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We show that the symmetry algebra of asymptotically flat four dimensional spacetimes at null infinity in the sense of
Newman and Unti is isomorphic to the direct sum of the abelian algebra of infinitesimal conformal rescalings with bmsy.
We then work out the local conformal properties of the relevant Newman-Penrose coefficients, as well as the surface charges

and their algebra.
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1 Introduction

This conference proceedings summarizes the results
of paper [1] to which we refer for detailed computations
and discussions.

The definitions of asymptotically flat four dimen-
sional space-times at null infinity by Bondi-Van der
Burg-Metzner-Sachs [2, 3] (BMS) and Newman-Unti
(NU) [4] in 1962 merely differ by the choice of the radial
coordinate. Such a change of gauge should not affect
the asymptotic symmetry algebra if, as we contend,
this concept is to have a major physical significance.
The problem of comparing the symmetry algebra in
both cases is that, besides the difference in gauge, the
very definitions of these algebras are not the same. In-
deed, NU allow the leading part of the metric induced
on Scri to undergo a conformal rescaling. When this
generalization is considered in the BMS setting, it turns
out that the symmetry algebra is the direct sum of the
BMS algebra bms, [5] with the abelian algebra of in-
finitesimal conformal rescalings [6], [7].

In this note we show that, as expected, the asymp-
totic symmetry algebra in the NU framework is again
the direct sum of bms, with the abelian algebra of in-
finitesimal conformal rescalings of the metric on Secri
and thus coincides, as it should, with the generalized
symmetry algebra in the BMS approach.

We then discuss the transformation properties of
the Newman-Penrose coefficients parametrizing solu-
tion space in the NU approach, focussing on the in-
homogeneous terms in the transformation laws that
contain the information on the central extensions of
the theory, and we finally study the associated surface
charges and their algebra by following the analysis in
the BMS gauge [8].

2 NU metric ansatz and asymptotic symme-
tries

The metric ansatz of NU can be written as

ds? = Wdu?—2drdu+gp(dz? —VAdu)(de® -V EBdu),

(1)
with coordinates w,r,z* and where gspdr?dz® =
12y apdr?daB +rCyapdr?da®4o(r) , with 445 confor-
mally flat. Below, we will use standard stereographic
coordinates ( = cot gew,f, Fapdridz® = e*?d(dC,
» = @(u,z). There is also an additional condition, re-
lated to the fixing of the origin of the affine parameter
of the null geodesic generators of the null hypersur-
faces used to build the metric [4], which yields here
Cc4=011].

In the following we denote by D, the covariant
derivative with respect to y4p and by A the asso-
ciated Laplacian. The fall-off conditions are V4 =
O(r=%) and W = —2r0,% + Ag + O(r~1), where
A = 4e72200¢ with 0 = 0,0 = 0.

The infinitesimal NU transformations are defined
as those infinitesimal transformations that leave the
form of the metric and the fall-off conditions invariant,
up to a rescaling of the conformal factor §@(u, z4) =
@O(u,z4), and are in this case generated by

=1
EASYALTA, TA=—opf [Tdrgt, ()
&= —rouf+ 72+ J, J:@Afffodr’VA,

with 0,f =0=0,Y4 = 0,7, Z = 1Af, 0,Y* =0,
with Y4 a conformal Killing vector of 745, i.e. Y¢ =
Y =Y(), Y¢=Y =Y(¢) in the coordinates (¢, (),
and also with

f=FTg [ e, T-T€O. O
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with v = DaY4 and ¢ = ¢ — 20.  Asymptotic
Killing vectors thus depend on YA T, and the met-
ric, £ = £[Y,T,w;g]. For such metric dependent vec-
tor fields, consider the suitably modified Lie bracket
taking the metric dependence of the spacetime vectors
into account, [fl,fg]]\/j = [61,52] — (52152 + (527261, where
5?1 &5 denotes the variation in £ under the variation of
the metric induced by &, 5glglw = L¢,guv. Consider
now the extended bmsy algebra, i.e., the semi-direct
sum of the algebra of conformal Killing vectors of the
Riemann sphere with the abelian ideal of infinitesimal
supertranslations, trivially extended by infinitesimal
conformal rescalings of the conformally flat degenerate
metric on Scri. The commutation relations are given

by [(Y1,Th,@1), (Ya, Ts,@0)] = (Y, T, @) where

}\//\'A _ YlBaB}/ZA - YQBaBY1A7
T = Y{0uTs — Y5 0uT1 + 2(T104Y5 — To0aYT),

~

w=0.
(4)

In these terms, one can show the following:

Theorem 2.1 The spacetime vectors £[Y, Tv,fu;g] re-
alize the extended bms, algebra in the modified Lie
bracket,

~

60, Th,Br g, £Ye To g || =€V, TGl (5)

in the bulk of an asymptotically flat spacetime in the
sense of Newman and Unti.

Note in particular that for two different choices of the
conformal factor ¢ which is held fixed, w = 0, the
asymptotic symmetry algebras are isomorphic to bms,,
which is thus a gauge invariant statement.

3 Explicit relations between the NU and the
BMS gauges and local conformal transfor-
mation laws of the NU coefficients

The choice of the radial coordinate in the defi-
nition of asymptotically flat space-times in the BMS
[2], [3], [5] and the NU [4] approaches differs but the
relation between the two radial coordinates does not
involve constant terms [1] and is of the form » =
r 4+ O(r~'). This change of coordinates only affects
lower order terms in the asymptotic expansion of the
metric that play no role in the definition of asymptotic
symmetries and explains a posteriori why the asymp-
totic symmetry algebras in both approaches are iso-
morphic.

In the BMS set-up, the general solution to Ein-
stein’s field equations is parametrized by some func-
tions [2], [3], [7] among which are the mass and angu-
lar momentum aspects, and the news tensors. In the

NU case instead [4], the free data characterizing solu-
tion space are described in terms of the spin coefficient
0¥ and its time derivative, and also in terms of the
VY (with a = 0,1,2,3,4), five complex scalars repre-
senting all the components of the Weyl tensor. The
explicit relations between the free data characterizing
asymptotic solution space in both approaches were es-
tablished for instance in [1].

Using the “eth” operators [9] defined for a field n®
of spin weight s according to the conventions of [10]
through 0n®* = P!=%0(Pn®),0n® = PT0(P~*n®)
with P = v/2e~%, where 3,0 raise respectively lower
the spin weight by one unit and let ) = P~'Y and
Y = P7'Y. The conformal Killing equations and
the conformal factor then become Y = 0 = dY and
Y = (0 +0)). Using the notation S = (Y, T,d), we
have —dgyap = 2wyap for the background metric.

To work out the transformation properties of
the NU coefficients characterizing asymptotic solution
space, one needs to evaluate the subleading terms in
the Lie derivative of the metric on-shell. This can also
be done by translating the results from the BMS gauge,
using the dictionary of [1], which yields in this case

500 = [fOu + VO + VB + gﬁy— %637—51]00 9

—056" = [fO, + YD + V3 + 20Y — 2w]5° — %6%,

1474

2 0Y-

__ 55—
05 W) = [f0u + YO+ Y3+ —10Y +
— 30)0Y + (4 —)ofey,
(6)

with i = 1,2, 3, 4.

4 Surface charge algebra

In this section, w = 0 so that f =T + %uw and
we use the notation s = (), ),T) for elements of the
symmetry algebra, which is given in these terms by
[s1, $2] = § where

V=20V, —(12),
V=20 -(1¢2),

~ . 1

T = (yl5 + ylﬁ)Tz - 51/11T2 — (1 > 2) .

The translation of the charges, the non-integrable piece
due to the news and the central charges computed in [8]
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gives here
1

817G
+y@ﬁ+a%ﬁo+%a&?%»+c&}

Q.1 @207 | (F(0) + 0°5")+

L[5, X] = % / 0% f[6%50° + c.c | (8)

1 1 - =
Koy 0lX] = %/dmv (7 /10.0R+

+ %5of162w2 - (1 — 2)) + C.C.} .

We recognize all the ingredients of the surface
charges described in [11]. More precisely the angular
(super-)momentum that we get is

1

81G

- ga(xpg S04 au<af>a°>)}

1
dQijiPD?+-UO56O+—55(0060)—

(9)

and differs from @,,, given in equation (4) of [11] by the
explicitly u-dependent term of the second line. It thus
has a similar structure to Penrose’s angular momentum
as described in equations (11), (12), and (17a) of [11] in
the sense that it also differs by a specific amount of lin-
ear supermomentum, but the amount is different and
explicitly u-dependent, Qy 00 = Q%70 + 5uQ0,0,5y -
The main result derived in [8] states that if one
is allowed to integrate by parts, and if one de-
fines the “Dirac bracket” through {Qs,,Q@s,}*[X]

Qy.00 =

—05,Qs, [X] +Os, [0, X, X], then the charges define a
representation of the bms, algebra, up to a field depen-
dent central extension, {Qs,, Qs, }* = Qs; 5] + Koy 50>
where K, , satisfies the generalized cocycle condition
Kis, ss],55 — 053 K1 s, + cyclic(1,2,3) = 0. This repre-
sentation theorem can be verified directly in the present
context [1].

To the best of our knowledge, except for the previ-
ous analysis in the BMS gauge, the above representa-
tion result does not exist elsewhere in the literature.

A major issue in these considerations is whether
one uses the globally well-defined version of the bmsy
algebra or a local version which contains the Virasoro
algebra and involves an expansion in terms of Laurent
series. The formulas presented above generally apply
to both cases, except for divergences in the charges
that appear in the second case and have to be handled
properly. This is discussed in more details in [1].
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I. Bapruw, II.-X. Jlambepm

ACUMIITOTUYECKNE CUMMETPHUMU TPV CBETOIIOJOBHO BECKOHEYHOCTU N
JIOKAJIBHBIE KOH®OPMHBIE CBOMCTBA CIIMHOBBIX KOS®POUIIMEHTOB

TlokazaHo, 4T0 aarebpa CUMETPUN ACUMITOTUIECKH IIJIOCKOr0 YeTHIPEXMEPHOT0O IPOCTPAHCTBA-BPEMEHH IIPU CBEHONOA00HOH
0eCKOHEYHOCTHU B cMbIciIe HpioMaHa 1 YHTH n30MopdHa IpsAMoil cyMMe abesneBoit aiarebsl 6eCKOHEYHO MaJIbIX KOHDOPMHBIX
npeobpazosanuii ¢ bmsy. O6CYKAAIOTCS JIOKAJIBHBIE KOH(POPMHBIE CBOHCTBA, COOTBETCTBYIOIUX KO3 bunnento Heromana-
Ilenpoy3a, a TakKe MOBEPXHOCTHBIE 3aPsAIbl M HX aJarebpa.

KiroueBble ciioBa: Kon@opmHaa cummempus, xospduyuenmo, Horomana-Ilenpoysa.
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