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Abstract

We present an exact solution for the propagation of quantized massless scalar
particles in a two-dimensional variation of the Alcubierre metric. Classical
localized wavepacket solutions are derived using closed expressions for light-
ray coordinates, and corresponding annihilation operators are constructed using
the concept of locally positive and negative frequencies. The theory is used
to describe the loss of fringe visibility in a single-photon interferometer, and
the reduction of entanglement between two 2D photons, if one photon trav-
els through a region with spacetime curvature. We derive an expansion of the
field operator in terms of localized modes by means of an over-completeness
relation. The quantization procedure also applies to massive and charged scalar
fields in an n-dimensional globally hyperbolic spacetime.
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1. Introduction

Exact solutions have always helped to sharpen our understanding of physical concepts. This
is especially true for general relativity, where exact solutions to the Einstein equations are
exceedingly rare. For quantum field theory in curved spacetime, most known solutions either
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involve approximations or rely on a high degree of symmetry. In particular, the interpreta-
tion of fields as particles and anti-particles, or the identification of a vacuum state in curved
space, is often considered to require a time-like Killing vector, so that energy conservation is
ensured [1].

In this paper, we present an exactly solvable model for 2D photon propagation in a variation
of the Alcubierre metric [2]. Our goal is to illustrate several aspects of wavepacket propagation
in curved space. First, our metric has a high degree of flexibility, which provides us with a great
level of control over the formation of horizons [3, 4]. Second, we provide an explicit example
of how simultaneity, through the choice of a spacelike hypersurface, impacts the appearance
of wavepackets.

Third, since our metric does not possess a timelike Killing vector, we quantize the field by
introducing a set of localized creation and annihilation operators. This may be considered as a
realization of local observables, which have been introduced within the framework of algebraic
quantum field theory by Dimock [5] and further developed by several groups, including Hol-
lands and Wald [6, 7], Sorkin [8], Afshordi et al [9], Brunetti ef al [10], as well as Brunetti and
Fredenhagen [11], Fredenhagen and Rejzner [12], and Bir and Ginoux [13, 14]. As an appli-
cation of the general formalism, we demonstrate how spacetime curvature can affect quantum
interference by reducing fringe visibility in a Mach—Zehnder interferometer, and how it reduces
entanglement by testing the violation of the CHSH inequality [15] for a specific detector model.

Light propagation in an Alcubierre metric has been studied by Clark ef al [16], Anderson
et al [17] as well as Miiller and Weiskopf [18] through ray tracing. Smolyaninov [19] has
studied the simulation of classical light propagation in an Alcubierre metric using metamate-
rials. Hiscock [20] has studied the stress—energy tensor of a massless quantum field in a 2D
Alcubierre metric.

Strictly speaking, our model does not deal with light, but with a massless scalar field in a
two-dimensional spacetime. A 2D model cannot display all features that a quantized electro-
magnetic field in a 4D spacetime would exhibit. Since there are no transverse spatial degrees
of freedom in a 2D spacetime, polarization of light and the dispersion of wavepackets will
be absent. However, we nevertheless will refer to quantized wavepackets in our model as 2D
photons’ because many aspects of their dynamics and measurement closely resemble that of
actual photonic wavepackets. Interference and entanglement of wavepackets are two aspects
that we will study in detail.

The paper is organized as follows. In section 2, we will derive light-ray coordinates for a
two-dimensional variation of the Alcubierre metric. These coordinates are used to examine
light pulse propagation in section 3. In section 4, we will describe a quantization method that
involves localized wavepackets of positive and negative frequencies to define mode operators
for a general scalar field. This procedure is used in section 5 to study 2D photon propagation in
our metric of interest. In section 6, we analyze a Mach—Zehnder interferometer and in section 7
we study violation of the CHSH inequality. Before we conclude, we derive an expansion of the
field operator in terms of localized positive- and negative-frequency annihilation operators in
section 8.

2. Light ray coordinates near a warp boundary

‘We consider a variation of the Alcubierre metric in two dimensions,

ds? = —d? + (dx — zf(x — 2)dr)?, (1)
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where z(7) denotes the trajectory of the warp drive in the (7, x) coordinate system. Function
f(x) is a continuous function that goes to zero outside of the drive, and is close to unity inside
the warp bubble. Generally, f(x) is chosen to be nonzero only in a finite range, to represent a
warp bubble of finite size. Here, we concentrate on the trailing edge of the bubble and consider
a function that goes to zero for x — —oo and to 1 for x — oo,

1
E ezax x<0

fm=4% @
1-— E 6_2” X 2 0

The reason why we concentrate on one edge of the bubble is that the piecewise definition
of f(x) enables us to derive a closed expression for light-ray coordinates. The edge corre-
sponds to the trailing end of the bubble for z > 0, and to the leading edge for z < 0. Our
numerical examples will focus on the former case. f(x) is differentiable, but its second-
order derivative is discontinuous at x = 0, which results in a discontinuity of spacetime
curvature.

For a given metric, light-ray coordinates x. can be derived by solving the equation for null
geodesics,

% gu, =0, (3
with x* = (z, x(¢)). In our case, a dot denotes a derivative with respect to . For a given solution
x(1) of equation (3), light-ray coordinates can be derived by using the method of characteristics.
This derivation is presented in appendix A. The result is

1
5(177(1‘, .x) = _% In (e—ZH(x—i-nt) + L,,(t)) (4)
1
}a}(l‘, x) = z(ty) + % In (620(x+ntfz(t)) + R'y](t)) ’ )
with
1
Ln(t) = O'/ dI/Z(l‘/)e_z’]”’/_z”Z(l/) ©
fo
! /
R, (1) = U/ dr'z(f)e* " . N
fo

Superscripts L and R indicate that the solution is valid for the left region x < z(¢) or the
right region x > z(¢), as displayed in figure 1. Parameter 7 specifies the general direction of
motion of a light ray: n = +1 for left-moving light rays and = —1 for right-moving rays.
Hence, x; denotes light ray coordinates for left-moving rays in the region x < z(¢). Before the
warp bubble starts to move, parameters L, and R,, are zero. In this case, light ray coordinates
are reduced to the expression in Minkowski space,

X, =x*tt. (8)

Unfortunately, light ray coordinates (4), (5) can only serve as a preliminary definition. The
reason is that light rays generally cross the line z(¢), but coordinates X, (¢, x) are not continuous
at x = z(¢). To fix this, we exploit that light ray coordinates are invariant under rescaling: any
function x,(X,) of a light ray coordinate X, can also be used as a light ray coordinate. The
sketch in figure 1 shows our region of interest, i.e., a region of spacetime around trajectory
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Figure 1. Sketch of light rays crossing the trajectory z(¢). The shaded region L corre-
sponds to x < z(#), and region R corresponds to x > z(7). The colored area around z()
displays the Ricci scalar.

z(1), which indicates the location of areas with large spacetime curvature. The colored area
in figure 1 around the trajectory represents a contour plot of the Ricci scalar; details will be
discussed below equation (19).

We assume that the warp drive is initially at rest. It is clear that, by moving the ini-
tial time #y sufficiently back into the past, we can ensure that all right-moving light rays
that enter the region of interest will originate from the left area L. Furthermore, all left-
moving rays will emanate from the right area, R. Before these rays cross the trajec-
tory, the preliminary coordinates provide a suitable description for their dynamics. Hence,
we set

xh(tx) =3x8t x) forx < z(f) 9)
xR (t,x) = X8 (t,x)  for x > z(1). (10)

To achieve continuity, we consider the preliminary coordinates X, (1) = X,(t, z(t)) at point
x = z(t), where they are a function X, (¢) of ¢ alone,

1 ,
X =— 5. In (e 2O L L (1)) (11)

iR = 2(t0) + % In (€27 + R,(1)) . (12)

For left-moving rays, we assume that, for x < z(f), ray coordinates can be written in the form

F (x4 (t,x)). Continuity at x = z(r) then imposes the condition F(x%; (¢, z(1))) = x5 (1, z(1)), or
equivalently, F (%' (1)) = %% (¢). This implies that the function F is given by F = &% o (%) -

In a similar way, we find F = i~ o (x}) ! for right-moving light rays. Hence,

R0 =3 () (Rx0))  forx > 20) (13)

0 =3 ((#) 7 () forx <z, (14)
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This concludes the general derivation of light ray coordinates for a spacetime character-
ized by f(x) of equation (2). Closed expressions for light ray coordinates can be provided
if parameters L,(¢) of equation (6) and R,(f) of equation (7) can be evaluated exactly. This
is possible for special cases of the warp drive trajectory z(#). For instance, for z(r) = vt, we
obtain

L,I(t) — e—2(7t0(1]+11) _ e—2(7t(1]+11)) (15)

—
2(n+v)
Ry() = 2% (217 — &2 . (16)

In this case, if the warp drive is moving to the right at superluminal velocity v, right-moving
light rays that are trailing the drive will fall behind, and 2D photons inside the warp drive will
be dragged along with it. A warp drive moving at constant superluminal speed therefore forms
a permanent horizon for light chasing the warp boundary.

For an accelerating warp drive, z(f) = %atz, we find

N atp +1 at+n
L (1) = erf —erf
() 2+/a ajo Vajo
L oigatet2n _ .—otart2m
1 atola _ .—ota 17
+ 5 (e e ) ( )
R,(1) = a4 (e2mﬂo _ CZW) + 4 (tezmﬁ — I eznmo) . (18)
K 4o 21

In this case, 2D photons can still enter and leave the warp drive as long as its speed z = at
is subluminal. A horizon is formed dynamically once the drive is sufficiently fast.

The focus of our study will be the case when a warp drive is only moving for a finite duration
of time. A drive that could not perform such a type of motion would be of little practical
use. In addition, from a theoretical perspective, a warp drive that only moves temporarily can
dramatically simplify the physical interpretation. Before and after the warp drive moves, the
Alcubierre metric will be flat. Far inside the warp drive, the metric is also flat, although 7 is
not a time-like coordinate in that region anymore. Hence, a warp drive that moves for a finite
period of time only produces curvature in a compact spacetime volume. It provides us with
a controllable test case for analyzing the formation of temporary horizons and many other
phenomena.

As a specific example, we consider the trajectory

A = % (1 + tanh (227”)) . (19)
.f

This describes a warp drive that starts at z = 0, accelerates to a maximum velocity v, and then
decelerates until it reaches its final position z;. Light ray coordinates then need to be evaluated
numerically. The result is shown in figure 2. A ‘temporary horizon’ is opened up: right-moving
light rays emanating from the left region in space can only catch up once the warp drive has
slowed down. We note that figure 2 is a contour plot of light-ray coordinates x. (7, x), not the
result of ray-tracing. From blue to orange, the value of x_ in figure 2(a) varies from —7.82
to 10.12, and the value of x_ in figure 2(b) varies from —7.84 to 14.0. Possessing light-ray
coordinates will enable us to introduce conformally Cartesian coordinates and to solve the
wave equation below.
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(b)

Figure 2. Contour plots of light ray coordinates for a warp drive that moves for a finite
duration according to equation (19), with zz = 40~! and v = 1.9. (a) and (b) show
left-moving coordinates x_(f,x) and right-moving coordinates x_(t, x), respectively.
Trajectory z(¢) is shown as a gray line.

Trajectory (19) gives us very good control over the regions in spacetime with non-zero
curvature. The colored area in figure 1 provides a contour plot of the Ricci scalar R. Green
and red correspond to positive values, and blue to negative values. In the right region R, the
Ricci scalar is strictly positive and reaches a maximum of about 4v°¢?. In the left region, R
changes sign, with a maximum/minimum of about +3v?0/z;. The last result is valid if the
trip distance z; is much larger than the width of the curvature area, zgo > 1. In this limit, the
curvature maximum in region R is significantly larger than in region L. As discussed before,
the piecewise definition (2) of our metric leads to a discontinuity in curvature, but this effect
has no significant consequences for our results.
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ox

Figure 3. Lines of constant conformally Cartesian coordinates (7', X) for a warp drive
that moves for a finite duration.

3. Pulse propagation

The main goal of this work is to study the propagation of light pulses and the description of 2D
photons, i.e., quantized wavepackets. In this section, we first study the evolution of classical
wavepackets. Since we consider a two-dimensional spacetime, we model light pulses by a
massless scalar field ¥(z, x) that obeys the wave equation in conformal coupling,

VAV (L, x) = 0. (20)

Since the metric of a two-dimensional spacetime is conformally flat [21], it can be brought into
the form

ds* = (—dT?* + dX*)g=(T, X), (1)

where (T, X) are conformally Cartesian coordinates and gy, is the metric on a hypersurface of
constant 7. The wave equation then takes the explicit form gil(@% — 02)1) = 0. Conformally
Cartesian coordinates are related to light ray coordinates via x; = X £ 7. A plot of lines of
constant X and 7 is given in figure 3.

The wave equation in light ray coordinates takes the form 0, . 0,_1 = 0, which has the
general solution

D(t,2) = Py (xp) + Y (x0), (22)

It is not hard to show that light ray coordinates (4), (5) do indeed generate a solution of the
wave equation for a metric specified by equations (1) and (2).

Having found the general solution, we need to specify the initial conditions for wavepackets.
Our goal is to describe a wavepacket that, at conformal time 7 = T, takes a specific form
1y(X) and travels in a specific direction. The first condition reads

Yo(X) = p(To, X) = (X +To) + (X = To). (23)

To fix the initial direction of the pulse, we fix the ‘time derivative’ on the initial hypersur-
face. Specifically, let n* denote the time-like, future-oriented normal vector of the hyper-
surface. In conformally Cartesian coordinates, it takes the form n" = 1/gg*l(l,O), so that

7
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V,= ,/gE*IaT. We now require that V,v is equal to a given function wéT)(X) on the
hypersurface,

P (X) = V1 b(T, X)| =1, (24)
o 1 8X+ , 3)6, ,
= \/E (Wﬂbr(x + To) + Wﬂk(x - To)) (25)
1 / !
== (Y, (X + To) — ' (X — Tp)) (26)

where a prime indicates a derivative with respect to the argument. Combining both initial
conditions, we obtain

1

V(X +To) = 5 (%(X) + / dX\/_gzwéT)(X)) 27)
1

V(X = Ty) =5 (%(X) - / dX\/_gz¢éT)(X)> : (28)

In order to obtain a wavepacket that is either left- or right-moving (depends either on x_ or
on x_ only), we have to choose the temporal derivative according to

Ves i (X) = ndxibo(X), (29)

with n = +1.
We now analyze solutions of this type for a family of Gaussian wavepackets of the form

i _ L _xy_y.)2
Wy, 4(To, X) = N X072 X507 (30)

which are parameterized by the initial mean position Xy and mean wavenumber k in confor-
mally Cartesian coordinates. The width of the wavepackets is given by AX, and their peak
height is equal to N. Since we know that the wavepacket only depends on one of the two coor-
dinates x4 or x_, the corresponding solution is easy to find. Noting that X = x,, — nT,, we
obtain

i — X)) — —L (e — A
\IIXO,/(J](T, X) — Nelk(x” nTo—Xo) IAX2 (-’Cl[ nTo—Xo) (31)

_ N KX Xo T =To)— 5 X X=Xo+1(T~To)* (32)

This simply corresponds to a Gaussian wavepacket that propagates to the left or to the right
without changing its shape in conformally Cartesian coordinates.

Figure 4 shows a plot of three different Gaussian pulses in the (7, x) coordinate system
instead of conformally Cartesian coordinates. All wavepackets have mean momentum k£ = 0.
The only difference is their initial mean position X, and their initial direction; right-moving for
figure 4(a), and left-moving for figure 4(b). The leftmost pulse starts in a region well outside
of the warp drive. It is hardly disturbed by its motion and propagates like in a flat spacetime.
This can be seen using equation (4): if —o(x £ ¢) > 1, the exponential factor in the logarithm
dominates and we obtain x4+ ~ x £+ 1.

The rightmost pulse in figure 4 starts well within the warp drive, in a region that has very lit-
tle spacetime curvature. The shape of this pulse is also undisturbed since it propagates through
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(b)

Figure 4. Propagation of Gaussian wavepackets. The leftmost packet starts well outside
of the warp drive, the rightmost packet well within, and the center packet starts near the
transition point x = z(¢). (a) and (b) show right-moving and left-moving wavepackets,
respectively. The dashed line corresponds to trajectory z(z).

a flat portion of spacetime. One can deduce this from equation (5): if o(x 7 — z(#)) > 1, the
exponential factor in the logarithm dominates and we obtain

Xy~ xEt—z(1). (33)

The trajectory of a light ray that starts at x; = X is approximately given by x = xo F ¢ + z(?).
Hence, the wavepacket is dragged along with the warp drive. We emphasize, however, that in
this region ¢ is not a time-like coordinate, so that the physical interpretation of the pulse is more
subtle. We will come back to this when we discuss 2D photons below.

The center pulse in figure 4 passes through the region where the warp drive generates a
large amount of curvature. Since curvature stretches the distance between light rays, it tears
the pulse apart: parts of the pulse in the tail of the drive fall behind, while parts further inside
are dragged along with the warp drive. As a result, the pulse gets stretched.

Itis interesting to see the difference between the shape of the wavepacket on the two hyper-
surfaces of constant 7 and of constant 7, respectively. In the (¢, x) coordinate system, both
hypersurfaces are straight horizontal lines before the warp drive is moving. Lines of constant
T are deformed by the moving warp drive, and they remain curved even after the warp drive
has stopped, see figure 3. The reason is that warp drive curvature generates a delay (or speed-
up) in arrival times of light rays, and this delay persists. As a result, the wavepacket appears
stretched and distorted on a hypersurface of constant ¢, as shown in figure 4. On the other hand,
the wavepacket preserves its shape on the lines of constant 7. This illustrates the well-known
fact that the choice of a spacelike hypersurface can greatly influence the appearance of physical
phenomena.



Class. Quantum Grav. 39 (2022) 065005 K-P Marzlin and M P Kinach

4. Pauli-Jordan quantization

To describe quantized wavepackets, we will employ a quantization method that postulates the
commutation relations for the field operator ¢(x) through the Pauli—Jordan function (see, e.g.,
reference [1]),

[(x), 3’ ()] = iGpy(x, ). (34)

In this section, we will keep the quantization method general and consider a Hermitian
or charged, massive scalar field ¢(x) in an n-dimensional spacetime, which obeys the
Klein—Gordon equation

(VIV, — m?) d(x) = 0, (35)

where x denotes a set of n coordinates. The case of 2D photons can then be recovered by consid-
ering the Hermitian case and letting mass m go to zero. The Pauli—Jordan function is defined
as the difference Gpj(x,y) = Gaav(x,y) — Gret(x, y) between advanced and retarded Green’s
function for equation (35). Lichnerowicz [22] has shown that both Green’s functions exist in an
open neighborhood of a point. They have supportin the future and past light-cone, respectively,
and are related through Gie(x,y) = Guayv(, x). By construction, the Pauli—Jordan propagator
is antisymmetric under exchange of x and y, and it is a solution to equation (35) with support
inside and on the future and past light cone.

To introduce annihilation and creation operators for a specific mode, we employ the
conserved scalar product on a spacelike hypersurface (see section 3.2 of reference [23])

(016) = i [ 45 Va5 06 - 0,719 (36)
Here, n" is the normal vector (n*n, = —1) of the spacelike hypersurface that points into the

future direction. gy, is the spatial metric on the hypersurface, such thatd¥., /gx: gives the volume
element, with d¥ = dx; A dx; A - - - A dx,_;. This scalar productis preserved in the sense that
it does not depend on the choice of the hypersurface if 1, ¢ are solutions to the Klein—Gordon
equation [24].

Scalar product (36) is not positive definite; a given solution ¢/ can have positive, negative, or
zero value for (¢0]4)). If it is positive, a wavepacket can be normalized according to (¢[1)) = 1.
Since the Klein—Gordon equation has real coefficients, a positive-norm solution 1/ will induce
a second solution ¢* with negative norm (¢)*|¢*) = —1.

Mode operators can be defined through the scalar product of a wave packet ¢(x) and the
field operator [25],

ap(t) = (¥|o) (37)
bl.(t) = —(v*|9). (38)

It is shown in appendix B that, for two positive-norm solutions ¥ (x), x(x) of the
Klein—Gordon equation, the commutator between their annihilation operators is given by

[ay(2), al ()] = (¥]x). (39)

Hence, for a state that is normalized to ()|¢)) = 1, annihilation operator (37) obeys bosonic
commutation relations.

10
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In flat space, the interpretation of these operators is independent of an observer’s reference
frame: if a wavepacket is normalized to 1, then a, can be interpreted as a bosonic annihila-
tion operator for a positive-energy solution (a particle, for charged quantum fields) in mode
1(x), and BL* as the creation operator for a corresponding negative-energy solution (an anti-
particle). In curved space, the interpretation of these operators is generally ambiguous: what
appears to be a particle (positive-energy solution) to one observer may appear to be an anti-
particle (negative-energy solution) to another one. Related to this is the problem to define a
global vacuum state: since the latter is defined by being annihilated by all operators a,, l;@,*,
a change in these operators implies a change in the vacuum state. However, this problem can
be avoided in the context of algebraic quantum field theory [26]. There have also been propos-
als to introduce a local [27] or adiabatic vacuum state [28] to address the non-uniqueness of
positive and negative energy solutions.

An unambiguous definition of a vacuum state is possible if spacetime possesses a time-
like Killing vector. The associated symmetry implies conservation of energy, so that a global
definition of positive and negative energies is possible. However, the Alcubierre metric does
not possess a time-like Killing vector.

In this paper, we utilize the concept of locally positive and negative frequencies instead.
More precisely, we consider the phase of the wavepacket by performing a Madelung transfor-
mation,

)= /pe. (40)

Its norm then takes the form
(W|Y) = —2/d2 Vgs prt'V . 41

The sign of the norm is therefore directly related to the sign of the phase gradient V,a: a
phase gradient that is negative (positive) everywhere will lead to a positive (negative) norm,
respectively. An example are energy eigenstates, for which « = —FEt/h, so that ;o = —E/h
is equal to the negative of the frequency E/% of the wave.

The condition V,« < 0 everywhere is not necessary to ensure that (¢)|¢)) > 0, but it is
sufficient. Also, a wavepacket that fulfills V,,a < 0 everywhere on a spacelike hypersurface
3’1 may evolve into a state for which the gradient is locally positive in some areas of another
hypersurface >2,, but this would not affect its interpretation as a positive-frequency solution
on X;. In the following, we will show that it is possible to construct local positive-frequency
wavepackets and to expand the field operator in terms of these states.

‘We remark that the condition V,,& < 0 can be linked to the initial value problem. Assume we
know 1),(x) and ’(/)(()T) (x) = V,¥(x) on the hypersurface. Using the Madelung transformation
(40), we obtain the relation

1Vap
2

Vuih = ( + iVM) Y. (42)

Hence, by choosing ’(/)(()T) in such a way that Im(z/J((,T) /o) < 0, we can prepare a wavepacket

that corresponds to a positive-frequency mode on the hypersurface.
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5. 2D photons

In this section, we apply Pauli—Jordan quantization to obtain explicit expressions for 2D pho-
ton annihilation operators in a warp drive. We consider the creation of photons on a space-
like hypersurface characterized by constant conformal Cartesian time 7 = T. Their initial
wavepacket ,(X) is of Gaussian shape (30). We consider left- or right-moving photons, and
hence impose initial condition (29) as well. Normalization condition (¢)|1)) = 1 then becomes

1 =in / AX (Wit — Yodk i) 3)

= —2kn\/TAX|NJ?. (44)

To find a positive-frequency solution, we must have kn < 0. For positive wavenumber &,
the initial mean momentum would be positive, i.e., the wavepacket would be expected to move
to the right. Right-moving wavepackets would correspond to the choice = —1, and for this
choice, the wavepacket can be normalized by setting N = 1/+/—2kn,/7rAX. Similarly, a pos-
itive norm is possible for negative k and 1 = 1. Other combinations, such as k > 0,7 =1,
would describe negative-frequency solutions instead.

The time evolution of a photon can be derived in the same way as before and leads to
result (32). In conformal Cartesian coordinates, a photon does not change its shape. Of par-
ticular interest is the analysis of the phase factor a = k(X — Xo + (T — Ty)). In conformal
Cartesian coordinates, its gradient is given by Ora = kn, which results in a positive mean fre-
quency for kn < 0. In other words, the mean frequency does not change on hypersurfaces with
constant 7.

The situation is different if the wavepacket is considered on hypersurfaces with constant
coordinate time ¢ instead. Since x,, = X 4 1T, we then find the phase gradient

Ox,,
ot

Oov = k—=. (45)

A plot of gradient (45) is shown in figure 5, in which shades of blue represent negative phase
gradients, or positive frequency components. Dark blue corresponds to a frequency equal to, or
larger than, the initial mean frequency. Light blue shades corresponds to positive frequencies
that are lower in magnitude. Other colors represent negative frequencies.

One can see that an outside observer would interpret left-moving, positive-frequency waves
localized inside the warp drive as negative-frequency waves. To understand this, we use approx-
imation (33) for photons deep inside the warp drive, which yields 0, = k(1 — z). Assuming
that z > 0, this implies that the phase gradient changes its sign for left-moving waves (n = 1)
for superluminal warp speed because they are dragged to the right by the warp drive. Photons
co-moving with the warp drive (n = —1) always have the same sign of J,«, but their appar-
ent frequency increases. However, since hypersurfaces of constant ¢ are not spacelike inside
the warp drive, this apparent change of frequencies is a coordinate effect with no physical
consequences.

The situation is different for > o1, after the warp drive has come to rest. In this region,
lines of constant coordinate time ¢ are spacelike hypersurfaces. An observer who uses radar
coordinates would likely use constant ¢ to define simultaneity. In this coordinate system, pho-
tons that traveled through a region with curvature appear stretched as in figure 4, and their
frequency is red-shifted, as shown by the light-blue areas in figure 5.

12



Class. Quantum Grav. 39 (2022) 065005 K-P Marzlin and M P Kinach

cter

ctor

Figure 5. Contour plot of phase gradient (45) for (a) right-moving and (b) left-moving
photons. Blue shades correspond to negative values, and other colors to positive values.
Dark blue corresponds to a phase gradient of —|k| or lower. Red to |k| or higher.

On the other hand, an observer who moves along with the warp drive would likely consider
a line of constant conformal time 7 (see figure 3) as a spacelike hypersurface. In this coordi-
nate system, photons would appear undistorted and with unchanged frequency. This provides
an explicit example of how, even in a flat region of spacetime, two observers may disagree on
the interpretation of a wavepacket. The choice of a hypersurface can therefore have direct con-
sequences for the quantum measurement process, which involves an instantaneous projection
of the quantum state. We conjecture that the measurement process should be described using
the rest frame of the detection device to define instantaneity, and we will use this assumption
in sections 6 and 7. The example provided here also supports the idea that the concept of a
particle is linked to simultaneity [29].
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Figure 6. Mach—Zehnder interferometer in an Alcubierre metric. A single left-moving
wavepacket 1), passes through a beam splitter BS, a phase shifter PS, and two mirrors
M to create a superposition of two single-photon wavepackets at time (. The resulting
interference pattern is measured by a detector D after the warp drive comes to rest.

6. Mach-Zehnder interferometer

As a first application of the quantization scheme presented above, we study the interference of
a single 2D photon pulse in the Mach—Zehnder interferometer shown in figure 6. A 2D photon
is prepared in wavepacket ¢, and then hits a beam splitter BS, which creates a 50-50 superpo-
sition of the original wavepacket), and areflected wavepacket 1_. The reflected wavepacket
passes through a phase shifter PS, which multiplies the wavefunction with an adjustable phase
factor e'’. This is needed to observe an interference pattern. The two wavepackets are reflected
by two mirrors M. A perfect mirror at position xg can be modeled as a boundary condition
1(xg, ) = 0. In flat space, this boundary condition can be fulfilled by the method of mirror
images. An incoming wavepacket 1)_(x — ¢) would then reflected as —¢_(2xg — x — ¢), which
we denote as left-moving wave 1), in the figure.

In our thought experiment, all the steps described so far happen at a time ¢, before the warp
drive starts to move, i.e., in flat space. Their combined effect is to create the quantum state

1 .
p) = 75 (ai + el%ﬁ) 10). (46)

Wavepacket ¢, then propagates through the region with spacetime curvature. After the warp
drive stopped, a second beam splitter recombines the two wavepackets, and the left output sig-
nal is registered by a detector D. A perfect beam splitter at position xgg lets a photon pass with
a 50% chance, or it reflects the photon like a perfect mirror. We denote a reflected wavepacket
with a subscript R. The quantum state after the second beam splitter is given by (see section 8.3
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of reference [30])

1 . 1 .
) = 5 (e"’&i + aLR) 0)+ 5 (eﬁ_ - e“’aLR) 10). (47)

The first part on the right-hand side corresponds to the wavepacket that leaves the final beam
splitter to the left and arrives at the detector.

We model beam splitter and detector as material objects that move on a time-like geodesic,
which we take as lines of constant x in the (¢, x) coordinate system. Consequently, the direction
of time in the rest frame of the beam splitter is J;, so that, in this coordinate system, reflection
can be defined in exactly the same way as in flat space. Furthermore, by monitoring the left
output port of the beam splitter, we only have to consider the reflection of wavepacket ¢_,
which always travels through flat space.

An ideal single-photon detector is a projector on the single-particle subspace of Fock space.
Since a detector only has a finite size, it can only detect photons that hit the detector surface.
One can therefore think of the detector as projection on a detector mode ¥ (x). The detector’s
projector then takes the form Pp = éz]'T) |0)(0|ap. The process of projection needs to be modeled
on a specific spacelike hypersurface, which under our assumptions is also characterized through
normal vector n = 0,. The detection signal is then given by

S = (()|[Po (1) (48)
= 16" Wk} + (ol “9)

Signal § can be affected through gravity via two effects. One is simply the displacement
of wavepacket ¢, as it is dragged along with the warp drive. If the two wavepackets are not
both inside the detector at detection time, S will trivially be zero. We therefore assume that
the left mirror in figure 6 will always be adjusted in such a way that both wavepackets arrive
simultaneously at the detector. Under this assumption, factor (¢p|1)_ ) will be the same for
all interferometric setups. For simplicity, we assume that the detector is optimized to measure
mode ?)_ g, so that (1)p|t)_ ) = 1. The interference signal then takes the form

1

S =7 (L+[(nld) +2[(¥nl) | cos® + A9)), (50)

where A = arg({¢p|1))) is a curvature-induced phase shift. By varying the phase 6 of the

phase shifter, we can observe the interference between the two single-photon wavepackets.
For an interferometer, fringe visibility is conventionally defined as

Smax _Smin
V= S T S GD
2| ()]
T+ [{nlvs) P 62

It is not hard to see that the signal then takes the form S o< 1 + V cos(f + A#). We have
numerically evaluated phase shift Af and fringe visibility V for wavepackets that at time
to = —5.00~! have the form (30), with k = 1000 and AX = 0.30~!, and which are detected
attime ¢ = 5.00~!. The result is shown in figure 7. When wavepacket v . starts sufficiently far
to the left, it only travels through flat space. As a consequence, the overlap with the detector
is perfect and no phase shift is induced. For larger values of the wavepacket’s initial posi-
tion xo, it will travel through the region of curvature induced by the warp drive. This will
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Figure 7. Fringe visibility (a) and phase shift (b) for an interferometer that is affected
by a warp drive.

modify the wavepacket to such an extent that fringe visibility is reduced to near zero. We
have verified through a numerical Fourier transformation that the dominant cause for the
loss of fringe visibility is the change in the photon’s mean momentum #k, rather than the
deformation of the wavepacket envelope. The reason is that for our choice of parameters
the mean wavelength 27/k is much smaller than the width AX of the wavepacket. Conse-
quently, its width in momentum space is narrow and a gravitationally induced change in mean
momentum will quickly reduce the overlap with the detector mode in momentum space. Cur-
vature also induces a phase shift A, but the phase shift is only large for very small fringe
visibility.

7. Violation of the Bell inequality

One of the most fundamental tests of quantum physics is the violation of the Bell inequality
[31], or the experimentally more convenient CHSH inequality [15],

(AB+A'B+AB — A'B)| <2, (53)

with four dichotomic random observables A, A’, B, B’ that each can only take values #1. It is
fulfilled for classical random variables provided that measuring observables A, A’ is not influ-
enced in any way by measuring B, B’ and vice versa. In quantum physics, the observables are
described by operators A,A', B, B’ with eigenvalues +1, for which the CHSH inequality can
be violated [32]. A common choice of observables are related to spln-— partlcles If & denotes
the vector of Pauli matrices, the four observables take the form A =7 - & with unit vector

1 = (cos ¢, sin 6,,sin ¢, sin 6,,cos 6,) and similarly for the other three observables with
angles 0, 0;,0y, by, ¢y, ¢y For the choice ¢, = 0,i = a,d’,b,b" as well as 0, = 0, 0, = 5

and 0, = 7 = —0y, the Bell operator takes the specific form
B=A@B+A @B+A0B —A' @B (54)
= V206, ®6,+6.962). (55)

For the entangled state |¢)) = %(Hi) — |41)) its mean value is given by (| B|y)) = —2v/2,
which corresponds to a maximal [33] violation of the CHSH inequality.

Bell inequality violation (BIV) can be obtained for many different systems. A simple way
to achieve this is to replace the Pauli matrices by three other operators &; that obey the same
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Figure 8. Test of the CHSH inequality in an Alcubierre metric. A nonlinear crystal NLC
creates a pair of 2D photons that travel in opposite directions and are each in a superpo-
sition of two displaced wavepackets L and R. The CHSH inequality is tested using two
separate detectors D .

commutation relations. For continuous variables like position and momentum, these operators
may include parity and two other variables that test even and odd wavefunctions [34—-38]. In
this paper, we will exploit the Jordan—Schwinger representation of Lie algebra su(2) to ana-
lyze the thought experiment sketched in figure 8. A nonlinear crystal NLC generates pairs of
entangled 2D photons that leave the crystal in opposite directions. To generate entanglement,
we use time-bin encoding, for which BIV has been experimentally demonstrated by Marcikic
et al [39]. In time-bin encoding, a qubit is encoded into two identical wavepackets, which at a
given time ¢ are spatially displaced relative to each other. The left-moving ‘+’ photon starts in
a superposition of 1, (x) and ), g (x), corresponding to two wavepackets that are displaced to
the left (L) and to the right (R), respectively. For perfect encoding, the overlap between the two
wavepackets would vanish, (1), g[1) ;) = 0. Similarly, the right-moving photon is in a super-
position of ¥_; (x) and 1)_g(x). We consider the situation that initially all four wavepackets
have vanishing overlap and that the left-moving photon will always travel through a flat portion
of spacetime, so that it will not change its shape.

To analyze BIV in the presence of gravity, the two photons are prepared in the entangled
state

1
) = 5 (ol +algal ) ) oY

This is done before the warp drive starts moving, so that all creation operators take the same
form as in flat space. The two detectors D in figure 8 measure Bell observables that are defined
through the Jordan—Schwinger representation of su(2),

A e N

Ox+ = auf,ﬂaw T a@ﬂaw L (57)

6o —ia- a:  —ia- a- (58)
y Pip V4R iR V4L

G =a- a; —al ag (59)
z iR YR hyp WLL”

Here, 1)1 and v are the wavepackets to which the detectors are sensitive at the time of
measurement. Since the detection happens after the warp drive stopped, we can again define
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Figure 9. BIV in an Alcubierre metric as a function of the initial center point xo between
left and right wavepackets. The shaded area corresponds to values of () that are
compatible with classical random variables.

annihilation operators in the same way as in flat space and assume that

0) = ag,, [0) = 0. (60)

a b

ViR
We consider the situation that the detector wavepackets are identical to the initial photon
wavepackets, but that they are displaced in such a way that their peak matches that of the propa-
gating wavepackets at the time of measurement. This is done to maximize the overlap between
the two sets of wavepackets. Since the left-moving photon only travels through flat space,
this implies that ¢, g = 1, and ¢, 1 = 1, . However, since the right moving wavepackets
1 g, are distorted by gravity, their overlap with the respective detector wavepackets ¢ g
and 1)1 will generally not be unity.

Evaluating the mean value of the Bell operator B= V26,46, + 6,46, ) in state (56)
amounts to a repeated application of equations (39) and (60). The result is lengthy but
can be greatly simplified if one takes into account that (¢ g|wsr) = (¢4p|tbsr) = 1 and

(Yyr|YyL) = (YiL|thir) = 0. We then arrive at

(W|Bly) = % (’<1/;7RW)7R> + WLLWLL)’Z — [(Y_rltp-L) — WLLWLRMZ) .
(61)

We have evaluated expression (61) numerically with the same numerical parameters for
wavepackets as in section 6, and with a displacement of +5AX for wavepackets R and L rela-
tive to the center point x¢ between them. The result is shown in figure 9. For values oxg < —8,
the right-moving photon will not enter the region of curvature and the Bell inequality remains
maximally violated. This is also the case for values oxy > 1, when the photon is dragged along
with the warp drive but does not pass through curvature. For intermediate values of x(, defor-
mation of the wavepackets through spacetime curvature leads to such a strong reduction of
<3> that the measured correlations are in line with the upper bound 2 of the CHSH inequality
(shaded area in figure 9). The overall shape of the curve results from the fact that for values
oxo € (—8, —5) only the right (R) wavepacket passes through the region of curvature, and for
values oxg € (—3, 0) only the left wavepacket passes through it. Between these two intervals,
both wavepackets pass through warp-induced curvature.
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8. Expansion of the field operator in terms of localized wavepackets

In section 4, we have proposed a method to define annihilation operators for localized
wavepackets with positive frequency. This is sufficient to describe processes that only involve a
few particles, but for many applications, an expansion of the field operator in terms of annihila-
tion and creation operators is required. In this section we will follow the ideas of reference [40]
and use an over-completeness relation for wavepackets of the form (30) to derive an explicit
expression for the field operator in terms of local creation and annihilation operators.

The expansion of quantum fields in terms of coherent states [41] is basically an expansion
in terms of Gaussian wavepackets. In our notation, it is not hard to see that

/ dXo / dk Wy ,(To, V)W, 1(To, X) = 27T AX|N*6(X — V). (62)

Up to the hitherto unspecified normalization factor N, this is equivalent to the over-
completeness relation for coherent states. Usually, coherent states are normalized accord-
ing to the non-relativistic inner product for the Schrédinger equation. To adapt this to the
Klein—Gordon equation in curved space, we add to the initial wavepacket (30) a second initial
condition,

V&RV Uy x(To, X) = —iE(k) Uy, 1(To, X), (63)

with E(k) > 0. For our purpose, this factor can be chosen freely, but the choice of E(k) deter-
mines physical properties of the wavepacket. In flat space, one would normally choose the
mean energy E(k) = Vk? + m2. Using inner product (36), the wavepacket is then normalized
to unity for N = 1/4/2E(k)AX+/7, and the overlap between two localized wavepackets is
given by

E(k) + E(k k—k 2
<\I/X07k‘\llxl,k1> = % exp (—%sz
Xo— X)) i
_ % n %(Xo —Xl)(k+kl)> . o

A straightforward integration shows that these relativistic modes obey the over-completeness
relation

i / dX, / dky/g5 (U, x(X, To) VW 1(Y, To)
— (VaWx (X, T0)) Wy 1 (Y, Tp)) = 276(X — Y). (65)

It is shown in appendix C that this relativistic over-completeness relation leads to the following
expansion of the Klein—Gordon field operator in terms of localized Gaussian wavepackets,

. 1 00 00 . . i
OX.To)= o / dX, / dk (WXO,,(\I/XO,k(X, To)+ bl Wy (X, To)>.
TJ-x —0 Xk
(66)

Hence, it is possible to expand the field operator in terms of localized wavepackets that have
an unambiguous interpretation in terms of positive and negative frequencies.
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The derivation of result (66) has only made use of the properties of a conformally flat
metric (21), not of the specific form of the Alcubierre metric. It therefore holds for any
two-dimensional spacetime. We anticipate that similar relations can be derived for higher-
dimensional spacetimes as well, as long as they have sufficiently high symmetry. It should
be easy to extend equation (66) for spatially flat models, for instance. However, in absence
of symmetries, it may be difficult to derive an over-completeness relation for localized
wavepackets.

9. Conclusion

We have presented an exactly solvable model for 2D photon propagation near the edge of a
warp drive. Explicit expressions (4), (5) for light-ray coordinates enable us to construct a fam-
ily (32) of solutions for localized Gaussian wavepackets. For a given spacelike hypersurface,
these solutions possess an unambiguous interpretation in terms of positive and negative mean
frequencies. However, for a different choice of hypersurface, the envelope of the wavepacket
and the magnitude of its mean frequency may be altered. This also happens in flat regions of
spacetime, where different observers may come to different conclusions. Figure 3 shows an
example, where an observer outside the warp drive would consider horizontal lines as space-
like hypersurfaces, whereas an observer inside the warp drive may consider the solid blue lines
of constant 7 instead, even after the drive has stopped moving.

To describe quantized localized wavepackets, we have developed a method that uses the
Pauli—Jordan propagator and the conserved scalar product. The method can be used in a
more general setting, including a higher-dimensional spacetime, massive scalar fields, and
non-Hermitian scalar fields. We have applied this theory to describe the reduction of fringe
visibility in a single-photon Mach—Zehnder interferometer, and the non-violation of the CHSH
inequality when wavepackets pass through a region with spacetime curvature.

Furthermore, we derived an expansion (66) of the field operator in terms of annihilation
operators for localized wavepackets with positive frequency. This expansion looks similar to
an expansion in terms of energy eigenstates, but it is very different in nature. First, it does
not require a symmetry. Second, it is based on an over-completeness relation and does not
utilize a set of basis vectors. Equation (64) demonstrates that localized wavepackets are not
orthonormal, so that calculations that employ expansion (66) will generally involve integrals
over mean position and wavenumber of the wavepackets.

The purpose of this work is to provide an exactly solvable example for concepts that are
usually presented in a more abstract form, including local observables, horizon formation,
and the observer-dependence of physical properties like mean frequency or envelope of a
wavepacket. Future work may apply the expansion in terms of localized wavepackets in cos-
mological problems, or to study the dynamics of the energy—momentum tensor during horizon
formation.
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Appendix A. Derivation of light ray coordinates
For the metric under consideration, equation (3) for null geodesics takes the explicit form
0= —-2f(x—z0) — DG —2f(x — 2(0)) + 1), (AD)
which is equivalent to
&= —n+zf(x —z(1)), (A2)

with 7 = +1. To solve equation (A2), we distinguish between the cases x > z(¢) and x < z(7).
For x < z(#), we make the ansatz x(f) = —nt + u(t), which results in

i 672014 _ %Z 67217017202(0. (AS)

This equation can be integrated to yield

6720'14(1‘) _ 6720'14(1‘0) — _LTI(I)’ (A4)

where 1) is a fixed time and L, is given by equation (6). Ideally, 7, is a time such that z(r <
to) = 0 because the hypersurface ¢ is then spacelike everywhere.
In the case x > z(#), we make the ansatz x(r) = —nt + z(t) + u(), to obtain

l:t62(7u — _% 621](71. (AS)

Integrating this yields
Q2ou _ Q2ouli) — _ R, (0), (A6)
with R, given by equation (7). Re-expressing everything in terms of x, we obtain
e 20O _ gm20Coti0) — 1, () for x < z(1) (A7)
20 O+nt—2() _ G20(xo+nto—2to) — _ R, (1) for x > z(p). (A8)

Solving these equations for x and denoting the result by A (¢) provides us with the trajectory
for light rays,

1 —20(X,
Xy (t) = —nt — 3 In (e 2700 — 1, (1)) (A9)
1 _
XX () = —nt + 2(t) + 5 In (e?7C0 020D _ R (1)) . (A10)
Here, X,,]]“(t) is valid for the region x < z(¢), and Xf(t) is valid for the region x > z(f).

To find light ray coordinates x., we employ the method of characteristic lines. This
amounts to solving the equation X, () = x for a constant of motion, which then corresponds
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to light ray coordinates Xx,. We chose this constant to be X, = xo + nty, which results in
equations (4) and (5).

Appendix B. Proof of equation (39)

We begin by recapitulating some properties of the Pauli—Jordan propagator. Its general form
in n + 1 dimensional Minkowski space is given by

; 1 d'k .
G = o [ Sl =3 B1)
with k an n-dimensional spatial vector and k, = (—E(k),k). We work with the general
energy—momentum dispersion relation E(k) = vk* + m?, which reduces to E(k) = |k| for
photons. Explicit expressions for the Pauli—Jordan function for massless particles in 4D and
2D are given by [9, 42]

00° — x%) — 0(x" — ") 5

GoPM™ (x, y) = 5 ((x = ulx — ") (B2)
: 1
Gy "M@ y) = =50 (~( = e = y)) - (B3)

We remark that the authors of reference [9] introduce a frequency cutoff to remove a loga-
rithmic long-wavelength divergence that appears in two spacetime dimensions. However, since
we consider wavepackets of finite width, infrared renormalization is not required [42].

By definition, the Pauli—Jordan function is antisymmetric under exchange of coordinates.
The support of Gpy lies within the light cone, —Ax, Ax* > 0. For the proof of equation (39),
we will need the following additional properties. Let n be a future-oriented unit vector and
A”;: a Lorentz transformation such that n* = (1,0,0,...) is parallel to the new time axis. In
this frame, x* = (x*, x'). Furthermore, set V. = n"-2. Then

OxH
lim Gpy(x,y) =0 (B4)
yo/*}xo/
lim V,,Gei(x,y) = —3s(x — y) (BS)
Y 0
lim V,.V,,Gp(x,y) =0. (B6)
y()/*}xol

Here, we have introduced the notation
ds(x —y) =0 —y) (B7)

for the Dirac distribution on a spatial hypersurface > with normal vector n/. For a point x € 3,
it fulfills

/EdE\/gz(y) on(x = Nf) = f). (B8)

The proof of these relations uses equation (B1) and the fact that measure d"k / E(k) is Lorentz
invariant. Equations (B4) and (B6) then follow from the antisymmetry of the integrands, and
equation (B5) from a direct calculation.

In a curved spacetime, the Pauli—Jordan function is still antisymmetric and also obeys
equations (B4)—(B6). To understand this, consider a point x € ¥ on a spacelike hypersurface
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Figure 10. Sketch of the support of the Pauli—Jordan function for a point x on a spatial
hypersurface 3, a second point y, and a future-directed unit vector n*.

with normal vector n*(x). In the limit that y approaches X, the support of Gpy(x,y) shrinks to
a single point on the hypersurface, see figure 10. Since spacetime is locally flat, we can use
Riemann normal coordinates to express Gpy in a (infinitesimally small) neighborhood around
point x. In these coordinates, the Pauli—Jordan function will take the same form as in flat space
and therefore will also obey equations (B4)—(B6).

Let X' be a second hypersurface that is displaced from ¥ by a small amount in the direction
of n*. That means, for every point x € ¥, we can find another point y € ¥’ such that y* =
x# + eAx(x)n* for some bounded function Ax(x) and a small parameter €. The limit X' — ¥
then corresponds to the uniform limit € — 0. We can use this to evaluate commutator (39) as
follows,

0.1 im [i [ A=V (5 (Vb0 = (ot 060))
L / 45'/g0) (X0IVayd'0) = (vn,yx@»@”y))} 9

= Eh_% / dX/g=(x) / dE'\/ng(y){w*(x)x(y)vn,yvn,xiGm(x,y)
— (V" )X VyiGpy(x, y) — Y ()(V 0y X))V xi Gy (x, y)

+ (Vax? OV uyx(0)iGpy(x, ) } (B10)
= i/dEvgz(x)/dE\/gz(y){ = (Va0 (0))x()s(x — y)

+ P D)(Vayx(0))ds(x — y)} (B1D)

= (¥Ix)- (B12)

For completeness, we also mention that for a conformally flat metric (21), the retarded
Green’s function for massless particles in curved space is related to the Green’s function in
Minkowski space via

Gret(x,) = /g5 Gra™ (x, ). (B13)
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It is therefore easy to find an explicit expression for the Pauli—Jordan propagator for the case
studied in this paper.

Appendix C. Proof of equation (66)

Inserting definitions (37), (38) of mode operators, we find

1 o0 0 . . )
7 [deo[mdk (a\lfxo,k‘l/xo,k(X, 1) +bfp§0,k\IlX07k(X, TO)> (C1)

1o )
= / dX, / dk / dY\/g—z{\IfXO,k(X, To)i (\IJ;QO,,C(Y)WS(Y)
— (VU s (V)G ) = 103, Tp) (oY1)

— (Va (A ) § (€2)

= i / dY/gs / dXo / dk {vn&m (Wxou (X, To) Ty 4 (Y)
= Wi 1 X T W, a(1) + () (Wi 1 X To) (VU (1))
— Wk X, To) (T W a(V))') | (€3)

It is not hard to see that the term multiplying Vn(}(Y) in the last expression is antisymmetric
in k. Consequently, the integral over k for this term will be zero and we are left with

l o0 (o] ~ N .
i | [ ok (an e o+ bl 00T )

1 R o0 o0
=5 / dYp(Y) x / dXo / dkiy/gx (W, 1(X, To)

X (VaWxox(Y) — Uy o (X, To)(V, Ux 1 (Y))") (C4)

L / dYo(Y)2716(X — Y) (Cs)
2

= &(X, Ty). (C6)
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