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Abstract We show that on-shell DDF amplitudes are
on-shell lightcone amplitudes and that Mandelstam maps
emerge naturally with a precise normalization, and are intrin-
sic to the DDF states. Off-shell DDF and Mandelstam ampli-
tudes a la Kaku—Kikkawa differ. In the process, we give a
very explicit formula for the conformal transformation of a
generic vertex in the form of a compact generating function
for free theories.
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1 Introduction and summary

A hallmark of string theory is the presence of an infinite num-
ber of higher-mass spin excitations in its spectrum, which
fill the higher-dimensional representations of the Poincaré
group. String theory offers a consistent description of these
massive modes. However, while the interactions of massless
modes are well understood, the study of amplitudes involving
higher-mass string modes remains relatively underexplored
(see, however, [1-4] for a discussion of string form factors,
[5-12] for the discussion on the stability of massive states
which is relevant for the correspondence principle and [13]
for an explanation of divergences in temporal string orbifolds
due to massive states).

In the 70s, the Del Giudice, Di Vecchia, and Fubini oper-
ators, commonly named DDF operators, were introduced to
describe excited massive string states in bosonic string theory
[14,15]. An important feature of these operators is that they
commute with the generators of the Virasoro algebra. This
property allows for the generation of the complete Hilbert
space of non null (non BRST exact) physical states by apply-
ing an arbitrary combination of them to the ground state.
Generic three point amplitudes involving such states of arbi-
trary string level were computed [15] and subsequently, the
framework was extended to the fermionic Neveu—Schwarz
model [16]. DDF operators play a crucial role in construct-
ing string coherent states, which are proposed as the Confor-
mal Field Theory (CFT) description of macroscopic objects,
potentially identified with cosmic strings [17,18]. Recently,
tree-level scattering amplitudes involving DDF- operators of
exited strings have been explored [19-28].

In particular in [28] we have constructed the generating
functional that provides the generating function of correla-
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tion functions for an arbitrary number N of DDF vertices,
the N Reggeon in the old parlance [29-32]. This result has
been obtained by constructing a Sciuto-Della Selva-Saito
like (SDS) vertex [33,34] to describe the interaction of DDF
coherent states, as introduced in [17,18] in the context of
cosmic strings.

In the quoted paper we derived this generating function
both in the standard formulation of the DDF operators and in
their framed version, as recently proposed in [35]. Generic
DDF correlation functions are subsequently derived by tak-
ing derivatives [17,36,37] with respect to the polarizations
of the SDS vertex.

In this paper we rewrite the result obtained in [28] in a
more conventional way, i.e. using auxiliary operators acting
in auxiliary Fock spaces. While this may seem simply a ques-
tion of taste it paves the way to a better understanding of the
meaning of the DDF correlators. We show in facts that on-
shell open string tree-level DDF correlators are exactly the
same of on-shell open string tree-level lightcone correlators
computed by Mandelstam [38—40]. Explicitly this relation is
given in Eq. (2.4) (and Eq. (7.1) for the Reggeon) which we
rewrite here

(Veoo(x1; IDDF1)) Vegu (2: IDDF)) ...

VeooGini IDDFW)) - (e(x) e(xa) een)

UHP
= N () {1y © Viighseone (0 $UDDF)) ...

M[N] 0 Vlighlcone(O; ¢(|DDFN>)) >UHP

x 8 <Z k[,]_> 5 (Z k[,]+) :

In the previous equation U H P stands for the Upper Half-
Plane (plus boundary), i.e. UHP = {z € C|Jz > 0}. All
correlators (... )y p are then computed in U H P, i.e. with
the U H P Green’s function.

(1.1)

Fig. 1 In this picture we show the upper half-plane with coordinate
u on which we compute the DDF correlators. We show also how U
and my, arise and how they are connected with the upper half-plane
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We have also introduced the DDF states | D D F;.) which
are states in the D = 26 covariant Fock space H,,y. Using
the state-to-operator correspondence we can associate to
|DDF,) an operator V. (x,; |DDF,)) which we choose to
insert at x = x, € d U H P. This operator can be computed
using the Sciuto-Della Selva-Saito operator.

To any | D D F,) we associate the state ¢ (| DD F)) in light-
cone Fock space Hjighicone, 1.6 ¢(|DDF)) is the state in
the lightcone formalism which corresponds naturally to the
DDF state |DDF) and it is expressed using the lightcone
transverse string coordinates.

In the previous formula u = m|(Uj,) (r =1, ... N)are
the Mandelstam maps (see Fig. 1) which are the local inverse
of

r—1 @ N @
Upn@) = = x,) [ [ —=w s [T @ —xp)%r,

s=1 s=r+1
(1.2)

with li[t] the framed DDF momentum which corresponds
to k - pyr) in the usual notation (k being the null momentum
entering the DDF operator and p[, the tachyonic momentum
of the rth state).

These maps are used by Mandelstam to map charts (which
corresponds to incoming or outgoing single strings and have
coordinates Uj,) of the upper half-plane with cuts (which has
coordinate U) to the upper half-plane (which has coordinate
u). The global mapping between the UHP with cuts and the
UHP (without cuts) is given in Eq. (2.5).

Actually Mandelstam does not use the UHP with cuts but
instead uses the strip with cuts described by the coordinate
p. The strip has width «. There is however a one-to-one
correspondence between the strip with cuts and the UHP with
cuts given by U = e”™/%_ The upper half-plane with cuts or
the strip describes the lightcone open string interactions.

Using DDF amplitudes these maps arise in a natural way
even if they are hidden. These results essentially but not
exactly agree with what was obtained in [41-43] in the con-

U(Upay)

with cuts described by coordinate U (when the two shown states have

kﬁj, &EJ > 0 so that U[,) = 0 is mapped to U = 0 otherwise it would

be mapped to U = 00)
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text of string field theory. With a scaling difference in the
Mandelstam maps. The maps used in [41-43] are such that
the interactions are at U[,] = 1, i.e. the unit half-disk which
describes locally an ingoing or outgoing string is without any
singularity in the interior of the half-disk. This is not true for
the maps that emerge from the direct computation of the
DDF amplitudes. However, these maps arise also from using
Witten string field theory maps on DDF states and therefore
the existence of singularities in the unit half-disk is intrinsic
to DDF or lightcone states. We notice finally that the maps
obtained here in a natural way do not give rise to the prob-
lematic “negative stubs” noted in [41]. Conceptually, there is
a difference in the approaches. Here we start from off-shell
DDF states as discussed in [35] and use them as (a subset
of) a basis of string states. We then compute the off-shell
amplitude for N = 3 states according to string field theory
recipes. From this amplitude, we read the Mandelstam maps.
Differently in [42,43] they assume a given expression for the
Mandelstam maps.

While the mapping between on-shell DDF amplitudes and
on-shell lightcone amplitudes works perfectly, it seems that
there are some issues in the mapping between off-shell DDF
amplitudes as given by some string field theory formulation
and Kaku—Kikkawa lightcone string field theory. Neverthe-
less, it seems that these issues may be resolved if a slightly
different vertex is used. However, this is strange, since the
vertex used in Kaku—Kikkawa lightcone string field theory is
the vertex used by Mandelstam to check the N = 4 tachyon
amplitude factorization.

Another result is a very explicit formula for free theories.
It gives the effect of a conformal transformation u = f(U)
on a generic vertex (both primary and non-primary) of a free
theory. It is given in the form of a generating function'and
follows from the SDS conformal transformation. It is given
by Eq. (A.7) for the operatorial formulation or

fo: ei\/g[kf’”x”zil i L]

o ei\/g[xoL(f(X>)+zzil i L]

An

X (f/(X))%)»% 8_5)\02211 ﬁag(A(X’Y)‘Y:()

i A A
e 021 G2 Xomet oy 0% 07 AX.Y)ly=0
9

(1.3)

for the coherent state formulation where L (X) the chiral left
moving part of the string coordinate and

0/1 fX) - f@)
— In————

AX,Y)=—
( ) 2 X-Y

(1.4)

- _ 93
' For example : (33 L)? 9L L : (x) = ﬁ '
39 o=k, Anmo=

In the future, it would be interesting to check that this
correspondence between DDF amplitudes and lightcone ones
works at the loop level and to explore the maps when each
DDF state has a different lightcone. The main reason is that
in lightcone there seems to be a simple description of the
moduli space of the Riemann surfaces while in the covariant
formalism it is known only locally at the level of the measure
but the global structure is not known.

The paper is organized as follows.

In Sect. 2 we give the general recipe of the mapping
between DDF amplitudes and lightcone ones and we give
also a simple example on how it works in Sect. 2.1.

We then proceed step by step to uncover the Mandelstam
maps.

In order to do so we review the classical but by now not
so used formalism of the operatorial Reggeon in Sect. 3.
Then we rewrite the DDF Reggeon seen as a coherent state
as an operatorial Reggeon in Sect. 4. This allows in Sect.
5 to reassemble the operatorial Reggeon in a way which
lends itself to uncover the Mandelstam maps. In Sect. 6 we
uncover the Mandelstam maps for the part of the Reggeon
which describes the interaction between two different stings.
The Reggeon has also a part which describes a string self-
interaction. In Sect. 7 we show that these terms arise because
of the conformal transformation performed by Mandelstam
maps on lightcone vertices. In particular lightcone vertices
are defined in a CFT with non-vanishing central charge and
are generically non-primary. Also, the corresponding SDS
vertices have non-trivial conformal transformations. We give
a very explicit formula for free theories for the conformal
transformation of a generic vertex in the form of a com-
pact generating function as follows from the SDS conformal
transformation. This is derived in Appendix A.

As a final step in Sect. 8 we compare the normalization
factors on-shell and discuss how they match. Details are given
in Appendix B.

Finally in Sect. 9 we discuss the differences between the
DDF results and the Mandelstam—Kaku—Kikkawa—Cremmer—
Gervais approach [44-46].

2 Mandelstam maps from DDF amplitudes

In this section we would like to give a more precise overview
of how on-shell amplitudes with DDF states are lightcone
amplitudes computed Mandelstam maps.

In particular given a covariant vertex for a DDF state we
can associate a lightcone vertex as

Veou(x; IDDF)) — Vlightcone(X; ¢(IDDF)))

ik_x .
e lzghtwneO,

2.1

@ Springer
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where ¢ (| D D F)) is the natural lightcone state associated to
|[DDF). The zero modes have to be treated carefully since
on the lightcone , when the gauge fixing X (o, 1) = 7 is
chosen, there are Only xllighlcone 0> Plightcone0i> xl?ghtcaneo
and pyighrcone 0 — but there is no independent Hy; gnrcone = Py
zero mode Since pjjghrcone 0+ 1 the Hamiltonian. In particular
¢ (|DDF)) depends on transverse momenta k; only.

An important point is that V., (x; |DDF)) is a primary
conformal operator of dimension & = o’ ISZT (where k is the
momentum of the associated tachyonic state) of a CFT with
total charge ¢ = 0. Therefore, under a conformal transfor-
mation it transforms as

df\"
foVeou(x; IDDF)) = (E) Veou(f(x); |DDF)),

2.2)

while Viignrcone (x; ¢(|DDF))) is generically not a primary
conformal operator of a CFT with total charge c = D —2 and
hiightcone dependent on the state ¢ (| D D F')). Itis generically
very different from 4, so its conformal transformation

fo Vlightcone(X; ¢(|IDDF)))

d hlightcone
= (%) Vlightcone(f(x); ¢(|IDDF)) + ...,
2.3)

involves some “anomalous” terms hiddenin .. ..
The correspondence is then?3

(vm(xl; IDDF1)) Veoy(x2; [DDFy)) ...

VeouCini [DDFN)) e e(xa) en)

= N () (111 © Visghteone 0 $UDDF)) ..myyo

Viightcone(@: #(DDFND) )

(ze)e(ze)

In the previous expression N ({x,}) is the factor that in the
path integral approach and in critical dimension arises from
the functional determinant of the 2d Laplacian, and the Jaco-
bian (due to the change of coordinates from tg +io to upper
plane ones) (see [38,47] vol. 2 and [43] for a more recent
approach).

(2.4)

We have also introduced the two 8 (3, kj-1—) 8 (3, kiri4).-

Although, from the covariant point of view this seems com-

2 This result is very similar to the one obtained in [41] but the local
maps differ by a scaling factor. In our case, there is no ambiguity in
getting the local maps.

3 Here and in the following we use ky, for the framed DDF momenta
and ki, for the lightcone theory momenta.

@ Springer

pletely arbitrary and strange, this is not so from the light-
cone point of view. In facts §(3_, kj—) = 8 (Zr k[t])

comes from the factor e'Xr1=%iighiconco in Eq. (2.1). And
5O, k) =8 (Zr k[_r]) comes from computing the path
integral over the infinite lightcone time interval, since the
lightcone Hamiltonian is Hjjgnscone = P4. One could won-
der whether this § along with the other factors come from the

highly non-trivial, but natural piece e Kir=Xiightconen.zm. where
Xiightconen.z.m. is a composite operator.

Finally we have introduced the fundamental functions
u = mp(Up))* which are the Mandelstam maps. They
map local coordinates Uy, of the lightcone rth vertex to the
global upper plane coordinate u. The local coordinates U[,
are associated to an open covering of the Riemann surface
with boundary 2y ({x, Igﬁ;]}) which is defined by the global
equation

N
oM —tm . . o
[U(I,{)] M,-, = e*l¢m 1_[(” _ xs)\/ﬂk[t] — e*l(ﬁm U,

s=1

2.5)

where both u and U take values in the upper half-plane, while
U is a partial multiple cover of the upper half-plane. In the
previous equation we have defined

N
$(x) =7y 0(x; —x)V2'k}E),
s=1
¢ = max ¢ (x),

¢m = min ¢ (x), (2.6)

so that 0 < arg(U) < m. See Fig. 2 for an example which
explains the normalizations used.
Explicitly the local coordinates U[, are

I
Uy (u) = I:eizr S V2K (u)] o

r—1 N
=@—x) [[es—w? [] w—x07, @7

s=1 s=r+1

where kf;] = lg;[r] are the + component of the rth vertex
momentum and

kit ki

=Tls] =ls]

psr = + = + (28)
]iT[r] k[r]

The definition is such that an open half-disk around u = x,

lu —xp| < minszr{lxs — x|}, 2.9

4 We use the notation m, even if it could be confused with a mass
in order to stress that it is the Mandelstam map and that is the reason
of the m and it takes value in the global coordinate # which is a lower
letter.
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a?”gU dmy o krpik

= Vlightcone(xr = m[r](0)§ |k[r]>)~

dU T
[r1=
(2.13)
Then the correspondence reads
Is T4
20 kypukh _
Tg T H(Xr — ) TUIETIS) (v — xp) () — ) (xg — xx)8P 72

—

3

Fig. 2 An example of the argument of U = eitmy/@u—dm)

is mapped to the upper half-plane of U[,]. In particular, singu-
lar points may occur for |U[,| < 1. For example, for N = 3

the interaction point u#; defined by % = 0 is such
u=uy
that,
U )] Y2 1
K+ Va2 K+ V2l
_ LYW L) 2.10)
= |+ + + + g
Ky + KT Ky + KT
For later use we record that
—1 N
dUp(2) ;
% = l_[(xsr)p” 1_[ (xps)Por. (2.11)
u u=xy s=1 s=r+1

The function u = m1(Uy,)) is the local inverse of Eq.
(2.7) so that x, = mp (U1 = 0).

2.1 An explicit example of the correspondence

Before describing how the previous correspondence works,

we would like to give the simplest example of the same.
Let us consider the tachyons. In this case we have

Veou (x5 [k )y = @210

—. pi2kri Lic (x) .

= Viightcone(X; |kTi))

(2.12)

where X is the lightcone local coordinate which differs from
the DDF local coordinate x. It is worth noticing that the fields
used in lightcone are only the transverse ones and therefore
the CFT has non-trivial central charge.

In the previous case, it so happens that Vi;gnscone (X5 k7i))
is also a primary operator with conformal dimension ;g cone
=ao kTikiT but this is an exception. It then follows that

mr] o Vlightcane((); |kT[r]))

r<s

o ) s (0 ) (o)

dmpyy \ kKT
= M({xr}) x (7
l:[ dUpr)

Uin=0

20 kriks —
x [T = x)™ 10057190 D=2 (ZkT[r]i)
r

r<s

X 8 (ZkT{rl) 8 (ZkT[rlJr) . (214)
r r
Now we can use Eq. (2.11) and evaluate
l_[ (dm[r] )a/kT[r]ikiTlrJ
, dU[r] U[r]=0
l_[ dU[r] _a/(kT[r]iké[r]"Fm%[r])
- du
r U=xy
12
1—[ dU[r] T myyy
X
du
r U=xy
N [r-1 @
= l_[ H(xs - xr)kT[r]
r=1 \s=lI
N @ _a/(kT[r]ikiT[,]“l‘m%*[r])
X l_[ (xr _xs)kT[r]
s=r+1
1.2
[ (20 Y
X —_—
du
r U=x,
N r—1
= ([ oo
r=1 \s=1
N L
x T o —x0™ "Tm"Tw>
s=r+1
)
dUp )+" M)
x ]‘[ ( , (2.15)
. du i,
i 2 .
where we used k— = k’kz% The first factor in the last

line completes the lightcone exponents to 2ok Mk; 5] =
—2()t/kT[r]+kT[5]_ — 20l/kT[r]_kT[s]+ + Zo/kT[r],-kT[S]i while
the second one (when the amplitude is on-shell, i.e. with

@ Springer
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+a’ mT[r —1) along with M ({x,}) makes the ghost con-

tribution.

3 Reminder on the usual operatorial formulation of the
Reggeon vertex

Recall that the N-reggeon vertex can be obtained from the
SDS vertex.

Given any state, physical or unphysical, |¢) in a Hilbert
space ‘H the state-to-operator correspondence associates to
it, the operator V[X](x; |¢)) which is a functional of the
string coordinates X (u, u). The state is then recovered as
|¢) = limy—o VIX](x; |¢))]0).

We can easily and explicitly compute this operator in a
different but isomorphic Hilbert space H. The reason for two
isomorphic Hilbert spaces is technical, and it is due to the way
we construct the SDS vertex, the object which performs this
mapping.

This vertex operator in the different (but isomorphic)
Hilbert space H is then V[f( 1(x; |¢)) and is computed using
the SDS vertex as

S)lp) = 1)),

50 S x): H—-> H om(ﬁ, ﬁ). Explicitly the Sciuto-Della
Selva-Saito vertex for the covariant formulation is given by

VIX](x; 3.1

=~ 3 XV
Sk) = (xﬂ =0, 00 : e«/ﬁgl v o o (x, V>

=(x" =0,04]|:e 8w e i B L DL b2)

u
.2 Hiv 00 @ anfuv
:‘/f,g,w(%L O+, oL (x>)

=" =0,04u]:e"“ e :

when x > 0,

(3.2)

where the normal ordering is acting w.r.t. & operators since
only for them there are creators and annihilators, the vacuum
(04| is the one for the o operators acting in ‘H and similarly
(x = 0] is the null eigenstate of x.

The N-Reggeon, i.e. the generating function for all the
tree-level amplitudes is then

(Vn e oxw) = 01 SyGen) - - S en) 10) vz
Ixi] > -+ > |xnl, (3.3)
and when all x, are fixed it is a map
(VN(x1,...xy)| - HEY - C. (3.4)

The Reggeon vertex is such that any correlator can be
computed as

(VN G, - oxw)l (1) ®
=(0| vixica: e ...

o)
VIXICw: g [0)

UHP

(3.5)

@ Springer

where V [f( 1(xr; |@yr))) 1s the vertex operator for the emission
of the state |¢(,]) in the Fock space DB: H or H? and the
correlators are computed in the UHP.

An easy computation gives

Vj(\,c”v)({xf}) — (VN(xlv .. .XN)‘ =
N Ko —0:
(®r=l<x[f]0 =0; O“ﬁ]') 1_[
1<r<s<N

2, ) d2fr) d2f5) ) (D, o (D .
7?‘Z[r]=of2[ﬂ=0 2nri 27131' dL[r] (Z[V])dL[s] (Z[S])]n(z(4

D —2(ps))

X 8 (Z a[r]O 3.6)
where we defined the map
2(Zir) = Ziry + X1, (3.7)

for which z(Z[;1 = 0) = x,. This can be interpreted as the
map between the local doubled coordinate Z|, associated
with the covariant vertex and the doubled global coordinate
z. It is the local inverse of the map

Z[r](Z) =Z— Xr. (3.8)

We have written ’doubled’ because the true map for the open
string would read

u(Up) = Uy + x4, (3.9)

where both u and u[,| are defined on the UHP but we need
to ’double’ their domain of definition to the whole complex
plane in order to be able to perform the contour integrals. In
this case the Riemann surface is simply

U=2Z. (3.10)

4 Recovering Mandelstam map 1: mapping coherent
state parameters A to operator

We need to compare the usual expression for the Reggeon
using operators in (3.6) with the one using )J[r]n

VPP o =(p' = p~ =0|
D—

N L& ; dz mliiﬂ;]
[Tie (2 s |
r=1 i=2 n=1 =0 1#r rt

x+
| —in u%)
+v 20‘/k’r[r]g> (Zi(z+x)] e km)

1 N
DD SE I
‘ ’ 21=0,|z1|>|z2|
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PRIE S
1t
2a/, kT[r] 2a kT[s]

ﬂyg dz e
270 Joy—o 270 (21 — 22 + Xpg)?

[Z[r](zl + xr)]_nl [Z[s](ZZ + xs)]_n2 ) }

N o
% l_[eik'f[r]%‘ik?[r]&;r pl=p = 0)
r=1 N N
20/ kyyyk al
o S
T 1T ’“6(2@:])» (4.1
r=1 s=r+1 r

where only &? and ﬁ) are operators and we use the notation

k+

+
lerl

Xrs = Xr — Xs,  Psr = 4.2)

We have also introduced the doubled version of Eq. (2.7) and
defined the analytic functions in the cut complex plane z

r—1 N
Zin@ =G—x) [ =27 [] (=xs+2°. 43)
s=1 s=r+1

They are analytic for |z — xr| < ming,{|xs — x,|}. However
it may well happen that 211 — 0 at one point closer and
then we cannot invert the map anymore.

For later use, notice that Eq. (2.11) is in the doubled ver-

sion

dUn(2)
du

_dZin(@)
dz

U=xp I=Xr s=r+1

(4.4)

‘We want to map the previous Eq. (4.1) to an equation with
as similar to Eq. (3.6). In our case o are actually A’ or
better a;.!. In order to do so we have to map As which are
associated with DDF operators to ¢.s. It is easy to realize
that we have the mapping

)‘fr]n 4
{\/ﬂ n < - O‘lcl[rlo ’ -
where the 1/n comes from the ¢, algebra and the lightcone
zero modes “lcltr]o have an index which spans only the trans-
verse directions and not the whole spacetime. In fact k™, k™
are treated in a different way because we are already thinking
about the correspondence with the DDF case.

Finally, notice that we treat all momenta in a different way
w.r.t. non-zero modes since there is an added —1 to get better
equations afterwards. The reason is that we want to get Eq.
(6.7) with the factor — % in order to be able to write Eq.
(6.11).

]‘[(xw)pw H (xr5)P"

5 Recovering Mandelstam map 2: rewriting the
Reggeon with operators

We are now ready to rewrite the N point DDF Reggeon using
the operators.
. + .
As a first step, we eliminate all the e*0 exponentials.

To do so we notice that each time we takena derivative w.r.t.
; £o

Ay, we bring down a factor | e 2k

which increases

- n .
ki by Tkﬁ,} This means that when we have taken all

derivatives, we have to replace the tachyonic k., with the
state momentum li[_r]-

So we eliminate the exponential simply by dropping them
and making the substitution /g;[ ]~ Ii[;] in the factor
KXo —kg

Then we can compute the zero modes expectation value
and get a conservation §° _Z(Zr k). Finally, we use the
A — @y mapping to write SD_2(Zr alC’[r]O).

As a second step, we rewrite k7, in the exponents of

20 kpp-k .
X, UV n terms of the true momenta ki
Moreover, we want to eliminate the k1, = —k, as
they are dependent on the other momenta in the Hamiltonian

lightcone formulation. To this end, we notice that

+  _ .t
kT[r]_kr]’ ]iT[ _k 1°

Kk + My
ki = T’ -1
where we have introduced the free parameters M %[r] = —k[zr]

which may vary for each particle. Then we get

N-1 N
l—[ Zw kT[, I‘T 1—[ 1—[ O’h[, Oak[/
r=1t=r+1 r=1t=r+1
N-1 N 1 2 1 g2
Pri (7a“’it]()mfir](i+a,MT|r])+p” (7Dt1ci,mut1(-f,](,+a MTIr])
TITT
r=1t=r+l
N-1 N o
@elr10%e 10
T 1T
r=1t=r+1

5.2)

N Lo i o' M2
dZi1(2) 2 %eroefrio =% M7
1| =i
dz |-,

r=1

The other terms are easier to rewrite. Keeping in mind
our original goal of rewriting the Reggeon in term of the
lightcone SDS vertexes we write

DDF+ghos |
<V15/ +ghost) ({x D] = <®£V=1 (ﬁl[r]o’ Oalr’tr]l)

+a' M2 ,
1—[ [dZ[r](z) } v
—
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X (x1 — x2) (x1 — xN) (x2 — xN)
dZ(2)
XH |: dz
o] i _
Ollp[,]n i % dz Z[rJ(Z) n
exp[ Yy Padn gy
D—1 o] i i
1 Qic(rin, Helrin, %
e 2 Ztelrlny ZEClring.
P {2 Z Z ni ny

i=2 ny,np=l A=

. . .
i| =3 i el 10l

du dza Zi(@) ™" Ziry(22) 7" “
2mi Joy=y, 2mi (z1 — 22)?

N-1 N bt :
Yin el @ef1
ik
r=1 t=r+1
N D—1

of 3 Fge

rit=1,r#t i=2 n=I1

lcl[t]o %
I=Xr

2w 7 — Xt

Az Zj (Z)’”]

N D-1 0

o[ 33 3 Mg g

r=1t=r+1 i=2 nj,ny=1
dz2 Zjpy () ™" Zjn(22)” nZ}
2mi (z1 — 20)?

N N N
D-2 i -
r=1 r=1 r=1

where we have grouped the different factors keeping in mind
the final result. Notice the special treatment for the k* com-
ponents.

2=X

(5.3)

6 Recovering Mandelstam map 3: Mandelstam maps
from interactions between different strings

Let us now use the substitution rule

; O‘lc‘[r n
rln >
Wi=0

dZy
L Lieg e (Zie1) Zin

o [r1( (6.1)

where Z|,| is the local coordinate around the lightcone emis-
sion vertex and we defined as usual

i ol KUy,
Licpyz (Zir) =1 EZ P
n=1

: 1. _ :
Llcl[r](o)(z[r]) = Exlcl[r]() - la,Plcl[r]o In(Zy),

(6.2)

so that trivially

: o alcf 10
ALic)yy0)(Zir) = —iy| = ———.
lC[r](O)( [r]) ) Z[r]

@ Springer

(6.3)

()i
OLicfyyz) (2

i[5 2 e
Z[r]n+1 :
We now perform all steps carefully for the first few terms,
while for the other terms we quote the result since the steps

are the same.
Explicitly we examine the terms

D—

[

i
Alc[0 %
7=x,

N
A0y terms = — Z Z

r=1r=1t#r i=2

00
dz lc[rln

- ——=Zi@™" . 6.4)
2mi n — Xy
n=1
We can rewrite the expression of interest as
N N D-1
2 dZn
MDD NS = 5
r=lr=1tr i=2 * =0 =%
dz Liefite (Zir1(2) 0Licl o) (Zin) 63

2mi T — Xt

Now we change the integration variable from z to Zj,
and use the fact that z(Z|,; = 0) = x,.. This is possible since
the mapping is analytic for |z — x,| < mingz-{|x; — x|}
and invertible for a possibly smaller open set determined by
the zeros of Z“] = 0. However, notice that this means that
we may have smgularities for |Z[,| < 1. This is the major
difference with [41-43] and somewhat unusual for string field

theory.
We get
y NN Dol
Iy Y S f
o r=1t=1t#r i=2 Zm=0 27” Zin=0
dZ[r (+)i dz !
L Zip L Z
27 lcm«»( (1) lf[r (#( [”)dZ[r] 2(Zp) —x
» N
IR Y N %
o r=1t=1t#r i=2 1=0 27” Zin=0
dZ[r ()i (i
o L[C[r](#)(z[r]) 8LIC[t (())(Z t]) (Z(Z[r]) B xt) :

(6.6)
Now we integrate by parts w.r.t. Z,; = 0. This can be done

despite the logarithm since we are integrating around x, and
x; # 0 so we do not cross the cut and get
D—1

XS,
Zi=0 271 J7;,1=0
aLlC(J")l

. i
i [r1G) (Z[r]) 8LlcEt]((l)) (Z[t]) In (Z(Z[r]) - X,)
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N D-1

_ 2 dZp
S PIDIDN

r=1t=1t#r i=2

iUJ:O
dZjr oL,
C

(i
i Lt (L) 9Licgy0) (Z1n)

In (2(Z) — 2(Zy)) (6.7)
where the last step is possible since 9 LE:]F()(’.)) (Z[s)) has only a
single pole at Z[;) = 0 and z(Z[;; = 0) = x;.

Along the same line we can consider O‘ZCEr]oO‘h‘fr]o with
r #t. We get

Ale[r]0%c[rjo t€TMS =

N-1 N Ot]It]OOt]IiJO
clr clt
1_[ l_[ rt

r=1 t=r+1
-1 N D-1

= exp{Z D0 e oeuco

r=1 t=r+1 i=2

In(z(Zr) — Z(Zm)\z[r =71y=0}
N D-1

- dZyr
—exp {— Yy Y fzm_o i 7;,]=0

r=1 t=r+1 i=2

Az, + +)i
o aLErlzg)(z[r]) LG (Zin) In (2(Zpry) — 2(Zinp))
(6.8)

Finally let us now consider “ler]nl a;cf 1 withr # t. We
get

Ucrin, Yeftin, t€IMs =

N—-1 N D-1 (o] a a
”[rbn ¢ [t]nz
DIDIDIDD g
r=1t=r+1 i=2 ny,ny=1 =

dzy dza Zip1(z1) ™" Z(z2) ™"
2w ) 2mi (21 — 22 + x0)2

__ENi: S Dlyg lerJyg
f— —r+l im Jzm=0 27l Jz=0
dZm i
51 OLincs (Zr) aLm(#)(Z[,]) In (2(Zy) — 2(Zpy) -
(6.9)
Using the trivial fact that
(+) (+) ()i
l(Z[r ) = _[rl(;é)(z ) + L[r](z))(z[r])s (610)

we can now assemble all interactions with r # ¢ given in
Egs. (6.7), (6.8) and (6.9) under a very simple expression

Z [alc[r]nalc[t]o terms. + ae[rjoic[s)o terms +
r#t
Ulcirin®c[rim teTmMs ] =
N-1 N D-1

DI 3

dZ[,]%
r=1 t=r+1 i=2 =0 27i Jz,=0

dZi 0+ +
S 0Ly (Zi) AL (Zi) n (2(Z) = 2(Z1) -
(6.11)

The previous expression strongly suggests that hidden within
DDF correlators are the Mandelstam maps. In fact, the pre-
vious equation (6.11) is very similar to the usual one in Eq.
(3.6) up to use of different maps, i.e Eq. (3.8) for the usual
case and Eq. (4.3) for the DDF case. Explicitly, we identify
2(Zyr) = mpp(Z)-

Looking to the whole Reggeon we see that the DDF
Reggeon (5.3) has further contributions, notably some self-
interactions and a normalization term.

We show in the next section that the self-interaction terms
arise from the conformal transformation of the lightcone SDS
vertex (given in Eq. (7.2)) under the local Mandelstam maps
suggested by the previous expression.

We are then left to explain the extra normalization factor in
the first line of Eq. (5.3). We shall argue that this is the factor
Mandelstam obtained from the functional determinant of 2d
Laplacian and other normalization factors in the path integral.
The underlying reason is simply that the DDF amplitudes
are covariant, and the factors computed by Mandelstam are
needed for ensuring covariance.

7 Recovering Mandelstam map 4: Mandelstam from
self-interactions

As mentioned at the end of the previous section we need to
explain the self-interactions. In particular, we would interpret
Eq. (5.3) as a result of a computation similar to the usual one
given in Eq. (3.3). Explicitly, we would like to show that
(with [x1| > - > |xn])

N N
(VPR (D) = N () 8 (Z Ig[t]) s (Z lg[,]>
r=1 r=1

((N)lightcone| m[j o Slightcone[l](o) ...mNjo

Slightcone[N] 0) |(~)lightcane>mv (7.1
where the basic lightcone SDS is given in Eq. (7.2), m[,1(0) =
x, and the normalization facE)Lj/\f ({x}) is discussed later.
Notice that we have written U H P to clarify that the expec-
tation value is w.r.t. the I:TL fields despite the fact that math-
ematically there is only one UH P.

Since the contribution from the Eﬁ has been consid-
ered in the previous section and is completely analogous
to the usual one, because it gives In (z(Zj) — 2(Zpy)) =
In (mg)(Zpr)) — mpy(Zps))), we would now consider the con-
tributions from self-interactions. In particular, we would like
to show that self-interactions arise from regularizing the
lightcone SDS vertex on the previous Riemann surface. In
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fact, the self-interaction is the left over of the regularization
of the non-normal ordered lightcone SDS vertex or, more
exactly, the effect of a non-trivial conformal transformation.

In order to do so we write the SDS vertex for the lightcone
fields as

g}ightcone(x) = (xi =0, Oah.i |

. i ~ -
eV Yo Tt Li! (X.X)
— (i = .
= (x' =0,0,,|
= 28ij $120, 121<1%) 350z Li (DL (X+2)
iRl

(7.2)

e

and notice that this vertex has very different conformal prop-
erties as opposed to the apparently analogous vertex for DDF
operators

~ i sy A
Sppr(x) = (x" =0,0,]: o Va1 Lon=o St Aa )

o ok L D)

5 (7.3)

where Efl (x) is the DDF operator at x which contains both
creators and annihilators of the covariant field. The reason
is that Aln (u) (and Ail) are good zero dimensional conformal
operators, i.e. primary fields, while 8)’357/ (x, x) (ie. o’[fcf1
and oqci,) are (for n # 1) not primary fields.

This implies that under a conformal transformation u =
f(U) (in the UHP) generated by an operator U r and acting
on the tilded fields they transform as (see Appendix A)

Uf §lighturme (X) 0;1 = f © glighn'ane (X)
= ‘g:lightcone (f(X))

T fwme, S5 F70.1716 35 0w Lic! W=€) 02 Lic' () A p (X+W, X+2)
)

X lim0 ed
(7.4)
where
Ar(X+W, X4+ 2Z)=Go(f(X + W),
JX+2)-Go(X+W, X+2Z)
! X+W)—f(X+Z
=_Ot_1nf( +W)—f(X+ ). (7.5)
2 W-—-Z
This transformation has to be compared with
Uy Sppr(x) f/fl = foSppr(x)
YY)
df\ 74040 _
_ (%) Sopr(f ). (7.6)

We can now apply the previous discussion to the case
where u = f(U)is givenby u —x, = f,j(U,) and X =0,

@ Springer

and compare with Eq. (5.3). We can then use U}, = Fj, (4 —
xr) =Up(w)and X =0 = U, =0, so that u — x, = 0.
Notice that in the text but not here we write u = m1(U}-))
instead of u = u(U|,}), the reason being that here, it is more
functional to use u(U[,]) since this makes it clear that they
are the inverse. However, in the text we want to stress that
they are the local Mandelstam maps. On writing Eq. (7.4) in
a more explicit way, we get

Sii U = S Upp) li
u o Syightcone (Upr]) lightcone (U( [r]))sgno

2 dw dZ . i i
% ea? Pwe, Trt $7=0.17|<c T7owLic' W=z L1c' (Z) Au(X+W,X+Z)

i du

L
- +3 Yefpp0%cfpo I v
= Slighlcone(“(U[r])) X e

Uiy =0

. o
oo T elypp@ch i ¥y A W0

1 00 [ i 1 an -
T Zn,m:l alﬂl[r]nal"l[r]m n'm! dg| dﬁz A”(Ul‘U2)|

X e U12=0,

(7.7)

We notice, immediately, that the expression in Eq. (5.3) is
in terms of the inverse function U = F(u). In Appendix A
we give a proof of the required identity

=2,
U0 min! o %90, 7 (U1, U2)
g o dz
mn Jz=0 2700 J2y=0,12) 5125 270
1 1

(7.8)

(z1 = 22)? [F(zDI"[F (221"

for m +n > 1 which allows us to perform the desired map.

8 Recovering Mandelstam map 5: the normalization
factor when on-shell

We would now discuss the normalization factor

2
:|+0/MT[r] }
=Xy

(x1 —x2) (x1 — xN) (x2 — xpn),

N
dZi(z
N () =]‘[{[%@

r=1

8.1

in Eq. (5.3).

We would like to argue that in critical dimension and on-
shell when o’ M %[r] = —1, this is essentially the factor com-
puted by Mandelstam in path integral approach which arises
from the functional determinant of the 2d Laplacian, and the
Jacobian due to the change of coordinates from tg + io to
upper plane ones ( [38] and [47] vol. 2 and [43] for a more
recent approach).
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The reason is simply that on-shell DDF amplitudes in crit-
ical dimension are covariant and the normalization factor
N ({x,}) is needed to get a covariant amplitude exactly as the
factor computed by Mandelstam is needed for covariance.

There is also another reason to stress on-shell. Mandel-
stam’s results are in an Hamiltonian framework where there
is no lightcone energy conservation unless one considers an
infinite period of evolution, i.e. the S matrix. In this case, we
have . p, = 0 so the states are on-shell.

This is also the reason why we have to add by hand the
5 (Zﬁvzl /g[;]) in (7.1).

On the other hand, & (3, &) is implicit in Mandel-
stam’s work because of the conservation of the strip width
imposed by hand.

We would now like to comment on the adverb “essen-
tially”. Mandelstam’s computations are performed by always
choosing one vertex in the upper half-plane at x = co. The
way in which we performed the computations with the DDF
vertices does not allow us to send any coordinate to co. On
the other hand, on-shell we know that the amplitude can be
written in terms of anharmonic ratios which allows us to take
one coordinate to infinity in a smooth fashion. Therefore, we
take one coordinate to infinity and drop any divergent fac-
tor in the Reggeon, since it must be canceled when expand-
ing it for computing an explicit amplitude. This argument
is indirect, but can be checked directly in the N = 3 case.
In particular, we can compare in detail the integrals, i.e. the
Neumann coefficients in the case N = 3 and find a perfect
match. Details are given in the Appendix B.

9 Going off-shell: a difference

Finally, we can consider what happens off-shell. Off-shell
there is a difference. In this section, we keep the discussion
at the conceptual level and we write the details in Appendix
B.

Before we compare, we need to explain what we mean by
‘going off-shell’ in our case.

The simplest way is to let o’ ISZT (-] Which on-shell are the
tachyon masses be free parameters. In doing so, we get ampli-
tudes which depend on the Koba-Nielsen variables and are
not unique. This is to be expected since off-shell physics is
not unique. On the other hand, if we want an off-shell exten-
sion which is well-defined and consistent, we can consider
the Witten three-vertex for the N = 3 amplitudes and then
build the others from it.

Let us consider the Witten vertex. Instead of the usual
basis of covariant states of ghost number —1 we can use a
basis formed by DDF, improved Brower states and the dual
to the improved Brower states. These states obviously do
not include the zero momentum states. This basis is, how-

ever, interesting since, in critical string and on-shell, only
DDF states are physical and non-null, while at the same time
improved Brower states are BRST exact, i.e. physical and
null. In critical dimension and off-shell, improved Brower
states are physical since the improved Brower operators com-
mute with the Virasoro generators but may have negative
norm as shown in some examples in [35]. Moreover, correla-
tors among DDF states, and improved Brower states do not
vanish but are proportional to the mass shell conditions of
the Brower states, as can be directly verified in some very
simple examples.

In order to compare with the lightcone approach, we can
restrict our attention to DDF states. We notice that the DDF
states and operators are primary even when “the tachyon
mass”, more exactly o’ Ing is a free parameter. In fact, the
framed DDF operators qu (x) are conformal operators of
dimension zero ( [35]). (Framed DDF operators are slightly
different from DDF operators stripped of gar zero modes,
which were used earlier and also shown to be good confor-
mal operators in ( [41])). It follows that the dimension of an
off-shell DDF state is equal to the dimension of the asso-
ciated tachyon vertex, i.e. o’ 152T. The Witten vertex is then
simply

ORNCRNON
DDF 3 3 3

(VPDEFhosD (40— /3 xy = 0.5 =/3D)]. (9.1)

(W]

Because DDF states are primary operators this discussion
(see [41] and also [42,43]) can be extended to any consistent
string field theory whose maps for the cubic order are u =

Frr1Upy) as ([41])

(V3] = (fS/III(O))a/K%m (f3/[21(0))a/k2”2] (f3/|3](0))°‘/k%[31
DDF
(VARSI (s = fy3)(0),

x2 = f3121(0), x1 = f311(0) P 9.2)

Notice that conceptually there is also a difference in the
approaches. Here we start from off-shell DDF states as dis-
cussed in [35] and we use them as (a subset of) a basis of
string states. We then compute the off-shell amplitude for
N = 3 states according to string field theory recipes. From
this amplitude we read off the Mandelstam maps which match
the result from first quantized sting theory because of Eq.
(9.2). These maps are intrinsic to the DDF states and not
imposed or chosen. Therefore, the eventual singularities in
the local half-disk are also intrinsic. Differently in [42,43]
they assume a given expression for the Mandelstam maps
but then the expressions for the Mandelstam maps do not
match. Comparison with [41] is less straightforward since
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in this paper they integrate out the Brower states (or at least
states which should correspond to Brower states even if their
expression does not match the usual expression for Brower
states see eq. 3.80 of [41]).

Now we can compare with lightcone formalism. First of
all we notice that Mandelstam worked in the Hamiltonian
formalism and “off shell” means evolution for a finite time,
which implies that lightcone energy is not conserved, i.e.

there is no § (Zﬁvzl li[;]).

When considering finite time intervals Mandelstam Reggeon

vertex (which is the cubic interaction term of the Hamilto-
nian) acquires a dependence on the interaction times, for the
N = 3 only one interaction time tp. The precise form of 7
seems to be fundamental in proving the lightcone factoriza-
tion of the N = 4 amplitudes (see paragraph 7 of [38]).

We cannot then compare directly with Mandelstam’s
work when off-shell, because we are computing an off-shell
Green’s function and he is computing a matrix U(zy, 7;)
element. We can however compare with the formulation of
lightcone String Field Theory proposed in [45,46,48]. In this
paper Kaku and Kikkawa argue that the very same vertex of
Mandelstam extended off-shell can be used for building the 3
string functional quantum Hamiltonian in interaction picture,
i.e Hy3(t), as

Hps(t) = Z (h3¢14¢z«¢3 A11-¢| (1) A1y (T) Ar gy (T) + h.c.)
$1.¢2.03

_ Z (}13(&]’4)2’4)3 g*”(P\”*’P\ZH’Pm*)A;l Agy Aps +h.c.).

P1.02.03
9.3)

In this expression ¢, are “particles”, i.e. second quan-
tized lightcone string states. Each ¢ is in correspondence
with a first quantized lightcone string and therefore is
labeled by |k;, k—, {N;,}). The creator A;f5 (which is in

the Schroedinger picture while AW; ¢(r) is in the interac-
tion picture ) must not be confused with 451 since the lat-
ter is a first quantized DDF operator while the former is
a second quantized creator which creates a first quantized
string [; , (e n)Ni” ki, k_). A; creates a second quan-
tized string A; |Q) 3 which is eigenstate of the second quan-
tized free Hamiltonian H, with eigenvalue Py, i.e.

. . Y K4 Nin—1
Hy A}|Q) =Py ATIQ), Py = =" 2k’_’” .

94)

5 In particular I—['M:] A;M |€2) is a multi string state composed by M
strings.
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As a consequence the coefficient 73 ¢, ¢,,¢, Can be written
as

h3¢1,¢2,¢73 =cC (TO, {k[r]i, k[r]—» {Nrin}},:1’2’3> 8D_2

Kaku and Kikkawa use explicitly Mandelstam vertex given
in Eq. (B.1) as

9.5)

36005 = (V3" (0)] ks k= (N ind)
® |kp2yis ki, {Np2yin})
® |k3yi, k-, {N3jin})

N
x 8 (Z Ig[,]_) :
r=1

The use of Mandelstam vertex extended off-shell was further
researched in [49] without a clear final answer whether it is
fully correct.

To compare with the modem point of view according
to which tree-level string field theory is classical we have
to “de-quantize” Eq. (9.3) and make the quantum opera-
tors Ajy(7) classical modes of a classical lightcone field
Dy, (ki, k_, ki) and then integrate over the lightcone time
T=X%as fj;o dt (see also [42,43]) to get finally the clas-
sical action

3
0= [ T ¥
r=I1

{Npin}

(9.6)

X <<V3(M)(0)| ®) kiryis k= {Niin})
x 8P (kpry — k21 = ki3) @y Kin 1)

X PNy (Ri21) Pinpya} (ki31) + c.c.). 9.7)

This classical action can then be compared with the clas-
sical action obtained from (9.2). Kaku and Kikkawa use the
vertex (V3(M) (0)| which is given in term of the Neumann
coefficients N (see (B.2)). These Neumann coefficients N
have an explicit 7y dependence which is well defined func-
tion of /2o’ Ig*m (see Eq. (B.2)). Now the classical action
obtained from (9.2) has Neumann coefficients which do not
depend on \/ﬁljr[r] unless the maps u = f3,1(Uy,) are
chosen to depend explicitly on V2d! K+[r] (see Eq. (B.6)) .
This means that the results do not agree.

Would they use (V;M)(t0)| the vertex would contain the
Neumann coefficients N and this would match our results
in the limit x3 — oo despite the fact that Mandelstam uses
(V;M) (0)] to prove the factorization N = 4.
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The reason for the difference cannot be traced to the exis-
tence of improved Brower states which are null, i.e. BRST
exact only on-shell but can enter the internal off-shell leg
since we are considering the N = 3 Green function.

After these considerations, we can ask where we are left.
The answer is that it is not clear whether the String Field
Theory construction by Kaku and Kikkawa is consistent as
it stands. It may well be that they missed some higher order
contact terms. On the other hand, the construction in [41] is
well founded and has a clear framework.
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A Details on conformal transformation of lightcone SDS

We want to consider the transformation of the lightcone SDS
under a generic conformal transformation. To this purpose
we consider just one lightcone direction since they are inde-
pendent. The non trivial transformation is the origin of the
self-interaction integral appearing in the SDS correlator gen-
erating function.

We proceed naively and then we justify in a more rigorous
way the result. We use capital coordinates like X, u since
we think they are local coordinates. We start from the point
splitted version of the SDS vertex

[S(X)]p.s = (0; 04

2

exp [-(% 42 41 DI X + 2)
. .
o'\ Jz=0,1z)<e 27i

+ yg AW SO W — LD (x + W))], (A1)
W=¢

2mi

and then we normal order it as

[SX)1ps =
(00, { 1 4 d7Z
=(0; osex - —— —
“ P 20[/2 7=0 270 Jw=e¢
dw - -
= [ @I x4 20,00 W - LD X + )] }
Tl
00, 1 4 ff dZ %
=(0; LLleXp| Tz —5 —
! Pl24a7 7=0 271 Jw=c
aw
o AL (Z)ILD (W —€) Go(X + W,X—i—Z)], (A.2)
Tl

where we have used [LD (W), LE)(Z)] = Go(W, Z) =
Go(W — Z) in obtaining the last line.

The regularized SDS vertex, i.e. the normal ordered one
is then obtained by removing the UV divergent extra factor
above and taking the limit ¢ — 0,

[S(X)]reg =: S(X) := lim [S(X)]p.s No(X, €), (A.3)
where
1 4 dZ
No(X. €) = exp [‘m fzzo 2mi fwze
dw
b L)AL (W —e)Go(X + W, X + Z)] )

(A4)

Notice that Ny is operatorial and must be written after
[S’(X)]p.s which contains a (0; 0,| on which N acts.

We now apply the conformal transformation u = f(U)
generated by U r on the chiral tilded field L(u). We pro-
ceed naively and apply the transformation on the regularized
expression not taking into account that L(u) is point splitted
and not really a primary field. We get an expression that we
verify in a different way.

We find naively

USG5 Uy' = (004
exp [3<?§ 92 51D PO X + 2))
o Z=0 2mi
+ f WS LW — LD (F(X + W)))], (A5)
W=¢ 2mi

then we normal order and consider the regularized version

UrI8X))reg U = f o [S(X)reg =

@ Springer
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=0 2i
. 14 % dzZ % dw
x limexp | - — — —
e—0 2 @’? 7—=0 270 Jw=e 2mi

AL ()LD W —e) AX + W, X + Z)] ,

= (0; 04 : exp [%(ﬁ 9Z s LD DEF X + Z)))] :

(A.6)

where the conformal transformation produces the non trivial
(operatorial) factor

NX) = li 14 f dzZ %
=limexp|=—5 —
e—0 P 2 a/2 7=0 270 Jw=c

aw
b AL IL D W —e) AX+ W, X + Z)} , (A7)
Tl

in which we have defined

AX+W, X+2Z2)=Go(f(X+ W),
fX+2) -Gy X+W, X+ 2)

__a_/ln<f(x+W)—f(X+Z)>
2 wW-—2Z ’

(A.8)

which is well behaved as W — Z (¢ — 0) since the UV

singularity is canceled by the Go(X+ W, X 4-Z) subtraction.
We notice that we can use Eq. (4.5) to rewrite the previous

transformation in a coherent state approach as

fo: & g Leori, @ Lo | _
_ . VLT, Gy L) |
X (f/(X)) 14 ¢~ 20 Kl iy O ALY =0

1 o) A 00 Al .
e_y anl (,,_nl)y Z)n:l (minl)g le(dglA(XvYﬂY:O. (A9)

A.1 Checking the conformal transformation: an example

The goal of this section is to show that the regularization
factor NV (x) derived above is in fact the correct term despite
the naive approach. We consider a simple operator : (9L)? :
(X) with |Uy] > U2

S L) (X)
= Uliglx [0L(U1) dL(U2) — 3,80, Go(Uy, Un)]

& fo(dL(Uy)dL(Uy))
= f'(U1) 8y, L(f(UY)) f'(Uz) 8y, L(f (U2))
= fo: (0L)? : (X)

= Jim {070 L(f UD) 80 L WU2) + 00,00,

[Go(f(UD), f(U2) = Go(Ut, U2)] } (A.10)

@ Springer

which reproduces the previous naive result.

It is then immediate to generalize the previous example to
: (L))" (AL)™ : (X) by simply taking derivatives w.r.t. U
and U,.

For the more general case : ]_[2/1:1(8L)”” : (X) we can
proceed as before starting from

lim [3"1 L(U) 3™ L(U,) ... 38" L(Up)

U,—X

— Z possible contractions} , (A.11)

with |U1| > |Uz| > ... |Upm|.
A.2 Comparison with self-interaction integral - generic
proof

In the main text in order to match the result from the con-
formal transformation of the lightcone SDS under a map
u = f(U) with the result from the DDF computation we
have to rewrite the result for the conformal transformation in
term of the inverse map U = F'(u).

Concretely, we need to prove the following generic rela-
tion,

O e T e
ulilglo m!n! 78271 8?]2 ArUr, )

_?g dz1 dza 1
2120 2701 Joy—0, 211120 270 (21 — 22)?
1

A12
[F )" F ()] A12)

for an arbitrary holomorphic function u = f(U) such that
f(©0) =0 = F(0) = 0. We work with the L.h.s. of (A.12)
and also resolve the limit in a rigorous way as,’

hm{ R v [ F/Uy) f'(Ua)
e—0 | min! VU2 | (F(U)) — f(U2))?

1
Uy - U2)2:|} Ui=¢, U,=0
. {% dU, dU |:
= lim - -
=0 | Jy,=e 2mi Jy,=o 2mi
1 i| 1
(U1 = U2)? ] (U) — eymtiuyt!
. {f dzy dzp
= lim — —
=0 Wzi=r© 270 Jop=0.1z1 1> 122) 270
dU;

1 1
(z1 — 22)2 [F(z1) — e [F(z) "+ 7%1:6 2mi

') ()
(fWU) = f(U2))?

6 1t is understood that the limit € — 0 is taken after the substitution
ur =0,u; =e.
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dU, 1 1
— 5 (> (A3
U=0 2mi (Uy — U2)* (U, — e)"*T1UY
where z; = f(U;).

Although the individual € contributions from the two
terms in braces diverge, they exactly cancel each other in
the combination in which they appear in (A.13). Thus, we
can naively take the limit inside and get the self-interaction,

_yg dzy
21=0 271 J2)=0,|z1|> |2

dzp 1 1
— . A.14
270 (21 — 22)? [F ()" F (z0) ]! ( )

We note that in writing the last equation, we have used the
fact that the integral

f dU, dU, 1
Ui=0 271 Jy,=0 2mi (Uy — U2)? (Ul)’”“Ug”rl

(A.15)

is zero based on the simple observation that the integrand
is holomorphic for U, € B.(0) (or equivalently for |U3| <
[U1D.

Since the previous discussion is based on a not rigorous
argument we demonstrate the claim for the lowest order
terms. Explicitly, we compute the following term arising
from the regularized SDS vertex,

c1C3 —C%
2 b
il

-2
lim — dy, 0, A (U1, U2) = (A.16)

U;—

where, f(U) = Y o2, c,U" is a general holomorphic func-
tion (the inverse of the analytic map (4.3) in our specific case).
We compare this with the corresponding term obtained from
the self-interaction integral to get

% dzi dzo 1 1
2120 2700 J om0,z 1> 100) 271 (21 — 22)? [F(2)]1[F (22)]

—ikf T da 57
= Jo=0 2mi [F(z)]it! Jomo 270 F22)]
(A17)

We can now write the series expansion of the inverse starting
from,

w= f(z) = 1z + o+ ...

1 2 3
:>z=c— w— 7" — 370 — ..
1

2
w c c

= z=F(w)= — — <—§w2 + 2wz2—§ + (’)(w4)>
c

1 1 1

(A.18)

and inserting it into the previous series we obtain

o0

k% o b 7§ dz 3!
= S0 2mi [F))fT! Jopmo 27 [F(22)]

_% dzi 1 1
"~ Jom0 27 [F(z1)123 e

1 [cic3 — c%
c1 c1 ’

which matches exactly with (A.16).

(A.19)

B Details on the comparison with Mandelstam result for
N=3

We would now give the details of the comparison with Man-
delstam’s result for N = 3.

Mandelstam writes the N = 3 Reggeon with interaction
att =0 |V3(M) (0)) (see [47] vol. 2 section 11.4.5 where
the result is clearer stated than in the original paper) as the
time translated of the corresponding Reggeon computed with
the path integral | V3(M) (70)) which comes naturally (with his
conventions) with the interaction at time g as

3 A_
VA ) =270 =t P v ()
=€%T0 ZE:] P;

3 [r] i i 153 S i i
Zr:l Nmr a[r]—m Pl+§ Z[)‘],[J]:l Nrrnvaﬁrj—m Olis]—n |0>
3
D-2 i
P2 pi)
r=1

i
31,1 3 PP
_e*TO Dl g TIT0 = L 1r]

“r]

e

3 gr i i 153 NS i i
le:l Nrrnairj—m P! +3 Z)‘,S:l qulyair]—m a{x]—n |O>

3

D-2 i

w2 (L),
r=1

(B.1)

where 13,_ is the lightcone Hamiltonian. The vertexes are
obtained in an Hamiltonian framework where there is not
lightcone energy conservation unless the consider an infinite

period of evolution, i.e. the S matrix. When this happens

@ Springer
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arg U oM

T2

3

Fig. 3 The phases of U and the imaginary part of 7o. In this way they
can be easily compared where U = ¢!®» U™/ @yu=émn)

we have ), f’r_ = 0 so the states are on-shell and the two
vertices give the same S matrix.
In the previous expression we have introduced the follow-
ing quantities
oy =24/ 2a/p+,,

€™ =lay|*" |oa|*? a3]*,

P! =oq PEQ] — o2 PE1],
1 Ar41
N =— — ,
n=o I ( -

1
fy) == (my = D). (my —m + 1),
m:

NI = (e®)# NI, (B.2)

The interaction time 7y is the real part of the following map

rho =1 +ioy = 2V2a p*iyy log(u — 1)

V20! p+[2] lOg(M), (B3)

when evaluated at stationary point Z—ﬁ = 0. The previous

map from the upper half-plane to the é)trip means that the
vertexes are at x = 1, 0, co. Notice moreover that we have
written oy to signal that this variable has the usual meaning
of worldsheet space coordinate but it has not the usual range
as shown in Fig. 3.

If we consider the ranges we see that we have to compare
e2THOM) with [ = (u— xl)kar[l] (u— xz)mf[ll (u—
x@mﬂ 131 and send x3 — oo by analytic continuation

In order to compare with our expression we need

pi :2v2a’@+[,] (alcfr+1]o - pS,achr]()) ’
Or+1 L (—mpr—1r —1
Jm\ — = ’
o m m—1

when we identify Mandelstam momenta with DDF momenta
as pt = k" and V20/ i,y = ey

(B.4)

@ Springer

Now we can exam the expression given in Eq. (5.3) con-
sidering the terms alc’[r]nalcl[s]o and make use of the integrals
computed in [28]

o Helrim dz Zin@@™
> Ulelsio i —x
m r=x, 20 2 — X

i

_ o N Y i
= 2 Tirym

S

(Ollcltr_H]() - psralcl[.r]()> I[r]m, r+1, (B.5)

where the explicit evaluation gives

~

Iy, tr41) =
m
V2a'kT V2o kt V2a'kt V2dkt,
3] [2] [1] [r]
— 12 *13 X3

(B.6)

—MpPr—1r — 1
m—1 ’
We can now compare with Mandelstam. If we compare
with N}, we get

1 2V20' kT3 2V2ak ) 2427k T
T _ [3] 2] [
e2 = x|, X|3 X3 , B.7)
if we compare with N, we get
24/ 2a’k+[3j 2«/20l/k+[2] 24/ 2a’k+[”
1 =x, X3 X33 . (B.8)

This seems inconsistent but on-shell for N = 3 and consid-
ering the ghost contribution all x dependence cancels. This
simply means that on-shell and for N = 3 we can effectively
drop the x dependence in the Reggeon. This is also the same
statement we wrote on the equivalence of |V3(M) (70)) and

1V (0)) on-shell.
In doing so the two results matches perfectly.
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