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With the word vacuum a state shall be meant which is invariant under
the inhomogeneous restricted Lorentz-group.

The result of the following proof will be:

If there are several vacua, the algebra ({ of field operators will be fully
reducible. This means, speaking loosely, that you have as many invariant
subspaces of the Hilbert space under (I as you have vacuum-states.

For simplicity, the following is written down only for a scalar field
which may interact with itself. The proof is still correct if one has a mani-
fold of fields, if one assumes that each of the fields commutes spacelike
with itself and with each of the other fields of the manifold.

The assumptions we make are essentially those given in the axioms of
Wightman:

(1) Lorentz covariance of the field;

(2) Existence of one or several vacua;

(3) The spectrum-condition for the momentum-operator;

{4) The vacuum expectation values of products of the field-operator

are temperate distributions;

(5) Locality: [A(x), A(y)] = 0 for (x - y) spacelike.

(6) Definite metric in the space of states.

The following proof uses a stronger spectrum condition:

(3a) Epﬁ > m? with m? > 0 for all states except the vacuum-states;
this means p;, = 0 is an isolated point in the momentum spectrum. The col-
lection of all vacuum-states defines a subspace /SQ of -the Hilbert spacez@;
we assume 3 to be separable and notate the projection-operator on to A
by PQ:

PQA =/SQ .

With the algebra of field operators (} we mean the collection of linear combi-
nations of products of field operators:

(Ze, Alf)A(). . AL, )] with A(f) = f A0, (x)dx .

fy (x) is a testfunction from D or S,

It is assumed that the elements of.(} are defined everywhere in /SQ , and
that 8, is a generating subspace for § if we apply(} to {59. This means that
the linear space built from {AxQ;}, Ael, Qjed;, is dense in§ . Written
symbolically:

Ay = 4.

83



84 S. SCHLIEDER

After these preiiminaries we can start with the proof for the reduction
of J.

We use the property of cluster decomposition [1] which follows from

the assumptions made above. We write it down for a special case and only
in the weak form we need:

1}\1_{2 f1(x1) .. fn(xn)gr (y1 - A3) e g (yy - XD Alxe)... Alx,)Aly1) ... Alym))
- (QA(x1). . Ax)QA(YL). . . Alym )] dxdy = 0 (1)

with A real and 3 a space-like vector.

If one looks to the proofs of this cluster decomposition one sees easily
the generalization of (1) for the case of severai vacuum-states:

1>‘i_{gh/’f1(x1 oo fplxp)enly - M. gy (v - AANQAK). ..
AL - PolA(y). . Alym )Qq)dxdy = 0. (2)
Letus take f;,...f ,...81,...8y With compact supports that means

from D. With the property of the locality of the field (assumption (5)) we
get the equation:

tim [ G- faleoles (1 - 2D g by - DAL
e A(xg)A(y1). o DAy m ) )dxdy
= }\i_{{gffl (x1). . fa(xp)gi {y1 - 2D e gm (Ym - ADQA(L). -

v A(ym )A(xy ). . L Alxp )2 )dxdy

and applying (2):
%\1_{{10 £1(x1). .« fa(x)gr(y1 - 2D .. gm(ym- D@ Alx1). . .
' o JA(X)PoA(y1). . . A(ym)Q)dxdy
=1im [£;(x1). . . fa(x0)E1 (yi - 2D)...gm(ym - DA ..

W Alym YPoA(xy ). . L Alx,)92,)dxdy .

The obtained equation does not depend on A, so we get:
(QRA(f1)-.-A(fn)PQA(gl).--A(gm)m) = (Q}(A(Y1)---A(gm)PQA(fJ,)---A(fn)Qg) (»3)
with A(f;) =/ A(xy )ty (x3)dxy ..., Algy) =fA(y1)g1(Y1 )y, - ..

Let us write down (3) in a shorter notation and more impressively with
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A(fy) Alf)...Alf) =A
Agy)A(gz). .. Algm) = B

(QyPqAPa Py BP, Q) = (QPoBPy PoAPoQ,), (4)

Equation {4) is correct for each pair of vacuum-states. Therefore the oper-
ators Pg APy, PoBPg, .... now taken as operators in A ¢ are commutative.
Or in short notation:

The algebra.

Q= P,(IP, is

(a) Commutative; .
(b) It is involutive. This means with A is also the adjoint A in o;

(c) It consists of bounded operators. For one can write:
R=3A+K)+5(A-iA).

The two operators on the right side are Hermitian operators defined
everywhere in A qand are therefore bounded, which follows from a theorem
of Hellinger and Toeplitz [2] . From (a), (b), (c) and the separability
of 4 5 one concludes [3], that all operators of (f can be expressed as func-
tions of the same bounded self-adjoint operator which we will call S (S can
be taken with a simple spectrum):

c

C
S = [AdE,, Ak=/\'5k()\)dE)\.

This means in the case that one has a n-dimensional 50 choosing an
appropriate base in 3 q, the elements of 07 are represented by n-dimensional
diagonal matrices.

If we have an infinite-dimensional /SQ, the form of the decomposition depends
on the spectrum of S. If it is a pure point spectrum, the operators of d are
represented by infinite-dimensional diagonal matrices if one chooses the
appropriate base.

These two cases give the same structure of (f in A,

Let Q1,$%,. - . be the appropriate base (finite or infinite). Then A,
is orthogonal to A, i for m # £; for

' * ‘
(Ax2, AjQm) = (RAKA; Q) = (20A:0m) = (2PaA, PoQn) = 0

with Ak: A] . Ap e (.
In these cases we can split A into a direct sum

A= TROTGE.. . OGO . ..

0= I is invariant under the algebra (} and dense in & = (. If S has
also a continuous spectrum one gets correspondingly also a direct integral
for A. If for instance one has a continuous spectrum from X; to A,
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Ay dp dy  dy dg Ay

and takes as an example the two orthogonal projection-operators

d2 d4
= dE
Bea” de*’ By f *
A E-a E=0
(dy.d;) (dg.dy)

one gets at first the two orthogonal subspaces

12y _ L (3.4) ~
Aa = Adpd B “hq and %, = B, dE Ao

of Ag and then the orthogonal subspaces

1,2) _ 1,2) 3.4) = (3,4)
ALD g aLD 4B - a8

of A. The form of the spectrum of S will depend on the manifold of fields,
which operate in A.

Finally the following further remarks should be made:

(1) If there are also anticommutative fields in the manifold of fields,
in the first step one can choose the greatest sub-algebra (. of ¢¥ with oper-
ators in (3 . which commute spacelike. (% is reduced in the way mentioned
above. The remaining elements of (¥, if applied to a vacuum-state, produce
a state with half-integer spin. If C is such an element Py £ P must be zero.
Therefore the proof is also correct in this more general case.

(2) The cluster decomposition property can be proved [1] without using
locality. If one wishes to go from Eq. (2) to Eq. (3) one only needs the weaker.
condition

lim [A(x +23), A(y)].= 0

where A real, a spacelike.
To get the results of the proof, therefore, only this weaker condition {instead
of locality) is needed.

(3) The reduction of & can also be proved, if one.does not assume that
pu = 0 is isolated in the spectrum, but if one assumes CPT - invariance[4] .

REFERENCES

[1} ARAKI, H., preprint (1961); JOST, R. and HEPP, preprint (1961).

[2} RIESZ-NAGY,*Vorlesungen itber Funktionalanalysis] Berlin (1956) 114.

[3] RIESZ-NAGY,"Vorlesungen iiber Funktionalanalysis, Berlin (1956) 130.

[4] BORCHERS, H.J., Phys. Rev., preprint (1961); REEH, H. and SCHLIEDER, S., Nuovo Cim., preprint
(1962).



