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Abstract: An overview of recent progress on testing Lorentz and CPT symmetry using Penning
traps is presented. The theory of quantum electrodynamics with Lorentz-violating operators of mass
dimensions up to six is summarized. Dominant shifts in the cyclotron and anomaly frequencies of
the confined particles and antiparticles due to Lorentz and CPT violation are derived. Existing results
of the comparisons of charge-to-mass ratios and magnetic moments involving protons, antiprotons,
electrons, and positrons are used to constrain various coefficients for Lorentz violation.
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1. Introduction

Precision experiments involving Penning traps have in recent years achieved impres-
sive sensitivities to properties of fundamental particles. For example, the magnetic moment
of electrons has been measured to a record precision of 0.28 ppt [1]. The high precision
offered by Penning-trap experiments provides excellent opportunities to test fundamental
symmetries. This includes the Lorentz symmetry, one of the foundations of both general
relativity and the Standard Model of particle physics. It has been recently shown that tiny
violations of Lorentz symmetry could naturally arise in a fundamental theory that unifies
gravity with quantum physics at the Plank scale Mp~10'® GeV, such as string theory [2,3].
As in any effective field theory, violations of CPT symmetry also break Lorentz symme-
try [4-6], testing Lorentz symmetry also includes CPT tests. In recent years, searches for
Lorentz and CPT violation in precision experiments have been performed across many sub-
fields of physics [7], including Penning-trap experiments. Here, we provide an overview
of the recent progress on testing Lorentz and CPT violation in Penning-trap experiments
measuring charge-to-mass ratios and magnetic moments of protons, antiprotons, electrons,
and positrons.

In the context of effective field theory, the comprehensive framework that describes
all possible Lorentz violation is the Standard Model Extension (SME) [4,5,8]. The La-
grange density of the SME is constructed from general relativity and the Standard Model
by adding all possible Lorentz-violating terms. Each of such terms is formed from a
coordinate-independent contraction of a general Lorentz-violating operator with a corre-
sponding coefficient. The subset of the SME with operators of mass dimensions d < 4 is
called the minimal SME, which is power-counting renormalizable. For the non-minimal
SME, it restricts attention to operators of mass dimensions d > 4, which is viewed to
produce higher-order effects. Study of the non-minimal SME serves as a basis for fur-
ther investigations of many aspects of Lorentz and CPT violation, such the causality and
stability [9,10], Lorentz-violating models in supersymmetry [11], non-commutative Lorentz-
violating quantum electrodynamics [12-14], and the underlying pseudo-Riemann-Finsler
geometry [15-18].

For Penning-trap experiments measuring charge-to-mass ratios and magnetic mo-
ments of confined particles or antiparticles, both the minimal and nonminimal SME can

Symmetry 2021, 13, 1703. https:/ /doi.org/10.3390/sym13091703

https:/ /www.mdpi.com/journal /symmetry


https://www.mdpi.com/journal/symmetry
https://www.mdpi.com
https://doi.org/10.3390/sym13091703
https://doi.org/10.3390/sym13091703
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.3390/sym13091703
https://www.mdpi.com/journal/symmetry
https://www.mdpi.com/article/10.3390/sym13091703?type=check_update&version=2

Symmetry 2021, 13, 1703

2 of 20

produce various measurable Lorentz- and CPT-violating effects via shifts in the cyclotron
and anomaly frequencies. These effects in general can depend on sidereal time and differ
between particles and antiparticles. In the minimal SME, the authors of [19,20] present the
first theoretical analysis to study Lorentz and CPT violation in Penning traps. An extension
to the nonminimal SME by including Lorentz-violating operators of mass dimensions up
to six was recently made in [21], in which analysis of the magnetic moment comparisons
between particles and antiparticles using Penning traps was also performed. A similar
application to charge-to-ratio comparisons is presented in [22]. For the effects arising from
sidereal variations due to the Earth’s rotation, the related discussions are given in [23-25].

In this work, we provide an overview of recent progress on searching for Lorentz- and
CPT-violating signals using Penning traps and provide the most updated constraints on
the coefficients for Lorentz violation that are relevant to these experiments. The results
provided in this work are complementary to these from the studies of Lorentz and CPT
violation in experiments involving measurements of the muon’s anomalous magnetic
moment [26,27], the spectroscopic analysis of hydrogen, antihydrogen, and other related
systems [28], and clock comparisons [29].

This work is organized as follows. We start in Section 2 with the related theory, where
we present in Section 2.1 the theory of Lorentz-violating quantum electrodynamics with
operators of mass dimensions up to six. The perturbative energy shifts to the confined
particles or antiparticles are obtained in Section 2.2 using perturbation theory. Section 2.3
gives the corresponding shifts in the cyclotron and anomaly frequencies due to Lorentz
and CPT violation. The discussion of sidereal variations and rotation matrices are given in
Section 2.4. Then, we turn in Section 3 to experimental applications to various Penning-
trap experiments and present the constraints on the coefficients for Lorentz violation.
The applications to charge-to-mass ratio comparisons are treated in Section 3.1, with
Section 3.1.1 focusing on the proton sector, and Section 3.1.2 discussing the electron sector,
respectively. The resulting constraints on the coefficients for Lorentz violation from the
reported experimental results are summarized in Tables 1-3. Section 3.2 discusses the
applications to magnetic moment comparisons, with Section 3.2.1 for the proton sector,
and Section 3.2.2 for the electron sector, respectively. The corresponding limits on the
coefficients for Lorentz violation are listed in Tables 4 and 5. The summary of this work is
given in Section 4. Finally, Appendix A lists the explicit expressions of the transformations
of the relevant coefficients into different frames. Throughout this work, we follow the same
notation used in [21,22] and adopt natural units with#i = c = 1.

2. Theory

In this section, we summarize the theory developed in [21] of Lorentz-violating quan-
tum electrodynamics with operators of mass dimension d < 6 and derive the energy shifts
for particles and antiparticles confined in Penning traps due to Lorentz and CPT violation.

2.1. Lagrange Density

For a single Dirac fermion field ¢ of charge g and mass my, the general Lorentz-
violating Lagrange density Ly can be constructed by adding a general Lorentz-violating

operator Q to the conventional Lagrange density,
Ly = 3P(y"iDy — my + Q)¢ + Hee, )

where D, = (9, +iqA,) is the covariant derivative given by the minimal coupling with
A, being the electromagnetic four-potential. H.c. means Hermitian conjugate. The general
Lorentz-violating operator Q in the Lagrange density (1) is a 4 x 4 spinor matrix that con-
tains terms formed by the contraction of a generic coefficient for Lorentz violation, the co-
variant derivative iD,, the antisymmetric electromagnetic field tensor Fyg = dyAg — dpAa,
and one of the 16 Dirac matrix bases. For example, one of the dimension-five operators

involving the F-type coefficients for Lorentz violation takes the form bl(f)” “p Fupy5yu- For
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mass dimension d < 6, a full list of the relevant coefficients for Lorentz violation and their
properties are given in Table I in [21]. Note that the hermiticity of the Lagrange density (1)
indicates that the operator O satisfies the condition O = Y0 QWO. In the free-fermion
limit where A, = 0, the explicit expression of the Lagrange density (1) at arbitrary mass
dimension has been studied in [30]. For the interaction case where A, # 0, [21] developed
a theory for operators of mass dimensions up to six. An extension of the theory to include
operators of arbitrary mass dimension was recently given in [31]. Similar analysis has also
been performed for other SME sectors, including these for photon [32], neutrino [33], and
gravity [34].

Due to the existence of the general operator Q in the Lagrange density (1), the conven-
tional Dirac equation for a fermion in electromagnetic fields is modified to

(p-y—my+Qyp=0, 2)

where we have chosen the momentum space for convenience, with the identification
pa <> iDy. Given the fact that no Lorentz-violating signals have been observed so far,
any such signal must be tiny compared to the energy scale of the system of interest.
Therefore, we can treat the corrections due to Lorentz and CPT violation to the conventional
Hamiltonian as perturbative and apply perturbation theory to obtain the dominant shifts
to the energy levels of the confined particles and antiparticles. From Equation (2), the exact
Hamiltonian H can be defined as

Hyp = p"p = 10(p- v +my — Q¢ = (Ho+ 5H)y, ®)

where p? is the exact energy of the system of interest, including all contributions from
Lorentz and CPT violation, H is the conventional Hamiltonian for a fermion in an electro-
magnetic field, and éH = —’yo@ is the exact Perturbative Hamiltonian.

To construct 6H, we note that operator Q in general contains terms that are of powers
of p®, which corresponds to the exact Hamiltonian # itself. In certain simple cases, one can
apply a field redefinition to remove the additional time derivatives and adopt the standard
procedure involving time translation on wave functions to obtain the exact perturbative
Hamiltonian 6H [20]. In more general cases, it is challenging to directly construct H due
to the existence of powers of time derivatives. However, we notice that any contributions
to 0H due to the exact Hamiltonian H are at second or higher orders in the coefficients
for Lorentz violation. Therefore, to obtain the leading-order results, one can apply the
following substitution [21,33]:

OH ~ —’Yo@|poﬁgo, 4)

where Ej is the unperturbative eigenvalue, which can be obtained by solving the conven-
tional Dirac equation for a fermion in an electromagnetic field.

2.2. Perturbative Energy Shifts

With the perturbative Hamiltonian éH determined by Equation (4), the shifts in the
energy levels of a confined particle can be obtained by applying perturbation theory,

OEn+ = (Xn+|0H |Xn,+), ®)

where X, + are the unperturbative stationary eigenstates with n being the level number and
+ denoting the spin for a positive-energy fermion. 6E,, + are the perturbative corrections
to the energy levels due to Lorentz and CPT violation.

To derive the expressions for 0E; +, we can take an idealized Penning trap where
a constant uniform magnetic field is applied to confine the particle’s radial motion and
a quadrupole electric field provides the axial confinement. The dominant effects in the
unperturbative energy levels are due to the interactions between the confined particle
and the magnetic field. The quadruple electric field generates effects suppressed by a
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factor of E/B =~ 10~° in natural units for a typical Penning trap field configuration with
E =~ 20kV/m and B ~ 5 T. Therefore, the leading-order results in JE, 4+ can be obtained
by further idealizing the trap as a pure uniform magnetic field in which a quantum
fermion moves. Following the above discussion, for a spin-1/2 fermion, the leading-order
perturbative energy shifts due to Lorentz and CPT violation are found to be [22]

=3 = - a1~ (2n+170)|qB|
= T OB — i, B OB, B + (08— mu ) + (@ 4+ ).)) S R
- ~ 1 > 2n+1)|gB
+<$U(bg}11 +bf’,,22) - (Cgul +C302)§)%, (6)

w

where ¢ is the charge sign of the fermion, given by g = ¢|g|. The subscript w indicates the
fermion species. For example, for electrons and protons, w = e and w = p, respectively.
The tilde coefficients are defined by

= a0 — mpc® — el + mEm% 4 w2l — 3,000 _ g3 (0000
= 3 H2 mgd® — nnggl20 1 mzzubz(vs)soo n min(Us)lzoo B mi]dg?)aooo B m%)ggue)uooo’
_ m(FSz)ulz n al(tS,z)flz B wC(Fé,i?Olz B wel(re,i]ou,
_ b}(j5ﬂ)512 n Hz(-%uu B mwd%m B wgl(:z)ulzolzl
= gl — g 4 g~ A 2 (R PO
+2"1%61506)3000 +3m3 (gg?)lzooo B ggué)mooz i gz(ué)ozom)’
= W om0 _ 21,3000 4 3m§,c§,,6 10000 4 52 (6 )00, (7)
and the “11 + 22" types of tilde coefficients are defined by
(E{{;)s = c{{, — mea,(f)joj + 3m30c7(06)j00j,
(Eg,); = —mwaﬁf’)oﬁ — mwmz(f)jj +3m§,cz(06)00]7 +3m§,ez(u6)0jj,
5 bgﬁﬁ + Hg)lej _ 3mwd§u6)30ﬁ _ 3mwgz(o6)120ﬁ’ 8)

with j = 1 or 2 only. The subscripts s and 5 in the &}, tilde coefficients in the energy shifts (6)
show that (¢} )s give both spin-dependent and spin-independent energy shifts, while (]} )s
produce only spin-independent ones, as evident from the corresponding proportional
factors 2n + 1 F o and 2n + 1. We note that the tilde coefficients 712,, 52,, ﬁz%,w, and E?w in
the energy shifts (6) produce effects that are independent of the level number 7.

Following a similar analysis, the corresponding leading-order shifts to the energy
levels of antifermions can be determined by using

OB+ = (X« |0H X4, ©)

where x7, ; are the positive-energy antifermion eigenstates, obtained by applying charge
conjugation on the negative-energy fermion solutions ), +. 0 is the antifermion per-
turbative Hamiltonian, which can be obtained from 6 by reversing the charge sign o
and changing the signs for all CPT-odd coefficients in operator Q. Using Equation (9), the
antifermion results are given by [22]

(2n+1F0)|gB|

= _a:(uo =+ 0:5:03 - ’%;,SwB + UFV;?SJB + ( + 052;3 — My [52;0 + (Egul + E%UZ)S]) 211’!2
w
~ ~ 1 > 2n+1)|gB
@ B - @l ) B (10)
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where the tilde quantities with a star subscript are given by
a0 a0, + 1y cQ — myel, — mwm(s)oo +m aS)OOO + mgjcz(ué)oooo — mi,egué)ooo,
B3 B3 — H2 4 mopd® — mpgl2® + m%;bz(u )300 m%;HZ(US)uoo n mz,df(yé)?’ooo B mg,ugguﬁ)uooo,
fﬁ?—ﬁw m%sz)ulz (Psi?lz S (Fé)0012+ . 1(F6,z)¢?12'
b?{Z b(;z)fu B H(5)1212 i d(6)3012 B mwg(pi)uuolz,
B;a B, + i (g120 — 012 4 o021y 2 b(5)300 o2 (H(5)1200 B H(5)0102 n H( )0201)
o dé, 3000 5.3 (g?(u )12000 gz(ué)mooz gé) )02001)
&0 (00 _ g% 1 2 200 4 ( 0000 _ 5. z(s)ooo/ 1)
and the corresponding “11 + 22” starred tilde quantities are defined by
(A*]f) _ +2mwa( W 4 34 zzucgu )100]
(E’;]])? — my, a( )0jj — 1y m( il 3m2, C( )00jj ~ 32, e( )OJJ
b = p¥ g 4 3, d (O3 3y, g 0120 (12)

In the result (10), the charge sign ¢ is understood to be reversed for the antifermion.
Comparing the fermion and antifermion energy shifts results (6) and (10), (5Ew 44 can also
been obtained from JE;’ | by reversing the charge sign ¢, the spin orientation, and the
signs of all CPT-odd coefficients for Lorentz violation, as expected.

We remark in passing that the rotation properties of the coefficients for Lorentz
violation appearing in results (6) and (10) are represented by their indices. For example,
the index pair “12” on the right sides of the definitions (7) and (11) is antisymmetric. This
implies that these coefficients for Lorentz violation transform like a single “3” index under
rotations, while coefficients with an index “0” or an index pair “00” are invariant under
rotations. The cylindrical symmetry of the Penning trap is correctly reflected by the fact
that the results (6) and (10) only depend on index “0”, “3”, and “11+22".

2.3. Cyclotron and Anomaly Frequencies

The primary observables of interest in a Penning-trap experiment are frequencies. Two
key frequencies are the cyclotron frequency v, = w./2m and the Larmor spin-precession
frequency v; = wy /2. The difference of the two frequencies gives the anomaly frequency
VL — Ve = Vg = w,y/27 [35]. For a confined fermion of flavor w in a Penning trap, the
cyclotron and anomaly frequencies are defined as the energy difference between the
following energy levels [20,21]:

w __ w w w __ w w
¢ =Ei,—Ege w,; =Ey_,—Ej,- (13)

For an antifermion of flavor w, the corresponding definitions for the cyclotron and

anomaly frequencies are given by [20,21]
wl =EY, —E§,,  wy=E ,—E{, (14)

with the understanding that the charge signs ¢ in definitions (14) are reversed compared to
these in definitions (13).

In a Lorentz-invariant scenario, the charge-to-mass ratio and the g factor of a particle
or an antiparticle confined in a Penning trap with a magnetic field strength B are related to
the above cyclotron and anomaly frequencies by

w,
lal _ e (15)
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and

respectively. For Penning-trap experiments comparing the charge-to-mass ratios or the
g factors between a particle of species w and its corresponding antiparticle w, the CPT
theorem guarantees that the following differences must be zero,

(gl/m}w o w&
(|q|/m) —1= P 1=0, (17)
and » -
w w
58w —8a) = 5~ 5 =0 (1)
c c

where in Equation (17), for simplicity, we have assumed the same magnetic field is used
in the comparison. When different magnetic fields are used, the expression can be easily
obtained by substituting w? /w¥ in the middle term of Equation (17) by (w¥/Bz)(w¥/By),
where By, and By are the strengths of the magnetic fields used to confine the particle and
antiparticle, respectively. However, this assumption is not required to derive Equation (18)
as the ratios w?¥/w? and w¥/w¥ do not depend on the magnetic field used in the trap.

However, in the presence of Lorentz and CPT violation, the picture changes dramati-
cally as both the cyclotron and anomaly frequencies for fermions and antifermions can be
shifted due to the Lorentz- and CPT-violating corrections to the energy levels,

Sw = SEY, — OEF,, dwy = SEf_, — 6EY,,
dw? = 0EY, —OEY,  dwl = OEY_, — OEY,. (19)

Applying energy shift results (6) and (10), the corrections to the cyclotron frequencies
for a fermion and antifermion are found to be [22]

1 1 ~ ~
Sw? = (m2 b — o @+ +c) — (b + bf,}z))eB
_ 1 1 ~ ~
sl = ( e b — ~ — @+ EP) + (T + b;‘,,322)> eB, (20)

where the tilde and starred tilde coefficients are given by definitions (7) and (11). The &

and cw] tilde coefficients with j taking values of 1 or 2 are the sum of the two quantltles
given in definitions (8) and (12),

() (@)=

5 00
()]]+3 Zzu()JJ

— 2y a0 o 4 32 (000 4 34,2 (0007

(E?L”)s +(@)s

C% +2mwa$)]ol +3m%ucf(v6)]00] + mwlil-&?)ojj — My ( )i +3m C( )00jj — 3m 2 ( )O]] (21)

For the shifts in the anomaly frequencies, the results are found to be [21]

= 205 —2b8 B
= —2b +2b*33 (22)

ow

27 8|

ow

where various tilde and starred tilde coefficients are given by definitions (7), (11), (8),
and (12). We note in passing that the shifts in the cyclotron and anomaly frequencies for
an antifermion in results (20) and (22) reveals that they can be obtained from these for the
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fermion by changing the signs of all the basic coefficients for Lorentz violation that control
CPT-odd effects, as might be expected.

Result (20) shows that the cyclotron frequency shifts due to Lorentz and CPT viola-
tion for a fermion are different from these for its corresponding antifermion. The same
conclusion holds for the anomaly frequency shifts from the result (22). This implies that in
the presence of Lorentz and CPT violation, the differences (15) and (17) do not vanish in
general. For the charge-to-mass ratio comparisons, the result becomes

_ w w w
al/m .y, @0 _ ool —bwd 23)
(gl /m)w wf wf

where the Lorentz- and CPT-invariant pieces in the measured cyclotron frequencies are
exactly canceled by the CPT theorem if the same magnetic field is used. The notation
<— indicates the correspondence between the experimental interpreted charge-to-mass
ratio comparison and the measured frequency difference w?/w? — 1. For the g factor
comparison between a fermion and antifermion, the related ratio comes to be

w w w w

(g _g7)<_>wia_w7a7§wu Owy

7 \&w w o T — o —
WY  w w? wW?

(24)

where again all Lorentz- and CPT-invariant contributions are canceled out on the right side.
We note that in the above expression (24), we only keep shifts in the anomaly frequencies
dw? and éw? due to Lorentz and CPT violation, as contributions from the cyclotron
frequencies Sw? and dw¥ are suppressed by factors of eB/m?, as evident from results (20)
and (22). Even for a comparatively large magnetic field of B ~ 5 T in a Penning trap, these
factors are at orders of eB/m?2 ~ 10~ for electrons or positrons, and eB/ m%, ~ 10716 for
protons or antiprotons, which can be ignored in Equation (24).

2.4. Sidereal Variations

The cyclotron and anomaly frequency shifts (20) and (22), which also appear in com-
parisons (23) and (24), are obtained in a particular apparatus frame x* = (xl, x2, x3), where
the positive £3 axis is aligned with the applied magnetic field in the trap. However, as Earth
rotates about its axis, this apparatus frame is not inertial. The standard canonical frame
that is adopted in the literature to compare results from different experiments searching for
Lorentz and CPT violations is called the Sun-centered frame X/ = (X, Y, Z) [36,37]. In this
frame, the Z axis is defined to be aligned along the Earth’s rotation axis, the X axis points
from the Earth to the Sun, and the Y axis completes a right-handed coordinate system.
The time origin of this coordinate system is chosen to be at the vernal equinox 2000. The
coefficients for Lorentz violation in this frame are assumed to be constants in time and
space [4,8].

To explicitly express the relationship of the coefficients for Lorentz violation between
the Sun-centered frame X/ = (X,Y,Z) and the apparatus frame x* = (x!,x?,x%), it is
convenient to introduce a third frame called the standard laboratory frame x = (x,y,2),
with the z axis pointing to the local zenith, the x axis aligned with the local south, and
the y axis completing a right-handed coordinate system. To relate the coordinates of these
three frames, we define two rotation matrices, RY and R/ [36,37], with RY connecting
= (x,y,2) to x* = (x1,x%,x%) by x* = RYx/, and R/l relating X/ = (X,Y,Z) to (x,y,z)
by x/ = RIXJ. The expressions for these two rotation matrices are given by

' cosxycoswgTgy cosxsinwgTqy —siny
R/ = —sinwg Ty cos we Ty 0 , (25)
sinxycoswg Ty sinxsinwgTs  cos)
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and
‘ cosy siny 0 cosp 0 —sinf cosa  sina 0
RY = —siny cosy 0 | X 0 1 0 x | —sina cosa 0 |, (26)
0 0 1 sinf 0 cosp 0 0 1

where wg ~ 271/(23 h 56 min) is the sidereal frequency of the Earth'’s rotation, Ty, denotes
the local sidereal time, x specifies the colatitude of the laboratory, and («, B, y) are the Euler
angles in the convenient “y-convention” of the rotation. The coordinates of the apparatus
frame and the Sun-centered frame can then be related by using the following expression:

x" = RYx) = RYR ], (27)

The relationship between the coefficients for Lorentz violation in these two frames can
also be derived from this result. We note that in the case that a vertical upward magnetic
field is used in the trap, the Euler angles become («, B,) = (0,0,0) and the rotation matrix
R% reduces to the identity matrix.

The above transformation (27) shows that in general the coefficients for Lorentz vi-
olation and thus the cyclotron and anomaly frequency shifts (20) and (22) determined
in the apparatus frame depend on the sidereal time and the geometric location of the
laboratory. As a result, signals observed in Earth-based experiments, including the above
comparisons (23) and (24), can oscillate at harmonics of the Earth’s sidereal frequency wg,
with the amplitudes depending on the laboratory colatitude ). To explicitly illustrate this,
here we consider a Penning-trap experiment located at colatitude )y and assume the mag-
netic field is aligned with the z axis. We give two explicit examples of the transformation
of coefficients for Lorentz violation using Equation (27). We first focus on the single-index
laboratory-frame coefficient /3, which appears in the shifts of the cyclotron frequency (20).
Applying the transformation (27) and taking («, B,) = (0,0,0) imply

b3 = cos we T b'X sin x + sin we T bl sin x + b!Z cos x. (28)

This result relates the tilde coefficients b/2 observed in the noninertial apparatus frame
to the constant coefficients E{U with | = X, Y, Z in the canonical inertial Sun-centered frame.
The expression contains terms proportional to the first harmonic in the Earth’s sidereal
frequency and a constant. The colatitude dependence is evident from the factors sin x and
cos X appearing above.

A slightly more complicated result can also be obtained for the sum of the two-index
tilde quantities ¢! + ¢22 in an analogous fashion. Applying the rotation (27) for each index
with RY being the identity matrix yields

S+ = cos2waTe(— (XX —2bY)sin x) + sin 2we T (— EéUXY) sin® x)
+ cos wg T (— “(w )sinZ)() +sinw@T@(—E(wY )sinzx)
+1(EXX 4 E) (3 4 cos2x) + %7 sin® x, (29)

where a parenthes on two indices of the coefficients indicates symmetrization with a factor

of 1/2. For example, E&XY) = (XY +¢YX) /2. Tt is revealed from the result (29) that the
sum of the tilde coefficients ci! + C22 in the apparatus frame depends on six independent

quantities ¢y, ~U ) with [,K = X, Y, Z in the Sun-centered frame, producing up to second
harmonics in the sidereal frequency of the Earth’s rotation. For both examples (28) and (29),
if the applied magnetic field points along a generic direction, trigonometric functions of
the Euler angles («, B, ¥) appear as well.

At the end of this subsection, we note that the revolution of the Earth about the Sun
can generate additional types of time variations for the coefficients for Lorentz violation,
such as the boost of the Earth relative to the Sun B¢, =~ 1074, and the boost of the laboratory
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due to the Earth’s rotation B ~ 10~°. However, as studied in the literature [27,28,38—40],
such boost effects are suppressed by one or more powers of their boost factors S and
B1. compared to these from rotations. Therefore, we treat them as negligible effects in the
present work.

3. Experiments

In this section, we analyze existing Penning-trap experiments that compare the charge-
to-mass ratios and the g factors between protons, antiprotons, electrons, and positrons. We
use reported results for the comparisons (23) and (24) from these experiments to constrain
the relevant Sun-centered frame tilde coefficients for Lorentz violation.

3.1. The Charge-to-Mass Ratios

For charge-to-mass ratio comparisons between a particle and its corresponding an-
tiparticle, the result (23) implies that the relevant tilde coefficients for Lorentz violation are
b3, el 4G22 3Ny 322 3 Gl g 22 and 311 4 px322 in the apparatus frame, given in
the result (20). The transformations of these tilde coefficients into the Sun-centered frame
depend on the field configuration in the trap. For a typical Penning-trap experiment, the
magnetic field is oriented either horizontally or vertically. The work in [22] presents a
complete list of transformation results for these tilde coefficients for the above two field
orientations. Here, for completeness, we include them in Appendix A. From these transfor-
mation results, it shows that for a given fermion of species w, the relevant quantities in the
Sun-centered frame that are related to the charge-to-mass comparisons in a Penning trap
are the following 54 independent tilde coefficients, 'E;{, Eg K), E{fKL) , EZ; I , EZ,(] ) , and EZ,] (KL),
In the following subsections, we apply the reported precisions for the charge-to-mass ratio
comparisons from Penning-trap experiments to set bounds on the relevant tilde coefficients
for Lorentz violation.

3.1.1. The Proton Sector

We start the analysis with the charge-to-mass comparisons between protons and
antiprotons. In a Penning-trap experiment located at CERN by the ATRAP collabora-
tion, Gabrielse and his group achieved a precision of 90 ppt for the proton—antiproton
charge-to-mass ratio comparison [41]. The experiment used a trap with a vertical uniform
magnetic field B = 5.85 T. Recently, another Penning-trap experiment at CERN by the
BASE collaboration led by Ulmer improved the comparison to the record sensitivity of 69
ppt [42], by applying a horizontal magnetic field B = 1.946 T which is oriented 60° east
of north. For the measurement of the charge-to-mass ratio of a proton, both experiments
used a trapped hydrogen ion (H™) as a proxy for the proton to eliminate systematic shifts
caused by polarity switching of the trapping voltages. The charge-to-mass ratio comparison
between an antiproton and a proton is then related to that between an antiproton and a
hydrogen ion by

(lgl/m)p 1_R(|Q|/m)H* b Rwl™ 7 (30)

where R = myy- /mp = 1.001089218754 is the ratio of the mass between a hydrogen ion and
a proton [42], and w!l is the cyclotron frequency for the hydrogen ion, with sw!! being
the corresponding shifts. To obtain dw!! ™, one can take w = H™ in the expression (20) and
the related tilde coefficients for Lorentz violation become the effective ones for a hydrogen
ion. Expressing these effective coefficients in terms of the corresponding fundamental
coefficients for the hydrogen ion constituents, which are the coefficients for electrons and
protons, is challenging due to nonperturbative issues including binding effects in the
composite hydrogen ion. However, an approximation to these coefficient relations can
be obtained by treating the wave function of the hydrogen ion as a product of the wave
functions of a proton and two electrons. Applying perturbation theory at the lowest order
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and ignoring the related binding energies, the cyclotron frequency shifts w!!™ of the
hydrogen ion due to Lorentz and CPT violation can then be approximated as the sum of
these for its constituents, dwtl ~ dw! +26w? . Substituting this into the result (30) yields

(lq|/m)s Swl — Réw! — 2R6w®
e R £
(lgl/m)y RwH™ '

(31)

As shown from the above result, the choice of using a hydrogen ion as a proxy for the
proton in the Penning trap provides sensitivities not only to the coefficients for Lorentz vio-
lation in the proton sector, but also introduces additional sensitivities to these for electrons.
Putting the above discussion together, the related Sun-centered frame tilde coefficients for
Lorentz violation that are sensitive to Penning-trap experiments comparing the charge-
to-mass ratios between protons and antiprotons are the following 81 independent tilde
quantities: E;,I , Eé,] K), E{,(KL), E;*I , E);,(I K), E;] (KL), gfj , Efe] K>, and EZ(KL). The published results
for the comparison (23) from both the ATRAP and the BASE experiments can be adopted
to set bounds on these tilde coefficients for Lorentz violation.

For the ATRAP experiment, the reported precision was obtained by analyzing the
measurements of the cyclotron frequencies in a time-averaged way, so any oscillating
effects in the difference (31) averaged out. This implies that only the constant terms that
appear in the transformation results in the first half of Appendix A can be constrained
using the published precision. Applying expression (31) by taking the reported precision
of 90 ppt for (|g|/m)5/(|q]/m), — 1 and identifying w!! = 27 x 89.3 MHz given in the
ATRAP experiment, the following limit can be obtained:

6w —1.0016w! —2.00260w" |const < 3.33 x 10720 GeV, (32)

where the subscript “const” indicates that only the constant terms in the transformations
results are relevant to the limit. However, future sidereal-variation analysis of the measure-
ments of the cyclotron frequencies can provide constraints on the non-constant terms that
appear in the harmonics in the transformation results.

For the experiment carried out by the BASE collaboration, as the magnetic field was
oriented at 60° east of north, both of the transformation matrices (25) and (26) are required
to relate the tilde coefficients for Lorentz violation in the apparatus frame to these in the
Sun-centered frame. For a general horizontal magnetic field with an angle § measured from
the local south in the counterclockwise direction, the corresponding Euler angles are found
tobe (a,B,7) = (0,7/2,0). The second half of Appendix A lists the full expressions of the
transformations for the related tilde coefficients for Lorentz violation. The BASE experiment
analyzed the data of the charge-to-mass ratio comparisons to search for both time-averaged
effects and sidereal variations in the first harmonics of the Earth’s rotation frequency.
Therefore, the reported results can be taken to set bounds on not only the constant terms
but also on the terms proportional to the first harmonics in the transformation results
given in Appendix A. Using the reported 69 ppt for the time-averaged precision and
720 ppt for the limit of the first harmonic amplitude for the comparison (31), and taking
wH™ =271 x 29.635 MHz for the BASE experiment, the following limits are obtained:

(560? - 1.001(5(0? —2.0026w const S, 8.46 X 10_27 GeV (33)
c ~

and
|6w! —1.0016w! —2.0020w° |14 < 8.83 x 10726 GeV, (34)

where the subscript “const” in the limit (33) has similar meaning as the one in (32), while
the subscript “1st” in the limit (34) specifies only the amplitude of the first harmonics in
the sidereal variation.

The limit (32) for the ATRAP experiment and limits (33) and (34) for the BASE ex-

periment set constraints on a combination of the Sun-centered frame tilde coefficients E;] ,
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E{p] K), E{,(KL), E;*] , E;U K), E;] (KL), E{J , aﬁf K), and E{ (KL). These constraints can be obtained by
substituting result (20) in limit (32) and applying the corresponding transformations given
in Appendix A with y = 43.8° for the ATRAP experiment, and substituting result (20) in
both limits (33) and (34) and identifying 8 = 271/3 and x = 43.8° in the transformation
expressions in Appendix A for the BASE experiment. To get some intuition about the
scope of the constraints on the individual component of the tilde coefficients, we can
take a common practice that is adopted in many subfields searching for Lorentz and CPT
violation [7], which assumes that only one individual tilde coefficient is nonzero at a time.
From the ATRAP limit (32), constraints on 27 independent tilde coefficients for Lorentz
violation are obtained, while from the BASE limits (33) and (34), a total of 69 independent
tilde coefficients for Lorentz violation are constrained. In Tables 1 and 2, we summarize
the constraints in the proton sector and the electron sector, respectively. In both tables, the
first column lists the individual components, the second column presents the correspond-
ing constraint on the modulus of the component, the third column specifies the related
experiment, and the related reference is given in the final column. We note that some of the
tilde coefficients for Lorentz violation are constrained by both the ATRAP and the BASE
experiments. To keep the results clean, we only keep the more stringent ones in both tables.

Table 1. Constraints on tilde coefficients for Lorentz violation in the proton sector using the charge-
to-mass ratio comparisons from the ATRAP and the BASE experiments.

Coefficient Constraint Experiment Reference
|’5%z|/ "5;7*2‘ <1 x 1010 GeV ATRAP [41]
|E;(X|l |E;*,XX| <1x 1010 ATRAP [41]
GG <1x 120710 ATRAP o
|E%Z|, |E<;ZZ‘ <8 x 10-11 BASE [42]
BX XA, X X)) <2 % 10710 Gev-1 BASE [42]
oy YA, By ()] <2 x 10710 Gev-! BASE [42]
6222 |, [b5222| <2 x 10710 Gev—1 BASE [42]
|[BZXX|, |brZXX| <2 x 10710 Gev-1 ATRAP [41]
[B2YY |, |B52YY | <2x 10710 Gev—! ATRAP [41]
b1, [ X <7 x 10710 GeVv BASE [42]
|E;Y|’ |g;<Y| <7 % 10~10 GeV BASE [42]
|E§,XZ)|, |E);(XZ)| <1x107° BASE [42]
YZ YZ _
|§,§ )|, |a~;§< )| <1x10°° BASE [42]
[DXXX], [prXXX| <2 %1079 GeV~! BASE [42]
@«XY) I |g;X(XY)| <2 %1079 Gev-! BASE [42]
BXYY], b5 XYY | <1x 1072 GeV~! BASE [42]
bXZZ|, |bX22| <9 x 10710 Gev ! BASE [42]
[BYXX], [psYXX| <1x1079 Gev~! BASE [42]
@(xn I |E;Y(XY)| <2 %1079 Gev-! BASE [42]
DY, b YY] <2%x1079 GeV~! BASE [42]
[bY22|, [bxY2Z| <9 x 10710 Gev ! BASE [42]
|E§(Xz) , |E;‘]Z(XZ)| <3x 1072 GeV~! BASE [42]
|E§(Yz) ] |E;Z(YZ)| <3 %109 Gev-! BASE [42]
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Table 2. Constraints on tilde coefficients for Lorentz violation in the electron sector using the
charge-to-mass ratio comparisons from the ATRAP and the BASE experiments.

Coefficient Constraint Experiment Reference
67| <2 x 107V GeV ATRAP [41]
XX <3 x 1071 ATRAP [41]
Y| <3 x 10714 ATRAP [41]
Al <2 x 1071 BASE [42]
X X2 <1 %1071 Gev! BASE [42]
7Y (YZ) -10 -1

b ) <1 x 10710 GeV BASE [42]
2424 <1x10710 Gev! BASE [42]
|pZXX| <9 x 101 Gev~! ATRAP [41]
2l <9 x 1071 Gev! ATRAP [41]
X <1 x 10716 GeV BASE [42]
DY | <1x 10716 GeV BASE [42]
%8| <3 x10°13 BASE [42]
B <3x10°13 BASE [42]
[BXXX| <1x1079 GeV~! BASE [42]
pXXY), <9 x 10710 Gev 1 BASE [42]
XYY | <5x 10710 GeV~! BASE [42]
bXZZ| <5x 10710 Gev! BASE [42]
|bYXX| <5x 10710 Gev~! BASE [42]
5y X)) <9 x 1010 Gev 1 BASE [42]
bYYY| <1 %107 GeV~! BASE [42]
bY%Z| <5x 10710 Gev~! BASE [42]
522 <2 %1079 GeV ! BASE [42]
5202 <2 %1079 GeV~! BASE [42]

3.1.2. The Electron Sector

For the comparison of the charge-to-mass ratios between an electron and a positron,
the current most accurate result was made in an experiment at the University of Washington,
with a precision at 130 ppb [43]. From the comparison (23), this time-average result gives
the following limit:

68 — 6w’ |const <,7.66 x 10720 GeV. (35)

Following a similar analysis as the one used for the proton sector in the previous
subsection, one can use the colatitude and magnetic field that are relevant to this experiment
X = 42.5° and B = 5.1 T upward, together with the transformation expressions given in
Appendix A, to obtain the constraints on the tilde coefficients for Lorentz violation b/, Eﬁl K)
PIEL) el @+ UK) and bl (KE)

. We summarize the results in Table 3, which is organized in
the same way as Tables 1 and 2. We note that some of the constraints of the tilde coefficients
from the electron-positron charge-to-mass ratio comparison are not comparable to these
given in Table 2 from the proton—antiproton comparison, so we do not include them in
Table 3. We also note that the Penning trap experiment at the University of Washington
used a radioactive source of positrons that requires special precautions. Efforts in applying
a safe source and ensuring efficient positron accumulation are currently being made at
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both Harvard University and Northwestern University [44,45], providing great potential
for improving the current bounds for the tilde coefficients listed in Tables 2 and 3.

Table 3. Constraints on tilde coefficients for Lorentz violation in the electron sector using the
charge-to-mass ratio comparisons from the experiment at the University of Washington.

Coefficient Constraint Experiment Reference
b <9 x 10~ e ashington

|bh2| 9 x 1071 GeV Washing [43]
|exXX]| <2 x 1077 Washington [43]
|exYY| <2x1077 Washington [43]
|cx2Z| <3 x 1077 Washington [43]
b <8 X107 GeV™ ashington

piX(X2) 8 x 104 Gev1 Washing [43]
|E:Y(YZ)| <8 x 1074 GeV~! Washington [43]
0772 <8 x 1074 GeV~! Washington [43]
bE2XX| <4 x 107* Gev~! Washington [43]
DE2YY | <4 x 1074 GeV~! Washington [43]

3.2. The g Factors and Magnetic Moments

For the g factor and magnetic moment comparisons between particles and antiparti-
cles using Penning traps, the result (24) implies that the relevant coefficients for Lorentz
violation in the apparatus frame are these given in Equation (22), B3, b3, b??w, and b*33
For a Penning trap with a vertical or horizontal magnetic field, the expressions of the
transformation for these tilde coefficients into the Sun-centered frame are also given in

Appendix A. The results show that there are 18 independent components of the tilde

coefficients for each fermion species w, given by b Z,] , b(] K) ,and b (] ) In the subsection
follows, we list the related Penning-trap experiments and use the reported comparison
results to set bounds on the corresponding tilde coefficients for Lorentz violation.

3.2.1. The Proton Sector

In the proton sector, the current best measurements of the magnetic moments for
both a proton and an antiproton were achieved by the BASE collaboration. The proton
magnetic moment measurement has a sensitivity of 0.3 ppb using a Penning trap located
at Mainz [46], improving their previous best measurement [47] by a factor of 11. The
antiproton magnetic moment measurement was measured to a precision of 1.5 ppb with a
similar Penning trap located at CERN [48]. Combining the reported 0.3 ppb and 1.5 ppb
precisions for the time-averaged measurements, and identifying w! = 27 x 28.96 MHz

and w! = 271 x 29.66 MHz for each experiment, comparison (24) yields

|6w! — 0.985w} |const <, 9.53 x 1072 GeV, (36)

where same subscript “const” is used to specify only the constant terms in the transforma-
tion are relevant to the above limit.

The corresponding constraints for the combinations of the tilde coefficients in the Sun-
centered frame can be obtained by applying the corresponding transformation results given
in Appendix A that are related to the specific field configuration in the trap and substituting
the numerical values of the laboratory quantities for both experiments in limit (36). For
the proton magnetic moment measurement at Mainz, the colatitude is xy = 40.0° and
the magnetic field B = 1.9 T points 8 = 18° from local south in the counterclockwise
direction [46]. For the experiment measuring the antiproton magnetic moment at CERN,
the trap is located at a slight different colatitude x = 43.8° and the magnetic field B =1.95T
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points 6 = 120° in the same convention as above [48]. Adopting the same assumption
that only one tilde coefficient is nonzero at a time, the constraint on each independent tilde
coefficient can be obtained. We summarize them in Table 4 in the same fashion as before.

Table 4. Constraints on tilde coefficients for Lorentz violation in the proton sector using the ¢ factor
comparison from the BASE experiments at Mainz and CERN.

Coefficient Constraint Experiment Reference
0% | <8 x 1072 GeV BASE [46,48]
b:2| <1 x 1072 GeV BASE [46,48]
bXX + 'E{; <4 x 1072 GeV~! BASE [46,48]
|'E§,Zp <3 %1072 GeV! BASE [46,48]
XX + bty <3 %1079 GeV~! BASE [46,48]
|'E;§,Z <1 x 108 GeV! BASE [46,48]

At the end of this subsection, we point out that a sidereal-variation analysis of the
anomaly frequencies for both protons and antiprotons is currently being carried out by
the BASE collaboration. This could in principle set bounds on other components of the

tilde coefficients E{,, Eg II:), E;;] , and E;(]iK) that have not been constrained before. The
BASE collaboration is also developing a quantum logic readout system to allow more
rapid measurements of the anomaly frequencies in the trap [49], which will offer excellent
opportunities to perform a sidereal-variation analysis of the experimental data, with great

potential to set more stringent limits on the tilde coefficients for Lorentz violation.

3.2.2. The Electron Sector

In the electron sector, the comparison of the anomaly frequencies between electrons
and positrons were performed in a Penning-trap experiment at the University of Wash-
ington, with a precision of about 2 ppt [50]. The experimental data were analyzed in a
time-averaged way to obtain a constraint of b < 50 rad/s using the notation given in [50].
Translating to the notation in this work yields

1608 — 508 |const < 2.09 x 10723 GeV., (37)

Taking the experimental quantities y = 42.5° and B = 5.85 T upward, as well as the
transformation presented in Appendix A, the limit (37) can be converted to constraints on
the following Sun-centered frame tilde coefficients, EE , 5; Z, Ef;(f + E}({, g;)gx + E}}gy, E%% ,
and E}ZEZ .

The measurement of the g factor for electrons has reached a record precision of 0.28
ppt at Harvard University [1]. A sidereal-variation analysis of the anomaly frequencies was
performed at the frequencies of wg and 2wg, yielding the same limit on the amplitudes of
both the first and the second harmonics in the oscillation, |dw|1st/ond < 27T X 0.05 Hz [24].
Converting the results in natural units gives the following limits:

1608 |1t < 2.07 x 1072 GeV, (38)

and B
1608 |png < 2.07 x 1072° GeV. (39)

Taking the magnetic field adopted in the experiment as B = 5.36 T in the local upward
direction with the geometrical colatitude xy = 47.6° and applying the transformation results
in Appendix A, constraints on the following additional components of the tilde coefficients,
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53(, Eg, Egy), Egiz), El(_-ﬁz), and Eﬁ( — E}g are obtained. The results from the University of

Washington and Harvard University are summarized in Table 5.

Table 5. Constraints on tilde coefficients for Lorentz violation in the electron sector using the g factor
measurements from the experiments at the University of Washington and Harvard University.

Coefficient Constraint Experiment Reference
16X <1 x 1075 GeV Harvard [24]
BY | <1 x107% GeV Harvard [24]
bZ| <7 x 1072 GeV Washington [50]
2| <7 x 107 GeV Washington [50]
|EI)§§ + E}“g <2%x 1078 GeV ! Washington [50]
b%2 <8 %1077 GeV™! Washington [50]
S <2 % 10710 Gev~! Harvard [24]
|E§iz)\ <1x 10710 Gev~! Harvard [24]
|Egez)| <1x107 10 Gev~! Harvard [24]
|b; XX + DY <2x 1078 GeV ™! Washington [50]
b XX — YY) <4 x 10710 Gev ! Harvard [24]
|E§ZEZ <8x 1079 GeV ! Washington [50]

The measurement of the magnetic moment for positrons are currently under devel-
opment at both Harvard University and Northwestern University [44,45]. A comparison
with the results for that of electrons would offer opportunities to extract the coefficients
that control only CPT-odd effects from the combination of coefficients in the difference (24).
A sidereal-variation analysis of the positron anomaly frequencies would offer limits on the
starred tilde coefficients b;/, E;(e] K) as well.

At the end of this subsecticl)n, we note that from Tables 4 and 5, for the 18 independent
components of the tilde coefficients for Lorentz violation that are relevant to the g factor
measurements in Penning-trap experiments, only six of them in the proton sector and 12 of
them in the electron sector have been constrained so far. Performing a full sidereal-variation
analysis for the measurements data would permit access to the other components of the
tilde coefficients.

4. Summary

In this work, we provide an overview of recent progress on searching for Lorentz- and
CPT-violating signals using measurements of charge-to-mass ratios and magnetic moments
in Penning-trap experiments. We first revisit the theory of Lorentz-violating quantum
electrodynamics with operators of mass dimensions d < 6. The explicit expressions of the
Lagrange density (1) are given in [21]. Perturbation theory is then applied to obtain the
dominant energy shifts (6) and (10) for a confine particle and antiparticle due to Lorentz and
CPT violation. This leads to the corresponding contributions to the cyclotron and anomaly
frequencies in Equations (20) and (22). The results are then used to relate the coefficients
for Lorentz violation to the experimental interpreted charge-to-mass ratio comparisons (23)
between a particle and an antiparticle, as well as the magnetic moment comparisons (24).
The general transformation of the related coefficients for Lorentz violation into different
frames is performed using Equation (27). The explicit expressions relating the coefficients
in the apparatus frame to the Sun-centered frame are given in Appendix A. The results
show that for the charge-to-mass ratio comparisons between particles and antiparticles
in Penning-trap experiments, the related coefficients for Lorentz violation in the Sun-
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B GUK) BIKL) el 2 UK) g B (KL),

centered frame are by, ¢y For experiments involving

magnetic moment comparisons, the corresponding coefficients are bw, b*] , Eg ZI;), and E;(JJK).
Using published results from existing Penning-trap experiments, constraiﬁts on various
components of the coefficients for Lorentz violation are obtained. They are summarized
in Tables 1-5. In conclusion, the high-precision measurements and excellent coverage of
the coefficients for Lorentz violation offered by Penning-trap experiments provide strong
motivations to continue the searches for possible Lorentz- and CPT-violating signals.
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Appendix A. Transformations

In this Appendix, we list the explicit expressions of the transformation results for
the tilde coefficients for Lorentz violation that are relevant to the cyclotron and anomaly
frequency shifts. These coefficients are b3, ¢1! + 22, b311 + 322, 13, bF o U3, e 22,
b1 4+ 52322 523, and b3 in the apparatus frame

We first consider Penmng trap experiments that use a vertical upward magnetic field.
Taking R% as the identity matrix and applying transformation (27) yield

D3 = cosweTebX sin x 4 sinwe TeblY sin x + b/ cos x, (A1)
el 482 = cos2waTs ( %( XX _ Y sin x) + sin2wg T (—E&XY) sin? )()
4+ coswg Ty ( E{ 2) sin 27() + sinwg Ty (—Egz) sin 2)()
+1(EXX 4 8) (34 cos2) + %7 sin® x, (A2)
P 4532 = cosBwe Ty ([—%(’I;XXX — XYY 4 %E;(XY)} sin® X)
+ sin 3wg Ty ( 1 bX(XY) (E;XX — EZYUYY)] sin® )()
+cos2we Ty ( + ) %(E%XX — bZYY)] cos x sin? )()
+ sin2wg Ty ( Y(XZ) bi(xy)] cos x sin? )()
+coswe Te (gbféxx (5+3cos2x) sin x + sbXYY (7 + cos 2x) sin x + bX%% sin® x
—%EY(XY) sin® y — sz,(xz) cos? x sin x)

+sinwg Ty ( - {Eﬁ,f“‘y) sin® x + %E%XX(7 + cos2y) sinx + %E%YY(S +3cos2yx) sin x

—1—52222 sin® y — 255,(1/2)

cos? X sin X)
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— (E;,((XZ) + EZ,(YZ) — 6227 cos xsin? x + (bZXX +bZYY) cos x cos 2y, (A3)
Ezj = COswg T@b sin x + sinwg Ty bY sin x + bw cos X, (A4)
and
bP, = cos2waTs ( (bFX —bfY) sin X) + sin ZW@T@'E(P)’(;) sin? X)
+ coswg Ty bl(:XwZ ) sin 2x + sin wg, T@Eng) sin2x
+ 16X + b)Y, — 2bF%) sin® x + bEZ,. (A5)

We then switch to the case where a horizontal magnetic field is used in the trap,
directing at an angle 6 from the local south in the counterclockwise direction. This implies
that the Euler angles (a, 8,y) = (6, 77/2,0). Applying the transformation (27) we have

Eﬁ = coswgTy (5;3( cos B cos x + Eg sin 9) +sinwg Ty (—'5;3( sin @ + E;g cos 6 cos 7()
—b/Z cosfsiny, (A6)
&+ = cos2wa T (3(EY &)1~ 3c0s20 —2c0s? O cos 2) — & in 26
w +Cw = oTy(g(c" = )( cos cos” 0 cos2x) —Cy oS x sin

+ sin2wg T (1 (XX _EYY) cos x sin 26 + }LEEUXY) (1 —3cos26 — 2 cos® 6 cos 2)())

+ cos wa Ty (Eﬁ,,XZ) cos? §sin 2x + E(W 2) sin 260 sin x)

+sinwgTe (—EﬁUXZ) sin 26 sin x + Egz) cos? fsin 2)()

+ 3 (EXX 4+ 8XY) (cos? 0 + cos? x sin® 6 + sin® x) + ¢4 (cos” x + sin? O sin® x), (A7)

P31 4 322
w w
= cos3wgTg ([i4 (pXXX _pXYYy %EZYU(XY)} [3(cos 6 — 5cos36) cos x — 4cos> 6 cos 3]
+& PR (XY) + L (OEXX —bYYY)][35in6(1 — 4 cos? B cos 2x) — 5sin 39])

+ sin3wg Ty ( L (XXX XYy 4 %E%(XY)] [3sin6(1 — 4 cos? 0 cos 2)) — 5sin 36]

=X(XY) + L

+[35bw L (05XX —B5XYY)][3(cos @ — 5cos 36) cos x — 4 cos’ 0 cos 3)(])

+ cos2we Te ([%Ei(xz) - %Ew(yz) + 3 (BZXX _ BZYYY][(5 cos 30 — cos Osin x 4 4 cos® 0 sin 3y
+ (E;)((yz) + E%(XZ) + 'Ef,(’”)) sin 6 cos? 0 sin 2)()

+ sin2wg Tg ([—Ez(XZ) + EZ,(YZ) - %(Ef,xx —bZYV)] sin O cos? O sin 2

Y(XZ)

(11617 X(z) 4 1617 + f—égf,(xy))[(cow — 5c0s36) sin y — 4cos> 0 sin3x])

+cosweg Ty (16 bXXX 005 0 cos x(—6 cos? 0 cos 2x + 3 cos 26 +7)

— %b;f(XY) sin 9(cos2 0 cos 2 + sin® 6 cos? x + sin® X)

+%g£yy cos 0 cos x(—2 cos2 0 cos 2x 4 cos 260 +13)
+E§§ZZ cos 0 cos )((sin2 0 sin? x + cos’ X)
+ %E}{,XX [sin 6(25 — 4 cos? 6 cos 2)) + sin 36]
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+ %EZ;(XY) cos 0[(cos 26 — 7) cos x — 2 cos? 6 cos 3x]
+ %EX,YY [sin 0(11 — 12 cos? 6 cos 2)) + 3 sin 36]
+bY?7 sin 0(sin? 0 sin? 2

w X + cos” x)

~7(YZ)

—ZEi(XZ) cos® 0 sin? xcos x — 2by, sin @ cos? 0 sin’ )()

+sinwg T (stXXX[sine(lz cos?f cos 2y — 11) — 3sin 36)

+ 11—6555(”) cos 0[(cos 26 — 7) cos x — 2 cos? 6 cos 3x]
+ %Ezyy [sin 6(4 cos® 6 cos 2y — 25) — sin 36]
7’550(22 sin 9(sir12 0 sin? X+ cos? X)

+%E}ZXX cos 0 cos x(—2 cos? 6 cos 2x + cos 260 + 13)
+%E§,<XY) sin 9(cos2 0 cos2x + sin? 0 cos? X+ sin? X)
_|_1176’52(/]yy cos 0 cos x(—6 cos? 0 cos 2 + 3 cos 260 + 7)
+bY7%% cos 0 cos x (sin? 0 sin® x + cos? x)

+255)(XZ) sin @ cos? fsin® y — ZEi(YZ) cos® §sin? x cos X)

%(bX(XZ) + bY(YZ) bZ%7) cos §(—4 cos 20 sin® x + 5sin x + sin 3y)

+4 (BZXX L BZYY)[2 cos® Osin 3y — cos O'sin y(3 cos 20 + 11)], (A8)
'13;’;, = coswgTa (b?ﬁ cosfcos x + E}{, sin (9) + sinwg Ty (7535 sin @ + FZ;Z, cos 6 cos )()
—ELZU cosfsinyx, (A9)
and
Eéaw = c0s2wq Ty ( (bF % 'Eﬁ,) (cos? 8 cos® x — sin?6) + Fl;ft}ip sin 26 cos X)

+sin2wq Ty, (}IEI(__W ) (2cos® 0 cos2) +3cos20 — 1) — (EI):% - E}({U) sin 26 cos )()

4+ coswg Te ( — 251(502 ) cos2 8 cos X— ng )

(YZ)

sin 26 sin X)

+ sin wg Ty (El(cxwz ) sin20sin x — 25 cos? 0 cos )()

+3 (E%(i + EHU) (cos? @ cos? x + sin? 0) + bF 2 cos? 0 sin? x. (A10)
The corresponding transformations for the starred tilde quantities b, el 4 @22,

5*311 + 5*322 E*S, and b33 take the same forms as these given above, with the substltutlons
of the usual tilde coeff1c1ents by the starred ones.
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