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With the w ord vacuum  a state shall be meant which is invariant under 
the inhom ogeneous restr icted  L oren tz -g rou p .

The resu lt o f the follow ing p ro o f w ill be:
If there are sev era l vacua, the a lgebra (X  o f fie ld  operators w ill be fully 

red u cib le . This m eans, speaking lo o se ly , that you have as many invariant 
subspaces o f the H ilbert space under (X  as you have vacu um -states.

F o r  s im p lic ity , the follow ing is  written down only fo r  a sca la r  field  
which m ay in teract with itse lf . The p roo f is  still c o r r e c t  if  one has a m ani­
fold  o f fie ld s , if one assum es that each o f the fie lds  com m utes spacelike 
with itse lf  and with each of the other fie ld s  o f the m anifold.

The assum ptions we make are essen tia lly  those given in the axiom s of
W ightman:

(1) L orentz covarian ce  o f the fie ld ;
(2) E xistence o f one o r  sev era l vacua;
(3) The spectru m -cond ition  fo r  the m om entum -operator;
(4) The vacuum  expectation values o f products o f the fie ld -op era tor

are tem perate distributions;
(5) L oca lity : [A (x), A (y)] = 0 fo r  (x - y) spacelike.
(6) Definite m etric  in the space o f states.
The follow ing p ro o f uses a stron ger spectrum  condition:
(3a) £ p 2 2  m 2 with m 2 > 0 fo r  a ll states except the vacuum -states;

this m eans pM = 0 is  an isolated  point in the mom entum spectrum . The c o l ­
lection  o f a ll vacu um -states  defines a subspace of'the Hilbert s p a c e d ; 
we assum e <40 to be separable and notate the p ro je ct ion -op era tor  on to /$ f; 
by Pn:

= 4  .

With the a lgebra  o f fie ld  op era tors  CJ- we m ean the co llection  o f linear com bi­
nations o f p rodu cts o f fie ld  op era tors :

(E c  A (f1 )A (f2) . . . A ( f .  )} with A (fx ) = f  A (x)f! (x)dx .
m m Km J

fi (x) is  a testfunction  from  D o r  S .
It is  assum ed that the elem ents o f-(fl, are defined everyw here in-^Q, and 

that is  a generating subspace fo r  £  if we apply (X to This means that 
the lin ea r  space built from  {A kf2j ] ,  A e.01, f i je S n  is  dense in-$ . W ritten 
sym bolica lly :

0 4  = A  .
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A fte r  these p re lim in a ries  we can start with the p roo f fo r  the reduction
o f a .

- We use the p roperty  o f c lu ster  decom position  [1] which follow s from  
the assum ptions m ade above. We write it down fo r  a specia l case and only 
in the weak form  we need:

l im y 'f1 (x1 ) . . . f n(xn)g1 (y1 - X a).. . gm(y„ - Xa)[(Q, A (x i) . . .  A (xn)A(y: ) . . .  A(ym)n)

-  ( n A ( x i ) .  . . A ( x n) n ) ( n A ( y i ) .  . • A ( y  m )f2)] dxdy = 0 (1)

with X rea l and "a a sp a ce -lik e  v e cto r .
If one look s  to the p roo fs  o f this c lu ster  decom position  one sees easily  

the gen era lization  o f (1) fo r  the ca se  o f severa l vacuum -states:

lim  f h { x i ) . . . t a{x a)gli y l -  All). .  . gm (ym - Xa)(f2kA (x !) . . .

. .  . A (x n)( l  - Pa )MYi ) -  ■ • A (y m)nt )dxdy = 0 . (2)

L et us take , . . . f n, . . . g i , . . .  g m with com pact supports that means 
from  D. With the p roperty  o f the loca lity  o f the fie ld  (assum ption (5)) we 
get the equation:

lim  / f i ( x 1 ) . . . f n(x n)g1 (yJl - X a ) . . . g m (ym -  X a)(nkA (xt ) . . .

. . . A (xn)A (y i) . . .  A (y m )n { )dxdy

= ^  f fl ( xl ) ” - fn(xn )g l(y i - XI?)... g m (ym ‘  X^)(nkA (y i ). . .

. . . A (ym )A (xx ). . . A (xn )f2c )dxdy

and applying (2):

1 (xx ). . .fn (x n)gi (yi - X'ä). . . g m (ym - Xa)(Qk A (x !). . .

. . •A(xn)P fiA (y1). . .A (y m)fis)dxdy 

= lim  Tfi (xi ). . . f n(xn)g! (yi - X a ) . . . g m (ym - Xa)(QkA (y !). . .

. . . A (ym )Pn A (X l). . . A (xn )dxdy .

The obtained equation does not depend on X, so we get:

(f2[(A (f1 ) . . .  A (fn)Pn A (g l ) . . .  A (g m )fi{ ) = (nkA (y i ) . . .A (g rn)P0 A (f1 ) . . .A ( fn)n l ) (3) 

with A (fx ) =J A (xt )fi (xj )dx2 . . . ,  A (gt ) =

L et us w rite down (3) in a sh orter notation and m ore  im p ressive ly  with
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JA(yi )gi (yi )dyt

lim /f 
X -* -» /
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A (f1 )A (f2) . . . A ( f n) = A 
A (g l )A (g2 ) . . . A ( g m) = B

(^kPßAPjjP^BPQnj) = ( ^ P qBPjj Pfj APnf2 j) . (4)

Equation (-4) is  c o r r e c t  fo r  each pa ir o f  vacu um -states. T h ere fore  the op er ­
ators  Pfi A  Pn , Pq B Pjj, . . .  . now taken as op era tors  in h n are com m utative. 
O r in short notation:

The algebra

a  = Pßa P Ci is

(a) C om m utative; ^  ^
(b) It is  involutive. This m eans with A is  also the adjoint A in (X-,
(c) It con sists  o f  bounded op era tors . F o r  one can w rite:

Ä = \ (k  + A *) + h. (iÄ - iA ‘S).

The two op era tors  on the right side are H erm itian op era tors  defined 
everyw here in & ^and are th ere fore  bounded, which follow s from  a theorem  
o f H ellinger and T oep litz  [2] . F rom  (a), (b), (c) and the separability 
o f -8 jj one con clu des [3] , that a ll op era tors  o f (X can be expressed  as func­
tions o f the sam e bounded se lf-a d jo in t operator which we will ca ll S (S can 
be taken with a s im ple spectrum ):

S =  X d E x, A k = /S k (X)dEx

This m eans in the ca se  that one has a n -d im ensional choosing an 
appropriate base in ^ a, the elem ents o f (X are  represented by n-dim ensional 
diagonal m a tr ice s .
If we have an in fin ite -d im en sion a l the form  of the decom position  depends
on the spectrum  o f S. If it is  a pure point spectrum , the operators of (X are 
represented  by in fin ite-d im ensional diagonal m atrices  if one ch ooses the 
appropriate base .

T hese two ca ses  give the sam e structure o f (X in /■& .
L et . . be the appropriate base (finite o r  infinite). Then A kf2{
is  orthogonal to Ajf2'm fo r  m f  j2; fo r

(A knJ, Aj Q'm) = (n iA kAj n'm) = toiA 'ti'm ) = (n {PnA rp Qn'm) = o

with A k, Aj , A r e  (%.
In these ca ses  we can split /$ into a d irect sum

h = . .  © ö ö l  © . . .

0 k= C?Qk is invariant under the a lgebra (X and dense in /5 k = £?fik . If S has 
a lso  a continuous spectrum  one gets correspondingly  a lso  a d irect integral 
fo r  . If fo r  instance one has a continuous spectrum  from  Xt to X2
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Xj di d2 d3 d4 X2

and takes as an exam ple the two orthogonal p ro ject ion -op era tors

A (dr d2)E = V - . F - /
d E x

one gets at f ir s t  the two orthogonal subspaces

o f and then the orthogonal subspaces

/5 (1.2) = a /5 >(1.2)i *C3.4)= a /i> (3.4)

o f  A. The fo rm  o f the spectrum  o f S w ill depend on the m anifold o f fie lds, 
which operate in

F inally  the follow ing further rem arks should be m ade:
(1) If there are a lso  anticom m utative fie ld s  in the m anifold o f fie lds,

in the f ir s t  step one can ch oose  the greatest su b -a lgebra  Clc o f Cl with op er ­
a tors  in (X c which com m ute spacelik e . CXc is  reduced in the way mentioned 
above. The rem aining elem ents o f (X, i f  applied to a vacuum -state, produce 
a state with h a lf-in teger spin . If C is  such an elem ent Pß must be ze ro . 
T h ere fore  the p ro o f is  a lso  co r re c t  in this m ore  general ca se .

(2) The c lu ste r  decom position  p roperty  can be proved [1] without using 
lo ca lity . If one w ishes to go from  E q. (2) to E q. (3) one only needs the weaker 
condition

To get the resu lts  o f  the p roo f, th ere fore , only this w eaker condition (instead 
o f loca lity ) is  needed.

(3) The reduction  o f (X can also be proved , i f  one does not assum e that 
p M = 0 is  iso la ted  in the spectrum , but if  one assum es CPT - invariance [4] .
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lim  [ A(x + X'a), A (y )]_ = 0

where X rea l, a sp ace lik e .
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