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Summary

The excitation and damping of betatron oscilla-
tions and the energy spread due to intra-beam scatter-—
ing is investigated. It is shown that below transition
energy an equilibrium for the particle distribution
exists which does not depend on the number of the
particles, The rise times and damping times for beta-
tron oscillations and energy spread are calculated.
The investigation shows that this effect sets a limit
to the intensity of stored proton beams at energies
below a few GeV,

Introduction

The intra-beam scattering or multiple scattering,
i.e. the scattering of the particles within the beam,
was investigated in several reportsl_a) The result of
these investigations showed an increase of all beam
or bunch dimensions and an increase of the energy
spread. But in these investigations two facts have
been disregarded, the energy spread within the beam
and the influence of the coordinates of the scattered
particle on the scattering angle.

The energy spread in the beam, i.e. the energy
difference of two colliding particles before the colli-
sion, leads to an excitation of betatron oscillations
which is, for small energies, the main contribution
to the increase of the beam dimensions.

The second point, the linear dependence of the
change of the coordinates on these same coordinates,
leads to a damping of the betatron oscillations and
to a reduction of the energy spread. Without this
damping one obtains an infinite increase of the beam
dimensions and the energy spread. This seems to be im-
possible for particles below transition energy.

Far below transition energy the influence of the
dispersion can be neglected as will be shown later,
and the particles in the beam behave like the par-
ticles of a gas in a closed box. Here the focusing
forces play the same role as the walls of the box.
Since the collisions within a4 gas cannot lead to an
increase of the temperature the collisions within the
beam cannot , below transition, lead to an increase of
the total oscillation energy and the energy spread.
One can only expect a transfer of oscillation energy
from one direction into another. Thus, there must
exist an equilibrium distribution where the intra-beam
scattering does not change the beam dimensions. It is
shown that the equilibrium distribution is a Gaussian
distribution.

Above transition energy the situation is changed
by the property of the particles that is often charac-
terized by the so called '"megative mass'" behaviour.
Here the comparison with a gas in a closed box is not
valid, and the calculation shows that the total os-—
cillation energy can increase. The behaviour of the
beam can be described with help of an invariant which
is given by
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with
P, Ap = momentum and momentum deviation,respectively
x',z' = betatron angles for horizontal and vertical
direction, respectively
Y = particle energy divided by its rest energy
ay = momentum compaction factor
o 1 for bunched beams

"~ 2 for unbunched beams

The momentum compaction factor a,, is, in Eq. (1),
precise only for a weak focusing machine. For a strong
focusing machine o, is a good approximation for the
mean value of - D?/B2, where D denotes the dispersion
and Bx the amplitufe function,

If l/yz—aM is positive, i.e. below transition,
the three mean values in Eq.(l) are limited. But
for negative 1/yZ-ay the three mean values can
increase so far as they do not exceed other limitationms,
and an equilibrium distribution does not exist.

In case of an equilibrium the three terms of the
sum in Eq.(l)are equal and one can calculate the equi-
librium dimensions starting from the initial dimen-
sions. Eq. (1) further shows that the equilibrium
dimensions do not depend on the number of particles,
but only on the initial mean values. The number of
particles determines the relaxation time for the equi-
librium and the rise time for the increase above
transition energy.

Kinematics
If s, x and z denote the longitudinal,horizontal
and vertical coordinates, the momenta of two partic-
les before a collision are given by (see fig.l)
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x! and z! are the betatron angles, and we con-

sider in thi3“investigation only linear and quadratic
terms of x! 2 and z' ,. We define a coordinate system
{u,v,w} wiéh help o%’%he unit vectors
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The momenta can then be written in the form
4 = { 0, t sin } 4
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The angles o and a, are defined by
p,sina = p,sina, (5)
and
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A Lorentz transformation parallel to the u-axis gives
the representation of the momenta in the center of



mass system
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The bar denotes all quantities in the center of mass
system. After the collision the momenta are changed
by the polar angle y and the azimuthal angle ¢, and
the»momenta are

¥ = + {ne eini - —_ N Tt
pl’z + (pw sinycos¢d + P cosy , psinysing

P- cosy - p- sinycos¢ }- - =

P ¥ - py sinycoss }u,v,W )
where.the prime denotes all quantities after the
collision. The inverse Lorentz transformation gives
the momenta in the {u,v,w}system, and the change of

the momenta has the form
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We now assume that the velocity of the particles in
the center of mass system is non relativistic.Then

the relation
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is satisfied, and one obtains
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The change of the momenta can now be written in the
form

=t g—{ZaysinE-cos$'+ YE(cosy-1),

(cv1+52/a274 sing + 5@/&/2cos$)sinﬁ-+ 0(cosy~1),
(—9V1+52/d2/4 sing + E;/a/ZcosE) siny+z (cosy-1) }S

X,z

with
- = [ R Vo
(ny=ny)/y =&, X%y =0, z; -z =g,

406

Change of the emittances and the momentum ipread

The emittance €y is defined by

= w2 2 12
= x5 + X
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where we have neglected B'. The change of the
emittance due to a scattefing event is
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For the vertical oscillations one obtains
dpz dzpz
= 2,0 2 4 g2
Szdez Zﬁzz > Sz —p'z— (12)

For the momentum spread one can define the following
invariant

n? + n2/92 for a bunched beam
H =
n2 for an unbunched beam

where @ is the synchrotron frequency and n the rela-
tive momentum deviation., The change of H due to a
scattering event is in both cases

2
SH = 2n gﬂ-+ gZP (13)

Determination of an invariant

Since the particle velocity should be non rela-
tivistic in the center of mass system we may employ
the Rutherford cross section which has the form

r

do = (———)2 singdydé (14)
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with ro= classical particle radius.

The impact parameter for the smallest scattering angle
V. is given by
n —

Y L3

tan 57— =
2 28%%
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We assume b to be equal one half of the average dis-
tance between the particles in the center of mass
system

5 =1 /'3 (16)

To calculate the mean value of the change of the emit-
tance or the momentum deviation for one particle we
have to average with respect to all betatron angles

and momentum deviations of the second particle. For the
total mean value of the change of the emittance and
momentum deviations of all particles we have to aver-
age additionally with respect to all betatron angles ,
momentum deviations and positions of the first particle.
Thus, we have to integrate with the following density
function

P = p2(s)p )05 (Xgg)p2 (20 (ndp (1))
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are normalized to one. We replace
' ' by the variab-
n X 1’2, z 1,2 y the varia

1,2
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The function is now symmetric with respect to £,0
and 7. The relative velocity between two colliding
particles in the center of mass system is 2cB. The
mean value of the change of the emittances and the

momentum deviation per unit time is then given by
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From Eq.(17) we get
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where the brackets denote the average with respect to
all particles of the beam. With the relations

2452,

for bunched beams

<H>

for unbunched beams

<gx/3x> = 2<x'2> <ez/az> = 2<z'2> (19)

we obtain finally for the invariant the expression

<——2> + <x'2> + <2'2> =
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Rise times and damping times

For the calculation of the rise time and damping
time we assume a Gaussian distribution for x,, z, n,x
and z'. The distribution in longitudinal direction may
be uniform or Gaussian-like., With Eq.(l17) one gets for
the change of the mean value of the emittances and the
pomentum gpread per unit tim
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for bunched beams
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A= s
% for unbunched beams
oy %z = standard deviations for longitudinal,
* horizontal and vertical bunch dimensions
Nb' N = number of particles in a bunch and in the
beam, respectively
o] = circumference, cf = particle velocity
With Eq.(19) one obtains
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The function is defined by
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f cannot be evaluated analytically. It is calculated
by a computer program and plotted in fig.2 and 3.

To reduce the range of numerical values for f one
can use the relations

f (a, b, c)
£(a,b,c)+ iz £ (l’

One can proof that

£ (l, 1, ¢) =0.
Thus, with
1 p?
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an equilibrium is reached and the Gaussian distribution
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remains stable. This equilibrium can only be reached Function f (a,b,c)
P ter: ;

for D2 -1/2 \ arameter b; ¢

1
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x fay \
i.e. below transition energy. \
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DISCUSSION

Andrew Sessler (LBL): Could you remind me how the rise
time goes with v, as one goes to higher energy.

Anton Piwinski (DESY): The risetimes are proportional to
1/A, and A is proportional to 1/'y4, so the risetimes are
proportional to 'y4. But, there is also a vy weaker vy
dependence in the function f.

Andrei Kolomensky (Lebedev Institute): Are the risetimes
independent or are they connected by some rule ?
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Piwinski: There is a linear relation between 1/'rn and 1/'rz.
but multiplied with certain factors.

Wolfgang K. H. Panofsky (SLAC): How is the numerical
agreement with the 2 GeV tests made in the ISR ?

Piwinski: Buchner has made an estimate and calculation,
and he found that the values that come from measurement
have the right order of magnitude, but I don't remember the
exact measurement.



