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We explore the performance of the
metrology scheme by employing a quan-
tum time flip during encoding, a specific
case of processes with indefinite time di-
rection, which we refer to as indefinite
time directed metrology (ITDM). In the
case of single parameter estimation of a
unitary, we demonstrate that our proto-
col can achieve Heisenberg scaling (1/N)
with product probe states, surpassing the
standard quantum limit (1/

√
N), where N

is the number of particles in the probe. We
establish this by computing the quantum
Fisher information (QFI) which is a lower
bound on the root mean square error oc-
curred during parameter estimation. Al-
though we analytically prove the optimal-
ity of the symmetric product probe state
in ITDM, entangled probe states produce
a higher QFI than optimal product probes
without enhancing scaling, highlighting
the non-essentiality of entanglement. For
phase estimation, we propose a single-
qubit measurement on the control qubit
that accomplishes near-optimal Fisher in-
formation and eventually reaches Heisen-
berg scaling. Our findings reveal the best
orientation of product probe states in ev-
ery pertinent situation, emphasizing its
independence from the parameter to be
estimated in the limiting case. Further-
more, we illustrate the benefits of ITDM
in noisy metrology, outperforming existing
techniques in some situations.

1 Introduction
The goal of quantum metrology [1–7] is to make
extremely accurate estimates of a system’s prop-
erties which is crucial in diverse scenarios such as
magnetometry [8, 9] quantum imaging [10–12],

atomic clock [13–16], biological sensing [17, 18],
dark matter search [19, 20], gravitational wave
detection [21–23]. In particular, the metrologi-
cal procedure involves measuring a quantum state
that encodes the parameter to be estimated, and
its accuracy is typically quantified by the root
mean square error [3]. Under plausible assump-
tions, the quantity is constrained below by Fisher
information (FI), also known as the Cramer-Rao
bound [24], while optimizing overall measure-
ment procedures provides quantum Fisher infor-
mation (QFI), which specifies the ultimate preci-
sion limit [25]. It was demonstrated that, while
uncorrelated probes yield QFI that scales only
linearly with the number of subsystems, achiev-
ing the standard quantum limit (SQL), nonclas-
sical resources such as entanglement or spin-
squeezing can improve sensitivity by exceeding
linear growth to quadratic or beyond, referred to
as the Heisenberg limit (HL) or super-Heisenberg
precision [3, 4, 26–29].

In conventional metrological protocols, the en-
coding operation is performed within a frame-
work that adheres to a well-defined causal or-
der and a fixed temporal direction. However,
recent studies [30–38] have explored metrologi-
cal enhancements of HL and beyond with the aid
of indefinite causal order (ICO) [39–45] in which
the quantum switch [46] serves as an example
of a quantum-controlled superposition of several
causally ordered transformations [47]. Impor-
tantly, such protocols have already been imple-
mented in laboratories [36, 37]. Further, beyond
enhancing sensitivity, ICO has exhibited benefits
across various domains including state and chan-
nel discrimination [48–51], communication capac-
ity and complexity [52–62], along with thermo-
dynamical tasks including charging, refrigeration,
work extraction and thermal state activation [63–
69].

Similar to the concept of ICO, a new broader

Accepted in Quantum 2025-06-25, click title to verify. Published under CC-BY 4.0. 1

https://quantum-journal.org/?s=Indefinite%20Time%20Directed%20Quantum%20Metrology&reason=title-click
https://orcid.org/0009-0006-2072-4542
https://orcid.org/0000-0002-2409-3630
https://orcid.org/0000-0003-1693-0440
https://arxiv.org/abs/2502.18264v3


class of higher-order operations [70] has recently
been discovered, termed quantum operations
with indefinite time direction or indefinite input-
output direction [71]. These operations lack a
fixed temporal direction and involve a coherent
superposition of forward and backward time di-
rections. In the backward time direction, the
roles of input and output port are interchanged,
defining quantum processes which receive the in-
put in the future and output in the past time-
line. Indefinite time direction can be realized in
bidirectional quantum devices [71, 72] which in-
clude crystals that rotate the polarization of sin-
gle photons such as half-wave plates, and quarter-
wave plates. Analogous to the quantum switch
in the context of ICO, the quantum “time flip”
(TF) [71, 72], a paradigmatic example of indefi-
nite time directed processes, has shown promis-
ing advantages in certain operator discrimination
tasks [71], communication capacity [72], emer-
gence of dynamical memory effect in memory-
less phase-covariant processes [73], and also an-
swering foundational queries such as the ther-
modynamic “arrow of time” and work-extraction
[74, 75]. Furthermore, its feasibility has been es-
tablished through experimental implementations
[76, 77]. Despite these advancements, the poten-
tial applications of the quantum TF in quantum
technologies remain largely unexplored (although
see a recent work which uses quantum time flip
[78] in continuous variable systems for estimating
optical phase and light-beam rotation with pho-
ton number and orbital angular momentum being
resources respectively).

In this paper, we bridge the gap by introduc-
ing a novel framework for quantum metrology
that consists of encoding operations with indef-
inite input-output direction. By exploiting the
properties of quantum TF, we devise a proto-
col that enables Heisenberg-limited precision in
the estimation of an arbitrary single parameter
of unitary operator, which we refer to as indefi-
nite time directed metrology (ITDM). We prove
that initializing the probe as pure product states
in which all subsystems align in a specific direc-
tion, known as a symmetric product probe state,
yields the maximum QFI using a time-flipped en-
coding approach. Further, we demonstrate that
entanglement can yield a higher QFI than the
product probes, but it cannot offer a scaling ben-
efit beyond the HL in this encoding procedure.

We also extract requirements for encoded state,
in which ITDM cannot outperform SQL – we call
the no-advantage condition (NAC).

We demonstrate the benefit of TF encoding
for estimating phase-shift and axis of a unitary.
Specifically, in the case of phase estimation, we
devise a measurement strategy that operates ex-
clusively on the control qubit yielding an FI that
exhibits Heisenberg scaling. Interestingly, we ex-
hibit that the parameter dependency of the opti-
mal input probe state and FI can be eliminated
when the parameter to be evaluated is small.
Furthermore, when noise influences the encod-
ing strategy and input probes, our protocol show-
cases the advantage of the time-flipped strategy
over the existing quantum “switched” strategy
[32] and regular strategy within specific param-
eter values and noise regimes. We also briefly
analyze the effect of noise in multi qubit noisy
ITDM and present a possible way to get a higher
FI than the standard method, emphasizing the
need for further investigation in this area.

The paper is organized as follows. In Sec. 2,
we introduce the strategy based on time-flip en-
coding and derive the Heisenberg scaling for the
general case. We present the optimality of sym-
metric product probe states among all product
states and NAC condition with a measure of ad-
vantage in Sec. 2.2. In Sec. 3, we provide the
applications of our procedure to phase estima-
tion. We evaluate the use of entangled probes in
Sec. 4 and demonstrate that entangled states can-
not provide a higher QFI scaling than the product
probes in this set-up. In Sec. 5, we investigate the
advantages of our scheme under noise and com-
pare them with existing protocols. Finally, the
results are summarized in Sec. 6.

2 Framework for Indefinite Time Di-
rected Metrology

Quantum time flip is defined on the set of bidi-
rectional quantum processes which can operate
either in forward or backward time directions.
A quantum channel C is referred to as bidirec-
tional if Ω(C) is a completely positive and trace-
preserving (CPTP) map where Ω denotes the
input-output inversion map. As demanded in
Ref. [71], this map Ω should have certain proper-
ties including “order reversing”, “identity preserv-
ing”, Ω(A) ̸= Ω(B) when channels A,B are un-
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equal, and Ω
(
qA+(1−q)B

)
= qΩ(A)+(1−q)Ω(B)

with 1 ≥ q ≥ 0. Moreover, the Kraus opera-
tors {Ci} of C(∗) =

∑
iCi(∗)C†

i satisfy bistochas-
ticity conditions, i.e.,

∑
iC

†
iCi =

∑
iCiC

†
i = I,

with I being the identity matrix on the Hilbert
space of the system. The only two possibili-
ties of Ω are Ω(C)(∗) = C†(∗) =

∑
iC

†
i (∗)Ci or

Ω(C)(∗) = CT (∗) =
∑
iC

T
i (∗)CT †

i , up to unitary
equivalence. C as the input of the quantum time
flip supermap generates the time flipped chan-
nel, denoted as TC . The operation of TC is de-
scribed by TC(ρc ⊗ ρ) =

∑
i T

C
i (ρc ⊗ ρ)T C†

i where
T C
i = |0⟩ ⟨0| ⊗ Ci + |1⟩ ⟨1| ⊗ Ω(Ci) are the Kraus

operators and the first register functions as the
control for the time direction. We perform en-
coding in parameter estimation protocol with the
aid of indefinite time ordering, defined as ITDM.

Figure 1: ITDM scheme. Taking N -qubit pure product
probe states, {|ψi⟩}N

i=1 along with a control qubit, |ψc⟩
we encode the parameter θ of Uθ on the probe state
using time flipped gate, TUθ

= |0⟩⟨0|⊗Uθ + |1⟩⟨1|⊗UT
θ .

Therefore, the whole encoding procedure is performed in
a single time step with N queries of TUθ

, given by TUθ
=∏N

i=1(T i
Uθ

⊗I̸=i
N−1) = |0⟩⟨0|⊗U⊗N

θ +|1⟩⟨1|⊗UT
θ

⊗N with
I̸=i
N−1 =

⊗N
j=1
j ̸=i

Ij . This encoded state is then measured

either locally on the control qubit or globally on the basis
of symmetric logarithmic derivative operator to obtain
the information about θ.

2.1 Time-flipped encoding strategy
In quantum estimation theory, given a unitary
gate U which is a function of θ, i.e., U ≡ Uθ, our
task is to estimate θ. Note that the parameter
θ can be directly related to a physical quantity
of interest, such as the strength of a magnetic
field, phase shift acquired by a photon’s polariza-
tion state in a photonic setup. Instead of con-
ventional unitary encoding schemes, we employ

TF-encoding strategy comprising of N number of
bipartite gates, TUθ

= |0⟩⟨0|⊗Uθ+|1⟩⟨1|⊗UTθ , ac-
quired by applying the TF-supermap on Uθ, on
N -qubit input probe,

∣∣∣ψN〉, assisted by a con-
trol qubit, |ψc⟩ = √

pc |0⟩ + eiθc
√

1 − pc |1⟩ with
0 ≤ pc ≤ 1 and 0 ≤ θc ≤ 2π (see Fig. 1). Mathe-
matically, the state after encoding operation can
be written as |Φ⟩ = TUθ

|Ψ⟩ = TUθ
|ψc⟩ ⊗

∣∣∣ψN〉,
where

TUθ
=

N∏
i=1

(T iUθ
⊗ I ̸=i

N−1),

=
N∏
i=1

(
|0⟩⟨0| ⊗ I⊗i−1 ⊗ Uθ ⊗ I⊗N−i

+|1⟩⟨1| ⊗ I⊗i−1 ⊗ UTθ ⊗ I⊗N−i
)
,

= |0⟩⟨0| ⊗ U⊗N
θ + |1⟩⟨1| ⊗ UTθ

⊗N
, (1)

with I ̸=i
N−1 =

⊗N
j=1
j ̸=i

Ij . Specifically, when
∣∣∣ψN〉

is fully separable, i.e.,
∣∣∣ψN〉 =

⊗N
i=1 |ψi⟩, the en-

coded state can be written as

|Φ⟩ = √
pc |0⟩

N⊗
i=1

|χi⟩ + eiθc
√

1 − pc |1⟩
N⊗
i=1

|ωi⟩ ,

(2)
where Uθ |ψi⟩ = |χi⟩ , UTθ |ψi⟩ = |ωi⟩. Subse-
quently, we analyze the performance of the es-
timation protocol with product probe states and
compare its performance with the entangled ones.

2.2 Quantum Fisher information in ITDM

The goal here is to estimate the parameter θ in-
volved in Uθ with a high precision which can be
fulfilled by performing measurements on the en-
coded state. Importantly, for any kind of mea-
surements, the precision in estimating θ with an
unbiased estimator, quantified by the variance of
θ, is bounded below by the Cramer-Rao bound
via Fisher information, Fθ as (∆θ)2 ≥ (λFθ)−1,
where λ denotes the number of measurements
available [2, 25]. In particular, when the decod-
ing measurement is performed in the basis of sym-
metric logarithmic derivative (SLD), Cramer-Rao
bound is saturated and FI is termed as quantum
Fisher information. The QFI for a pure state |Ξ⟩
can be written as

Qθ = 4
(

⟨Ξ̇|Ξ̇⟩ −
∣∣∣⟨Ξ̇|Ξ⟩

∣∣∣2) , (3)
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where ˙|Ξ⟩ = d |Ξ⟩
dθ . For N number of uncorre-

lated particles, (∆θ)2 is known to scale as 1/N ,
referred to as the standard quantum limit (SQL)
while with the help of quantum entanglement, it
is possible to diminish the error as (∆θ)2 ∼ 1/N2

[2–5], known as the Heisenberg limit (HL). It will
be interesting to find that when encoding is per-
formed with TF operator, how quantum Fisher
information scales with N . In our case of prod-
uct probes in Eq. (2), QFI takes the form as (see
Appendix. A)

Q = 4
[
pc

 N∑
k=1

|χ̇k| +
N∑

j,k=1,
j ̸=k

αkα
∗
j



+(1 − pc)

 N∑
k=1

|ω̇k| +
N∑

j,k=1,
j ̸=k

βkβ
∗
j


−
∣∣∣∣pc N∑

k=1
αk + (1 − pc)

N∑
k=1

βk

∣∣∣∣2], (4)

where

⟨χ̇k|χk⟩ = αk, ⟨χ̇k|χ̇k⟩ = |χ̇k|,
⟨ω̇k|ωk⟩ = βk, ⟨ω̇k|ω̇k⟩ = |ω̇k|. (5)

To analyze the scaling of QFI, let us concentrate
on the simplest scenario where all the qubits in
the probe state are equal, i.e., |ψi⟩ = |ψ⟩ ∀i, lead-
ing to a N -qubit symmetric probe state while for
the asymmetric one, |ψi⟩ ̸= |ψ⟩ ∀i . Therefore,
in the symmetric scenario, the QFI reduces to

QS

= 4N2
[
pc|α|2 + (1 − pc)|β|2 − |pcα+ (1 − pc)β|2

]
+4N

[
pc
(
|χ̇| − |α|2

)
+ (1 − pc)

(
|ω̇| − |β|2

)]
,

= 4N2pc(1 − pc)|α− β|2

+4N
[
pc
(
|χ̇| − |α|2

)
+ (1 − pc)

(
|ω̇| − |β|2

)]
,(6)

with αk = α, βk = β, |χ̇k| = |χ̇|, and |ω̇k| = |ω̇|
∀k. From the above expression, it is clear that
QS ∼ N2 as N → ∞, which implies that by us-
ing symmetric product state

∣∣∣ΨS
〉

= |ψc⟩⊗|ψ⟩⊗N

and encoding θ by the time-flipped operation
which comprises multiple two-qubit controlled
gates (see Fig. 1), the precision limit of θ can
go beyond SQL and can achieve HL.

Let us now inquire whether we can beat SQL
for all kinds of parameterized unitaries. We find

that this is not the case, specifically, ITDM can
not surpass the standard quantum limit when
α = β. This condition, referred to as the
“no advantage condition” (NAC), simplifies to
(∂θUθ)†Uθ = (∂θUTθ )†UTθ . If Uθ satisfies NAC, it
implies that there do not exist any probe and con-
trol state for which one can go beyond the SQL.
Notably, the NAC is satisfied when UT = ±U ,
although, additional solutions for U may also ex-
ist.

Motivated by no-advantage condition, we pro-
pose a measure of advantage (MA) in our
protocol as the value of coefficient of N2 in
Eq. (6). It turns out to be MA = 4pc(1 −
pc) max|ψ⟩

∣∣〈(∂θUθ)†Uθ−(∂θUTθ )†UTθ
〉∣∣2 = 4pc(1−

pc)|λmax|2 where λmax is the eigenvalue of
(∂θUθ)†Uθ − (∂θUTθ )†UTθ with the biggest mod-
ulus. There is no advantage when either pc =
0 and 1, i.e., when the time flip does not work
or when NAC is satisfied where |λmax|2 = 0
thereby, resulting in a vanishing measure. On
the other hand, when the measure is non-zero,
we can, in principle, set our probe to the eigen-
vector corresponding to λmax and gain QFI with
an N24pc(1 − pc)|λmax|2.

It is now natural to ask – Is the symmetric
product probe state optimal for ITDM ? In other
words, if we can exhibit that one cannot achieve
higher scaling with asymmetric product probes
than the one obtained with symmetric states, the
query above is resolved. Indeed, we answer this
question positively in the following Theorem.

Theorem 1. Among all pure product states,
given an asymmetric state, there exists a sym-
metric state which provides a higher value of QFI
in ITDM.

Proof. Given an asymmetric product probe state
|Ψ⟩ = |ψc⟩

⊗N
i=1 |ψi⟩ with QFI QA, we denote

the set of N symmetric product states as SΨ :=
{
∣∣∣ΨS

l

〉
}Nl=1. Here, the state

∣∣∣ΨS
l

〉
= |ψc⟩ |ψl⟩⊗N

in this set have QFI QS
l . Without loss of gen-

erality, we assume that the optimal probe state
among all symmetric product states in SΨ is∣∣∣ΨS

1

〉
. Therefore, mathematically, we can write

QS
1 ≥ QS

l ∀l ∈ [N ], implying QS
1 − Qavg ≥ 0,

where Qavg = 1
N

∑N
l=1 QS

l . Let us now consider
the quantity, Qavg − QA. On the other hand, it
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can be shown that (see Appendix. B)

Qavg − QA

= 4pc(1 − pc)

N N∑
k=1

|αk − βk|2 −
∣∣∣∣∣
N∑
k=1

αk − βk

∣∣∣∣∣
2 ,

≥ 0. (7)

Therefore, we get QS
1 ≥ QA. Hence, the theorem

is proved.

This result establishes the fact that in the space
of N -qubit product states, there always exist a
symmetric product probe state that maximizes
the QFI. Consequently, from Theorem 1, we can
conclude the following.

Corollary 2. Maximal QFI in the case of ITDM
with product probe states is achieved by sym-
metric states of the form

∣∣∣ΨS
〉

= |ψc⟩ |ψ⟩⊗N

where we have to optimize over only the doubly-
parametrized set of states, |ψ⟩ = √

ps |0⟩ +
eiθs

√
1 − ps |1⟩ with θs ∈ [0, 2π] and ps ∈ [0, 1]

along with optimal control qubit and encoding
axis.

3 Estimating phases with ITDM

After establishing the advantage of TF operation
in the context of quantum metrology, let us con-
centrate on an explicit phase estimation scheme
and exhibit how one can achieve Heisenberg limit
with TF operation. In particular, given a unitary
Uθ = e−i θ

2 σ⃗.n̂, our goal is to estimate the value of
the parameter θ, where n̂ = x̂n1 + ŷn2 + ẑn3 is
referred as the encoding axis. As realized in the
previous section, by initializing the input state as∣∣∣ΨS

〉
= |ψc⟩ |ψ⟩⊗N , we find QFI in terms of

α = in3(ps − 1/2)

+i
√
ps(1 − ps)(n1 cos θs + n2 sin θs),

β = in3(ps − 1/2)

+i
√
ps(1 − ps)(n1 cos θs − n2 sin θs),

|χ̇| = 1/4, and |ω̇| = 1/4, (8)

in Eq. (6). In particular, Qθ(A,B) = AN2 +BN,
where

A = 4pc(1 − pc) ∗ 4ps(1 − ps)n2
2 sin2 θs, (9)

and

B = 4pc

[
1
4 −

{
n3(ps − 1/2)

+
√
ps(1 − ps)(n1 cos θs + n2 sin θs)

}2
]

+ 4(1 − pc)
[

1
4 −

{
n3(ps − 1/2)

+
√
ps(1 − ps)(n1 cos θs − n2 sin θs)

}2
]
,

(10)

is independent of the parameter θ itself which we
want to estimate, and also on θc. Notice that
NAC, in this case reduces to (σ⃗.n̂)T = σ⃗.n̂ which
implies n̂2 = 0.

Let us now find the maximum value of QFI, Q̄n̂
θ

for a given encoding direction n̂, which requires
optimization over the control and the probe state.
To address this, let us group the parameters
θs, ps, pc in a set µ, i.e., µ = {θs, ps, pc}. Math-
ematically, the optimization can be cast into the
form Qn̂

θ = maxµ Qθ(A,B). Since optimization
over multiple (three) parameters is not straight-
forward, we maximize the coefficient A to ob-
tain MA. Looking at the form of A in Eq. (9),
we can easily find that the maximum value of
A = n2

2 with µA = {π2 ,
1
2 ,

1
2} which leads to QFI

Qθ|µA = N2n2
2 + N(1 − n2

2). Let us now prove
in the following Theorem that calculating maxi-
mum advantage of time flip, i.e., MA, maximizes
the QFI.

Theorem 3. The maximum value of QFI,
achieved by a N -qubit symmetric product probe
state in the ITDM protocol for phase estimation
is Q̄n̂

θ = N2n2
2 +N(1 − n2

2).

Proof. To demonstrate that Qθ|µA represents the
optimal value of the QFI, we have to prove
Qθ|µA − Qθ(A,B) ≥ 0, for all other values of
θs, ps, pc, i.e.,

N2n2
2 +N(1 − n2

2) − (AN2 +BN) ≥ 0,
=⇒ N(n2

2 −A) ≥ B + n2
2 − 1. (11)

As n2
2 is the optimal value of A, n2

2 − A ≥ 0.
Therefore, if Eq. (11) is true for N = 1, then it
remains valid for all values of N > 1. For N = 1,
it simplifies to A + B ≤ 1, which can be proven
(see Appendix. C). Hence, Q̄n̂

θ = N2n2
2 + N(1 −

n2
2).
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Let us now determine the optimal encoding di-
rection n̂ for which the maximum of QFI is at-
tained. To do so, we define

Q̄θ = max
n̂

Q̄n̂
θ = max

n̂,µ
Qθ(A,B), (12)

which includes optimization over n̂, as well as in-
put and control qubits. As a direct consequence
of Theorem 3, the following corollary can be es-
tablished by choosing n2 = 1.

Corollary 4. By fixing the optimal encoding axis
n̂ = ŷ and µA = {π2 ,

1
2 ,

1
2}, the maximum QFI

turns out to be N2, achieving Heisenberg scaling.

Remark. The maximum QFI for the estima-
tion of the axis parameter of U = exp

(
−i θ2 σ⃗ · n̂

)
,

where either ϕ or ξ of the axis n̂ = x̂ sinϕ cos ξ +
ŷ sinϕ sin ξ + ẑ cosϕ is to be estimated, is deter-
mined to be 4N2 following Eq. (6) (for details, see
Appendix. D). This explicitly demonstrates that
our protocol based on TF is capable of achieving
the Heisenberg limit for arbitrary parameters in
unitaries, as expected from our derivations in Sec-
tion 2. For example, it can be used to estimate
the errors in the parameters of a gate-set [79],
required for universal quantum computation.

Measurement scheme to attain maximum QFI.
Let us exhibit that the maximum QFI, i.e., Qθ =
N2 for optimal encoding is, in fact, achievable
by performing local measurement during decod-
ing. The scheme consists of the following steps:
(1) Prepare the control state as |ψc⟩ = |+⟩ =
(|0⟩ + |1⟩)/

√
2 and each qubit of the probe state

as |ψ⟩ = |+i⟩ = (|0⟩ + i |1⟩)/
√

2, i.e., the input
state is |Ψs⟩ = |+⟩ |+i⟩⊗N . (2) The encoded state
after the application of TUθ

with Uθ = e−iθσy/2

(i.e., n̂ = ŷ) on |Ψs⟩ is given by

|Φ⟩ = 1√
2
e−iNθ/2

(
|0⟩ + eiNθ |1⟩

)
⊗ |+i⟩⊗N .

(13)

(3) Perform projective measurement on the con-
trol qubit in the basis of σx, i.e., {|+⟩ , |−⟩}. (4)
Repeat the above procedure λ number of times
and record the measurement outcomes.

The probability statistics for the outcome |±⟩
is given by p(±|θ) = 1

2 [1 ± cos (Nθ)]. Therefore,

the FI [25] coincides with Q̄θ, i.e.,

Fθ =
∑

b∈{+,−}
p(b|θ)

[
∂ ln p(b|θ)

∂θ

]2
, (14)

= N2 = Q̄θ. (15)
Notably, in this scenario, the probe and con-
trol states (Eq. (13)) remain as a pure product
state even after bidriectional encoding along y-
axis, which is a global operation, while still pro-
viding HL. This demonstrates that entanglement
is not necessary for surpassing SQL in ITDM pro-
tocol. However, the two qubit unitaries generated
by time flip may generate entanglement for arbi-
trary input product probe states.

The above-discussed protocol is optimal when
n̂ = ŷ and the root mean square error scales as
1/N . However, it is interesting to ask – Given an
arbitrary direction of the encoding axis, how does
FI, Fθ, scale when the decoding measurement ba-
sis is fixed in {|+⟩ , |−⟩}? We answer this question
in the following subsection.

3.1 Fisher information by restricted measure-
ments
By initializing the control and probe states as a
product state (Eq. (2)) and encoding the axis as
n̂, let us consider the decoding measurement only
on the control qubit in {|+⟩ , |−⟩} basis. In this
scenario, the outcome statistics read

p(±|θ) = Tr [(|±⟩ ⟨±|c ⊗ Ip) |Φ⟩ ⟨Φ|]

= 1
2 ±

√
pc(1 − pc)

2

(
eiθc

N∏
i=1

⟨χi|ωi⟩ + e−iθc

N∏
i=1

⟨ωi|χi⟩
)
.

(16)

Since ⟨χi|ωi⟩ is a complex number, we
parametrize it as ⟨χi|ωi⟩ = ri(ν)eifi(ν) where
ν = {θ, θs, ps, n̂}. According to this parametriza-
tion,

p(±|θ)

= 1
2 ±

√
pc(1 − pc) cos

(
N∑
i=1

fi(ν) + θc

)
N∏
i=1

ri(ν),

(17)

and the FI can be calculated as
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Fθ

= 4pc(1 − pc)
[ N∑
j=1

( N∏
i ̸=j

ri(ν)
){

ṙj(ν) cos
(

N∑
i=1

fi(ν) + θc

)
−
(
rj(ν)
N

)
sin
(

N∑
i=1

fi(ν) + θc

)(
N∑
i=1

ḟi(ν)
)}]2

×

1 − 4pc(1 − pc)
(
N∏
i=1

ri(ν)
)2

cos2
(

N∑
i=1

fi(ν) + θc

)−1

, (18)

which can be shown to be optimal at pc = 1/2. We consider |ψi⟩ = |ψ⟩ for all i, which is determined
to be optimal based on rigorous numerical investigations. This implies ri(ν) = r(ν), fi(ν) = f(ν) ∀i
and along with pc = 1/2, we have

Fθ =
N2r2N−2(ν)

{
ṙ(ν) cos (Nf(ν) + θc) − r(ν)ḟ(ν) sin (Nf(ν) + θc)

}2

1 − r2N (ν) cos2 (Nf(ν) + θc)
. (19)

To approach the question of the optimal probe
state, similar to QFI, we define

F̄θ = max
n̂

F̄ n̂
θ , (20)

where F̄ n̂
θ is the maximum FI for a given axis

n̂ by choosing optimal probe and performing
decoding measurement in {|+⟩ , |−⟩} basis on
optimal control qubit, i.e., F̄ n̂

θ = maxµ,θc Fθ.
Note that U †

θU
T
θ being unitary, we have 0 ≤

r(ν) ≤ 1. Therefore, from Eq. (19), it is ev-
ident that if r(ν) < 1, Fθ decreases exponen-
tially with increasing value of N . This means
that it is desirable to set r(ν) = 1 by tak-
ing initial probe state |ψ⟩ = |u(n̂, θ)±⟩ where
|u(n̂, θ)±⟩ = (g∓(n̂, θ) |0⟩ + |1⟩)/

√
1 + |g∓(n̂, θ)|2

is the eigenstate of U †
θU

T
θ , i.e., U †

θU
T
θ |u(n̂, θ)±⟩ =

exp (±if(n2, θ)) |u(n̂, θ)±⟩. In this scenario,
ps = g∓(n̂, θ)2/

√
1 + |g∓(n̂, θ)|2 and θs =

i ln
(
1 + |g∓(n̂, θ)|2 − g∓(n̂, θ)2)/2. Moreover, we

have

f(n2, θ) = tan−1


√

4n2
2 sin2 θ

2

(
1 − n2

2 sin2 θ
2

)
1 − 2n2

2 sin2 θ
2

 ,
(21)

and the explicit forms of g∓(n̂, θ) are given in
Appendix. E, which shows that the eigenvec-
tors depends on the encoding axis and the pa-
rameter θ itself. This implies ṙ(ν) = 0 and
f(ν) = f(n2, θ). Therefore, preparing the probe
|ψ⟩⊗N in either

∣∣u(n̂, θ)+〉⊗N or |u(n̂, θ)−⟩⊗N and

|ψc⟩ = (|0⟩ + eiθc |1⟩)/
√

2 and measuring the con-
trol qubit in the {|+⟩ , |−⟩} basis lead to FI (fol-
lowing Eq. (19))

F̄ n̂
θ = N2ḟ(n2, θ)2. (22)

However, the complexity is two-folded – (1) the
input state parameters, θs, ps, is θ-dependent, (2)
F̄ n̂
θ is θ-dependent which means that the estima-

tion accuracy may fluctuate or degrade depend-
ing on the true value of θ. Notice that choosing
n̂ = ±ŷ gets rid of such complexities and gives
f = −θ±π which achieves F̄θ = N2 = Q̄θ which is
consistent with Eq. (15). Next, we show that the
above-mentioned subtlety can be removed when
the parameter θ is taken to be small.

3.1.1 Optimal input probes for small θ

Let us write the input probe as ρ =
|ψ⟩⟨ψ| = (I + ŝ.σ⃗)/2 where ŝ = x̂sx +
ŷsy + ẑsz and sx = 2

√
ps(1 − ps) cos θs, sy =

2
√
ps(1 − ps) sin θs, and sz = (2ps − 1). The

overlap ⟨χ|ω⟩ can be written as

⟨χ|ω⟩ = ⟨ψ|U †
θU

T
θ |ψ⟩ = Tr

(
UTθ ρU

†
θ

)
= 1 − n2

2(1 − cos θ) + in2n3sx(1 − cos θ)
−in1n2sz(1 − cos θ) + in2sy sin θ.(23)
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Therefore, the modulus and phase of the complex
number in Eq. (23) is given by

r(ν) =
[ {

1 − n2
2(1 − cos θ)

}2
+
{
n2sy sin θ

+ (n2n3sx − n1n2sz)(1 − cos θ)
}2
]1/2

,

(24)

and

f(ν)

= tan−1 n2sy sin θ + (n2n3sx − n1n2sz)(1 − cos θ)
1 − n2

2(1 − cos θ)
,

(25)

respectively. When θ is very small (θ = θ̃), ex-
panding Eqs. (24) and (25) upto second order in
θ we obtain (see details in Appendix. F)

Fθ̃ = s2
yn

2
2N

2 + (1 − s2
y)n2

2Nδθc,0,

= s2
yn

2
2N(N − δθc,0) + n2

2Nδθc,0, (26)

where δθc,0 = 1 if θc = 0 and δθc,0 = 0 elsewhere.
Interestingly, in the limit N → ∞, Fisher infor-
mation Fθ̃

∣∣
N→∞ = s2

yn
2
2N

2 is θ̃-independent and
reaches HL irrespective of any probe state. From
Eq. (26), it immediately follows that the optimal
probe for θ̃ estimation is given by sy = ±1, i.e.,
µ = µA = {π/2 + 2mπ, 1/2, 1/2}∀m ∈ Z which
implies

F̄ n̂
θ̃

= n2
2N

2 = Q̄n̂
θ̃
|N→∞. (27)

Hence, we arrive at the following result, which
shows that the two-fold complexity previously de-
scribed can be eradicated under the given sce-
nario:

Theorem 5. The FI, F̄ n̂
θ̃

= n2
2N

2, independent
of θ̃ to be estimated which is small, saturates the
QFI, Q̄n̂

θ̃

∣∣
N→∞ asymptotically, using the control

qubit |ψc⟩ = (|0⟩ + eiθc |1⟩)/
√

2 along with the
probe state as |±i⟩ = (|0⟩ + i |1⟩)/

√
2 and the

decoding measurement in the σx basis.

4 Entanglement can not beat N 2-
scaling
Our analysis upto now has focused on utilizing
product states as the initial probe state. Let

us now examine whether the use of an entangled
probe can improve scaling, surpassing the Heisen-
berg limit or not. To address the same, we write
the general N -qubit probe state as

|Ψ⟩ =
2N∑
i=1

Λi |λi⟩ , (28)

where
∑2N

i=1 |λi⟩⟨λi| = I2N and ⟨λi|λj⟩ = δij .
Defining |λi⟩ =

⊗N
j=1

∣∣∣ψij〉 , we rewrite |Ψ⟩ =∑2N

i=1 Λi
⊗N

j=1

∣∣∣ψij〉 , where
∣∣∣ψij〉 is the ith basis

state for the jth qubit with
〈
ψij

∣∣∣ψkj 〉 = δik and∑2
i=1

∣∣∣ψij〉〈ψij∣∣∣ = I2. Extending beyond the use of
product states as probes, our theorem below in-
dicates that entanglement does not provide any
additional advantage in achieving scaling of the
QFI with the number of qubits beyond the HL.

Theorem 6. In the ITDM protocol, the maxi-
mum QFI extractible from any probe state, in-
cluding all entangled states, is upper bounded by
γN2 +ζN, where γ and ζ are constants, indepen-
dent of N .

Proof. Let us present a brief outline of our com-
prehensive proof, (for details, see Appendix. G).
Using the general N -qubit probe state in
Eq. (28), we derive an upper bound on QFI as

Qθ ≤ Q̃θ = 4⟨Φ̇|Φ̇⟩,

= 4
2N∑
i=1

2N∑
k=1

ΛiΛ∗
k

[
pc

N∑
m=1

(
χ̇kim

∏
j ̸=m

akij

+
∑
l ̸=m

αkimα
ik∗
l

∏
j ̸=m,l

akij

)

+ (1 − pc)
N∑
m=1

(
ω̇kim

∏
j ̸=m

bkij

+
∑
l ̸=m

βkimβ
ik∗
l

∏
j ̸=m,l

bkij

)]
, (29)

where

⟨χ̇km|χ̇im⟩ = χ̇kim, ⟨χkj |χij⟩ = akij ,

⟨ω̇km|ω̇im⟩ = ω̇kim, ⟨ωkj |ωij⟩ = bkij ,

⟨χ̇km|χim⟩ = αkim, ⟨ω̇kj |ωij⟩ = βkij , (30)

and
∣∣∣χij〉 = Uθ

∣∣∣ψij〉 and
∣∣∣ωij〉 = UTθ

∣∣∣ψij〉. In
Eq. (29), the terms

∏
j ̸=m a

ki
j , and

∏
j ̸=m b

ki
j are

the products of the inner products of (N − 1)
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Figure 2: QFI using three-qubit probe states for estimating θ in Uθ. Map plot of (a) Q̄n̂
θ , optimized over all

product states, (b) Q̄n̂,All
θ optimized over all states, (c) ∆Qn̂

θ = Q̄n̂,All
θ − Q̄n̂

θ against encoding axis, n1 (horizontal
axis) and n2 (vertical axis). We see that the difference vanishes near n2 = ±1 precisely where both (a) and (b)
attain their maximal QFI of N2 = 9. We conclude that product states can give as much QFI as entangled states
when optimized over the axis for a three-qubit probe system. All the axis are dimensionless.

qubits. Hence, if the qubits in |λi⟩ and ⟨λk|
differ in more than one position,

∏
j ̸=m a

ki
j =∏

j ̸=m b
ki
j = 0. Similarly, if the qubits in

|λi⟩ and ⟨λk| differ in more than two positions,∏
j ̸=m,l b

ki
j =

∏
j ̸=m,l a

ki
j = 0. Defining, Q̃X

θ as the
term which involves contribution only from N -
qubit basis states where qubits differ in X num-
ber of positions, we can write Q̃θ =

∑N
X=0 Q̃X

θ =∑2
X=0 Q̃X

θ since, Q̃X
θ = 0 ∀X ≥ 3. In Ap-

pendix. G, we show that each of these three
terms is bounded by an expression of the form
γiN

2 + ζiN . Hence, Q̃θ ≤ γN2 + ζN where γ, ζ
are constants, which are independent of N .

Although entangled states do not offer superior
scaling compared to product probe states, we in-
vestigate whether they can yield higher QFI. To
this aim, given an encoding axis n̂, we perform
numerical maximization of QFI over the whole
state space (see Eq. (28)) for N = 3 denoted as
Q̄n̂,All
θ (see Fig. 2(b)). Interestingly, for n2 = 1,

Q̄ŷ,All
θ is the same as that with QFI for opti-

mal product probe state, i.e., Q̄ŷ,All
θ = Q̄ŷ

θ =
9 = Q̄θ. Notice that n̂ = ŷ is indeed the uni-
versal optimal encoding axis which means max-
imal attainable value (N=9) of QFI by optimiz-
ing over the whole state space and the encod-
ing axis. However, as value of n2 deviates from
unity, the difference between the maximum value
of QFI with optimal product probe and Q̄n̂,All

θ ,
i.e., ∆Qn̂

θ = Q̄n̂,All
θ − Q̄n̂

θ increases significantly as
demonstrated in Fig. 2(c). For n2 = 0, Q̄n̂,All

θ = 9
and Q̄n̂

θ = 3 where the difference ∆Qn̂
θ reaches a

maximum value of 6. This observation ensures
that the optimal probe states which give higher
QFI than fully separable probe states must be
entangled in at least some bipartition although

no scaling benefit is provided by the entangled
probes. Notice that ∆Qn̂

θ ≈ O(10−2) in the re-
gion ±0.95 ≲ n2 ≤ ±1 irrespective of n1 and
n3 which shows the robustness of optimal prod-
uct probe states compared to the entangled ones
against nonoptimal encoding.

5 Advantage in noisy unitary encoding

Both theoretical and experimental perspectives
of quantum metrology demand the investigation
on how the protocol gets affected in the presence
of noisy environment. Moreover, it was shown
that the precision in estimating parameters in a
noisy scenario can also be improved by using in-
definite causal order [32]. Therefore, it is inter-
esting to analyze the ITDM scheme under noise.
For inspection, we consider a noisy input probe,
ρ = (I + s⃗.σ⃗)/2 with |s⃗| ≤ 1, which is influenced
by depolarizing noise, N (ρ) = qρ+(1−q)I/2 [80]
after unitary encoding Uθ. Consequently, the ef-
fective channel, Nθ(ρ) = qUθρU

†
θ + (1 − q)I/2 is

termed as noisy unitary channel with Kraus op-
erators {K0 =

√
1 − pUθ,K1 =

√
p/3σxUθ,K2 =√

p/3σyUθ,K3 =
√
p/3σzUθ} where q = 1 −

4p/3 ∈ [0, 1]. Application of time-flip to such a
bistochastic channel [71] leads to a quantum oper-
ation TNθ

(ρc⊗ρ) =
∑3
j=0 Fj(ρc⊗ρ)F †

j with Kraus
operators Fj = |0⟩⟨0| ⊗ Kj + |1⟩⟨1| ⊗ KT

j where
ρc = |ψc⟩ ⟨ψc|. Therefore, after the encoding pro-
cedure in ITDM scheme with noisy encoding op-
eration (NITDM), the output state is given by
Θ = TNθ

(ρc
⊗N

i=1 ρi) =
∑
j∈Π Fj(ρc

⊗N
i=1 ρi)F

†
j

with Fj = |0⟩⟨0|
⊗N

i=1Kj[i] + |1⟩⟨1|
⊗N

i=1K
T
j[i],

where Π is the set of 4N integer strings j, with
each string specifying the Kraus operator Kj[i]
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acted on the qubit i, and
∑
j∈Π F†

jFj = I and∑
j∈Π

(⊗N
i=1Kj[i]

)†(⊗N
i=1Kj[i]

)
= I. This can

further be simplified as

Θ = pc|0⟩⟨0|
N⊗
i=1

 3∑
j=0

KjρiK
†
j


+
√
pc(1 − pc)e−iθc |0⟩⟨1|

N⊗
i=1

 3∑
j=0

KjρiK
T
j

†


+
√
pc(1 − pc)eiθc |1⟩⟨0|

N⊗
i=1

 3∑
j=0

KT
j ρiK

†
j


+ (1 − pc)|1⟩⟨1|

N⊗
i=1

 3∑
j=0

KT
j ρiK

T
j

†
 . (31)

Defining Tr
(∑

jK
T
j ρiK

†
j

)
= ri(ν)eifi(ν) with

ν = {θ, s⃗, n̂, q} as the updated set ν, outcome
probabilities of measurement in the σx-basis on
the control qubit can be written as

p(±|θ)

= 1
2 ±

√
pc(1 − pc) cos

(
N∑
i=1

fi(ν) + θc

)
N∏
i=1

ri(ν).

(32)

Following Eq. (14), we calculate FI, Fq
θ in

NITDM which have exactly same mathemati-
cal form as Eq. (19), i.e., Fq

θ ≡ Fθ with up-
dated ri(ν) =

∣∣∣Tr
(∑

jK
T
j ρiK

†
j

)∣∣∣ and fi(ν) =

arg
[
Tr
(∑

jK
T
j ρiK

†
j

)]
. With the tools in hand,

we are now ready to analyze the effect of noisy
encoding.

5.1 Comparison of NITDM with “switched”
and regular strategy in single qubit N = 1
In the case of N = 1, the value of FI correspond-
ing to NITDM is given by (see Appendix. H)

Fq
θ = n4

2q
2 sin2 θ

1 −
{

1+q
2 − n2

2q(1 − cos θ)
}2 , (33)

which is independent of the input probe configu-
ration. Being periodic in θ, we can safely choose
θ ∈ [0, 2π) for our analysis. We compare NITDM
with two other metrological schemes – (1)
“switched” strategy, where encoding is done us-
ing the quantum switch as described in Ref. [32],

(2) regular strategy [32] where conventional uni-
tary encoding is used. The “switched” FI, Fq,S

θ

and QFI, Qq,R
θ in a regular strategy are given by

Fq,S
θ = q̃2 sin4 θ

[
1 −

{
q̃ cos θ + 1

4(1 + q)2
}2
]−1

with q̃ = q(1 − q), and Qq,R
θ = q2(n⃗× s⃗)2 respec-

tively. Let us now compare these three strategies
in terms of their metrological power.

5.1.1 Fixing optimally encoded direction

Notice that Fq
θ is optimal for encoding axis n̂ = ŷ

(see Appendix. H) where optimal QFI for regular
probe Qq,R

θ = q2 is attained by choosing ŝ ⊥ n̂.
Due to the θ-dependency of the FI in the NITDM,
there exist specific regions of θ where this proto-
col demonstrates superior performance compared
to the regular one, as well as regions where it lags
behind. Specifically, Fq

θ |n̂=ŷ provides TF advan-
tage compared to Qq,R

θ |ŝ⊥n̂ = q2 in the parame-
ter region π/3 < θ < 4 tan−1

(√
q1 − 4√

q2
)

and

4 tan−1
(√

q1 + 4√
q2
)
< θ < 5π/3 where q1 =

(5 + 7q)/(3 + q) and q2 = (1 + 4q+ 3q2)/(3 + q)2.
In contrast, in the regime cos−1

[
−1+q
2(1+q)

]
< θ <

2π− cos−1
[

−1+q
2(1+q)

]
; 0 ≤ θ < π/3 and 5π/3 < θ <

2π/3, we have Fq
θ |n̂=ŷ < Qq,R

θ |ŝ⊥n̂, i.e., regular
strategy outperforms NITDM.

Note that these ranges of θ are reliant on the
strength of the noise parameter q. Interestingly,
there exist intervals of θ where NITDM surpasses
regular strategy irrespective of the strength of
the noise. Our analysis reveals that, Fq

θ |n̂=ŷ >

Qq,R
θ |ŝ⊥n̂ ∀q when {π/3 < θ < π/2; 3π/2 < θ <

5π/3} while Fq
θ |n̂=ŷ < Qq,R

θ |ŝ⊥n̂ ∀q for {2π/3 <
θ < 4π/3; 0 ≤ θ < π/3; 5π/3 < θ < 2π/3}.
Moreover, setting n̂ = ŷ as the encoding axis,
we always obtain the benefit over the switched
scheme, i.e., Fq

θ |n̂=ŷ ≥ Fq,S
θ (Appendix. H) for

any value of θ and arbitrary noise strength q.
Arbitrary probe state. Since Qq,R

θ is depen-
dent on probe states, choosing nonoptimal probe
states can reduce the performance of regular
strategy whereas NITDM bypasses the probe de-
pendency and illustrates supremacy as shown in
Fig. 3. In particular, we illustrate the advan-
tage of time-flip by choosing probe state ρ with
sx = 0.8, sy = 0.6, Fq

θ can be shown to outper-
form both Fq,S

θ and Qq,R
θ with θ = π/4. Inter-

estingly, even when the probe is in a maximally
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Figure 3: Fisher information (vertical axis) in the
case of time-flipped, F q

θ , “switched”, Fq,S
θ and reg-

ular protocols Qq,R
θ . with respect to noise pa-

rameter, q (horizontal axis). Choosing n̂ = ŷ with
θ = π/4, FI for NITDM, Fq

θ (blue lines) always outper-
forms switched FI, Fq,S

θ (green lines) which are inde-
pendent of probe state. Fq

θ is higher than Qq,R
θ (orange

lines) with both ŝ = [0.8, 0.6, 0] and ŝ = ŷ probe state
which are not optimal for regular strategy. All axes are
dimensionless.

mixed state or orthogonal to n̂, Fq
θ is always posi-

tive (except for q = 0 and θ ̸= 2mπ∀π ∈ Z) where
Qq,R
θ = 0. Moreover, the dominance of NITDM

over switched and regular strategies exists in the
low noise region even with nonoptimal encoding
as illustrated in Appendix. H.

5.1.2 θ-averaged performance

Due to the θ-dependence of Fq
θ and Fq,S

θ , we per-
form averaging over θ, i.e.,

⟨Fq
θ ⟩ =

∫ 2π

0

1
2πFq

θdθ

= 1 − 1
4

√
(3 + q)(3 + q − 4qn2

2)

−1
4

√
(1 − q)(1 − q + 4qn2

2),(34)

and ⟨Fq,S
θ ⟩ = 1 −

√
3

8 (1 − q)
√

(1 − q)(3 + 5q) −
1
8
√

(5 + 6q − 3q2)(5 − 2q + 5q2) [32]. Given the
noise strength q, although ⟨Fq

θ ⟩ and ⟨Fq,S
θ ⟩

are both less than the optimal regular QFI,
Qq,R
θ |n̂=ŷ = q2 = ⟨Qq,R

θ |n̂=ŷ⟩, in the range
±nmin

2 ≤ n2 ≤ ±1, the “flipped” strategy is bet-
ter than the “switched” one, i.e., ⟨Fq

θ ⟩ > ⟨Fq,S
θ ⟩.

Here, nmin
2 = n0

2[1 − qg]h−1 represents the χ2-
fitted curve, where g = 1.14147 ± (0.48%) and
h = 2.38455 ± (0.25%) are fitting parameters
(see Appendix. I), and n0

2 = 0.945742 denotes
the value of nmin

2 in the complete depolarizing
scenario. This signifies another distinct advan-
tage of the quantum time flip strategy over the
switched one. In particular, in the presence
of high noises, flip always outperforms switch
when ±0.945742 ≤ n2 ≤ ±1, and when noise
starts to decrease, this range gets increased with
the noise parameter, making flip highly favor-
able in low noise regimes. Moreover, since the
FI with switch method does not depend on n2,
for ±nmin

2 (q) ≤ n2 ≤ ±1, the FI obtained with
flip is strictly higher than the highest possible FI
with the switch protocol at various levels of noise
q. Because n2 can be controlled, we can obtain
higher average FI values with time-flip for any
value of q compared to the switch-based scheme.

5.2 Advantage in multiparty noisy case
Going beyond the single qubit scenario, we ex-
amine how multiparty scenario gets affected by
noise. While the optimal strategy for the multi-
qubit NITDM falls outside the scope of this study,
we provide a brief overview of its key aspects.
Note that while Fq

θ is independent of the input
probe for N = 1, this dependence emerges when
N ≥ 2. By assuming θ = π/4, n2 = 1, we initial-
ize the probe state to be |+i⟩⊗N and evaluate Fq

θ

(given by Eq. (19)) for different values of noise
content q. Let us compare NITDM (by fixing
θ = π/4) with the regular strategy when all the
N -qubit state is initialized along ŝ = ŷ, which is
the optimal product probes in the noiseless case.
In this case, Qq,R

θ = Nq2 while the behavior of
Fq
θ= π

4
is depicted in Fig. 4. Due to N2 term in

Eq. (19), Fθ increases, while the exponential term
is responsible for loss of Fisher information with
N as shown in Fig. 4. Specifically, depending on
the system configuration and noise content, Fq

θ

reaches maximum at a certain value of N . How-
ever, FI per qubit, Fq

θ /N , is maximized, where
the first slope-change of the envelope of Fq

θ oc-
curs. According to this, for a given θ, s⃗, and n̂,
we define the set {F̃q

θ , Ñ} where F̃q
θ is the value of

FI of Ñ -qubit NITDM protocol corresponding to
the maximized value of Fq

θ /N at Ñ . Given a high
value of N ≫ Ñ , we perform Ñ -qubit NITDM
and repeat the procedure for ⌊N/Ñ⌋ times to
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Figure 4: Fisher information (ordinate) with respect
to number or qubits N (abscissa) for different val-
ues of noise parameter q. Fisher information for
time-flip, Fq

θ (blue lines) shows oscillatory behavior and
after reaching the maximum, it decays. Here, we fix the
parameter values θ = π/4 and n̂2 = 1. Contrastingly,
QFI for the regular case, Q(q,R)

θ (orange dotted lines)
increases linearly. Inset: Fisher information per qubit
Fq

θ /N (ordinate, blue lines) against number or qubits
N (abscissa). All axes are dimensionless.

get an advantage over regular additive strategy
with N -qubit product probe states. Note that if
N < Ñ , we have to perform N -qubit NITDM to
get higher value of FI over the regular strategy.

To demonstrate the above claim, we find that
maximum Fq=0.99

θ= π
4

= 3074.72 and Fq=0.95
θ= π

4
=

116.77, which are achieved at N = 170 and
N = 34 in the NITDM scheme respectively.
On the other hand, the maximum values of
Fq
θ /N are 27.46 and 5.51, achieved at {F̃q

θ , Ñ} =
{1894.5, 69} and {49.68, 9} respectively. Let us
elaborate on the benefit of NITDM by discussing
two cases – Case 1. For a fixed number of
qubits, say N = 1000 and q = 0.95, employing
the NITDM with Ñ = 9 qubits for 111 repe-
titions yields an effective Fisher information of
111Q̃q=0.95

θ = 111 × 49.68 = 5514.48, surpass-
ing the QFI achievable with a standard 1000-
qubit system under the same noise conditions,
Q(q=0.95,R)
θ = Nq2 = 1000 × 0.952 = 902.5.

Case 2. For q = 0.99, we can perform NITDM
with Ñ = 69 repeatedly for 14 times to get
the best possible result 14Fq=0.99

θ = 26523 ≫
Q(q=0.99,R)
θ = 980.1.

This shows a notable performance gain by
NITDM compared to the regular strategy in a
low-noise regime, although it is for a specific pa-
rameter θ. However, our study provides evidence
that this advantage persists when averaged over
the parameter space of θ as previously defined,
which we discuss in Appendix. J.

6 Conclusion

We incorporated the concept of an indefinite
time directed encoding process in the framework
of quantum metrology to enhance the precision
limit of parameter estimation beyond the stan-
dard quantum limit (SQL). To accomplish the
higher precision than the SQL, referred to as
the Heisenberg limit (HL), the conventional pa-
rameter estimation strategy relies on an entan-
gled input probe, along with unitary encoding
and multi qubit measurement on the encoded
state for decoding. In contrast, we demonstrated
that achieving the HL is possible by employing
unentangled input probes with discrete energy
levels provided indefinite time directed encoding
(ITDM) is performed. Specifically, we proved an-
alytically that the symmetric product probe state
is sufficient to reach Heisenberg scaling among
all possible multiparty input states although en-
tangled input probe states can increase the pre-
cision of parameter estimation compared to the
separable probe ones. Further, in certain cases
involving product probes, the bidirectionally en-
coded state remains a product state, indicating
that entanglement is not generated throughout
the protocol even after the global time-flip oper-
ation and, therefore, is unnecessary. Fixing the
measurement on the control qubit, we illustrated
that in the limit of small parameter values, both
the input probe and quantum Fisher information
(QFI) which provides a lower bound on the preci-
sion are independent of the parameters involved.
We also examined the impact of noise on a single-
qubit scenario and assessed its advantages in cer-
tain cases over the “switched” (based on indef-
inite causal order) and conventional metrology
protocols. Additionally, we discussed strategies
for achieving higher Fisher information in noisy
multiqubit scenarios, in comparison to the regu-
lar scheme.

It is important to note that a quantum time
flip operation cannot be realized within the stan-
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dard quantum circuit model since no such cir-
cuit can transform an unknown unitary gate to
its transpose [71, 81]. However, it was demon-
strated [76, 77] that the implementation of time-
flip operations on photonic platforms can be
achieved by leveraging device-dependent sym-
metries inherent to their experimental appara-
tus. Specifically, the target qubit, subject to the
time flip operation, is encoded in the polariza-
tion degree of freedom of light, while its spatial
modes serve the purpose of the control qubit.
Forward and backward temporal directions are
achieved by transmitting photons through ap-
propriately configured waveplates, following the
proper Stokes-parameter convention [82]. Con-
sequently, given N queries of the black boxes,
Uθ (where θ is the parameter to be estimated),
the ITDM scheme should be within experimental
reach. Further, this can be used to validate the
Heisenberg limit of root mean square error utiliz-
ing a bidirectional encoding process without en-
tangled probes, which are typically fragile against
noise.

Our results pave the way for the metrological
utilization of quantum time flips in the discrete-
variable regime. Going forward, it will be fas-
cinating to explore the behavior of QFI in the
presence of noise using other estimation proce-
dures such as parallel, adaptive, and indefinite-
causal-order approaches [31, 35, 38] in conjunc-
tion with indefinite time direction. To deter-
mine whether time flip or more generic indefi-
nite time directed [71] techniques outperform typ-
ical quantum comb or indefinite-causal-order sys-
tems, their hierarchies must be rigorously clas-
sified and evaluated possibly using semidefinite
optimization techniques [31, 35, 38, 83, 84].
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A Calculation of QFI for a arbitrary fully separable pure state

By using the form of pure product probe states, given in Eq. (2) of the main text, we obtain

˙|Φ⟩ = d |Φ⟩
dθ = √

pc |0⟩ ⊗
N∑
i=1

(
˙|χi⟩

N⊗
j=1
j ̸=i

|χj⟩
)

+ eiθc
√

1 − pc |1⟩ ⊗
N∑
i=1

(
˙|ωi⟩

N⊗
j=1
j ̸=i

|ωj⟩
)
.

Therefore, we can write the inner product of ˙|Φ⟩ with itself as

⟨Φ̇|Φ̇⟩ = pc

 N∑
k=1

⟨χ̇k|χ̇k⟩ +
N∑

j,k=1
j ̸=k

⟨χ̇k|χk⟩⟨χj |χ̇j⟩

+ (1 − pc)

 N∑
k=1

⟨ω̇k|ω̇k⟩ +
N∑

j,k=1
j ̸=k

⟨ω̇k|ωk⟩⟨ωj |ω̇j⟩

 .
(35)

On the other hand, we have

⟨Φ̇|Φ⟩ = pc

N∑
k=1

⟨χ̇k|χk⟩ + (1 − pc)
N∑
k=1

⟨ω̇k|ωk⟩. (36)

Defining

⟨χ̇k|χk⟩ = αk, ⟨χ̇k|χ̇k⟩ = |χ̇k|,
⟨ω̇k|ωk⟩ = βk, ⟨ω̇k|ω̇k⟩ = |ω̇k|, (37)
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we can rewrite Eqs. (35) and (36) as

⟨Φ̇|Φ̇⟩ = pc

 N∑
k=1

|χ̇k| +
N∑

j,k=1
j ̸=k

αkα
∗
j

+ (1 − pc)

 N∑
k=1

|ω̇k| +
N∑

j,k=1
j ̸=k

βkβ
∗
j

 ,
and

⟨Φ̇|Φ⟩ = pc

N∑
k=1

αk + (1 − pc)
N∑
k=1

βk, (38)

respectively. Finally, we calculate the QFI, corresponding to an arbitrary product probe state as shown
in Eq. (4) of main text.

B Proof of Theorem 1

Qavg − QA

= 4
[
pc

(
N∑
k=1

|χ̇k| + (N − 1)
N∑
k=1

αkα
∗
k

)
+ (1 − pc)

(
N∑
k=1

|ω̇k| + (N − 1)
∑
k

βkβ
∗
k

)
−N

N∑
k=1

∣∣∣pcαk + (1 − pc)βk
∣∣∣2]

−4
[
pc

 N∑
k=1

|χ̇k| +
N∑
k=1

N∑
j ̸=k

αkα
∗
j

+ (1 − pc)

 N∑
k=1

|ω̇k| +
N∑
k=1

N∑
j ̸=k

βkβ
∗
j

−
∣∣∣∣pc N∑

k=1
αk + (1 − pc)

N∑
k=1

βk

∣∣∣∣2
]

= 4
[
pc

(N − 1)
N∑
k=1

αkα
∗
k −

N∑
k=1

N∑
j ̸=k

αkα
∗
j

+ (1 − pc)

(N − 1)
N∑
k=1

βkβ
∗
k −

N∑
k=1

N∑
j ̸=k

βkβ
∗
j


+
∣∣∣∣pc N∑

k=1
αk + (1 − pc)

N∑
k=1

βk

∣∣∣∣2 −N
N∑
k=1

∣∣∣pcαk + (1 − pc)βk
∣∣∣2]

= 2pc
N∑
k=1

N∑
j=1

(
αkα

∗
k + αjα

∗
j − αkα

∗
j − αjα

∗
k

)
+ 2(1 − pc)

N∑
k=1

N∑
j=1

(
βkβ

∗
k + βjβ

∗
j − βkβ

∗
j − βjβ

∗
k

)

+4
N∑
k=1

N∑
j=1

(
p2
cαkα

∗
j + (1 − pc)2βkβ

∗
j + pc(1 − pc)βkα∗

j + pc(1 − pc)αkβ∗
j

)

−4N
N∑
k=1

(
p2
cαkα

∗
k + (1 − pc)2βkβ

∗
k + pc(1 − pc)αkβ∗

k + pc(1 − pc)βkα∗
k

)

= 4Npc(1 − pc)
N∑
k=1

αkα
∗
k + 4Npc(1 − pc)

N∑
k=1

βkβ
∗
k − 4pc(1 − pc)

N∑
k=1

N∑
j=1

αkα
∗
j − 4pc(1 − pc)

N∑
k=1

N∑
j=1

βkβ
∗
j

+4pc(1 − pc)
N∑
k=1

N∑
j=1

αkβ
∗
j + 4pc(1 − pc)

N∑
k=1

N∑
j=1

βkα
∗
j − 4Npc(1 − pc)

N∑
k=1

αkβ
∗
k − 4Npc(1 − pc)

N∑
k=1

βkα
∗
k

= 4Npc(1 − pc)
(

N∑
k=1

αkα
∗
k +

N∑
k=1

βkβ
∗
k −

N∑
k=1

αkβ
∗
k −

N∑
k=1

βkα
∗
k

)

+4pc(1 − pc)

 N∑
k=1

N∑
j=1

αkβ
∗
j +

N∑
k=1

N∑
j=1

βkβ
∗
j −

N∑
k=1

N∑
j=1

αkα
∗
j −

N∑
k=1

N∑
j=1

βkβ
∗
j


= 4Npc(1 − pc)

N∑
k=1

|αk − βk|2 − 4pc(1 − pc)
∣∣∣∣∣
N∑
k=1

αk − βk

∣∣∣∣∣
2

≥ 0 (39)

where the last inequality is due to Cauchy–Schwarz inequality.
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C Proof of A + B ≤ 1 in Theorem 3

The sum of coefficients A and B is calculated as

A+B

= 1 − n2
3(1 − 2ps)2 + 4{n1 cos θs + n2(2pc − 1) sin θs}

[
n3(1 − 2ps)

√
ps(ps − 1){n1 cos θs + n2(2pc − 1) sin θs}

]
.

(40)

To maximize A+B with respect to the parameter pc we calculate

∂(A+B)
∂pc

= 8n2 sin θs
[
n3(1 − 2ps)

√
ps(1 − ps) − 2ps(1 − ps)

{
n1 cos θs + n2(−1 + 2pc) sin θs

}]
. (41)

Solving
∂(A+B)
∂pc

= 0 we get

pc = 1
2 − 1

4n2

{
2n1 cot θs + n3(−1 + 2ps) csc θs√

ps(1 − ps)

}
= poc , (42)

which is the only critical point. Now, the 2nd order derivative is given by

∂2(A+B)
∂pc2

= −32n2
2ps(1 − ps) sin2 θs. (43)

From Eq. (43) it is clear that for −1 ≤ n2 ≤ 1, 0 < ps < 1 and θs ̸= 2mπ with m ∈ Z, i.e., for all valid

region of n1, n2, n3, ps, θs, pc where A ̸= 0, we have
∂2(A+B)
∂pc2

< 0. This implies that A+B is strictly

concave in pc and A + B|pc=po
c

= 1 is the local maximum. Therefore, the global maximum value of
A+B is given by A+B|pc=po

c
= 1.

D Axis Estimation with ITDM

The 2 × 2 unitary matrix is given by

U = exp
{

−iθ2
(

sinϕ cos ξ σx + sinϕ sin ξ σy + cosϕ σz
)}
,

=

 cos
(
θ
2

)
− i cosϕ sin

(
θ
2

)
−i cos ξ sinϕ sin

(
θ
2

)
− sinϕ sin ξ sin

(
θ
2

)
−i cos ξ sinϕ sin

(
θ
2

)
+ sinϕ sin ξ sin

(
θ
2

)
cos

(
θ
2

)
+ i cosϕ sin

(
θ
2

)  ,(44)

where θ is the phase and ϕ, ξ are the parameters of the axis of rotation of the unitary matrix. We
aim to estimate ϕ. According to corollary 2, we initialize the input state as

∣∣∣ΨS
〉

= |ψc⟩ |ψ⟩⊗N where
|ψ⟩ = √

ps |0⟩ + eiθs
√

1 − ps |1⟩ with θs ∈ [0, 2π] and ps ∈ [0, 1] and |ψc⟩ = √
pc |0⟩ + eiθc

√
1 − pc |1⟩. In

this scenario, we find that
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α = ⟨χ̇|χ⟩ = i

[
(1/2 − ps) sinϕ sin θ

√
ps(1 − ps) cos θs

(
sin ξ − cos θ sin ξ + cosϕ cos ξ sin θ

)

+
√
ps(1 − ps) sin θs

(
− cos ξ + cos θ cos ξ + cosϕ sin ξ sin θ

)]
,

β = ⟨ω̇|ω⟩ = i

[
(1/2 − ps) sinϕ sin θ +

√
ps(1 − ps) cos θs

(
cos θ sinϕ− sin ξ + cosϕ cos ξ sin θ

)

+
√
ps(1 − ps) sin θs

(
− cos ξ + cos θ cos ξ − cosϕ sin ξ sin θ

)]
,

|χ̇| = ⟨χ̇|χ̇⟩ = sin2 θ

2 , |ω̇| = ⟨ω̇|ω̇⟩ = sin2 θ

2 ,

where the dot represents the derivative with respect to ϕ. This gives a QFI of Qϕ = AN2 +BN, where

A = 4pc(1 − pc)|α− β|2, B = 4
[
pc
(
|χ̇| − |α|2

)
+ (1 − pc)

(
|ω̇| − |β|2

)]
. (45)

By optimizing A with respect to the state and unitary parameters we get max
pc,ps,θs,ξ,θ

A = 4 at pc =

1/2, ps = 1/2, θs = π, ξ = π/2, θ = π which in turn gives B = 0. Thus, we get a quantum Fisher
information of Qϕ = 4N2. It is easy to see that for any AN2 + BN and CN2 + DN with A ≥ C
implies AN2 +BN ≥ CN2 +DN for all positive integer value of N iff A+B ≥ C +D. Numerically
optimizing A+B indeed gives us a value of 4. Therefore the particular parameters employed provide
us with the maximum value of QFI, Qϕ = 4N2 with optimal pure product states and optimal unitary
parameters. In a similar manner, we can also calculate that optimal Qξ scales as N2.

E Spectrum of U †
θU

T
θ

U †
θU

T
θ is a unitary matrix, satisfying U †

θU
T
θ |u(n̂, θ)±⟩ = exp (±if(n2, θ)) |u(n̂, θ)±⟩. Here, f(n2, θ) is

given by

f(n2, θ) = tan−1


√

4n2
2 sin2 θ

2

(
1 − n2

2 sin2 θ
2

)
1 − 2n2

2 sin2 θ
2

 . (46)

The eigenvectors can be expressed as

∣∣u(n̂, θ)±〉 = g∓(n̂, θ) |0⟩ + |1⟩√
1 + |g∓(n̂, θ)|2

, (47)

where

g∓(n̂, θ) =
2n1n2 sin2 θ

2 ∓
√

4n2
2 sin2 θ

2

(
1 − n2

2 sin2 θ
2

)
−2n2n3 sin2 θ

2 − in2 sin θ
. (48)

F FI for small values of θ

For small values of θ = θ̃, we consider up to 1st order correction, i.e., by ignoring O(θ2). This
approximates Eqs. (24) and (25) in the main text as r(ν) ≈ 1 − n2

2θ̃
2(1 − s2

y)/2 and f(ν) ≈ n2sy θ̃ −
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n2θ̃
2(n3sx − n1sz)/2. Consequently, we have ṙ(ν) = n2

2θ̃(1 − s2
y) and ḟ(ν) = n2sy − n2θ̃(n3sx − n1sz).

Putting these values alongwith θc ̸= 0 in Eq. (19) in the main text we get

Fθ̃ ≈ N2
(

1 −
n2

2(1 − s2
y)θ̃2

2

)2N−2[
− θ̃n2

2(1 − s2
y) cos

(
N{n2sy θ̃ + O(θ2)} + θc

)
−
(

1 −
n2

2(1 − s2
y)θ̃2

2

)

×
(
n2sy + O(θ)

)
sin
(
N{n2sy θ̃ + O(θ2)} + θc

)]2/[
1 −

(
1 −

n2
2(1 − s2

y)θ̃2

2

)2N

× cos2
(
N{n2sy θ̃ + O(θ2)} + θc

)]
,

≈ N2
[

− θ̃n2
2(1 − s2

y)
(

cos θc − {Nn2sy θ̃ + O(θ2)} sin θc
)

−
(

1 −
n2

2(1 − s2
y)θ̃2

2

)(
n2sy + O(θ)

)

×
(

sin θc +N{n2sy θ̃ + O(θ2)} cos θc − sin θc
2 N2{n2sy θ̃ + O(θ2)}2

)]2/[
1 −

(
1 −Nn2

2(1 − s2
y)θ̃2

)

×
(

cos2 θc −N{n2sy θ̃ + O(θ2)} sin 2θc −N2{n2sy θ̃ + O(θ2)}2 cos 2θc
)]
,

≈
N2n2

2s
2
y sin2 θc

1 − cos2 θc
= s2

yn
2
2N

2. (49)

On the other hand, with θc = 0 we have

Fθ̃ ≈ N2
(

1 −
n2

2(1 − s2
y)θ̃2

2

)2N−2[
− θ̃n2

2(1 − s2
y) cos

(
Nn2sy θ̃ + O(θ2)

)
−
(

1 −
n2

2(1 − s2
y)θ̃2

2

)

×
(
n2sy + O(θ)

)
sin
(
Nn2sy θ̃ + O(θ2)

)]2/[
1 −

(
1 −

n2
2(1 − s2

y)θ̃2

2

)2N
cos2

(
N{n2sy θ̃ + O(θ2)}

)]
,

≈
N2

(
−θ̃n2

2(1 − s2
y) −Nn2

2s
2
y θ̃ − O(θ2)

)2

1 − (1 −Nn2
2(1 − s2

y)θ̃2)(1 −N2n2
2s

2
y θ̃

2)
,

≈
N2n4

2θ̃
2
(
(1 − s2

y) +Ns2
y

)2

Nn2
2θ̃

2((1 − s2
y) +Ns2

y)
= Nn2

2

(
(1 − s2

y) +Ns2
y

)
= s2

yn
2
2N

2 + (1 − s2
y)n2

2N. (50)

Comparing Eqs. (49) and (50), it is evident that θc = 0 is the optimal scenario. However, θc ̸= 0
scenario also attains Heisenberg scaling.

G Proof of Theorem 6
A general N -qubit state can be written as

|Ψ⟩ =
2N∑
i=1

Λi |λi⟩ , (51)

where (i − 1) is the decimal equivalent number of the ith basis vector |λi⟩, represented in binary
number. For example, the decimal equivalent number of the basis state |λ2⟩ = |0⟩⊗N−1 ⊗ |1⟩ is 1,
where |0⟩ and |1⟩ is just the representation of qubit basis. Decomposing |λi⟩ as

⊗N
j=1

∣∣∣ψij〉 where
∣∣∣ψij〉

is the ith basis state for jth qubit with
〈
ψij

∣∣∣ψkj 〉 = δik and
∑2
i=1

∣∣∣ψij〉〈ψij∣∣∣ = I2 we rewrite

|Ψ⟩ =
2N∑
i=1

Λi
N⊗
j=1

∣∣∣ψij〉 . (52)
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The encoded state can be written as

|Φ⟩ =
2N∑
i=1

Λi

√
pc |0⟩

N⊗
j=1

∣∣∣χij〉+ eiθc
√

1 − pc |1⟩
N⊗
j=1

∣∣∣ωij〉
 , (53)

where
∣∣∣χij〉 = Uθ

∣∣∣ψij〉 and
∣∣∣ωij〉 = UTθ

∣∣∣ψij〉. To calculate the QFI, we find the derivative of Eq. (53)
above with respect to parameter θ which is given by

˙|Φ⟩ =
2N∑
i=1

Λi

[
√
pc|0⟩ ⊗

( N∑
m=1

|χ̇im⟩
N⊗

j=1j ̸=m
|χij⟩

)
+ eiθc

√
1 − pc|1⟩ ⊗

( N∑
m=1

|ω̇im⟩
N⊗
j=1
j ̸=m

|ωij⟩
)]
.

Therefore, we have

⟨Φ̇|Φ̇⟩ =
2N∑
i=1

2N∑
k=1

ΛiΛ∗
k

[
pc

N∑
m=1

{
⟨χ̇km|χ̇im⟩

∏
j ̸=m

⟨χkj |χij⟩ +
∑
l ̸=m

⟨χ̇km|χim⟩⟨χkl |χ̇il⟩
∏
j ̸=m,l

⟨χkj |χij⟩
}

+(1 − pc)
N∑
m=1

{
⟨ω̇km|ω̇im⟩

∏
j ̸=m

⟨ωkj |ωij⟩ +
∑
l ̸=m

⟨ω̇km|ωim⟩⟨ωkl |ω̇il⟩
∏
j ̸=m,l

⟨ωkj |ωij⟩
}]
,

=
2N∑
i=1

2N∑
k=1

ΛiΛ∗
k

[
pc

N∑
m=1

(
χ̇kim

∏
j ̸=m

akij +
∑
l ̸=m

αkimα
ik∗
l

∏
j ̸=m,l

akij

)

+(1 − pc)
N∑
m=1

(
ω̇kim

∏
j ̸=m

bkij +
∑
l ̸=m

βkimβ
ik∗
l

∏
j ̸=m,l

bkij

)]
.

where

⟨χ̇km|χ̇im⟩ = χ̇kim, ⟨χkj |χij⟩ = akij ,

⟨ω̇km|ω̇im⟩ = ω̇kim, ⟨ωkj |ωij⟩ = bkij ,

⟨χ̇km|χim⟩ = αkim, ⟨ω̇kj |ωij⟩ = βkij . (54)

Now, |⟨Φ̇|Φ⟩|2 being a positive number we have

Qθ ≤ 4
2N∑
i=1

2N∑
k=1

ΛiΛ∗
k

[
pc

N∑
m=1

(
χ̇kim

∏
j ̸=m

akij +
∑
l ̸=m

αkimα
ik∗
l

∏
j ̸=m,l

akij

)

+(1 − pc)
N∑
m=1

(
ω̇kim

∏
j ̸=m

bkij +
∑
l ̸=m

βkimβ
ik∗
l

∏
j ̸=m,l

bkij

)]
,

= Q̃θ.

To simplify Q̃θ, we observe that the terms
∏
j ̸=m a

ki
j , and

∏
j ̸=m b

ki
j are the products of the inner

products of N − 1 of the qubits. Since Uθ and UTθ are both unitaries they preserve inner products, i.e.,
akij = bkij =

〈
ψkj

∣∣∣ψij〉 = δki. Hence, given a value of m,
∏
j ̸=m a

ki
j =

∏
j ̸=m b

ki
j = 0, if the qubits in |λi⟩

and ⟨λk| differ in more than one position. Similarly, if the qubits in |λi⟩ and ⟨λk| differ in more than
two positions then the terms

∏
j ̸=m,l b

ki
j =

∏
j ̸=m,l a

ki
j = 0 for a given pair of values m and l.

We define Q̃X
θ , which involves contribution fromN -qubit basis states where qubits differ inX number

of positions only. Therefore, we can write Q̃θ =
∑N
X=0 Q̃X

θ . However, from the above discussions, we
have Q̃X

θ = 0 ∀X ≥ 3 which implies Q̃θ =
∑2
X=0 Q̃X

θ . So we have to calculate only Q̃0
θ, Q̃1

θ and Q̃2
θ.
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• Upper bound of Q̃2
θ: A pair of N -qubit basis states, |λi⟩ and |λj⟩ which differ in exactly two qubits

is given by the condition j = i⊕ 2k ⊕ 2l with k ̸= l. Now, we can write

Q̃2
θ = 4

2N∑
i=1

N∑
k=1

N∑
l=1
l ̸=k

ΛiΛ∗
i⊕2k⊕2l

[
pc

(
αi⊕2k,i
k αi,i⊕d

l∗
l + αi⊕d

l,i
l αi,i⊕2k∗

k

)

+(1 − pc)
(
βi⊕2k,i
k βi,i⊕d

l∗
l + βi⊕d

l,i
l βi,i⊕2k∗

k

)]
.

Since for any complex number, z, we have z + z∗ ≤ 2|z| and |
∑
i zi| ≤

∑
i |zi|, we can write

Q̃2
θ ≤ 4

2N∑
i=1

N∑
k=1

N∑
l=1
l ̸=k

|ΛiΛ∗
i⊕2k⊕2l |pc

(∣∣∣∣αi⊕2k,i
k αi,i⊕2l∗

l

∣∣∣∣+ ∣∣∣∣αi⊕2l,i
l αi,i⊕2k∗

k

∣∣∣∣)

+ 4
2N∑
i=1

N∑
k=1

N∑
l=1
l ̸=k

|ΛiΛ∗
i⊕2k⊕2l |(1 − pc)

(∣∣∣∣βi⊕2k,i
k βi,i⊕2l∗

l

∣∣∣∣+ ∣∣∣∣βi⊕2l,i
l βi,i⊕2k∗

k

∣∣∣∣). (55)

Now, if max |αi⊕2k,i
k | = A and max |βi⊕2k,i

k | = B, where maximization is done over |λi⟩ ,
〈
λi⊕2k

∣∣
and parameters of the unitary by which encoding is performed, then

Q̃2
θ ≤ 8(pcA2 + (1 − pc)B2)

N∑
k=1

N∑
l=1
l ̸=k

∣∣∣∣∣
2N∑
i=1

ΛiΛ∗
i⊕2k⊕2l

∣∣∣∣∣. (56)

Defining Λ⃗ = {Λ1,Λ2, . . . ,ΛN} as the coefficient vector and {k, l}-permuted coefficient vector

as Λ⃗kl = {Λ1⊕2k⊕2l ,Λ2⊕2k⊕2l , . . . ,ΛN⊕2k⊕2l} we can write

∣∣∣∣∣∑2N

i=1 ΛiΛ∗
i⊕2k⊕dl

∣∣∣∣∣ = |Λ⃗k,l · Λ⃗| ≤√
|Λ⃗ · Λ⃗||Λ⃗k,l · Λ⃗k,l| = 1. This implies

Q̃2
θ ≤ 8(pcA2 + (1 − pc)B2)

N∑
k=1

N∑
l=1
l ̸=k

1 = 8(pcA2 + (1 − pc)B2)N(N − 1). (57)

• Upper bound of Q̃1
θ: A pair of N -qubit basis states, |λi⟩ and |λj⟩ which differ in exactly one qubit

is characterized by the condition j = i⊕ 2k which simplifies Q̃1
θ as

Q̃1
θ = 4

2N∑
i=1

N∑
k=1

ΛiΛ∗
i⊕2k

[
pc

{
χ̇i⊕2k,i
k +

∑
l ̸=k

αi⊕2k,i
k αi,i⊕2k∗

l +
∑
m ̸=k

αi⊕2k,i
m αi,i⊕2k∗

k

}

+(1 − pc)
{
ω̇i⊕2k,i
k +

∑
l ̸=k

βi⊕2k,i
k βi,i⊕2k∗

l +
∑
m̸=k

βi⊕2k,i
m βi,i⊕2k∗

k

}]
. (58)

≤ 4
[ 2N∑
i=1

N∑
k=1

|ΛiΛ∗
i⊕2k |pc

∣∣∣∣∣χ̇i⊕2k,i
k

∣∣∣∣∣+
2N∑
i=1

N∑
k=1

|ΛiΛ∗
i⊕2k |pc

∑
l ̸=k

∣∣∣∣∣αi⊕2k,i
k αi,i⊕2k∗

l

∣∣∣∣∣
+

2N∑
i=1

N∑
k=1

|ΛiΛ∗
i⊕2k |pc

∑
m ̸=k

∣∣∣∣∣αi⊕2k,i
m αi,i⊕2k∗

k

∣∣∣∣∣+
2N∑
i=1

N∑
k=1

|ΛiΛ∗
i⊕2k |(1 − pc)

∣∣∣∣ω̇i⊕2k,i
k

∣∣∣∣∣
+

2N∑
i=1

N∑
k=1

|ΛiΛ∗
i⊕2k |(1 − pc)

∑
l ̸=k

∣∣∣∣∣βi⊕2k,i
k βi,i⊕2k∗

l

∣∣∣∣∣+
2N∑
i=1

N∑
k=1

|ΛiΛ∗
i⊕2k |(1 − pc)

∑
m̸=k

∣∣∣∣∣βi⊕2k,i
m βi,i⊕2k∗

k

∣∣∣∣∣
]
.

(59)
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Similar to Eqs. (56) and (57), we can write

Q̃θ
(1) ≤ 4N(pcX + (1 − pc)W) + 8(pcA2 + (1 − pc)B2)N(N − 1), (60)

where X and W are upper bounds of
∣∣∣χ̇i⊕2k,i
k

∣∣∣ and
∣∣∣ω̇i⊕2k,i
k

∣∣∣ respectively.

• Upper bound of Q̃0
θ: Since the basis states which differ in no position is that basis state itself,

the value of Q̃0
θ is upper bounded by

Q̃θ
0 ≤

(
A′N2 +B′N

) 2N∑
i=1

ΛiΛ∗
i =

(
A′N2 +B′N

)
, (61)

where A′N2 +B′N is the upper bound of ⟨Φ̇|Φ̇⟩ for a N -qubit product-probe state as evident from
Sec. 2.2 in the main text.

Finally, we have

Q̃θ = Q̃0
θ + Q̃1

θ + Q̃2
θ ≤ γN2 + ζN (62)

where both γ and ζ are some function of X ,W,A,B, A′, B′ only which are independent of N . Hence,
we prove that no entangled state can beat Heisenberg scaling in ITDM. Note that, from the above
calculation, it trivially follows that this scaling is also true for general N -qudit states.

H Demonstration of advantage in N = 1 for nonoptimal encoding
In the case of NITDM by choosing ρi = ρ∀i as probe state and measuring in the {|+⟩ , |−⟩} basis on
the control qubit, the FI is given by

Fθ =
N2r2N−2(ν)

{
ṙ(ν) cos (Nf(ν) + θc) − r(ν)ḟ(ν) sin (Nf(ν) + θc)

}2

1 − r2N (ν) cos2 (Nf(ν) + θc)
. (63)

where r(ν) =
∣∣∣Tr

(∑
jK

T
j ρK

†
j

)∣∣∣ and f(ν) = arg
[
Tr
(∑

jK
T
j ρK

†
j

)]
. In case of N = 1, Eq. (63) reduces

to

Fθ =

{
ṙ(ν) cos (f(ν) + θc) − r(ν)ḟ(ν) sin (f(ν) + θc)

}2

1 − r(ν) cos2 (f(ν) + θc)
=

{
d
dθ

(
r(ν) cos (f(ν) + θc)

)}2

1 −
(
r(ν) cos (f(ν) + θc)

)2 (64)

From

r(ν) =

∣∣∣∣∣∣Tr

∑
j

KT
j ρK

†
j

∣∣∣∣∣∣ =
∣∣∣∣∣1 + q

2 − n2
2q(1 − cos θ) + iqn2

(
(1 − cos θ)(n1r3 − r1n3) + r2 sin θ

)∣∣∣∣∣,
(65)

we have

r(ν) cos (f(ν) + θc) = Re

Tr

∑
j

KT
j ρK

†
j

 = 1 + q

2 − n2
2q(1 − cos θ). (66)

Putting Eq. (66) in Eq. (64) we get

Fq
θ = n4

2q
2 sin2 θ

1 −
{

1+q
2 − n2

2q(1 − cos θ)
}2 . (67)
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Proof of optimality of n̂2 = ŷ and comparison with “switched” strategy. Note that Fq
θ can be written

as

Fq
θ = n4

2q
2 sin2 θ

1 −
[(

1+q
2

)2
+ n2

2{n2
2q

2(1 − cos θ)2 − q(1 + q)(1 − cos θ)}
] .

From Eq. (68) it is clear that the numerator is maximized at n2 = ±1 where the denominator is
minimized. Hence, n2 = ±1 is the optimal encoding axis in this scenario.

Figure 5: Value of x+y (ordinate) against noise strength q (abscissa), and paramater θ (abscissa) The figure
demonstrates the value of x+ y never goes above 1. All axes are dimensionless.

To compare with “switched” strategy let us evaluate the difference between Fq
θ |n̂=ŷ and the “switched”

strategy, defined as δ = Fq
θ |n̂=ŷ − Fq,S

θ . Now, δ can be explicitly calculated as δ = 1 −x− y where x =
1
16
{
(1 + q)2 − 4(−1 + q)q cos θ

}2 and y = (1 − q)2 sin2 θ
{

1 − 1
4 (−1 + q − 2q cos θ)2

}
. Our numerical

investigation suggests (see Fig. 5) that x+ y ≤ 1 which proves δ ≥ 0 ∀q, θ.

Comparing NITDM with “switched” and regular strategy with non-optimal encoding. Here, we
demonstrate that, beyond the optimal encoding procedure, NITDM can also be advantageous in certain
scenarios even under non-optimal encoding (see Fig. 6), outperforming both the “switched” and regular
strategies. Specifically, when selecting n̂ = [0.8, 0.6, 0] instead of n2 = 1, NITDM proves to be more
effective than the “switched” strategy in the region q ≳ 0.73, corresponding to the low-noise regime.
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Figure 6: Fisher information, Fq
θ ,F

q,S
θ and QFI, Qq,R

θ (ordinate) with respect to noise parameter q (abscissa).
Comparison between Flip, Switch, and regular strategies for n2 ̸= 1. We choose θ = π/4. The figure
demonstrates the advantage of time flip over “switched” and regular strategies in non-ideal encoding scenarios. All
axes are dimensionless.

Conversely, maintaining n2 constant while varying n1, n3, and the probe state can reduce the
advantage of the time-flip approach compared to regular strategy, as illustrated in Fig. 6. While for
n̂ = [0.8, 0.6, 0] and ŝ = [0.2, 0.7, 0.5] NITDM always excels regular strategy, in case of n̂ = [0, 0.6, 0.8]
and ŝ = [0.4, 0.3, 0.0] only for q ≳ 0.85 Fq

θ is higher. Nevertheless, in many cases within the low-noise
regime, NITDM exhibits superior performance.

I θ-averaged performance of single qubit-NITDM

Since both Fq
θ and Fq,S

θ are θ-dependent, to compare the performance of protocols with the aid of switch
and flip, we evaluate the difference of the average FI obtained through these strategies, i.e., ⟨Fq

θ ⟩ −
⟨Fq,S

θ ⟩ =
√

3
8 (1 − q)

√
(1 − q)(3 + 5q) + 1

8
√

(5 + 6q − 3q2)(5 − 2q + 5q2) − 1
4

√
(3 + q)(3 + q − 4qn2

2) −
1
4

√
(1 − q)(1 − q + 4qn2

2). Analyzing this particular equation is nontrivial because of the associated
square roots. Hence, we opt for a numerical approach instead. One thing we know is that for n2 = ±1,
NITDM always outperforms the “switched” one at all q and θ values. Therefore, it always beats
the switched method on average for all q values. For a given value of q we analyze the range of
n2 values ±nmin

2 ≤ n2 ≤ ±1 where flip strategy is better, i.e., ⟨Fq
θ ⟩ > ⟨Fq,S

θ ⟩ and fit nmin
2 with,

nmin
2 = n0

2[1 − qg]h−1 . Fig. 7 represents the χ2-fitted [85, 86] curve of nmin
2 with g = 1.14147 ± (0.48%)

and h = 2.38455 ± (0.25%) as fitting parameters and the constant n0
2 = 0.945742. Although the

magnitude of the advantage decreases significantly as n2 and q deviate from unity, in low-noise regimes,
metrology employing time-flip exhibits superior performance compared to that using switch over a
broad range of n2.
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Figure 7: Comparison between Flip and switch strategy on average. Variation of ⟨Fq
θ ⟩ − ⟨Fq,S

θ ⟩ (heatmap)
against n2 (vertical axis) and noise strength q (horizontal axis). The white contour is the χ2-fitted line of
nmin

2 where the difference ⟨Fq
θ ⟩ − ⟨Fq,S

θ ⟩ = 0. Fitted curve is nmin
2 = n0

2[1 − qg]h−1 with g = 1.14147 ± (0.48%)
and h = 2.38455 ± (0.25%) as fitting parameters and a constant n0

2 = 0.945742. In the regions above the curve flip
outperforms switch. All axes are dimensionless.

J θ-averaged performance of multiqubit-NITDM
Similar to the case where θ is fixed, in θ-averaged scenario we define {⟨F̃q

θ ⟩, Ñ} corresponding to which
⟨Fq

θ /N⟩ is maximized at N = Ñ . Given q = 0.99 and 0.95, in Fig. 8 we demonstrate the behavior of
θ-averaged FI with respect to the number of qubits and corresponding quantities are listed in Table 1.
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Figure 8: Advantage of average performance of multi qubit NITDM and regular strategy. Average FI, ⟨Fq
θ ⟩

(blue lines) with respect to number or qubits N (abscissa) for different noise strength q. QFI in regular strategy, Qq,R
θ

(orange dashed lines) against N . Inset: Average Fisher information per qubit, ⟨Fq
θ ⟩/N (ordinate) against number

or qubits N (abscissa). Here, we fix the parameter value θ = π/4 and the encoding axis as n̂2 = 1. All axes are
dimensionless.

From Table 1, it is evident that given N = 1000 and q = 0.99, it is better to use 20 number of
50-qubit NITDM circuits to get 20⟨F̃0.99

θ ⟩ = 11160 where Nq2 = 980.1. Similarly, for q = 0.95 we can
use 10-qubit circuits 100 times which leads to 100⟨F̃0.95

θ ⟩ = 2170, but Nq2 = 902.5.
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q ⟨F̃q
θ ⟩/Ñ Ñ maxN ⟨Fq

θ ⟩ N corresponding
to maxN ⟨Fq

θ ⟩

0.95 2.17 10 36.4 26

0.99 11.16 50 956.4 133

Table 1: Given two values of q, the maximum value of both θ-averaged FI, maxN ⟨Fq
θ ⟩ and θ-averaged FI per qubit,

⟨F̃q
θ ⟩/Ñ , and the corresponding number of qubits for each maximum value are listed from Fig. 8.

Accepted in Quantum 2025-06-25, click title to verify. Published under CC-BY 4.0. 28


	Introduction
	Framework for Indefinite Time Directed Metrology
	Time-flipped encoding strategy
	Quantum Fisher information in ITDM

	Estimating phases with ITDM
	Fisher information by restricted measurements
	Optimal input probes for small 


	Entanglement can not beat N2-scaling
	Advantage in noisy unitary encoding
	Comparison of NITDM with ``switched'' and regular strategy in single qubit N=1
	Fixing optimally encoded direction
	-averaged performance

	Advantage in multiparty noisy case

	Conclusion
	Acknowledgements
	References
	Calculation of QFI for a arbitrary fully separable pure state
	Proof of Theorem 1
	Proof of A+B1 in Theorem 3
	Axis Estimation with ITDM
	Spectrum of UUT
	FI for small values of 
	Proof of Theorem 6
	Demonstration of advantage in N=1 for nonoptimal encoding
	-averaged performance of single qubit-NITDM
	-averaged performance of multiqubit-NITDM

