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Abstract

In this paper, we address a class of problems in unitary ensembles. Specifically, we study the probability
that a gap symmetric about 0, i.e. (—a, a) is found in the Gaussian unitary ensembles (GUE) and the Jacobi
unitary ensembles (JUE) (where in the JUE, we take the parameters o = ). By exploiting the even parity
of the weight, a doubling of the interval to (a2, oo) for the GUE, and (az, 1), for the (symmetric) JUE,
shows that the gap probabilities maybe determined as the product of the smallest eigenvalue distributions
of the LUE with parameter « = —1/2, and o = 1/2 and the (shifted) JUE with weights x1/2(1 = x)# and
x_l/z(l — x)ﬁ.

The o function, namely, the derivative of the log of the smallest eigenvalue distributions of the finite-n
LUE or the JUE, satisfies the Jimbo-Miwa—Okamoto o form of Py and Py, although in the shift Jacobi
case, with the weight x* (1 — )P, the B parameter does not show up in the equation. We also obtain the
asymptotic expansions for the smallest eigenvalue distributions of the Laguerre unitary and Jacobi unitary
ensembles after appropriate double scalings, and obtained the constants in the asymptotic expansion of the
gap probabilities, expressed in term of the Barnes G-function valuated at special point.
© 2017 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
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1. Introduction

In the work of Adler and Van Moerbeke [1], the largest eigenvalue distribution of ensembles
of n x n random matrices generated by Gaussian, Laguerre and Jacobi weights for general values
of the symmetry parameter §, (not to be confused with the g parameter in the Jacobi weight),
has been systematically studied, from the perspective of differential operators involving multiple
time variables.

The gap probabilities that are studied in this paper, the unitary case, denoted by P(a, n), are
represented as Fredholm determinant of an integral operator, from the early papers of Mehta,
Gaudin and Dyson [18], [19], [21], [30], and [31].

In [27], the gap probability, where a union of disjoint intervals is free of eigenvalues, the inte-
gral operator has the sine kernel K (x, y) := S;T"(g:yy)). The (multiple-) gap probability itself was
obtained in an expansion in terms of the resolvent of the integral equation. In a tour de force
computations, JMMS showed that in the single interval case where (—b, b) is free of eigenval-
ues, the quantity o (1) := r%logdet(l — K(p,p)), T =2b, satisfies a second order non-linear
differential equation.

Tracy and Widom [35] studied, the finite n version of such problems, namely, the distribution
of the smallest eigenvalue in the Laguerre unitary ensembles, and the largest eigenvalue distri-
bution of the Gaussian unitary ensembles starting from the Christoffel-Darboux or Reproducing
Kernel, constructed out of the “natural” orthogonal polynomials, namely the Laguerre and Her-
mite polynomials, respectively. Through a series of differentiation formulas, Tracy and Widom
found the finite n version of the differential equations satisfied by the resolvent and the related o
form in the Laguerre and Hermite cases.

An elementary method to deal with P(a, n) is to write it as a Hankel determinant, or determi-
nant of moment matrices where the moments are generated by the classical weight function, such

X —X

ase” 2, x%e™, multiplied by one minus the characteristic function of an interval J. It is clear
from such determinant representations that one could also study the non — standard polynomials
orthogonal with respect to the classical weight multiplied by (1 — x(—4,4)(x)) instead of writing
such quantities as a Fredholm determinant det(/ — K(_, 4)). Here x(_4,q)(x) is characteristic
function of the interval (—a, a).

In our approach, the Hankel determinants is expressed as the product of the square of the L?
norms, hy(a), of the non — standard orthogonal polynomials namely, ]_[Z;(l) hi(a).

Based on the ladder operators adapted to the non — standard orthogonal polynomials, and
from the associated supplementary conditions and a sum-rule, satisfied by certain rational func-
tions (depending on the degree), a series of difference and differential equations can be derived
to give a description of [P(a, n). For detailed descriptions and applications of such formalism, see
for example, [3], [4], [6], [7], [8], [11], [14], and [15].

In [5], such an approach was taken to study the gap probability problem for the Gaussian uni-
tary ensembles (the symmetric situation), namely, the probability that the interval J := (—a, a) is
free of eigenvalues. Unfortunately the authors have made a mistake: One term was missed in an
equation obtained from the sum-rule. We present the correct version here, but not the derivation
and refer the readers to algebraically more complicated case where the back-ground weight is the
symmetric Beta density (1 — xz)ﬂ, x € [—1, 1], [33]. That is, we study polynomials orthogonal
with respect to the deformed weight (1 — xHBa — X(—a,a)(X)), a <1, where for convenience
we take 8 > 0. Here and what follows, x(_4, 4)(x) is the characteristic (or the indicator) function
of the interval (—a, a), namely x(—q.q)(x) =1if x € (—a, a) and x(—q,q)(x) =0, if x ¢ (—a, a).
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We note that our approach is entirely elementary, up to some distributional objects. If 6 (x) is the
step function, which takes value 1 if x > 0 and 0 if x <0, then %G(x) = §(x), the Dirac Delta.

In the case of the symmetric Jacobi unitary ensembles generated by the weight (1 — x2)#,
|x| < 1. The probability that a gap (—a, a), |a| < 1, is formed, can also be found via an “interval
doubling”, exploiting the parity of the orthogonal polynomials, to the arrive at the Hankel deter-
minants generated by the shifted Jacobi weight x* (1 — x)?, over the interval [z, 1]. Although the
asymptotic expansion of the large gap probability can be relatively easily obtained, the determi-
nation of the constant of integration is not that straightforward.

In our derivation, we will make use of Dyson’s Coulomb fluid approximation [18]. We give a
brief description of it. A unitary ensemble of Hermitian matrices M = (M;;), x, has probability
density

p(M)dM x e " " MyoldM),
n

voldM) =] [dM;;  [] d(ReMj)d(ImM ).
i=1 1<j<k<n

Here v(M) is a matrix function [23] defined via Jordan canonical form and vol(d M) is called
the volume element [24]. Under an eigenvalue-eigenvector decomposition, the joint probability
density function of the eigenvalues {x;};_, of this ensemble is given by [29]

11 2 2
o [T (—x) Hw(xk), (1.1)
no I<i<j<n k=1
where w(x) :=e "™ is a positive weight function supported on [A, B] with finite moments
B
Uk :=/ka(x)dx, k=0,1,2,---.
A

The normalization constant D,, can be evaluated as the determinant of the Hankel (or moment)
matrix (see [34]), i.e.

n!
[A,B]" I<i<j<n

1 n
Dy = — / [T - x,-)2 [ [weodx.
k=1

= det (i+); ;Lo -

If we interpret {x;};_, as the positions of n identically charged particles, then, for sufficiently
large n, the particles can be approximated as a continuous fluid with a density p(x). We assume
v(x) :=logw(x) is convex, so that p(x) is supported on a single interval (a, b). Note that (a, b)
has nothing to do with (A, B). See [10] for a detailed analysis. Such p(x) is determined by
minimizing the functional

b

b b
Flp] = / PV — / / p(0)log|x — ylp(y)dxdy,

a



642 S. Lyu et al. / Nuclear Physics B 926 (2018) 639-670

subject to

b
/ p(x)dx =n.

See Dyson’s works [18]. According to Frostman’s lemma [36], the equilibrium density p(x)
satisfies the condition

b
o) — 2/ logx — ylo(dy =A,  x € [a,b],

a

where A is the Lagrange multiplier that fixes the condition fub p(x)dx = n. The derivative of this
equation with respect to x gives rise to the singular integral equation

b
ZP/M=1/()C), xela.bl.

xX=y
a

where P denotes the Cauchy principal value. According to the theory of singular integral equa-
tions [32], we find

px) = ,/ / 0 (y),/ dy. (1.2)

Hence, the normalization condition fab p(x)dx = n becomes

b
-/
T

a

Based on the above Coulomb fluid interpretation and the notion of linear statistics, it is proved
in [12], for sufficiently large n, that the monic polynomials orthogonal with respect to w(x) =
e~V can be approximated as follows:

— 2y (ydy =
b—yv y)dy =n.

Py(2) ~e 10790 2 e C\[a,b], (1.32)
where
2
1 16(z—a)(z—Db) [Jz—a—+/72—Db
S =-1 , 1.3b
1@=gle | TG —ap m+¢z——b> (1.35)
Vi—a+z—b ?
S$2(z) = —nlog —
(1.3¢)

b
L/ v(x) [ (Z“’)(Z‘b)ﬂ}dx.
2 ) J(b—x)(x —a) xX—z
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This is a simpler representation for e =5

1 z—0b 3 z—a 3
=S1(2) _
e ! =3 |:(z—a> +<Z—b> j| (1.3d)

This paper is organized as follows. In section 2, we give a quick summery of what was know
regarding the gap probability of GUE, and finish with an elementary identity expressing the
desired Hankel determinant as the products of Hankel determinants generated by x*1/2 exp(—x),
over a? < x < oo. Section 3 is devoted to the computation of the smallest eigenvalue distribution
of the LUE and we obtain an asymptotic expansion of the large gap probability, including the
hard-to-come-by constant term. In section 4, we note the elementary fact that for any polynomials
orthogonal with respect to an even weight, a doubling process which folds interval, for example,
from (—o0, 00) to (0, 00), and (—1, 1) to (0, 1), transforms the problem with two discontinuities,
(due to X(—q,q)(x)) to problems with one gap. This simplifies things considerably. From these
one gap problems, combined with the large n asymptotic expansion of the deformed orthogonal
polynomials, we compute the constants, that appear in the asymptotic expansion. We investigate
the smallest eigenvalue distribution of JUE in section 5, and found the asymptotic expansion for
large gap probability, together with the constant term. We present in section 6, the asymptotic gap
probability of the (symmetric) Jacobi ensembles where the back ground weight reads (1 — x2)#,
x| < 1.

2. Gap probability of the Gaussian unitary ensembles

The weight function reads

)
wo(x)=e ", x eR.

Define

w(x, a) := wo(xX)(I = X(—a,a) (X))

Hence w(x, a) is e forx e (=00, —a) | J(o0, a).
According to (1.1) and the theory of orthogonal polynomials [29], we know that the probabil-
ity that (—a, a) is free of eigenvalues in the Gaussian unitary ensembles is given by

2 n
Jerm T (5 —xi)" [T win. a)dx
I<i<j<n k=1

P(a,n) =

n

Jera T1 (%) —x,~)2 [T wo(xx)dxk

I<i<j<n k=1
det (fpx" M w(x, a)dx):ljzo

= n—1
i,j=0

et (fgxi*Two(x)dx)

_ Do) _ Mjzoh@
" Da(0)  [TiZphy0)

Here h(a) is the square of the L? norm of the monic polynomials orthogonal with respect to
w(x,a):
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/R/(x;a)Pk(x;a)w(x,a)dx:h.,'(a)(Sjk, Jj,k=0,1,2,..., 2.1)
R

where P;(x; a) can be normalized (since the weight is even) as [17]
Pi(x;a) =x' +p(j,a)x' 2+ 4 P;(0; a).

In addition, note that D,,(0) has the following explicit expression (see [29], p. 321)
D,(0) = @) 222G (n + 1),

with G(-) denoting the Barnes-G function, defined by the functional equation G(z + 1) =
I'(z)G(z), with G(1) = 1. See [37] for a detail description. We shall see that p(n,a) plays
an important role.

Remark. The dependence of P,(x; a) on a is seen from its determinant representation in terms
of the moments, or the Heine Formula, see [34] eq. (2.2.10)

1 1 n
Dn(a);/ 1_[ (xj—xi)zl_[(z—xk)w(xk,a)dxk

R" I<i<j<n k=1

Py(z;a) =

n—1

det (fpx™ (z —)w(x, a)dx)l)j=1

n—1

det (fp x'Hw(x, a)dx)l i=1

Remark. It should also be pointed out that P,(z; a) contains only the terms X", j <nand
even, since the weight function w(x, a) defined on R is even. This implies that

Py(=x;a) = (=1)"P,(x; a), P,(0;a)P,—1(0;a) =0.

Remark. On could have written the gap probability as det(I — K(—4,4)) as in per [27], where K
is the Christoffel-Darboux kernel which acts on functions as follows:

/ Ko, ) ().

In this setting the kernel is the re-producing kernel constructed out of the “free” or “unperturbed”
orthogonal polynomials. For the finite n problem it is the Hermite polynomials. Under “double
scaling”, see Theorem 2.2, this becomes the sine kernel.

2.1. The o form of Painlevé V
We state here the difference and differential equations satisfied by

d d
on(a) :=a—1ogP(a,n) =a— log Dy,(a).
da da

Note that P(a, n) = gzgg; )
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Theorem 2.1. For a fixed a, o, satisfies the second order difference equation
(@11 = 00) (00 = 0ur1 = 207) (@1 = 3 = 243 (00 = Ou11) + 4na?)
4 2
~8a* (0 + n(on = ows1) |
2 2 2 2
= (On—1 = 0u)(On — Ont1) (%-1 —0p—2a ) (on —Ont1 —2a )
(@1 = o) (@0 = 1) + 8na?)
and the following second order fourth degree differential equation:
16 [a2o,/,’ + 4(0, 4 2na*)(ac, — o, — a*) — 4a4]

. [a4(o,’l’)2 - 4a2014/ (aa,’l - O’n) +4 (aa,’l —0p — a4) (aa,’, - 20,,)2]

2
= [az(a,’l’)2 +4 ((cr,/l)2 + 8n(ao, — oy) — 4a2) (ac) — o, —a*) — 16a6] .

Theorem 2.2. Assume

T:=2/2na,

is fixed as a — 0,n — oo, and let

i T
O'(T) = nll>rrc)loan (m) .
Then we obtain the differential equation satisfied by o (t)

(ta")? = -4 (0 — 10 — (O’/)2> (0 —10'),

645

2.2)

(2.3)

(2.4)

which is the celebrated equation (7.104) of JIMMS. Moreover, by changing variable T — %7:, i
denoting the imaginary unit, (2.4) converts to the o form of Painlevé V [26] with vgp = vi = v, =

v3=0.

We shall be concerned with the behavior of the gap probability for large variable . We can of
course, make use of (2.4) to investigate the asymptotic behavior of the gap probability. However,
we found a convenient way motivated by the relation between Hermite and Laguerre polynomials

(with special values of the parameter «) given by Szegé [34] (formula (5.6.1)).

To begin with, we introduce a change of variable x> = ¢ in the normalization relation for our

orthogonal polynomials

]

hj(a)=/Pj2(x;a)w(x,a)dx, w(x,a) =02 —abe ™,
—0Q
to find
o0

hon(a) = / P37 (x; a)0 (x* — az)e*xzdx

—00
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oo

e—l
=2 | P? t;a@t—a2 —dt
f 5 (V13 a)0( )M
0
o0
=/F,$(r;a)t—%e—fdt=:E,,(a),
a2
and
oo
2
hopyi1(a) = / P22n+1(x;a)9(x2—a2)e “dx
—00
o
2 Jr e —ad) S —d
=2 P t;a0)0(t —a t
0

o
=/ﬁ3(z;a)z%e—’dt=:ﬁ,,(a).
a2

Here ﬁn (t;a) and E(t; a) are monic polynomials of degree n in the variable ¢, orthogonal with
1 1 .
respect to " 2e ™! and r2e~ over [a2, 00) respectively. Note that

Poy(x;a) =x*" + pQn,a)x*" "2 + -+ Py (0; ),

and

Pops1(x;a) =x2" 4+ p2n+1,a)x*" 1 4 ... + const. x
+ p

2n—2

=x<x2”+p(2n+1,a)x +-~-+const.).

t

1 1
Define the Hankel determinants generated by r~2e~! and t2e™, a? <t < oo, by

o0 1 m—1
Dy, (a) :=det /t"”t_?e_tdt = H 1(a),
1=0
a2 i,j=
m—1
©0 . m—1
Dot =det[ [rtiiderar| =[],
=0
a? i, j=0

respectively, we readily see that

n—1
Du@)=]]hj@=

J=0

5k+1 Bk, n=2k+1,
Dy Dy, n=2k.

Before proceeding any further we describe in the next section the smallest eigenvalue distribution
of the Laguerre unitary ensembles.
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3. The smallest eigenvalue distribution of the Laguerre unitary ensembles

In this section we shall be concerned with the Laguerre weight

wx,a) =x%"7%, xe[0,00), a>—1.

The probability that all the eigenvalues are greater than ¢ in the finite n Laguerre unitary ensem-

bles, is given by

n
2
%fa,oo)n [T G&j—x)7 [T wek, a)dxg
k=1

I<i<j<n

P, a,n) =

n

%f(o,oo)” M & —x0)* [T ws, a)dxg

1<i<j<n k=1

oy -1
B det ([ x* w(x,a)dx)zjzo
- L -1
det (foooxlﬂ w(x,a)dx)ﬁjzo
D, (t,
— n( 05). 3.1
Dn(os a)
Note that D, (0, «) has a closed-form expression and reads (see [29], p. 321)
" Gin+a+1)
D, 0,a) = r'G+ DI Hh=G ) —, 3.2
n (0, ) 1]1 G+DPG+at =Gt ) =7y (3.2)

where G(-) denotes the Barnes-G function, that satisfies the functional relation G(z + 1) =
I'(z)G(z), with the ‘initial’ condition, G(1) = 1. For a comprehensive exposition on the G and
other related functions see [37].

Let i (¢, o) be the square of the L? norm of monic polynomial P;(.; t,a) orthogonal with
respect to w(x, ) over [¢, 00]:

o]

hj(t, o)k :=/Pj(x;t,ot)Pk(x;t,a)w(x,a)dx,
t

with the monic P;(x; ¢, o) reads,

Pi(xit,a) =x/ + p(j,t,e)x! "'+ 4+ Pj(0; 1, ).

It is a well-known fact that the Hankel determinant D, (¢, @) can be evaluated as the product of
hj(l‘, «),l.e.

n—1

Dy(t,e) =[] hjt. ).

j=0

We list here a number of facts about orthogonal polynomials.
From orthogonality, there follows the three-term recurrence relation

2Pzt o) = Popi(zst, o) +a,(t,a) Py(zs t, ) + Bu(t, o) Py (25 8, o), n=>0,

subject to the initial conditions Py(z; ¢, @) := 1, Bo(t,®) P_1(z; ¢, @) := 0, where
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hy(t, o)
()= pnt.0) = plnt L), fult.o)===rms.

Moreover, P,(z;t, «) has the following integral and determinant representations [34]:

1 1 n
Pu@te) = poss / [1 (xj—xz-)zﬂ(z—xk)w(xk,a)dxk

(t,00)" I<i<j<n

det ([ x"*(z — x)x"‘e’xalx)r.h1

i,j=0
det (/> xi+fx“e—xdx)?;i0

From this, we easily find,

D,(t,a+1)
P,0;t,a) =(—1)' ———, 3.3
n(05 1, ) = (—1) Do) (3.3)
so that, we find in view of (3.1),
Py(0;t,0)  P(t,a+1,n) 3.4)

Pn(07 Oaa) N ]P)(taaan)
and in view of (3.2),

'+1+oa)

Py(0;0,0) = (—=1)" rd+a

3.1. The o from of Painlevé V for finite n and of Painlevé III via double scaling

Since our Hankel determinant can also be written as
00 n—1
D, (1, @) = det /x"ﬂ'x“e—xg(x —1)dx ,
0 i,j=0

we see that this is a special case, of the Hankel determinant generated by the discontinuous
Laguerre weight x*¢ (A + BO(x — 1)), A >0, A+ B > 0, studied in [2], by putting A =0 and
B = 1. The parameters A and B here should not be confused with integration interval in page 4.

Remark. In [2], the parameters A and B in the weight did not appear in the o-form of the
Painlevé V.

To study the large n behavior of D, (¢, @), we first recall some results in [2].

Proposition 3.1. Define

Rote) im P2(t;t, )%™’
T (e

where P,(t;t, «) is the evaluation of the orthogonal polynomial P,(z;t,a) at z =t. Then R, (t)
satisfies the following second order differential equation
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1/ 1 1 R,
RY = — V(R 2_tn
(Rn) 2<R,,—1+Rn>(") t

2n+a+1 3 2n+a+1 1 a? R,
R3 = )R- [/ )R, —— ,
+ "+< t 2) " ( t 2) "O2U2R,—1

(3.5)

and can be transformed into a partlcular Painlevé V [26], namely, Py(0, —a?/2, 2n + 1 +a,
—1/2), satisfied by S,(t) :=1— G (z) The appearance of n in the parameter of the Py indicates
that we are studying the finite n problem.

Proposition 3.2. The quantity
d
H,(t) = t% logP(t, a, n)
satisfies the following Jimbo—Miwa—Okamoto o form [26] of Painlevé V equation:
(H))? =4(H)? (H, —n(n+a) —tH)) + (@n +a — O H, + H,)". (3.6)

Furthermore, H, is expressed in terms of R,, by

=R’ +t2R (1—R,) ( +a>tR L
L —(n @
"T 4 Ry(R, — 1) " 2 41—

R n

N

It was pointed out in [2], by changing variable ¢t — ;- and H,(f) — o (s) in (3.6), the co-
efficient of the highest order term in n gives rise to the Jimbo-Miwa—Okamoto o form of
Painlevé III. So we treat R, and equation (3.5), with n large, in a similar way. Here are the
results.

Proposition 3.3. Write
R(s):= lim R, (i)
n— 00 4n

then the following second order differential equation holds

1 IN(R)> R RR-1 o* R
R=(—+-—- )2 -y = .= 3.7
(R—1+ ) 2 s+ 2s 252 R—1 S
Let
P(s, ) := nlggolfb(E a, n) (3.8)
and
d
o(s):=s—logP(s, ).
ds
Then o (s) satisfies the Jimbo—-Miwa—Okamoto o form of Py (see (3.13) of [25])
(sa”)2 +0' (40" +1) (s —0) — o? (0’)2 =0. (3.9
The quantity o (s) when expressed in terms of R(s) reads,
(s) SRY _sp o R (3.10)
o)=—F""" — - —_— . .
4R(R—-1) 4 4 1—R
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Hence, P(s, o) has the following integral representation

oo

logP(s, ) = —/ %d&
* (3.11)

X 2/ P12 2
S A T
4R(R—-1) 4 4 1-R/ &

We shall make use of (3.7) to derive the series expansion of R(s) as s — 00, and then apply
(3.11) to obtain P(s, «) for large s. The lemma below gives the bounds for R(s), which we will
see is important for later development.

Lemma 3.4. For o > 0, R, (¢t) and R(s) are bounded by
0<R,() <1,
0<R(s)<1.

Proof. Noting that

P2(t;t,a)t% "

R, (1) := >0,
(1) (. >
and
1 0
< it /Pnz(y; ta)ay’ e Vdy =1— R, (),
t

we find

0<R,() <1,
so that

0= R(s) = lim R, (43—”) <1. o

To continue, we obtain, neglecting the derivatives in (3.7) and replacing R(s) by R (s), we
obtain

(R=1)"=—,
which has solutions
R=1+2
= x
So it seems reasonable to assume R(s) has an expansion of the form

o .
_i
R(s):E ajs” 2, s — 00.
Jj=0
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Substituting the above into (3.7), followed by comparing the corresponding coefficients on both
sides, we find ap = 1 and a; = «. Since R(s) <1 for @ > 0, we choose a; = —«. By direct
computations, we eventually arrive at the following expansion formula for R(s).

Theorem 3.5. The expansion holds,

R(s) =1 o @ 3 a? 270{ -3
S)==1——F=— =5 —_— s
Js 8 5’ 18
at n 9q? 50 n 225q3 n 1125« -1
I 8 64 1024 )° (3.12)
3af N 13504 N 8la?\ _, N 0( ,g) Lo
- — — s s s Ky .
4 16 8
Thus, from (3.10), it follows that
2 2 3
s o ot a 90\ 3
—_— —_—— o — — — —_ 2
oW ==gts g 4 16[ 16" <16+256>S
at N 922\ , (o N 450° L 225a) g
16 64 )° 16 128 2048 )° (.13)

ot6+45044+27052 _3+0< _%)
=+ —+——) — 00.
6" 6 " 32 )¢ ) ST

Remark. Our asymptotic expansion (3.13) coincides with (3.1) in [35], since —o (s) = o (s; 1).
In fact, we observe that P(s, «) = D(J; 1), where D(J; 1) denotes the Fredholm determinant of
the operator with Bessel kernel. As a result, by definition, we find —o (s) = —sj—s logP(s, o) =

—sd log D(J; 1) =a(s; 1). See [35] for more details.

Finally, according to (3.11)—(3.13), we obtain the asymptotic expansion for P(s, «).

Theorem 3.6. As s — o0, we have

4 8 16 24 128
n a4+9a 2y a5+9a* n 45¢ -3
32 128 40 64 1024 s
n 056_'_15014_'_9a2 _3+0<_%)
8" 64 " 32)° S0

where c1(a), the constant of integration, is shown later to be

Gla+1)
(27[)05/2 :

2 2 3
3
log P(s, Ol)—Cl(Ol)——+a\/_——10gs+gs 2+—s 1+<a + “) -3

(3.14)

c1(o) =log



652 S. Lyu et al. / Nuclear Physics B 926 (2018) 639-670

We find from (3.4) and (3.14) that
lim Py (0; ﬁ, o) _ P(s,a + 1)
n—o0 Py(0;0,a)  P(s,a)
a 1 _1
NeXp[cl(a+1)—c1(a)+f—<§+Z>logs+0<s 2>:|, 5§ — 00.
(3.15)

We shall apply Dyson’s Coulomb fluid [ 18] to derive the asymptotic formula for P, (0; ¢, «). The
result combined with (3.15) enables us to find the constant ¢ («).

3.2. The evaluation of P,(0;t, ) via Dyson’s Coulomb fluid

Recall that the equilibrium density p(x) is given by (1.2) with a =1:

b
1 [b—x dy y—t ,
=— P , t,b).
b =g b [ T e
t

Here

v(x) =—logw(x,a) =—alogx + x.
We find with the integral identities in the Appendix,
1 /b— t
px) = — | (1 _ e —). (3.16)
2

x—t x\Vb

Note that condition +/tb > « and that

d x—t

il (2 0,

dx <'0 2 b— x) g
show that p(x) > O for t < x < b. Hence, from the normalization condition j;b p(x)dx =n, it
follows that

bt e \/Z—l 3.17
"= "2\ : @17

from which we obtain a cubic equation satisfied by b
b(b—2@2n+a) —1)° =4a%. (3.18)
Equations (3.16)—(3.18) were derived in [13] (equations (15)—(17) with 8 =2).

Since the recurrence coefficient «,,, is asymptotic to the center of mass of the support [z, b],
namely % for large n, see for example [ 10], we find by using the equality o, =2n+14+a+1R,
(see (3.9), [2]) that

b~20, —t=22n+1+a+1tR,)—1t
~4n 420+t +2t(R, — 1)
<4dn 4+ 20 +t,

where the last inequality is due to R, < 1.
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Now we are in a position to derive the large n expansion for b.
Lemma 3.7. Provided t > 0, we have for large n
11 1 3 s 1\ 3
b=4n+2a+t—atin" 2 +§ (aﬂ + 2 t2)n 2
1 3 3 3
— ol - = (cr? +40%3 dae2 )73 (3.19)
1
+ T3 <a2t2 +2ot3t) n3+0 (n_%) .

Moreover, putting t = 7. which tends to 0 as n — 0o, we find
2
s o o
b=4n+2a + (4_1 — Eﬁ) n 4 gﬁn_z

n @ 3 o? 3a3 _3+0(_4)
64" 320 ea V)" ")

Proof. Given r > 0, we find from (3.18) that

(3.20)

1
b~4n+2a+t+0@n 2), n— oo.

Hence, we assume the following expansion,

o0 .
i
b:4n+2a+t+2a./n_2.
j=1
Substituting this into (3.18), by comparing the corresponding coefficients on both sides, we get

a) = +a+/t. Since b < 4n + 2o + t, we have to choose a; = —a+/7. By simple calculations, we
obtain (3.19), from which, by putting t = ﬁ and sending n to oo, (3.20) follows. O

According to (1.3), for large n, our monic orthogonal polynomials are approximated by

Py (0: 1. ) ~ e S1 0100 =52(0:0.0)

where
1 1
1 b\* t\*?
=510;t,0) _ — | | Z z
oo () ()
and
2
=t 4+ /=D
$2(0; ¢, ) = —nlog (%)

+L b _alogx+x _@4_1 d
wmw] Jh—na -0 -
t

X
With the aid of the integral identities listed in the Appendix, and choosing by the branch —7 =
te™ and —b = be™', we obtain
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NN

" | 172 2
e $H000) — (_pyngn-a (\/l—)+\/;>2 [(?)4_'_(%)1] e_( 2 )

Finally, by using (3.19), we give an evaluation of P,(0; ¢, @) for large n and thus determine
the constant ¢ (c).

—X

Theorem 3.8. The monic polynomial P, (x;t, o) orthogonal with respect to x*e™, o > —1, over

[t, 00) is approximated at x =0 by
(1) Py(0: 1, o) ~ (41) "5~ a g+ S tae VA oo
Hence, under the assumption that t — 0 and n — oo such that s = 4nt is fixed, we find

(1) Py (0; 2y o) ~ s~ 3 an ot aentVs s oo, (3.21)

Corollary 3.9. The constant c1(«), appearing in (3.14), is identified to be
Gla+1)

(27.[)04/2
where G(-) is the Barns-G function.

c1(a) =log

Proof. In what follows, the symbol ~ refers to ‘asymptotic to’ for large n.
Combining Stirling’s formula [28]

n
n!'~+2nn <E>
e

and the standard asymptotic approximation for Gamma function
I'n+a)~Tn)n®, aeC,
we get

(n)n '+14+o) —a—}
-) ~—n
e N2

or equivalently,

grari Tt l40)
2

Hence, it follows from (3.21) that
NF(n +1 -I—Oé)s_%_l N

(=D"Py(0; 3, ) ‘e
n 4n A
Therefore, noting the explicit evaluation of the monic Laguerre polynomials at 0,
r 1
(=1)"P,(0;0,a) = m,
r'd+a)

we finally obtain

Pa(0; 47,00 T(1 o) et
P (0;0,) V2m

=exp |:10g (%) + /s — (% + %) logs:| .
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Comparing this with (3.15) yields

F(1+ot)>
Nz

which, according to the properties of the Barnes-G function, leads to our conclusion. O

cl(a+1>—c1<a>=log(

4. The asymptotics of the gap probability distribution of the Gaussian unitary ensembles

The gap probability distribution of GUE on (— J%’ \/%) with n large enough is described by
Ehrhardt [20]:

P(b) = det(I — K2p),
where det(I — K»p) is the Fredholm determinant with K5, having the kernel q;]((;__y})) X(=b.b)(¥)-
For this reason, we shall make use of the asymptotic expression (3.14) for large n Hankel deter-
minant to deal with our problem under the double scaling

b:=+2na= %

Note that T =2+/2na.

Theorem 4.1. The probability that the interval (—ﬁ, \/%), n — oo, is free of eigenvalues in

the Gaussian unitary ensembles is approximated by

b*> logh log2

logP(h) = — — — —=~ 4 282 4 3¢/~ 1)
2 4 T2 @1
PN B +0(b7F),  booo
3262 T 12867 76856 ’ ‘

Proof. Recall that the gap probability of GUE on (—a, a) is given by
_ Dy(@)
D, (0)

and the Hankel determinant D,,(a) is connected with the smallest eigenvalue distribution of LUE
by the relation

P(a,n)

Bk 15k, n=2k—+1,
Dp(a) =1 <L
Dy Dy, n=2k.
Here
0 m—1
Dy(a) := det /t"”f%e*’dt ,
a? i,j=0

- L
D, (a) :=det tHt2edt

Qw\g
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From this, we find
D,
P(b) := lim P(a,n)= lim (@)
n—oo D, (0)
Di(a) . Di(a)
im - lim
k~>OO Dk(o) k— o0 Dk(o)

so that, in view of (3.1) and noting that b% ~4ka® as k — oo,

. 2 1 . 21
P(p) = lim Pa”, —3,k) - im P(a®, 3,k)

2 _1 21
Here P(a?, a, k) is the probability that all the eigenvalues of k x k Hermitian matrices with
weight x¥e™ are greater than ¢ and PP (b2, a) defined by (3.8) is the scaled limiting probability
of P(a2, &, k), i.e. P (b2, &) = limy .00 P (% @, k).
Therefore, according to (3.14), we see that
log P(b) = log P (bz, —%) +logP (b2, %)
b*  logh 1
—c (=1 Iy _Z _ -
=al=)taG) -5 -t

2 o5, b
— 00,
128p* 768b6

where the constant term reads

1 (=3) +e1(d) =1og[G(HG(3)] =log [G(%>2F<%>]

taking note that G(%) = F(%)G(%).
It follows from eq. (6.39) of Voros [37], that,

G(%) — 3 (D2 =1/491/24.
where ¢ (-) is the Riemann zeta function, and lead to
a(=H+al)= —+3§ (=D).
The proof is completed. O
Remark. Our asymptotic formula (4.1) coincides with the one found by Ehrhardt [20].

5. The smallest eigenvalue distribution of the Jacobi unitary ensembles

Let P(z, «, B, n) denote the probability that all the eigenvalues of the Jacobi unitary ensembles
with the weight x“ (1 — x)?, x €0, 1], are between ¢ and 1, where ¢ > 0. It was shown in [16]
that

d
on(t) :=t(t — ])E logP(t, 0, B,n) +dit +da
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satisfies the Jimbo—-Miwa—Okamoto o form of Painlevé VI. Here d and d;, are constants de-
pending on n, o and 8. Under the assumption that  — 0 and n — oo such that s = 4n?¢ is fixed,
we prove that the o form of Painlevé VI is reduced to the o form of Painlevé of a particular ITI
satisfied by s % log ]P’(#, «, B, n). Thus, once again we can derive the asymptotic expansion for

the double-scaled probability.
Remark. It will be shown later that the parameter 8 does not appear in this Painlevé III.

Remark. We shall see later that,

1

P(:?,a, ﬂ,n) ~ exp |:cz((x,/3) — % +avs — %zlogs + 0 (s_7>] .

Remark. The constant reads

G+ DG*(B+1) BB —1
Q2m)@tp)/2 2

cxmﬁ>=mg[ )—%ﬁ+%)bme,ﬂ>0

whose determination is based on the evaluation, at z =0 and z = 1, of the monic polynomials
P,(z;t, o, B) orthogonal with respect to x“(1 — x)ﬁ over the interval [z, 1].
The constant c>(«, B) appears to be new.

Consider the Jacobi weight

wx, ) =x%(1 —x)P, xe[0,1], o B>0.

As usual, the probability that all the eigenvalues are between ¢ and 1, in the Jacobi unitary
ensembles reads

Yo T1 @y —x)” T] wi. a. rdx

1<i<j<n k=1

n
wSoay  TT G =x)* TT wi, o, Brdx
k=1

1<i<j<n

n

P, a, B,n) =

n—1
Lj=0 _. Dy(t,, B)
n-l ' Dn(o’aaﬁ)’

i,j=0

det (ftl xHw(x, a, ﬂ)dx)

- 5.1)
det (fol xitiw(x, a, ,B)dx)

where D, (0, «, B) is given by ([29], p. 310)

(5.2)

n—1 . . .
B JIPG+a+ DG ++1)

Gn+a+1)Gn+B+1)Gn+a++1
Gla+DGB+DG2n+a+B+1)
=D,(0, 8, a).

=Gn+1)

Lethj (¢, o, B) be the square of the L? norm of the monic polynomials orthogonal with respect
to w(x, o, B) over [z, 1], i.e.
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1
hj(t, o, Bk :=/Pj(x;t,a, B)Pr(x;t,a, Bw(x, o, Bdx.
t

Note the monomial expansion for P;:

Pi(x;t,a, B) =x/ + p(j,t,a, ,3)xj7] +---+ Pj(0; 1,0, B),
and
n—1
Dy(t.a. B)= [ hjt.c. B).
Jj=0
Again the following integral and determinant representations for the orthogonal polynomials
hold:

Dy(t,a, B) n!

@&,y I<i<j<n

1 1 .
Pzt B) = ——x / [T &=’ []@=xown, @, Bdx
k=1

n—1
i

»J=0

’

det (1 x4 (2 = 2)x¥(1 = x)Pdx)

]
det (fllx"*jx"‘(l —x)ﬂdx)"1 .
I, ]=

from which we find

P"(O;f’“’ﬂ>=(—1>"1)nz§t’:—m,
and
Dy(t,a, p+1
Pn(l;t,a,ﬂ):D(t(;X—aﬂ’B))

Remark. The equation above will be instrumental for the determination of ¢ (e, 8). As a conse-
quence, we find, according to (5.1)

Pn(()»t’a’ﬂ) _ P(tva_‘_ lvﬂrn)

Py(0;0,0,8)  P(t,a,B,n) ©-3)
and
Pt p) _ Pta, p+1,n) (5.4)
Py (1;0,a, B) P(z, o, B, n)
Moreover, by (5.2), we obtain the explicit formulas
n ) Dy (0, + 1, B)
(=1D"Py(0;0,, 8) = m
:F(n+ot+ﬂ+1)1”(n+a+1)’ (5.5)

'Cn+a+B+ Dl (a+1)

and
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D, (0,0, 8+ 1)
Dy (0, , B)

_Tn+a+p+DI(n+B+1)

C TQ@anda+B+DIB+1)

=(=1)"P,(0;0, B, ). (5.6)

Py (1;0,a,B) =

5.1. The o form of Painlevé VI for finite n and of Painlevé 11l under double scaling

The following Hankel determinant was studied in [16]
1 n—1
D, (t,a, B) = det /xl‘ﬂ‘x“(l —0)P{A+BO(x —1)}dx ,
0 i,j=0
where A >0, A + B > 0. The special case A =0, B = 1 reads
1 n—1
D, (t,a, B) =det /xi+jx“(1 —)P0(x — t)dx
0 i,j=0
1 n—1
=det /xi+jx“(1 —x)Pdx ,
t i,j=0
the Hankel determinant that concerns us.

Hence, in order to carry out large n analysis of P(¢, «, B, n), we first restate the main result in
[16]. Here we use the symbol oy, (¢) instead of o (¢) for the convenience of later discussion.

Proposition 5.1. The quantity

o,(t) :=1t(t — 1)%10g D, (t,a, B) +dit + da, 5.7
with
2
g Crtatp?
4
1
dy= 1(2"(” +a+pB)+ B+ 8),

satisfies the following Jimbo—Miwa—Okamoto [26] o form of Painlevé VI

ol {t(t — o)} + (20) (10, — 00) — (0])? — vivav304)°

(5.8)
= (0, +v]) (o) +v3) (o, +v3)(o), + V1),
with parameters
v_a+/3 v_,B—a U_U_Zn—}—a—i—ﬂ
1= 2= "5 3= =

and the initial conditions

0,(0) =d>, O’,;(O)Zdl.
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Remark. The parameters A and B did not appear in the equation satisfied by the o-function,
[16].

We see that the weight x“(1 — x)?, x €[0, 1], can be converted to the standard Jacobi weight
(1 —x)%1 +x)8, xe[-1,1], by a change of variable x — ]%x The Jacobi polynomials

P,,(“’ﬁ )(x) orthogonal with respect to (1 —x)%(1 4+ x)#, x € [—1, 1]. Furthermore, the following
property (see [34], Theorem 8.21.12) holds

n—oo

2
lim n=*p®h (1 %) = (2/2) % Jy(2),

where J,(-) is the Bessel function of the first kind of order «. This motivates us to execute the
double scaling, namely, ¢t — 0 and n — o0, such that s = 4n?t is fixed. With r = #, we obtain
the following result from Proposition 5.1.

Theorem 5.2. Let
P(s,a, ) := lim IP( a8, n) (5.9)
and
d
o(s):=s—1logP(s, a, B).
ds
Then o (s) satisfies the Jimbo—-Miwa—Okamoto o form of Py (see (3.13) of [25])
(sa”)2 +0' (40" +1) (s0' —0) — o? ((7/)2 =0, (5.10)
with the initial conditions
0(0)=0'(0) =

Proof. From (5.1) and (5.7), we find

d
o,(t) —dy=1(t — I)Elog]P’(t,a,ﬂ,n) +dit

(1) Lo (g ) - GO

—>—o(s)—%, 1 — 00, (5.11)
Upon replacing o, (t) by —o(s) — 5 +dz and ¢ by ; 2 in (5.8), the coefficient of the highest
order term in n leads to the desired equatlon
The initial condition o (0) = 0 follows from the fact o, (0) = d>, and 6’ (0) = 0 is an immediate
consequence of setting s =0. O

Remark. The non-appearance of the § parameter in (5.10), does not necessary imply the non-
appearance of 8 in the asymptotic expansion of P(s, «, ).

Before proceeding to the derivation of the expansion o (s), for large s, we first point out the
following important fact about o (s).
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Lemma 5.3. o (s) has a lower bound

s
o(s) > T

Proof. From the initial conditions satisfies by oy, (?):
0,(0) —dr =0, 0,(0)=d; <0.

Assuming the continuity of o,(?) in ¢, for small ¢, we see that 0, (#) — d> is negative when 7 is
sufficiently enough to 0. Hence, in view of (5.11), we get as t — 0,
—o(s) — 2 = lim (0,(t) — da) <O,
4 nooo

which completes the proof. O

Remark. We observe that (5.10) is the same as the differential equation (3.9) of the Laguerre
case. For this reason, in view of the expansion formula for o (s) given by (3.13), we assume in
the Jacobi case

00 .
i
O’(S)ZE bjs1 z, s — 00.
Jj=0

Inserting it into (5.10), by comparing the corresponding coefficients on both sides, we find by =
—% and by = £%. Since o (s) > —7, we choose by = 5. Finally, we find (3.13) is also valid for
o(s) = s% logP(s, «r, B). Therefore, the asymptotic expansion (3.14) holds for P(s, «r, 8) up to
a constant.

Theorem 5.4. As s — oo, the probability that all the eigenvalues in JUE are greater than ﬁ
with n large enough, has the following asymptotic expression:

K a? o _1 o? 1 o’ 3a 3
10g[P’(s,tx,ﬂ)=cz(a,,B)—Z+a«/§—Zlogs+§s T4 —s | —+— s 2

n ot n 902 -2 o’ n 903 n 45 -3
—+—s —+—+— s
32 128 40 64 1024

n Ol6+150l4+9012 _3+0(_%>
8" 64 " 32)° S )

where cy(«, B) is shown later to be

G+ 1G*B+D], BB-D
anepr | T2

(5.12)

e, p) = log[ —(B+ Hlogl(B).

In view of (5.3) and (5.4), it follows from (5.9) and (5.12) that
i Py(0; 25,0, B) _ PGs.a+1,8)
n—o0 Pn(oaoaavﬂ) N ]P)(S,(X,‘B)
a 1 _1
~exp[cz(a+1,ﬂ)—cz(a,ﬁ)+f—<§+Z>1ogs+0(s z)} 5 = 00,
(5.13)
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and
.S
lim Py (1; R B) _ P(s,a, 8+ 1) ~ oC2(@ p+D—c2(@.f)
n—00 Pn(l;O,a:,B) P(Svasﬂ) ’
We now apply Dyson’s Coulomb fluid method to derive the asymptotic formulas for

P,(0; t,a,B) and P,(1;1,«, B). The results combined with (5.13) and (5.14) will help us find
c(a, B).

5 — 00. (5.14)

5.2. The evaluation of P,(0;t,a, B) and P,(1;t, o, B) via Dyson’s Coulomb fluid

Putting
v(x) =—logw(x,a, B) =—alogx — Blog(l —x), ao>0, >0,

in (1.2) witha =1, i.e.

p(x) = ,/x:): f”(y)/ dy, xe(tb), b<l,

gives us the equilibrium density of the fluid,

()_1/b—x oe\/7+,3 [1—1¢ 0 b1
'Ox_27r x—t Vo T1=xVi=s | " T sr=p=t

An easy computation shows that

APy b 0, 1 b
—po(x),/—— >0, t<x <b,
dxp b—x

and Bv/1b > a+/(1 —1)(1 — b) which implies p(x) > 0 for t < x < b. By means of the integral
identities listed in the Appendix, the normalization condition flb p(x)dx = n reads

a+p « B |1—t
" +§\/;+2 1-b

This gives rise to an algebraic equation of degree four in b,

2 2 2 2 202
[@n+a+ 8201 —b) — (1 = b) = B2(1 = )b =4a?B%(1 = b(1 ),
from which it follows that
pP(1—1)
4n2
We do not display the O (n~>) term as it would not affect the outcome.
We follow the methodology in the previous section for LUE. According to (1.3), the monic

orthogonal polynomials P, (z; t, o, 8) associated with x*(1 — x)ﬁ, x € [t, 1], evaluated at z =0,
is given by

hb=1-— +0mn), n— 00.

Py(0; 1,0, B) ~ 6*51(0;1,%,3)*52(0;1‘%;3)’ n— 00,

where
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1 1
1 b\? t\?
—sionap) _ L[ (D '
¢ 2[(r> +<b> }

With the aid of the integral identities in the Appendix, and by taking the branch —¢ = re™* and
—b = be™ | we obtain

eSO h) = (1222 (i 4 Vb

. (1 - (m_m)z)g (VI—r+vTB) .

Now we discuss the approximation of P,(z; ¢, o, 8) at z = 1. Once again from (1.3), we obtain

2n+2a+B o
) (th)~%

P,(1;:t,a, B) ~ e—Sl(l:t,%ﬂ)—sz(l;ha,ﬁ), n— oo,

where
L L
eSitnap _ L (L=DNE (1=
2 1—1t 1-b
and, by applying the integral identities in the Appendix,
) 2n+a+28
e~ S2(lit.a.f) _ n—2n—a—2p (m_l_m) n+a (ﬁ_ﬁ.ﬁ)a
2 _% B
: (1—(«/%—\/(1—t)(1—b)) ) (A=A -=b) 2.

Finally, pooling together the above results, we give an evaluation of P,(0;¢,«, ) and
P,(1;t,a, B) as n — oo.

Theorem 5.5. The monic polynomials P, (x; t, &, B) orthogonal with respect to x*(1 —x)?, a >
—1,8 >0, over [t, 1] are approximated at x =0 and x = 1 as n — o0, by

(—1)" Py(0; 1, a, B) ~ 2~ 21—20=p~1 [f% +t%] [1 n ﬁ]zn+2a+ﬂf%
~oIaf e A E et (5.15)
and
Pu(l;t,, ) ~ 27274 F=3 s g=B=3 P (1 — )" (1 + /D"
~ g M—a=f=g Bty g=B=3 o (5.16)

where s = 4n? 1.

Corollary 5.6. The constant c;(«, 8), appearing in (5.12), turns out to be

G+ 1DG*B+1D] BB-1
(2m)@+p)/2 + 2

e (e, B) =log[ —(B+ D logl(B),

where G(-) is the Barnes-G function.
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Proof. Again, in this proof, the symbol ~ refers to ‘asymptotic to’ for large n.
From asymptotic approximation for Gamma function

I'n+a)~Tn)n®, aeC,
and the Legendre duplication formula (formula (1.2.3), [28])
VAT @2n) =22 T(mT(n + 3) ~ 22"~ T )/,
we obtain, by recalling (5.5),

rn+a+p+DI'n+a+1)
FQn+a+p+D(a+1)
T'(n) notB+1 I'(n) potl
~Tn) (2n)a+ﬁ+1r(a 1)

(=D)"Py(0; 0,0, B) =

o Jrama—p 517
VT e +1) (5.17)

so that, from (5.6),

Py(1;0, 0, B) = (=1)" P, (0; 0, B, @)
~ e h L " (5.18)
TB+1) ’

Combining (5.17) with (5.15), and (5.18) with (5.16), we find

Pa(0: gp. . B)  T(a+1) o1
Py(0;0,a, ) V2n

~ exp |:10g (%) s — (% n }t) logs:| : (5.19)
and, assuming § > 0,
Py(l; 25,0, B) T+ 1)eﬂﬂ,ﬁ,%
Py (1;0,a, B) V2r
—exp |:10g (%) +B—(B+ D) logﬁ] . (5.20)
Comparing (5.19) with (5.13), and (5.20) with (5.14), we arrive at
e+ 1, ) = ex(e, B) =log (Tl (5.21)
and
er(a, B+ 1) —er(a, B) =log (%) +B—(B+3)logh. (5.22)
respectively. Hence, it follows from (5.21)
G(a+1)
c2(a, :3) =lo 0g———-71 (2 )01/2 + f(ﬂ)

and from (5.22) we find a difference equation satisfied by f(8):
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rg+1

) +B8—(B+3)logp,
and consequently,

G*B+1)  BB-D
(271)/3/ 2 2
Therefore, we finally obtain

G+ 1)G*B+1D] BB-1
Q2m)e+p)/2 2

f(B) =log —(B+ $)logT(B).

—(B+Dlogl(p). O

c2(a, B) =10g[

Remark. We note an integral representation for f(8 + 1) — f(8):
f(B+1) — f(B)=1ogT(B) + B — (B — 3)log f — 3 log(2m)

]
_/1 1,1 .y
S22 e —1)
0

which results from Binet’s formula ([38], p. 249). Hence, the constant ¢, (y) that appears in [7]
has an explicit evaluation:

Gl+y—-A-BGU+y) n yiy =1
Qm)v/? 2

—(y + HlogT(y).

c2(y) =log

6. The asymptotics of the gap probability of the Jacobi unitary ensembles

The probability that the interval (—a, a) has no eigenvalues in the (symmetric) Jacobi unitary
ensembles with the weight
wolx, B)=(1—-xHF  xel[-1,1], B>0,
is given by

n—1

det (f_llxi+jw(x,a, 'B)dx)i,j:o  Du@.p)

det (f_]l xitiwg(x, ,B)d)c)n_.1 DB

i,j=

P(a, B,n) = 6.1)

Here w(x, a, B) is the discontinuous Jacobi weight with two jumps
wix,a,p) =1 -0 —a®),  xel-L1, >0,

where 6(x) is 1 if x > 0 and 0 otherwise. We shall be concerned with the behavior of P(a, 8, n)
under double scaling.

We begin with the normalization relation of the monic polynomials orthogonal with respect
to w(x,a, B) over [—1, 1]:

1
hja,p):= / P}(xia, B)(1 — x))PO(x* — a®)dx
—1
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1
:2/ P(xia, B)(1 — x*)PO(x* — a®)dx. 6.2)
0
Note that { P;} can be normalized as [17]

Poy(x;a, B) =x" 4 pQ2n,a, B)x* 2+ + P2, (0 a, B),

and

Popri(x;a, B)=x"" 4 p@n+1,a, B)x> '+ + const. x

2n—2

:x(x2”+p(2n+1,a,ﬂ)x +--~+const.>.

By introducing into (6.2) the change of variable x> = ¢, we find
1
haa(a, B) =2 / P, (x;a, B)(1 = x*)P0(x* — a®)dx

0
1

=2[P22,1(\/?;a,ﬂ)(1 —0fo@—a

0
1

Z/ﬁ,f(r;a,ﬂ)r‘%a—t>’3df=:5n(“’ﬂ)’

a?

2)£
23/t

and
1

hons1(a, ) =2 / P2 (x:a. B)(1 — PO — ad)dx

0
1
~ 2 dt
_ . _ B AN
_2f{an(r,a,ﬂ>} (=000 —a®) =
0

1
a?

Here 13;, (t;a, B) and ﬁ,,(t; a, B) are monic polynomials of degree » in the variable ¢, orthogonal
with respect to t_%(l —1)# and t% (1 —1)P over [a2, 1] respectively.
If we define the Hankel determinants generated by t_% (1—1)# and t% (1—0f tela? 1], by

| m—1
~ L 1 m-1 ~
Dy (a, B) := det /ﬂﬂﬁ(l —nPdr = [[ . p).
5 1=0
@ i,j=0
—1
1 o " m—1
Dy (a, B) := det /t’*fﬁ(l —1f = ]_[ hi(a, B),
=0

a i.j=0
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then it follows that
1 n—1
n—1
Do(apyi=det| [xHuceaprax | =[]hap)
1 ij=0 1=
_ 5k+1 ﬁk, n=2k+1,
N 5k Bk, n=2k.
Based on (5.12), we establish in the next theorem the asymptotic expression for

P, B) :=n1_i)rI;OIP’(a,,B,n), b:=na,

(6.3)

under the assumption that a — 0 and n — oo such that b is fixed. Note the double scaling is
unlike the GUE case, where T =2+/2n a

Theorem 6.1. The probability that the interval (—%, %), n — 09, is free of eigenvalues in the
Jacobi unitary ensembles with weight (1 —x?)#, x € [—1,1], B > 0 is approximated by
G*B+1)
Q2m)P

b*>  logh
logP(b, B) = -5~ % +log [G(%)zﬁ] +log[

+B(B8—-1)— 2B+ Dlogl'(p)

1 5 131
o(p?), b .
3202 T 1280% T 76800 T ( ) -

Proof. From (6.1) and (6.3), we find
_ . _ . Dn (Cl, ﬁ)
P(b,ﬁ)—nlingop(a,ﬂ,n)—nlingom
Di(a.p) . Di(a,p)
= lim ———: lim ——,
k—oo Dy(0, B) k—o0 Dy (0, B)
2,2

so that, in view of (5.1) and noting that b2 =n ~ 4k%a? as k — oo,

P(b, f) = lim P(a®, =3, B,k) - lim P(a®, 3, B.k)
:]P)(bzv _%s ﬁ) : P(b27 %7 ﬂ)s

Here ]P’(az, o, B, k) is the probability that all the eigenvalues of k x k Hermitian matrices with
weight x%(1 — x)# are greater than a® and P (b?, o, B) defined by (5.9) is the scaled limiting

probability of P(a2, a, B, k), i.e. P (b2 o, B) = limy_ oo P (% a, B, k).
Therefore, according to (5.12), we establish
logP(b, ) =logP(b*, -1, B) +1og P(b%, }. B)

1 1 b 2 o -2
= (—z,ﬂ) —|—C2(§,,3) — 7 - 10gb+ gb

4 2 6 4 2
o 9a o 15a 9a
Z 2 )t I el I Sl
+(16+64) +<24+ 32+16)

+0(b*8), b— .
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Here the constant term reads
2 (—1.8) + (3. 8)
G* 1
=log [G(%)zﬁ] + log [M

)P ] +B(B = 1) =2+ Dlogl'(B),

where the properties G(%) = G(%)F(%) and F(%) = ./ are used. The proof is completed. O
7. Conclusion

We obtained in this paper the constant term in the asymptotic expansion of the large gap
probability of the Gaussian unitary ensembles; reproducing the Widom—Dyson constant. This is
done through the study of the smallest eigenvalue distribution of the Laguerre unitary ensembles,
and specializing o = £1/2, in the constant obtained. Finally, we derive the asymptotic expan-
sion of the smallest eigenvalue distribution of the Jacobi unitary ensembles (x*(1 — x)?, x €
(0,1), o> —1, B> 0).In this situation, although the double scaled o equation is identical with
the LUE o -equation, however the constant in the JUE problem depends on 8.
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Appendix. Some relevant integral identities

We list here some integrals, which are relevant to our derivation and can be found in [9], [14]
and [22]. The basic assumption is that 0 < a < b:

/b dx _
) VE=nG—a) -
b

x dx _(a—l—b)rr
Jb—-—n&x-a 2

/b dx _n
J x+/(b—x)(x —a) N Jab’

; dx _ (a+b)m
/x2 b-—0&—a)  2ab)i
b
/ dx _ b4 b,
1-0)Vb—-x)x—a) J(I-a)1-b)

a
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b
log(1 —x)dx J1—a+/1-b
=27 log L (b<1)
Vb —x)x —a) 2
a
b
f log(1 — x) dx T 1—(@47(1—:1)(1—17))2 X
_ Cb<
Jo—nG—a) Jab NZENE
b
_ logxdx Ja++/b
=2mlog| ———
JO—x)x —a) 2
a
b
logx dx 27 2+/ab

= I
NB-—0G -  Jab | Jatb

b log (v T=a++/1-b)? .
logx dx 1—(Vab—yT=a)(1-5)) b1
=7 s <1),
(x = DJVB =) —a) VAT =a)y T =b)
b
/ log(1 — x) dx o m[ﬁ + zﬁfb] <1
(x — DJVO—x)x —a) JO=a)T=5) '
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