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Zusammenfassung

Die Produktion von W-Bosonen und zusatzlichen QCD-Jets am LHC ist von groflem phéano-
menologischen Interesse. Da diese Prozesse sehr grofle Wirkungsquerschnitte besitzen, konnen
sie, auch wegen der klaren leptonischen Zerfalls-Signatur des W-Bosons, beispielsweise fiir eine
prazise Bestimmung der W-Masse oder zur Kalibrierung der Kollider-Luminositat verwendet
werden. Ein profundes theoretisches Verstandnis dieser Prozessklasse ist daher erstrebenswert.

Um die Prézision der theoretischen Vorhersagen voranzutreiben, werden in dieser Arbeit die
elektroschwachen Strahlungskorrekturen in néchst-fiihrender Ordnung der Kopplungskonstanten
« im Rahmen des Standard-Modells zur W+ jet-Produktion am LHC und am Tevatron berechnet
und die resultierenden Effekte diskutiert. Da die Korrekturen zunéchst in einem perturbativen
Zugang auf Parton-Niveau ausgewertet werden, arbeiten wir im Parton-Modell, in dem die per-
turbativen Anteile mit den nicht-perturbativen Parton-Verteilungsfunktionen gefaltet werden,
um realistische hadronische Wirkungsquerschnitte zu erhalten.

Die Rechnung wird sowohl fiir ein stabiles W-Boson auf seiner Massen-Schale durchgefiihrt,
als auch fiir ein intermediares, leptonisch zerfallendes W-Boson. Neben virtuellen Schleifen-
Korrekturen miissen hierbei auch reelle Bremsstrahlungs-Korrekturen, verursacht durch die Ab-
strahlung eines zuséatzlichen Photons, beriicksichtigt werden, wobei in beiden Anteilen sogenannte
Massen-Singularititen auftreten, die in der numerischen Auswertung sorgféltig behandelt werden
miissen. Fiir die Rechnung mit stabilem W-Boson verwenden wir die Methode des Phase-Space-
Slicings, um diese Singularitdten von der numerischen Phasenraum-Integration auszuschlieen
und sie in den problematischen Bereichen des Phasenraumes analytisch auszuwerten. In der
Rechnung mit instabilem W-Boson hingegen werden die singuldren Strukturen mittels der Me-
thode der Dipol-Subtraktion auf dem Niveau des Bremsstrahlungs-Integranden subtrahiert, um
eine stabile numerische Auswertung zu garantieren. Um eine konsistente Berechnung auch von
nicht-kollinear-sicheren Observablen zu ermoglichen, haben wir diese Subtraktions-Methode im
Rahmen der vorliegenden Arbeit entsprechend erweitert.

Neben dem Auftreten von Massen-Singularitdten beinhaltet die Berechnung der Strahlungs-
korrekturen zu Prozessen mit instabilem W-Boson die Schwierigkeit, dass eine endliche Zerfalls-
breite in die Rechnung eingefithrt werden muss. Geschieht dies in uniiberlegter Weise, kann
schon in fiihrender Ordnung die Eichinvarianz der Amplitude verletzt sein. Wir arbeiten daher
im Complex-Mass-Scheme, das eine konsistente und eichinvariante Behandlung der endlichen
Lebensdauer des W-Bosons garantiert und in allen Regionen des Phasenraumes angewendet
werden kann.

Unsere Resultate sind in einem flexiblen Monte-Carlo Programm implementiert, das es er-
moglicht — neben totalen Wirkungsquerschnitten — alle physikalisch motivierten differentiellen
Wirkungsquerschnitte in Form von Histogrammen zu generieren. Es kann daher zukiinftig als
Analyse-Tool fiir LHC-Daten verwendet werden, zumal die numerische Auswertung — neben
groflen negativen elektroschwachen Korrekturen bei hohen Transversal-Impulsen — wichtige Kor-
rekturen zur Verteilung der transversalen Masse des Lepton-Paares in der Resonanz-Region
ergibt, die fiir eine prézise Bestimmung der W-Masse berticksichtigt werden sollten.






Abstract

The production of W bosons and additional jets at hadron colliders is a topic of great phe-
nomenological interest, because such processes have large cross sections and, owing to the clear
decay signature of the W boson, can for instance be used to monitor and calibrate the collider’s
luminosity, as well as for a precise determination of the W-boson mass and width. Thus, a
profound theoretical understanding of this process class is mandatory.

In order to improve the accuracy of the theoretical predictions, this thesis is devoted to the
calculation of the electroweak radiative corrections to the production of one W boson with one
associated jet at the LHC and the Tevatron within the Standard Model. Since these corrections
are at first evaluated on the parton level in a perturbative approach, we work in the parton
model, where the hadronic cross section is obtained by folding the partonic contributions with
the parton distribution functions that contain the non-perturbative information of the proton
structure and have to be determined by experiment.

We provide results for a stable W boson that is produced on its mass shell as well as for an
intermediate (off-shell) W boson decaying into a charged lepton and a neutrino. For a consistent
calculation of the next-to-leading order corrections, we have to take into account the virtual
one-loop contributions, as well as the real bremsstrahlung corrections caused by radiation of
one additional photon. Within both contributions, mass singularities appear that have to be
treated with care within the numerical evaluation. In the calculation with a stable W boson in
the final state, we use the method of phase-space slicing in order to exclude such singularities
from the numerical phase-space integration and calculate them analytically in the problematic
phase-space regions. For the off-shell calculation, however, we use the more sophisticated dipole
subtraction technique to subtract the infrared-singular structures on the integrand level to allow
for a stable numerical evaluation. Within this thesis, we extend this method to also enable the
consistent treatment of non-collinear-safe observables related to photon radiation off muons.

Additionally, the calculation of radiative corrections to processes involving an unstable W bo-
son leads to the problem that a finite particle width has to be consistently introduced in the
calculation. If this is done carelessly, gauge invariance might be destroyed even at the leading
order of the perturbative series. Thus, we work in the complex-mass scheme to account for a
proper inclusion of a finite W-boson width in our calculation. This particular scheme respects
gauge invariance and can be applied in all phase-space regions.

Our results are implemented into a flexible Monte Carlo code that allows for the calculation of
total cross sections and differential distributions, where in principle any event-selection criteria
that might be of physical interest can be applied. In the numerical analysis we observe large
negative electroweak corrections at large transverse momenta that can be attributed to universal
Sudakov logarithms. Moreover, relevant deviations in the shape of the transverse-mass distribu-
tion of the final-state lepton pair near the resonance are induced that are important with regard
to a precise determination of the W mass. Thus, our code can provide crucial information as a
tool for the analysis of LHC data.






Chapter 1

Motivation and introduction

The production of electroweak (EW) W and Z° bosons with subsequent leptonic decays is
one of the most prominent Standard Model (SM) processes at present and future hadron
colliders like the Fermilab Tevatron and the CERN Large Hadron Collider (LHC). The
signatures are clean owing to the final-state leptons, and the cross sections are large. In
particular, the cross section for W-boson production at the LHC will be about ten times as
big as for Z° production, corresponding to 200 events per second with a leptonic decay of
the W boson, when the collider operates at its design luminosity of Lypc = 10** cm™2/s.

Due to the large cross sections and the resulting high statistics even at lower-luminosity
runs, the investigation of the charged-current Drell-Yan process

pp—mW+X—ly+X (1.0.1)

at the LHC will provide the possibility to directly measure the mass (M) and width
(T'w) of the W boson with the highest accuracy ever. For this purpose, the distributions
of the lepton transverse momentum (pr,) or the transverse mass of the lepton pair (Mt ,,)
that are obtained by experiment are compared to the theoretical predictions in a fitting
procedure [1, 2], since those leptonic observables exhibit a sensitive dependence on My
and I'yy and are also well-suited for experimental reconstruction.

As pointed out in Ref. [2], a precise knowledge of My and I'y—which are essential
parameters of the SM—is desirable, since a comparison of direct measurements in single-
W production at the LHC with indirect measurements from a global fit to EW precision
data measured at LEP1/SLD (3], will provide a powerful test of the validity of the SM,
i.e. any significant disagreement could be interpreted as a hint to new physics beyond the
Standard Model (BSM). Aside, a precise determination of My and the top-quark mass
my will also allow us to further indirectly constrain the bounds on the mass My of a SM
Higgs boson.

The current values for My and I'vy stated by the Particle Data Group [4] are

My = 80.398 £ 0.025 GeV, TI'w = 2.141 £ 0.041 GeV . (1.0.2)

They are obtained combining results from direct measurements at LEP and the Tevatron.
At the LHC, the (expected) experimental accuracy is so excellent that one hopes to further
improve the precision measurement of My to an accuracy of dy, = 15 MeV [5], where gen-
erally the highest precision for the determination of the W mass can be achieved by fitting
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the My, distribution near the Jacobian peak. In Ref. [1], the ATLAS collaboration even
states that for each exploitable leptonic W-boson decay channel (W — eve, W — puv,),
and for an integrated luminosity! of 10 fb™', an accuracy of dys, = 7MeV on the W-
boson mass is aspired in the high-precision mass determination. Additionally, the line-
shape of the M, distribution in the off-shell region will give access to an accurate direct
determination of I'yy that might lead to a reduction of the corresponding uncertainty to
ry = 30 MeV after an accumulated luminosity of 10 fb™" is reached [2].

In addition to its relevance for mass determination, W-boson production can provide
important information in the fit of the parton distribution functions (PDFs) for valence-
and sea quarks by investigating the W-boson charge asymmetry [2]

d0'+/dyl — dO'_/dyl

A = 1.0.3
W) = 3o g T do—jdy (103)

at the LHC and the Tevatron, where
do® = do(pp/pp — IFv; + X), (1.0.4)

and y; denotes the rapidity of the charged lepton. Due to the high production rates,
W events may also serve as a luminosity monitor at the LHC, and they will help to
understand the detector performance in the early stage of data analysis [6]. Moreover, at
high energies, W bosons deliver background to searches for new heavy charged W’ gauge
bosons that are predicted in several extensions of the SM [7].

At hadron colliders, the EW gauge bosons are (almost) always produced together with
additional QCD radiation. The production cross section of W bosons in association with
a hard, visible jet,

pp/pp — W +jet + X — Iy, + jet + X, (1.0.5)

is still large. Moreover, the intermediate W boson recoils against the jet leading to a new
kinematical situation with boosted W bosons. For large pr of the jet the correspond-
ing events contain charged leptons and/or neutrinos with large pr. In fact, in the SM,
W + jet(s) production is the largest source for events with large missing transverse momen-
tum where also a charged lepton is present for triggering. Hence, W + jet(s) production is
not only a SM candle process. It is also an important background for a large class of new-
physics searches based on missing transverse momentum. In particular, W + jet(s) produc-
tion plays a crucial role—besides Z° + jet(s) production and tt events—in the one-lepton
search mode for R-parity-conserving supersymmetry (SUSY) scenarios at the LHC [8].
Apart from BSM-physics searches, W + 2 jets production also has to be considered as a
background process to the possible discovery channel

pp — W + H® — [y, + bb (1.0.6)

for a light SM Higgs boson which is produced via Higgs Strahlung and subsequently decays
into a bb pair [9, 10].

To match the prospects and experimental importance of W+jet(s) production at hadron
colliders, excellent theoretical predictions are mandatory. The differential cross section for

IThe value of 10 fb~! will be reached after one year of stable running at a luminosity of
L =10% em~2/s, corresponding to about 4-10” W events with a leptonic decay in the exploitable channels.
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W-boson production is known at NNLO accuracy with respect to QCD corrections [11] and
even up to N3LO in the soft-plus-virtual approximation [12]. The next-to-leading-order
(NLO) QCD corrections have been matched with parton showers [13] and combined with
a summation of soft gluon radiation (see ,e.g., Ref. [14]), which is particularly important
to reliably predict the transverse-momentum distribution of the W bosons for small pr.
A theoretical study of the QCD uncertainties in the determination of the W cross section
at hadron colliders has been presented in Ref. [15]. Concerning EW corrections, the full
NLO [16, 17, 18, 19] and leading higher-order effects, in particular due to multi-photon
final-state radiation [19, 20, 21, 22], have been calculated. The contributions of photon-
induced processes have been discussed in Refs. [22, 23, 24]. First steps towards combining
QCD and EW higher-order effects have been taken in Refs. [25, 26]. The NLO QCD and
EW corrections have also been calculated within the Minimal Supersymmetric Standard
Model (MSSM) [22].

The cross section for W+ 1 jet [27, 28] and W + 2 jets [28] production is known at NLO
QCD, and the calculation of the NLO QCD corrections for the W + 3 jets cross section
has recently been completed [29, 30].

Since there has been such a great progress with respect to precision calculations for
W + jet(s) production on the QCD side, it is an important task to match this high ac-
curacy also in the EW sector. Since the NLO QCD corrections to W + jet production
formally provide a perturbative accuracy of O(a?a?), a logical next step is to press ahead
with the calculation of the corresponding EW corrections that will deliver an even higher
accuracy of O(a’ay). For this reason, within this thesis we will present the calculation
of the full EW corrections to the hadronic process (1.0.5) within the SM, and provide a
substantial discussion of the numerical results.

As a reasonable starting point, we first present a fixed-order calculation of the EW ra-
diative corrections to the hadroproduction of an on-shell W boson with one associated
jet at the LHC and the Tevatron, where we put a special focus on a physically sensible
definition of jet observables. Within this on-shell approach, we are not forced to deal with
subtleties according to the finite width of the W boson, but, on the other hand, are also
not capable of describing observables that are related to its leptonic decay products. The
on-shell calculation presented in this work is an extension of my Diploma thesis [31] that
was elaborated at the University of Hamburg under the supervision of Bernd Kniehl.

The largest part of the thesis is then devoted to the calculation of the NLO EW corrections
to W + jet hadroproduction with a leptonic final state as in (1.0.5). Since the inclusion
of a finite particle width within a fixed-order perturbative calculation is a non-trivial
task, we describe how the W resonance can be treated consistently using the complex-
mass scheme [32, 33]. Another important topic we discuss in detail is—as in the on-shell
calculation—the definition of physically meaningful jet observables.

We want to point out that all off-shell effects due to the finite width of the W boson
are included in our calculation. Our results have been implemented in a fully flexible
Monte Carlo code which is able to calculate binned distributions for all physically relevant
W + 1jet observables at NLO accuracy.

As will be discussed later, in real-emission events we are confronted with a soft-gluon
singularity that appears in the phase-space integration if the energy of a radiated gluon
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becomes arbitrarily small. This singularity will destroy the perturbative result if not
treated with special care. To solve this problem, we distinguish W + jet and W + photon
production by a cut on the photon energy fraction inside the jet, employing a measured
quark-to-photon fragmentation function [34], if the photon and the jet are collinear in
phase space.

To reach the accuracy of O(asa?®) throughout the calculation we have also included the
photon-induced partonic processes and the respective NLO QCD corrections. Also non-
trivial interference terms between EW and QCD diagrams within the real corrections have
been included at this order. Moreover, we have recalculated the NLO QCD corrections
at O(aZa?) in a fully flexible way, supporting a phase-space dependent choice for the
factorization and renormalization scales.

Our calculation is completely generic in the sense that it can predict observables that
are dominated by W bosons close to their mass shell as well as observables for which the
exchanged W boson is far off-shell. The calculation of the EW corrections for W-boson
production in association with a hard jet is also a step towards a better understanding
of the interplay between QCD and EW corrections for W production in general. This
understanding—including a full treatment of off-shell W bosons—is important to match
the envisaged experimental accuracy for the W-mass measurement at the Tevatron and
the LHC [26].

In the calculation of radiative corrections to SM processes including light or massless
particles, one has to face the problem of so-called mass singularities. Such singularities
have to be treated carefully in the evaluation of cross sections. Over the last decades,
different techniques have been developed to handle these singularities in such a way that
they can be controlled on the analytical level. One possibility to extract the mass singu-
larities from the numerical evaluation is to exclude the problematic phase-space regions
by means of slicing parameters, and to evaluate the singular structures analytically using
appropriate regulators. The non-singular structures of the phase-space integrals can then
be computed analytically without regulators. This method is known as phase-space slicing.
We have applied the slicing approach within the on-shell calculation outlined above.

Besides the well-known slicing prescriptions, there are several subtraction techniques in
the literature that follow a different strategy. Within this approach, an auxiliary function is
subtracted from the singular integrand that is constructed in such a way that it cancels all
mass-singular structures of the integrand pointwise during the numerical integration. This
auxiliary function is then integrated analytically over the singular phase-space structures
using proper regulators, and readded to the result afterwards. In the end, the same
contribution is readded that has been subtracted before, but the mass singularities are
excluded from the involved numerical integration. Specifically, the treatment of mass
singularities connected to photon radiation off fermions using the dipole subtraction method
has been worked out in Ref. [35].

However, attacking the challenge of the calculation of EW corrections to W + jet
hadroproduction including a leptonic decay of the W boson, we are facing the problem
of collinear singularities related to photon emission off final-state muons. To allow for
the calculation of observables where a collinear photon—muon pair can be separated by
experiment, we extend the dipole subtraction technique for so-called non-collinear-safe
observables within this thesis.



This thesis is organized as follows:

In Chapter 2 we first discuss the most important features of the Standard Model of
particle physics. Then we address the topic of a finite particle width in a fixed-order
NLO calculation, where we put special emphasis on the complex-mass scheme for
unstable particles. Finally, we outline how hadronic cross sections can be calculated
from partonic cross sections that are obtained in a perturbative approach.

Chapter 3 is devoted to the important topic of infrared (IR) or mass singularities in
QED and QCD. The origin of such singularities is explained, and we discuss in detail
how the different types of IR singularities have to be dealt with to obtain consistent
physical results.

Chapter 4 contains a rather technical discussion of the dipole subtraction method in
NLO QED and QCD that was developed to enable the treatment of IR singularities
within real radiative corrections in a general and straight-forward way. Building on
these concepts, we have extended the dipole subtraction method to the treatment of
non-collinear-safe observables in QED [36].

In Chapter 5 we present a detailed discussion of the calculation of the EW corrections
to on-shell W + jet production at hadron colliders, closely following Ref. [37]. This
chapter is in principle self-contained and can be read as a preparation to the more-
involved off-shell calculation. Results for the same class of corrections have also been
published in Refs. [38, 39], where a slightly different definition of jet observables was
used. For a discussion of virtual SUSY effects on W + jet production we refer the
reader to Ref. [40].

Chapter 6 contains a discussion of our general strategy for the calculation of the
radiative corrections to W + jet hadroproduction including a leptonic decay of the
W boson. We list the different contributions to the NLO cross section and present the
relevant physical concepts that are applied within the computation of the radiative
corrections, always referring to the parts of the thesis where those problems are
elaborated in more detail.

In Chapter 7, we list the amplitudes that contribute to process (1.0.5) on the parton
level at LO, using the Weyl-van-der-Waerden spinor formalism that is outlined at
the beginning of the chapter.

In Chapter 8, we provide the contributions explicitly that have to be calculated
within the real-radiation processes, covering the EW and QCD corrections as well
as the interference contributions of QCD and EW diagrams.

Chapter 9 contains a discussions of the virtual EW and QCD corrections, including
the counterterm contributions that have to be taken into account to absorb the
ultraviolet (UV) divergences that appear in the one-loop amplitudes.

In Chapter 10 we define the recombination procedure and the event-selection cuts
we apply to define physical observables from final-state momenta. Additionally,
we present the explicit formulae that are needed to calculate the hadronic cross
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sections from the partonic ones, including an explicit prescription of how the NLO
contributions have to be included into the hadronic calculation.

e Before we conclude in Chapter 12, we provide a discussion of the numerical results
in Chapter 11. The contents presented in Chapters 6 — 11 have been published in
Ref. [41].



Chapter 2

Theoretical background

2.1 The Standard Model of particle physics

The Standard Model of particle physics (SM) describes the electroweak (EW) and the
strong interactions of elementary particles as a relativistic quantum field theory (QFT)
which is formulated in terms of a local non-abelian gauge theory with the underlying gauge

group

Here, the colour group SU(3)c denotes the internal symmetry group of the strong inter-
action that is described by the theory of Quantum Chromodynamics (QCD) [42, 43, 44].
In the EW part of the SM, the group SU(2)w represents the symmetry group of the weak
isospin with the three generators 1%, a = 1,2,3, and the group U(1)y is generated by the
weak hypercharge Y.

The fermionic matter fields transform in the fundamental representation of the symme-
try group (2.1.1), while the bosonic gauge fields that mediate the forces between particles
live in the adjoint representation. The classical Lagrangian L that governs the physical
interactions of massless fermions and gauge bosons is constructed in such a way that it is
invariant under local gauge transformations of the symmetry group (2.1.1). Some basic
definitions for gauge groups and Lie algebras can be found in Appendix A.2.

Unfortunately, explicitly introducing mass terms for the weak vector bosons or the
fermions would violate the local gauge symmetry of the Lagrangian. Therefore, within the
EW part of the SM, vector-boson masses and fermion masses are generated via the Higgs
mechanism [45]: By introducing an additional complex scalar field (the Higgs field) with a
non-vanishing vacuum expectation value (vev) in the EW sector, the local SU(2)w x U(1)y
symmetry is spontaneously broken, and only the electromagnetic gauge symmetry U(1)epn,
is preserved. As a result, three of the four vector bosons receive masses, and only one
degree of freedom that later can be identified with the photon field stays massless, as it is
observed in experiment.

Spontaneous symmetry breaking also generates fermion masses through the Yukawa
couplings of the Higgs field to the fermion fields. Nevertheless, those Yukawa terms have
to be inserted into the classical Lagrangian by hand, while the couplings of the Higgs field
to the massive gauge bosons are generated by the covariant derivative. In the QCD sector
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of the SM the gauge symmetry remains unbroken, and the eight vector bosons (gluons)
that correspond to the eight generators of SU(3)¢ are exactly massless.

To allow for a correct quantization of a non-abelian gauge theory via the path-integral
formalism, one has to solve the problem of divergences in the corresponding functional
integral that are caused by the integration over physically equivalent configurations which
are related by gauge transformations. Following the ansatz of Faddeev and Popov [46], one
introduces a gauge-fixing condition into the functional integral and rewrites the underlying
effective Lagrangian according to

Leg = Lo+ Lax + Lyp, (2.1.2)

where the gauge-fixing Lagrangian Lg, contains the gauge parameter £, and the Faddeev—
Popov contribution Lgp describes the interactions of gauge bosons and the Grassmann-
valued Faddeev—Popov ghost fields. These anticommuting scalar fields violate the spin-
statistics theorem. However, this does not raise any problems, because they are unphysical
degrees of freedom which occur in perturbative calculations only inside loops.

We will now briefly discuss the matter content of the SM and the overall structure of
the EW and the strong interaction, both to fix our notation and to provide the reader
with the concepts that build the framework of this thesis.

2.1.1 The EW part of the SM

We now outline the most important ingredients and principles that govern the EW in-
teractions of elementary particles, following the presentation of [47]. For an extensive
discussion of this subject we refer the reader to Chapter 4 of [48].

The EW sector of the SM (EWSM), also known as the Glashow-Salam—-Weinberg
(GSW) model [49], describes the fundamental EW interactions of all known elementary
spin—% fermions. To ensure local gauge symmetry of the Lagrangian that determines the
free propagation of those fermions, one introduces bosonic degrees of freedom into the
theory that couple to the fermion fields by means of a covariant derivative.

In nature one observes three generations of left-handed quarks and leptons that trans-
form as SU(2)w doublets,

L /L
L VJ/' Lo uj
J J

where j = 1,2, 3 is the generation index. The right-handed leptons, up-, and down-type
quarks I, w*, and d* transform as SU(2)w singlets. In contrast to the leptons, the
quarks also take part in the strong interaction that will be discussed in Section 2.1.2.
In (2.1.3), the prime indicates that we assume the fermions to be eigenstates of the EW
interaction. The elementary fermions can be classified according to the third component
I® of the weak isospin and their weak hypercharge Y, and the electric charge @ of a fermion

is given by the Gell-Mann—Nishijima formula,

Y
Q=1+

5 (2.1.4)
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As a classical field theory, the EW interactions are described by the classical Lagrangian
L that is given by the sum of a Yang—Mills part, a fermionic part, a Higgs part, and a
Yukawa part,

LC - Egauge + Eferm + EHiggs + EYukawa y (215)

where all contributions are separately gauge invariant. We will now discuss the different
contributions in some detail.

Interactions of fermions and weak gauge bosons

The Yang-Mills part Lgauee governs the kinematic properties of the weak gauge fields
Wi, a = 1,2,3, and B, that can be associated with the connections of SU(2)w and
U(1)y, respectively. We define the field-strength tensors

By, = 8,B, — 0,8,
Wi, = 0. We — 0,W! + g™ WIWY (2.1.6)

where the €2 denote the total-antisymmetric structure functions of SU(2)w, and g, is the
corresponding coupling constant. The gauge contribution to the Lagrangian can now be
written as

1 1
Loange = _ZWZVWW’G - ZBWBW- (2.1.7)

We also introduce the covariant derivative

Y
DM = aﬂ - igglaWZ -+ lgl—B

5 Bu (2.1.8)

where ¢ is the U(1)y coupling constant. Employing (2.1.8), the fermionic Lagrangian that
describes the physics of the free massless fermion fields and the interactions of fermions
with gauge bosons can be specified as

3
Lom =3 (FfiwL;L +OADQE + T ADIR + W iR + Ef”iwdgf‘) . (2.1.9)

=1

Spontaneous symmetry breaking — the Higgs mechanism

Until now, the fermion and gauge-boson fields that are part of the gauge theory with
unbroken EW symmetry are exactly massless. To generate particle masses, in Liiggs We
introduce a single complex scalar field

o = | @ (2.1.10)

¢ (x)

with hypercharge Yo = 1 that transforms as an SU(2)w doublet and is coupled to the
gauge fields of the theory via the covariant derivative (2.1.8),

Litiggs = (D, @)1 (D"®) — V(D). (2.1.11)
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The so-called Higgs potential
A aran2 2t 2
V(®) = Z(CID D) — p(@'P), A\ put>0, (2.1.12)

where \ denotes the Higgs self coupling, and 2 is a mass parameter, initiates the sponta-
neous symmetry breaking in the following way:

The minimum of the potential V' (®) is degenerate, i.e. all field configurations that fulfill
the condition

,02

|D|* = 5 U= 20/, (2.1.13)
minimize the potential V(®), and the non-vanishing vev of the Higgs potential is given
by [(0|®|0)| = v/+v/2. While different vacuum states that obey the condition (2.1.13) are
mapped onto each other by SU(2)w transformations, a specific ground state does not

exhibit SU(2)w symmetry anymore. Therefore, choosing

1 0
Dy = — (2.1.14)
V2 \ v

as vacuum state, the SU(2)w x U(1)y symmetry is spontaneously broken, since ® is
in general not invariant under the corresponding gauge transformations. However, the
invariance with respect to transformations of the electromagnetic gauge group U(1)em
is preserved, because the non-vanishing vev only affects the ¢° component of ® that is
electrically neutral.
In perturbation theory, the scalar doublet ® has to be expanded around its vev according
to
i
sw=( TV ) swoprwr. el
Lo+ H(z) +ix()

The fields ¢* and y can be eliminated by an adequate gauge transformation and therefore
are not related to physical particles, whereas the real scalar field H(x) corresponds to the
neutral scalar Higgs particle H° that contributes to the particle content of the SM. The
mass of the Higgs particle,

My =2, (2.1.16)

is a free parameter of the SM that cannot be derived from other known quantities.
The Yukawa contributions to the SM Lagrangian are obtained by introducing interac-
tion terms of fermions with the field ® in the theory,

3

Lyukawa = Z (F?Gﬁjlf@ + @?G?jug}”&) + @?G%d}lb‘@ + h.c) , (2.1.17)
ij=1
where & = [¢%, —¢~]T, and the 3 x 3 Yukawa coupling matrices for leptons, up-, and

: 1 d -
down-type quarks are denoted with G;;, G, and Gy}, respectively.
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Mass and charge eigenstates in the SM

In any experiment one will not observe particles that correspond to eigenstates of the EW
interaction, but to mass and charge eigenstates. Since the physical gauge bosons have
vanishing hypercharge, the charge eigenstates can be found by the determination of the
eigenstates of the isospin generator I3 that are given by the four contributions

1
V2
Reformulating Lyiges by using the fields VVMi instead of Wl} and Wj, one finds that the

fields Wj already correspond to mass eigenstates and can therefore be associated with the
charged physical vector bosons W* with masses

W(z) WeF W2, Wiz), Bux). (2.1.18)

1
My = 5920 (2.1.19)
Diagonalizing the mass matrix of the fields WE’ and B, within Lyjges, one finds that the
neutral vector-boson fields 7, and A, are given by

A Cw S w3
= MY o, (2.1.20)
A, —Sw Cw B,
where we have defined the weak mixing angle 6y,
92 .
Cw = cosbyw = Sw = sin Oy . (2.1.21)

VaE -+

The mass of the neutral Z° boson that corresponds to the field Z, reads

v
My, = 2V 91 + 93, (2.1.22)

and the massless field A, is identified with the photon. Using Eqgs. (2.1.19), (2.1.21), and
(2.1.22), the weak mixing angle can be written as

= ) 2.1.23
Cw M, ( )

The fermion fields associated to physical particles are obtained from the EW eigenstates

according to
=Sl = U, 21.21)
k k

where the matrices UZ?,:L/ R diagonalize the Yukawa coupling matrices, so that the fermion
masses that are induced by spontaneous symmetry breaking are given by

v Lo~ f f.RT
Mp; = —— E ultgl Rt 2.1.25
£ \/i £ ik km ™~ mi ( )
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After diagonalizing the fermion-mass matrices and rewriting the Lagrangian L¢ in terms
of physical fields, one observes that the coupling of W* bosons to one up- and down-type
quark receives an additional factor

Vi = Y UL (2.1.26)
k

The unitary quark-mixing matrix V;; is known as the Cabibbo-Kobayashi-Maskawa (CKM)
matrix that quantifies the mixing of different quark families in charged-current processes.
Since all neutrinos are assumed massless and thus are degenerate in mass with each other,
the matrix Ui”k’L can be chosen freely, and the neutrino fields

vi=> Uit (2.1.27)
k
are defined in such a way that the lepton-W-boson interaction is diagonal at tree level.
The electrical charge e = V4mwa is defined as the coupling constant multiplying the
fermion—photon vertex and can be expressed in terms of the fundamental gauge couplings
as

e= 992 (2.1.28)

NCEY

After we have identified all input parameters and all fields that can be assigned to physical
particles within the EW part of the SM, we can now rewrite the SM Lagrangian L in
terms of those fields and the independent parameters

67MW7M27MH7mf,Z‘7‘/;j ) (2129)

that are not fixed by the theory, but have to be determined by experiment.

Gauge fixing and ghost fields
As stated above, we add a gauge-fixing Lagrangian

1 1 z Q_L OV F (2
—E —@[F ()] §WF (x)F~(x) (2.1.30)

to the classical expression L to enable the proper quantization of the theory, where we
choose the linear gauge-fixing functionals

Lix = [P (2)]?

F¥(x) = 0"W (2) F iMw&y o™ (2)
F?(z) = 0"Z,(x) — iMz&yx(x),
FA(x) = 0"A,(2). (2.1.31)
It is convenient to work in the & Hooft gauge that is defined via &y = £, and &7 = &,
respectively. For this special choice, the terms involving the would-be Goldstone fields ¢*
and y in (2.1.31) will exactly cancel the mixing terms V#9,¢* and V*d,x of the physical
vector bosons and the unphysical fields in L that are induced by spontaneous symmetry
breaking.
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Additionally, the ghost-field Lagrangian

Lyp = 0" () ul(x) (2.1.32)

has to be added to the theory that contains the Faddeev—Popov ghosts u®(x), u®(z) (a =
+, A, Z), and the variations 0 F'* of the gauge-fixing operators under infinitesimal group
transformations quantified by the group parameters 66°(z). The choice &y = €7 = €4 = 1
defines the so called 't Hooft-Feynman gauge. In this gauge, the masses that correspond
to physical fields equal those that are associated to unphysical fields, and the k*k" terms
in the propagators are absent. Therefore, this choice is especially convenient for the
calculation of higher-order corrections.

Taking gauge-fixing terms and Faddeev—Popov terms into account, the full Lagrangian
of the GSW theory can be written as

Lasw = Lc + Lex + Lrp , (2.1.33)

where L¢ is given by (2.1.5). The corresponding Feynman rules that follow from (2.1.33)
can be taken from Appendix A of [47].

2.1.2 The QCD Lagrangian

The strong interaction of colour-charged particles (quarks and gluons) is described by
QCD, the quantum theory of the unbroken local SU(3)¢ gauge symmetry. Here, we briefly
sketch the construction of the corresponding Lagrangian. For a detailed discussion of the
various features of QCD see, e.g., Chapter 3 of [48].

For simplicity, we now switch off the EW interactions and rewrite the Lagrangian for
free massive quarks g, in terms of mass eigenstates,

Efree quarks — Z Z (]j (ZL‘) (1(3 - mj) q; (ZE) ) (2134)
q=u,d j=1

where j = 1,2, 3 assigns the generation of u- and d-type quarks, and each quark field

q=| ¢ (2.1.35)

transforms as a triplet in colour space, since it belongs to the fundamental represen-
tation of SU(3)c. The Lagrangian (2.1.34) is invariant with respect to global SU(3)¢
transformations, but violates local gauge invariance. Therefore, we introduce a bosonic
eight-component gluon field GZ(x), a =1,...,8, via minimal substitution by means of a
covariant derivative, i.e. we replace the bare derivative d, according to

0, — D, =0,+ig:G,(x), (2.1.36)
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with the strong coupling constant g; = \/4mas, and the traceless hermitian 3 X 3 matrix
G.(z) = G}(x)T", where the matrices T* denote the eight generators of SU(3)c. The
gluonic field-strength tensor

G (@) = 0,6y (x) = 0,Gy () — 1gof* Gy (2) Gy () | (2.1.37)

where the fe¢ are the structure functions of SU(3)¢, is needed to express the Lagrangian

Lygluon = ZGZ”( r)G" N (x) (2.1.38)

that governs the dynamics and self interactions of the gluon fields. Defining the colour-
space matrix G, (z) = G, ()T, the full QCD Lagrangian can be written in a compact
form as

ﬁQCD:—%Tr[G )G ()] + ) Z (i —m;) g;(z). (2.1.39)

q=u,d j=1

Gauge fixing and ghost fields

As in the EW case, we introduce gauge-fixing terms and ghost fields into the classical
Lagrangian Lqcp to allow for a consistent quantization of QCD via the Faddeev-Popov
formalism, resulting in the expression

Lqcp, et = Loep + Leax,qep + Lrp,qep (2.1.40)

for the effective Lagrangian of QCD. The gauge-fixing Lagrangian explicitly reads

Lixqep = o [0°G(2)][0"Gy(x)] (2.1.41)

25
and the ghost-field contribution is given by

Lypgep = —u’(x) 0" DY u’(x), (2.1.42)
where we have introduced the derivative
D,u,ab - a,ufsab - igs (T;dj)ab GZ(CL’) (2143)

in the adjoint representation. The Feynman rules that are deduced from (2.1.40) can ,e.g.,
be found in Section 2.4.2.2 of [48].

2.1.3 Renormalization of the SM: the on-shell scheme

The independent input parameters (2.1.29) that enter the SM Lagrangian (2.1.33) are
equivalent to the experimentally determined physical quantities only at tree level. Taking
higher-order corrections into account, the simple tree-level definitions of the input pa-
rameters do not match their original physical meaning anymore, and the so-called “bare”
parameters have to be redefined to predict the experimental results properly. This pro-
cedure is called renormalization. For instance, at tree level, the particle mass equals the
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zero of the corresponding propagator that describes the free propagation of the particle.
Including higher-order effects, the position of the zero will be slightly shifted, and the
tree-level mass cannot be regarded as a physical quantity anymore.

After renormalization, physical predictions have to be formulated in terms of a set of
independent renormalized input parameters, and their actual values have to be deter-
mined by experiment. The procedure of renormalization has to be specified by certain
renormalization conditions that fix the physical input parameters. Those renormaliza-
tion conditions can be formulated in different ways, and accordingly different so-called
renormalization schemes exist.

Dimensional regularization

The calculation of higher-order effects comprises the necessity of calculating loop inte-
grals, where four-momenta of internal particles are not fixed by the external momenta and
therefore have to be integrated over all accessible momentum configurations. For one-loop
corrections as considered in this thesis, such integrals will be of the form [d*q (...) with
d*q = d¢°d3q, i.e. the one independent loop four-momentum ¢ has to be integrated over
the complete Minkowski space. The loop integrals that appear in one-loop corrections to
SM processes may diverge if components of the integration momentum ¢ get too large,
resulting in so-called ultraviolet (UV) divergences. Those divergences may be cured by
introducing a large cut-off scale Ayy that will work as a regulator. However, since intro-
ducing a cut-off scale in loop integrals is a non-Lorentz-invariant approach, we will use
the method of dimensional reqularization [50, 51] that respects Lorentz- as well as gauge
invariance of the theory. In dimensional regularization, loop integrals are evaluated in
d = 4 — 2¢ space-time dimensions, where € is an in principle arbitrary complex quantity.
In dimensional regularization, we have to replace the four-dimensional integrals according
to

/d4q (o )]4 dim. — (27r,u)4d/ddq (.. )]a dim. » (2.1.44)

where the reference-mass scale p was introduced to preserve the correct mass dimension
of the integral, and the subscripts indicate that the Lorentz- and Dirac structures that
appear within (...) also have to be evaluated in d dimensions. In d space-time dimensions,
the UV divergences are calculable and will appear as regular 1/¢ poles in the underlying
expressions.

After the application of an adequate renormalization procedure, any physical result has
to be UV finite, i.e. the 1/¢ poles will be absorbed in the relations of bare and renormalized
parameters. After the cancellation of UV divergences, the limit ¢ — 0 can easily be
achieved, and the theoretical predictions can be formulated in four space-time dimensions.

A theory is called renormalizable if its theoretical predictions are UV finite after the
redefinition of a finite number of input parameters at any perturbative order. It was
proven by 't Hooft [52, 53] that non-abelian gauge theories with spontaneous symmetry
breaking, such as the SM, are renormalizable theories. Therefore, within the SM we can
provide meaningful theoretical predictions that can be compared to experimental data.
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The on-shell renormalization scheme

For the calculation of the EW radiative corrections to on-shell W bosons and one jet
which is described in Chapter 5, we will use the on-shell renormalization scheme [54] for
the renormalization of the Lagrangian at the one-loop order, as described in detail in
Chapter 3 of [47]. This scheme is defined in such a way that the redefined parameters of
the underlying theory match the physical quantities that are measured by experiment.

For the technical application of the on-shell renormalization scheme we follow the coun-
terterm approach, applying a multiplicative renormalization, where the bare, unrenormal-
ized parameters (denoted by a subscript 0) are given as a product of the renormalized
ones and adequate renormalization constants Z that are fixed by the corresponding renor-
malization conditions. These renormalization constants are then Taylor expanded in the
one-loop approximation, Z = 1+ 6Z + O(a?), where §Z denotes the counterterm con-
tribution. In the following, we will sketch the renormalization procedure as far as it is
needed for our explicit calculation. Thus, we will not discuss the renormalization prescrip-
tions for the Higgs mass and the Higgs field, and there will also be no discussion of the
renormalization of an external photon field.

In case of an external on-shell vector boson there is no need to renormalize the vector-
boson mass. However, the renormalization of the vector-boson masses will be of special
interest when we consider the more realistic case of a leptonically decaying vector boson.
For this reason, we also list the corresponding expression in the on-shell scheme, although
the mass renormalization for unstable vector bosons will finally be carried out in the
complex-mass scheme that will be discussed in detail in Section 2.2.4.

We first split the bare vector-boson masses My, according to

My, =My +0My, V=W,Z, (2.1.45)
and the counterterm contributions explicitly read
M3, = ReXy (M3,), OMj = ReX4%(M3), (2.1.46)

where Y1 denotes the transverse parts of the corresponding unrenormalized self-energies.
To derive (2.1.46), we have demanded that the real part of the renormalized vector-boson
2-point function, projected on a physical state €,(k), equals zero if the particle is on its
mass shell, i.e. k2 = M2 is valid.

Since we will neglect light fermion masses in our calculation whenever possible, we
do not have to perform a mass renormalization for light quarks and leptons, because
the corresponding counterterm contributions are suppressed by factors of the small mass
parameters. We also do not renormalize the quark-mixing matrix V;; and assume that it
is diagonal within the calculation of the one-loop corrections, since the off-diagonal effects
as well as the counterterm contributions are expected to be negligible.

The bare weak mixing angle

2

M.
2 2 W0
Coo=1—s50= ’ (2.1.47)
! O Mz,

is renormalized via
Cw0 = Cw T 0Cw, Swo = Sw+ 0Sw, (2.1.48)
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and the counterterms are directly related to the counterterms of the weak gauge-boson
masses, yielding

(2.1.49)

Cw 2 Sw 2

dew _ syOsw _ 1o (SV(MG)  SF7(M3)
Mg Mg )

Note that this renormalization prescription preserves the relation ¢, = Mg /M2 for the
renormalized quantities.

Following the idea of the multiplicative renormalization, we rewrite the bare vector-
boson fields according to

Z 1+ 152,, 1oz A
Wi = (1+ 26Zw) W™, O = I . (2.1.50)
Ay %(SZAZ 1+ %5ZAA A

where W and Z denote the fields of the two massive weak vector bosons, and A is the
photon field, respectively. The vector-boson and fermion fields are renormalized in such
a way that the residues of the particle propagators are equal to one for on-shell particles,
leading us to the explicit expressions

6Zw = —Re SV (My), 6Zzz = —Re XIF7(M3) (2.1.51)

for the counterterms of the massive vector-boson fields, where ¥'(x) = 90X (p?)/9p?| 2=
The bare external left(L)- and right(R)-handed fermion fields are redefined as

f§=0+302%)f", o=R,L, (2.1.52)
and the field renormalization constants (5Z}D}/L are explicitly given by
627 = ~Re{! (m?) — m Re |2 (md) + 3 (m?) + 25 (m3) || (2.1.53)

which is a function of the left-/right-handed and the scalar (S) part of the unrenormalized
fermion self-energies.

The bare electric charge
ep=(14+0Z)e, (2.1.54)

which parametrizes the QED coupling at tree level, is renormalized in such a way that
the one-loop expression for the QED vertex ~ff matches its tree-level definition in the
Thomson limit of vanishing four-momentum transfer by the photon. This renormalization
prescription leads to the expression

1 sw 24Z2(0)

67, = =x40) - X

(2.1.55)

for the charge renormalization constant.
Applying the multiplicative renormalization as pointed out above, the bare Lagrangian
Ly that is formulated in terms of bare parameters, can be rewritten according to

Lo=L+0L, (2.1.56)
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where we have neglected two-loop contributions. The renormalized Lagrangian £ is a
function of the renormalized input parameters with the same functional dependence as L
on the bare parameters. The term 6L contains all counterterm contributions which are
expressed in terms of (potentially UV divergent) unrenormalized self-energies. Equation
(2.1.56) can be used to derive Feynman rules for the counterterm contributions. Within
a consistent one-loop calculation in the EW SM, the UV divergences which emerge in the
specific one-loop corrections will cancel against universal counterparts that arise from 6L
already at the amplitude level.

2.2 Resonances in QFT — unstable particles

Unstable particles play an important role in high-energy physics, since many SM particles
(like the scalar Higgs boson, the weak vector bosons, and the top quark) have a very
short lifetime and can only be identified in any experiment via their decay products. The
distribution of the invariant mass \/@ of those decay products will typically follow a
Breit—-Wigner shape around the mass m of the decaying particle,

do 1
dQ? X (Q2 — m2)2 + m2I2’

(2.2.1)

where I' denotes the total decay width of the resonant particle which is directly related to
its lifetime 7 by

r=-, (2.2.2)
T

according to the energy—time uncertainty in quantum mechanics. For reasons of simplicity,
one often works in the approximation that unstable particles are produced on their mass
shell and have an infinite lifetime. This assumption usually strongly reduces the complexity
of the problem under consideration, since one only investigates the production of the
particle and does not take into account its possible decay channels. For instance, in
Chapter 5 of this thesis we will examine the production of on-shell W bosons at hadron
colliders. At tree level, the treatment of resonances as stable particles does not raise any
problems. By contrast, at next-to-leading order (NLO) this procedure may for instance
result in the appearance of unphysical Landau singularities, as can be observed in the
Z°7° — 7ZP7° scattering process [55].

We wish to perform an NLO calculation for a realistic physical process involving res-
onant vector bosons that decay into leptons. Therefore, and to avoid the conceptual
problems stated above, we need a proper treatment of the finite width of the vector boson
to allow for a consistent computation of quantum corrections within a field-theoretical
framework.

2.2.1 Naive inclusion of a finite width
One could naively introduce the finite width I' into the calculation via the replacement

m? — m? —imIl’ (2.2.3)
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in the propagator P(p?) of the resonant particle,
1 1

P(p? .
(p>0(p2—m2_>p2—m2+imf‘

(2.2.4)

This procedure seems very promising, since the replacement (2.2.3) will yield the typical
Breit—Wigner shape (2.2.1) for the cross section. Unfortunately, however, in gauge theories
the naive inclusion of a finite width may destroy gauge invariance already at the Born
level, since the Dyson summation (see next subsection) effectively leads to a mixing of
perturbative orders so that incomplete gauge-dependent higher-order contributions enter
the calculation.

At NLO, the situation is even more involved. On the one hand, the particles’ masses
have to be redefined in a renormalization procedure to absorb the UV-singular contribu-
tions in the relation between the bare parameters and the renormalized, physical quantities.
On the other hand, the introduction of a finite width at leading order (LO) may implicitly
include certain NLO contributions that have to be subtracted from the perturbative NLO
contributions again to avoid double counting.

We will first discuss the implementation of a finite width within the on-shell renormal-
ization scheme and point out the severe problems arising in this approach. Afterwards,
we will present the pole definition of the mass that is considerably better suited to handle
resonances in the framework of NLO calculations.

2.2.2 Mass and width in the on-shell scheme

In standard perturbation theory, propagators do not contain the decay width explicitly;
in fact, the particle width enters the perturbative calculation via the Dyson summation of
one-particle-irreducible (1PI) self-energy insertions (p?) of its propagator. For instance,
the inverse propagator of a scalar particle at any perturbative order is given by

P (p?) =p* —m§ + 2(p°), (2.2.5)

where Y(p?) for unstable particles in general is a complex quantity near the particle pole.
In the on-shell (OS) renormalization scheme (see Section 2.1.3), the renormalized mass of
the particle is determined by the zero of the inverse propagator on the real axis, i.e. by

0 = Pog(mdg) = mpg — mg + Re S(mpyg) . (2.2.6)

Using m2 = m2q + ReX(mg), the expression (2.2.5) for Pgg (p?) can be expanded! in the
vicinity of p? = myq,

Pos (p?) = p* — mg — ReX(mpyg) + Re Z(p%) + iIm X(p°)
= Rog [P — mg +1Ros Im X(p*)] + O ((p* — mig)?) (2.2.7)

where
1

" 1+ ReY/(mdy)

Ros (2.2.8)

1Usually, T will be much smaller than m, and all relevant contributions to the cross section will emerge
from kinematic regions where p? ~ m? is valid.
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denotes the residue of the on-shell propagator. Now we define the on-shell width according
to the Breit—-Wigner expression (2.2.1) as

Im 2 (mdy)
1+ ReX/(mdg)

mosros = (229)

This equation can be used to perturbatively determine the finite on-shell width I'gg of the
particle at a given perturbative order.

However, using the on-shell renormalization scheme for unstable vector bosons turns
out to be a questionable approach, because the on-shell renormalization condition for the
W-boson mass (2.1.46) is given by

Mgy o — M08 = ReZY (Miy o) + (2.2.10)

and the real part of the transverse (T) part of the W-boson self-energy Re XY (M og)
is not a gauge-independent quantity beyond one-loop order [56]. As a result, Mw os and
T'w.os will receive gauge-dependent contributions at O(a?). Thus, one is urged to find a
gauge-independent renormalization condition for the masses of unstable particles. This
requirement is respected applying the pole-mass definition that will be discussed now.

2.2.3 Gauge-independent description of a finite width: the pole
mass

The pole mass p? of an unstable scalar particle is defined as the pole position of the
particle’s propagator in the complex p?-plane,

0= Ppgo(1?) = 1i* — mg + (i) . (2:2.11)

As shown in [57], this expression is gauge independent at any order in perturbation theory.
Using (2.2.11) as a renormalization condition, the renormalized propagator reads

Prye®®) = p* — 1> = (1) + S(»°)
2

= Rpo(1?) (07 — 1) + O ((0* = 1°)°) (2.2.12)
with the residue .
2.2.1
RPole 1+ EI(,UQ) ( 3)

Equation (2.2.12) implies the definition

2

p? =m? —iml (2.2.14)

for the physical mass and width of the particle that have to be determined by experiment.

2.2.4 The complex-mass scheme

Using the pole-mass definitions (2.2.11) and (2.2.14), we have found a gauge-independent
way to define the total width of a resonance. Nevertheless, we have not yet attacked the
problem of properly inserting a finite width into a fixed-order perturbative calculation. As



2.2. Resonances in QFT — unstable particles 21

mentioned before, the naive approach of introducing a width in the resonant propagators
includes an implicit Dyson summation that will lead to a mixing of different perturbative
orders. Accordingly, the SM gauge invariance will be violated in this approach, possibly
resulting in wrong predictions. To solve this problem, in our computation of the radiative
corrections to W+jet production we work in the complex-mass scheme (CMS) [32, 33], be-
cause it is probably the most elegant and straight-forward way to account for resonances
in perturbative NLO calculations. Within this scheme, gauge invariance and all corre-
sponding Ward- and Slavnov—Taylor identities are respected. Moreover, the CMS includes
all off-shell effects and is applicable in all regions of phase space. In spite of all these nice
features, its implementation is in principle remarkably easy.

The CMS is a renormalization scheme that is based on the pole definition (2.2.11) of
the complex particle mass. For instance, the physical vector-boson masses

py = Mg —iMyTy, V=W,Z, (2.2.15)

are consequently defined as the position of the poles of the renormalized propagators in the
complex plane. This definition is applied everywhere in the physical amplitudes whenever
the vector-boson masses appear in the propagators or in the SM couplings. All related
quantities have to be adjusted according to this definitions to preserve gauge invariance.
Especially, the weak mixing angle becomes a complex parameter,

2
cos? Oy =c2 =1 — 52, = 'u—\;V : (2.2.16)
Mgz,
Since 2, receives an imaginary part, in tree-level calculations this definition will lead to
spurious terms that do not necessarily have a physical implication. However, those effects
will be of the order O(T'y /My ) = O(«) with respect to the lowest-order term, both in the
resonant and the non-resonant regions of phase space, and therefore are formally part of
an NLO contribution.
The general strategy of the CMS is to introduce complex vector-boson mass parameters
directly on the level of the Lagrangian by splitting the real bare mass into the complex
renormalized mass and a complex mass counterterm,

Mo = pir + 6ui - (2.2.17)

We also split the bare vector boson fields into complex fields and complex renormalization
constants according to

7 1+ 102 15z Z
Wi = (14 36Zw) W™, " = 20a A L (2:2.18)
A 20247 1436244 A

As a result, the bare Lagrangian can be expressed as Ly = £ + dL, where £ and the
counterterm contributions 0L are formulated using complex mass parameters for unstable
particles. The Feynman rules that are deduced from this Lagrangian can be applied in the
usual way to perform perturbative calculations. This approach avoids double-counting,
because the perturbative series is just rearranged, but the bare Lagrangian and so the
theory is unchanged.
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We now present a short summary of the complex renormalization procedure concerning
the vector-boson masses, the associated fields, the weak mixing angle, and the electric
charge, because those quantities will be needed for the explicit calculation. A detailed
derivation of the renormalization of the EWSM within the CMS can be found in Chapter 4
of Ref. [33], and a compact review of the method is also presented in [58].

In the CMS, the renormalized transverse (T) parts of the self-energies for massive vector
bosons at the one-loop level are given by

S (12) = S (K) — 01y + (R — i) 62
S22 (K2 = REZ(K?) — 0p + (K* — p2) 6244, (2.2.19)

and the renormalization conditions are formulated as a generalization of the expressions
in the on-shell scheme (see Section 2.1.3) as

S (i) =0, S (i) =0,
SE(pz) =0, XF(uz) =0, (2.2.20)

taking into account the pole-mass definition. The field renormalization constants will drop
out in any physical S-matrix element involving only virtual unstable vector bosons.? Nev-
ertheless, including those field renormalization constants into the calculation, all renormal-
ized vertex functions can be defined in an UV-finite way. The obvious solutions to (2.2.20)
read

Sy = S (1), 02w = =30 (1y)
Opy = S7(1y) . 6222 = -7 (7). (2.2.21)

fixing the mass- and field renormalization constants. However, the calculations of =XV (1i%)
enforces an analytic continuation of 2-point functions to the unphysical Riemann sheet.
To circumvent this problem, one expands the self-energy expressions around the real mass
M2,

2T (1iy) = B (M) + (uy — M) By (My) + O(a?),

47 () = SAA(M3) + (i — MRS (M) + O(a?), (2.2.22)

exploiting the fact that formally I'y is an O(«a) correction with respect to My. Note that
the expansion (2.2.22) does not affect the structure of UV divergences in 3%V (43). Now
the mass- and field renormalization constants can be rewritten according to

Spiy = S (M) + (uiy — M) Sp (Mg), 02w = =77 (Mg,),
Spy = SEE(MZ) + (g, — MY)SEH(MG), 6277 = —SE7(M7).  (2.2.23)

Since the weak mixing angle is deduced from the vector-boson masses, its renormalization
constant introduced in (2.1.48) can simply be derived from the definition (2.2.16),

2 2 2 2

Ry 1

Sw 8% Cw 252,

2In the CMS, unstable particles must not appear as external states.
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The charge renormalization constant in the CMS, given by

52, — Tyyad() _ sw 247(0)

2 Cw N%

(2.2.25)

)

can directly be carried over from the on-shell expression (2.1.55). One has to keep in
mind that the self-energies entering (2.2.24) and (2.2.25) are calculated with complex
mass parameters for unstable particles in the loops.

In our calculation we treat the light external fermions (namely the electron, the muon
and all quark flavours other than the top) as massless, stable particles. Small fermion
masses are only introduced to regularize collinear singularities and assumed to be real
parameters. Thus, we do not have to perform a renormalization of the corresponding
masses, since all related contributions are suppressed by powers of m;. Moreover, the
light-fermion self-energies in the renormalization constants do not have any absorptive
contributions arising from decay possibilities into lighter particles. Nevertheless, the self
energies have to be calculated with complex vector-boson masses and a complex weak mix-
ing angle and therefore become complex quantities themselves. Taking this into account,
it is necessary to perform a complex renormalization of the bare right- and left-handed
fermion fields fé{ /k according to

fi=0+302¢,) f7, o=R,L, (2.2.26)
where the complex field renormalization constants 52?;4 are given by
027 = =51 (m3) —m3 | S (m3) + 2 (m3) + 25 (mfc)] . (2.2.27)

ry(m$) and Al (m?) denote the right-/left-
handed and the scalar parts of the fermion self-energies, respectively.

The CMS can also be applied to the renormalization of the masses and fields of the
Higgs boson and the top quark. Since those quanta only enter our calculation at NLO, we
will not discuss the related renormalization procedure in this thesis. Details concerning
this topic can be found in [33]. Nevertheless, we should point out that one could easily
introduce a complex mass for the top quark and the Higgs within the loop corrections. This
treatment will lead to tiny deviations in the result that are formally of NNLO accuracy
and therefore do not necessarily have to be taken into account.

In this equation, the complex functions I

2.3 The parton model and QCD

Scattering processes at hadron colliders pose the problem that hadrons are strongly-
coupled, composite objects and therefore refuse access to a purely perturbative description.
Therefore, we work in the parton model [59, 60] that comprises the possibility of perturba-
tive predictability for hadronic scattering processes, since hadronic cross sections can be
factorized into universal non-perturbative contributions and the perturbative description
of the hard scattering event.

The parton model is valid for highly-relativistic fast-moving hadrons with a four-
momentum that is distributed to the constituting partons (gluons and (anti)quarks).
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Those massless partons are all moving in the same direction, and their transverse mo-
menta are negligible. One further assumes that partonic reactions in hadronic collisions
take place between two partons, whereas the remaining partons serve as spectators. The
parton model is valid if the scale Q? of the hard process is large compared to the typical
QCD scale A?QCD. In this situation ag(Q?) is small and the partons in the hadron can
be treated as perturbatively free particles. As a result, the partonic cross section can be
computed using standard perturbation theory. One should keep in mind that the parton
model only works fine in high-energy processes for large transverse momenta where a large
momentum transfer is ensured.

2.3.1 Definition of partonic cross sections

The differential cross section do;_. s plays an important role in high-energy collider physics,
because it can be formulated as a purely phenomenological quantity, and, on the other
hand, has a well-defined counterpart on the theory side. Thus, it can be employed to test
theoretical predictions in an appropriate experimental approach.

On the experimental side, do;_; is defined as the ratio of the numbers of events per
time ny that contribute to a certain final state f, and the luminosity £;, of the incoming
particles in the initial state ¢ undergoing the collisions,

dO‘i_,f - 1 d?’Lf(O)
do L, dO

(2.3.1)

The final state f will usually be defined via its particle content, and the quantity O

symbolizes a certain physically well-defined observable that has to be constructible from

the momenta of the final-state (FS) particles. The total number of events per time ny is

accordingly given by

dO'Z'_> f
dO

defining the integrated cross section o;_, ¢, where usually event-selection cuts will be applied
in the evaluation of (2.3.2).

In QFT, the integrated partonic (indicated by a hat) unpolarized cross section for a
process with two massless QCD partons a and b in the initial state is described theoretically
by the convolution of the square of the scattering amplitude,

My P = T D D Y S IMu (233)

’rL(Ca)n(Cb)n CayCh Cf 0Oa,0p Of

Tlf = Ein d(’) |: :| = »Cin Oi—f, (232)

averaged over the number of colours n(c,.) and helicities n(o,/) of initial-state (IS)
particles and summed over the F'S colours and polarizations, and the differential phase
space d®,) representing the kinematical degrees of freedom of the n-particle final state f,

. 1 n
O—abﬁf(paapb) = 2_§ /dcb(n)(paapba kl cee 7kn) ’Mabaf<paapb; kl; ey kn)’2 F( )({O]}) .
(2.3.4)
Here, p, and p, are the momenta of the IS partons, ki, ..., k, depict the FS momenta, and

§ = (pa + pp)* denotes the partonic center-of-mass (cm) energy squared. If there are m
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identical particles in the final state f, the cross section additionally has to be multiplied
with a factor (1/m!). The cut function F(™ equals zero if the event does not pass certain
event-selection cuts defined using a set of observables {O,}, and it is one otherwise. The
differential phase space in 4 dimensions reads

dq)(n) (pavpb; kl ) kN) = (27T)4_3n H d4kl 5(k22 - mf)@(k‘?)] 5(4) <pa +pb - Z kl) ’
i=1 i=1

(2.3.5)
where m; = \/k? denotes the mass of particle i in the final state.

2.3.2 Hadronic cross sections

Now we consider a collision of two hadrons A and B in the so called infinite-momentum
frame where the hadrons are moving fast in the z3-direction, and their masses are small
compared to their energies. In this special situation the transverse momenta of the partons
can be neglected, and the four-momentum p,) of a parton belonging to hadron A(B) is
related to the hadronic four-momentum p,(p) via

Da(b) = Ta(b)PA(B) ; (2.3.6)
with 0 < 7,3 < 1. Now we can provide the hadronic cross section for the process
A(pa) +Bps) — [+ X, (2.3.7)

where f symbolizes the final state of the hard scattering event, and X denotes the remnants
of the two IS hadrons which are destroyed in the hadronic collision. The hadronic cross
section is given by

1 1
doap—f(pa,pg) = Z/ d%/ Ay [faya(za) foye(@) dap—s(paspe)] | (2.3.8)
= Jo 0

where we have to sum over all relevant pairs {a, b} of partons. The functions f,/a(%,) are
called parton distribution functions (PDFs). The expression f,/4(z,) dz, gives the total
number of partons @ in a momentum interval (x,,z, + dz,) within the hadron A. The
PDF's cannot be computed from first principles since they are non-perturbative quantities
for hadrons; nevertheless, they can be measured by fitting experimental data of deep-
inelastic lepton-nucleon scattering (DIS) or hadron—hadron scattering processes. Note
that in (2.3.8) we have to perform the convolution over the PDFs and the phase-space
integration of (2.3.4) at the same time to allow for the proper calculation of differential
cross sections. An illustration of the hadronic process AB — W +jet + v+ X — ly +
jet +~v 4+ X that is discussed in this thesis can be found in Fig. 2.1.

The squared hadronic cm energy is s = (pa +pp)®. In the laboratory (lab) frame the
IS four-momenta can be expresses via

.5 V5

Pa = 7(170707+1) ) plé - 7(170707 _1)7 (239)

and according to their definition the partonic momenta read

pg:xa§(1,0,0,+1), pg:xb§(1,0,0,—l). (2.3.10)
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vy

Figure 2.1: Schematic illustration for the hadronic process AB — W+jet+v+X —
lyj+jet+~v+ X. The perturbative partonic cross section is indicated by a green box.

In the partonic cm frame we find the expression

ﬁg = g(lv()?oa—i_l) 9 ﬁg = 4(170707_1)7 (2311)
for the partonic four-momenta, with § = x,x, s = 7s.

Note that the partonic cross section déq,—s is often calculated using momenta defined
in the partonic cm frame. Whenever one wants to apply event-selection cuts or sort events
into histogram bins, one has to boost the momenta along the beam axis into the lab frame
that coincides with the cm frame of the hadrons A and B. The boost parameter of the
partonic cm frame for parton a moving in positive z3-direction is given by

(2.3.12)

and the F'S momenta £!' in the lab frame can be obtained from the ones in the partonic
cm frame k! via the boost

kzo = Yab (I%ZO - ﬁab]%?> )

[ a—
k2 = |2
k= Yab (k3 - ﬁabl%?) , (2.3.13)

where we have used v,, = 1/

2.3.3 The QCD improved parton model

In Section 3.3 we will see that the inclusion of higher-order QCD corrections into the cal-
culation of hadronic cross sections enforces a redefinition of the bare PDFs in Eq. (2.3.8) in
an appropriate factorization procedure to absorb residual collinear singularities that arise
in the perturbative calculation of the partonic cross section. Those singularities can be ex-
plained by the fact that in the collinear regime perturbative QCD is not anymore suited for
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a proper description of the underlying physics. However, the problematic singular struc-
tures turn out to be universal, i.e. they factorize from the hard scattering cross section
and can be ascribed to the non-perturbative contributions contained in the PDF of the
incoming QCD parton. After the redefinition of the PDFs—which can be understood as a
renormalization procedure—the cross section of the perturbatively-defined hard scattering
event is infrared safe, and the hadronic cross section can be evaluated consistently.

The possibility of factorizing universal collinear-singular long-distance effects into the
non-perturbative part of the hadronic cross section is a fundamental property of the the-
ory which turns QCD into a reliable calculational tool with controllable approximations.
For DIS and Drell-Yan-like processes this factorization in universal non-perturbative and
process-dependent perturbative parts has proven to be possible at any order of perturba-
tion theory [61].

The “naive” parton model introduced at the beginning of this section that is extended by
the strong interaction of partons and the factorization of non-perturabtive IS contributions
is known as the QCD improved parton model (see, e.g., Ref. [62]). The technical details
of the factorization procedure at NLO QCD will be discussed in Section 3.3.






Chapter 3

Infrared singularities in NLO
corrections

3.1 Infrared singularities in QED & QCD

Infrared (IR) singularities appear in phase-space integrals of real-emission processes as well
as in loop integrals appearing in virtual radiative corrections. In contrast to UV diver-
gences that emerge at large loop momenta within virtual corrections, the IR singularities
are related to low-momentum and small-angle regions in real and virtual corrections. We
can distinguish two types of IR singularities (see ,e.g., Ref. [63]):

e A soft singularity arises if the energy of a massless real vector boson (photon or
gluon) that is radiated off an external on-shell particle approaches zero, or if a
virtual massless vector boson is exchanged between two on-shell lines within a 1PI
loop diagram.

e One can distinguish two types of collinear singularities, connected to certain split-
tings in the initial state or the final state of a hard scattering event. We now briefly
describe the collinear-singular situations that appear in real and virtual NLO cor-
rections (four-momenta of particles are given in brackets).

We observe a FS collinear singularity if a virtual light particle (light fermions or
massless vector bosons) ij(p;;) in the final state splits into two external light particles
i(p;) and j(p,) that are collinear (i.e. (p;p;) — 0). On the other hand, IS collinear
singularities appear if a light on-shell particle a(p,) in the initial state collinearly
emits another light on-shell particle i(p;) (i.e. (pp;) — 0), while the second particle
ai(p, — p;) of the splitting undergoes a hard scattering process. If a light on-shell
particle splits into two light particles within a 1PI loop diagram, there will also be a
collinear singularity. The collinear-singular structures that may appear in radiative
processes are depicted in Fig. 3.1.

Note that soft and collinear singularities also arise within on-shell derivatives of certain
self-energy contributions that appear in the field renormalization constants in the on-shell
renormalization scheme (see Section 2.1.3).

Soft- and collinear-singular situations in loop integrals are shown in Fig. 3.2. Since
IR singularities only appear when the involved particles are light or exactly massless, IR



30 3. Infrared singularities in NLO corrections

a) i b) i
Pa /pl /p’L

a ——{ M) M) F——= —J
ai ij Pj

Figure 3.1: Collinear singularities in IS (a) and FS (b) splittings within
a radiative process. An IS collinear singularity occurs if the scalar product
(papi) gets small, and we observe FS collinear singularities for (p;p;) — 0.
The underlying hard scattering processes are represented by their amplitudes
M) and Mij), respectively.

singularities are also called mass singularities. In real-emission processes, they emerge
because the phase-space integral over the propagator of the particle initiating the prob-
lematic splitting will diverge logarithmically if the singular structure is not regularized
properly. In case of a collinear divergence, the problematic singular structure arises in
expressions of the form fol dcosf/(1 — cosf) within the integration of the angle 6 between
the two collinear particles. In soft-singular situations, we are confronted with integrals
as fOEm" dFE/FE that exhibit a logarithmic divergence if the energy E of the emitted pho-
ton/gluon goes to zero.

3.1.1 Infrared singularities in QED

All IR singularities related to the 7 f f-vertex, where f indicates a light fermion, can be
found in Table 3.1. Of course, a photon that is radiated off an external (on-shell) W boson
will also cause a soft singularity. This situation will be discussed in detail in Chapter 5.
However, in a realistic physical situation the W boson will decay into a quark or lepton
pair, and the soft singularity eventually can be ascribed to soft photon radiation off light
fermions. If a photon is radiated off an external top quark, we will only observe a soft-
singular contribution, because there is no collinearly-divergent propagator due to the large
top-quark mass.

We regularize the soft singularity by introducing an infinitesimal photon mass A and
keep small fermion-mass parameters my to regularize the collinear-singular situations
in the calculation of the real and virtual EW corrections. Working out the singular
integrals, one obtains terms oc aln(A*/Q?) in the soft-singular situations, and terms
o< aln(m?/Q?) for the collinear singularities, where @ denotes the typical scale of the
hard process. If the two singularities overlap in phase space, we observe contributions
x aln(m?/Q?) [In(m?/Q?) + In(A?/Q?)].

It is important to stress that collinear lepton—photon splittings are not literally inducing
a singularity, because the lepton mass regularizes the singular structure in a physically
meaningful way. Nevertheless, in high-energy processes at hadron colliders the lepton-
mass parameters m; are small compared to the reference scale @ of the underlying hard
scattering events. Thus, it is wise to handle the lepton mass as if it was a regulator in the
numerical evaluation to ensure numerical stability. This means that the logarithmic lepton-
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pl p% = m%
a) = b)
@ o om
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Figure 3.2: Soft singularities (a) and collinear singularities (b) in virtual
corrections. A collinear singularity only occurs if mg, m1, and meo are small
compared to typical other scales of the considered process or exactly zero. If
particles 1 and 2 in diagram (b) are fermions, there is no collinear singularity
due to the coupling structure in the collinear limit [48].

mass dependences in a cross section should be extracted from the numerical evaluation
and be isolated as analytical terms oc In(m?/Q?).

A consistent calculation of NLO EW corrections enforces the computation of real ra-
diative corrections with an additional bremsstrahlung photon in the final state. However,
at NLO the unphysical logarithmic photon-mass dependence caused by radiation of a
soft photon will drop out in the sum of real and virtual contributions according to the
Bloch—Nordsieck theorem [64] if the real photon radiation is treated sufficiently inclusive.
Practically this means that the full soft-photon phase space must be covered in the compu-
tation of the bremsstrahlung integral. This is consistent with the experimental demands,
since it is not possible to apply cuts to kinematical configurations with arbitrarily soft
photons.

3.1.2 Infrared singularities in QCD

In QCD it is not convenient to introduce an infinitesimal gluon mass to regularize the soft
gluon pole or the collinear pole that arises in the g — gg splitting. Since we work in the
QCD improved parton model, we also have to assume all light quarks that contribute to the
parton content of the proton as massless. Therefore, we use dimensional regularization
(see Section 2.1.3) to enable the calculation of IR-singular contributions.! Within this
framework, soft or collinear singularities will arise as 1/¢e poles. If the singularities overlap,
we observe poles of 1/e2. In Table 3.2 we show IR-singular scenarios that can appear in
real-emission and one-loop processes in QCD.

!As in the QED case, one could also safely insert small quark-mass parameters to properly regularize
the collinear-singular structures that appear due to the ggg-vertex.
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Real corrections Virtual corrections Singularity

0
ij In(my)
C : In(my)

Lo

: In(my)

Table 3.1: Relevant graphs for IR singularities in real and virtual corrections
within NLO QED corrections. Diagrams in one row contribute to the same
LO process indicated by the grey blob. The collinear singularities can arise
from IS or F'S splittings and appear as terms of In(my). In case of soft singu-
larities, there will be terms of In(\) and In(m¢) In(A). There will also be a soft
singularity if a photon is exchanged between FS and IS fermions. The arrows
depicting the fermion-number flow may also be reversed.

fin IS or FS ln(mf)7 ln()\)

In(my), In(A)

N

3.2 Squared amplitudes in the IR limit

We will now discuss some general factorization properties of squared physical amplitudes in
the soft or collinear limit and present the structure of those factorized expressions. Doing
so, we will focus on soft and collinear photon radiation in QED, since these formulae are
very important in the calculation of EW radiative corrections. On should mention that the
existence of such factorization properties is the basis for any general method that allows
for the analytical extraction of IR singularities from the numerical phase-space integration,
as e.g. achieved in slicing and subtraction techniques.

3.2.1 Factorization in the soft limit — the eikonal approximation

Consider a partonic scattering process with n F'S particles with four-momenta py,...,p,
and one additional bremsstrahlung photon with momentum k. If the energy E, = k° of
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Real corrections Virtual corrections Singularity

1/€, 1/¢?

a/g
IS or FS

R —

T 1/e

/s
IS or FS

0000

@ @
: 1/e

q/g,
IS or FS

O QT

1/e, 1/€

0000

1/e, 1/€

q/g,

g IS or FS
1/e, 1/¢

Ot e @t e
: 1/e

Table 3.2: Situations for IR singularities in real and virtual corrections within
NLO QCD corrections. Diagrams in one row contribute to the same LO
process indicated by they grey blob. The singularities can arise from IS and F'S
splittings and show up as poles of 1/e or 1/€2. Soft and collinear singularities
also appear if a gluon is interchanged between external IS and FS quarks or
gluons. The arrows depicting the fermion-number flow may also be reversed.
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the radiated photon becomes small, the corresponding squared bremsstrahlung amplitude
| M,,4+]?, summed over the photon polarizations, factorizes into an eikonal factor and the
squared amplitude |M,,|? without additional photon radiation [65],

Z |Mn+’y<pa7pb;p17 R k7 s 7pn)|2

Ay

(Pik)(pjk)

where we have suppressed terms that do not contribute in the soft limit after phase-space
integration. The indices ¢ and j run over all external charged particles that carry the
electrical charges ;e and @)je, respectively. The sign factors o; and o; define the charge
flow of 7 and j into or out of the diagram. We define oy = +1 for incoming fermions and
outgoing antifermions, and oy = —1 for outgoing fermions and incoming antifermions. For
an incoming charged W~ boson or an outgoing W' boson we define ow = +1. Since the
W+ is defined to be the antiparticle, the charge of the W boson is Qw = —1. Charge
conservation implies

PiDj
o D Qi0iQ05¢% s [ M (s pyi P, pa) P HO(1) (3:2.1)
,J

ZQM =0, (3.2.2)

if we sum over all external charged particles. A formula similar to (3.2.1) can be deduced
for soft-gluon radiation in QCD (See, e.g., Eq. (4.3) in [66]).

3.2.2 Asymptotic behaviour in the collinear limit

Consider a real-emission process

a(pa) +b(ps) = c1(pr) + -+ - + o1 (Pns1) (3.2.3)

which is described by the scattering amplitude M, ;. The particle momenta are given in
parentheses. It is possible to find general factorization formulae for any splitting depicted
in the left columns of Table 3.1 and Table 3.2, respectively, if the kinematical configuration
approaches the collinear limit, i.e. the scalar product of the two collinear particles becomes
small. Schematically, all those formulae can be expressed as

Mot (Pas 20)[° 5 9% (D1 Pas a) @ |ME (Dai = Tapas 1)
(3.2.4a)

(Moi1(Das Do - D05 )
oo 9i3(Dis iy 2) ® [ Mugiy (Pas P - - i = Pt pjs -1
(3.2.4b)

for IS and FS collinear singularities. We will now discuss those expressions in some detail.
The variable 0 0
Po — P;

pa
denotes the energy fraction of (p@ that enters the hard scattering process without splitting
specified by the amplitude M™ as indicated in Fig. 3.1(a), and

(3.2.5)

LTy =

Y
5= i 3.2.6
P+ 1 320
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is the energy fraction that is carried away by particle ¢ in the collinear FS splitting. The
information of the hard subprocess before the collinear splitting is contained in M,, (;;y (see
Fig. 3.1(b)). The universal prefactors g*(z,) and g,;(z;) are independent of the underlying
hard process and contain the physical information of the corresponding splitting in the
collinear limit. The symbol ® in (3.2.4) indicates that, besides normal factorization,
spin correlations appear for certain splittings, namely if a vector boson enters the hard
scattering.

Collinear photon radiation

In case of collinear photon radiation off light (anti)fermions, the general formulae for the
squared averaged amplitudes in the collinear limit (3.2.4) explicitly read [35]

2

Mo ()P 2y 97 (kspgg) | M (g, o)

Moty (Paspos - ksopp - P oy 9ap (B pgs 20) [Mn gy (Pas i - k4 g,
(3.2.7)

and—up to terms that are finite in the collinear limit—the unpolarized splitting kernels
are given by

mj
vy f(k,pp,xy) = [P Zf) — 1
i (ksprsxy) rr(2r) Dok
1 xpm?
I _ /
g (k,ps, 2 —7{]3 Tp) — } , 3.2.8
(k. py. 21) o (o) rr(Ty) prk (3.2.8)
with the splitting function
14 &2
Prs(8) = (3.2.9)

3.3 Factorization of initial-state singularities in QCD

In NLO QCD calculation all soft singularities and collinear singularities due to F'S split-
tings will drop out of any properly-defined jet observable as a consequence of the KLN
theorem [67]. Nevertheless, in the calculation of perturbative corrections to hadronic scat-
tering processes residual IR singularities arise that are caused by (real and virtual) collinear
parton radiation from IS (anti)quarks or gluons. These singularities are the consequence of
the fact that the collinear scenario is not describable in a perturbative approach anymore,
since the collinear radiation is settled at a low scale where QCD is strongly coupled.

These collinear singularities turn out to be universal, i.e. they are independent of the
hard scattering event. Thus, one can factorize them for all processes in the same way into
the renormalized PDFs. As a trade-off one has to introduce a factorization scale pg into
the calculation that separates the perturbative from the non-perturbative regime.
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In NLO QCD factorization can be described as a replacement of the bare PDF of parton
a according to

Ldz x as [ PYe(z A\ € /
fa/A(x) - 5/134<xvﬂl25‘) + g/x 7 c};’;A <;7:U’%> % |iP(1 —(6;6 ( quzj ) o Klgsa<z>:| )

(3.3.1)

where the P%%(z) denote the renormalized Altarelli-Parisi splitting functions in four di-

mensions that can be found in Appendix C of [66]. The terms K¢ contain the finite terms

that are shifted to the renormalized PDF's, i.e. they depend on the choice for the so-called

factorization scheme (F.S.). In our calculation of the NLO QCD corrections we use the

modified minimal-subtraction (MS) scheme where the contribution in (3.3.1) proportional

to

1 (4m)¢
AllR = -

1
ﬁ = E —YE + Indr + O(E) , (332)

which is typical for dimensional regularization, is absorbed into f i A(x p). For this special
choice we find K&4(z) = 0. In (3.3.2), vg is the Euler-Mascheroni constant.

MS
Technically, the factorization can be arranged by adding a universal collinear counter-
term d6® to the partonic cross section and replacing the PDFs according to faja(z) —

faji(@, pr). For a two-parton initial state the collinear counterterm reads

A6 (pa, po; piv) = 27TI‘ =9 Z/ dz/ dz d62,(2pa, Zps)

<Aoo -a[ -1 () Pty 4 rs )

MF

e 01— 2) {— % (4”5 > Ph(z) 4 KM (z)} } (3.3.3)

My

If one investigates partonic processes with just one IS QCD parton, like DIS or photon-
induced contributions at hadron colliders, the collinear counterterm is given by

65 (pa; ir) = 27rr1—e Z / { (47”‘ ) P“b(z)+K?.bsA(2)] Ao (zpa) -

15
(3.3.4)
Taking NLO factorization into account, the partonic NLO cross section can be summarized
as
N0 = / dol + / doy, + / dsS, (3.3.5)
n+1 n n

where the cross sections fn 1 do® and fn da Y, of the real and virtual corrections will be
formally defined in Section 4.4.1. Using the dipole subtraction formalism for the calculation
of the real QCD corrections (see Section 4.4), the collinear counterterm will automatically
be included when the subtracted contributions are added to the cross section again.
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3.4 Factorization of initial-state singularities in QED

Similar to the procedure in QCD, the residual In(m,)-dependence resulting from IS QED
splittings can be factorized into renormalized PDFs according to the replacement [68]

1
x «
Jopa(w) = Lyile, pi) = / i (o) 5,9

m2

/ f§/§4 —3@2 {m (ﬂj ) P (2 )+C§$-(z)} , (3.4.0)

q

{ In (“2 ) Pys(2)]. — [Prs(z) @In(l — )+ 1)], + c;f-<z>}

with
P (&) =&+ (16, (3.4.2)

Equation (3.4.1) accounts for both the case in which an IS quark radiates a collinear
photon and for the case of an incoming photon splitting into a collinear ¢g-pair where the
q initiates the hard scattering process. It is also valid for antiquarks if one replaces ¢ by q.
Again, the process of factorization introduces a scheme dependence since we can absorb
in principle arbitrary finite parts into the renormalized PDFs. This scheme dependence is
contained in the structure functions Cf;*(z).

In the calculation of the EW corrections to off-shell W + jet production we will apply
the so-called DIS scheme that is defined in such a way that the DIS structure function
F5 is unchanged at NLO. We make this choice, because the MRSTQED2004 PDF set we
apply in our calculation is defined in a DIS factorization scheme with respect to QED
corrections [68].

In analogy to QCD, one can furthermore define the MS factorization scheme for IS
collinear QED singularities at NLO in the following way: First, the logarithmic quark-
mass divergences in (3.4.1) are expressed as 1/¢ poles in d dimensions. In a second step,
one demands that—as in QCD—the terms proportional to (3.3.2) are absorbed into the
renormalized PDFs, thereby defining the finite parts of C}®(z). The coefficient functions

C’fjs(x) for the MS and the DIS scheme are then given by
C%cs(z) = C%S(z) =0,
1—2 3 9+ 52
DIS P ] _ 2
o) = Pt (w(55) <)+ 25

CP8(z) = Ppy(2)In <1 — Z) — 822 +82—1. (3.4.3)

z

3.5 Infrared safety — definition of jet observables

A proper definition of jet observables is a very important topic, since it addresses the
question of how to construct physical jets from partons in perturbation theory. First of
all, it is mandatory to ensure that jet quantities are defined in an /R-safe way. This means
that at NLO an n-parton final state must not be identified as an (n + 1)-parton final state
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if one adds one additional parton that is either collinear to another parton, or arbitrarily
soft.

There are two reasons for demanding IR safety, one is more of practical nature, while
the other has its origin in the underlying theory.

On the experimental side, it is not possible to separate two sufficiently collinear partons
in any realistic detector configuration, since the partons will in reality first undergo a
parton shower and afterwards hadronize, leaving a multi-hadron signal in the hadronic
calorimeter. If the energy of a jet is too low, however, it will not lead to a signal in
the detector at all. Therefore, no experimental setup is sensitive to any ultra-soft parton
activity.

On the theory side, soft and collinear parton configurations connected to an additional
parton arising from real radiation lead to IR singularities in the real-emission cross section
d6®. These unphysical singularities will only drop out in the full NLO cross section if all
collinear and soft contributions are treated fully inclusively, simulating the experimental
demands. This request can be translated to certain properties of the jet function FJ(RM).
This quantity defines the jet observables for a k-parton final state, i.e. it contains a pre-
scription how to construct physical jets from £ distinct partons. It also includes event
selection cuts that apply to the F'S jets as well as to the non-strongly-interacting particles
in the final state, symbolized by R.

In order to respect IR safety in the soft limit, we demand [66]

R+n+1 R+n .
F} e )(pl,---,pj=>\q,---,pn+1;pa,pb) —>F§ oL PasiiPanpe) i A — 0,

(3.5.1)
for the (n+ 1)-parton jet function. To ensure collinear safety, the jet function has to fulfill
R+n+1 R+n
F} - +)(pla"'apia"'7pj7"'7p7L+1;pa7pb)_> } - )(ph'"7p7"'7pn+1;pa7pb)
if pi—2zp and p; — (1—2)p. (3.5.2)

In a realistic situation, the partons ¢+ and j have to be merged in a well-defined way if
they cannot be separated in a sensible experimental setup. This is done by so-called jet
algorithms that construct a new quasi-particle 45 with momentum p;; from the partons ¢
and j. This procedure is called recombination. There are many different jet algorithms in
the literature (see ,e.g., Refs. [69]). In the actual calculation of the real QCD corrections to
off-shell W + jet production we apply the Tevatron Run II kp-algorithm [70] to construct
physical jets from partons.

Of course, at LO the n-parton final state has to be defined in such a way that it contains
n genuine jets. This implies the conditions

F§R+")(p1,---,pn;pa,pb)—>0 if pi-pj—0 orif p;-p,—0orp -p,—0. (3.53)

3.6 Non-collinear-safe observables in QED

Collinear-safe observables

In case of leptons in the final state the situation is somewhat different from the case of
QCD partons. If an electron (e*) in the final state radiates a photon, these two particles
will be detected as a shower in the electromagnetic calorimeter, a separation is impossible
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and the scenario is in some sense “QCD-like”. On the theory side this means that we
have to define collinear-safe observables for this special situation. This is achieved by
recombining electron and photon if they are sufficiently close to each other. As a result,
any perturbative corrections that are defined in such a way will not be enhanced by In(m.)-
terms, but, since the electron mass is a physical parameter, this cancellation does not have
to be demanded for theoretical consistency. In case of collinear photon radiation off F'S
light quarks, however, recombination is also mandatory from a theoretical point of view,
because an exclusive treatment of a collinear quark—photon system will lead to residual
unphysical quark-mass logarithms in the perturbative result for the cross section, unless
non-perturbative effects are carefully taken into account (see Section 3.7.1).

Non-collinear-safe observables

By contrast, the configuration with a muon (u*) in the final state can be treated differently.
In a scenario where the muon emits a collinear photon, the photon will be detected in
the calorimeter, while the muon escapes this detector and will lead to a signal in the
muon chambers. Therefore, we can experimentally distinguish photons and muons that
are emitted collinearly in phase space and we can apply event-selection cuts to the bare
muon, i.e. we do not have to perform a recombination for final states in which photons
are very close to muons. On the theory side this means that the In(m,)-terms that are
related to the collinear splitting will not drop out of the NLO cross section, which leads to
an enhancement of the relative EW corrections. Observables that exhibit this logarithmic
enhancement are called non-collinear-safe observables.

3.7 IR safety within W + jet production

The calculation of EW NLO corrections to W + jet production comprises a conceptual
problem. In the treatment of F'S collinear singularities caused by the parallel emission of a
photon from an outgoing (anti)quark line, one is led to introduce a cut in an appropriate
separation variable. Within the collinear phase-space region thus defined, the (anti)quark-
photon system is effectively treated as one particle whose momentum is identified with the
jet momentum and thus subject to an acceptance cut—e.g. a cut in transverse momentum,
pr(jet) > pEin(jet)—that has to be applied to ensure the experimental observation of the
jet. This includes phase-space configurations where the photon essentially carries all the
momentum, while the (anti)quark can, in principle, be arbitrarily soft.

This will not generate any soft IR singularities, and the recombination procedure will
lead to a proper cancellation of unphysical quark-mass logarithms (see previous section).
However, since (anti)quark and gluon jets can, in general, not be distinguished experimen-
tally on an event-by-event basis, the same recombination procedure needs to be applied
to a gluon—photon system in the final state as well. This time, a soft gluon will produce
an IR singularity. Formally, this soft-gluon singularity could be avoided by applying the
pRin(jet) cut just to the transverse momentum of the gluon, even if it is accompanied by
a collinear photon. However, such a prescription is purely academic and quite unsuitable
for experimental implementation because (anti)quark and gluon jets are treated on differ-
ent footings. In this thesis we will follow two different strategies to treat the problem of
photon—gluon recombination in a theoretically consistent way.
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e The IR singularities related to soft gluon emission can be cancelled within the NLO
QCD corrections to W + v production, so that those contributions are also taken
into account in the calculation of radiative corrections to on-shell W+ jet production
that is discussed in Chapter 5.

e In the off-shell situation with a leptonic final state we exclude the soft gluon pole in
a collinear gluon—photon configuration from our calculation by means of phase-space
cuts, i.e. we discard events where the energy of the gluon in a collinear gluon—photon
system gets too small. Since situations with collinear photons and quarks in the final
state have to be treated analogously, this non-inclusive definition of observables
will lead to residual unphysical quark-mass logarithms in the cross sections. These
logarithms are subsequently absorbed into the non-perturbative parts of the quark-
to-photon fragmentation function that will be discussed in the next subsection.

3.7.1 Quark-to-photon fragmentation at NLO

In contrast to the QCD situation where two collinear partons cannot be separated in any
experimental setup, the situation with a collinear jet—photon pair in the final state is
slightly different. If the energy fraction carried by a hard, isolated photon in a collinear
photon—jet configuration is sufficiently high, the origin of this photon may be attributed
to FS radiation emitted at an early stage of the QCD parton evolution process [34].
Thus, those events may be considered as a contribution to prompt-photon production and
therefore be discarded from the jet cross section. The possibility of resolving collinear
parton—photon pairs comprises a theoretical problem within a perturbative calculation,
since any observable that is defined in such a way that it is sensitive to a single photon
in a collinear photon—quark pair, will destroy IR safety: if a photon is radiated collinearly
to a FS quark and we apply a cut solely to the photon, the situation is not inclusive
anymore, leading to residual unphysical In(m,)-terms in the cross section. This problem
can be attacked similarly to the factorization of IS IR singularities.

As in case of the unphysical IS singularities, the logarithmic quark-mass dependence
arising from the exclusive treatment of quark—photon pairs can be absorbed into the non-
perturbative parts of an NLO definition of a quark-to-photon fragmentation function [72].

Consider a situation in which a light FS quark with four-momentum p splits into a
collinear quark-photon pair, ¢(p) — ¢(p) + v(k,). After the splitting the photon carries
away the momentum fraction z,p, where z, is defined as the ratio of the photon energy
and the energy of the quark—photon system,

0
K
Z

v = =0’
k9 + p°

0<z, <1. (3.7.1)

As worked out in [72], the cross section o, (p, z,) for a situation in which a FS quark
emits a collinear photon can be expressed as a product of the cross section for the bare
quark o,(p) and the quark-to-photon fragmentation function Z,_..(z,),

Oq—y(P, 27) = 04(P) g (%) - (3.7.2)
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The function %,_.,(z,) contains the full perturbative and non-perturbative information
of the fragmentation process. At NLO,? the collinear quark-to-photon splitting can be
calculated in dimensional regularization, using a slicing approach. We integrate out the
collinear cone if p* = (p + ky)® < Smin, Where Sy, is small compared to all relevant
scales of the process. Now we can decompose the fragmentation function into this singular
perturbative fraction and the bare non-perturbative fragmentation function D, (z,),

Troe) = Dynf) =+ () L () Bl = 2 Pl 373)

€ \ Smin 21
where the quark-to-photon splitting function in d dimensions is given by

1+ (1—2)*—ez
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(3.7.4)

The collinear pole can be absorbed into the bare parameter D, .. (z,) using an MS frag-
mentation prescription in dimensional regularization (DR),

IS 1 (4Arp?\© 1 @2\ [1+4 (1 —2)?
DR MS
Dy (27) = Déﬂv)(z“f’e) = Dy, (2 1) + € ( It ) I'(l—e) < 27Tq z ’
(3.7.5)

where the fragmentation scale up separates the perturbative from the non-perturbative
regime. After this redefinition, the function Z,_.,(z,) is finite; Dy_sw(zv, ur) has to be
determined by experiment.

In our calculation we need (3.7.5) in the mass-regularization (MR) scheme with a quark-
mass regulator m,. The prescription then reads

(MR) MS aQ; mg
Dyrn(2y) = D270 (2y,mg) = D2 (2, pr) + ?Pq—w(zﬁ In 2 +2Inz,+1),
F
(3.7.6)

with the four-dimensional splitting

1—1—(1—,2)2'

Pq%'y(z) = >

(3.7.7)
Note that (3.7.5) and (3.7.6) define the same finite perturbative parts that are absorbed
into the bare fragmentation function D,_.,.

In our perturbative calculation for off-shell W + jet production, we will discard events
where the energy fraction z, of the photon in a collinear parton-photon configuration
after recombination is larger than a certain cut-off z5. Doing so, the problematic soft
gluon pole is explicitly excluded from our computation. However, if the parton is a quark,
we will thereby effectively subtract IR singular contributions from the perturbatively well-
defined inclusive configuration, leading to a perturbatively ill-defined result. However, for
a consistent treatment of the fragmentation physics, we additionally have to take into
account the analogous non-perturbative contributions to the fragmentation process that

2The quark-to-photon fragmentation function does not exist at LO.
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are parametrized by D,_.,(z,). On the technical side this means that we additionally have
to subtract the expression

1
Ay (Mg, 20) = Uq(pq)/ dz, D((Il\—/[g{)(zwmﬁ (3.7.8)

20

from the NLO cross section. As a consequence, the residual quark-mass dependence in
the NLO result will vanish.

Fortunately, the non-perturbative contribution to the class of events we want to exclude
has been measured at LEP in photon+jet events. In these events a photon carries almost
all the energy of a radiating quark in a hadronic Z°-boson decay. In our explicit calculation
we use the bare fragmentation function

(MR) ALEPH,MS aQ; me
DY (zy,my) = D (2, ur) + ?Pqﬂw(zﬁy) In—+2Inz,+1), (3.7.9)

q— q—
Ky

where we employ the parametrization of the renormalized fragmentation function used by
the ALEPH collaboration to fit the data [34],

DALEPH,WS(Z [ir) = an P, (2 )1n’u7% +C). (3.7.10)
q— Y ot q—y\~Y (1 —Z»Y)Q,U(Q)

Here, the constants p2 and C' are fit parameters and the dependence of the complete
fragmentation function on the fragmentation scale ur cancels by construction. We use the
result of a one-parameter fit where C' is constraint to C' = —1 —In(MZ/(2u3)) resulting in

po =0.14GeV and C = -13.26. (3.7.11)

Details on the specific recombination- and cut procedure we have applied in our calcu-
lation can be found in Section 10.1.



Chapter 4

Dipole subtraction in NLO
calculations

In this chapter we present an overview about the dipole subtraction method as it is applied
in our calculation of the NLO QCD and EW corrections to the off-shell W+jet production.
We do not claim to provide all technical details that are necessary to actually implement
the method into a computer code. For this purpose, one actually has to work carefully
through the papers where the procedure was originally developed.

In Section 4.1 we start with a short motivation and afterwards discuss the underlying
principles of the method on the basis of its relevance for the calculation of TR QED
singularities. Then we will—building on earlier work by Stefan Dittmaier—discuss in
detail the construction of the subtraction formulae for the calculation of non-collinear-safe
observables in QED that were defined in Section 3.6.

In Section 4.4 we give a brief description of dipole subtraction within NLO QCD cal-
culations. We sketch the general procedure and comprise the most important formulae.

4.1 Dipole subtraction in QED

The calculation of real NLO QED corrections gives rise to several IR or mass singularities
in the phase-space integral f dCIDLOH]MrealP of real-emission processes (see Table 3.1, left
column). These mass singularities have to be regularized to make them calculable. As
stated in Section 3.1.1, we include small fermion masses m; to regularize the collinear
singularities and an infinitesimal photon mass A to regularize the soft singularity.

If we naively introduced small regulator masses everywhere in a real-radiation ampli-
tude | M,ea|? of a physical process that happens at a typical energy scale ), the numerical
evaluation would be significantly slowed down by terms of order O(mZ,,/Q? my,,/Q*, .. .)
that are irrelevant for the final result anyway. Moreover, the presence of many differ-
ent scales could spoil the numerical accuracy and—as a consequence—the reliability of
the result. The mass-singular logarithmic terms would be piled up as a purely-numerical
contribution, and the cancellation against the analytic counterparts from the virtual cor-
rections would be a tedious and delicate task. Additionally, the numerically-evaluated and
potentially huge singular terms could superimpose the finite contributions and jeopardize
the accuracy of the evaluation. Consequently, one has to work out a strategy which offers
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a fast and stable numerical evaluation on the one hand and analytical control over the
mass-singular terms on the other.

As a solution to this problem we now discuss the dipole subtraction formalism. In the
following, we try to be as general as possible and to present the keynote of the procedure.
All presented formulae are understood in such a way that they have to be specified for the
calculation of a particular process.

The general idea of any subtraction formalism is to subtract an auxiliary function
| Mg |? from the real-emission amplitude |M,e.|? that pointwise cancels all IR-singular
contributions in [M,ea|? . The IR-singular structures in this auxiliary function can then be
integrated out analytically before the subtracted contribution is added to the cross section
again. The subtraction function | Mgy, |? should be a general function in a sense that its IR-
singular structures should factorize from the hard process without IR-singular splitting.
This can in principle be achieved, since—as explained in Section 3.2—any given QED
amplitude exhibits a universal factorization behaviour in any IR-singular limit, resulting
in a convolutive expression of a general splitting term and the squared amplitude |Myo|?
of the underlying process without IR-singular splitting. The subtraction function should
also be simple enough that the singular parts allow for an analytical integration over the
[R-singular subspace [d¢r| of dProy1 to attain analytical control over the singularities.
For this purpose, one needs an adequate phase-space decomposition, symbolically denoted
as

Adroyr = dPro ® [derm], (4.1.1)

where the symbol ® abbreviates multiplications and adequate phase-space convolutions.
Following the preceding considerations, we can schematically reformulate the phase-space
integration of a real-emission amplitude containing problematic IR splittings according to

/d(I)LOJrl‘-A/lreal’2 = /d(I)LOJrl (’/\/lreal‘2 - ’MsubP) + /déLO & (/[dqis]‘Msub‘Z) .

(4.1.2)
Since in the subtraction integral all IR singularities are neutralized pointwise, the evalua-
tion of [ d®po41(|Mieal|]> — | Meun|?) is possible without any mass regulators. The three-
fold integration [d¢ir| covers all mass-singular structures and can be done analytically
once and for all, employing mass regulators. Finally, we are left with a trivial numerical
convolution over a LO phase space d®po. Of course the problematic task is now

1. to construct the subtraction function |Myy|?, and
2. to perform the analytical integration of [d¢g].

At NLO, different subtraction techniques have been proposed in the literature [35, 36, 66,
71, 73, 74, 75] that tackle this problem in different ways. Probably the most common
approach is the dipole subtraction method that constructs | Mgy,|* as an appropriate sum
of so-called “dipoles” g%‘f}( and g3,
- 2
|Msub((1>LO+1(- .. 7pa7pi7pj7pK7 o ))|2 = Zg%l’l;((plapjapl() X ‘MLO(CI)LO(ﬁwaﬁK))‘
2

+ 3 82 (P pis ) © [ Muro(Bro(Fu 5rc))| - (41.3)
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The dipoles gf’;"}( and gZ‘;bK are built from emz’tter—spectator pairs corresponding to IR-

singular IS and FS splittings of the form a — ai +4 and ¢j — ¢ + j that are illustrated
in Fig. 3.1. The particles ai and 75 that enter the hard scattering event are denoted as
emitters, while the spectator particles K are needed to construct the reduced LO phase
space d®; that enters the subtraction integral and to correctly match the asymptotic
behaviour of | Me.|? in case of soft-photon radiation.

For the readers convenience, we summarize the relevant properties of (4.1.3):

| Mgu|? matches the asymptotic behaviour of [M,.|? in any soft or collinear limit,
i.e. its asymptotic behaviour is given by (3.2.4a), (3.2.4b), and (3.2.1), respectively.

e The dipoles g'y and g5 are general functions, i.e. they are independent of the LO

process and can be constructed once and for all for every collinear-singular splitting.

e Since the matrix elements in (4.1.3) have to be evaluated with physical momenta
of @10, one needs an adequate prescription to map the momenta of the radiative
process to the momenta of the auxiliary phase space ®ro of the underlying LO
contribution.

e The functions g?}f?{ and gfw have to be simple enough that they can be integrated
analytically over the IR—smgular degrees of freedom in [d¢rg].

The dipole subtraction approach was first developed in [66] for IR singularities related
to splittings of massless QCD partons. In Ref. [75] people have also worked out the dipole
subtraction formalism for massive QCD partons, for instance allowing for the application
of the method for cross sections involving external top quarks. The technique was extended
in [35] to the treatment of photon radiation off fermions with arbitrary masses, following
the ideas and principles of [66]. In the progress of this thesis we have broadened the
procedure to non-collinear-safe photon radiation off F'S fermions and to all other possible
collinear splittings that might show up in NLO EW calculations [36] (see Table 3.1, left
column). In that paper, we present subtraction formulae for polarized external particles
and allow for the inclusion of truly massive F'S spectators.

However, in this thesis we calculate unpolarized cross sections and do not have to take
into account massive spectators in the initial or final state. Therefore, we restrict ourselves
to the treatment of strictly massless spectators and only present results that are summed
(averaged) over FS (IS) emitters, respectively.

In the next section we will provide a detailed discussion of the dipole subtraction proce-
dure for photon radiation off F'S fermions in processes with non-collinear-safe observables,
building on the conventions and results of [35]. In Section 4.3, we will also describe the
dipole subtraction approach for collinear IS v — f f* splittings, since these techniques will
be needed for the calculation of the photon-induced processes listed in Section 6.3.2.
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Figure 4.1: Generic diagrams for photonic FS radiation off an emitter ¢ with a
spectator j or a in the final or initial state, respectively.

4.2 Dipole subtraction for non-collinear-safe observ-
ables

The schematic form of the subtraction procedure to integrate the squared matrix element
>ox, |M,,1+]? (summed over photon polarizations \,) for real photon radiation over the
(n + 1)-particle phase space d®., reads

[ a2, Y iMo= [ oo, (Z Mool - \Msuw) + [ ade s ([l M)
Ay Ay

(4.2.1)
where d®, is a phase-space element of the corresponding non-radiative process and [dk]
includes the photonic phase space that leads to the soft and collinear singularities. The
two contributions involving the subtraction function |Mgy|* have to cancel each other,
however, they will be evaluated separately.

In the dipole subtraction formalism for photon radiation, the subtraction function is
explicitly given by [35]

~ 2
’Msub<q)7>|2 = - Z Qfo-folo-f/€29](fsfu/b)(pfvpf’u k) ‘Mn <(I)0,ff/> ) (422>

T#f

where the sum runs over all dipoles that can be constructed from emitter—spectator pairs
ff. In (4.2.2), which is a specification of (4.1.3), we implicitly assume summation over
polarizations of IS and FS fermions. The subtraction kernels g](f}l,b) are constructed in
such a way that (4.2.2) will exactly match the bremsstrahlung amplitude -, |Moi? in
the soft and collinear limits that are given by Egs. (3.2.1) and (3.2.7), respectively. The
auxiliary momenta defined on the phase-space sets @07 #f respect momentum conservation
and all on-shell conditions in the calculation of |M,,|?.

For a FS emitter (FS radiation), the two possible dipoles are illustrated in Fig. 4.1.
The relative charges are denoted @)y, )y, and the sign factors oy and oy were defined
in Section 3.2.1. The singular behaviour of the subtraction function is contained in the
radiator functions g}sfu/b) (pg,pyr, k), which depend on the emitter, spectator, and photon
momenta py, py, and k, respectively. The squared lowest-order matrix element |M,,|?
of the corresponding non-radiative process enters the subtraction function with modified

emitter and spectator momenta ﬁgcf ) and ﬁgf,cf ). For a FS emitter f, the momenta are
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related by py+k£pp = ﬁ;ff/) j:jﬁgﬂ,cf/), where + refers to a spectator f’ in the final or initial
state, and the same set {k,} of remaining particle momenta enters |M,|? and |M,,|*>. The

modified momenta are constructed in such a way that p'}f RN ps + Kk in the collinear limit

(prk — 0).

In collinear-safe observables (w.r.t. F'S radiation), and only those are considered for light
fermions in Ref. [35], a collinear fermion—photon system is treated as one quasi-particle,
i.e., in the limit where f and v become collinear only the sum p; + £ enters the procedures
of implementing phase-space selection cuts or of sorting an event into a histogram bin of
a differential distribution. Therefore, it is guaranteed that for each photon radiation cone
around a charged particle f the energy fraction

_ 1
P+ kO

“f (4.2.3)

is fully integrated over. According to the KLN theorem, no mass singularity connected
with FS radiation remains. Collinear safety facilitates the actual application of the sub-
traction procedure as indicated in Eq. (4.2.1). In this case the events resulting from the

contributions of | Mg,|? can be consistently regarded as n-particle final states of the non-
2

radiative process with particle momenta as going into ‘/\/ln (&)0, ¥ f/> , i.e. the emitter and

spectator momenta are given by ﬁ;f ! /), ﬁgfff /), respectively. Owing to ﬁgf ", ps +k in the

collinear limits, the difference 3, M, |2 — | Mgw]? can be integrated over all collinear
regions, because all events that differ only in the value of z; enter cuts or histograms in
the same way. The implicit full integration over all z; in the collinear cones, on the other
hand, implies that in the analytical integration of |Mgy|? over [dk] the z; integrations
can be carried out over the whole z; range.

In non-collinear-safe observables as defined in Section 3.6 (w.r.t. FS radiation) not all
photons within arbitrarily narrow collinear cones around outgoing charged particles are
treated inclusively. For a fixed cone axis the integration over the corresponding variable z¢
is constrained by a phase-space cut or by the boundary of a histogram bin. Consequently,
mass-singular contributions of the form alnm; remain in the integral. Technically this
means that the information on the variables z; has to be exploited in the subtraction
procedure of Eq. (4.2.1). The variables that take over the role of z; in the individual
dipole contributions in |Mgy|* are called zij and z;, in Ref. [35], where f = i is a F'S
emitter and j/a a FS/IS spectator. In the collinear limit they behave as z;; — z; and

Zia — z. Thus, the integral [d®, (Z/\W M| — |Msub|2> can be performed over the

whole phase space if the events associated with |[Mg,,|? are treated as (n + 1)-particle
events with momenta p; — sz/ﬁgcff/), Py — ﬁ;{fl), and £k — (1 — sz/)f);ffl). This can
be formalized by introducing a step function Oc.(py, k, ps, {kn}) on the (n + 1)-particle
phase space which is 1 if the event passes the cuts and 0 otherwise. The set {k,} simply
contains the momenta of the remaining particles in the process. Making the dependence

on Oy explicit, the first term on the r.h.s. of Eq. (4.2.1) reads

/d(I)’y [Z |M7|2@cut(]9fa kapf’v {kN})

Ay
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- Z |Msub,ff/|2@cut <fo’ﬁ§fff )7 (1 - fo’)p 7pf’ {k })] (424>
f#f

where we have decomposed the subtraction function \./\/lsub\2 into its subcontributions

2

(4.2.5)

ub 4
M sr? = =Qpo1Qpopeass” (pr.pp. k) ‘Mn (%Jf’)

of specific emitter—spectator pairs ff’. Apart from this refinement of the cut prescription
in the subtraction part for non-collinear-safe observables, no modification in |[Mgy|? is
needed. Since its construction exactly proceeds as described in Sections 3 and 4 of Ref. [35],
we do not repeat the individual steps in this thesis. However, we will list all subtraction
contributions explicitly in Appendix C that are needed for the calculation of the real
photonic corrections to the process (1.0.5).

The modification of the cut procedure requires a generalization of the evaluation of
the second subtraction term on the r.h.s. of Eq. (4.2.1), because now the integral over
zsp implicitly contained in [dk| depends on the cuts that define the observable. In the
following two sections we work out the form of the necessary modifications, where we set
up the formalism in such a way that it reduces to the procedure described in Ref. [35] for
a collinear-safe situation, while the non-collinear-safe case is covered upon including extra
contributions.

4.2.1 Final-state emitter and final-state spectator

For a FS emitter ¢ with mass m; and a massless F'S spectator j the integral of gZsub (pi, pj. k)

over the photonic subspace [dk(P}, yij, 2i;)] defined in Eq. (4.7) of Ref. [35] is proportional
to

su p7/4 vz ZQ(yij) su
Go(P2) = 73/ dy;; (1 — yz‘j)/ dzij 05" (pispj k) - (4.2.6)

Q(PZQJ - m?) Y1 21(Yij)

Here, the definitions of Sections 3.1 and 4.2 of Ref. [35] for a massless spectator are used,
le.
P# _ pz +pk + k# Pé = PZ — m? — )\2, (427)

and the subtraction kernel

(sub) m?
9ii(piypj, k) = —1—z;— : (4.2.8)
’ ’ (pik) Rij(yij) 11— 2i5(1 — wig) T pik
with the shorthand ~
£ -y

R;i(y) = —2 , 4.2.9

is given as a function of the auxiliary variables

pik pip;
Yij = oz = —— L (4.2.10)
T pipj ik 4 pik T pipj +psk
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which are constructed from the momenta of the full bremsstrahlung phase space. In
order to leave the integration over z; open, the order of the two integrations has to be
interchanged, and the integral solely taken over y;; is needed. Therefore, we define

G5 2 = gt [ g (=) . @210
" ZJ’ “ Q(Pz%_m12> y1(ziz) g — Yig gl] Di; Pj, ) e

For practlcal purposes, we can safely neglect the photon-mass dependence in the function
QZ(;Ub (P? %, ), because the soft singularity appearing at 2 — 1 can be split off by employing
a [...]4 prescription in the variable z,

g(sub (P2, 2) = Gg;ub)(3§>5(1 _ 4 [g(Sub)(PQ )L' (4.2.12)

177 177

This procedure shifts the soft singularity into the quantity G(SUb (P7) which is already

known from Ref. [35]. Moreover, the generalization to non- Colhnear safe integrals simply

reduces to the extra term [gfj“b)(Pg, )} , which cancels out for collinear-safe integrals
+

where the full z-integration is carried out.
In the limit m; — 0 and A = 0 the boundary of the y;; integration is asymptotically
given by

m?(1 — 2)
= =1 4.2.13
y1(2) Péz o y2(2) ’ ( )
and the splitting kernel gi(j-ub) is expressed via the integration variables y;; and z;; according
to
(sub) 2 2 277’Lz2
9 (PirDjsPE) = { — 1=z — —=| . (4.2.14)
! ’ Py (1 —yi) |1 — 251 — yyy) Tyl
The evaluation of Eq. (4.2.11) yields
~(sub) | 2 Pz
Gi; (Pj,2) = Pss(z) |In ol H+A+2)In(l—2)4+1- 2z, (4.2.15)

where Pys(2) is the splitting function (3.2.9). Equation (4.2.15) is correct up to terms
su(ppressed by factors of m;. For completeness, we repeat the form of the full integral

P7) in the case of a light emitter mass m;,

(sub) 2 2 7T2 3
GoV(PY) = L(PE,m )_§+_, (4.2.16)

ij i3 2

with the auxiliary function

2 )\2 )\2 1 2 1 2
L(P? m?) = 111(7;2) ln<P2) +ln<P2) — 51 (PQ) + 5ln(%), (4.2.17)

which are taken from Eqs. (3.7) and (3.8) of Ref. [35].
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Finally, we give the explicit form of the ij contribution | Mgy (P, )|? to the phase-space
integral of the subtraction function,

1
o ~
/dq)7|Msub,ij(q)7)‘2 == _%Qiaino-j /d@ng/ dz
0
X M (B, 57)I Ocur (pi = 2Bi, b = (1= )5, By ()

generalizing Eq. (3.6) of Ref. [35]. While p;, p;, {k,} are the momenta corresponding to
the generated phase-space point in &)o,m the momenta p; and k result from p; via a simple
rescaling with the independently generated variable z. The invariant PZ is calculated via
P2 (pi+p;)? independently of z. The arguments of the step function Oy (pi, k, pj, {kn})
mdlcate on which momenta phase-space cuts are imposed.

4.2.2 Final-state emitter and initial-state spectator

For the treatment of a FS emitter ¢ and an IS spectator a, we consistently make use of
the definitions of Sections 3.2 and 4.2 of Ref. [35]. In this thesis we only consider light
particles in the initial state, because we assume the incoming quarks as massless within
our calculation. Therefore, the spectator mass m, can be set to zero from the beginning,
which simplifies the formulae considerably.

Before we consider the non-collinear-safe situation, we briefly repeat the concept of
the collinear-safe case described in Ref. [35]. Following Eqs. (4.24) and (4.27) from there,
adopting the definitions

Pl=pf + k' —plh. Po=P,—mi-X\, (4.2.19)

and using the auxiliary variables

_ PaPi t Pk —pik o paps (4.2.20)
" papi +pak T papi+pak’
respectively, the inclusive integral of the subtraction kernel
2
(sub) k) — 2 2 11— o 2miTia 4991
gza (pl7p(l7 ) _Pli(xza o 1) |i2 o xia o Z,L'a zm Ri(ﬂyﬂ} o 1) ( b )
over [dk(P2, Zia, zia)] (See Eq. (4.20) of Ref. [35]) is proportional to
Gz = [ gl e, (122
0

with

(sub) pz [t (sub)
gza ( ia’ a;m) = - 9 (22) dzla Yia (pu Pa, k) . (4223)
21 (Zia
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In (4.2.22) we can set the lower limit z( of the z;,-integration to zero because of m, = 0,
and the upper bound is given by

2m; )\
S 4.9.94
o B2] (4.2.24)

that can be derived from the limits of the z;,-integration,

(P2 — a(P2 -+ 2m2)] F /B — 2 — 2 ea?
e

z12(2) = (4.2.25)

(sub) .

Since, however, the squared lowest-order matrix element | M, |*> multiplying g;." in

Eq. (4.2.2) depends on the variable x;,, the integration of | Mg,|? over & = z;, is performed
employing a [...], prescription,

z2 (337,11

(sub
dxw dzza gm )<pi7pa7 k) e

zZ1 (zza

_ /de {G“b)(zﬂ)a(l x)+[g(sub)(1{i, )L}---. (4.2.26)

This integration, where the ellipses stand for x-dependent functions such as the squared
lowest-order matrix elements and flux factors, is usually done numerically. Since the soft
and collinear singularities occur at z — z; = 1 — O(A), the singular parts are entirely

contained in G (sub) (PZ%I) in Eq. (4.2.26), and the upper limit z; could be replaced by 1 in
the actual - mtegratlon For completeness we give the explicit form of the functions G, (sub)

and Qi(jw in the limit m; — 0,

G (Pe) = L(FL],m?)

a

2
+ 5,
1 2—x 3

) (p2 gy = 21 2 4.2.2

|[\g|ﬂ
NNV

which are obtained from Egs. (3.19) and (3.20) Ref. [35].

In a non-collinear-safe situation, the ellipses on the Lh.s. of Eq. (4.2.26) also involve
zio~dependent functions, as e.g. f-functions for cuts or event selection. Thus, also the
integration over z;, has to be performed numerically in this case, and we have to generalize
Eq. (4.2.26) in an appropriate way. Introducing a double [...], prescription in x = w;,
and z = z,,

/01 d:c/o1 dZ[g(SE,z)}fyz)f(%z) = /01 dx/oldz [[g($’2)]f)](+z) fo.2)

:/Oldx/oldzg(x,z)<f(x,z)—f(x,l)—f(l,z)+f(1,1)>, (4.2.28)
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defined with an appropriate test function f(x, z), we can reformulate Eq. (4.2.26) according
to

Y dzg(s“b (PisPas k) -+
z1(x)
/dx/ dz{ Gub)( 13%)5(1—x)5(1—z)+[Q(Sub)(ﬂi, )} (1~ 2)
Jr
(@)
+oeez 2] a0 -0+ [V w2 T e w2
+ +

If the functions hidden in the ellipses do not depend on z, the last two terms within the
curly brackets do not contribute and the formula reduces to Eq. (4.2.26). In (4.2.29) we
have introduced the abbreviations

P2
9w, 2) = = g

A=0 "’
m;=0

u p2 ! u
G0 (Phy) = =2 [ gl
0
~(su p2 Il(Z) su
00 Pz =~ [ degt®)
0

(sub) B[ TE) )
Giiu (Pzi) = —%/ dz/ da:gAsu , (4_2_30)

with the upper integration boundary
Pax
P2z —m2(1—2)°

z1(2) = (4.2.31)

2 1) and G (P2) have already been given above in
Eq. (4.2.27), and the two remaining functions are easily evaluated to

1 5
GS™ (2, 2) = ( —h Z) ’

l—z\2—2—=2

The explicit results for Q(SUb (P2

GEPN(P2 o) = Pyy(2) {m(%ﬁ?) - 1} _22=2) gy (1 — ) 41—z

s 1—-2
(4.2.32)

The collinear smgulamty o Inm; that appears in non-collinear-safe observables is contained
in the function GE™ (P2, 2). A detailed derivation of (4.2.29) can be found in Ref. [36].

a’

The resulting ia contribution |M5ub,m(<1>7)|2 to the phase-space integral of the subtrac-
tion function reads

/dq)’Y‘Msub,ia(q) )| Qaaanaz/ dSL’ /dq)ow m7 / dZ

% O (i = 2Bilw), b = (1 = 2)pi(a), (o)

x - {GEZ““(P;) 5(1 - ) 6(1 - 2) + [Q(S“WP;, v)), a(1-2)
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2
, (4.2.33)

+ ez 2] s -a)+ |58 e, z}“)}\M (). 5ut)

which generalizes Eq. (3.18) of Ref. [35]. Again, the arguments of the step function
Ocut (1i, k, {k,}) indicate on which momenta phase- space cuts are imposed. We recall
that ®g, is the phase space of momenta p;(z) and {k,(z)} (without FS radiation) with
rescaled incoming momentum p,(x) = zp, instead of the original incoming momentum p,,.
In the actual evaluation of Eq. (4.2.33), thus, the two phase-space points Ci)O,ia(-Pwa x) and

P, ia(P?, 2 = 1) have to be generated for each value of z owing to the plus prescription in
x. The relevant value of the invariant P2 is then calculated separately via P2 = (p; — pa)?
for each of the two points, so that Pﬁl results from the momenta entering the matrix
element M,, in both cases. The variable z, however, is generated independently of the

phase-space points and does not influence the kinematics in the matrix element.

4.3 Dipole subtraction for photon-induced processes

4.3.1 Asymptotics in the collinear limit

We consider a generic scattering process

v(k) +alpa) — f(ps) + X (kx), (4.3.1)

where the momenta of the particles are given in parentheses. Here a is any massless
incoming particle and f is an outgoing light fermion or antifermion. The remainder X
may contain additional light fermions which can be treated in the same way as f. For
later use, we define the squared cm energy s,

s = (pa + k)* = 2p,k. (4.3.2)

The collinear singularity in the squared matrix element | M., ;x|* occurs if the angle 6;
between f and the incoming v becomes small; in this limit the scalar product (kpy) is of
O(m f) where my is the small mass of f. Neglecting terms that are irrelevant in the limit

mys — 0 the squared matrix element |[M.,,_rx (k, pa, ps)|?, averaged over the polarizations
of a and v and summed over the polarizations of f, asymptotically behaves like

|M7a—>fX(kapaapf)|2 k?f\_,/g ?62 hvf(kvpf) |Mfa—>X(pf: $k7pa)‘27 (433)
where x = 1 — p}/k and Qe is the electric charge of f. The matrix element Mg, . x
corresponds to the related process fa — X that results from vya(— ff*a) — fX upon
cutting the f* line in all diagrams involving the splitting v — ff* (see also Fig. 4.2).
Here and in the following, asterisks indicate virtual particles, and the momenta relevant
in the different matrix elements are given in parentheses. It is reasonable to stress that
Eq. (4.3.3) is also a specification of Eq. (3.2.4a). The function k7 (k,p;), which rules the
structure of the collinear singularity, is given by

10 0g) = s (P + kf;) (13.4)
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0« . SO\

Figure 4.2: Generic diagrams for the splittings v — ff* with an IS spectator a or
a F'S spectator j.

with the splitting function Py, (z) from (3.4.2). The derivation of this result is carried out
in Appendix B.1 of [36].

Note that the collinear singularity for kp; — 0 can be attributed to a single external
leg (namely f) of the related hard process fa — X. Thus, there is no need to construct
the subtraction function |Mgy|? from several dipole contributions o« Q Q. Instead we
can construct |[Mgy|? as a single term o ch Nevertheless we select a spectator f’ to
the emitter f for the phase-space construction, which proceeds in complete analogy to the
photon radiation case. We have the freedom to choose any particle in the initial or final
state as spectator. In the following we describe the dipole formalism in two variants: one
with a spectator from the initial state, another with a spectator from the final state. The
two situations are illustrated in Fig. 4.2.

4.3.2 Initial-state spectator

Subtraction function

The function that is subtracted from the integrand | M., rx(k,ps, pr)|? is defined as
follows,

[Maw|? = Q5> B (k, py. pa) (Mo _x (ﬁf,pa, {;;n}> g (4.3.5)
with the unpolarized radiator function
vfa xf’wm?
Rk, pr,pa) = P (Ph(xf,w) - by ) : (4.3.6)
and the auxiliary quantity
PR Lt /il 2 (4.3.7)

Dok

Here we kept the dependence on a finite m¢, because it is needed in the analytical treatment
of the singular phase-space integration below. The modified momenta pf and {l;:n} entering
the squared matrix element on the r.h.s. of Eq. (4.3.5) will only be needed for m; = 0 in
applications with small values of m;. In this limit they can be chosen as

ﬁ}i(@ = Tk, ﬁ; - ﬁ}i@fﬁa)v kﬁ =N Ky (4.3.8)
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with the Lorentz transformation matrix A*, given by
(P + P)"(P+P),  2P'P,
= —+ 5
P2+ PP P
Propha kgl Pa) =g iha).  Preptph (4310)

A, =g", — : (4.3.9)

It is straight-forward to check that |Mg,,|*> possesses the same asymptotic behaviour
as |[My,—sx|? in Eq. (4.3.3) in the collinear limit with m; — 0. Thus, the difference
|IMaorx|? — | Msgup|? can be integrated numerically for my = 0.

Readded counterpart

The correct dependence of | Mg,,|? (and the related kinematics) on a finite m; is, however,
needed when this function is integrated over 6, leading to the collinear singularity for
0y — 0. The actual analytical integration can be done as described in Section 4.4 of
Ref. [35] (even for finite m, and my). Here we only sketch the individual steps and give
the final result. The (n + 1)-particle phase space is first split into the corresponding
n-particle phase space of the process

f(ps(2)) + alpa) — X(kx), (4.3.11)

and the integral over the remaining degrees of freedom that contain the singularity,

[ @i Popgk) = [ e [ a0 (55(e) i Po). k) [, 000)]
0
(4.3.12)
with the explicit parametrization

s y2(x)
(dpy (5, 2, Yy )] = —— / s / dé;. (43.13)
/ f Iy 4(27T)3 (@) I f

The upper kinematical limit of the parameter x = x,, is given by

QWW
r=1——=, 4.3.14
1 \/5 ( )
but in the limit m; — 0 we can set 1 = 1. While the integration of the azimuthal angle
¢5 of f simply yields a factor 27, the integration over the auxiliary parameter

kpf Qkpf
.= —L = 4.3.15
yfﬁ kpa s ( )
with the boundaries
1 4m?
y12(x) = 5 l—zF/(1—2)?— - (4.3.16)

is less trivial. Defining

rs [v2(@)
H (s, ) = ?/ AYs a0 W5k, Dy pa), (4.3.17)
y

1(z)



56 4. Dipole subtraction in NLO calculations

the result of the integration (for m; — 0) is

H (s, ) = Py () ln(M) +2z(1 — ). (4.3.18)

my

For clarity we finally give the contribution ai‘jl'; sx that has to be added to the result for

the cross section obtained from the integral of the difference |M.,,_rx|? — [Mgup|?,

sub cha ! vf,a
05asx(k,pa) = Nojg o deH"(s,x) 05, x(Pf = Tk, pa) , (4.3.19)
0

where N¢ ¢ denotes the colour factor of the fermion f. Although formulated for integrated
cross sections, the previous formula can be used to calculate any differential cross section
after obvious modifications.

4.3.3 Final-state spectator

As an alternative to the case of an IS spectator described in the previous section, we here
present the treatment with a massless F'S spectator j, i.e. we consider the process

v(k) + alpa) — f(ps) + j(p;) + X(kx). (4.3.20)

The IS particle a is also assumed massless in the following, but all formulas can be gen-
eralized to m, # 0 following closely the treatment of phase space described in Section 4.2
of Ref. [35].

Subtraction function

The subtraction function now is constructed as follows,

’MSUb,Q = Q?‘eQ hzf(k7pf7p]) ‘Mf_aﬂjX(ﬁf>pa7ﬁj)’27 (4321)

with the unpolarized radiator function

2
LfiyMy
hv‘f(kap \Dj) = ——— (P (2 4j) + ) , (4.3.22)
j o Fj -Tfj;y(kpf) FA\E Sy kp;
and the auxiliary parameter
kpj + kps — pyp;

- . 4.3.23
xf]”‘/ kp] + kpf ( )

The momenta p7 and p; are given by
Pelx) = k¥, P =piay,), pj=P"+10F PY=ph+pf -k, (4.3.24)

while the momenta of the other particles are unaffected. Note that this construction of
momenta is based on the restriction m; = 0, which is used in the integration of the

difference |[Mq—pix|? — |[Mauwl?.
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Readded counterpart

In the integration of |Mu,|? over the collinear-singular phase space [[d¢], of course, the
correct dependence on a finite my is required. The auxiliary momenta defined for a non-
zero fermion mass my read

2
~ m ~ ~
pl;@) = ok - P_gpu ’ p‘; = p?(xfjn) )
pi(x) = P'+p(x), 1} =P} (259). (4.3.25)

The phase space [ d®(,41)(k, pa; Py, pj, kx) of the (n+1)-particle scattering process (4.3.20)
can be decomposed according to

1
/dq)(n+1)(kapa;pf7pjakX) :/ dm/dé(n)<ﬁf(x)>pa;ﬁj($>akX)/[dQS(Pvaaij:’Y)]a
0
(4.3.26)

where @) (p7(x), pa; Pj(x), kx) denotes the phase-space measure of the underlying hard
process

fDf(x)) 4 alpa) — j(p;(x)) + X (kx), (4.3.27)

and the effective phase space of the collinear-singular structure is given by

—(P? —m2)(papr(x 22(=)
/[dﬁb(Panvzfjﬁ)] - 2(217T)3 : xgi(p e /

where we have introduced the auxiliary variable

21
dzfj,’y /0 d¢f s (4328)

1(z)

]{Zp '

R N 4.3.29
Zf],'y kpf + kpg ’ ( )

and ¢ denotes the azimuthal angle of the outgoing fermion. The boundaries of the zy;
integration are given by

—(P*=m})(1 —x)

=0 = . 4.3.30
#1(#) (@) —P%(1 —x) +m} ( )
Defining
(P —m3) =@
H (P2 2) = —ff / . dzpjnh)? (k,py,p;) (4.3.31)
zZ1(x
the cross-section contribution ai‘éb_) rjx that has to be added to the integrated difference
|IMamrx|? — [Maub|? is given by
Qo [
Uf,lél)_)fjx(k,pa) = Ng ¢ or /0 dz H;/f(PQ, 1) 05 ix(0f = Tk, pa) (4.3.32)
where the integrated subtraction kernel containing the collinear singularity explicitly reads
I (P 2) = — Py () In| "L 22(1 4.3.33
(P ) = ~ P (@) In| s |+ 2a(1 = ). (4.3.33)

Of course, the singular contributions o< Inm; have the same form as in the case of an IS
spectator discussed in the previous section.



58 4. Dipole subtraction in NLO calculations

4.4 Dipole subtraction for NLO QCD corrections

As mentioned before, the dipole subtraction formalism was first introduced in [66] to enable
the calculation of NLO QCD corrections involving exactly massless partons. This approach
is well motivated, because masses of light quarks do not have a well-defined meaning in
perturbative QCD. Thus, in QCD one uses dimensional regularization to regularize IR
singularities in the phase-space integration, posing the necessity to perform phase-space
integrals in d = 4 — 2e dimensions.

4.4.1 Partonic cross sections at NLO QCD

Here, we provide the contributions to the NLO QCD cross section, establishing the nota-
tion we will use for the discussion of the dipole subtraction technique in the next subsection.

We examine a process with two massless QCD partons a and b in the initial state and
n partons cq,...,c, in the final state,

a(pa) +b(ps) — c1(p1) + ...+ calpn) + R(Q) . (4.4.1)

Particles in the final state that are not strongly interacting, like v, W=, Z%, or the leptons
are denoted as "rest” R. In our special case, R represents a leptonically decaying W
boson. The four-momenta of the particles are given in parentheses. The momenta p, and
py are incoming while all other momenta are defined as outgoing. Moreover, we employ a
factorization of the differential phase space of the partonic n-particle system

don(p1,- -, PriPa + 0o — Q)

= |11 (27T)Zl_1‘9(2??)5(p12) Cr)% D+ A+ Q—pa—p),  (44.2)
=1

defined in d space-time dimensions, and the phase space d¢r of the system R,

2
AP (R 1n) = % dor(Q) dén (4.4.3)

where d® (¢, denotes the fully differential phase space of the process (4.4.1). When we
discuss the phase-space parametrization for off-shell W-boson production in Chapters 7
and 8, we will present explicit formulae for the factorization in (4.4.3).

The total partonic cross section at NLO accuracy in QCD is given by

Gap = 0 + N (4.4.4)

where the LO cross section for a final state with n partons results from integrating the
fully exclusive cross section d6?, in the Born approximation,

M0 = / (23)24 /R /n de?, . (4.4.5)
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The differential cross section at the Born level reads

. dor(Q
dagb(paapb) = (b;; ) E don(p1s .-, PniPa+ 0o — Q)
{n}

2 n
|M2ab(p17 s 7pn7Q;pa7pb)‘ F§R+ )<Q7p17 e 7pn;pa7pb> )

(4.4.6)

where M , is the tree-level amplitude of process (4.4.1). The symmetry factors Sy,
account for identical partons in the final state, and the basic properties of the jet function

F}RM) have been discussed in Section 3.5. Note that we have to sum over all possible sets
of FS partons {ci,...,c,} to cover all LO contributions.

The perturbative part of the NLO cross section consists of the sum of real and vir-
tual corrections, and moreover includes the collinear counterterm that was introduced in

Section 3.3,
o [ dQ? o fow [
Tab = 1 dog, + [ dog + [ dog| (4.4.7)
where
. dor (Q
455 (pa: pr) = ;ﬁ ) > ddusi(pr- - Prg1iPa + 0o — Q)
{n+1}
1 5 .
X S{ 1) ‘Mgwrl,ab(pla «e vy Pn+, Q;paapb)} F§R+ +1)(Q,p1, . 7pn+1;pa7pb)

(4.4.8)

arises from (4.4.6) by simply replacing {n} by {n + 1}. The expression for the virtual
contributions is

dor (Q) 3 d¢y,

23 Stn

2Re (M1, (MO )] F*F) (4.4.9)

n,ab n,ab

da-;/b(pau pb) -

with the renormalized one-loop amplitude M} In (4.4.9), we have omitted the depen-

n,ab*
dence on the external momenta, since it is given by (4.4.6).

4.4.2 General procedure of the subtraction formalism

In this subsection we present a brief and formal summary of the basic ideas of the dipole
subtraction method for the calculation of NLO corrections in QCD, following the notation
of [66]. The technical details about the explicit construction of the dipole formulae and
about the integration of the universal IR-singular parts can also be found in this paper.
The following general statements hold for any scattering process involving massless QCD
partons (i.e. gluons, quarks, or antiquarks) in the final and/or initial state. Nevertheless,
for simplicity we neglect the dependence on the non-strongly-interacting system R(Q) we
have introduced in Section 4.4.1 in this subsection, since the following explanations only
affect the QCD sector of the examined process. We also remark that we demand collinear
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safety with respect to the definition of physical jets. Since we do not specify the initial
state, we always assume parton-level cross sections in the following.

As explained in Sections 3.3 and 4.4.1, the NLO part of any cross section is defined as
the sum of the real corrections [, do™, arising from one additional parton in the FS, the
virtual corrections fn déV and the collinear counterterm fn do® that removes the residual
IS collinear singularities connected to radiative QCD corrections to IS partons. As a result
of general factorization properties of QCD amplitudes in the soft and the collinear limit
(see Section 3.2), one is able to construct a local counterterm dé* that exactly matches the
IR-singular structure of d&®. This local counterterm can be composed from the underlying
hard process d6° and the dipoles dViipole by summing over all possible dipole contributions,

= > d6° ® dVaipoe (4.4.10)

dipoles

Note that this notation is symbolic and just visualizes the general procedure. The symbol
® denotes adequately defined phase-space convolutions and the sums over colour and spin
indices, and dé? is a particular spin and colour projection of the exclusive Born-level cross
section. The dipoles dVgipole do not depend on the underlying hard process and can be
computed once and for all.

No we can rearrange the NLO cross section (4.4.7)

(3NLO:/ (dg™ — /da +/ de? +/dA (4.4.11)
n+1

Since d6* acts as a local counterterm that cancels all IR singularities in d6®, the first sub-
traction integral can be computed numerically in four dimensions over the whole (n + 1)-
parton phase space. The IR-singular subspace of the emitted parton in dé* can be inte-
grated analytically in d = 4 — 2¢ dimensions,

/n =2 / 6" ® / dVaipole , (4.4.12)

dipoles ¥ ™
exploiting the general factorization properties of the jet amplitudes mentioned before. This
procedure results in a convolution of the general, process-independent operators I(e€), P,
and K with the leading order cross section dé® specifying the underlying hard process
without additional parton radiation. Finally, one finds that the NLO cross section can be
decomposed according to the n- and the (n + 1)-parton kinematics in the following way,

GNO () = /+1 [(da B ( Z de®( ®dvd1pole> ]

dipoles

_|_/ [d6Y (p; €) +d6°(p) @ I(€)] _,

+/0 dx/n [d6°(zp) @ (P(x, zp, pr) + K (2))] _, (4.4.13)

[13ee)]

where the argument “p” includes the schematic dependence of the cross section on the
momenta of the IS partons.
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The I-operator contains all IR-singular 1/¢ and 1/€e? poles arising from the collinear
splitting of a F'S parton into two collinear partons. It additionally contains the endpoint
contributions of gluon radiation from IS partons, corresponding to a situation in which
the radiated gluon becomes soft. All these IR singularities have to be cancelled against
antipodal contributions from the virtual corrections déV according to the KLN theorem
as already stated in Section 3.3.

The P- and the K-operator, respectively, are related to collinear parton radiation from
IS partons. In the collinear limit, the emitted parton carries away the four-momentum
(1 — z)p from the incoming parton, reducing the momentum of the hard process from p
to xp. This qualitatively explains why we have to perform a convolution of the LO cross
section dé?(zp), allowing for all possible momentum configurations after parton emission
for x between x = 0 (soft emission) and = 1 (hard emission).

The P-operator exhibits a dependence on the factorization scale up and the momentum
p, since it contains the regular remnant resulting from the cancellation of the universal IS
collinear singularities against the 1/e terms in the collinear counterterm dé. In contrast,
the K-operator includes the factorization—scheme-dependent finite contributions K¢ (z)
introduced in (3.3.1).

4.4.3 The dipole subtraction formulae for two initial-state par-
tons
Here we provide the explicit formulae that allow one to calculate a NLO QCD cross
section at hadron colliders using the dipole subtraction method. This section summarizes
the results of Chapter 10 in Ref. [66].
Consider a partonic process with two incoming partons of flavours a and b with momenta

po and py,, and n QCD partons in the final state. The full NLO cross section for this process
is given by

Gow© (Pas Db 17 =/ (d68 (pas pv) — 623, (Pas b))
n+1

+ U d&ﬁ,(pa,pb)+/d&¥,(pa,pb)+/d&§b(pa,pb)] . (4.4.14)
n+1 n n

Following the ideas of the last subsection, the second line of this equation can be turned
into a simple convolution of Born-level cross sections with the all-purpose operators I(e),
P, and K,

/ A6 (pa, pn) + / 46", (pas ) + / 465, (pas 7o)
n+1 n

n

=/[dﬁgb(pmpb)f(e)+d62§,(pa7pb;6)} F™ (01, .., Poi Pas Pb)

1
w3 [ [ [0 @)+ P s 462 o) E 0 s )
a/ 0 n

1
+Z/ dm/ [Kb’b () + P (mpb,x;u%)} A6y (> wpe) Yy (01, ... Db Pas 3)
b 0 n

(4.4.15)



62 4. Dipole subtraction in NLO calculations

where the F'S momenta p, and p/ are generated with the reduced squared cm energy xs.
The explicit expressions of the three contributing operators can be found in Section 10.1
of [66]. We will discuss this equation in some detail. Since the I-operator contains the full
IR structure of the real corrections, the cancellation against the virtual corrections can
be done analytically, resulting in a straight-forward numerical integration of a Born-level
phase space. All non-singular contributions to the NLO cross section are given by simple
convolutions of smooth functions with Born-level differential cross sections, also allowing
for a numerically stable evaluation.

The expression d62 (pa, pp) in the subtraction integral is given by a sum over all dipoles
that can be constructed from all partonic processes with (n+ 1) partons in the final state,
contributing as real corrections to the cross section dé?, (pa, pp):

1 1
dAA ay = TN i\ e~ d n y o Fn ; a
O'ab(p pb) ns(a)ns(b) 23 {;} gb +1(p1 Prny1; P +pb) S{n+1}
X { Z Z Dij,k(pla B 7pn+1§pa7pb)F§n)(p17 s 7ﬁij7ﬁk7 B 7pn+1;pa7pb)

pairs  k£i,j
7

7]
+ Z [ng(pla s 7pn+1;pa7pb>F}n)(p17 s 7157ﬁj7 s 7pn+1;]5aﬂpb) + (a A b)i|

pairs

0,
+ Z Z [Dgi@l’ s Janrl;papr)FJ(n)(pla s 7ﬁk7 s 7pn+1;ﬁai7pb) + (CL — b):|

£ 3 [P w1 asts e P ES B Bt i) + (0 > B)] } . (44.10)

where 7, j, and k depict QCD partons in the final state, and ng(a/b) denotes the number
of polarizations of the IS partons a and b.

The dipoles D** and D% that are constructed with the IS spectator b or the FS spec-
tator ¢; according to (4.4.10) are composed in such a way that the sum )=, (D*" + D})

will cancel the collinear singularity that arises due to the IS splitting a — ai+1, where the
parton ai enters the hard scattering process depicted by the amplitude M%(® in which
parton ¢; is absent (see Fig. 3.1(a)). The structure of the dipoles is given by

DY (p1y -y Dut1; Pas Db) = )GZ"(pa,pi,pk)

2 (papi
® | MO (ai(fa) + bps) = ca(pr) + -+ euli) + -+ calpn)) 7, (44.170)
Daz,b o . — ai,b .
(plv apn-‘rlvpaapb) 9 (papl) G (paapbapla )
@ [ MO (ai(a) + b(Fo) — ex(Br) + -+ ealn))] (4.4.17b)

where the matrices G** contain the process-independent information about the singular
splitting, and the so-called auxiliary momenta indicated by a “~” have to be constructed
from the full radiative phase space in such a way that momentum conservation and all
mass-shell conditions are fulfilled within the calculation of M%) Note that the matrices
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G normally do not factorize from the squared LO matrix element, but act as operators
on the colour structure of the the LO amplitude M° (see Section 4.4.5) and employ spin
correlations.

On the other hand, the dipoles D;; ;. and Dj; that are constructed with the IS spectator
a or the FS spectator ¢, are composed in such a way that the sum Zajg(DijJC + Df)
cancels the collinear singularity in o originating from the FS splitting 7?7 — 1+ j, where
the parton ij leaves the hard scattering process and splits into the collinear pair of partons
i and j (see Fig. 3.1(b)). The kernels now read

1
Dijr(p1y - -+ Pni1; Pas Do) = Q(TMGij,k(piapjapk)
5 - 2
@ [ My (alpa) +b(ps) = er(pr) + -+ + (B + -+ au(Br) + .+ enlpa)) |
(4.4.18a)
DY(p1s - s Dot Pas Pb) = mng(pavapj)
) ~ 2
® [ My (a(Ba) +bps) — cr(pr) + ..+ c(Big) + - calpa)) | (4.4.18b)

with the adequate matrices G;; , and the auxiliary momenta p;;, py, and p, that again
have to be physical external momenta of the amplitude M(()ij) without collinear splitting.
In accordance with [66], we assume summation over helicities and colours of external
particles as well as colour-averaged IS particles in the squared LO amplitudes in (4.4.17)
and (4.4.18), respectively.

Although it is possible to cancel different collinear singularities in different regions
of the phase space independently, the soft singularities in 6% are not related to a single
external splitting. Thus, all contributions in (4.4.16) are needed to match the soft-singular
structure of the radiative process properly.

A detailed technical discussion of the construction of the dipole kernels D is carried out
in Chapter 5 of [66]. It is important to stress that the F'S momenta that enter the cut
function F}n) or are used to calculate a phase-space dependent scale parameter should be
identical with the auxiliary momenta entering the reduced LO amplitudes M? within the
subtraction kernels. Otherwise, it could become very intricate to consistently readd the
correct contributions in the analytically integrated counterparts.

4.4.4 The dipole subtraction formulae for one initial-state par-
ton

Here we list the subtraction formulae for a situation with just one QCD parton a in the
initial state. This description for example accounts for processes with one photon in the
initial state that arise due to the photon content of the proton. In this case, the subtraction
function do? reads

1 1
462 (pa) = ——= dépni1(p1,- - Pas1iPa + Db)
ns(a)2s {RZH} S{nt1y
X {Z > Dijalprs - Pusti Pas o) FS" (P1, - Bijs B - s P Das D)
pgilfs k;ﬁl,j

27‘7
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+ ZD?]»(ph.--,pn+1;pa,pb)F§")(p1, e s Dijy -+ > Prt1; Das Pb)
pairs

]

+ Z Zpgi(pla s 7pn+1;pa7pb>F§n)(p17 s 7]5k57 s 7pn+1;ﬁaiapb)} ) (4419)
i ki

and the readded counterpart is given by

[ aadw)+ [aaYwa+ [ dsSm)
n+1 n n

:/ [d6°(pa) I (€) + d6Y (pa; €)] FS(prs- ., Dui Pas 1)

1
+Z/ dx/ [K“*(2) + P (apq, x5 1i3)] A6 (xpa) FS (0, . . Dl 2P0y 1)
b O n
(4.4.20)

where the operators I(€), K(z), and P(zp,,x;u#) are listed in Section 8.1 of [66].

4.4.5 Colour-correlated amplitudes

For the implementation of the QCD subtraction kernels and their integrated counterparts,
one is confronted with the calculation of colour-correlated squared amplitudes at the Born
level. Establishing the notation

IMu2=(1,...,n|1,...,n), (4.4.21)
for an n-parton amplitude, the colour-correlated squared amplitude is defined via
M2 =1, 1, J,... n|T;-Ty1,...,1,J,...,0), (4.4.22)

where the colour charges T';,; that act as operators in colour space are associated with
the emission of a gluon from parton I or J, respectively. We will not discuss the explicit
calculation of colour-correlated amplitudes in detail, because this is not necessary in our
special case, as will be pointed out now.

The matrices T obey the colour-charge algebra

T, - T,=T;-T; if i#j T;=C, (4.4.23)
where C} is the Casimir operator of parton ¢, i.e. C; = C'y = N¢ if the parton is a gluon,
and C; = Cp = (N — 1)/2Ng if the parton ¢ is a quark or antiquark. Note that the

expression T? is diagonal in colour space. Since any physical amplitude corresponds to a
colour-singlet state, conservation of colour charge implies

> Ti1,...,n)=0. (4.4.24)
=1
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In our explicit calculation we have to consider processes with three QCD partons at the
Born level, namely two quarks and a gluon. In such cases, colour conservation (4.4.24)
can be used to express any colour-correlator T'; - T in terms of Casimir operators. Using

3 2
0= (ZT) 11,2,3)
=1
= [Ti+T5+T5+2(T - To+ T, - T3+ T2 T3)] [1,2,3), (4.4.25)

and

(Tl ’ T2 +T1 T3) |17273> = _T% |17273>7
(Ty-T1+ T, Ts) |1,2,3) = —T73 |1,2,3),
(T3-T,+Ts-Ts) |1,2,3) = T3 |1,2,3), (4.4.26)

one obtains

(1,2,3|T; - T;|1,2,3) = (Cf — C} — C2) [Ms]?, (4.4.27)

for any permutation {i,7,k} of {1,2,3}. This expression gives the prescription how to
express colour-correlated amplitudes in terms of a simple factorization in any three-parton
process.

For the calculation of the QCD corrections to photon-induced processes (see Section 8.1)
we will also apply the dipole subtraction procedure. In this particular situation, the Born-
level processes only contain two partons, and one simply obtains

(1,2|T, - To|1,2) = CF | My]* = C5 | My)?, (4.4.28)

for the colour-correlated amplitudes.






Chapter 5

Production of on-shell W bosons in
association with a jet

In this chapter we present the full NLO EW corrections to hadroproduction of one on-shell
(stable) W boson with one associated parton that will subsequently hadronize to a hadron
jet which will be denoted as j in the following. At LO, we take into account the dominant
partonic channels with two QCD partons in the initial state, but we will also have a closer
look at the contributions via photoproduction. Due to the conceptual problems discussed
in Section 3.7, we also include W + v production and the associated QCD corrections in
our calculation.

This chapter is organized as follows. First, we outline the different contributions that
can be assigned to photon-induced processes. In Section 5.2, we list the relevant partonic
cross sections at LO and explain how to evaluate the hadronic cross section from them.
In Section 5.3, we discuss in detail the structure of the NLO corrections. In Section 5.4,

we present our numerical results for pp collisions with cm energy /s = 1.96 TeV at the
Fermilab Tevatron and pp collisions with /s = 14 TeV at the CERN LHC.

5.1 Photon-induced contributions

By crossing external lines, the LO partonic subprocesses of W + ~ hadroproduction can
be converted to those of W + j photoproduction with one incoming photon participating
directly in the hard scattering via direct photoproduction. The emission of photons off
the proton can happen either elastically or inelastically, i.e. the proton stays intact or
is destroyed, respectively. In both cases, an appropriate PDF can be evaluated in the
Weizsécker—Williams approximation [76, 77, 78|. Since the PDFs are of O(«), these direct
photoproduction contributions are of O(a?). Although photoproduction contributions
are parametrically suppressed by a factor of a/ag relative to the dominant EW O(a?ay)
corrections, we shall include them in our analysis because we want to investigate their
phenomenological relevance compared to the EW NLO corrections to W + 7 production.
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5.2 Conventions and LO results

We consider the hadronic process
A(pa) + Bps) — W(p) + X, (5.2.1)

where the four-momentum assignments are indicated in parentheses. We work in the
QCD improved parton model (see Section 2.3) with ny = 5 massless quark flavours
g = u,d,s,c,b, neglect the masses of the incoming hadrons, A and B, and impose the
acceptance cut pr > pS™ on the transverse momentum pr of the W boson. (We as-
sign masses to the partons v, g, ¢, ¢ only to regulate soft and collinear IR singularities in
intermediate steps of our calculation, as explained in Section 3.1.)

Specifically, denoting u; = u, us = ¢, dy = d, dy =s, and d3 = b, the relevant partonic
subprocesses include

wd; — W +g, (5.2.2)
u; g — W+ + dj, (523)
djg — W'+, (5.2.4)
at O(aay),

w d; — W4, (5.2.5)

at O(a?), and
wd; — WH g+, (5.2.8)
djg — W41 +7, (5.2.10)

at O(a?ay). The partonic subprocesses involving a W~ boson emerge through a CP trans-
formation on the parton level. Processes (5.2.2) — (5.2.5) must be treated also at one loop,
O(a’ag). The Processes (5.2.6) and (5.2.7) contribute to direct photoproduction. Since
photon emission off protons happens at O(«), it is a good starting point to deal with pho-
toproduction at tree level. In summary, we calculate the cross section of process (5.2.1)
at NLO as the sum

TAB—WX = O + Oy, + cr\?v(f) + JSV%“S) + oWy + Owis (5.2.11)
where ogy; and a\?v(f) are due to processes (5.2.2) — (5.2.4) at tree level and one loop,

ow,, and a\?v(fs) are due to process (5.2.5) at tree level and one loop, oy, is due to

processes (5.2.8) — (5.2.10) at tree level, and oy is due to processes (5.2.6) and (5.2.7)
via direct photoproduction at tree-level.

We demand a minimum py for the jet, i.e. pr(j) > pi™, to ensure that we observe a
visible jet at LO. As discussed in Section 2.3.2, the cross section 045 _,wx of the hadronic
process (5.2.1) is related to the cross sections Oap—we(d) Of the partonic subprocesses,

a(pa) + b(py) — W(p) + c(pe)(+d(pa)), (5.2.12)
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where a,b,c,d = v,g,q,q and p, = x,pa, pp = Tppp With scaling parameters x,, ;, as the
incoherent sum

oap—wx (s, pr > prt) = Z / A7 L5 (T)ap—we) (8, pr > PT), (5.2.13)
a,b,c(,d)
where
a dxa T
‘CAbB(T) :/ fa/A(xaaMF>fb/B (x—,,u%) , (5.2.14)

is the parton luminosity defined in terms of the PDFs. In (5.2.13), we have to sum over
all combination of partons a, b, ¢, and d that contribute to the processes (5.2.2) — (5.2.10).
Introducing the shorthand notation w = Mg, we have

- ( cut 4 i+( P2 ) | (5215

In order to obtain G, —we@a), We have to evaluate the transition matrix elements
M ap—we(a) of processes (5.2.12), square them, average them over the IS spins and colours,
and sum them over the FS ones, which leads to |Mgy—we(a)|?. To the order of our cal-
culation, M, _weq is calculated at tree level, while My, .w. may receive also one-loop
contributions, Map—we = MY _we + My we so that

|Mab—>Wc| |Mabﬂwc| JFQRG[(MMHWC) MabHWc] (5.2.16)

Then we have to integrate over the partonic phase spaces constrained by the minimum-
pr cut. In the following two subsections, we describe how this is done for the two- and
three-particle final states, respectively.

Since we are dealing with charged-current interactions of quarks, u; and d;, the quark-
mixing matrix V;; (see Eq. (2.1.26)) appears. At tree level, the cross sections of pro-
cesses (5.2.2) — (5.2.10) contain the overall factor |V;;|%. Since we assume the CKM matrix
as diagonal in the one-loop corrections, we can absorb the residual appearances of |V;;|?
at LO into a redefinition of the down-quark PDFs, as [38, 39]

Jaua(z, p) Zw fayja(x, 1), (5.2.17)

7=1

and similarly for down antiquarks. Therefore, it is sufficient to calculate the partonic
cross sections for the flavour-diagonal case, with V;; = d;;. The replacement (5.2.17) in
particular restores the correct CKM dependences for the ud and tud annihilation channels.

5.2.1 Two-particle final states

If parton d is absent in process (5.2.12), we supplement § by two more Mandelstam
variables, t = (p, — p)? and u = (p, — p)*>. Four-momentum conservation implies that
§+t+u=w, and we have p2 = tu/5. The partonic cross section entering Eq. (5.2.13) is
evaluated as

max

Pr do g
Gab—we(8,pr > pCTUt) = / dPT%> (5.2.18)
e Pr
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(b)

Figure 5.1: Tree-level diagrams of (a) process (5.2.2) and (b) process (5.2.5).
The tree-level diagrams of processes (5.2.3), (5.2.4), (5.2.6), and (5.2.7) emerge
through crossing.

where p* = (§ — w)/(2v/3) and

da‘ab—»Wc _ pr
dpr 8784/ (8 — w)? — 48p

= Mapwel” (5.2.19)
T

For the reader’s convenience, we list the differential cross sections of processes (5.2.2) —
(5.2.7), in the conventional form

da‘ab—>Wc o 1
dt 167

= Mol (5.2.20)

at LO. The Feynman diagrams contributing to processes (5.2.2) and (5.2.5) are displayed
in Figs. 5.1(a) and (b), respectively. We have

dog w+e  2maas 8+ w? — 2tu

dt 9s2, $tu ’
da’ua~»W+'y _ (0% 1 3t 2 dﬁuHHWJrg (5 92 21)
dt 120 §—w dt ’ o

where sy, = sin Ay is the sine of the weak mixing angle Oy defined in (2.1.21). We use the
Gr scheme for the definition of the electromagnetic coupling «, i.e. we derive a from the
Fermi constant Gy according to

2
agy = %Gpsa,w. (5.2.22)

In this scheme, the weak corrections to muon decay Ar are included in the charge renormal-
ization constant (see e.g. Ref. [17]). As a consequence, the EW corrections are independent
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of logarithms of the light-quark masses. Moreover, this definition effectively resums the
contributions associated with the running of a from zero to the W-boson mass and absorbs
leading universal corrections oc Gpm? from the p parameter into the LO amplitude. The
implementation of the G scheme at one loop is explained in Section 5.3.1.

The cross sections of processes (5.2.3), (5.2.4), (5.2.6), and (5.2.7) may be obtained
from Eq. (5.2.21) by exploiting crossing symmetries, leading to

32 d&ug—>W+d _ _§ 32 da-ua—NV*g
dt 8 dt sou ’

2 dog, w+n _ | doyg—wta
dt dt s ’

~2 da’u'yHW‘*d ~2 da’uHHW""y

=3 |5— ,
dt dt sou

dog, wHg doy,—

g2 droWra | 227 %uyoWid ' (5.2.23)

dt dt st

5.2.2 Three-particle final states

If parton d is present in process (5.2.12), then the partonic cross section entering Eq. (5.2.13)
may be obtained through a four-fold phase-space integration along the lines of Ref. [79].
We work in the partonic cm frame and choose our coordinate system so that p, points
along the 23 direction and py lies in the x%~23 plane. We denote the polar angle of p, by
¥ and the azimuthal angle of p. by ¢. As the first three independent variables, we select
1Y, ¥, and ¢, which take the values

S—w
0<p)<—=,
VA
In the case of process (5.2.8), which contains two massless gauge bosons in the final state,
it is convenient to take the fourth variable to be p?, with values

1 W 1 W
- VE—QO———)< 0 (Ve — . 5.2.25
9 ( Pa \/g Y2 2 \/7 B 2]72 ( )

0<v<m, 0 << 2m. (5.2.24)

We then have
d4&ua—>W+g7
dp2dpfd cos ¥dyp

1 _—_—
cm::QEBﬂAAﬁﬂmeQG@T—p%?- (5.2.26)

pPT>DPr

On the other hand, in the case of processes (5.2.9) and (5.2.10), which only contain one
massless gauge boson in the final state, it is more useful to choose the fourth variable to
be the angle ¢ enclosed between p. and py, with values

0< <. (5.2.27)
We then have
0 VA (V3 - 238) -
—— 16(2w)4[x/§-2pgsnﬂ(¢y2)}

4 A
d Oug—W+dy

2 cut
W+ 9 — s
dpgd COS lgd(pdlp ’Mug dw‘ (pT p )

(5.2.28)
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Figure 5.2: O(a) self-energy diagrams of process (5.2.2).

and similarly for process (5.2.10). In order to implement the minimum-pr cut, pr can be
expressed in terms the integration variables, which is conveniently done with the help of
Egs. (5.40) and (5.42) of Ref. [79] and starting from

pr = \/(pé +ph)* + (2 +p3)" (5.2.29)

5.3 NLO results
We now describe the calculation of the NLO contributions a\?v(ja), a\?v(fs), and U%VM of
Eq. (5.2.11) in some detail.

We employ the following tools. We generate the relevant Feynman diagrams using the
symbolic program package FEYNARTS [80, 81], carry out the spin and colour sums us-
ing the program package FORMCALC [82], and perform the Passarino—Veltman reduction
of the tensor one-loop integrals [83] using the program package FEYNCALC [84]. Sub-
sequently, the analytical results are implemented in a Fortran program. The standard
scalar one-loop integrals contained in the purely weak corrections (i.e. corrections due
to diagrams without photon exchange) are evaluated using the program package LOOP-
TooLs [85], which incorporates the program library FF [86]. The numerical integrations
are performed using a version of the adaptive Monte Carlo algorithm VEGAS [87] that is
part of the program package CUBA [88].

5.3.1 Virtual EW corrections to W + 5 production

The virtual EW corrections of O(«) to processes (5.2.2) — (5.2.4) arise from self-energy,
triangle, box, and counterterm diagrams. They are shown for process (5.2.2) in Figs. 5.2 —
5.5, respectively.

Evaluating the transition matrix element M\(?v(f) from these loop diagrams, we encounter
both UV and IR singularities, which need to be regularized and properly cancelled. As
outlined in Section 2.1.3, we use dimensional regularization, with d = 4 — 2¢ space-time
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u u W uv u W  u v W
W Y\/d 7/ d u\ JSw
d d d
d g 4 g 4 g
u W W  u 7 W u W W
d\/ 7 u\ /W d\/7Z
d d d

d g 4 g 4 g

Figure 5.3: O(«) triangle diagrams of process (5.2.2).

dimensions and 't Hooft mass scale u, to extract the UV singularities as single poles in
€. These poles vanish after renormalizing the parameters and wave functions of the LO
transition matrix element M%Vj, which leads to the counterterm contribution (see Fig. 5.5),

My, = My, 6. (5.3.1)

Owing to the renormalizability of the SM, the UV singularities in M\(;Qv(f) cancel, and the
physical limit € — 0 can be reached smoothly.

As explained in Section 2.1.3, the EW on-shell renormalization scheme uses the fine-
structure constant « defined in the Thomson limit and the physical particle masses as
basic parameters. In order to avoid the appearance of large logarithms induced by the
running of o to the EW scale My in M\?V(ja), it is useful to replace a by Gy in the set of
basic parameters, using the relation [89]

e’ 1
Gr = , (5.3.2)
\/ﬁsng 1—-Ar
where
14A c (ZEA(M7F) B (M) | BF(0) = B¥ (M)
Ar = X70) — = T — 5 5
s2, M M, M,
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toun W pow W8 w w0 u
0 Yd Z Y U%: 7 u
'ngmn T g g

Q.

Figure 5.5: O(«) counterterm diagrams of process (5.2.2).

cw 247(0) a T—4s2
2— | 5.3.
+ SV + prey 6 + 252 n ey, (5.3.3)

contains those EW one-loop corrections to the muon lifetime which the SM introduces on
top of those derived in the QED improved Fermi model. In the EW on-shell scheme thus
modified, we have
o\ =62 —(S‘S—W+1(5ZL_+5ZL-+5Z — Ar) (5.3.4)
Wj T sy 2 uT dd w ) -0
where the renormalization constants are defined in Section 2.1.3.

The IR singularities can be of soft or collinear type. The loop diagrams involving virtual
photons interchanged between external lines contain soft IR singularities. Owing to the
Bloch—Nordsieck theorem [64], they cancel against similar singularities arising from the
real emission of soft photons, as discussed in Section 3.1.1. The loop diagrams involving
external quark or antiquark lines that split into virtual photons and quarks induce collinear
IR singularities. Such singularities also arise from the real emission of collinear photons
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Figure 5.6: O(as) self-energy, triangle, and box diagrams of process (5.2.5).

off external quark or antiquark lines (see Tab. 3.1). According to the KLN theorem [67],
collinear IR singularities from F'S radiation are completely cancelled in the sum of real and
virtual corrections provided that the final state is treated sufficiently inclusive. On the
other hand, collinear IR singularities from IS radiation survive and have to be absorbed into
the quark and antiquark PDFs according to the replacement (3.4.1). For consistency, the
splitting functions in the evolution equations of the PDFs then need to be complemented
by their O(«) terms. IR singularities also arise from the wave-function renormalizations in
Eq. (5.3.4). We choose to regularize the IR singularities by assigning infinitesimal masses,
A, my, and my, to the photon, the light up-type quarks, and the down-type quarks,
respectively. This is convenient because the standard scalar one-loop integrals Cy and
D, that emerge after the tensor reduction [83] are well established for this regularization
prescription [63, 90].

We emphasize that, in the treatment of both the virtual and real corrections, terms
depending on A\, m,,, and my are extracted analytically and their cancellation is established
on the analytical level, so that the expressions used for the numerical analysis do not
contain these IR regulators.

5.3.2 Virtual QCD corrections to W + « production

The virtual QCD corrections of O(ay) to process (5.2.5) arise from the self-energy, triangle,
and box diagrams shown in Fig. 5.6 and the counterterm contribution,

M = My, 0 (5.3.5)

The latter only receives contributions from the gluon-induced wave-function renormaliza-
tion of the external quark lines,

Sy == (023 +62%) (5.3.6)

N —
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Figure 5.7: Tree-level diagrams of process (5.2.8). The tree-level diagrams
of processes (5.2.9) and (5.2.10) emerge through crossing.

where

, (5.3.7)

q?=m?2

_ 0 g g

in analogy to Eq. (2.1.53). Because parity is conserved within QCD, the quark self-energy
has just one vector part X, = ¥, = X ;. Up to terms that vanish in the limit m, — 0,
we have

O 1 m2 m2
5chl; = —a47TF — + In(47) — hl'u_zq - 21n)\—2q + 4] + O(e), (5.3.8)

where Cr = (NZ — 1)/(2N¢) = 4/3 for No = 3 quark colours, and A now represents
an infinitesimal gluon mass. Since the W + 7 production cross section at LO does not
contain a gluon, we can safely employ mass regularization for the soft gluon pole, because
the gluion—except for a colour factor—couples to the external quarks like a photon, and
potentially gauge-violating terms will vanish in the limit A — 0.

5.3.3 Real corrections due to W + 3 4+ ~+ production — phase-
space slicing

The tree-level diagrams for process (5.2.8) are shown in Fig. 5.7. They contribute at
the same time to the electromagnetic bremsstrahlung in process (5.2.2) and to the QCD
bremsstrahlung in process (5.2.5), which complicates the treatment of the EW corrections
to W + j associated production, as we have detailed in Section 3.7. The diagrams con-
tributing to the electromagnetic bremsstrahlung in processes (5.2.3) and (5.2.4) emerge
from Fig. 5.7 by crossing the gluon with the u and d quarks, respectively.

When the cross sections of processes (5.2.8) — (5.2.10) are integrated over their three-
particle phase spaces, one encounters IR singularities of both soft and collinear types.
The former stem from the emission of soft photons and gluons and cancel against similar
contributions from the virtual corrections owing to the Bloch-Nordsieck theorem [64], as
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explained in Section 5.3.1. The latter arise when a massless gauge boson is collinearly
emitted from an external massless fermion line or when a massless gauge boson splits into
two collinear massless fermions. Specifically,

e in process (5.2.8), the photon or the gluon can be emitted collinearly from the
incoming u; and d; quarks;

e in process (5.2.9), the photon can be emitted collinearly from the incoming u; quark
or the outgoing d; quark, and the gluon can split into a collinear d;d; quark pair;

e and in process (5.2.10), the photon can be emitted collinearly from the incoming d;
quark or the outgoing ; quark, and the gluon can split into a collinear w;u; quark
pair.

As already mentioned in Section 5.3.1, the collinear IR singularities from F'S radiation are
cancelled by the virtual corrections according to the KLN theorem [67] if the considered
process is treated sufficiently inclusive. By contrast, those from IS radiation survive and
have to be absorbed into the PDFs as shown in Sections 3.3 and 3.4.

Due to the minimum-pt cut, the photon and the gluon cannot be soft simultaneously
because one of them has to balance the transverse momentum of the W boson. By the
same reasoning, there can only be one collinear situation at a time. However, soft and
collinear singularities do overlap, and care needs to be exercised to avoid double counting.

For consistency, also the IR singularities in the real corrections need to be regularized by
the infinitesimal photon or gluon mass A and the light-quark masses m,, and m, introduced
in Sections 5.3.1 and 5.3.2. As already mentioned in Section 5.3.1, the cancellation of IR
singularities is achieved analytically, so that the expressions underlying the numerical
analysis are free of them.

Phase-space slicing

As in Refs. [91, 92], we employ the method of phase-space slicing [93] to separate the soft
and collinear regions of the phase space from the one where the momenta are hard and
non-collinear, so that the partonic cross section can be written as

A __ ~soft ~coll ~hard
dowjy = Oy, + dow;, + Aoy (5.3.9)

For definiteness, let us assume that parton d in process (5.2.12) is the soft or collinearly-
emitted one and that partons a and c are the ones emitting IS radiation and F'S radiation,
respectively. In the notation introduced in Section 5.2.2, the soft regions of phase space
are then defined by A < p) < AE < (8 — w)/(2V/3), the collinear ones for IS radiation
and FS radiation by ¥ < Ad and ¢ < A, respectively, and pY > AFE, and the hard and
non-collinear one by the rest. The angular slicing cuts Av¢ and A fulfill the conditions
mg /s < AY < 1 and mg /8 < A < 1, respectively. In the following, we explain how to
evaluate d&%?,gt,y and d&\c,\‘}ljl,y analytically using appropriate approximations. On the other
hand, d&{}\?ﬁ can straight-forwardly be evaluated numerically with high precision. For this
purpose, the integration boundaries for pY and the angles 9 and v in (5.2.26) and (5.2.28)
have to be adjusted according to

S —
AE < p) <

w
S AY <9 <m—AY, 5.3.10
2V/'§ ( )
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and
Ay < <, (5.3.11)

respectively. Moreover, we apply adequate exponential phase-space mappings for the vari-
ables pY, ¥, and v to improve the efficiency of the numerical evaluation. Since AFE has
to be compared to v/3/2, we define 0, = 2AE/v/5. The demarcation parameters d,, A,
and Aty must be chosen judiciously. If they are too small, the numerical phase-space inte-
gration performed for d&{}&;g becomes unstable; if they are too large, the approximations
adopted for d&%@gﬁy and d&%@% become crude. In practice, one varies d,, A, and A to find

the respective stability regions. For the problem considered here, this is easily achieved.

Soft singularities

In the soft phase-space regions, M, .weq factorizes into My, _.w. times an eikonal factor
that depends on py. For soft-photon radiation, i.e. d = =, the general formula for this
eikonal factor is given by (3.2.1). The integration of (3.2.1) over the soft-photon phase

space leads to the integrals
¢’k 2(pip;)
Zi; E/ LA (5.3.12)
T J<an 2k° (kp)(kp;)

that can be integrated analytically [65], yielding

4 iDi 1 )2 . 4AE?
L = T \PiPy) (2p p]>2 —1In (an) In —
(mpi)*—pi |2 P A
1 — _ u="p;
el (et g )
4 up+ |u v v w=np;

(5.3.13)
where Lis(z) = — fol dt In(1 — tx)/t is the dilogarithm, 7 is implicitly defined through

np; —p)

>0, 5.3.14
0 ( )

n’p; —2n (pipj) + 9 =0,

and (1) —
np:)” —Dbj
V= oo (5.3.15)
2(np} — kj)
Squaring M, .weq, performing the spin and colour sums, and integrating over p; with
the constraint A\ < pj < AF, one finds

da—tsz(l;fich(/\7 AE) - 522§>ch<>\7 AE)dé—abHWc ; (5316)

for the soft part of the bremsstrahlung integral.
In case of soft electromagnetic and QCD bremsstrahlung in process (5.2.8), we then
obtain

St (\,AE) =

a
wd—W+gy o (Qiauu + Q30dd + dww + 2QuQabua + 2Qu0uw + QQd(SdW) )

asCF

™

G e (NAE) =

ud—Wt~g

(Ouu + 0da + 20ua), (5.3.17)
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where @, = 2/3 and @)y = —1/3 are the fractional electric charges of the u and d quarks,
respectively. Applying (5.3.13), the particular IR-singular contributions read

4(AE)? m?
5uu:1n )\2 +h’l?,
5dd: uu|mu<_>mda
1. 4(AE? . m2m? 1 [ ,m? o M3 w2
oud = 51 1 = —(In" —* 4+ In" —* o
S e S B I
4(AE)? S
dww = In (AE) f+w1n£7
A2 S—w S

1. 4(AFE)? wm? 1/ ,m? 5 W

5u - _1 l Y Y 1 _A’U, 1 -

W TN n(w—t)2+4 3 tan 5
u

—t — 2
Lig (| —— Li —
- 12<w—t)+ 12<w—t)+6’

5dW - = 6u

(5.3.18)

w ‘t<—>u, My <My

where the hierarchy A < m, was respected,’ and terms that vanish for m, = my = 0 have
been omitted.
Furthermore, we find the soft-photon correction factor for process (5.2.9) to be

a - -
5i§fiw+d7(k, AE) = o (Qifsuu + Q70aa + dww + 2QuQadua + 2Qubuw + QQd(SdW) ;

(5.3.19)
in which two terms of Eq. (5.3.18) are modified to be
< 1. 4(AFR)? m2md o MM sm? _ t w2
Sog = = 1 In In M, (-2 )+ T
W = oM T T 4 (s—w)2 LAy 3’
= 1. 4(AE)? wm? 1 ,  Sm? , wy
daw = —=1 1 v — = |In? In® ——| — L (1——)——.
e U (e T Gowz| U 73)7%
(5.3.20)

Finally, the soft-photon correction factor for process (5.2.10) emerges from the one of
process (5.2.9) through the simple replacement

soft
5 dg—Wtay

(A AE) = 62 g, (A AE)| (5.3.21)

muemd, QueQd
Collinear singularities
In our calculation collinear singularities arise from three sources:

(1) the emission of a photon or gluon from an incoming quark or antiquark;

(2) the splitting of an incoming gluon into a quark-antiquark pair; and

!This assumption is important, since the fermion masses are small physical parameters, while the
photon/gluon mass A is an infinitesimal regulator that has to be neglected with respect to all physical
scales of the process.
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(3) the emission of a photon from an outgoing quark or antiquark.

In accordance with Eqs. (3.2.4), the resulting contributions to d&{:{}% all factorize into the

respective LO cross sections without radiation and appropriate collinear radiator functions.
For collinear photon radiation off fermions, the factorization formulae for the squared
matrix elements are explicitly given by Eq. (3.2.7). While in case of FS radiation the
collinear cone can be integrated out analytically, for IS radiation the calculation of d&\c,{?ljl,y
involves a convolution with respect to the fraction x of four-momentum that the emitting
parton passes on to the one that enters the hard interaction.

Let parton a in process (5.2.12) be the emitting quark ¢ and parton d the emitted

photon or gluon. Then we have [79, 94]

OéQ2, QSCF 1-6 ~
— %/ dz R;S(mq, A, )60, we(2pg, pb) |
o
(5.3.22)
where 9, is introduced to exclude a slice of phase space that is both soft and collinear and
is already included in 6%3%, xo = 1p8/8, with 79 being defined in Eq. (5.2.15), and

coll

dé—qb—»Wc{’y,g} (mq, Aﬁ)

IS 5(AY)? 2z
Ry (mg, AV, z) = Pyy(x) {ln i Tl (5.3.23)
with . )
+x
P = 5.3.24
4a(T) 1— 2 ( )

being the LO ¢ — ¢*v splitting function [95]. This result is identical to the case when
parton a is an antiquark g. Note that the cm frame is boosted along the beam axis by the
collinear emission of the photon or gluon.

Now, let parton a in process (5.2.12) be a gluon that splits into a ¢g pair, with ¢ being
outgoing and G entering the residual hard scattering. Then we have [68]

asTF

d6SM oo (Mg, AV) =

gb—Wceq

1
/ dz Rés(mq, A, 2)dog, we(zpg, b) | (5.3.25)

™ T0

where Tr = 1/2 and

5(1 — 2)2(A0)?

IS
R (my, AV, x) = Pyy(z) In i +2z(1 — x), (5.3.26)
with
Py (z) =2° + (1 — z)? (5.3.27)

being the LO g — ¢¢* splitting function. This result is identical to the case when parton
d is an antiquark g.

Finally, let parton ¢ in process (5.2.12) be the emitting quark ¢ and parton d the emitted
photon. Then we have [79, 94]

an
2

dé_cou (mlJa A¢> -

ab—Wgqy

1—6s
/ dz Ry®(mg, A, 2)d6 0w, (5.3.28)
0
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where 0, = §0, /(5§ —w) is again to avoid double counting of phase space regions that are
both soft and collinear, and
(5 — w)*(Av)? 2z

2Inz —
4§m3 + 1+ 22

RIS (mg, A, 2) = Pyy(2) {m : (5.3.29)
with P, given in Eq. (5.3.24). The same result is obtained in the the case when parton
¢ is an antiquark g. The integral in Eq. (5.3.28) is not a convolution and can easily be
carried out analytically if we recombine the FS quark and the collinearly-radiated photon,
yielding

10 -2 9
/0 dz Rgs(mq,Alp,z) =— (2 Inds + §) In

A 2 2 ~
(5 — w)*(Av) +21n58_§7+§. (5.3.30)

G2
4smq

In order to obtain day), for one of the processes (5.2.8) — (5.2.10), all possible collinear

emissions must be taken into account one by one.

While the collinear IR singularities from FS radiation cancel upon combination with
the virtual corrections by the KLN theorem [67] within collinear-safe observables, those
from IS radiation survive. Since their form is universal (see Sections 3.3 and 3.4), they
can be factorized and absorbed into the PDFs [61]. Adopting the MS factorization scheme
both for the collinear singularities of relative orders O(«) and O(as), this is achieved by
modifying the PDF of quark ¢ inside hadron A as

. — aQ? + a,C; 3 2
Fura(@) — Foyalea) = 15, ) {1 _ 09t asCr [(l 5.+ ) In /o

T 4 mg
1-6 2
s dz T a@); + aCr
2 MS 2

— In"d, —Ind, + 1}} —/m ~ Ja/a <;>#F> qTqu(Z)

2 1 2

Hi dz 55 (x 2) asTr Hi
In——1| — — — —P In — 5.3.31
% {n (1—2)%?m2 ] /x z Jeia 2 PP Ton sa(2) In mg’ ( )

where up is the factorization scale, which separates the perturbative and non-perturbative
parts of the hadronic cross section. In contrast to the procedure described in Chapters 3.3
and 3.4, where we have applied a [...], prescription to extract the soft-photon pole from
the z-integration, in (5.3.31) we have used the soft-photon cut-off d, for this purpose. Note
that the prescription (5.3.31) does not include a redefinition for the photon PDF, because
we treat photon-induced processes only at LO.

5.4 Numerical results

We are now in a position to present our numerical results. Our choice of input is specified
as follows: We adopt the values

G = 1.6637 x 107°GeV 2, My = 80.403 GeV ,
My =91.1876 GeV my = 174.2 GeV |

that have been quoted by the Particle Data Group [96], take the other ny = 5 quarks to
be massless partons, and assume My = 120 GeV, which is presently compatible with the
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Figure 5.8: (a) Total cross section as a function of p{" and (b) pr distri-
bution of pp — W + X for /s = 1.96 TeV (Tevatron). The NLO results
are compared with those of orders O(aas), O(a?), and O(a?) via photopro-
duction. In both plots (a) and (b), the curve for the O(aag) contribution is
covered by the NLO result.

direct search limits and the bounds from the EW precision tests [96]. We take the absolute
values of the CKM matrix elements to be [96]

|Vaa| = 0.9377, |Vis| = 0.2257, |Vea| = 0.230, (5.4.1)
Vis| = 0.957, |Vip| = 41.6 x 1072, |Vp| = 4.31 x 1073, h
Since we are working at LO in QCD, we employ the one-loop formula for aénf ) ’LO(MR),
ny¢),LO 4
" MO () = , (5.4.2)

2
ﬁ(()nf) In (l:l;) .
)
with ﬂénf) = 11/3Cy —2/3 Ty ns. We use the LO proton PDF set CTEQ6L1 by the Coordi-
nated Theoretical-Experimental Project on QCD (CTEQ) [97], with Ag’éD = 165 MeV. In
the case of photoproduction, we add the photon spectra for elastic [76] and inelastic [77, 78]
scattering elaborated in the Weizsacker—Williams approximation. In the latter case, we
use the more recent set by Martin, Roberts, Stirling, and Thorne (MRSTQED2004) [78] as
our default, and the set by Gliick, Stratmann, and Vogelsang (GSV) [77] to assess the
theoretical uncertainty from this source. We choose the renormalization and factorization

scales to be ur = pur = EmG™, where

mipt = /()2 + M (543

is the minimum transverse mass of the produced W boson and ¢ is introduced to estimate
the residual scale uncertainty. Unless stated otherwise, we use the default value & = 1.
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Figure 5.9: NLO corrections (K — 1), with and without the photoproduction
contributions, to the total cross sections of (a) pp — WT + X for /s =
1.96 TeV (Tevatron run II) and of (b) pp — W* + X for \/s = 14 TeV (LHC)
as functions pJ". For comparison, also the contributions due to elastic and
inelastic photoproduction normalized to the LO results are shown. In the
latter case, the evaluation is also performed with the GSV PDFs. The symbol
W= in the LHC plot (b) indicates that we present our results for the sum of

W+ and W~ production.

We consider the total cross sections of pp — W= + X at the Tevatron (run II) with
V8 =1.96 TeV and pp — W* + X at the LHC with /s = 14 TeV as functions of p§**. By
numerically differentiating the latter with respect to p$™, we also obtain the corresponding
. Owing to the baryon symmetry of

pr distributions as do/dpt = — do(p$™) /dpS™

pF=pr
the initial state, the results for W+ and W~ bogons are identical at the Tevatron, and it
is sufficient to study one of them. By contrast, W*-boson production is favoured at the
LHC because the proton most frequently interacts via a u quark. Therefore, it is necessary
to study the production of W and W~ bosons separately at the LHC. We compare the
contributions of four different orders:

(1) the LO contribution of O(aas) from processes (5.2.2) — (5.2.4), where the system X
accompanying the W boson contains a hadron jet;

(2) the LO contribution of O(a?) from process (5.2.5), where X contains a prompt
photon;
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Figure 5.10: Total cross sections of (a) pp — W +X for /s = 1.96 TeV and
Pt = 20 GeV (Tevatron run II) and of (b) pp — W* + X for /s = 14 TeV
and p{** = 200 GeV (LHC) as functions of £ normalized to their default values
for ¢ = 1. The NLO results are compared with those of orders O(aas), O(a?),
and O(a?) via photoproduction. The symbol W* in the LHC plot (b) indicates
that we show our results for the sum of W and W~ production.

(3) the NLO contribution of O(a?«y) comprising processes (5.2.2) — (5.2.5) at one loop
as well as processes (5.2.8) — (5.2.10) at tree level, where X contains a hadron jet, a
prompt photon, or both; and

(4) the LO contributions of O(a?) from processes (5.2.6) and (5.2.7) via direct photopro-
duction, where X contains a hadron jet and, in the case of elastic photoproduction,
also the scattered proton or antiproton.

Since we consider inclusive one-particle production, we do not use any information on the
composition of X, i.e. we include all possibilities. In the following, we regard the sum of
contributions (1) and (2) as LO and sum of contributions (1) — (4) as NLO unless the
perturbative orders are explicitly specified in terms of coupling constants. We thus define
the correction factor K to be the NLO to LO ratio with this understanding.

Let us now discuss the numerical results and their phenomenological implications in
detail. Specifically, Figs. 5.8, 5.9(a), and 5.10(a) refer to the Tevatron, while Figs 5.9(b),
5.10(b), 5.11, 5.12, and 5.13 refer to the LHC. In Fig. 5.8(a) the NLO result for the
total cross section as a function of p§™ is compared with the LO contributions of O(auqy)
and O(a?) as well as with the photoproduction contribution of O(a?). The O(aas) and
O(a?) results exhibit very similar shapes, but the normalization of the latter is suppressed
by a factor of about 500. This is qualitatively understood from the partonic cross section
formulae in Eq. (5.2.21) and by noticing that the O(aay) contributions from the Compton-
like processes (5.2.3) and (5.2.4), which have no counterparts in O(a?), are significantly
enhanced by the gluon PDF. As a consequence, the LO result is almost entirely exhausted
by the O(aqy) contribution.
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Figure 5.11: (a) Total cross section as a function of p{'* and (b) pr distribu-
tion of pp — W+ X for /s = 14 TeV (LHC). The NLO results are compared
with those of orders O(aas), O(a?), and O(a?) via photoproduction.

The inclusion of the NLO correction leads to a moderate reduction in cross section,
which increases in magnitude with p§', reaching about —4% for p** = 200 GeV, as can
be seen from Fig. 5.9(a), where the K factor is depicted.

In Fig. 5.8(a), also the photoproduction contribution is shown. As explained above,
we have to distinguish between elastic and inelastic scattering off the proton that both
formally contribute at O(a?). For the combined photoproduction contribution, we observe
from Fig. 5.8(a), that, except for small values of pS*, it overshoots the O(a?) contribu-
tion, although it is formally suppressed by one power of a. Detailed inspection reveals
that this unexpected enhancement can be traced to the photoproduction diagram involving
the triple-gauge-boson coupling and the space-like W-boson exchange, which significantly
contributes at large values of v/§. In fact, for a fixed value of pS*t, the total cross sec-
tions of processes (5.2.6) and (5.2.7) have an asymptotic large-$ behaviour proportional
to 1/(mS*)?, while those of processes (5.2.2) — (5.2.5) behave as In$/5. Consequently,
photoproduction appreciably contributes to the K factor, as is apparent from Fig. 5.9(a),
which also shows the photoproduction to LO ratios for elastic and inelastic scattering.
The freedom in the choice of the inelastic photon content of the proton is likely to be the
largest source of theoretical uncertainty in the photoproduction cross section. In order to
get an idea of this uncertainty, we display in Fig. 5.9(a) also the inelastic-photoproduction
to LO ratio evaluated with the GSV photon spectrum for inelastic scattering. The result
is roughly a factor of two smaller than our default prediction based on the MRSTQED2004
spectrum.

In Fig. 5.10(a), we examine the theoretical uncertainties in the O(aay), O(a?), NLO,
and photoproduction results due to the freedom in setting the renormalization and factor-
ization scales by exhibiting their £ dependences relative to their default values at & = 1.
The ¢ dependencies of the O(a?) and photoproduction results stem solely from the fac-
torization scale up and are rather feeble, while the £ dependence of the O(aay) result is
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Figure 5.12: (a) Total cross section as a function of p§"* and (b) pr distribu-
tion of pp — W~ + X for /s = 14 TeV (LHC). The NLO results are compared
with those of orders O(aas), O(a?), and O(a?) via photoproduction.
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Figure 5.13: Ratios of the respective results for W and W~ bosons shown
in Figs. 5.11(a) and 5.12(a).

also linked to the renormalization scale ug of as(ur) and is therefore more pronounced,
but still not dramatic. The scale variation of the LO result amounts to less than +15%
for 1/2 < ¢ < 2. It is only slightly reduced by the inclusion of the NLO correction. This
is expected because the NLO result is still linear in as(pr), so that the ugr dependence of
as(pr) is not compensated yet. For this reason, we have also included the NLO QCD con-
tributions in the calculation of the radiative corrections to off-shell W-boson production
that will be discussed in the following chapters.
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In Fig. 5.8(b), the analysis of Fig. 5.8(a) is repeated for the pr distribution. We observe
that the line shapes and relative normalizations of the various distributions are very similar
to those in Figs. 5.8(a) and the same comments apply.

Turning to the LHC, we can essentially repeat the above discussion for the Tevatron,
except that we have to take into account the difference between W* and W~ boson
production. Thus, Fig. 5.8 has two LHC counterparts, Figs. 5.11 and 5.12, for the W
and W~ bosons, respectively. To illustrate this difference more explicitly, we show in
Fig. 5.13 the W to W~ ratios of the respective results from Figs. 5.11 and 5.12. For
simplicity, Figs. 5.9(b) and 5.10(b), the LHC counterparts of Figs. 5.9(a) and 5.10(a),
refer to the sum of the results for W+ and W~ bosons. In the following, we only focus on
those features which are specific for the LHC. From Figs. 5.11 and 5.12, we observe that
the gaps between the O(aa;) and O(a?) results are increased by about a factor of two, to
reach three orders of magnitude. This is mainly because the Compton-like processes (5.2.3)
and (5.2.4) benefit from the extended dominance of the gluon PDF at small values of x.
Furthermore, the photoproduction contributions now significantly exceed the O(a?) ones
throughout the entire p$** and pr ranges. From Fig. 5.13, we see that the W' to W™ ratios
take values in excess of unity, as expected, and strongly increase with increasing values
of p**. Comparing Figs. 5.9(a) and (b), we find that the EW K factors are significantly
amplified as one passes from the Tevatron to the LHC. This is due to the fact that the
typical Sudakov logarithms oc ”?%v In*(8/w) [98], which originate from triangle and box
diagrams, become quite sizeable at the large values of v/§ and pr that can be reached at
the LHC, as has been dicussed in detail in Refs. [38, 39]. Finally, comparing Fig. 5.10(a)

and (b), we conclude that the £ dependence is generally somewhat larger at the LHC.







Chapter 6

Off-shell W-boson production at
NLO accuracy: an overview

6.1 General setup and contributions at Born level

6.1.1 LO contributions via QCD partons

Analogously to the on-shell case discussed in the previous chapter, the hadroproduction
of an intermediate W boson in association with one hard jet is governed at LO by quark—
antiquark annihilation, where the IS quarks radiate a gluon, and the corresponding crossed
channels with a gluon in the initial state. Specifically, for W+ production the relevant
partonic processes are

w d; — Whe — Iy g, (6.1.1)
u; g — Werj — Z+Vl dj s (612)
aj g — W+f17; — l+Vl u;, (613)

where u; and d; denote an up-type quark of generation ¢ and a down-type quark of gen-
eration 7, respectively. In contrast to the approach of Chapter 5, we now perform the
calculation for the physical final state, i.e. a charged lepton [, the corresponding neutrino
vy, and a parton which will be seen in the detector as a jet. The corresponding tree-level
Feynman diagrams for process (6.1.2) are shown in Fig. 6.1. The intermediate W-boson
resonance is described by a complex W-boson mass pw via the replacement

Mgy — iy = My, — iMwTyy (6.1.4)

in the W propagator as dictated by the complex-mass scheme that has been discussed
in Section 2.2.4. Hence, all our results correspond to a fixed-width description of the
Breit—Wigner resonance.

The dependence on quark mixing, as parametrized in the CKM matrix (2.1.26), fac-
torizes from the tree-level matrix elements. Apart from a global CKM-dependent factor,
the tree-level amplitudes do not depend on the specific generations. Hence, for hadronic
observables, the summation over the quark generations ¢ = 1,2 and j = 1,2, 3 requires
only the evaluation of a single generic amplitude per process type shown in (6.1.1) — (6.1.3)
when folding the squared tree-level amplitudes with the corresponding PDFs. The explicit
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d

Figure 6.2: Feynman diagrams for the photon-induced process (6.1.5).

calculation of these amplitudes is carried out in Section 7.2.1. Only squares of the ab-
solute value of CKM elements enter the final results. We do not include top quarks in
the final state since their decays lead to significantly different signatures. According to
Section 3.1.1, the five other quark flavours (including the bottom quark) as well as the
FS leptons are treated as massless throughout the calculation, except if small masses are
needed to regularize a collinear divergence. Since we neglect the small CKM mixing of
the third generation with the first two generations, the PDFs of the bottom quark are
irrelevant at tree level but enter the result for the QCD bremsstrahlung cross sections (see
Section 6.3).

6.1.2 LO photon-induced contributions

In our approach, we describe W + jet production up to an accuracy of O(a3as). Hence,
we also include the O(a?) tree-level processes with a photon in the initial state,

w v — Whd; — 1Ty d;, (6.1.5)

dj Y — WJFI_IZ' — lJer u; .

The tree-level Feynman diagrams for process (6.1.5) are shown in Fig. 6.2. The photon
content of the proton has been quantified in the MRSTQED2004 PDFs [78], that was also
our default choice in the on-shell calculation. Since the photon also couples to the charged
lepton and the intermediate W boson, the amplitude is more involved than its QCD
counterpart (see Section 7.2.2). We neglect the effects due to elastic photoproduction in
the full off-shell calculation, because they turned out to be small in the on-shell case.
Moreover, contrary to the on-shell calculation, we do not consider the crossed processes
corresponding to W + + production at this point, following the approach of Section 3.7.
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6.1.3 General setup

As in the on-shell calculation, we use the G scheme to define the electromagnetic coupling
constant «, i.e. we derive a from the Fermi constant according to (5.2.22).

We employ the Feynman-diagrammatic approach to calculate all relevant amplitudes
in the 't Hooft-Feynman gauge defined in Section 2.1.1. For a numerical evaluation at the
amplitude level we use the Weyl-van-der-Waerden spinor formalism that is briefly outlined
in Section 7.1. To ensure the correctness of the presented results, our team has performed
two independent calculations which are in mutual agreement.

Our calculation starts from diagrammatic expressions for the one-loop corrections gener-
ated by FEYNARTS 1.0 [80], and the subsequent evaluation of the amplitudes is carried out
with programs that have been derived from code that was usually developed for the com-
putation of the EW one-loop corrections to the process ete™ — 3jets [99]. The algebraic
evaluation of the loop amplitudes is performed with a program written in Mathematica,
and the results are automatically transferred to Fortran. The Born and bremsstrahlung
amplitudes are calculated and optimized by hand and directly included into a Fortran
program for numerical evaluation. A specific parametrization of phase space is used for
an adaptive Monte Carlo integration employing the VEGAS [87] algorithm. The ana-
lytical expressions for all bremsstrahlung amplitudes, as well as the explicit phase-space
parametrizations are presented in Chapter 8.

The second calculation carried out by Ansgar Denner and Alexander Miick is based on
FEYNARTS 3.2 [81] and FORMCALC version 3.1 [82]. The translation of the amplitudes
into the Weyl-van-der-Waerden formalism as presented in Ref. [100] is performed with the
program POLE [101]. POLE also provides an interface to the multi-channel phase-space
integrator LUSIFER [102] which has been extended to use VEGAS [87] in order to optimize
each phase-space mapping.

6.2 Virtual EW and QCD corrections

We calculate the virtual one-loop QCD and EW corrections for the partonic processes
(6.1.1) — (6.1.3) to order O(a?a?) and O(a’ay), respectively, and discuss the calculation
in some detail in Chapter 9. Since the partonic processes (6.1.5) and (6.1.6) are already
suppressed by a/ag at LO, we only need to include the NLO QCD corrections for these
channels to reach the required accuracy. The QCD corrections are induced by self-energy,
vertex, and box (4-point) diagrams only. The NLO EW corrections are more involved and
include pentagon (5-point) diagrams. There are O(100) diagrams per partonic channel,
including 6 pentagons and 20 boxes. The generic structure of the contributing diagrams
is indicated in Fig. 6.3, and the pentagon diagrams are explicitly given in Fig. 6.4. The
different channels are related by crossing symmetry.

In the calculation of the one-loop contributions UV divergences are regularized dimen-
sionally. For the IR, i.e. soft or collinear, divergences we use pure dimensional regular-
ization with massless gluons and (anti)fermions (except for the top quark) to calculate
the QCD corrections, or—in case of the EW NLO corrections—pure mass regularization
with infinitesimal photon mass and small fermion masses, which are only kept in the
mass-singular logarithms. When using dimensional regularization, the rational terms of
IR origin are treated as described in Appendix A of Ref. [103].
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Figure 6.3: Contributions of different one-particle irreducible vertex func-
tions (indicated as blobs) to the LO process (6.1.2); there are contributions
from self-energies, triangles, boxes, and pentagon graphs.
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Figure 6.4: Virtual pentagon contributions to the process (6.1.2).
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We use the on-shell renormalization prescription for the EW part of the SM as detailed
in Section 2.2.4 for the complex-mass scheme. Employing the Gg scheme for the defini-
tion of the fine-structure constant (see Sections 5.2.1 and 5.3.1), we include Ar in the
counterterm contribution via the replacement

1
5Ze|a(0) - 5Ze|GF = 5Ze|a(o) - §AT (6.2.1)

for the charge renormalization constant, as suggested in Ref. [104]. The strong coupling
constant is renormalized in the MS scheme with ny = 5 active flavours. Hence, bottom
quarks are included everywhere in the calculation as a massless quark flavour.

6.3 Real corrections and interference effects

The evaluation of the real corrections has to be done with care, both for theoretical
consistency as well as to match the experimental observables as closely as possible.

6.3.1 Real EW corrections

Let us first focus on the EW real corrections to the partonic processes (6.1.1) — (6.1.3).
The emission of an additional photon leads to the processes

wd; — Ty gy, (6.3.1)
wg —lTydy, (6.3.2)
djg — Ty . (6.3.3)

The Feynman diagrams contributing to the process (6.3.2) are shown in Fig. 6.5. If the
photon and the charged leptons/quarks are recombined into a pseudo-particle (mimicking
the start of hadronic or electromagnetic showers) to form IR-safe observables, all the
soft singularities and collinear singularities related to FS radiation cancel against the
corresponding singularities in the virtual corrections. The collinear singularities arising
from IS collinear splittings are absorbed into the PDFs according to (3.4.1). Note that
the MRSTQED2004 PDFs are defined in the DIS scheme with respect to QED corrections,
as explained in Ref. [68]. It is implied that all selection cuts for a given observable have to
be blind to the distribution of momenta in collinear lepton—photon configurations. We use
the dipole subtraction formalism as specified for photon emission in Ref. [35] to isolate the
divergences and observe the numerical cancellation. In Appendix C we explicitly list the
relevant subtraction functions and the readded counterparts that carry the IR singularities
for the processes (6.3.1) — (6.3.3).

For muons in the final state it is, however, experimentally possible to separate collinear
photons from the lepton, i.e. to observe so-called “bare” muons (see Section 3.6). Hence,
the resulting cross sections are not collinear safe (i.e. the KLN theorem [67] does not
apply), and the corresponding collinear singularities show up as logarithms of the small
lepton (muon) mass. The lepton mass cuts off the collinear divergence in a physically
meaningful way. In this work, we employ the extension of the subtraction formalism
that has been illustrated in Section 4.2 which allows one to calculate cross sections for
bare leptons, i.e. cross sections defined without any photon recombination. There, the
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Figure 6.5: Real photonic bremsstrahlung corrections to the LO process
(6.1.2).

additional logarithms of the lepton mass in the final result are also isolated analytically.
Like in the standard subtraction formalism, it is sufficient to calculate the real matrix
elements for the partonic processes in the massless-fermion approximation.

Photons and QCD partons always have to be recombined into a single jet if they are
sufficiently collinear. This leads to collinear-safe observables if the selection cuts respect
the recombination procedure. However, the recombination induces a problem for subpro-
cess (6.3.1), as we have seen in Section 3.7. If the photon and the gluon are accidentally
collinear (of course there is no collinear enhancement for these configurations) arbitrarily
soft gluons can still pass the jet selection due to a collinear photon. There is a soft-gluon
divergence induced by this simple recombination procedure that can be cancelled by the
virtual QCD corrections to W + ~ production as demonstrated in Chapter 5. To avoid
the singularity, one has to distinguish W +~ and W + jet production by means of a more
precise event definition employing a cut on the maximal energy or transverse momentum
fraction of a photon inside a given jet. However, this procedure spoils the collinear safety
of the event definition in subprocesses (6.3.2) and (6.3.3). Using again the subtraction
formalism for non-collinear-safe observables to extract the problematic collinear terms,
the appearance of an unphysical quark-mass logarithm in the final result signals the ne-
cessity to include non-perturbative physics to properly describe the emission of a photon
by a quark for exclusive final states. In our calculation, we follow the strategy of Sec-
tion 3.7.1 and absorb the residual quark-mass dependence in the non-perturbative parts
of the quark-to-photon fragmentation function.

6.3.2 Real QCD corrections

The real corrections due to NLO QCD are less subtle, but, in contrast to the EW cor-
rections, new partonic channels contribute to the real-emission processes that have been
absent at LO.
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Real gluon emission leads to the processes

wd; — Ty gg, (6.3.4a)
u g — lJer djg, (634b)
aj g — l+l/l u; g, (634C)

Additionally, the F'S gluon at LO may also split into two quarks, inducing the two partonic
channels

wd; = fywiy, k=1,2, (6.3.5)

w d;j — Iy dyd,, m=1,23. (6.3.6)

Application of crossing symmetry to (6.3.5) and (6.3.6) results in the processes

wd; — vigr g, (6.3.7)
G dj — U G (6.3.8)
g dj — Mgty (g # woan # dj), (6.3.9)
g — Uudjae (e # 4y, @k # W), (6.3.10)
w g — Uvqed;, (6.3.11)
G @ — U0 d; (6.3.12)

where ¢, stands for up-type quarks u; with & = 1,2 or for down-type quarks d; with
k =1,2,3. Note that the Feynman diagrams are different in the two cases i = k (j = k)
and i # k (j # k). As in the EW case, we use the dipole subtraction method [66] to
extract the IR singularities analytically from the numerical phase-space integration. In
Section 4.4 we have presented a brief summary of the relevant formulae that are needed to
apply the dipole subtraction method in QCD. Absorbing all the collinear singularities due
to IS splittings into the relevant PDFs as prescribed by (3.3.3), the remaining collinear and
soft divergences cancel all divergent parts of the one-loop QCD corrections for processes
(6.1.1) — (6.1.3). Here, also the bottom-quark PDF enters the NLO prediction. For
example a bottom quark from a proton can emit a gluon which subsequently takes part
in the hard process.

Turning to the photon-induced contributions, the corresponding real-radiation processes
are

Wy —lTydg, (6.3.13)
dj v —Ityug, (6.3.14)
gy — 1Ty ud;. (6.3.15)

All singularities cancel those in the virtual NLO QCD corrections or are absorbed into
PDFs as prescribed by Egs. (3.3.4) and (3.4.1).

6.3.3 Interference of EW and QCD diagrams

There is yet another class of corrections contributing at O(a’ag). For the six-fermion
processes (6.3.7) — (6.3.12) with two identical quarks, diagrams with gluon exchange can
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a) Miw -

b) MfgCD :

c) MqcpMiy

Mep (Miy)™ oc Te[T°T7] MepMiy)™ o< (Te[T7])

— interference non zero — interference vanishes

Figure 6.6: The interference between EW and QCD diagrams: a) EW
diagrams with s—channel-like colour flow for process (6.3.7) with ¢ = uy.
b) QCD diagrams with ¢—channel-like colour flow. ¢) EW and QCD dia-
grams of both s- or ¢-type do not contribute (right). However, for i = k,
there is an interference contribution from diagrams of different types that is
non-zero. The full interference term for the partonic process (6.3.7) reads
2Re[Mop (M) + M@ep (Miw)*]. All other partonic interference con-
tributions with the same flavour structure can be obtained by applying the

. t t
same crossing procedure to MSQ/CD and ./\/lsz.
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interfere with purely EW diagrams. Exemplarily, the relevant diagrams for one of the
contributing subprocesses are shown in Fig. 6.6. The result is non-singular due to the
restrictions from colour flow, but only if all fermions are distinct the interference contribu-
tion vanishes. We have also included these corrections in our calculation. However, their
effect turns out to be phenomenologically negligible. Diagrams with an internal top prop-
agator and two W bosons do not contribute if mixing with quarks of the third generation
is neglected. The tree-level amplitudes that correspond to the purely weak diagrams for
the processes (6.3.7) — (6.3.12) will be listed in Section 8.3, where we will also discuss the
calculation of the interference contributions of EW and QCD diagrams.






Chapter 7

Partonic LO contributions to
pp/pp — Ty + jet

7.1 The Weyl-van-der-Waerden spinor formalism

Throughout this thesis, we use the Weyl-van-der-Waerden (WvdW) spinor formalism to
express helicity amplitudes in terms of spinor products. The squaring of amplitudes and
the summation over helicities of external particles is then performed numerically within
the computational processing. The WvdW formalism is discussed in detail in Ref. [100].
Nevertheless, we will now, after a short motivation, expose the underlying principles of
the method.

Performing polarization sums numerically, the number of terms that have to be calcu-
lated analytically is usually much smaller than the number of contributions that arise when
using completeness relations and trace techniques to sum over the external polarizations.
Moreover, applying WvdW spinors to express the scattering amplitudes, it is often possi-
ble to significantly simplify the intermediate cumbersome expressions and to obtain very
compact results. This is especially true if massless external particles are involved. The ap-
proach also directly enables the calculation of polarized cross sections without introducing
additional helicity projectors, which is another beneficial feature of this method.

In the end, the analytical power of the technique is based on the fact that all phys-
ical objects, i.e. fermion spinors, Dirac matrices, four-vectors of physical momenta, and
polarization vectors of external vector bosons, can be expressed in terms of the same
fundamental mathematical objects.

On the one hand, external (anti)fermions are mathematically described using the co-
variant and contravariant two-dimensional WvdW-spinors ¢4 and @Z)A that belong to the
two-dimensional irreducible representations D(%, 0) and D(0, %) of the Lorentz group, re-
spectively. The two components of the spinors are denoted by capital letters, and a dotted
index simply means complex conjugation of the particular component,

= (M, = ()" (7.1.1)

We need the anti-symmetric 2 x 2 matrix

iz 0 1
M =ep=eP =¢;5= ( ) , (7.1.2)
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called spinor metric, to convert covariant to contravariant spinors, and vice versa,

A= By, =By = yPepa, ¥4 =vPesu, (7.1.3)

where we assume implicit summation over pairs of identical indices. Note that the two
different representations are not mixed by this manipulation.

On the other hand, the description of four-vectors (i.e. momenta and polarization vec-
tors) is done by means of four-dimensional matrices with two spinor indices. The transition
matrices

4B = (6% ) | ol y = (0, —0), (7.1.4)

where 0¥ denotes the 2 x 2 unity matrix, and o is a vector of the three Pauli matrices,
transform a given four-vector k* to the spinor representation D(%, 1) = D(3,0) ® D(0, 3)
of the Lorentz group via

KO+ K K+ ik?
- i ) (7.1.5)

KAB:kHU;L,AB: <k1—ik2 O — k3

Here, K ;5 is a hermitian 2 x 2 matrix if the components of k* are real. If k* denotes the
physical four-momentum of a massless particle, i.e. k* = 0, the momentum matrix K ;5
factorizes into a product of two so-called momentum spinors,

K= kiks. (7.1.6)

Denoting the polar angle of the massless particle by 8 and its azimuthal angle by ¢, the
four-vector reads

k" = K°(1, sin @ cos ¢, sinfsin ¢, cos ), (7.1.7)

and the momentum spinor can be written as

16 6o 0
ko = V20 (e o 2) . (7.1.8)
sin 5

According to Chapter 4 of [100], the usual Feynman rules given in terms of four-vectors,
Dirac matrices, and Dirac spinors can be systematically translated to the WvdW for-
malism. Doing so, one finds that—if only massless external particles are involved—any
helicity amplitude at tree level can be expressed in terms of so-called spinor products
(pk) = pak? and ordinary scalar products (pk), which are related to spinor products
via (pk) = |(pk)|?/2. In the numerical evaluation, the spinor products can be calculated
according to the explicit expression

O 0

. 0 : 0
(pk) = 2+/pOk0 (e_l‘b” Cos 5’3 sin 5~ e % cos Ek sin Ep) : (7.1.9)

7.2 Analytical expressions of LO amplitudes

In this section we list the partonic scattering amplitudes for the LO contributions to W+jet
production. For the dominant channels (6.1.1) — (6.1.3), we have to consider processes of
the form

a(cl)(pa, 0q) + b(”)(pb, op) — l+(kl, ) + v(kn, —) + 0(63)(196, Oc) (7.2.1)
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where momenta and polarizations are given in parentheses, and the colours of the strongly
interacting partons a, b, and ¢ are depicted as upper indices. The partons a and b initiate
the hard scattering process, while the parton ¢ will be seen as a jet in the detector after
hadronization has taken place. Accordingly, the momenta p, and p, are assumed to be
incoming, while the momenta k;, k,, and k. are outgoing.

In addition to the W+jet prduction via two QCD partons, we will also discuss the
photon-induced contributions

(m)(pa’ O'a) + ’Y(pb, 0'(,) — [t (kl, Tl) + Vl(/{?n, —) + C(CQ)(ICC, O'C) , (722)

that are given by the processes (6.1.5) and (6.1.6).

7.2.1 Contributions at O(a?a)

Now we provide the amplitudes for the partonic channels at LO listed in (6.1.1) — (6.1.3).
We start with the process

0 (pa, 0a) + 7 (py, 00) — 1 (k. 71) + (Ko, =) + 8 (ke 00) (7.2.3)
and define the corresponding LO amplitude as

: \/562‘/? a 0,040
0 = 1?] (9sT5) Mué:lfylg(n? ac) . (7.2.4)

lMuiajﬂl‘*‘mg

The dependence on the momenta and the helicities of the external particles is entirely
contained in the non-vanishing colour- and CKM-stripped helicity amplitudes,

(Kinps)* (ki)

s ) = e N kpa o) (7.2.52)
PR g )
et 0 ) = A ) ey (7.2.5b)

with ¢4y = k' + k% being the four-momentum of the virtual W+ boson. All other helicity
combinations vanish or are suppressed by masses of light fermions.

Since the prefactor in (7.2.4) is of course the same for all partonic processes (6.1.1) —
(6.1.3), the amplitudes

: \/562‘/2‘*' 0,040
lMuzgg’l_‘-Vld = 82 . (gsTkl) Mug:l-fyld(,rla O-C) 5 (726)
w
: \/562‘/; 0,040
IMY semttu = 1T L (gsT7) M7 (T oe), (7.2.7)

w
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for the processes (6.1.2) and (6.1.3) can be obtained applying crossing symmetry to (7.2.5)

as explained in Section 4.2 of [100]. The resulting contributions Mggg_fl‘ﬁ’w 4(11,0.) and

ggillibulu(nv oc) are given by
0 —_ <knkc>2<klkn>*
7 by = 7.2.8a
ug—>l+V1d< ) (qw /~L2 ) papb><pbk > ( )
B k a>*) <k kl>
MO () - ((kap 7.2.8b
ugﬂl‘ﬂlld( ) (q\%v l,LI2/V><pbk> <pbpa> ( )
0, ++ ((kike)™)* (Rakr)
o, (1) = 7.2.8¢c
gt ) (a3 = Hiv) (popa)* (pokic)* e
) (Fnpa)* (Fikn)”
M((i)gil+ulu(+7+> - 2 > < l > ) (728d)

(QW - MI2/V> <pbkc> <pbpa>

where the assignment of the momenta and helicities is defined by (7.2.1). Squaring the
amplitudes, summing over the external colours and polarizations, and averaging over the
IS ones yields

2

16 |V 2

MO e i P = = (2m) 5L (NE — 1) o Ty My (myoe)| , (7.2.9)
(i5) F.p |3 |
0q,0p T|,0c
where the colour relation
Ne N&—1 NZ—1
SN (@t = Y Te(TT) = (Ng - 1) Ty (7.2.10)
kil=1 a=1 a=1

was used. Equation (7.2.9) is valid for all partonic channels (6.1.1) — (6.1.3), and the
different averaging factors F};, read

Fig=36, Fu=F=09. (7.2.11)

Due to the very simple structure of (7.2.5) it is also easily possible to perform the sum-
mation over the helicities in (7.2.9) analytically, yielding

2 2 2 2
Af00a0 dw (pokn)” + (paki)

7' ,O0c)| = 7.2.12
2.2 ‘ g (71 0¢) [y — 1> (Pakic) (Poke) ( )

0a;0b T1;0c

for process (6.1.1), where we have used the relation |(pk)|* = 2(pk).

7.2.2 Photon-induced contributions at O(a?®)

The helicity amplitudes for the partonic channels (6.1.5) and (6.1.6) can be obtained from
the photon-bremsstrahlung amplitudes of the Drell-Yan process, given by Eqs. (2.28) and
(2.29) in Ref. [17], by crossing the photon into the initial state and one quark into the
final state at the same time. For instance, the scattering amplitude of the process

uz(l)(paa Ua) + 7(pb, Ub) - l+(kla Tl) + Vl(kna _) + dgk)(kcv UC) (7213)
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can be written as
31/ *
V263V

2
Sw

O MO (7, 0,) (7.2.14)

lMu y—ltud; =1 wy—l+ud

where the dependence on the momenta and the helicities is again solely contained in the
following colour- and CKM-stripped amplitudes,

0 - 2) Qu<knkl>*
My e pa( =) = (hekn) { (G — 113¢) (papn) (Eepn)

1 [_ Qi{pake)” n (Qa — Qu)(pakl>*:|
(8 — 113y) (pokn) (pokr) (Kepo) (pokn)
- Cww(Qu — Qd)<k’n/fz>*<papb>*}
(5 = uiv) (@ — miy) (keps) )7
Qd(knkl> + (Qd - QU><kckn>
(G — 13y ) (Pap)* (kepn)* (8 — 1135 ) (Papb) ™ (Pokr)*

+

(7.2.15a)

MO () = <<pakn>*>2{

C — Qu)(knky) (ke
(5 = 1) (@i — Hiy) (Pape)
After the trivial colour summation Zl 1 d;j = Nc, the squared averaged amplitudes

for both photon-induced contributions (6.1.5) and (6.1.6) at LO are given by the general
formula

2

_— NC 16 (27T |V; |2 .
|Ma'wl+wc‘2 N 52, |2 ’ Z Z’ (?'yﬂlfylc T,0¢)| (7.2.16)

ay

0a;0b T|;0c

where Fj,, = 12, and the M0 U“ff (71, 00) result from (7.2.15) via crossing.

7.3 Construction of the LO phase space

In accordance with (2.3.4), the partonic cross section for any contributing LO channel
a(b/y) — 1T + v+ ¢ is given by

. 1
02 (b/'y)~>l+ulc<paapb) = 2_§ /dq)(lJrl/lJrc) ’Mg (b/’y)—>l+ulc‘2' (731)

As explained in Appendix B.2, the three-particle phase space [ d®(4,,4.) for a lepton, a
neutrino, and a parton ¢ in the final state can be decomposed according to

/dq)(l+ul+c)(paapb7kbknvk / dQW/de QWaklv )/de(paapb; kzaQ\QIV)a

(7.3.2)
where we have constructed the phase space subject to the topology depicted in Fig. 7.1.
In (7.3.2), dQ(q; k7, k2) is the two-particle subspace of the decay process W+ — [+,

and dQ,(pa, py; k2, ¢3y) represents the effective two-particle phase space of the preceding
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Pa ke
ta,c
kn,
Po
2
q
% K

Figure 7.1: Topology for the phase-space construction within the LO calcu-
lations.

2 — 2 scattering process a + b — W + ¢. The explicit expressions for [ dQ(¢; k7, k2)
and [ dQ,(pa, pe; k2, ¢3y) read

2
/ dQa(qd; k7, k2 / deY / dcos 6", (7.3.3a)

/de(paapln 7qw - / d¢c/ ac: (733}3)

where ¢V and )V are the azimuthal and polar angles of the lepton in the rest frame of
the decaying W boson, ¢. denotes the azimuthal angle of the parton ¢ in the partonic
cm frame, and ¢,,. = (p, — k.)®. Since the process under consideration is invariant with
respect to rotations around the beam axis, the corresponding matrix elements exhibit an
azimuthal symmetry, and the integration over ¢, is trivial, yielding a factor 2.

The particle momenta in the partonic cm frame can be expressed in terms of the inte-
gration variables as follows. The jet momentum is chosen as

kb = 2\/q_w(1 sinf,,0,cosb,), (7.3.4)

where the polar angle 6. of the parton ¢ reads

2tqc
6. = arccos (1 + - ) : (7.3.5)
§— qW
We also need the four-momentum of the intermediate W boson,
& 2
o= m(l,—ﬁw sin 6., 0, — By cosb,.) , (7.3.6)

q
W 2\/5

where we have introduced the W-boson velocity fw = (8 — ¢&)/(5+ ¢¥), to construct the
lepton momenta in the cm frame. In the rest frame of the W boson we find

/3

AR % (1,sin 0¥ cos ¢, sin 6" sin ¢, cos 6}V) , (7.3.7a)
/3

kW = I (1, —sin 6" cos ¢,", —sin )Y sin ¢,", — cos 6)") , (7.3.7b)

2
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and we obtain the momenta in the cm frame by applying the boost
ki =B (¢w, —aw) k", kn= B (qw, —aw) k. , (7.3.8)

with the boost matrix B defined by (B.16).

In the actual numerical analysis we use a Breit—Wigner mapping (see Appendix B.3) to
improve the efficiency of the ¢&,-integration. The remaining integrations are carried out
applying simple linear mappings as prescribed by (B.23) and (B.24).






Chapter 8

Real corrections to partonic cross
sections:

pp/pp — Ty + jet + (jet/~)

R

In this chapter we describe the calculation of real-correction amplitudes ./\/lan tet(d)/y)

for processes with four F'S particles,

Y (pa, 00) + 0 (py, 01)
— l+(/€l, Tl) + l/l<k3n, —) + C(C3)(/{ZC, O'C) -+ [d(c‘*)/v](kd/kw O-d/)\'y) . (801)

In case of the real EW corrections, we are confronted with an additional bremsstrahlung
photon 7 in the final state, and for the real QCD corrections a second strongly interacting
parton d occurs.

In the following, the assignment of momenta and helicities for processes denoted as
ab— Ity 4 c+ (d/v) is given by (8.0.1), where colours of partons are indicated by upper
indices.

8.1 Real EW corrections and QCD corrections to pho-
ton-induced processes

Here, we present the amplitudes for the bremsstrahlung processes listed in (6.3.1) — (6.3.3).
Since all these channels are related by crossing symmetry, it is sufficient to discuss the
amplitudes for the process (6.3.1),

uﬁ-’) (Par 0a) + a;-k)(pb, op) — 1 (ki,m) + vi(kn, —) + g(a)(kc, oc) + (kv Ay) - (8.1.1)

Again, we use the WvdW formalism to compute the different helicity amplitudes and to
simplify the corresponding expressions as far as possible. As in the LO case, the squaring
of the amplitudes and the helicity summation is performed numerically afterwards.

The full scattering amplitude MBEW for the process (8.1.1) can be written as

4e3V*
IMEEW i— (g T M2 (11,00, ). (8.1.2)

u;dj—lty gty - S%V ud—I+tuy gy
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The colour- and CKM-stripped helicity amplitudes M 5", +Vlg7(n, 0¢, A\y) are given by the
following expressions,

M (+,+.+) =

ud—l+ygy

(Pokn) { 1

(pake) (poky) (kepn) \ [(aw + ky)? — pdy] (6 — 13y)

X {Ufw’fﬁ*((pbp&<pa\Kn|pb> — (poke) (k| Ko p3)) (1 _ Ql%)

O R
M e (= =) = <pbkc>*<<zi];:§i<kvpb>* { (o Th = L%V] TRy
XWmﬂ—mw(mmwm+@mﬂmb—@égﬁﬁb

+ (pal K + Kl|k:7><p,,|fg\kn>] + Ezjii [<Pa\lekZz2N+_Q;%ipa|Kl|k:n>] } |
(8.1.3b)

Mottt () = <pak0><pbllfc><pak7>* {ﬂ;%it :év_) (Qv‘t—’i( ;;—_ f)L%v
(g — MZ;)VVK;; 1/;))2 2] } ! (8.1.3¢)

MGt ) = G T e BT
@ - MZ;)W[(EJ; J_r /32 — 2] } ) (8.1.3d)

where we use the shorthand notation (n|P|{) = n APABf B, following the conventions in
Chapter 2 of [100]. The expressions for the amplitudes where the photon and the gluon
have opposite helicities are quite lengthy. Therefore, we have introduced the form factors

1

Fralt =) = o | Qu( I = o)l Pl
Y

a K a KC
- eI () ok AP — Kl ) + Qu PV | ol )k 5, — Fuls)]
(8.1.4a)

f"Yl<+7 +7 _) = <lekl >* <pakl>*<knpb><klypa - Kc‘pb> 5 (814b)

Y

f'yW(+> +7 _) = <k'ypb> <pa‘Kc‘pb><kl’K'y‘kl> + <knpb><pa’Kl + Kn‘k’7><klypa - Kc’pb>

- %<kwkn>(<pakl>*<pbkc><kc|Kw - K — Kn|pb> + <k'l‘Pa’pb><pa|K’y - K — Kn|pb>) )
(8.1.4c)

for the (+, 4+, —) case and

1
EwhﬂHZE?ﬂ—@(%%—KMMM&—HW>
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a K’Y a Kc
+ LA ol - Pbykc>) + Qa1 1P ol
(8.1.5a)
Fotlhs =) = = (Ko — Pylk) (el Ko + K po) (8.1.5b)

 (kikey)
Fow (4, =5 +) = (pakey)" (ki K [ kn) (ol Kelpo) + (kipa) ™ (ky | K + Ko |po) (pal Ko — Polkn)
1 . . \
+ §<k'ykl> <pbkn>(<pak:c> <pa|K'y - Kl - Kn|k:c> - <papb> <pa|K'y - Kl - Kn|pb>) P
(8.1.5¢)
for the (+, —, 4+) combination. Asin the LO expressions, the prefactor in (8.1.2) is the same

for all bremsstrahlung processes. Thus, the averaged squared amplitudes can generally be
written as

2

R,EW
Mab—>l+l/l+c+7 (i7)
64 a3V, s 2
~ 5, ) || fJ (N =DosTe 30 30 |M372, (o) . (8.16)
a Sw

Ta,Tb T|,0c, Ay

with the averaging factors from (7.2.11). For the sake of completeness, we also provide
the formula

2

, (8.1.7)

~R,EW . 1 R,EW
O ab—itv+ety, (if) — 2_§ / dq)(ll'zﬂﬂ) ‘Mab—>l+uz+c+% (i4)

for the total bremsstrahlung cross section, where the computation of the phase-space
integral [ d®(,,4ct-) Will be described in detail in Section 8.4.

Crossing the bremsstrahlung photon into the initial state, the amplitudes above also
provide the real QCD corrections (6.3.13) — (6.3.15) to the photon-induced processes. For

R,QCD
Mll"f—>l+l’l+0 (i5)

2
the calculation of the corresponding amplitudes , we additionally need

the averaging factor
Fyy = 64, (8.1.8)

for channels with a photon and a gluon in the initial state. The amplitudes for the photon-
induced LO processes (6.1.5) and (6.1.6) were already discussed in Section 7.2.2.

8.2 Real QCD corrections

8.2.1 Generic amplitudes

Corresponding to (6.3.4), (6.3.5), and (6.3.6) there are three generic processes contributing
to the real QCD corrections,

0— az('n)(pb o1) + d§m)(pz, o) + dl(Q)(p& o3) + ﬁép)(m, oa) + 1 (ki,m) + vk, —)

(8.2.1a)
0— ﬁz('n)(pb o1) + u;-m)(pz, o) + dl(Q)(p& o3) + ﬁip)(m, oq) + (ki) + vk, —)
(8.2.1b)
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0 — g(p1,01) + ¥ (pa, 02) + d§~l)(])37 03) + ﬁgk)(m, og) + 1 (ki) + vk, —)
(8.2.1¢)

Crossing all possible pairs of partons into the initial state, one obtains all partonic channels
that enter the real QCD corrections. To give examples for a six- and a four-quark process,
respectively, we list the Feynman diagrams for the processes ud — Iy, + gg and ud —
ly;+ui in Figs. 8.1 and 8.2. The generic amplitudes 7% for the real QCD corrections
are given by the expressions

R,QCD
0—W+d; dj d;ug

2 gs2€2 * a ra * a ra
22 _ 2 |:(51JVI€Z) Z(Tmanp) Adddu + (6Zlvk]) Z(Tmqun) dedll:| )
swldw — 1)

a a

(8.2.2a)

TR7QCD
0*>W+f12‘u]' d;ug

2 95262 * a a * a a
- 2 2 2 |:(67«JVI€Z) Z(Tmanp) AUUdU + (6]k il) Z(Tmqun) BUUdU:| )
sy (G — i) - -

(8.2.2b)

R,QCD
7ﬂ0—>W+ggdj U,

2.2
9s€

Y

S, v
s2 (g — 13y) "

_iz fabcTﬁf éggdu + (TaTb)lk Aggdu + (TbTa)lk ngdu

(8.2.2¢)

where the colour- and CKM structures have been separated. In (8.2.2) we have omitted
the explicit helicity dependence of the helicity amplitudes A and B in the notation,

A - Ail,<o-170-27 03, 04) ) B - BTZ(O-M 02,03, 04) .

Six-fermion processes

For the six-fermion contributions the non-vanishing helicity amplitudes read

1 <knp3>
Al (= +,—,+) = [ k|K, + K, + P *
dddu( ) (pl +p2)2 (qw +p3>2< l| l 3|p1><p4p2>
(kipa)”
_ NP K+ K+ Pyl } 8.2.3a
<qw + p4>2 <p2‘ l 4’ ><p3p1> ( )
Afuaa(t = =) = e [ 4 Kt P o)
(P1 + p2)* L(gw + ps)
(Kipa)”
_ NP K+ K+ Pylky, } 8.2.3h
(qw+p4)2 <p1| l 4| ><p3p2> ( )
B (01,02,03,04) = (1) - Al 4.(01, 03,09, 04)‘p2Hp3 : (8.2.3¢)
for the processes (8.2.1a) and
Ajudu(o-h 02,03, 04) - Agddu<o-17 02,03, 04) 5 (824&)
Bl . (01,00,03,04) = (—=1) - Al (04,09,03, Jl)llem , (8.2.4b)

for the processes (8.2.1b), respectively.
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Figure 8.1: Real QCD corrections via the six-fermion process ud — Iy 4 ufi.

Processes involving two gluons

For the partonic channels (8.2.1c) involving two gluons we can further simplify the ampli-
tudes and rewrite the G-term that emerges from the three-gluon vertex,

S262 * a a
%&%fggd.ﬁ. =—— 5 5 ;q 5 Vi [(TT") e Aggau + (T°T)ik Bggau] (8.2.5)
o sy (aw — 1)
where we have exploited the relation

2
NZ-1

3T = [T T, (8.2.6)

c=1

Using WvdW spinor techniques, it is possible to derive compact results for the non-
vanishing helicity amplitudes A and B,

2 <p3kn>
A+ +7+7_7+ - k| P kn ]{}—|—
ggdu( ) <p3p1><p4p2><p2p1>(qw +p3>2{< l‘ 4‘p3>[ ( l p3)]
— (k| Ko lps) [(qw + p3)® + pa - (ps + k)]
1
5 [k Palpa){ps Kulps) + Gl K o) sl Kalps)] } - (8:27a)
A;;rgdu(_7 ERE) _'_) = (A;rgdu(+7 _'_7 _7 +))*‘(kn<—>kl,p3<—>p4,p2<—>pl) 5 (827b)
*(knp3)
AF (= — ) = — (pap1)” (kn
ggdU( ) (psp1) (Pap2)* (pap1)* (qw + p3)?
. . P,— P k| K, + P
X {(P4p1> (knps) (kikn)* + (pal P 1ps) (Rl 3\]92)}
<P2P1>

+ C'C“(ankz,ngpzx,pw—ml)7 (8270)

Ag_gdu(_v + - +) =
1 1 <knp3> * 2 2
2(py+p2)® — (p1 +
(p1 + p2)? (p3p1)* (pap2) { (qw + p3)? [(p3p2> {( (1 +p2)” = (1 + pa)°)
X (k| Ps 4+ Kp|p1) + (pa| Palp1) (k1| Ps + Ky |p2) + 2 (pa| Pa|p1) (ki| Ps + anp4>}
- al Pl s (1 + Pilp)] = o+l () |

+ C‘C“(ankz7p3Hp4,p2<—>p1)7 (827d)

Blau(o1,09, =, +) = AL (09,01, = +)|p1ops » (8.2.7¢)

where c.c. denotes the complex conjugate of the corresponding expression.
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Figure 8.2: Real QCD corrections to the process (6.1.1) via radiation of one addi-
tional gluon.

8.2.2 Computation of colour- and CKM structures

In order to calculate the squared matrix elements of the generic processes (8.2.1), care has
to be taken when working out the different contributing colour structures. We point out
that the construction of the various physical processes from the generic amplitudes via
crossing does not change the colour and CKM structure of the underlying mathematical
expressions, but it will just modify the kinematics and the helicity structure in A and B.
Thus, we can find general expressions for the squared and colour-summed amplitudes for
all contributing subprocesses. For the six-fermion processes we find

2 TR,QCD
0—>W+€1,- dj d;ug

col

2 A(4m)talae?
s Pla — i) P
X (657 [Vial® Cﬁ,A |Agaau|® + 6a |Vig|? CLP | Baaau |’
+ 2 6ij 0t |V Cng Re [AqaauBiaad) ) . (8:2.8a)
4 (4m)ta2a?
|53 I(ady — piv)I?
% (05 [Vial® Cig?* [Auwsaal® + 0 [Va* CEF | Bunaal?
+2 05 0y |Val* CoP Re[AwuauBiuadl ), (8-2.8b)

uudu

TRQCD 2
0—>W+ﬁiu]' d;ug

col

and for the processes involving two gluons, we obtain

R,QCD (4m)*a2a?
Z %H%VJrggdjﬁi T 12 12[( 2 2 |2 ‘V;j|2 (C;%A ‘Aggdu‘Q + CgiB |ngdu‘2
col |SW| |(QW - ,uw)|
+2 ngB Re [Aggdungdu] ) . (8.2.9)

In (8.2.8) and (8.2.9), we have omitted the helicity dependences in the notation. The
different colour factors are given by

Cig = T LT Tog = [Te(T°T))? = (N& — 1) TE, (8.2.10a)

mn=qgpTnmTpq
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Cil = T4, To T T = [Te(T°TY))? = (N& — 1) T§, (8.2.10b)

mn=gpTnmTpg

1
(JﬁlB =T° T¢T T = Te(TT°TT*) = N¢ Cy <CF — 50A> . (8.2.10¢)

for the four-quark processes, where we assume summation over pairs of identical colour
indices. For the colour factors in (8.2.9), we find

CaM = Te(T*T"T'T*) = 3C}, (8.2.11a)

CEP = Te(T*T*T"T*) = 3C%, (8.2.11b)
1

CaP = Te(T*T*T*T") = N¢ Cr (CF - §CA> : (8.2.11c)

In the numerical evaluation, we have applied the following strategy: For every given
subprocess we calculate the expressions |A|?, |B|?, and AB*, using the adequate crossing
prescriptions, and carry out the sum over polarizations. Then we perform a numerical
summation over the contributing quark flavours 4, j, k, [. Of course, at least the summation
of the FS flavours could easily be done analytically, exploiting the unitarity of the CKM
matrix (2.1.26). We have tried this approach, but the gain in runtime was negligible.
Moreover, doing the flavour summation numerically comprises the important benefit that
the complete calculation can be carried out using the general master formulae (8.2.8)
and (8.2.9), respectively.

The full squared averaged amplitude for any given partonic channel can be written as

2

2 1
== X Z‘%E%;ﬂiqudk , (8.2.12)

a, b crossed into IS
T, O1,...,04 col

R,QCD
aibj —ly4cp+d;

where we have to choose the adequate master amplitude from (8.2.8) or (8.2.9). We assume
that all partons a, b, ¢, and d carry flavour indices, which are suppressed in case of gluons.
For the relevant averaging factors we find

Fog = Fpo= Fra =36, Fp = Fap =96, Fy = 256. (8.2.13)

According to (2.3.4), the corresponding partonic cross sections for the real QCD corrections
are then given by

1 1 2
~R,QCD _ R,QCD
O—aib],*)lyri,ckdl(pa)pb) - 2_§/d(p(ll/l+c+d) 1+(5 J ‘Maibj"ll/l‘i’ck‘i’dl) 5 (8214)
Cray

where the construction of the phase-space integral f d®(1y,4c+4) Will be discussed in Sec-
tion 8.4.

8.3 Interferences between EW and QCD diagrams

8.3.1 General structure of the contributions

The purely EW diagrams that contribute to the generic channel (8.2.1a) at the order O(a?)
(see Section 6.3.3) can be decomposed according to their flavour and colour structure as

T3 s, = V3 Gumdap) Tigaa + (Vi) Gngdunp) Tidau (8.3.1)
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where we have defined Tcﬁfjv and T (ﬁfuw in analogy to Agqaau and Bgqqy in (8.2.2a). Rewrit-
ing the corresponding QCD amplitude as

R,QCD * a a A,QCD * a a B,QCD
7?)_}3\7+aidjdlﬁk = (61JVkl) Z(Tanpq) Tdd((igu + (5Zlvk]) Z(Tmenq) Tdd§1 ) (832>

a a

we find that the interference (IF) term

2

’TR,IF

0—>W+aidjdlﬁk

_ R,EW R,QCD *
=9 R,e |:71)—>W+aidjdlﬁk (7:)_>W+aidjdlﬁk> i| (833)

contributes at the same order O(a’ay) as the genuine EW corrections and thus has to be
taken into account within a complete fixed-order calculation.

Looking carefully at the colour structure of (8.3.3), it turns out that the terms with
identical flavour structure {i, j, k,1} in 7HEW and TRQCD vanish, since they include the
colour factor 0pmnTy, g1, = [Tr(T*)]* = 0, when we sum over colours of the external
quarks. Only the terms with different flavour structure survive, yielding the colour factor
Omn Ly Opg Ly = Tr(T*T*) = 8Ty Therefore, we can express the squared colour-summed
amplitude (8.3.3) according to

R,IF
Z ‘ %Hw+a¢djdlﬁk

col

= (8T) (30l Vi®) 2Re | T (THE) + TR (The™) | 8.3

2

8.3.2 Explicit analytical results

For the purely EW contributions, the non-vanishing helicity structures 7 (ﬁl’f:v can be
written as
TAEY AR 4 S (AR TR LA ) (s39)
V=v,Z
where the subscripts denote the different vector bosons that appear in the propagators of
the underlying diagrams. The subamplitudes that are needed for the calculation explicitly
read

2 4 o
TR =) = o = T~ )
« [c;uu%wm + Pylpo) (papn)®
o 1+ Pl )|
9 o4 ct
T (== ) = ng [(p1 + p2)? —ng](Q%v — piy)
<O L+ Pl )
- CVdd%le + P4Ikn><p3p1>] : (8.3.6a)
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2¢ (p3kn) (palkn + p3pa) (kip1)*
TEWG ) =y Coe = = ,
W ( ) s% 7dd M (p1 + p2)?[(ps + pa)? — ,u%v](kn + p3 + pa)?
2¢t (pskn) (palkn + p3|p1) (kip2)*
TA,E;VV _,+’_’+ — —C _ C B n n ,
v )= 2 G ot G o (s + pal® — 2]k + 73 ¥ i)
(8.3.6b)
2 ¢t C7 5
TAEW = = +) = zdd
A S NI S [P
— <p3kn>
X _ K, + P kip1)*
O Gl i+ P )
_ (pakr)*
—cy K, + Pylps) o) |
vy (kl +p3 +p4)2 <p1| l + 4|p3>< p2>
2¢et Cr .-
TAvE_VV _7+7_’+ — Zdd
v | )= R T = s T e =
<p3kn> *
x |C K, + P k
ot G2+ Pul i)
_ (paky)* }
o K, + Pylps) Geopt) | 8.3.6
v, (kl + ps _'_p4)2 <p2’ l 4‘p3>< p1> ( C)
2¢t Cyw+w- C} =
T\é\’g}rNW*(+’_7_a+) = - Vdd

5% [(p1+p2)? — 12 )(ahy — 130)[(ps + pa)> — iy
X {<p1p4>*<p2]?3><kl|P1 + Palkyn) + (paki)™ (pskn) (p1| Ps + Pi|p2)

+ (kp1)™ (knp2) (pa| K7 + Kn|p3>} :

T\é\’g}erf(_a‘I»a_a‘F) = 07 (836d)
2 ¢t (pap1)*(knp2) (k| K, + Pa|ps)
TA’EW* +a_7_a+ - ——C_,* Wt o = = )
wiw- ) s2, WIdw W (g 4 o) (g3 — 1) (s + pa)? — 13y
Tl (= 4, —4) =0, (8.3.6e)

where we have adopted the helicity assignment 74FW(

TBEW (g1, 09,03,04) emerge from (8.3.6) via

01,09,03,04). The contributions

T?’EW(01,02,03,04) =(-1)- T‘f"EW(Ul,ag,ag,m) ) (8.3.7)
pP2<pP3

The IF contributions for the generic process (8.2.1b) can be deduced in a similar way:
The amplitude for the purely weak contributions reads

%E%ij-ﬁiujdlﬁk - (519‘/132) (5nm5qp) TAEW + (5jk i) (5nq6mp) T <8'3'8)

uudu uudu

and the QCD amplitude can be written as

R,QCD * a a A,QCD * a a B,QCD
7?)—»%27\7+ﬁiujdlﬁk = (51]‘/kl> Z(Tanpq) Tuugl + (6Jk‘/zl) Z(Tmenq) Tuu(;;l)l . (839)

a a
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Accordingly, the interference term is given by the expression

2 : R,IF
)%Hw+ﬁiuj'dlﬁk

= (8T) (GydnlVial*) 2 Re |70 (TB’QCD>*+T5’EW (TA’QCD>*] . (8.3.10)

2

uudu uudu udu uudu

and the non-vanishing helicity amplitudes Tlfl’f:v are decomposed according to
AEW AEW AEW AEW AEW
Tuudu = KWJFW* + Z (‘KVVVVJr + KVW* + KVWJFW*> ) (8311)
V=+,7Z

with the explicit expressions

KAEW(4 _ 4y 2! Crua
yweR 52, [(p1 + p2)? — i J(ay — 1iy)
— <knp3> %
X —— (KK, + P
|: Vuu(qw+p3)2< l’ 3’p2><p4p1>
— <klp4>*
T Yvad (QW +p4_)2 <P1’Kl + P4\k;n><p3p2> )
2 ¢t ot
KA,EW _,+,_,+ _ Vuu
vl )= o el 1 — )
— <knp3>
X " (k| K,, + P *
Crun Lt + Pl )
— <klp4>*
= Craagy, 1 pryz P21 K1+ Palka) (pspa) | (8.3.12a)
2¢! (p3kn) (Dalkn + p3|p2) (kipr)*
KA’EYV_‘U_?_’—’_ = — Chua Cy- 4 - ,
W ( ) 5% ! e (1 + p2)?[(ps + pa)? — M%v](/fn + p3 + pa)?
2¢! (p3kn) (palkn + p3|p1) (kip2)*
KA’EYV _7+7_7+ :—Cuﬁc_ b = ,
e )= O Gt o (s + e — 12241k + 5 & 12
(8.3.12b)
KABW (G Ly = 2¢t C
avE R s, [(p1+p2)? — 13)[(ps + pa)? — 1y
— <p3kn>
X _ K, + P k *
[ Zi-1+ (K + p3 + pa)? (P4l 5| p2) (Kip1)
_ (paker)* ]
—-Cy K+ Pylps) kppa) | |
Zu 0 (k1+p3+p4)2<p1| ! 4| P3) (Fnp2)
2¢et CF
KA’EYV _7+7_7+ - Zuu
| )= R o P =l T e =
— <p3kn>
X _ K, + P k *
[ Zi-1+ (kn + p3 + pa)? (P4l 5| 1) (Kip2)
_ (pakey)*

— O K+ Pylps) (kup) | | 3.12
el P )] (83120
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Pa ® k’c

tac,d k'n 9
< = Siyd = (kn + ki + ka)
Po ®
Gy
k

Figure 8.3: Topology for the phase-space construction within the real cor-

rections.
264 C wW— C -
KA,EW 7(+’ —, _’+> - = VWTW Vui
W s, [(p1 + p2)? — ) (ady — 13 [(ps + pa)? — 13y]
X [ (p1pa) " (D2p3) (ki| PL + Polky) + (pake)™(pskn){p1|Ps + Pilp2)
+ (k1) (knp2) (pa| K + Klps) |

2¢! (kip1)* (psp2) (palps + Palky)

Kyt (4, == +) = — —-Cq 2 Cois n 7
W ) s2, Wodw W (g p0)2 (g — 1) (s + pa)? — pidy]

K\I)L\l/j-lf\\)]\‘]/—(_7+7_7+) = 07 (83126)

where we again use the helicity assignment K4*W (o, 0y, 03,04). Finally, we obtain the
contributions KBV (g, 0y, 03, 04) from (8.3.12) via

K.].E.;’EW(O'l,O'Q,O'g,Oq) = (—1) . Kﬁ7EW(O4,02703,0-1> . (8313)
p1op4

As for the real QCD corrections, the partonic cross sections 62,’;]1[” rends (pa, pp) for the
interference contributions is computed according to Eqgs. (8.2.12) and (8.2.14), respectively.

8.4 Phase-space decomposition for real corrections

In this section we explicitly demonstrate the phase-space parametrization for a four-
particle final state, using again the concepts that have been outlined in Appendix B. It
turned out to be sufficient to use the same phase-space parametrization for the calculation
of the EW corrections, the QCD corrections, and for the computation of the interference
effects of EW and QCD diagrams. We consider the process

a(pa) + b(py) — U (k1) + vi(kn) + c(ke) + d(ka) , (8.4.1)
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where ¢ and d denote two massless QCD partons or a parton and a photon, respectively.
The phase-space parametrization we use for the calculation of the real corrections reads

/dq) (lvj+c+d) (pa7pb7 kla km kw kd / QW / dsll/lc

< [ A (ps i 2 00 [ a0 - kc,pb;kz,q%w [au@ant ). a2

where we have defined the time-like invariant s;,,q = (ki + k, + kd)Q. Our phase-space
decomposition corresponds to the topology depicted in Fig. 8.3. As in the LO case, we
list the explicit expressions for the contributing two-particle subspaces,

27 tax
/dQP<pa7pb;kgvsll/ld> = 48/ d‘bc /mm ac7
Caerd
/de(pa - kcapb; k§7Q\27V) - s / d¢d/ dtac,d,
ll/ld ttrlﬂclnd
27
/de(Q%v;kf,ki) = g/ dqﬁ}]v/ dcosf) (8.4.3)
0 —1

where ¢} is the polar angle of particle d in the rest frame of p,. = p, — k. and p;. This
frame is boosted and rotated with respect to the partonic cm frame. As in (7.3.3a),
#" and )V span the solid angle of the lepton in the rest frame of the intermediate W
boson. The integration boundaries for the ¢-channel like invariants ¢, . = (p, — k.)? and
tac,d = (pa - kc - kd)z are given by

min __ A max __
tac - _S_'_SlVld’ ta,c - 07
i dw 2
min max
ac,d — ta,c ) ac,d — dw — Siyd + ta:C : (844)
Slyd

The four-momentum of parton c,

kl = #(1 sin 0. cos ¢, sin 0. sin ¢, cos b,.) , (8.4.5)
s
with
2t4c
0. = arccos (1 + A—> , (8.4.6)
S — Sll/ld

is analogous to (7.3.4). Asshown in Section 7.3, the leptonic four-momenta can be obtained
from the four-momentum ¢y, of the W boson (7.3.6) and the boost prescriptions (7.3.8).
The construction of &% is more involved. We start with the expression

_ 2
kpt = M(1, sin @ cos ¢}, sin 6 sin ¢, cos 07) (8.4.7)

2 \/Siud

in the rest frame of p, . and p;, , where the polar angle ¢ is constructed from the integration

variables via

q (Sluld + QW>(Sluld + ta c) + Sluld( a,c -2 tacd Sluld)
(qW Sll/ld) (sluld ta,c)

cos ) = (8.4.8)
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To obtain k4 in the partonic cm frame, we have to perform a Lorentz transformation
consisting of a rotation and a subsequent boost as defined in (B.19),

ka = B [p) . + ph, —(Pa,c + Pv)] R(¢a, cos ) k) , (8.4.9)

where the boost and rotation matrices are given by (B.16) and (B.20), respectively.

Again, we use a Breit—Wigner mapping as specified in Appendix B.3 to improve the
performance of the ¢&,-integration in the numerical evaluation, while the remaining inte-
grations in (8.4.2) are worked out applying linear mappings according to (B.23). In the
calculation of the interference contributions discussed in Section 8.3, we also use a linear
mapping for the ¢ -integration, because these contributions do not contain Breit-Wigner
resonances.






Chapter 9

Virtual corrections

In this chapter we discuss the calculation of the virtual EW and QCD corrections to the
process pp/pp — v + jet + X.

9.1 General structure of one-loop corrections

Within the calculation of one-loop corrections to processes with P external legs various
N -point tensor integrals of the tensor rank n arise that have the general structure

Tﬁ7,_,#n(p1, ey DN—1,T0, -« -, TN 1)
e o
i (% —mg +ie) TLi, [(a + pi)? — m? +ie]
where p1, po—p1, p3—p2, ..., —pn_1 can be identified with the incoming external momenta,
mg, M1, Ma, ..., my_1 are the masses of the internal propagators, and N < P is valid. To

allow for the regularization of UV divergences the tensor integrals are defined via their
analytical continuation in d dimensions. To ensure that the integrals retain the correct
mass dimension, the reference mass scale p has been introduced in (9.1.1).

For a consistent treatment of a physical one-loop amplitude in d dimensions all alge-
braical operations acting on the tensor structure of the amplitude have to be carried out
in d dimensions. Additionally, one needs a suitable extension of the Dirac algebra to d
dimensions if fermions take part in the considered process. A detailed discussion on the
algebraical properties of Lorentz- and Dirac structures in dimensional regularization can
e.g. be found in Ref. [105].

The tensor integrals (9.1.1) can be decomposed in terms of a linear combination of all
possible covariant structures that can be constructed from the metric and the external mo-
menta, and the coefficient functions that arise during this decomposition into covariants
are called tensor coefficients. Those tensor coefficients can be reduced to linear combina-
tions of simpler scalar integrals T(]{N’N_l""’2} by means of the Passarino—Veltman reduction
algorithm [83]. The explicit expression for the N-point scalar integral is given by

ToN(pl,-~-710N—1,m0,---,mN—1)
(2mp)t— / & 1 |
im? (g2 — m3 + ie) H?:ll[(q +pi)? — m? + i€

(9.1.2)
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For the 2-, 3-, 4- and 5-point functions that appear during the calculation of one-loop
corrections the corresponding tensor integrals are conveniently labeled as 7% — B, T° —
C,T* — D and T° — E according to the first letters of the alphabet.

9.2 EW contributions

9.2.1 Reduction of 5-point tensor integrals

In scattering processes the external momenta in general become linearly dependent at the
phase-space boundary. This means that the determinant det(Z) of the Gram matrix Z,
which is constructed from the external momenta according to

2pip1 - 2piPN—1

2PN—1P1 - -+ 2PN-1PN—-1

exhibits a zero in these particular phase-space points. In the usual Passarino—Veltman [83]
reduction algorithm inverse Gram determinants appear that will lead to zeroes in the de-
nominator if the external momenta become linearly dependent. Although these zeroes are
just artefacts of the underlying reduction algorithm and will be compensated by corre-
sponding contributions in the numerator (resulting in a “0/0”-like situation), they might
still spoil the accuracy of the numerical phase-space integration.

In 2 — 2 scattering processes the singular Gram determinants appear in isolated phase-
space points in case of forward or backward scattering, i.e. if the polar angles of the
scattered particles approach 0 or m. Thus, the corresponding numerical problems are
usually negligible, and the Passarino—Veltman algorithm can safely be adopted.

By contrast, in case of 2 — 3 scattering processes the problems of vanishing Gram
determinants are more severe and may even jeopardize the reliability of the numerical
results. For this reason, we apply the reduction algorithms discussed in Sections 2 and
3 of [106] and in Section 6 of [107] which consistently avoid small Gram determinants
within the direct reduction of 5-point tensor integrals to a linear combination of 4-point
functions. It is always possible to express 5-point functions in terms of 4-point functions
in four space-time dimension, because the integration momentum ¢ can always be written
in terms of the four independent external momenta.

9.2.2 Calculation of the EW one-loop corrections

The Feynman diagrams that have to be evaluated for the one-loop EW corrections to the
partonic process (6.1.2) are summarized in Fig. 6.3, and the six contributing pentagon
diagrams are depicted in Fig. 6.4. The corresponding one-loop amplitude

Ml

uig—>l+uldj

= (Vi) M, (9.2.2)

ug—ltuydo

where we have factorized the overall LO CKM dependence, can be expressed in terms of
standard matrix elements and coefficients, which contain the tensor integrals (following
the ideas described in the appendix of Ref. [108]). The tensor integrals are recursively
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reduced to master integrals at the numerical level. Scalar and tensor 5-point integrals
are directly expressed in terms of 4-point integrals as stated in the previous subsection.
For the reduction of the 4- and 3-point tensor coefficients to scalar integrals we use the
conventional Passarino—Veltman algorithm. This procedure turned out to be sufficient
to allow for a proper numerical evaluation without visible problems due to small Gram
determinants. However, one could still improve the numerical efficiency using the sophis-
ticated methods that have been developed in [107] for the treatment of situation where
small Gram determinants appear within the reduction of 4- and 3-point tensor integrals.

Since we work in the complex-mass scheme (see Section 2.2.4), all scalar integrals that
result from the tensor-reduction procedure are evaluated for complex vector-boson masses,
using the methods and results of Refs. [65, 90, 109]. Moreover, one has to compute
many scalar integrals that carry IR-singular structures and therefore have to be expanded
properly in the corresponding IR limits to allow for a numerically-stable evaluation.

For the recursive numerical reduction of tensor coefficients to scalar integrals, as well as
for the analytical evaluation of the scalar integrals we use a Fortran implementation! of an
integral library [110] that has been developed and optimized by Ansgar Denner and Stefan
Dittmaier during the last years. This library supports the calculation of scalar integrals
with complex vector-boson masses and the correct mass-singular behaviour of such scalar
integrals that exhibit IR-singular structures.

The counterterm contribution to process (6.1.2) that emerges from the redefinition of
the SM parameters within the complex-mass scheme is given by

MOTEW _ sCTEW )0 (9.2.3)

ug—ltyd ug—ltyd ug—ltuyd >

and the prefactor—which is the same for all partonic processes (6.1.1) — (6.1.3)—explicitly
reads

T o (52, ~ Lapy O v L(szr 4 szt g 2y ozt
ug—ituyd T ) nr Sw _Q\QN_N%V+§( wn T 0Zaq 2 VM) 7

(9.2.4)
where the formulae for the renormalization constants can be found in Section 2.2.4. This
counterterm is the same for all contributing helicity amplitudes. The parameter Ar (see
Eq. (5.3.3)) has to be calculated consequently using complex vector-boson masses. Now,
the full renormalized one-loop contribution to the NLO amplitude can be written as

V,EW
‘M

ug—ltuyd

C= o Re (M g+ MY Y (M) ] (9.2.5)

ud—ltyg ud—ltyg

and the virtual corrections to the partonic cross section explicitly read

1 2
~V,EW V.EW
O-uig—>lyl+dj (pa7 pb) - |‘/Z] |2 % / d®(l+vl+d) ’MugHH’Wd (926)

! As mentioned in Section 6.1.3, in our team we have performed two completely independent calculations
of the radiative corrections to W+jet production. Within these calculations, we have also used two different
branches of this library, obtaining results that are in mutual agreement.
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Figure 9.2: Virtual QCD corrections to the photon-induced process (6.1.5).
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9.3 One-loop QCD corrections

The calculation of the virtual QCD corrections includes self-energies, triangles, and box
diagrams. For completeness, we list all contributing Feynman diagrams for channel (6.1.1)
in Fig. 9.1. The diagrams are consistently calculated in dimensional regularization, i.e. all
light quark masses are exactly zero, and then reduced algebraically to scalar integrals
according to the Passarino—Veltman algorithm, again using the library [110].

The counterterm that has to be added to the bare one-loop corrections for a proper
cancellation of UV singularities reads

MET:QCD _ sCT,QCD ) 10 (9.3.1)

ud—ltyg ~ “ud—ltyg ud—ltyg

with .

oy = 5 (670, + 626+ 6 Zua + 6 Z,1) (9.3.2)
where we have adopted an on-shell renormalization prescription for the external fields of
the QCD partons. We perform an MS renormalization of the strong coupling constant,
where the contribution from the massive top-quark loop in the gluon self-energy is sub-
tracted at zero momentum transfer, so that the running of ay is driven by the ny = 5 light

flavours. The renormalization constants for ny = 5 massless quark flavours explicitly read

as (5 ny Qs 9 9
Zg=—\|-——|B ——B 3.
026 = 2 (5= ) Bol0.0.0) = 22 Balo, ), 939
as (11 ny uv 5 Qs 2 2
6Zozs = —? <Z — F) (A + 111@ + 6—71_30(07mt7mt), (934)
Qs
0247 = _3_7rB0(0’O’0)7 (9.3.5)
where L ()
AWV =T g4 9.3.6
eT(1—e) < (9:3.6)
contains the UV divergence, and the contributing scalar 2-point integrals are given by
2
m
By(0,mg,my) = A" —1In M—; . By(0,0,0) = AV — AR (9.3.7)

with AR from (3.3.2), i.e. the scale-free integral By(0,0,0) does not vanish if we use
different regulators for IR and UV singularities. The prefactor (9.3.2) is the same for all
partonic channels (6.1.1) — (6.1.3), and the contribution that has to be added to the one-
loop QCD corrections to process (6.1.1) is given by 2 65;;??% V)2 |./\/l?l(—1_)l+wg|2 when the
cross section for the virtual corrections is computed according to (4.4.9). Note that we
have evaluated the renormalization constants and the loop integrals using a real top-quark

mass m.

9.4 One-loop QCD corrections to photon-induced pro-
cesses

The loop diagrams that contribute to the process (6.1.5) are shown in Fig. 9.2. Since the
corresponding amplitude does not contain the strong coupling constant, we simply have
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to perform a renormalization of the external quark fields, resulting in the counterterm

contribution
uy—lyd uy—lyd o

1

that has to be added to the one-loop amplitude M}, ;.



Chapter 10

Hadronic cross sections

10.1 Definition of hadronic observables

10.1.1 Recombination

For the experimental identification of the process pp/pp — W + jet — Ity + jet + X
we recombine F'S partons and photons to IR-safe pseudo-particles and impose a set of
phase-space cuts as detailed now.

To define the recombination procedure and the separation cuts, we use the variable

R = \/(yz — ;)2 + 935, (10.1.1)

to quantify the separation of particles ¢ and j in phase space. In (10.1.1), y; denotes the
rapidity

y=_—-1In (10.1.2)

2 p'—pL
of particle ¢ and ¢;; is the azimuthal angle in the transverse plane between the particles
i and j. In the definition of the rapidity, p° denotes the particle’s energy and p;, = p*
the momentum along the beam axis. The recombination procedure, where we simply add
four-momenta to form a pseudo-particle, works as follows:

1. For observables with bare muons we do not recombine photons and leptons. Alter-
natively, a photon and an electron are recombined for R,; < 0.1 to define IR safe
inclusive observables.

2. A photon and a parton a (quark or gluon) are recombined for R,, < 0.5. In this case,

we use the energy fraction of the photon inside the jet, z, = to distinguish

”
p9+pY
between W + jet and W + « production. If z, > 0.7, the event is regarded as a part
of W + ~ production and rejected because it lacks any other hard jet at NLO. This
event definition is not collinear safe and requires the usage of a quark-to-photon
fragmentation function to include the non-perturbative part of the quark—photon

splitting (see Section 3.7 for details).

3. Two QCD partons ¢ and d in the final state are recombined for R.; < 0.5. For
our simple FS configurations, this procedure is equivalent to the Tevatron Run II
kr-algorithm [70] for jet reconstruction with resolution parameter D = 0.5.
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Technically, we perform a possible photon-lepton recombination before the photon—
parton recombination. This procedure is IR safe because the triple-soft /collinear situation
that a photon should have been first recombined with a parton, but was by mistake first
recombined with a lepton, is excluded by our basic cuts.

10.1.2 Basic event-selection cuts
A W+jet event is defined by the following basic requirements:

1. A partonic object (after a possible recombination) is called a jet if its transverse
momentum

pr =/ (p')? + (p?)? (10.1.3)

is larger than 25 GeV. Events are required to include at least one jet.

2. We demand a charged lepton with transverse momentum pr > 25 GeV and a missing
momentum (i.e. the transverse momentum of the FS neutrino) p . > 25 GeV.

3. The events have to be central, i.e. the lepton and at least one jet have to be produced
in the rapidity range |y| < ymax = 2.5.

4. The lepton has to be isolated, i.e. the event is discarded if the distance between the
lepton and a jet Rjje; is smaller than 0.5.
(The lepton—jet separation is also required for jets with |y| > ymax. It is important to
apply a lepton—jet separation procedure only to visible jets (not to low-pr partons),
since otherwise observables would not be IR safe.)

While the EW corrections differ for FS electrons and muons without photon recombi-
nation, the corrections become universal in the presence of photon recombination, since
the lepton-mass logarithms cancel in this case, in accordance with the KLN theorem. In
Chapter 11, numerical results will be presented for photon recombination and for bare
muons.

10.2 LO contributions

The total hadronic cross section at LO is given by

Ui%(pA,pB;M%)
2

/dZE dl’b{|:225 ZEa,ZEb Sdﬂl++,/l+g(paapb7klakn7k)

i=1 j=1

4 Z Euz(g/’y xa; ij) Z 5’81(g/,y)ﬂl++l,l+dj (paapb§ ki, Ey,, kc)

J=1

2
(g/ ) - .
+ Z ‘CA (&/7 xaa (135) Z O-gj(g/ry)*)l++yl+ﬁi (pavpb; kla km kc)
i=1

+ |i : :| }F§l++yl+1jet)<kla kna kc;pmpb) ) (1021)
a—b
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where

LEZ(IQ,ZEI,) = fa/p(xaa M%)fb/p(xM,u%) ) Eg%([[’a, xb) = fa/p(xwu%)fb/f)(xba M%) ) (1022)

denote the experimentally determined parton luminosities for the LHC or the Tevatron.
Although it is formally part of the partonic cross section, we have made the jet function
F §l++”+1jet) explicit that includes the basic event-selection cuts described in Section 10.1.2.
The partonic cross sections 69 (b/7) 1+ are defined in (7.3.1). Equation (10.2.1) covers
the dominant QCD enhanced contributions (6.1.1) — (6.1.3) as well as the photon-induced

processes (6.1.5) and (6.1.6).

10.2.1 Numerical integration of the hadronic variables

For the numerical implementation of the convolutive integrations fol de,dx, =
fol dx, fol dzy, we first transform the integrals (2.3.8) according to

/ dz,day F(za, xp) — dT/ dxb F(7/xp, x) , (10.2.3)
0 Timin

where 7 = x,73, and the choice of 7, =9 p%min /s corresponds to the minimal cm energy
Smin = TminS that is necessary to produce a jet, a lepton, and a neutrino with a minimal
transverse momentum pr min, as demanded by our basic cuts. To cancel the overall 1/§
dependence that appears in any phase-space integral, the hadronic integrations (10.2.3)
are mapped to the unit square r = (rq,79) via

/T dr / o / dr [7(r) In7(r) n 7o) F(za(r), 2p(r)) (10.2.4)

— T2
with 7 =7 and z, =7

10.3 EW corrections

The partonic expressions for the EW NLO corrections are given by the sum of the virtual

corrections 6V"EW the collinear counterterm W that arises from the replacement (3.4.1)

in the LO cross sectlon and the bremsstrahlung contributions 6%FW,

G tmpet ) (Pas Poi 12) = 60500 (P D6) + G (P Do 1) + 6700y (s b)

(10.3.1)

where the explicit expressions for the partonic contributions OP;H\Z)YWZC . and A(Z)E\l)\iylc are

given by Eqgs. (8.1.7) and (9.2.6), respectively. The full hadronic contribution simply

emerges from (10.2.1) via the replacement’

~NLO,EW
G bt ire(Pas Do) = Gy )ty (Pas Do 17 (10.3.2)

'For a consistent NLO calculation, one also has to replace the LO PDFs by adequate PDFs defined
at NLO. However, since the MRSTQED2004 PDF set we use in our calculation is only available at NLO
accuracy, we employ those NLO PDFs for the LO as well as for the NLO computation.
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but one has to keep in mind that the bremsstrahlung cross section is defined on a four-
particle phase space, implying the necessity of introducing the jet function F}HJFWJrletM)
that properly accounts for the recombination of photons and light fermions in the final
state as detailed in Section 10.1.1,

NLO,EW
OAB (PAWB%M%)

[ anan[$5

7

3

ANLO EW
E xaaxb w;d; _>l++yl+g(+w)(pa7pb;kl7knakc<7k7>>
1

J=

3
u; ~NLO,EW _
+Z£A§ L,y Tp ZUuig_>l++yl+dj(+,y)(paapb7klvknakc(ak’y))
j=1

2

ANLO ,EW
+ Z EAB Las xb) d]gﬂl++yl+ﬁi(+7) (pavpb; kla kna kc(7 k’y))
J=1 =1

+ {] }Fﬁﬁwﬁuet D (K, ko, Ko, Ky )i Pas 1) (10.3.3)
a<—b

In (10.3.3), all bremsstrahlung corrections are calculated using the dipole subtraction
technique discussed in Sections 4.1 and 4.2, applying formula (4.2.1),

2
R,EW
/ dq)(l’/l +ety) ‘ Mab—>lzzl +ety

R,EW 2 2 T 2
= dq)(lVHrCJrv) )Mab—»ll/l+c+'y‘ - |Msub| + dq)(leJrC) ® [dk] |Msub| )

(10.3.4)

with [Mgu|? from Eq. (4.2.2), for the safe numerical evaluation of the squared brems-
strahlung amplitudes. Since the corresponding expressions are a bit lengthy, we explicitly
list the contributing dipoles and the integrated counterparts that have to be readded to
the virtual corrections in Appendix C.

10.4 QCD corrections

10.4.1 Real radiation processes

After summing over all IS and F'S quark flavours according to (2.3.8) and (4.4.8), we can
still distinguish twelve different partonic contributions that have to be convoluted with
the proper parton luminosities and afterwards summed incoherently to obtain the final
hadronic result. The four contributions arising from the generic process (8.2.1c) add up
to

R (W+ggdu)(

04 DA, DB M)

1 1 2 3 A
= /0 dxadxb{ bci%(xa,xb)zzfrﬁg%%?ﬂd (Pas o3 Kty Fons K, Kia)

i=1 j=1
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+Zﬁi“é Ty T ZA;?SVDW (Pas o Kt Ko Kie, i)
+Z£AB Tq, Tp ZU;QE\?V+gu (Das Dv; Kty Ky ke, ka)

+ZZ£ (Tar )0y 4 g (Pas D3 s B K, Ka)

i=1 j=1

+ { : } }F}”*”l*QJ'e“)(kl, Koy ey ks Das D) 5 (10.4.1)
a<—b

where the corresponding parton luminosities for the LHC and the Tevatron are defined
in the MS factorization scheme w.r.t. IS QCD corrections. In (10.4.1) we have used
the prescription (8.2.14) to calculate the partonic QCD cross sections. Note that it is
important to boost the FS momenta to the hadronic cm frame according to (2.3.13)
before calculating the cut function F}HJFWH 1) that summarizes the recombination and
cut procedure discussed in Section 10.1. The hadronic contributions arising from the
processes (8.2.1a) read

R, (W+ddd
ol Y (pa, pa; 1)

1 3 B 3 2
d;d;
= / dxadxb{ {Z L5 (@ar10) DY 005 sna, Pas o Kt K, Ky Ka)
0 ij=1 I=1 k=1
3 3

+ZZ£C‘ S CETN ) SNt N (Y O 0 1)

i=1 k=1 j=1 l=j
3

u ~R,QCD
+ZZ£ ! k ma;-rb Z dSk*)WJraidl(paapb;klaknvkwkd)

=1 k=1 il=1

3 3 2
aa ~R,QCD .
(15 ) 2 S ) 30 3 OB (i s )
7j=1

l=j =1 k=1

+ [ : } }F}“*”l*‘“e“)(kz, K, ke ks Day Db) (10.4.2)
a—b

where the parton luminosities are defined in the same way as in (10.2.2). Finally, we also
list the hadronic contributions that emerge from the generic processes (8.2.1b),

R, (W+uudu
JAB( ! )(PAJ?B'M%)

2

1 3
-/ dxadxb{ {Z L5 ) 305 GO ey K ke k)
0

i,j=1 =1 k=1

2 3
- (1 +5lk) ZZﬁu’ k CCa,.Tb Zz&i7i@w+ujdl(pa7pb;khkn?kcvkd)

i=1 k=j j=1 1=1

2 2 2 3
+ZZ£U Uk xaaxb)z E’i@w+u dl(pa7pb7klak7Z7kC7kd)

j=1 k=1 i=1 =1
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2 3 2
u id ~R,QCD
+ZZ l xaaxb ZZO—UJSHWJHI uk(paapbaklaknakcakd)
j=1 I=1 i=1 k=i
+ |: .. :| }F§l++yl+2 jetS)(kla k:na kca kd;paapb) . (1043)
a—b

As mentioned before, the complete result for the real corrections to the hadronic cross
section is given by the sum

C
UEBQ D(PA,PB;M%)

R, (W-I—uudu)( A,pB;,LL%) +O'

R, (W+ggdu)
= O04p (

DA DB ) + Oy DA PB; IR

(10.4.4)

R, (W+dddu) (

where we implicitly assume that all partonic contributions are calculated according to

ACP;QCD /(dc}gj’QCD —d&ﬁ,) +/d€7ﬁba (10.4.5)

using the proper subtraction formulae (4.4.15) and (4.4.16). We will now discuss the
structure of the subtraction contributions dé* in some detail.

Subtraction contributions &

Since the focus of this thesis is not on the calculation of the QCD corrections, we will
not list all contributing subtraction terms and all corresponding readded counterparts
explicitly, but we will outline the general procedure by means of the example process

Wi (pa) ur(pe) — Wlgw) + u;(ke) + di(ka) - (10.4.6)

However, since we have provided a formal discussion of the calculation of NLO QCD cor-
rections in Section 4.4, the general procedure of the calculation should become sufficiently
clear.

Calculating the subtraction terms for the partonic processes in (10.4.1), (10.4.2), and
(10.4.3), the flavour structure of the involved quarks has to be respected carefully. For the
channels involving two external gluons, this task is trivial, since the overall flavour factor
|Vij|? can be factorized, and the computation is straight-forward, applying Eq. (4.4.16).

For the channels with four external quarks, however, the subtraction kernels have to
be composed according to the flavour structure of the squared amplitudes as discussed in
Section 8.2. Since the kinematical configurations that lead to IR singularities during the
phase-space integration are entirely contained in the factors |A|> and |B|? in (8.2.8), the
flavour structure of the adequate subtraction terms can be expressed as

Glaaan) = 0ij [Vial® | Amanl® + 0 [Vis | 1Baaaul® (10.4.7a)
&(uudu) = 5ij |Vkl‘2 |Af11111%.u’2 + 5jk “/;l|2 ‘BlslllllkéuP? (1047b)

for all partonic channels in (10.4.2) and (10.4.3).
The subtraction function for our example process (10.4.6) is given by

1
~A _
UuiukHWJru]dl - Z dé(l+ul+c+d)

{ @ H/kl| [Dulu],uk + ’Duluj]guﬂluld + 6]@] ’V;l|2 [Duku],ul + Duku ]ugﬂluld} 7(1048)



10.4. QCD corrections 133

where the first two subtraction kernels will compensate for the IS collinear singularity
that arises from the w;(p,) — g*(Pac) w;(ke) splitting in the initial state, and the last two
terms cancel the singular contributions originating from the collinear splitting u;(p,) —
g*(Poe) uj(ke). The lower subscripts denote the LO contributions that have to be used in
the calculation of the dipoles (4.4.17).

10.4.2 Calculation of the hadronic V 4+ A + C contributions

Now we will briefly discuss the hadronic contributions that result from the sum of vir-
tual corrections V, the readded subtraction terms A, and the collinear counterterm C in
(4.4.15).

To obtain the hadronic virtual contributions and the corrections due to the I-operator
corresponding to the second line of (4.4.15), it is sufficient to simply replace the LO
expression in (10.2.1) according to

6% (pa; po) — 6P (Da, Dv; €) + A6, (Pay 25) Lap(€), (10.4.9)
for processes with two QCD partons in the initial state. The I-operator contains all
singularities related to soft-gluon radiation, and it covers all singular structures that arise
if the collinear F'S splittings g* — gg and g* — ¢;¢; are integrated analytically. This is
always assumed, because we only consider IR-safe jet observables, i.e. two partons that
are sufficiently collinear are always recombined to a jet.

The convolutive contributions to the readded counterparts that contain the collinear
counterterm C and the finite parts of the collinear IS splittings are obtained by replacing
all partonic radiative contributions &% in (10.4.1), (10.4.2), and (10.4.3) by the adequate
expressions given by the last two lines of (4.4.15). Doing so, care has to be taken to account
for the different flavour structures properly. For instance, the convolutive expression for
our partonic example process (10.4.6) explicitly reads

5_A+C
u; ug —>W+Uj d;

1
— / dz {(Kq’g(a:) + P (zp,, JC;M%)) gty (TPas Do) 0ij | Vial®
conv. 0

+ (Kq’g(x) + P9 (xpy, 90;#%)) &8g4+yl+d(Pm Tpy) Ok; |‘/il|2} ;
(10.4.10)

i.e. there are convolutive contributions from the collinear u; — g*u; splitting connected
to the incoming momentum p, as well as from the splitting u, — g*u, connected to the
reverse incoming momentum p,. In (10.4.10), we have factorized the CKM dependence of
the LO cross sections according to

o = |V;]?6? (10.4.11)

uig—lty4d; ug—Ituyd -

10.4.3 Real corrections to photon-induced processes

Here we list the explicit formulae that are needed to calculate the real radiative corrections
(6.3.13) — (6.3.15) to the photon-induced processes (6.1.5) and (6.1.6) within the dipole
subtraction formalism. In this section we omit the CKM structure in all expression, since
it is always given by the same overall factor |V;;|*.
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Initial-state QED singularities

The channels
Y(pa) + q(py) — 1 (k) + vi(kn) + ¢ (ko) + g(ka) , (10.4.12)

which are formally part of the real QCD corrections to the photon-induced processes,
exhibit a collinear QED singularity due to the splitting v — ¢'¢* in the initial state.
Following the notation of Section 4.3, the function that has to be subtracted from the
averaged squared amplitude to compensate for this singularity reads

2

_2 / ~ T
M| = Q3 € )" (pa, ke, ka)| M (Pa> Doy ka)| (10.4.13)

7'q—lvig

where we have chosen the gluon as FS spectator, and the function hgq/ was defined in
(4.3.21). The integrated contribution containing the singularity in terms of quark-mass
logarithms is given by

- Quo [* : .
U’yqb—>ll/lq’g = N¢ 2q7r daz HY* (P3,, ) Ug,qélylg(xpa,pb) ; (10.4.14)
0

with P}, = (ka(z) — 2p,)?, and ‘H]? from (4.3.33). After adding the collinear counter-
term that arises through the redefinition of the PDFs (see Section 3.4), the renormalized
integrated counterpart that has to be added to the hadronic cross section is

1
~sub _ vq
OAB,(wq—Jzzlq’g) - / dl‘adfbb ‘CAB(:Eav $b)
0

1 2
o 2 P (x—1) DIS ~0
X /0 dz %NCQQ,{Ph(a:) In {7%“% +2z(1 —x) — fﬁ/ (x) aq,qﬂlqu,g(a:pa,pb) ,

(10.4.15)

where we have applied Egs. (3.4.1) and (4.3.32). Note that (10.4.15) shows an explicit
dependence on the factorization scale pur. The analogous calculation for the channels with
a photon and a gluon in the initial state should be obvious.

Subtraction for gluon radiation

For the QCD subtraction term that cancels the soft and collinear singularities in (10.4.12)
that are related to gluon radiation, we obtain

. 1

O-'jyquW+q’g - Z / dq)(“"/erchd) [Dg'g + ,Dg’g]'YQHWqu’ ) (10'4'16)
where we have applied (4.4.19). The readded counterpart (see Eq. (4.4.20)) after the
renormalization of the quark PDF is given by

~A+C ~
Uqur—»W—i—q’g = I'Yq (E)J’gqﬁw-i-q/ (pa; pb)

1
+/ dz <K‘1’q(a:) + Pz, py, ,u%)) 05y wiq (Parzpp) . (10.4.17)
0
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The operators I, K, and P in this case explicitly read

2 € 2 € 2
_ ([ Gs R K § R 2 _
r = (52) 2008 (5 ) + 58 (atamy) ~5 7).

2
» 2y _ (95 pag M
P (ZE,pbal‘F) (27-‘-) P (l’) n (21’ (pbkc)) ’

K%(z) = (;—W) {F‘”(x) - ch Kl i m)+ +6(1— x)} } . (10.4.18)

Here we used

1
AR = 7 (10.4.19)

that includes the overlapping soft and collinear singularities, and A from (3.3.2). The

explicit expression for the regularized Altarelli-Parisi splitting function in four dimensions
P%(z) and for K"(z) can be found in Appendix C of [66].
The real QCD corrections to the photon-induced processes comprise the vg channel

Y(Pa) + 8(ps) — W (qw) + u(ke) + d(kq) , (10.4.20)

that is absent at LO. The collinear QCD singularities related to the IS g — gq* splittings
are subtracted from the corresponding integrand using the local counterterm

1 _
A A a d
OeWtid = Z/dq)(Hyl-l—c—i-d) <D§ |’yu—>W+d+D§ |'y€1—>W+ﬁ> : (10.4.21)

and the corresponding readded counterpart reads

1
2wt = [ 0] (P08 4 K)o
+ (Pg’a(fﬂypb,/i%) + Kg’a(fﬂ))&SaﬁWﬁ(pwpr) : (10.4.22)

The operators K and P in this case are given by

e

KW (g) = <2
™

) K*(x), (10.4.23)

and

2
Pg7u(x7pb7/“L%) - _% qu([[') In (L) )

2 2z (ppkq)
g,d 2 Qs aqq :u%

Again, the expressions for P%(z) and K”*(z) can be found in Appendix C of [66].
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10.5 Interference contributions of EW and QCD di-
agrams

The calculation of the hadronic cross sections for the interference contributions discussed
in Section 8.3 is carried out using Eqs. (10.4.2) and (10.4.3), where the partonic expressions
d@—fﬁ%&m have to be replaced by the corresponding contributions of dé’?b’fw +eq- Note that
no regularization procedure has to be applied within the calculation of the interference

contributions, since those corrections are IR (and of course also UV) finite by construction.



Chapter 11

pp/pb — Ty + jet(+~/jet):
Numerical Results

11.1 Input parameters and setup

The relevant SM input parameters are

Grp = 1.16637 x 107°GeV 2, Aqgcp = 239 MeV, (M) = 0.11899,
MKS = 80.398 GeV, r$S = 2.141GeV,

MPS = 91.1876 GeV, I'9S = 2.4952GeV, My = 120 GeV,
me = 0.510998910 MeV, m, = 105.658367MeV, m; = 172.6 GeV,

[Vaa| = [Ves| = 0.974, Visl = [Vaal = /1 = [Visl?,
(11.1.1)

which essentially follow Ref. [4]. The CKM matrix is included via global factors in the
partonic cross sections for the different possible quark flavours. Within loops the CKM
matrix is set to unity, because its effect is negligible there.

Using the complex-mass scheme that was outlined in Section 2.2.4, we employ a fixed
width in the W- and Z-boson propagators in contrast to the approach used at LEP and
Tevatron to fit the W and Z resonances, where running widths are taken. Therefore, we
have to convert the “on-shell” (OS) values of M5 and I'Y® (V = W, Z), resulting from
LEP and Tevatron, to the “pole values” denoted by My and I'y,. The relation between
the two sets of values is given by [111]

My = MOP/\J1+ (/MR Ty =T¥/\/1+T8/MS)2,  (11.12)
leading to

My =80.370... GeV,  Tyw=2.1402... GeV,
My=91.153... GeV,  Ty=24943... CeV. (11.1.3)

We make use of these mass and width parameters in the numerics discussed below, al-
though the difference between using My or MP® would be hardly visible.
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As mentioned in Section 6.1, we adopt the G scheme, where the electromagnetic cou-
pling « is set to ag,. In this scheme the electric-charge renormalization constant does not
contain logarithms of the light-fermion masses, in contrast to the «(0) scheme, so that the
results become independent of the light-quark masses.

The O(a)-improved MRSTQED2004 set of PDFs [78] is used throughout implying the
value of ag(Myz) stated above. We use standard two-loop running of the strong coupling
constant in the 5-flavour scheme,

5 2 (5) 2>
(BINLO( 2y _ ()LO( 2y |1 _ 3 In (m pw/(Aqop)
as (#R) - as (MR) 5 2 9 (5) 5
(ﬁé )> In iy /(Agen)

, (11.1.4)

where agnf)’Lo(u%{) denotes the one-loop running (5.4.2), ﬁfnf) = 102—-38/3ny for N¢ = 3,

and AS’)CD = 239MeV. Since the MRSTQED2004 PDF set has been released, there have
been considerable improvements for PDF's, in particular with respect to the heavy-flavour
treatment. Since recent PDF sets do not include QED effects we stick to MRSTQED2004
for theoretical consistency. Hence, all the absolute values for cross sections lack the recent
PDF improvements. However, the presented relative corrections should be more stable
with respect to variations in the PDFs than absolute predictions.

The QCD and QED factorization scales as well as the renormalization scale are always
identified. For low-pr jets, the scale of the process is given by the invariant mass of the
leptons which in turn peaks around My for resonant W-boson production. Hence, one
natural choice is the W-boson mass, i.e. ug = pup = Myy. For high-pr jets, well beyond
the W-boson scale, however, the relevant scale is certainly larger, and the QCD emission
from the initial state is best modelled by the pr of the jet itself (see e.g. Ref. [112]). To
interpolate between the two regimes, we alternatively use

= pr = pr = 1/ Mg + (ph1)?, (11.1.5)
where pi#d is given by the pr of the summed four-momenta of all partons, i.e. quarks
and/or gluons in the final state. At LO, piad is simply the pr of the one FS jet. We

present results for both scale choices.

11.2 Results on cross sections

We first consider W production in association with a jet at the LHC, i.e. a pp initial
state with a cm energy of /s = 14 TeV.

11.2.1 LHC results

We present the LO cross section oy and various types of corrections ¢, defined relative to
the LO cross section by o = gy x (1 + 0). Concerning the EW corrections, we distinguish

rec

. +l/ . . . .
the cross section opy " for bare muons and o}%; for which lepton-photon recombination is

employed as defined above. Accordingly, the corresponding corrections are labelled 55\7“
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and Opyy, respectively. An additional label specifies which renormalization and factoriza-

tion scale is used. Either we use the fixed scale (1 = M) or we determine the scale on an
event-by-event basis by the kinematical configuration of the final state (var), as specified
in (11.1.5). For the EW corrections the difference is not expected to be large, since the LO
and the NLO results depend on the renormalization scale for ag and the QCD factorization
scale in the same way. However, for the QCD part a sensible scale choice can be crucial
for the stability of the perturbative series. Accordingly, the QCD corrections are labelled
(55?%"" for a fixed scale choice and d§¢y, for the scale choice defined in (11.1.5).

As shown below, the QCD corrections become larger and larger with increasing pr
of the leading jet.! The increase in the cross section results from a new kinematical
configuration which is available for the W + 2 jets final state. The large pr of the leading
jet is not balanced by the leptons, as required at LO, but by the second jet. Hence, we
encounter the production of 2 jets where one of the quark lines radiates a relatively soft
W boson. This part of the cross section, which does not really correspond to a true NLO
correction to W + jet production, can be separated by employing a veto against a second
hard jet in real-emission events. Hence, we present NLO QCD corrections with a jet veto,
(562%‘5%0, 5ED veto), and without a jet veto, ((56?1\3/["", 05ED)-

Using a jet veto based on a fixed pr value for the second jet is not well suited. It will
either cut away relatively collinear emission events in the high-pt tails of the leading-jet
distribution (leading to large negative corrections) or it has to be chosen too large to be
effective in the intermediate-pt parts of the distribution. Hence, we veto any sub-leading
jet with pr > prj, /2, where pr;, denotes the pr of the leading jet. As shown below, this
jet veto indeed effectively removes events with back-to-back kinematics.

We also investigate the impact of the photon-induced tree-level processes (6.1.5) and
(6.1.6) and the corresponding NLO QCD corrections including the real-emission processes
(6.3.13), (6.3.14), and (6.3.15). Since even the LO photon-induced cross section is a small
effect, we show its relative impact d, porn With respect to the LO cross section where initial
states with photons are not taken into account. Including the NLO QCD corrections,
the relative impact of the full NLO cross section is denoted by 6., nr.o. The impact of the
interference contribution introduced at the end of Section 6.3 is denoted by d;r. Additional
labels again indicate the scale choice and the application of a jet veto.

Table 11.1 shows the LO predictions and the above corrections for different cuts on the
pr of the charged lepton pr +. All other cuts and the corresponding event selection follow
our default choice as introduced in Section 10.1. All integrated cross sections and, hence,
the corrections are dominated by events close to the lowest accepted pr;+, as can be seen
by the rapid decrease of the integrated cross section when increasing the py;+ cut.

Tables 11.2 and 11.3 show the analogous results for a variation of cuts on the transverse
mass of the F'S leptons, defined by

M, = \/ZpT,HpT(l —cos Puy,) (11.2.1)

and the pp of the leading jet pr e, respectively. The transverse mass and the pp;+ dis-
tributions are particularly relevant for the measurement of the W-boson mass at hadron
colliders. For this measurement, W-boson events without or with very little additional jet

!The leading jet is defined as the jet with highest pr.
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pp — [Ty jet + X at /s = 14 TeV
pr+/ GeV 25 — 00 50 — 00 100 — o0 200 — o0 500 — 1000 — oo
ot=MW /g | 508560(50)  163680(20) 130900(10)  1484.2(2)  44.461(6) 1.3784(2)
ofr /fb | 501770(50) 159450(20) 114800(10) 1124.62(7) 25.873(4) 0.6433(1)
5gw”“ Y% | —3.048(9)  —5.376(6) —8.948(9) —14.762(7) —25.73(3) —36.46(5)
S /% | —2.08(2)  —3.16(2) —6.51(2) —11.63(1) —21.51(4) —31.17(9)
gcj‘gW/% 48.2(1) 34.4(1) 50.3(1) 30.3(1)  —15.7(1)  —60.4(4)
S5 /% 47.5(1) 33.8(1) 54.7(1) 46.43(7)  27.58(6)  6.10(4)
o /% | 0.3978(3)  0.5869(5)  1.669(1)  2.650(2)  4.049(4)  4.882(5)
O o/% | 0.3761(4)  0.5626(7)  1.660(3)  2.642(3)  4.068(4)  4.973(6)
sy /% 0.0491(3)  0.0176(5)  0.0238(7)  0.0039(8) —0.050(1) —0.135(1)
Table 11.1: Integrated cross sections for different cuts on the lepton trans-

verse momentum at the LHC. We show the LO results for both a variable and
a constant scale. The relative EW corrections dgw are given with and with-
out lepton—photon recombination. The QCD corrections dgcp are presented
for a fixed as well as a variable scale. The corrections due to photon-induced
processes 0, and the contributions from interference terms drr are presented
for a variable scale. The error from the Monte Carlo integration for the last
digit(s) is given in parentheses.

activity are selected. Nevertheless, the calculation of the EW corrections in the presence
of an additional jet supplies a handle to quantify how well the interplay of QCD and EW
corrections is understood.

Note that for a given pr ;e both leptons share the recoil since they stem from a boosted
W boson and are therefore preferably emitted in the same direction. Consequently, the
LO cross section for a given cut on pr;+ is smaller than for the same cut on pr e, because
on average the required cm energy is larger. In other words, there is a kinematic and
an additional PDF suppression of events with a cut on the lepton pt compared to events
with the same cut on the jet pp. For large values of My, the W boson is necessarily
produced far off shell so that the cross section is further suppressed. The presented cut
values for My, are chosen because one finds My, = 2py; for back-to-back leptons in
the rest frame of the decaying W boson.

For the most-inclusive cross section (left columns in Table 11.1 or Table 11.3) the EW
corrections are at the percent level and negative. The difference in scale choice is not im-
portant, and due to the recombination procedure ogyy is slightly smaller in absolute size.
With increasing pr+ cut, the relevant cm energies rise, and the well-known Sudakov log-
arithms in the virtual EW corrections start to dominate the total corrections as expected.
For pr;+ > 1000 GeV, the EW corrections reach the level of —30%. This behaviour
is generic and also holds true for the cross sections with varying cuts on the transverse
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pp — Ty jet + X at /s = 14 TeV

Mry,/GeV] 50—0c0 100 —o0c 200—oc0 500 —o00 1000 —oo 2000 — oo
ob=MW /| 450720(50)  71030(1)  752.2(1)  53.301(7)  5.0645(8)  0.24029(4)
oyr /fb | 446080(50) 69370(1)  714.9(1)  48.618(7)  4.4510(7)  0.20231(4)
5wa Y% | —3.126(6)  —5.190(8)  —8.24(1)  —14.79(1) —22.42(1) —32.89(3)
Sp /% | —2.119(8)  —3.665(7) —6.784(5) —12.805(8) —19.90(1) —29.28(3)
5011‘3“/% 47.7(1) 30.1(2) 115(1)  —15.8(1)  —40.5(1)  —69.90(6)
SGEn /% 47.2(2) 30.5(2) 14.5(1) —-8.9(1)  —30.4(1)  —56.07(6)

O hom/% | 0.3547(3)  0.3427(8)  0.4464(8)  0.4698(8)  0.4081(6)  0.3307(3)
NRpo/% | 0.3333(4)  0.331(1)  0.431(1)  0.452(1)  0.3912(8)  0.3128(4)
533 /% 0.0575(4)  0.008(1) —0.0461(6) —0.0819(5) —0.0855(3) —0.0685(1)

Table 11.2: Integrated cross sections for different cuts on the transverse
mass of the W at the LHC.

mass or prje;. We compare the EW corrections for pr e with previous results obtained
in the on-shell approximation of Chapter 5 together with the differential distributions in
Section 11.3.

Turning to the NLO QCD results, the corrections 6¢¢p for different cuts on pr+, as
shown in Table 11.1, are sizable and reach the 50% level for intermediate cut values. For
low cut values, (5(’3211\)“" is practically the same. However, for large cut values, the corrections

for a fixed scale differ significantly. Here, 65;1‘5“’ grows large and negative to compensate
for the overestimated LLO cross section, which is larger by more than a factor of two with
respect to oy*. This is expected, since the hard jet recoiling against the high-pr lepton
should be reﬂected in the scale choice. Including the NLO QCD corrections, the difference
between the results obtained with our two scale choices is significantly reduced.

For small cut values on the transverse mass, as shown in Table 11.2, the corrections
are quite similar to the ones of the corresponding cuts on pr;+. However, for large My ,,,
both scale choices fail to reflect the kinematical situation, since the production of a far
off-shell W boson is dominated by the region near the threshold set by the cut on My ,,.
In this region the W boson decays mainly to back-to-back leptons with relatively soft jet
activity. Hence, 5QCDW as well as 0t become large and negative. A scale choice based
on the cm energy of the event would be more adequate.

As discussed above, the integrated NLO QCD cross sections for large prje cuts, as
shown in Table 11.3, contain large contributions from a completely different class of events
for which two jets recoil against each other. Hence, the corrections are huge. The correction
5(‘5ch is smaller than 0f¢p, because it is defined relative to a larger LO cross section. In
absolute size, they are smular. Using the jet veto proposed above, the corrections are

reduced and di¢p rises only to the 50% level for large cut values. The fixed scale choice
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pp — [Ty jet + X at /s = 14 TeV
pTJet/ GeV 25 — o0 50 — o0 100 —mo0 200 —oc0 500 — oo 1000 — o0
ot=MW /| 508560(50)  182460(10) 49700(5) 8096.1(8) 315.07(1)  11.675(1)
o /fh | 501770(50) 176090(10) 45312(4) 6488.5(6) 184.73(2) 4.7809(3)
LT | _3.048(9)  —3.36(1) —4.66(1) —8.52(1) —18.08(3) —28.30(2)
Sy /% —2.08(2)  —2.59(2) —4.21(2) -8.33(2) —17.93(1) —28.19(2)
Stscn ™ /% 48.1(1) 64.8(1)  80.71(9) 115.20(9) 188.6(1)  270.3(1)
Gen/ % 47.5(1) 65.58(9)  85.9(1) 135.14(9) 270.3(1)  495.7(2)
Stcbo/% | 21.7(1) 18.2(1) 22.5(1)  24.36(8)  5.51(8)  —26.09(9)
08D veto/ %o | 22.5(1) 20.9(1)  29.91(9) 42.92(8)  52.56(7)  59.29(7)
O om/% | 0.3978(3)  0.7520(6)  1.298(1) 2.039(1)  3.420(2)  5.249(4)
S%Rpo/% | 0.3761(4)  0.7006(8)  1.181(1) 1.877(2) 3.274(3)  5.223(6)
O Loveto/ %o | 0.3453(4)  0.6420(7)  1.104(1)  1.765(2)  3.048(3)  4.751(5)
5 /% 0.0491(3)  0.1289(5) 0.5076(7) 1.884(1) 11.490(7) 49.85(3)
Ol ero/% | 0.0102(3)  0.0298(4) 0.1133(5) 0.4034(9) 1.630(2)  4.729(5)
Table 11.3: Integrated cross sections for different cuts on the pr of the

leading jet at the LHC. Corrections with a second jet in real-emission events
are shown with and without a jet veto.

leads to even smaller corrections 5{3ng in absolute size. However, varying the exact
definition of the jet veto, the variable scale turns out to be more robust. We have also
verified that our simple jet veto indeed removes mainly events with back-to-back jets from
the event selection. If we only veto events with cos ¢;; < —0.99, where ¢;; is the azimuthal
angle in the transverse plane between the two jets, o¢¢p for example is still reduced from
495% to 172% for prjer > 1000 GeV. Events with cos ¢;; > 0 do not have any noticeable
effect.

The contribution d, from the photon-induced processes are small and only reach up to
5% for large cuts on pr + or prjer where the EW and QCD corrections to the dominating
tree-level processes are by far larger. The NLO corrections to the photon-induced processes
are phenomenologically completely irrelevant.

The corrections d0;r due to the interference between EW and QCD diagrams also turn
out to be unimportant. They only increase together with the NLO QCD corrections for
large prjet. Once a sensible jet veto is applied, they disappear again.
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pb — [Ty jet + X at /s = 1.96 TeV
pr+/ GeV 25 — 00 50 — o0 75 — o0 100 —oc0 200 — o0 300 — o0
1007.2(2)  263.50(6 7.242(2)  0.3901(1)
863.4(2)  209.52(5) 4.834(1) 0.23644(9)
—6.81(1) —8.19(1) —13.15(2) —17.46(4)
—3.99(3) —5.15(3) —9.00(4) —12.39(9)
(7)

oh=Mw gy | 37342(4)  10563(1
oy /fb | 36061(4)  10052(1

)

( )

gl g9 897(5)  —5.39(1
(

EW

)
)
)
S /% | —1.88(4)  —2.84(2)

SocoV/% | 334(1)  23.9(1)  274(1)  18.08(9)  —6.5(1) —22.34(7
55/ % 35.8(1)  27.3(1)  39.6(1)  36.6(1)  28.0(1)  21.4(1)
5;a]gom/% 0.3762(3)  0.4983(6) 1.144(1)  1.398(2)  1.467(3)  1.283(1)
0%po/% | 0.3706(4)  0.4909(8) 1.174(2)  1.432(3)  1.525(3)  1.355(2)
52 /% | —0.0994(8) —0.110(1) —0.229(2) —0.262(3) —0.189(9) —0.128(5)

Table 11.4: Integrated cross sections for different cuts on the lepton trans-
verse momentum at the Tevatron.

pb — [Ty jet + X at /s = 1.96 TeV
M1,/ GeV| 50 — o0 100 —oco 150 — 0 200 — o0 400 — oo 600 — o0
4345(1)  80.35(1)  27.602(7) 1.2539(3) 0.08821(3)
A15.7(1)  76.03(1)  25.930(6) 1.1572(3) 0.08048(2)

oh=Mw gy, | 34425(4
opr /fb | 33362(4

(4)

(4)
5gw”“’var/% —-2.89(1)  —5.02

(2)

(1)  —6.44(1) —7.95(1) —12.65(2) —16.70(3)
TS /% | —1.92(2) —3.32(2)  —4.84(1)  —6.12(2)  —9.96(3) —13.25(2)
ShenY /% | 33.3(1) 20.9(1)  12.3(1) 7.7(1) —4.9(2)  —13.2(1)
o5/ % 35.7(1) 24.1(1)  16.8(1) 12.4(1) 1.5(2) —6.2(1)

5;a]gom/% 0.3500(3)  0.2343(5) 0.1775(3)  0.1435(2)  0.0743(1) 0.04771(6)
0%1o/% | 0.3432(4)  0.2336(8) 0.1775(3) 0.1438(3)  0.0741(2) 0.04737(8)
52 /% | —0.0963(8) —0.110(2) —0.107(1) —0.0994(8) —0.073(1) —0.0442(2)

Table 11.5: Integrated cross sections for different cuts on the transverse
mass of the W at the Tevatron.
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pp — [Ty jet + X at /s = 1.96 TeV
P jet/ GeV 25 — 00 50 — o0 75 — o0 100 —oc0 200 — oo 300 — o0

ob=MW | 37342(4)  8849(1)  3115.1(3) 1231.7(1) 54.559(8)  3.6279(6)
oy /fb 36061(4)  8094(1)  2685.9(3) 998.3(1)  34.990(5) 1.8965(3)
55&‘ Y% | —2.827(5)  —2.922(7) —3.179(7) —3.704(9) —6.48(2) —9.17(3)
S/ % —1.88(4)  —2.12(2) —2.55(1) —3.18(2) —6.18(2) —9.01(6)
55@{‘@/% 33.4(1) 31.6(1) 25.2(1) 20.7(1) 6.1(1) —8.2(1)
S&p/% 36.10(6) 39.5(1) 39.4(1) 41.8(1) 56.3(1) 70.6(1)

7.2(1) 1.3(1)  —3.8(1) —24.2(2) —43.7(1)
15.3(1)  15.1(1)  16.0(1)  19.5(1)  21.1(1)

=M
66013,‘56130/% 20.8(1

)
6(3aéD,Veto/% 236(1)

o /% | 0.3762(3)  0.8024(7)  1.152(1)  1.421(1)  1.997(2)  2.317(2)
O o/% | 03706(4)  0.768(1)  1.074(1)  1.306(2)  1.824(4)  2.154(3)
O overo/% | 0.3545(4)  0.732(1)  1.039(1)  1.270(2)  1.784(3)  2.102(2)

S /% | —0.0994(8) —0.386(1) —0.580(1) —0.778(2) —1.972(4) —3.500(4)
S 1% | —0.0364(6) —0.131(1) —0.266(1) —0.356(1) —0.725(2) —1.092(1)

IF veto

Table 11.6: Integrated cross sections for different cuts on the pr of the
leading jet at the Tevatron. Corrections with a second jet in real-emission
events are shown with and without a jet veto.

11.2.2 Tevatron results

The qualitative features of the corrections at the Tevatron, where protons and antiprotons
collide at /s = 1.96 TeV, are very similar to those at the LHC. At the Tevatron the
high-energy, Sudakov regime is not as accessible as at the LHC but the onset of the
Sudakov dominance is nevertheless visible as can be seen for the different observables in
Tables 11.4 — 11.6. We have adapted the range for the different integrated cross sections
to the kinematic reach of the Tevatron.

11.3 Results on momentum and transverse-mass dis-
tributions

In Figs. 11.1 — 11.6 we show for various observables the LLO distribution and the distribu-
tion including the full set of corrections, i.e. the EW corrections dgw, the contribution of
the photon-induced processes 0, n1,0, interference contribution dr, and the QCD correc-
tions dqcp. The various contributions to the corrections are also shown separately relative
to the LO.
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Figure 11.1: LO and fully corrected distribution (top), corresponding rela-
tive EW, photon-induced, and interference corrections (middle), and relative
QCD corrections (bottom) for the transverse momentum of the charged lepton
at the LHC (left) and the Tevatron (right).
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Figure 11.2: LO and fully corrected distribution (top), corresponding rela-
tive EW, photon-induced, and interference corrections (middle), and relative
QCD corrections (bottom) for the W-boson transverse mass at the LHC (left)
and the Tevatron (right).
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While the corrections to the integrated cross sections are quite similar for a given prp +
and an My, cut of similar size, the differential distributions in Fig. 11.1 and Fig. 11.2
are significantly different. The EW corrections for the My, distributions resemble the
corrections for the inclusive W-boson sample for which no additional jet is required (see,
e.g., Figure 2 in Ref. [22]). This result is expected since the definition (11.2.1) of the trans-
verse mass is boost invariant to first order in the boost velocity and therefore insensitive
to a boost of the intermediate W boson. The py;+ distribution, in contrast, is sensitive
to these boosts, and neither the LO prediction nor the NLO EW corrections resemble the
inclusive result (see, e.g., Figure 1 in Ref. [22]).

As expected, the corrections for bare muons are larger since photons, being radiated
collinearly to the charged lepton, carry away transverse momentum. Hence, events that
are enhanced by muon-mass logarithms are shifted to lower bins in the distributions and
to some extent do not survive the basic cuts. As a result, the corrections are dominated
by negative virtual corrections that are not compensated by positive bremsstrahlung con-
tributions. This is particularly evident around the peak of the differential cross section
with respect to the W-boson transverse mass in Fig. 11.2 and also for the peaks in the
transverse-momentum distribution of the charged leptons near (Mw £pF,)/2 in Fig. 11.1.

In Fig. 11.3 we show the differential cross sections with respect to pr e and the corre-
sponding corrections. As expected, the increasing size of the EW corrections with pr et
due to the EW Sudakov logarithms can be observed. This observable has also been acces-
sible in calculations using the approximations of a stable, on-shell W boson as worked out
in Chapter 5. A comparison of our numerical results to former results for on-shell W + jet
production [37, 38, 39] has to face the problem that we apply various event-selection cuts
to the leptonic final state, while in the previous calculations the degrees of freedom re-
lated to the decaying W boson are implicitly integrated out. Nevertheless, the relative EW
corrections at high momentum transfer are dominated by Sudakov logarithms [98] of the
form ln2(§ /M) that, at least at the one-loop level, give rise to large process-independent
contributions and therefore are expected to show a similar behaviour for both the on- and
off-shell case. Comparing our results for the leading-jet prjet (Fig. 11.3) with Fig. 5 in
Ref. [39], we in fact find reasonable agreement within 2%. The results for the EW cor-
rections to the integrated cross sections with different cuts on prje given in Table 11.3
also agree within 1% with the results presented in Fig. 5.9(b) in Chapter 5 for cut values
larger than 200 GeV. This figure shows the relative corrections for the sum of W*- and
W~ production at the LHC, but the relative EW corrections to the on-shell W+ and W~
production rates turn out to be very similar, as can e.g. be seen in Fig. 10 of Ref. [39].
Comparing the EW corrections at the Tevatron given in Table 6 to the on-shell results
of Fig. 5.9(a), we observe slightly larger deviations, because the universal Sudakov-like
contributions are not dominant at typical Tevatron energy scales.

Turning again to the NLO QCD results, the corrections to pr+ and My, distributions,
also displayed in Figs. 11.1 and 11.2, show quite different features. The corrections to the
M, distribution are rather flat, reflecting the well-known fact that the transverse mass is
less sensitive to additional QCD radiation. In contrast, the corrections dqcp for pr+ show
pronounced dips where the LO cross section has peaks, indicating that the real corrections
do not particularly populate the regions of the distributions that are enhanced due to the
particular LO kinematics. The QCD corrections to the differential distribution for pr et
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Figure 11.3: LO and fully corrected distribution (top), corresponding rela-
tive EW, photon-induced, and interference corrections (middle), and relative
QCD corrections (bottom) for the transverse momentum of the leading jet at
the LHC (left) and the Tevatron (right).
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show exactly the same features which have already been discussed for the integrated cross
sections (see Table 11.3), as can be seen in Fig. 11.3.

At the Tevatron, the shapes of the EW and QCD corrections to distributions (see
Figs. 11.1 — 11.3) are very similar to the respective results for the LHC. For the pr dis-
tribution of the leading jet (see Fig. 11.3), the jet veto again stabilizes the perturbative
result. However, using the variable scale choice, the increase in cross section without jet
veto is not as pronounced as at the LHC. On the other hand, as expected, the fixed scale
choice together with a jet veto leads to large negative corrections. A fixed scale choice
without a jet veto accidentally leads to small corrections at the Tevatron.

11.4 Results on rapidity and angular distributions

In Fig. 11.4, we analyse the rapidity distribution for the charged lepton. While the EW
corrections are flat, the NLO QCD corrections are larger at large rapidities and, hence, tend
to populate the forward and backward regions with more events. Concerning the rapidity
of the leading jet at the LHC, both EW and NLO QCD corrections do not disturb the LO
shapes of the distribution, as can be seen in Fig. 11.5.

At the Tevatron, the rapidity distributions show the expected asymmetry between the
forward and backward direction due to the antiproton in the initial state. This asymmetry
is also reflected by asymmetric NLO QCD corrections for the rapidity of the leading jet.

Another interesting observable is the angle between the charged lepton and missing pr
in the transverse plane (Fig. 11.6). For W production without jet activity the two leptons
are always back-to-back in the transverse plane. Here, with one jet at LO, the distribution
is still peaked at large angles. However, back-to-back events are suppressed as shown in
Fig. 11.6. While the EW corrections only slightly disturb the shape of the distribution,
the NLO QCD corrections tend to distribute events more equally with respect to the
investigated angle. However, the dip in the NLO distributions at the LO peak might
indicate that higher orders are necessary for an accurate prediction of this observable.
The shapes of the relative QCD corrections reflect the large impact of real corrections
induced by W + 2 jets configurations where two hard jets are nearly back-to-back while
the W boson receives only a small transverse momentum. Such events cause the large
positive corrections for ¢, — 180°, which are sensitive to the application of the jet veto.
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tive EW, photon-induced, and interference corrections (middle), and relative
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Chapter 12

Summary and outlook

In this work we have presented the calculation of radiative corrections to the hadropro-
duction of a W boson and one associated jet at the LHC and the Tevatron. In a first
simpler approach, we have considered a stable W boson that is produced on its mass shell.
In a second step, the leptonic decay of the W boson has been included in the calculation,
where finite-width effects are consistently accounted for using the complex-mass scheme.
We have extended the dipole subtraction method to non-collinear-safe observables in order
to enable the computation of radiative corrections related to collinear photon radiation off
muons in the final state.

In Chapter 5 we have studied the effect of electroweak radiative corrections at first
order on the cross section of the inclusive hadroproduction of single on-shell W bosons
with finite values of pr, i.e. accompanied by one hard QCD jet, putting special emphasis
on the notion of IR-safe observables with a common treatment of hadron jets initiated by
(anti)quarks and gluons.

To circumvent the soft-gluon singularity in the channel ud — v, + g + v after applying
a jet algorithm, we additionally include the O(«y) correction to W + + production along
with the O(a) correction to W + jet production in our calculation that both contribute
at absolute order O(a?ay) to the cross section. We also consider the contribution from
events where one of the colliding hadrons interacts via a real photon, which is of absolute
order O(a?), if one assumes that the photon PDF within the hadron is suppressed by one
order of ar. The hadron can then either stay intact (elastic scattering) or be destroyed
(inelastic scattering), both contributions were calculated, and the elastic part turned out
to be negligible.

Within the on-shell calculation, the UV singularities are extracted using dimensional
regularization and removed by renormalization in the on-shell scheme. The IR soft and
collinear singularities are regularized by means of an infinitesimal photon or gluon mass A,
and light quark masses m,, and my, respectively. We use the phase-space slicing method,
with technical slicing cuts on the photon and gluon energies and on the separation angles
in the initial and final states, respectively, to isolate the soft and collinear singularities
within the corrections from real particle radiation. The cancellation of A, m,, and my is
achieved analytically, and we ensure that the numerical results are insensitive to variations
of the slicing cuts within wide ranges.

We have presented theoretical predictions for the total cross sections with a minimum-
pr cut and for the pr distributions to be measured in pp collisions with /s = 1.96 TeV
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at run IT at the Tevatron and in pp collisions with /s = 14 TeV at the LHC, and
estimate the theoretical uncertainties from the scale setting ambiguities. As expected, the
renormalization-scale dependence of about 10% in the LO cross section that originates
from the strong coupling constant ag is not significantly reduced after adding the NLO
EW corrections. We find that considerably less than 1% of all W 4+ X events contain a
prompt photon. The EW corrections considered turn out to be negative and to increase
in magnitude with the value of py. While the reduction is moderate at the Tevatron,
reaching about —4% at pr = 200 GeV, it can be quite sizeable at the LHC, of order —30%
at pr = 2 TeV, which is due to the well-known enhancement by Sudakov logarithms.
It is an interesting new finding that the photoproduction contribution is considerably
larger than expected from the formal order of couplings. In fact, at very high values of
pr, it compensates an appreciable part of the reduction due to the O(a?ag) correction.
Nevertheless, taking NLO QCD corrections into account, one finds that the photon-induced
contributions are still small compared to those contributions.

As an extension of the on-shell calculation, we have also computed the EW NLO cor-
rections to W + jet production within the SM including the decay of the W boson into
a lepton and a neutrino to mimic a realistic experimental scenario as good as possible.
Doing so, we are able to apply event-selection cuts to the decay products of the W boson
and to provide differential cross sections for leptonic observables that have to be known
at high precision in order to allow for an accurate experimental determination of the mass
and width of the W boson. As opposed to the procedure in Chapter 5, we use the dipole
subtraction method exposed in Chapter 4 to enable the calculation of mass singularities
within real corrections both for the EW and the QCD contributions. Thus, to afford
a flexible treatment of collinear photons and muons in the final state, we establish the
dipole subtraction method for non-collinear-safe observables to account for experimental
situations in which collinear photon—muon or photon—quark pairs are not recombined to
a new quasi-particle.

Our results have been implemented in a flexible Monte Carlo code which can model
the experimental event definition at the NLO parton level. In contrast to the approach
presented in Chapter 5, a distinction of W + jet and W + v production is consistently
assumed by making use of the measured quark-to-photon fragmentation function that
absorbs the residual quark-mass dependence that arises if collinear quark—photon pairs
are not recombined properly. We have recalculated the NLO QCD corrections supporting
a phase-space dependent scale choice that is better suited to describe events that happen
at a high momentum transfer. Interference contributions of EW and QCD diagrams as well
as photon-induced processes, contributing at the same order O(a’ag) as the purely EW
corrections, are included but—compared with the size of the genuine QCD corrections—
turn out to be phenomenologically unimportant.

In Chapter 11 we have presented integrated cross sections for different phase-space
cuts and various distributions of differential cross sections. The EW corrections to the
transverse mass of the W boson exhibit the same enhancement as for a W boson without jet
activity, reaching —10% for corrections without photon—muon recombination at the peak of
the LO distribution which is dominated by resonant W bosons. For large transverse mass,
i.e. in the off-shell tail of the distribution, we find large negative corrections, dominated
by the well-known EW Sudakov logarithms. The EW corrections to the pr distributions
of the lepton and the jet in the final state are rather flat and at the percent level for
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small values of pr and also become more and more negative owing to contributions from
Sudakov logarithms. In this Sudakov-dominated regime, we find good agreement with the
results for the on-shell approximations presented in Chapter 5. The QCD corrections have
a typical size of 50%. However, they can become extremely large (hundreds of percent) at
large jet pr if one does not apply a sensible jet veto.

The precise prediction for W-boson production at the Tevatron and the LHC is an
important task. Our results extend the theoretical effort to associated production with a
hard jet. As part of a full NNLO prediction of the mixed EW and QCD corrections for
inclusive W production our results can provide a handle for a better understanding of the
interplay between EW and QCD corrections in the charged-current Drell-Yan process.
Moreover, they establish a flexible precision calculation for one of the most important
background processes for BSM-physics searches. In the range of intermediate and large
transverse momenta of the additional hard jet our calculation delivers state-of-the-art
predictions. For small transverse momenta, however, the pure NLO calculation should of
course be improved by dedicated QCD resummations.

Since our calculation includes all relevant fixed-order NLO contribution to the W + jet
final state and, additionally, provides maximal flexibility, we hope that our results will find
their way into the analysis of physical data once the LHC era has started. In the future,
the calculation should be supplemented by the inclusion of QCD parton showers or by the
inclusion of soft-gluon resummations to improve the reliability of the QCD predictions in
the low-pr regime. As an advance on the EW side, we will first tackle the calculation of
the EW corrections also for W™ + jet production to study in detail the W-boson charge
asymmetry given in Eq. (1.0.3). Moreover, we plan to work out the NLO corrections for
associated Z° + jet production at the LHC and the Tevatron with a leptonically decaying
7 boson. For this purpose, the same techniques can be applied that have been discussed
in this thesis, and we expect the calculation to be straight-forward.






Appendix

A Conventions and notation

A.1 General conventions
In this thesis we use the following conventions. The components of a covariant four-vector
k' = (K° kY K2 KP) (A1)
are denoted by upper indices, and its spatial part
k = (k' k% k) (A.2)

is indicated by a bold symbol. The Lorentz-invariant scalar product of two four-vectors
pt and kY is given by
pk=p-k=p"k"—p k. (A.3)

Introducing the metric tensor in its canonical definition,
g = diag(1,—-1,-1,-1), (A.4)
the scalar product can be expresses via
pk = gup"k", (A.5)

where summation over identical indices is implicitly assumed. The covariant derivative 0,
is defined via

Ok®
aukM:@—V'k, (A6)
where the three-dimensional gradient is given by
o o a\'

V=|—,—,—] - A7
<8x1’ 0x?’ ax?’) (A7)

Moreover, we introduce the convenient shorthand notation
% = gukaVV (A'8)

for the contraction of a four-vector with the Dirac matrices v*.

We use the Feynman rules and coupling parameters arranged in Appendix A of Ref. [47]
for the EW part of the SM to express physical scattering amplitudes that are always
assigned by caligraphic letters M or 7, respectively. The QCD Feynman rules are taken
from Section 2.4.2 of Ref. [48]. All Feynman rules can be translated into the Weyl-van-
der-Waerden formalism as explained in Section 4 of Ref. [100].
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A.2 Basic definitions for Lie algebras and gauge groups

Since the Standard Model of particle physics is formulated as a gauge theory! with the
underlying symmetry group

U(1) x SU(2) x SU(3), (A.9)

it is reasonable to discuss some basic definitions of SU(V) gauge groups.

The fundamental representation of the local internal symmetry group SU(N) of any
gauge theory is generated via exponentiation by a set of N2 — 1 traceless and hermitian
N x N matrices Q“,

U(z) = exp [—i Z@“(az)Q“] . a=1,...,N*—1, (A.10)

with adequate group parameters 0%(x), where the unitary matrix U (z) is an element of
SU(N), i.e. any symmetry transformation of a multiplet ¢(x) in the fundamental repre-
sentation of SU(N) can be written according to

P(x) — ¢'(x) = U(x)9(x). (A.11)

The matrices Q° live in the fundamental representation of the Lie algebra su(/NV) that can
be defined via its total-antisymmetric structure functions f%¢ according to

[, Q" = 1™ Q5 (A.12)

where summation over c¢ is assumed. The Dynkin index Ty of the fundamental represen-
tation of su(N) is defined via

Tr(Q°Q) = 6™Ty, (A.13)

with Ty = 1/2. The Casimir operator Cr in the fundamental representation of su(N) is
diagonal,
N2-1

Z Z( 5Q5) = 0iCr, (A.14)
a=1 j

and takes the value

N? -1

Cr = 7N

(A.15)
The (N? — 1) x (N? — 1) matrices
(Qagy)be = 1, (A.16)

that also satisfy the commutation relations (A.12) define the adjoint representation of
su(NV), where Dynkin index and Casimir operator are given by Tx = Cy = N.

LA theory that is invariant under continuous local transformations of a given symmetry group is called
a gauge theory.
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Gauge groups in the SM

e In case of the weak-isospin group SU(2), the three generators are given by the 2 x 2
matrices
I =15/2, a=1,23, (A.17)

J

abc

where 7% denote the three Pauli matrices, and the structure functions €**¢ are iden-

tical to the total-antisymmetric Levi-Civita tensor, i.e. the commutator (A.12) is
given by
[7%, %0y = ie®rs; . (A.18)

e The gauge group of QCD, SU(3), is generated by the eight 3 x 3 matrices
TE=)/2, a=1,...,8, (A.19)

J
with the eight Gell-Mann matrices Af; and the non-vanishing structure functions
V3
2 Y
1
147 156 246 257 345 367
JUT = 190 = R0 — T 5 T (A.20)

F128 A58 fOT8 _

B Techniques for phase-space generation

B.1 Monte Carlo integrators

In general, the integral (2.3.4) is too involved to be worked out analytically owing to the
complicated structure of | M|?. Therefore, Monte Carlo computer techniques are used to
compute cross sections numerically by sampling the m = (3n — 4)-dimensional integrand
using m-dimensional tuples of random numbers r = (r1,...,7,,) with 0 < r; < 1. This is
done in the following way.

A given (3n — 4)-dimensional phase-space integral of the form (2.3.4) can always be
expressed via

hzéwwﬁZ/&w%p%@»ﬂM@% (B.1)

where ¢ = (¢1,...,¢,,) is a proper parametrization of the phase space d®,y, p (ki(¢))
denotes the so-called phase-space density, and

f (kz(d))) = %|Mab—>f(paapb; k1<¢)7 cee 7kn(¢))|2 . (BQ)

The integral (B.1) is now mapped to the (3n — 4)-dimensional hypercube r via the trans-
formation ¢ = h(r),

k;(h
f (k(h(x))) 53
g (ki(h(r)))
where g denotes the probability density of events generated in phase-space,

1 B oh((r))
gww»‘mwww

/ d3n—4¢p<ki(¢))f(/€i(¢)):/ FLI
@(9) i

. (B.4)

N
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If one generates N (3n — 4)-tuples ry, £ = 1,..., N, the integral I,, can be approximated
by the finite sum

- L o~ f (ki(h(ry)))
I(N) =+ ; b b)) (B.5)

Of course, N should be chosen as large as possible, since the statistical deviation of fn(N )

from the true result [,,,
2(N) - T5(N

will decrease oc 1/4/N for large N.

B.2 Generic phase-space decomposition

Appendix C of [113] provides a detailed discussion of the generic construction of phase-
space parametrizations. It is shown how different phase-space parametrizations can be
built from universal sub-entities, allowing for a proper numerical integration of in princi-
ple arbitrarily complicated multi-particle phase-space structures by means of multi-channel
integration techniques. In this approach, different phase-space parametrizations are used
at the same time to optimally adapt the phase-space weight to the potentially compli-
cated structure of the considered integrand that may result from the various different
propagator structures in the underlying S-matrix elements. Moreover, specific mappings
are suggested that facilitate to efficiently and generically smooth certain “peaks” in the
integrand that arise as a result of s— and ¢-channel propagators and Breit—Wigner-like
structures connected to unstable particles. We will not discuss all these topics in detail,
since in this thesis we do not use a sophisticated multi-channel approach. Nevertheless, it
is convenient to stress the most important concepts of the generic phase-space generation
procedure.
Consider a 2 — n particle scattering process

a(pa) + b(pa) — c1(k1) - .. cn(kn) (B.7)

with the incoming four-momenta p/ and pj and the outgoing four-momenta k!', i = 1,...,n.
According to (2.3.5), the differential phase space for the n-particle final state in four di-
mensions reads

i=1

dD(yy = (2m)* 7 | [ [ d*ks (k7 — mf)e(k?)] oW (m to— Y k:) : (B.8)
i=1

where the m; = \/k? denote the masses of the F'S particles. The IS particles are assumed
massless. As shown in [113, 114] the phase-space integral [ d®;—.,) can be constructed
by proper combinations of three generic building blocks. These blocks are

e integrations of s—channel-like variables,

e phase-space integrations | dQy of 1 — 2 particle decay processes i(pi2) — fi(k1) +
f2(k’2>, and
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e phase-space integrations [ d€, of t—channel-like 2 — 2 particle scattering processes
i1(p1) + i2(p2) — fi(k1) + fa(k).

Defining sy5 = (k1 + ko)?, the corresponding analytic expressions for the last two contri-
butions are given by

/de(slg;kf,kS) = (27r)2/d<1>(m)(p12;k1,k2)
= [ (008 — D] e (500 — m20G] 6V e~k — k). (B)
/de(pl,pQ;kiki) = (277)2/dq)(2—>2)(pa7pb§klak2)
= [t 30 — mDO0)] s (5043 — mBOD] 69 o1+ — by — ).
(B.10)

The d-functions in [ dQy and [ d€, can be integrated out analytically, in each case re-
sulting in a residual two-fold non-trivial integration. It turns out to be convenient to
parametrize the phase space of the particle decay (B.9) by the azimuthal angle ¢* and the
polar angle 6* of particle f; in the rest frame of particle ¢, leading to the explicit form

1/2 2 2
/de(sm,kl,k?) A (12, b, by) / dgb/dcos@* (B.11)
-1

8812

where we have introduced the kinematical Kaellen function
Mz, y,2) = 2> +y* + 22 = 2(ay + 12+ y2) . (B.12)
The four-vector k" in the rest frame of i is given by
k= (K9, K| sin 0% cos ¢*, |k | sin 6% sin ¢*, |k} | cos 6%) (B.13)
where the energy and the absolute value of the three-momentum of the particle read

Sm—l-k% —k% /\1/2(812,]€%,k%)
2 V512 ’ 2 V512 '
Since the momenta k; and ko are defined in the rest frame of 7, they have to be boosted

to the laboratory frame (i.e. the partonic cm frame) via a proper Lorentz transformation,
resulting in

k= ki =

(B.14)

k1= B [pi2, —pi2] k1, k2 =piz — k1. (B.15)

The boost matrix B(Q°, Q) transforms any given four-vector k* into the rest frame of Q*

assigned by Q = 0. Defining m = /Q? and v = p°/m, one finds
Q- -k K°
k* =k — — — B.1
+<m?(v+1) w) @ (B.162)

. %(ono Q k) — (B.16b)
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for the components of the boosted four-vector k** = B(Q° Q) k*. The inverse trans-
formation k* = B(Q°, —Q) k** is obtained by inverting the signs of the spatial parts of
Q"

The phase-space integral of the t—channel-like scattering process (B.10) should prefer-
ably be parametrized explicitly using the variable t = (p; — k1)?, yielding

1 2 tt
A, (p1 po: k2, k2) = / d¢*/ dt | B.17
[ Ao ) = Ca [ (517

2 2
81271?17272)

The four-vector kf in the rest frame of p; + p is given by (B.13), and its polar angle is
related to the integration variable ¢ via

t= K2+ p? — (512 + k2 — k2)(s12 + p? — p2) — AY2(s19, k2, k2)AV2 (519, p?, p2) cos 0* |
2 5192
(B.18)
The vector k; in the laboratory frame is obtained applying a Lorentz transformation that

consists of a rotation and a subsequent boost,
ki = B [p} + p3, —(p1 + p2)] R(),cos0) Kk, ky=p1+ps—ki. (B.19)

The rotation matrix R(¢,cosf) is given by

1 0 0 Oy ({1 O 0 O

0 —sing 0 0 6 0 sind
R(6, cos0) — cos ¢ —sin ¢ cos sin | (B.20)

0sing cos¢p 0 0O 0 1 0
0 0 0 1 0 —sin# 0 cos6

corresponding to an anti-clockwise f-rotation around the z2-axis followed by an anti-
clockwise ¢-rotation around the z3-axis which in our case coincides with the beam axis.
The explicit expressions for the angles 6 and & have to be calculated from the incoming
momentum p; = B(p? + pY, p1 + p2) p1 according to

=2
_ arctan <@) if pr>0 3B
¢ = 52 3 ' ~1 , cosf = D1 (B.21)
arctan (ﬁ) +7 if p; <0 1]

Finally, the limits

t:l: — k% _|_p% _ (812 + k:% B k%)(‘sl? +p% B p%) + )‘1/2(812a k%: k%))‘l/2(812ap%ap%> (B 22)
2812 '

of the t-integration are set by simple geometrical constraints, restricting the cosine of 6*
between —1 and 1.
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B.3 Breit—Wigner mappings

The integral transformation (B.3) can always be carried out easily using an iterative linear
mapping ¢ = hy(r),

(bl - ¢1,min +7m (¢1,max - ¢1,min> )
¢2 - ¢2,min(¢1 (Tl)) + T2(¢2,max(¢1 (Tl)) - ¢2,min(¢1 (Tl))) 3

¢m - ¢m,min({¢i(rj)}) + rm(¢m,max({¢i(7aj)}) - ¢m,min({¢i(rj)})) ) (B'23)
with ¢+ < j <m, and

m
gl(hl<r)) = H<¢i,max(r) - (bi,min(r)) ’ <B24)
i=1
but one should keep in mind that this naive procedure does not at all take into account
the structure of the integrand, possibly resulting in an inefficient numerical integration.
In particular, severe problems can arise if processes including resonances are considered.
If an unstable particle (for instance the weak bosons W or Z) of mass m and width T’
appears in a propagator, the partonic cross section will in general comprise dominating

terms of the form .
o X = m? L iml]? (B.25)

(see Section 2.2) that lead to sharp resonance peaks of the integrand when the incoming
momentum p is timelike, i.e. p> > 0. In such situations, a naive numerical integration
without adequate phase-space mappings will be very inefficient and maybe even provide
wrong results, since only very few random numbers r will eventually hit the important
region p? ~ m? where the cross section is large. This problem can be cured by introducing a
so-called Breit-Wigner resonance mapping. If one chooses the timelike invariant p? flowing
through the problematic propagator as integration variable, the phase-space integral will

2
contain the expression [ dp? , with the limits p? Jmax- APPlying the substitution

Phin
p? — h(r,m? —imID,2,p2.  p2..) = mT tan[y; + (y2 — y1)r] + m?, (B.26)
with
p?nin/max —m? B.27
= arcta .
Y1/2 = arctan T (B.27)
and 0 < r < 1 will mediate a transformation of the integral that is given by
p?nax 1 dr
dp? — / , (B.28)
p?nin 0 gs(p2<7a)?m2727p12nin7p12nax)

where the phase-space probability density

-1

dh r, m27 —1mF, 27p12nin7p12n X
9s (P (1), m*, 2, P D) = { ( o)

dr
mI
= = WIP0) — ) + ) (B.29)
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will exactly cancel the problematic denominator (B.25), leaving a smooth function that
can be sampled with good efficiency. The procedure of manipulating the integrand in such
a way that more random numbers are sampled in phase-space regions where the integrand
is large is known as importance sampling.

C Dipole subtraction for photonic bremsstrahlung
processes

In this appendix we list the explicit formulae for the subtraction functions for the brems-
strahlung corrections to the processes (6.1.1) — (6.1.3). We also present the contributions
that have to be readded to the cross section. We follow the notation of [35, 36|, and
Section 4.2 where we always use the formulae for light emitters and massless spectators.
The momenta are always assigned according to (8.0.1), i.e. the incoming partons carry
the momenta p, and p,, while the momentum of the outgoing QCD parton is denoted
by k.. In the following, we use the shorthand notation ®, = ® (41, 4c+4) to denote the
bremsstrahlung phase space. Moreover, we introduce the notation @07 ap for the LO phase
space P(gp—iy+c) Of the auxiliary momenta {l;j} that enter the squared LO amplitudes
| Map 1y +o({k;})|?> within the subtraction kernels which are constructed from an emitter

A and a spectator B, respectively. The cut function F§l++yl+c+“’) will be denoted as O
in the following.

C.1 Subtraction contributions
Subtraction terms for the channel ud — ITv,gv

We first present the two dipoles that have to be constructed with an IS emitter and an IS
spectator.

The corresponding auxiliary variables are defined through the momenta of the full
bremsstrahlung phase space,

PaPb — Paky — Pk Pak pok
xuc_l = - . Y xau = Qju(?l’ yua = - Y yau = . ? (C'l)

PaDPo PaPb PaPo
where the momentum assignment of (8.0.1) was used. The two contributing dipoles are

given by

1 2
(sub) k) = —1— 2y 2
o5 ) = G 1) )
NI S SR R (C.3)
du T (poky)zgy |1 — Ty Nl

and the auxiliary IS momenta which enter the LO matrix elements are constructed ac-
cording to

ud case :  pf = zapl, Plh=zaph+py, Ph=pi+ol— K, B =p,,(C4)
ducase: p¥ =zgp,, Ph =xgp)+pi, Ph=pl+pi—k, pb=pi(C5)
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for the ud and the du cases, respectively. All remaining FS momenta {k;} that are used
to calculate the physical observables are modified by a Lorentz transformation,

(qu’ +qu’)“(qu’+qu’)u + 2P qu v
= 2
quq’ + (qu’qu/) qu’

/Ef:A“ kY A =gt —

|2 v

, (C.6)

where ¢q’ denotes the two different contributions ud and du.

We find four contributing dipoles that are built from an IS emitter and a F'S spectator,
and vice versa. The auxiliary variables that are needed to construct the subtraction kernels
read

ok ok — kik ok
o =P 1 + Paky Wy = e (C.7)
pakl + pak'y pakl =+ pak'y
k k., — kik k
v = DT DO Ty PO (C.8)
Poki + poky ok + poky
and the dipoles are given by
1 2
) (g by ko) = —1- C.9
gul (pm b ’Y) (pak'y)xlu 2— Ly — Rl xlu:| 7 ( )
(sub) 1 i 2 :|
ki, Das ky) = —1 -2z, C.10
glu ( P ) (klkﬂ/)xlu _2 — Ly — Rl : ( )
1 i 2
Sub) (K, Key) = S } C.11
gdl (pbv s ’y) (pbk»y)xld _2 T — 21 | > ( )
1 [ 2
() () py, k) = —1—2]. C.12
gld ( 15 Pb, ) (klk»y)xld _2 2 — 21 Id ( )

The auxiliary momenta that enter the LO matrix elements are constructed from the orig-
inal bremsstrahlung momenta via

k= k'K — (L= 2w)pl s Pa = Tl (C.13)
for the ul case, and
l%l“ = kl” + kf’; —(1- xl&)ﬁff, ' = $lapf,t, (C.14)

for the dl case. All other momenta remain unchanged. Exploiting momentum conserva-
tion, we define the momenta

Phi=k'+k—ph =k —p (C.15)

Ph=K+k—pf=k"—p", (C.16)
that will be needed in the calculation of the readded counterparts. In case of photon
radiation off F'S leptons we are also interested in calculating non-collinear-safe observables,
which means that the photon and the emitting fermion are not considered as one quasi
particle in the collinear cone and that cuts are imposed solely on the bare lepton. For
this purpose we have to reconstruct the photon momentum and the antilepton momentum
from the auxiliary momentum k' via

k.’/yﬂ = (1 — Zl{u,a}) ]%l“ s k;'u = Zl{u,a} k'Nlﬂ . (Cl?)
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These reconstructed momenta then enter the cut function of the hard bremsstrahlung

process.
According to Eq. (4.2.2), the local counterterm that has to be subtracted from the
squared bremsstrahlung amplitude is given by

M (D5)[?
= [ QuouQuoa 95 (P k) [ MO (éau&) " Ot (B, By ot o s 0)
+ QuosQuo 457 0n, 2 ) [ Moy (B0 )| Ocut (B s, B, B 0)
 QuonQion g5 (pay b k) MO, (éo,ul) ‘2 Ocut(Bas P ki, ki, Ko, 0)
+ Qq04Q0; g(%SZUb) (py, ki, k) M?ﬁ%l“‘ulg (~0,al> ’ Ocut (Pas Do; /51, kn, ke, 0)
+ QuonQuore 685" b1, ) Mo (B0 )| Ot i s K, Ko, e B
+ @Q01Q 404 gl(gsiub)(kz,pb,ky) Mgaﬁﬁwg (No,za> : Ocut(Pas Po; k), b, ke, k) ] :

(C.18)

Note that the squared LO amplitude in every single subtraction contribution is always
defined on the reduced phase-space <1~307 Ap that is spanned by the corresponding auxiliary
momenta. The same momenta also have to be used to calculate physical observables to
impose event-selection cuts, i.e. every subtraction kernel has to be multiplied with the
cut function O, that acts on the corresponding momenta defined on the auxiliary phase
space i)Q ap- In case of non-collinear-safe photon radiation off F'S leptons, the momenta of
the photon and the lepton have to be reconstructed according to (C.17) from the auxiliary
momenta entering the underlying process without photon radiation. As suggested by
(4.2.4), those reconstructed momenta are then used to compute the observables that are
treated in a non-collinear-safe way.

Subtraction terms for the channel ug — [ty d~y

Instead of pairs of an IS emitter and an IS spectator we are now also confronted with the
situation where emitter and spectator (namely quark and lepton, or vice versa) are both
F'S particles. Defining the auxiliary variables

kck,y kckl
p— S — -1
S R Y o D T Sy (C.19)
and
= iy P - (C.20)
Y= ok + ki, + ki, T ks o+ Kk, |
we obtain the subtraction functions
(oub) L [ = —1—2} C.21
Ja (keky) (X —yar) [1— zai(1 — yar) a0 (C-21)
(b)) = { . —1—z] C.22
Jid (kiky)(1 = yia) [ 1 — 2a(1 — y1a) “l (C-22)
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For the [d case, the auxiliary momenta that enter the LO subprocess are given by

A N T S NTR Nl 1 T C.23
kl kl—i_kv 1_yldkc7 c 1_yldc’ ( )

and for the dl case, they read

~ Yal LK 1
R Ty Kok = Kt C.24
v 1-— Yai ! : 1 - Yai : ( )

All other FS momenta remain unchanged. To treat the lepton—photon pair or the quark—
photon pair exclusively, the corresponding momenta have to be reconstructed from the
adequate auxiliary momenta according to

k;ﬂ = (1 — Zld)l%l“, k;u = ZId l%lﬂ, (C25)
in the ld-case and
k',/y‘u = (1 — Zdl)]%cu, /{Zéﬂ = Zdl /{FCM s (CQ6)

for the collinear quark-photon splitting. Momentum conservation now implies

Plho= k' kR =Rk
P! = PV, (C.27)

The full subtraction contribution for the bremsstrahlung process ug — [Tv;d~ is given by

|Msub(q)7)|2

~ 2 ~
= —62 QuUquO'd gl(lsdub) (pa, kca k’y) Mlolg*)l"!‘yld (q)O,ud) ) @cut(ﬁaa Db; k:la kna k:ca O)
- 2
+ QdadQuau gdu (kca Pa, k’y) M?lg_>1+yld (q)O,du) @Cut<ﬁa7pb; kla knv ké7 k»/y)
- 2 ~
+ QuO-quo-l gislub) (Pm kl, k’y) (I)O,ul> ‘ @cut (ﬁa: Pu; kla kna kca 0)

~ 2 ~
+ QuoaQin g™ (ke b ) MO (B0 ) | O b s R s K, K

(sub)

- 2
-+ QlalQuUu gl(EUb)<kl7pa7 k’y) ‘Mggﬂlﬂqd q)0,1u> ‘ ®cut(ﬁaapb; kl,a kn; kcv k;)
2

+ QlO'leO'd gl(EUb)(/fu kca k”/) M?lg—>l+yld ~O,Zd) ®cut(pa7pb; kl/7 kn7 lz;c: kfy) 3

(C.28)
where the contributions gL(ISdUb) and gc(lsuub) are obtained analogously to the expressions gSUb)
and gl(SUb) in (C.1). The subtraction function for the process dg — [Tyu emerges from

(C.28) via the replacement u — d and d — 1.
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C.2 Readded Counterparts

Convolution terms for the channel ud — Itvgy

In case of the ud- and the du-parts of the subtraction function the analytically-integrated
counterparts that have to be added to the result read

1
«Q su su
[ Masal = ~5-Qunuos [ an{ [0 6.0)], + 63V 960 - )}
1
x/dq)oud( >|Mudﬂl+ylg(xpaapb;klaknak >| ®cut(xpaapbakl7k ak 70)a
2 Q ! (sub) (sub
/dq)‘/|Msub,du| = _%Quaquad/ dﬁ{[g (5, )} + Gy, (8)0(1 —x)}

1
.T/d(I)Odu( >|Mud—>l+ylg(pa7praklaknak >| @Cut(paapraklaknakcao) (029)

where the kernels containing the singularities are given by

su A §
géb b)(s’l‘) — Pff(w)|:1n (m—g> —1:| +1—I', (030)
b 2
GO (3) = L(3,m2) — 3 +2 (C.31)

with the abbreviation from (4.2.17),
2 2

Pt = () (5) i () - st () Im (). e

Here, X is a small photon mass to regularize the soft singularity occurring at z = 1,
and \? < m? < |P?| is valid. In (C.29), the LO momenta that enter [Mq_;+,,|" are

defined on the LO phase-space sets CIDO wd and CI>0 qu that are constructed using the incoming
momenta zp, and p; in the ud case or p, and xp, in the du case, respectively. Note that
two independent phase-space sets have to be generated, one set for z < 1 and one for
r=1.

For the contributions corresponding to an IS emitter and a FS spectator we obtain

/d<I>7|Msub,ul|2 = —%Qudquaz/ dx{[g SP(PE )], + G (PR — :13)}

1 ~ -
XE /dq>07UZ( ulax)’MudHl"'Vzg(xpa?pbyklvk akc)’2
X@(:ut(xpaapb; kla kna kca O)

/dq)7|Msub,dl|2 = _%QdadQlal/ dx{[gﬁj“b( )], +GE) (P )5(1—:}5)}

1 - -
x T /dq)ﬂ,dl< di )|Mud—>l+l/zg(pa7 TPb; kl? Ko, kc) |2
X@(zut(ptupr;klak’rhkca()) ) (033)

where the momenta that are used to calculate |MuaHl+,,lg|2 are defined on the phase-space
sets @g  and @ g, that are constructed from the incoming momenta xp, and py in the ul
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case or p, and zpy in the dl case, respectively. The universal kernels G,; and Gy, for an IS
emitter a and a F'S spectator ¢ are given by

P? 2
G (P2,0) = Pyyto) | () 1] - 2z

+(1+2z)n(l —2)+1—=x, (C.34)
2
G (PL) = L(OP2Lm2) + % — 1. (C35)
where the four-vector .
Pio(z) = k' (x) — apl, (C.36)
is constructed from the four-momenta of the underlying process and thus implicitly de-
pends on z. In the endpoint of the [...]; distribution in (C.33), however, one has to use

P2 (1) that is evaluated from the phase-space set generated for x = 1.
Finally, the readded counterparts for the two contributions with the antilepton as FS
emitter and one light quark as IS spectator are given by

a 1 _ 1
/ 0D, Mot o(2) = ~ 2 QunQuon / do / dBo,u(P2, ) / dz
0 0

X @cut(xpmpb;kz = Zklak k k/ = (1 - Z>l%l)

(] Yy

><;{Gl(“b)(ai)a(l—x)&(l—z>+[ (Pl )] 01— 2) + [G (PR, )] 61 — @)

u

T,z T > T 2
+[QZ(ZUb)(x7Z)}(+’ )} ‘Muaﬂl"'ulg(xpmpb; klvkna kc) ) (C37a)
o 1 R 1
/dq)w‘Msub,la(q)v)’Q = _%QlJlead/ dﬂ?/dq)o,la(Pz%,w)/ dz
0 0
X @Cut<pa7pr; k:z - ZI%l(:L‘)a ];:na l’%ca kf/y = (]' - Z>]%l)
]‘ su su su
x;{G}d D(PRIS(1—2)8(1 — 2) + [G5" (PE, ©)] ,0(1 = 2) + [G3" (P, 2)] ,6(1 — )
5™ (. 2)] 5 4 Mo k)| C.37b
+[gld (I’,Z)}+ ud—>l+ulg(pa7pr7 1y F'vn,y C) ) ( . )

where we have used the iterated (+4)-distribution (4.2.28). The kernels in (C.37) explicitly
read

_(sub) 1 2 o,
gia (x,Z) - 1—:E(2—I—Z 1 Z>7 (C38)
(sub) . 1 2—x _ §
G (P ) = 1—&:[2111(1—:5) 2]’ (C.39)
(sub) ¥ 2111(2 — CL’)
0L L) = Pyt () 1] - D
+(1+2)In(1 — 2) —|— 1—=z, (C.40)
2
G (PL) = L(|P2|,m?) — (C.41)

In (C.37) the momenta of the photon and the F'S lepton that enter the cut function have
to be reconstructed from the lepton momentum of the underlying hard process.
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Convolution terms for the channel ug — [Ty, d~y

Additionally, one now has to cover the situation with a F'S emitter and a FS spectator. In
this case, the readded counterpart reads

1
[ 40 M@ = ~ - Qunuoa [ abosa(P) [z
0
<{ el - o) + (05 (541, | o

@Cut (paapb; kl, - Zl%l, I::Tu I‘%Ca k»,y - (1 - Z)’%) )

X ‘Mugﬂﬁuld(pmpb; klu kn7 kc)

1
a ~
/dq)”/|Msub,dl<q)7)‘2 = _%QdadQlal/dQ)O,dl(Pc%l)/ dz

0

«{ e rpan -+ (65, ) (.43

@Cut(paapb; kla kna kc - Zk K, = (1 - Z)k’;c> )

()] o'k

X ‘Mug—>1+uld(paapb; ]%la l%na lz:c)

where the LO phase-space sets Ci)o,ld and ‘i’o,dz are generated using the IS momenta p, and
py. The kernels containing the collinear and soft singularities are given by

2

g(“b)(Pj, 2) = pff<z){1n <]:;LZ> —11 +(1+2)In(l—2)+1—2z, (C.44)

2
(Sub) 2 2 7 3
where we have used the four-vector
Pl =k + K, (C.46)

which again has to be constructed from the four-momenta of the underlying process and
therefore is a dynamical quantity.
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