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Abstract. We will give an overview of recent developments in numerical modelling of CR
transport in our Galaxy with the Picard code. Corresponding numerical models aim at
reproducing CR spectra and also diffuse gamma-ray emission from the Galaxy by solving the
cosmic-ray transport problem in a three-dimensional model of the Galaxy. We address the
impact of different transport physics processes on the flux and distribution of diffuse Galactic
gamma rays: we investigate CR transport using different cosmic-ray source distribution models
ranging from smooth source distributions to localised sources related to high-energy gamma-ray
observations. Additionally, we consider anisotropic cosmic-ray diffusion in an improved Galactic
magnetic field model. The choice of changing the different transport parameters is most readily
visible in the inverse-Compton channel, which shows features not present in commonly-used
axisymmetric transport models.

1. Introduction
Research on cosmic rays started more than 100 years ago, with the detection of ionising radiation
from outer space. Since then they have been thoroughly studied by experiments and analytical
and numerical modelling. Here, we focus on recent advancements of the modelling efforts for
Galactic cosmic-rays, i.e. those cosmic rays for which the sources are located within our Galaxy,
in the context of the Picard code. Detection of the cosmic-ray flux at Earth yields their local
spectrum but only little information on their distribution throughout or on their origin within our
Galaxy. While an analysis of their isotopic abundance gives some ideas about their traversed gas
mass within the Galaxy, only secondary messengers like electromagnetic radiation (synchrotron
or gamma-ray emission) or neutrinos can safely indicate directions in which the density of cosmic
rays is high within our Galaxy. Since these photons and neutrinos originate from interactions
of the cosmic rays with some target field (interstellar magnetic field, interstellar radiation field,
or interstellar matter), determining the distribution of cosmic rays from such observations can
not directly be done, especially since observations of photons and neutrinos only give directional
information but no answer on the distance, where the photons or neutrinos have been produced.

The usual approach, therefore, is to build a model for the spatial distribution of cosmic-
rays within our Galaxy and compute the corresponding Galactic diffuse gamma-ray or neutrino
emission. By identifying the differences between these model results and observations, the
relevant deviations can be identified and the models are modified accordingly. This process
relies on the one hand on an accurate model for the transport of cosmic rays within the Galaxy
and on the other hand on an accurate model for the different target fields within our Galaxy.
Since the cosmic-rays are also affected by these target fields, their distribution is also relevant for
the transport model. Correspondingly, recent efforts to improve Galactic cosmic-ray transport
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modelling partly focus on a better description of the matter density within the Galaxy (see,
e.g.,(1; 2; 3; 4; 5; 6; 7)).

Cosmic-ray transport can be mathematically described via the transport equation:
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where ψi is the density of species i per unit of momentum p; q(~r, p) describes the distribution
of source in space together with their momentum dependence also including sources from
spallation or decay of other cosmic-ray species; D is the spatial diffusion tensor; ~v is the
convection velocity; Dpp is the energy-dependent coefficient determining diffusive reacceleration;
ṗ represents momentum gains or losses, and τf and τr represent timescales for fundamental
losses by fragmentation and radioactive decay, respectively. As seen in the previous discussion,
a change in the model of the Galactic matter distribution also affects the cosmic-ray source
term q(~r, p) (including the spallation term from other cosmic-ray species), their energy losses,
and also the spatial dependence of τf . Since we do not have an accurate model for the matter
distribution within our Galaxy available, there is a huge variety in the resulting models to be
expected.

Apart from that, some parameters of the cosmic-ray transport equation are not accurately
known: cross-sections for fragmentation rely on sparse measurements (see, e.g., (8; 9))
usually taken at much lower energies. Also, fundamental theories for cosmic-ray transport
(10; 11; 12; 13; 14) cannot be easily applied, considering that the magnetic field strength and
turbulence conditions in the interstellar medium are only loosely constrained. Correspondingly,
there is a range of studies that try to determine these transport parameters either from statistical
fits (15; 16) or from fits to observables related to cosmic rays (17; 18).

Within the context of simulations using the Picard code, we focussed on adapting the
Galactic matter distribution via consideration of a new radiation field (19; 5) and more complex
distributions of primary cosmic-ray sources (7; 4). Additionally, we considered more complex
transport physics, where we investigated the effects of anisotropic spatial diffusion, in contrast
to the majority of Galactic cosmic-ray transport models that rely on isotropic diffusion. Apart
from such adaptions of the transport physics, with Picard we also try to improve the numerical
solution methods for Galactic cosmic-ray transport. For this we are currently testing different
numerical solvers for linear systems of equations. At the same time, Picard has a close control
of the numerical error, with the different sub solvers having been subject to a range of different
tests (20). In the following Sec. 2, we will discuss some peculiarities of the axisymmetric scheme
in Picard and show the relevance of the numerical error control. Then, we will discuss some
recent applications of Picard in Sec. 3. Finally, we end with a short conclusion.

2. Numerical Scheme
The scientific literature provides a range of different numerical approaches to solve the cosmic-
ray transport problem, depending on the focus of the related application. For approximate
studies of the cosmic-ray flux at Earth or large-scale parameter studies often semi-analytical
approaches are used that allow a fast solution for a simplified model of the Galaxy. This is,
e.g., realized in the context of the publicly available code Usine (21). Whenever emission of
gamma-rays or other secondaries is of interest a more complex model of the Galaxy becomes
necessary, which also requires the use of a fully numerical solutions method. Also for this, there
are different approaches available. Codes like Picard, Dragon (22), or Galprop (23; 24)
solve the transport equation on a grid in space and energy, where in principal arbitrary models
can be used for the Galaxy.

As an alternative to such grid-based approaches different groups solve the transport problem
either by investigating the propagation of a large statistical sample of individual particles (see,
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e.g., (25) ) or by using a stochastic-differential-equation approach, where the propagation of
phase-space density elements is followed in time (26; 27; 28). Especially the latter approach
is very efficient, when investigating the cosmic-ray flux at individual locations, but becomes
numerically expensive, when investigating, e.g, the emission of gamma rays, where the cosmic-
ray flux needs to be computed everywhere in the Galaxy.

Therefore, in the following we focus on grid-based codes, where we will only discuss steady-
state problems. In that case, Dragon and Galprop use a similar numerical scheme to
solve the cosmic-ray transport equation: the transport equation is integrated in time until
presumably a steady-state solution is found (see the discussion in appendix B of (24)). In
contrast, Picard directly solves the steady-state problem, leading to an efficient solution scheme
with a direct control of the numerical error, as extensively discussed in (20). For the solution
of steady-state problems, Picard provides a plain-diffusion scheme, that is only applicable
without reacceleration and other energy gains, and a full scheme that can be applied to the full
steady-state transport equation. In the following, we will focus on the latter scheme. While
Picard was developed to efficiently solve spatially three-dimensional problems, recently also
an analogous solver for axisymmetric problems, as they are often used in Galactic cosmic-ray
transport modelling (29; 17), has been implemented.

2.1. Axisymmetric Solver
This scheme uses the same basic approach to solve the cosmic-ray transport problem as the three-
dimensional scheme, i.e. a discretisation of the steady-state transport equation together with
a multigrid solver for the resulting linear system of equations. However, the use of cylindrical
coordinates requires a special treatment of the radial grid to allow a consistent treatment of
the grid singularity in the radial dimension. The multigrid method (see (30)) is an iterative
scheme, where the problem is mapped from the standard grid to successively coarser grids, on
which the error on large scales converges more efficiently. For the axisymmetric solver this leads
to the additional problem, that a treatment of the singularity in the radial dimension becomes
necessary on each grid level. This means in particular that the grid needs to be designed in
a way that the discrete spatial diffusion operator can work with meaningful quantities at all
gridpoints.

The spatial diffusion operator for the axisymmetric case reads:

∇ · D∇ψ = (∇ · D∇ψ)rr + (∇ · D∇ψ)zz (2)

with
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where we assumed the diffusion tensor to be diagonal, in this case. In Picard we use the
following discrete form of this operator:
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Here, the index i indicates the cell Ci under consideration and half-integral indices refer to the
boundaries between cells. Evaluating this expression at the origin leads to problems due to
presence of the 1/ri term. Therefore, we used a cell-wise discretisation of the radial grid with
the radially innermost cell C0 ranging from 0 to ∆r, i.e., we have r0 = ∆r/2. By this, we made
sure that the 1/ri factor cannot cause problems for the innermost cell and also the second term
in the brackets in Eq. (4) is identical to zero, there. If ghost-cell values at i = −1 should be
necessary, we use ψ−1 = ψ0, which follows from the axisymmetry of the problem.
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So far, we only addressed the construction of the grid on the finest level of the multigrid
hierarchy, i.e., on the level, for which we specify our transport problem. In the other spatial
dimensions, including all dimensions of a three-dimensional Cartesian setup, a coarse grid is
constructed from a finer grid as follows: for a fine grid with grid points jf = 0 . . . 2nf in a given
direction we obtain a coarse grid as jc = 0 . . . 2nc , where nc = nf/2. In this case, the coarse grid
only has grid points at the location of the even grid points of the fine grid. That also means
that on the coarse grid the spacing of the grid points is twice the spacing on the fine grid. This
grid construction is not suitable for the radial coordinate in the axisymmetric case, because the
position ri−1/2 of cell C0 would not coincide with the origin anymore.

This issue is solved by using a cell-wise instead of a point-wise discretisation of the grid. In
this case we use Nf = 2nf cells on the finest grid, where, for a linear grid, the cell centres are
located at:

rfi = ∆f
r/2 + i∆f

r with i = 0 . . . Nf − 1 (5)

Thus, the innermost cell ranges from rf−1/2 = 0 to rf1/2 = ∆f
r . In this case, the coarse grid is

constructed by joining two adjacent grid cells into a new grid cell with twice the radial extent.

Correspondingly, we have Nc = 2nc with nc = nf/2 and ∆c
r = 2∆f

r . This also means that the
innermost cell on the coarse grid extends from rc−1/2 = 0 to rc1/2 = ∆c

r. By this construction

the center of the innermost cell is one half cell width away from the origin on all coarse grids.
As a result also the discretisation of the radial part of the diffusion term is of the same form
for the innermost radial cell on all grid levels and no problems by the singularity occur. This
different grid construction also required implementation of different transfer operators between
the different multigrid levels, for which standard transfer operators as discussed in (31) were
used. In the following we will briefly apply this specific scheme to discuss the accuracy of the
solver within Picard.

2.2. Accuracy of the Solver
When introducing a new code, e.g., on the field of astrophysical fluid dynamics, it is mandatory to
verify the capability of the code via a suite of standard tests and discuss convergence properties
of the code. Interestingly, such studies are highly unusual in Galactic cosmic-ray transport
modelling. Reasons for this might be the comparatively simple numerical solver together with
the limited number of solvers publicly available. Here, we argue that an entire code modelling
cosmic-ray transport for a full nuclear network is sufficiently complex to warrant extensive testing
and comparison to other implementations. Some corresponding numerical tests are discussed
in (20). Apart from that the convergence properties are monitored in each Picard simulation,
where a steady-state result is extracted, only when the residual is below a specified bound. For
this the transport equation is rewritten as:

Lψi = q(~r, p) (6)

where L is the differential operator from Eq. (1). By discretising this differential operator we
end up with a linear system of equations of the form

L̂ ~ψi = ~q (7)

where L̂ is the matrix of the linear system of equations, coupling the point values ~ψi at each
grid point, with ~q the vector of source terms at each point. From this, the residual is computed
via:

~r = ~q − L̂ ~ψi (8)

Usually, we require the l2 and the l∞ norms of the relative residual to be below ε ∼ 10−5. For
this value, we can be sure that the iterations of the multigrid scheme are sufficiently converged
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for the error of the scheme to be much smaller than the actual discretisation error. This can,
e.g., be seen by comparing results for different tolerances on the relative residual as shown in
Fig. 1. There we show simulation results using the axisymmetric solver discussed in Sec. 2.1 for
antiprotons. Apparently, there are no relevant differences for solutions with ε < 0.001 anymore,
so using ε ∼ 10−5 is actually a very conservative choice.
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Figure 1. (a) Relative deviations of the p̄ cosmic-ray flux for different stopping criteria for
the multigrid iterations. Here we compare solutions for ε = 0.1 (green dashed), ε = 0.01 (red
dotted), and ε = 0.001 (cyan dash-dotted) with those for ε = 10−6. (b) Relative deviations of
the 10B cosmic-ray flux for different resolutions. Here we compare Nr = 64, Nz = 33, Np = 63
(blue dashed) and Nr = 128, Nz = 65, Np = 127 (green dotted) with a high-resolution model
with Nr = 256, Nz = 129, Np = 255.

So far, this only gives a hint about the convergence property of the multigrid solver, but we
can not infer expected absolute error values that can still originate from the discretisation in
space and momentum. Therefore, we did a further study, also using the axisymmetric solver,
where we compared results for different resolutions in space and momentum. In this case,
we investigated the flux of 10B for different resolutions, where Fig. 1 shows the deviations
from a high-resolution simulation. Apparently, we find deviations on the one-percent level at a
resolution of Nr = 128, Nz = 65, Np = 127, which is rather typical for axisymmetric Galactic
cosmic-ray modelling. In the future, it will be interesting to compare to the performance of
other codes like, e.g., Galprop (23; 24), because at least in some versions of Galprop the
discretisation of the momentum losses is of first order. In Picard we use a second-order finite-
difference discretisation in order to avoid poor performance from the discretisation of momentum
derivatives (see also the discussion in (22)). This discussion shows on the one hand that errors
for results produced with Picard are comparatively well-constrained, and on the other hand
that a more thorough discussion and testing of cosmic-ray propagation codes is worthwhile.

3. Developments in Transport Physics
Typical applications of the Picard code focus on its capability to efficiently solver three-
dimensional transport problems. The prime example in this case is the investigation of
the impact of different three-dimensional cosmic-ray source distributions, discussed in (7; 4).
There, we focused on different analytically-prescribed source distributions from axisymmetric
configurations to different spiral-arm source distributions.

In (4) we started from an established axisymmetric base model adapted from (32), where
we modified the transport parameters for the spiral-arm source distributions models in a way
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that we find a good fit of the cosmic-ray spectra at Earth. For this, we only changed the
spatial diffusion coefficient and the coefficient for diffusive re-acceleration via the Alfvén speed,
assumed to be constant throughout the numerical domain. All other parameters were used as
given by model SYZ4R20T150C5 from (32). For solving the transport problem, we used the same
axisymmetric model for the gas distribution, which is extensively discussed in (33).

Since the spatial structure of the gas is especially relevant for the computation of the ensuing
gamma-ray emission, we again use the same setup as (32), where from observations of the
different gas phases column-density maps for a range of Galactocentric annuli were computed.
Only recently, there have been some efforts to investigate alternative gas models for the Galaxy
and quantify the impact on gamma-ray emission (3) (see also (1) for a similar study relating
to the Galactic center). Currently, there are also further efforts regarding the computation
of gamma-ray emission for Galactic cosmic-ray transport models (34), where also alternative
gas-distribution models are investigated.

In (4) we showed that we can find a good fit to observed cosmic-ray spectra at Earth both
for the axisymmetric base model and also for a spiral-arm source distribution model following
the parametrization by (35). The distribution of cosmic-rays in the Galaxy for both models is
of course rather different. As a result also the ensuing gamma-ray emission is different in both
models as shown in Fig. 2 (and also discussed in (36)).

Due to the excessive energy losses of high-energy electrons they only occur in the close
vicinity of their sources. Correspondingly, the imprint of different source models becomes mostly
apparent in the inverse-Compton gamma-ray emission. This is readily visible from Fig. 2, via
the imprint of the spiral-arm tangents as opposed to the more homogeneous emission for a model
using an axisymmetric source distribution.
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Figure 2. Inverse-Compton gamma-ray emission (top; images (a) and (b)) and total gamma-
ray emission (bottom; images(c) and (d)) at ∼1 TeV for the four-arm spiral arm model (left)
introduced in (4) and the axisymmetric base model (right).

These spiral-arm tangents are seen as the local enhancements of gamma-ray flux in the
Galactic plane. At these energies, however, gamma-ray emission predominantly stems from the
decay of neutral pions formed in nuclear reactions between cosmic-ray nuclei and the interstellar
gas. Correspondingly, these enhancements are not directly visible in the total gamma-ray flux,
partly because of the dominant structure by the interstellar gas acting as the target for the pion-
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decay and also the bremsstrahlung channel. They can, however, be quantified by comparing the
gamma-ray spectra for the two models as shown in Fig. 3. Apparently, results between the
axisymmetric model and the model using a spiral-arm source distribution are very similar at
the chosen off-arm position, whereas there is a clear enhancement of the cosmic-ray flux at the
position of the Norma spiral-arm tangent.
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Figure 3. Spectra for the different gamma-ray emission channels (as indicated in the legend)
in the direction of a spiral-arm tangent (left) and in the direction without a spiral arm (right).
Data are shown for the Norma arm at a Galactic longitude of -30◦ and at a longitude of -35◦

for the off-arm position. For each channel we compare our results for the spiral-arm source
distribution model with such for the axisymmetric model, where the results for the latter is
given by the thinner lines.

At this point one has to keep in mind that the spiral-arm structure of our Galaxy does
not only affect the distribution of the cosmic-ray sources. Where other authors investigated
the related impact of the gas distribution or the interstellar radiation field (1; 6), we also
considered the impact of the interstellar magnetic field that according to observations is aligned
with the Galactic spiral arms (37; 38). Here, we do not discuss the related synchrotron
emission, but rather apply the theoretical prediction that diffusion differs fundamentally along
and perpendicular to the background magnetic field (12). We modeled a case where diffusion
along the magnetic field is one order of magnitude stronger than in the perpendicular direction
as also discussed in (2). For this we used an analytical magnetic-field configuration from (37).
Specifically, we implemented their model Dd for the field, which features magnetic field lines
along the spiral arms in the Galactic plane and an X-shape magnetic field structure in the
Galactic halo.

As a consequence of this model the diffusion of cosmic rays perpendicular to the spiral arms
becomes weaker than in the isotropic diffusion case and, thus, the contrast between on-arm and
inter-arm regions is enhanced. This also has an impact on gamma-ray emission, where local
enhancements also become visible in the total gamma-ray flux. This is shown in Fig. 4, where
we compare results for the case with isotropic and with anisotropic diffusion for the four-arm
spiral arm source model. Both models use a transport-parameter set that leads to cosmic-ray
fluxes at Earth that are compatible with local measurements.

One of the first studies going beyond analytically prescribed source distributions (1) was
motivated by the finding that most axismmetric cosmic-ray source distributions peak around a
Galactocentric radius of 4 kpc, while strongly decreasing towards the Galactic center. The latter
is in contrast, e.g., to the observed star-formation rate or estimates of the rate of supernova
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(a)

(b)

Figure 4. Impact of anisotropic diffusion on the total gamma-ray emission. Here, we compare
results for the four-arm spiral arm model with isotropic (a) and anisotropic (b) spatial diffusion.
Results are shown for the inner Galaxy at an energy of ∼1 TeV. Gamma-ray emission is given
in units of [MeV−1 cm−2 s−2 sr−1].

explosions in the vicinity of the Galactic center (see (1) and references therein). While the
impact of the cosmic-ray source distribution near the Galactic center is negligible with regard
to the cosmic-ray flux at Earth, it certainly has an important impact on the diffuse gamma-ray
emission in the direction of the Galactic center. Therefore, (1) investigated a source model using
a component based on tracers of molecular hydrogen, leading to a decrease of the intensity of
the Galactic center excess (39; 40).

In contrast to tracing the cosmic-ray sources by the distribution of H2, linked to the Galactic
star-formation regions, especially observations of very-high-energy gamma-rays in the Galactic
plane (see, e.g., (41)) show the most energetic gamma-ray sources, which should also be relevant
sources of the highest-energetic Galactic cosmic rays. At least at this energy we obviously have to
work with individual sources instead of a smooth distribution. Given that the distance estimates
to the individual observed sources are not very accurate, it is hard to determine if the sources
indeed predominantly occur within the Galactic spiral arms. (41) find a slight enhancement of
the source density in the direction of some spiral-arm tangents, but the small-number statistics
in this case does not allow any firm conclusions.

Nonetheless, we used these observations to build a three-dimensional source model for
Galactic cosmic-ray transport with a focus on very-high-energy gamma-ray emission. For this
we adapted all sources from the H.E.S.S. Galactic plane survey (HGPS) (41), for which at least
an estimate on the distance was known, and additionally took the Galactic center source and
the Crab nebula into account. To consider those sources that are beyond the sensitivity of the
HGPS, we additionally included a range of sources that were statistically distributed throughout
the Galaxy, where the related distribution function is motivated from the usual four-arm spiral
model of the Galaxy including a Galactic bar (35). For these sources the distribution of the
source luminosities was adapted to closely represent related results from the HGPS and also the
luminosity distribution in the Galactic plane was adapted to be rather isotropic (42; 43). We
also introduced different source types as leptonic, hardronic, or composite sources with fractions
taken from the HGPS.

For this source model we also find an azimuthally averaged cosmic-ray source density that
actually peaks near the Galactic center (see Fig. 5) similar to the study by (1). This similarity
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Figure 5. Azimuthally averaged cosmic-ray source
density for the new three-dimensional cosmic-ray
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(dark green) (45) (blue), and (46) (light green).
All curves are normalised to yield the same integral
source count. Figure taken from (47).

probably relates to the presence of the Galactic bar that is visible in the H2 distribution used
in (1) and that is also included in our statistical source model. Our source model was then
implemented in Picard and the full transport equation solved using an isotropic diffusion model
– in this case, it will be particularly interesting to observe the effect of anisotropic diffusion,
which we plan to do in the near future. Again, the transport parameters were adapted in a way
as to yield a good fit to cosmic-ray spectra observed at Earth (47).

8.13665e-20 2.51981e-16

(a)

8.84047e-19 5.86551e-15

(b)

Figure 6. Inverse-Compton (a) and total (b) gamma-ray emission at an energy of ∼1 TeV for
the transport model with the three-dimensional cosmic-ray source distribution as described in
the text. Gamma-ray emission is given in units of [MeV−1 cm−2 s−2 sr−1].

The propagation results were then used to compute the ensuing gamma-ray emission at an
energy of ∼1 TeV shown in Fig. 6. In the inverse Compton channel the imprint of the source
localisation becomes obvious, but it also has some impact on the total gamma-ray emission. To
avoid problems with the spatial resolution all sources were implemented as a Gaussian with
σ = 300 pc. This value will be decreased in the future possibly leading to less extended
structures for the inverse-Compton emission. Nonetheless, these preliminary results show both
the capability of the Picard code to capture three-dimensional geometries in Galactic cosmic-
ray transport and that such distributions of individual sources can also leave an imprint on the
total gamma-ray emission beyond the one by the distribution of the interstellar gas.

4. Conclusion
Here, we gave an overview of the capabilities, recent developments, and applications of the
Picard code. This code was developed with a focus on numerical efficiency and accuracy
especially related to spatially three-dimensional models on Galactic cosmic-ray transport. Here,
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we in particular discussed the convergence properties of the code, leading to an estimate of
typical magnitudes for the discretisation error. Results briefly discussed here relate to different
realisations of three-dimensional source distributions in Galactic cosmic-ray transport. For these
anisotropic diffusion was shown to possibly enhance localised structures to a sufficient degree to
become visible in diffuse gamma-ray emission. In this context also a first implementation of a
localised source model based on the H.E.S.S. Galactic plane survey indicates that part of the
structuring in Galactic diffuse gamma-ray emission, especially at TeV energies, could actually
related to source localisation. These latter models will be improved in the future by using an
even more accurate source model together with a more realistic source extension and individual
source spectra.
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