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ABSTRACT: Near-solar mass black holes (BHs) could have been involved in the two recent
gravitational wave events, GW190425 and GW190814. Since such a low mass BH cannot
be formed via stellar evolution, a model has been proposed based on the core collapse of a
neutron star initiated by a certain number of dark matter (DM) particles. In this process,
the accumulated DM particles collapse to form a tiny BH inside the neutron star, and the
entire neutron star is transmuted into a BH after a certain time due to the accretion of
matter by the endoparasitic BH from its host. Here, we argue that, depending on the initial
conditions, a dark core collapse could give rise to either a BH or a naked singularity. For
example, if the accumulated cloud of DM particles in the core of a neutron star can be
modeled as an anisotropic fluid and it fulfils the criterion for collapse, an endoparasitic naked
singularity could form instead of an endoparasitic BH. Immediately after its formation, the
naked singularity should begin accreting matter from the host neutron star, thus eventually
transmuting the entire host into a near-solar mass, relatively slowly-spinning naked singularity.
We also propose a general technique to constrain the DM particle-neutron scattering cross
section using the lack of pulsars near the Galactic centre and assuming that these missing
pulsars have already been transmuted into BHs and/or naked singularities. Thus, the missing
pulsars also indicate the existence of many such singularities near the Galactic center.
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1 Introduction

Recent gravitational wave events GW190425 [1] and GW190814 [2] have suggested the
existence of near-solar-mass collapsed objects which cannot be formed via stellar evolution.
These two GW events have also opened up the possibility of reliable future detections of
near-solar mass collapsed objects with the advanced Laser Interferometer Gravitational-Wave
Observatory (aLIGO; [3]), Lunar Gravitational-wave Antenna (LGWA; [4]) etc. An important
question of physics and astronomy is how such a low mass collapsed object could form. One
possibility is such near-solar mass objects are primordial black holes (PBHs; [5]), although
there are observational constraints on PBHs [6]. An alternative is the capture of a PBH by
a stellar host could transmute the host into a low mass black hole [7]. As the probability
of such a capture is small [8], one needs to look for further alternatives. According to one
such scenario, dark matter (DM) particles could accumulate around the center of a neutron
star and form a mini BH by collapse, which consumes the whole star by accreting matter
from it [9]. Thus, the whole neutron star is transmuted into a low mass BH.

In general, a collapsed object is considered to be a BH due to the cosmic censorship
conjecture (CCC) proposed by Penrose [10]. According to the CCC, the nature abhors the
singularity. Otherwise, one can see the singularity from infinity, in principle, and such a
collapsed object is called as a naked singularity. It was shown [11] that the initial condition
of gravitational collapse determines the nature of the end product (BH or naked singularity)
after completion of the gravitational collapse. For example, if the collapse is initiated by a
completely homogeneous pressureless dust, with the density being constant from the center to
the boundary of the collapsing cloud, the singularity will be hidden inside the event horizon,
and the end product will be a BH. On the other hand, if the gravitational collapse is induced



by an inhomogeneous dust, the end product can be visible as a naked singularity. Moreover,
for an inhomogeneous collapsing cloud with a non-zero pressure, a naked singularity can
arise [12]. Note that, as a perfectly homogeneous collapse is an idealistic scenario (e.g., stellar
density changes in the radial direction), a gravitational collapse of a star may give rise to a
naked singularity as the end product. In fact, Sgr A* is recently proposed as a 1st type of
Joshi-Malafarina-Narayan (JMN-1 [11]) naked singularity [13]. Earlier, it was shown that
M87* could be a Kerr-Taub-NUT naked singularity [14] or a Kerr naked singularity with the
value of dimensionless Kerr parameter within 4.5 to 6.5 [14]. Similarly, GRO J1655-40 could
be a Kerr-Taub-NUT naked singularity [15, 16]. In fact, it is theoretically shown in several
papers [12, 17-22] that the naked singularities are viable end products of collapse. In a recent
paper [23], it is also indicated that many of the proposed primordial BHs could actually
be primordial naked singularities. There are some effects already predicted [12, 24, 25] to
distinguish a naked singularity from a BH, by which it may be possible to identify near- and
sub-solar mass naked singularities in future. As of now, the existence of naked singularity
has been hinted in a few cases as mentioned above, but there is no confirmation yet from
the astrophysical observation.

The nature of DM is not yet known. The interaction between the DM particles and the
regular baryonic matter is via gravity, although there could be an extremely small additional
interaction (with a very small cross section). There are several proposed DM candidates and
some of them could be asymmetric or non-self-annihilating (see figure 1 of [26] for details).
Let us consider that the non-self-annihilating DM particles enter a cosmic object/host (e.g.,
neutron star, white dwarf, etc.). They lose energy due to the scattering with the baryonic
matter of the host. For example, in case of the neutron star, the DM particles lose energy due
to the scattering with the neutron. Now, the captured DM particles are thermally distributed
in a very small region of the core of the host due to the large baryon density [27]. Joining of
the DM particles in an isothermal sphere around the core is known as thermalization [28].
For neutron stars, the DM reaches thermal equilibrium with the neutrons, and the captured
DM particles quickly occupy a very small region near the core of the host.! If a sufficiently
large number of DM particles accumulate at the core of the host, a tiny collapsed object
may form by the gravitational collapse [29]. In all the papers (e.g., [9, 27-29], and references
therein) related to the dark core collapse, to the best of our knowledge, it has been presumed
that the tiny collapsed object should be a BH, which may not be true. In this paper, we
propose that depending on the initial condition (or, the nature) of the DM particles cloud,
the tiny collapsed object could be either a BH or a naked singularity. For example, if the
accumulated DM cloud is inhomogeneous in nature with a non-zero, tangential pressure,
an object-like endoparasitic naked singularity? could form at the core of the stellar host.
The endoparasitic naked singularity should start accreting matter from its host immediately
after its formation, and transmute the entire host into a naked singularity. Note that it
is recently proposed that the gravitational collapse also gives rise to the primordial naked
singularities [23] instead of primordial BHs depending on the nature of the collapsing matter.

"We refer to sections 11T and TV of [27] for more details.

2Although this naked singularity is primarily hidden inside a stellar host, we call it a naked singularity in
this sense that the singularity is not hidden inside the event horizon. For an object-like naked singularity, the
event horizon does not form at all.



If such a primordial naked singularity is captured by a stellar object, it may transmute into a
collapsed object. However, here we discuss only the transmutation led by an endoparasitic
naked singularity formed by the accumulation of DM particles.

This paper is organized as follows. We discuss the Chandrasekhar limit in section 2.
section 3 describes the formation of an endoparasitic collapsed object inside a neutron star.
We show in section 4 that the endoparasitic collapsed object could be a BH or a naked
singularity depending on the initial conditions of the DM cloud. In section 5 we discuss
the transmutation timescale, and we argue on the nature (BH or naked singularity) of the
transmuted collapsed object in section 6. We constrain a parameter space using the ‘missing
pulsar’ problem in section 7, and conclude in section 8.

2 Chandrasekhar limit

Here we review the derivation of Chandrasekhar limits for a system of fermions and bosons.
Let us consider that N number of fermions of mass m are distributed over a sphere of radius
R. Thus, the number density (n) of fermion is n ~ N/R3, and the volume per fermion
is 1/n due to the Pauli exclusion principle. The momentum of a fermion is obtained as
~ hn'/3 by using the Heisenberg uncertainty principle. The Fermi energy of a fermion in
the relativistic regime is [30]

N1/3
Ep ~ hen'/? ~ he 7 (2.1)
whereas, the gravitational energy per fermion is
GNm?
Eqg~— 7 (2.2)

Here, G is the Newton’s constant, A is the Planck constant and c is the speed of light in
vacuum. The total energy is

NY3  GNm?
E=FEr+Ec=h - . 2.3
F + Lg = he R R (2.3)
If the total number of the fermions increases beyond [31]
he \*% [ Mp\? 100 GeV'\*
Ny~ (= =(—) =18x10%" () 2.4
Ch <Gm2> < m > X m ’ ( )

(where Mp = (he/G)'/? = 1.22 x 10" GeV is the Planck mass) the sign of E becomes negative.
This indicates that no equilibrium exists and gravitational collapse sets in.

The bosonic system is sigficantly different from the fermionic one as it has no Fermi
pressure to prevent gravity. Since the bosons are confined inside a sphere with radius R,
they have zero point energy hc/R for the Heisenberg uncetainty principle in the relativistic
limit [32]. Thus, the typical energy for a boson in a sphere of radius R is

1 GNm?
E = he— — . 2.5
‘B 7 (2.5)




In this case, the Chandrasekhar limit is obtained as [31]
he Mp\? 100 GeV'\ 2
Ny~ (=—=)=—) =1 134<>. 2.
e ()~ (25 v (2

For both fermions and bosons, the gravitational collapse eventually leads to form a collapsed
object. Comparing egs. (2.4) and (2.6), one can see that bosons usually collapse more
easily than fermions.

3 Formation of endoparasitic collapsed objects inside neutron stars

Let us now consider that a neutron star of mass My and radius R begins to capture the
asymmetric or non-self-annihilating dark matter (DM) particles at time ¢ = 0 with the
capture rate (C) [27, 33]

¢ =8 pou 2GMuFy [1—exp (—Uﬂ [1— 1=exp(=f) (3.1)

70.45m, 0y Oer £
with )
¢ = 6v5. My My
02 (my —my)?
X X n

(see [27, 34] for derivation), where ppy is the density of the DM, m, is the mass of a DM
particle, m, is the mass of one baryon of the host, v, = 220 km/s (= 1073¢) is the DM
velocity dispersion, and vese = \/m is the escape velocity from the neutron star.
o/oe < 1 indicates the efficiency factor for a given DM interaction cross section o [33, 35].
O = mnRE/(0.45My) = 1071 cm? (where m, = 0.939 GeV is the mass of a neutron) is
the critical cross section [35] above which the DM particles passing through the neutron
star are captured [36].

We assume that the neutron star continuously captures the DM particles (fermions or
bosons) from its surrounding immediately after its formation. A tiny collapsed object could
form when the DM particles satisfy the collapse criterion [27, 29]:

N > Max[Nch, Nselt) (3.2)

where N is the total number of DM particles accumulated inside the neutron star. Ncy, (see
egs. (2.4) and (2.6)) and Ngey¢ are the Chandrasekhar limit and the number of DM particles
required for initiating the self-gravitating collapse, respectively [27]. If the total number
(N) of fermions(f) /bosons(b) increases beyond N&, or N&, [27], the gravitational energy
dominates over the total particle energy, and, the gravitational collapse occurs to form a
tiny collapsed object in the core of the neutron star, under the condition of feeble repulsive
DM self-interaction strength [28]. Considering the scenario related to the Chandrasekhar
limit (eq. (2.4) and eq. (2.6)), the bosonic DM particles should typically achieve the collapse
criterion more easily than the fermionic ones, as mentioned in section 2. However, this is not
true for all the cases. The reason is, we also need to take into account the effect of Nge¢ (see
eq. (3.2)) which is as follows. Let us consider, a total DM mass Mx = Nxm, (where Nx is
the total number of accumulated DM particles) is accumulated within a thermal radius of [27]

1/2
9k0
Tth = () ) (3.3)

4mGppmy



where O is the core temperature of neutron star and pp is the baryon density. If the DM
density?® is larger than the baryon density (pg) within the thermal radius (ry,) [27] of a
host, i.e.,

3Mx

> 3.4
47_rr?h ~ pB7 ( )

the DM particles become self-gravitating. Substituting eq. (3.3) in eq. (3.4) we obtain

1/2

9 1 kO\?
X = Nself ~ 9 lﬂmei ( G ) ] (3.5)

where, k is the Boltzmann constant. This means that the DM becomes self-gravitating once
the total number of accumulated DM particles is larger than the critical number Nges. In
this case, one has to consider egs. (2.4), (2.6), (3.5) carefully, and use eq. (3.2) to proceed
further, because the ‘Max’ function plays a crucial role here. However, for a typical neutron
star, eq. (3.5) reduces to

5/2 3/2
100 GeV )
Ngeif = 4.8 x 104 < o~ ) (105 K> (3.6)

where the temperature of the core of the neutron star is taken in the order of 10° K [27].
We do not consider the possibility of Bose-Einstein condensate (BEC) formation here, as
the temperature for BEC formation is much less [29] than the core temperature (10° K) of
a neutron star. Now, if the captured DM particles satisfy the above-mentioned collapse
criterion (eq. (3.2)), a tiny endoparasitic collapsed object forms at the core of the neutron
star. The mass of the newly formed collapsed object should be

My = mXMaX[NCh, Nself] < My, (3.7)

due to the accumulation of boson (or, fermion) DM particles. One can finally calculate the
formation timescale (¢y) of the said collapsed object as

N
to = tin + 6 (3.8)

where the thermalization timescale (¢1,) for a collapsed object inside a neutron star can be
estimated by using the following expression [27]:

2 —45 -2 5
m 2.1 x 10 cm 10° K
tn ~ 0.054 X 3.9
th yr(lOOGeV) ( o )( 2) ) (3.9)

for my, 2 1GeV.

3Note that here, for the sake of simplicity, Nyei is derived assuming that the DM density and baryon
density are uniform (see egs. (3.3)—(3.5)). The error introduced due to this assumption for a tiny region at
the neutron star center is expected to be small.



4 Nature of the endoparasitic collapsed object

In this section, we argue that the tiny endoparasitic collapsed object is not necessarily a BH,
as assumed in almost all papers (e.g., [9, 27—29]). The collapsed object could be a BH or a
naked singularity depending on the density and pressure of the accumulated DM particles
cloud, i.e., the initial condition of the collapsing material. As mentioned in section 1, a naked
singularity may arise due to an inhomogeneous collapse and non-zero pressure. It was also
noted that a homogeneous collapse is an idealistic scenario. The actual process of collapse
depends on many factors, such as how the captured DM particles accumulate at the stellar
center after attaining the thermal equilibrium.

Let us now discuss if the DM can have pressure. It is not clear what constitute the DM
in galaxy halos. There are many possibilities as shown in figure 1 of [26]. One belief is that
the DM is pressureless (cold dark matter) [37]. However, there is no direct detection of the
cold dark matter particles yet. On the other hand, the flat rotation curves observed in the
outer parts of the spiral galaxies can be explained well by a halo of DM with anisotropic
pressures [37]. In fact, the bending of light rays passing through the DM halo is shown to be
highly sensitive to the DM pressure (see [37] and references therein). DM pressure may play
a significant role in some other cases as well (see [38-42]). Intriguingly, it is also argued that
dark energy may emerge from DM pressure [43-45] at a cosmological level. These motivate
us to consider a general scenario in this paper, i.e., the pressure of the DM particles cloud can
be non-zero. Furthermore, since the DM pressure could also be anisotropic [37, 40-42, 46],
the collapse of the DM cloud can be anisotropic. In this context, we specifically refer to [31]
(see also [32, 47]) for an interesting and detailed discussion on the pressure of bosonic matter
(and the fermionic matter) and its anisotropy. Thus, the end product of the collapse of DM
cloud at the center of a star can be a naked singularity.

4.1 DM particles cloud modeled as a perfect fluid or inhomogeneous dust
Considering the above discussions, let us consider a general situation following [23] with the
geometrized unit (G = ¢ = 1). The components of the stress-energy tensor (T7§') of the DM
cloud (fermions or bosons) in the comoving coordinates (¢,r,0, ¢) are given by

T = diag (—p,p,p,p) , (4.1)

where p = p(t,r) and p = p(t,r) are the density and the isotropic pressure of the collapsing
DM cloud, respectively. The corresponding spacetime, i.e., the Lemaitre-Tolman-Bondi
(LTB) metric is given by,

ds® = —dt* + R?dr?® + R?dQ?, (4.2)

where dQ? is the line element of the two-sphere at R = R(t,r). Thus, one obtains [12]

/

F

= 4.

P=TRe (4.3)
and .
F

=, 4.4

P="Fpm (4.4)



where F(r,t) = R?R is the Misner-Sharp mass function of the collapsing DM cloud giving
total mass within a coordinate radius r. Note that the dot denotes the partial derivative with
respect to time coordinate ¢ and the prime denotes the partial derivative with respect to the
radial coordinate r. Actually, the collapsing spherical DM cloud consists of the concentric
spherical shells, each of which is identified by the radial coordinate r.

For simplicity, if the collapsing scenario of the DM dust (p = 0 and F' = F(r) [48]) with
a non-uniform density is considered, one obtains

R(t,r) = <r§ _ 2@1:)3 , (4.5)

which can be rewritten (by defining a scaling function s(¢,7) = R(t,r)/r) as
2r3/2

NG (1-5%2) (4.6)

to obtain the time curve. As the initial data is evolved, the physical radius of a spherical shell

t(r,s)

of fixed radial coordinate decreases and becomes zero at the singularity. The corresponding
comoving time t,(r) is obtained as

(4.7)

by substituting R(t,,7) = 0 in eq. (4.5) or s = 0 in eq. (4.6). This, in fact, gives the
singularity curve which depicts the spacetime singularity formation as the collapse endstate.
Note that the collapsing DM fluid spacetime (eq. (4.2)) is matched smoothly with the exterior
Schwarzschild spacetime. However, the singularity formed in the DM dust collapse scenario is
event-like singularity. This means that the singularity initially becomes visible in principle, as
the event horizon does not form. In a later stage, the singularity gets covered within the event
horizon, provided that the energy conditions ensuring the positivity of mass and energy density
are satisfied. Thus, the conclusion is, the formation of a tiny endoparasitic BH could not be
avoided eventually for an inhomogeneous dust collapse. The similar situation could arise,
even if the DM cloud is modeled as a perfect fluid, and, hence, the conclusion remains same.

4.2 DM particles cloud modeled as an anisotropic fluid

The following spherically symmetric metric [11]

/2
ds? = —e™dt* + %er + R2d0? (4.8)

describes a dynamical gravitational collapse, where v, R and H are functions of the comoving
time ¢ and the comoving Lagrangian radial coordinate r. Let us now consider that the
DM particles cloud (fermions or bosons) having only the tangential pressures (pg), and is
described by the energy-momentum tensor as [11]

T =p, T} =0, Ts = T3 = pe. (4.9)

The relation between the metric functions with the density and pressure is obtained from the
FEinstein equation. In this model, we do not consider the radial pressure contributions in the



sense that the DM pressure could be small enough to be that of dust, and the presence of
tangential pressures (pp) mimics the angular motion of the DM envelope while we are still
considering a static model [46]. Einstein introduced the non-vanishing tangential pressures to
describe a spherical and stationary configuration of collisionless particles spinning under their
mutual gravitational attraction [49]. Einstein’s original assumption of all particles moving
along circular paths around the center of symmetry of the cluster implies a condition on
the geodesics of particles. When it is extended to a continuous distribution of particles, it
determines the metric functions of the line element [46]. In this sense, the metric mimics
a cluster of spinning particles. All these above-mentioned properties (including the non-
vanishing tangential pressure) of the DM particles should remain intact, even if they are
accumulated in the core of the neutron star.

Eqgs. (4.8) and (4.9) reveal that one obtains six unknowns (p, pp, v, H, R and the mass
function F' for the DM cloud) that appear due to the integration of the Einstein equations.
As there are four Einstein equations, we are free to choose two functions. The free functions
are chosen to be the mass function F(r), which is the initial mass that is conserved for the
DM cloud, and the tangential pressure of it. Although F'(r) is shown to be independent of
time [11], the tangential pressure depends on r and ¢ via [11] v(r,t) as pg = pg(r,v). A global
choice for the pressure at all times fully fixes the evolution of the system.

Let us choose F' = Mr?® following [11], that corresponds to a DM cloud initially
homogeneous with a constant density. A scaling degree of freedom available in the definition
of the physical radius R, using which one can write a scaling function v(r,t) defined by

R(r,t) =ruv(r,t), v(r,t;) = 1.

The latter condition states that R = r at the initial time ¢ = ¢; from which the collapse
develops. In the final equilibrium, i.e., in the static limit where the collapse stabilizes, one
requires both the velocity and the acceleration of the in-falling shells to go to a vanishing
value as the collapse progresses in future. This gives the limiting conditions [11]:

0 =1=0.
We now have the following choices [11] (as mentioned above)
F(r) = Mar®, we(r) =r% F(R) = MR, (4.10)

which imply an equilibrium state for the evolving collapse configuration, where the collapse
of the DM cloud from a regular initial state settles to a final static solution which is an
object-like naked singularity. Solving Einstein equations with the above initial conditions
and the equilibrium metric in the interior R < R}, with a central naked singularity is given
by the JMN-1 spacetime [11]

Me

ds? = —(1 — M,) (;) Y a2y
b

+ R%dO? (4.11)

1— M,

where the positive constant M, should always be less than 1 and Ry is the radius of
the boundary of the JMN-1 spacetime where it is smoothly matched with the external



Schwarzschild spacetime. We thus have a one-parameter family of static equilibrium solutions
parametrized by M,. Each member of this family of solutions has a naked singularity at
the center [11].

To fix the behavior of py at equilibrium, one needs to give the explicit form of the
functions H and H , at equilibrium, and both the equilibrium conditions v = 0 and ¥ = 0,
which are necessary and sufficient for this purpose [11]. We have now freedom to choose
the tangential pressure in the evolving collapse phase which allows for the different effective
potentials to have different equilibrium configurations. As the equilibrium configuration has
a singularity at the center, achieved as the limit of gravitational collapse, one need to check
under what conditions the singularity will not be covered by the event horizon. From the
boundary condition at equilibrium, the condition is obtained as F//R < 1 [11]. In the final
equilibrium state, one can write H in terms of energy density and pressure [11], i.e.,

F _ 4pge

—=1-He= ———"F"—.
Pe + 4pge

) (4.12)

This is clearly smaller than unity for positive energy density (pe) and positive pge. Finally, we
obtain the interesting result that any central singularity that forms in the final equilibrium
configuration via the collapse dynamics described here is always a naked singularity, i.e.,
the singularity is not covered by the event horizon.

5 Transmutation timescale of the host neutron star

In section 4, we show that the endoparasitic collapsed object could be a BH (see section 4.1)
or a naked singularity (see section 4.2) depending on the initial conditions. However, after
its formation it will start to accrete matter immediately from its host neutron star with
the spherical Bondi accretion rate:

= kym?, (5.1)

acc

dt

where ky = 3G?My,/(c3R}) [7, 50] and cs is the speed of sound (cs ~ 0.9¢) inside the neutron
star. Now, by integrating eq. (5.1):

tq My g
dt:/ m

to My klmQ
1 M,
= tq—tg = {1 — 0} , (5.2)
k1 Mo M,

the transmutation timescale (tq) of the neutron star is obtained as

3 p3
cs Ry,

=ty ~t _—
4~ 1ot g

= to + tacc (53)
where, ... is the accretion timescale after the formation of endoparasitic collapsed object. To
obtain eq. (5.3) from eq. (5.2), we neglect the term My/My as My, > My which is clear from
figure 1. The solid magenta and dashed purple curves of figure 1 indicate the mass (M) of the
newly-formed endoparasitic collapsed object inside a typical neutron star of My = 1.4Mg, by
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Figure 1. Mass (Mj) of the endoparasitic collapsed object (BH or naked singularity) formed inside a
neutron star of M), = 1.4Mg at ¢ =ty versus the mass (m,) of DM particles. This figure explains
that My, > Mj. See section 5 for details.

collapsing of particles, respectively. Note that the Bondi (spherical) accretion rate (eq. (5.1))
should be same [51] for a BH and a naked singularity. Since this should also be true for
eq. (5.3), we only need to know M}, and the mass of the endoparasitic collapsed object M)y
(see eq. (3.7)) to calculate tq, regardless of its nature.

For the purpose of demonstration to calculate tq4, let us assume that a DM particle is
captured after a single scattering, and, hence, we consider here the non-self-annihilating
DM particles with a mass range: 1GeV < m,, < 106GeV [28]. If a typical neutron star of
My ~ 1.4Mg and Ry ~ 10km captures the DM particles in the above mass range and forms
an endoparasitic BH/naked singularity in its core, the entire neutron star could transmute
into a BH/naked singularity depending on the initial condition of collapse as discussed in
section 4. Now, if the transmutation time (tq) of a neutron star satisfies the following
condition: tq < tga (where tga ~ 1.36 x 10'9yr is the Galactic age), the neutron star could
have already transmuted. Note that ¢4 depends on the DM density (ppwm) profile (see eq. (3.1),
eq. (3.8) and eq. (5.3)) as well. Thus, for the purpose of demonstration, here we consider the
most commonly used Navarro-Frenk-White (NFW) DM density profile [52],

pom(D) = poput (D/Ds)~*(1+ D/Dg) =t (5.4)

where, D is the distance from the Galactic center. We consider the local DM density
popm = 0.4 GeV.cm ™3 following [47, 52], the scale radius Dy = 20kpc following [33] with
a =1 [33]. Thus, ppm ~ 7 x 101 GeV.cm ™2 [33] is obtained at a distance D ~ 0.1 pc inside
the Galactic center, and ppy ~ 0.4 GeV.cm™3 is for the Galactic disk (D ~ 10kpc) [53].
Substituting all the values in eq. (5.3), one can plot tq versus m, for the DM particle-neutron
cross section o > 10™* cm™2 for the two different values of DM density.

Panel (a) of figure 2 shows that the transmutation of a neutron star could not be possible
in the Galactic disk for the fermionic DM particles, whereas it could be possible for the
bosonic DM particles. Panel (b) corresponds to the Galactic bulge, and it shows that the
transmutation could be possible for both the fermionic and bosonic DM particles. However,
comparing both the panels we can see that the possibility of transmutation within ¢4 < tga
0—44

decreases with decrement of ppy. Note that figure 2 stands for o > 1 cm™2 only, and,
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Figure 2. The variation of transmutation timescale (t4) of a neutron star of My = 1.4M and
Ry, = 10km as a function of the mass (m,) of non-self-annihilating DM particles. Panels (a)—(b)
correspond to two different DM density profiles with a fixed DM particle-nucleon scattering cross
section, i.e., ¢ > 1074 cm?. The black dotted horizontal line represents the Galactic age (tg,). This
figure shows that there is a non-zero possibility of transmutation of the neutron star into a collapsed
object (BH or naked singularity depending on the initial conditions) in a reasonable time for a wide
range of m,, values, depending on the value of DM density profile (ppam). See section 5 for details.
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Figure 3. Constraints on the DM particle-neutron scattering cross section o, as a function of mass
(my) of the DM particles for the possible transmutation of a typical neutron star, if it is located at
a distance D with the specified ppy value mentioned in the caption of each panel. The parameter
space located on the right side of the red/blue-dashed curve indicates a transmutation for ¢4 < tga-
On the other hand, the left side of the red/blue-dashed curve suggests that the transmutation may
occur in the future. See section 5 for details.

thus it can be considered just as an example of how tq varies with m, for three different
ppm values with a fixed value of 0. One cannot constrain the o — m, parameter space from
figure 2. Panels (a)—(b) of figure 3, in fact, help to constrain the non-self-annihilating DM-
neutron scattering cross section o, as a function of m, for the possible transmutation within
tq < taa, if the neutron star is located in the Galactic disk and Galactic bulge, respectively.
The parameter space located on the right side of the red (blue-dashed) curve indicates a
transmutation for tq < tqa. On the other hand, the left side of the red (blue-dashed) curve
suggests that the transmutation may occur in the future.
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6 End state of the transmuted object

Now, the question is, what would be the end state of the transmuted object. The tiny
endoparasitic BH formed (as discussed in section 4.1) due to the collapse of a perfect DM
fluid or dust should transmute the host into a BH. The transmutation process should be as
discussed in various papers (e.g., [27, 29]). If the host neutron star has a non-zero spin (e.g.,
a pulsar), the transmutation process could be evolved as described in [54]. However, the end
state of the transmuted object would be a BH, and not a naked singularity as shown in [55].
When an endoparasitic naked singularity (as discussed in section 4.2) is formed due to
an anisotropic DM fluid collapse, it starts to accrete matter from its host and eventually the
entire host would transmute into a naked singularity. As an exactly non-spinning object may
not exist in the Universe [56], the host neutron star should have a non-zero spin parameter
ap = Jn /My, where Jy, is the angular momentum of the host. Since the spin frequency (w) of
both the neutron star and the endoparasitic naked singularity during its formation (i.e., at
t — to) should be the same (as My < My) [55], the endoparasitic naked singularity should
also have a non-zero spin parameter. Let us denote that spin parameter of the endoparasitic
naked singularity as ag at time ¢ — t3. However, if one calculates the numerical value
of ag/My, it comes as negligible small (as My < My), and, hence, one can consider it as
ag — 0 for all the practical purposes. During accretion from its host, the value of spin
paramater starts to increase from ag and could eventually acquire ~ ay, [55] at the end of
the transmutation process (i.e., ¢ = tq), if the dynamical ejecta is small [54, 55]. If the
dynamical ejecta is large [55] during accretion by the endoparasitic naked singularity, the final
transmutation could give birth to a sub-solar-mass or near-solar mass slowly-spinning JMN-1
naked singularity. Computation of the evolution of such an endoparasitic naked singularity,
which is a complex and entirely unexplored field, will be considered in future research works.
The slowly-spinning JMN-1 naked singularity spacetime is recently derived as [57]
_Me 9
R ) - Mo) a2+ dR

2 _ _(1_ v _anr 2 2 ;2 2
ds* = —(1 Me)(Rb 1_Me+R (d9 + sin 0d¢)

R\ 70570 R\ i
2(1— Mo 1— Mg

hid —1- M) (2

(Rb) ( ) (Rb)

where, a is the spin parameter of this spacetime. The above slowly-spinning JMN-1 spacetime

—2asin’ 6 dtdg (6.1)

(eq. (6.1)) can be matched with the exterior slowly-spinning Kerr spacetime at R = Ry, [57],

MR dR? 2a MR
ds? = — (1 - R'D) di? + e 4 B2 (d6? + sin? 0do?) — 24T

(1 - %) sin’ 0 dtdg

(6.2)

where 2M = MR}, is the Schwarzschild mass of the slowly-spinning (a/M < 1) naked
singularity. Eq. (6.1) reduces to eq. (4.11) for a — 0, which describes the non-spinning
JMN-1 naked singularity spacetime.

Our purpose here to introduce eq. (6.1) is that it could describe the spacetime of a
slowly-spinning naked singularity, formed due to the transmutation of a spinning neutron
star. For example, if the DM particles are accumulated inside a pulsar like the fastest known
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spinning pulsar PSR J1748-2446ad with w ~ 716 Hz [58] (i.e., ap /My ~ 0.09), and it satisfies
the collapse criterion, it could be transmuted into a slowly-spinning JMN-1 naked singularity
of the same spin parameter (i.e., a/M ~ 0.09), provided that the dynamical ejecta is negligible.
Even for a typical rapidly-spinning neutron star, the maximum spin parameter range could
be around ay /My ~ 0.1 (but see [59]). In such a scenario, one can study the evolution of
the endoparasitic naked singularity and transmutation of a neutron star with the help of
slowly-spinning JMN-1 naked singularity metric (eq. (6.1)) following [54] instead of Kerr
spacetime. However, this metric is not enough to study the evolution of an endoparasitic
naked singularity formed inside a fast-spinning white dwarf [55], earth-like planet, sun-like
star etc., as the spin parameter is very high for these objects [55].

7 Constraining o — m, parameter space from the missing pulsar problem

Here, we propose the following general technique to constrain the o — m, parameter space
from the missing pulsar problem. Let us assume the following ideal situation.

(1) Within a distance D around the Galactic center, all old pulsars (which are almost as
old as the Galactic age tqa) have been transmuted into BHs and/or naked singularities.
Hence, no such pulsar exists in this region.

(2) Outside this region, no pulsar has been transmuted.

Point (1) should give a lower limit of o and Point (2) should give an upper limit of o,
each as a function of m,, D, DM profile, particle type (boson or fermion), etc. Thus, the
tq = tqa condition should ideally give a value of o as a function of m,, D, DM profile,
particle type (boson or fermion), etc. The transmutation timescale ¢4 can be calculated
using eq. (5.3) and eq. (3.8).

Now, let us consider a specific example with D ~ 10 pc following [60, 61]. We will consider
the Point (1) mentioned above, but not the Point (2), to be conservative. The results are shown
in figure 4. The value of ppy at a distance ~ 10 pc can be calculated to be ~ 800 GeV.cm ™3
assuming the NFW DM density profile (eq. (5.4)). The parameter space located on the right
side of the red-solid (blue-dashed) curve of Panel (a) of figure 4 indicates a transmutation for
tq < tga. On the other hand, the left side of the red-solid (blue-dashed) curve of the same
plot suggests that the transmutation may occur in the future. Thus, the Point (1) mentioned
above and the DM density at 10pc give a lower limit of o as a function of m,,.

The dot-dashed brown and dashed magenta curves in Panel (a) of figure 4 are due to
the constraints given by the LUX-ZEPLIN (LZ 2022) experiment [62] for the nominal upper
limit on the DM-nucleon spin-independent and DM-neutron spin-dependent cross section
as a function of m,, respectively. Note that the dot-dashed brown and dashed magenta
curves in Panel (a) of figure 4 are equivalent to solid black curves of figure 5 and figure 7
of [62], respectively. Since both the LZ [62] and XENONnT [63] DM search experiments
have considered the DM particles mass range upto m, ~ 10* GeV, we indicate the upper
limit of o upto the same m, value.

Now, if the pulsars are missing from the region with distance < 10pc [60, 61] in the
Galactic center, the o — m, parameter space bounded by the red-solid curve and the dot-
dashed brown curve of Panel (a) of figure 4 could be considered as the suitable constrained
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Figure 4. Constraints on the DM-nucleon scattering cross section o, as a function of the PDM particle
mass m, for the possible transmutation. The red-solid/blue-dashed curve corresponds to tq = tqa
for boson/fermion, respectively, assuming all the old pulsars located within a distance D ~ 10pc
around the Galactic center have been transmuted into BH or naked singularity. The parameter space
located on the right side of the red-solid / blue-dashed curve suggests a transmutation for tq < tga,
whereas the left side of the red-solid/blue-dashed curve suggests that the transmutation may occur in
the future. The dot-dashed brown and dashed magenta curves (equivalent to solid black curves of
figure 5 and figure 7 of [62], respectively) are due to the constraints given by the LZ experiment for
the nominal upper limit on the DM-nucleon spin-independent and DM-neutron spin-dependent cross
section as a function of m,, respectively. This figure shows the constrained o — m, parameter spaces
obtained due to the missing pulsar problem for the three different DM density profiles. See section 7
for details.

parameter space for the bosonic DM particles obtained from the missing pulsar problem
assuming the DM-nucleon spin-independent interaction for the NFW DM density profile.
Similarly, the o —m, parameter space bounded by the red-solid curve and the dashed magenta
curve of Panel (a) of figure 4 could be considered as the suitable constrained parameter space
for bosonic DM particles obtained from the missing pulsar problem assuming the DM-neutron
spin-dependent interaction. However, since the blue-dashed curve is located far from the
dot-dashed brown and dashed magenta curves, the upper limit could not be suggested from
the LZ and XENONNT experiments for the fermionic DM particles. Note that here we do
not specifically consider a spin-independent or spin-dependent DM-nucleon interaction, but,
by studying Panel (a), one can see that the possibility of the transmutation of neutron stars
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into BHs/naked singularities is more for the spin-dependent DM-neutron interaction.

Let us now consider a different type of DM density profile to check whether the transmu-
tation in tq < tq, is possible at all, and, if yes, how the o — m, parameter space depends
on it. To check this, here we consider a cored DM density profile which is expressed in
the Galactic plane as [55, 64]:

pDM(D) = pOc/[l + (D/DC)2]’ (71)

where, D, is the core radius and pg. is the central density of the dark halo. We consider two
different values from table 2 of [64] following [55] for the purpose of demonstration. The
first one is poe = 0.421 Mg pc= ~ 17GeV.cm ™3 for D, = 1kpc [64], and the second one is
poc = 9.884 Mg pc ~ 410 GeV.cm 3 for D. = 0.2kpc [64]. Panels (b) and (c) of figure 4
correspond to ppy ~ 17 and ~ 410 GeV.cm ™3, respectively. These panels are similar to
Panel (a) of figure 4. The blue-dashed curve is out of the range of Panel (b). Comparing
Panels (a)—(c) of figure 4, one can conclude that the area of constrained o — m, parameter
space decreases with the decrease of ppn, as expected. Our result shows that there are
ample possibilities of the transmutation of neutron stars into BHs/naked singularities, and
the consideration of different density profiles does not change our conclusion.

Note that, while the above specific example is for D ~ 10 pc, the technique may work
for any region around the Galactic center without sufficiently old pulsars, if we assume that
the lack of such pulsars are due to transmutation [33, 60, 65]. Future observations (e.g.,
with Square Kilometre Array [66]) will have significant impact on this by constraining the
pulsar population near the Galactic center.

8 Discussion and conclusion

In this paper, we have shown that a dark core collapse could lead to not only a BH but also
a naked singularity, depending on the initial condition of the DM cloud. A recent paper [55]
has shown that some white dwarfs can realistically transmute into Kerr BHs and Kerr naked
singularities (a/M > 1) with a wide range of near- and sub-solar-mass values by capturing the
asymmetric or non-self-annihilating DM particles. But that paper [55] has also shown that a
neutron star, even if a rapidly spinning one, cannot transmute into a naked singularity with
a/M > 1 by accretion. On the other hand, the current paper, for the first time to the best
of our knowledge, argues that depending on the initial conditions, an endoparasitic naked
singularity could form instead of an endoparasitic BH inside a neutron star, and the same
neutron star could transmute into a naked singularity. Apart from different progenitors, there
is a conceptual difference between the two papers. In [55], the naked singularity is proposed
to form due to the accretion by an endoparasitic BH. This is a Kerr superspinar. Thus, a
neutron star cannot give rise to such a naked singularity (see appendix A of [55]), but a white
dwarf can. Consequently, the mass of the naked singularity cannot be more than that of a
white dwarf (implying mostly sub-solar or slightly super-solar mass). On the other hand, in
the current paper, a naked singularity is formed directly by collapse and not from a BH. It is
not a Kerr superspinar and hence a different kind of naked singularity from the former. This
is the main conceptual difference. In this case, compared to the previous one, usually mass
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should be more but the spin should be less, when the collapse happens at the core of a neutron
star. Even if the end product is a BH, and not a naked singularity, the mass of the final BH
for the former paper (i.e., [55]) should typically be less than that for the current paper. These
differences could also be helpful to determine whether the progenitor was a neutron star or
a white dwarf. However, it is possible that a low-mass BH or a low-mass naked singularity
with a low spin parameter value could form via the accretion by an endoparasitic collapsed
object within either a white dwarf or a neutron star of similar masses and similarly low spin
parameter values. In such a case, the progenitor cannot be easily identified either as a white
dwarf or as a neutron star. While a detailed study of the said accretion process might provide
a way to identify the progenitor in this case, such a process is not yet well-studied, would
involve detailed fluid dynamical computations, and is not within the scope of this paper.

We have shown that a neutron star could transmute into a JMN-1 naked singularity with
a/M < 1. Intriguingly, JMN-1 naked singularity spacetime shows that a naked singularity
could arise regardless its spin parameter value (a could be zero or non-zero) unlike Kerr
spacetime. Note that we have assumed the Bondi (spherical) accretion in this paper. Although
the Bondi accretion is not exactly valid (as the matter of a host possesses a non-zero angular
momentum), this assumption has no significant effect on the estimation of the accretion or
destruction timescale [67, 68] even for the rapidly spinning stars [54, 55].

In this paper, we have considered the non-self-annihilating DM particles with a mass
range: 1GeV < m, < 10°GeV [28, 55]. This is sufficient for our purpose of studying the
formation of low mass collapsed objects which could have been involved in GW190425 and
GW190814. Our result is also commensurate with both the LZ [62] and XENONnT [63]
DM search experiments, as seen from figure 4. It is hardly possible to form such a low mass
collapsed object by accumulating the DM particles of mass less than the MeV range within
the time tga, as seen from figure 2. However, in a recent paper [69], the supermassive black
hole formation has been proposed from the gravitational collapse of fermionic dense DM
cores of particles of keV mass range at the centre of DM haloes.

It was proposed [33, 60, 65] that the missing pulsars in the Galactic center region have
already transmuted (within a period of time less than the age of the Galaxy) into BHs due
to the dark core collapse initiated by the DM particles [33]. However, if the DM cloud is
modeled as an anisotropic fluid, the missing pulsars in the Galactic center region could have
transmuted into slowly-spinning JMN-1 naked singularities, and such singularities could
be found abundantly near the Galactic center. Their existence in this region could also
indirectly show that the DM is not pressureless.
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