with a; = 1.958 & 0.003 describes the 13 TeV TOTEM data with
CL = 89.12%, while the a; = 2 fixed case fit has a confidence level of 3.6 x 107%"%. These
values are not surprising if one compares the bottom panel of Figure 4 to the bottom panel
of Figure 5. This result clearly shows the success of the non-exponential SL model with
ap < 2.

I-Q ‘\|>I 1T T 1T T 1T T 1T T 17T E - 13 Tev, pp
El& data TOTEM, stat. unc.
| I | |
a— syst. unc. of the data
3l i L] ~lby"*
—— do/dt = ae
L MINOS: successful _
ERROR MATRIX ACCURATE
Range: 0.020 < -t < 0.150 [GeV?]
X2/NDF = 50.47/64 = 0.79
102|— CL=89.12% —
| ou=1.958 + 0.003 ]
a=648 +10
~ b =21.058 + 0.051 [GeV?] .
| &= -0.13£0.01
€c = —0.001 + 0.264
_I 1l } 11 1 } | - ! 11 1 ! 11 1 } 11 1 } 11 1 } | - } 11 1 } 1l I_
2 ° & —
S o E
1= ° o @ E
=< O 5.7 -2 g eret =
= 00 % o o00° O°° ©o ch 3
_1 == o 00000 @ o =
_ -2 N , =
€1 0005 — -
T L _
o - 4 .
e 0.000f - -- Pt it Do, N
e S :
E‘: -0.005 -
he) Il Il Il L Il Il Il Il Il
0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16 0.18 0.20

-t [GeV?]

Figure 4. Fit to the low-|t| pp differential cross section data measured by TOTEM at /s = 13 TeV [10],
with the SL model defined by Equation (2). The differential cross section data with the fitted model
curve as well as the values of the fit parameters and the fit statistics are shown in the top panel. The
middle panel shows the {);} values corresponding to the data points {d;}. The bottom panel shows
the relative deviation between d; + €,0y; + €c0cd;, the do/dt data points d; shifted within errors by
the correlation parameters of the )(2 definition Equation (18), and m;, the do/dt values calculated
from the model.
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aol> Vs =13 TeV, pp
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Figure 5. Same as Figure 1 but with a; = 2 fixed.

Looking at the bottom panel of Figure 4, one can observe some oscillations in the
data. This oscillation is a significant effect when only the statistical errors are considered. If
systematic errors are taken into account as well, this oscillation effect disappears. The SL
model has a monotonically decreasing shape and describes the data with a good confidence
level. This excludes the statistically significant oscillatory behavior of the data.

Let us now discuss the energy dependence of the SL model parameters. According to
our analysis, surprisingly, the a;, parameter of the SL model is energy-independent, and its
value is 1.959 £ 0.002, indicating a Lévy-a-stable-shaped, power-law tail feature for impact
parameter profiles i, and I in the energy range 546 GeV < /s < 13 TeV.

We showed in Section 4 that the energy dependence of the optical point parameter
of the SL model is compatible with a quadratically logarithmic shape; however, the a
parameter values determined from ATLAS and TOTEM data on pp elastic scattering
disagree. This discrepancy is a well-known fact, and the interpretation is that the ATLAS
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and TOTEM experiments use different methods to obtain the absolute normalization of the
measurements [13].

We saw in Section 4 that pp and pp b parameter values lie in different curves. There
are two alternative interpretations. The TOTEM Collaboration discussed in Ref. [77] that
there is a jump in the energy dependence of the slope parameter in the energy interval of
3 GeV < /s <4 GeV. One of the possibilities is that the same jump is seen in our analysis
as well, preventing the lower energy pp data to lie in the same curve with the higher energy
LHC ATLAS and TOTEM data. The second possibility is that the difference between the
pp and pp slope is the effect of the odderon [78]. New pp low-|t| measurements at LHC at
V/s = 1.8 and/or 1.96 TeV may clarify this issue.

6. Summary

We fitted the pp and pp elastic differential cross section with a simple Lévy a-stable
model in the center of mass energy range of 0.54 TeV < /s < 13 TeV and in the four-
momentum transfer range of 0.02 GeV? < —t < 0.15 GeV2. We determined the energy
dependence of the three parameters of the model. The Lévy index of stability, ay (s), results
are consistent with an energy-independent, constant value that is slightly but significantly
smaller than 2. The energy dependence of the optical point parameter is the same for pp and
pp processes and has a quadratically logarithmic shape; however, because of normalization
differences, TOTEM and ATLAS optical point data are inconsistent within experimental
errors. Thus, they can be fitted separately from one another and, furthermore, both can be
fitted together with pp data; however, the ATLAS and TOTEM optical points cannot be
fitted together, neither without nor with the pp data.

In our Lévy analysis, we observe that the Lévy slope parameter b(s) has different
energy dependence for pp and pp scattering. This may be an odderon signal [78] or the
“jumping” behavior in the energy interval of 3 GeV < /s < 4 GeV as discussed by TOTEM
in Ref. [77]. New pp low-|t| measurements at LHC at /s = 1.8 and/or 1.96 TeV may decide
which interpretation is true. We also find that TOTEM and ATLAS slope parameter data
can be fitted together with a linearly logarithmic shape, indicating that TOTEM and ATLAS
data differ only in their normalization, while their shape is consistent. Similar conclusions
were drawn in Ref. [79] concerning the TOTEM-ATLAS discrepancy at 13 TeV.
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Appendix A. Simple Models of Elastic Scattering

In this Appendix, we first recapitulate the basic quantities that characterize elastic
scattering; then, we shortly review simple models of elastic scattering.
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The number one quantity that characterizes elastic scattering is the differential cross
section, as given by Equation (8). The elastic cross section is the integral of the elastic
differential cross section over the Mandelstam variable ¢,

0
0u(s) = /7 ) dt%(s,t). (A1)

The optical point parameter, a(s), is determined as the extrapolated value of the differential
cross section to the optical point, t =0,

a(s) = lim —U(s, t). (A2)

The elastic slope is, in general, an s- and t-dependent function, defined as the logarithmic
derivative of the differential cross section,

d . do
The ratio of the real to the imaginary part of the scattering amplitude, p(s, t), is, in general,
also an s- and ¢t-dependent function,

_ ReTy(s,t)

O ) = T, 1) (Ad)

Both the (s, t)-dependent elastic slope and the real-to-imaginary ratio are frequently charac-
terized by their values extrapolated to the optical point that become quantities that depend
only on the Mandelstam variable s:

Bofs) = B(s) = lim B(s, ), (A5)
po(s) = pls) = limp(s, 1) (A6)

The optical theorem connects the total cross section, i.e., the sum of the elastic and inelastic
scattering cross sections, to the imaginary part of the elastic scattering amplitude at the
vanishing four-momentum transfer:

Otot(s) = Ol (5) + 0in(s) = 2ImTy(s,t = 0). (A7)

This optical theorem follows from the unitarity of the scattering or S-matrix. Taken together
with Equations (8), (A2), and (A6), the optical theorem of Equation (A7) implies a connection
between the differential cross section at the vanishing four-momentum transfer, the total
cross section, and the real-to-imaginary ratio as

als) = 1= (14 p7())%(5). (A8

Appendix A.1. Black Disc Model

At asymptotically high center of mass energies, in the limit of \/s — co, many high-
energy scattering models approach the so-called black disc limit. As it is well known [54,80],
this choice corresponds to

I'(s,b) = O(R(s) — ), (A9)

where R(s) stands for the radius of a black disc, ©(x) = 1 for x > 0, and ®(x) = 0 for
x < 0. For a vanishing real part of the elastic scattering amplitude, Equations (4) and (5)
imply that

Fu(s,b) = iO(R(s) — b) (A10)
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e B(R(S)
_ ip2( o) JIGRLS
Ta (s, t) = 2miR"(s) IR(s) (A11)
where J;(x) is the Bessel function of the first kind and —t = g relates the Mandelstam
variable ¢ to the modulus of the transferred four-momentum, g. Thus, the cross sections
and the slope parameter are given as

do _ J1(qR(s))\?

60 = nR4(s)<1qR(s) ) (A12)
oa(s) = mR3(s), (A13)
Gin(s) = 7R*(s), (A14)
Tiot(s) = 27R%(s), (A15)
Bo(s) = RZ(S). (A16)

In this black disc limit, half of the total cross section corresponds to elastic scattering:

Oel (S) 1
— =, Al17
Ttot (S ) 2 ( )
The black disc model obeys a nearly exponential shape at small values of the four-momentum
transfer —¢.
One can re-express the black disc model amplitudes and the differential cross section
in terms of oot and By as follows:

fel(s, b) =i® (2 Bo(S) — b), (A18)

J1(29+/Bo(s)
T(s,t) = i(ftot(s)l(quO(()S>>, (A19)

1 (2avBE)

S
@(s,t) = iafot s TV ER)) , (A20)

dt 47 29+ /Bo(s)

yielding

als) = 1a=0(s). (a21)

Appendix A.2. Gray Disc Model

Although asymptotically expected, the elastic to total cross section ratio remains
significantly smaller from the black disc value, even at the currently highest colliding
energies of /s = 13 — 13.6 TeV at the LHC. As detailed in Figure 6 of Ref. [77], the elastic
to total cross section ratio is an increasing function of /s in the TeV energy range, and it
crosses the important limit [81] of %((SS)) = 411 between 2.76 and 7 TeV. However, it is still

Tei(s)

about a factor of two smaller as compared to the black disc limit of T = 1. The gray

disc model improves on the black disc model by introducing a grayness parameter G, (s) as
Fa(s, b) = 2iG, (s)O(R(s) — b), (A22)

which yields

Ty(s,t) = 47riR2(s)Gr(s)h$§§S))). (A23)
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Then, ,
d
dj(&t)_.4n63@)R4@)(]fﬂ§§?)) , (A24)
0al(s) = 471G} (s)R(s), (A25)
Oin(s) = 471G, (s) (1 — G,(s))R*(s), (A26)
Trot(s) = 471G, (s)R?(s), (A27)
_R(s) 1 oiy(s)
Bo(s) = —— = 1 Ut_elt(s) , (A28)
and
= Zal) 1 dels) (A29)

~ Oiot(s) 167 Bo(s)

Given that the elastic cross section cannot be greater than the total cross section, it follows
that the grayness parameter G,(s) is bound in the region of 0 < G,(s) < 1 and the
conventional black disc limit corresponds to the G,(s) = 1/2 case. With this grayness
parameter, the elastic to total cross section ratio can be tuned to the measured experimental
data. Two simple shortcomings of the model still remain. The first is the problem that the
real part of the scattering amplitude vanishes; hence, py(s) = 0, which is at variance with
the experimental observations that indicate a small but non-vanishing real-to-imaginary
ratio po(s), even at the TeV energy range [9].

One can re-express the gray disc model amplitudes and the differential cross section
in terms of By and oiot as follows:

Qmm—égg®@3wyo, (A30)
Ta(s, t) = iatot(s)h(quO(SD, (A31)
2q+/Bo(s)

(A32)

do o1, (HEVER))
E(S, )_Eatot(s 42q Bo(s) :

Appendix A.3. Gray Disc Model with a Small Real Part

The shortcoming of the gray disc model amplitude of having only an imaginary part
can be easily fixed. A small, s-dependent real part can be trivially added to the gray disc
model as follows:

Fei(s,b) = 2(i + po(5)) G/ (s)O(R(s) — b), (A33)

which yields the following cross section relations:

Yt = meadencioRe (L) (A34)
ca(s) = 4m(1+p3(s))GHE)RA (), (A35)
Gn(s) = 471Gy (s) (1= (1+p3(5)) Gi(s) ) R2(s), (A36)
Owot(s) = 4G, (s)R%(s), (A37)

which implies
1 Oel (S)

68 = 12205) )

(A38)
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This is the generalization of Equation (A29) for the case of a gray disc with a non-vanishing
real part. Thus, the ratio of elastic to total cross section of a gray disc with a non-vanishing
real part can be tuned to the measured values with the help of a grayness parameter G, (s)
if a small correction to the real to imaginary ratio po(s) is properly taken into account, as
given by Equation (A38) .

A more difficult-to-fix shortcoming of the black and gray disc models is that the
differential cross section of the black disc and the gray disc model are both proportional to
the Bessel function of the first kind, which has an infinite number of zeros that correspond to
an infinite number of minima of the differential cross section as a function of —t. However,
experimentally, only a single diffractive minimum is observed in elastic proton—proton
(pp) scattering in the TeV range. This alone excludes the validity of both the black disc and
the gray disc models.

One can re-express the gray disc model amplitudes and the differential cross section
in terms of By, 0tot, and pg as follows:

Fy(s,b) = i*é’% ‘gzt((ss)) ® (2, /By (s) — b> (A39)

J1 (2qv BO(5)>

Ta(s t) = (i +P0(S))Utot(s)Wr (A40)
2
2g+/ B

%(S't) =- +4€-§(S)Utzot(5) (hg - O(S))) ’ (A41)

qv/Bo(s)

yielding
2

o) = 00 2 (o), (A42)

Appendix A.4. Gaussian Model

In the gray Gaussian model, the profile function is Gaussian, and hence, the amplitude
in the impact parameter representation has the form

2
Fei(s,b) = 4iG,(s) exp (—21{2(5)> , (A43)
G

where G,(s) is an s-dependent grayness factor as before and Rg(s) is an s-dependent
Gaussian radius parameter. A small and t-independent but s-dependent real part can
also be added at this point, similarly to how this was performed in the case of the gray
disc model. In the small —¢ approximation, corresponding to large values of the impact
parameter b, the gray Gaussian model assumption with an s-dependent real-to-imaginary
ratio yields the following elastic scattering amplitudes:

a(s6) = 40+ p0(s)) Grls) exp (ZR’;)) (Add)
2 S
Tuls,t) = 8(i+ pols)) Gr(s)RE(s) exp (th( )) (At5)

The root mean square of this distribution, corresponding to R (s), is usually identified
with the proton’s size, as resolved at a given energy.
This so-called gray Gaussian model yields

%(s,t) =1lén (1 —i—p%(s)) G2 (s) RE(s) exp (tR%;(s)), (A46)
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Gai(s) = 1671+ p3(s) ) GA(s)RE(s), (A47)
Oin(s) = 167G, (s) (1 - (1 +p5(s)) G,(s))R%;(s), (A48)
Otot(s) = 167G, (s)RE(s), (A49)

Bo(s) = Rg(s)- (A50)

The above formulae generalize the equivalent formulae obtained for a gray disc and are
valid in the diffractive cone only. This way, the problem of infinitely many diffractive
minima obtained for a sharply cut black or gray disc is eliminated. One can conclude that
the gray Gaussian model has two remaining shortcomings: (i) it does not describe the
single diffractive minimum seen in the data, and (ii) it gives a purely exponential low-|¢#|
differential cross section, contradicting the most precise measurements at LHC [6].

In this case, the grayness factor can also be expressed as

1 oa(s) 1 owot(s)

Gr(S) = 1+P%(5> Utot(5> 16 BQ(S) '

(A51)

We can re-express the amplitudes and the differential cross section in terms of By, po,
and oot as follows:

~ . l+p0(S) Otot(s) bz
tai(s,b) = Tax Bo(s) exp (_2130(3)>' (A52)
Ta(s,) = 0o s exp (5, (459)

d 1+ 03
905, = L) g2, 5) exp (B0 ), (A5
yielding
2
o(s) = LA 2 ()

167-[ UtOt s (A55)

Appendix A.5. Lévy a-Stable Model

The Lévy a-stable model describes a non-exponential low-|¢| differential cross section.
In the gray Lévy a-stable model with a small real part, the profile function is Lévy a-stable
distributed, and hence, the amplitudes have the form:

fa(s,b) = %Umt(s) /dzﬁ exp (55) exp (—;|A2R%(s)|“(s)/2), (A56)
+ 1 K1 (s
Talst) = S (o) exp (-~ 3[eRE()]"?). (A57)

This gray Lévy a-stable model yields

d 1 2 ap (s
d—(tf(s,t) = 7~Eg;(s)0§)t(s)exp (—‘tR%(s)] ( )/2), (A58)
~ 1+p5(s) 2\ oiuls)
calls) = 87TIXLO(S) r(m(s)) léﬁt(s) ’ (A59)

and the inelastic cross section is given as the difference between the total and the elastic

cross sections,
_ 1+ pj(s) 2\ Got(s)
Uin(s) - (TtOt(s) (l - 87‘[0(;(5) r ([XL(S)) R% (S) > . (A60)
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The (nuclear) slope parameter B(s) is divergent for a Lévy source, but a generalized
slope parameter can be introduced that takes into account the non-exponential nature of
the small —t shape of the differential cross section. This definition identifies a generalized
by (s), with the Lévy scale parameter:

by(s|ar) = Ri(s), (A61)

which is, in general, a measure of the scale of the source even in the general 0 < ay(s) <2
case. In the special Gaussian case of o = 2, the differential cross section becomes nearly
exponential and by (s|a; = 2) = By(s) becomes a measure of the root mean square of the
inelastic scattering distribution in the impact parameter space.

Finally, for a simple Lévy source model, the grayness factor is given by

1 i) 1 2\ Grot(s)
Grls) = 1+ 03(s) Gior(s) — 8mar(s) r(aL(s)) R2(s) (A62)

This formula generalizes Equation (A51) for Lévy stable source distributions. The Gaussian
result, Equation (A51), is recovered in the a; = 2 special case.
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