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Abstract: Quantum coherence is the most distinguished feature of quantum mechanics, which
characterizes the superposition properties of quantum states. It plays a critical role in various fields,
ranging from quantum information technology to quantum biology. Although various coherence
quantifiers have been proposed since the resource theory of coherence was established, there are a lack
of experimental methods to estimate them efficiently, which restricts the applications of coherence.
Relative entropy of coherence is one of the main quantifiers of coherence, and is frequently used in
quantum information science. Such nonlinear properties of quantum states are usually calculated
from full descriptions of the quantum state, although they are not related to all parameters that specify
the state. Here, we experimentally measure the relative entropy of coherence for the arbitrary qubit
states directly in the photonic system without using standard state tomography. In the experiment,
we directly measure the von Neumann entropy of the quantum states through interference, thus
obtaining the relative entropy of coherence, and finding that the experimental results are in good
agreement with the theory. Our work provides a nice alternative experimental scheme for measuring
the relative entropy of coherence.

Keywords: quantum optics; quantum coherence; relative entropy; quantum measurement

1. Introduction

Quantum coherence is an essential property that distinguishes quantum theory from
the classical realm, characterizing the superposition properties of quantum systems. Being
a fundamental property of quantum systems, it plays an important role in quantum thermo-
dynamics [1-5], nanoscale physics [6], transport theory [7], and biological systems [8-10].
Since coherence was proposed in the framework of resource theory, the applications of
quantum coherence in quantum information technology have been widely studied [11-16],
such as quantum computation [17], quantum communication [18-20], quantum metrol-
ogy [21], quantum algorithms [22,23], quantum uncertainty [24], and quantum channel
discrimination [25,26]. Additionally, as a fundamental resource, it is also closely related to
other quantum resources, including asymmetry [27], entanglement [28-31] and other quan-
tum correlations [32]; the coherence distillation [33-36], coherence dilution, and conversion
between coherence and quantum correlations have also been investigated [37-43].

Quantum coherence is a valuable feature of quantum systems; one of the primary
contents of the resource-theoretical framework is its rigorous quantification. There are
various methods for quantifying coherence, but they should be restricted by the conditions
of the resource theory [11,15]. The most compelling method is based on state distance,
and this method leads to the relative entropy of coherence and the #; norm of coherence.
Relative entropy plays an essential role in quantum information theory [44], so the rela-
tive entropy of coherence, as one of the main quantifiers of coherence, is frequently used
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in quantum information science, such as quantifying key rates in quantum key distri-
bution [18], characterizing the wave nature of quantons [45,46], relating to the success
probability of the Grover algorithm [23], etc. Especially, the relative entropy of coherence
has significance in coherence distillation and conversion between coherence and other
quantum correlations [39,42,43], and is often chosen as the measure of this property in
these processes.

While many theoretical and experimental works were devoted to the relative entropy
of coherence [37,47-51], an important issue is how to efficiently estimate it in experiments.
Clearly, one can perform state tomography and then calculate the amount of coherence
with the derived quantum density matrix according to the expressions of the coherence
measures. However, this method contains redundant information, because not all elements
of the density matrix are related to the coherence measures that we desire. Therefore,
particular methods are proposed to estimate the quantum coherence without state tomogra-
phy [49,52-59], and these methods apply to the measurement of the coherence for different
quantifiers, respectively. However, for the relative entropy of coherence, most theoretical
strategies only estimate its upper and lower bounds for unknown quantum states by math-
ematical calculations and numerical optimizations [49,53,59]. Thus, the lack of efficient
and experiment-friendly methods for measuring the relative entropy of coherence severely
limits their applications. In this work, we experimentally measure the relative entropy
of coherence for the arbitrary qubit states directly in the photonic system without the
complicated measurements and calculations. Specifically, for an arbitrary quantum state,
we experimentally consider all possible measurement bases in state space and find the
minimum Shannon entropy of the probability distribution of the measurement outcomes,
thereby obtaining the von Neumann entropy of the state. Thus, the relative entropy of
coherence can be easily obtained according to the expression. This is verified both in pure
states and mixed states of the qubit in the experiment.

2. Theoretical Method

There are various ways to quantify quantum coherence within the framework of
resource theory. Relative entropy of coherence as a main quantifier of coherence is expressed
as [11]

Cr(p) = S(pa) = S(p)- )

Here, S(p) = —Tr[plog, p] is the von Neumann entropy, and p; denotes the state
obtained from p when we delete all off-diagonal elements. If we write the density matrix p

in the diagonal form,
n
p= Z]-:1 bi|b;) (b1, )

the von Neumann entropy can be rewritten as S(p) = — 7:1 bjlog, b;. To measure the
relative entropy of coherence for an unknown state directly, we need to achieve a direct
measurement of the von Neumann entropy of the state. Taking on all possible measurement
basis in the Hilbert space, search for the minimum Shannon entropy of the measurement
results, which is the von Neumann entropy of the state [56]. Let us focus on the coherence
measure for a qubit, which is in the state space composed of basis {|0), |1) }. In principle,
we should make measurements in all bases {|D1), |D,) }, which are

IDy) = cos(3)[0) + ¥ sin(3)[1),
o : w (©)
|D2) = sin(5)0) — ¢ cos(5)[1).

The experimental strategy is to test all measurement bases in Equation (3) and find the
minimum Shannon entropy of the measurement results. The Shannon entropy is defined
as S = — Y. ; pilog, pi, and p; is probability obtained from each measurement. In practice,
testing all measurement bases in the Hilbert space seems a bit complicated. However, we
can use the properties of von Neumann entropy to simplify this search process. If a unitary
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transformation operation U is performed on a quantum state, its von Neumann entropy
remains unchanged, i.e., S(p) = S(UpU"); thus, utilizing this property can greatly reduce
the number of measurement bases that need to be tested in experiments. For an arbitrary
qubit state in the Bloch sphere representation, one can perform a unitary operation to rotate
it to the equatorial plane of the Bloch sphere. Since the probabilities of measuring the state
on the equatorial plane measured with bases |0) and |1) are 1/2, this provides a method to
rotate an unknown state onto the equatorial plane in the experiment. After rotating the state
to the equatorial plane, one only needs to look for the measurement basis located on the
equatorial line of the Bloch sphere to minimize the Shannon entropy of the measurement
results, i.e., « = 71/2, and vary the parameter ¢ of the bases. Thus, the measurement is
simplified as I} = |D1)(D;] and I, = |D;)(D5|, with measurement bases |D;) and |D;)
are expressed as

D1} = —=(10) + €¥[1)),
A , @
Z510) =),

By varying the measurement bases, at a certain point, they will necessarily be consis-
tent with the spectral decomposition states |b;) of the density matrix in Equation (2). At
this point, the most unbalanced distribution of measurement results can be observed in
the experiment, which corresponds to the minimum Shannon entropy of the measurement
outcome. Now, the quantity of S(p) can be obtained.

In the next step, we need to measure the von Neumann entropy of the dephased state
S(p4), which is a basis-dependent quantity. We consider the coherence of p with respect
to the computational basis {|i)}, thus p; = Y; |i) (i|p|i) (i|. Obviously, the measurement of
S(p4) is realized by giving a measurement in the basis {|i) }. Therefore, having measured
both S(p) and S(p;), the relative entropy of coherence can be calculated by Equation (1). Itis
worthwhile mentioning that the ‘direct’ we mean is without the complicated measurements
and calculations, and reconstruction of the density matrix is unnecessary.

|Dy) =

3. Experimental Implementation

We experimentally measure the relative entropy of coherence for the arbitrary qubit
states directly in the photonic system. Figure 1 presents the experimental device, which is
composed of a single-photon source module, a state preparation module, and a measure-
ment module. In the single-photon source module, a 404 nm wavelength laser with 50 mW
pumps a type-II beamlike phase-matching beta-barium-borate (BBO, 6.0 x 6.0x2.0 mm?,
6 = 40.98°) crystal to produce a pair of 808-nm photons. One of the photons is detected by
a single photon detector (SPD) as a trigger signal.

In the state preparation module, we prepare a series of pure states [y, ,) = cos g|0> +
sin gei¢|1> and mixed states p = a|+)(+]| + (1 —a)|1)(1], where |[+) = %(|0> + [1)).
The qubit is encoded with the polarization degree of freedom of the photon. We define
|0) = |H) and |1) = |V), where |H)(|V)) denotes the horizontal (vertical) polarized state
of the single photon. An unbalanced Mach-Zehnder (M-Z) interferometer composed of
a polarization beam splitter (PBS) and a beam splitter (BS), together with two half-wave
plates (H; and Hy) is employed to prepare the mixed state p, where H; adjusts parameter a
and Hj is 22.5°. When we set H; and Hj to 0°, after passing a half-wave plate (H3) and
quarter-wave plate (Q;) with deviation angles, the photon is prepared as desired pure
state [¢g,¢)-

In the measurement module, a half-wave plate Hy is used to rotate an unknown qubit
state to the equatorial plane of the Bloch sphere. Beam displacers (BDs) cause the vertical
polarized photons to be transmitted directly, and the horizontal polarized photons undergo
a 4-mm lateral displacement; hence, it can split and combine the photons depending on their
polarizations. An M-Z interferometer composed of BDs and the half-wave plates (Hs and
Hp), together with a PBS and a half-wave plate (Hy), is used to realize measurement bases
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Dj and D,, where Hs and Hg are 45°, Hy is 22.5°. The parameter ¢ in the measurement
bases is achieved by adjusting the phase of the interferometer.

/ ‘ ' lseo  pes 'Phase | BWP |y SPD

BS BD | Mirror | @wp | Coupler

( ,-t_h_'_ (| 1] | 4 [
[ 1 | [}
H,; H, H; Q, Hy Hs
D,
Single-photon source | State preparation Measurement

Figure 1. Experimental setup for measuring the relative entropy of coherence for a qubit state. The
experimental device consists of a single photon source section, a state preparation section, and a
measurement section. In the single photon source section, a 404 nm laser pumps a BBO crystal
to generate photon pairs with a wavelength of 808 nm through a spontaneous parameter down
conversion, and produced photon pairs are coupled to two single-mode fibers, respectively. One of
the photons is detected by a single photon detector (SPD) Dy as a trigger. In the state preparation
section, we use the polarization degree of freedom of the photons to encode the qubit states. An
unbalanced Mach-Zehnder (M-Z) interferometer with two half-wave plates (H; and Hj) is employed
to prepare the mixed state p. H and a quarter-wave plate (Q;) prepare the pure state [¢fg ;). In the
measurement section, a combination of beam displacers (BDs) and half-wave plates (Hs and Hg) with
certain angular settings composed of an M-Z interferometer is used to realize measurement bases Dy
and D;, where Hs and Hg are 45°, Hy is 22.5°. Hy rotates the polarization state of the photon towards
the equatorial plane of the Bloch sphere.

Firstly, we measure the relative entropy of coherence for the qubit pure states. For
an arbitrary qubit pure state, after rotating it to the equatorial plane and performing
measurements I'l; and Iy, the probability distribution of the outcomes can be expressed
as follows:

+ = cos(p — @),

Q)

| = N =

~3 cos(¢ — ¢).

Thus, the most unbalanced measurement outcome distribution can be observed by
adjusting the phase of the interferometer in the experiment, i.e., the interference visibility
is maximum, which corresponds to the minimum Shannon entropy of the measurement
outcomes, and the quantity of von Neumann entropy S(p) can be obtained. The quantity
of S(p4) is measured in the basis {|0), [1)}. The relative entropy of coherence C,(p) can
be obtained from the difference between these two quantities. Experimental results for
measuring S(p;), S(p), and C,(p) are shown in Figure 2. Figure 2a—c shows the results of
measuring the states [{ ,—o) with 0 ranging from 0 to 7t. Figure 2d—f shows the results of
measuring the states ¢/ ,) with ¢ ranging from 0 to 77. As we see from the figure, the
relative entropy of coherence for the qubit pure states depends on S(p,), because of its von
Neumann entropy is 0.

Furthermore, we also measure the relative entropy of coherence for the qubit mixed
states. For the state p that we choose, after rotating it to the equatorial plane and performing
measurements I'l; and Iy, the probability distribution of the outcomes is

1
P = §<1 —V2a%2 —2a+1cos¢),

1 (6)
P = §(1+ V2a%2 —2a + 1cos ).



Photonics 2023, 10, 1004

50f9

Similarly, we adjust the phase of the interferometer find the most unbalanced mea-
surement outcome, and obtain the quantity of von Neumann entropy S(p). Experimental
results for measuring S(p;), S(p), and C,(p) for qubit mixed states are shown in Figure 3a—c,
respectively. The experimental results are in good agreement with the theoretical prediction.

This experimental method accurately achieves direct measurement of relative entropy
coherence in both qubit pure states and mixed states. For a pure state of the qubit, its
relative entropy coherence is only related to S(p ). If it is known in advance that the state
to be measured is a qubit pure state in the experiment, to save resources, it is unnecessary
to measure the von Neumann entropy of the state. According to the experimental results
in Figure 2d—f, we can see that S(p,;), S(p), and C,(p) are independent to the parameter
@. The results of the mixed state are different from those of the pure state, and the main
point is the von Neumann entropy of the mixed state S(p) is no longer equal to zero. As
the parameter a increases, it first increases and then decreases, reaching its maximum value
at a = 0.5. This experimental method has good robustness for both pure states and mixed
states, providing a nice alternative experimental scheme for measuring the relative entropy
of coherence.

@10 — e |05 — ey | @10

I Experiment

—— Theory

T Experiment I Experiment

0.8 0.4 0.8
0.6 03 <06
@04 02 Co4

0.2 0.1 0.2
0 45 90 135 180 0 45 90 135 180 0 45 90 135 180
0(°) (%) (%)
(d)l‘l —— Theory (e) 0.5 —— Theory (f) 1.1 —— Theory
T Experiment T Experiment T Experiment
1,0 0.4 1‘0 mmw:
—~0.9 03 —0.9
N = 2
Q0.8 0.2 Cos
0.7 0.1 0.7
0 45 90 135 180 0 45 90 135 180 0 45 90 135 180
©(°) ©(°) ©(°)

Figure 2. Experimental results for measuring the relative entropy of coherence for the qubit pure
states. (a—c) show the results of S(p,), S(p), and Cr(p) by measuring the states |1pg ,—o) with 6 ranging
from 0 to 7z. (d—f) show the results by measuring the states | /3 ,) With ¢ ranging from 0 to 7z. The
error bar denotes the standard deviation.

(@) 1.0F— Theory (b) 1.0 — Theory © 1.0f— Theory
T Experiment I Experiment T Experiment

0.8 0.8

30.6 30.6

“ 0.4 C o4

0.2 0.2

. 0.0 0.0

00 02 04 06 08 1.0 00 02 04 06 08 1.0 00 02 04 06 08 1.0

a a a

Figure 3. Experimental results for measuring the relative entropy of coherence for the qubit mixed
states. (a—c) show the results of S(p,), S(p), and C,(p) by measuring the mixed states with parameter
a ranging from 0 to 1. The error bar denotes the standard deviation.
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4. Discussions

In this section, we compare our method with standard tomographic reconstruction. It
is fair to compare the estimation accuracy for relative entropy of coherence induced by the
two methods when the same number of copies of the states are consumed, and given a fixed
total number of copies of the state N = 1200. Our method is mainly divided into three steps,
and each step measurement consuming the number of copies of the state are N7, Np, and N3,
respectively, N; + N, + N3 = N. Step 1: perform the measurement in ¢, bases, and calculate
S(p4) using the obtained probability distribution. Step 2: rotate the state to the equatorial
plane and measure the phase of the interferometer. Step 3: adjust the interference visibility
is maximum and measure the most unbalanced measurement outcome distribution, which
corresponds to the minimum Shannon entropy of the measurement outcomes, and the
quantity of von Neumann entropy S(p) can be obtained. As a standard tomographic
reconstruction, N /3 copies of the state are used for the measurements in bases of three
Pauli operators, respectively. Reconstruct the density matrix based on the measurement
results, and substitute it into the mathematical expression to calculate the value of relative
entropy of coherence. In the process of the numerical simulations, we take the state
cos 0|0) + sin0|1) as an example and choose the mean squared error A>C&* := E[(CS! —
Cr)?] as an estimation precision quantifier, where C, is the actual coherence value and C¢*!
is the estimated value. We set different combinations N = [Nj, Np, N3] = 1200 to simulate
the estimation accuracy, and the simulation results are shown in Figure 4, which shows
that the mean squared error induced by our method is smaller than that of the standard
tomographic reconstruction.

x107°

4L =6 N = [400, 400, 400] |
N = [600, 300, 300]

N =[900, 100, 200]
—*— Tomography

Mean squared error

Figure 4. The simulation results for comparing our method with standard state tomography.
Mean squared error is chosen as an estimation precision quantifier. The figure shows the mean
squared error induced by our method and standard state tomography. We set different combinations
N = [Ny, N, N3] = 1200 to simulate the estimation accuracy separately.

5. Conclusions

We experimentally measure the relative entropy of coherence for an unknown qubit
state directly in the photonic system without carrying out standard state tomography,
including pure states and mixed states. In the experiment, we directly measure the von
Neumann entropy of the quantum states through interference, and find the maximum
interference visibility, i.e., at this point, the most unbalanced distribution of measurement
outcome is observed, which corresponds to the minimum Shannon entropy of the measure-
ment outcome, and then the von Neumann entropy is obtained. Finally, the relative entropy
of coherence is acquired through simple calculation, and we find a good agreement between
theory and experiment. This experimental scheme has several advantages with respect to
other techniques. In particular, this method is explicit and does not need any optimization
procedures or complicated calculations. Interference, as the physical effect of the coherence,
is also reflected during the measurement process. Our work provides a valuable alternative
experimental scheme to the measurement of relative entropy of coherence. Moreover, in
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addition to being a widely used quantifier of quantum coherence, relative entropy is also
used to quantify entanglement, so measuring this quantity experimentally is important to
quantum information science. Our work may have potential applications in the estimation
of entanglement entropy.
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