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Abstract In this work, we develop an Einasto-core gener-
alization of the Dymnikova regular black hole metric, moti-
vated by the flat density profile and the Einasto-type density
distribution used in modeling dark matter halos and galac-
tic structures. Replacing the exponential source term in the
Dymnikova metric with an Einasto-type profile defined by
the parameter o, we obtain a new, regular class of asymp-
totically flat and spherically symmetric configurations. We
derive the corresponding spacetime metric by employing the
Einstein field equations with an anisotropic stress-energy ten-
sor as the matter source. Our analysis confirms that a family
of regular black hole solutions can be constructed for arbi-
trary values of the Einasto index « and for a broad range
of mass parameters M .The resulting configuration smoothly
interpolates between a de Sitter core at the center and a
Schwarzschild-like exterior at large radii, preserving the reg-
ular character of the geometry. It is observed that the inter-
polation of different shape parameter values leads to distinct
self-gravitational, anisotropic populations of cosmic objects
with unique physical characteristics. The non-singular and
viable nature of the obtained solution is examined through
the finiteness of the scalar curvature.

1 Introduction

The theoretical framework of the cold dark matter (CDM)
model for the evolution of cosmological entities is firmly
established and demonstrates excellent agreement with obser-
vations on astrophysical scales [1]. The CDM model fre-
quently involves massive particles that interact weakly
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(WIMPs). Their interaction cross-section, characteristic of
weak interactions, yields the correct relic abundance if these
particles were in thermal equilibrium in the early universe.
Astrophysically, WIMP-based self-gravitational halo entities
exhibit several micro-scale inconsistencies. These include
the cusp—core issue, the overabundance of observed sub-
haloes, the diversity in observed rotation curves and stellar
distributions, and dynamical discrepancies exemplified by
the “too-big-to-fail” [2]. The abundance of dark matter (DM)
in the cosmic budget implies that the universe is densely pop-
ulated with DM haloes. To understand the population of halo
configurations in the cosmos, several density distributions
have been analyzed in the literature. Describing the density
distribution of dark matter (DM) haloes is typically initi-
ated using the Navarro, Frenk, and White [3]. This model
is considered fundamental for characterizing the DM distri-
bution. Characterized by two distinct power laws, the NFW
density distribution has an inner density slope of »~! and an
outer slope that decays as 3. It represents a special case of
double power law models, with asymptotic slopes »~7 and
r~# that describe the behavior of inner and outer density.
Beyond the NFW model, several heuristic profiles have been
developed, including the Moore [4], DC14 [5], and Burkert
[6] forms, as well as luminous matter distributions such as
the de Vaucouleurs [7] and Jaffe [8] profiles. In this respect,
Khan and Mahmoud [9] examined the possible connection
between central galactic black holes and DM using the multi-
parameter Zhao density distribution using the Hu-Sawicki
S (R) gravity. Although these profiles are inspired by ana-
lytical insights, their exact functional representations have
been refined through cosmological N-body simulations [3].
Lacking a derivation from fundamental physical principles,
it is still unclear why these empirical density profiles pro-
vide such good agreement with numerical simulations and
observational data. Only a limited number of studies have
attempted to derive these density profiles through a statisti-
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cal framework [10]. The dynamical and gravitational lensing
characteristics of this family of double power-law models
have been extensively studied in the literature [11-13].

Even though the existence of cosmic DM is confirmed by
a variety of discoveries, its fundamental particle composition
remains a significant obstacle that connects particle physics
and stellar astronomy [14]. A wide variety of DM candidates
with masses spanning many orders of magnitude have been
proposed. In this context, Fuzzy dark matter (FDM) serves as
an interesting and appealing modification of the CDM frame-
work, maintaining consistency with cosmological structures
while addressing several long-standing small-scale issues
[15,16]. FDM assumes that light bosons constitute DM and
predicts the formation of a solitonic core, often referred to
as a boson star, stabilized by wave pressure at the center of
halos. This is based on ultralight axions as a means to resolve
the galactic-scale discrepancies inherent in the CDM frame-
work. FDM wave interference produces density fluctuations
capable of perturbing the motion of a supermassive galactic
object at the center of its host halo. FDM exhibits a distinc-
tive behavior at subatomic scales, which contrasts with the
classical CDM model. However, FDM retains the extraor-
dinary outcomes of the CDM cosmological model because
the findings are consistent with CDM at astrophysical scales.
In the fuzzy dark matter (FDM) framework, dark matter is
modeled as an ultralight bosonic field with a particle mass
ranging from 10723 to 10721 eV.

Structures formed by these particles exhibit a central core
enclosed by an outer envelope with a profile analogous to
that of CDM. The core itself serves as a characteristic hall-
mark of the FDM model, as demonstrated by structure forma-
tion simulations [17-20]. Detailed studies of core formation
at small scales have been conducted mainly in two simula-
tion settings. The first corresponds to the multi-merging of
cores, as examined in the studies [18,21], resulting in the
emergence of core—halo configurations. A second scenario
considers kinetic relaxation from random initial conditions
as the mechanism driving core formation [22,23]. The exis-
tence of black holes and how they behave within FDM cores
is a crucial component added to FDM phenomenology.

Navarro et al. [24] and Merritt et al. [25] proposed an alter-
native model in which the logarithmic density slope, rather
than the density, exhibits a power-law dependence. This for-
mulation was shown to reproduce the density structure of
high-resolution N-body DM haloes more accurately than the
NFW profile. The idea of representing a system through a
power-law logarithmic density slope was first proposed by
Einasto [26], who applied it to model stellar distributions in
nearby galaxies such as M 31, M 32, M 87, and later in the
Milky Way [27], forming the basis of what is now known as
the Einasto profile. Unlike models where the density follows
a power-law form, in this case the logarithmic density slope
is the quantity that exhibits a power-law behavior. N-body
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simulations of ACDM [24] reveal that the Einasto density
distribution [26,27] yields an excellent universal fit for DM
haloes spanning a wide mass range. The physical and dynam-
ical properties of the Einasto model have been extensively
investigated by several authors [28-32]. Recent astrophysi-
cal research has highlighted the significance of dark matter
and the constraint of a vanishing gravitational complexity
factor in shaping the formation processes and physical char-
acteristics of anisotropic compact stars [33—39].

To tackle the fundamental issues encountered in Einstein’s
classical model at the Planck scale, noncommutative geom-
etry (NCG) provides a compelling framework for describing
FDM-based galactic halos. The center singularity, the area
of formal spacetime curvature divergence typical of classical
black hole solutions, is avoided by this approach, which is
its main significance. A minimal length scale, represented by
the parameter 0, is naturally produced by NCG-inspired mod-
els, which consider spacetime coordinates as non-commuting
operators. NCG is characterized by the noncommutation of
the spacetime coordinate operators, expressed as follows:
[x*, x¥] = i O*Y, where x* is an antisymmetric matrix. In
addition, NCG alters black hole thermodynamics by modify-
ing the Hawking temperature and entropy, typically leading
to the prediction of a remnant with a minimum mass. The
existence of a minimum mass suggests that Hawking evapo-
ration may stop, resulting in a stable black hole remnant and
potentially addressing the information loss paradox. Some
models, such as the (2 4+ 1)-dimensional fuzzy BTZ black
hole, realize fuzzy black holes as quantum spaces described
by a noncommutative operator algebra, where the horizon
and interior arise from the quantum geometry, linking NCG
to the quantum nature of gravity. The Gaussian distribution
is a special case of what is known as the Einasto profile of
DM, connecting fuzzy black hole models to broader astro-
physical density profiles. In the context of NCG, Khan and
Yousaf [40,41] proposed fuzzy black hole-like configura-
tions by merging a de Sitter—type core with the Einasto-type
density distribution in f (R) gravity. For further applications
of NCG in modified theories of gravity, one may refer to
astrophysical investigations examining the influence of NCG
on anisotropic stellar models of compact stars [42—46].

In relativistic astrophysics, the modeling of astrophysi-
cal stellar configurations has increasingly focused on the
effects of pressure anisotropy, which arises when the prin-
cipal stresses (p,, p1) differ from each other, i.e., pressure
is direction-dependent. Although early relativistic models
often treated stellar interiors as isotropic perfect fluids, it
is now recognized that at densities exceeding nuclear matter,
deviations from isotropy become significant. The degree of
anisotropy is quantified by the factor A := p, — p, which
strongly influences the equilibrium configuration, stability,
and maximum mass of the star. Pressure anisotropy is com-
monly introduced in models of self-gravitating fluids because
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it occurs in numerous physically meaningful contexts [47]. It
has also been shown [48] that pressure anisotropy inevitably
arises during stellar evolution, even when a system is initially
modeled as isotropic. Anisotropic pressures can modify the
gravitational field, alter the energy density profile, and lead to
a range of rich relativistic phenomena, including changes in
central density, phase transitions [49,50], and novel structural
features. The relevance of unequal principal stresses is highly
significant for understanding the astrophysical framework of
compact formations when employing different gravity mod-
els in stellar astronomy. Owing to its applications in astro-
physics, a novel anisotropic solution describing the hybrid
star configuration based on the MIT model was developed by
etal. [51]. Their research explored the governing influence of
complexity-free conditions on the dynamics of hybrid-matter
compact objects. To stay up-to-date with recent astronomical
studies on the relativistic analysis of stellar objects, several
contemporary investigations should be incorporated [52-56].

In this study, we examine the geometric and physical char-
acteristics of the fuzzified Dymnikova metric by generalizing
it through the Einasto density distribution. The correspond-
ing spacetime metric is derived, and the behavior of curva-
ture invariants, energy conditions, and the effective potential
is analyzed. Particular emphasis is placed on the role of the
Einasto index in regulating the degree of regularity and deter-
mining the characteristic scales of the black hole solution,
thereby extending Dymnikova’s model into a broader and
more versatile relativistic framework. The paper proceeds as
follows. Section 2 reviews the Einasto density distribution
and the corresponding essential formulae. Section 3 focuses
on the construction of the fuzzified Dymnikova black hole
metric. Section 4 is devoted to the analysis of the energy
conditions for the proposed model. In Sect. 5, we examine
the effective potentials corresponding to the present solution
and the Schwarzschild metric for comparison. Finally, the
conclusions are summarized in Sect. 6.

2 The Einasto-type density distribution

For describing radial variations in the density of dense-matter
configurations, the Einasto-type model offers an empirical
and flexible parametrization. Unlike the standard isothermal
or NFW profiles, the Einasto profile incorporates an exponen-
tial element that allows for a continually fluctuating logarith-
mic slope, providing a more flexible representation of galac-
tic and stellar structures [24,57,58]. According to Einasto,
any astrophysical model that is theoretically coherent needs
to include describing functions [59]. These functions, which
jointly obey a well-defined set of restrictions, include the
density, effective potential, and mass function. Since they
are integrals of the underlying density distribution, all the
describing functions can be traced back to the form of o (7).

It is thus evident that the density profile serves as the domi-
nant functional form in describing the structure of a galactic
system, and It is expected to comply with the following phys-
ical criteria: The density function p = p(r) must satisfy the
following fundamental requirements:

(@) 0 :Ry — [0,00), witho(r) <ocoVr > 0.

(b) 0 € C®°MRy), o'(r) <0Vr >0, lim_oo(r) =
0, where f’ := 9, f.

(c) The finiteness of specific moments of the mass pro-
file, namely those associated with the central gravita-
tional potential, the total mass, and the effective (mean)
radius, is a necessary condition for a physically accept-
able model.

(d) All descriptive functions f(r) derived from o (r) must
remain continuous throughout R ; that is,

feC'Ry),

ensuring that no jump discontinuities occur within the
physical domain.

Over the years, the DM Einasto-type density distribution
has found extensive application in modeling diverse galactic
systems, such as spherical, elliptical, and disc galaxies, as
well as in describing the internal density structure of DM
halos [24,28,29,57,60]. For recent analytical investigations
of the Einasto model in modeling DM-based self-gravitating
compact configurations see [33,61-65]. The Einasto profile
is distinguished by a power law form of the logarithmic slope
of the density distribution

dlno
dinr

xr%, (1)

where « is a dimensionless shape parameter determining the
rate at which the slope changes with r. Alternatively, one
may express it explicitly as

dIno r\*

=—2() . @)
dinr r_o
where r_; denotes the radius at which the logarithmic slope

equals —2. Integrating this relation yields the Einasto-type
density distribution:

o(r)y=0_» expl:—s ((rr_z) — 1>:| , 3)

where o_, is the density at r = r_,.
To obtain a simplified exponential form, we redefine the
constants as

oy = 0’_26%, h=r_ (g>al . )
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Substituting these into Eq. (3), the profile reduces to

o(r) = oy exp|:— <%>;i| , )

where oy is the central density and # is a characteristic scale
radius.

In such multi-component models, each structural compo-
nent is described by an individual parameter set {og, &, o},
which represents a distinct, physically homogeneous galac-
tic configuration. Navarro et al. [24] reported that, for haloes
spanning a wide mass range from dwarf galaxies to galaxy
clusters, the Einasto shape parameter « varies between 4.54
and 8.33, with an average value of « = 5.88. Furthermore,
according to Gao et al. [66] that the most massive halos
in the Millennium Run are characterized by the Einasto
index o ~ 4.35. Using the Einasto profile, Chemin et al.
[60] analyzed the rotation curves of spiral galaxies from the
THINGS survey and found that the Einasto index « tends to
be smaller by a factor of two or more than that inferred from
N-body simulations. Furthermore, Hayashi and White [57]
and Gao et al. [66] showed that the Einasto shape parameter
n decreases with both halo mass and redshift, taking values
of about @ &~ 5.88 for galaxy-sized haloes and « ~ 4.35 for
cluster-sized haloes in the Millennium Run simulation [67].
Employing a multi-parameter Einasto method, the authors
of [68] fitted the surface brightness profiles of many ellip-
tical galaxies in the Virgo cluster, assigning two or three
components per galaxy, with each component described by
a distinct o value. In the central component, « tends to be
around 1 for the most massive and shallow-cusp galaxies,
whereas it remains below 2 for steep-cusp galaxies. On the
other hand, the outer component of massive galaxies is char-
acterized by « values between 5 and 8. For the astrophysical
dark matter structures (¢ = 7.072, h = 2.121 x 1079 kpc,
M =4.57x 109M@ [27,59]), the central radial pressure takes
the value | p,(0)] ~ 5.8 x 107*! m~2 in geometric units, or
alternatively | p,(0)] ~ 7 x 10> N/m? in SI units.

Now, we compute the mass of the Einasto-type DM dis-
tribution using the general relativistic expression

M) =4xrio(r), (6)

which upon substituting the density form (5), we get

00 1
_ _("\*|.2
M@) = 4roo | exp ( 2d(2), )
0 h
whose solution reads
M(r) = dnoph’al Ba). (8)

@ Springer

From Egs. (5) and (8), we have

_ M r al 9
o) = il Ga) eXp[_ (Z) ] ©)

Thus, the total mass associated with the system is given as
My Ba, x(r)) (r)é

e —_— = —_ 5 10

m(r) I Ga) x(r) A (10)

where y (3c, x(r)) is the lower incomplete gamma function.

3 Einstein field equations for the fuzzified Dymnikova
metric

We consider a static, spherically symmetric spacetime
described by the line element

d 2
ds® = () di® — 2 _2@6? +sin20de%), (1)

Q)

where the metric potential f(r) is given by

2m r\3
f(r)zl—T{l—eXP[—(z> ]} (12)

This is known as Dymnikova black hole metric. This met-
ric was proposed by Dymnikova in the 1990s as a regular
black hole solution [69]. Dymnikova’s regular black-hole
construction follows Gliner’s hypothesis that replacing the
central region with a de Sitter core prevents the formation of a
singularity [70,71]. This solution has particular significance
since it provides one of the first elegant models of a non-
singular black hole, with a de Sitter-like interior effectively
matched to an outer Schwarzschild region. Furthermore, later
research has demonstrated that it occurs naturally in a vari-
ety of quantum-gravity circumstances, including Asymptot-
ically Safe gravity. The authors of [72] demonstrated that the
d = 4 Dymnikova density profile can be viewed as the grav-
itational counterpart of the Schwinger effect. Additionally,
it was demonstrated in [73,74] that when the Generalized
Uncertainty Principle is considered, the Schwinger mecha-
nism gets particular corrections. In light of this, a few of the
current writers have investigated wormholes and suggested
a Generalized Uncertainty Principle correction to the Dym-
nikova density profile [75].

3.1 Einstein tensor components
The Einstein field equations are

Gy =811y, (13)



Eur. Phys. J. C (2025) 85:1402

Page 5of 12 1402

with the energy-momentum tensor of an anisotropic fluid
given by

T, =diag[o, —p,, —pL, —pLl. (14)

For the line element (11), the non-vanishing components of
GH, are

!
—1
G =sa1, = 1 4 f(r)2 = _8xo, (15)
r r
!/
-1
6y =t » LD TOZL g (16)
r r
1 "(r
Ggg :87[T69 = G¢¢ = Ef”(r) + f: ) =8npy, (17)
with conservation equation
/! 2
p;+ﬁ(0+l7r)+;(pr _pJ_) = 0. (18)

Next, imposing the condition G'; = G”,, we have
—8no =8np, = 0 = —p;. (19)

Thus, the radial pressure equals the negative of the energy
density, representing the familiar relation of a de Sitter-like
core.

Finally, the field equations for the fuzzified Dymnikova
(Einasto-core) geometry take the final for

o(r) =ope ), (20)
pr(r) = o (r), @1
pL(r) = —0(r) + %am, (22)

where o/ (r) is given by

x(r)

, r\ 1l/a
P == xm=(5)" 23)
ar

h
Therefore, the tangential pressure can be expressed explicitly
as

pr) = =ane (1452, 24)

Finally, the metric potential is defined as

_ 2M y B, x(r))
fr)y=1- T TGw (25)

which reproduces to the original Dymnikova metric for n =
1

3

3.2 Comparison with Schwarzschild metric and classical
Dymnikova metric

In this subsection, we compare the fuzzified Dymnikova met-
ric (25) with the classical Schwarzschild and Dymnikova
black holes. For this let uis define

_ ., Y@, x(r)
mr)=M —F(3a) . (26)

so that the metric (25), cxan be alternatively defined as

fr)y=1- 2mr(r), (27)

which highlights that the solution is a Schwarzschild-like
geometry with a “smeared” mass profile m(r). In the
asymptotic limit, where the incomplete gamma fraction
approaches unity, the metric function reproduces the stan-
dard Schwarzschild form.

2M
fsen(r) =1——=. (28)

More precisely,

y G, x(r) _ o
T TGa) L= lim f(r) = fsen(r).  (29)

r—0o0

Therefore, the spacetime approaches the Schwarzschild
geometry asymptotically, retaining the same DM mass M.
In the vicinity of the origin, the behavior changes signifi-
cantly. For small values of x, the lower incomplete gamma
function admits the expansion y (s, x) ~ x*/s; therefore,

yBa, x(r) 1 (1)3“/". (30)
I'Ga) 30 I'Ba) \h
Therefore, for r < h,
" pdem
~]l-2MKr» ', K= ——. 31
fr) r 30T Ga) (3D

Lets = 37"‘ —1.Whens > 0(.e.,3x/n > 1), the correction
term vanishes asr — 0, yielding f(r) — 1. Here, the metric
is regular at the origin in the g,,-component, whereas for the
Schwarzschild solution fsch(r) — —oo asr — 0.

In its standard formulation, the Dymnikova regular black
hole metric takes the form

2M 3
foym(r) =1 — 7[1 — ], (32)

or, more generally, with a mass function mpym () that varies
smoothly from O at the center to M as r — oo. The present

@ Springer
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model falls within the same qualitative category, character-
ized by a monotonically increasing mass function m(r) sat-
isfying

limm(r) =0 (f3a/n > 0), lim m(r)y=M. (33)
r—0 r—00

Hence, both geometries remove the central singularity by
introducing an extended core in place of the point mass.
The main distinction arises in the radial dependence: Dym-
nikova’s profile exhibits exponential suppression, while our
model follows an FEinasto-like form involving the lower
incomplete gamma function, producing a power-law behav-
ior at small r controlled by « and n. Since the mass func-
tion m(r) monotonically grows from a small central value
to the total mass M at spatial infinity, three distinct quali-
tative configurations emerge, determined by the parameters
(M, a,n,h):

1. Two horizons (inner and outer), analogous to non-
extremal regular black holes.

2. One degenerate horizon (extremal configuration).

3. No horizon, if 2m(r) < r for all r > 0, producing a
horizonless compact object.

Unlike the present model, the Schwarzschild solution fea-
tures a single, non-degenerate event horizon at r =2 M.

3.2.1 Consistency: Ricci scalar

The Ricci scalar for the above system can be written as
l —x(r) x(r)
R = =87 (4p +rp’) = —8mpoe 4———), 34
o

which remains finite at ¥ = 0 and vanishes asymptotically,
confirming the regular nature of the fuzzified Dymnikova
black hole.

4 Energy conditions

We first recall the definitions of the energy conditions in
component form for a diagonal stress tensor:

e Null Energy Condition (NEC): for any null vector k*,
Twktk" >0 = o+4+pi>0 (=rb,¢).
For spherical symmetry, it suffices to check

o+pr>0, o+pL=0.

@ Springer

e Weak Energy Condition (WEC): for any timelike vec-
tor ut,

T,utu">0 = o0>0,0+p; >0 (=r1l).

e Strong Energy Condition (SEC): for any timelike vec-
tor ut,

(T,w — %Tg,w)u“u” >0

which for a diagonal anisotropic fluid is equivalent to the

pair of inequalities

o+pi=0 (i=r,1), o+p +2pL=0.

e Dominant Energy Condition (DEC): in addition to the
WEQC, the energy flux is causal, which for a diagonal
stress tensor reduces to

@=r1).

o > |pil

Analysis for the fuzzified Dymnikova model.
Using p, = —o, we have

o+ p =0—0=0,
for all . Hence, the radial combinations are marginal (satu-
rating to zero).

For the tangential combination,

_ | X\ X ")
o~|—pl_o—0<+2a)_—2aar.

Since x(r) > 0 and o (r) > 0, it follows that
0+ pL=—r-0(r) <0,
20

with equality only at the center r = 0, where x(0) = 0.
Finally, the SEC combination reads

U+pr+2pj_=o—a+2<—a—io)
2
X
- —20—(1 + —) <0,
200
which is strictly negative for any r > 0.
The DEC inequalities are

X
02|pL|=U(1+_).

o > |p-| =0 (saturated), 5
o

Thus, the DEC holds as illustrated in Fig. 4.

Physical interpretation The core of the fuzzified Dymnikova
geometry is vacuum-like: as r — 0, p, >~ p; ~ —oy
and the stress mimics a de Sitter vacuum (cosmological-
constant behaviour). In that sense the radial equation-of-state
pr = —o is vacuum-like and marginally satisfies o + p, = 0.
However the tangential pressure is more negative (because
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of the slope term ro’/2), producing anisotropy and leading
to violations of the usual energy conditions away from the
centre. Such violations are common and expected in mod-
els that regularize the central singularity (they are typically
interpreted as effective contributions from quantum vacuum
polarization or exotic/DE-like matter rather than ordinary
classical matter).

Analysis

e Atr = 0 one has x(0) = 0, hence p,(0) = p,1(0) =
—oy; all marginal inequalities are saturated there (e.g.
p + pi =0).

e For small but nonzero r, the tangential violation scales
like =50 ~ —5-(r/ry)/"0p, so the violation is mild
near the core and grows outward according to the Einasto
index n.

e Ifdesired, onecanploto+pyi,0+ prand p+p,+2p]1
to illustrate the regions of violation for chosen parameter
values (o, ry, o).

In the presented fuzzified stellar model, we noted that the
radial component of the fluid fulfills all conventional energy
conditions, such as NEC, WEC, SEC, and DEC, whereas
the tangential component violates them for » > 0. The
anisotropic stress distribution together with the EDP func-
tion, which is necessary to maintain regular, non-singular
interiors, naturally leads to these violations. This kind of
behavior represents the unusual stress-energy structure nec-
essary to support the generalized Dymnikova black-hole or
horizonless stellar configurations and to avoid singularity
development, rather than suggesting a physical instability of
the overall arrangement. The non-local EoS further guaran-
tees a physically feasible and self-consistent structure, while
the anisotropy stabilizes the situation by counteracting the
gravitational force. As aresult, these energy requirement vio-
lations are fundamental to the creation of our regular, smeared
self-gravitational black solutions and have a significant phys-
ical relevance.

5 Relativistic effective potential

To examine the motion of test particles in the gravitational
field of the fuzzified Dymnikova regular black hole, we study
the relativistic effective potential derived from the underly-
ing spacetime geometry. In his context, we test the astro-
physical relevance of our model by exploring whether the
proposed smeared DM solution can account for the cen-
tral black hole of the Milky Way, characterized by a mass
Mgy = 4.1 x 10° Mg and a Schwarzschild radius Ry =
17.4 R [76,77]. To proceed, it is necessary to obtain reliable
estimates for the key parameters characterizing the smeared

solution. In particular, we determine the model parameters
by imposing that the total mass M and the mass m () approx-
imates Mpy when evaluated at the radius r;i, corresponding
to the minimum of the effective potential for massive test
particles. That is,

- o 02, (35)
Mgy
0} + ®°" (r) = constant. (36)

Here, the overdot represents differentiation with respect
to the proper time for massive particles, or with respect to an
affine parameter in the case of massless particles. Accord-
ingly, the effective potential associated with the fuzzified
Dymnikova metric takes the form

¢ L? L?
¢eff:_2_M<7_f>, (37)

where ¢ = 1 for massive particles and ¢ = 0 for massless
particles. Then, by introducing the rescaled parameters

=", =2 r =2Mpy. (38)
Vs Vs
we obtain
oeff — L yGBaxw) (L7 e (39)
2u? I'Gw) u3 2u)’

where x (u) = (4) % On the other hand, the effective poten-
tial for the classical Schwarzschild metric is defined as

L? L?
o = 5 — (— - 5) , (40)

S A1)

6 Discussion of graphical results

We now turn to the graphical examination of the principal
physical parameters that characterize the Einasto-modified
Dymnikova spacetime. The profiles of physical quanti-
ties (o, pr, p1, A), metric potential f(r), and the effective
potential ®.¢r(r) exhibit several physically significant fea-
tures, which are summarized below.

@ Springer
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(c) Tangential pressure p, (r) for different a.

Fig. 1 Variation of the physical variables with r for different values of the Einasto index «

e Energy Density: The density profile o (r) = oge™*")
attains a finite maximum at the origin and decreases
monotonically with increasing r, confirming a smooth,
regular core structure without any singularities, as
described in left panel of Fig. 1. The decay rate is gov-

r

Fig. 2 Variation of the anisotropy parameter A with respect to r

@ Springer

erned by the Einasto index «; lower values of o corre-
spond to a steeper and more centrally concentrated den-
sity profile, while higher « lead to a smoother and more
extended core region.

Radial Pressure: The radial pressure, defined as p, =
—o, remains negative throughout the configuration, sig-
nifying a de Sitter—like repulsive core (see the right panel
of Fig. 1). Its magnitude follows the same radial decay as
the density and approaches zero asymptotically, ensuring
that the spacetime is asymptotically Schwarzschild.
Tangential Pressure: The tangential pressure, given by
pL=—0 (1 + %) coincides with the p, near the cen-
ter but diverges at larger radii, indicating the onset of
anisotropic stresses, as displayed by the bottom panel
of 1. The deviation grows with radius but weakens for
higher o, implying that the Einasto index regulates the
level of anisotropy in the system. since o9 > 0 and
x(r) > 0.

Anisotropy Factor: The anisotropy factor A = p; —

pr = —%, Vvanishes at the center and becomes increas-



Eur. Phys. J. C (2025) 85:1402 Page 9 of 12 1402

r

0.5

(c¢) f(r) for M = 1.5. (d) f(r) for M = 2.0.

Fig. 3 Variation of the metric function f(r) for different mass parameters M and Einasto indices «. Each panel illustrates the influence of o on
the shape and horizon structure of the fuzzified Dymnikova black hole

(a) DEC (b) DEC

Fig. 4 Variation of the DEC with respect to r

ingly negative outward (see Fig. 2). This indicates that the pressure, thereby influencing the stability of the configu-
tangential pressure dominates over the radial one in mag- ration. A negative value of A implies that p; < p,, that
nitude beyond the core region. The anisotropy plays a cru- is, the tangential pressure is smaller than the radial one.
cial role in balancing gravitational attraction and internal The anisotropy vanishes at the center (r = 0) because

@ Springer
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(e) Perr(r) for massive particles, & = 15, H = 15.

5 Plots of the effective potential with respect to r

x(0) = 0. Hence, the anisotropy increases outward, sug-
gesting that the fluid becomes progressively more under-
pressured in the tangential direction compared to the
radial one.

Metric Function: The metric potential f(r) remains
finite and positive inside the core, confirming the regu-
larity of the spacetime. Depending on the chosen param-
eters, the metric may describe a regular black hole with
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(f) @egr(r) for massless particles, .2 = 20, H = 20.

one or two horizons, or a horizonless compact droplet.
Increasing the Einasto index « produces a smoother tran-
sition from the de Sitter-like interior to the Schwarzschild
exterior geometry. The intersections with the horizontal
axis correspond to the radii of the event horizons. For
a = 0.53 and M = 0.5, a single degenerate horizon
exists (dash-dotted line) (see Fig. 3). When o = 0.3
and M = 0.5 (solid line), two distinct horizons appear.
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However, for « > 0.53, the solution becomes horizon-
less, representing an anisotropic stellar droplet. A similar
qualitative behavior of the metric function is observed for
higher mass values M = 1.0, 1.5, and 2.0.

e Effective Potential: To investigate stable and unsta-
ble orbits of the model, the graphical behavior of the
effective potential ®° for test particles has been exam-
ined. As seen in Fig. 5, the profile of ®°T depending
on the parameter selections is very similar to the tradi-
tional Schwarzschild case, with some significant changes
around the core area because of the fuzzified geome-
try. The ordinary black hole admits stable circular orbits
around it, whose characteristics depend on the parameter
«, as evidenced by the presence of a distinct minimum in
the effective potential (Fig. 4).

7 Summary

Considering the cosmic abundance of DM, we employed
the Einasto density model to construct a well-behaved self-
gravitating configuration representing DM-inspired black
holes within Einstein’s general relativity (Fig. 5). In partic-
ular, we developed an Einasto profile-based generalization
of the Dymnikova regular black hole metric. The proposed
method yields a family of compact stellar models that remain
finite at the core and recover known solutions for specific
parameter values. This framework thus established a coher-
ent link between two of the most intriguing cosmic entities:
black holes and DM. We have demonstrated that by tuning
the mass and shape index parameters of the Einasto density
distribution, one can construct a variety of self-gravitational
configurations, including regular black holes and horizonless
compact objects. The detailed investigation of the physical
parameters of the model highlights the viability of these DM-
motivated stellar structures.

Key Findings:

1. The Shape parameter « associated with Einasto density
distribution acts as a control parameter, regulating the
degree of regularity and compactness of the resulting
geometry.

2. The generalized Dymnikova—Einasto metric produces
stable, non-singular configurations that can represent
either fuzzy DM droplets or regular black holes with one
or two horizons.

3. The effective potential for test-particle motion closely
resembles that of the Schwarzschild black hole under
appropriate parameter conditions, ensuring physically
consistent trajectories.

4. The analysis of the standard energy conditions (NEC,
WEC, SEC, and DEC) reveals that the model marginally

satisfies the radial components while violating the tan-
gential ones for r > 0. Specifically, the null and weak
energy conditions are saturated at the center but violated
away from it, whereas the strong and dominant energy
conditions are not fulfilled throughout the spacetime.
This behavior is consistent with the regular nature of the
solution, where such violations are typically required to
prevent singularity formation.

5. Small deviations in the potential profiles across different
parameter sets can serve as diagnostic tools to distinguish
among competing fuzzy black hole models.

6. The shadow structure predicted by this model offers an
observable signature that could be tested through the
Event Horizon Telescope and related experiments.

To determine their unique optical and observational sig-
nals, future studies will concentrate on a thorough exami-
nation of the gravitational lensing properties linked to the
Einasto-based regular self-gravitational solutions.
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