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Abstract

We present a detailed mathematical description, both an analytical model and a numerical
simulation, of a physical system based on a superconducting nanoelectromechanical setup
that generates nanomechanical cat-states entangled with charge qubit states. The system
consists of a superconducting grain in a regime of the Cooper pair box (the charge qubit)
that performs mechanical vibrations between two bulk superconductors. Operation of the
device is based on the AC Josephson effect, i.e., the phase difference between superconduct-
ing electrodes is controlled by a DC bias voltage following the operational switch on/off
protocol. We compare an analytical idealised solution with numerical simulation using
experimentally feasible parameters, different decoherence processes, as well as imperfec-
tions of experimental procedures such as time-control of the bias voltage, to get insight
into how they influence the time-evolution of the realistic system, deteriorate the quantum
coherence, and affect the formation of the cat-states.

Keywords: nanoelectromechanical systems; AC Josephson effect; cat-states; quantum
entanglement

MSC: 81V99

1. Introduction

Future quantum technologies, namely those involving processing of quantum infor-
mation (QI), crucially depend on the possibility of its storing and transportation. In that
sense, a reliable way of transduction of the QI between optical, electronic, or mechanical
degrees of freedom inside hybrid quantum devices is essential. A qubit [1], being the
basic container of the Q], is in essence, a quantum two-level system where the QI is stored
in the quantum superposition of two states, i.e., in a quantum phase [2]. The physical
implementation of a qubit covers a number of fields in physics, such as optics, atomic
physics, or solid-state physics, as well as their combinations [3-7]. Although, within the
solid state implementations, the so-called “flux qubit” [8] and transmon [9,10] designs
appear the most promising due to their properties, in this paper we limit our consideration
to the charge qubit, realised as a superconducting (SC) mesoscopic grain in the regime of
the Cooper pair box (CPB) [11-14], embedded in a nanoelectromechanical system (NEMS).
The good side of a charge qubit is that there is a possibility of manipulating its states due
to strong Coulomb-based coupling, which can be controlled, but it also draws its most
negative side—a great sensitivity to external perturbations and noise, leading to rather
short coherence time [12]. On the other hand, the mechanical subsystem within NEMS,
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based on nano-oscillators or especially on surface phonons, can provide quite a long coher-
ence time due to amazingly high quality factors achievable today [15-17]. A good example
is the recent experimental achievement of control and detection of individual zero- and
one-phonon itinerant Fock states inside a mechanical surface resonator coupled to the su-
perconducting qubit [18,19]. In addition to the single phonon states, the other way to utilise
the mechanical degrees of freedom of a nano-oscillator is to build a mechanical coherent
state. Mechanical coherent state is a quantum state constructed by summing up all states of
a harmonic oscillator, weighted by the Poisson distribution, all sharing a common phase
relation, thus yielding the minimal uncertainty and being the closest to classical vibrational
mode, but still obeying quantum principles. Furthermore, to encode a QI into a mechanical
subsystem, one needs two of its states isolated from others to a substantial degree. It turns
out that the best candidates for such two states are two “opposite” mechanical coherent
states in quantum superposition, built in a controlled way. Such a quantum object is called
the Schrodinger cat-state (or just a “cat-state”)—a quantum superposition of two practically
classical states opposite in their nature (dead and living cat in his original suggestion in
then thought experiment).

Concerning our previous work, in this paper we present a deeper analysis, based on
numerical simulations, of several key steps affecting formation of the cat-states compared
to the previously considered idealised case, such as the realistic model of applying the bias
voltage, or off-resonance mismatch in Cooper pair tunnelling, showing the numerically
calculated corresponding cat-states, as well as estimating margins of their usability for the
aforementioned purposes. Cat-states have been widely used in the field of quantum optics
and photonics so far [20-26], but they pave their way in the field of nano(electro)mechanics
as well [27-30]. One way of implementation into NEMS was suggested earlier by Radi¢
et al. [31], followed by the suggestion of the transduction process of QI from charge qubit
into mechanical cat-state [32]. That design is based on the AC Josephson effect between a
superconducting mesoscopic grain placed between two superconducting bulk electrodes
biased by a constant voltage. The grain is capable of performing mechanical vibrations
between electrodes, in turn providing the position-dependent tunnelling of Cooper pairs
between them and the grain. For such a setup, starting from the ground state of a mechanical
oscillator, a time-protocol of switching on and off the bias voltage is proposed in order
to create a mechanical cat-state entangled with charge qubit states. Naturally, in such
a setup, a coherent interplay of qubit states and nanomechanical excitations is of vital
importance [33-35], while the entanglement as such presents a powerful tool to achieve
not only the described functionality, but also in the field of quantum communication in
general [36].

With respect to the previous work [31], this paper is focused on mathematical mod-
elling and numerical simulations in order to address the influence of the main sources of
decoherence in the system, such as phonon loss or qubit state flip, as well as experimen-
tally more realistic operating protocols comparing to the ideal one used in an analytical
approach, e.g., the bias voltage switch on/off procedure, which is not instantaneous as
ideally supposed. We aim to find conditions under which the cat-states can be achieved
to a satisfactory degree. In that respect, we also give an estimation of the operational
range of physical parameters required for the effect to take place, for which we find of
vital importance the mechanical resonator frequency of the order of 1 GHz (and then using
higher mode to elevate it by an order of magnitude), the 10 peV bias voltage controlled to
0.1% precision achievable by modern equipment, and quality factor of mechanical resonator
of at least 10%, also perfectly within the reach of current techniques.

The paper is organised as follows: After this introduction, in Section 2, we present a
schematic description of the proposed NEMS setup and introduce the Hamiltonian and
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parameters. Section 3 presents an approximate analytical solution of the problem, leading
to the formation of the cat-states, in order to shed light on the processes leading to it. In
Section 4, we present an exact solution of the problem through extensive numerical simula-
tions leading to the cat-states formation using physically realistic parameters, addressing
the main effects that put the physical feasibility of the proposed model. Section 5 is a
conclusion, followed by Appendix A, in which we explain some calculation details.

2. Description of the SC NEMS Setup

We consider a NEMS, schematically shown in Figure 1. The system is composed
of a superconducting grain that oscillates between two bulk superconductors so that its
mechanical degrees of freedom (DOFs) are described as a harmonic oscillator. The gate
electrode controls the electrostatic energy of the grain by the potential V;. By choosing
a specific gate voltage, it is possible to bring the quantum state of the grain with n and
the state with n 4- 1 Cooper pairs into degeneracy (1 is an integer number), i.e., to achieve
that the electrostatic DOF of the grain operates as a CPB—a qubit in its essence. Quantum
state |0) describes the state of the grain with n Cooper pairs, and state |1) the one with
n + 1 Cooper pairs. As we work in the charge qubit regime, Josephson’s energy E; is
much smaller than the charging energy of the superconducting grain E. = ¢?/2C, where
e is the electron charge and C is the electrical capacity of the grain. The grain performs
mechanical oscillatory motion between the superconducting electrodes. Cooper pairs can
tunnel from the grain to the electrodes and back [37,38]. Tunnelling induces a transition
between the qubit states, with an amplitude that depends on the distance of the grain from
the electrodes as well as on the superconducting phase difference between the two bulk
superconductors (electrodes). That phase difference is controlled by the bias voltage V,
with that being in our hands to be controlled externally. By controlling it, we can control
the time evolution of the system. Since the tunnelling amplitude depends on the position
of the grain, this tunnelling effect couples mechanical and qubit DOFs of the grain.

V()
Ip
I

Figure 1. The system schematics: A superconducting mesoscopic grain (CPB), attached to an elastic
beam or pillar, harmonically oscillates between two bulk superconductors (S) biased by voltage V (t),
which controls their relative phase ¢ = &g — ®;. Cooper pairs tunnel between S-electrodes and the
CPB with position-dependent amplitudes ¢ (x) and tg(x), for “left” or “right” lead, determined by
position x of the grain. Gate (G) controls the electrostatic energy of the grain via applied voltage V(5.
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Hamiltonian H of the system under consideration can be written as [31]

A = I:IO + H[,

~ 1

Hy = hw <a‘rﬁ + 2> — Ejcos(¢(t))0x,

Hy = eEjsin(¢(t))X0,. (1)

Here, Hamiltonian Hy describes decoupled mechanical and qubit DOFs of the grain: w is
the frequency of mechanical harmonic oscillator (HO) corresponding to the period of oscil-
lations T = 271/ w, Ej is the Josephson's energy, ¢(t) is te time-dependent phase difference
between the SC electrodes, and a, a are creation and annihilation operators of mechanical
bosonic excitations (phonons), operating in the mechanical subspace of the Hilbert space.
Operators 07, i = x, 1, z are Pauli matrices written in the basis where states (0,1) and (1,0)
represent charged state with n and n 4 1 Cooper pairs on the grain, respectively, i.e., they
operate in the qubit (charge) subspace of the Hilbert space. Hamiltonian H; describes the
interaction between mechanical and qubit subsystems; X is the position operator of the
grain, rescaled by the zero-point motion of the HO, xg = v/i/mw, where m is the mass of
the grain. We assume that the tunnelling length A >> x( so that the interaction strength
parameter € = x9/A < 1. The dynamics of the system can be controlled by controlling
the superconducting phase difference between the electrodes ¢(t), which in turn can be
controlled via the bias voltage V(t), i.e.,

dp  2eV(t)
P @

By defining the time-protocol of manipulation with the bias voltage, we can control the
time-evolution of the system to the desired state.

3. Approximative Analytical Solution

The analytical solution, although approximate, is developed in order to shed light
and better understanding of the nature of processes and details related to the formation of
the cat-states. We aim to consider a dynamical time-protocol for generating mechanical
cat-states entangled to the charge qubit states. In this protocol, the bias voltage, initially
zero, is turned on to the constant value Vj at f = 0, and then we reverse its polarity to —Vj
at the specific time instant t = t1, i.e.,

0, t<0
V(t) = Vo, te€ [O, t1] . 3)
-V, t>1H

According to Equation (2), the phase ¢(t) will evolve as

—(P(), t<0
P(t) = —¢o + Qyt, t €[0,t] (4)
—(P()—l—Q]tl—Q](t—tl), t>tH

where ¢y is some initial phase difference, and (); = 2eV /1 is the Josephson’s frequency.
In this consideration, we assume that the mechanical frequency is in resonance with the
Josephson’s frequency, i.e., w = IQ);, where [ is a positive integer.

We find the time-evolution operator of the system using the standard procedure within
the interaction picture, i.e.,
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ae,t')y = Uo(tUy(st)Ug(t), (5)
P
Ug(t) = exp(—;l/ Ao(t’)dt’>, (6)
0
N , . R
UL oL )

where U(t,#') is the total evolution operator in the Schrodinger picture, while Uy (¢, t') is
the evolution operator that describes time-evolution according to the interaction Hamil-
tonian H = I:Ig HA;U, (interaction picture). To obtain a 1, we first transform operators
of mechanical and qubit subsystems accordingly by using Haddamard’s lemma, com-

mutation relations for bosonic operators [a74,4] = —4, [a%4,4%] = at, and Pauli matrices
(07, 07] = 2i€;jx0y, transforming @ — a(t) and 0y — 0y (1), i.e.,
eiwﬁﬁt(ﬁf + d)efiwﬁ{'ﬁt — ﬁ‘i‘ezwt + feiwt
i ane,  iELEne (8)
iz G0y . g G(t)0n R ZE] o ZE]
e " aye " = 0 cos Ry (t) ) + 0z sin h—Q]é‘(t) ,
where £(f) = fot cos(¢(t'))dt'. Using the above operators, we obtain
fr = eEy [ (21(DX + g2()P)y + (g5(H)X + ga(1) P)oz ©)

featuring position and momentum operators X = (4t +4)/v2and P = i(a* —4)/v/2in
mechanical space, operators &y, ; in qubit space, and time-dependent factors g;(t). Functions

gl(t)/ i‘e'/
2

mm:w{mgmymwmwmm
() = Cos(;f)]]{f(t)> sin(¢(t)) sin(wt),

(10)
2s(t) = sin(ié?é(t)) sin(¢(t)) cos(wt),

gs(t) = sin( 25L2(0) ) sinlg(e) sinfu),

implicitly depend on the bias voltage V (¢) through the phase difference ¢(t). We obtain a
wave function of the system in the interaction picture by evolving its initial state by the
solution of Equation (7). The wave function in the interaction and Schrodinger pictures are
related via Up: the wave function in the Schrodinger picture evolves the same way as the
one in the interaction picture, but its mechanical and qubit DOFs additionally rotate in the
phase space and on the Bloch sphere with frequencies w and ()}, respectively.

Since Equation (7) cannot be solved exactly in an analytical manner, to obtain the
analytical solution, we use the rotating wave approximation (RWA). In that sense, we
expand the Hamiltonian in Equation (9) in a Fourier series and keep only the constant
terms (stationary phase). In that way, we obtain the Schrodinger equation with the time-
independent Hamiltonian, which can be easily integrated.

Performing analytical calculations, we find out that, in order to create symmetric
cat-states (coherent states in superposition with coefficients of the same magnitude), the
polarity of the bias voltage should be reversed at the specific instant of time ¢; determined by

Asin(¢g) = (2K+1)7,
Oty = arcsin (M - 1) R 4 g0 + R, MK RE€Z, (11)
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where A = 2E;/h();. Since (); can be controlled by controlling the voltage magnitude Vj
and since we can choose when to reverse the polarity of the bias voltage, those two con-
ditions can be fulfilled. These conditions are obtained by imposing that the mean values
(zeroth Fourier coefficient) of functions g (t) and g»(t) are zero for t < t;, and the mean
values of functions g3(t) and g4 (t) are zero for t > t;.

We assume that the initial state of a system is a product state |(t = 0)) = | + x) ® |0),
with |0) being the ground state of the HO and | + x) being the eigenstate of &, matrix with
a positive /negative eigenvalue for a qubit (analogously, | + y) and | & z) are eigenstates of
0y and 7). By using a set of parameters that satisfy Equation (11), we calculate the wave
function in the interaction picture at a time ¢,

1
9(0) = (1) @1y + 1) @1y-(1))), (12)
where time-independent qubit states are defined as
_ |+2), t<h
== { | £y), t>t, (13

and time-dependent mechanical states as

| —a1), t<t

) = { (/3| — g —ap) —ifag — o<2>), t>H (14)
1), t<t

y-) E{ (B -+ a2) +iBlas +02)), £ ta (15)

Here, states |aq) and |ay) represent nanomechanical coherent states of phonons, with
time-dependent complex amplitudes a1 and a;, respectively, multiplied by factor g =
expliIm(aa})]/+/2. Complex amplitude a; is linearly proportional to time t before the
voltage flip, which can be tracked by studying the mean number of phonons in the mechan-
ical subsystem, i.e.,

(N(#)) = (@%a) = Tr(pnN) = |ag|* o< * (16)
(see Figure 2), where p,, = Tr;(p) is the reduced density matrix of the mechanical subsystem
obtained by tracing out qubit DOFs in the complete density matrix g(t) = [ (t))(p(t)|.
After the voltage polarity flip, one finds ay « t; and ap o (t —t7).

2501 = RWA
® (Cet)?
200

A
=2

v
100

150

50

0

0 50 100 150
t/T

Figure 2. The mean number of phonons (N) in time (scaled to period of mechanical vibrations T) is
represented by the red solid curve for a protocol with constant bias voltage. Black dots represent the
quadratic function (Cet)?, where C is a constant that depends on system parameters, all obtained
analytically within the RWA.
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States of the mechanical subsystem |¢+.), before the voltage flip at t = t;, are coherent
states entangled with qubit states as described by the wave function in Equation (12).
After the flip, for time ¢ > t;, they become a superposition of two coherent states, by
that constituting nanomechanical cat-states, entangled to qubit states. To confirm this, in
Figure 3 we plot the Wigner function [39] of the mechanical subsystem,

W(x, p,t) = iﬂ /Q(X +y,x—y,t)exp (%2py) dy, (17)

where 0(x1,xp, t) is the density matrix of the mechanical subsystem described by p;, in
x—representation, at times ¢ < t; and t > #;. For time t < t;, p;; contains a mixture of two
coherent states with the opposite amplitudes, while for ¢ > t;, p,; contains a mixture of two cat-
states. Negative values of the Wigner function imply the non-classical nature of cat-states—a
quantum superposition. From the previous discussion and Equations (14) and (15), it can be
seen that the distance between coherent states, comprising a cat-state in the (X, P) phase space,
is 2|aq | o t1, while the distance between the two cat-states that are entangled to different qubit
states is 2|ap | o< (t — #1). Thus, by letting time #; be long enough, we can make each cat-state a
superposition of two nearly orthogonal mesoscopic states.

8 8
4 4
. 0.1
o 0 . o 0
—4 0.1 —4
-8 -8
-10 -5 0 5 10 0.0 -10 -5 0 5 10 0.0
X X
(a) (b)

0.1

-4 ) -4
4
/// —-0.1
-8 -8 .
—-10 =5 0 5 10 —-10 -5 0 5 10
X X
(0 (d)

Figure 3. Time-evolution of the system from the initial state, creation of coherent states, forming
and evolution of the cat-states. Density plot of the Wigner function of the mechanical subsystem (17)
in the (X, P) phase space, for different times, using analytical RWA solution for the ideal time-
protocol. (a) At t = 0, the ground state of the HO; (b) for ¢ < ¢;, a mixed state of two coherent states
with opposite amplitudes; (c) for t ~ t;, forming of the cat-states; (d) for t > ¢;, a mixed state of
two cat-states. The axes of the (X, P) space are in units of xo and pg = 11/ xo, respectively.
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The “impurity” of the state described by p;; implies that the state of the whole qubit-
resonator system is an entangled state. To quantify this entanglement, we plot entanglement
entropy S = Try (94 Inp,), where p; = Try, (f), in Figure 4. Before the voltage polarity flip,
entropy of entanglement increases monotonically, as the two coherent states, {4 (f < t1)
and _(t < t1), become orthogonal to each other, and saturates to the value of maximally
entangled state S,y = In2. After the voltage polarity flip, S(¢) shows oscillatory features
along the time interval of several periods T, and then again saturates the maximal value
Smax as the cat-states ¢4 (t > t1) and ¢ (t > t1) become orthogonal to each other.

IN 2 presemamcng
0.5
Y |
0.3 i
E — V=step
i - — V=const.
0.04 t, 25 50

t/T

Figure 4. Entropy of entanglement S as a function of time (scaled to the period of mechanical
oscillations T), obtained analytically within the RWA for different voltage protocols: (1) constant
voltage Vp for t > 0 (blue dashed curve); (2) voltage polarity change from Vp to —Vp att = t;
(red curve).

4. Numerical Simulations

In this section, we study the numerically obtained exact solution of the Schrodinger
equation governed by the Hamiltonian (9). First we introduce values of the parameters
that are used for numerical simulation, then we compare the RWA results with the exact
numerical ones. After that, we do an extensive numerical analysis of the system by studying
more realistic protocols, in the sense of experimental feasibility, than the one introduced in
the previous section. Namely, we study what happens if conditions of resonance (w = [(};)
and instantaneous voltage polarity flip exactly at the right moment are not strictly fulfilled.
Later, we propose a more realistic voltage flip profile than the one in Equation (3) by
introducing a hyperbolic tangent voltage profile instead of the step function. Finally,
we introduce the phenomenological model of decoherence in the system and study the
corresponding Lindbladian master equation.

4.1. Physical Parameters of the System

Numerical simulations were performed using the parameters that correspond to
experimentally feasible values. We work in the charge-qubit regime for which the typical
Josephson energy is E; ~ 10 < 100 ueV (we use E; = 50 ueV). To fulfil the symmetric
cat-state formation condition (11), the Josephson frequency needs to be of the order of
10GHz (we use (); ~ 22.3 GHz). To generate this kind of Josephson frequency, the bias
voltage should be of the order of 10 uV (we use V ~ 7.5uV). It can be controlled up
to 0.1% precision [40]. For the resonance condition to be fulfilled, we need mechanical
frequency of the same magnitude, i.e., w = ()} (we use frequency corresponding to
period T =~ 0.26ns), which is experimentally feasible utilizing, for example, the third
bending mode of suspended carbon nanotube or some other setup [15,41-43] with typical
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mass of attached superconducting grain of 10-22 + 10~2! kg [41], which can still preserve
superconductivity [44]. This combined with the mechanical frequency leads to xy ~
2 <+ 6 pm for the value of zero-point motion of the HO. For the typical tunnelling length
A =~ 0.Inm, we obtain the the range of the small parameter € ~ 0.01 < 0.1 (we use
€ = 0.025).

4.2. Validity of the RWA Approximation

The RWA is the widely used approximation in coupled resonant systems featuring
the integrals with fast oscillating integrands, keeping the contributions with the stationary
phase with the idea that the fast-oscillating terms (nonstationary, i.e., higher harmonics)
will average out to zero if the coupling is weak enough and/or the time scale we study
the effect is short enough. Those two criteria can be combined into one by defining the
characteristic timescale up to which the RWA is valid. Beyond it, the higher harmonics (non-
stationary terms) begin to build contributions that cannot be neglected. In that sense, the
RWA should be valid as long as the interaction energy (coupling of qubit and mechanical
resonator) E;,;; = €Ejy/(X?) o« (eE ])2t /T is small compared to the HO energy scale fiw,

2
which is fulfilled for times t < fgwa = (eLE,) w [31]. To compare exact results to those

obtained within the RWA, we calculate fidelity F(t) of the RWA state gy (), given by
Equation (12), and the numerically obtained state 9 (f),

F(£) = | (rwa ()9 (1)] (18)

Corresponding infidelity, 1 — F(t), is presented in Figure 5, from which it can be seen that
the RWA approximation is indeed valid for times for which “interaction frequency” E;;;; /h
is smaller than the HO frequency w. In a simulation involving the voltage flip at time ¢4,
fidelity decreases a bit after the flip but is still relatively high and satisfactory.

s |I== V=const.
— V=step

5

4
"'I‘3
—

2

1

0

0 20 40 60 80 100 120 140

tT

Figure 5. Validity of the RWA approximation: Blue curve represents infidelity 1 — F(#) Equation (18)
for the time-protocol with constant bias voltage. The red curve represents infidelity for the time-
protocol Equation (3) involving the step-function switching of the bias voltage and its polarity flip at
the time instant t; = 50.1 T. Calculations were carried out for the realistic parameters for which the
RWA timeis tgiwgq ~ 36 T (time ¢ is scaled to the period of mechanical vibration T).

4.3. The Off-Resonance Effects

In reality, it is hard to expect that it is experimentally possible to achieve exactly
perfect resonance between mechanical frequency and Josephson’s frequency, i.e., w = 10);.
Although the bias voltage can be tuned with a precision of 0.1% [40], it produces a certain
shift in the SC phase, leading to detuning from the resonant condition. The effect of the
high-frequency noise, with frequency much higher than the operating frequency, is, on the
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other hand, less pronounced since the corresponding phase shift averages itself to zero.
We model the off-resonance effect by assuming that [ is not a positive integer but rather
a positive real number, close to the integer value. In the semiclassical approach, it can
be shown that the qubit subsystem acts as a sinusoidal driving with frequency Q) for a
mechanical harmonic oscillator of the frequency w [45]:

¥+ w?x = fycos(Qyt), (19)

where fy = 2Q)j|eC| and C is a constant that depends on system parameters. In the resonant
case, w = Js the solution of this equation of motion are oscillations with frequency (2 ]
and amplitude linearly increasing in time, i.e.,

fo .
x(t) = z—Qltsm(Q]t). (20)
In the off-resonant case w = I}, taking I ~ 1, solution of the equation of motion (19)
are beats,
_ 2 (Y (Y

This solution has approximately linear-in-time growing amplitude as long as the argument
of the first sinus function in Equation (21) is small, (2 ](l —1)t/2 < 1, i.e., when the sinus
function can be expanded up to the linear term in a Taylor series. This condition determines
the time interval along which building of standard coherent states, with amplitude that is
linear in time, is preserved, depending on the parameter (); and off-resonance parameter
I-1

In Figure 6a, the mean numbers of phonons before the voltage polarity flip, for several
off-resonant cases, are shown. We see that numerically obtained phonon numbers follow
amplitudes of the semi-classical solutions (21). The solution obtained in the off-resonant
case represents a qubit entangled with a mechanical coherent state as in Equation (12),
except that the amplitude is not increasing linearly in time, but rather oscillates slowly,
beating with frequency Q;|l —1[/2.

We wish to obtain the superposition of mesoscopically distinguishable states (coherent
states that are nearly orthogonal), and that is why the obtained coherent states should be
well separated in the phase space. As already mentioned, the distance of the coherent states
is equal to twice the magnitude of their amplitude. However, in the non-resonant case,
as explained above, the distance in the phase space does not increase linearly in time but
rather performs slowly oscillating beats with the amplitude 2f;/ (Q%(F —1)). Thus, for
the larger deviations from the resonant case, after the voltage flip, the nanomechanical
cat-states will not be formed by the two (nearly) orthogonal coherent states but rather by the
ones with large overlap. Even for small deviations from the resonance, the same problem
will occur if the voltage flip occurs at the instant at which the coherent state amplitude is
near the minimum of the amplitude oscillation function. If one wants coherent states to
form the cat-states with an overlap smaller than the value €7, then, in the case of voltage
flipping time t; coinciding with the maximum of the amplitude of the beat, the deviations
from the resonance should be smaller than the threshold value given by

|l2—1}<47f° (22)

OF/In(1/er)
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For example, with the realistic parameters used in numerical simulations, if one wants the
overlap to be smaller than €; = 1078, deviations should not be larger than |I? — 1| ~ 3%.

In Figure 6b,c, we show Wigner functions (17) for times ¢ > t; for different deviations
from the resonance. From these plots, we see that estimation for the resonance deviation
threshold given above gives a good prediction when the superposition of orthogonal
coherent states can be created. Since the bias voltage in the microvolt range can be controlled
to a precision of ~0.1% in the experiment, the corresponding Josephson frequency can be
adjusted to be precise enough so that the resonance condition is fulfilled to the needed
precision discussed in this section The (d) panel shows the Wigner function in the case
when the offset from the resonance is larger than 3%, resulting in a wave function that does
not correspond to the well-resolved cat-state.

12 " — |=1.05 6 .

| — I=1.02 0.1
! I=1.01

l —— =10 3 ‘m

0 25 50 75 100 - 0
t/T X

(@) (b)

0.1

\\\

-0.1

0 0
X X
() (d)

Figure 6. The off-resonance effects: (a) Mean number of phonons as a function of time for different
deviations from the resonance condition, parametrised by I different from 1. Solid curves represent
numerical solutions; dots represent analytical semi-classical solution (21). The dashed line represents
the resonant case. (b—d) The Wigner function (17) for different deviations from resonance condition
for times t > t1, where #; is chosen so that the oscillations of the phonon number is near its maximum
at the time of the voltage flip (time ¢ is scaled to period T). In particular: (b) I = 1.01, ¢; =~ 20.3T;
()1 =1.02,t; = 25.7T; (d) ] = 1.05, t; = 10.7 T. One can track the deterioration of the well-resolved
cat-states as the offset from the resonance increases, namely (b,c) for less than 3% offset, and (d) for
larger than 3%—see Equation (22) and comment below.
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4.4. Deviation from the Voltage Flip Condition

Here we model how deviation from the ideal voltage polarity flip timing, determined
by Equation (11), which can appear in a realistic experimental situation, affects the forma-
tion of the cat-states. As explained in Section 3, the cat-states are formed if the mean value
of functions g3(#) and g4(t) are zero for t > t;. However, conditions exist, namely timing of
the voltage polarity flip #;, for which the mean value of functions g (t) and g»(¢) is zero for
t > t; rather than those of g3(¢) and g4(t). As seen from Figure 7a, in that case, no cat-states
are formed. This is because, for this kind of Hamiltonian, evolution for ¢t > #; does not lead
to splitting of the coherent states into cat-states, but rather to the change of the phase of the
coherent state. In simulations of this effect, we choose a random voltage flip instant from
the time interval t ¢, € [t; — 0.1T, t; + 0.1T], where t, satisfies Equation (11). Figure 7b~d
show three simulations with this kind of random #);,, time instants. We can see that, in
this case, the cat-states are formed, but they are no longer symmetric. We ran a number of
simulations with this kind of random voltage polarity flipping moment, and it turns out
that most of them produced qualitatively the same result.

0.15 (5}

a 0 0.07 0-0.

- °
—6 -0.1
0.00
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X X
(a) (b)
6 8
0.1 . 0.1
4
: J
; <
Y .
o 0 o 0 0.0
. ,7/ 00
_3 / . L
- 4
%
6 . -0.1
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(c) (d)

Figure 7. The Wigner functions for deviations from the condition Equation (11): (a) ¢z, cho-
sen “wrong” so that, even after the voltage polarity flip, the mechanical subsystem is simply a
mixture of coherent states not forming a cat-state; (b—d) t5;;, chosen randomly from the interval
triip € [ty — 0.1T, t; 4+ 0.1T], for which the non-symmetric cat-states are formed (T is period of
mechanical oscillations).
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4.5. Realistic Modelling of the Voltage Flip

So far, we considered a time protocol in which, at a specific time instant ¢1, the voltage
polarity is flipped instantaneously. This is experimentally unrealistic because some finite
switching time Ty, is required to flip the voltage from the value Vj to the value — V. We
model such a protocol using the hyperbolic tangent function for the bias voltage profile, i.e.,

V(t) = —Votanh<t_t1), (23)
Tsw

where T, has now the role of characteristic time-scale of voltage polarity switching (see
Figure 8a). In Figure 8b, the infidelity between the numerical solution with this protocol and
the RWA solution with the step-function protocol is shown. As expected, as the switching
time Ty increases, the fidelity decreases. In the limit Ts;, — 0, we obtain the step-function
protocol. In Figure 8c,d, the Wigner function of the mechanical subsystem for different
values of Ty, is shown at times t > t1 4+ Ty, It can be seen that the formed cat-states are not
symmetric, as in the case of the perfect step-function protocol, with asymmetry increasing
as Ty, increases. The cat-states are also distorted to some extent.

T H
Vor—\ t=Tow<t<ty+ T
0.8
0.6
S . e
> sw=0.
— 0.4 Tow=02T
0.2
t ) t 50 100
t; tT
(a) (b)

4 . 4 ' (
a 0 0.0 a 0 0.0
_4 o _4 n

-0.1
4B S
0
X

(0) (d)

Figure 8. Realistic protocol for the bias-voltage flip: (a) the bias voltage V(t) polarity flip time-
protocol, Equation (23); (b) infidelity between the perfect step-function time protocol and the one
with the voltage profile (23); (c,d) the Wigner functions for two different values of the voltage flip
duration Ty, i-e., Tsyy = 0.05 T and Ty = 0.1 T, respectively (T is period of mechanical oscillations).
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4.6. Decoherence Effects

In this section, we consider the coupling of the system to the environment, assum-
ing that the mechanical and qubit subsystems couple to the environment independently.
We analyse the effect of this coupling on the formation of the cat-states in terms of the
phenomenological Lindblad master equation in the interaction picture

@ ios 1 4 UV P
a = _ﬁ [HIIP} +rloss (ﬂ(t)Pa+(t) - E{aJr(t)a(t),p}) +rflip (prax - E{UXUXIP})/ (24)

where 4(t) = e~“!4. We assume that the most dominant decoherence process for the
mechanical subsystem is through the phonon loss process, while the most dominant
decoherence process for the qubit subsystem is through the flip of the charge qubit states. In
the master equation, the phonon loss is described by the phonon annihilation operator 4 and
characterized by the “phonon loss rate” I';,s5, while the qubit state flip is described by the
Pauli 0y operator and characterized by the “charge qubit flipping rate” I ¢;,. Phonon loss
rate I'j,4s can be determined from the quality factor Q = w/Aw =~ w/I'}yss. For mechanical
frequency in the GHz range, which we used in simulations, a rather conservative value
for the Q factor that we used is Q = 1000 (quality factors of nanomechanical resonators
in this frequency range can be an order of magnitude higher or more [15-17]). This yields
a characteristic phonon loss time scale of FZ’O;S ~ 44ns ~ 160T. For the charge qubit
decoherence (charge flipping) time scale, we took Fﬁ}p ~ 0.04 us ~ 150 T, even though
current state-of-the-art experiments work with charge qubits with decoherence times as
large as Fﬁ}p ~ 1us.

4.6.1. Effect of the Phonon Loss

In this subsection, we model the effect of phonon loss alone in the absence of qubit
state flipping (i.e., I, = 0). One of the obvious effects of the phonon loss process is the
reduction of the amplitude of the coherent state. To examine this, in Figure 9a, we plot
the mean number of phonons for a system evolution with I';,s; = 0 and for several values
of I'jpss 7# 0. As expected, the amplitude of a coherent state decreases as the phonon loss
rate increases. Due to the partially non-coherent evolution caused by the interaction of the
system with the environment, the state of the system is no longer a pure state but rather a
mixed one. To quantify this, we calculate a time evolution of the purity of the total state of
the system

Y(t) =Te(p(1)?). (25)

For a pure state, v = 1, tending to decrease as the state becomes more mixed, which
happens over time as the decoherence effect becomes more important (see Figure 9b). To
model this mixed state, we analyse how many and which states contribute to the state of
the system. It is done by decomposing the density matrix by diagonalising it, i.e.,

p(t) = Xk:iﬂk(t)ll/?k(f)ﬂwk(t)\/ (26)

where |, ()) is the eigenstate with kth largest eigenvalue. Eigenvalue py(t) represents the
probability of finding a system in the state |, ()). For a pure state, there is only one p; = 1,
i.e., for all the other states, py = 0, k > 1, while for a mixed state, more than one state
has py # 0. Interestingly, for our system with only the phonon loss decoherence process
included, there is a finite number of states with p; # 0. Namely, before the voltage flip,
the density matrix is a mixture of two states, |1) and |¢,), and, after the flip, it becomes a
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mixture of four states (see Figure 9d). To explain one extra state before the voltage polarity
flip, we first notice that H;(t) from Equation (9) commutes with the parity operator

Pry = (-1)Voy 27)

thus preserving the parity symmetry [31]. This operator has only two eigenvalues,
Pny = =£1. Since the initial state of the system has its well-defined value Py, = +1, the
state of the system Equation (12), after the coherent evolution, also has Py, = +1. On the
other hand, operator 4 does not preserve parity since [4, Py,] # 0. Therefore, by introduc-
ing the non-coherent phonon loss process described by it, the state with negative parity
will also be accessed by the evolution of the system. From this reasoning and numerical
analysis, we conclude that, for times ¢ < t;, we have

(e <)~ (1) @) + 1) @ - m (),
(28)

a(t < 1) = = (1) @ () = =) |~ (1)),

Here, |¢ (1)) is basically the state from Equation (12) obtained from the RWA solution, a
bit distorted (it has lower amplitude due to phonon loss from the coherent state and their
moving to nearby states), while the state |, (t)) is the state corresponding to it, but with
negative parity. To summarize, for times t < f;, the phonon loss process does two things:
(i) produces a mixed state by introducing an extra state that is the same as the one obtained
from the coherent evolution but with negative parity, and (ii) reduces the amplitude of
the coherent states (phonon number) by shifting the occupation in the Hilbert space from
“coherent” to the “non-coherent part”.

After the voltage polarity flip, two extra states appear in the system’s evolution. All of
them have a well-defined parity (two states have positive, and the other two have negative
parity). This extra splitting can be explained. Just before the voltage flip, the state of the
system is a mixture of a state with positive parity |y (t1)) and a state with negative parity
|2 (t1)). After the voltage flip, those states change differently: |1 (#)) is changed to {1 (t)),
which is equal to the solution for coherent evolution of the entangled cat-state with positive
parity (see Equation (12)), while the state |y(t;)) is changed to |¢,(t)), a state with the
negative parity (because the Hamiltonian preserves parity). However, |{,(#)) is no longer
the same state as ¢; () with the opposite parity. Namely, the cat-states forming it are no
longer given by Equations (14) and (15), but rather by

[¥+) = (/5| — a1 —ag) +iflag — “2))/ (29)

lp—) = (ﬁ*| —ay +a) +iBlag +062>>- (30)

Since the phonon loss operator does not preserve parity, a state |3(t)), with the negative
parity, will appear in the system dynamics due to incoherent mixing of the positive parity
state |1 (t)). Similarly, a state |(4(#)), with positive parity, will appear in the system
dynamics from the negative parity state [, (t)).

It is also worth noticing that, after a sufficiently long time, a state with a positive
parity, which resembles the coherent evolution state from Equation (12), is no longer the
most dominant state in the mixture. To illustrate that the discussed eigenstates of the
density matrix are indeed cat-states, we plot the Wigner functions of the reduced density
matrix of the mechanical subsystem of all of the non-vanishing states |¢), k = 1,2,3,4 (see
Figure 10).
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Since the state of the system in the presence of phonon loss is no longer pure, we can
not use the entropy of entanglement properly to quantify entanglement between the qubit
and the mechanical subsystem. That is why we use so-called negativity as a measure of the
entanglement, which is more suitable for mixed states, i.e.,

wip) = Uh =1 a1
where ||X||; = Trv/XtX and p' is a partial transpose with respect to qubit DOFs [46]. In
Figure 9¢, we present the influence of phonon loss on entanglement negativity. As we can
see, entanglement is generally smaller for larger phonon loss rates. Negativity reaches its
maximum (0.5 for a pure state) and then decreases with time, as the decoherence effects
become more pronounced, and reaches 0 for times large enough. However, the purity and
negativity decrease rate do not only depend on the phonon loss rate I';,5; but also on the
coupling parameter € through the mean phonon number (see Appendix A for clarification).
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Figure 9. Effects of the phonon loss (with characteristic rate I' = T,y see Equation (24) and
explanation below): (a) the mean number of phonons in time—dashed line represents coherent
evolution without phonon loss process, full lines are for different phonon loss rates; (b) purity of a
state, Equation (25)—at t = 0 the state is pure, i.e., v = 1.0, getting saturated at v = 0.25 in the steady
state; (c) entanglement negativity, Equation (31)—dashed curve represents negativity for the purely
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coherent evolution, for which it reaches the maximum value of 0.5 (entanglement of a Bell state). For
the non-coherent evolution, negativity first increases and then saturates to 0 (the non-entangled state)
in the steady state; (d) the density matrix eigenvalues from Equation (26) for rl;;s = 160 T—red and
green curve represent probability of finding states with the positive parity, while blue and orange
ones represent probability of finding states with the negative parity (time ¢ is scaled to period of

mechanical oscillations T).
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Figure 10. Wigner function of four non-vanishing eigenstates of the density matrix (see Equation (26)
and explanation below) under the evolution, with phonon loss process (Fng . = 160T), for time
t = 50 T. It can be seen that states |(1 (t)) and |(3(#)) are the same states up to parity (parity cannot
be observed on the mechanical subsystem only), and equivalently for states |, (t)) and |P4(t)).

Panels show: (a) state |1 (¢)); (b) state |2 (t)); (c) state [P3(t)); (d) state |P4(2)).

4.6.2. Effect of the Qubit State Flipping

In this subsection, we model the effect of the charge qubit state flip in the absence of
phonon loss (i.e., I'j,ss = 0). By calculating the time-evolution of the purity of the state
(Figure 11a), we see that, due to the non-coherent qubit flips, the state of the system is
no longer pure but a mixture. By analysing the state (expanding density matrix as in
Equation (26)), we conclude that, for sufficiently small times, only one state dominates,
while others have low probabilities of being found (see Figure 11c,d). This is qualitatively
different from the effect of phonon loss, since there we have two (four) non-zero probability
states participating in the system evolution before (after) the voltage polarity flip. That is
because, unlike the annihilation operator 4, the operator 0, preserves the parity. Another
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difference comparing to the phonon loss process is that, for the qubit flip effect, the non-
vanishing states of the mixture (apart from the most important one) are no longer coherent
(cat) states before (after) the voltage flip (see Figure 12).
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Figure 11. Qubit state flipping effect for different values of qubit flip rate (with characteristic rate

I' = I'y;p, see Equation (24) and explanation below): (a) purity of a state, Equation (25)—at t = 0

-1 .
& Thips
(b) entanglement negativity, Equation (31)—dashed curve represents negativity for the coherent

the state is pure, i.e.,, v = 1.0, decreasing to the value close to zero at the time scales ¢

evolution, for which it reaches the maximum value of 0.5 (entanglement of a Bell state). For the
non-coherent evolution, negativity first increases and then decreases to 0 (non-entangled state);
(c) eigenvalues of the density matrix from Equation (26) for Fﬁ}p = 150T; (d) eigenvalues of the

density matrix from Equation (26) for T fl}p = 75T (T is period of mechanical oscillations).

Finally, we study entanglement between the qubit and mechanical subsystem, with
the present qubit flip process, by calculating negativity. As can be seen from Figure 11b,
the entanglement negativity increases at first, but for times ¢ < Fﬁ}p it tends to decrease,

saturating to zero.
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Figure 12. The Wigner function with the effect of qubit state flipping (1"}7111. p = 150 T), for time t =50 T
(a) the Wigner function of the the total state, i.e., the density matrix p(t), Equation (26); (b—d) Wigner
functions of the first three eigenstates of the density matrix with the highest eigenvalues, i.e., [(1(#)),
[$2(8)), |13 (t)), respectively. It can be seen that only the most probable state (b) is a cat-state, while
the other states participating in the dynamics are not cat-states.

4.6.3. Effect of Combined Qubit State Flipping and Phonon Loss

In this subsection, we study time-evolution under the influence of both qubit flip and
phonon loss processes. The most dominant state in a mixture is an entangled coherent
(cat) state with positive parity before (after) the voltage polarity flip. Two (four) most
dominant non-vanishing states participating in the mixture are coherent (cat-states), but
now also other states (but with lower eigenvalues) participate in the system dynamics due
to the qubit flip decoherence process (see Figure 13, in particular panel (d)). To check that
the first four states after the voltage flip are indeed entangled cat-states, while the other
less-significant states are not, we plotted the Wigner function in Figure 14.

The mean number of phonons is lower than in the case of coherent evolution due to
the phonon loss process. Finally, as can be seen from Figure 13¢, entanglement negativity

decreases basically to zero for times t £ Fﬁ}p.
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Figure 13. Effect of combined phonon loss and qubit flip process as a function of time for l"l;; . =160T,
Fﬁ}p = 150T (black dashed line represents coherent evolution without decoherence): (a) mean
number of phonons; (b) purity of a state, Equation (25); (c) entanglement negativity, Equation (31);
(d) density matrix, Equation (26), eigenvalues. Red and green curves represent the probability of
finding states with positive parity, while blue and orange ones represent the probability of finding
states with negative parity. Not only do the entangled cat-states participate in the dynamics of the

system, but other non-cat-states do as well (time is scaled to period of mechanical oscillations T).

One should note that the result simply presents both decoherence channels acting at
the same time, not the interaction between the two. The subtle possibility of coupling of
the decoherence sources arises due to coupling of the oscillator and qubit, i.e., € # 0. If
coupled, i.e., hybridised, the fluctuation of phonon number may change the qubit state and
vice versa. However, compared to the “single decoherence source” effect, appearing with
€Y, the “joint decoherence source” effect appears with €?, in the lowest order. As all our
analysis is constructed and performed under the assumption of the weak coupling, € < 1,
these effects are neglected in our consideration.
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Figure 14. The Wigner function with the effect of qubit state flip (F]Tl}p = 150T) and the phonon loss
(Fl;zs = 160T), for t = 50 T. The Wigner function of: (a) the the total state, i.e., the density matrix
0(t), Equation (26); (b) the most dominant state |1 (#)); (c) the fourth most dominant state |{4(t));
(d) the fifth most dominant state |5 (#)).

5. Conclusions

In conclusion, we study a nanoelectromechanical system, based on the AC Josephson
effect, in which a superconducting mesoscopic grain in the regime of the Cooper pair box
(CPB) performs harmonic oscillations between two bulk superconductors. By doing so,
it couples its electric (charge qubit) and mechanical degrees of freedom, which depend
on the position of the grain. The bias voltage controls a relative phase between bulk
superconductors and, in turn, the evolution of the CPB states. Applying the time-protocol
of manipulation with the bias voltage upon the system, the nanomechanical cat-states
(quantum superposition of two mechanical coherent states) entangled with qubit states
are generated, which, according to the analytical solution within the RWA approximation,
crucially depend on resonant dynamics between the charge qubit and the mechanical
oscillator. Throughout extensive numerical simulations, we check the validity of the
approximate analytical solution and simulate a number of effects appearing in realistic
experiments, which deteriorate resonant dynamics, to estimate the margin of experimental
feasibility of cat-states formation. Namely, we study experimental limitations regarding the
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precision of bias voltage time-protocol as well as decoherence processes related to phonon
loss and qubit state flipping during the system evolution leading to coherent states and, in
turn, to cat-states formation.

For a set of realistic experimental parameters, we find that the formation of cat-states
is within experimental reach. In particular, for the order of magnitude of Josephson energy
10 < 100 peV, mechanical frequency 10 GHz (e.g., the third bending mode of the 1 um
single-wall suspended carbon nanotube), bias voltage 10 peV (controllable down to 0.1%),
mass of the mesoscopic grain 10722 - 102! kg (aluminium slab 20 nm long with radius
3 nm), amplitude of the harmonic oscillator zero-mode oscillations 1 pm, Cooper pair
tunnelling lengths 0.1 nm, small coupling parameter 0.01 - 0.1, charge qubit 1 us, and
quality factor of mechanical oscillator 10*, we find that formation of the cat-states should
be experimentally feasible within the order of 10? periods of mechanical oscillations. This
should yield well-separated (orthogonal) cat-states.

Well-formed cat-sates have the potential to be used in a number of applications. One
possible direction is a “buffer” in the process of transduction of quantum information,
using suitable protocols, among which one was suggested in Ref. [32], with the aim of
transporting it among qubits, such as suggested in Ref. [47]. Very briefly described, such
a transduction process is achieved by carefully tailored time-protocols for operating the
external parameters, the bias voltage, and the gate voltage. One starts with the prepared
state of charge qubit, with the quantum information encoded into the relative phase of
two qubit states, and the oscillator in the ground state. Using the bias-voltage protocol,
one builds the entangled charge qubit state with the well-developed mechanical coherent
states (as described in this paper). Disconnecting the bias and operating the precisely set
gate voltage, one can then perform a “unitary rotation in the opposite direction” upon
the charge qubit states, being entangled with the “opposite” coherent states, to bring
them to the same state. After that step, one ends with the pure nanomechanical cat-state
with the quantum information encoded into the mechanical phase. Coupling several
qubits and using the time-protocols upon the operating parameters permits the use of the
entanglement as a powerful tool in transduction and transfer of quantum information,
as suggested in the aforementioned references. Compared to the alternative mechanisms
for generating mechanical cat-states, such as optomechanical, or the Kerr nonlinearity
systems, for example, potentially the most rewarding difference is the aspect of sensitivity
of control and size of the device. As the the optical-based alternatives rely on the radiation
pressure for coupling of light to mechanics, or building a strong enough nonlinearity,
which are both weak, in the system proposed here, in spite of the weak coupling to
the superconducting Josephson circuit that coherently “pump” the cat-states, the better
sensitivity in the sense of manipulation of the cat-states is achieved through the control of
the charge qubit states by the gate voltage (see, e.g., Ref. [32]). Systems that rely on optical
cavity are also considerably larger in size, i.e., of the order of centimetres for Fabry—Pérot,
or millimetres for the microwave-superconductor implementation, down to 10'~10% um
for photonic crystal cavities, still larger than the micrometre-size NEMS proposed here.
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Appendix A. Eigenstate Probabilities

As noted in the main text, due to the symmetry of the Hamiltonian with respect to
the parity operator (27), in the case of coherent evolution, only the state with positive
parity (such as in Equation (12)) participates in the dynamics of the system. However,
by introducing the phonon loss operator d(t), which does not preserve this symmetry, a
state with negative parity is introduced in the system, and the total state of the system
becomes a mixture of the two. Those two states, apart from the parity, are exactly the same,
and the total Liouville operator from the master Equation (24) treats those two states in a
symmetric way (because of the broken symmetry). Thus, in a steady state, the probability
p+ of finding the state with positive parity should be equal to the probability p_ of finding
the state with negative parity:

pilt = o0) = p(t > o0) = 3. (A1)

From master Equation (24), we conclude that the rate at which the probability difference
Ap = p4+ — p— of those two states changes is governed by the equation

dA ~
S = ~2Mhoss (N(1)) Ap. (A2)

Factor 2 appears by summing the equations for % and — %2 ; (N(t)) is the average number

of phonons that comes from the action of operators 4, @' on the state p of the right-hand
side of Equation (24). The solution to the equation is easily obtained as

Bp(t) = 8p(t =) exp (2 [ ()5 ). 3

The expectation value can be found by using a semi-classical approach and solving the
damped-driven harmonic oscillator equation

& + Tjpss® 4 w?x = fo cos(wt). (A4)

Solution to this equation with the initial condition x(0) = x(0) = 0 is

2(t) = —0 (o5 sin(t) + O sin(wt)
B wWjpss O ’

Tz 2
—_ 2 _ | Ztoss

Expectation value is now given by the square of the time-average of x(t). Time-average is

(A5)

obtained by neglecting the oscillation terms, i.e.,

We plug in Equation (A6) into Equation (A3) and integrate the right-hand side to obtain the
final solution; P, (t) and P_(t) are obtained by using P, (t) + P_(t) = 1. In Figure Ala, we
compare these analytical results to the numerical ones. From this result, it can be concluded

Ujpsst 2
2 +Q> . (A6)

that the probability p,(t) and thus the purity (¢) and entanglement negativity do not
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depend only on the rate I';,55, but on the phonon number as well. The state becomes more
mixed as the phonon number increases; thus, for larger values of the coupling parameter €,
the state will become less pure faster. To see the influence of different values of € and I" on
entanglement, in Figure Alb we plot negativity for different values of both € and I'j,;.

1.00
— P (£=0.01) 0.50F ===~ — €=0.01 _
P, (€=0.01) B e, — £=0.02
— P;(£=0.025) — £=0.025
0.75
P, (£=0.025) --- €=0.01
--- £=0.02
. . : --- £€=0.025
[ - "
—0.50+r------ e T e . — ) [ e=0.01
Q Q. 0.25 E £=0.02
------- £=0.025
0.25
o I g S W
0'000 50 100 150 0'000 25 50 75 100
t/T t/T
(a) (b)

Figure Al. Phonon loss analysis for the constant bias voltage: (a) eigenvalues of the density matrix
for different values of the coupling parameter € and fixed value of phonon loss rate I’ l;;s =100T; Py
(P,) represents the probability of finding a state with the positive (negative) parity. Solid curves rep-
resent numerically obtained values while the dots represent analytical solutions from Equation (A3);
(b) entanglement negativity for different values of € (different colours) and different values of phonon
= 100T (solid line), T'L. = 160T (dashed line), I';"L. = 320T (dotted line); T is the

-1
loss rates: T’ loss loss

loss
period of mechanical oscillations.

As can be seen, lower € for a fixed I',;; means lower maximum negativity, but the
peak of the negativity is wider and thus the subsystems are entangled for longer times. On
the other hand, decreasing I'j s increases both the maximum value and the width of the

negativity peak.
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