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Abstract

In variational quantum algorithms, it is important to balance conflicting requirements of
expressibility and trainability of a parameterized quantum circuit (PQC). However, appropriate
PQC designs are not necessarily trivial. Here, we propose an algorithm for optimizing the

PQC structure, where single-qubit gates are sequentially replaced by the optimal ones via
diagonalization of a matrix whose elements are evaluated on slightly modified circuits. This
replacement leads to a better approximation of target states with limited circuit depth.
Furthermore, we clarify the existence of a barren plateau in the sequential optimization in terms of
the spectrum concentration of the matrix, which defines the cost landscape with respect to changes
in the target gate. Then, we rigorously show the concentration is no faster than polynomials in the
number of qubits when an n-qubit PQC depth is O(logn) using local observables. Finally,
numerical experiments are provided to show the convergence of our method which is faster than
classical optimizers on both simulators and a real device. Our results provide evidences for
sequential optimizers as better alternatives to optimize PQCs on near-term quantum devices.

1. Introduction

Recent progress in quantum hardware accelerates the development of classical-quantum hybrid algorithms
for near-term quantum advantage. Variational quantum algorithm (VQA) is one of the most notable hybrid
algorithms; this is a versatile methodology applicable to quantum chemical calculation [1-6], combinatorial
optimization problem [7-10], dynamics simulation [11, 12], time evolving simulation [13, 14], principle
component analysis [15, 16], linear [17, 18] and nonlinear [19, 20] system solvers, and so on. VQA, especially
variational quantum eigensolver (VQE) [1], also draws attention as a promising subroutine to prepare an
initial state for other hybrid algorithms in the era of early fault-tolerant quantum computing [21]. For
instance, a shallow-depth state preparation in VQA combined with the subsequent moderate-depth quantum
operations such as Hamiltonian time evolution will lead to successful calculations for industry-relevant
problems [22-25].

The key component in VQAs is a parameterized quantum circuit (PQC), also called ansatz. A target
quantum state is generated on a PQC by classically optimizing the parameters along with a cost function [26,
27]. Hence, appropriate designs of PQCs are essential to express the quantum states of interest. PQCs are
classified into physics-based ansatz and heuristic ansatz. A physics-based ansatz, including a unitary coupled
cluster [28] and Hamiltonian variational ansatz [29, 30], can approximate the state of interest at high
precision by limiting the Hilbert space spanned by the ansatz to the target neighborhood. However, these
circuits are too deep. Since the circuit depth is practically limited due to the hardware noise, it is desirable to
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Figure 1. Overview of this work. (a) The cost landscape due to a parametrized single-qubit gate in PQCs. In our algorithm, we use
quaternion representation of a general single-qubit gate, which has three degrees of freedom, and this representation allows us to
select an optimal gate from all possible ones to minimize the VQA cost function. Also, our method is subjected to barren plateaus
on deep circuits but can avoid them in shallow circuits and local cost functions. (b) Schematic diagram of VQA with FQS in
comparison with other optimizers. The blue and red circles correspond to the expressibility of the single-qubit gate of FQS and
Fraxis, respectively. Since FQS (Fraxis) has full (partial) degrees of freedom in a single-qubit gate, the FQS (blue) circles are larger
than those of Fraxis (red). FQS and Fraxis can find the optimal state in its circle that drifts stepwise reflecting the circuit structure
optimization.

Fixed structure ansatz

Optimal selection
of a single-qubit gate

save the depth not only to maintain VQA performance itself but also for the subsequent quantum operations
on early fault-tolerant devices. In contrast, a heuristic ansatz puts more weight on hardware efficiency, which
generally results in shallower circuits albeit with the uncertainty to express the target states.

A typical strategy to mitigate the uncertainty is systematically increasing the circuit depth. However,
increasing depth can cause the gradient of the cost function with regards to parameters of PQCs to
exponentially vanish as the number of qubits grows, a phenomenon termed barren plateau [31-33]. The
barren plateau renders gradient-based approaches useless. Note that it is also the case for other optimizers
such as Nelder-Mead, Powell, and COBYLA, that do not explicitly employ gradients but cost differences
[34]. Several remedies, such as layerwise-learning [35] and parameter correlation [36], have been proposed
but they can only cope with noiseless conditions. The only effective strategy for the noise-induced barren
plateau to date is reducing circuit depth [32]. Hence, there are two conflicting requirements of PQCs with
heuristic ansatz; they should be deep enough to express target states but should be as shallow as possible to
avoid both types of barren plateau.

The convergence rate in optimization is also of great interest such as for state preparation in early
fault-tolerant quantum computing and quantum relaxation [7], where finding good-enough quantum states
is more important than finding the ground state. In classical tensor networks, sequential optimizations such
as the density matrix renormalization group (DMRG) are widely used because of their fast convergence.
DMRG optimizes only a small subset of the tensors while freezing the rest of them at each optimization step.
Hence, sequential optimization also seems to be a promising approach for quantum circuit optimization and
is drawing increasing attention [37]. However, the application of classical tensor network optimizers to
quantum circuits is not straightforward. Recently, there are some proposals for the sequential optimization
method in quantum circuits [38—41], but their advantage in convergence over conventional gradient-based
optimization has been confirmed mainly for systems less than ten qubits. Moreover, little is known about
both the theoretical analysis regarding barren plateau and relative advantages among these sequential
optimizations.

In this work, we propose an algorithm for optimizing the circuit structure of a PQC by sequential
optimal selection of general single-qubit gates R, (1)) that rotate a qubit around a rotational axis n with an
angle 1. This is in contrast to popular circuit structures of PQCs with single-qubit gates limited to fixed
rotational x, y and z axes. In our method, the R, (¢) is mapped to a unit quaternion, which transforms a VQA
cost function into a solvable quadratic form. Then the quadratic form allows for an optimal selection of a
single-qubit gate to locally minimize the cost function as depicted in figure 1(a), which, as a result, leads to
the structure optimization of PQCs (i.e. the rotational axes in parameterized gates [39]) while maintaining
the circuit depth. We call this sequential algorithm free quaternion selection (FQS).

Since the target gate for FQS application has the highest degree of freedom over the whole single-qubit
gates, simultaneous optimization of the multiple degrees in the gate leads to faster convergence, compared to
both the gradient-based optimizers and the existing sequential quantum optimizers (where parameterized
gates are sequentially and analytically optimized without gradients) such as Rotosolve/Rotoselect [39],

NFT [38], and Fraxis [40] as illustrated in figure 1(b). Actually, we confirm the fast convergence of FQS in
experiments with as large as 20 qubits. Here, the Rotosolve and NFT method find an optimal single-qubit
gate R,, (1)) under the constraint of the fixed-axis m by using the sinusoidal structure of the VQA cost
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function with respect to . The Rotoselect method iterates the procedure for each element of a discrete set of
axes and then adopts the axis with the lowest cost. As for (7-) Fraxis method, the rotational axis n of an
angle-fixed single-qubit gate R, (7) is optimized by matrix diagonalization which is generalized by the
proposed FQS method. It turns out that the FQS generalizes all sequential quantum optimizers;
Rotosolve/NFT and Fraxis can be formulated with corresponding quadratic forms derived from the original
one appeared in FQS procedure.

Next, we unveil several important properties of this optimizer family with respect to barren plateau. Since
the sequential quantum optimizers do not directly use gradients (and cost differences), it is not
straightforward to study the properties of these optimizers with regards to barren plateau. However, the
essential nature of barren plateau is the loss of trainability as the number of qubits increases, which reflects
an extreme separation between the initial and the target states caused by exponential inflation of the
dimension of Hilbert space. Hence, it is worth investigating the relation between loss of the trainability and
the system size in the sequential quantum optimizers. To clarify this point, we introduce the spectral radius
of the matrix associated with the quadratic form of each sequential optimizer as an alternative measure for
trainability. The spectral radius corresponds to the cost variation by one-time application of each
optimization method to a single-qubit gate.

Here, we rigorously prove that under the same conditions as assumed in their gradient-based
counterparts [31, 33], the sequential optimizers will likely run into barren plateau when a PQC has sufficient
expressibility. More precisely, if the circuits become sufficiently deep to achieve unitary 2-design over the
whole system, the second moment of the spectral radius shows exponential decay regardless of the global or
local cost. This means that the spectrum of the corresponding matrix of the quadratic form concentrates on a
single value exponentially fast with respect to the number of qubits as depicted in figure 1(a). On the other
hand, we also rigorously prove that when the cost functions are local observables on an alternating layered
ansatz [33, 42], the exponential concentration of the spectrum cannot occur as long as the depth of the
n-qubit PQCs is O(logn), and as a result the barren-plateau problems can be avoided.

We further demonstrate these properties of FQS using extensive numerical simulations and an
experiment on a real quantum device up to 20 qubits. While the sequential optimizers have similar resistance
to barren plateau to gradient-based optimizers, they show faster convergence for larger system, which shed
light on sequential optimizers as better alternatives to the gradient-based ones.

2. Theory

2.1. Free quaternion selection for variational quantum algorithm
We first show that cost functions for VQAs are formulated as a quadratic form on a single-qubit gate. To this
end, we use a quaternion representation of general single-qubit gates:

Ry(¢):=e 2" =q.¢ (1)

The rotational axis n and angle ¢ in the single-qubit gate are encoded together in a four-dimensional

parameter q with the unit norm, that is, a unit quaternion. The four-component operator

¢:= (I,—iX, —iY,—iZ) is an extension of the Pauli matrices & = (X, Y, Z) with the 1-qubit identity I; the

derivation of the relation (1) is provided in appendix A. Hereafter, we write R, (¢) as R(q) for simplicity.
We aim to solve an optimization task with the following objective function

XK:“ {PkU({qd}f;—l)THkU({qd}fJ_l)} : (2)
k=1

where py is an n-qubit initial state from a training set, and Hy, is some observable. Here, U is an n-qubit PQC
comprised of D parameterized single-qubit gates {R(q,)}4_, and parameter-free gates such as CNOT gate.
In the following, without loss of generality, we focus on a single expected value in the objective function (i.e.
K =1, which can simply be considered as the minimization of energy for the Hamiltonian H := H, and the
input state pi, := p1). The extension of our algorithm to the whole objective function is trivial due to the
linearity.

For the energy minimization, we focus on a sequential optimization regarding R(q,) where all parameters
are fixed except for the dth single-qubit gate as shown in figure 2. The energy expectation is written as

(H) (q,) := tr [ UIR (,)' UIHU:R (9,) O3]

—tr|pi,R(q,) H'R ()] 3)
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Figure 2. A quantum circuit to optimize the single-qubit gate R(q,). The variational parameters in U; and U} are fixed during
the optimization of the gate of interest. Our algorithm sequentially replaces R(q,) in the circuit by the optimal one, which is
computed by the diagonalization of the corresponding matrix S whose elements can be evaluated from the circuit by replacing
R(q,) with ten different gates as described in appendix C.

where U, and U, are the quantum circuits before and after R(q,), respectively. H' and p/, are defined as
H':=UIHU,, pl :=UpnUl. (4)

Here we omit the subscript d for simplicity. Substituting equation (1) into equation (3), we can obtain the
following quadratic form

(H)(q) =q" Sq, (5)

where superscript T denotes a transpose operation. Denoting each element of the four-component operator
Sasg, (0=0,1,2,3), S = (S, ) is a 4 x 4 real-symmetric matrix whose elements are defined as

1
Spv 1= St [Pin (QEHIQ/ +oiH's,)], (6)
and more explicitly
tr(H'ply)  5tr(H'[pf,, X]) str(H' [py,. Y]) str(H' [pf,, 2))
¢ : tr(H'Xp;,X) 5[ (H'Xpl,Y+H'Yp{,X)] 5 [tr (H'Xpj,Z+ H'Zp{,X)] -
= ) 7
: : w (H'Yp),) L[t (H'YplyZ + H'Zp},Y)]
tr(H'Zp;,Z)
where [+, -] denotes the commutation relation. See appendix B for the derivation of the quadratic form.

The matrix S can be obtained by running and measuring ten quantum circuits, each corresponding to the
element in the upper diagonal of S, as detailed in appendix C. Note that the minimization of the quadratic
form is exactly achieved by calculating the eigenvector corresponding to the lowest eigenvalue of S. In
addition, this optimization over the whole SU(2) is a generalization of other sequential optimizers [38—40],
which optimize only a part of SU(2). To clarify this point, we show they can be derived from our general
framework in section 2.2. Notice that a special FQS, which applies to the objective functions in a special
form, was proposed for time-evolving simulation [14]. Our formulation is also regarded as an extension of
that special FQS.

Since FQS can select the optimal gate from the whole SU(2) for minimizing the energy expectation in
equation (3), it can incorporate the multi-parameter correlation in SU(2) and thus achieves better
performance for optimizing PQCs than other sequential optimizers. Rotoselect, Rotosolve, and their
variants [38, 39, 43—46] can be used to optimize a general single-qubit gate by first decomposing the
multi-parameter gate using ZYZ-decomposition [47] to obtain three single-parameter gates. In
Rotosolve/select and their variants, each parameter of the decomposed gate is optimized locally in contrast to
FQS and Fraxis, where a general single-qubit gate is decomposed into two Fraxis gates defined as R, (7).
Fraxis [40] updates these gates individually but simultaneously optimizes two parameters within the gate.

2.2. Unification of sequential quantum optimizers
FQS generalizes all known sequential optimizers for single-qubit gates of PQCs, such as, Rotosolve (NFT),
Rotoselect, Fraxis; those methods can be regarded as special cases of FQS.
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For NFT, a single-qubit gate is restricted to a fixed axis m such as Ungr := R,y (¢0). Then the
corresponding objective function in quadratic form is

+ 1 Soo So-m
tr [pi/nUNFTH/UNFT] =c (§o~m mT§m> c (8)

where ¢ := (cos1)/2,sint/2) T and Sy := (So1, S0z, S03). S denotes the lower right 3 x 3 part of the S matrix.
The derivation of the quadratic form is detailed in appendix B. The real symmetric matrix in equation (8)
can be regarded as a contraction of the FQS matrix S with respect to the rotational axis m reducing its degree
of freedom to three. In Rotoselect, three contracted matrices in equation (8) are constructed for

m < {(1,0,0),(0,1,0),(0,0,1)}, and the lowest eigenvalue is selected after three separate diagonalization
procedures. Since the three matrices share Sy, the total number of circuit evaluations can be reduced to
seven.

As for Fraxis, the target gate Ugayis := Ry (1) is simply expressed by the quaternion g = (0,n). Thus,
substituting g = (0,n) into the objective function, we can reproduce the previous results derived in [40] as
follows

tr | pi U

EraxisH ’UFraxiS} =n'Sn. (9)
Note that the 6-Fraxis of [40], in which the rotation angle is fixed to arbitrary values 6 instead of 7, can be
regarded as minimizing equation (5) for 9" := (q1,42,43) € R® under the constraint |q’|> = 1 — g3, which
results in solving simultaneous equations rather than diagonalization.

It is worth noting that the required number of circuit evaluations for each sequential quantum optimizer
coincides with the degrees of freedom for the real-symmetric matrix of respective methods, i.e. 3 = 142
circuit evaluations for NFT/Rotosolve, 6 = 1+2+3 circuit evaluations for Fraxis, and 10 = 1+2+3-+4 circuit
evaluations for FQS.

2.3. Barren plateaus in sequential quantum optimizers

We have shown that the energy landscape of all sequential optimizers can be derived from the eigenvalues of
the S matrices whose elements are computed from circuit evaluations of slightly modified PQCs. Sequential
quantum optimizers can effectively obtain a better single-qubit gate minimizing the cost function as long as
the eigenvalues of S are significantly far from degenerate. Hence, it is useful to quantify degeneracy of S for
evaluation of performance of sequential quantum optimizers. To this end, we introduce a centered matrix
SEP ) defined as,

tr S(p)
s .= s) [p ]Ipxp, (10)

where I, denotes a p x p identity matrix. Here, S(®) isa p x p real-symmetric matrix for each sequential
quantum optimizer, and the degrees of freedom of target single-qubit gateisp — 1 e.g. p=2
(Rotosolve/NFT), p =3 (Fraxis), and p =4 (FQS). Henceforth, we omit the superscript p for simplicity
because it is clear from the context. Since the mean of the eigenvalues of S. is zero, the spectral radius of S,
indicates the spread of the spectrum of S from the mean of eigenvalues of S. More precisely, defining \(S) as
the eigenvalue of S with the largest distance from tr[S]/p, which is the mean of eigenvalues of S, the spectral
radius r of S, is equivalent to

(11)

In the following, we provide two theorems on the behavior of the spectrum of each real-symmetric
matrix in equations (5), (8) and (9) on the condition that the parameters in U; and U, as in figure 2, are
randomly initialized, which is standard for studying barren plateaus in gradient-based methods [31, 33]. The
proof of the theorems are proved in appendix D.

2.3.1. Sequential quantum optimizers catching barren plateaus

An upper bound of equation (11) that decays exponentially with the number of qubits hints at the existence
of flat energy landscape (barren plateaus). Indeed, we reveal that the flat landscape can happen under similar
conditions assumed in [31] i.e. if the circuits become sufficiently deep to achieve unitary 2-design, the
second moment of the spectral radius of the centered matrix shows exponential shrink regardless of the
global or local cost.
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Theorem 1. Suppose that the quantum circuits Uy and U, are randomly and independently generated. If either
U, or U, forms a unitary t-design with t > 2, the second moment of the spectral radius r of the centered matrix
equation (10) is upper bounded as,

p—1

pre[H | Apin Apin,2 1—0u0
2[(22*7]—1) + 4p(2€”—1) (P(_l) ' _2) tr [EUZ [H gﬂdH €V§u+hcﬂ
EU},UZ |:r(SC)2:| < T 5;1/1:0 ’
ptr[pi | AH, 1=6,
dlelath | A (p (=)' =2) 1t [Eu, [phsfsupinsisn +hoc]]
H,v=0

(12)

where the first case corresponds to U; being a t-design, and the second case corresponds to U, being a t-design.
Here, Ey, v, [-] is defined as the expectation over the random quantum circuits Uy and U,, §,,,, denotes the
Kronecker delta, h.c. means the Hermite conjugate of the preceding term, and Api, ,, AH, are defined as

Apin,z =1tr [plzn:l - ?7

tr? [H|

AH, :=tr [H] — o

(13)

In particular, in the case of p =2 (Rotosolve/NFT), the right hand side of equation (12) is equivalent to
the variance of gradient of the objective function with respect to the rotation angle in a target gate, which is
calculated in [31]. Therefore, we can rewritten equation (12) with p = 2 as follows:

Ey, v, [r (s@ﬂ < Var L,?em)] ,

where (H) denotes the energy expectation for the quantum state in figure 2 with R = e, This theorem
means that if either U; or U, has sufficient expressibility i.e. unitary 2-design over n-qubit, the spectrum of S
matrix concentrates on a single value and its deviation is exponentially small with respect to the number of
qubits. As a result, this spectrum concentration implies that the energy of the output quantum state becomes
insensitive exponentially on the selection of single-qubit gates.

2.3.2. Sequential quantum optimizers avoiding barren plateaus

Although theorem 1 assumes the relatively deep circuit forming unitary t-design with # > 2, we are interested
in shallower circuits due to the existence of noise-induced barren plateau. Here, we show that, in contrast to
theorem 1, there are shallow circuits avoiding the exponential shrink of the spectral radius when the target
Hamiltonian is local.

To this end, let us consider an n-qubit alternating layered ansatz U [33, 42] with m-qubit parametrized
unitary blocks, as depicted in figure 3(a). Each block consists of parametrized single-qubit gates and
parameter-free gates. Suppose the ansatz consists of L layers, and each layer contains £ blocks (i.e. n = £ m).
We define S; (k=1,2,---,£) as the m-qubit subsystem on which the kth block from the top in the final layer
acts. In the following, we focus on a block W in the /th layer and a parameterized single-qubit gate R in the
block as in figure 3(b). Moreover, we define the forward light-cone £ of the block W as a series of gates that
has at least one input qubit causally connected to the output qubits of W. As well, the backward light-cone
Ly of W is defined in the reverse direction of L.

Theorem 2. Suppose that the whole quantum circuit U is an n-qubit alternating layered ansatz with m-qubit
blocks as described in figure 3. Here, we focus on a block W in Ith layer and a parameterized single-qubit gate R in
the block. We assume that the quantum circuits Wa, Wy C W, which are located after and before the target gate
respectively, and the other blocks form a local 2-design independently. In addition, the Hamiltonian H is assumed
to be m-local such as

H:col®”+Zcihi, 0,6 €R, (Fi,¢#£0), (14)

where h; is a tensor product of Pauli matrices that acts non-trivially on at most m-qubit. (The same assumption
was used in [33].) Then, the second moment of the spectral radius r of the centered matrix equation (10) satisfies

+2 _1 2m(l+1) 1
Eu, (5] > EE20 mY L el (15)
p(22m —1)* (2m 4 1) €1 (k') ekey
k>k
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-1 1 I+1
Figure 3. Schematic diagram of the alternating layered ansatz with m-qubit untiary blocks. In theorem 2, we focus on a
single-qubit gate R in a block W of the Ith layer as depicted in (b), where W and Wy are a set of unitary gates located after and
before the target single-qubit gate. £ (Lp) denotes the forward (backward) light-cone with respect to W. Here, U] in figure 2
includes the gates in £ and Wy, and U, includes the other gates.

where L denotes the total number of layers. Here, i is the set of i indices whose associated operators h; act on
qubits in the forward light-cone L of W, and k., is the set of k indices whose associated subsystems Sy are in the
backward light-cone Ly of W. The quantum state py - is the reduced density matrix of the input state pi, on
SkSk1+ - Skr» and the function e(M) for a matrix M is defined as e(M) = Dyus(M, tr(M)1/d)s) where Dyg is the
Hilbert—Schmidt distance and dy is the dimension of the matrix M.

We prove this theorem by firstly deriving the relation between the lower bound of the spectral radius and
the variance of the gradient regarding 6 in the case R = e 1'%, under the condition of theorem 2. More
precisely, we prove the following relation:

Eu,u [r(5)7] > W X Var [%(H}} .

Then, combining the previous result in [33], we complete the proof of theorem 2; see appendix D. This
theorem means the lower bound of the second moment of the spectral radius does not vanish exponentially
fast when we employ shallow L, which leads to similar properties as the gradient-based counterparts [33].
More precisely, if at least one term c7€(p - )€(h;) vanishes no faster than ©(1/poly(n)), and if the number of
layers L is O(log(n)), then

Ey, v, [r(SC)Z] o) (M) (16)

holds. This guarantees trainability of sequential quantum optimizers in the beginning of optimization. On
the other hand, if at least one term c?¢(py & )e(h;) vanishes no faster than Q(1/2P°¥(108(")) ‘and if the
number of layer L is O(poly(log(n)) then,

2] 1
IEUl,Uz |:T<Sc) i| - Q (zpoly(log(n))) (17)

holds. This suggests a transition region of trainability where the spread of the spectrum decays faster than
polynomial but slower than exponential. Note that Cerezo et al [33] showed a detailed analysis of variance of
gradient with respect to angles of fixed-axis rotation gates. In contrast, for a global cost function, the spectral
radius is expected to shrink exponentially even on a constant-depth alternating layered ansatz in line with the
gradient-based methods as [33].

There is a new finding in equation (15) which is not available from the previous study on the gradient;
the lower bound depends on the parameter p. We can see this from the simplest case when p = 2 for
Rotosolve (NFT). In this case, the lower bound of the spectral radius appears to be twofold of that of the
gradient-based method in [33]. This is probably because the spectral radius measures all possible energy
variations that can occur by replacing the target gate, while the gradient-based analysis focuses on only a
local response along a slight move in the parameter space.

Also, the lower bound implies the larger the value of p the better the chance to escape from barren
plateaus. Although the values of p are limited to 2 (NFT), 3 (Fraxis), and 4 (FQS) for single-qubit gates in
this study, our spectral radius analysis can be extended to a multi-qubit gate with p > 4 that seems to grow at
least polynomially in the number of qubits. Such an extension of our method is actually an important open
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problem, but it would be achieved by imposing an appropriate structure of parameterized gate to the method
in the previous paper [41] or a more detailed analysis of the unified expressions of sequential optimizers.

3. Numerical simulations

Comparing with both other sequential quantum optimizers and a gradient-based optimizer, we show the
advantages of FQS in VQE for the mixed field Ising model and fidelity maximization, where the former has a
local Hamiltonian as the cost function while the latter is a global cost. In addition, we demonstrate that our
method can avoid the barren plateau (more precisely, the exponential concentration of spectrum of S) by
numerically evaluating the second moment of spectral radius. The detailed setup for the numerical
simulations is provided in appendix E. Note that in the case of sequential optimization, the order of gate
(parameter) updates is arbitrary. It is not obvious how the results depend on the update order. We tested
three update protocols (vertical, horizontal, random updates) using a 5-qubit Ising model before the main
experiments. Refer to the appendix G and figure 10 for the detailed update protocol and benchmark results.
The results showed that vertical and horizontal update have comparable performance, while random update
converged faster, but led to the local minima. Henceforth, the results in the rest of this manuscript are
calculated based on vertical update. In this paper, an updating cycle of all single qubit gates is referred to as a
sweep.

3.1. Mixed field Ising model

Figure 4 shows averaged trajectories of independent VQE simulations for 5-qubit (in the panels (a) and (b))
and 20-qubit (in the panels (c) and (d)) mixed-field Ising model based on the 5-layer alternating layered
ansatz. While we employed statevector simulator in the 5-qubit experiments, in the 20-qubit experiments the
expectation of Hamiltonian was evaluated with 61440 = 60 x 1024 shots in total. In figure 4(a), we compare
the convergence efficiency of FQS with those of the other sequential quantum optimizers with respect to the
number of gate updates under an ideal condition without statistical error, namely shot noise. Although the
number of circuit evaluations to update a single gate is not necessarily consistent among the optimizers, the
number of gate updates may be a fair index because the practical wall times for a single gate update by these
optimizers would be comparable if parallel circuit evaluations were allowed.

Considering the gate expressibility, it may appear to be reasonable that FQS reached the better solution
than Rotosolve and Fraxis. We note, however, the efficiency of FQS is not necessarily trivial. To verify it, we
decomposed a general single-qubit gate, which we term an FQS gate, into equivalent three fixed-axis rotation
gates R,(¢)R,()R,(\) and sequentially optimized the three gates by Rotosolve. In this case, the optimization
turned out to be far slower not only than FQS but also than Fraxis. The ansatz with the three-gate
decomposition was also slower than the RyRz ansatz in optimization. Actually, this deceleration of the
RzRyRz ansatz compared to RyRz ansatz is consistent with the known dilemma; higher expressibility leads to
lower trainability [48]. It is a contrast that FQS can maintain high optimization efficiency regardless of its
high expressibility. We can clearly attribute this efficiency of FQS to the incorporated parameter correlation
within a single qubit gate, which has three degrees of freedom. This insight is consistent with the fact that
Fraxis also outperforms the sequential optimization for the RyRz ansatz by Rotosolve, because Fraxis
incorporates correlation of two degrees of freedom. As shown in figure 4(c), we also emphasize that these
advantages of FQS are still distinct even under a practical condition with finite number of shots and scalable
up to as large as 20 qubits. Further investigation has shown that shot noise causes FQS to lose its advantage
over Fraxis and Rotosolve when comparing the converged VQE energy [49]. In fact, figure 4(c) shows that
FQS and Fraxis give comparable results in terms of convergence energy, but still have an advantage over
Rotosolve. Furthermore, with respect to the speed of convergence, FQS has a distinct advantage. Hence, we
confirmed that FQS is able to demonstrate its performance under shot noise well enough for practical use.

The comparison of performance between FQS and classical optimizers is presumably in great demand.
Among the classical optimizers, ADAM and COBYLA are employed here as representative gradient-based
and gradient-free optimizers, respectively. COBYLA has been widely employed in VQA, particularly for
computation on a real device. Adam can perform efficient stochastic optimization under statistical errors
that come from the finite number of measurements. Figures 4(b) and (d) show a comparison of optimization
efficiency between FQS and the classical optimizers [50] where the horizontal axis represents the number of
expectation evaluations. Note that it is not straightforward to compare FQS and classical optimizers in a fair
manner, because their apparent performances vary depending on the assumed hardware. Although parallel
computing is principally possible for the gradient-based optimizers, the required number of the cost
evaluation for each optimization step is O(D), where D is the total number of gates in ansatz. This is contrast
to FQS that requires a constant number of the cost evaluation i.e. at most 10 circuits for a single gate update.
As the number of parameterized gates increases, we did not find parallel computing practical for the

8



10P Publishing Quantum Sci. Technol. 9 (2024) 035030 K Wada et al

A
b

T T
i
48 4.2 ' ]
--- Rotosolve(RyRz) _ “ | --- Adam (RyRz)
= — Rotosolve(RzRyRz) = 440 | — Adam (RzRyRz) ]
49 - \
5 — Rotoselect ST - COBYLA (RyRz)
> Fraxis > \ \ — Fas
€ 50 — FQs £ 460
5 2
& s
e 4.8
5 5.1 3
[} [
g 52 % -5.0
53 -5.2
i i Il Il " 1 | 1 1 1
545 1000 2000 3000~ 4000~ 5000 6000 54 """3000 4000 6000 _ 8000 10000 12000 14000
number of gate updates number of cost evaluations
(a) Comparison with the other sequential optimizers (5-qubit) (b) Comparison with classical optimizers (5-qubit)
0 R 0 ]
5 — Rotqsolve (RyRz) B s — Adam (RyRz): QASM B
= Fraxis = — FQS: QASM
5 FQS 5 --- FQS: Real Device
g >
S S-10H
g 2
& &
> >
8 B-15-
Q [
c f=
[} [}
_20-
5 Il Il L Il Il _o5 Il Il Il Il Il
0 200 400 600 800 1000 1200 2000 4000 6000 8000 10000 12000
Number of gate updates Number of cost evaluations

(c) Comparison with the other sequential optimizers (20-qubit)  (d) Comparison with a gradient-based optimizer (20-qubit)

Figure 4. Optimization trajectories of the VQE resulting energy for 1-dimensional mixed field Ising model on the 5-layer
alternating layered ansatz. The top and bottom panels show the results in a 5-qubit system with the statevector simulator and
20-qubit system with the QASM simulator and a real device(ibm_kawasaki), respectively. The trajectories in each panel are
average over 20 (10) independent runs whose initial states were randomly generated in 5-qubit (20-qubit) simulations except for
that from the real device where the single trajectory is presented. The Alternating Layered ansatz with five layers was employed for
all the simulation except for that on the real device where the two layers was adopted. Left panels (a) and (c): comparison with the
other sequential optimizers, where the horizontal axis represents the number of gate updates. Right panels (b) and (d):
comparison of FQS with classical optimizers, where the horizontal axis represents the number of expectation evaluations. The
learning rate parameter of 0.1 was employed for the Adam optimizer. The horizontal dash-dotted line in gray color represents the
exact ground energy.

gradient-based optimizations. Henceforth we employ the number of expectation evaluations as the measure
for comparison evaluations, which is not consistent with that of figures 4(a) and (c). Figure 4(b) clearly
shows the FQS advantage over COBYLA and Adam optimizer. Although COBYLA achieves the fastest
convergence, the optimisation is often trapped local minima. The slower convergence of the Adam with the
RzRyRz gates can be attributed to the same reason for Rotosolve in figure 4(a). The efficiency with Adam
optimization appears to be diminished when the system size increases to 20 qubits and simulation on the
quantum assembly language (QASM) simulator is employed, which is contrast to FQS that maintains high
efficiency (figures 4(b) and (d)). We further carried out VQE calculations with FQS on a real quantum
device, ibm_kawasaki, where the Hamiltonian was evaluated with a consistent number of shots in the QASM
simulation. Because of severe limitations in real device usage, we employed a two-layer ansatz as well as usage
of the optimal parameter configuration for a single-qubit gates configuration proposed in [49], which is
inconsistent with other results from simulators using five layers. A shallower PQC generally leads to a faster
convergence rate of VQA, while the energy level at the convergence destination is usually worse. Therefore,
this result from the real device cannot be directly compared to those from simulator. Despite the inclusion of
noise, however, the result from the real device shows that the convergence speed is comparable to that of the
5-layer QASM simulator. Furthermore, the convergence destination is at the same level as Adam. This
indicates that FQS performs well under noise on the real device.

Figure 5 shows the optimized energy after 100 sweeps based on (a) alternating layered ansatz in
figures 9(a) and (b) grouped-layer ansatz with cyclic entangler in the 5-qubit mixed field Ising model with
statevector simulator in figure 9(b). Although the 100 sweeps may not necessarily be sufficient for rigorous
convergence, the energy update by single sweep is too small to expect the drastic improvement by further
iterations. Figure 5 provides several insights. Generally, the performance of optimization methods may
become more distinct as the circuit layer increases. FQS consistently showed the best performance among all
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Figure 5. Boxplots of the resulting energy of VQE for 5-qubit 1-dimensional mixed field Ising model after 100 sweeps. The 20
independent VQEs were conducted from randomly-generated initial states. The vertical axis represents the difference between the
obtained energy and the exact ground energy.

the sequential optimizers on all the ansitze (alternating layered, cyclic, and ladder entanglers, see also

figure 11 in appendix H). Taking the higher expressibility and correlation among parameters of an FQS gate
into account, the systematic difference in performance according to the number of parameters to be
optimized apparently seems to be promising. Indeed, we confirmed a systematic improvement associated
with the degrees of freedom of the target gate i.e. FQS optimizes three degrees, Fraxis optimizes two degrees
and Rotosolve optimizes one degree. On the other hand, it should be also noted that the Rotosolve
applications to a series of the fixed-axis gates (RyRz and RzRyRz) were not better than FQS even though they
have equivalent expressibility. In some cases, on the contrary, Rotosolve applying to a series of RyRz gates
showed better performance than Rotosolve to RzRyRz gates that possess full expressibility for a single-qubit
as well as an FQS gate. This result suggests that the higher circuit expressibility alone may not be sufficient
for successful optimization, and on the contrary, in some cases it may disturb further optimization if
correlation among parameters is not considered. Note that barren plateaus do not account this hindrance
because the FQS application that has equivalent expressibility to RzRyRz showed better performance. Hence,
we suppose that Rotosolve optimization for RzRyRz gates is likely to be trapped at local minima and/or
saddle points, while FQS may be more resilient due to its incorporating parameter correlation.

3.2. Fidelity maximization

As another example to verify FQS performance, we conducted fidelity maximization on 5-qubit system,
where the infidelity with a reference state was regarded as the cost. Figure 6 shows the results after 100 sweeps
of 40 independent runs with statevector simulator. We confirmed that FQS also showed better performance
than the others, where the advantage was more distinct as the number of layers L increased. This observation
is consistent with the previous results on a local Hamiltonian.

3.3. Spectral radius and noise-free barren plateau

To verify our theorem on the spectrum of FQS matrix on an alternating layered ansatz, we evaluated the
second moment of the spectral radius of the centered FQS matrix with use of statevector simulator in
comparison of the global cost and local cost. When we employed the infidelity as a global cost function, the
second moment was independent of the number of layers, but exponentially scaled according to the number
of qubits as shown in figure 7(a). Since the reference states generated with random unitary Up,,, from the
unitary group with respect to the Haar measure are written as [¢)yef) = Upaar|0)®", the fidelity can be
regarded as the projection measurement on |0)®" with the input ansatz appended a randomly-generated
unitary:

| (Wras|¥ret) I* = (¥rqs| Uttaar|0) (01" Ul [ ¥ras) - (18)

As a result, the condition employed in theorem 1 holds, which is consistent with the present experiments. In
the case of the local cost function, the exponential decay of the second moment can be confirmed in the large
limit of the number of layers in figure 7(b). However, the second moment exhibited the transition from a
constant value to exponentially small values as the number of layers increases. Therefore, the sequential
quantum optimizers are able to circumvent noise-free barren plateau using an alternating layered ansatz with
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Figure 7. The second moment of spectral radius of the centered FQS matrix. The FQS matrix is evaluated for the single-qubit gate
acting on the first qubit in the first layer of the alternating layered ansatz. The second moment is evaluated with 1000 samples
based on the randomly initialized circuits with respect to the parameterized single-qubit gates. We employed the infidelity with
the state generated using Haar measure on n-qubit unitary as the global cost. For the local cost function, we employed an
expectation value of the Hamiltonian H = Z ® [®" 1.

limited number of layers for local cost functions. We remark that although each block in the alternating
layered ansatz used in the present experiments does not form unitary 2-design, the results seem to be
consistent with the consequence of theorem 2. Therefore, the unitary 2-design in the block and even
alternating layered ansatz may not be necessarily required to circumvent barren plateau.

Furthermore, we also observed the transition region of the second moment of the spectral radius with a
different type of alternating layered ansatz (see figure 12 in appendix H). We also note that, at present, barren
plateau has been analytically proven assuming the randomly initialized conditions. Although it is the case at
the beginning of the optimization, the randomness does not stand anymore during the optimization, and
thus it is not trivial how the optimization proceeds after random initializations. For further understanding,
we carried out the additional optimizations with the 5-layer alternating layered ansatz varying the number of
qubits.

Figure 8 shows the resulting errors for the global cost become exponentially larger as the number of
qubits increases, which is in line with the spectral radius in the beginning of the optimizations as in
figure 7(a). In contrast, the results for local cost did not exhibit the exponential deterioration of trainability,
which is also consistent with figure 7(b), where the relative error balanced after 6-qubit. We expect that this
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Figure 8. Boxplots for the relative errors of the obtained cost measured from the exact solution after 100 sweeps as a function of
the number of qubits. As for the global cost, we executed the fidelity maximization as described in section 3.2, while the mixed
field Ising Hamiltonian in equation (E.1) was employed as the local cost. For both VQEs with statevector simulator, the 5-layer
alternating layered ansatz in figure 9(a) was employed. The box plots denote quantiles consisting of independent 20
optimizations, and the medians are connected by the solid line.

error may increase again, as the number of qubits increases beyond a certain threshold, because a constant
layer circuit does not have sufficient expressibility for the target states, even though the optimization
proceeds to some extent in the beginning. For better scalability, thus, it is required to use a high expressive
circuit, e.g. alternating layered ansatz with high expressive blocks [42], keeping the number of layers small.
Since our method utilizes the full expressibility of single-qubit gates to optimize the circuit structure holding
the number of layers, we believe that FQS is effective to meet this requirement.

4. Conclusions and discussion

We proposed a new algorithm for VQAs combined with the circuit structure optimization based on
analytically optimal selection of a single-qubit gate. We have shown that the expectation of an observable on
a quantum state prepared by a PQC can be rewritten as the solvable quadratic form on parameters of a
single-qubit gate in the PQC: our algorithm utilizes the matrix diagonalization based on this quadratic form.
The matrix diagonalization framework has also revealed the hierarchical relation of sequential quantum
optimizers in the degrees of freedom of simultaneous optimization for the single-qubit gate i.e. Rotosolve
(NFT) < Rotoselect < Fraxis < FQS. Moreover, by introducing the spectral radius as a measure to evaluate
the performance of sequential optimizers (including the existing methods), we rigorously proved the
exponential concentration of spectrum of the matrix associated with the quadratic form if the circuit is too
deep. On the other hand, we also proved the possibility to avoid the exponentially sharp concentration by
supposing a local cost function and an alternating layered ansatz. Furthermore, numerical experiments show
that sequential optimization works well for large systems.

We also remark that the hierarchical relation contains Rotoselect, which was originally proposed based
on a concept of circuit structure optimization [39]. As mentioned above, the only way to maintain
trainability against both barren plateau and noise-induced barren plateau is to employ shallow quantum
circuits although it sacrifices the expressibilily. The circuit structure optimization fills this requirement; the
ansatz is modified adapting to the cost function through the cost optimization such that the circuit can
approximate the target quantum state well even with limited circuit depth. Actually, various types of circuit
structure optimizations have been developed [3, 39, 51-63]. Unlike Rotoselect and our method that optimize
the fixed-depth circuit structure, several circuit structure optimizations vary the circuit depth during their
optimization [3, 56, 64]. For instance, since variable Ansatz (VAns) algorithm [56] consists of heuristic
protocols such as insertion and simplification, it is difficult to estimate the entire computational cost. More
precisely, this type of circuit structure optimizations require additional iterations to empirically confirm
whether a candidate of the additional gates decreases the target cost function, which causes a large
computational overhead. Since our method can certainly decrease the cost function with a few step while
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fixing the circuit depth, it would provide an efficient way to check which next operations are better as well

as [65], thereby suppressing the total computational cost of the variable-depth structure optimizations. Here,
we make additional remarks on the hierarchical relation including out method. Rotoselect allows for the
optimal selection of a (single-qubit) rotational gate among R,(6), R,(6), and R,(#) while the optimal
rotational angle is also estimated. However, it has two drawbacks: the rotation axis is from a finite and
discrete gate set, and each parameter of PQCs is updated locally. These make it prone to local optima as we
numerically confirmed it in this study. To deal with the drawbacks, Free-axis selection (Fraxis) was proposed
based on the representation of a single-qubit gate whose rotational axis is arbitrary 3-dimensional vector, but
the rotational angle is fixed to 7 [40]. Since FQS is an upper compatible with these quantum optimizers, it
can be also captured as the extension of the circuit structure optimization. Indeed, we demonstrated that
FQS achieved higher expressibility than Rotoselect and Fraxis under constant circuit layers. In the numerical
experiments, we also confirmed FQS achieved a good balance between trainability and expressibility by
circuit structure optimization and incorporation of the intra-gate parameter correlation. Indeed, we
demonstrated that these preferred features allow FQS to outperform a gradient-based optimizer as well as the
other sequential optimizers.

In our analysis for the scalability of sequential optimization, it is notable that the degree of freedom of the
target single-qubit gate affects the lower bound of the spectral radius, as in equation (15), which determines
how easy the sequential optimization can avoid barren plateaus. Utilizing parameterized multi-qubit gates
that have more degrees of freedom, such as proposed in [41], may result in better optimization strategies not
achievable by gradient-based methods. We leave this as an interesting future work.

Our study sheds light on the remarkable performance of the sequential optimizers which have
surprisingly not been as popular as the gradient-based optimizers. This may be caused by conflicting beliefs
regarding their performance, particularly in the uncertainty of the robustness against barren plateau and in
the issue on local minima [41, 66]. The former is because there has been no analytical study for barren
plateau, while the latter has been examined only with Rotosolve that does not consider the parameter
correlation. Our work has successfully provided theoretical and experimental evidences clearing out
uncertainties and issues of the sequential optimizers. Actually, our experiments imply that simultaneous
analytical optimizations for multiple degrees of freedom are effective in avoiding local minima. Because it is
reasonable to expect that this feature holds in more general local optimization beyond the single-qubit gate
optimization, although simple we think this numerical result is an important example to motivate us to
further explore local optimization for quantum circuits.

Since FQS advances the circuit structure optimization from a heuristic to an analytical one, it may
provide a solution to a critical problem of VQA, that is, circuit design. We hope the results are instrumental
for promoting the use of sequential optimizers in VQAs.
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Appendix A. Quaternion representation for single-qubit gate

A general single-qubit gate is conventionally represented as

R, (¢) :=cos (f)l—isin (f)n-&', (A1)

where I and & = (07,0,,03) = (X,Y,Z) denote the 1-qubit identity operator and the Pauli matrices. The
parameters n and 1) correspond to a rotational axis and angle in the Bloch sphere, respectively.

Here, we show another way to parameterize the general single-qubit gate based on the well-known
relationship between a single-qubit gate and a unit quaternion. Since the rotational axis n is a
three-dimensional real unit vector, we can write it in the polar coordinate system with the zenith angle # and
the azimuth angle ¢ as

n=n(0,¢) = (cosb,sinfcosp,sinfsin¢). (A.2)

Substituting equation (A.2) into equation (A.1), we obtain the quaternion representation of a single-qubit
gate as

Rugo,0) (V) =q(¢,0,0)-=R(q), (A.3)

where a unit quaternion q = (qo,41,92,93) (i.e. ¢ € R*, |q| = 1) is parameterized with (1,0, ¢) as

_ (w
qo = cos ;

2)
q1 = sin (f) cosf,

(A.4)
T AR
qz = sin 5 sinf cos @,
g3 = sin (f) sin@sin ¢.
Here, <= (0,1,52,53) is an extension of the Pauli matrices defined as
¢=(I,—iX,—iY,—iZ). (A.5)

Equation (A.3) allows us to identify a point q on the three-dimensional spherical surface with a single-qubit
gate. Note that if we focus on the conventional single-qubit rotation gate with one parameter 6 for the
rotational angle, such as R,(0), this gate can be identified with a point on the one-dimensional spherical
surface, i.e. the unit circle.

We can decompose a general single-qubit gate R(q) into three R, gates and two /X gates up to global
phase [68], that is,

R(q) =R, (¢) VXR. () VXR,(N), (A.6)

where 0, ¢, A can be determined from q. Since R, gates on IBM Quantum devices are pulse-operation free,
the general single-qubit gate can be implemented with only two times pulse-operation for v/X.
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Appendix B. Derivation of quadratic forms

Substituting the quaternion representation of single-qubit gates R(q) = q - {'into the energy (3), we obtain

(H) (a) = = [pl,R (@) H'R(9)] = 37 quate [pasfH's,)

p,v=0

3
— Z A/tuq;zq:/, A“V = tr [Pi/nﬂtch,,}

w,v=0

1 3 3 1 3 3
) ( Z Apvduqy + Z Aw%‘]u) ) < Z Apvqudy + Z Awﬂu%)

w,v=0 v,u=0 w,v=0 w,v=0
3
A, +A,

=D T =4S (B.1)

wn,v=0

where the matrix S := (S,,,,) in the last line is defined by symmetrization of A := (A,,,) as follows

S, = AHV +AVH
py f

— %tr [y (i H'sy +<JH's,) ] - (B.2)
Here, the S is obviously a real symmetric matrix since ng 'Sy 4+ 6JH's,, is a Hermitian operator.

We write S as the lower right 3 x 3 part in S matrix. Then, the quadratic form for Fraxis (more precisely,
m-Fraxis algorithm) [40] is represented with S. Actually, Fraxis algorithm can deal with the single-qubit gate
Ufraxis := Ra(7) and the corresponding quaternion is ¢ = (0,n) ", which is simply located on the
two-dimensional spherical surface. Thus, from equation (B.1) we directly obtain the quadratic form for
Fraxis as

tr [plln UgraxisH/UF"aXiS:I = nT gn
tr(H'oipfyo1) 5 [tr(H o1pl02) +tr (H o2p,01)] 5 [tr (H 01p),03) +tr (H o3p],01)]
=n' : tr (H'o2p!,02) L[tr(H'o2py03) + tr (H'o3p),02)] | .

tr(H'03p},03)
(B.3)

As for the NFT [38] and Rotosolve/Rotoselect [39], they can optimize an axis-fixed single-qubit gate
Unrr := Rm(1)), where m is a fixed rotational axis. Substituting the quaternion q = (cost)/2,msin/2) "
corresponding to this gate into the quadratic form of FQS, we obtain

tr |l ULFTH'UNFT} = Sy cos? % + Z 2S0im; sin % cos% + Z sin’ %Sijmimj

i=1,2,3 ij=1,2,3

N P

_ " W Soo So-m cos =
=(cos= sin%) | = ~ . B.4
(cos 3 2)<So~m m'Sm) \sin% )’ (B.4)

where S; := (So1,S02,S03)- Here, Rotoselect simply solve the minimization problems of the quadratic form
for different axis m € A and select the optimal axis for minimizing the energy, where A is a predefined subset
of rotational axis such as A = {(1,0,0),(0,1,0),(0,0,1)}.
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Appendix C. Evaluation of the S elements

To determine the optimal single-qubit gate for the cost minimization, we evaluate the matrix S constructing
the quadratic form equation (5). All the elements of S in equation (7) are calculated from ten expected values
classified into three types as below.

Type-A

tr[ppnH']

wl (H:iak)TH, (H:iok>
Pin \ﬁ \ﬁ

Type-C for (k,m) = (1,2),(1,3),(2,3)

+
o+ o s Okt Om )
tr | p} H
[p‘“ ( V2 > ( V2
Here, Type-A is the (0, 0)-the element of S and corresponds to the expected value of H on the PQC when
the single-qubit gate of interest, as in figure 2, is replaced with identity. The other diagonal elements are

produced by the type-A and type-B values with the following identity:
. <I+iak>TH, (H—iak)
in \/E \/E

N .
e (H'ogplon) +te (H'ply) = t [p;n (=5) # (=2
Note that the Type-B corresponds to the expected value of H on the PQC when the single-qubit gate of
interest, as in figure 2, is replaced with, respectively, Ry(—7/2), Rc(7/2), R,(=7/2), R,(7/2), R,(—7/2),
and R,(7/2). In contrast, subtracting the type-B values with different signs yields the other elements in the
first row directly. The remaining off-diagonal elements are produced by the type-C expected values and the
already obtained diagonal elements with the following identity:

.i-
1 oi+0j oi+0j
3 [tr (H'oipiy07) +tr (H'ojpiyoi) | =tr [pi’n ( 1\/5 ]> H' ( lﬂ ])

[tr (H oip{yoi) + tr (H ojpio;)] - (C2)

Type-B for k =1,2,3,

+tr

(C.1)

N~

Note that the Type-C values correspond to the expected values of H on the PQC when the single-qubit gate
to be optimized, as in figure 2, is replaced with, respectively, Fraxis gate R, () for n o< (1,1,0),(1,0,1),
(0,1,1). All expected values of Type-A, B, and C can be evaluated with direct measurements without any
control operation such as the Hadamard test. Since the degree of freedom for a 4 x 4 real-symmetric matrix
is ten, the number of required direct measurements should be optimal.

Appendix D. Proof of main theorems

As derived in appendix B, each sequential quantum optimizer has a p x p real-symmetric matrix. Here, p — 1
is the degree of freedom of the target single-qubit gate (—1 means the constraint of normalization). Note that
FQS gate or general single-qubit gate R(q) (p =4), Fraxis gate R,,(7) (p = 3), and NFT gate with m axis

R (¥) (p=2) are written as the following unified form

p—1
R® .— E:qip)gl(tp)7 (D.1)
pn=0

where qff) is the pith element of unit vector in RP. Here, gﬁp ) is an extension of the Pauli matrices such as

(§)®) = (—iX, —iY,—iZ) for Fraxis gate and ()®) = (I, —im - &) for NFT gate. Accordingly, each p x p
real-symmetric matrix is also written as

1 : )
S0 = St {p{n ((g}}’)) H'SD + (<0) H’c}P)] . (D.2)
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Note that S©) and S© correspond to the real-symmetric matrix in equations (B.3), (B.4), respectively. In the
below, we omit the superscript p for simplicity. Moreover, it is convenient to write the elements of S as

1
Swe =75 3 tr [HUzgaUIpinngUﬂ, =01, ,p—1,
(lLﬁ):(M,V),(V,/,L)
1 1 1
=3 3 tr [H(Z)Capi(n)gg} . HO = UlHU,, pW = Uyp Ul (D.3)

(e B)=(p,v),(v,11)

D.1. Proof of theorem 1
In the following, d denotes the dimension of n-qubit system i.e. d = 2". Here, we provide a proof of
theorem 1. For convenience, we recall it.

Theorem 1. Suppose that the quantum circuits Uy and U, are randomly and independently generated. If either
U, or U, forms a unitary t-design with t > 2, the second moment of the spectral radius, , for the centered matrix
Sc =S —tr[S|lyx,/p (Ipxp denotes the p x p identity) is upper bounded as follows.

p—1
2r[H2 | A in,2 Apin, —Opuv
PR 4 gy 3 (p0)' T —2) e B, [HOquel HO el + b
. 2 < ,v=0
o {T(S) } ) Pulph]AH, | AR - 1-6 Wt )t 7
e+t 2 (P! = 2) e [Bu [ el shou + e
p,v=0

(D4)

where the first case corresponds to U, being a t-design, and the second case corresponds to U, being a t-design.
Here, Ey, u, [] is defined as the expectation over the random quantum circuits U, and U,, 0,,,, denotes the
Kronecker delta, h.c. means the Hermite conjugate of the preceding term, and Apin o, AH, are defined as

tr? [H|

Apinp i=tr [pizn] 1 AH, :=tr [HZ] -

a’ (D.5)

Proof. Since the centered matrix S is a real-symmetric matrix regardless of quantum circuits U, and U,,
the following inequality holds, which comes from the maximum is at most the square root of the sum of the

squares.
r|S tr|S
(557 ) < o=

where || - || denotes the Frobenius norm. Thus, the second moment of the spectral radius is evaluated as

5 (D.6)
F

tr|S 2 tr|S 2
Eu,u, |7 (S - Hlpxp) <Ey,u, HS jIpxp
p p .
1
= Eu.u, [Sh] - 5 > Eu,v, [SuuSun]- (D.7)
24 ny

First, we evaluate the r.h.s of equation (D.7) on the condition that the random quantum circuit U, forms
a unitary f-design with ¢ > 2. Using lemma 1, which is proved in the next subsection, the following identity

holds,
tr? [H] t
EUI,UZ [S/LUS;L’V’] = & A;Oln 15/LI/5[L/V/ +— ( Ame Z < Z EUZ |:'[I‘ |:§ ( )gagﬁ/H( )ga’:|i|
(D.8)
where we defined
tr [ p?
Apins = —[Z"J. (D.9)
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Hence, we can calculate the expectations in the final line of equation (D.7) as follows.

_ t[H]

Ev,,u, [wa] T2 Apm l(suu
1
) (2 @)
S NS ST S i)
(@,8)=(p,v),(v,p) (@', B")=(p1,v), (v, 1)

tr? [H tr [H?

= dz [_ EApin,léﬂu + Z(dE—]l)Apimz
PRI tr[E [H(Z) ) TJrth (D.10)

4(d2 — ) Pin,2 U, SuSy SuSy .
tr? [H
IEUl,Uz [SNMSVV] = 2 [7 EApin,l
1
) @ 4 @ T
e Y sfufede]
(a,8)=(p,11),(p,12) (@, B )= (), (v,1)

tr? [H

= drz [ I]A Pin1+ 55— d Apm ZEUZ |:tI' |:H(2)§M§1]:H(2)§V§l}:|
tr? [H| 1

A o+ ———— Apin []E [H@) TH® ¢, ¢t 4 h. H D.11
1P ’1+2(d2—1) Pin2tr |Ey, SusyH' W66, +h.c (D.11)

Accordingly, we can evaluate the second moment of the spectral radius as

1
]EUhUZ [S/zj,y] - I;EUl,Uz [Sp,,usyu}

tr® [H] tr [H?] .
p(d2 )Apm (PO — 1) + mAPm,z
A,Din.
+ le) (Ptr {]EUZ [ HYq,ciH? gl +h.c. H —2tr [EU {H< >gugVH(z)gugZ+h.c_H>
_ t’[H] _ tr [Hz] '
- WAPIHJ (PO —1) + mApmg
_Apiny 1=y @ Ay
T @ (P17 =2} [Be, [HOGuiHOqc] +hec ]| (D.12)

where we used ¢,,¢) = (—1)1_5“"9,91; in the last equality, and

Eu,u rS—ﬁIx 2
[( p ”)]

1
< Z (]EUl,Uz [Sftl/} - Z;EUI’UZ [S#HSVV])

n%

2t Alﬂ Aln
:P 1‘[ } P 2+ ( Pi IZ(pélﬂ’_

2(d*—1) p
= 2 (P<—1>“5“” - 2) tr[Ev. [HOq, ] HOqc] + b

Pt [HE] Apin, Apin 1=6 00 @ FH@
T 2@ ) +4P(d2_1);<p(1) =2)ur[Eu [HOGH Gl he [ (013)

Next, we evaluate the r.h.s of equation (D.7) on the condition that the random quantum circuit U, forms
a unitary t-design with ¢ > 2. Using lemma 2, which is also proved in the next subsection, we calculate the
expectations in the final line of equation (D.7) as follows.
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2 tr® [in]
IEUuUz [S,u,ll] = 21 AHI(S;U/
1 Wi, 0
+ 4(d2 — 1)AHZ Z Z EUI |:tr |:pin C/g%upin §/3/§o¢:|j|
(. B)=(p,v),(vsp) (@’ 8")=(p,v), (V1)
1 tr [p5]
= ——AH0,, + ————AH
o e Y PP R
1 1 1
+ 4(d2 — 1) AHztr |:IEU1 [pfn)glgupl(n)glgu + hCi|:| s (D.14)
tI'2 [pin]
]EUhUZ [SHHSVV] = 21 AHI
1 Ot M
+ e 1)AH2 Z Z Ey, [tr {pin S5Sa’ Pin gﬁ,gaH
(a,8)=(t,), (1,12) (@, B7)=(v,),(v,V)
! ! W te 0
=5 IAHI + - IAHZIEU1 [tr [pin SSuPin ngHH
! ! W cte 1)
= ﬁAHI + mAHztr |:EU1 [pin Clk,,pin SIS —|—h.c.” ) (D.15)
where we defined
tr [H?
AH, =t [H] — r[d I (D.16)
Accordingly, we can evaluate the second moment of the spectral radius as
2 1
IEUI;UZ [Sm/] - I;EUhUz [Suusuu]
1 t [p]
=———AH;(pd,, — 1)+ ——=<AH,
p(d—1) 1 (PO )+2(d2—1) :
+&( tr {]E { Wete pWte +hc” —2tr [E [ Mt HMte +th)
4p(d? —1) p Ui [Pin SvSuPin” SvSu -C Ui |Pin” SpSvPin” SpSu .C.
1 tr [p2]
=—— AH (pd, — 1)+ ——<AH
p(d—1) 1 (PO )+2(d2—1) :
AH, 1-6 (1) (1)
— = (p(~1 *‘”—z)t[]E [ TepVcle, +h. ”, D.17
+ 4p(d2 _ 1) (P( ) T Ui | Pin gug Pin §u§/i+ ¢ ( )

where we used Ci@ = (—1)1 %

1
<3 (B 0] ~ Eun0s 500

Nz

B pPtr[ph | AH, AH, 1-8,0 Mt Mt
T 2@ -1) @) ; (0™ = 2)u[Bw [l slor sl thel ] 19

§;5§,, in the last equality, and

]EU17U2

O

D.2. Proof of theorem 2
Here, we provide a proof of theorem 2. For convenience, we recall it.

Theorem 2. Suppose that the whole quantum circuit U is an n-qubit alternating layered ansatz with m-qubit
blocks as described in section 2.3.2. Here, we focus on a block W in Ith layer and a parameterized single-qubit gate
R in the block. We assume that the quantum circuits Wy, Wy C W, which are located after and before the target
gate respectively, and the other blocks form a local 2-design independently. In addition, the Hamiltonian H is
assumed to be m-local such as

H= COI®H+ZC1‘]’11‘, ¢,¢ € R, (EH,C{#O), (D.19)

1
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where a tensor product of Pauli matrices h; acts non-trivially on at most m-qubit. (This is the same assumption
in [33].) Then, the second moment of the spectral radius is lower bounded as

tr[S) 2 (p+2)(p—1 ) 2mH+1)—
EU],UZ T'( » Ip><p> ] = (22m zm n 1 I+1 Z Z Pk k/ (h ); (DZO)
p lEIL Eka
k >k

where L denotes the total number of layers. Here, i is the set of i indices whose associated operators h; act on
qubits in the forward light-cone L of W, and k., is the set of k indices whose associated subsystems Sy are in the
backward light-cone Ly of W. The quantum state py x+ is the reduced density matrix of the input state pi, on
SkSkt1 -+ + Skr» and the function (M) for a matrix M is defined as (M) = Dys(M, tr(M)1/dy) where Dys is the
Hilbert—Schmidt distance and dy is the dimension of the matrix M.

Proof. To establish the lower bound of the second moment, we begin with the following inequality, which
comes from the maximum is at least the square root of the average of the sum of the squares.

r|S
- -
where || - ||r denotes the Frobenius norm. Since the inequality holds for any quantum circuits U; and U, in
figure 2,
tr(S g 1 tr|S ?
Eu,v, [T< | ]Ipo) 2 ~Bu, v, HS— | ]Ipo ]
p F
_1 211
- Z EU],UZ [Suu] EUlyUZ [SMNSVV} . (D22)
Pz p

We first evaluate the expectation of S,,,S,+,,» over the block of interest. From the setting, the block W
containing a single-qubit gate R is decomposed as

W= WA(lm_1®R) W, (D.23)

where 1,,_ is the identity on m — 1 qubits system, and Wy, Wy C W are the quantum circuits after and before
R, respectively. As shown in figure 2, the quantum circuits U, and U, for an alternating layered ansatz can be
written as

U=10 W) Vi, U, =V,(15 @ W,), (D.24)

where 15 denotes the identity over the qubits on which the block W acts trivially. Here, V', contains the gates
in the forward light-cone £ of W, i.e. all gates with at least one input qubit causally connected to the qubits of
W as in figure 3, and V; contains other gates. Accordingly, we can write the elements of S matrix as

1
Sw=y3 > [HV: (15 @ Wy (11 @ 60) W) VipiV] (1@ W (1o @6 ) Wh) VA
(e08)=(p1.0), (v,12)
(D.25)
and we obtain
Sy Sy
1
=7 Y o[ HL (15 Wa (L1 @) Wo) VipuV] (15 @ Wi (L@ c) wi) vi]
(a/ﬁ)/
(a".8")
X tr |:HV2 (lw® WA (1,1771 ®§o¢’) WB) leinVJlr (lw® ng (lmfl ® §g,) Wj;) Vg]
1 2
= Z Z Ztr |:WA m—1 ®§a) WBPS)IJ <1m71 ®§g) Wj\H](l )]
(a,B)  isj
(a’ﬂ/)i'vjl
Xt W (Lnoy @) Wapls s Wh (1 @61, ) WRHLD | (D.26)
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Here, we defined

oy 1=t [0 @ 1) VipaVi] . HP = e (1) G @ 1) ViEVS) (D.27)

where trg[-] means the partial trace over the qubits which are not in W, and {|i) } denotes the computational
basis on (1 — m)-qubit system.
Since Wy forms a local 2-design, we first compute the expectation of equation (D.26) over Wy as

EWA [SNVSH/V']

tr {H@H(Z) }
(2) 2) Ji Y
22m Z Z |:H }tl‘[H,,}— om
(v, ) 7]
(a B)H
X tr [(lm_l ®§g§a) WBpi(;,)ijWH tr [(1,,,_1 ®§2;,ga/) WBpl(n)l,],WT}

tr [H@} tr [Hj(,zl),}

22m Z Z [H(Z H(%)’} - 2m

(a,B) 71
( 18)1
te [ (ucs ©3 50 ) WaplyWh (Lucs @chsar) Wapl i) (D.28)

Here, we employed the following integration formula from the Weingarten calculus [33]

Ew tr [WAWBWCW'D] =

T (tr[A]tr[C] tr[BD] + tr [AC] tr [B] tr [D])

T (tr [AC]tr [BD] + tr [A] tr [B] tr [C] tr [D]), (D.29)

where W is Haar-distributed on the unitary group of degree 2, and A, B, Cand D are arbitrary linear operators
on an m-qubit system. Noting that

Z tr [(lm,l ® <2;§a) WBpl(r})yWT} =201 [pl(r})q] (D.30)
(avﬁ)Z(/"’”)v(Vvﬂ)

holds, then the first term of equation (D.28) is independent of Wy. Since Wy also forms a local 2-design, a part
of the second term of equation (D.28) is evaluated as

Z EWB tr |:(1m71 ®§;/§a) WB,OI(S?,]W]J; (lmfl ®§;§a’) WBPI(H)I,]/WT}

(e, 8)
(a.8")
1 (1
1 |:p1 pm i|
= 722m — 1 Z tr |:1m71 ® §g§a/§;/§a:| [Pl(;),]} |:p1(1:7)11]l:| - n;]m l ]
(a,8)
(a"8")

. [p( ) ] tr [p( ) ]

1 in, ij in,i’j’
e D DI [1,1171 ®<;<a,} tr {1,”71 ®<},,<a} [pfi),,pfn), y } - =
(.8)

(a"8")

1
B [pl(n )l]pl(n)l ’j }

4-2" (1) (1)
= Way’y(sl"l’/ tr |:pin,ij:| tr |:pil’1,i'j’:| _

om
422("‘ v I I e 97
+ 22m _ (5lt/u5u/y+6/Lu/5lt/u) |:pm ljpmz] :| - om 5 (D31)

where we used the formula equation (D.29) in the first equality. In the second equality, we used the following
relation, which can be derived from direct calculation, as

Z Z tr [ggga/} tr {gg,ga} =8(0uuburv + 0 0pr). (D.32)
(a,B)=(p,v),(v,p) (e’ ,B)=(p" v "), (v ,1t")
21



10P Publishing Quantum Sci. Technol. 9 (2024) 035030 K Wada et al

Taking the expectation over Wy and substituting equations (D.30), (D.31) back into equation (D.28), we obtain

EWA7WB [SHVSMIV']

(2) 17(2)
_ Owlurvr 1) 1) ) @) [I_I]l Hj'i'}
= Ztr [pm 1}} [ ml] } tr {Hﬁ }tr {Hj,i,] ——
l ,]

H? (2 1 (1
20Oyt [P - |7 e [ 13 o] [, ] et
(22m . 1)2 r Ji j’i om in,ij in,i’j o

i’
2.22m
+ g 1 Owrbery O B)
2) 2) (1) (1)
tr |Hy’ | tr [H./, I|p: T\ 0. i
(2) 14(2) |: J } [ Jt } 1 (1 [ in ’]} [ in,i’j :|
X Z |:H H',':| om |:p1n szml j :| - om
l,,],
2.2%m i
= e T4 gy w0 bue) SU0HT 25T (D33)
ij
i',j’
Here, we defined
(2) (2)
. tr [H } tr [ }
i’j’ 2) (2 ji
AH' c=tr |:I_I](1 )H;'i)'} - o ; (D.34)
(1) (1)
1 T | p; tr(p. ".r.s
i’j (1 (1) [““1} [mﬂl}
Ap’] |:p1n l]pm i ] :| om ’ (D35)
(2) 14(2)
H:’H.’
1 a 1 2 2 { ji 1’:’}
00— gty Sl (o) -
e
1 (1)
2m i’i’ [pmlp ]
s j ) ) _ #
+ (sz - 1)2 ZAH:] |:p1n 1]:| tr [Pm i ]':| om . (D36)
1)
"7].1

Before proceeding to evaluate the expectation over V; and V,, we calculate the summation in
equation (D.22) as follows.

2.9p2m it arar
1,2) 2 i i
> Ew,w, [Sh,] =pT"? m(p +p) Y AH ApT, (D.37)
pv i
i’
22m il~l il~l
D Ewawy [SupSin] = T + WPZAH,.].’ Apy’ . (D.38)
j7% ( - ) .,i,]:'
1 7]

Accordingly,

1
Z <]EU17U2 [Siu] - I;EUl,Uz [SHHSVV}> EVI Vi [ZEWA Ws [Ll/ - ZEWA W SHHSVV}]

uv g
2222 (p+2)(p
o 4(22m 1)

ZEV] [Ap }EVZ [AH;I].'J"}. (D.39)
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Finally, we evaluate the expectations over V7, V, in equation (D.39), which can be calculated basically with
a series of integration for the m-qubit blocks in V1, V;. In the same assumption of ours, the previous study [33]

has showed the following inequality holds:
L+ZZ Z cte (prwr) € (i), (D.40)

ZEvl |:Ap1] :|]EV2 |:AHI j :| "
2 +]. i€ip kk )EkLB

,J k' >k

where we recall that L is the total number of layers, and the block W of interest is in the /th layer. Combining
this inequality with equation (D.39), we establish the lower bound for the second moment of spectral
radius as

Ey, v,

tr[S] R 1
r (S — pIpxp) ] > EZ (EU17U2 [S/ZAV] - Z)EUHUZ [S/L/LSVV]>

nv

_ 12276421 g (a7 By, AR

P 421y

NS ITEDEGNE

- : 1)e(hi). D41
p(22m —1)* (2m 4 1) ci€(prir) € (hi) (D.41)

i€ig (hk’)ek%

k' >k
O
D.3. Proof of some useful lemmas
In this subsection, we provide some lemmas for the proof of theorem 1.
Lemma 1. Suppose that the random quantum circuits Uy and U, are independent. If U, forms a unitary
t-design with t > 2, the expectation of the product of two matrix elements for S can be evaluated as
tr? [H]
EUI,Uz [S,“,SM/V/] = d Apm 15/“,(5 ( Ame Z Z EU [tr[ ;H(2)§agﬁ’H( ) :|:| .
(a,8) (a’,8")
(D.42)

Here, the summation runs over the set of i, v as follows

Z Z = Z Z . (D.43)

(a,8) (a”,87) (o, B)=(p,v),(v,p) (., B")=(p' v "), (v ")

Proof. Substituting equation (D.3) into the L.h.s of equation (D.42) and omitting the expectation over U, we

obtain
EUI [SMVSM'V’]
1
= 4 Z Z Ey, tr [H(z)ga UlpinUI&T;] tr {H(Z)Ca'Ulpin UJ{§;::|
(oz B)=(u,w),(v,p) (8" )=(u" '), (v’ ,p")
i Z >° > Eu tr | UnpinUsS B sa i) U1 Ul HO s i Gl (D44)

(c.) (e’ ,B") ij

where {]i) } denotes the computational basis on n-qubit system. If U, forms a unitary ¢-design with t > 2, we
can evaluate

> Eu; tr | Uipa Ul S HOsali) (61U Ul b H <)
ij

:d21—1<tr[§ﬁH(2) }tr{gg’H() }“r[ ]tr[%H(z)ga%/H() D

1
“d@=n (tr o] tr [c}H(z)ca} tr [gg,H(z)caf} +tr [§§H<2)<a<g,H(2)§a/D , (D.45)
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where we used the formula in equation (D.29). Substituting equation (D.45) back into equation (D.44), we
obtain

EUI [SP«VSN/V']

P33

1 tr 2
(el (1 =16))

(a,8) (a’,8")
1 1 1
T
Y S i (e[ ow ] (wli) - 1))
(a,8) (@’,B8")
1
=3 Z > d2 (Apm 1tr[ EH(Z)CQ] tr [gg,H(z)Ca/} + Apinptr {(}H(Z)gacg,H(z)ca/D-
B) (e, B87)
(D.46)
In addition, the first term in equation (D.46) can be further simplified as
Z Z tr [cg;H(z)ga] tr {gg;,H(z)ga/} = Z tr [H(z)gagg} Z tr [H(z)ga/gg,]
(a.,8) (a”,87) (v, 8) (a’,87)
— 40t [H® | 6,0, te [HO)|
=46,,,6,,,tr* [H]. (D.47)
Finally, we obtain
tr?
R Ll ]Apm 1GuBry ( Ty Z > Eu [ir [ o) HOG ]
(a,8) (a’,8")
(D.48)
O

Lemma 2. Suppose that the random quantum circuits Uy and U, are independent. If U, forms a unitary
t-design with t 2> 2, the expectation of the product of two matrix elements for S can be evaluated as

tr? [ pin]
az —

EUl,Uz [SHVS[L’V ] = AHI(SHV(S AI_IZ Z Z EUl I:tr |:§o¢p1n)<;§a Pl(n)Cg :|:|

(e.B) (a’,8")
(D.49)

Here, the summation runs in the same way as lemma 1.
Proof. This proof follows the same flow in lemma 1.

Ey, [SMVSH'V’]
1
=4 3 3 Ey, tr [UiHUzgapfn)cg] tr [UiHUzga/pfn)gg }
(ocﬁ)—(u v),(vop) (@, B )=(p" v "), (v 1)
=13 S Bu [ Ussanly S UM Gl Uz s UL ) (D.50)
(a B) (a’,B) ij

If U, forms a unitary t-design with t > 2, we obtain

>~ Eu, tr [ Uscaply < UL1i) Gl HU a1, ULL) il H]

ij
1 ) + (1) ( M t 2
= a2 -1 (tl’ I:gapm §6:| tr [Ca,pm gﬂ i| [H] +tr |:§ocpm §ﬁ§a/Pm §5 :|t1' [H ])
1 Wt W] (1)t (1) >
_ A& 1) (tr [Capm $3Sa’ Pin §B } tr® [H] + tr [(apin §/3] tr [ga/pin gﬁ,] tr [H ]) , (D.51)
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where we used the formula in equation (D.29). Thus, this leads to

EUZ [SMVSM'V’]

2
135 otk -2

(aﬁ) (a’,B7)
2
+3 Z Z <tr [saply shsaroy)sh ] (tr (2] - = d[H]>>
(a,B) (a’,B8
- Z Z (AHltr [&ypfn)c}] tr [<a/pfn)<ﬁ } + AH,tr [gapfn)<g<a pfn><; D (D.52)
(%ﬁ)(a

In addition, the first term in equation (D.52) can be further simplified as

IR [capl(n)gg} tr [(a/p,(n)cg} d ot [pi(;)ggga} oot {pi(j)cg,ca/}

(a,8) (a’,8") (a,8) (a’,8")
=40 ,tr [pm ] Opryrtr [pl(n)}
=40,,0,1,1. (D.53)

Consequently, we obtain
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Appendix E. Setup for numerical simulations

E.1. 1-dimensional mixed field Ising model
We carried out VQE optimizations for the 1-dimensional n-qubit mixed field Ising model whose
Hamiltonian is

H= ]zn:z@Z("“) + hzn: (Y“) +Z<">) : (E.1)
i=1 i=1

where we employed 1 = 5,20. The superscript i denotes the index of each site, and J = 1,1 = 1/+/2. We
employed the periodic boundary condition, that is, Z("+1) = Z(1), The employed ansaetze are shown in
figure 9.

In the FQS optimization for 5-qubit system, we prepared 20 initial parameter sets in the state-random
manner, where the respective single-qubit gates were initialized based on the Haar random distribution. As
for 20-qubit system, a rotational axis n of each FQS gate R, (1)) was initialized with a uniformly random
distribution on the Bloch sphere while a rotational angle 1) was randomly chosen from a uniform distribution
in the interval [0,0.37), respectively. Similarly, in the Fraxis optimizations, the rotational axis n in R, (¢)) of
each single-qubit gate was sampled from the uniform probability distribution on the Bloch sphere, while the
rotational angles were fixed to 7. As for Rotoselect, the initial rotational axes were randomly selected from X,
Y and Z axes, while the rotational angle were randomly initialized in both Rotosolve (NFT) and Rotoselect.
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In the case of Rotosolve(RzRyRz) (or Rotosolve(RyRz)), we replaced R in figure 9 with three fixed-axis
rotation gates R,(¢)R,(U)R,(\) (or RyRz) gates and sequentially optimized the gates by Rotosolve. In a single
sweep, all gates were updated once in ascending order of the gate set index as labeled in figures 9(a) and (b).

For comparison, we also conducted the conventional gradient-based VQE, where we replaced FQS gates
by either RzRyRz or RyRz gates. Note that we employed the learning rate of 0.1 as a hyper-parameter for
Adam, which appears to be rather larger than in its conventional usage in VQA, but provided modest results
compared to 0.01 and 0.001 in statevector simulations as shown figure 13 in appendix H.

E.2. Fidelity maximization
To benchmark the FQS application to a global cost function, we conducted fidelity maximization simulation.
In the optimization, infidelity was employed as the cost function as

1=t [plR(g))' pre (a,)] (E.2)

where pr.r was a reference state that were independently prepared with Haar random generator in Qiskit [67]
in each optimization.

E.3. Spectral radius and noise-free barren plateau

We evaluated the second moment of the spectral radius of the centered FQS matrix equation (10) in
comparison of a global cost and a local cost functions. The FQS matrix was evaluated for the single-qubit
gate acting on the first qubit in the first layer on the alternating layered ansatz. The second moment is
calculated with 1000 samples based on the randomly initialized circuits with respect to the parameterized
single-qubit gates in the state-random manner. As the global cost, we employed infidelity with a random
reference state in equation (E.2). On the other hand, we used the 1-local Hamiltonian defined as
H=Z®I®"! as the local cost.

To examine the practical performance of VQE in a relation with barren plateau, we carried out the
optimizations varying the number of qubits on the 5-layer alternating layered ansatz in figure 9(a). As the
global cost we employed the infidelity in equation (E.2) with randomly-generated states as described in the
previous section, while the local cost is the Hamiltonian of the mixed-field Ising model in equation (E.1). For
both the cost functions, we executed independent 20 VQE runs starting from different initial conditions and
evaluated the resulting deviation from the exact minimum value after 100 sweeps.
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Appendix F. Ansitze
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(c) Grouped-layer PQC with ladder entangler

Figure 9. PQCs employed for numerical experiments. Each layer consists of gates in the dashed line, and the total number of
layers is written as L. In sequential quantum optimization, parameterized single-qubit gates R are updated in ascending order of
the subscript.
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Figure 10. Optimization trajectories of the VQE resulting energy for 1-dimensional mixed field Ising model on various update
orders. The trajectories were obtained on the 5-layer alternating layered ansatz using the statevector simulator. Each trajectories
are average over 20 independent runs whose initial states were randomly generated. The horizontal dash-dotted line in gray color
represents the exact ground energy.

Appendix G. Update order

In the case of sequential optimization, the order of gate (parameter) updates is arbitrary. To examine how the
results depend on the update order, we tested three update orders (vertical, horizontal, random) using a
5-qubit Ising model and alternating layered ansatz as shown in figure (a). In the vertical update method,
single-qubit gates in the same layer are updated first, and then those in the next layer are updated. In other
words, single qubit gates are updated in ascending order of gate index, as shown in figure (a). In the
horizontal update method, single-qubit gates acting on an identical qubit were updated first in ascending
order of gate index, and then those on the next qubit were updated. In vertical and horizontal updates, an
updating cycle of all single qubit gates is referred to as a sweep. In random updates, single-qubit gates to be
updated are randomly selected. Because the consecutive update of an identical gate by FQS does not improve
the cost, if one gate is consecutively selected, the target gate is selected again using a random number.

Figure 10 showed the resulting trajectories of energy in comparison of updating order. The results showed
that the vertical and horizontal updates have comparable performance, while the random update converged
faster, but led to the local minima. Henceforth, the results in the rest of this manuscript are calculated based
on vertical update. Given the fact that the consecutive FQS applications to a gate does not improve the cost, it
is presumed that to efficiently improve cost by a single application of FQS, it is better to allow as much
interval as possible between updates of a gate. In this context, it makes sense that the vertical or horizontal
updates, in which all gates are updated in a fixed order and each gate is updated once per sweep, are more
efficient than the random update because they guarantee a maximum update interval.
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Appendix H. Additional numerical experiments
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Figure 11. Boxplots of the resulting energy error of VQE for 5-qubit 1-dimensional mixed field Ising model after 100 sweeps. The
grouped-layer PQC with ladder entangler in figure 9(c), which is also an alternating layered ansatz, was employed. The 20
independent VQEs were conducted from randomly-generated initial states.
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Figure 12. The second moment of spectrum radius of the centered FQS matrix. The FQS matrix was evaluated for the
single-qubit gate acting on the first qubit in the first layer of the alternating layered ansatz with ladder entanglers as shown in
figure 9(c). The second moment was evaluated with 1000 samples based on the randomly parameterized circuits. For the local
cost function, we employed an expectation value of the Hamiltonian H = Z® 1€,
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Figure 13. Comparison of the optimization trajectories of the VQE resulting energy by the Adam optimizer with different
learning rates for 5-qubit 1-dimensional mixed field Ising model. Each trajectory is average over 20 independent runs. Black, red,
and green lines represent the results of the learning rates of 0.1, 0.01 and 0.001, respectively. The solid and dash lines represent on
the 5-layer alternating layered ansatz consisting of RyRz and RzRyRz, respectively.
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