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Searches for high frequency gravitational waves using cavities based on the Gertsenshtein effect were
recently proposed, building off existing axion dark matter experiments. In particular, the sensitivity of
axion dark matter experiments using metamaterial plasmas (tunable plasma haloscopes) to gravitational
waves has not been explored in detail. Here we perform a full analysis of gravitational wave detection in
plasma haloscopes, showing that the baseline design of experiments such as ALPHA is several orders of
magnitude less sensitive than previously thought. We show how simple changes to the experiment can
recover that sensitivity and lead to a powerful gravitational wave detector in the O(10-50) GHz frequency

range.
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I. INTRODUCTION

In the last decade gravitational waves (GWs) have
become a crucial astrophysical probe, complementing
cosmic ray, electromagnetic, and neutrino observations.
Today, a series of experiments observe the GW sky and
others are planned to further advance the possibilities of
multimessenger astronomy. Although astronomy based on
photons [1,2] and neutrinos [3] can rely on signals with
frequencies that largely exceed the kilohertz range, the
focus of existing and forthcoming GW detectors is on fre-
quencies ranging approximately from 10~'® Hz to 10° Hz
[4-10]. At the lowest part of this range, cosmic microwave
background (CMB) probes can constrain the stochastic
fHz GW background radiation, arising e.g., from inflation
[11-13] (see Ref. [14] for a review). At larger frequencies
(> 10~* Hz) black hole, neutron star, and mixed binaries
are expected to contribute to the GW sky, with a maxi-

mum frequency that can be roughly estimated as @ =~

GM/R? ~kHz(My/M) (where G is the Newton con-
stant, M is the reduced mass of the binary, M, is a solar
mass and R is the innermost stable circular orbit) [15].
Pulsar timing arrays are employed to detect a signal at nHz
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frequencies [16], possibly produced by supermassive black
hole binaries [17]. At yet larger frequencies, interferome-
ters can detect kHz GWs produced by inspiraling compact
binaries of stellar remnants [M =~ O(1-100)My] [5,6].
Primordial black holes (PBHs) formed in the early
Universe prior to any galaxies and stars are viable dark
matter candidates, and might even constitute 100% of the
dark matter if they are in the ‘“asteroid-mass” range,
1071%M to 1071°M, [18]. The merging of such objects
would produce high-frequency GWs, which could provide
a possible probe of asteroid-mass PBHs [19-21].

The possibility of detecting high frequency GWs
(HFGW), roughly 10~ MHz to 10* MHz, through graviton-
photon conversion (the inverse-Gertsenshtein effect [22,23])
has been explored in recent years for various types of axion
haloscopes [24-36] (see also [37-39]).

These GWs would necessarily be of astrophysical origin
because to be within reach of these detectors they should be
so intense that if they were of cosmological origin their
density would be Qgwh? = 107, above the Big Bang
nucleosynthesis and CMB upper limit originating from
bounds on the effective number of neutrino species N
[40]. Possible astrophysical sources of these GWs include
mergers of subsolar mass objects (e.g., PBHs or other
exotic objects) [41], and the annihilation of bosons in
clouds produced by black hole superradiance [42] (see also
e.g., [43,44] and references therein).

Here we explore the graviton-photon conversion within a
resonant cavity, not empty as done in Ref. [27], but rather
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filled with a tunable plasma, in which case the resonance
frequencies are shifted by the plasma frequency w,,.
Tunable axion haloscopes consisting of wire metamaterial
were proposed as axion [45] and dark photon [46] detec-
tors, and prototypes are being developed by the Axion
Longitudinal Plasma HAloscope (ALPHA) Collaboration
[47]. The separation of parallel wires in these detectors
allows one to change w,, and thus the resonant frequencies
of the detector. Previous studies have estimated the sensi-
tivity of tunable plasma to GWs, focusing primarily on
analyzing the quality and coherence of potential sources
[34] (see also [48] for a similar discussion). In contrast, this
work emphasizes a more precise estimate of ALPHA’s
sensitivity. We analyze the proposed ALPHA configura-
tion, where the tunable plasma is fully anisotropic, and
explore the case of an isotropic setup, finding that the latter
is actually more sensitive to HFGWs.

The paper is structured as follows. In Sec. II we start by
developing the analytic formalism describing the interac-
tion between a GW and a resonant detector. We show how
medium effects can be taken into account in Sec. III, and
present the prospects for GW detection in a plasma
haloscope, such as ALPHA, in Sec. IV. Section V is
devoted to a summary and discussion.

II. ANALYTICAL FORMALISM

In this section, we provide the theoretical ingredients
needed for our analysis. We want to describe in the
language of classical fields the interaction between a
propagating gravitational perturbation, i.e., a GW, and
a stationary electromagnetic system in the laboratory,
i.e., a plasma haloscope (PH). Our starting point is the
action for the electromagnetic potential A* in the presence
of a current density J¥ in curved space-time. Once we
consider linear perturbations of the metric, we define a new
gravitationally induced current density J%; which encodes
the effect of gravitational perturbations on electromagnetic
systems.

A. Lagrangian and proper detector frame

Maxwell’s equations in curved space-time can be derived
from the Maxwell-Einstein action,

1
S = /dxwl—g<_zgﬂygaﬂFﬂaFyﬂ +9WAMJD>» (1)

where F,, = 9d,A, —9d,A, is the electromagnetic field ten-
sor, g is the space-time metric tensor, and g = det(g,, ). In
linearized gravity we write ¢*¥ = " — h*¥, where y""* =
diag(—1,1,1,1) and |#*| < 1 is the dimensionless strain
and represents a small gravitational perturbation on the flat
metric, so one can neglect terms that are quadratic in h**.
The action above contains the following terms,

hﬂa
SO / dx <E0 —I——P,Mm,ﬁF”"F”/” — h”/’P(wﬂDA”J”) (2)

2
with
1 {22 u
£0:—1F Fﬂlz+A J,“’ (3)
1
P wiacp = NuwMiallop — Z’haﬂﬂuﬂaﬂv (4)
Paﬂ/ip = Noypp- (5)

Varying the action with respect to the field A# one can obtain
the inhomogeneous Maxwell’s equations,

0, " = —J¥ — T, (6)

where we have defined a gravitationally induced effective
current,

h h
T =T+ 51 =0, (h”“F’ﬁ, — haFY, — EFﬂv> . (7)

Here, h = h',. Conceptually, this current emerges from
the effect of linear gravitational perturbations on electro-
magnetic systems. When the GW overlaps with the PH, due
to the coupling between the strain and the electromagnetic
field tensor, in presence of an external magnetic field the
gravitational perturbation turns into an electromagnetic
signal that acts as a driving force on the PH. As we will
see later, when the frequency of the GW matches the
frequency of a particular mode of the PH, this effect is
resonant [27]. In the absence of currents in the PH, i.e.,
setting J* = 0 in Eq. (7), the mechanism through which the
gravitational signal turns into an electromagnetic signal is
the Gertsenshtein effect [22,23].

To describe the GW during its overlap with the cavity, we
need the explicit form of the strain 4,,. This tensor has a
very simple form in the transverse-traceless (TT) frame,
where it satisfies hg, = 0, h = n*"h,, = 0, and ¢*h,, = 0.
In the TT-frame, for a GW moving along the z axis &, has
a simple plane wave-looking form,

0 0 0 0
R I PGS (8)
i 0 he, —h, O

0 0 0 0

where w,, is the frequency of the GW, +/x correspond to
the polarization of the GW, and A/, is the corresponding
characteristic strain. For a GW moving along any direction
described by the azimuthal and polar angles (¢,.6,) the
strain tensor in the TT-frame is
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hiT = b e, (9)

5 1
hir = 7 (U U; =V, V)h, +(U;V;+V:Up)h,]. (10)

where k, = w,(1, ﬁy) is the GW four-vector, and the unit
vectors lA(g, U, and V are given by

Rg (sin 6, cos g, sin 6, sin ¢, cos ), (11)

U= (cos 6,cos ¢, cos 6, sinq)g,—sian), (12)

A

Vv

(—sing,, cos ¢,.0). (13)

In this paper, we describe 4 in the proper detector (PD)
frame [49], which employs Fermi normal coordinates with
the origin fixed at the center of mass of the detector.
Following Refs. [27,28], one can write a resummed
expression which goes beyond the long wavelength
approximation for the metric perturbation in the PD frame,
given by

hoo = w3F(K,-T)b - T, (14)
w2
hoi = 7(’ [F(k,-r)—iF'(k,-r)]
x [(Rg ‘T)b; — (b r>l;g.i]’ (15)
hij = —iagF' (K, - 1) [[r*A (r = 0)

+(bl‘)5u—(blrj+bjr,)], (16)
where F’ is the derivative of F with respect to its argument,
and the explicit form of F and b are

F(e) =§<ef5 C1—ie). (17)

Given this frame choice,' and the range of frequencies of
interest, it is well known that the system is not rigid [39].
This can in principle have multiple effects; the magnet itself
will move, and the changing current generates an oscillat-
ing radiative B-field. In addition, the cavity and wires in the
plasma haloscope themselves will vibrate, as well as the
antenna. However, for our setup these effects will be
subdominant and can be neglected.

The most significant effect is that the B-field in the
PD frame is not strictly static, as it acquires an oscillatory
component due to GW-induced deformations of the

'Our choice of frame is, in principle, arbitrary, understanding
that measurable quantities like the signal power are gauge
independent.

system. This oscillatory component corresponds to a
radiation field emitted by the coil, which can reach the
cavity of the PH [35]. However, the cavity walls shield the
interior from this radiation, preventing it from altering
the induced electromagnetic fields inside the cavity. The
skin depth of cryogenic copper at these frequencies is
submicron, so any practical thickness gives a very high
level of shielding, which is one of the reasons copper is
used to make cavities. For simplicity we will assume that
the cavity does not have any additional gaps or holes that
would allow electromagnetic waves to leak into the cavity,
and that the antenna coupling is electromagnetically iso-
lated. If such gaps existed, one would need a detailed 3D
simulation to determine the extent, if any, of the radiation
penetrating into and exciting the cavity. Consequently, we
are justified in treating the B-field as static within the cavity
in the PD frame.

One might also worry about the mechanical motion of
the antenna or cavity causing additional excitations. Our
analysis focuses on cavity modes in the O(10) GHz range,
which are well-separated from the mechanical resonances
of the cavity, typically in the kHz range. Such excitation
could occur in scenarios where a cavity mode is already
excited, allowing mechanical perturbations from the GW
to transfer energy into a mechanical mode to order & as
shown in detail in Ref. [29]. In this process the excitation
probability between an excited mode and an unexcited
mode is proportional to the electromagnetic field of the
excited mode. In our setup, however, there are only two
possible sources of already excited cavity modes, both of
which are very weak. The first is thermal noise; as we are
operating in a cryogenic environment there is little thermal
excitation of the existing cavity modes, so any signal would
be suppressed by the O(K) temperature of the cavity.
The second would be the main signal discussed in our paper
due to the Gertsenshtein effect. In this case the excited
signal mode E-field is already suppressed by the GW strain
h, and any mechanical excitation would be a second-order
effect, further suppressed by h2. Thus, we can neglect the
transfer of energy from one mode to another via GW
effects, in contrast to the setup in Ref. [29], which had a
highly excited cavity mode pumped in order to facilitate
GW detection. A similar argument applies to the antenna
vibrations.

While a detailed analysis was done in Ref. [29], one can
simply show that an existing excitation is required in order
to populate a cavity mode through mechanical vibration. As
the frequency of the GW is much higher than the bulk
modes of the system, the device cannot respond and acts as
if it was free. Because of this, ions and electrons move
equally and no net charge nor current is generated in a
metal via high-frequency gravitational waves (whereas
the magnet itself has a preexisting current [35], the cavity
and antenna by design only have small thermal currents
associated with noise). As no charge nor current is
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generated, Maxwell’s equations have no source term,
so no electromagnetic radiation occurs from the vibration
of the metal. However, piezoelectric materials may be of
future interest for GW detection as they generate electric
polarization from applied strain.

B. Electric field signal

From Eq. (6) we can write Maxwell’s equations in the
form,

VD =p; + pes, (19)
VXB-D=j;+ je- (20)
V.-B=0, (21)
VxE+B=0, (22)

where p and j; are the free charges and currents and e =
(Pett» Jetr) defined in Eq. (7) contains all the information of
the incident GW. Here D' = ¢"E;, e being the electric
permittivity tensor. We will assume that the medium is not
magnetic (i.e., u = 1). Combining Egs. (20) and (22) we
obtain

VxVxE + B,ZD = —0,jf — atjeff. (23)

We will consider the PH to be a single moded cavity with a
dielectric medium (i.e., the plasma) inside. As noted in
Refs. [47,50] this description holds as long as the decay
length of the plasma in the medium (\/e/w) is larger than
the size of the cavity. In Appendix A we provide more
details on how the medium modifies the modes of the
system with respect to those of an empty cavity for the
anisotropic case, in which the PH metamaterial has wires
only in one direction (the z-axis) and the isotropic case,
in which wires are along all three perpendicular axes.
Equation (23) will allow us to describe the effect of the
GW on the PH modes. For this purpose, it is customary to
express the E-field inside the PH in terms of the solenoidal
(E,) and irrotational (E;) modes, defined by

V-E, =0, (24a)

VxE; =0. (24b)

In the presence of an isotropic medium, the n-th modes
satisfy the Helmholtz equations

(V2 +ew?, )E,, =0, (25a)
ewinEi’n =0, (25b)

and the orthogonality conditions

/ AVE, (X)L (%) = 8,0 / dVIE, ,(x)P.  (26a)
/dVEi,n(X) : ET,m(X) = 511,m / dV|Ei,n(X) 2’ (26b)
[ avE.x)- B0 =0 (26¢)

where V is the volume of the PH. By Ohm’s law, the current
Jg is proportional to the E-field inside the system. If the
latter is expanded in terms of the PH modes, one finds

E(x,0) =) [ecn(t)Eu(x) + ein(1)E;, (x)], (27)

n

=3 {g eralDE(X) + 2, (D, (3]

(28)

where Q,, and w, corresponds to the quality factor and the
frequency of the nth mode, respectively. The quality factor
encodes the power P lost from the system with stored
energy U per cycle, Q = P/wU. The power lost, and in
turn the quality factor, is traditionally split into two
components, the power lost to resistive damping and the
power extracted by the antenna, i.e., the power extracted
from the cavity as the signal. The former gives the
“unloaded” quality factor, which considers only resistive
losses, and the latter gives a combined “loaded” quality
factor which includes the signal extracted from the system.
For our purposes we will combine all losses into a single
quality factor as in Eq. (28). Note that one can also include
the losses as part of dielectric constant, or a combination of
€ and j;, however all of these prescriptions are equivalent.

With these equations, and assuming that the irrotational
and solenoidal modes are not degenerate in frequency, we
have all the ingredients we need to solve the main Eq. (23).
We can do a Fourier transform in time, but leave explicit the
spatial dependence, to get

VxVXxXE - O)2D = la)jf —+ ia)jeff. (29)

By expanding into solenoidal and irrotational modes we
can then solve for the E-fields that are excited using
the Helmholtz equations. For an isotropic medium with
€;; = €6;; we find

. Wy i® dvjeff : Efn

{ea)in —ew? — iw 0 } esn = de|E,|2’ (30a)
. a)i,n iwfdvjeff : E;k,n

— {ea)z + la)QA }ei.n = W, (30b)
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where we have neglected spatial dispersion, i.e. a spatial
dependence in €. In practice, there is always some amount
of spatial dispersion [51,52], but our main focus will be on
modes for which the spatial derivatives are much smaller
than the time derivatives (i.e., @ > k). In this case the
modification to e due to spatial dispersion will be small and
so safely neglected at the level of our analysis. Writing
Jeff = Jemr(X)e™™@s" allows us to write the signal E-field
induced by a GW at frequency w, as

E(x,1) = —iw, e~

E;, (x
S3F (x)

Ns.n sn(x) Min

e(wg — a5 ,) +ivy gt ewy +iwg 5|
(31)

where we have defined the overlap integral as
_ fdvjeff(x) : E;.n(x) (32)

JadVIE,,(x)]>

and a =s, i indicates either solenoidal or irrotational
modes. For maximally anisotropic media we only need to
worry about the solenoidal modes, though the general case
is mathematically more complex. Fortunately, for isotropic
or maximally anisotropic media we can still use Eq. (31), as
discussed in Appendix B. From here on we will suppress
the subscripts on #, as in practice we will be considering
situations where there is only a single mode being excited at
a given frequency in a single configuration.

We observe that, in principle, there are two types of
resonances for the solenoidal and irrotational modes, in
contrast to the case of an empty cavity where only the
solenoidal modes resonate [27]. The former occurs when
w? = w?,, while the latter happens when the real part of e
vanishes. Although it might seem from Eq. (31) that the
solenoidal modes would also resonate at ¢ = 0, this condi-
tion is never met as long as a single-cavity mode formalism
is applicable. This is because the Helmholtz equation for
the solenoidal modes, Eq. (25a), requires ¢ > 0.

III. MEDIUM EFFECTS

Before analyzing the resonant conditions in Eq. (31) and
computing the signal power from the GW and PH inter-
action, we need to revise the mode frequencies in the
presence of the dielectric medium and we need to study in
detail the integral in Eq. (32).

A. Mode frequencies

Plasma haloscopes fall into a more general category of
metamaterials, or more specifically, wire metamaterials
[53-58]. While the explicit form of e depends on the
exact metamaterial, for simplicity we will neglect spatial
dispersion and assume that the permittivity of the system

can be modeled as in a Drude metal,

, (33)

where the plasma frequency for a rectangular wire array
with side lengths a and b is given by [51]

2
CU% = _ 2/ (34)
10g(2ﬂr) + F( )
where s = Vab, u = a/b and
1 =~ (coth(znu) — 1 zu
Flu) = =3 logu + 2(f> +. (39)

allowing for w,/2x ~ GHz when s ~ cm spacing. Here we
have neglected losses as, in the single moded regime, they
can be included in the overall quality factor.

When the plasma is inside a cavity and a single mode
calculation is appropriate, we can read off the mode
frequencies by inserting Eq. (33) into Eq. (31) while
neglecting the imaginary component of e.

For the solenoidal modes in an isotropic medium we
have

R = R+ B (36)
where kg, is the wave number associated with the cavity
mode (it is the frequency of an empty cavity) and can be
obtained from k2,E,,=-V?E,,. If the medium is
anisotropic with a plasma frequency only in the z direction,
we instead would get

=5 (R K6+ 0} - 4k2,e).  (37)
where here szZ,, =-V2E_, and k,, can be obtained
from k2,E., =—02E.,. As the irrotational modes are
nondynamical for anisotropic media we only need to worry
about the solenoidal modes and so suppressed the sub-
script s.

For the irrotational modes, the resonant frequencies are
simply given by zeros of the real part of the permittivity.
In deriving Egs. (30a) and (30b) we assumed no spatial
dispersion. In this limit all irrotational modes have the
same frequency @ = w,, which would lead to high levels of
mode mixing. Mixed modes are very difficult to use for
new physics searches as they have nontrivial combinations
of the modes that form them. Without detailed characteri-
zation at every frequency one cannot know how such
modes couple to gravity and they cannot be used for mea-
surement. As we discussed earlier, in practice, wired
systems include some spatial dispersion, so ¢(®) — €(w, k),
which can allow for the irrotational mode to be separated
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enough for their categorization and use for detection. As we
are mostly concerned with modes with @ > k even a
relatively large spatial dispersion will have a small effect on
the modes, primarily leading to just a small shift in the
resonant frequency without changing the spatial properties
of the mode (i.e., the overlap integral). Because of this we
will use Eq. (30b) and assume that the mode frequencies are
separated by at least the line width w/Q, allowing for a
single mode to be selected.

B. Overlap integral

Following the discussion in Ref. [27], from Eq. (32)
we define the dimensionless coupling #n%, = [1,.,]/
(BowlV>/%h;), where the index 4 = (+, X) represent the
polarizations of the GW, and the currents j, are obtained
from

Jerr(X) = Boa2V'3 [, J (x) + hyju(x)]. (38)

The coupling # is an important parameter that determines
the strength with which the GW excites a particular mode
of the PH. From Eq. (31), we see that when the frequency
of the GW matches the frequency of the nth mode, the
signal E-field is maximized. However, if the coupling 5
vanishes for that particular mode, the signal power in the
PH is null. Though it is not immediately clear from its
definition, the coupling # depends on the direction of
propagation of the GW as well as its frequency. To describe
this, we first define the coordinate system as shown in
Fig. 1. The external B-field is fixed along the axis of the
PH, which in turn is defined to be along the z-axis. Finally,
the angles (¢, 6,) define the direction of the GW.

We now compute the # coupling for three solenoidal;
TMy19, TMy12, TE;;;, and one irrotational; E; ;;; modes.

Gravitational
Wave

Plasma
Haloscope

e

v

(\

FIG. 1. Coordinates of the GW in the frame of the PH. The
external B-field is aligned with the axis of the PH, and the GW
passes through in the direction defined by the polar and azimuthal
angles 0,, ¢,,.

The notation and properties of these modes is explained in
detail in Appendixes A and A 2. These modes are chosen
simply because they are the lowest frequency of each type
of mode in the PH with non-negligible coupling to GWs,
with the addition of the TM;;, mode which has been
advocated as having a particularly high coupling [27,34].
The fundamental frequencies of the solenoidal modes for
the case of an empty cavity, are denoted by kg, ko12, and
ky11, respectively. In the case of the irrotational mode, for
an empty cavity the frequency is zero, i.e., the mode is
nondynamical. However, we can still express the frequency
in units of the wave number k; ;;. In all cases, we assume
that the frequency of the incoming GW matches that of the
particular mode of interest. The presence of the plasma
allows us to scan over frequencies above that of an empty
cavity by increasing w,. To analyze the coupling # at high
frequencies, we define the coefficient x = @y4e/kmode and
quantify the behavior of 7 as a function of x.

1. Transverse magnetic mode TMy,;,

Figure 2 (top left) shows the n coupling for the TMy,,
mode as a function of the GW polar angle 6,. The
azimuthal symmetry of the system and of that the mode
makes 7 independent of ¢,. As discussed earlier, the
anisotropic case refers to a PH with wires only in the z
direction, corresponding to the baseline setup for the
ALPHA experiment [45,47]. Only the x polarization of
the GW contributes to 7; we verified that the 4 polarization
results in a highly suppressed coupling. From the figure
we see how the » coupling tends to zero when the GW
propagates parallel or anti-parallel to the B-field and
reaches its maximum at a polar angle of 90°.

We note that the TMj,;, mode behaves the same whether
the PH is isotropic or anisotropic. This is because this mode
has electric field components only along the z axis. Since
the anisotropic medium has wires only along the z axis,
making the PH isotropic does not affect the field of
the mode.

The dashed-purple lines in Fig. 2 represent the case of an
empty cavity, where x = 1. For this particular mode, as we
increase the frequency of the mode and that of the GW
(recall that W, = wpe4e), the GW couples less efficiently to
the mode. Depending on the angle, increasing the mode
frequency @y by a factor of 20 above ko (solid-red line)
can decrease 7 by about two orders of magnitude.

2. Transverse magnetic mode TMy,;,

Figure 2 shows the # coupling for the TM);, mode in the
case of an anisotropic PH (top right). Similar to the TMy,
mode, the TM;;, mode exhibits azimuthal symmetry and a
negligible coupling when the GW propagates along the axis
of the PH, with maximal coupling occurring at a polar angle
of 90 degrees. In this figure, we have only considered the
x polarization of the GW, as the + polarization exhibits
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FIG. 2. Dimensionless coupling # as a function of the GW polar angle 6, for the mode TM (top left), and the mode TMy;, with an
anisotropic (top right) and an isotropic (bottom left) plasma as well as the TE;; mode in an isotropic plasma (bottom right). Here, k,,,,,
corresponds to the frequencies of the empty cavity, where the indices mn p match those of the particular mode in each panel. The GW
frequency is equal to that of the corresponding mode. The results in all panels correspond to a GW with &, polarization, while the 7,

polarization provides negligible coupling.

negligible coupling. As the frequency of the mode
increases, the TM;, mode decouples, even faster than
the TM010 mode.

Unlike the TMy;y mode, the TM;;, mode has electric
field components along all three axes. For this reason,
changing the medium from anisotropic to isotropic can alter
the system in a nontrivial way. This behavior is illustrated
in Fig. 2 (bottom left). Note that the coupling does not
vanish at higher frequencies; on the contrary, for certain
angles, the coupling appears to increase until it reaches a
plateau. In this case the TMy,, and E; ;;; modes give very
similar results.

3. Transverse electric mode TE

For the TE modes, and also higher TM modes with
m # 0, the azimuthal symmetry of the cavity does not
appear manifest in the explicit form shown in Eq. (A10).
However, the response of the mode to incoming gravita-
tional waves, or any other excitation, is indeed symmetric.
The TE,;; mode is actually a sum of two modes weighted
by constants A, and A_, the sum of which gives angle
addition formula for ¢. Because of this the choice of the
origin of ¢ can be shifted by different choices of A, ,A_,

so the combination that is excited is selected by the
incoming GW wave direction. In Fig. 2, there appears to
be “hot spots” where the coupling is maximal, correspond-
ing to the angles 6, ~45° 135° degrees. At this angular
point, the coupling increases from n ~ 0.075 to n ~ 0.147
as the frequency rises from the empty cavity case w, = ki,
to a frequency five times higher w, = 5ky;;.

4. Irrotational mode E; 11,

This mode behaves quite similarly to the TE;;; mode in
that it does not exhibit azimuthal symmetry and that its
coupling increases as the frequency increases (Fig. 3). This
is for the case of an isotropic PH. The “hot spot” seems to
appear for the angular values (¢,,6,) ~ (25°,90°). As the
frequency increases by a factor of five the coupling at the
“hot spot” increases by about a factor of three (compare
the dashed-green line in the left panel with the solid-blue
line in the right panel). Although the coupling increases
with frequency, we can see in the figure how the coupling
for this mode is about one order of magnitude below that of
solenoidal modes studied above. In spite of this small
coupling, it is interesting to see how irrotational modes can
be indeed excited, and can in principle generate a signal
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Contours of the # coupling as a function of the GW angles for the irrotational mode E; ;;; in a cubic cavity. As the cavity lacks

azimuthal symmetry there is both ¢, and 6, dependence. As the frequency increases, the coupling increases as well as one can see by
comparing the contours in the left panel (low frequency w, = k;;;, small couplings # = 0.02) with those of the right panel (high
frequency w, = 5k, large couplings n = 0.1). For this particular example we show the 4 polarization only, but we verified that £,

provides similar results.

from GW. As the modes are only dynamical in a medium,
we should note that k; |1, is not the frequency of the empty
cavity, which is zero, but simply a wave number.

The high-frequency behavior of our modes of interest is
shown in Fig. 4. By studying these four modes TMy,,
TMyy,, TE;y;, and E;j;;, we can identify the following
pattern; the coupling between the GW and the PH tends to
decrease with increasing frequency in the case of aniso-
tropic systems (Fig. 4, left). This suggests that, in its current
configuration, ALPHA will lose sensitivity at higher
frequencies. However, by considering an isotropic setup,
the coupling can actually increase as the frequency rises
(Fig. 4, right). This nontrivial behavior was not accounted
for in previous studies that attempted to estimate the
projected sensitivity of PH in their potential use as GW
detectors. Although the mode TMy;, seems to be an

Anisotropic

0.100 &
= 0010%

0.001 L

—4 P S S S S SR
10 2 4 6 8 10

wg/ kmn 4

FIG. 4.

exception to this rule, this is just an artifact of our choice
to fix the B-field along the axis of the system. If we were to
consider a misalignment between the B-field and the PH
axis, the mode TMy;o would have x, y components, and
those would couple to the GW with an increasing strength
at higher frequencies. It is also worth noting that the mode
TE;; does not have an anisotropic case. This is also due to
our choice to fix B along the PH axis. Because TE modes
only have E-field components perpendicular to the PH axis,
in the fully anisotropic case they behave exactly as in a
empty cavity with a fixed frequency.

At a first glance, the different scaling between the
isotropic and anisotropic modes seems extreme, however
it can be understood by looking at the nonplane wave struc-
ture of the effective current. For an example, we can look
at J.g for the case where the B-field is in the z direction.

Isotropic

TE111

01005 _—

= 0010%

0.001}

-4 P U U S E SR
10 2 4 6 8 10

wg/kmnp

Dimensionless coupling # as a function of frequency for an anisotropic (left) and isotropic (right) plasma. We plot the TM,,

TMy,5, and TE;;; modes, though the TE;;; is only shown for isotropic media as for the anisotropic case it simply matches the empty
cavity. Here, k,,,,, corresponds to the frequencies of the empty cavity, where the indices mn p match those of the particular mode plotted.
The GW frequency is equal to that of the corresponding mode. The results in all panels correspond to a GW with /. polarization, while
the i, polarization provides negligible coupling. Both angles 6,, ¢, of the GW angles are fixed to 45 degrees.
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For simplicity, we take the incoming wave to arrive from
the x-axis and take the cross polarization (i.e., h = hy),
though this choice does not have any qualitative difference.
In this case, J. is given by

7(xw, —2i)c, p24%) C3 )
J - B h>< <_ 4 [ ’ ’ 39
eff 0 2ﬂx3a)g \/§x4a)g V2x (39)
where

¢ = (P} + ™ (=2 + 2ixw,) + 2),

¢ = (FPw) — iX’ol + 2xw, + ™ (4xw, + 6i) — 6i),

c3 =14 e™i(=1+ ixw,).

At high ratios of ®,/k,,,, (large plasma frequencies), our

device is much larger than the Compton wavelength. For
x,y,2> 1/w, we can simplify the current to

2 2 ixo,

Zw yiw, tw,e
Jeir = Boh, g =9 9 ) 40
ff 0 <2\/§ \/ZX \/E ( )

While the x and y components grow linearly with the size
of the detector, the z component is oscillatory; when the
overlap integral with a slowly varying mode is calculated
the z component will tend to average to zero. For a steady 5
one must then rely on the transverse components E, ,.
As shown in Appendix A, for TM modes with wires only in
the z direction the FE-fields in the x, y directions are
suppressed by a factor of O(k2,,,/w?), which corresponds
to a factor of €. Conversely, for an isotropic medium the
modes higher than TMy;, have transverse E-fields on the
same order as E,.

From this we can see that the geometry for the planned
ALPHA experiment leads to # decoupling at high frequen-
cies (i.e., large plasma frequencies) regardless of the chosen
mode. This can be mitigated by either making the medium
isotropic (or at least, having a nontrivial x or y component)
or by aligning the E-field in a different direction. While the
latter is mechanically easier, it would remove the sensitivity
to axion dark matter, which is the main goal of the
experiment.

IV. PROJECTIONS

Several sources have been considered to be the origin of
high-frequency GWs. The sources can be described as
either stemming from early Universe phenomena, which
would result in a diffuse background, or from local events.
As already mentioned in the introduction, the GW sources a
PH could test are local.

As pointed out in a seminal paper by Weinberg [59], any
plasma can produce gravitons through bremsstrahlung (see
also Ref. [60] for additional processes). Therefore, even
without accounting for novel physics, the early Universe

plasma is expected to have copiously sourced GWs, whose
amplitude today depends on the reheating temperature
[61-64]. Additional contributions might come from reheat-
ing itself (see e.g., [65-67]), phase transitions (see e.g.,
[68-70]) and from topological defects [71,72] such as
cosmic strings [73,74] or domain walls (see e.g., Fig. 4 in
Ref. [75]). The amplitude of GWs generated by these
mechanisms is strongly constrained by N measurements,
so that any direct detection chance seems daunting at best.
Some probes rely on GW-photon conversions over either
large distances along the line of sight, e.g., from the
Rayleigh-Jeans tail of the CMB [76] or from the diffuse
photon flux converting in Earth, galactic, and extragalactic
magnetic field [77,78], or on GW-photon conversion in
the large fields of neutron-star magnetospheres [79-81].
Unfortunately, these proposals fail to reach below the N
constraints, and have the additional drawback of missing
the opportunity of detecting local sources.

The background to searches of nearby exotic events is
given by the unavoidable GW flux produced by stars, the
closest being of course the Sun [59,82-84]. However,
physics beyond the standard model can outshine such
background in GWs. A possible source of high-frequency
signals is the annihilation of axions produced through
superradiance [42,43] which undergo a + a - GW proc-
esses, the latter being possible by the presence of the BH
which guarantees energy-momentum conservation. The
most exciting prospect for the frequencies covered by a
PH like ALPHA is probably the detection of PBHs
[19,20,27] (see also Ref. [21] for a recent reappraisal
accounting for an extended PBH mass function) or compact
object [41] mergers, the latter being e.g., Q-balls, boson
stars, oscillatons, or oscillons [44], depending on the
production mechanism. PBHs (or other compact objects)
could have formed binaries, e.g., if produced close to
each other in the early Universe [85], or through dyna-
mical capture in dense halos [86,87]. Tantalizingly,
PBHs can constitute 100% of the dark matter for masses
between 1071°M to 1071°M, [18], and the GWs emitted
in their merger could be an important probe of their
existence.

While an exact sensitivity depends strongly on the
assumed GW source, to allow for a comparison we consider
a time constant GW signal of width 10~*w and take the
experimental parameters from Ref. [47]. This consists of a
plasma haloscope with radius 35 cm and length 75 cm
with noise at the standard quantum limit inside a 13 T
magnetic field. The experiment will scan between 5 and
45 GHz over a two year timeframe. To estimate the
sensitivity we use Dicke’s radiometery equation for the
signal to noise ratio S/N,

S
2= = 41
N T, (41)
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FIG. 5. Here we show the sensitivity of ALPHA to GWs,

assuming a constant GW of line width 10~*@ with both angles
04, ¢4 fixed to 45 degrees. We take the experimental parameters
from Ref. [47] assuming a cylindrical haloscope of 35 cm radius
and 75 cm length inside a 13 T magnet. We assume that the
experiment scans the range of 20 — 185 peV (5-45 GHz) with a
quantum limited amplifier over two years. In blue we show the
TMy;, mode in an isotropic media, with the anisotropic case
shown in green. In between these the TMy;, mode is shown
in lilac.

where T, is the system temperature (given by w at the
standard quantum limit), Az is the measurement time and
Avp is the signal bandwidth. Assuming a benchmark
S/N =3 and the above experimental parameters, we see
the sensitivity to GW for ALPHA in Fig. 5.

While an isotropic medium gives the clear best sensi-
tivity with a higher order mode such as the TM;, mode,
the gain once one has integrated over a large frequency
range is not as much as one might expect. Conversely,
unlike what was suggested in Ref. [34] for an anisotropic
medium the sensitivity is actually worse for the TMy;,
mode than the base TMy;, mode, and about two orders of
magnitude lower than suggested by Ref. [34].

V. CONCLUSIONS

The high-frequency range constitutes perhaps the last
frontier of gravitational wave astronomy. While the chances
of detecting a diffuse background seem currently faint,
efforts based on the inverse Gertsenshtein effect could bring
lucky observations of local events. Similarly to other axion
detection schemes, such as cavities [27], low-mass axion
haloscopes [28], and dielectric haloscopes [36], the plasma
haloscopes are also in principle sensitive to high-frequency
gravitational waves.

While the gravitational wave sensitivity of plasma
haloscopes was briefly studied in Ref. [34], several key
aspects were neglected, leading to an overestimation of
the sensitivity of an anisotropic plasma. In particular, the
overlap integrals were taken to be the same as for an empty

cavity, instead of depending strongly on the plasma
frequency. As we have shown, for anisotropic wire media
the overlap integral goes to zero for large frequencies,
leading to a two order of magnitude decrease in sensitivity
to gravitational waves.

To avoid this shortcoming, we explored the behavior
of isotropic media. Unlike in the anisotropic case, both
solenoidal and irrotational dynamical modes are allowed.
Further, as large E-fields are supported in all three
directions the nonplane wave components of gravitational
waves allow for a nearly constant overlap integral regard-
less of frequency.

Going forward, there are several directions that can be
explored. Currently, the ALPHA experiment is designed
around anisotropic media, and so loses sensitivity to
gravitational waves, particularly at high frequencies.
Tuneable designs with three dimensional wire arrays would
recapture this sensitivity without impacting the search for
axions. Further, the details of a gravitational wave signal
depend strongly on the properties of the source. Detailed
analysis techniques must be created to ensure that a signal
is found regardless of the type of source. With these
optimizations plasma haloscopes will be a powerful probe
of high frequency gravitational waves.
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APPENDIX A: CAVITY MODES IN MEDIA

While the modes of a cylindrical cavity are well-known,
it is less common to include a medium such a plasma inside
the cavity. To begin with, inside the cavity one can write
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down Maxwell’s equations in the absence of free charges
and currents,

V.-D=0, (Ala)
VxH-D =0, (Alb)
V.-B=0, (Alc)
VxE+B=0. (Ald)

In general we wish to consider plasmas that have wires in
either all three directions, or only in one direction aligned
with the axis of the cylinder. The latter would give a
maximally anisotropic medium exhibiting a plasma fre-
quency only for E-fields polarized in the direction along the
cylinder’s axis. These cases are summarized in an electric
permittivity tensor,

e 0 O
D=¢cE=]|0 ¢ 0 |E, (A2)
0 0 €

Z

where the transverse dielectric components are labeled ¢,
and the axial component €,. We will consider the limits
where €; = €_(e, = 1) for the isotropic (anisotropic) cases.
For simplicity we will consider a nonmagnetic material
with u = 1. The symmetry of the system allows us to break
up the E-fields into the transverse ¢ and z components

B =B, + B.7; E=E,+E.2 (A3)
We can expand the E-fields into harmonic components,
assuming that the E-fields oscillate with angular frequency
. We take the fields to be functions of w, X, essentially
Fourier transforming only the temporal parameters, to get

d

(Vt + a_i> (B, + B.2) = —iw(eE, + ¢.E 2). (Ada)
Z
0. o .

(Vt +a_z)x(Et + E;2) = io(B, + B.2). (A4b)
Z

Decomposing these equations into the z-direction and
the transverse directions (the transverse curl of the trans-
verse vectors is necessarily in the z direction),

Z2-V,xB, = —iwe,E., (A5a)
7-V,xE, = ioB., (ASb)
oB
7 X a—’ +V,B, x 2 = —iwe,E,, (A5c)
z
JoE
2x—+V,E.x2=ioB,. (A54)

Z

Taking the E-field z dependence to be of the form cos k,z or
sin k,z, we get closed forms for B, and E,,

1 oE
E,=——(V,—+iowV,B,x1]|, A6
1 ela)z—kg(tdz_l_lwtzxz) (A6a)
1 oB
B=——(V,——iwe,V,E,xX1Z]|. A6b
' eth_k%< "oz lwe v, sz> ( )

Thus, the transverse E-fields depend only on E, and B,
corresponding to the TM and TE modes, respectively.

1. Solenoidal modes

For the axial components we can solve the following
differential equations for Bessel functions,

€r

e — 1 V?E. +¢.E. =0. (A7a)
1 2
PR V:B,+ B, =0. (A7b)
In cylindrical coordinates they become
€ 202EZ+ 6E2+62EZ b Re.E.—0. (ASa)
r r ree.E.=0. a
€,w* — k2 Pr or ¢ o
1 ,0°B, 0B, +()sz L PB.—0. (ASb)
r r—4—= r = 0.
€w* — k2 *r o I ¢ )

We can now write down the full mode structure for the
TM and TE modes. We label the modes with subscripts m,
n, p to denote the number of spatial variations in each
direction. For the TM,,,,, mode we get

[/ A, sinmg k rx X
E:rt __ + 7zsin k7Z J;n < mn> mn ,
_(A_cosmgb)] €,w* —k? (k:2) R ) R

(A9a)

[/ A, cosmep k m
Ef—=— + R e ™s )
’ _(—A_ sinmgb)] €,0° — k? sin(k.z) , m( R )

(A9b)
+ A+ sinm¢>] (rxmn>
Ef = KA- cosmg o R cos(k.z),

where J,, are the Bessel functions, J/, are the derivatives
with respect to their argument, and ¢ is the azimuthal angle
of cylindrical coordinates. Following the notation of
Ref. [27] we use normalisation constants for the & modes
A* and define x,,, as the nth zero of J,,. We use R for the
radius of the cavity. Note that the plasma changes the
frequency at which these zeros occur, but not the overall

(A9c)
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shape of the Bessel functions. Whether or not the plasma is
isotropic changes the relative weighting of the transverse
components: for an isotropic plasma €,0* = @2, »» Where
@y 1 the frequency of the corresponding mode of an
empty cavity. In contrast,ife, = l and e, < 1 then w > k_,
suppressing the transverse electric fields. The TE modes

similarly can be written down as

A, cosm ] !
g [Ae ) m ()
—A_sinmg ew- —k;r R
(A10a)
A, sinm j / !
£y =[] ()
A_cosm¢ | €0 — k; R R
(A10b)
Ef =0, (A10c)

where xJ,, is the nth zero of J},. For the anisotropic case we
recover the modes of an empty cavity, as the £, component
is trivial.

2. Irrotational modes

Maxwell’s equations do not directly give the spatial
structure of the irrotational modes, simply giving the
resonant condition Re(e) = 0. However, inside some vol-
ume V within a surface S the irrotational modes can be
derived from the scalar potential, defined as the orthogonal
basis of solutions of the Helmholtz equation vanishing on
the boundary [88],

(V2 + k%)(pn'inv =0 (Alla)

Pulars = 0. (Al1b)

Considering a cubic cavity of length L and a coordinate
system centered at the center of mass of the cavity the
solutions to these equations are simply sinusoidal func-
tions of the type sin (k.[x —L/2]), where k, = nz/L,
n =1,2,3.... Thus, the general solution is

pon=tn (7 <=5 (2 -3])
(i3]

where A is a normalization constant. Finally, the space
profile of the irrotational modes is given simply by

(A12)

kfmnEi,fmn(X) = v¢z,’mn7 (A13)
where kg, is usually called a normalization factor and
gives the wave number of the mode. Note that even for the
lowest mode the E-field is nontrivial in all directions.
Because of this, for an anisotropic medium where the
dielectric constant is one in the x, y directions a dynamical
irrotational mode is not supported.

APPENDIX B: ANISOTROPIC MEDIA

In the main text, we wrote down the overlap integral
assuming an isotropic medium. While the anisotropic case
was addressed in Ref. [34], there are some subtleties
regarding mode normalization, propagated from a small
error in Ref. [47]. As Ref. [47] was primary concerned with
the TMy;, mode, which only has a z component, rather than
normalizing the modes via Eq. (26a) they used

/ AVE, ,(X)E m(X) = V. (B1)

Aside from an overall factor due to a different choice of
amplitude, this condition only considers the z components
of the fields. To consider a general set of modes this
condition does not guarantee that those modes are orthogo-
nal. Unfortunately, this normalization condition was also
used in Ref. [34], and leads to errors when, for example,
€ = 1. Here we will consider the maximally anisotropic
case, with e, = 1 and €, = e. As the irrotational modes are
nondynamical in this case, we will suppress the s, i
subscript in this section and will only refer to solenoidal
modes. Similarly, we will neglect the TE modes, as they are
the same as for an empty cavity.

From Eq. (29) we can split the fields into the transverse
(noted with 7) and axial (denoted with z) components,

~V’E — 0*(E, + ¢E;) = ioj; + iojes.  (B2)

To proceed, we can use the free Helmholtz equations for
each mode which give the dispersion relations,

V2E., + ew}E., =0, (B3a)
V’E,, + ®lE,, =0, (B3b)

and expand E into modes given by
E=>) ¢E,(x) (B4)

Together these equations allow us to write
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Zen (a)% - wz)[Et,n + eEz.n] = iwjf + ia)jeff‘ <B5)

n

In the isotropic case, it would be easy to project out
onto a given mode using Eq. (26a), giving the usual
overlap integral. In Ref. [34], this equation was rewritten
so that only E, appears, at the cost of additional terms on
the right hand side involving j.; and using Eq. (B1).
Regardless to proceed one must make an approximation.

|

Zen(w% - wZ) |:5n,m + (€ - 1)

n

This expression simplifies in two limits. The first is the
trivial one, where ¢ = 1, which recaptures the expressions
of Ref. [27], a case for which the equations in Ref. [34]
do not hold. The second is when ¢ <« 1. As discussed in
Appendix A, E,, = O(¢E_,) so Eq. (B1) is correct up to
O(€?) terms. In either case we can write

n,E,(x)

e(w; — wp) + iw, g

E(x, 1)~ —ia)ge‘i“’y’Z

n

(B8)

which is true exactly for ¢ =1 and approximately for
€ < 1. The latter condition holds by design for almost
every case considered in this paper. If € ~ 1, then there
is little point to including a wire array, as the volume is
almost the same as an equivalent frequency empty cavity.
In this case we would have introduced more complexity
for little gain. To show that our calculations are almost
always in the region of validity, in Fig. 6 we show the €
required for a given frequency for the TM;;, mode over the

0.50F ]

001 /
E 1 n n n n 1 n n n n 1 n n n n 1 ]

. 10 20 30 40 .
(1)012/271' [GHZ]

FIG. 6. Dielectric constant € required for the TM;, mode with
resonant frequency wg;, in an anisotropic medium. We take the
cavity to be cylindrical with a 35 cm radius and 75 cm length. We
assume that the experiment scans the range of (5—45 GHz) as
shown in Fig. 5.

JavE.,
JdVIE,]?

This can be quantified by noting that Eq. (26a) implies
that

/dVEt,n : E;im = 5n.m / dV|En‘2 - / dVEz,n : E;,mv

(B6)
which can be combined with Eq. (28) to give
) E; m:| . Wy iw fdvjeff : E;;,
| —iw—e,0,y = — B7
Q, """ JdVIE,]? 7

|

5-45 GHz range considered in Fig. 5. We see that ¢ << 1
for all but the lowest frequencies, and so this approxima-
tion should not have a notable impact on the projected
sensitivity.

APPENDIX C: SIGNAL POWER

Once explicit expressions for the generated E-field are
found, the final ingredient to compute the reach of PH is to
obtain the signal readout. The energy stored in an isotropic
medium with temporal dispersion is given by

U:i/ <a<a€w)|E|2+|B|2>de;/|E|2dV. (C1)

()

Note that the latter approximation holds even for € # 1,
as the B-fields come from the spatial derivatives of the
E-fields and so are smaller by a factor of /. For the Drude
model of ¢, the energy added by the magnetic field is
opposite to the correction coming from d(ew)/dw, totaling
to a factor of 1/2. To find the losses in the medium we can
treat the resistive current in Eq. (28) as the imaginary
component of the effective dielectric constant ¢’ =
¢! = ¢/, where ¢’ = w,/wQ,, using” [89]

€/I
P= 7/w|1z|2dv. (C2)

Substituting E with its mode expansion [Eq. (27)] and
making use of the mode orthogonality conditions, we find

pP= %”Za)ﬂém(l‘ﬂz + e (0] (©3)

where

2Alternatively, one could also use Ohm’s Law, which is
equivalent.
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12,l? = e / dVIE,,()R.  (Cda)

el = lewal [ @VIEL P (Cob)
the mode amplitudes of the solenoidal and irrotational
modes are obtained from Egs. (30a) and (30b), respec-
tively. Assuming the GW to hit a resonance, o = w,,
we find

€// R
P:w7|6r63<t)|2' (CS)

Combining this result with Eq. (31), we see for a gravi-
tational wave exciting a single resonance, the on resonance
power is given by
1
P =2 Q) Vel (' h;:B0)” (C6)

as in Ref. [27].

[1] M. T. Ressell and M. S. Turner, The grand unified photon
spectrum: A coherent view of the diffuse extragalactic
background radiation, Comments Astrophys. 14, 323
(1990).

[2] R. Hill, K. W. Masui, and D. Scott, The spectrum of the
Universe, Appl. Spectrosc. 72, 663 (2018).

[3] E. Vitagliano, I. Tamborra, and G. Raffelt, Grand unified
neutrino spectrum at earth: Sources and spectral compo-
nents, Rev. Mod. Phys. 92, 045006 (2020).

[4] C.J. Moore, R.H. Cole, and C.P. L. Berry, Gravitational-
wave sensitivity curves, Classical Quantum Gravity 32,
015014 (2015).

[5] B. P. Abbott et al. (LIGO Scientific Collaboration and Virgo
Collaboration), GW170817: Observation of gravitational
waves from a binary neutron star inspiral, Phys. Rev. Lett.
119, 161101 (2017).

[6] B. P. Abbott et al. (LIGO Scientific Collaboration and Virgo
Collaboration), Observation of gravitational waves from a
binary black hole merger, Phys. Rev. Lett. 116, 061102
(2016).

[7] J. Antoniadis et al. (EPTA Collaboration and InPTA
Collaboration), The second data release from the European
Pulsar Timing Array—III. Search for gravitational wave
signals, Astron. Astrophys. 678, A50 (2023).

[8] D.J. Reardon et al., Search for an isotropic gravitational-
wave background with the Parkes Pulsar Timing Array,
Astrophys. J. Lett. 951, L6 (2023).

[9] G. Agazie et al. (NANOGrav Collaboration), The NANO-
Grav 15 yr data set: Evidence for a gravitational-wave
background, Astrophys. J. Lett. 951, L8 (2023).

[10] H. Xu et al., Searching for the nano-hertz stochastic
gravitational wave background with the Chinese Pulsar
Timing Array data release I, Res. Astron. Astrophys. 23,
075024 (2023).

[11] P.A.R. Ade et al. (BICEP2 Collaboration and Planck
Collaboration), Joint analysis of BICEP2/KeckArray and
Planck data, Phys. Rev. Lett. 114, 101301 (2015).

[12] P. A.R. Ade et al. (BICEP2 Collaboration and Keck Array
Collaboration), Constraints on primordial gravitational
waves using Planck, WMAP, and new BICEP2/Keck ob-
servations through the 2015 season, Phys. Rev. Lett. 121,
221301 (2018).

[13] N. Aghanim et al. (Planck Collaboration), Planck 2018
results. VI. Cosmological parameters, Astron. Astrophys.
641, A6 (2020); 652, C4(E) (2021).

[14] A. Achdcarro et al., Inflation: Theory and observations,
arXiv:2203.08128.

[15] M. Maggiore, Gravitational Waves. Vol. 2: Astrophysics
and Cosmology (Oxford University Press, New York,
2018).

[16] G. Agazie et al. (International Pulsar Timing Array Col-
laboration), Comparing recent Pulsar Timing Array results
on the nanohertz stochastic gravitational-wave background,
Astrophys. J. 966, 105 (2024).

[17] M. C. Begelman, R. D. Blandford, and M. J. Rees, Massive
black hole binaries in active galactic nuclei, Nature
(London) 287, 307 (1980).

[18] B. Carr, K. Kohri, Y. Sendouda, and J. Yokoyama, Con-
straints on primordial black holes, Rep. Prog. Phys. 84,
116902 (2021).

[19] A.D. Dolgov and D. Ejlli, Relic gravitational waves from
light primordial black holes, Phys. Rev. D 84, 024028
(2011).

[20] G. Franciolini, A. Maharana, and F. Muia, Hunt for light
primordial black hole dark matter with ultrahigh-frequency
gravitational waves, Phys. Rev. D 106, 103520 (2022).

[21] S. Profumo, L. Brown, C. Ewasiuk, S. Ricarte, and H. Su,
The maximal gravitational wave signal from asteroid-mass
primordial black hole mergers, Phys. Rev. D 111, 063072
(2025).

[22] M. E. Gertsenshtein, Wave resonance of light and gravita-
tional waves, Zh. Eksp. Theor. Fiz. 41, 113 (1961) [Sov.
Phys. JETP 41, 84 (1962)].

[23] Y. B. Zel’dovich, Electromagnetic and gravitational waves
in a stationary magnetic field, Zh. Eksp. Teor. Fiz. 65, 1311
(1973) [Sov. J. Exp. Theor. Phys. 38, 652 (1974).

[24] R. Ballantini, P. Bernard, E. Chiaveri, A. Chincarini, G.
Gemme, R. Losito, R. Parodi, and E. Picasso, A detector of
high frequency gravitational waves based on coupled
microwave cavities, Classical Quantum Gravity 20, 3505
(2003).

[25] A. Tto, T. Ikeda, K. Miuchi, and J. Soda, Probing GHz
gravitational waves with graviton—magnon resonance, Eur.
Phys. J. C 80, 179 (2020).

055011-14


https://doi.org/10.1177/0003702818767133
https://doi.org/10.1103/RevModPhys.92.045006
https://doi.org/10.1088/0264-9381/32/1/015014
https://doi.org/10.1088/0264-9381/32/1/015014
https://doi.org/10.1103/PhysRevLett.119.161101
https://doi.org/10.1103/PhysRevLett.119.161101
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1051/0004-6361/202346844
https://doi.org/10.3847/2041-8213/acdd02
https://doi.org/10.3847/2041-8213/acdac6
https://doi.org/10.1088/1674-4527/acdfa5
https://doi.org/10.1088/1674-4527/acdfa5
https://doi.org/10.1103/PhysRevLett.114.101301
https://doi.org/10.1103/PhysRevLett.121.221301
https://doi.org/10.1103/PhysRevLett.121.221301
https://doi.org/10.1051/0004-6361/201833910
https://doi.org/10.1051/0004-6361/201833910
https://doi.org/10.1051/0004-6361/201833910e
https://arXiv.org/abs/2203.08128
https://doi.org/10.3847/1538-4357/ad36be
https://doi.org/10.1038/287307a0
https://doi.org/10.1038/287307a0
https://doi.org/10.1088/1361-6633/ac1e31
https://doi.org/10.1088/1361-6633/ac1e31
https://doi.org/10.1103/PhysRevD.84.024028
https://doi.org/10.1103/PhysRevD.84.024028
https://doi.org/10.1103/PhysRevD.106.103520
https://doi.org/10.1103/PhysRevD.111.063072
https://doi.org/10.1103/PhysRevD.111.063072
https://doi.org/10.1088/0264-9381/20/15/316
https://doi.org/10.1088/0264-9381/20/15/316
https://doi.org/10.1140/epjc/s10052-020-7735-y
https://doi.org/10.1140/epjc/s10052-020-7735-y

GRAVITATIONAL WAVE DETECTION WITH PLASMA ...

PHYS. REV. D 112, 055011 (2025)

[26] A. Ejlli, D. Ejlli, A. M. Cruise, G. Pisano, and H. Grote,
Upper limits on the amplitude of ultra-high-frequency
gravitational waves from graviton to photon conversion,
Eur. Phys. J. C 79, 1032 (2019).

[27] A. Berlin, D. Blas, R. Tito D’Agnolo, S. A.R. Ellis, R.
Harnik, Y. Kahn, and J. Schiitte-Engel, Detecting high-
frequency gravitational waves with microwave cavities,
Phys. Rev. D 105, 116011 (2022).

[28] V. Domcke, C. Garcia-Cely, and N. L. Rodd, Novel search
for high-frequency gravitational waves with low-mass axion
haloscopes, Phys. Rev. Lett. 129, 041101 (2022).

[29] A. Berlin, D. Blas, R. Tito D’Agnolo, S. A.R. Ellis, R.
Harnik, Y. Kahn, J. Schiitte-Engel, and M. Wentzel,
Electromagnetic cavities as mechanical bars for gravita-
tional waves, Phys. Rev. D 108, 084058 (2023).

[30] T. Bringmann, V. Domcke, E. Fuchs, and J. Kopp,
High-frequency gravitational wave detection via optical
frequency modulation, Phys. Rev. D 108, L061303 (2023).

[31] V. Domcke, C. Garcia-Cely, S. M. Lee, and N.L. Rodd,
Symmetries and selection rules: Optimising axion halo-
scopes for gravitational wave searches, J. High Energy
Phys. 03 (2024) 128.

[32] Y. Kahn, J. Schiitte-Engel, and T. Trickle, Searching for
high-frequency gravitational waves with phonons, Phys.
Rev. D 109, 096023 (2024).

[33] P. Navarro, B. Gimeno, J. Monzo-Cabrera, A. Diaz-
Morcillo, and D. Blas, Study of a cubic cavity resonator
for gravitational waves detection in the microwave fre-
quency range, Phys. Rev. D 109, 104048 (2024).

[34] C. Gatti, L. Visinelli, and M. Zantedeschi, Cavity detection
of gravitational waves: Where do we stand?, Phys. Rev. D
110, 023018 (2024).

[35] V. Domcke, S.A.R. Ellis, and N.L. Rodd, Magnets are
weber bar gravitational wave detectors, Phys. Rev. Lett. 134,
231401 (2025).

[36] V. Domcke, S.A.R. Ellis, and J. Kopp, Dielectric halo-
scopes as gravitational wave detectors, Phys. Rev. D 111,
035031 (2025).

[37] D. Carney, V. Domcke, and N. L. Rodd, Graviton detection
and the quantization of gravity, Phys. Rev. D 109, 044009
(2024).

[38] D. Ahn, Y.-B. Bae, S. H. Im, and C. Park, Electromagnetic
field in a cavity induced by gravitational waves, Phys. Rev.
D 110, 064061 (2024).

[39] W. Ratzinger, S. Schenk, and P. Schwaller, A coordinate-
independent formalism for detecting high-frequency gravi-
tational waves, J. High Energy Phys. 08 (2024) 195.

[40] L. Pagano, L. Salvati, and A. Melchiorri, New constraints on
primordial gravitational waves from Planck 2015, Phys.
Lett. B 760, 823 (2016).

[41] G.F. Giudice, M. McCullough, and A. Urbano, Hunting for
dark particles with gravitational waves, J. Cosmol. Astro-
part. Phys. 10 (2016) 001.

[42] A. Arvanitaki and A. A. Geraci, Detecting high-frequency
gravitational waves with optically-levitated sensors, Phys.
Rev. Lett. 110, 071105 (2013).

[43] N. Aggarwal, G. P. Winstone, M. Teo, M. Baryakhtar, S. L.
Larson, V. Kalogera, and A. A. Geraci, Searching for new
physics with a levitated-sensor-based gravitational-wave
detector, Phys. Rev. Lett. 128, 111101 (2022).

[44] N. Aggarwal et al, Challenges and opportunities of
gravitational-wave searches at MHz to GHz frequencies,
Living Rev. Relativity 24, 4 (2021).

[45] M. Lawson, A.J. Millar, M. Pancaldi, E. Vitagliano, and F.
Wilczek, Tunable axion plasma haloscopes, Phys. Rev. Lett.
123, 141802 (2019).

[46] G.B. Gelmini, A. J. Millar, V. Takhistov, and E. Vitagliano,
Probing dark photons with plasma haloscopes, Phys. Rev. D
102, 043003 (2020).

[47] A.J. Millar et al. (ALPHA Collaboration), Searching for
dark matter with plasma haloscopes, Phys. Rev. D 107,
055013 (2023).

[48] D. Alesini et al., The future search for low-frequency axions
and new physics with the FLASH resonant cavity experi-
ment at Frascati National Laboratories, Phys. Dark Universe
42, 101370 (2023).

[49] F. K. Manasse and C. W. Misner, Fermi normal coordinates
and some basic concepts in differential geometry, J. Math.
Phys. (N.Y.) 4, 735 (1963).

[50] R. Balafendiev, C. Simovski, A. J. Millar, and P. Belov, Wire
metamaterial filled metallic resonators, Phys. Rev. B 106,
075106 (2022).

[51] P. A. Belov, R. Marqués, S. 1. Maslovski, I. S. Nefedov, M.
Silveirinha, C.R. Simovski, and S. A. Tretyakov, Strong
spatial dispersion in wire media in the very large wavelength
limit, Phys. Rev. B 67, 113103 (2003).

[52] A. Demetriadou and J. B. Pendry, Taming spatial dispersion
in wire metamaterial, J. Phys. Condens. Matter 20, 295222
(2008).

[53] M. G. Silveirinha, Artificial plasma formed by connected
metallic wires at infrared frequencies, Phys. Rev. B 79,
035118 (2009).

[54] S.I. Maslovski and M. G. Silveirinha, Nonlocal permittivity
from a quasistatic model for a class of wire media, Phys.
Rev. B 80, 245101 (2009).

[55] H. Latioui and M. G. Silveirinha, Light tunneling anomaly
in interlaced metallic wire meshes, Phys. Rev. B 96, 195132
(2017).

[56] W.-J. Chen, B. Hou, Z.-Q. Zhang, J. B. Pendry, and C.T.
Chan, Metamaterials with index ellipsoids at arbitrary
k-points, Nat. Commun. 9, 2086 (2018).

[57] D. Sakhno, E. Koreshin, and P. A. Belov, Longitudinal
electromagnetic waves with extremely short wavelength,
Phys. Rev. B 104, L100304 (2021).

[58] D. Sakhno, E. Koreshin, and P. A. Belov, Controlling the
dispersion of longitudinal waves via the affine deformation
of the interlaced wire medium, Photonics Nanostruct.
Fundam. Appl. 55, 101150 (2023).

[59] S. Weinberg, Infrared photons and gravitons, Phys. Rev.
140, B516 (1965).

[60] C. Garcia-Cely and A. Ringwald, Complete gravitational-
wave spectrum of the Sun, Phys. Rev. Lett. 135, 061001
(2025).

[61] J. Ghiglieri and M. Laine, Gravitational wave background
from standard model physics: Qualitative features, J. Cos-
mol. Astropart. Phys. 07 (2015) 022.

[62] J. Ghiglieri, G. Jackson, M. Laine, and Y. Zhu, Gravitational
wave background from standard model physics: Complete
leading order, J. High Energy Phys. 07 (2020) 092.

055011-15


https://doi.org/10.1140/epjc/s10052-019-7542-5
https://doi.org/10.1103/PhysRevD.105.116011
https://doi.org/10.1103/PhysRevLett.129.041101
https://doi.org/10.1103/PhysRevD.108.084058
https://doi.org/10.1103/PhysRevD.108.L061303
https://doi.org/10.1007/JHEP03(2024)128
https://doi.org/10.1007/JHEP03(2024)128
https://doi.org/10.1103/PhysRevD.109.096023
https://doi.org/10.1103/PhysRevD.109.096023
https://doi.org/10.1103/PhysRevD.109.104048
https://doi.org/10.1103/PhysRevD.110.023018
https://doi.org/10.1103/PhysRevD.110.023018
https://doi.org/10.1103/966v-r5fm
https://doi.org/10.1103/966v-r5fm
https://doi.org/10.1103/PhysRevD.111.035031
https://doi.org/10.1103/PhysRevD.111.035031
https://doi.org/10.1103/PhysRevD.109.044009
https://doi.org/10.1103/PhysRevD.109.044009
https://doi.org/10.1103/PhysRevD.110.064061
https://doi.org/10.1103/PhysRevD.110.064061
https://doi.org/10.1007/JHEP08(2024)195
https://doi.org/10.1016/j.physletb.2016.07.078
https://doi.org/10.1016/j.physletb.2016.07.078
https://doi.org/10.1088/1475-7516/2016/10/001
https://doi.org/10.1088/1475-7516/2016/10/001
https://doi.org/10.1103/PhysRevLett.110.071105
https://doi.org/10.1103/PhysRevLett.110.071105
https://doi.org/10.1103/PhysRevLett.128.111101
https://doi.org/10.1007/s41114-021-00032-5
https://doi.org/10.1103/PhysRevLett.123.141802
https://doi.org/10.1103/PhysRevLett.123.141802
https://doi.org/10.1103/PhysRevD.102.043003
https://doi.org/10.1103/PhysRevD.102.043003
https://doi.org/10.1103/PhysRevD.107.055013
https://doi.org/10.1103/PhysRevD.107.055013
https://doi.org/10.1016/j.dark.2023.101370
https://doi.org/10.1016/j.dark.2023.101370
https://doi.org/10.1063/1.1724316
https://doi.org/10.1063/1.1724316
https://doi.org/10.1103/PhysRevB.106.075106
https://doi.org/10.1103/PhysRevB.106.075106
https://doi.org/10.1103/PhysRevB.67.113103
https://doi.org/10.1088/0953-8984/20/29/295222
https://doi.org/10.1088/0953-8984/20/29/295222
https://doi.org/10.1103/PhysRevB.79.035118
https://doi.org/10.1103/PhysRevB.79.035118
https://doi.org/10.1103/PhysRevB.80.245101
https://doi.org/10.1103/PhysRevB.80.245101
https://doi.org/10.1103/PhysRevB.96.195132
https://doi.org/10.1103/PhysRevB.96.195132
https://doi.org/10.1038/s41467-018-04490-4
https://doi.org/10.1103/PhysRevB.104.L100304
https://doi.org/10.1016/j.photonics.2023.101150
https://doi.org/10.1016/j.photonics.2023.101150
https://doi.org/10.1103/PhysRev.140.B516
https://doi.org/10.1103/PhysRev.140.B516
https://doi.org/10.1103/gtwg-pr41
https://doi.org/10.1103/gtwg-pr41
https://doi.org/10.1088/1475-7516/2015/07/022
https://doi.org/10.1088/1475-7516/2015/07/022
https://doi.org/10.1007/JHEP07(2020)092

RODOLFO CAPDEVILLA et al.

PHYS. REV. D 112, 055011 (2025)

[63] A. Ringwald, J. Schiitte-Engel, and C. Tamarit, Gravita-
tional waves as a big bang thermometer, J. Cosmol.
Astropart. Phys. 03 (2021) 054.

[64] J. Ghiglieri, J. Schiitte-Engel, and E. Speranza, Freezing-in
gravitational waves, Phys. Rev. D 109, 023538 (2024).

[65] A. Ringwald, K. Saikawa, and C. Tamarit, Primordial
gravitational waves in a minimal model of particle
physics and cosmology, J. Cosmol. Astropart. Phys. 02
(2021) 046.

[66] B. Barman, N. Bernal, Y. Xu, and O. Zapata, Gravitational
wave from graviton Bremsstrahlung during reheating,
J. Cosmol. Astropart. Phys. 05 (2023) 019.

[67] N. Bernal, S. Cléry, Y. Mambrini, and Y. Xu, Probing
reheating with graviton bremsstrahlung, J. Cosmol. Astro-
part. Phys. 01 (2024) 065.

[68] E. Witten, Cosmic separation of phases, Phys. Rev. D 30,
272 (1984).

[69] C.J. Hogan, Gravitational radiation from cosmological
phase transitions, Mon. Not. R. Astron. Soc. 218, 629
(1986).

[70] M. Hindmarsh, S.J. Huber, K. Rummukainen, and D.J.
Weir, Gravitational waves from the sound of a first order
phase transition, Phys. Rev. Lett. 112, 041301 (2014).

[71] D. G. Figueroa, M. Hindmarsh, and J. Urrestilla, Exact
scale-invariant background of gravitational waves from
cosmic defects, Phys. Rev. Lett. 110, 101302 (2013).

[72] D.G. Figueroa, M. Hindmarsh, J. Lizarraga, and J.
Urrestilla, Irreducible background of gravitational waves
from a cosmic defect network: Update and comparison
of numerical techniques, Phys. Rev. D 102, 103516
(2020).

[73] W. Buchmuller, V. Domcke, H. Murayama, and K. Schmitz,
Probing the scale of grand unification with gravitational
waves, Phys. Lett. B 809, 135764 (2020).

[74] G. Servant and P. Simakachorn, Ultrahigh frequency pri-
mordial gravitational waves beyond the kHz: The case of
cosmic strings, Phys. Rev. D 109, 103538 (2024).

[75] G.B. Gelmini, S. Pascoli, E. Vitagliano, and Y.-L. Zhou,
Gravitational wave signatures from discrete flavor sym-
metries, J. Cosmol. Astropart. Phys. 02 (2021) 032.

[76] V. Domcke and C. Garcia-Cely, Potential of radio telescopes
as high-frequency gravitational wave detectors, Phys. Rev.
Lett. 126, 021104 (2021).

[77] A. Tto, K. Kohri, and K. Nakayama, Gravitational wave
search through electromagnetic telescopes, Prog. Theor.
Exp. Phys. 2024, 023E03 (2024).

[78] A.Lella, F. Calore, P. Carenza, and A. Mirizzi, Constraining
gravitational-wave backgrounds from conversions into pho-
tons in the Galactic magnetic field, Phys. Rev. D 110,
083042 (2024).

[79] A. Ito, K. Kohri, and K. Nakayama, Probing high frequency
gravitational waves with pulsars, Phys. Rev. D 109, 063026
(2024).

[80] V. Dandoy, T. Bertélez-Martinez, and F. Costa, High
frequency gravitational wave bounds from Galactic neutron
stars, J. Cosmol. Astropart. Phys. 12 (2024) 023.

[81] J.1. McDonald and S. A.R. Ellis, Resonant conversion of
gravitational waves in neutron star magnetospheres, Phys.
Rev. D 110, 103003 (2024).

[82] M. Carmeli, Gravitational Bremsstrahlung in nonrelativistic
collisions, Phys. Rev. 158, 1243 (1967).

[83] Y. B. Zeldovich and 1. D. Novikov, Relativistic Astrophys-
ics. Vol. 1: Stars and Relativity (The University of Chicago
Press, Chicago and London, 1971).

[84] R.J. Gould, The graviton luminosity of the sun and other
stars, Astrophys. J. 288, 789 (1985).

[85] M. Sasaki, T. Suyama, T. Tanaka, and S. Yokoyama,
Primordial black hole scenario for the gravitational-wave
event GW150914, Phys. Rev. Lett. 117, 061101 (2016);
121, 059901(E) (2018).

[86] G.D. Quinlan and S.L. Shapiro, Dynamical evolution of
dense clusters of compact stars, Astrophys. J. 343, 725 (1989).

[87] H. Mouri and Y. Taniguchi, Runaway merging of black
holes: Analytical constraint on the timescale, Astrophys. J.
Lett. 566, L17 (2002).

[88] K. Kurokawa, The expansions of electromagnetic fields in
cavities, IRE Trans. Microwave Theory Tech. 6, 178 (1958).

[89] L.D. Landau, J.S. Bell, M. Kearsley, L. Pitaevskii, E.
Lifshitz, and J. Sykes, Electrodynamics of Continuous
Media (Elsevier, New York, 2013), Vol. 8.

055011-16


https://doi.org/10.1088/1475-7516/2021/03/054
https://doi.org/10.1088/1475-7516/2021/03/054
https://doi.org/10.1103/PhysRevD.109.023538
https://doi.org/10.1088/1475-7516/2021/02/046
https://doi.org/10.1088/1475-7516/2021/02/046
https://doi.org/10.1088/1475-7516/2023/05/019
https://doi.org/10.1088/1475-7516/2024/01/065
https://doi.org/10.1088/1475-7516/2024/01/065
https://doi.org/10.1103/PhysRevD.30.272
https://doi.org/10.1103/PhysRevD.30.272
https://doi.org/10.1093/mnras/218.4.629
https://doi.org/10.1093/mnras/218.4.629
https://doi.org/10.1103/PhysRevLett.112.041301
https://doi.org/10.1103/PhysRevLett.110.101302
https://doi.org/10.1103/PhysRevD.102.103516
https://doi.org/10.1103/PhysRevD.102.103516
https://doi.org/10.1016/j.physletb.2020.135764
https://doi.org/10.1103/PhysRevD.109.103538
https://doi.org/10.1088/1475-7516/2021/02/032
https://doi.org/10.1103/PhysRevLett.126.021104
https://doi.org/10.1103/PhysRevLett.126.021104
https://doi.org/10.1093/ptep/ptae004
https://doi.org/10.1093/ptep/ptae004
https://doi.org/10.1103/PhysRevD.110.083042
https://doi.org/10.1103/PhysRevD.110.083042
https://doi.org/10.1103/PhysRevD.109.063026
https://doi.org/10.1103/PhysRevD.109.063026
https://doi.org/10.1088/1475-7516/2024/12/023
https://doi.org/10.1103/PhysRevD.110.103003
https://doi.org/10.1103/PhysRevD.110.103003
https://doi.org/10.1103/PhysRev.158.1243
https://doi.org/10.1086/162848
https://doi.org/10.1103/PhysRevLett.117.061101
https://doi.org/10.1103/PhysRevLett.121.059901
https://doi.org/10.1086/167745
https://doi.org/10.1086/339472
https://doi.org/10.1086/339472
https://doi.org/10.1109/TMTT.1958.1124535

	Gravitational wave detection with plasma haloscopes
	I. INTRODUCTION
	II. ANALYTICAL FORMALISM
	A. Lagrangian and proper detector frame
	B. Electric field signal

	III. MEDIUM EFFECTS
	A. Mode frequencies
	B. Overlap integral
	1. Transverse magnetic mode TM010
	2. Transverse magnetic mode TM012
	3. Transverse electric mode TE111
	4. Irrotational mode Ei,111


	IV. PROJECTIONS
	V. CONCLUSIONS
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	APPENDIX A: CAVITY MODES IN MEDIA
	1. Solenoidal modes
	2. Irrotational modes

	APPENDIX B: ANISOTROPIC MEDIA
	APPENDIX C: SIGNAL POWER
	References


