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ABSTRACT: We propose a testable alternative to inflation directly built in a very general
class of ultraviolet complete theories of quantum gravity enjoying Weyl invariance. After
the latter is spontaneously broken, logarithmic quantum corrections to the action make
both the primordial tensor spectrum (from graviton fluctuations) and the scalar spectrum
(from thermal fluctuations) quasi scale invariant. We predict a scalar spectral index ng
which only depends on two parameters and is consistent with observations, a tensor index
ny = 1 —ng > 0, and, if the fundamental energy scale of the theory A, = Mp; is of order of the
Planck mass, a tensor-to-scalar ratio rg o5 ~ 0.01 detectable by BICEP Array and LiteBIRD
in the immediate or near future, respectively, and a blue-tilted stochastic gravitational-wave
background observable by DECIGO in the further future. From the observational constraint
r0.05 < 0.036, we also find the lower bound A, > 8.5 x 10'° GeV, much stronger than any
previous one for this class of theories.
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1 Introduction

The early universe is an ideal laboratory where to test theories beyond Einstein gravity and
the Standard Model of quantum interactions. Microscopic scales can inflate to cosmological
ones in the blink of an eye; extreme curvature regimes can dominate near the big bang or a big
bounce; exotic particles can show their invisible presence through the cosmic evolution of the
large-scale structures; and so on. Unfortunately, in general, one has to strike a compromise
between theoretical control and predictivity, and the more rigorous and assumption-free is
the theory, the less it makes contact with observations, and vice versa. For example, quantum
gravity has made many of its advances to phenomenology in the context of inflation (see,
e.g., [1] for an overview) but, until now, it has been challenging to overcome theoretical
difficulties and, at the same time, extract predictions that could be falsified in the near future.

In its purest form as a single scalar field, the inflationary mechanism requires a considerable
amount of engineering, from the choice of potential to the embedding in a particle-physics or
quantum-gravity framework. It is significant that the most successful scenario of early-universe
acceleration to date [2], Starobinsky inflation [3], is actually a model of gravity where the
scalar degree of freedom is hidden, and that such model is not ultraviolet (UV) complete per
se but requires an embedding in a larger theory of quantum gravity, such as those attempted



in supergravity [4-6], nonlocal gravity [7—11], or string theory [12]. Considering also that
string theory is facing a swampland crisis [13-15] and it seems difficult to realize single-field
inflation therein, the drive to look for alternatives might be felt even more urgently by some.

In this paper, instead of trying to get inflation from a fundamental theory, we propose a
candidate with fundamental nonlocality which contains, basically for free, the ingredients
needed to solve the singularity, horizon and flatness problems of the hot big bang [16]
and to explain the anisotropies of the cosmic microwave background (CMB), all without
inflation. These achievements are due to an anomaly-free symmetry, Weyl invariance,
and its spontaneous breaking; all the other details of the theory are unessential. As a
phenomenological mechanism, Weyl invariance as an alternative to inflation is not new [17-20]
but, to date, it was not known how to make it work in a fundamental theory due to the
challenge of obtaining UV finiteness. The novelty here lies, on one hand, in the fact that we
provide a concrete setting where quantum Weyl invariance is realized and, on the other hand,
in the extraction of rigid predictions on the tensor sector which can be not only verified,
but even falsified by present- and next-generation gravitational-wave (GW) observatories.
Such rigidity comes from the fact that the cosmological model discussed below is derived
directly from the full theory under assumptions that can hardly be relaxed without spoiling
the self-consistency of the theory.

In particular, we find a lower bound on the tensor-to-scalar ratio r at CMB scales
observable by BICEP-Array, as well as a novel O(10'° GeV) lower bound on the fundamental
energy scale A, of the theory from the PLANCK-BICEP-Keck observational upper bound
on r. For these reasons, this is arguably one of the sharpest instances, compared with few
others [11, 21-24], where the observation of the GW universe is opening a robust window
on microphysics.

The paper is organized as follows. In section 2, we briefly recall the setting of nonlocal
quantum gravity, the transition from a Planckian Weyl-invariant phase to a post-Planckian
non-Weyl one and the resolution of the hot big-bang problems detailed in the companion
paper [16]. In section 3, we compute the primordial tensor and scalar spectra generated during
the post-Planckian phase, their indices, the tensor-to-scalar ratio and the GW background,
showing that the theory yields characteristic predictions in a wide range of frequencies that,
once combined, can be discriminated from inflationary models. Conclusions are in section 4.
Appendices contain technical material and calculations.

2 Summary of the setting

A theory of gravity nonminimally coupled with matter was introduced in [25-27]. Thanks to
the presence of certain nonlocal operators (i.e., terms with infinitely many derivatives), the
quantum properties of this proposal are very similar to those of a more general class of nonlocal
theories which are asymptotically local [28-37] and include perturbative unitarity (absence
of classical instabilities or quantum ghost modes), same nonlinear stability properties as in
Einstein gravity, same tree-level scattering amplitudes, same macro-causality properties, and
super-renormalizability or finiteness at the quantum level. In four dimensions, the action is
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where Ay = §2S)0c/6®,IP; is the local Hessian for all gravitational and matter fields ®;, E;
give the local equations of motion E; = 0, and V(E;) is a collection of local operators at least
cubic in E that secure the finiteness of the theory in even dimensions [27, 33]. The local
extremals with respect to the metric are E,, = (M2G ., — Tjw)/2, where M2 = (87G)~!
is the reduced Planck mass, G, = R — g, R/2, and T, is the energy-momentum tensor
derived from the matter Lagrangian L£,. The term £¥°¢ will be explained shortly. The
nonlocal equations of motions of the theory (2.1) in the gravitational sector are

[eH(A)]ZZT/ E,. + O(Efw) =0, (2.2)
where H(A) := H(A) — H(0) is an entire analytic function of the Hessian entering the
definition of the form factor F:

2AF(A) = A 1 = et T0PE)] ) — 1 (2.3a)
4A
H(A) = v +T'0,p(2)] + Inp(2), z = MZAZ
where A, is an energy scale, vy &~ 0.577 is the Euler-Mascheroni constant, I' is the upper
incomplete gamma function, and p(z) is the quartic polynomial

p(z) =by—bz+ 2%, (2.3¢)

where b > 0 (this sign choice will be dictated by (3.39)). Note that, with the choice (2.3c),
H(0) = 0 when by = 0 (H = H); later on we will drop by altogether, since it is negligible in the
energy regimes we will consider. The form factor (2.3) simplifies previous proposals [29, 31]
and guarantees a well-defined classical problem of initial conditions [38], the absence of extra
poles in the propagators, a unique Lorentzian limit [39-41], unitarity, and power-counting
super-renormalizability in four dimensions [27] (which is essentially given by the highest-order
operators R? — h[0%h of Stelle gravity [42], where h is the graviton and R = R, R). In
fact, in the UV the form factor is asymptotically polynomial:

HE 22! ep(z), (2.4)

and one can perform the usual power counting of divergences in Feynman diagrams. Note
for later that, if b > O(1), then there exists an intermediate UV regime where the linear
term dominates over the quartic one.

Finally, the metric in eq. (2.1) is defined as g,,, == (v2¢/Mp)? G, Where ¢ is the dilaton
field and the v/2 factor is for convenience. All matter fields are rescaled similarly, so that

the theory is classically invariant under Weyl transformations'

0w = () Guv » ¢ =0 Yx)o, e (2.5)

'The local Weyl symmetry considered in this paper is expressed by the transformation (2.5) with arbitrary

conformal factor Q(z), which acts on the fields of the theory and leaves the action invariant. One should
not confuse this with the global conformal symmetry of a spacetime, which leaves the line element invariant.
The latter symmetry is expressed by the conformal coordinate transformations of the conformal group
of such spacetime. For instance, the group associated with conformal invariance of D = 4 Minkowski
spacetime is SO(2,4), the extension of the Poincaré group comprising not only translations, rotations
and Lorentz boosts, but also coordinate dilatations and the so-called special conformal transformations
' = (z — b*2?) /(1 — 2b,2* + b b a?) [43, 44]. Acting with these coordinate transformations leaves the line
element ds”® = n,,dz*dz” = g),,dz’"dz’" invariant and the metric g),, = Q?(z)nu. is rescaled by a conformal
factor Q(x) = 1 — 2b,a* 4 b,b*2?, which is not arbitrary but is fixed by the four parameters b* of the special
conformal transformations.



It is well-known that the introduction of the dilaton in this way can be applied to any theory
and it obviously removes all the scales in the action, since all dimensionful couplings become
numbers. This does not mean that any dynamical theory is Weyl invariant, since, in general,
this symmetry is broken at the quantum level. Then, the choice

_ Mp,
V2

is simply a gauge fixing removing a redundant degree of freedom and all the procedure is

¢ (2.6)

trivial. However, in the present case the theory is also Weyl-invariant at the quantum level,
since it is finite, all beta functions vanish, and the Weyl anomaly is zero [27]. Then, Weyl
symmetry is preserved and gauge fixing (and, in particular, the choice (2.6)) is tantamount
to a spontaneous symmetry breaking (more on this below and in footnote 4 of [16]).

As a consequence, the theory has no physical energy scales, since all couplings are
rescaled by powers of the dilaton field ¢ = Mp,/v/2 + . Still, one can define a UV and
an infrared (IR) regime when comparing the energy component of the momentum and the
scale A, appearing in the form factors, which then become physical after Weyl symmetry is
broken [16]. At UV energy scales E := k” > A, the scattering amplitudes are suppressed [45].
At lower energy scales E < A,, the quantum Lagrangian acquires logarithmic corrections
Lg just like Stelle gravity:

EQ = 5RR1I1 (AZ?%) R+ 5RicR/u/ In (A?) ij, (2.7)
where dg is a constant to be determined by an explicit calculation we do not need here. At
energy scales I/ ~ Mp,, the theory is manifestly Weyl-invariant, there is no absolute notion
of spacetime distance, and the correlation functions of fields with nonzero conformal weight
are identically zero as a consequence of conformal symmetry [43]. In this Weyl phase, the
quantum corrections (2.7) always feature three or more fields and, therefore, do not enter
perturbative two-point functions.

In order to recover the nonconformal world we observe, a symmetry breaking mechanism
must be in place. In this theory, Weyl symmetry is broken spontaneously at scales around
the Planck energy and the ensuing nonconformal phase begins already at early times. One
way to implement this is to include a Weyl-invariant term £12°C in the local Lagrangian L)
which provides a potential for the dilaton with nontrivial minima [16]. A physically alluring
possibility is £X¢ to be the Weyl-invariant Higgs-dilaton potential proposed in [46, 47]:

LY = Ah'h — agp?)? + No*, (2.8)

where b is the Higgs field. Notably, for X' > 0 the dilaton and the Higgs field share the
set of minima h'h = a@? such that the expectation value of the former fixes the one of
the latter and vice versa. In particular, by gauge fixing (recall that dilaton perturbations
are gauge-dependent, so that a choice of constant ¢ breaks Weyl invariance even for a
potential with flat directions), at one of these minima the dilaton acquires the expectation
value ¢ = Mp,//2, whose value is determined empirically by the measurement of Newton’s
constant. Then, Weyl symmetry is broken and the system acquires dimensionful couplings



which can no longer be rescaled arbitrarily by a Weyl transformation. When ¢ < Mp,
and the dilaton sits in its expectation value, we enter a sub-Planckian Higgs phase where
a background is selected and one can consider cosmological perturbations thereon. At the
beginning of this phase, around energies £ ~ Apq with

max (1, bg)

Ahd = A* (29)

(actually, it will turn out that we can drop by so that Apqg = A,/vb), the dynamics is
still nonlocal (we are not truncating the form factor at low momenta)? but the asymptotic

limit of the form factor is such that the gravitational sector becomes local and quadratic
in the Ricci tensor [16]:

M2
Lp,, ~ 2P1R +Lm + F(0)EWEM + Lg
M2 ’YE—H(O)b M2
SR+ BR,RY + Lo+ Lo, B=——p =0,
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(2.10)

in D = 4 dimensions and dropping sub-leading 7},, 7" terms (the expression of E,,, E*
with matter is eq. (A.5) of [16]). The quantum corrections (2.7) contribute to the graviton
propagator. At yet lower energies, £ ~ R and Einstein gravity is recovered.

In [16], we started the description of the cosmology stemming from this theory. To
recapitulate, there we concentrated on the background, leaving perturbations to the present
paper. Weyl invariance provides an extremely simple, natural, and model-independent
solution to the problems of hot-big-bang cosmology. All these issues are addressed in the
Weyl phase of the theory, while the quasi scale-invariant primordial temperature spectrum
arises in the Higgs phase. For details, see sections 3.3 and 4 of [16].

Singularities in a theory should be resolved at very short scales and, in the case of
the big bang, very short times, in the conditions where and when such singularities would
form. When a resolution mechanism is provided by a symmetry enforced at such times and
distances, then it works even if the symmetry is broken at larger scales or later times. In the
present context, the big-bang problem is solved because the Borde-Guth-Vilenkin theorem,
establishing geodesic incompleteness in a very general class of gravitational theories [51], does
not apply here. In fact, the average expansion condition at the core of the theorem is not a
Weyl-invariant statement and cannot be met in a theory where the dynamics is Weyl-invariant.
Vice versa, a Weyl transformation can always make an expanding background static or even
contracting and any singular metric can be rescaled into a regular one. In particular, the
Friedmann-Lemaitre-Robertson-Walker (FLRW) metric can be mapped into asymptotically
flat metrics. After Weyl invariance is broken, the hypotheses of the Borde-Guth-Vilenkin
theorem are met but, obviously, they cannot be extrapolated at arbitrarily early times beyond
the point where Weyl invariance is restored.

The flatness problem is dispensed with by pure symmetry arguments. Weyl invariance
forces all regions of the Universe to be in causal contact, which eventually leads to select

2Truncation of nonlocal operators to a finite order are notoriously delicate and can introduce artificial
solutions and degrees of freedom [48-50].



homogeneous and isotropic metrics (i.e., Minkowski and FLRW with intrinsic curvature
K = 0,£1) at the onset of the Higgs phase. The well-known observations that FLRW
spacetime with any K = 0,+1 is conformally equivalent to Minkowski [52-54] in a Diff
invariant theory and that, moreover, all FLRW metrics are also physically equivalent to the
FLRW spacetime with zero intrinsic curvature in a Weyl x Diff invariant theory further reduce
the possibilities to Minkowski and FLRW with Kk = 0.

The horizon problem does not arise because distances do not have any absolute meaning
in the Weyl phase. At very high energies and early times, Weyl symmetry forces spacetime to
be infinite and wholly causally connected. Thus, there is no horizon problem from the outset.
After Weyl symmetry is broken, the radius H ! of the Hubble horizon acquires physical
meaning and, as shown in section 5 of [16], it is equal to or larger than the radius HE_i}l
of FLRW in Einstein gravity and tends asymptotically to it, H~! — HE_i}l. The standard
evolution of the universe is recovered already during radiation domination when H~! ~ H E_§1~3
Note that the mechanism super-selecting the background at the end of the Weyl-invariant
phase is based on symmetry and is therefore time-independent, in the sense of being enforced
during the whole duration of the Weyl phase. Thus, it makes the background conditions
at the end of such phase (final conditions) and at the beginning of the Higgs phase (initial
conditions) stable against perturbations, which can be rendered arbitrarily small by a Weyl
transformation ([16], section 4.1). Stability of the background is maintained also after Weyl
symmetry is broken. In fact, since radiation-dominated flat FLRW is a solution of Einstein
gravity, then it is also a solution of the classical nonlocal theory [16, 55] with the same
stability properties [55]. By construction, the quantum corrections E9 in eq. (2.11) do
not disrupt these properties.

The monopole problem is avoided because in asymptotically local quantum gravity all
the couplings run to zero in the UV, similarly to the scenario of [56]. In the Weyl phase,
there are no causally disconnected domains where the Higgs field of a grand unification
theory could take different expectation values.

Finally, the trans-Planckian problem does not occur because, while in standard inflation
primordial perturbations with sub-Planckian wavelengths eventually become observable, here
the Weyl phase does not admit a comparison of physical lengths with any given scale. From
the point of view of quantum field theory, the higher-derivative operators E;(CJ/M2)"E",
important at or above the Planck energy, are quadratic in F; and do not contribute to the
linearized nonlocal equations of motion

GH(A)(O)Ei(l) + EzQ +O(E?) =0, (2.11)

where the superscripts denote, respectively, the background and the first order in field
perturbations and E® is the contribution from the quantum corrections (2.7). In particular,
all background solutions of the Einstein’s equations E,, = 0 (including FLRW metrics) are

3Both in the standard cosmological model and in the conformal model under study, our large observable
universe originated from an initially small causal patch of size ~ H~! that later evolved for 13-14 billion
years of radiation-matter-A-dominated expansion. The main difference is how one explains the fact that
also the regions outside this patch, that later entered the horizon during the history of the universe, were
already in causal contact with one another and had the same thermal properties of the patch. In the standard
cosmological model, this is achieved with inflation.



exact solutions of the theory (2.1) at the classical level and approximated solutions at the
quantum level (by the construction in appendix A.2, quantum corrections are sub-dominant).
Examples of backgrounds, meaningful only after spontaneous symmetry breaking, that are
exactly flat and geodesically complete are given in [16].

3 Primordial spectra

While the Weyl phase can address the classic problems of the hot-big-bang model, it does
not explain the origin of the primordial spectra and their almost scale invariance. It turns
out that these are generated during the post-Planckian phase, where Weyl invariance is
spontaneously broken. The one-loop quantum corrections to the classical action are directly
responsible for the small deviation from Harrison-Zel’dovich spectra.

In this section, after describing some basic approximations needed for physical and
technical reasons, we derive the quasi-scale-invariant spectrum of primordial tensor and
scalar perturbations. To this aim, we need the graviton propagator for the theory (2.1)
with form factor (2.3). The tree-level expression can be found in appendix A.1, while the
graviton propagator from the one-loop quantum effective Lagrangian (2.10) is calculated
in appendix A.2.

We do not consider vector perturbations because, in the full nonlocal theory, they decay
in time for any expanding power-law background, not necessarily inflationary, as one can
see by applying perturbation theory on the Einstein-gravity solutions of E,,, = 0 [57]. This
result is valid in the full theory in the nonlocal trans-Planckian phase, where E,, = 0 are
exact classical solutions, but is not altered even at later times when the dynamics approaches
the quadratic regime (2.10), where B < 0. The background and perturbative cosmology of
this Lagrangian [58] have been studied in detail [59-64]. In particular, from egs. (15), (25)
and (26) of [60], one can see that the vorticity velocity v,, is constant in a radiation-dominated
universe. The equation of motion (25) for the difference ¥ := v, — v,, between shear and
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vorticity velocity shows that W decays as ~ a~* as in Einstein gravity (B = 0), since the

O(B) terms are further suppressed in time.

3.1 Flat spacetime approximation

According to the discussion in section 3.2 of [16] and the results derived in appendix A.2, the
computations we are going to make in this section rely on two assumptions for the energy
regime in which we will consider the theory (2.1):

(i) Quadratic-gravity or higher-derivative (hd) regime [16]
Apa S ESA,. (3.1)

In this range, the theory has the local limit (2.10) which captures its main UV proper-
ties.* The reason why one should consider the quadratic-curvature regime of the theory
is not just convenience (the theory in the fully nonlocal regime may be very difficult
to handle cosmologically), but also empirical. We know that early-universe spectra

4More generally, what follows holds also for Stelle gravity with a nonzero coefficient of the R? operator.



are quasi-scale-invariant. Then, if they are generated by curvature (as they should in
this model, since we do not have matter fields sustaining inflation), they must proceed
from operators of the same dimensionality of spacetime. Thus, in four dimensions these
operators are quadratic curvature terms, so that the dimensional scaling of the graviton
two-point function in this regime is ~ 1/k*. Thus, if the theory can account for the
primordial cosmological spectra, it must do so in the Stelle-like regime. Quantum
corrections naturally break exact scale invariance, as described below.

(ii) Perturbative (one-loop) approximation (A.30), corresponding to E 2 A,/10. It guaran-
tees that one-loop quantum corrections in the propagator are subdominant with respect
to the classical (tree-level) part consistently with the quantum field theory perturbative
expansion. This condition also permits some analytic simplifications (eqgs. (A.25) and
(A.26)), but its main reason is to ensure that we only explore corners of the parameter
space where perturbative quantum gravity does not break up.

Therefore, if max(1,bg)/b < O(1072), then Apq < A,/10 and the conditions (i) and (ii) imply
that A,/10 < E < A, which boils down to pushing the energy to the lower limit:

A*
E~ 0 (3.2)
If we make the identification A, = Mp,, then the regime (3.2) falls within the post-Planckian
or Higgs phase where Weyl invariance is spontaneously broken.

In section 3.1 of [16] we argued that A, < Mp, only using Weyl invariance. Here, we end
up with a weaker statement using (3.2) and the fact that the energy of particles propagating
in the Higgs phase must be smaller than the Planck mass, E < Mp;:

A EPI
« < 10 My, by > —. (3.3)
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where £, = A;! and /p = M;!.

In order to compute the primordial scalar and tensor spectrum, we first show that we
can approximate the asymptotic FLRW metric with the Minkowski one. Then, we can
evaluate the correlation functions in flat spacetime and avoid the complications of quantum
field theory on curved spaces. This approximation is not a novelty in certain scenarios of
conformal cosmology [17, 18] and cosmologies from quantum gravity [65, 66] where the correct
primordial spectra are generated subhorizon. The condition that has to be fulfilled is to
consider perturbations within the Hubble horizon,

1
A:E<<RH:H*1, (3.4)

where A is the wavelength of the perturbation. In the following, we analyze the timeline
of the cosmological model and the hierarchy that its characteristic time scales must satisfy
to comply with (3.4).

There are three important moments in the evolution of the Universe: the instant ¢,
when A = ¢, and the Universe exits the Weyl phase, the time (or, more precisely, a narrow
range of time scales) ¢\ when A ~ 10/, and the wavelength has the same scale of validity of



the Stelle regime (see eq. (3.2)), and the instant ¢5,, when A = A before which the theory
can be approximated by the local quadratic action (2.10) and after which it starts to recover
Einstein gravity. Apart from these, there is another time instant of interest ¢, which signals
the moment after which the cosmic expansion becomes almost indistinguishable from the
one in Einstein gravity. As we will see shortly, the recovery of the background-independent
Einstein action does not happen exactly at the same time of the recovery of the standard
cosmic expansion, and t,,, # t.. In fact, since the class of FLRW metrics is an exact
solution of the full theory (E,, = 0, which solves eq. (2.2)), the standard cosmic expansion
is expected to be reached some time before ¢, ,, so that t5, , > t,. This is indeed the case
and t, is determined as follows.

Recall that Weyl invariance in the trans-Planckian phase forces the background at the end
of such phase to be either Minkowski or FLRW with intrinsic curvature K = 0, whatever the
initial conditions [16]. When Weyl invariance is broken, perturbations around this background
become physical and one can generate the cosmological spectra. Before that, however, we
have to see how to connect the background at the beginning of the Higgs phase (Minkowski
or flat FLRW) with the one at later times, for instance by some of the interpolating exact
solutions in section 5 of [16]. In particular, to match observations, we have to consider a
metric being asymptotically FLRW at late times when Einstein gravity is recovered. The
most natural setting in all scenarios alternative to inflation is a radiation-dominated Universe
described by the scale factor

a(t) ~ | — (3.5)

which we will discuss at the beginning of section 3.3. Note that this background is a
phase-space attractor, i.e., it is future-stable against homogeneous perturbations.®

In Einstein gravity, a perturbation living in this background would cross the horizon at a
time ¢, such that \(¢,) = Rp(t.). At the instant ¢, the wavelength is given by A = a(t) Acom,

while H = a/a ~ 1/(2t) and Ry = H~! ~ 2t. Therefore, at t = t, we have

by )‘gom
% >\COH1 >~ 2t* — t* ~ Tto 5 (36)

where Acom = 27/|k| is the comoving wavelength and |k| is the comoving wavenumber. In
Weyl asymptotically local gravity, if the condition (3.4) holds, then there is no horizon
crossing for primordial perturbations produced inside the horizon and ¢, has the physical
interpretation advanced above, as one can see in figure 1. At later points ¢t > t, in the
evolution of the universe, the actual horizon Ry > 2t is calculated from the exact metric
and the condition (3.4) holds also beyond t,.

5We can apply the same analysis as in Einstein gravity, which we recall here. From the Friedmann equation
H? = p/(3M3%,) and the continuity equation p 4 3H (1 4+ w)p = 0 for a perfect fluid with pressure P, energy
density p, equation of state P = wp, and constant barotropic index w, one defines the phase-space variables
z = H and y := p/Mg,, which obey the system & = —[(1 4+ w)/2]y = —[3(1 + w)/2]2z” and § = —3(1 + w)xy.
Expanding z(t) = xo(t)+dz(t) around the background zo(t) = 2/[3(14+w)t] (scale factor a(t) = (t/to)*/BA+w)])
and linearizing with respect to the homogeneous perturbation dz, one finds dz = —3(1 4 w)zodz = —(2/t)dz,
whose solution is éz(t) oc t~2. This profile is suppressed as t — oo, regardless of the value of w. For radiation,
w=1/3.



Let us now find the instants t,, ty, and t,, , and provide the chronological order of the
events for which eq. (3.4) is reliable. We take the asymptotic form (3.5) for the scale factor,
which is sufficient to establish the hierarchy of time scales. The instant ¢, is given by

tA Pt 02
tA,: 4] —= A ~/ == th, ~ —— = =, 3.7
A to com * As /\gom At, ( )
The instant ¢, is given by
2N 2
ty: ?Acom ~ 104, — ty >~ 10 ta, - (3.8)
0

The instant ?,,, is given by

fx [ % b
ta,: 2 Neom = (| ———— Ls = th, , = ————— 1A, . .
And to max(1, bo) And max(1, b) A (39)

Since b/max(1,bo) > 1, we have the hierarchy

th, Kty <ty (3.10)

which is the time analogue of the interval (3.1).
The condition (3.4) is satisfied in the regime (3.2) when

A~ 100, < H ' ~ 2t — ty > 50, . (3.11)
Plugging eq. (3.6) into (3.11), we find

ty > 50, ~ 101/t ty. ,

in which we now replace t,, ~ t/10%:
t, <ty (3.12)

Since t, marks an event posterior to the onset time of the Higgs phase, we also have 5, < ¢,
which, combined with (3.10) and (3.12), yields the interval

ta, <te <1ty <tpy,- (3.13)

The cosmic evolution (not just the scale factor a(t)) becomes standard at times ¢ > ty, , so
that the time range of production of primordial perturbations in this cosmological model is
roughly tp, <t <ty,,. The Weyl and the Higgs phase as well as the scale hierarchy (3.13)
and the local UV limit of the theory are depicted in figure 1.

To summarize, according to the assumptions of (i) being in the quadratic-gravity regime
and (ii) never allowing quantum corrections to dominate tree-level contributions, we end up
with a cosmological model valid at energies (3.2). This energy regime is only one order of
magnitude smaller than the fundamental energy scale A, hence it is much closer to the deep
UV nonlocal regime than to the IR limit corresponding to Einstein gravity. In turn, this
implies that there exists a wide region in the parameter space such that the wavelength of the
perturbations giving rise to the observed spectra are well within the Hubble horizon, eq. (3.4).
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Trans-Planckian

Weyl phase

Post-Planckian
Higgs phase

ta, te  t tAhd tdec t

Figure 1. The cosmological scenario proposed in this article. The black curve with support on the
whole # line is the scale factor a = /A + t/tg eF(0:t/tr)) ([16], eq. (5.9a) and figure 4a), which is chosen
only for definiteness among any of the other solutions described in [16] reducing to FLRW at late
times. The black curve with support on the ¢t > 0 half-line is the FLRW radiation-dominated scale
factor (3.5). The red curve and red straight line are the Hubble radius associated with the above scale
factors, respectively. For ¢ < t5_, the Universe is in the trans-Planckian Weyl phase described by the
theory (2.1). For t 2 ta,, the Weyl symmetry is spontaneously broken. In the epoch ty, <t < ta,,,
the Universe is well described by quadratic gravity (Stelle’s theory) plus quantum corrections. For
t > ty, the background solution is indistinguishable from a radiation-dominated Universe in Einstein
gravity, although the Einstein-Hilbert action is recovered only at later times ¢ > ¢4, ,. In Einstein
gravity, ¢, would represent the time of horizon crossing of the perturbation (k = aH), eq. (3.6), but
notice that all regions of the Universe are in causal contact at any time in the plot for asymptotically
local quantum gravity (the Hubble radius is always larger than the scale factor). ¢, is when the

perturbation is evaluated after the spontaneous breaking of the Weyl symmetry, consistently with the
perturbative approximation (3.2). The CMB is formed at the decoupling time ¢4ec.

3.2 Tensor perturbations

After the spontaneous breaking of Weyl invariance, distances acquire a meaning, correlation
functions become nonvanishing, and one can consider metric perturbations. In this nonin-
flationary early-Universe scenario, tensor perturbations are the subhorizon metric quantum
fluctuations corresponding to the graviton, in a regime where one can ignore the curvature of
the background and the cosmological expansion. In contrast, in standard inflation metric
fluctuations are induced by the quantum fluctuations of a scalar field and the spectrum is
calculated at subhorizon scales but evaluated at horizon crossing.

The tensor spectrum in the regime (3.2) is readily obtained from the graviton propaga-
tor (A.31) derived in appendix A.2. The two-point correlation function for transverse and
traceless tensor modes in four dimensions reads [18]

Gg,ll(x,a:') = <hij($)hkl(x')>
2
<A':31)_C/ d'k ik-(z—a') Pi(jk)l(k)

e —_—
2 4 k 262
(2m) e (A_)
4 ik-(z—z')
_ 2e (2) d k €
= —CAL® Pijkl(ax)/w At (3.14)
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where Latin indices run over spatial directions, the constants C and e; are given by eqs. (A.31)
and (A.19), respectively,

4Az 25RicAz

= —— = - 8 = - H 1
bheie MP21 ) €2 be,yEMgl ) Ve e (0) (3 5)

and Rg?l(k) are the spatial components of the spin-2 projector in eq. (A.3) [67-69]. The
angular brackets in the first line of eq. (3.14) are defined via the Lorentzian path integral
and the final expression is also Lorentzian. To perform the integral explicitly, however,
we now move to Euclidean momenta as described in [70]. We recall that the two-point
correlation function in D-dimensional Euclidean momentum space is obtained through the

Fourier transform

dPk

(@) = Bo(2s) | om0 7% (3.16a)
9D=2s 53T (% — s)
Bp(2s) = ) (3.16D)

Therefore, comparing egs. (3.14) and (3.16) with D = 4, we see that s = —eg, so that the
propagator in position space reads

CAZ® L)

(2) /
Gz]kl(x’ 1‘ ) B4(—262) igkl

(0y)|x — 2'|?2 . (3.17)

For x{, = ¢ and using again eq. (3.16) with s = —e3, but now in D — 1 dimensions,

@ o CAX® e
Gz’jkl(wvw) = T Bi(—2e) Pz'jkz(aa:)|w |

CAZ2 By(—2¢,) 2 (5,) / Bk ke
_ [ (Oa

By(=2¢p) W (2m) (g2ye2ts

From (3.16b), we can compute the ratio Bs(—2e2)/Ba(—2€2):

Bp_1(2s) 1 T (%) D=4 1

= . 3.18
Bp(2s) 27 p<g) 4 (3.18)
Finally, according to the definitions in appendix B,
@ oy _ _CA¥ o A’k et
Gijkl(r) T Ty z‘jkl( ) WW
©) @ o\ [T g K p oy siner)
2P0 kg Pk S
A oo dk sin(kr)
B3 5(2) 2
= P (o, — A7 (k , 3.19
hon] G atm = (3.19)
where r = ¢ — ', r = |r|, k = |k|, and
CAZe ) C [N\
Py(k) = Ti2eat3 Aj (k) = ) <l<:> : (3:20)
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Taking into account the two polarization modes of the graviton, the final result for the
tensor power spectrum Py is

Pi(k) = 2A2 (k) = L@ <k> e . (3.21)
h b(2m)2 e M2 \ A,

Therefore, using the definition (A.20), the tensor spectrum reads

Pu(k) = (Qﬂ”*ﬁR (k)™ (3.22)

where the tensor spectral index is

. dln Pt %y — 46Ric Az

T ik ST e M2

(3.23)

which is positive because Pgric > 0.

Before moving to scalar perturbations, let us comment on how the quantum tensor modes
turn classical. In the standard cosmological scenario, it is assumed that decoherence from
a quantum field 9 to a classical field configuration vy takes place thanks to the presence
of the cosmic horizon H !, which plays the role of a sort of “measurement” act forcing the
quantum system into one of its eigenstates (see, e.g., [1], sections 5.6.1 and 5.6.2 and references
therein). At the level of linear perturbations, the evolution across the horizon is governed
by the Mukhanov-Sasaki equation for ¥, which corresponds to a quantum “squeezed” state
|vg) undergoing a unitary time evolution [72-76]. Then, the quantum-to-classical transition
U, — v, consists in the suppression of the effects of noncommutativity between the field oy,
and its conjugate momentum 7, (for instance, the expectation values (0y7,) and (#,0) on
the squeezed state converge to each other). This understanding of cosmological decoherence
is refined when nonlinear self-interactions of the perturbation field or interactions between
the field and other degrees of freedom ﬁk are considered. Then, the pure squeezed state
becomes a mixed one |vg,¥) where sub- and superhorizon modes interact with one another,
time evolution becomes nonunitary, and small non-Gaussianities are generated. The density
matrix |vk, ¥x) (v, ¥k | acquires non-diagonal terms and each matrix entry is associated with
a classical probability. Thus, actual decoherence consists in the decay of interference terms
and it is in this sense that it has been studied for inflation in recent years [77-83]. Whether
the same decoherence mechanism holds for the present non-inflationary nonlocal scenario
remains to be seen but, as a starter, we obtain a positive answer at the linear level through
the intuitive correspondence between the cross-horizon unitary evolution of the squeezed
state and the behavior of the solutions of the Mukhanov-Sasaki equation for cosmological
perturbations. In general, the dynamical equation for tensor modes in conformal time
T = [dt/a(t) and in momentum space is

2
02y, + <c§k2 - ‘9j> v =0, (3.24)

where v = zhy(k), z = z(7) is a function of the background, h) are the scalar coefficients in
front of the two polarization modes A = +, x of the tensor perturbation (in D = 4 dimensions
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and in the absence of a mass), and ¢ is the propagation speed of the perturbation. In
Einstein gravity, z = a and ¢ = 1 [71]. During inflation or for any (even noninflationary)
power-law expansion, z = a o 1/72 and the Hubble radius is H~' = O(1)ar, so that
022/z = 02a/a x (aH)?. Inside the horizon (k7 > 1), the solution vx(7) is the harmonic
oscillator, while outside the horizon (k7 < 1), the solution is v o z and the tensor mode hy
is constant. Thus, the Hubble horizon marks the transition between an oscillating (quantum)
regime inside and a classical one where perturbations are frozen outside.

The same happens in our model because the solutions £, = 0 of Einstein’s gravity are
also solutions of the equations of motion (2.2) of this nonlocal theory at the classical level
and one can apply standard perturbation theory around the radiation-dominated FLRW
background. Quantum corrections modify the effective equations of motion as in (2.11) but
do not alter this argument appreciably because they are sub-dominant. Thus, the tensor
quantum modes naturally transit to a classical regime in the same way as they do in standard
and higher-derivative cosmology, i.e., passing through the horizon. The only difference is that,
while in inflation the background accelerates and the transition occurs when perturbations
cross the horizon outwards, in the present model the background is decelerating and the
transition occurs at horizon re-entry.

This conclusion finds a correspondence in the limit (2.10), where the Mukhanov-
Sasaki equation of tensor modes is (3.24) with z = a\/12B(H + H?2)/My, and ¢ = 1 —
8BH /M2 [59, 62]. Therefore, for a power-law expansion as in our radiation-dominated uni-
verse we have again that 02z/z « (aH)? and the Hubble horizon (actually, the time-varying
sound horizon) still separates an oscillatory and a frozen regime for perturbations (cir7 > 1
and ¢k < 1, respectively).

As a cautionary note, it would be hazardous to take all characteristics of the approxima-
tion (2.10) at face value, even if we found some in apparent agreement with the behaviour of
the radiation-domination solution in Einstein gravity, which is also an exact solution of the
full nonlocal theory. The problem is that (2.10) describes an intermediate regime valid only in
a certain energy or time range. A careful exploration of the higher-derivative dynamics (2.10)
shows some points of departure with respect to the Einstein-gravity picture, all of which are
artefacts from the perspective of the full theory. The expression ¢ = 1 — 8BH /M2 for the
propagation speed implies that ¢ < 1 only when B > 0 [62], which is the opposite case with
respect to ours according to (2.10). Moreover, for us |B| « b is very large as per eq. (3.44).
This looks alarming but is actually a spurious effect. Since the nonlocal form factor in eq. (2.2)
is entire and does not modify the standard dispersion relation, the propagation speed of
primordial gravitational waves in the full theory is exactly ¢, = 1. For the same reason, we
cannot take the solutions of eq. (3.24) with z and ¢; given in [62] as exact solutions of the
theory with the correct stability properties. In the present case, the approximation (which,
we repeat, is not a truncation) F'(A) ~ const introduces a spurious modification of the propa-
gation speed ¢¢ but it does not modify qualitatively the idea that cosmological perturbations
turn classical when crossing the horizon. Another, perhaps more delicate example of artefact
of (2.10) is that, in this model, the radiation-dominated solution a = (t/tq)'/? is past-stable
against small inhomogeneous and anisotropic perturbations [84-87], while in Einstein gravity
it is not [88-90]. In the first case, the initial conditions are necessarily isotropic, which seems
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in agreement with the super-selection made by Weyl symmetry in the trans-Planckian phase.
This is only a coincidence not to be taken seriously, for two reasons. First, the actual exact
FLRW solution of the full classical theory has the same stability properties as in Einstein
gravity, where at ¢ = 0 one meets the Belinsky-Khalatnikov-Lifshitz (BKL) anisotropic
singularity [88-90]. Second, one cannot extrapolate the behaviour of the FLRW solution to
arbitrarily early times in nonlocal quantum gravity because Weyl invariance removes the
big bang and makes FLRW solutions conformally and physically equivalent to Minkowski
spacetime, or to solutions interpolating from Minkowski to FLRW ([16], section 5).

3.3 Scalar perturbations

Around eq. (3.5), we made a first mention to the matter content of the Universe as radiation.
This choice is dictated by continuity from the Weyl phase, where the dynamics of all matter
fields is Weyl-invariant by construction. When this symmetry is spontaneously broken, all
fields with nonzero conformal weight acquire couplings or masses through the expectation
value of the dilaton. At early times in the Higgs phase, the total energy density of massless
particles with zero conformal weight scales as ~ a~% in four dimensions and dominates over
dust-like contributions ~ a=3 (sectors of fields with nonzero conformal weight). An example
of the first is the Maxwell sector, which stays conformally invariant [91]. In D = 4 FLRW
spacetime, the homogeneous component of the energy-momentum tensor corresponding to
the massless sector is radiation (see, e.g., [92] and references therein), described by a perfect
fluid with barotropic index w = 1/3. Thus, the symmetry structure of the theory at early
times spontaneously generates the radiation-dominated era necessary for post-CMB evolution
and big-bang nucleosynthesis. The other matter fields of the Standard Model exit their vacua
after Weyl symmetry breaking and can later contribute collectively as a dust fluid during the
matter-domination era. (We do not address the dark energy problem here.)

Scalar perturbations are thermal fluctuations of the radiation filling the Universe at
the beginning of the Higgs phase. They are not induced by the quantum fluctuations of a
scalar field as in inflation. In order to convert the power spectrum of primordial density
perturbations to the spectrum of fluctuations in the CMB at large angular separations, we
follow the standard treatment of the Sachs-Wolfe effect relating temperature deviations 07'/T
to the gravitational potential ® at the last-scattering surface [93, 94]:

0T (x) 1+ 3w

T 3vw) t ) (329

For radiation, w = 1/3 and the front coefficient in eq. (3.25) is —1/2.
At the last-scattering surface, the theory (2.1) is well approximated by Einstein gravity.
Therefore, the potential is related to density perturbations by the standard Poisson equation

1
V2®(x) = ——dp(x). 3.26
@)= 337900 (3.20)
Regarding the potential, at the last-scattering surface the leading contribution to ® comes
from the Einstein-Hilbert action because, at that time, the energy scale is much smaller
than the Planck energy [17]. Moreover, we remind the reader that the FLRW solutions of

Einstein’s equations are exact solutions also of the theory (2.1).
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Equations (3.25) and (3.26) imply
0T (x) 1+3w 1 1
== 2 76p($)7
T 3(1+w) 2M2 V

so that the two-point function of CMB temperature fluctuations reads

<5T(az) 5T(y)> _ [31+3w)] C @)D (y)) (3.27)

T T 1+w
@@9W) = 5 <v126p<w>v12ap<y>> , (3.25)

where we formally inverted eq. (3.26).

On the other hand, both the density perturbations and their two-point correlation
function have to be evaluated at the energy scale £ ~ A, /10 right after the Weyl phase.
Therefore, we need to express the perturbations of the energy-momentum tensor in terms of
the gravitational perturbations through the linearized equations of motion for the theory (2.1)
at the scale (3.2). Afterwards, such density perturbations affect the fluctuations of the
gravitational potential, which satisfies the 00 component (3.26) of Einstein’s equations at the
decoupling time tgec. In turn, the potential affects the temperature of the CMB. Schematically,

oT
‘ = P . = —‘ L.
E~2= (3.26) llast scattering T llast scattering

In order to relate the density perturbations to the graviton two-point correlation function,
we need the linearized equations of motion for the theory (2.1) including the quantum
corrections, i.e.,

[eH(m]ffT [MEIGQT) - Ty
2

] +EYY =0, (3.29)
uv
where E9 are the quantum corrections to the equations of motion coming from the La-
grangian (2.7). The linearized equations are given in appendix A.3 by eq. (A.35), written
in compact notation as (A.36).

Now we are ready to evaluate the two-point correlation function of the energy momentum
tensor. The details of this tedious computation are given in appendix C and the final result
is eq. (C.2). However, we are only interested in the two-point correlation function of the

(1)

energy-density perturbation dp = To(l) , which is given by eq. (C.9). Let us focus on the first

contribution proportional to 5/12, later showing that the other term is negligible:

272 47, 2e2
(5o)3p(y)) ~ e [ (d Ferten D ()

b o)A 12 \ A,
aan SMEAT™ (o — y|?) 22 (3.30)
= 3o Ba(2es + 4) '

On the spatial section z° = y°, this becomes
SMEAT' ™) (2 — yl?) =2
~ 3be™ By(2e5 + 4)

sMEANT) By(26, +4) / Pk
3bee By(2e2 +4) ) (27)3

(6p(x)op(y)) =

eik-(zfy)(k2)ez+273 7 (331)
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where in the last equality we used again eq. (3.16) for D = 3 and s = €3 + 2. Using (3.16b),
we can compute the ratio

B3(2ea+4) T (—6 - %)

= ~ .32
Bi(2ea +4)  2y/aT(—er) 2 (3:32)
where we assumed e¢; < 1. Finally,
5M2 Az(1—€2) d3k ik (m .
pl@)ip(y)) ~ " [ G ek, (3.33)

At this point, we can compute eq. (3.28) employing the definitions of appendix B. In
particular, we apply eq. (B.1) to ¢(x) = ®(x):

2 2(1—62) 3 '
(@(x)®(y)) = ! l_ 5MP1A*~ ] 62/ 'k ezk'(mfy)ik%wrl

AMA 3bee (27m)3 k4

o 5Az(1—62) 672 /+oo %sin(k‘r) k262
12b = M2, 272 k kr
oo dk sm(kr)
~ Aok 34
/ kr 7 (3:34)

where, according to eq. (B.2), we introduced the power spectrum

5A2 €9 k 2e2
A2(k) = ——Be ()
2 (k) 6beT= M2 (2m)2 \ A,
(315 O 6% %€y
= (k)™ (3.35)

E (QW)QﬂRiC
which is positive since [gj. is positive.
In order to get the full result including the second term in eq. (C.9) proportional to 5/24,
we simply have to add to eq. (3.35) a similar contribution obtained replacing 5/12 with 5/24
and e with ¢y. Hence, the total contribution to the power spectrum is
5 62 ) €t
A (k) = o2 (Lh)? + — . Ck)*
2 F) =1 (2m)? 5R1c( ) 24 (2m)? (5Ric+3BR)( )
5 & 2es , D €(Bric +3Br) 2
= 2D (g ey 2R T IR () 2o
24 (2m)2B,.

E (QW)ZﬁRiC
(U k)20 . (3.36)

_ 5 €3 (0ak)% + BRric + 3Br

12 (271—)25Ric * 2/8Ric
However, according to eq. (A.24), the coefficient of the second term is < 1. Therefore,
eq. (3.35) is a good approximation of the scalar power spectrum.

The primordial scalar spectrum Ps is defined by the spectrum of the gauge-invariant
curvature perturbation on uniform density slices ¢, Ps(k) == k3P (k)/(27?). In the presence
of one barotropic fluid with constant w and ignoring the anisotropic stress, one can show
that the relation between the potential ® and ( is (see, e.g., [95], chapter 8)

_3+3w
5+ 3w

¢ (3.37)
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In particular, for radiation ® = —(2/3)(, so that the final form for the scalar power spectrum is

ng — 2 N —
Py(k) = SA3(k) = éi((%)zﬁllz (L), (3.39)

since the scalar spectral index is

_dnPs 4Bpic\2

T Uk T henMz

(3.39)

which is negative definite if b > 0, as we chose from the start in hindsight. Here we used
eq. (3.15).
Comparing egs. (3.23) and (3.39), we get the prediction

ng=1-ng>0. (3.40)

This relation between the tensor and the scalar index is typical of noninflationary scenarios
where scalar perturbations are sustained by thermal fluctuations. Examples are string-gas
cosmology [96-98]° and the new ekpyrotic model [101-103].

3.4 Parameter space

Let us now discuss the parameter space of the theory compatible with data.

The theory does not fix the value of the fundamental energy scale A, = ¢! and the only
general constraint we can impose is that A, be larger than ~ 10 TeV (LHC center-of-mass
scale). On the other hand, the bound (3.3) gives an upper limit on the energy scale A, for
the cosmological model in the Higgs phase to be self-consistent, so that overall

‘
10TeV < A, < 10 My, 1—13 <l. < (10TeV)™ L. (3.41)

On the other hand, Weyl invariance leads to the natural limit A, < My, [16]. Instead of
using this to shrink the interval (3.41), here we take a conservative stance and consider a
worst-case scenario where A, is as high as possible, since in quantum gravity one naively
expects that the higher the fundamental energy, the more difficult to extract observable
effects. Therefore, we consider the narrow interval

o,

Mp, < Ay <10 My, 10

< by < L. (3.42)
As we will see in section 3.5, decreasing A, (increasing /,) would increase the main effect
of the model, which will give us the opportunity to put an observational lower bound on
A, (upper bound on £,).

Now we discuss the parameter fSric. According to the PLANCK Legacy Release [104],
at the CMB pivot scale ko = 0.05Mpc~! and assuming no running, the scalar index is

SA noninflationary model coming from matrix theory may realize string-gas cosmology from first princi-
ples [99, 100]. Its cosmological spectra are under construction.
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ng = 0.9649 £+ 0.0042 at 68% confidence level, assuming dng/dIn k = 0. Plugging the observed
value of ng into egs. (3.22) and (3.38) and taking ¢, = {p), we find

8.266 x 106 7.867 x 10~*
—_—, Ps(ko) » ————.
Bric Bric

Therefore, in order to get the observed amplitude Ps(kg) =~ 2.2 x 1079, from eq. (3.43) it
follows that Bric ~ 3.6 x 105. Such a large value of this coefficient can be justified by noting

Pr(ko) =~ (3.43)

that it depends on the number of fundamental particles in the matter sector, in which case
one might consider to populate the theory with superfields. Since Sric & Nfelas (appendix A.2
and [105, 106]), where Nfelqs is the total number of fields in the theory, the latter requires
a large number of new fundamental particles. This assumption may be consistent with a
particle-physics solution of the problem of dark matter, interpreted as the contribution of
exotic particles, while at the same time it could also populate the “desert” lying between
the mass of the Higgs boson and the Planck scale.

The theory does not predict the value of the free mass scale Myp,/ Vb that appears in ng,
but we can argue that it takes an intriguing value. From egs. (3.23) and (3.40) with A, = My,

4/6 Ric

b:7~_
(1 —ng) e

(3.44)

For BRric & 3.6 x 10° and 4 = 5, we get b ~ 2.3 x 107 and an effective intermediate mass
scale Mp,/ Vb = 5 x 1014 GeV, which looks like a low-end grand-unification scale and is
about one order of magnitude larger than the Starobinsky mass for the curvaton. Grand
unification scenarios are much easier to realize in the presence of supersymmetry, which
would naturally generate a large [gic.

The scenario just described is not the only possibility to explain the observed value of
the scalar spectral amplitude. Remaining within the non-supersymmetric Standard Model of
particle physics, another mechanism could be rooted in the choice of a different background
in the post-Planckian phase, in particular, the interpolating metric [16]

/ T . 2
— — = > .
Iy (A + Btanh Tp1> Nyws TEI:EOO a=A+B, A> B, (3.45)
where 7 is conformal time. When performing a Weyl rescaling 7, = 02 gl’w with Q = a(7)
from the Minkowski metric 7,, to the spacetime (3.45), the two-point correlation function

must be rescaled, too. Since the scalar potential ® is proportional to the metric perturbation
h and b’ = Q%h, one has (®(x)®(y)) = Q4@ (x)®(y)) and

Pl =Q'P,. (3.46)

The same rescaling is applied to the amplitude P, but the ratio r := P; /Py is Weyl-invariant.
Therefore, evaluating Q2 at the Planck conformal time, i.e., for 7 > 75, Q?(7p)) = a2 (7)) ~
A + B, we get an amplitude P! (ko) consistent with observations if, for instance, fri. = 1
and A+ B = 1.7 x 1073, or fric = 40 and A + B = 1072. Therefore, in this case the
level of fine tuning is very modest.
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3.5 Tensor-to-scalar ratio

Using egs. (3.22) and (3.38), we can compute the tensor-to-scalar ratio at the pivot scale ko:

__ Py(ko) 64 2(1—ns)
ri= Ps(ko) = 15(1 — TLS) (E*ko) . (3.47)

Remarkably, this observable only depends on the scale £,, while the other parameters of the
model, the constants frjc and b, are hidden in the scalar index. This implies that, despite
the need of more understanding about the values of these constants, the theory is already
falsifiable. In fact, from eq. (3.3) and for 0.1 < ¢, /fp < 1, we obtain the very narrow range

0.009 < r < 0.011, ko = 0.05 Mpc™!, (3.48)

with the value

005 = 0.011 (A, = My)] (3.49)

being the most natural one (¢, = /fp) and

70.05 > 0.009 (3.50)

being the lower bound on r predicted by the theory. Not only are these numbers three
times larger than the prediction of Starobinsky inflation [2, 3] (rstarobisky = 0.0037 for
N = 57 e-folds) or Weyl-squared quantum gravity [107], but they are also within reach
of present observations on primordial gravitational waves [108, 109]. BICEP Array, the
imminent upgrade of Keck Array and BICEP3, is projected to reach a sensitivity allowing
to determine the tensor-to-scalar ratio with an uncertainty o(r) ~ 0.003 by 2027 [108, 110].
Therefore, this instrument will be able to detect any signal with r > 0.009, establish an
implication for r ~ 0.006—-0.009, and rule out any model predicting r > 0.006 in the case
of no signal being found. The satellite LiteBIRD will further reduce the uncertainty in
case of detection [111, 112]. In contrast, Starobinsky inflation will have to wait LiteBIRD
to be verified, which will establish an upper bound of r < 0.002 at the 95% confidence
level in case of no detection.

Since the larger ¢, the larger r, we can extract an upper bound on ¢, (lower bound on
A,) from eq. (3.47) and the PLANCK-BICEP-Keck observational constraint rg o5 < 0.036
at 95% confidence level [108]:

Av >85x10"0GeV, £, <23x10% m. (3.51)

This lower bound on A, is a dramatic improvement with respect to the O(TeV) bound from
LHC [113]. It also highlights yet another advantage of this model with respect to inflation.
The latter is affected by a theoretical puzzle consisting in the mismatch between the initial
energy scale of the universe H ~ My, expected from quantum physics and the energy scale
of inflation at horizon crossing Hiyg < 107°My, as determined by observations [2]. There
exist ways to reconcile this discrepancy, such as delaying the onset of inflation or making a
suitable choice of vacuum (see [114] and references therein), but in our case there actually is
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no theoretical tension. The above upper bound on the inflationary scale Hij,g comes from
the upper bound on r, which for us results in the lower bound (3.51) on the fundamental
scale A,. This is compatible with the initial energy H ~ My, dictated by the scale of Weyl
symmetry breaking (2.6). A natural configuration would be H ~ A, = My,.

3.6 Primordial GW background

Since
ng — 1

2
the primordial tensor spectrum is blue-tilted with a spectral index

~ —0.01755, ko= 0.05Mpc™!, (3.52)

€ =

ng ~ 0.0351 . (3.53)

This can give rise to an observable gravitational-wave background. The theory reduces
to Einstein gravity soon after the Weyl symmetry breaking and by the time cosmological
perturbations re-enter the horizon. Therefore, one can use the standard dimensionless
spectral shape

1 dpew k?

Qe (k = = k) T2(k 3.54
ow(k, 7o) Derit d1n K 12a%HgPt()T(’TO>’ (3.54)

where peris = 3M2 HZ is the critical energy density, pew is the energy density of gravitational
waves (spatial average of the kinetic energy h? of the perturbation), the subscript 0 denotes
quantities evaluated today, 7 is conformal time, and 7 is a transfer function describing how
the primordial spectrum evolved since its generation [115-119]. Its form, valid for any theory
where the observed perturbations came from outside the horizon (independently of where
they were generate, in- or outside) can be found, e.g., in [11]. This formula applies also to
our non-inflationary scenario where the universe has always been radiation dominated and
there is no reheating, a situation which can be assimilated to instantaneous reheating at
the Planck temperature Tien, = Tp. Then, as shown in figure 2, the stochastic background
will be able to reach the sensitivity curve of the planned DECIGO interferometer [120], thus
providing an independent test of the theory.

4 Conclusions

In this paper, we have continued the analysis of the cosmological scenario of the early universe
arising in nonminimally coupled asymptotically local quantum gravity started in [16]. In
this model, generated directly in the full theory under a minimal set of approximations,
we have calculated the tensor and scalar primordial spectra, their indices, the tensor-to-
scalar ratio, and the gravitational-wave background. These findings rely on the property of
finiteness of the theory, that secures Weyl invariance at the classical as well as at the quantum
level. Once Weyl symmetry is spontaneously broken, two-point correlation functions get
perturbative logarithmic quantum corrections that make primordial spectra deviate from
exact scale invariance.

The main theoretical results of the paper are the tensor spectrum P; (3.22), the tensor
index ny (3.23), the scalar spectrum P (3.38), the scalar index ng (3.39), the relation (3.40)
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Figure 2. Gravitational-wave background (3.54) with primordial tensor spectrum (3.22) compared
with the sensitivity curves (dashed) of LIGO-Virgo-KAGRA (LVK; O2 and designed sensitivity curves),
SKA, LISA, Einstein Telescope (ET; 10km triangular configuration with a signal-to-noise ratio 1 and
a one-year observation run [121, 122]), and DECIGO. Here £, = ¢p;; other choices close to the Planck
scale do not change the curve appreciably. The single-frequency CMB constraint has been given
thickness to make it more visible in the plot. Also shown are the big-bang nucleosynthesis (BBN)
exclusion region and, as a thick red segment, a model of the signal (compatible with a population of
supermassive black-hole binaries) recently detected by the international network of Pulsar Timing
Arrays [123-127]. Stochastic backgrounds weaker than the observed signal would be drowned by it
at those frequencies (shaded red region). However, the high-frequency cutoff of this signal is much
smaller than the DECIGO range.

between the tensor and the scalar index, and the tensor-to-scalar ratio r (3.47). The tensor
spectral index ny is positive and equal to 1 — ng and the tensor-to-scalar ratio r only depends
on ng and the fundamental length scale £,.

The main phenomenological results are the lower bound (3.50) for r (and its most natural
value (3.49)), and the primordial gravitational-wave background shown in figure 2. These
are unique, falsifiable predictions of the theory. Moreover, we have obtained the strong
lower bound (3.51) on the energy scale A, seven orders of magnitude higher than previous
bounds around the LHC center-of-mass energy.

The only free parameters in the model are the constants fg;i. (or, actually, the number
of matter fields in the spectrum of the theory) and b (or, equivalently, ng, which is known
from observations). However, Ogi. can only affect the amplitude of the perturbations, but
not ng or r, that are completely fixed in our model regardless of the details of the theory
in the UV regime. The whole scenario is summarized in figure 1.

If observations failed to detect a large tensor-to-scalar ratio at the level predicted by
our model, the latter should be ruled out because there are no really adjustable parameters
in eq. (3.47), since the scale ¢, cannot vary more than one order of magnitude within the
allowed range. Indeed, inequalities (3.3) are not imposed for convenience but are dictated by
theoretical arguments during the Weyl phase and by the self-consistency of the perturbative
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treatment of the quantum field theory. As a consequence, the value of r cannot change
by more than 10%, as seen in (3.48).

One cannot give up any of the assumptions and approximations without destroying the
whole set of predictions. These approximations are only three: quadratic Stelle-like limit,
validity of the perturbative expansion, and flat spacetime regime. Any attempt to relax
our construction to something else adapting to future observations (for instance, a lower or
undetected r) would inevitably lead to a more complicated model with more assumptions,
or to the necessity to include an inflaton. This rigidity is due to using perturbation theory
in a well-defined way, which has undergone several cross-checks in our treatment. We do
not see how one could possibly relax (3.3) and similar constraints while keeping the rest
of the construction standing. Giving up the higher-derivative regime would not only make
the problem possibly intractable, but it would also break the quasi-scale invariance of the
primordial spectra, for which quadratic curvature operators are necessary in the absence of
inflatonic fields. Modifying the model for the sake of saving it would possibly be theoretically
unacceptable and, even if one could manage to do so, it would jeopardize the status of the full
theory. The latter would not be ruled out per se, but it would be removed as a parsimonious
contender among other top-down approaches having a say on the early universe.

The blue-tilted GW background, not achievable in single-field inflation, can help to
discriminate our model from others with a high-r prediction, such as a-attractors and
V x ¢*/3 inflation [2]. In parallel, none of the other quantum-gravity-related models with
a similar prediction of the GW background has the same level of r [11]. Therefore, having
two independent observations of the GW background at two different frequency ranges is
already sufficient to discriminate among models predicting a similar amplitude in either
frequency range.

In order to complete the cosmological picture and further test the predictions of our
model, one should look at other aspects of the evolution of the early as well as of the late
universe. In the first case, at an observational level, scenarios based on Weyl invariance are
known to be able to generate an observable level of primordial non-Gaussianity [17, 18, 128].
In particular, in [18, 128] it was found that the level of primordial local non-Gaussianity

flocal

is |fioeal] = O(1), i.e., larger than in standard inflation (where |fi? = O(e) and e is

the first slow-roll parameter) but small enough to be still compatible with the current lo
constraint fiodl = —0.9 4+ 5.1 [129]. Since Weyl invariance washes away many of the fine
details of the underlying model, it is quite possible that also our theory will produce a level
of non-Gaussianity of such a magnitude. None of the models in [18, 128] predict a high
r, so that non-Gaussianity can provide a genuine cross-check of our model against high-r
inflationary scenarios. The calculation of the bispectrum is conceptually straightforward but
can be quite involved, and we leave it for future work. This could also shed some light on
the decoherence mechanism mentioned in section 3.2.

At the level of late-time cosmology, in this paper we have said nothing about the
cosmological constant problem, which could be another field of application of the symmetries
of the theory. Also, any late-time modification of the ACDM model should be able to explain

the Hy and the og tensions and satisfy certain general conditions outlined in [130-132].
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The theory of quantum gravity proposed here directly generates a cosmological model
with very few free parameters and rigid, clearly falsifiable predictions in the tensor sector.
These will be tested by data on primordial gravitational waves, both in the present (by 2027,
BICEP Array) and in the future (< 10 years, LiteBIRD; 2 20 years, DECIGO). Already
before next-generation observatories become operational, gravitational-wave astronomy can
arise as one of the most powerful tools to probe gravity at the interface with the quantum.
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A Tree-level graviton propagator

In this appendix, we calculate the tree-level graviton propagator for the theory (2.1) in
vacuum, after recalling some results in the literature of quantum gravity.
A.1 Tree-level propagator in the theory (2.1)

The graviton propagator for the theory (2.1) has been computed in [25]. Here, we recall the
form of the kinetic operator and the gauge-invariant components of the propagator. In D
dimensions, the expansion of the vacuum action at second order in the graviton perturbation is

o 0“Sloc T Yo
5(2)%] /dD {h B < haﬁéma) [eH(A)LV Rt }

_ ]\/f’l/dD:c hed {[P@ — (D —2)P®| 0} {eH{W }} W (A1)
YO,V
— MSEI/de hos ({P@)eH(ADz) — (D - 2)P<0>eﬁ[’w§?m} } D) R
af,uv

. Migl / Prh? {[PO M (D —2)PO M|}

af,pv
= / dPz P OFy,, W (A.2)
where H(z) = H(z) — H(0) was defined in eq. (2.3a), the entire function H(z) is defined in
eq. (2.3b), in the second and third equalities we wrote explicitly the dimensionless arguments

of H, and we have used the projectors

1 1
P;Er%)pa = 5 (@up@ua + Guo@z/p) - ﬁ@”l/@pg , (A.Ba)
1
P;Eg)pa = ﬁ@#l/ @pa' ) 9/.141/ = Nuy — W - (A3b>

— 24 —



Therefore, the propagator can be obtained from the propagator of the Einstein-Hilbert
theory under the replacements

gl B

] P(2) N DeH(A3> P(Q) = et P(2) ) (A4)
gl _@o=20

opr©® DeH{ A2 } PO = geto plO) (A.5)

These rules are useful when computing the propagator for the action (2.1) including the
logarithmic one-loop quantum corrections (see eq. (A.10)). Augmenting the kinetic operator
OX with a gauge-fixing term Oy, from O = oX + Ot we get the tree-level graviton
propagator up to gauge-dependent contributions [70, 133]:

o1 4 P2 PO 4 [ P2 PO ]
T M2 a(o) a[_w-20] (T M2 |Oefz (D —2)0eMo
Pl DBH<A3> 0 (D B 2)6H[ v } Pl ( )
(A.6)
According to eq. (2.4), in the UV the propagator becomes polynomial:
4 pP®) p)
o-1% PR = G20 (- (A.7)
A | Op () (0-20p[-C325

where g is defined in eq. (3.15). Writing explicitly the scale in the argument of the
polynomial (2.3c),

p [—(D[_X;)D] — b+ (D - 2)bE§ +|D- 2);]4 (A.9)

When by # 0, this constant can be dropped from the polynomial at the energy scale & 2 Apg
defined in eq. (2.9).
A.2 One-loop graviton propagator

In this section, we calculate the graviton propagator for the quantum effective Lagran-
gian (2.10), at UV energies where the dynamics of the theory is still dominated by the
nonlocal form factors but in such a way that the Lagrangian features a finite number of
derivatives. Taking the sum of eq. (A.2) and the quadratic expansion in the graviton h,,
of eq. (2.7), the quantum effective action reads

1 Vpo
P = 3 / AP by [OF + 0
_ M3 oD 1, ,Q) p@
_?/d Th O (" +008) P

—{(D=2)eM —O[4D = 11§ + Dr§ |} PO (A.10)
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where 'yQQ and 'yég are the quantum corrections to the kinetic operator. According to eq. (2.7),

the quantum form factors are

Q ._ 2Bric | (_D> 0. 20k, <_D ) A1l
W= mURe) 0T Ry (A1)

The linearized equations of motion that we get from eq. (A.10) are

0— 0 <<6H2 N Dvg) PO _ {(D ~9)efo [4(D — 19+ D’yﬂ } P‘O))Zz hpo

=0 {eHzp(2) — (D —2)efop© 4 Dvg P2 40O {4(17 _ 1)732 + D’V?] P(O)}:Z hper
= O [P — (D =2PO+ Tng PO+ D[40 — 0o + DF] PO e
= O (H{[P® — (D= 2)PO)] 4 720y PO

+e MO [4(D - 19§ + D] P(O)})Z (: B (A.12)

where the operator H acting on the first term contains the projectors according to eq. (A.1).
In the last two steps of eq. (A.12), we used the completeness relations of the projectors [67-69]:

P’ =p®  p02_pO  pRpO g, (A.13)

From the action (A.10) augmented by the gauge-fixing term, the one-loop one-particle-
irreducible propagator for the quantum effective Lagrangian (2.10) reads

4 P®
O (k) = -
M3, (k2 [z — k28 (k2)|

210
- . A4
k2 {(D = 2)eMo + k2 [4(D — D)r§ (k) + D5 (k?)] }) A1

In the high-energy limit, we can replace the form factors with the polynomial as we have
done in eq. (A.7), and, thus, the propagator (A.14) turns into

4 P®
Mg\ g2 [e%p (—%) — k2’y§2(k2)}

iy A.15
T {0 -2 [BFE] w2 [ao - infun + g} )

uv
O 1~

Assuming now to be in the energy regime (3.1), which is still well within what we consider
the UV regime, the action reduces to Stelle’s theory with a certain choice of coefficients [16]
and the dominant contribution comes from the first monomial in eqgs. (A.8) and (A.9), since
at energy scales £ 2 Apgq we can forget the constant by in the polynomial:

- k2 eTeb k? - | (D—2)k? e (D —2)bk?
eep <_Ag> ~ AT ep [ A2 ~ — A2 . (A.16)

*
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The propagator turns into:

4 P®
O k) ~ -
( ) Mlgl (k4 [e’YEb Q(kQ)}

1

PO
R {0 TR D~ 1) + Dy )]}

4 A2 pP®
S emb ME | g [1—43 fyg?(k?)}

evEd

N PO )
w0 —22 — 2 o - 1§02 + 02w} )

Replacing the quantum corrections (A.11) in the above expression, we get

01k = 4 A2 pP®
e¥b M3, | 1.4 {1 _ 2Ab§1}; In ( )
eVE

PO

it {(D -2)? - A% {S(D = Ui In () + 200 n (/@)]}

_l’_

4 A2 P® PO
e +
MR | 14 e () (p_o) {1 +eoln (&3 ) + 2B 0 1y 62}

(D—2)2e7eb ME,

4 A2 [ PO PO
=——— o + 5 (A.17)
erb Mgk |1+Q2 (D —2)*(1+ Qo+ Q)
where we defined
k2 k2 8(D — 1) A2 g 9
QQ = €2 In — A2 ; QQ = €0 In— A2 y Qb = (D — 2)2 e%ngl In (50 N (A18>
2fBRicA2 2[DBric +4(D — 1)Br]AZ
= — — = — = Al
2T ThewMz 0 (D — 2)2bew M2, (A.19)
In D = 4 dimensions, eq. (A.19) reads
2fRicA2 2(Bric + 3Pr)AZ 6A2 Br
e — e = - = — — A2
T Theeng b, 0 07T Ty R ey o (A20)

A comparison between the one-loop coefficients (which are not beta functions!) in the
nonlocal theory (2.1) and the beta functions (3 of Stelle gravity gives [16]

P 383 =20
Therefore,
3 B3
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and

3ea B3 2082 — 333
_ o2 e = eot TS A.23
€0 2 B, < €2, €2 — €9 = €2 25, €2, ( )
where in eq. (A.23) we assumed that 83 < (2, as is usually the case since (3 depends on
the number of fields Ngegs, while 52 does not (see [105], formulee (9.1) and (9.8) and [106],

formula (4.137)). From eq. (A.21), this implies

Bric + 36r

<1, A.24
BRic ( )

which can happen because g < O.
In order to manipulate the propagator analytically, at this point we make the following

k’2 €2 k2 €2
1+4Q2=1+1n (M) ~ <A2> =y (A.25)

kg €0 kQ €0
1+Qo=1+1In <A2> ~ <A2> =y, (A.26)

According to eq. (A.23), ey < €g, so that it is sufficient to focus on g, the largest of these

approximations:

two parameters. For e = —0.0175 (observed value), the approximation (A.25) has an
accuracy of 10% or better if

uw?? — (14Q2) <001 = 0.02<u<60. (A.27)

In the main text, we show that our cosmological model fully lies in this range of values. The
other approximation we have to take into account is the self-consistency of the one-loop
perturbative computation, namely,

‘ln u¥| < 1, ‘ln u¥o| <« 1. (A.28)

Again, for e = —0.0175 and a quantum correction smaller than 10% of the classical part,
we found

‘1nu262 <01 = 006<u<17. (A.29)

This lower bound on u is larger than the one in (A.27) and we can take it as a reference.
For simplicity and to be even more conservative, we approximate it to

uz0.1, (A.30)

corresponding to an energy scale £ 2 A,/10, which is within the Weyl-invariant trans-
Planckian regime if we identify A, with Mp,.

Coming back to the calculation of the propagator, making use of the replacements (A.25)
and (A.26) into eq. (A.17) we get

4 A2 p® PO
o eeh M2 KA P %
e Pl (AL*) (D_Q)Q [(1(6*) O"‘Qb]

4 A2(1+62)

O (k) ~

= |P A3l
eVeh M2 kA+t2e (D — 22 (L)Q(Gofez) ( )
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Here, we assumed that @, < 1. Indeed, in D = 4 dimensions

6 A2 Br

=g

In62 = (e2 — o) Ind2 (A.32)

which is much smaller than 1 for €2 — €p ~ €3 < 1 (see eq. (A.23)) or dg ~ 1. This analysis
justifies the assumption @ = 0 in the main text.

A.3 Omne-loop linearized equations of motion

On the same vein, we can write the equations of motion (A.12) in vacuum as

O (- g)

— ol [p@ _ (p_2p® 2)
0=0]e S [P@ — (D-2)PO] 4 on "
po
D[8(D—1)A§f;1n( xog ) + 2D 8 In (— AQ)]
+ Pl P(O) ha.
epoO pe
j224

where H is taken at the zero order in the perturbation and, for Ayq < E < A, we can
make the replacements (A.8) and (A.9):

D[S(D—l)ﬁgl (—575) + 205 m(_ADz)] o ”
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= 26R10A 111( )
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bew(D — 2) M2,
},LV

Using again the completeness relations for the projectors (A.3), we can factorize the operator

P® — (D —2)P© and get

 2PrichZIn (- 3)
beYe M2
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where 1,1 55 = (MupMve + NuoNvp)/2 is the identity tensor [133]. Finally, for @, < 1 we write
the linearized quantum equations of motion as

_ po
0=0 {eH [P@) —(D - 2)P<0>} [11 + e In (—ADQ) P? 4 ¢ In (—E) P(O)] } Bpor
ny

* *

= 0{e [P — (D= 2)PO] [14 Qs PV + Qo PY] }Z ” Bper (A.33)

In the presence of matter, the equations of motion are (3.29). Expanding them at the
linear level around the Minkowski background (indeed, the metric 7, is an exact solutions of
the equations of motion (3.29) also including the quantum corrections E?), the contribution
of the nonlocal form factor is of zero order in the fluctuations. Hence, it is diagonal and
we can write the modified Einstein’s equations (3.29) as

Q(1)
go7197 (1) QEMV i 1 HO©197 (1)
[e ]W Gor M2 M [e Ly Tor (A-34)

where (@ and (M stand for, respectively, the zero-order and the first-order expansion in
the metric or matter perturbations. There is no H) contribution, as shown in [37]. The
left-hand side of eq. (A.34) at the linear level is given by eq. (A.12). Hence, the equations
of motion (A.34) at the linear level read

Q O[4(D — 118 + DAY o
0 (Eﬂ"” { [P® — (D -2)PO] + s pe) A )0 /) pO ho

©
)

1
- M3

[€H<0> T T(l)

uy TOT)

and, factoring out the exponential form factor exp H(®) on both sides (which can be done
since exp H is entire),

(0)

M)
T _ 4 { [P — (D~ 2)PO] 4 10§ P2

2
Mg

( oT
e 1 [4(D — )&+ nyg?] P<0>} hor (A.35)
uv

where one should not confuse the labels (9 and @ of the projectors with the linearization
subscripts. Finally, using the result (A.33) and a compact vectorial notation, we can replace
the quantum form factors in eq. (A.35) to end up with

71)
Mg,

=0[P® — (D -2)PO] [1+ QP + QP h. (A.36)

As stated in [16], the linearized quantum equations of motion (A.36) reduce to the linearized
Einstein’s equations in the classical limit 7 — 0, i.e., for Q3 = Qp = 0.
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B Spatial correlation function and power spectrum

The spatial correlation function for a generic field ¥(x) is defined by
(V(z)¥(y)) = (Y(x)¥(x—r))

3 .
. / (;l?:;p\p(k)e“”

27 +oo (Jk ]{72 1 .
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™ r
(2m)? k
+oo dk k2 sin(kr)
:/0 5o Pu (k)= (B.1)

where r = x —y, r = |r|, and k = |k|. It is common to define the dimensionless power

spectrum as

3
A% (k) = 2% Puk), (B.2)
so that eq. (B.1) turns into
) = [T ajm (83

C Two-point correlation function of the energy-momentum tensor

In this section, we provide all the details about the computation of the two-point correlation
function of the perturbed energy-momentum tensor T;S,l,). For the sake of simplicity, we omit
the indices, which are hidden in the boldface notation. Hence, from the linearized equations
of motion (A.36) we can get the two-point function
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Making iterated use of the properties (A.13) in the product of the first and third brackets
with the last bracket, we can further simplify eq. (C.1),

(TO(z) TV () = -
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Let us now display the indices and also introduce the explicit form of the projectors (A.3)
in the two-point function (C.2):
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Expanding the products in the brackets:
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According to Lorentz invariance, the following identities hold:

[Pk £ kb = 5 [ a5 R (C5)
1
/ dPk f(k) kukykpky = DD LY (NuwNpo + NppMve + Nuoup) / dPk f(k)E*, (C.6)

which can be easily verified contracting the left-hand sides with the Minkowski metric.
Applying these identities to eq. (C.4), we obtain

4M2A? [ dPk
(1) (1) _ 2 ik-(x—y)
<T,uu ($) Tpa (y)> = bein /(271‘)D €

X {(1 + Q2) Eg _T_ g;gg i— B {; (nupnua + 77ua77up) - ll)nuunpa}
+(1 + QO)D(D T 21)(D — 1) [(DQ - 3)77uu77p<7 + NupMve + nuonz/p} } .

(C.7)

Therefore, the two-point correlation function of the perturbation of the energy density in
D = 4 dimensions is

Gp(x)dp(y)) = (T (@)TH (v))
AMZAZ / APk ey D1

= bew | (2m)D m[(D—Q)(1+Q2)+(1+QO)]
202 ;o gi
pot _Ant / (;lﬂ]; GV 2214 Q) + (14 Qo). (C.8)

Replacing egs. (A.25) and (A.26) into eq. (C.8), we find

(Op(2)dp(y)) = _4145%\2 /(;l:; e B [2 (f)z + (f)zol (o)
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