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Thesis Outline

This thesis is based on the publications [1],[2],[3],[4]. This work was performed in collabora-

tion with the co-authors of this article. This thesis is divided into two parts. The first five

chapters of the thesis are included in part one, titled ”The black hole information paradox for

small Schwarzschild de Sitter black holes”. Chapters 6 and 7 are included in part two, titled

”No-boundary extremal surfaces in slow roll inflation and other cosmologies”. The various

Chapters of this thesis are organized as follows: Chapter 1 provides a brief introduction and

motivation for the study of the black hole information paradox and its possible resolution.

Then in Chapter 2, we study Timelike quantum extremal surfaces in some of the cosmological

backgrounds, in particular, de Sitter space in the Poincaré slicing and FRW universes under

certain conditions. In Chapter 3, we study the information paradox for a small Schwarzschild

black hole in a frozen de Sitter background, while considering the observer in the static di-

amond of the background geometry, in a generic 2-dimensional dilaton gravity theory. We

have shown that including a self-consistent island at late times of the black hole evaporation

process leads to the falling page curve and resolves the paradox. In Chapter 3, we further

study the information paradox for the same small Schwarzschild de Sitter black hole while

considering the radiation collected by some meta observer close to the future boundary. Here

we have also shown that islands arising from both sides black hole horizon resolve the infor-

mation paradox. Chapter 5 discusses the overall conclusion and possible future directions for

the study of the black hole information paradox. Next, in Chapter 6, we review previously

studied de Sitter extremal surfaces from various places. Finally, in Chapter 7, we study no-

boundary extremal surfaces in slow-roll inflation, with perturbations to no-boundary global

dS preserving the spatial isometry. It turns out that the area of the no-boundary extremal

surface has both the real and imaginary finite corrections at leading order in the slow-roll

parameter that match those in the semiclassical expansion of the Wavefunction (or action),

and corroborate the cosmic brane interpretation discussed previously.

Appendices A, B, and C show all the mathematical computations and technical details of

Chapters 3, 4 and 7, respectively.
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Chapter 1

Black hole information paradox:

Introduction

The black hole information paradox [1] has seen fascinating progress over the last few years:

In this context, it is perhaps best to regard this, not as a detailed understanding of black

hole microstates, but as the tension between the apparent unbounded growth of the entan-

glement entropy of Hawking radiation [2] outside the black hole and the quantum mechanics

expectation that entanglement entropy must become small at late times to recover the purity

of the original matter state (see e.g. [3], [4], which review various aspects of the information

paradox). This falling Page curve [5], [6], reflecting the original purity can be recovered when

nontrivial, spatially disconnected, island saddles for quantum extremal surfaces are included

[7], [8], [9], [10], [11].

Quantum extremal surfaces are extrema of the generalized gravitational entropy [12, 13] ob-

tained from the classical area of the entangling RT/HRT surface [14]-[17] after incorporating

the bulk entanglement entropy of matter. Effective 2-dimensional models allow explicit calcu-

lation, where 2-dim CFT techniques enable detailed analysis of the bulk entanglement entropy.

The island, arising as a nontrivial solution to extremization (near the black hole horizon, and

only at late times), reflects new replica wormhole saddles [10, 11] and serves to purify the

early Hawking radiation thereby lowering the entanglement entropy. There is a large body

of literature on various aspects of these issues, reviewed in e.g. [18, 20, 21]: see e.g. [22]-[179]

for a partial list of investigations on black holes in various theories, and also cosmological

contexts. It is important to note that several of these investigations are simply applications

of the island proposal, which appears to be self-consistent, even if it cannot be rigorously

derived in those contexts (see e.g. [20] for an overall critical perspective, as well as [94], [95],

and [96]).

3



4 Chapter 1 Black hole information paradox: Introduction

The above lightning introduction briefly states the problem of the black hole information

paradox and its possible resolution via the study of the island formula, and we give a detailed

discussion about the basics of the various aspects of this study in the following sections. In

sec. 1.1, we begin with the basic definition and properties of the entanglement entropy of the

discrete system and the continuum QFT. Then we briefly discuss the entanglement entropy

in CFT2 for both single and multiple intervals in sec. 1.2. For the review on the basics

of entanglement entropy, we have been following [17]. In sec. 1.3, we introduce holography

starting with the basics of AdS geometry, conformal field theory, and followed by the state-

ment of AdS/CFT correspondence and its dictionary. Followed by this sec. 1.4 discusses

briefly the idea of holographic entanglement entropy via the RT formulation. Next in sec.

1.5, we give preliminaries about the thermal aspects of a black hole, which include black hole

thermodynamics, Euclidean black hole, and different stages of the black hole evaporation

process. In sec. 1.6, we state the idea of considering a black hole as a quantum mechanical

system according to the Central Dogma. In sec. 1.7 we briefly mention two different notions

of entropy. In sec. 1.8, we review Hawking’s original paradox [1] by following [18], [19], and

sec. 1.9 discusses the resolution of the black hole information paradox for a 2-dimensional

black hole coupled to a heat bath in a generic 2-dimensional dilaton gravity theory via the

island formulation. This formulation is giving us the true Gravitational fine-grained entropy

of the Hawking radiation, which follows the Page curve like evolution, and for this we have

followed the review on black hole information paradox [9], [18] by Almheiri et. al. In the final

sec. 1.10, we give a simple example of the black hole information paradox and its resolution

for a 2-sided eternal black hole coupled to a heat bath in JT gravity, followed by a recent

lecture [19] by Mahajan.

1.1 Introduction to Entanglement entropy

Entanglement entropy is a measure of how quantum information is stored in a quantum state.

It can be defined in quantum mechanics, quantum field theory, and also in quantum gravity.

In holographic systems, entanglement entropy is encoded in geometric features of the bulk

geometry.

1.1.1 Definition and basics

A bipartite system is a system with Hilbert space equal to the direct product of two factors,

HAB = HA ⊗HB (1.1)
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Considering the general state of the full system ρ, we can construct an operator that acts on

one of the factors, say HA, by tracing out the other (in this case HB). This operator is the

reduced density matrix ρA and our definition can be formalized as

ρA = TrB ρ (1.2)

The definition here is capturing the state of the degrees of freedom in A, assuming complete

ignorance of what happens in B. The von Neumann entropy of the reduced density matrix,

which is often referred to as the entanglement entropy, is given by

SA = −TrA (ρA log ρA) (1.3)

It is also convenient to define another set of ‘entropies’ called the Rényi entropies, which are

simply defined in terms of the moments of the reduced density matrix:

S
(q)
A =

1

1− q
log TrA(ρA

q) (1.4)

The canonical definition here requires that q ∈ Z+, but it is effective to analytically continue

the definition to q ∈ R+. Now, if we consider q → 1, then the Rényi entropies converge to

SA, i.e.,

SA = lim
q→1

S
(q)
A . (1.5)

1.1.2 Entanglement entropy in quantum field theory

Now, we have a d-dimensional relativistic QFT on some Lorentzian spacetime B, which we

take to be globally hyperbolic. Since Bd is globally hyperbolic, we pick a Cauchy slice Σd−1

which is an (achronal) spacelike slice, defined in the QFT, at a particular time. On Σd−1,

we then have a state of the system. This could be a pure state given by a wavefunctional

Ψ[Φ(x)], or more generally a density matrix ρΣ (x now defines a coordinate chart on Σd−1).

We choose some spacetime codimension-1 region A on the Cauchy slice, which allows for a

spatial bipartitioning of the form A∪Ac = Σd−1. The boundary of the region is the entangling

surface ∂A, which we note is a codimension-2 hypersurface in B. Here, some UV divergence

arises from the short distance entanglement between the degrees of freedom inside and outside

the entangling surface. These can be regulated by introducing an explicit UV regulator ϵ.

The reduced density matrix ρA = TrHAc
(ρΣ) captures the entanglement between A and Ac.

Tracing over the complementary region Ac amounts to integrating over all field configurations
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Σ
Ac

A ∂A

Figure 1.1: A continuum QFT which has been spatially bipartitioned into two components
on a Cauchy slice Σ.

in that domain, i.e., for x ∈ Ac to obtain ρA. The explicit path integral construction that

computes the matrix elements of ρA is given in many places [23, 24, 25, 26, 17]. The Euclidean

framework is most appropriate when we consider static states for which time evolution is

trivial. Then the Rényi entropies can be computed by considering a functional integral on

a “branched cover” geometry, known as the replica construction, and therefrom pass to the

entanglement entropy itself by invoking an analytic continuation.

1.1.3 General properties of Entanglement entropy

1.1.3.1 Area law

As we have seen before, entanglement entropy is a UV divergent quantity due to the entan-

glement between the modes right across the entangling surface. The reason is that any state

in local QFT has a short-range correlation in ultra-violet. We anticipate that the number of

EPR pairings across the entangling surface will directly correlate with the divergence. Given

that the leading contribution in entanglement entropy would be proportional to the area

of the entangling surface, this would anticipate a sub-extensive behaviour of entanglement.

This notion was a major factor in the original emphasis on this quantity [27] to compare its

behaviour to that of the Bekenstein-Hawking entropy for black holes.

We can demonstrate that the leading divergent terms in the UV limit ϵ→ 0 in d-dimensional

free field theories do follow the area law [28]:

SA = γ
Area(∂A)

ϵd−2
+ · · · (1.6)
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Where we have ignored the less divergent terms. This leading diverging term is proportional

to the area of the region A’s boundary and does not depend on the size of A, as would be

expected based on physical considerations.

There is a thorough derivation of the area law for gapped interacting systems for d = 2 [29],

even if explicit calculations of the entanglement entropy of interacting field theories (apart

from holographic theories) are relatively intractable. However, two-dimensional conformal

theories (d = 2) are an exception, as they show a logarithmic divergence and do not adhere

to an area law.

1.1.3.2 Entropy inequalities

• Subadditivity: For a bipartite system HA1 ⊗HA2 we have

SA1 + SA2 ≥ SA1A2 . (1.7)

This is frequently trivially satisfied in QFTs for overlapping regions, i.e., A1 ∩ A2 ̸= 0.

• Mutual information: For such a bipartite system, define the mutual information as

I(A1 : A2) = SA1 + SA2 − SA1A2 ≥ 0 . (1.8)

This is non-negative, and it follows from the inequality subadditivity. Roughly, I(A1 :

A2) measures the amount of information that A1 has about A2 (or vice-versa).

• Relative entropy: Given, two density matrices ρ and σ, define the relative entropy

S(ρ||σ). It provides a measure of distinguishability between the two states.

S(ρ||σ) = Tr ρ log ρ− Tr ρ log σ . (1.9)

Relative entropy has two important properties: positivity and monotonicity. Positiv-

ity implies that the relative entropy is non-negative for any two density matrices and

vanishes only when the two are equal, i.e.,

S(ρ||σ) ≥ 0 , S(ρ||σ) = 0 =⇒ ρ = σ . (1.10)

• Triangle inequality: Relative entropy implies the triangle inequality

| SA1 − SA2 |≤ SA1A2 . (1.11)
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• Strong subadditivity: This inequality applies to a tripartite systemH = HA1⊗HA2⊗HA3

SA1A2 + SA2A3 ≥ SA1A2A3 + SA2 , (1.12)

SA1A2 + SA2A3 ≥ SA1 + SA3 . (1.13)

1.2 Entanglement entropy in CFT2

Consider a two-dimensional theory with conformal invariance, i.e. a CFT2 and these theories

can be described by giving

• The central charge c,

• A set of the quasi-primary operators Oh,h̄ which have definite scaling dimensions {h, h̄}
under local Weyl rescaling, and

• The OPE coefficients Ck
ij which appear in the OPE: OiOj ∼ Ck

ij Ok.

These two-dimensional CFTs also possess an infinite-dimensional global symmetry algebra,

called the Virasoro algebra.

1.2.1 Entanglement entropy for a single interval in CFT2

Consider a vacuum state of the CFT2 on C at an instant of time t = 0, and define A to be

a single interval −a < x < a. As we have mentioned before for computing the entanglement

entropy in QFT, the replica construction here has also been done by taking the q copies of

original complex plane with slits cut out along A and to glue them cyclically to construct

the manifold Bq. This constructs a q-sheeted surface with a prescribed branching at {x =

±a, t = 0}. Now we want to compute the partition function Z[Bq] and to do that we have to

upgrade the field ϕ(x, t), which lives on a single complex plane, to a set of fields ϕk(x, t) with

k = 1, 2, · · · , q that live on the q-copies. In order to glue all the q copies, we need to impose

boundary conditions on the fields

ϕk(x, 0
+) = ϕk+1(x, 0

−) , x ∈ A = {x|x ∈ (−a, a)} (1.14)

These boundary conditions can be thought of by passing from the basis of q-independent fields

to a composite field φ(x, t) living on B, obeying twisted boundary conditions. The scaling
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dimension of the twist operator is [30]

hq = h̄q =
c

24

(
q − 1

q

)
. (1.15)

The partition function of the theory on Bq can be written down in terms of correlation

functions of the twist fields:

Z[Bq] =

q−1∏
k=0

< Tq(−a, 0) Tq(a, 0) >B (1.16)

Considering the twist fields as conformal primaries with scaling dimension given by (1.15),

the partition function turns out to be

Z[Bq] =

(
2a

ϵ

)− c
6(q−

1
q )

(1.17)

Here ϵ is the UV regulator. Then we find that the entropy becomes

S
(q)
A =

c

6

(
1 +

1

q

)
log

2a

ϵ
. (1.18)

It is now trivial to analytically continue from q ∈ Z+ to q ∼ 1 and the entanglement entropy

for region A becomes

SA =
c

3
log

2a

ϵ
. (1.19)

This formula 1.19 is for computing entanglement entropy for a subregion A in a flat Minkowski

background. We will now write down the formula for computing the single-interval entangle-

ment entropy in a general curved background. The metric in the curved background is related

to the flat metric by a Weyl factor:

ds2 =
1

Ω(t, x)2
(−dt2 + dx2) . (1.20)

The entanglement entropy becomes

S(2a) =
c

6
log(−(x+(a)− x+(−a))(x−(a)− x−(−a)))− c

6
log Ω(a)− c

6
log Ω(−a) . (1.21)

The final two terms are extra contributions from the Weyl factor in the metric. So the entropy

has two extra pieces in the case of curved background.
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1.2.2 Entanglement entropy for disconnected multiple interval in

CFT2

The computation of entanglement entropy for multiple intervals is rather complicated even in

2-dimensional CFT’s. Take a disjoint union ofm spatial intervals A = ∪m
i=1Ai. Now, according

to the replica method, we need to construct the q-fold Zq symmetric branched cover spacetime

of the original geometry with 2m branching points. For every two copies of the replicated

geometry, each pair of regions will now conspire to create a single handle. This suggests that

the branched cover spacetime is a higher genus Riemann surface. Therefore, calculating the

R´enyi entropy involves computing the CFT’s partition function on this Riemann surface (or,

alternatively, a suitable correlator of 2mq twist operators).

1.3 Introduction to Holography

The AdS/CFT correspondence is an exact mapping between any theory of quantum gravity

in an asymptotically AdSd+1 spacetime and an ordinary CFTd, without gravity. This mapping

is called the duality and it is conjectured by Maldacena in 1997 [31]. Since the gravitational

theory exists in one more dimension in the bulk as compared to the boundary, it is holographic.

Any physical (gauge-invariant) quantity that can be calculated in one theory may also be

computed in the dual theory, according to the principle of duality. The field theory can be in

any of the states in the Hilbert space, and the AdS/CFT correspondence at a general level

asserts that each such state maps to an analogous state in the closed string Hilbert space. The

isomorphism between Hilbert spaces is the central feature of the correspondence. However,

the mapping between the two theories is highly nontrivial. For instance, simple computations

on one side frequently correspond to incalculable, strongly coupled quantities on the other

side. Some reviews discussing the correspondence and its evidence are [34, 35, 36, 37, 38, 39].

1.3.1 AdS geometry

The maximum symmetric solution of Einstein’s equations with a negative cosmological con-

stant is known as anti-de Sitter space. The AdSd+1 spacetime can be defined as a hyperboloid

in Rd,2, i.e., the hypersurface, with a metric:

−X2
−1 −X2

0 +
d∑

i=1

X2
i = −l2AdS , ds2Rd,2 = −dX2

−1 − dX2
0 +

d∑
i=1

dX2
i . (1.22)
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For general dimension AdSd+1 , the metric in global coordinates is

dS2 = l2(− cosh2 ρdt2 + dρ2 + sinh2 ρdσ2
d−1) (1.23)

To understand the global structure of this spacetime, it is convenient to change the radial

coordinate via tanh ρ = sin r so that r ∈ [0, π
2
). Then, the metric becomes

dS2 =
l2

cos2 r
(− dt2 + dr2 + sinh2 rdσ2

d−1) (1.24)

which is conformal to a solid cylinder whose boundary at r = π
2
is R× Sd−1. The conformal

boundary of AdS is timelike in contrast to flat space. The metric for the Poincaré patch of

AdSd+1, which can be coordinatized as (nb: xd−1 = {x1, x2, · · · , xd−1} ∈ Rd−1)

ds2 =
l2

z2
(
−dt2 + dx2

d−1 + dz2
)
. (1.25)

In these coordinates, the boundary is at z = 0. These coordinates cover a wedge of the global

cylinder.

1.3.2 Conformal Field Theory

A QFT with a certain spacetime symmetry, known as conformal invariance, is called a con-

formal field theory (CFT ). Conformal invariance is a symmetry under local scale transfor-

mations. The correlation function of operators in the theory remains well-behaved under

coordinate rescalings x → λx due to conformal symmetry. Correlation functions of quasi-

primary operators in CFT obey

⟨O1(x1)O2(x2) · · ·On(xn)⟩ = λ∆1+∆2+···+∆n ⟨O1(x1) · · ·On(xn)⟩ (1.26)

where ∆i is called the scaling dimension of the operator Oi. This scale invariance, along with

the rotation and translation invarianc,e implies for 2pt functions

⟨O(x)O(y)⟩ ∝ 1

|x− y|2∆
(1.27)

In a simple example of CFT , the 2pt function of a free massless scalar field in 4d is (⟨ϕ(x)ϕ(y)⟩) ∝
1

(x−y)2
.
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1.3.3 AdS/CFT correspondence

Supersymmetric gauge theories, which are realized in the low energy limit of open string

theories living on D-brane world volumes in string theory, are the prototypical examples

of holographic field theories. One of the examples is the N = 44d SU(N) Super Yang-

Mills, which is the maximally supersymmetric four-dimensional QFT comprising of SU(N)

gauge fields, six adjoint scalars, and adjoint Weyl fermions. This theory is a supersymmetric

extension of pure Yang-Mills theory and has an exact conformal invariance for any value of

the coupling gYM . There are no dimensionful parameters in the theory (all fields are massless)

and the family of such theories can be characterized by two parameters: λ = g2YM N , which

is the dimensionless ’t Hooft coupling, and a measure of the effective number of degrees of

freedom ceff ∝ N2 − 1. In the large N limit, which does correspond to the planar gauge

theory limit, we obtain the classical master field of this theory in terms of string theory on

AdS5× S5. The strong coupling limit λ → ∞ further truncates the dynamics to the two

derivative Type IIB supergravity theory on the same background.

We assume that we have a CFTd which satisfies the criterion for the existence of a holographic

map λ, ceff ≫ 1, and consider the class of these which may be studied using classical gravita-

tional dynamics in an asymptotically AdSd+1 spacetime, which we therefore call Md+1. Now,

in order to continue, a dictionary connecting field theory with gravitational observations is

required.

1.3.4 AdS/CFT Dictionary

The duality between a string theory on the AdS bulk and a boundary CFT means that there

is a one-to-one correspondence between fields in the bulk and operators in the boundary

CFT . The dictionary between these bulk fields and boundary operators was first formulated

by Gubser, Klebanov, Polyakov [32] and Witten [33], which states that

ZCFT [h0(x)] = ZString[h(x, r → 0) = h0(x)] , (1.28)

where x = (t, x⃗) are coordinates in the boundary, r is the bulk radial coordinate, and we

choose coordinates such that r → 0 is the boundary of AdS. h(x, r) denotes a generic bulk

field e.g. scalar field, vector field or bulk metric and h0(x) is the boundary value of the bulk

field h(x, r), which acts as the source for the dual operator in boundary CFT. ZCFT [h0(x)]

is the generating functional for correlation functions of operators O(x) in the boundary CFT

given by

ZCFT [h0(x)] =
〈
ei

∫
ddxh0(x)O(x)

〉
. (1.29)
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ZString[h(x, r → 0) = h0(x)] is the string partition function evaluated at the boundary of the

AdS bulk. In the large N , large λ limit, where the classical supergravity description is valid,

the string partition function is dominated by the classical supergravity action,

ZString[h(x, r → 0)] ≈ e−Scl[h(x,r→0)=h0(x)] . (1.30)

Then, using the relation (1.28), we can compute the correlation functions of boundary oper-

ators from the bulk partition function as

⟨O(x1) · · · O(xn)⟩ =
δn

δh0(x1) · · · δh0(xn)
e−Scl[h(x,r→0)=h0(x)]

∣∣∣
h0=0

. (1.31)

1.4 Holographic entanglement entropy

In the previous section, we discussed a dictionary between the field theory states and asymp-

totically AdS geometries. Here, we want to compute the entanglement entropy in d-dimensional

CFT via AdS/CFT correspondence. This can be computed as a geometric quantity in AdS,

just like the thermal entropy in CFT , which is found from the area formula of AdS black

hole entropy. In [14, 15], Ryu and Takayanagi (RT) first addressed this issue and provided

a prescription for static time-independent scenarios. Hubeny, Rangamani, and Takayanagi

(HRT) further expanded this prescription to include arbitrary time dependence and other

general states in [16].

Motivation: We wish to determine the entanglement entropy of a certain spatial region A

in a holographic CFTd on a boundary geometry Bd. To compute entanglement entropy

SA for A, we need to smear out the rest of the region Ac. In the smearing-out process,

the loss of information is measured by the quantity SA. In the higher dimensional AdS

spaces, this loss of information happens by hiding a part of bulk space inside a minimal

surface γA. This surface covers the smeared region Ac from inside the bulk AdS space.

The boundary of γA i.e. ∂A is the holographic screen for the hidden part in the bulk.

A minimal surface implies the maximum amount of loss of information, which gives the

entropy bound. These considerations lead to area law to compute the entanglement

entropy.

General proposal: To calculate the entanglement entropy at some particular instant of

time, we will assume that this area lies on some Cauchy slice Σ ⊂ Bd. Keep in mind

that the entangling surface is ∂A and Σ = A ∪ Ac as usual.
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Firstly, one needs to find a surface γA which is a codimension-2 extremal surface in the bulk

spacetime Md+1 anchored on ∂A. The extremal surface γA is a local extremum of the area

functional and is subject to the boundary conditions that γA
∣∣
B
= ∂A. Since there may be

more than one such surface, we must only take into account those that meet a homology

constraint. This constraint demands that there should exist a spacelike, bulk codimension 1,

smooth interpolating surface RA ⊂ Md+1 which is bounded by the extremal surface γA and

the region A on the boundary. Finally, we should choose the extremal surface with the lowest

area out of the entire family of extremal surfaces that satisfy the homology requirement. The

holographic entanglement entropy is then given by the area of this surface in Planck units in

an analogy with the black hole entropy formula of Bekenstein and Hawking.

SA = min
X

Area(γA)

4GN
d+1

(1.32)

This is famously known as the Ryu-Takayanagi (RT) proposal to compute the holographic

entanglement entropy. The Hubeny-Rangamani-Takayanagi (HRT) prescription is a further

generalization of the RT proposal in a time-dependent background. While the RT proposal

was suitably covariantized by the HRT prescription of upgrading minimal surfaces to extremal

surfaces.

A

Σ

AcCFTd

Boundary

AdSd+1
holographic direction

γRT

Figure 1.2: Pictorial representation of an RT surface in AdSd+1 for a subregion A of boundary
CFTd.

Aron Wall [40] came up with a reformulation of the HRT proposal in terms of a maximin

construction, which provides a nice complementary perspective. Given a boundary region A,

we pick a bulk Cauchy slice Σt such that ∂Σt = A∪Ac = Σ. On this slice, we find a minimal

surface γ. One then varies the choice of the bulk Cauchy slice, finding minimal surfaces on

the entire family. We can imagine this construction by filling out the FRW wedge (a region

in the bulk spacetime and each point on it remains spacelike separated from Σ ) of Σ with

Cauchy slices containing (spacetime codimension-2) minimal surfaces drawn on them. One is

instructed to compute the area of the minimal surface on each slice and take the one from
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this (infinite) family with the maximum area. This is the maximin surface.

γAmaximin = γ∗ ∈ {γ ⊂ Σt is minimal} & Area γ is maximal (1.33)

1.5 Thermal aspects of black hole

1.5.1 Black hole Thermodynamics

In classical general relativity, black holes have neither a temperature nor significant entropy.

Bekenstein first introduced the concept of black hole entropy as a measure of the information

about the black hole interior to an outside observer [41]. This paper sets the basis of the

thermodynamic approach to black hole physics. In 1970s [42], [2] Hawking showed that when

the classical gravitational field of a black hole is coupled with quantum fields like photons,

a black hole can be considered as a thermodynamic object. Hawking also showed that the

spectrum of particles that a black hole produces can be considered as black body radiation at

a certain temperature, called the Hawking temperature, which is related to the Schwarzschild

radius of the black hole via,

KBTH = ℏ
c

rS

1

4π
. (1.34)

This gives evidence that a black hole can be viewed as an ordinary hot object from the

outside. Further, it has been shown [43] that the black hole obeys versions of the laws of

Thermodynamics.

A black hole responds dynamically when an object is dropped into it. After a brief ripple,

the event horizon swiftly settles to a new equilibrium at a larger radius. In the 1970s it was

noticed for the first time that the resulting small changes in the black hole geometry are

constrained by equations similar to the laws of thermodynamics. For a rotating black hole,

the equation is [43]
κ

8πGN

d (Area) = dM − ΩdJ , (1.35)

where κ is its surface gravity,M is its mass, J is its angular momentum, and Ω is the rotational

velocity of the horizon. The above mentioned area refers to the area of the event horizon. If

the black hole has temperature T ∝ κ, and entropy SBH ∝ Area, then this looks exactly like

the first law of thermodynamics in the form

TdSBH = dM − ΩdJ . (1.36)
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In addition, the area of the horizon always increases in the classical theory, suggesting a

connection to the second law of thermodynamics. This suggests that the total entropy of a

black hole has a contribution from the area of its event horizon and a contribution from the

quantum fields outside the horizon. Thus, the total or ‘generalized’ entropy of a black hole is

[41]

Sgen =
Area of horizon

4ℏGN

+ Soutside , (1.37)

where Soutside denotes the entropy of matter as well as gravitons outside the black hole, as it

appears in the semiclassical description. The generalized entropy, including the contribution

from the quantum fields, is also found to obey the second law of thermodynamics [44],

∆Sgen ≥ 0 , (1.38)

giving further evidence of being really an entropy. This result is stronger than the classical

area theorem because it also covers phenomena like Hawking radiation. During black hole

evaporation, when the Hawking radiation comes out, the area of the event horizon decreases,

but the generalized entropy increases due to the entropy of Hawking radiation.

1.5.2 Euclidean black hole

In order to get another perspective on thermal aspects of black holes, we will now explore a

bit more on the connection between Euclidean time and thermodynamics.

The metric of a Schwarzschild black hole is

ds2 = −
(
1− rs

r

)
dt2 +

dr2

1− rs
r

+ r2dΩ2
2 . (1.39)

The Schwarzschild radius rs = 2GNM sets the size of the black hole. In a black hole spacetime,

the partition function at inverse temperature β is calculated by a Euclidean path integral in

the geometry of a Euclidean black hole. This geometry can be achieved from the Schwarzschild

metric 1.39 by doing an analytic continuation of the Lorentzian time t, which is a real time,

to the Euclidean time tE, which is imaginary i.e. by setting t = itE,

ds2E =
(
1− rs

r

)
dt2E +

dr2

1− rs
r

+ r2dΩ2
2 , tE = tE + β . (1.40)

In this geometry, the radial coordinate is restricted to r > rs and r = rs (the horizon) is the

origin, which implies that Euclidean black holes do not have an interior. Here is a conical
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singularity aries at r = rs and in order to remove the singularity we need to fix β to

β = 4πrs . (1.41)

This geometry is called as ’cigar’ as depicted in the fig 1.3.

Figure 1.3: The Euclidean Schwarzschild black hole. The Euclidean time and radial directions
have the geometry of a cigar, which is smooth at the tip, r = rs . At each point we also have
a sphere of radius r.

In this geometry for r ≫ rs, there is a Euclidean time circle of circumference β, which is the

inverse temperature as seen by an observer far away. As we have mentioned previously, the

Euclidean path integral on this geometry is interpreted as the partition function,

Z(β) = Path integral on the Euclidean black hole ∼ e−IclassicalZquantum . (1.42)

It has contributions from both gravity and quantum fields. In the semiclassical limit, the

gravitational part comes from the classical saddle solution of the Einstein-Hilbert action and

is found by evaluating the on-shell action on the geometry 1.40. The quantum part is obtained

by computing the partition function of the quantum fields on this geometry 1.40.

Now if we apply the standard thermodynamic formula to this result,

S = (1− β∂β) logZ(β) (1.43)

It will further give us the generalised entropy 1.37.

1.5.3 Evaporating black hole

The Hawking process can be interpreted as pair creation of entangled particles near the

horizon, with one particle escaping to infinity and the other falling toward the singularity.

Hawking radiation carries energy away to infinity and therefore reduces the mass of the black

hole. Eventually, the black hole evaporates away completely. The different stages of the black

hole evaporation is the following:



18 Chapter 1 Black hole information paradox: Introduction

a) After stellar collapse, when the black hole just formed, outside of the black hole is nearly

stationary.

b) The Hawking process creates an entangled pair of particles, one trapped behind the

horizon and the other escaping to infinity gives rise to the Hawking radiation. The

black hole starts to shrink as its mass is carried away by the radiation.

c) Eventually, the black hole interior, i.e. the angular direction, shrinks to size zero. This

is singularity.

d) At the end, when the black hole completely evaporates away, there is a smooth spacetime

containing only Hawking radiation but no black hole.

The pictorial representation of the different stages of the black hole formation and evaporation

is shown in fig 1.4.

ho
riz
on

interior partners Hawking radiation

(d)

(c)

(b)

(a)

Figure 1.4: Penrose diagram for the formation and evaporation of a black hole. Spatial slices

(a)-(d) correspond to the above mentioed different stages of black hole evaporation.

1.6 Black hole as an ordinary quantum system

An object described by a finite, but large, number of degrees of freedom that obey the ordinary

laws of physics, which in turn imply the laws of thermodynamics. Thus, the above results

we reviewed suggest that the black hole can be regarded as an ordinary system, obeying the

laws of thermodynamics. Now, we are going to state an important idea called the ‘Central

dogma’, which is crucial in development of this subject.
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Central Dogma: As seen from the outside, a black hole can be described in

terms of a quantum system with Area/4GN degrees of freedom, which evolves

unitarily under time evolution.

According this hypothesis, the black hole and the whole spacetime around it can be replaced by

a quantum system. This quantum system interacts with the outside via a unitary Hamiltonian.

1.7 Fine-grained and coarse-grained entropy

We have two notions of entropy: a) Fine-grained or von Neumann entropy and b) Coarse-

grained entropy. In this section, we will talk about the definitions and basic properties of

these two entropies.

a) Fine-grained entropy/von-Neuman entropy: Given the density matrix, ρ, describ-

ing the quantum state of the system, the von-Neuman entropy of the quantum state is

given by

SvN = −Tr[ρ log ρ] (1.44)

It quantifies the precise information, which we do not know, about the quantum state.

For the pure state, it vanishes, which indicates complete knowledge about the quantum

state.

properties:

1. It remains invariant under unitary time evolution ρ→ UρU−1.

2. Given a quantum system composed of two parts A and B, the full Hilbert space

is H = HA × HB and. Then we can define the von Neumann entropy for the

subsystem A by first forming a density matrix ρA obtained by taking a partial

trace over the system B. The entropy of ρA can be non-zero, even if the full

system is in a pure state. This happens when the original pure state contains some

entanglement between the subsystems A and B. In this case S(A) = S(B) and

S(A ∪B) = 0.

b) Coarse-grained entropy: Given some density matrix ρ describing the system, for

which we only measure a subset of simple, or coarse-grained observables Ai. Now, we

pick all possible density matrices ρ̃ which give the same result as our system for the

observables that we are considering, Tr[ρ̃Ai] = Tr[ρAi]. Then we compute the von

Neumann entropy S(ρ̃). Finally, we maximize this over all possible choices of ρ̃. This

will give us the coarse-grained entropy of the system.
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Thermodynamic entropy is the simplest example of the coarse-grained entropy. In this

case, the observables are often chosen to be the approximate energy and the volume. The

thermodynamic entropy is obtained by maximizing the von Neumann entropy among

all states with that approximate energy and volume.

1. Coarse-grained entropy increases under unitary time evolution and obeys the sec-

ond law of thermodynamics.

2. The generalized entropy, defined in 1.37, is the coarse-grained entropy of the black

hole.

3. The fine-grained entropy is always less than the coarse-grained entropy, SvN ≤
Scoarse. The reason is simply because Scoarse provides a measure of the total number

of degrees of freedom available to the system, thus, it sets an upper bound on how

much the system can be entangled with something else.

1.7.1 Semiclassical entropy

If we consider a gravity theory with the semiclassical approximation, then basically we have

a classical geometry and quantum fields defined on that classical geometry. Ssemi is the

von-Neumann entropy of quantum fields, which appears in 1.37 (including gravitons), and is

there on the semiclassical geometry. In other words, this is the fine-grained entropy of the

density matrix calculated by the standard replica methods of quantum field theory in curved

spacetime.
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1.8 Hawking’s original paradox

In this section, we will briefly discuss Hawking’s Black hole information problem. In the

1970s [42], [2] Hawking showed that the quantum effects are not only crucial near the black

hole singularity. The quantum effects near the black hole horizon also cause a decreasing

horizon radius and eventually disappear. In the study of the evolution of the von Neumann

entropy of black holes or Hawking radiation as a function of time, Hawking considered a

semi-classical approximation of the gravity theory. In his analysis, the gravitational field of

a black hole is treated classically, while the matter fields, like the photon and neutrino fields,

are considered quantum mechanically. Before the black hole starts to evaporate, the matter

fields in a quantum field theory remain in a vacuum state, which is also an entangled state.

Once the black hole starts to evaporate, the vacuum state splits into two parts across the

horizon, and one part ends up in the black hole interior, and the other part ends up in the

exterior. This is how a black hole produces particles due to the quantum effects near the black

hole horizon. The exterior part, which comes from the splitting of a vacuum state across the

horizon, gives rise to the Hawking radiation.

Consider a black hole formed from the collapse of a matter, which was in a pure state. Once

the black hole forms completely, it emits a thermal gas of particles due to the quantum effects

discussed previously. Due to evaporation, the horizon radius gradually decreases, and the

interior of the black hole eventually disappears. In the final stage of the evaporation, only the

gas of particles remains at some finite temperature with a non-zero entropy. Now, initially

we have considered that the matter, which forms the black hole, was in some pure state with

zero entropy. However, a black hole’s entire formation and evaporation process creates a final

state with non-zero entropy. This entropy quantifies the amount of our ignorance about the

precise state of a system. So the non-zero value of entropy at the final state of Hawking

radiation implies the fact that during the black hole formation and evaporation process, the

information about the black hole’s initial state is getting lost. This is famously known as the

black hole information loss problem.

The Page Curve

Consider a black hole that forms and starts to evaporate. The thermal aspects of Hawking

radiation arise because the entangled pair of particles, which formed the vacuum state in the

quantum field theory, are splitting into two parts across the horizon. Due to the presence

of the horizon, one of the members of the pair can go to infinity, giving rise to the Hawking

radiation, and the other member is trapped in the black hole interior. We will call them

the “outgoing Hawking quantum” and the “interior Hawking quantum” respectively. These
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two parts together form a pure state. However, if we consider only one member, say the

outgoing Hawking quantum, we will find it in a mixed state, that is, a thermal state at the

Hawking temperature. Now we will study the evolution of the entropy of Hawking radiation

as a function of time and restate Hawking’s paradox [1].

Hawking’s calculation shows us that the entropy initially grows linearly with time up to

a certain value of time, the so-called Page time. The linear growth is due to the entan-

glement between the Hawking radiation outside the black hole horizon and the black hole

interior. During the same time, due to the black hole evaporation, the mass of the black

hole evaporates away, and the area of the event horizon reduces, which causes a decrease in

the thermodynamic entropy of the black hole. The above-mentioned Page time is the time

when the initially growing von Neumann entropy of the Hawking radiation coincides with the

decreasing thermodynamic entropy of the black hole. Page time has an important significance

in the study of the evolution of the entropy of Hawking radiation, as we will see below.

After the Page time, when almost half of the black hole had evaporated, Hawking predicted

that the entropy of Hawking radiation should keep on increasing until the black hole com-

pletely evaporated away, and the final state of the Hawking radiation will end up in a mixed

state with non-zero entropy. However, according to the quantum unitarity principle, the time

evolution of a quantum mechanical system is unitary. This implies the initial pure state of

the system should remain pure under time evolution. But the entire process of black hole

formation and evaporation seems to turn pure states into mixed states.
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Figure 1.5: Pictorial representation of the evolution of entanglement entropy of Hawking
radiation

From the idea of the Page curve-like evolution shown by Don Page in [5], it has been predicted

that the entropy of Hawking radiation after Page time should start to decrease. Thus, the

evolution of the entropy of Hawking radiation should follow the Page curve, and at the final
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stage of the evaporation, the entropy should go to zero. This further implies the fact that the

final state of the Hawking radiation will again be a pure state.

1.9 Resolution of black hole information paradox

1.9.1 Generic 2-dimensional dilaton gravity theory

The action for a generic 2d dilaton gravity theory is given by

Igrav[g
(2)
ij , ϕ] =

∫
d2y

√
−g

(
1

16πG
(2)
N

ϕR(2) + U(ϕ)

)
, (1.45)

The Einstein-Hilbert term in action is purely topological, and extra dilaton ϕ gives non-

trivial dynamics to the theory. U(ϕ) is called the dilaton potential, which becomes linearly

dependent on ϕ in the case of JT gravity [45]-[51]. Now, if a matter CFT2 consists of fields

χ is added to the theory, the action becomes

I[g
(2)
ij , ϕ, χ] = Igrav[g

(2)
ij , ϕ] + ICFT[g

(2)
ij , χ] . (1.46)

To take the semi-classical limit in the 2d dilaton gravity theory, we need to consider the central

charge of the matter CFT2 to lie within 1 ≪ c≪ ϕ

4G
(2)
N

. This implies that the presence of the

matter fields does not create any back reaction in the classical geometry, and the geometry

thus does not change in the presence of any quantum fields.

1.9.2 Two-dimensional black hole coupled to heat bath

Now we consider an evaporating black hole in the two-dimensional gravity theory and couple

it to a bath, where the Hawking radiation is being collected. As we mentioned previously,

the gravity is coupled to a matter CFT2, and the same CFT2 is considered to be present in

the bath. The bath is in a fixed non-gravitational spacetime. Here in our case, the 2d gravity

theory has AdS2 geometry, and the matter CFT2 lives in it with a conformal boundary

condition at the asymptotic AdS2 boundary. This gravity theory coupled to matter CFT2

and the CFT2 living in the non-gravitational bath are joined along the boundary of both the

spacetime, allowing them to freely exchange energy. The entire set-up has 2 different pictures:

• 2d Gravity: One side has 2d gravity coupled to a matter CFT2 and the other side has

the same CFT2.
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CFT2

Igrav + ICFT2 2D gravity

Figure 1.6: The 2d dilaton gravity theory plus matter CFT2 on the left side, coupled with a

bath containing the same matter CFT2 on the right side.

• Quantum mechanical system: Nearly AdS2 gravity with a black hole is replaced by

a holographic one-dimensional non-gravitational quantum mechanical system on the

boundary. It is coupled to the CFT2 living in the non-gravitational bath.

QM CFT2

Figure 1.7: The dual holographic quantum mechanical system is coupled with the bath CFT2.

1.9.3 von Neumann entropy of the boundary QM system

Now, we will discuss the gravitational formula for the von Neumann or fine-grained entropy

of a quantum mechanical theory, which is dual to 2d gravity theory. Considering the entire

boundary quantum theory in a particular state, we want to compute the entropy of some

boundary subregion A. We need to first consider a candidate co-dimension one region y,

which is homologous to A, in the bulk geometry. The bulk geometry of this co-dimension one

region is dual to the state of the boundary theory. Then, we define a Generalized entropy-like

quantity

Sgen(y) =
ϕ(y)

4G
(2)
N

+ SBulk-2d[Iy] . (1.47)

Where Iy is the interval between y and the boundary. SBulk-2d[Iy] is the bulk von-Neumann

entropy, which has contribution only from the bulk matter field χ present in the interval Iy.

This entropy has been computed ignoring the quantum fluctuation of ϕ, g
(2)
ij .

The entropy of region A will be the value of Sgen evaluated on the region y∗ which minimizes

the generalized entropy. So our goal is to look for an extremal surface by first extremizing

Sgen(y) with respect to y. Now, there could be more than one extremal surface, thus we need

to find the global minimum of all extremum

S = miny

{
exty

[
ϕ(y)

4G
(2)
N

+ SBulk-2d[Iy]

]}
, (1.48)
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y

QES
QM

Iy

Figure 1.8: QES for the dual quantum mechanical system.

The surface that extremizes 1.48 is called the ’quantum extremal surface’. This will finally

give us the true fine-grained entropy of the quantum mechanical system.

1.9.4 Entanglement entropy and entanglement wedge of an evap-

orating black hole and Hawking radiation

We consider a 2-dimensional gravity theory with a one-sided evaporating black hole in a

nearly AdS2 background, and it is attached to a non-gravitational bath, where the Hawking

radiation is being collected.

To preserve global unitarity, the late-time Hawking radiation must be entangled with early

Hawking radiation, and as we have seen previously, the black hole interior modes are also

maximally entangled with the late Hawking radiation across a smooth horizon. However,

this violates the principle of ’monogamy of entanglement’, which states that a single quantum

system cannot be entangled with two other systems at the same time. To resolve this paradox,

this paper [4] suggests that at or before the page time, a ”Firewall” or region of very high

energy density should be created at the place of the smooth horizon due to the breaking of

the entanglement between the interior mode and late-time Hawking radiation. It is known

as the AMPS firewall paradox, and the same inconsistency has been pointed out earlier by

Samir Mathur in the context of the fuzzball proposal [52].

In [53], it has been shown that the firewall paradox can be resolved by the ”ER=EPR”

proposal in the case of entangled black holes. The resolution is that the black hole interior

mode is encoded in the early Hawking radiation. This implies that the late-time Hawking

radiation is entangled with both the interior mode and the early Hawking radiation. In [54],

Almheiri used the idea of entanglement wedge reconstruction to show how the ER=EPR

proposal continues to resolve the firewall paradox for a two-sided black hole. In 2019 [7],

Penington has shown that the firewall paradox for a one-sided evaporating black hole can be

resolved in exactly the same way.
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At the early stages of the black hole evaporation, just after the black hole forms and before

the Hawking radiation starts to escape, there is no bath. Now, we want to compute the

von Neumann entropy of a black hole. In this case, the extremal surface, called as vanishing

extremal surface, turns out to cover the entire closed universe on the gravity side. Thus, in

the generalized entropy 1.47, the area term becomes zero and only contribution comes from

the bulk von-Neumann entropy SBulk-2d[Iy]. Since the black hole forms from the collapse of

the matter, which was in a pure state, the SBulk-2d[Iy] becomes zero. So overall, at the early

stage, the fine-grained entropy of the black hole is zero.

y±
(t, x) Σearly

Figure 1.9: Penrose diagram for an evaporating black hole. At some early time slice (y+, y−)
is the QES from the 2d point of view.

When the black hole starts to evaporate, then there is a bath. As black hole evaporation starts,

the entangled pair of particles breaks across the horizon. The ingoing Hawking quanta go to

the black hole interior, and the outgoing Hawking quanta give rise to the Hawking radiation.

Thus initially, the von Neumann entropy of the black hole and the Hawking radiation start

to grow monotonically.

1.9.5 Entanglement entropy of the black hole at late times

We replace the 2-dimensional gravity theory with the evaporating black hole by its dual

quantum mechanical system at the boundary. This dual quantum mechanical system is now

coupled with the non-gravitational CFT2 on the bath side. Consider a late time slice Σlate on

the spacetime geometry of the evaporating black hole and take an interval [0, x], which consists

of the quantum mechanical degrees of freedom. We want to compute the von Neumann

entropy of this interval, and it will give us the entropy of the black hole at late time t. At the

later stage of the black hole evaporation, a non-vanishing extremal surface, which does not
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cover the entire space beyond the black hole horizon, appears. Sgen for this surface has an

area term as well as the bulk entropy term. In these papers [7], [8], it has been shown that

after extremizing the generalized entropy 1.47, the quantum extremal surface (y+, y−) turns

out to be just beyond the black hole horizon.

y±

(t, x)

Σlate

Figure 1.10: On a late time slice the extremal surface at (y+, y−) gives the entropy of the
black hole and the red diamond is the entanglement wedge associated with that QES.

The entanglement wedge is the causal domain of the spacelike slice in between (t, x) and

(y+, y−), as shown in Fig 1.10. The black hole entropy becomes

SBH(t) = SBek(T (t)) + · · · (1.49)

Here T is the temperature of the black hole at time t. The leading contribution comes from

the thermodynamic entropy of the black hole. As the black hole evaporates, the area of the

horizon decreases, which leads to a decrease in thermodynamic entropy. Thus at late times,

the black hole entropy decreases, and the evolution of von Neumann entropy of an evaporating

black hole follows the Page curve, indicative of unitary black hole evaporation.

1.9.6 Entanglement entropy of Hawking radiation at late times

In our case, the Hawking radiation is being collected in the non-gravitational bath consisting

of CFT2. Now, we want to compute the von Neumann entropy of some state in the bath

CFT2. This will be the entropy of an interval in bath CFT2 on the same late time slice Σlate

considered in the previous section. Now, we trace out the rest of the interval and compute

the entropy in the usual way. It will reproduce Hawking’s original answer, which says that

the entropy of the Hawking radiation continues to grow after Page time. This is a violation

of the principle of unitarity in black hole evaporation, and the information about the black
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hole interior is getting lost during the evaporation. This is famously known as the black hole

information problem, as we have discussed in the previous section. Recently, exciting works

have been done in this line to show that this information problem is a paradox [7], [8]. In the

next subsection, we discuss this in detail.

1.9.7 Gravitational von-Neumann entropy: Island formula

The state in bath CFT2 is prepared by collecting Hawking radiation from an evaporating black

hole using gravity theory. So basically, the state in the bath CFT2 is entangled with some

other system that lives in a gravitational theory. We need to define a new rule to compute

entropy in effective theories involving gravity. The previous computation of the entropy of

Hawking radiation [1] shows some wrong results, since it does not include the black hole

interior region. Holographic computation suggests including the black hole interior region.

Thus, the full system is now outgoing Hawking radiation plus the black hole interior.

To compute the entropy, we apply the RT/HRT prescription and include all possible island

regions living in the interior of the black hole to extremize the entropy. Including an island

causes an extra term, the island’s boundary area in the entropy computation. In some cases,

if the boundary quantum system is entangled with the fields living in the closed universe, for

example, a completely evaporated black hole or before the Hawking radiation starts to come

out, in that case, island regions cover the entire internal space. Then the area term in the

generalized entropy becomes zero.

Now we will define the prescription to compute the entropy of a region A in the bath CFT2

coupled to some system in gravity theory.

S(A) = Min
Z

Ext
Z

[
Seff(A ∪ Z) + Area[∂Z]

4GN

]
(1.50)

This new rule states that we need to extremize a generalized entropy-like functional over all

possible islands Z, and this is done by minimizing over all possible extrema of the generalized

entropy. Seff is the entropy of a state in semi-classical gravity and the area term is the area

of the island boundary. This new rule computes the gravitational fine-grained entropy of a

semi-classical gravity state. This is the generalization of the previously defined prescription

1.48, which computes the fine-grained entropy of a quantum mechanical system without being

entangled with some gravitational system. Here, Z is called the quantum extremal island.

The fine-grained entropy of Hawking radiation computed using this new rule 1.50, called the

Island formula, turns out to follow the Page curve, shown in red in Fig 1.12. This island

contains the black hole interior modes, which are in the entanglement wedge of Hawking
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radiation and are encoded in the Hawking radiation present in the reservoir. This is how the

resolution of the firewall paradox can be achieved for a one-sided evaporating black hole.

y± (t, x)

Σlate

Island(Z )

Figure 1.11: On the late time slice, the QES (y+, y−), which gives the entropy of Hawking
radiation, remains the same as the black hole. The entanglement wedge for the Hawking
radiation is the entire red diamond. One part of it is in the black hole interior, and the other
part is in the bath.

t

sgen

page curve

sgen of vanishing surface

sgen of non-vanishing surface

Figure 1.12: The Fig. shows a summary of the evolution of generalized entropy for different
extremal surfaces.

For a complete and exact quantum state, we need to use S(A) = −Tr(ρA log ρA) to compute

the entropy of an exact state in a quantum field theory. If we prepare a state in quantum

field theory using gravity theory, then we need to use this gravitational fine-grained entropy

formula 1.50. One important point to keep in mind is that the gravity theory here is considered

to be an effective field theory. RT/HRT prescription plays a special role here in the sense

that, using this, we can compute the fine-grained entropy from the effective gravity theory.

This entire prescription gives a hint towards the fact that there might be an exact description

of gravity theory, where the entropy computation 1.50 is exact.
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Although this entire prescription cannot tell us anything about the microstate of the system,

i.e. the individual matrix element of the density matrix, which represents the state in the

effective gravity theory. This description somehow knows the correct entropy of Hawking

radiation. This is a surprising fact about the effective theory that, without knowing the

microscopic details of the theory, one can compute the fine-grained entropy of its semiclassical

gravity state.

In the case of holographic matter, the quantum extremal surface prescription reduces to this

new rule. It also holds for matters containing general fields.

1.10 A simple example of the resolution of information

paradox

In this section, we will discuss an example of the formulation of the information paradox and

its resolution for a two-sided eternal black hole.

1.10.1 The setup

Let us consider a two-sided eternal black hole in AdS geometry. This geometry describes the

thermofield double state of the boundary CFT at an inverse temperature β.

|ΨTFD
β ⟩ = 1√

Z(β)

∑
i

e−
βEi
2 |Ei⟩|Ei⟩ . (1.51)

This black hole is stable and does not evaporate. But we can model the evaporation as follows:

The two-sided black hole can be replaced by a dual quantum mechanical system, as we have

seen in the previous section. We coupled the left and right boundary quantum mechanical

systems A1 and A2 with two heat baths B1 and B2, respectively. This entire combined system

is defined by a left-right thermofield double state. Given the initial state and Hamiltonian, we

evolve the combined system with time in the forward direction by the time evolution operator

e−iHt, where H is the total Hamiltonian of the combined system. Here we want to compute

the time evolution of the entropy of B1 ∪B2, as a function of time.

The combined system A1B1A2B2 is in a pure state. So the entropy of B1 ∪B2 must be equal

to A1 ∪ A2 at any instant of time. In early times, the entropy of B1 ∪ B2 increases linearly

with time. But we will run into trouble if it increases indefinitely forever. The reason is the

following:
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The entropy of A1 ∪ A2 has an upper bound 2S(β), where S(β) = entropy of the thermal

density matrix of one of the quantum systems A1 or A2. Thus, the entropy of B1 ∪ B2 must

have this upper bound, and it cannot increase linearly forever. When the entropy reaches its

upper bound, at that time a phase transition happens, and the entropy curve becomes flat.

Gravity description of the above setup Gravitationally, A1 ∪ A2 is the holographic

dual to a two-sided eternal black hole in AdS geometry, and it is coupled to a flat space

region with no gravity along the two AdS boundaries. Now, we evolve the combined system

with time in the forward direction. During the evolution, we let the quantum fields from

the black hole side leak into the flat space region without reflecting back in. This flat space

region is considered as the heat bath in the setup, and the quantum fields, which leak into

the bath, are considered to be the Hawking radiation. This leaking of quantum fields leads

to the continuous loss of energy from the black hole, and it will start to shrink. The entropy

of B1 ∪B2 is the entropy of Hawking radiation in our context.

The entropy of a two-sided eternal black hole has an upper bound 2SBek, where SBek is the

Bekenstein-Hawking entropy of the black hole. As we have seen, the entropy of the black hole

and the Hawking radiation are equal at any instant in time. Thus, the entropy of Hawking

radiation must also saturate at this upper bound. The Information paradox in the evolution of

the entropy of Hawking radiation arises in our context since the semi-classical gravity predicts

that the entropy of Hawking radiation increases linearly with time forever. In gravity, the

Quantum extremal surface prescription with an allowed disconnected entanglement wedge

reproduces the Page curve. These are also the replica wormhole solution of the Euclidean

path integral computation of the entropy.

1.10.2 JT gravity

We will perform the computation of the entropy of Hawking radiation in JT gravity. This

is a 2-dimensional dilaton gravity theory, and it is dual to a quantum mechanical system of

Majorana fermions, known as the SYK model. In this subsection, we will discuss JT gravity

briefly. The Euclidean action for the theory is given by

16πG IEuc = 16πG (I0 + IG) =− ϕ0

(∫
d2x

√
g R +

∫
dx

√
γ 2K

)
−
(∫

d2x
√
g ϕ(R + 2) +

∫
dx

√
γ 2ϕ (K − 1)

)
. (1.52)

This gravitational action is dimensionally reduced from the higher-dimensional theory, and it

describes the S-wave sector of the near-horizon limit of a near-extremal black hole. The action
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I0 is a purely topological term, and ϕ0 gives the entropy of a black hole at zero temperature.

The quantity ϕ0 + ϕ is the total dilaton, and it is also the transverse space area of a near

extremal higher-dimensional black hole. Since ϕ is dynamical, the gravitational dynamics is

governed by the action IG. The theory has a specific set of boundary conditions for bulk

fields. These are

gtt
∣∣
bdry

=
1

ϵ2
, ϕ

∣∣
bdry

=
ϕconst

ϵ
. (1.53)

By varying the action 1.52 with respect to gij and ϕ, we obtain a set of equation of motion

R + 2 = 0 , (1.54)(
∇k∇kϕ

)
gij −∇i∇jϕ− ϕ gij = 0 . (1.55)

and solving these equations of motion will finally give us the black hole solution in the AdS

background. We will now couple this gravity theory to matter CFT2 with central charge c.

This matter CFT2 is taken to be the Hawking radiation in our context.

1.10.3 Black hole solution

Solving the equations of motion 1.55, we will get a solution of the black hole at some non-zero

inverse temperature β. The solution for the dilaton ϕ and the background spacetime for a

two-sided eternal black hole in AdS is given by

ds2 =
1

(sinh r)2
(
dr2 − dt2

)
= −

(
β

2π
sinh

π

β
(r+ − r−)

)−2

dr+ dr− , (1.56)

Ω =
β

2π
sinh

2π(−r)
β

, r ∈ (−∞, 0) , (1.57)

ϕ(r) = ϕconst
2π

β
coth

2π(−r)
β

. (1.58)

Here, we define r± = t± r. The black hole entropy becomes

SBH(β) = ϕ0 + ϕr
2π

β
. (1.59)

Now, we will couple baths/reservoirs on both sides of the two-sided eternal black hole, as

mentioned previously. Here we want to compute the entropy of the radiation region S ′X ′∪SX
shown in Fig. 1.13.
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S ′

P ′

Q
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P
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X ′ X

Figure 1.13: We have a two-sided eternal black hole in AdS background and it is coupled
with two heat baths along the AdS boundaries. SX and S ′X ′ are the two radiation regions
in the heat baths. we want to compute the entropy of these two radiation regions.

1.10.4 Entanglement entropy without island

In this subsection, as shown in the figure, we will compute the entropy of the radiation region

SX ∪ S ′X ′. Since the combined system is in some pure state at a constant time slice, we

just need to compute the entropy of the complementary interval on the same time slice XX ′.

Here we will directly use the formula 1.21 to compute the entropy of the 2d matter CFT2 for

the interval XX ′ = [b+, b−].

Let us first define a new set of coordinates: U = et+r and V = −e−t+r for each point.

For point X(b+ : (t, r) = (tb, b)) the coordinates become

b+ : US = etb+b VS = −e−tb+b (1.60)

For the point X ′, both of the coordinates (US
′, VS

′) related to the coordinates (US, VS) at X

by reflection. Thus the coordinates at X ′(b− : (t, r) = (tb,−b)) are

b− : US
′ = −e−tb+b VS

′ = etb+b (1.61)

The metric becomes

dS2 = −dUSdVS
Ω2

; Ω = (−USVS)
1
2 (1.62)

For both the points X and X ′, the weyl factor remains the same, i.e. Ω = (−USVS)
1
2 = eb.

The matter entropy 1.21 becomes

Srad(t) = 2 · c
6
log(eb · 2 cosh tb)−

c

6
log eb − c

6
log eb (1.63)

=
c

3
log(2 cosh tb) ≈

c

3

2πtb
β

, (1.64)
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The final expression comes after restoring β = 2π, in the limit t ≫ β. This result shows

that the entropy of Hawking radiation increases linearly with time. Now, since the combined

system is in a pure state, the entropy of Hawking radiation should have an upper bound,

which is the thermodynamic entropy of the two-sided eternal black hole. Therefore, this

linear increase of Srad(t) will lead to an information paradox. Including an island-like region,

which is the black hole interior, in the entanglement wedge of Hawking radiation will finally

resolve the paradox.

1.10.5 Entanglement entropy with island

In this section, we will compute the entanglement entropy of the radiation region while in-

cluding the black hole interior region in the entanglement wedge of the Hawking radiation.

Here we consider some candidate quantum extremal surfaces Y and Y ′ for the radiation re-

gions SX and S ′X ′ respectively and compute the generalized entropy functional for a region

consisting of two intervals XY = [b+, a+] and X ′Y ′ = [b−, a−]. The entropy for these two

intervals is identical to each other. Thus, the total entropy will be the sum of these two.

S ′

P ′

Q

R

S

P

R′

X ′ XY ′
⋆ Y⋆

Figure 1.14: We consider some disconnected region, called the island, in the entanglement
wedge of the radiation region at later times. The entropy for this radiation plus island region
is computed using the island formula, as discussed in Sec. 1.9.7, and it saturates at some
upper bound.

Similarly, the new set of coordinates for the point Y (a+ : (t, r) = (ta,−a)) are

a+ : UD = eta−a VD = −e−ta−a (1.65)

and the coordinates at Y ′(a− : (t, r) = (ta, a)) are

a− : UD
′ = −e−ta−a VD

′ = eta−a (1.66)
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We consider the combined system on an equal time slice, i.e. ta = tb. Thus, the matter

entropy for the interval XY is given by

S(XY ) =
c

6
log(−(US − UD)(VS − VD))−

c

6
log Ω(X)− c

6
log Ω(Y )

= 2× c

6
log(eb − e−a)− c

6
log(e−a)− c

6
log(eb)

=
c

3
log

(
2 sinh

b+ a

2

)
. (1.67)

Finally, the generalized entropy function becomes

Sgen(a) = ϕconst
2π

β
coth

2πa

β
+
c

3
log

(
β

π
sinh

π

β
(b+ a)

)
− c

6
log

(
β

2π
sinh

2πa

β

)
. (1.68)

The first term is the dilaton term that comes from 1.58, and the third term comes from 1.57.

Similarly, the generalized entropy function for the interval X ′Y ′ becomes the same as 1.68 and

the total entropy becomes Srad(t) = 2Sgen(a). Now extremizing the total generalized entropy

with respect to a, we will get the location of the island boundary.

∂Sgen

∂a
= 0

⇒ −ϕconst
4π2

β2
cosech22πa

β
+
c

3

π

β

cosh π
β
(b+ a)

sinh π
β
(b+ a)

− c

6

2π

β

cosh 2πa
β

sinh 2πa
β

= 0

⇒ ϕconst
2π

β

1

sinh 2πa
β

=
c

6

sinh π
β
(a− b)

sinh π
β
(a+ b)

(1.69)

solving this equation in the limit ϕr

β
≫ c, we find that

ϕconst
2π

β
2e

−2πa
β ≈ c

6

e
π
β
(a−b)

e
π
β
(a+b)

a⋆ ≈
β

2π
log(ϕconst

2π

β

12

c
) + b (1.70)

So the location of the island boundary turns out to be just outside the horizon. Thus at large

time, the on-shell entropy value at this extremum becomes

Srad(t) ≈ 2ϕconst
2π

β
(1.71)

This is equal to the entropy for the two-sided eternal black hole 1.59. Here we have shown

how including a disconnected region, which spans the interior of the two-sided eternal black

hole, resolves the entropy paradox for a two-sided eternal black hole. The entropy computed
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using the island formula shows that the early time linear growth in entropy saturates to an

upper bound at later times and it satisfies the general principle of unitary time evolution.



Chapter 2

Timelike QES in Poincare slicing of de

Sitter space and FRW universe

In this chapter, we study other cosmological backgrounds, in particular de Sitter space in the

Poincaré slicing and FRW universes under certain conditions. This is based on the paper

[134]. As we will see (and has been noted previously), the extremal surface structure is rather

different in these cases below: in some sense we are simply extending our previous investiga-

tions in some formal way to the cosmologies below, with the hope that better understanding

will emerge over time.

2.1 de Sitter, Poincare

de Sitter space dSdi+1 in the Poincare slicing and its 2-dim reduction are

ds2 =
R2

τ 2
(−dτ 2 + dx2 + dy2i ) → ϕ =

Rdi

(−τ)di
, ds2 =

Rdi+1

(−τ)di+1
(−dτ 2 + dx2) . (2.1)

We are parametrizing the upper Poincare patch with the future boundary I+ at τ = 0 and

the past horizon at τ → −∞, and −∞ < τ < 0 generically so the minus signs are explicitly

retained. As τ increases to the future, the dilaton grows. There is a singularity at τ → −∞
in the effective 2-dim space: the space is conformally dS2 (there are some parallels with the

discussions of AdSD reductions in [109]).

In this inflationary patch, we take the observer to be in the ground state, so the bulk entropy

is given by the ground state expression. Then the generalized entropy for a bulk observer on
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a static worldline at say (x0, τ0) is

Sgen =
ϕr

4G

Rdi

(−τ)di
+
c

6
log

(
∆2 R(di+1)/2

(−τ)(di+1)/2

)
, (2.2)

retaining only terms relevant for extremization. Then extremization gives

c

3

∆x

∆2
= 0 , −

(
−diϕr

4G

Rdi

(−τ)di+1
− c

12

di + 1

(−τ)

)
− c

3

τ − τ0
∆2

= 0 . (2.3)

One solution to this is

∆x = 0 , ∆2 = −(τ − τ0)
2 ;

diϕr

4G

Rdi

(−τ)di+1
+

c

12

di + 1

(−τ)
+
c

3

1

τ − τ0
= 0 . (2.4)

For a late time observer with τ0 ∼ 0, we have

∆x = 0 ,
diϕr

4G

Rdi

(−τ)di+1
+

c

12

3− di
τ

= 0 → τ∗ = −R
(

di
3− di

3ϕr

Gc

)1/di

(2.5)

Note that we are looking for a solution with τ < 0 as per our parametrization: so for di ≥ 3

(i.e. dS5 and higher) the only real QES solution is τ → −∞. For di = 1 this matches the

result in [118] ((2.2) matches eq.6.7 there).

Most notably, the above QES solution is timelike-separated from the observer: so ∆2 < 0 and

the generalized entropy (2.2) has an imaginary part from log(−1). In the spirit of our earlier

discussions, it is interesting to look for quantum extremal surfaces that are spacelike-separated

from the observer: towards this, note that there is a distinct family of solutions which by

construction are spacelike-separated, along the lines of the discussions in the cosmologies

earlier with a regulator. Then (2.3) gives

∆2 ∼ R2
c ,

diϕr

4G

Rdi

(−τ)di+1
+

c

12

di + 1

(−τ)
∼ c

3

τ − τ0
R2

c

, (2.6)

regulating the QES as before with a spatial cutoff Rc. First, note that if we remove the

regulator so Rc → ∞, then we obtain (with t ≡ −τ > 0)

diϕr

4G

Rdi

tdi+1
+

c

12

di + 1

t
= 0 . (2.7)

Both terms have the same sign so the only real QES is at τ → −∞. This is spacelike separated

only if the observer is also localized at sufficiently early times.

With a finite spatial regulator Rc, we see that in general τ > τ0, i.e. the QES lies on time

slices later than the observer. As a first approximation, note that in the classical limit c→ 0,
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the solution is τ → −∞ : this is the location where the dilaton is minimized. For early times

also, the solution is similar, i.e.

|τ0| ≫ R : τ → −∞ , τ ∼ τ0 , (2.8)

i.e. the QES is in the far past when the observer is also in the far past. This can be seen to

exhibit time-maximization. Let us analyze (2.6) for 4-dim de Sitter upstairs (di = 2): then

∆2 ∼ R2
c ,

ϕr

2G

R2

(−τ)3
+

c

12

3

(−τ)
∼ c

6

τ − τ0
R2

c

. (2.9)

With t ≡ −τ , we can rewrite this as

∆2 ∼ R2
c ,

6ϕr

Gc
R2R2

c + 3R2
c t

2 ∼ 2t3(t0 − t) → t4 − t0t
3 +

3R2
c

2
t2 +

3ϕr

Gc
R2R2

c ∼ 0 .

(2.10)

Clearly as t0 → 0, there is no real QES solution since all terms are positive (there appears to

be a critical t0 where the real QES (2.8) stops existing). dSdi+1 can be seen to exhibit similar

behaviour.

Overall, in some essential sense, the physical interpretation of the generalized entropy in these

cases is not transparent, for instance as holographic entanglement in the dual boundary theory,

along the lines of the AdS cases (even from a bulk point of view alone, the timelike separation

is unconventional compared with the usual formulations of entanglement on a spatial slice).

However our discussion appears to corroborate previous work on classical de Sitter extremal

surfaces. Taking the future boundary as a natural anchor in dS, there are either complex

extremal surfaces [180, 181, 197] or future-past (timelike) extremal surfaces [182, 136]. The

latter future-past surfaces perhaps suggest some new “temporal entanglement” between I±:

taking the area of such surfaces to be real is effectively removing an overall i-factor which

would arise from rotating a spatial extremal surface to a timelike one (this is also vindicated

by the complex generalized entropy (2.2), (2.4), generalizing [118] for dS2). Overall perhaps

this suggests new interpretations towards entanglement in de Sitter space based on the future

boundary and dS/CFT [189, 190, 191]. The dS/CFT dictionary ΨdS = ZCFT suggests

that boundary entanglement is not bulk entanglement (quite unlike Zbulk = ZCFT in AdS).

Bulk observables require |ΨdS|2 suggesting two copies of the dual CFT: this is reflected in

the future-past extremal surfaces [182, 136] alluded to above. Other recent perspectives on

extremal surfaces anchored on the de Sitter horizon include e.g. [133].
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2.2 FRW cosmologies, 2-dim gravity and QES

Consider FRW cosmologies with flat spatial sections sourced by a scalar field Ψ (general

reviews include e.g. [238, 239]): we consider a reduced 2-dim background as

ds2 = −dt2 + a(t)2dx2i → ϕ = adi , ds2 = adi+1(−dτ 2 + dx2) (2.11)

The energy-momentum conservation equation gives dE + pdV = d(ρ adi+1) + pd(adi+1) = 0,

i.e. ρ̇ + (di + 1)H(ρ + p) = 0. This along with the Friedmann equation and the equation of

state p = wρ gives FRW cosmologies with

p = wρ , a ∼ tk , k =
2

(1 + di)(1 + w)

[
ρ =

1

2
Ψ̇2 − V , p =

1

2
Ψ̇2 + V

]
(2.12)

Now using conformal time τ gives

dτ =
dt

a(t)
→ τ ∼ t1−k → a(τ) ∼

( τ
τF

) k
1−k ≡

( τ
τF

)ν
, (2.13)

introducing the FRW scale τF so the scale factor becomes dimensionless: τF controls the

strength of time-dependence in these backgrounds. Note that the above FRW description is

slightly different from focussing on the vicinity of the singularity as in [110]: taking dominant

time derivatives implies Ψ̇2 ≫ V so p ∼ ρ, i.e. w ∼ 1, giving ν = 1
di

so ϕ = adi ∼ τ . More

generally the physical bounds on the equation of state parameter w translate to corresponding

regimes for ν:

ν =
2

(1 + di)(1 + w)− 2
; −1 ≤ w ≤ 1 ⇒ ν >

1

di
or ν ≤ −1 . (2.14)

Now we analyse quantum extremal surfaces here. In general the bulk matter entropy corre-

sponds to some excited state, such as the thermal state. A variety of such studies for FRW

cosmologies including entanglement with auxiliary universes appears in [119], revealing is-

lands in various cases. Our discussion here will be limited to simply extending the earlier de

Sitter QES solutions to certain FRW cases, which correspond to matter in the ground state

(as may arise for pressureless matter with w = 0). The generalized entropy for an observer

in such a background is

Sgen =
adi

4G
+
c

6
log
(
∆2 a(di+1)/2|(τ,r)

)
, ∆2 = (∆x)2 − (τ − τ0)

2 , (2.15)
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where we are using conformal time τ in the 2-dim theory. Now extremization gives

∂xSgen =
c

6

∂x∆
2

∆2
= 0 , ∂τSgen =

dia
di−1 ∂τa

4G
+

c

12

(di + 1)∂τa

a
+
c

6

∂τ∆
2

∆2
= 0 ,

−→ c

3

∆x

∆2
= 0 ,

diν

4G

τ νdi−1

τ νdiF

+
c

12

(di + 1)ν

τ
− c

3

τ − τ0
∆2

= 0 , (2.16)

using (2.13), (2.14). First considering timelike separated QES, we have

∆x = 0 , ∆2 = −(τ − τ0)
2 ;

diν

4G

τ νdi−1

τ νdiF

+
c

12

(di + 1)ν

τ
+
c

3

1

τ − τ0
= 0 , (2.17)

analogous to (2.4) in the de Sitter case ν = −1: for ν < −1 the nature of these timelike QES

is similar. For νdi > 1, taking the first term to be dominant over the second gives

ν >
1

di
:

diν

4G

τ νdi−1

τ νdiF

+
c

3

1

τ − τ0
∼ 0 [τ ≳ τF ] , (2.18)

with corresponding QES solutions (with τ∗ − τ0 < 0), valid for τ large compared to τF . Since

these are timelike-separated, the on-shell generalized entropy acquires an imaginary part from

log(−1) in ∆2 < 0, similar to (2.4).

Alternatively, looking for spacelike separated QES along the lines of (2.6) gives

∆2 ∼ R2
c ,

diν

4G

τ νdi−1

τ νdiF

+
c

12

(di + 1)ν

τ
∼ c

3

τ − τ0
R2

c

. (2.19)

We are looking in the region of slow time evolution i.e. large τ ≳ τF (far from the singularity

at τ = 0), towards understanding the evolution of the QES with the observer time τ0. Then

for any ν > 0, we have τ ν−1 > τ−1 so we can approximate the time extremization equation as

diν

4G

τ νdi−1

τ νdiF

∼ c

3

τ − τ0
R2

c

→ τ νdi−1 ∼ 4Gc

3diν

τ νdiF

R2
c

(τ − τ0). (2.20)

This equation while tricky in general does have solutions at least for specific families of ν.

For instance pressureless dust has w = 0 so using (2.14) we have

w = 0 i .e. ν =
2

di − 1

di=2−−→ τ 3 ∼ Gc τ 4F
3R2

c

(τ − τ0) ,

di=3−−→ τ 2 ∼ 4Gc τ 3F
9R2

c

(τ − τ0) , (2.21)

both of which admit real solutions as long as
Gcτ

νdi
F

R2
c

lies in appropriate regimes with regard to

τ0. For instance the di = 3 case requires
4Gc τ3F
9R2

c
> 4τ0 for reality. Since the spatial regulator
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Rc → ∞ strictly speaking, it is clear that these solutions only make sense in a limit where

we take c small and Rc large holding the above condition fixed: so the existence of these

spacelike-separated QES solutions is not generic.

For generic scalar configurations, it is more appropriate to consider bulk entropy contributions

that are not those pertaining to the ground state: then Sgen = adi
4G

+Sb gives
di ∂τa
4G

+∂τSb = 0.

Discussions of this sort have previously appeared in e.g. [119]. When Sb overpowers the

classical area term, the Bekenstein bound is violated and islands can arise if further conditions

hold. For Sb representing bulk matter in some mixed state, one might imagine some auxiliary

purifying universe “elsewhere” which could then lead to islands.



Chapter 3

Small Schwarzschild de Sitter black

holes, Quantum Extremal Surfaces

and Islands

The black hole information paradox [1] can be regarded as the tension between the apparent

unbounded growth of entanglement entropy of thermal Hawking radiation [2] outside the black

hole and the expectation from quantum mechanics that entanglement entropy must become

small at late times if purity of the original matter state is to be recovered, i.e. it must follow the

Page curve [5, 6]. See e.g. [3, 4] for discussions of various aspects of the information paradox.

Recent exciting discoveries unravelled via the study of entanglement and quantum extremal

surfaces [7, 8, 9, 10, 11] have found that including nontrivial “island” contributions does in

fact do this job. Quantum extremal surfaces are extrema of the generalized gravitational

entropy [12, 13] obtained from the classical area of the entangling RT/HRT surface [14]-[17]

after incorporating the bulk entanglement entropy of matter, with explicit calculation possible

in effective 2-dimensional models where 2-dim CFT techniques enable detailed analysis of the

bulk entanglement entropy. The island, arising as a nontrivial solution to extremization (near

the black hole horizon, and only at late times), reflects new replica wormhole saddles [10, 11]

and serves to purify the early Hawking radiation thereby leading to the entanglement entropy

decreasing. There is a large body of literature on various aspects of these issues, reviewed in

e.g. [18, 20, 21]: see e.g. [22]-[93] for a partial list of investigations on black holes in this regard.

Scrutinies of the island formulation and alternative perspectives appear in e.g. [94, 95, 96].

In this chapter, we study “small” Schwarzschild de Sitter black holes, i.e. the regime where

the black hole mass m is small compared with the de Sitter scale l, but large enough that

a quasi-static approximation to the geometry is valid. This translates to saying that the
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de Sitter temperature is very low compared with that of the black hole. In this regime, we

approximate the ambient de Sitter space as a frozen classical background and study the two-

sided (eternal) black hole. We can imagine that the black hole has formed from initial matter

in a pure state: strictly speaking this can only be an approximation to the bulk CFT at the

thermal state at the de Sitter temperature, but it is a reasonable approximation if the de Sitter

temperature is very low. We focus on one black hole coordinate patch in the Penrose diagram,

Figure 3.1 (which roughly comprises a line of alternating Schwarzschild and de Sitter patches),

and consider observers in the static diamond patches far outside the black hole but within the

cosmological horizons which bound the black hole patch, Figure 3.2. Then the entanglement

entropy of the radiation exhibits an unbounded linear growth in time, which is inconsistent

at late times with the entropy of the black hole, and indicative of the information paradox for

the black hole. Using the island rule in the extremization of the generalized entropy shows an

island emerging at late times a little outside the black hole horizon semiclassically: this then

shows finiteness of the entanglement entropy of radiation recovering the expectations on the

Page curve. In some essential sense, our analysis (which is purely bulk, with no holography

per se) closely mirrors island studies of flat space Schwarzschild black holes in the literature,

with the ambient de Sitter space entering only through more complicated coordinates. This

is based on the paper [149].

In sec. 3.1, we review 4-dim Schwarzschild de Sitter black holes as required for our pur-

poses, and in sec. 3.2, we describe our setup for the generalized entropy via 2-dim tech-

niques. Sec. 3.2.1 discusses the entanglement entropy in the absence of the island (with

details in App. A.1), while sec. 3.3 discusses the island calculation (details in App. A.2; see

also App. A.3 for early times). Finally sec. 3.4 contains a Discussion of our approximations

and open questions.

3.1 Small Schwarzschild de Sitter black holes → 2-dim

The Schwarzschild de Sitter black hole spacetime in 3 + 1-dimensions has the metric

ds2 = −f(r)dt2 + dr2

f(r)
+ r2dΩ2

2 , f(r) = 1− 2m

r
− r2

l2
. (3.1)

This is a Schwarzschild black hole in de Sitter space [97] with an “outer” cosmological (de

Sitter) horizon and an “inner” Schwarzschild horizon. The surface gravity at both horizons

is generically distinct: Euclidean continuations removing a conical singularity can be defined

at each horizon separately but not simultaneously at both [98] (see also [99, 100]). The only

(degenerate) exception is in an extremal, or Nariai, limit [101] where both periodicities of
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Euclidean time match: the spacetime develops a nearly dS2 throat in this extremal limit [98].

More on the nearly dS2 limit and the wavefunction of the universe appears in [102] (see also

[103]). Related discussions with some relevance to this chapter also appear in [104].

The general d + 1-dimensional SdS spacetime is of similar form as (3.1) but with f(r) =

1− 2m
l
( l
r
)d−2− r2

l2
, and will have qualitative parallels. We will focus on the 4-dim Schwarzschild

de Sitter case in what follows. For SdS4, the function f(r) is a cubic and the zeroes of f(r),

i.e. solutions to f(r) = 0, give the locations of the horizons. We can parametrize this as

f(r) =1− 2m

r
− r2

l2
=

1

l2 r
(rD − r)(r − rS)(r + rS + rD),

rDrS(rD + rS) = 2ml2 , r2D + rDrS + r2S = l2 ; 0 ≤ rS ≤ rD ≤ l ;
m

l
≤ 1

3
√
3
.

(3.2)

We will take the roots rS and rD to label the Schwarzschild black hole and de Sitter (cosmo-

logical) horizons respectively. (The third zero −(rD + rS) does not correspond to a physical

horizon.) The roots rS, rD are constrained as above.

Figure 3.1: The Schwarzschild de Sitter black hole Penrose diagram, with focus on one black hole “patch”.

The case with m = 0, or rS = 0, rD = l, is pure de Sitter space, while the flat space

Schwarzschild black hole has l = 0, or rS = m, rD = 0. The above structure of horizons is valid

for m
l
< 1

3
√
3
, beyond which there are no horizons [97]. The limit m

l
= 1

3
√
3
corresponds to the

cosmological and Schwarzschild horizon values coinciding: here we have rS = rD = r0 = l√
3

from (3.2). This special value leads to the extremal, or Nariai, limit where the near horizon

region (between the horizons) becomes dS2 × S2. Overall the range of physically interesting

rS, rD satisfies 0 < rS < r0 < rD for generic values. The fact that rS < rD implies that the

cosmological horizon is “outside” the Schwarzschild one. The black hole interior has r < rS

with r → 0 the singularity. The region rD < r ≤ ∞ describes the future and past de Sitter

universes, with r → ∞ the future boundary I+ (or past, I−). The maximally extended

Penrose diagram Figure 3.1 shows an infinitely repeating pattern of Schwarzschild coordinate

patches or “unit-cells” containing Schwarzschild black hole horizons cloaking interior regions:

these patches are bounded by cosmological horizons on the left and right, with future/past

universes beyond the cosmological horizons.
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The intermediate static diamond region D is the exterior of the black hole, i.e. the static

patch with a timelike Killing vector where physical timelike observers can be stationary:

D : rS < r < rD ; 0 < f(r) < 1 . (3.3)

We want to consider the limit of a “small” black hole in de Sitter, i.e.

m≪ l , l → large ⇒ rD ≫ rS . (3.4)

The horizon locations can then be found perturbatively to be rS ≃ 2m, rD ≃ l −m ≫ rS ,

from (3.2). In this limit (in a sense opposite to the Nariai limit where rS ∼ rD), the black

hole is much smaller than the ambient de Sitter scale, i.e. we have a small black hole in

a large accelerating universe. So we expect that the ambient cosmology can be taken as

a frozen classical background while the black hole undergoes Hawking evaporation. This

is corroborated by the fact that the black hole Hawking temperature is much larger than

the Gibbons-Hawking temperature of the ambient de Sitter horizon: i.e. using the surface

gravities κ [99, 100] (see also [105]) and T = κ
2π

we obtain1 in the limit (3.4),

TBH ∼ 1

8πm
, TdS ∼ 1

2πl
; TdS ≪ TBH . (3.5)

Pushing this to the extreme leads to the flat space limit

rD ∼ l → ∞ :
rD
l

→ 1 , rS → 2m ; TdS → 0 , (3.6)

where the ambient de Sitter background acquires a vanishingly small temperature, approach-

ing asymptotically flat space. Our entire analysis will in fact focus on these limits (3.4), (3.5),

with the flat limit (3.6) as a special case to corroborate with.

Towards analysing the generalized entropy, we will require recasting the Schwarzschild de

Sitter metric (3.1) in Kruskal coordinates which are regular at the black hole horizon. These

are not regular in the vicinity of the de Sitter horizon (where a distinct set of Kruskal variables

is more appropriate), but we will find that the black hole Kruskal variables suffices for our

considerations. This is consistent with the fact the ambient de Sitter space simply serves as a

frozen classical background in our regimes of interest. With this in mind, we define the black

hole tortoise coordinate following the discussion in [106] :

r∗ =

∫
1

f(r)
dr =

∫
1

1− 2m
r
− r2

l2

dr =

∫
l2r

(rD − r)(r − rS)(r + rS + rD)
dr . (3.7)

1κBH,dS = 1

2
√

f(ml2)

∣∣ df
dr

∣∣
rS ,rD

which give 1
2βS,D

1√
1−3(m/l)2/3

, with βS,D in ( 3.9).
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Taking f(r) > 0 as pertains to the region D in (3.3), this gives

er
∗
= (rD − r)−βD(r − rS)

βs(r + rD + rS)
βM , (3.8)

with the parameters (which simplify dr∗/dr to 1/f(r))

βD =
l2rD

(rD − rS)(2rD + rS)
, βS =

l2rS
(rD − rS)(2rS + rD)

,

βM =
l2(rD + rS)

(2rD + rS)(2rS + rD)
.

(3.9)

In the flat limit (3.6), βS → rS and βD → l.

The SdS4 metric (3.1) is recast as ds2 = f(r)(−dt2+dr∗2)+r2dΩ2
2 . In the neighborhood of the

black hole horizon, the Kruskal coordinates are then defined as US, VS , and the Schwarzschild

de Sitter metric becomes [106]

αS =
1

2βS
; USVS = −e2αSr

∗
,

US

VS
= −e−2αSt ; ds2 = −dUSdVS

W 2
+ r2dΩ2,

W =
√
r l αS(rD − r)

−(1+2αSβD)

2 (r − rS)
2αSβS−1

2 (r + rS + rD)
2αSβM−1

2 .

(3.10)

The value of αS here ensures regularity at the black hole horizon. (noting βM + βS = βD

we see that W has dimensions of inverse length.) The Kruskal coordinates cover both the

left and right static diamonds D of the black hole patch: in the right side (containing R+ in

Figure 3.1) we define

US = −e−αS(t−r∗) , VS = eαS(t+r∗) , (3.11)

while on the left side (with R−) there is a relative minus sign, i.e. US → −US, VS → −VS.

For our purposes, it is a reasonable approximation to look at the s-wave sector of the black

hole and consider the bulk matter as a 2-dim CFT: this enables the use of 2-dim CFT tools to

study the entanglement entropy of bulk matter. With this in mind, we consider a reduction

ansatz of the form

ds2(4) = g(2)µν dx
µdxν + λ−2ϕ dΩ2

2 ; gµν = ϕ1/2 g(2)µν , (3.12)

to obtain 2-dimensional dilaton gravity [107, 108] (see also [109]; applications to certain

families of cosmologies appears in [110]). The lengthscale λ−1 has been introduced to make

the dilaton dimensionless. The dilaton ϕ translates to the 4-dim transverse area of 2-spheres
4πϕ
λ2 . The final term represents a Weyl transformation to absorb the dilaton kinetic term

giving 1
16πG2

∫
d2x

√
−g (ϕR− 6

l2
ϕ1/2 + 2λ2ϕ−1/2) as the 2-dim action. The 2-dim metric and
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dilaton are

ds2 = −λ rdUSdVS
W 2

≡ −dUSdVS
(W ′)2

, ϕ = r2λ2 , (3.13)

where W ′ = W√
λ r

and W is the conformal factor given in (3.10). For our discussions of

entanglement entropy in these 2-dim theories, λ will be regarded as some fixed length scale

independent of the de Sitter scale l so as to not interfere with the flat limit. With G
N
the 4-

dim Newton constant, G2 =
G

N

V2
and V2 =

4π
λ2 , the area term in the 2-dim theory is ϕ

4G2
= 4π r2

4G
N

equivalent to the 4-dim one.

3.2 Black holes in de Sitter and entanglement entropy

In the regimes (3.4), (3.5), that we are considering, we see that there is a version of the

information paradox for the black hole that is at play, with some parallels with that for the

eternal AdS black hole in [22]. If the black hole forms from initial collapsing matter in a

Figure 3.2: The Penrose diagram of a Schwarzschild de Sitter black hole, with focus on one black hole

“patch” bounded by cosmological horizons on both sides. Depicted are the radiation regions R− ≡ [rD−, b−]

and R+ ≡ [b+, rD+] and the late time island I ≡ [a−, a+].

pure state, then information recovery at late times compared with the black hole timescale

requires that the generalized gravitational entropy of the radiation obeys the Page curve.

Note that in the current situation, this is only approximate since the ambient de Sitter space

is only consistent with bulk CFT matter in a thermal state at the de Sitter temperature.

However if the ambient de Sitter temperature is very low, then one might imagine that a

pure state approximation is reasonable. This is the limit (3.5) we study to understand the

black hole evaporation process here, which we find to be consistent. We will find, as in

various previous investigations, that a nontrivial island emerges at late times a little outside

the horizon as a nontrivial quantum extremal surface solution to the extremization of the

generalized gravitational entropy. Including this and using the island rule shows the late time
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entropy to be bounded. Our analysis has close parallels with that of flat space Schwarzschild

black holes e.g. [58, 59], our expressions showing essential agreement in the flat space limit

(3.6).

In our case, we consider distant observers that are stationary, represented by timelike world-

lines in the static patchD region (3.3), between the Schwarzschild and de Sitter (cosmological)

horizons. Towards simulating the flat space limit, we will consider the far end of the radiation

region as asymptoting to the cosmological horizon. The outgoing radiation hits the cosmo-

logical horizon and as such is expected to go beyond and eventually hit the future boundary

I+ (future timelike infinity). However we assume that the observers propagating in the static

patch D collect this outgoing radiation. So we will focus on the Schwarzschild patch bounded

by the cosmological horizons on both sides and ignore the regions beyond: see Figure 3.2.

The island proposal [9] for the fine-grained entropy of the Hawking radiation is

S(R) = min

{
ext
[Area(∂I)

4G
N

+ Smatter(R ∪ I)
]}

(3.14)

where R is a region far from the black hole where the radiation is collected by distant observers

and I is a spatially disconnected island around the horizon that is entangled with R. The

intuition behind this expression is that after about half the black hole has evaporated, the

Hawking radiation going out (roughly I) begins to purify the radiation that was emitted early

on (roughly R). This purification of the early radiation by the late Hawking radiation is a

reflection of the entanglement between the two parts, and stems from the picture of Hawking

radiation as due to production of entangled particle pairs near the horizon (which is taken as

vacuum). Thus R ∪ I purifies over time and its entanglement thus does not grow: the slowly

evaporating black hole has decreasing area, so S(R) decreases in time.

The Hawking process is dominated by s-wave modes. So we calculate the bulk entropy techni-

cally using 2-dimensional techniques where we approximate the bulk matter by a 2-dim CFT

propagating in the 2-dim background obtained by dimensional reduction. In what follows,

we will employ these techniques to calculate the entanglement entropy in the Schwarzschild

de Sitter geometry by considering the 2-dim background (3.13) obtained from the reduction

of (3.10). There is no holography in our entire discussion here: we are simply calculating the

entropy of radiation in the bulk spacetime using the island rule (3.14).

In the absence of the island, the radiation regions are given by the intervals R± ∈ D,

R = R− ∪R+ ; R− ≡ [rD−, b−] , R+ ≡ [b+, rD+] , (3.15)
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which are the two regions marked in the Figure, one in either asymptotic region of the black

hole patch. Since the radiation region is far from the black hole horizon, we have b±−rS ≫ rS.

The entropy of the Hawking radiation is

Smatter = S(R) . (3.16)

In the 2-dim CFT, the matter entanglement entropy for a single interval A = [x, y] is ob-

tained from the replica formulation [111, 112] after also incorporating in d[x, y] the conformal

transformation2 to a curved space [8], stemming from theW ′-factor in the 2-dim metric (3.13),

SA =
c

3
log d[x, y] =

c

6
log

(
−∆US∆VS
W ′|xW ′|y

)
. (3.17)

From (3.13), we see that there is one factor of λ that arises inside the logarithm in each

expression of the last form: in addition there is the ultraviolet cutoff ϵUV as in footnote 2.

This factor λ
ϵ2UV

in each such term will not play much role and we will ignore this except where

necessary.

The entanglement entropy for multiple disjoint intervals

A = [x1, y1] ∪ [x2, y2] ∪ .... ∪ [xN , yN ] (3.18)

is more complicated: this arises from the multi-point correlation functions of twist operators

and so it depends on not just the central charge but detailed CFT information. In the limit

where the intervals are well-separated, one can expand the twist operator products and obtain

[111, 112, 113, 114]

SA =
c

3
log

∏
i,j d[xj, yi]∏

i<j d[xj, xi]
∏

i<j d[yj, yi]
(3.19)

For two intervals [x1, y1] ∪ [x2, y2], this is a limit where the cross ratio x is small, i.e.

x =
d[x1, y1] d[x2, y2]

d[x1, x2] d[y1, y2]
; x≪ 1 , (3.20)

where we use the Kruskal distances in (3.17) in constructing the cross-ratio. In 2-dim CFTs

with a holographic dual, this is the situation where the two intervals A,B are well-separated

and their mutual information exhibits a disentangling transition [115] with I[A,B] = S[A] +

S[B] − S[A ∪ B] → 0, i.e. the disconnected surface Sdis = S[A] + S[B] has lower area than

2 Any 2-dim metric is conformally flat so ds2 = efηµνdx
µdxν . The twist operator 2-point function scales

under a conformal transformation as ⟨σ(x1)σ(x2)⟩efg = e−∆n f/2|x1
e−∆n f/2|x2

⟨σ(x1)σ(x2)⟩g with ∆n =
c
12

n2−1
n . Since the partition function in the presence of twist operators scales as the twist operator 2-point

function, the entanglement entropy becomes S12
efg = − limn→1 ∂n⟨σ(x1)σ(x2)⟩efg = S12

g + c
6

∑
endpoints log e

f/2

, giving for a single interval S12
g = c

6 log
(

∆2

ϵ2UV

)
→ S12

efg = c
6 log

(
∆2

ϵ2UV
ef/2|1 ef/2|2

)
.



Chapter 3 Small Schwarzschild de Sitter black holes, Quantum Extremal Surfaces and
Islands 51

the connected surface Sconn = S[A ∪ B]. It turns out that the cross-ratio for the points in

question becomes small at late times, as we will see later, justifying the use of (3.19) for our

purposes.

In what follows, we first calculate the entanglement entropy for the configuration without any

island, using 3.16: this shows the entropy of radiation as increasing linearly in time at late

times, indicative of the information paradox. Towards resolving this we will include a possible

island and calculate the entanglement entropy using the island rule 3.14: this results in a late

time entropy that is time-independent.

3.2.1 Entanglement entropy: no island

In this section, we will evaluate the entanglement entropy of the radiation at late times in the

absence of any island. Then we have only the radiation regions R− ∪R+ in Figure 3.2, given

by the intervals (3.15), i.e. R− ≡ [rD−, b−] and R+ ≡ [b+, rD+]. In the limit (3.4), (3.5), with

the de Sitter temperature very low, we can approximate the entire system as a pure state on

any slice. Then the bulk matter CFT entropy of R is the same as that of the complementary

region Rc = [b−, b+], so we obtain

Smatter =
c

3
log [d(b+, b−)] . (3.21)

We label the spacetime coordinates in the left and right asymptotic regions in the Schwarzschild

patch as

b+ : (t, r) = (tb, b) , b− : (t, r) = (−tb +
iβ

2
, b) ; β =

2π

αS

. (3.22)

This choice of β is simply a convenient way of incorporating the relative minus signs in the

Kruskal coordinates (3.10), (3.11), in the left and right regions through eiβαS/2 = eiπ = −1.

With this parametrization of the left and right time coordinates, we can conveniently use the

expressions in (3.11), with β automatically doing the left-right book-keeping.

Then we evaluate the bulk matter entropy in the Schwarzschild de Sitter geometry (3.13)

using (3.17) to obtain

Smatter =
c

6
· log

(
b
(US(b−)− US(b+))(VS(b+)− VS(b−))

W (b+)W (b−)

)
. (3.23)

The total entanglement entropy then becomes

S =
c

6
log

[
16β2

S (b− rS)
(rD − b)(b+ rS + rD)

l2
cosh2

( tb
2βS

)]
. (3.24)
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The details of the calculation are shown in Appendix A.1. The late time approximation is

tb ≫ b > rS ,
tb
rS

≫ 1 : the above result then approximates as

S ≈ const+
c

6

tb
βS

. (3.25)

Now in the flat space limit (3.6), the total entropy at late times becomes S ≈ c
6
tb
rS

, in

agreement with [58, 59]. This linear growth in time means that the entropy of the radiation

will eventually be infinitely larger than the Bekenstein-Hawking entropy of the black hole.

3.3 Late time entanglement entropy with island

In this section we will evaluate the entropy of radiation in the presence of an island and show

that it saves the entropy bound, recovering the Page curve for the black hole in Schwarzschild

de Sitter space at late times ta, tb ≫ rS. The island is the region marked I in Figure 3.2: the

intervals in question are

R− ≡ [rD−, b−] , R+ ≡ [b+, rD+] , I ≡ [a−, a+] . (3.26)

Since we are considering the limit (3.4), (3.5), with the black hole evaporation well-separated

from de Sitter physics, we expect the island in question to emerge near the black hole horizon.

Then

b− rS ≫ a− rS ∼ 0 ; b≫ rS , (3.27)

and the last inequality reflects the fact that we are considering distant observers far from

the black hole. Since the ambient de Sitter temperature is very low in our considerations as

mentioned earlier, we approximate the bulk matter to be in a pure state so the entanglement

entropy of A ≡ R− ∪ I ∪ R+ is equal to that of the complementary intervals Ac ≡ [b−, a−] ∪
[a+, b+] (see (A.29), for details on the intervals A). The assumptions (3.27) imply that the

intervals are well-separated: then we can express the entanglement entropy for Ac using 3.19

as

Smatter =
c

3
log

d[a+, a−] d[b+, b−] d[a+, b+] d[a−, b−]

d[a+, b−] d[a−, b+]
. (3.28)

For the intervals [b−, a−] ∪ [a+, b+], as the cross-ratio x in (3.20) becomes small, we have

1−x = d[a+,a−] d[b+,b−]
d[a+,b−] d[a−,b+]

→ 1. Adding the area term ϕ
4G2

= 4πa2

4G
N
for both left and right sides, the

total generalized entropy becomes Stotal ∼ 2
(
πa2

G
N
+ c

3
log d[a+, b+]

)
since the left and right sides

give essentially equal contributions. In detail, using the Kruskal coordinates (3.10), (3.11),
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(A.1), we evaluate the total generalized entropy (3.28) obtaining

Stotal =
2πa2

G
N

+
c

6
log
[ 28r4S
( rD−rS

l
)4(2rS+rD

l
)4
(a− rS)(b− rS)(

a− rD
l

)(
b− rD
l

)·

(
a+ rS + rD

l
)(
b+ rS + rD

l
) cosh2 ta

2βS
cosh2 tb

2βS

]
+
c

3
log
[
1− 2

(a− rS)
αSβS

(b− rS)αSβS
C(a) cosh

(
αS(ta − tb)

)]
− c

3
log
[
1 + 2

(a− rS)
αSβS

(b− rS)αSβS
C(a) cosh

(
αS(ta + tb)

)]
, (3.29)

with C(a) defined as

C(a) =
(rD − b)αSβD(a+ rS + rD)

αSβM

(rD − a)αSβD(b+ rS + rD)αSβM
. (3.30)

See Appendix A.2 for details of this calculation. At late times, ta, tb ≫ rS, we approximate

cosh(αS(ta + tb)) ∼ 2 cosh(αSta) cosh(αStb) which is large. Then taking into account the

expectation a− rS ∼ 0 and simplifying, we obtain

Stotal =
2πa2

G
N

+
c

6
log
[ 16r4S(b− rS)

2

( rD−rS
l

)4(2rS+rD
l

)4
(rD − a)(rD − b)(a+ rS + rD)(b+ rS + rD)

l4 (C(a))2

]
− 2c

3

√
a− rS
b− rS

C(a) cosh
(
αS(ta − tb)

)
. (3.31)

In the flat space limit (3.6), we take rD large and expand using ( 3.9) to approximate (3.30)

as

C(a) ∼
(
1− b− a

rD

)αSβD
(
1− b− a

rD + rS

)αSβM

∼ 1− b− a

2rS
, (3.32)

which can further approximated as e
− b−a

2rS in the regime (3.27) to give the total entropy at late

times as

Stotal ≈
2πa2

G
N

+
c

6
log
[
16r4S(b− rS)

2 e
b−a
rS

]
− 2c

3

√
a− rS
b− rS

e
− b−a

2rS cosh
(
αS(ta − tb)

)
. (3.33)

This is in agreement with e.g. [59] upto a factor of ab inside the logarithm, stemming from the

fact that we are using the strict 2-dim bulk metric (3.13) after reduction, with the additional

conformal factor in W ′ relative to W in(3.10). This detailed difference (which also arises in

other such expressions) does not affect the qualitative behaviour of the generalized entropy

in our regime since the s-wave sector is expected to be dominant in the Hawking process.
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Now, extremizing (3.31) with respect to the location of the island boundary a gives

∂Stotal

∂a
= 0 ⇒ (3.34)

4πa

G
N

+
c

6

[(1− 2αSβM)(rD − a)− (1 + 2αSβD)(a+ rS + rD)

(a+ rS + rD)(rD − a)

]
− 2c

3
cosh

(
αS(ta − tb)

)
·
√
a− rS
b− rS

C(a)
[ αSβM
a+ rS + rD

+
αSβD
rD − a

+
1/2

a− rS

]
= 0 .

Here, since rD is large in our considerations, the second term scales as O( 1
rD
) and can thus

be ignored: further the 1
a+rS+rD

and 1
rD−a

also are suppressed relative to 1
a−rS

. With these

approximations (3.34) becomes

a ≃ 1√
a− rS

G
N
c

12π

1√
b− rS

C(a) cosh
(
αS(ta − tb)

)
. (3.35)

Now we note that we are in the semiclassical regime where

0 ≪ c≪ 1

G
N

, (3.36)

so that the classical area term in the generalized entropy is dominant but the bulk matter

makes nontrivial subleading contributions (which are not so large as to cause significant

backreaction on the classical geometry).

We are looking for an island with boundary a ∼ rS near the black hole horizon: this cor-

roborates with the fact that since the entire right hand side is O(G
N
c), in the classical limit

c = 0 we have a = rS. Thus we can solve the above expression in perturbation theory setting

a ∼ rS to find the first order correction in G
N
c≪ 1 : then schematically we have

a− rS ≃ K2

r2S

1

b− rS
, K =

G
N
c

12π
cosh (αS(ta − tb))C(rS) , (3.37)

and we finally obtain (with C(rS) from (3.30) with a = rS)

a ≃ rS +
(G

N
c)2

144π2r2S(b− rS)
C(rS)

2 cosh2
(
αS(ta − tb)

)
. (3.38)

Using (3.32) and the comments there, we obtain in the flat space limit (3.6)

a ≃ rS +
(G

N
c)2

144π2r2S(b− rS)
e

rS−b

rS cosh2
(
αS(ta − tb)

)
, (3.39)
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in agreement with [59]. With the value of a in (3.38) the total on-shell entanglement entropy

in (3.31) becomes

So.s. =
2πr2S
G

N

+
c

6
log
[16β4

s (b− rS)
2

l4
(b+ rS + rD)

(1+2αSβM )

(2rS + rD)2αSβM−1

(rD − rS)
1+2αSβD

(rD − b)2αSβD−1

]
− c2G

N

36πrS(b− rS)
C(rS)

2 cosh2
(
αS(ta − tb)

)
. (3.40)

Now varying and extremizing the above expression with respect to ta, we obtain ta = tb. Using

this in (3.40) gives the entanglement entropy (keeping only leading terms) to be

So.s. =
2πr2S
G

N

+
c

6
log
[16β4

s (b− rS)
2

l4
(b+ rS + rD)

(1+2αSβM )

(2rS + rD)2αSβM−1

(rD − rS)
1+2αSβD

(rD − b)2αSβD−1

]
, (3.41)

which is time-independent, stemming from the presence of the island. The first term is twice

the Bekenstein-Hawking entropy of the black hole and the second term, arising from the

bulk entropy of the radiation region purified by the island, is a constant term not growing

in time. This recovers the expectations on the Page curve for the evaporating small black

hole in de Sitter in the limits we are considering (3.4), (3.5), (3.6). In our discussion which is

entirely gravitational, it is natural to take the Planck length as the natural UV scale and set

λ−1 ∼ ϵUV ∼ lP : then putting back the λ
ϵ2UV

factors gives So.s. ∼ As +
c
3
logAS + c

3
log b

lP
.

Comparison of the late time entanglement entropy without the island (3.25) and that with

the island (3.41) enables an estimate of the Page time when the island configuration emerges

as the preferred quantum extremal surface with lower area. Making a coarse comparison at

the Page time tP ,
c

6

tP
βS

∼ 2SBH ⇒ tP ∼ 12π r2S βS
G

N
c

. (3.42)

Beyond this time tP , the no-island configuration (3.25) has bigger area and we discard it in

favour of the island one (3.41) (which is a new saddle stemming from replica wormholes) which

does not grow in time. Of course all our analysis is carried out in a quasi-static approximation

with rS ∼ fixed, since rS is decreasing very slowly in time as the black hole evaporates.

It is interesting to note that no such island configuration near the black hole horizon emerges

at early times, ta, tb ≪ rS, when not much Hawking radiation has gone out: see (A.34) in

App. A.3, where we consider a coarse approximation with ta, tb ∼ 0. However we might

imagine that there arises a “vanishing extremal surface” with the island boundary a far

inside the black hole horizon so a ≪ rS. Setting up the generalized entropy using Kruskal

coordinates in the black hole interior and extremizing in fact reveals such an island in (A.42),

with a corresponding generalized entropy that is not significant, vindicating approximate

purity in the regimes we are considering.
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We have regarded the ambient de Sitter space as a frozen classical background, at very low

temperature, with regard to the black hole Hawking process, and found consistency in our

island studies and the 2-dim CFT calculations approximating the bulk matter to be in a pure

state. The calculation in (A.29) of the entanglement entropy of the complementary intervals

alongwith the regularization (A.32) vindicates the approximate purity of the state in this

regime. If we keep the de Sitter temperature as nonzero, it would appear that e.g. (A.31)

would give rise to a growing entanglement in time; see [116] for some related comments.

3.4 Discussion

We focussed on one Kruskal black hole patch in the Penrose diagram Figure 3.1 of eternal

Schwarzschild de Sitter (which in the maximal extension comprises a line of alternating black

hole and cosmological patches). This single patch (Figure 3.2) is in some sense equivalent to

the Penrose diagram of the flat space Schwarzschild black hole embedded in de Sitter, with the

cosmological horizons on both sides serving as asymptotic boundaries (akin to null infinity in

flat space). Technically we dimensionally reduce the SdS4 spacetime to 2-dimensions and use

2-dim CFT techniques for calculating the entanglement entropy of bulk matter approximated

as a 2-dim CFT. We saw in sec. 3.2.1 that in the absence of the island the bulk entropy

for the radiation region exhibits unbounded linear growth, inconsistent at late times when

it exceeds the entropy of the black hole. In sec. 3.3 including an appropriate island as in

(3.26), upon extremizing the generalized entropy incorporating the island rule, we find an

island a little outside the horizon (3.38) semiclassically : the late time entropy (3.31) on-shell

becomes (3.40) and is twice the Bekenstein-Hawking entropy of the black hole, plus finite bulk

corrections, in the quasi-static approximation. In the flat space limit (3.6), our expressions

are in essential agreement with those in [59] (as discussed around (3.33)). This suggests that

contributions due to further islands in the other Kruskal patches in our regime are suppressed

(if they exist), perhaps consistent with gravity effectively being very weak far from the black

hole.

We have restricted to observers propagating within the static patch, with f(r) < 1, as appro-

priate for the physics pertaining to the Hawking evaporation of the black hole. Let us now

imagine considering observers near the future boundary I+ of the de Sitter patch, beyond

the cosmological horizon. Various studies on quantum extremal surfaces and cosmologies

appear in e.g. [117]-[135]. In the present context, one can study the generalized entropy for

such I+ observers as well (see [104] for some discussions on classical RT/HRT surfaces at

I+ in SdS, and [136] and earlier work in dS). This reveals quantum extremal surfaces that

are timelike-separated from observers at I+: there are parallels with studies in the Poincare
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patch of de Sitter [118], [134]. In SdS however, one might imagine mapping the radiation

region R+ to a corresponding interval at the future boundary e.g. by sending out light rays

from R+ to I+ (see Figure 3.2). This suggests that intervals at I+ should also be able to

access information about black hole evaporation. In particular it might seem possible to find

nontrivial island contributions to analyse the generalized entropy for observers at I+ to access

black hole physics in de Sitter. In the next chapter, we will explore these ideas further.





Chapter 4

Small Schwarzschild de Sitter black

holes, the future boundary and Islands

This chapter continues the study in [149] of “small” Schwarzschild de Sitter black holes, with

the black hole mass m small compared with the de Sitter scale l, but large enough that a

quasi-static approximation to the geometry is valid. The de Sitter temperature is very low

compared with that of the black hole so the ambient de Sitter space is approximated as a

frozen classical background. For calculational purposes, we consider an effective 2-dim dilaton

gravity model obtained by dimensional reduction, with the bulk matter representing the black

hole Hawking radiation modelled as a 2-dim CFT propagating on this 2-dim space: this is

reasonable under the assumption that the s-wave Hawking modes are dominant. We imagine

that the black hole has formed from initial matter in a pure state which is a reasonable

approximation since the de Sitter temperature is very low (more generally, the bulk matter

CFT is in a thermal state at the de Sitter temperature). In [149], we focussed on one black

hole coordinate patch in the Penrose diagram (roughly a line of alternating Schwarzschild and

de Sitter patches, see Figure 4.1) and considered observers in the static diamond patches far

outside the black hole but within the cosmological horizons. While the entanglement entropy

of the radiation region exhibits unbounded growth, reflecting the information paradox for

the black hole (which has finite entropy), including appropriate island contributions recovers

finiteness of entanglement, and thereby expectations on the Page curve. The island emerges

at late times a little outside the black hole horizon semiclassically.

The Hawking radiation from the black hole is expected to cross the cosmological horizon and

eventually reach the future boundary where it is collected (Figure 4.1). In this chapter, we

consider the point of view of these future boundary (meta)observers, and look for semiclassical

island resolutions of the black hole information paradox with regard to a radiation region at

59
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the future boundary. The future boundary is in a sense better defined (compared to the static

diamond) as a place where gravity is manifestly weak, the space expanding indefinitely.

R
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Figure 4.1: The Penrose diagram of a Schwarzschild de Sitter black hole, with radiation region near the

future boundary I+. Depicted are the radiation regions (blue lines) in the static patches, which are analytically

continued to the radiation region R ≡ [b′+, b
′
−] at I

+ and the late time island I ≡ [a′−, a
′
+] on both sides.

The radiation region taken as an interval with length labelled by X (alongwith spheres) on

the future boundary can be parametrized via Kruskal coordinates T,X, defined by analytic

continuation from the static diamond coordinates. We find that the entanglement entropy

of Hawking radiation exhibits unbounded growth in the spatial length X along the future

boundary, inconsistent with the finiteness of black hole entropy, and reflecting the information

paradox. Using the island rule in the extremization of the generalized entropy shows islands

emerging for large values of X a little inside the black hole horizon semiclassically: including

the island contributions recovers expectations on the Page curve. This future boundary

radiation region is entangled with island regions around the horizons of black hole regions

on both left and right cosmological horizons (Figure 4.1): this is expected since the future

boundary receives Hawking modes from both left and right black holes. Our analysis has

some parallels with the island studies in [139] for dS2 arising under reductions from Nariai

limits of higher dim Schwarzschild de Sitter. One might expect timelike separated quantum

extremal surfaces for the future boundary resulting in complex-valued entropies as are known

in pure de Sitter (see [118] for dS2, and [134] for reductions of higher dimensional Poincare

dS; see also [180], [181], [182], [183], [184] for classical RT/HRT surfaces anchored at the

future boundary). However Schwarzschild de Sitter has a “sufficiently wide” Penrose diagram

so spacelike separated islands do exist here in accordance with physical expectations for the

black hole Page curve (thus we discard timelike separated ones here). This is based on the

paper [247].

In sec. 4.1 we discuss parametrizations in various coordinate patches. Sec. 4.2 discusses

the entanglement entropy without islands (details in App. B.1), while sec. 4.3 discusses the
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island calculation (details in App. B.2). App. B.3.1-B.3.2 discuss inconsistencies in other

potential island solutions, while App. B.4 discusses timelike separated quantum extremal

surface solutions for future boundary observers. Sec. 4.4 contains a Discussion on various

aspects of our study.

4.1 Coordinate parametrizations in various coordinate

patches

We will describe various coordinate parametrizations in the various coordinate choices in the

Schwarzschild de Sitter spacetime, involving Kruskal variables around the black hole horizon

and around the cosmological horizon.

In [149], we considered the radiation region to be in the static diamond bounded by the black

hole and cosmological horizons in the Schwarzschild de Sitter background: this static patch is

parametrized by certain Kruskal coordinates [106] in the vicinity of the black hole horizon. For

our present purposes, we would like to analytically extend the Kruskal coordinates (UD, VD)

defined in the static patch in the vicinity of the cosmological horizon and (US, VS) near

the black hole horizon to a new set of Kruskal coordinates (U ′
D, V

′
D) lying within the future

universe, near the future boundary, and (U ′
S, V

′
S) in the interior of black hole (inside the

horizon) respectively. We will first define the set of coordinates in the static patch and then

analytically extend them beyond both horizons.

We will first recast the Schwarzschild de Sitter metric (3.1) in the static patch in terms of the

Kruskal coordinates which are regular at the cosmological horizon (but not in the vicinity of

the black hole horizon). Towards this, we define the tortoise coordinate following [106]:

r∗ =

∫
1

f(r)
dr =

∫
1

1− 2m
r
− r2

l2

dr =

∫
l2r

(rD − r)(r − rS)(r + rS + rD)
dr . (4.1)

Taking f(r) > 0 in the region rS < r < rD, this gives

er
∗
= (rD − r)−βD(r − rS)

βs(r + rD + rS)
βM , (4.2)

with the parameters (which simplify dr∗/dr to 1/f(r), and satisfy βM + βS = βD)

βD =
l2rD

(rD − rS)(2rD + rS)
, βS =

l2rS
(rD − rS)(2rS + rD)

, βM =
l2(rD + rS)

(2rD + rS)(2rS + rD)
.

(4.3)
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The SdS4 metric (3.1) is recast as ds2 = f(r)(−dt2 + dr∗2) + r2dΩ2
2 . We label the spacetime

coordinates in the left and right regions in the vicinity of the cosmological horizon as

b+ : (t, r) = (tb, b) , b− : (t, r) = (−tb +
iβ

2
, b) ; β =

2π

αD

. (4.4)

This choice of β is simply a convenient way of incorporating the relative minus signs in the

Kruskal coordinates in the left and right regions through eiβαD/2 = eiπ = −1. In the static

patch, in the vicinity of the cosmological horizon, these cosmological Kruskal coordinates

UD, VD, and the Schwarzschild de Sitter metric become

b+ : UD+ = eαD(tb−r∗) , VD+ = −e−αD(tb+r∗) ,

αD =
1

2βD
; UD+VD+ = −e−2αDr∗ ,

UD+

VD+

= −e2αDtb ; ds2 = −
dUD+dVD+

Wb
2 + r2dΩ2 ,

Wb =
√
r l αD(rD − r)−

(1−2αDβD)

2 (r − rS)
− (1+2αDβS)

2 (r + rS + rD)
− (1+2αDβM )

2 .(4.5)

The value of αD here ensures regularity at the cosmological horizon. (βM + βS = βD ensures

that W has dimensions of inverse length.) With this parametrization of the left and right

time coordinates, we conveniently use the expressions in (4.5), with β automatically doing

the left-right book-keeping.

We are now considering an interval at the future boundary I+ where the Hawking radiation

from the black hole is expected to be collected. Towards parametrizing this future boundary

radiation region, we will analytically continue the cosmological Kruskal coordinates defined

above in the static patch to the region beyond the cosmological horizon (i.e. the future uni-

verse) keeping invariant, as usual, the metric expressed in terms of the new cosmological

Kruskal coordinates beyond the cosmological horizon. Let us consider the analytic continua-

tion in (tb, rb
∗) coordinates as

(tb, rb
∗) →

(
Xb′ = αD(tb −

iπ

2αD

), Tb′ = αD(rb
∗ − iπ

2αD

)
)
. (4.6)

Thus the new cosmological Kruskal coordinates at both ends b′+ and b′− of the future boundary

radiation region are defined as (U ′
D+
, V ′

D+
) and (U ′

D−
, V ′

D−
) respectively and the Schwarzschild
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de Sitter metric in terms of (Xb′ , Tb′) coordinates becomes

b′+ : U ′
D+

= e(Xb′−Tb′ ) , V ′
D+

= e−(Xb′+Tb′ ),

b′− : U ′
D− = e−(Xb′+Tb′ ) , V ′

D− = e(Xb′−Tb′ ),

U ′
D±V

′
D± = e−2Tb′ ,

U ′
D±

V ′
D±

= e±2Xb′ ; ds2 =
1

α2
D

|f(r)|
(
− dT 2

b′ + dX2
b′

)
+ r2dΩ2,

|f(r)| = 1

l2r
(r − rD)(r − rS)(r + rS + rD) . (4.7)

The Schwarzschild de Sitter metric now becomes

ds2 = −
dU ′

D±
dV ′

D±

Wb′
2 + r2dΩ2 ,

Wb′ =
√
r l αD(r − rD)

− (1−2αDβD)

2 (r − rS)
− (1+2αDβS)

2 (r + rS + rD)
− (1+2αDβM

2
) . (4.8)

For our purposes, it is a reasonable approximation to look at the s-wave sector of the black

hole and consider the bulk matter as a 2-dim CFT: this enables the use of 2-dim CFT tools

to study the entanglement entropy of bulk matter. So, we will consider the same dimensional

reduction of the 4-dim Schwarzschild de Sitter spacetime to a 2-dim background, as in [149]

(see the general reviews [107, 108, 51], and [109] for related discussions, as well as [110] for

certain families of 2-dim cosmologies).

Recalling from [149], the reduction ansatz ds2(4) = g
(2)
µν dxµdxν + λ−2ϕ dΩ2

2 alongwith a Weyl

transformation gµν = ϕ1/2 g
(2)
µν to absorb the dilaton kinetic term gives the 2-dim dilaton

gravity theory 1
16πG2

∫
d2x

√
−g (ϕR − 6

l2
ϕ1/2 + 2λ2ϕ−1/2). The lengthscale λ−1 makes the

dilaton ϕ dimensionless, which then maps to the 4-dim transverse area of 2-spheres 4πϕ
λ2 .

With G
N

the 4-dim Newton constant, G2 =
G

N

V2
and V2 = 4π

λ2 , the 2-dim theory has area

term ϕ
4G2

= 4π r2

4G
N

equivalent to the 4-dim one. Our discussion is entirely gravitational so it

is reasonable to take the Planck length as the natural UV scale with λ−1 ∼ ϵUV ∼ lP . So

finally, the dilaton is ϕ = r2λ2 and the 2-dim metric is

ds2 = −λ r
dU ′

D±
dV ′

D±

Wb′
2 ≡ −

dU ′
D±
dV ′

D±

(W ′
b′)

2
, (4.9)

where W ′
b′ =

Wb′√
λ r

= αDe−Tb′√
λ r|f(r)|

and Wb′ is the conformal factor given in (4.8).

Next, we define a new set of Kruskal coordinates for the location of the island boundary (the

location of the quantum extremal surface): this turns out be in the black hole interior for the

future boundary radiation region, so we require coordinate parametrizations within the black
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hole horizon. Towards this, we will again first recast the Schwarzschild de Sitter metric (3.1)

in the static patch in terms of Kruskal coordinates regular at the black hole horizon. So we

define the tortoise coordinate r∗ in terms of the parameters βD, βS and βM in the same way as

in (4.1), (4.2) and (4.3) in the static patch, in the vicinity of the black hole horizon, with the

SdS4 metric recast as ds2 = f(r)(−dt2 + dr∗2) + r2dΩ2
2 . We label the spacetime coordinates

in the left and right regions in the vicinity of the black hole horizon as

a+ : (t, r) = (ta, a) , a− : (t, r) = (−ta +
iβ

2
, a) ; β =

2π

αS

. (4.10)

Here also β takes care of the relative minus signs in the Kruskal coordinates in the left and

right regions through eiβαS/2 = eiπ = −1. In the static patch around the black hole horizon,

the Kruskal coordinates US, VS and the Schwarzschild de Sitter metric become

a+ : US+ = −e−αS(ta−r∗) , VS+ = eαS(ta+r∗),

αS =
1

2βS
; US+VS+ = −e2αSr

∗
,

US+

VS+

= −e−2αSta ; ds2 = −
dUS+dVS+

Wa
2 + r2dΩ2 ,

Wa =
√
r l αS(rD − r)−

(1+2αSβD)

2 (r − rS)
(2αSβS−1)

2 (r + rS + rD)
(2αSβM−1

2
) . (4.11)

The value of αS here ensures regularity at the black hole horizon. (noting βM + βS = βD we

see that W has dimensions of inverse length.) With this parametrization of the left and right

time coordinates, we use the expressions in (4.11) with β doing the left-right book-keeping.

Towards parametrizing the island boundary inside the black hole horizon, we will analytically

continue the spacetime coordinates defined in the static patch near the black hole horizon

keeping invariant the metric in terms of the black hole interior Kruskal coordinates. Let us

consider the analytic continuation in (ta, ra
∗) coordinates as

(ta, ra
∗) →

(
Xa′ = αS(ta −

iπ

2αS

), Ta′ = αS(ra
∗ +

iπ

2αS

)
)
. (4.12)

Thus the new set of Kruskal coordinates at both the island boundaries a′+ and a′− are defined

as (U ′
S+
, V ′

S+
) and (U ′

S−
, V ′

S−
) respectively and the Schwarzschild de Sitter metric in terms of
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(Xa′ , Ta′) coordinates becomes

a′+ : U ′
S+

= e−(Xa′−Ta′ ) , V ′
S+

= e(Xa′+Ta′ ),

a′− : U ′
S− = e(Xa′+Ta′ ) , V ′

S− = e−(Xa′−Ta′ ),

U ′
S±V

′
S± = e2Ta′ ,

U ′
S±

V ′
S±

= e∓2Xa′ ; ds2 =
1

α2
S

|f(r)|
(
− dT 2

a′ + dX2
a′

)
+ r2dΩ2,

|f(r)| = 1

l2r
(rD − r)(rS − r)(r + rS + rD) . (4.13)

The Schwarzschild de Sitter metric in terms of Kruskal coordinates becomes

ds2 = −
dU ′

S±
dV ′

S±

Wa′
2 + r2dΩ2 ,

Wa′ =
√
r l αS(rD − r)−

(1+2αSβD)

2 (rS − r)
(2αSβS−1)

2 (r + rS + rD)
(2αSβM−1

2
) . (4.14)

Here also after the same dimensional reduction, as in [149], the 2-dim metric beyond the black

hole horizon becomes

ds2 = −λ r
dU ′

S±
dV ′

S±

Wa′
2 ≡ −

dU ′
S±
dV ′

S±

(W ′
a′)

2
, (4.15)

where W ′
a′ =

Wa′√
λ r

= αSe
Ta′√

λ r|f(r)|
and Wa′ is the conformal factor given in (4.14).

4.2 Entanglement entropy: no island

In this section, we will evaluate the entanglement entropy of the radiation at late times in the

absence of any island. Here we have the radiation region R within the interval b′+ and b′− as

shown in Figure 4.1. We have chosen the bulk matter to be within the above stated interval

in some fixed T slice near the future boundary. The entropy of the Hawking radiation is

Smatter = S(R) . (4.16)

We calculate the bulk entropy technically using 2-dimensional techniques where we approxi-

mate the bulk matter by a 2-dim CFT propagating in the 2-dim background. In the 2-dim

CFT, the matter entanglement entropy for a single interval A = [x, y] is obtained from the

replica formulation [111, 112] after also incorporating in d[x, y] the conformal transformation

to a curved space [8], stemming from the W ′-factor in the 2-dim metric (4.9),

SA =
c

3
log d[x, y] =

c

6
log

(
−∆US∆VS
W ′|xW ′|y

)
. (4.17)
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So, we obtain the entropy of the bulk matter CFT of the radiation region as

Smatter =
c

3
log [d(b′+, b

′
−)] . (4.18)

Then we evaluate the bulk matter entropy near the future boundary in the Schwarzschild de

Sitter geometry (4.9) to obtain (suppressing 1/ϵ2UV inside the logarithm, ϵUV the UV cutoff)

Smatter =
c

6
log

(
(U ′

D−
− U ′

D+
)(V ′

D+
− V ′

D−
)

W ′
b′+
W ′

b′−

)
. (4.19)

Using the Kruskal coordinates (4.7), the bulk matter entanglement entropy then becomes

S =
c

6
log

[
16λβ2

D (b′ − rD)
(b′ − rS)(b

′ + rS + rD)

l2
sinh2(Xb′)

]
. (4.20)

Alongwith ϵ2UV and the discussions around (4.9), it can be seen that the logarithm argument

is dimensionless (noting from (4.3) that βD has dimensions of length). The details of the

calculation are shown in Appendix B.1. The late time approximation is done by considering

large Xb′ , which means we are considering the entire constant T slice: the above result then

approximates as

S ≈ const+
c

3
Xb′ . (4.21)

This linear growth of the bulk matter entropy with length Xb′ means that the entropy of the

radiation will eventually be infinitely larger than the Bekenstein-Hawking entropy of the black

hole for large Xb′ . This inconsistency is the reflection of the black hole information paradox

from the future boundary point of view. See [139] for similar observations in dS2.

To gain some intuition for this linear growth with “length” at the future boundary relative to

linear growth in ordinary time, it is useful to compare the present situation with [149] where

we studied the evolution of the entanglement entropy of radiation collected by observers

labelled by b± in the left/right static diamond patches (see Fig. 4.1) at late times i.e. for

large |tb|. In our present context, the future boundary radiation region (b′+, b
′
−) is defined

by spacetime coordinates (X ′
b, T

′
b) obtained by analytic continuation (4.6) of the spacetime

coordinates (tb, rb
∗) defined in the static diamond patches. Geometrically, using Fig. 4.1,

we see that points in the left and right static diamonds can be mapped to points near the

future boundary I+ by drawing out light rays from b+ to b′+ and b− to b′−. In the late

limit with |tb| large, the points b± in the left/right static diamonds (left/right ends of the

blue radiation regions) move towards the top end of the green lines (observer worldlines just

inside the cosmological horizon). The corresponding lightrays map this to points near the
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left/right ends of the future boundary, giving large lengths |Xb′ |, consistent with the analytic

continuation (4.6). In other words, the points b′± approach the ends of the future boundary.

This is consistent with the picture of Hawking radiation from the black hole eventually crossing

the cosmological horizons and reaching the future boundary, so that late times for static patch

observers map to large lengths for future boundary (meta)observers. Our future boundary

(meta)observers perspective here is reminiscent of the “census-taker” who looks back into the

past and collect data [185]: it would be fascinating to make this precise and develop further.

4.3 Late time entanglement entropy with island

The Hawking radiation from the black hole will eventually cross the cosmological horizon and

reach the future boundary (see Figure 4.1), where we imagine it is collected by appropriate

(meta)observers. In this section, we will evaluate the entanglement entropy of the bulk matter

near the future boundary after including appropriate islands. The island proposal [9] for the

fine-grained entropy of the Hawking radiation is

S(R) = min

{
ext
[Area(∂I)

4G
N

+ Smatter(R ∪ I)
]}

(4.22)

where R is the region far from the black hole where the radiation is collected by distant

observers and I is a spatially disconnected island around the horizon that is entangled with R.

The intuition here is that after about half the black hole has evaporated, the outgoing Hawking

radiation (roughly I) begins to purify the early radiation (roughly R). This purification by

the late Hawking radiation of the early radiation reflects the entanglement between the two

parts, stemming from the picture of Hawking radiation as production of entangled particle

pairs near the horizon (taken as vacuum). Thus R ∪ I purifies over time, its entanglement

decreasing. The decreasing area of the slowly evaporating (approximately quasistatic) black

hole then leads to S(R) decreasing in time, recovering the falling Page curve expected from

unitarity of the original approximately pure state.

In the current case, the future boundary receives Hawking radiation from both the left and

right black hole horizons so we expect islands on both left and right. Each island almost

entirely covers the corresponding black hole interior: the island boundaries are at a′+ and a′−

(Figure 4.1). The islands in question turn out to emerge just inside the black hole horizon, so

b′ − rD ≫ rS − a′ ∼ 0 . (4.23)

Including an island I at late times i.e. for large Xb′ and Xa′ , the effective radiation region

becomes Σrad∪I. Now we make the assumption that the global vacuum state is approximately
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pure: this is not strictly true since the bulk matter CFT is expected to be at finite dS

temperature in the ambient de Sitter space. However in the limit of a small mass black hole

in a very large dS space with correspondingly very low dS temperature, one can take the

bulk matter to be at nearly zero temperature and correspondingly in a global pure state.

With this assumption, one instead computes the entanglement entropy of the complementary

region (Σrad ∪ I)c, which comprises the two intervals [a′+, b
′
+] and [b′−, a

′
−], which turns out to

be self-consistent.

The entanglement entropy for multiple disjoint intervals

A = [x1, y1] ∪ [x2, y2] ∪ .... ∪ [xN , yN ] (4.24)

is more complicated, arising from the multi-point correlation functions of twist operators: so

it depends on not just the central charge but detailed CFT information. In the limit where the

intervals are well-separated, expanding the twist operator products yields [111, 112, 113, 114]

SA =
c

3
log

∏
i,j d[xj, yi]∏

i<j d[xj, xi]
∏

i<j d[yj, yi]
(4.25)

For two intervals [x1, y1] ∪ [x2, y2], this is a limit where the cross ratio x is small, i.e. x ≪ 1,

with x = d[x1,y1] d[x2,y2]
d[x1,x2] d[y1,y2]

, and we use the Kruskal distances in (4.17) in constructing the cross-

ratio. In 2-dim CFTs with a holographic dual, this is the situation where the two intervals

A,B are well-separated and their mutual information exhibits a disentangling transition [115]

with I[A,B] = S[A] + S[B]− S[A∪B] → 0, i.e. the disconnected surface Sdis = S[A] + S[B]

has lower area than the connected surface Sconn = S[A∪B]. Assuming an approximate global

pure state, we are considering the complementary region as the 2-interval region (Σrad∪I)c =
[a′+, b

′
+] ∪ [b′−, a

′
−]. When the future boundary interval [b′+, b

′
−] is large approaching the entire

future boundary, the two intervals are well-separated (as seen from Figure 4.1), so the cross-

ratio above is indeed small, justifying the use of (4.25) for our purposes (we have 1 − x =
d[a′+,a′−] d[b′+,b′−]

d[a′+,b′−] d[a′−,b′+]
∼ 1 here). In this limit of approaching the entire future boundary, we have

large b′±, amounting to the assumption (4.23) here. Note that there is no holography here: we

are simply applying the island rule in the 2-dim background obtained from reduction of the

SdS4 geometry and looking for self-consistent island configurations, assuming an approximate

global pure state in the very low de Sitter temperature limit. It is also worth noting that

while the complementary 2-interval region is unambiguously defined, the 3-interval region is

more ambiguous. For instance, in Figure 4.1, one might imagine defining a global Cauchy slice

as the spacelike slice passing through the points
{ (a′−+a′+)

L

2
, a′+, b

′
+, b

′
−, a

′
−,

(a′−+a′+)
R

2

}
, where

the left/right endpoints are the approximate midpoints of the left/right islands (and this

“unit cell” repeats indefinitely along the Penrose diagram). Then the 2-interval subregion

(Σrad ∪ I)c = [a′+, b
′
+] ∪ [b′−, a

′
−] is complementary to the 3-interval subregion Σrad ∪ I =
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[
(a′−+a′+)

L

2
, a′+] ∪ [b′+, b

′
−] ∪ [a′−,

(a′−+a′+)
R

2
] on this Cauchy slice. It would appear that there is

nothing sacrosanct in choosing these midpoints
(a′−+a′+)

L,R

2
to define the slice, whereas the

2-interval complement is well-defined via the radiation region and island endpoints. It would

be interesting to understand this more elaborately.

In light of the above, the entanglement entropy for the complementary 2-interval region

[a′+, b
′
+] ∪ [b′−, a

′
−] using (4.25) is

Smatter =
c

3
log

d[a′+, a
′
−] d[b

′
+, b

′
−] d[a

′
+, b

′
+] d[a

′
−, b

′
−]

d[a′+, b
′
−] d[a

′
−, b

′
+]

. (4.26)

In detail, using the Kruskal coordinates (4.7), (4.13), the total generalized entropy (4.26)

becomes

Stotal =
2πa′2

G
N

+
c

6
log
[ 24λ2

α2
Dα

2
S

(rS − a′)(b′ − rS)(
rD − a′

l
)(
b′ − rD

l
)·

(
a′ + rS + rD

l
)(
b′ + rS + rD

l
) sinh2Xa′ sinh

2Xb′

]
+
c

3
log
[
1− 2

(rS − a′)αSβS

(b′ − rD)αDβD
C(a′) cosh (Xa′ +Xb′)

]
− c

3
log
[
1− 2

(rS − a′)αSβS

(b′ − rD)αDβD
C(a′) cosh (Xa′ −Xb′)

]
, (4.27)

where we have added the area term, and C(a′) is defined as

C(a′) =
(b′ − rs)

αDβS(a′ + rS + rD)
αSβM (b′ + rS + rD)

αDβM

(rD − a′)αSβD
. (4.28)

(Note from (4.3) that C(a′) is dimensionless.) See Appendix B.2 for details of this calculation.

Extremizing (4.27) with respect to the location of the island boundary a′ as ∂Stotal

∂a′
= 0 gives

4πa′

G
N

+
c

6

[
− 1

rS − a′
− 1

rD − a′
+

1

a′ + rS + rD

]
− c

3

C(a′)√
b′ − rD

√
rS − a′

[
− 1 + 2(rS − a′)(

αSβM
a′ + rS + rD

+
αSβD
rD − a′

)
]
·[ cosh(Xa′ +Xb′)

1− 2 (rS−a′)αSβS

(b′−rD)αDβD
C(a′) cosh (Xa′ +Xb′)

− cosh(Xa′ −Xb′)

1− 2 (rS−a′)αSβS

(b′−rD)αDβD
C(a′) cosh (Xa′ −Xb′)

]
= 0 . (4.29)
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Here, since rD is large, the terms scaling as O( 1
rD
) can be ignored: thus the 1

a′+rS+rD
and

1
rD−a′

are suppressed relative to 1
rS−a′

. With these approximations, (4.29) becomes

4πa′

G
N

− c

6

1

rS − a′
+
c

3

C(a′)√
b′ − rD

√
rS − a′

·
[ cosh(Xa′ +Xb′)

1− 2 (rS−a′)αSβS

(b′−rD)αDβD
C(a′) cosh (Xa′ +Xb′)

− cosh(Xa′ −Xb′)

1− 2 (rS−a′)αSβS

(b′−rD)αDβD
C(a′) cosh (Xa′ −Xb′)

]
= 0 . (4.30)

Next, extremizing (4.27) with respect to Xa′ as
∂Stotal

∂Xa′
= 0 gives

cothXa′ = 2

√
rS − a′

b′ − rD
C(a′) ·

[ sinh(Xa′ +Xb′)

1− 2 (rS−a′)αSβS

(b′−rD)αDβD
C(a′) cosh (Xa′ +Xb′)

− sinh(Xa′ −Xb′)

1− 2 (rS−a′)αSβS

(b′−rD)αDβD
C(a′) cosh (Xa′ −Xb′)

]
(4.31)

We will consider all possible conditions between Xa′ and Xb′ in the extremization equations

to look for consistent solutions to the location of island boundary, i.e. the value of a′ and Xa′ .

We will first consider, Xa′ = Xb′ ⇒ Xa′ − Xb′ = 0 and Xa′ + Xb′ = 2Xa′ for large Xa′ and

Xb′ . Then (4.31) becomes

1− 2

√
rS − a′

b′ − rD
C(a′) cosh 2Xa′ = 2

√
rS − a′

b′ − rD
C(a′)

sinh 2Xa′

cothXa′
(4.32)

Putting this condition (4.32) back in (4.30) gives

4πa′

G
N

− c

6

1

rS − a′
+
c

3

C(a′)√
b′ − rD

√
rS − a′

[ cosh(2Xa′)

2 (rS−a′)αSβS

(b′−rD)αDβD
C(a′)

sinh 2Xa′
cothXa′

− 1
]
= 0

⇒ 4πa′

G
N

− c

3

C(a′)√
b′ − rD

√
rS − a′

− c

6

1

rS − a′

(
1− cothXa′

tanh 2Xa′

)
= 0 . (4.33)

For large Xa′ and Xb′ , the third term in (4.33) is small compared to the second term. So we

can ignore the third term and (4.33) becomes

a′ ≃ 1√
rS − a′

G
N
c

12π

1√
b′ − rD

C(a′) . (4.34)

Now we recall that we are in the semiclassical regime where

0 ≪ c≪ 1

G
N

, (4.35)
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so that the classical area term in the generalized entropy is dominant but the bulk matter

makes nontrivial subleading contributions (which are not so large as to cause significant

backreaction on the classical geometry).

We are looking for an island with boundary a′ ∼ rS near the black hole horizon: this corrob-

orates with the fact that since the entire right hand side in (4.34) is O(G
N
c), in the classical

limit G
N
c = 0 we obtain a′

√
rs − a′ ≃ O(G

N
c) ∼ 0 giving a′ = rS, i.e. the quantum extremal

surface localizes on the black hole horizon. Thus we can solve the above extremization equa-

tion in perturbation theory setting a′ ∼ rS at leading order to find the first order correction

in G
N
c≪ 1 : then schematically we have

rS − a′ ≃ K2

r2S

1

b′ − rD
, K =

G
N
c

12π
C(rS) , (4.36)

Thus, we finally obtain (with C(rS) from (4.28) setting a′ = rS)

a′ ≃ rS − (G
N
c)2

144π2r2S(b
′ − rD)

C(rS)
2. (4.37)

Solving now for Xa′ from (4.31), we obtain

cosh 2Xa′ =
6π

GNc

rS(b
′ − rD)

C(rS)2
cothXa′

tanh 2Xa′ + cothXa′
. (4.38)

This is a large Xa′ value with e
2Xa′ scaling approximately as O( 1

G
N
c
). Considering Xa′ ∼ −Xb′

does not yield consistent island solutions: see App. B.3.2. Further, considering potential island

solutions just outside the horizon turns out to be inconsistent: see App. B.3.1. Thus (4.37),

(4.38), with Xa′ ∼ Xb′ , encode the correct island solution for the future boundary radiation

region. The condition Xa′ = Xb′ is consistent with the expectation that the island location

lies on the same Cauchy slice as the radiation region location (along the same lines as the

condition ta = tb within the static diamond in [149])). This amounts to the requirement

of spacelike separation in considering the island and radiation as an effectively single entity

which purifies so the fact that we recover this is not surprising. The fact that islands outside

the horizon are inconsistent is due to causality: the entanglement wedge cannot lie within the

causal wedge (we explain this further in the Discussion sec. 4.4).
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With the value of a′ in (4.37) and Xa′ in (4.38), the total on-shell entanglement entropy in

(4.27) becomes

So.s =
2πr2S
G

N

− c2G
N

36πrS(b′ − rD)
C(rS)

2 (4.39)

+
c

6
log
[16λ2β2

sβ
2
D(b

′ − rD)
2

l4
(rD − rS)

1+2αSβD

(b′ − rS)2αSβD−1(2rS + rD)2αSβM−1(b′ + rS + rD)2αSβM−1

]
.

which is independent of length Xa′ and Xb′ , stemming from the presence of the island. The

leading first (area) term is twice the Bekenstein-Hawking entropy of the black hole, while

the subleading second and third terms arising from the bulk entropy of the radiation region

purified by the island are constant terms not growing in length. This recovers the expectations

on the Page curve for the entropy of the bulk matter or Hawking radiation considered near

the future boundary. The bulk matter at the future boundary radiation region is entangled

with the island-like region located just inside the black hole interior in these semiclassical

approximations at very low ambient de Sitter temperature.

Comparing the entanglement entropy without the island (4.21) and that with the island (4.39)

provides the critical length XPage at which the island transition occurs: we obtain

c

3
XPage ∼ 2SBH ⇒ XPage ∼ 6πrS

2

GNc
. (4.40)

The entropy with the island alongwith the associated purification is lower and dominates

over the no-island configuration beyond this critical length XPage. Note that here the critical

Page length XPage is a dimensionless quantity, using (4.6). This then corresponds to a Page

time tP ∼ βDXPage which using (4.3) and the approximations (3.4) gives the large value

tP ∼ lSBH (note that this uses the cosmological Kruskal coordinates, distinct from the black

hole Kruskal coordinates in [149]). It is however important to note that this Page length is

much smaller than another potentially relevant quantity XdS
P

∼ SdS controlled by the entropy

SdS of the cosmological horizon. In the small black hole limit (3.4) we are considering,

SdS ∼ l2

G
N

≫ SBH ∼ r2S
G

N
, and we do not see any effects above, stemming from the ambient

de Sitter space which is just a frozen background. So our critical Page length (4.40) controlled

by black hole entropy alone is consistent with the separation of scales in the limit (3.4). Away

from this limit, the black hole horizon shrinks while the cosmological horizon absorbs and

grows, resulting in a nontrivial nonequilibrium system. It would of course be interesting to

understand de Sitter horizon physics, but this appears substantially more challenging within

our framework.

Finally, it is worth noting that there are also timelike separated quantum extremal surface

solutions following from the extremization of the generalized entropy with respect to the future



Chapter 4 Small Schwarzschild de Sitter black holes, the future boundary and Islands 73

boundary observer: we discuss these solutions in App. B.4. The timelike separation implies

that the on-shell generalized entropy becomes complex valued. While complex entropies are

known in investigations in pure de Sitter space (which does not have a sufficiently wide

Penrose diagram) and suggest new objects [180], [181], [182], [183], [184], it is consistent

to ignore them in the Schwarzschild de Sitter context where spacelike separated quantum

extremal surfaces do exist in accord with physical Page curve expectations for the black hole

information paradox.

4.4 Discussion

We recall that in [149], the radiation region was within the static diamond (with endpoints

b+ or b− in the left or right static diamond, in Figure 4.1). The late time island location

was then found to be within the static diamond, just outside the black hole horizon in that

case. As we have seen, the island location we have found currently is just inside the black

hole horizon, which at first sight might seem contradictory. However this is in fact consistent

in the current case. First, the future boundary interval (b′+, b
′
−) in the present case receives

Hawking radiation from both the left and right black hole patches, propagating past the left

and right cosmological horizons bounding the left and right static diamonds. So this setup is

physically distinct from the previous case of a single static diamond. Secondly, in obtaining

the island locations we have been considering the limit of large Xa′ , Xb′ , in the extremization

equations. In this limit the future boundary interval (b′+, b
′
−) approaches the entire future

boundary, i.e. the points b′± approach the endpoints of I+. Note that the left and right

static diamonds are now within the causal wedge of this interval. It would then be causally

inconsistent for the entanglement wedge to be within the causal wedge of the radiation interval.

The entanglement wedge of the radiation region is the domain of dependence, or bulk causal

diamond of the spacelike surface between the boundary of the radiation region and the island

boundary (location of quantum extremal surface). As it stands, the island boundary is just

inside the black hole horizon so it lies outside the causal wedge, nicely avoiding inconsistency.

The black hole interior island solution is ultimately supported by the calculational fact that

other possibilities lead to inconsistencies: for instance, blindly looking for island solutions

outside the horizon in the present case exhibits inconsistency in the extremization equations.

We carried out this exercise by performing the calculation of sec. 4.3 using static diamond

Kruskal coordinates for the potential island lying just outside the black hole horizon in the

static diamond (a′ ≳ rs in this case, somewhat akin to the parametrizations in [149]). The

analog of (4.27) in this case leads to extremization equations similar to (4.29) and (4.31):

however there are subtle differences which ensure that the analogs of (4.32) and (4.33) together
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do not give consistent island solutions (see App. B.3.1). Further, as we also noted after (4.38),

potential island solutions with Xa′ = −Xb′ (instead of Xa′ = Xb′) also lead to inconsistencies

(App. B.3.2). Thus overall, our semiclassical island solution in (4.37) and (4.38) should

be regarded as nontrivial. Perhaps the self-consistency of these calculations (in particular

using the complementary 2-interval bulk matter entropy) also vindicates the assumption of

approximate purity of the initial matter that made the black hole in this very low temperature

de Sitter ambience. It would be interesting to explore this in more detail, as discussed around

(4.25).

The Schwarzschild de Sitter (SdS) black hole is unstable and thus somewhat different from

the AdS black hole. In our small black hole limit (3.4) the ambient de Sitter space effectively

remains a frozen background reservoir. In a quasistatic approximation, the black hole evap-

orates away slowly, and our analysis using the eternal SdS black hole shows the radiation

entanglement entropy including the island becoming saturated at some finite value (4.39),

approximately 2SBH (so the Page curve saturates rather than falls). As the black hole evapo-

rates, its entropy decreases so the saturation value of the radiation entropy decreases leading

to the black hole Page curve falling slowly in accord with the approximately pure state that

the black hole formed from. Strictly speaking, the ambient de Sitter space temperature (al-

beit much lower than that of the black hole) implies that the pure state consideration is just

an approximation. It would be interesting to study the SdS black hole modelling the bulk

matter CFT in the thermal state at finite de Sitter temperature.

The separation of scales in the small black hole limit (3.4) ensures that black holes can be re-

garded as localized subsystems analyzable by distinct classes of observers (or metaobservers).

Then, abstracting away from our technical analysis in Schwarzschild de Sitter black holes

vindicates some general lessons for the black hole information paradox here as well. Islands

appear to emerge self-consistently evading paradoxes with (i) unitarity as encapsulated by

the Page curve (late static patch times and large future boundary lengths), (ii) causality (the

island boundary does not lie within the causal wedge), (iii) overcounting (the purifying island

is spacelike separated from the radiation, lying on the same Cauchy slice). In this light, de

Sitter space itself and cosmological horizons appear exotic: extremal surfaces anchored at the

future boundary involve timelike separations (e.g. [118], [134], for quantum extremal surfaces,

and [180], [181], [182], [183], [184] for classical RT/HRT surfaces). So de Sitter space, and

perhaps cosmology more generally, require new insights.



Chapter 5

Study of black hole information

paradox: Conclusions

In the chapters 3 and 4 of this thesis, we have focused on the study of the evolution of

the entanglement entropy of Hawking radiation for both the radiation regions in the static

diamond and close to the future boundary, respectively, for a small Schwarzschild de Sitter

black hole geometry. This study leads to the black hole information problem. We have shown

that this information problem is a paradox. A Partial resolution of this paradox can be

achieved by preserving unitarity, followed by the study of the quantum extremal surface and

island in the semiclassical analysis of the black hole evaporation. The reason we are calling

the resolution partial is that the semiclassical description of the gravity theory can only tell

us about the entropy of the Hawking radiation; we still do not know the precise quantum

state of the Hawking radiation, for which we are computing the entropy. In other words, the

entire semiclassical analysis we have shown here cannot provide the microscopic details of

the black hole evaporation from the gravity description. So we should emphasize that this

important aspect of the black hole information problem remains unresolved. In this chapter,

we summarize our investigations and key results, presented in the earlier chapters, and also

mention Some possible future directions.

In chapter 3, we have studied 4-dim “small” Schwarzschild de Sitter black holes (3.1) with

mass m and de Sitter scale l in the limit m ≪ l where the de Sitter temperature is very low

compared with that of the black hole (3.4), (3.5). In this regime which has qualitative parallels

with a flat space limit (3.6), the black hole evaporation process is well-separated from any

physics of de Sitter space which can be regarded as a frozen background. Strictly speaking

the pure state input can only be approximately true in de Sitter where it is consistent to have

bulk matter in a thermal state at the de Sitter temperature. However in the limit of very
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low de Sitter temperature, the ambient de Sitter space is behaving approximately like a zero

temperature bath. In this regime then, we recover the expectations on the Page curve for

the Hawking radiation in the black hole evaporation process, incorporating appropriate island

contributions, as we have seen. We are simply regarding this as a gravitational system of a

black hole in de Sitter space, with no explicit recourse to holography or string theory (although

one might generically expect gravity to be intrinsically holographic): this is consistent with

the island rule via replica wormholes which does not rely on holography. It is unclear if we

can shed light on questions about microstates here: however perhaps embedding into some

AdS (via a dS bubble with a black hole) may be a way to approach this in principle.

In chapter 4, we have studied small 4-dim Schwarzschild de Sitter black holes in the limit of

very low de Sitter temperature, building further on previous work [149] for observers within the

static diamond far from the black hole horizon. In the present work, we have been considering

the black hole Hawking radiation in a radiation region interval at the future boundary (see

Figure 4.1). The black hole mass is adequately large that quasistatic approximations to the

evaporating black hole in semiclassical gravity are valid. We assume the black hole radiation

approximated as a 2-dim CFT at nearly zero temperature propagating in a 2-dim dilaton

gravity background (4.9) obtained by dimensional reduction of the 4-dim spacetime. Including

appropriate island contributions, we find that the generalized entropy satisfies expectations

from the Page curve for the evolution of bulk matter near the future boundary. Our analysis

has parallels with [139] which studied island resolutions for dS2 JT gravity with regard to the

future boundary. Our setup here is somewhat more complicated since the assumption of an

approximate global pure state is only reasonable, if at all, at very low de Sitter temperature.

The fact that these approximate calculations vindicate the island paradigm perhaps suggests

the existence of better, more fundamental ways to formulate the information paradox in such

nontrivial gravitational backgrounds and of deeper insights into replica wormholes in these

sorts of quasistatic gravitational backgrounds.

More broadly, in our entire analysis, de Sitter space plays very little role, although the black

hole Kruskal coordinates we employed do encode detailed aspects of the de Sitter space.

Strictly speaking an intermediate regime where the black hole temperature is comparable

to the de Sitter temperature will require a more detailed analysis of bulk CFT matter in a

mixed state corresponding to the thermal state at the de Sitter temperature, and would be

interesting to study as a nontrivial nonequilibrium situation. The regions in Schwarzschild de

Sitter parameter space we have explored are very far from the Nariai (extremal) limit where

a dS2 throat emerges: see e.g. [137, 138, 139, 140] for some recent investigations on the latter.

Our island solution (3.38) emerges as a self-consistent solution near the black hole horizon in

the regime of very low de Sitter temperature: it would seem that the extremization equation

(3.34) has other solutions as well, pertaining to other regimes of more cosmological relevance,
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worth exploring. These might dovetail with various studies on quantum extremal surfaces

and cosmologies e.g. [117]-[135], and perhaps broader issues with de Sitter space e.g. [141].

Our discussions of Schwarzschild de Sitter are entirely within the bulk framework of semiclas-

sical gravity, with no holography per se (except in the broad sense of gravity being intrinsically

holographic). The future boundary is well-defined as a place where gravity is manifestly weak:

however we have simply applied the island formulation in these relatively complicated higher

dimensional models under various assumptions and approximations without rigorous justi-

fication. So this appears to stretch the regimes of validity of the original island proposals,

although it corroborates the general expectations laid out in [18]. It would be nice to better

understand in more fundamental ways the deeper underpinnings of semiclassical gravity that

encode these self-consistent island formulations of the black hole information paradox. In this

regard it might be interesting to understand the interplay between the generalized entropy

and its extremization and gravity actions (see e.g. [186], [187], [188], [139]) in the context

of the general 2-dim dilaton gravity theories (4.9) we consider here arising from reduction of

SdS4.

Especially [139] has some close parallels with our study of the island for a meta observer at

the future boundary described in chapter 4: in [139], the authors have studied islands for a

radiation region at the future boundary in dS2 arising under the dimensional reduction of

the four-dimensional Schwarzschild-de Sitter (SdS4) black hole in the near-Nariai limit. They

have shown that in the dS2 JT gravity, for the radiation collected at the future infinity, non-

trivial islands appear a little inside the horizons of the black hole regions on both left and right

cosmological horizons. These islands purify the radiation region, and the total entropy of the

radiation region, together with these islands, obey the Page curve. Here, the global state of

the matter is considered to be pure in the dS2 JT gravity. However, in our work, we made

an important assumption that the global state of the matter in the radiation region, together

with islands, is considered to be pure only at a very low de Sitter temperature in generic

2d dilaton gravity. In [122], the author has studied islands for the static patch observer in

pure dS2 reduced from the 3-dimensional pure de Sitter background. Here, while computing

the entanglement entropy between the states inside and outside the cosmological horizon, a

non-trivial island appears far away from the cosmological horizon and moving backwards in

time. Including this island, it turns out that the Page curve can be obtained, and it is bound

to a value corresponding to the Gibbons-Hawking entropy. In [119], authors have studied

islands in more general spacetimes, in particular 4-dimensional FRW spacetime.





Part II

No-boundary extremal surfaces in slow

roll inflation and other cosmologies
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Chapter 6

de Sitter Extremal Surfaces

It is of great interest to understand cosmology from the point of view of holography [31, 32, 33].

One of the many fascinating aspects of our understanding of holography in AdS-like spaces

is the Ryu-Takayanagi formulation of holographic entanglement entropy [14, 15, 16, 17] and

its many ramifications. Towards exploring these quantum information ideas in cosmological

contexts, it is fascinating to look at de Sitter space as a idealized example of cosmology.

This however already has many new features. Thinking of time as the holographic direction,

a natural boundary for de Sitter space is in the far future (or past), leading to dS/CFT

[189, 190, 191, 192] (see e.g. [193, 194, 195] for reviews on de Sitter space and its entropy

[97]).

Certain generalizations of the Ryu-Takayanagi formulation of AdS holographic entanglement

to de Sitter space were studied in [180, 196, 181, 197, 182, 198, 136, 183, 184, 199]. These

pertain to RT/HRT extremal surfaces anchored at the dS future boundary I+ and amount to

considering the bulk analog of setting up entanglement entropy in the dual CFT at I+, in part

towards understanding if de Sitter entropy [97] can be understood as some sort of holographic

entanglement entropy. Analysing the extremization shows that surfaces anchored at I+ do not

return to I+. In entirely Lorentzian dS, this leads to future-past timelike surfaces stretching

between I± with pure imaginary area. With a no-boundary type Hartle-Hawking boundary

condition, the top half of these timelike surfaces joins with a spacelike part on the hemisphere

giving a complex-valued area [183], [184] (and [200, 201] for dS3/CFT2). The real part of the

area arises from the hemisphere and is precisely half de Sitter entropy (Figure 6.1). Some

of these structures [182, 198, 136] are akin to space-time rotations from AdS (some related

discussions appear in [202]). In [199], certain analytic continuations were discussed which in

fact amount to space-time rotations from AdS.
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Recent investigations suggest that the areas of these extremal surfaces are best interpreted

as encoding pseudo-entropy or time-entanglement [183], [184], entanglement-like structures

involving timelike separations. Pseudo-entropy [203] is the entropy based on the transition

matrix |f⟩⟨i| regarded as a generalized density operator (see also [204]-[216] for some partially

related work). In some sense this is perhaps the natural object here since the absence of

I+ → I+ returns for extremal surfaces suggests that extra data is required in the interior,

somewhat reminiscent of scattering amplitudes (equivalently the time evolution operator),

and of [190] viewing de Sitter space as a collection of past-future amplitudes. This is also

suggested by the dS/CFT dictionary ZCFT = ΨdS [191]: boundary “entanglement entropy”

formulated via ZCFT translates to a bulk object formulated via the Wavefunction ΨdS (a single

ket, rather than a density matrix), leading (not surprisingly) to non-hermitian structures. In

[199], fuelled by the analytic continuation, a heuristic version of the Lewkowycz-Maldacena

argument [217, 218, 219, 220] (see also [221]) was constructed for the no-boundary de Sitter

extremal surfaces for maximal (IR) subregions. Roughly the boundary replica argument on

ZCFT translates now to a bulk replica argument on the Wavefunction ΨdS which is essentially

pseudo-entropy. The area now is interpreted as the amplitude for creation of a cosmic brane

that localizes on the part Euclidean, part timelike no-boundary extremal surface.

6.1 Reviewing de Sitter extremal surfaces

In this section, we briefly review [184, 199] and previous work here on generalizations of

RT/HRT extremal surfaces to de Sitter space (see also [183]). These involve considering the

bulk analog of setting up entanglement entropy in the dual Euclidean CFT on the future

boundary [180], restricting to some boundary Euclidean time slice, defining subregions on

these, and looking for extremal surfaces anchored at I+ dipping into the time (holographic)

direction. Analysing this shows that there are no spacelike surfaces connecting points on

I+. In entirely Lorentzian dS, there are future-past timelike surfaces stretching between I±

[182, 136], akin to rotated analogs of the Hartman-Maldacena surfaces [233] in the eternal AdS

black hole [234]: these have pure imaginary area, relative to AdS spacelike RT/HRT surfaces.

With a no-boundary type Hartle-Hawking boundary condition, the top half of these timelike

surfaces joins with a spacelike part on the hemisphere giving a complex-valued area [183], [184]

(and [200, 201] for dS3/CFT2). The real part of the area arises from the hemisphere and is

precisely half de Sitter entropy. Due to the presence of timelike components in these extremal

surfaces, these areas are best interpreted as pseudo-entropy, as we see below. From the dual

side, in various toy models of “entanglement entropy” in ghost-like theories, complex-valued

entropies arise naturally [235, 236] (see also [237]): the negative norm states here lead to
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imaginary components. It is worth noting that the adjoints of states are nontrivial in such

ghost-like theories so these are perhaps more correctly thought of as pseudo-entropy.

Figure 6.1: No-boundary de Sitter space, with the top Lorentzian region

continuing smoothly into the Euclidean hemisphere region ending at the no-

boundary point. Also shown are IR no-boundary extremal surfaces (blue) an-

chored at the future boundary I+ dipping into the time direction, timelike in

the Lorentzian region and going around the hemisphere.

These dS extremal surfaces can also be realized via analytic continuations from AdS (re-

viewed below). This suggests a natural way to obtain the no-boundary de Sitter extremal

surface areas through a heuristic replica argument [199] involving an analytic continuation of

the Lewkowycz-Maldacena formulation [217] in AdS to derive RT entanglement entropy (gen-

eralized in [218], [219], [220]; see also [221] and the review [17]). The crucial difference here is

that since the analytic continuation maps ZAdS
bulk to the de Sitter Wavefunction ΨdS, this is now

a replica formulation on ΨdS, considering the dS/CFT dictionary ZCFT = ΨdS [191]. With

the Wavefunction ΨdS regarded as an amplitude (or transition matrix from “nothing”), this

gives pseudo-entropy. In particular the codim-2 brane that smooths out bulk (orbifold) sin-

gularities is now a time-evolving, part Euclidean, part timelike, brane. This gives a complex

area semiclassically, with the real part from the Euclidean hemisphere and the timelike part

pure imaginary. In this Lewkowycz-Maldacena formulation, the area of these no-boundary dS

extremal surfaces arises as the amplitude for cosmic brane creation. So it is important that

the divergent pieces of the area arising from near the future boundary are pure imaginary,

since otherwise this amplitude would diverge. As it is, there is a finite probability: the real

part arises from the maximal hemisphere, with size set by dS entropy.

Overall, directly analysing the bulk extremization and calculating the no-boundary extremal

surface areas for the IR (maximal) subregions at the future boundary gives

(dS4) Snb = −i πl
2

2G4

Rc

l
+
πl2

2G4

; (dS3) Snb = −i l

2G3

log
Rc

l
+

π l

4G3

, (6.1)

with the pure imaginary piece from the top Lorentzian part of dS and the real piece (precisely

half de Sitter entropy) from the Euclidean hemisphere. These can also be realized via analytic

continuations from the AdS RT surfaces which all lie on a constant time slice. Under the

dS ↔ AdS analytic continuation, this AdS constant time slice continues to dS as

ds2(r>L) =
dr2

1 + r2

L2

+ r2dΩ2
d−1

L→−il−−−−−→ ds2(r>l) = − dr2

r2

l2
− 1

+ r2dΩ2
d−1 ,

ds2(r<L) =
dr2

1 + r2

L2

+ r2dΩ2
d−1

L→−il−−−−−→ ds2(r<l) =
dr2

1− r2

l2

+ r2dΩ2
d−1 . (6.2)
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The AdS boundary at r → ∞ maps to the dS future boundary I+ at r → ∞, and the AdS

region r ∈ [L,∞] maps to the dS future universe F parametrized by r ∈ [l,∞] (and r is time

here). The dS hemisphere is τE = −it = [0, π
2
] where − dr2

r2

l2
−1

> 0 is Euclidean.

The global dSd+1 metric with Sd cross-sections, restricted to any equatorial Sd plane is iden-

tical to the t = const slice of the (Lorentzian) dS static coordinatization (6.2), above:

ds2global

∣∣∣
θd=const

= −dτ 2 + l2 cosh2 τ

l
dΩ2

d−1 = − dr2

r2

l2
− 1

+ r2dΩ2
d−1 = ds2static

∣∣∣
t=const

, (6.3)

using r = l cosh τ
l
. Thus a generic equatorial plane in global dS defines the same boundary

Euclidean time slice as the t = const slice in the dS static coordinatization, and we will

continue to use the parametrization (6.2).

The IR AdS surface space spans the entire AdS boundary sphere. This continues to the IR

dS extremal surface (when the subregion becomes the whole space at I+), going from r → ∞
to r = l as a timelike surface in the Lorentzian dS region and then in the hemisphere from

r = l to r = r∗ = 0 (where it turns around). The turning point r∗ only exists in the Euclidean

(hemisphere) part of dS.

This IR surface starts at the boundary of the maximal subregion of the Sd−1 (i.e. hemisphere)

so it is anchored on the equator of the Sd−1 (red curve in Figure 6.1) and wraps the equatorial

Sd−2. From (6.2), it is clear that the IR dS extremal surface becomes a space-time rotation

of that in AdS. Its area continues as (with Rc a cutoff at large r)

VSd−2

4Gd+1

∫ Rc

0

rd−2dr√
1 + r2

L2

L→−il−−−−→ VSd−2

4Gd+1

∫ l

0

rd−2dr√
1− r2

l2

+
VSd−2

4Gd+1

∫ Rc

l

rd−2

√
dr2

−( r
2

l2
− 1)

,

=
1

2

ld−1VSd−1

4Gd+1

− i#
ld−1

4Gd+1

Rd−2
c

ld−2
+ . . . (6.4)

where the . . . are subleading imaginary terms. For AdS4 → dS4 and AdS3 → dS3, we obtain

VS1

4G4

∫ Rc

0

rdr√
1 + r2

L2

=
πL2

2G4

(Rc

L
− 1
)

→ −i πl
2

2G4

Rc

l
+
πl2

2G4

= SIR
dS4

, (6.5)

VS0

4G3

∫ Rc

0

dr√
1 + r2

L2

=
2L

4G3

log
Rc

L
→ −i l

2G3

log
Rc

l
+

πl

4G3

= SIR
dS3

. (6.6)

These extremal surfaces can also be described explicitly in dS3 for more general boundary

subregions (and for near maximal subregions in dSd+1). Drawing out the extremal surfaces ge-

ometrically leads to a natural geometric identification of the bulk subregion dual to a boundary
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subregion as an appropriate “pseudo-entanglement” wedge defined as the appropriate domain

of dependence bounded by the boundary subregion at I+ and the extremal surface. How-

ever it is only for maximal subregions that this leads to consistent disjoint bulk subregions

corresponding to disjoint boundary subregions, and thereby a version of subregion-subregion

duality. Thus maximal (IR) subregions appear to be the only well-defined subregions geomet-

rically from the perpective of subregion duality.





Chapter 7

No-boundary extremal surfaces in

slow-roll inflation and other

cosmologies

In this chapter, we study no-boundary extremal surfaces1 in slow-roll inflation models, with

certain inflationary cosmological perturbations to no-boundary de Sitter space which preserve

the spatial spherical isometry of dS in global coordinates. These perturbations are described

by scalar inflaton perturbations defined imposing regularity at the no-boundary point: this

induces corresponding metric perturbations as well (see Figure 7.1). The perturbations have

explicit analytic (although still adequately complicated) expressions to O(ϵ) in the slow-roll

parameter ϵ, as described in [223] (and related previous work e.g. [222]-[229] that we found

useful). This allows us to perform explicit analytic calculations of the no-boundary extremal

surface areas and compare them with the Wavefunction. As in de Sitter, we consider maximal

(IR) subregions on equatorial plane slices regarded as boundary Euclidean time slices, and

look for codim-2 extremal surfaces dipping into the bulk time direction. These are, mostly,

entirely timelike in the top Lorentzian part, going around the Euclidean hemisphere. However

now the inflationary perturbations induce small wiggles around pure de Sitter, so the metric

has various interesting real and imaginary pieces. Thus the no-boundary extremal surface

areas now have nontrivial real and imaginary pieces which now arise from both the Euclidean

hemisphere and the Lorentzian timelike regions. In general it turns out that the corresponding

area integrals must be regarded carefully in the complex time-plane defining appropriate

contours (Figure 7.2) that avoid extra poles at the complexification point that arise from

1The phrase “no-boundary extremal surface” refers to the Hartle-Hawking type nature of these surfaces
in no-boundary de Sitter space [222], not to be confused with the fact that the surfaces are anchored at an
asymptotic (future) boundary. Similar comments apply to the no-boundary slow-roll inflation studies here.

87
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the slow-roll perturbations (similar in spirit to calculations of the semiclasical Wavefunction

of the Universe). Doing this carefully, we eventually find divergent pure imaginary pieces

from near the future boundary as well as real and imaginary finite slow-roll corrections to

the leading half de Sitter entropy π l2

2G4
contribution from the hemisphere. For example, we

obtain (7.16) in dS4 slow-roll inflation with the finite parts being π l2

2G4

(
1 + ϵ (log 4− 7

2
+ iπ)

)
.

These finite O(ϵ) corrections precisely match the finite O(ϵ) corrections in the expansion of

the semiclassical Wavefunction of the Universe (equivalently the on-shell action) in slow-roll

inflation described in [223]. This is consistent with the Lewkowycz-Maldacena interpretation

in [199] of these no-boundary extremal surface areas giving the probability for cosmic brane

creation but now in the slow-roll no-boundary geometry.

We do a similar calculation for dS3 slow-roll inflation as well, with similar spatial spherical

symmetry preserving inflaton perturbations and corresponding metric ones. The no-boundary

extremal surface areas again have real and imaginary slow-roll corrections. We find that the

real finite O(ϵ) corrections again match those in the expansion of semiclassical Wavefunction

(or on-shell action), but the imaginary finite parts do not match. This is likely due to the fact

that the boundary reflects a CFT on an even dimensional sphere, with potential extra pure

imaginary terms that arise from anomalies. The probabilities, controlled by the real parts,

match.

To put this in perspective, it is worth recalling the behaviour of minimal RT surfaces in

the AdS black hole [14, 15]. As the boundary subregion size increases, the RT surface dips

deeper into the bulk and in the IR limit (maximal subregion), the surface wraps the black

hole horizon. The finite part of holographic entanglement entropy then becomes black hole

entropy which is the thermal entropy of the dual field theory: this entropy can also be realized

from the on-shell action regarded as a partition function [230] (see also [231, 232]). In the

de Sitter case with surfaces anchored at the future boundary, the only turning points are in

the Euclidean hemisphere which then gives half de Sitter entropy as the real finite part of

the no-boundary extremal surface area (in particular for maximal (IR) subregions). This can

also be realized by evaluating the on-shell action (semiclassical Wavefunction ΨdS): the real

part then gives the probability |ΨdS|2 controlled by de Sitter entropy. The underlying reason

here in dS stems from the Lewkowycz-Maldacena cosmic brane interpretation in [199]. In the

context of slow-roll inflation, the perturbations mix everything but the cosmic brane creation

probability controlled by the real finite parts of the no-boundary areas continues to match

the probability from the Wavefunction, corroborating the replica arguments near de Sitter.

Both probabilities are controlled by de Sitter entropy and its slow-roll corrections, which is

the maximum amount of “stuff” in the space.
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We also study Schwarzschild de Sitter black holes which in general have conical singularities at

the black hole and cosmological horizons which have different time periodicities. In the limit of

small mass regarded as a perturbation, we define an appropriate no-boundary geometry at the

cosmological horizon whose location is shifted by the black hole mass. Now the no-boundary

extremal surface area is similar to that in de Sitter space with a reduced cosmological scale,

with the real hemisphere contribution being half the entropy for the modified de Sitter space.

This is based on the paper [248].

We review de Sitter extremal surfaces in sec. 6.1. The slow-roll inflation extremal surfaces

appear in sec. 7.1 and sec. 7.1.1 for the dS4 case, and sec. 7.2.1 for the dS3 case. We then

discuss Schwarzschild de Sitter in sec. 7.2.2 and FRW+slowroll cosmologies briefly in sec. 7.2.3.

Sec. 7.3 contains a Discussion. Various details appear in the Appendices, in sec. C.1.1 and

sec. C.1.2 on the inflation setup broadly, in sec. C.2 and sec. C.3 on the area calculation, and

in sec. C.4 on the Wavefunction/action.

7.1 Slow-roll inflation, no-boundary extremal surfaces

We will now describe no-boundary extremal surfaces in slow-roll inflation, with the leading

dS4 area corrected to O(ϵ) in the slow roll parameter. We first describe the basic setup, which

is essentially that described in [223] (and related previous work e.g. [222]-[229] that we found

useful). The spacetime metric near global dSd+1 is

ds2 = −dt2 + a(t)2dΩ2
d = gaada

2 + a2dΩ2
d , (7.1)

where we have redefined the time coordinate to be a in the second expression, which turns

out to be convenient for our purposes. This form of the metric component gaa applies for

both the Euclidean and Lorentzian regions of the spacetime. For pure de Sitter in the above

global coordinates, we have in the Lorentzian region r > 1,

a(t) = l cosh τ ≡ l r , τ =
t

l
, gaa =

1

1− r2
< 0 . (7.2)

The region r < 1 gives gaa > 0 and describes the Euclidean hemisphere. A global Sd equatorial

plane slice as a boundary Euclidean time slice then resembles the t = const slice in dS static

coordinatization, as in (6.3). The coordinate r here is essentially α in [223].

We now describe slow-roll inflationary perturbations about de Sitter space (Figure 7.1): the

basic setup is in Appendix C.1.1 for the dS4 case, reviewing the description in [223]. The

inflaton scalar field ϕ rolls slowly down the potential V (ϕ), with a small slow-roll parameter
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Figure 7.1: Slow-roll inflation as small perturbation wiggles

about no-boundary de Sitter space. The Lorentzian region continues

smoothly at the “complexification point” into the no-boundary hemi-

sphere region ending at the no-boundary point. Inflation ends at the

future boundary (the reheating surface), continuing with standard

Big-Bang cosmology at later times. Also shown is the no-boundary

extremal surface (blue shadow).

ϵ = V ′2

2V 2 ≪ 1. We use the Einstein-scalar equations to solve for the inflaton perturbation

profile to O(ϵ) and thereby the metric correction to that order (general useful reviews on

inflation include [239, 240]).

Then the metric component grr to O(ϵ) in the slow-roll correction has the form

gaa =
1

1− r2
(
1 + 2ϵ β>(r)

)
, (7.3)

where the slow roll correction β>(r) is a function of the rolling inflaton profile: we will describe

this in detail later. The no-boundary extremal surfaces we are interested in lie on boundary

Euclidean time slices taken as some Sd equatorial plane (i.e. Sd−1) and extend out from the

Sd−2 boundary of the maximal (hemisphere) subregion on this slice, as in the pure dS case:

they thus wrap this Sd−2 and extend in the time direction, making up the codim-2 surface

(blue shadow in Figure 7.1). The metric corrections here have complicated functional form and

lead to interesting corrections to the area as we will see. Since the inflationary perturbations

here preserve the Sd spherical symmetry, the extremal surfaces on all such equatorial plane

slices are equivalent.

The IR no-boundary extremal surface area is given by

Ssrd+1
= Sr<1

d+1 + Sr>1
d+1 (7.4)

=
VSd−2 ld−1

4Gd+1

(∫ 1

0

rd−2
√

1 + 2ϵ β<(r)√
1− r2

dr + (−i)
∫ Rc/l

1

rd−2
√
1 + 2ϵ β>(r)√
r2 − 1

dr

)

with the leading dSd+1 piece and the O(ϵ) slow roll correction, where β<(r) is to be obtained

by analytically continuing β>(r) in the Lorentzian region r > 1 to the hemisphere region
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where r < 1. Expanding to O(ϵ) we obtain the first slow-roll correction to dS4 and dS3 as

Ssr4 ≃
π l2

2G4

(
−i
∫ Rc/l

1

1 + ϵ β>(r)√
r2 − 1

r dr +

∫ 1

0

1 + ϵ β<(r)√
1− r2

r dr

)
(7.5)

Ssr3 ≃
l

2G3

(
−i
∫ Rc/l

1

1 + ϵ β>(r)√
r2 − 1

dr +

∫ 1

0

1 + ϵ β<(r)√
1− r2

dr

)
. (7.6)

Towards evaluating this, note that the metric (7.3) at leading order O(ϵ0) (i.e. pure de Sit-

ter) already has a pole at r = 1 which is the complexification point where we transit from

Lorentzian to Euclidean signature (this is τ = 0, using (7.2)). This does not however lead to

any singularities in the extremal surface areas: from (7.5), (7.6), the contribution near r = 1

is
∫

dr√
±(1−r)

∼
√
1− r which is nonsingular, resulting in (6.4), (6.5), (6.6). However, when

this pole leads to singularities in calculations, we should go around the pole avoiding it, i.e.

in the upper half plane: this defines the contour in Figure 7.2 in the τ - or r-variables.

Considering the O(ϵ) slow-roll corrections, there are indeed extra singular terms in the above

expressions (7.5), (7.6), at the complexification point r = 1, stemming from the extra β(r)

terms in the integrand (see (7.13), sourced by the inflaton profile (7.11), using (7.10)). These

extra poles lead to divergences, similar technically to those from poles occurring in other cal-

culations in slow-roll inflation: see e.g. [223] for some discussions on this (including aspects of

earlier numerical studies involving complex contours in the upper half plane avoiding the pole;

see e.g. [229]). Note that since we are regarding the spacetime background here essentially

as a near dS background in the slow-roll phase to O(ϵ), the details of the full inflationary

solution (and the detailed form of the inflaton potential) are not important: thus the pole

above necessarily remains in the O(ϵ) discussions here and must be dealt with.

In the current context, to define the extremal surface areas correctly, we must therefore define

these areas as complex integrals in the complex time-plane, with a contour chosen to avoid

the pole at r = 1, by going around it in the upper half plane, as in Figure 7.2 stated above. As

long as we define the complex time-plane integral correctly, normalizing it so that the leading

expressions are consistent with the leading de Sitter areas, the details of the contour around

the pole are not important as we will see. In pure de Sitter, this time contour essentially

encodes the geometric picture of time and correspondingly the shape of the IR extremal

surface as in Figure 6.1. In slow-roll, since we are in the semiclassical regime near de Sitter,

we expect that the time contour in our O(ϵ) slow-roll case should retain this semiclassical

geometric picture of time and reflect the shape of the slow-roll extremal surface in Figure 7.1

as small wiggles near the de Sitter one.
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Figure 7.2: The time coordinate τ defines the contour on the left, from the no-boundary point in the

Euclidean region at τ = iπ2 to the complexification point at τ = 0 and thereon to the Lorentzian region

with real τ going to the future boundary τ → ∞. With the coordinate r = cosh τ the nbp is r = 0 and the

complexification point at r = 1. In terms of the coordinate z = r2 − 1 we have the nbp at z = −1 and the

complexification point at z = 0, giving the contour on the right.

Towards describing the leading dSd+1 area as well as the O(ϵ) slow-roll correction, we will find

it convenient to use the variable z = r2 − 1, although our analysis can be carried out in the

r-variable as well (as we will describe later). The no-boundary point and the complexification

point in the r- and z-variables are (Figure 7.2)

z = r2 − 1 ⇒ (nbp) r = 0 ≡ z = −1 ; (complexification) r = 1 ≡ z = 0 . (7.7)

The area integral is then recast as a complex contour integral: the contour C in the z-variable,

with the pole z = 0 regulated to z = δ, is

C = [−1,−δ] ∪
[
z = δeiθ ; θ = π, θ = 0

]
∪ [δ, zc] . (7.8)

The middle leg is a semicircle of radius δ going around the pole, defined as going from θ = π to

θ = 0 : then z = δ eiπ = −δ at the left end of the semicircle (on the side of the nbp) and z = δ

at its right end, around the complexification point. The details of this regulating semicircle

skirting the pole at r = 1 or z = 0 are not important. In essence, we are evaluating two

separate area contributions, from the Lorentzian and hemisphere regions, with regularization

at the complexification point.

7.1.1 dS4 area including O(ϵ) correction

We will now study the no-boundary extremal surface area (7.5) in 4-dim slow roll inflation:

the basic setup here appears in App. C.1.1. The metric is of the form (7.1), (7.2), with d = 3,

and the overall picture is as depicted in Figure 7.1.

The slow-roll equations of motion (C.2) in the slow-roll approximation become (C.3), i.e.

3H2 ∼ V (ϕ), 3Hϕ̇ ∼ −V ′(ϕ) . (7.9)
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The metric component gaa can be shown to take the form (see App. C.4)

gaa =
3− 1

2
(a ∂aϕ)

2

3− V (ϕ) a2
. (7.10)

Expanding to O(ϵ) in the slow-roll correction with ϕ = ϕ∗+φ(τ) and V (ϕ) = V∗+V∗
′φ(τ), we

solve the inflaton equation of motion (C.5) for the perturbation, imposing regularity at the

no-boundary point and matching with the late time expansion (as described in [223]). This

finally gives the 4-dim slow-roll inflaton profile in the r > 1 Lorentzian region as

ϵ ≡ V∗
′2

2V 2
∗
; φ(r) =

√
2ϵ φ̃(r) , φ̃(r) =

1 + i
√
r2 − 1

r2
− log

(
1− i

√
r2 − 1

)
− iπ

2
, (7.11)

and the metric component grr = gaal
2 in the form (7.3), where in this 4-dim case we have

β(r) = −1

6

(
r
∂φ̃

∂r

)2

+
φ̃ r2

1− r2
. (7.12)

Inputting the inflaton profile (C.7) with r = cosh τ gives β(r) in the r > 1 Lorentzian region,

β>(r) =
8− 9r4 + 4ir2

√
r2 − 1 + 8i

√
r2 − 1− 6ir4

√
r2 − 1 + r6

(
6 log

(
1− i

√
r2 − 1

)
− 1 + 3iπ

)
6r4 (r2 − 1)

.

(7.13)

To continue this to the r < 1 hemisphere region, we note that it is adequate to replace

−i
√
r2 − 1 by

√
1− r2 in β>(r): this defines β<(r).

The above recasting gives the dS4 slow-roll inflation area to O(ϵ) as

S =
π l2

2G4

∫
C

1 + ϵ β>(r)

2
√
1− r2

r dr ≡ π l2

2G4

∫
C

1 + ϵ β>(z)

2
√
−z

dz . (7.14)

For the leading pure de Sitter piece, there are no singularities and the areas can be evaluated

as separate integrals in the Lorentzian and Euclidean regions, as in (6.4). However for the O(ϵ)

contribution to the area, it turns out that there are extra pole pieces at the complexification

point r = 1 (z = 0). Thus it is important to define these as a contour integral in the complex

time plane, defining a contour to avoid the pole at r = 1, as shown in Figure 7.2. We describe

the detailed calculation in Appendix C.2, in both the z- and r-coordinates.
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Adding up all the contributions along the full contour C keeping the leading order and O(ϵ)

pieces in (7.14), we obtain

S =
π l2

2G4

[
1−

√
δ + ϵ

[(
log 4− 7

6
+ iπ

)
−
(
−2− 3iπ

6
√
δ

+
5

3

)]
+

√
δ(−i+ 1) + ϵ

[
2− 3iπ

6i
√
δ

− 2− 3iπ

6
√
δ

]
(7.15)

+
1

i
(
√
zc −

√
δ) + ϵ

[(
1 + i

7

6

√
zc − i

√
zc log

√
zc

)
−
(
2− 3iπ

6i
√
δ

+
5

3

)]]
.

Finally, note that although we have expressed the area as a single complex-time-plane integral,

we have evaluated it as separate integrals in the top timelike part and the hemisphere part,

with the semicircle contour only serving to avoid the r = 1 (z = 0) pole. Note that all the

singular pieces near the pole cancel as they should, so the details of the contour around the

pole are unimportant. We obtain finally

Ssr4 =
π l2

2G4

(
−iRc

l
+ 1

)
+ ϵ

π l2

2G4

(
−iRc

l
log

Rc

l
+ i

7

6

Rc

l
+ log 4− 7

2
+ iπ

)
, (7.16)

to O(ϵ) in the slow-roll corrections. Note that the various finite pieces conspire to give the

finite value above: the real part of this finite value is negative.

Unlike in the pure de Sitter case, where there was a clean separation between the real part of

the area arising from the hemisphere and the imaginary part from the top timelike Lorentzian

region, the slow-roll corrections contain real and imaginary parts from both the timelike and

hemisphere regions. The finite terms in Sϵ
sr4

in particular arise from the entire surface, both

timelike and hemisphere parts.

Recalling the comments after (7.5), (7.6), the minimal time contour (Figure 7.2) we have

employed is natural given that the slow-roll case is near de Sitter: it faithfully dovetails with

the geometric picture of time in the semiclassical near dS regime here, and encodes the shape

(Figure 7.1) of the slow-roll IR extremal surface which is expected to be near that in pure

dS (Figure 6.1). Dramatically changing the contour would deviate substantially from the

semiclassical geometry here (also the Cauchy theorem cannot apply given the non-analytic

expressions here).

It is now interesting to note that this finite value above matches precisely with the finite part

in (C.48) of the O(ϵ) slow-roll correction in the Wavefunction of the Universe Ψ ∼ eiI in

slow-roll inflation, given in [223]: we review the details of this calculation in App. C.4. But



Chapter 7 No-boundary extremal surfaces in slow-roll inflation and other cosmologies 95

to summarize, the on-shell dS4 action with O(ϵ) slow-roll correction is

iIsr4 =
π l2

2G4

[
1 + ϵ

(
log 4− 7

2
+ iπ

)

−i
(
r3c −

3

2
rc

)
+ iϵ

(
r3c

(
log rc −

1

6

)
+
rc
4
(6 log rc − 11)

)]
, (7.17)

where rc ≡ Rc

l
is the cutoff near the future boundary. The first line is mostly real while the

second line is pure imaginary. We note that |Ψ|2 ∼ e
πl2

G4
(1+ϵ#)

is controlled by the the real terms

in the first line and is the probability for creation of this universe with slow-roll corrections.

The imaginary terms cannot agree since the area corresponds to a codim-2 extremal surface

with corresponding divergences while the action corresponds to the full 4-dim space with its

corresponding divergences near the future boundary.

The fact that the real terms in Ssr4 in (7.16) match those in iIsr4 in (7.17) is consistent with and

corroborates the heuristic Lewkowycz-Maldacena interpretation in [199] of these no-boundary

extremal surface areas as the amplitude for codim-2 cosmic brane creation (reviewed briefly

after Figure 6.1). More specifically the probability for this maximal cosmic brane creation

matches that for the creation of the Universe. This probability must be finite since it is

ultimately dictated by the upper bound set by de Sitter entropy (the maximal amount of

“stuff” in this space, controlled by the no-boundary maximal hemisphere): thus the divergent

terms near the future boundary cannot contribute and must be pure imaginary. With the

slow-roll corrections included, we have seen that the finite terms arise from everywhere. Note

that since log 4 − 7
2
< 0, the no-boundary area or the cosmic brane creation probability has

decreased. This is perhaps a reflection of the fact that excitations in de Sitter space decrease

its entropy (as for a black hole in de Sitter space).

It is interesting to ask what the analog in AdS is of this matching of the real finite part

of the areas and the entropy contribution in the Wavefunction. The AdS Ryu-Takayanagi

formulation relies on the existence of a nice optimization: minimal surfaces start at the

boundary and turn around in the interior. With regard to the current context, we recall

that the RT surface on a constant time slice in the AdS black hole/brane wraps the horizon

as the boundary subregion becomes the whole space, i.e. the maximal (IR) subregion. The

finite part of the area then becomes the bulk entropy (which for the AdS black brane is the

thermal entropy in the dual field theory). This entropy can also be realized by the well-known

Gibbons-Hawking procedure of regarding the on-shell action as a partition function [230] and

evaluating the corresponding entropy: it usefully captures phenomena in AdS/CFT such as

the Hawking-Page transition [231, 232]. In the de Sitter case, there are no turning points in

the Lorentzian region as we have reviewed: no-boundary extremal surfaces turn around only
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in the Euclidean hemisphere and give half dS entropy as the real finite part. This entropy

can also be realized from the on-shell action regarded as a partition function: with the slow-

roll corrections we obtain the above. The fact that the maximal cosmic brane probability

matches the probability from the Wavefunction then corroborates the Lewkowycz-Maldacena

arguments in [199].

It is worth noting that the divergent terms in the area (7.16) in the slow-roll corrections exhibit

a logarithmic enhancement scaling as Rc logRc, which might seem surprising considering that

the metric component gaa itself (7.3) has only subleading pieces near the future boundary.

However we note that the slow-roll correction β>(r) (7.13) part in gaa does have a term scaling

as log r for large r: thus the Lorentzian part of the area (7.5) of this codim-2 surface (which

has extra r-factors) for large r scales as ϵ log r which leads to the log-enhancement. Similar

features appear also in the action (7.17) where the slow-roll correction scales as ϵr3c log rc while

the leading term scales as VS3 ∼ r3c (as noted in [223]).

(A related point is whether the logarithmic term renders the finite piece ambiguous: in this

regard note that rescaling the cutoff as Rc → αRc in (7.16) gives an extra ϵ πl2

2G4
(−iRc

l
α logα)

contribution from the Rc logRc term, which modifies only the leading area law divergence

term. There is no standalone logRc term, so the finite piece is unambiguous.)

To put this enhanced logarithmic scaling in perspective, it is worth recalling similar features in

AdS/CFT , especially in the context of nonrelativistic condensed matter-like generalizations

and Fermi surfaces. In particular it was noted that certain classes of hyperscaling violating

Lifshitz theories exhibit novel holographic entanglement scaling [241, 242, 243]. While these

are phenomenological gravitational descriptions, certain gauge-string realizations were found

in [244] which precisely recover this logarithmic scaling. For instance, the AdS5 plane wave

ds2 = R2

r2
[−2dx+dx−+dx2i +dr

2]+R2Qr2(dx+)2+R2dΩ2
5 is interpreted as a simple anisotropic

state in the dual N = 4 Super Yang-Mills CFT4 with holographic energy momentum density

T++ ∼ Q . Under x+-dimensional reduction this gives ds2 = r
2θ
di

(
− dt2

r2z
+

∑di
i=1 dx

2
i+dr2

r2

)
with

di = 2, θ = 1, z = 3 (and x− ≡ t). Holographic entanglement entropy [245] (see also [246])

for a strip subregion along the flux direction then gives the leading divergence Sdiv ∼ N2 V2

ϵ2
,

and the finite part Sfin ∼ N2V2
√
Q log(lQ1/4) . Identifying the energy flux Q and the UV

cutoff ϵ with the Fermi momentum kF ≡ Q1/4 ∼ 1
ϵ
recasts the area law divergence as Sdiv ∼

N2V2k
2
F with the finite part resembling the logarithmic enhancement for a Fermi surface

Sfin ∼ N2V2k
2
F log(lkF ) . Although the AdS/CMT context is quite different, we see that

there are structural similarities with the extremal surface areas (7.16). These complex areas

here are expected to encode boundary entanglement entropy in the exotic Euclidean (ghost-

like) CFT3 dual to dS4 under the slow-roll deformations sourced by the inflaton (although

understanding this nontrivial dual in detail is challenging!).



Chapter 7 No-boundary extremal surfaces in slow-roll inflation and other cosmologies 97

Finally one might ask what the no-boundary slow-roll corrected areas map to in AdS under

the analytic continuation L→ −il which for the maximal subregions in AdS ↔ dS are given

by (6.4), (6.5), (6.6). Then the leading term in the area (7.16) is simply the AdS area in (6.5),

but the analytic continuation of the slow-roll correction gives imaginary components as well.

This suggests that the corresponding perturbations in AdS induce timelike components to

the extremal surface. However this blithe continuation needs to be examined more carefully

requiring physically reasonable scalar perturbations in AdS that might be analogous to the

inflationary no-boundary de Sitter perturbations here.

7.2 Other cosmologies

We will now describe no-boundary extremal surfaces in some other cosmological spacetime

backgrounds, including in particular dS3 slow-roll inflation, and Schwarzschild de Sitter black

holes with small mass.

7.2.1 dS3 area including O(ϵ) correction

We can generalize the above 4-dim analysis in sec. 7.1.1 to 3-dimensions and study 3-dim

slow roll inflation: the basic setup here appears in App. C.1.2. The 3-dim gravity case has no

intrinsic dynamics but the inflaton scalar degree of freedom makes it more interesting, even

if this is just a toy model of slow-roll inflation. The metric is of the form (7.1), (7.2), with

d = 2, and the overall picture is as depicted in Figure 7.1.

Here we have the slow-roll equations of motion (C.10), which in the slow-roll approximation

become (C.11), i.e.

H2 ∼ V (ϕ), 2Hϕ̇ ∼ −V ′(ϕ) . (7.18)

The inflaton equation of motion (C.12) for the perturbation can be solved as in the dS4

slow-roll case, imposing regularity at the no-boundary point and matching with the late time

expansion. This finally gives the solution as (C.15), i.e.

φ(τ) =
√
2ϵ

[(
iπ

4
− τ

2

)
tanh τ +

log 2

2
− iπ

4

]
≡

√
2ϵ φ̃(τ) . (7.19)

The slow-roll correction to the metric here, using r = cosh τ , is

grr =
1− 1

2
(r∂rφ)

2

1− V r2
≃ 1

1− r2
(1 + 2ϵβ>(r)) (7.20)
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where

2ϵβ>(r) ≡
V ′
∗
2

V 2
∗

(
−1

2
(r∂rφ̃)

2 +
φ̃ r2

1− r2

)
(7.21)

evaluates to the expression in (C.28).

The slow-roll dS3 inflation no-boundary extremal surface area in (7.6) is

Ssr3 ≃
l

2G3

(∫ zc

δ

1 + ϵ β>(z)

2i
√
z(1 + z)

dz +

∫ 1

δ

1 + ϵ β<(z)

2
√
z(1− z)

dz

)
+

l

2G3

Iθϵ (7.22)

where Iθϵ is the contribution from the semicircle part of the contour, skirting around the pole

at z = 0. We have written this in terms of the variable z = r2 − 1 in (7.7) for z > 0 and then

continued as z → −z to the hemisphere region, as in the dS4 case.

We describe the details of this calculation in Appendix C.3. From there, we obtain

S =
l

2G3

[
π

2
+ ϵ
[ 1
16
i
(
−(log zc)

2 + log zc + π2 + 4iπ + 4(log 2)2 − 6 log 2
)

−
(
−π
8
+
i (8iπ + π2 − 4 log(16))

32
√
δ

)]]
+ Iθϵ (7.23)

− i log
√
zc + ϵ

[ π
16

(2πi− 1− log 16)−
(
−π
8
+

(8iπ + π2 − 4 log(16))

32
√
δ

)]]

which simplifies to (after rewriting using z = r2 − 1 and expanding at large rc =
Rc

l
)

S =
l

2G3

(π
2
− i log

Rc

l

)
(7.24)

+ ϵ
l

2G3

(
− π

16
(1 + log 16) +

i

16

(
2 log

Rc

l
− 4
(
log

Rc

l

)2
+ 3π2 + 4(log 2)2 − 6 log 2

))
.

The real part of the area including the slow-roll correction here is

ReS =
π l

4G3

− ϵ
l

2G3

π

16
(1 + log 16) . (7.25)

As in dS4 inflation, this in fact matches the real parts in (C.51) and (C.53) in App. C.4

obtained to O(ϵ) from the semiclassical expansion of action or the the logarithm of the Wave-

function, i.e. log Ψ ∼ iIcl . Thus the maximal cosmic brane creation probability matches

the probability |Ψ|2 for Universe creation, corroborating the heuristic Lewkowycz-Maldacena

interpretation in [199] of these no-boundary extremal surface areas.

The details of this calculation appear in App. C.4. The imaginary finite pieces in (C.51),

(C.53) do not agree. The dual here is an even-dimensional CFT and anomaly contributions
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of the CFT on a 2-sphere are expected to give further pure imaginary contributions. The

CFT anomaly is expected to be proportional to the central charge which in dS3/CFT2 is pure

imaginary. It would be interesting to understand this breaking of dual conformal invariance

by such inflationary perturbations in greater detail.

In this light, it is worth looking more closely at the leading term as well. This in fact

contains a subleading finite term near the future boundary: we have the timelike part of

the area −i l
2G3

∫ Rc/l

1
dr√
r2−1

= −i l
2G3

log Rc

l
− i l

2G3
log 2 , noting that the indefinite integral is

log(r +
√
r2 − 1). This subleading finite term is pure imaginary so the real part of the area

controlling the cosmic brane creation probability remains half dS3 entropy.

7.2.2 Schwarzschild de Sitter black holes with small mass

We will discuss Schwarzschild de Sitter black holes here, but with the black hole mass treated

as perturbation: some useful references include [224, 99], as well as our previous work [104,

149, 247]. The metric is

ds2 = −f(r)dt2 + dr2

f(r)
+ r2dΩ2

2 , f(r) = 1− 2m

r
− r2

l2
. (7.26)

The metric function can be written as

f(r) =
1

l2 r
(rD − r)(rD + rS + r)(r − rS) , rDrs(rD + rS) = 2ml2 , r2D + rDrS + r2S = l2 .

(7.27)

The roots rS and rD correspond to the black hole and cosmological horizons respectively, and

satisfy the constraint relations above, alongwith 0 ≤ rS ≤ rD ≤ l . In addition, we have the

condition m
l
≤ 1

3
√
3
for a physical black hole horizon to exist.

In the limit of small mass m≪ l, the roots representing the horizon locations can be approx-

imated as

rD ∼ l −G4m, rS ∼ 2G4m, (7.28)

so that the cosmological horizon at rD = l shifts a little inward for a nonzero black hole

horizon. Since there is a curvature singularity at r = 0 inside the black hole horizon, strictly

speaking there is no smooth Euclidean instanton that can be extended to a smooth no-

boundary geometry. However treating the black hole perturbation to only serve to shift the

cosmological horizon, we can look for a no-boundary geometry continuing to take the no-

boundary point as r = 0. In other words, we disregard the spacetime geometry effects of

the black hole (and thus disregard the singularity etc). This amounts to approximating the
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metric function as

f(r) =
1

l2
(
r2D − r2 + rS(rD − r)

) (
1− rS

r

)
rS→0, l∼rD−−−−−−−−→ 1− r2

r2D
. (7.29)

Now we Euclideanize t = iτE, and for r < rD we glue on a Euclidean hemisphere which is

smooth at the no-boundary point r = 0, and thus replaces the earlier SdS geometry.

On the t = const slice taken as a boundary Euclidean time slice, we consider the maximal

(hemisphere) subregion on the S2 at the future boundary. Then the no-boundary area becomes

S =
VS1

4G4

∫ rD

0

r dr√
1− r2

r2D

+
(−i)VS1

4G4

∫ Rc

rD

r dr√
r2

r2D
− 1

. (7.30)

This gives

S = −iπ r
2
D

2G4

Rc

rD
+
π r2D
2G4

. (7.31)

The real part of this area is half the entropy of the shifted cosmological horizon with size

rD ∼ l −G4m : in other words, treating this as just a modified no-boundary de Sitter space,

we obtain the earlier result for pure dS4. To O(m), this gives

ReS ∼ π

2G4

(l −G4m)2 ∼ π l2

2G4

− π lm , (7.32)

This matches half the Euclidean action, expanded to O(m), for Schwarzschild de Sitter black

holes obtained in [188] by a careful treatment of the conical singularities at the two horizons

incorporating δ-function sources there. However it is worth emphasizing that the extremal

surface area has been obtained under the approximation (7.29). It would be worth refining

this more carefully.

For 3-dim Schwarzschild de Sitter given by

ds2 = −f(r)dt2 + dr2

f(r)
+ r2dϕ2 , f(r) = 1− 8G3E − r2

l2
. (7.33)

In this case, there is only one horizon at rD = l
√
1− 8G3E . At sufficiently large E, the space

closes up and the entropy π rD
2G3

vanishes. As before, for small energy E, we approximate the

metric function as f(r) ∼ 1− r2

r2D
and evaluate the hemisphere contribution to the no-boundary

area as

Sh =
2

4G3

∫ rD

0

dr√
1− r2

r2D

=
π rD
4G3

, (7.34)
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which is half the entropy of the modified dS3 space (compare (6.1)). However it is worth

noting that the area calculation done exactly instead gives

S ′h =
2

4G3

∫ rD

0

dr√
1− 8G3E − r2

l2

=
π l

4G3

, (7.35)

which is half dS3 entropy independent of the mass E. It is important to note however that in

this case, the location r = 0 is a conical singularity as can be seen from the metric there, i.e.

ds2 ∼ − r2D
l2
dt2 + l2dr2

r2D
+ r2dϕ2 ∼ −dt′2 + dr′2 + r′2dϕ′2 redefining t′ = rD

l
t , r′ = lr

rD
, ϕ′ = rD

l
ϕ

(see e.g. [193]). Thus we see that for rD < l, the angle ϕ′ is identified modulo 2π rD
l
reflecting

the conical singularity at r = 0. Thus the area S ′h pertains to this singular space while Sh

pertains to the no-boundary space obtained from SdS3 under the approximations of f(r).

Thus overall, it is important to note that Schwarzschild de Sitter spaces for generic mass have

distinct Euclidean periodicities at the black hole and cosmological horizons so they cannot

be made regular except at the extremal Nariai point. Thus in evaluating these no-boundary

extremal surface areas we are making approximations to construct appropriate no-boundary

geometries for small mass perturbations near de Sitter. Perhaps one may better define these

areas by more careful treatment of the conical singularities for generic mass.

7.2.2.1 Extremal SdS4: Nariai

The Nariai or extremal limit of Schwarzschild de Sitter gives a near horizon dS2×S2 geometry.

This occurs when rD = rS: then (7.27) gives rD = rS = r0 = l√
3
and m

l
= 1

3
√
3
. This is a

degenerate limit but regulating near Nariai as rD = r0 − x, rS = r0 + x, gives

f(r) ∼ 3

l2
(x2 − (r − r0)

2) , (7.36)

where we approximate r ∼ r0 in the (rD + rS + r) factor. This amounts to zooming in to the

extremal throat region, with the transverse S2 of size r0 =
l√
3
. Defining

ψ =

∫
dr√
f(r)

=
l√
3
sin−1 r − r0

x
≡ l√

3
ψ̃ , (7.37)

the metric on the t = const slice approximates to

ds2 ∼ dψ2 +
l2

3
dΩ2

2 . (7.38)
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For the no-boundary hemisphere we have ψ̃ ∈ [0, π
2
], so the area for a hemispherical cap on

an equatorial plane in the S2 is approximated as

S ∼ l2

3

∫ π
2

0

dψ̃
VS1

4G4

=
π

6

π l2

2G4

, (7.39)

which is a factor π
6
∼ 1

2
times dS4 entropy. On the other hand, the Euclidean action for the

Nariai limit dS2 × S2 is a factor 2
3
times that for dS4 [224, 99]. This mismatch is perhaps not

surprising since the Nariai limit is far from pure de Sitter, unlike the previous cases we have

discussed.

7.2.3 FRW+slow-roll cosmologies

Generic FRW-type cosmologies with spatial Sd slices are of the form

ds2 = −dt2 + a2(t)dΩ2
d , a(t) ∼ tν . (7.40)

From the point of view of the slow-roll inflation phase evolving to an FRW cosmology epoch

(schematically as in Figure 7.1), we are interested only in regarding this as a Lorentzian

FRW space with the timelike part of the slow-roll inflation extremal surfaces joining at the

reheating surface (approximately the future boundary) with timelike extremal surfaces in the

FRW phase. We restrict to a boundary Euclidean time slice as some Sd equatorial plane

and pick maximal (hemisphere) subregions. Then the Lorentzian FRW region gives timelike

extremal surfaces with area (suppressing intrinsic FRW lengthscales)

SFRW = −i VSd−2

4Gd+1

∫ tl

t0

dt a(t)d−2 4−dim−−−−→ −i π

2G4

(
tν+1
l − tν+1

0

)
. (7.41)

Appending (7.16), the full extremal surface area for the FRW+inflation cosmology becomes

SFRW + Ssr4. It may be interesting to understand if these sorts of codim-2 area observables

can be usefully employed to understand aspects of cosmological observations.

Considering the FRW spaces (7.40) in themselves, in general these will not admit any smooth

HH no-boundary Euclidean continuation. Blithely calculating the IR no-boundary extremal

surface area gives the Euclidean hemisphere contribution as

S =
VSd−2

4Gd+1

∫ τl

0

dτE a(τE)
d−2 =

VSd−2

4Gd+1

∫ τl

0

da a(τE)
d−2

(da/dτE)

∼ VSd−2

4Gd+1

∫ τl

0

dτE τ
(d−2)ν
E

4−dim−−−−→ π

2G4

τ ν+1
l

ν + 1
. (7.42)
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where we have taken a(τE) ∼ τ νE, with ν > 0. The sphere Sd shrinks to zero size at the no-

boundary point τE = 0: however for generic ν, the derivative da
dτE

is not smooth so a Big-Bang

type singularity persists at τE = 0.

7.3 Discussion and conclusions

Building on previous work on de Sitter extremal surfaces anchored at the future boundary,

we study no-boundary extremal surfaces in slow-roll inflation models, with perturbations to

no-boundary global dS preserving the spatial isometry. While in pure de Sitter space the

Euclidean hemisphere gives a real area equalling half de Sitter entropy, the no-boundary

extremal surface areas here have nontrivial real and imaginary pieces overall. We evaluate

the area integrals in the complex time-plane defining appropriate contours. For the 4-dim

case, the real and imaginary finite corrections at leading order in the slow-roll parameter

match those in the semiclassical expansion of the Wavefunction (or action), and corroborate

the cosmic brane interpretation discussed previously. We also study no-boundary extremal

surfaces in other cosmologies including 3-dimensional inflation and Schwarzschild de Sitter

spaces with small mass.

Stepping back and looking at a broad-brush level, it is important to understand the connec-

tions between the no-boundary extremal surface areas and the Wavefunction of the Universe

in greater detail (mirroring connections between boundary entanglement entropy and ZCFT

in the exotic duals here): among other things this will shed light on the underlying structure

of these extremal surface areas in dS and cosmology more broadly. There is a rich history of

such studies in AdS/CFT on extremal surface areas and the bulk partition function (dual to

entanglement entropy and the boundary partition function) [14, 15, 16, 17]. One such fact

is that for maximal (IR) subregions in the AdS black hole/brane, the RT minimal surface

dips all the way into the interior and wraps the horizon so the finite part of entanglement

entropy is the black hole/brane entropy. This entropy can also be realized from the action

regarded as a partition function. In the current context, a similar observation is that the real

finite part of the no-boundary extremal surface in pure de Sitter is half dS entropy, which

also arises from the real part of the Wavefunction. It is natural to ask if this correlation [199]

between the cosmic brane creation probability (encoded by the real finite parts of the areas)

and |ΨdS|2 continues away from de Sitter. An interesting class of near dS spaces comprises

slow-roll inflation. Our studies vindicate this correlation here.

As we have seen, we have found it necessary to define the area integrals in the complex-time

plane with appropriate contours required to avoid extra poles at the complexification point.

We have done this in the minimal way, by simply evaluating the areas as separate integrals in
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the Lorentzian and hemisphere regions, with the regulating time contour Figure 7.2 serving to

simply remove the poles (and the details of the regularization are unimportant). The integrals

involve non-analytic expressions so one might expect that changing the contour dramatically

is not a reasonable thing to do in these complex-valued integrals (and the Cauchy theorem

cannot apply). This can be corroborated further in the present case noting that since the

slow-roll case is near de Sitter we expect on physical/geometric grounds that the time contour

should also be near that in de Sitter. In de Sitter the time contour encodes the IR extremal

surface shape in Figure 6.1 so it is natural that the time contour in the slow-roll case encodes

the wiggly shape for the IR extremal surface in Figure 7.1: this justifies the minimal time

contour Figure 7.2 that we have employed as quite reasonable and natural here. Roughly

the time contour dovetails with the geometric picture of time in the semiclassical regimes

we have here, near pure de Sitter: indeed any time contour with large deviation from the

semiclassical geometry would perhaps be unphysical for the present purposes. In general, these

sorts of cosmological perturbations lead to complex metrics that must be treated carefully

(the complex nature is not surprising since the no-boundary condition [222] is a regularity

condition analogous to positive frequency not reality; see comments in [223] as well as [191]).

Thus along the lines of the analysis here, it would be interesting to understand if these sorts

of no-boundary extremal surface areas can be evaluated meaningfully and unambiguously for

complex metrics appearing in cosmology more generally, and whether they give insights into

complex metrics and the KSW criterion [249, 250] (see also [229]).

The classes of de Sitter perturbations we have studied here all preserve the spherical isometry

of the S3 slices in global dS4. Thus all boundary Euclidean time equatorial plane slices are

equivalent, with the corresponding codim-2 no-boundary extremal surface areas all equal. For

more general inflationary perturbations with inhomogeneities in particular, we expect that

different boundary Euclidean time slices are inequivalent and thus will lead to inequivalent

codim-2 extremal surfaces anchored at the future boundary (an example of this inequivalence

was already noted in [182], [184] for the extremal surface areas in different slices of dS in the

static coordinatization). It would be interesting to explore this further.

The extremal surfaces discussed here and in earlier work have been studied directly and via

analytic continuations from AdS but they are the analogs in some sense of the AdS RT

minimal surfaces on constant time slices (which map to the boundary Euclidean time slices

stretching from the future boundary here). In that light, it is natural to ask for covariant

(HRT-like) formulations of these extremal surfaces and the corresponding areas as pseudo-

entropy. One might imagine that the corresponding complex-time-plane contour analogs of

Figure 7.2 might then be expressed more covariantly.
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Finally it would be interesting to understand the analyses here from the point of view of

the dual field theory. In a broad sense, dS/CFT [189, 190, 191] is a way to organize de

Sitter perturbations in the language of AdS/CFT (and analytic continuations) especially as

formulated in [191], and in more recent studies e.g. [251, 252, 253]. In this light, it would be

interesting to understand the structure of inflationary perturbations and the way they reflect

in the no-boundary extremal surface areas regarded as pseudo-entropy. Hopefully quantum

information ideas and techniques along these lines will help shed further light on de Sitter

holography and the emergence of time.
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Appendix to Chapter 3

A.1 Details: entropy in the no-island case

This section contains some details on the calculations of entanglement entropy in the absence

of the island in sec. 3.2.1. Using (3.8), (3.10), (3.11), the black hole patch Kruskal coordinates

are:

US = −e−αSt(rD − r)−αSβD(r − rS)
αSβS(r + rD + rS)

αSβM , (A.1)

VS = eαSt(rD − r)−αSβD(r − rS)
αSβS(r + rD + rS)

αSβM . (A.2)

Calculating each part of Smatter in equation 3.23 separately gives

US(b−)− US(b+) = (rD − b)−αSβD(b− rS)
αSβS(b+ rD + rS)

αSβM [e−αStb − eαS(tb− iβ
2
)] , (A.3)

VS(b+)− VS(b−) = (rD − b)−αSβD(b− rS)
αSβS(b+ rD + rS)

αSβM [eαStb − e−αS(tb− iβ
2
)] , (A.4)

W (b+) = W (b−) =
√
blαS(rD − b)−

1+2αSβD
2 (b− rS)

2αSβS−1

2 (b+ rS + rD)
2αSβM−1

2 , (A.5)

W (b+)W (b−) = bl2α2
S(rD − b)−(1+2αSβD)(b+ rS + rD)

(2αSβM−1)(b− rS)
(2αSβS−1) . (A.6)
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Plugging all these expressions together in (3.23) gives

Smatter =
c

6
log
[
b(rD − b)−2αSβD(b− rS)

2αSβS(b+ rD + rS)
2αSβM (e−αStb − eαS(tb−

iαSβ

2
))·

(eαStb − e−αS(tb−
iαSβ

2
))

1

bl2α2
S

(rD − b)(1+2αSβD)(b− rS)
(1−2αSβS)(b+ rS + rD)

(1−2αSβM )
]

=
c

6
log
[
(rD − b)(b− rS)(b+ rS + rD)

1

l2α2
S

(
2− (e(2αStb−

iαSβ

2
) + e−(2αStb−

iαSβ

2
))
)]

=
c

6
log
[
(b− rD)(b− rS)(b+ rS + rD)

1

l2α2
S

(
e
(
2tb
2βS

−iπ)
+ e

−(
2tb
2βS

−iπ) − 2
)]

, (A.7)

using β = 2π
αS

from (3.22). From (3.10) we have αS = 1
2βS

so this becomes

S =
c

6
log
[
(b− rS)4β

2
S (
rD
l

− b

l
)(
b

l
+
rS
l
+
rD
l
) 4 cosh2 tb

2βS

]
(A.8)

Thus finally, we obtain (3.24).

A.2 Details: late-time entropy with island

Here we give details on sec. 3.3. We are looking to calculate (3.28), i.e.

Smatter =
c

3
log

d(a+, a−)d(b+, b−)d(a+, b+)d(a−, b−)

d(a+, b−)d(a−, b+)
. (A.9)

Now calculating each part in Smatter separately,

log[d(a+, a−)] =
1

2
log

[(US(a−)− US(a+))(VS(a+)− VS(a−))]

W ′(a+)W ′(a−)
(A.10)

with W ′ as in (3.13). Then we have

US(a−)−US(a+) = (rD−a)−αSβD(a−rS)αS−βs(a+rS+rD)
αSβM [e−αSta−eαSta ·e−

iαSβ

2 ] , (A.11)

VS(a+)−VS(a−) = (rD−a)−αSβD(a−rS)αS−βS(a+rS+rD)
αSβM [eαSta−e−αSta ·e

iαSβ

2 ] , (A.12)

W ′(a+)W
′(a−) = l2α2

S(rD − a)−(1+2αSβD)(a+ rS + rD)
(2αSβM−1)(a− rS)

(2αSβS−1) . (A.13)

Putting all these expressions together in (A.10) gives

log[d(a+, a−)] =
1

2
log
[ 1

l2α2
S

(a− rD)(a− rS)(a+ rS + rD)
(
e(2αSta−

iαSβ

2
) + e−(2αSta−

iαSβ

2
) − 2

)]
(A.14)
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Similarly we obtain

log[d(b+, b−)] =
1

2
log

[(US(b−)− US(b+))(VS(b+)− VS(b−))]

W ′(b+)W ′(b−)

=
1

2
log
[ 1

l2α2
S

(b− rD)(b− rS)(b+ rS + rD)
(
e(2αStb−

iαSβ

2
) + e−(2αStb−

iαSβ

2
) − 2

)]
(A.15)

Now, putting (A.14) and (A.15) together gives, using β = 2π
αS

,

c

3
log[d(a+, a−)d(b+, b−)] =

c

6
log
[ 28r4S
( rD−rS

l
)4(2rS+rD

l
)4
(a− rS)(b− rS)(

rD − a

l
)(
rD − b

l
)·

(
a+ rS + rD

l
)(
b+ rS + rD

l
) cosh2 ta

2βS
cosh2 tb

2βS

]
. (A.16)

We next calculate other relevant contributions:

d(a+, b+) =
1

W ′(a+)W ′(b+)

[
(US(b+)− US(a+))(VS(a+)− VS(b+))

] 1
2

=
1

W ′(a+)W ′(b+)

[
2eαS(r

∗(a)+r∗(b))·

(
cosh

(
αS(r

∗(a)− r∗(b))
)
− cosh

(
αS(ta − tb)

))] 1
2

(A.17)

d(a−, b−) =
1

W ′(a−)W ′(b−)

[
(US(b−)− US(a−))(VS(a−)− VS(b−))

] 1
2

=
1

W ′(a−)W ′(b−)

[
2eαS(r

∗(a)+r∗(b))·

(
cosh

(
αS(r

∗(a)− r∗(b))
)
− cosh

(
αS(ta − tb)

))] 1
2

(A.18)

Now, putting (A.17) and (A.18) together

d(a+, b+)d(a−, b−) =
1

W ′(a+)W ′(b+)W ′(a−)W ′(b−)

[
2eαS(r

∗(a)+r∗(b))·(
cosh

(
αS(r

∗(a)− r∗(b))
)
− cosh

(
αS(ta − tb)

))]
(A.19)
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Similarly

d(a+, b−) =
1

W ′(a+)W ′(b−)

[
(US(b−)− US(a+))(VS(a+)− VS(b−))

] 1
2

=
1

W ′(a+)W ′(b−)

[
2eαS(r

∗(a)+r∗(b))·

(
cosh

(
αS(r

∗(a)− r∗(b))
)
− cosh

(
αS(ta + tb −

iβ

2
)
))] 1

2

(A.20)

d(a−, b+) =
1

W ′(a−)W ′(b+)

[
(US(b+)− US(a−))(VS(a−)− VS(b+))

] 1
2

=
1

W ′(b−)W ′(a+)

[
2eαS(r

∗(a)+r∗(b))·

(
cosh

(
αS(r

∗(a)− r∗(b))
)
− cosh

(
αS(ta + tb −

iβ

2
)
))] 1

2

(A.21)

Now, putting (A.20) and (A.21) together

d(a+, b−)d(a−, b+) =
1

W ′(a+)W ′(b−)W ′(a−)W ′(b+)

[
2eαS(r

∗(a)+r∗(b))·(
cosh

(
αS(r

∗(a)− r∗(b))
)
− cosh

(
αS(ta + tb −

iβ

2
)
))]

(A.22)

Putting (A.19) and (A.22) together we get

c

3
log

d(a+, b+)d(a−, b−)

d(a+, b−)d(a−, b+)
=
c

3
log
[ cosh

(
αS(r

∗(a)− r∗(b))
)
− cosh

(
αS(ta − tb)

)
cosh

(
αS(r∗(a)− r∗(b))

)
− cosh

(
αS(ta + tb − iβ

2
)
)]
(A.23)

Here

cosh
(
αS(ta + tb −

iβ

2
)
)
= − cosh

(
αS(ta + tb)

)
(A.24)
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and

cosh
(
αS(r

∗(a)− r∗(b))
)
=

1

2

[(a− rS)
αSβS(a+ rD + rS)

αSβM (rD − b)αSβD

(rD − a)αSβD(b+ rD + rS)αSβM (b− rS)αSβS

+
(rD − a)αSβD(b+ rD + rS)

αSβM (b− rS)
αSβS

(a− rS)αSβS(a+ rD + rS)αSβM (rD − b)αSβD

]
∼ 1

2

(b− rS)
αSβS

(a− rS)αSβS

1

C(a)
, (A.25)

using the approximations (3.27), and (3.30). Thus we obtain

c

3
log

d(a+, b+)d(a−, b−)

d(a+, b−)d(a−, b+)
=

c

3
log
[
1− 2

(a− rS)
αSβS

(b− rS)αSβS
C(a) cosh

(
αS(ta − tb)

)]
− c

3
log
[
1 + 2

(a− rS)
αSβS

(b− rS)αSβS
C(a) cosh

(
αS(ta + tb)

)]
. (A.26)

The total bulk matter entanglement entropy thus is (A.16) plus (A.26): along with the area

term this gives (3.29). At late times, i.e. ta, tb ≫ rS the total entanglement entropy Stotal,

after adding the area term, becomes

Stotal ∼
2πa2

G
N

+
2c

6
log
[ 24r2S
( rD−rS

l
)2(2rS+rD

l
)2

√
(a− rS)(b− rS)·√

(rD − a)

l

(rD − b)

l

(a+ rS + rD)

l

(b+ rS + rD)

l
cosh

ta
2βS

cosh
tb
2βS

]
+
c

3
log
[
1− 2

(a− rS)
αSβS

(b− rS)αSβS
C(a) cosh

(
αS(ta − tb)

)]
− c

3
log
[
4
(a− rS)

αSβS

(b− rS)αSβS
C(a) cosh

ta
2βS

cosh
tb
2βS

]
, (A.27)

which upon simplifying (taking a− rS ∼ 0 so log(1− y) ∼ −y) gives (3.31).

Entanglement entropy of the intervals R− ∪ I ∪R+ : It is instructive to compare the

above late time calculation of the entanglement entropy of the intervals [b−, a−] ∪ [a+, b+]

with that of the original three intervals R− ∪ I ∪ R+ ≡ [rD−, b−] ∪ [a−, a+] ∪ [b+, rD+] which

are complementary intervals in the black hole Kruskal patch of SdS. Here, rD− and rD+

are the boundaries of the entanglement wedge of the Hawking radiation in the left and right

universes respectively. We will take these two points rD− and rD+ to be very close to the

corresponding cosmological (de Sitter) horizons which might be approximated as the effective

boundaries of the black hole Kruskal patch in the flat space like limit (3.6) of de Sitter that

we are considering here: see Figure 3.2. Thus we define the spacetime coordinates of these
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two points as

rD+ : (t, r) = (tD, rD − δ) ; rD− : (t, r) = (−tD +
iβ

2
, rD − δ) . (A.28)

Under the assumptions (3.27), using (3.19), we approximate the entanglement entropy for

R− ∪ I ∪R+ as

Smatter =
c

3
log
[
d(a+, a−)d(b+, b−)

]
+
c

3
log
[d(a+, b+)d(a−, b−)
d(a+, b−)d(a−, b+)

]
+
c

3
log
[d(a+, rD−)d(a−, rD+)

d(a−, rD−)d(a+, rD+)

]
+
c

3
log
[d(b+, rD+)d(b−, rD−)

d(b+, rD−)d(b−, rD+)

]
+
c

3
log
[
d(rD+, rD−)

]
. (A.29)

The expressions in the first line are the same as the matter entanglement entropy for the

intervals [b−, a−] ∪ [a+, b+] complementary to R− ∪ I ∪ R+. Simplifying using the various

Kruskal variable distances as described earlier, we obtain for the expressions in the second

and third lines

c

3
log
[
1 + 2

δαSβD(a− rS)
αSβS(a+ rS + rD)

αSβM

(rD − δ − rS)αSβS(rD − a)αSβD(2rD − δ + rS)αSβM
cosh

(
αS(ta + tD)

)]
− c

3
log
[
1− 2

δαSβD(a− rS)
αSβS(a+ rS + rD)

αSβM

(rD − δ − rS)αSβS(rD − a)αSβD(2rD − δ + rS)αSβM
cosh

(
αS(ta − tD)

)]
+
c

3
log
[
1− 2

δαSβD(b− rS)
αSβS(b+ rS + rD)

αSβM

(rD − δ − rS)αSβS(rD − b)αSβD(2rD − δ + rS)αSβM
cosh

(
αS(ta − tD)

)]
− c

3
log
[
1 + 2

δαSβD(b− rS)
αSβS(b+ rS + rD)

αSβM

(rD − δ − rS)αSβS(rD − b)αSβD(2rD − δ + rS)αSβM
cosh (αS(ta + tD))

]
+
c

6
log
[ δ
α2
S

(rD − rS − δ)

l

(2rD + rS − δ)

l
cosh2 tD

2βS

]
. (A.30)

Since δ ≪ rD and the exponent αSβD ∼ rD
rS

≫ 1 , we see that the the expressions in the first

four lines are of the form log(1 + · · · ) and thus vanishingly small. The last term

c

3
log
[
d(rD+, rD−)

]
∼ c

6
log
[(rD − rS)

l

(2rD + rS)

l

( δ

α2
S

cosh2 tD
2βS

)]
(A.31)

requires a regularization of the cosmological horizon which is akin to spatial infinity ι0 in the

flat space limit. Let us define

(rD − rS)

l

(2rD + rS)

l

δ λ

α2
S ϵ

2
UV

cosh2 tD
2βS

→ cD = finite (A.32)

where we have reinstated the various lengthscales, as discussed after (3.17), and using (3.13).
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With this regularization of the observer near the cosmological horizon rD, we see that the

entanglement entropy of the intervals [b−, a−] ∪ [a+, b+] used in the text and that of the

complementary intervals R− ∪ I ∪R+ are essentially equivalent, as expected for bulk matter

in a pure state on the entire slice R− ∪ [b−, a−] ∪ I ∪ [a+, b+] ∪ R+ in the black hole Kruskal

patch in Figure 3.2, in the regime of very low de Sitter temperature (3.4), (3.5), (3.6).

A.3 Entanglement entropy with island at early times

In this section, we study the entanglement entropy looking for an island configuration at early

times i.e. at some small ta, tb (with ta, tb ≪ rS). In this case Hawking quanta have not had

time to escape out so we do not expect any island near the black hole horizon of the form

(3.38). Indeed, simplifying (3.29) at early times with the coarse approximation ta, tb ∼ 0 gives

Stotal =
2πa2

G
N

+
c

6
log
[ 28r4S
( rD−rS

l
)4(2rS+rD

l
)4
(a− rS)(b− rS)(

rD − a

l
)(
rD − b

l
)·

(
a+ rS + rD

l
)(
b+ rS + rD

l
)
]

+
c

3
log
[
1− 2

(a− rS)
αSβS

(b− rS)αSβS
C(a)

]
− c

3
log
[
1 + 2

(a− rS)
αSβS

(b− rS)αSβS
C(a)

]
. (A.33)

Extremizing with a− rS ∼ 0 and simplifying with rD large (so C(a) ∼ 1) gives

4πa

G
N

+
c

6

1

a− rS
− c

3

1√
(a− rS)(b− rS)

∼ 0 , (A.34)

keeping only leading terms. So, since b≫ rS, there is no island solution with a ≳ rS.

However we might imagine that there arises a vanishing extremal surface with the island

boundary a far inside the black hole horizon so a≪ rS. The boundary b of the entanglement

wedge of the Hawking radiation continues to be far away from the horizon i.e. b−rS ≫ rS−a.
Towards analysing this, we will employ Kruskal coordinates different from those previously

used, defined in the black hole interior since a < rS. So we define the tortoise coordinate as

r∗ = −
∫

1

f(r)
dr = −

∫
1

1− 2m
r
− r2

l2

dr =

∫
l2r

(rD − r)(rS − r)(r + rS + rD)
dr (A.35)

This gives

er
∗
= (rD − r)−βD(rS − r)βS(r + rD + rS)

βM (A.36)
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where the β-parameters are as in (4.3). The radial null coordinates are U = t−r∗, V = t+r∗ .

Then the Kruskal coordinates adapted to the interior are

US = −e−αS(t−r∗) = −e−αSt(rD − r)−αSβD(rS − r)αSβS(r + rD + rS)
αSβM ,

VS = eαS(t+r∗) = eαSt(rD − r)−αSβD(rS − r)αSβS(r + rD + rS)
αSβM , (A.37)

with αS = 1
2βS

. The reduced two dimensional Schwarzschild de Sitter metric is given by

ds2 = −λ r dUSdVS
W 2

, W =
√
rlαS(rD − r)

−(1+2αSβD)

2 (rS − r)
2αSβS−1

2 (r+ rS + rD)
2αSβM−1

2 .

(A.38)

with W the interior conformal factor.

Towards approximating early times, we will set ta, tb ∼ 0: then assuming b− rS ≫ rS − a as

stated above and calculating as earlier reveals the total entanglement entropy to be

Stotal =
2πa2

G
N

+
c

6
log
[ 28r4S
( rD−rS

l
)4(2rS+rD

l
)4
(rS − a)(b− rS)(

rD − a

l
)(
rD − b

l
)·

(
a+ rS + rD

l
)(
b+ rS + rD

l
)
]

+
c

3
log
[
1− 2

(rS − a)αSβS

(b− rS)αSβS
C(a)

]
− c

3
log
[
1 + 2

(rS − a)αSβS

(b− rS)αSβS
C(a)

]
. (A.39)

The bulk matter entropy is essentially (3.29) with a− rS → rS − a as arises using the interior

Kruskal variables in all the distances, and approximating ta, tb ∼ 0.

Extremizing (A.39) with respect to the island boundary a gives

4πa

G
N

+
c

6

[
− 1

rS − a
− 1

rD − a
+

1

a+ rS + rD

]
=

4c

6

√
rS−a
b−rS

C(a)

1− 4 (rS−a)
(b−rS)

C(a)2
·
[
− 1/2

rS − a
+

αSβM
a+ rS + rD

+
αSβD
rD − a

]
. (A.40)

We see that there exists a quantum extremal surface with 0 < a ≪ rS and low generalized

entropy: approximating (A.40) with a≪ rS in all O(c) terms gives

4πa

G
N

∼ c

6

( 1

rS
+

1

rD
− 1

rS + rD

)
+

c

3

√
rS

b−rS
C(0)

1− 4rS
b−rS

C(0)2

(
− 1

rS
+

2αSβM
rS + rD

+
2αSβD
rD

)
. (A.41)

With b≫ rS, the second set of terms on the right is subleading to the first so we obtain

a ∼ G
N
c

24π

( 1

rS
+

1

rD
− 1

rS + rD

)
. (A.42)
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The quantity in brackets is positive revealing a small quantum extremal surface a ∼ O(G
N
c)

deep in the interior at early times. It is worth noting that we have made a coarse approxima-

tion in setting ta, tb ∼ 0: doing this more carefully requires retaining ta and extremizing, but

we expect similar qualitative behaviour at early times.

For this small QES (A.42), the total on-shell entanglement entropy approximates to

So.s. =
c2G

N

288π

( 1

rS
+

1

rD
− 1

rS + rD

)2
+

c

3
log
[ 24r2S√rS(b− rS)

( rD−rS
l

)2(2rS+rD
l

)2
·
√
rD
l

(rD − b)

l

(rS + rD)

l

(b+ rS + rD)

l

]
, (A.43)

ignoring terms scaling as r−αSβD

D . Thus at early times when Hawking evaporation has not

yet kicked in significantly, the generalized entropy is not significant, in accordance with the

approximate purity of the early time state.
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Appendix to Chapter 4

B.1 Details: entropy in the no-island case

This section contains some details on the calculations of entanglement entropy in the absence

of the island in sec. 3.2.1. Using (4.7) and calculating each part of Smatter in (4.19) separately

gives

U ′
D− − U ′

D+
= −e−Tb′ · 2 sinhXb′ , V ′

D+
− V ′

D− = −e−Tb′ · 2 sinhXb′ , (B.1)

Wb′+
= Wb′−

=
√
b′ l αD (b′ − rD)

− 1−2αDβD
2 (b′ − rS)

− 1+2αDβS
2 (b′ + rS + rD)

− 1+2αDβM
2 , (B.2)

Wb′+
Wb′−

= b′ l2 α2
D(b

′ − rD)
−(1−2αDβD)(b′ + rS + rD)

−(1+2αDβM )(b′ − rS)
−(1+2αDβS)

=
α2
D

λb′|f(b′)|
e−2Tb′ . (B.3)

Plugging all these into (4.19) gives Smatter =
c
6
log[ λb

′

α2
D
e2Tb′ |f(b′)|e−2Tb′4 sinh2Xb′ ], i.e.

Smatter =
c

6
log
[ λ

l2α2
D

(b′ − rS) (b
′ − rD)(b

′ + rS + rD) 4 sinh
2Xb′

]
. (B.4)

Thus finally, we obtain (4.20).

117
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B.2 Details: late-time entropy with island

Here we give details on sec. 4.3. We are looking to calculate (4.26), i.e.

Smatter =
c

3
log

d(a′+, a
′
−)d(b

′
+, b

′
−)d(a

′
+, b

′
+)d(a

′
−, b

′
−)

d(a′+, b
′
−)d(a

′
−, b

′
+)

. (B.5)

Now calculating each part in Smatter separately

log[d(a′+, a
′
−)] =

1

2
log

[(U ′
S−

− U ′
S+
)(V ′

S+
− V ′

S−
)]

W ′
a′+
W ′

a′−

(B.6)

with Wa′ as in (4.14). Then we have

U ′
S− − U ′

S+
= eTa′ · 2 sinhXa′ , V ′

S+
− V ′

S− = eTa′ · 2 sinhXa′ , (B.7)

Wa′+
Wa′−

= a′l2α2
S(rD − a′)−(1+2αSβD)(a′ + rS + rD)

(2αSβM−1)(rS − a′)(2αSβS−1)

=
α2
S

λa′|f(a′)|
e2Ta′ . (B.8)

Putting all these expressions together in (B.6) gives

log[d(a′+, a
′
−)] =

1

2
log
[λa′
α2
S

e−2Ta′ |f(a′)|e2Ta′4 sinh2Xa′

]
=

1

2
log
[ λ

l2α2
S

(rD − a′)(rS − a′)(a′ + rS + rD) · 4 sinh2Xa′ ] . (B.9)

Similarly we obtain

log[d(b′+, b
′
−)] =

1

2
log
[ λ

l2α2
D

(b′ − rD)(b
′ − rS)(b

′ + rS + rD) · 4 sinh2Xb′ ] . (B.10)

Now, putting (B.9) and (B.10) together gives

c

3
log[d(a′+, a

′
−)d(b

′
+, b

′
−)] =

c

6
log
[ 24λ2

α2
Dα

2
S

(rS − a′)(b′ − rS)(
rD − a′

l
)(
b′ − rD

l
)·

(
a′ + rS + rD

l
)(
b′ + rS + rD

l
) sinh2Xa′ sinh

2Xb′

]
. (B.11)

We next calculate other relevant contributions using (4.7) and (4.13): we have

U ′
D+

− U ′
S+

= e(Xb′−Tb′ ) − e−(Xa′−Ta′ ), V ′
S+

− V ′
D+

= e(Xa′+Ta′ ) − e−(Xb′+Tb′ ) ,

U ′
D− − U ′

S− = e−(Xb′+Tb′ ) − e(Xa′+Ta′ ), V ′
S− − V ′

D− = e−(Xa′−Ta′ ) − e(Xb′−Tb′ ) ,
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so

d(a′+, b
′
+) =

1√
W ′

a′+
W ′

b′+

[
(U ′

D+
− U ′

S+
)(V ′

S+
− V ′

D+
)
] 1

2

=
1√

W ′
a′+
W ′

b′+

[
e(Ta′−Tb′ ) ·

(
2 cosh (Xa′ +Xb′)− 2 cosh (Ta′ + Tb′)

)] 1
2

, (B.12)

d(a′−, b
′
−) =

1√
W ′

a′−
W ′

b′−

[
(U ′

D− − U ′
S−)(V

′
S− − V ′

D−)
] 1

2

=
1√

W ′
a′−
W ′

b′−

[
e(Ta′−Tb′ ) ·

(
2 cosh (Xa′ +Xb′)− 2 cosh (Ta′ + Tb′)

)] 1
2

. (B.13)

Now, putting (B.12) and (B.13) together

d(a′+, b
′
+) d(a

′
−, b

′
−) =

1√
W ′

a′+
W ′

b′+
W ′

a′−
W ′

b′−

[
e(Ta′−Tb′ ) ·

(
2 cosh (Xa′ +Xb′)− 2 cosh (Ta′ + Tb′)

)]
.

(B.14)

Similarly, we have

U ′
D− − U ′

S+
= e−(Xb′+Tb′ ) − e−(Xa′−Ta′ ), V ′

S+
− V ′

D− = e(Xa′+Ta′ ) − e(Xb′−Tb′ ) ,

U ′
D+

− U ′
S− = e(Xb′−Tb′ ) − e(Xa′+Ta′ ), V ′

S− − V ′
D+

= e−(Xa′−Ta′ ) − e−(Xb′+Tb′ ) ,

so

d(a′+, b
′
−) =

1√
W ′

a′+
W ′

b′−

[
(U ′

D− − U ′
S+
)(V ′

S+
− V ′

D−)
] 1

2

=
1√

W ′
a′+
W ′

b′−

[
e(Ta′−Tb′ ) ·

(
2 cosh (Xa′ −Xb′)− 2 cosh (Ta′ + Tb′)

)] 1
2

, (B.15)

d(a′−, b
′
+) =

1√
W ′

a′−
W ′

b′+

[
(U ′

D+
− U ′

S−)(V
′
S− − V ′

D+
)
] 1

2

=
1√

W ′
a′−
W ′

b′+

[
e(Ta′−Tb′ ) ·

(
2 cosh (Xa′ −Xb′)− 2 cosh (Ta′ + Tb′)

)] 1
2

. (B.16)
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Now, putting (B.15) and (B.16) together

d(a′+, b
′
−) d(a

′
−, b

′
+) =

1√
W ′

a′+
W ′

b′−
W ′

a′−
W ′

b′+

[
e(Ta′−Tb′ ) ·

(
2 cosh (Xa′ −Xb′)− 2 cosh (Ta′ + Tb′)

)]
.

(B.17)

Putting (B.14) and (B.17) together we get

c

3
log

d(a′+, b
′
+)d(a

′
−, b

′
−)

d(a′+, b
′
−)d(a

′
−, b

′
+)

=
c

3
log
[2 cosh (Ta′ + Tb′)− 2 cosh (Xa′ +Xb′)

2 cosh (Ta′ + Tb′)− 2 cosh (Xa′ −Xb′)

]
. (B.18)

Here

2 cosh (Ta′ + Tb′) =
1

2

[(rS − a′)αSβS(a′ + rD + rS)
αSβM (b′ − rS)

αDβS(b′ + rD + rS)
αDβM

(rD − a′)αSβD(b′ − rD)αDβD

+
(rD − a′)αSβD(b′ − rD)

αDβD

(b′ + rD + rS)αDβM (b′ − rS)αDβS(rS − a′)αSβS(a′ + rD + rS)αSβM

]
∼ 1

2

(b′ − rD)
αDβD

(rS − a′)αSβS

1

C(a′)
, (B.19)

using the approximation (4.23), and (4.28). Thus we obtain

c

3
log

d(a+, b
′
+)d(a−, b

′
−)

d(a+, b′−)d(a−, b
′
+)

=
c

3
log
[
1− 2

(rS − a′)αSβS

(b′ − rD)αDβD
C(a′) cosh (Xa′ +Xb′)

]
− c

3
log
[
1− 2

(rS − a′)αSβS

(b′ − rD)αDβD
C(a′) cosh (Xa′ −Xb′)

]
. (B.20)

The total bulk matter entanglement entropy thus is (B.11) plus (B.20), along with the area

term. Thus at large values of X ′
a and X ′

b, after adding the area term the total entanglement

entropy Stotal becomes (4.27) i.e.

Stotal ∼
2πa′2

G
N

+
2c

6
log
[ 22λ

αDαS

√
(rS − a′)(b′ − rS)·√

(rD − a′)

l

(b′ − rD)

l

(a′ + rS + rD)

l

(b′ + rS + rD)

l
sinhXa′ sinhXb′

]
+
c

3
log
[
1− 2

(rS − a′)αSβS

(b′ − rD)αDβD
C(a′) cosh (Xa′ +Xb′)

]
− c

3
log
[
1− 2

(rS − a′)αSβS

(b′ − rD)αDβD
C(a′) cosh (Xa′ −Xb′)

]
. (B.21)
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B.3 Inconsistencies in other island solutions

In this section, we briefly describe inconsistencies in other potential island solutions.

B.3.1 Island outside the black hole horizon

We discuss a potential island with boundary just outside the black hole horizon i.e. in the static

diamond, similar to the results in [149]. Here we use the static diamond Kruskal coordinates

(4.11) redefined as Xa = αSta and Ta = αSr
∗
a for the location of the island boundary. The

calculation now gives the total generalized entropy as

Stotal =
2πa2

G
N

+
c

6
log
[ 24λ2

α2
Dα

2
S

(a− rS)(b
′ − rS)(

rD − a

l
)(
b′ − rD

l
)·

(
a+ rS + rD

l
)(
b+ rS + rD

l
) cosh2Xa sinh

2Xb′

]
+
c

3
log
[
1 + 2

(a− rS)
αSβS

(b′ − rD)αDβD
C(a) sinh (Xa +Xb′)

]
− c

3
log
[
1 + 2

(a− rS)
αSβS

(b′ − rD)αDβD
C(a) sinh (Xa −Xb′)

]
, (B.22)

Extremizing (B.22) with the island boundary a as ∂Stotal

∂a
= 0 gives

4πa

G
N

+
c

6

1

a− rS
+
c

3

C(a)√
b′ − rD

√
a− rS

·
[ sinh(Xa +Xb′)

1 + 2 (a−rS)
αSβS

(b′−rD)αDβD
C(a) sinh (Xa +Xb′)

− sinh(Xa −Xb′)

1 + 2 (a−rS)
αSβS

(b′−rD)αDβD
C(a) sinh (Xa −Xb′)

]
= 0 . (B.23)

Next, extremizing (B.22) with respect to Xa as ∂Stotal

∂Xa
= 0 gives

tanhXa = 2

√
a− rS
b′ − rD

C(a) ·
[ cosh(Xa −Xb′)

1 + 2 (a−rS)
αSβS

(b′−rD)αDβD
C(a) sinh (Xa −Xb′)

− cosh(Xa +Xb′)

1 + 2 (a−rS)
αSβS

(b′−rD)αDβD
C(a) sinh (Xa +Xb′)

]
(B.24)

Considering Xa = Xb′ , (B.24) becomes

1 + 2

√
a− rS
b′ − rD

C(a) sinh 2Xa = 2

√
a− rS
b′ − rD

C(a)
1

tanhXa

· [1 + 2

√
a− rS
b′ − rD

C(a) sinh 2Xa − cosh 2Xa] . (B.25)
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Putting this condition (B.25) back in (B.23) for large Xa (with a− rS small) gives

a+
GNc

24π

1

a− rS

(
1− tanhXa

coth 2Xa

)
= 0 . (B.26)

It can be seen that tanhXa

coth 2Xa
< 1 always so that all terms are positive here: thus there is no

solution with a > rS. Thus these extremization equations (B.23) and (B.24) together do not

give reasonable island solutions.

Similarly, if we consider Xa = −Xb′ , (B.24) becomes

1 + 2

√
a− rS
b′ − rD

C(a) sinh 2Xa = 2

√
a− rS
b′ − rD

C(a)
1

tanhXa

· [−1− 2

√
a− rS
b′ − rD

C(a) sinh 2Xa + cosh 2Xa] . (B.27)

Putting this condition (B.27) back in (B.23) for large Xa gives (B.26) again.

B.3.2 Island inside the black hole: another possibility

Recalling sec. 4.3 and the extremization equations (4.30), (4.31). Instead of Xa′ = Xb′ con-

sidered there, let us consider Xa′ = −Xb′ : then Xa′ +Xb′ = 0 and Xa′ −Xb′ = 2Xa′ . Then

(4.31) gives for large Xa′ and Xb′ :

1− 2

√
rS − a′

b′ − rD
C(a′) cosh 2Xa′ = −2

√
rS − a′

b′ − rD
C(a′)

sinh 2Xa′

cothXa′
. (B.28)

The minus sign on the right hand side leads to trouble when this is put back in (4.30), giving

no semiclassical a′ ≲ rS near horizon island solution.

B.4 Future boundary, timelike separated QES

In this section, we exhibit other quantum extremal surface solutions which are timelike sepa-

rated from the radiation region near the future boundary. We will use several technical details

from [104].

The Schwarzschild de Sitter metric (3.1), after the redefinitions τ = l
r
, ω = t

l
, becomes

ds2 =
l2

τ 2
(− dτ 2

f(τ)
+f(τ)dω2+dΩ2

2), f(τ) = 1−τ 2+2m

l
τ 3 = (1−a1τ)(1−a2τ)(1+(a1+a2)τ),
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a1a2(a1 + a2) =
2m

l
, a21 + a1a2 + a22 = 1; 0 < a2 < a1 < 1 ;

m

l
≤ 1

3
√
3
. (B.29)

In the above, τc =
1
a1

and τs =
1
a2

are the cosmological (de Sitter) and Schwarzschild horizons.

(The third zero does not correspond to a physical horizon.)

For SdS4 with f(τ) in (B.29), the tortoise coordinate y =
∫

dτ
f(τ)

can be defined as

y =

∫
dτ

1− τ 2 + 2m
l
τ 3

= −β1 log(1− a1τ) + β2 log(1− a2τ) + β3 log(1 + (a1 + a2)τ) . (B.30)

With the parameters

β1 =
a1

3a21 − 1
, β2 = − a2

3a22 − 1
, β3 =

a1 + a2
3a1a2 + 2

(B.31)

the SdS4 metric becomes

ds2 = l2(
1

τ 2
− 1 +

2m

l
τ)(dω2 − dy2) +

l2

τ 2
dΩ2

2 . (B.32)

Now, we consider the same reduction ansatz from [149] to perform dimentional reduction of

the SdS4 background to 2-dimensions. The 2-dim metric and dilaton become

ds22 =
λl3

τ
(
1

τ 2
− 1 +

2m

l
τ)(dω2 − dy2), ϕ = ϕr

λ2l2

τ 2
. (B.33)

In the reduced 2-dim Schwarzschild de sitter spacetime,the Kruskal coordinates around the

cosmological horizon are then defined as U, V and the metric becomes

U = e
ω−y
2β1 , V = −e−

ω+y
2β1 ; UV = −e−

y
β1 ,

U

V
= −e

ω
β1 ;

UV = (a1τ − 1)(1− a2τ)
−β2

β1 (1 + (a1 + a2)τ)
−β3

β1 , (B.34)

ds22 =
4β2

1g(U, V )

UV
dUdV . (B.35)

Using (B.33), the generalized entropy for a future boundary observer at (ω, τ) = (ω0, τ0) in

the 2-dim SdS4 spacetime becomes (with P (τ0) =
1
τ20

− 1 + 2m
l
τ0)

Sgen =
ϕr

4G

l2

τ 2
+

c

12
log[

1

ϵ4uv
((ω − ω0)

2 − (y − y0)
2)2

λ2l6

ττ0
P (τ0)(

1

τ 2
− 1 +

2m

l
τ)] . (B.36)

This expression for Sgen should be regarded as a smooth function of U, V , with respect to which

we will extremize to find quantum extremal surfaces. However the nature of the QES here

can be gleaned by simply noting that the only place the spatial future boundary coordinate

ω enters is through the spacetime interval ∆2 = (ω − ω0)
2 − (y − y0)

2 inside the logarithm.
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Thus we expect ∂Sgen

∂ω
= c

3
ω−ω0

∆2 = 0, so that ω = ω0, i.e. the QES is timelike separated from

the future boundary observer.

Analysing more carefully, extremizing (B.36) with Kruskal U , V , as

∂Sgen

∂U
=
∂Sgen

∂τ

∂τ

∂U
+
∂Sgen

∂ω

∂ω

∂U
= 0 ,

∂Sgen

∂V
=
∂Sgen

∂τ

∂τ

∂V
+
∂Sgen

∂ω

∂ω

∂V
= 0 , (B.37)

and, from (B.36), (B.34), (B.35), noting that

∂Sgen

∂τ
= − ϕr

2G

l2

τ 3
+

c

12

1

f(τ)
[−4(y − y0)

∆2
+ τ(1− 3

τ 2
)],

∂Sgen

∂ω
=
c

3

ω − ω0

∆2
;

we find the extremization conditions become

[− ϕr

2G

l2

τ 3
+

c

12

1

f(τ)
(−4(y − y0)

∆2
+ τ(1− 3

τ 2
))]
A(τ)

U
+
c

3

ω − ω0

∆2

β1
U

= 0 , (B.38)

and

[− ϕr

2G

l2

τ 3
+

c

12

1

f(τ)
(−4(y − y0)

∆2
+ τ(1− 3

τ 2
))]
A(τ)

V
+
c

3

ω − ω0

∆2
(−β1

V
) = 0 . (B.39)

Subtracting as (B.38)-(B.39) gives 2c
3

ω−ω0

∆2 β1 = 0. Thus,

ω = ω0 , (B.40)

giving timelike separated QES with respect to the future boundary observer. The timelike

separation implies that the generalized entropy becomes complex-valued, with log(−|∆2|)
giving rise to log(−1) = iπ, as in pure de Sitter.

Now, by putting ω = ω0 in (B.38) gives

− ϕr

2G

l2

τ 3
+

c

12

1

f(τ)
(

4

y − y0
+ τ(1− 3

τ 2
)) = 0 (B.41)

The future boundary observer has r = ∞ and τ0 = 0 so y0 = 0. Further considering τ = 1−ϵ,
where ϵ ≪ 1, and noting 1 ≪ c ≪ 1

G
, we simplify (B.41) ignoring appropriate terms and

obtain
2c

log[ (1−a2(1−ϵ))β2 (1+(a1+a2)(1−ϵ))β3

(1−a1(1−ϵ))β1
]
≈ 3ϕr

G
l2[
ϵ(2− ϵ)

(1− ϵ)3
+

2m

l
] (B.42)
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Now, considering a1 and a2 perturbatively as a1 ≃ 1− m
l
, a2 ≃ 2m

l
, and 0 < a2 < a1 < 1, we

can obtain the parameters β1, β2, β3 using (B.31) perturbatively as well. This finally gives

c ≈ 3ϕr

2G
l2(ϵ+

m

l
) log(

2

ϵ+ m
l

) (B.43)

which is a consistency condition on the central charge (number of degrees of freedom) of the

2-dim CFT matter for the timelike extremal surface to exist (pure dS corresponds to m = 0).





Appendix C

Appendix to Chapter 7

C.1 The basic setup on inflation

C.1.1 dS4 slow roll

This pertains to sec. 7.1.1 in the main text. We will be brief in our review of pertinent points

of inflation: general useful reviews include [239, 240], and [222]-[229]. The action for the

4-dim Einstein scalar theory (with 8πGN = 1) is

I =

∫
d4x

√
g

(
R

2
− 1

2
(∇ϕ)2 − V (ϕ)

)
−
∫
d3x

√
hK . (C.1)

With ds2 = −dt2 + a(t)2dΩ2
3, ϕ = ϕ(t), the equations of motion become

3H2 = 3

(
ȧ

a

)2

= − 3

a2
+

1

2
ϕ̇2 + V (ϕ),

ϕ̈+ 3Hϕ̇+ V ′(ϕ) = 0 . (C.2)

In the slow roll approximation, the inflaton kinetic term is subdominant relative to the po-

tential: for large 3-sphere size ar near the end of inflation, we ignore the 3
a2

curvature term

in (C.2), which then gives

3H2 ∼ V (ϕ), 3Hϕ̇ ∼ −V ′(ϕ) . (C.3)

127
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At “horizon crossing” ϕ = ϕ∗, we have H∗ ≡ H(ϕ∗) = 1
a∗

= 1
ar
eN (ϕ,ϕ∗) and the leading dS

metric is (7.1) with radius H−1
∗ = l, and

l ≡ 1

H∗
, H2

∗ ∼ V∗
3
, τ = H∗t . (C.4)

For the inflaton perturbation, the equation of motion alongwith the slow-roll parameter ϵ

gives

ϕ = ϕ∗ + φ : ∂2τφ+ 3 tanh τ∂τφ+ 3
√
2ϵ = 0 , ϵ ≡ V∗

′2

2V 2
∗
. (C.5)

Solving this with A = V∗′

H2
∗
= 3

√
2ϵ gives

φ(τ) = −1

3
A log(cosh τ) +

1

6
sech2τ(2A+ 3c1 sinh τ) + c1 tan

−1
(
tanh

τ

2

)
+ c2 . (C.6)

Imposing regularity at the no-boundary point τ = iπ
2
(via the φ-derivative) fixes c1 = −2A

3i
.

This then gives

φ(τ) =
V∗

′

V∗

(
1 + i sinh τ

cosh2 τ
− log(1− i sinh τ)− i

π

2

)
=
V∗

′

V∗
φ̃(τ) . (C.7)

The constant c̃2 (with c2 = V∗′

V∗
c̃2 in (C.6)) inside the bracket has been fixed to −iπ

2
by

expanding at late times (large τ), which gives

φ(τ) =
V ′
∗
V∗
φ̃(τ) =

V ′
∗
V∗

[
−τ + log 2 + i

π

2
+ c̃2 + . . .

]
. (C.8)

This gives c̃2 = −iπ
2
to match with the slow roll solution expanded around ϕ∗ at large τ :

ϕ = ϕ∗ −
V ′
∗
V∗

log

(
a

a∗

)
= ϕ∗ −

V ′
∗
V∗

log

(
cosh τ

H∗a∗

)
∼ ϕ∗ −

V ′
∗
V∗

(τ − log 2) . (C.9)

Putting all this together finally gives (7.11). This completes our quick review, following [223].

C.1.2 dS3 slow roll

The overall setup for inflation is very similar so we will simply list the central expressions

used in sec. 7.2.1. The equations of motion (with 8πG = 1) are

H2 =

(
ȧ

a

)2

= − 1

a2
+

1

2
ϕ̇2 + V (ϕ) ,

ϕ̈+ 2Hϕ̇+ V ′(ϕ) = 0 . (C.10)
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In the slow roll approximation these give

H2 ∼ V (ϕ), 2Hϕ̇ ∼ −V ′(ϕ) , → H∗ ≡ H(ϕ∗) , H2
∗ ∼ V∗ , (C.11)

with the second set of expressions obtained when the 2-sphere size crosses the horizon.

The inflaton equation (C.10) expanding for the perturbation as ϕ = ϕ∗ + φ becomes

∂2τφ+ 2 tanh τ∂τφ+
V∗

′

H2
∗
= 0 . (C.12)

With
√
2ϵ = V∗′

H2
∗
= V∗′

V∗
this has the solution

φ(τ) = c2 + tanh τ

(
c1 −

√
ϵ τ√
2

)
. (C.13)

Regularity at τ = iπ
2
fixes c1 = iπ

√
ϵ

2
√
2
. The constant c2 is fixed by matching with the slow roll

solution expanded around ϕ∗ at late times (large τ),

ϕ = ϕ∗ −
V ′
∗
V∗

log

(
a

a∗

)
= ϕ∗ −

V ′
∗
V∗

(
τ

2
− log 2

2

)
. (C.14)

This finally gives the inflaton profile as

φ(τ) =
√
2ϵ

[(
iπ

4
− τ

2

)
tanh τ +

(
log 2

2
− iπ

4

)]
. (C.15)

C.2 Details: dS4 slow-roll area

We describe details of the calculation of the no-boundary extremal surface area for dS4 slow

roll inflation here. The leading contribution to the area (7.14) over the contour (Figure 7.2)

is

S0 =
π l2

2G4

(∫ y=δ

y=1

d(−y)
2
√
y

+

∫ θ=0

θ=π

d(δ eiθ)

2
√
−δ eiθ

+
1

i

∫ zc

δ

dz

2
√
z

)
=

π l2

2G4

(
−
√
−z
∣∣∣−δ

−1
+

√
δ(−

√
−eiθ)

∣∣∣θ=0

θ=π
+

1

i

√
z
∣∣∣zc
δ

)
=

π l2

2G4

(
1−

√
δ +

√
δ(−i+ 1) +

1

i
(
√
zc −

√
δ)

)
. (C.16)

On the [−1, 0] leg we have redefined z = −y which makes this piece
∫ 1

δ
dy
2
√
y
. On the semicircle

we have z = δeiθ as stated above and we then integrate in terms of the variable eiθ. Of course
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here there is no singularity at z = 0 but we have written this explicitly above to normalize

this calculation with the slow-roll correction to follow. So we obtain simply (with zc ∼ R2
c)

S = π l2

2G4
(1− iRc

l
) , after reinstating the dimensionful dS4 scale l.

To calculate the O(ϵ) slow-roll correction, we first note that the correction to the metric

component grr in (7.13) is recast in the z-variable in (7.7) for z > 0 (i.e. the Lorentzian

region r > 1) as

β>(z) =
i
(
3π(z + 1)3 +

(
z3/2 + 9iz − 12

√
z − 2i

)
(−1− i

√
z)

3
)

6z(z + 1)2
+

(z + 1) log (1− i
√
z)

z
,

(C.17)

and we obtain

I>ϵ =

∫
β>(z)

2i
√
z
dz =

1

6i
√
z

(
2− 3iπ(1− z)− 7z − 6(1− z) log(1− i

√
z)
)
+

2/3

1− i
√
z
,

(C.18)

with z > 0 in this expression. It turns out happily that these integrals can be evaluated

in Mathematica (with some care in evaluating them as non-analytic complex objects): the

integrated expression can also be cross-checked manually of course. To evaluate the slow-roll

correction area integral in the hemisphere region r < 1, we continue to z < 0: in this regard

note that ∫ −δ

−1

β>(z)

2
√
−z

dz =

∫ δ

1

β>(−y)
2
√
y

d(−y) =
∫ 1

δ

β<(y)

2
√
y
dy ≡ I<ϵ (z) . (C.19)

Thus it is adequate to analytically continue the integrated expression I>ϵ (z) to the hemisphere

as z → −z, and we obtain the indefinite integral in the O(ϵ) piece here as

I<ϵ (z) = I>ϵ (−z) =
1

6
√
z

(
−2 + 3iπ(1 + z)− 7z + 6(1 + z) log(1 +

√
z)
)
+

2/3

1 +
√
z
, (C.20)

with z > 0 in this expression now.

Expanding I>ϵ in the z > 0 part of the contour, we obtain

z = zc → ∞ : I>ϵ = 1+ i
7

6

√
zc − i

√
zc log

√
zc ; z = δ : I>ϵ =

2− 3iπ

6i
√
δ

+
5

3
, (C.21)

and we have regulated z = 0+ by z = δ > 0. In obtaining the above, we have expanded

log(1 + z) ∼ z for small z in the various expressions, and used log(−1) = iπ, log(±i) = ± iπ
2
.

This is important in order to cancel real divergent terms for large zc: as it stands we see that

all the divergent terms for large zc are pure imaginary.
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Expanding I<ϵ in the z < 0 part of the contour, we obtain near z = 1 (nbp) and z = δ (which

is near 0− in the earlier variable)

z = 1 : I<ϵ =
1

6
(−2 + 6iπ − 7 + 12 log 2) +

1

3
, z = δ : I<ϵ =

−2 + 3iπ

6
√
δ

+
5

3
. (C.22)

Along the regulating semicircle around z = 0 with small z = δ, examining the asymptotics of

I>ϵ , we obtain

Iθϵ

∣∣∣θ=0

θ=π
=

(
2− 3iπ

6
√
−δeiθ

) ∣∣∣θ=0

θ=π
=

2− 3iπ

6i
√
δ

− 2− 3iπ

6
√
δ

. (C.23)

Note that near z = 0, we have β>(z) = −2−3iπ
6z

as the leading singular behaviour. Integrating

this around the semicircle explicitly recovers the above.

Adding up all the above contributions to the area (7.14) finally gives (7.15).

One may question whether the above calculation in the z-variable has introduced subtleties

due to the
√
−z in various places. It turns out that the area can also be calculated directly

in the form (7.5) in the r-coordinate (e.g. by evaluating in Mathematica). Using β>(r) in

(7.13), we obtain below the indefinite integrals I>(r) and I<(r) respectively :

−i
∫

1 + ϵ β>(r)√
r2 − 1

r dr = −i
√
r2 − 1− iϵ

1

6r2
√
r2 − 1

[(
3iπr4 − 7r4 − 6iπr2 + 5r2

+ 4
(
1 + i

√
r2 − 1

)
+ 6r2(r2 − 2) log

(
1− i

√
r2 − 1

))]
.(C.24)

∫
1 + ϵ β<(r)√

1− r2
r dr = −

√
1− r2 + ϵ

1

6r2
√
1− r2

[(
3iπr4 − 7r4 − 6iπr2 + 5r2

+ 4
(
1−

√
1− r2

)
+ 6r2(r2 − 2) log

(
1 +

√
1− r2

))]
.(C.25)

In the second integral (r < 1) above, we have obtained β<(r) by continuing β>(r) to r < 1,

which amounts to simply replacing −i
√
r2 − 1 by

√
1− r2 in its four occurrences in the

expression (7.13). Then we fix the overall sign of the full integral so that the leading term

matches the sign of the leading term
∫ 1

0
rdr√
1−r2

in (7.5) which is the pure dS4 hemisphere area

in (6.4), (6.5). This is the form of the area integral in (7.14) in the r-coordinate. Evaluating

these at the various limiting points gives

I>(r)
∣∣∣Rc/l

1
= −iRc

l
+ ϵ

(
1− i

Rc

l
log

Rc

l
+ i

7

6

Rc

l

)
− 5

3
ϵ ,

I<(r)
∣∣∣1
0

= −5

3
ϵ−

[
− 1 + ϵ

(7
6
− iπ − log 4

)]
, (C.26)
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apart from singular terms at r = 1 which can be removed by the contour integral Iθϵ (r) around

the regulating semicircle. The above pieces alongwith the overall π l2

2G4
factor add up to give

(7.15).

C.3 Details: dS3 slow-roll area

In this dS3 case we have

β(r) = −1

2

(
r
∂φ

∂r

)2

+
φ r2

1− r2
. (C.27)

Inputting the scalar profile (C.15) in this case and using r = cosh τ gives

β>(r) =
1

32r2 (r2 − 1)

[
− 4r4(1 + log 16) + 4r2 − 4 log2

(
r +

√
r2 − 1

)
+4
(
2r
√
r2 − 1

(
2r2 − 1

)
+ iπ

)
log
(
r +

√
r2 − 1

)
− 4iπ

(
− 2r4 − r

√
r2 − 1 + 2r3

√
r2 − 1

)
+ π2

]
. (C.28)

In terms of the variable z = r2 − 1 in (7.7), this becomes

β>(z) =
1

32z(z + 1)

[
− 4(z + 1)2(1 + log 16) + 4(z + 1)− 4 log2

(√
z +

√
z + 1

)
+4

(
2
√
z
√
z + 1(2(z + 1)− 1) + iπ

)
log
(√

z +
√
z + 1

)
− 4iπ

(
2
√
z(z + 1)3/2 − 2(z + 1)2 −

√
z
√
z + 1

)
+ π2

]
. (C.29)

Integrating gives

I>ϵ =

∫
β>(z)

2i
√
z(1 + z)

dz =
1

32
√
z(z + 1)

[
i
(
8iπ(z + 1)− 4(2z + 1) log2

(√
z +

√
z + 1

)
+π2(2z + 1) + 4i(2πz + π) log

(√
z +

√
z + 1

)
− 4(z + 1) log 16

)
+4

√
z
√
z + 1(2π + i(1 + log 16)) log

(√
z +

√
z + 1

) ]
. (C.30)

Along the lines of the arguments in (C.19) in the dS4 case, we have∫ −δ

−1

β>(z)

2
√

−z(1 + z)
dz =

∫ δ

1

β>(−y)
2
√
y(1− y)

d(−y) =
∫ 1

δ

β<(y)

2
√
y(1− y)

dy ≡ I<ϵ (z) . (C.31)
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Thus, analytically continuing the integrated expression I>ϵ to the hemisphere region (r < 1)

as z → −z gives

I<ϵ (z) = I>ϵ (−z) =
1

32
√

z(1− z)

[(
8iπ(1− z)− 4(−2z + 1) log2

(
i
√
z +

√
1− z

)
+π2(−2z + 1) + 4i(−2πz + π) log

(
i
√
z +

√
1− z

)
− 4(1− z) log 16

)
+4

√
z
√
1− z(2π + i(1 + log 16)) log

(
i
√
z +

√
1− z

) ]
. (C.32)

Evaluating this at the various limiting points gives

z = zc → ∞ : I>ϵ =
1

16
i
(
−(log zc)

2 + log zc + π2 + 4iπ + 4(log 2)2 − 6 log 2
)
,

z = δ : I>ϵ = −π
8
+
i (8iπ + π2 − 4 log 16)

32
√
δ

. (C.33)

Evaluating this now at z = 1 (nbp) and z = δ (which is 0− in the earlier variable) gives

z = 1 : I<ϵ =
π

16
(2πi− 1− log 16) ; z = δ : I<ϵ = −π

8
+

(8iπ + π2 − 4 log(16))

32
√
δ

. (C.34)

The contribution on the regulating semicircle is similar to that in the dS4 case and serves to

cancel the singular pieces near z = 0: we obtain

Iθϵ = −(8iπ + π2 − 4 log 16)

32
√
−δ eiθ

∣∣∣θ=0

θ=π
= −(8iπ + π2 − 4 log 16)

32
√
δ

(1
i
− 1
)
. (C.35)

Adding all these above contributions leads to (7.23). As in the dS4 case, this area calculation

can be done in the r-coordinate also, using (C.28), and its continuation to the hemisphere.

C.4 Inflation: on-shell action etc

We review aspects of evaluating the action for spaces with a boundary: besides [222, 224, 99],

and [223], some useful references include [191, 225, 226, 227, 102, 228] We consider the d+1-

dim Einstein-scalar action

I =
1

16πGd+1

∫
dd+1x

√
g
(
R− (∂ϕ)2 − 2V (ϕ)

)
− 1

8πGd+1

∫
d3x

√
hK . (C.36)

With a minisuperspace-type metric ansatz as required for our analysis here

ds2 = −N2(t)dt2 + a2(t)dΩ2
d , (C.37)
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and a d + 1-split in the ADM formulation, we obtain the spatial curvature and the extrinsic

curvature as

R(d) =
d(d− 1)

a2
, Kij =

1

2N
ḣij =

1

2N
2aȧ sij , K = sijKij =

d ȧ

aN
, (C.38)

where sij is the unit Sd metric. Alongwith cancellations between the bulk and boundary

terms above, this gives the Lorentzian action

iI =
i

16πGd+1

∫
dtΩdN ad

(
KijK

ij −K2 +R(d) − 2V +
1

N2
ϕ̇2

)
=

iΩd

16πGd+1

∫
dtN ad

(
−d(d− 1)

ȧ2

a2N2
+ d(d− 1)

1

a2
− 2V +

1

N2
ϕ̇2

)
. (C.39)

Varying with N leads to the Hamiltonian constraint with Lorentzian signature:

R(d)−2V − 1

N2
KijK

ij+
1

N2
K2− 1

N2
ϕ̇2 = 0 =

d(d− 1)

a2
+d(d−1)

ȧ2

a2N2
−2V − 1

N2
ϕ̇2 . (C.40)

To go Euclidean, we either take N → iN or t→ it so −N2dt2 → N2dt2 . This gives

−IE =
Ωd

16πGd+1

∫
dtN ad

(
d(d− 1)

ȧ2

a2N2
+ d(d− 1)

1

a2
− 2V − 1

N2
ϕ̇2

)
, (C.41)

as the Euclidean action and the Hamiltonian constraint becomes

d(d− 1)

a2
− 2V − d(d− 1)

ȧ2

a2N2
+

1

N2
ϕ̇2 = 0 . (C.42)

For the metric in the Euclidean form on the right in (7.1), with a taken as the time coordinate

so ȧ = 1, we then obtain

gaa ≡ N2 =
d(d−1)

2
− 1

2
(a∂aϕ)

2

d(d−1)
2

− V a2
. (C.43)

Inputting the Hamiltonian constraint, we can evaluate the on-shell action with the time

coordinate taken as a = t. We will now evaluate this for dS4 and dS3 slow-roll inflation to

O(ϵ) in the slow-roll parameter.

dS4 slow-roll:

With d = 3, inputting the Hamiltonian constraint, we obtain the on-shell action

−IE =
6Ω3

16πG4

∫
daN a

(
1

N2
+ 1− a2ϕ̇2

6N2
− a2V

3

)
=

3π

2G4

∫
daN a

(
1− a2V

3

)
. (C.44)



Appendix C Appendix to Chapter 7 135

Thus the Lorentzian action taking N2 → −N2 can be written with the minus sign inside one

radical and becomes

iI = − iπ

2G4

∫
da a

√
3− 1

2
(a∂aϕ)2

√
a2V − 3 . (C.45)

For pure dS4, we have V ≡ Λ = 3
l2

and ϕ = const, giving the real part of the action as

Re(iI) = −3iπ l2

2G4

∫ 1

0
dr r

√
r2 − 1 = π l2

2G4
, i.e. half dS4 entropy as expected.

Incorporating the slow-roll correction and expanding to O(ϵ), we obtain

iI = −3iπ l2

2G4

∫ rc

0

dr r
√
r2 − 1

[
1 + ϵ

(
−1

6
(r∂rφ̃(r))

2 +
r2φ̃(r)

r2 − 1

)]
. (C.46)

Breaking up the integral into the Euclidean part over r ∈ [0, 1] and the Lorentzian part

r ∈ [1, rc] with rc ≡ Rc

l
, the leading pure de Sitter term gives

iI0 =
π l2

2G4

[
1− i

(
r3c −

3

2
rc +O

(
1

rc

))]
. (C.47)

For the O(ϵ) correction, we use the explicit expressions for the inflaton profile and evaluate

(e.g. by defining an appropriate contour to avoid the pole at r = 1). Simplifying finally gives

iIϵ =
π l2

2G4

ϵ

[
ir3c

(
log rc −

1

6

)
+
irc
4

(6 log rc − 11) +

(
log 4− 7

2
+ iπ

)
+O

(
1

rc

)]
. (C.48)

This recovers the expressions in [223] (see App.C.1 for the O(ϵ) terms), after noting V∗
3
= l2

and reinstating 8πG4.

dS3 slow-roll:

With d = 2, inputting the Hamiltonian constraint gives IE = − 2Ω2

8πG4

∫
daN (1− a2V ), so the

on-shell Lorentzian action becomes

iI = − i

G3

∫
da a

√
1− 1

2
(a∂aϕ)2

√
a2V − 1 . (C.49)

Expanding to O(ϵ) and simplifying gives

iI = − il

G3

∫ rc

0

dr
√
r2 − 1

[
1 + ϵ

(
−1

2
(r∂rφ̃(r))

2 +
r2φ̃(r)

r2 − 1

)]
. (C.50)
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The leading term is the pure dS3 action

iI0 = − il

G3

[
iπ

4
+

1

2

(
rc
√
r2c − 1− log

(
rc +

√
r2c − 1

))]
=

π l

4G3

− il

G3

(
r2c
2
− 1

2
log rc −

1

2
log 2− 1

4

)
+O

( 1

rc

)
. (C.51)

The subleading O(ϵ) terms can be evaluated as in the dS4 case (e.g. by an appropriate contour

in the complex r-plane, avoiding the pole at r = 1). Simplifying, this finally gives

iIϵ =
l

2G3

ϵ

[
− π

16
(1 + log 16)

+
i

16

(
4zc log zc − 2zc + (log zc)

2 + log zc + π2 + 1− 4(log 2)2 − 2 log 2
)]
.(C.52)

Using zc = r2c − 1 and expanding gives

iIϵ =
l

2G3

ϵ

[
− π

16
(1 + log 16)

+
i

16

(
8r2c log rc − 2r2c + 4(log rc)

2 − 6 log rc + π2 − 1− 4(log 2)2 − 2 log 2
)]
.(C.53)
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