14th International Particle Accelerator Conference,Venice, Italy

ISBN: 978-3-95450-231-8

ISSN: 2673-5490

JACoW Publishing
doi: 10.18429/JACoW-IPAC2023-WEPA057

ANALYTIC AND NUMERICAL CALCULATION OF COLLIDER
LUMINOSTY WITH CRAB DYNAMICS*

H. Huang', S. Zhao, Old Dominion University, Norfolk, VA 23529, USA
V. Morozov, F. Lin, Oak Ridge National Lab, Oak Ridge, TN 37830, USA
Y. Zhang, T. Satogata, Y. Roblin, Jefferson Lab, Newport News, VA 23606, USA

Abstract

For an integral part of electron-ion collider (EIC) design,
the crab crossing scheme provides a head-on collision for
beams with a nonzero crossing angle. Recently we pro-
vided a framework for accurate numerical simulations of
beam-beam effects with crabbing crossing dynamics. The
framework was implemented in a simulation code package
named “CASA BeamBeam”. We offer comprehensive for-
mulas for calculation of collider luminosity for various
cases in the code package. The luminosity calculation mod-
ule of CASA Beam-Beam now includes the hourglass ef-
fect, the beam-tilt effects and the beam offset effect. The
benchmarking results show good agreement between the
numerical calculation and analytic solution.

INTRODUCTION

The Electron-Ion Collider (EIC) design relies upon short
bunches and high repetition rates to achieve the desired
high luminosity. the crab crossing is an integral part of the
design. It features a non-zero crossing angle (25 mrad for
the primary detector) for the colliding beams. It can ac-
commodate short bunch spacing of the colliding beams
such that the two beams can be rapidly separated before
and after interaction point (IP) to avoid parasitic collisions.
Such crossing angle affects the luminosity performance
since the collider luminosity formula has a maximum value
at zero crossing angle, namely, head-on. Without compen-
sation of the crossing angle at the IP, the EIC would result
in an unacceptable large loss of luminosity. In the EIC de-
sign, a local crabbing scheme is used and thus each beam
is crabbed (tilted by half of the crossing angle) before col-
lision and then de-crabbed after collision such that the two
beams collide head-on in the center of momentum frame.
Because the crab crossing scheme restores a head-on colli-
sion for beams with a nonzero crossing angle, EIC can
achieve high luminosity to meeting the physics program
requirements.

Beam-beam effects are one of the dominant effects lim-
iting the luminosity in colliders. The simulations of crab-
bing dynamics for the current symplectic tracking codes
such as Elegant [ 1] do not include beam-beam effects [2-4].
Based on Elegant, CASA BeamBeam is developed at the
Center for Advanced Studies of Accelerators (CASA, Jef-
ferson Lab). For the crabbing dynamics of CASA Beam-
Beam, the numerical calculation model [5, 6] is based on
the Bassetti-Erskine analytic solution [7] of the beam-
beam interaction and it is extended to finite-length bunches
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using a symplectic algorithm proposed by Hirata [2].
Hence, the luminosity calculation in CASA BeamBeam in-
volves the beam-beam effect. CASA BeamBeam frame-
work is as follows: The particle distribution is initiated at
the start point of the tracking simulation. The beam is
tracked through the crab cavity and is transported to the IP.
At the IP, the particle information will be collected, the
beam-beam interaction will be calculated by CASA Beam-
Beam and then all updated particle information will be fed
back into Elegant for continued tracking through the rest of
the collider ring optics. In this process, CASA BeamBeam
will provide both the analytic and numerical results for the
luminosity calculation. In this paper, we will address the
model for the analytic solution and will demonstrate
benchmark work in the following two sections.

ANALYTIC SOLUTION

For the luminosity calculation, we will demonstrate the
analytic expressions for the luminosity in case of two
bunched beams, (x4, 1, S1) and (x5, ¥, S»), in terms of the
beam parameters and the geometry here.

Excepting s, = ct , we define the following parameters:

* ¢, is the angle between the projection of the beam tra-

jectory on the (x, s) plane and the s-axis.

e @, is the angle between the projection of the beam tra-

jectory on the (y, s) plane and the s-axis.

For two beams in the general case, the coordinate-trans-
lation yields:

X{ = X' COSQ, — S sing, + Ax;
y1=y-cos<py—s-sin(py+Ay1 (1)
s1 = $y/1 + tan?g, + tan?g, + s,

X, = X - COS @, + S-sin, + Ax,

Y, =Yy C0os@y, +5-sing, + Ay, 2)
s, = 5,/1 + tan?g, + tan?g, + s,

For a storage ring collider with bunch spacing Sg,
bunches collide periodically with frequency f, = Bc/Sg,
and sy = ct , excluding the dynamical effects, the lumi-
nosity is defined as

L =P f ﬂf_oooo dxdydsds, P1xP1yP15P2xP2yP2s  (3)
where p; and p, are the time dependent distribution func-

tions of the two beams, Py = N;N,N, fc§ , N; and N, are

the bunch intensities, and N, is the number of colliding
bunches, K is the kinematic factor defined as

K =\/(171 — V)2 —(¥; X 1,)%/c? 4
and
{|171| = Vg1 + tan? @, + tan? @, )
|va] = —v524/1 + tan? @, + tan? @,
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Assuming the beams are colliding at s, = 0, let
1
02 = (% + o2

6x = Ax, — Ax; 1
2 2 2
o, =-\ofy + 0 6
{5y=Ayz—Ay1 % =3 (o +ody) ©
2 _1. 2 2
05 =3 (ofs + 035)
and
__sin?q, |, sinf@y, | 1+tan?@y+tan®e,
T a2 o} o2
(6x) sing (6y)sin¢
b = > X > Y (7)
ol o
_ (6% | (69)?
T 402 403

2
Considering o(s) = o* 1+ (%) , the hourglass effect,

we obtain
0y = 0xVAs? + 1, 0, = oyVBs? + 1 ()
where
ohl ol 1
A:( ot ixz) v 2, 2
Bix Bax"/ 01x +02%
L2 2 )
B _ 0-1_‘)/ O'Zy 1
=l==t =)o
Biy Bzy") 01y " +03y
* __ 1 x 2 * 2
Oy = E(alx + 0y )
(10)
* __ l * 2 * 2
ay = 3 (le + 03y )
then we have
sin? @, sin? @, 1+tan?@y+tanepy,
T o3%(As%+1) O';Z(BSZ+1) o2
(8x)sing (8y)sing
b =->5 2" — 2y (11)
ox (As?+1) 03" (Bs?+1)
(6x)? (8y)*
403°(As2+1) 40y’ (Bs2+1)
Introduce the nominal luminosity,
NiNzN N{NyN
LO — 1N2 be — i 2* b*fc (12)
Zn\IGIX2+UIx2\/UIy2+UIy2 TIxTy
excluding the dynamical effects, then the luminosity is
1 (=] 1 2
L=LCo—m [© —2 _ p-(as’+bstc)gs (13
0 0\/505 f_"o VAs2+1yBs2+1 ( )

JZ cos2 px+2 cos? ¢y —3 cos? gy cos? @y

where C, =
0 cos? @px+cos? @y —cos? gy cos? @y

NUMERICAL CALCULATIONS

For a real collider ring, the misalignments and magnetic
im-perfections may yield orbit distortions and then lead to
a combination of crossing angle and beam offset effects [2-
6]. In CASA BeamBeam, for the numerical process, two
colliding bunched beams are cut into many slices whose
normal direction is parallel to the longitudinal direction.
We implemented CASA BeamBeam to obtain the numeri-
cal results for the luminosity and then benching mark with
our comprehensive analytic solution in the different cases
of two bunched beams, (x4, y;, s;) and (x5, y5, S,), in terms
of the beam parameters and the geometry.

For benchmarking the analytic solution with the numer-
ical results for the special design, the following parameters
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were used: symmetric-electron-collider; flat beam; elec-
tron beam energy 10.0 GeV; collision frequency 1.18 X
108 Hz; number of electrons for each beam is 3.7 x 10%°.

The luminosity is given in units of cm™2s™,

Table 1: Parameters for Cases 1—3

Parameter Case 1 Case2 Case3
os (cm) 10.0 10.0 10.0
eny (mm mrad) 5.0 55.0 55.0
eny (mm mrad) 2.0 20.0 20.0
B (cm) 5.0 4.0 40.0
B (cm) 2.0 0.8 8.0
@, (mrad) 0~10 0~10 0.1
¢y (mrad) 0 2 0
6, (unit: oy) 0 0.01 0~3
6y  (unit: g;) 0 0.01 0.01

Case 1: ¢, = 0; 6x = 0 and 8y = 0; B, > (015 + 025)
and o7, » 0,5, . For this case, since s~(—30; 305) we

have
As? = (—J;"Z + 6;"2)—52 ~0 (14)
L, ﬂ;xzz ﬁ;xz U;xz"'o';xz ’

then a =%+w, b =0, c =0, so the analytic

X N
solution of luminosity for Case 1 is

— — coS2 1 gk (&
L = Ly\/2 — cos? @, TroclB e2BK,, (23) (15)
where K, is the modified Bessel function of the second

kind.
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Figure 1: Numerical and analytic results for Case 1.

Figure 1 shows the numerical result matches the analytic
result very well for Case 1 when one of the crossing angles
is zero. It also shows that when “head-on” (¢, = 0), the
luminosity reduction factor is 1.0. We know that the major
reduction of the luminosity comes from the crossing angle.

Case 2: ¢, #0; 6x <oy and 6y <o, and 6y =0;
.fo > (015 + 025) > ﬁl*y > (015 + 025) and 0'1*x > O-Z*x >
o1y » 03, . Considering s~(—30,30;) , the case 2 con-
ditions yield
w2 ) 2
As? = ("“‘2 + "Z—X) ———~0 (16)

2 2
Bix Bix"/ 01x +03yx

and
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. 2
2 _ (%, %y s?
Bs? = (2 4+ 22) =~ (17)
ﬁ1y Bzy 0'1y +ozy
sin? sin? ¢ 1+tan?py+tan?e
We also have a = "2+ Y+ = L
oL’ ot o?
X y
8x) sin (6y) sing 5x)? 5
b= )*z(p"+ 2, = ¢ 32+(y) So, the an-
Oy oy 40, ay

alytic solution of luminosity for the case 2 is
2

b
L =LoJ2—cos* o, = e4a - (18)

6.0F =3 N —6— Numerical Luminosity
-=-= Analytic-2 Luminosity
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Figure 2: Numerical and analytic results for Case 2.

In Case 2, one of the crossing angles is not zero. If the
two offsets are enough smaller than the transverse rms
sizes, Figure 2 shows that the analytic solution matches the
numerical result very well when increasing the other cross-
ing angle. The maximum value of the luminosity reduction
factor is 0.1437, this value is obviously introduced from
the two crossing angles.
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Figure 3: Numerical and analytic results for Case 3.

Case 3: ¢, # 0 and @, is very small, ¢, = 0; 6x < o7y
or 6x < O-Z*x; .Bikx > (015 + 025) ’ ny > (015 + 025) and
Ofx » O3y , 01y > 03, . Since s~(—30, 30, , again, we
have

2
As? = <U1x + O3x ) s ~0 19
ﬁ;xz BZx 01y +U;x2 ( )
and
x 2 2
Bs? = (61y + aiyz)ﬁ~0 20)
ﬁ1y BZy Uly +o'2y
Now we obtain a = sin? oy | sec? ‘Px b= (8x) sin @y
o - o2
x 5 o
8 )
and ¢ (4x3 ( y ) . If ¢, is small enough, we have
Ox

sin ¢, ~tan ¢, and sec ¢ _~ cos ¢ ~1, then
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L 52 1/2
\/_za—(1+a—f2tan2 (px) (21)
The reduction factor of luminosity can be expressed as

1/2 b2
L/Ly = (1 + = 2 tan? <px) exp (E - c) (22)
where

2
b2 N 5x\2 1 Sy
—— =) w5 @3
4a 2 0y €0S2@x+0¢ sin? @y 20y

For Case 3, we can see in Fig. 3, when the crossing angle
is small enough, the analytic solution will be consistent
with the numerical simulation result.

Case 4: Head-on collision with Hourglass Effect for previ-
ous Jefferson Lab Electron-Ion Collider (JLEIC) design.

As a practical application, for the one of JLEIC design
parameters (see Table 2) with the collision frequency
476% 10° Hz, we did the calculations. The luminosity we
obtained is 3.09 X 1033 cm™/s and the hourglass reduction
factor is 0.85. These results are consistent with the results
of other calculation methods and meet the original design
requirements of JLEIC.

Table 2: Parameters in Case 4

Parameter Proton Electron
Beam Energy (GeV) 40 3
o: (cm) 2.5 1.0
en , hor / ver, (mm, mrad) 0.5/0.2 18/3.6
B*, hor / ver, (cm) 8.0/1.3 30/9.8
Particles/Bunch (101°) 0.59 3.9
CONCLUSION

The beam-beam effects on crabbing dynamics process in
CASA BeamBeam was addressed in this paper. Especially,
in the boosted frame, we addressed and provided the com-
prehensive analytic solutions of the luminosity calculation
for different requirements. The benchmarks demonstrated
that the analytic solutions are consistent with the numerical
results. These analytic solutions will provide fast, valid and
reliable estimates for different designs. For further studies,
the development in CASA BeamBeam, the various aspects
of the crabbing dynamics with beam-beam effect using lu-
minosity evolution, will be one of the performance criteria
in our accelerator physics projects.
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