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Abstract: The exact solution of the Liouville equation expressed in terms of exponential operators can
describe the phase space evolution of particle beams in transport lines. In this paper, we generalize the
solution of the above equation for the case of beam losses induced by apertures and for particle beams
with large spreads in the momentum space. We discuss the applicability of such approach to ion
beams produced by high-intensity lasers interacting with critical plasmas, based on the comparison
between theoretical findings and measurements.
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1. Introduction

It is undeniable that particle accelerators have nowadays a significant societal impact.
They not only find application in fundamental physics, for exploring the origin and the
very nature of our universe reaching regimes of interaction otherwise not possible on our
planet [1], but they are also exploited for medical purposes [2] (production of radioisotopes,
hadrontherapy, radiotherapy, diagnostic imaging, etc.), industrial applications [3] (sealing
milk cartons tightly, making chips for computers, etc.), and others [4,5]. Several laser-
plasma acceleration techniques have been demonstrated during the past decades [6]. Laser-
based accelerators have the advantage, compared to machines based on radio frequency
(RF), to be compact, and in most cases, more cost-effective. The generation of fast ions
via high-intensity lasers (I >> 1018 W/cm2) commonly occurs through the interaction
of such lasers with solid targets, i.e., foils of solid materials. The head of the laser pulse
ionizes the surface of such foils, creating a critical plasma. The transition between the
underdense and the overderdense plasma is very sharp, on the scale of a fraction of laser
wavelength. In the target normal sheath acceleration (TNSA) scheme, the one relevant for
the present paper, laser energy is coupled into fast electrons that propagate inside the foil
finally escaping from the rear of the latter. The charge imbalance created at the rear of the
target is responsible for the generation of strong electric fields that accelerate protons and
ions. The TNSA mechanism has been extensively studied and well understood [7]. The
ion beams produced in the latter scheme have been characterized in many experiments.
Laser-plasma accelerator physicists are eventually finding solutions for beam transport,
manipulation, and use in recent times. Energy selection has been demonstrated, by means
of dipole magnets coupled to slits [8,9], as well as beam focusing strategies, mostly based
on solenoids and/or quadrupole magnets [10–16]. Transported and focused beams have
been already used for tumor irradiation (not yet on humans) and can be exploited for
diverse applications involving irradiation [17]. Indeed, proton and ion beams are one of
the best candidates for local irradiation due to their intrinsic properties of energy loss in
dense matter, summarized in the concept of Bragg peak [18]. Beam transport lines must be
properly designed, “sewn on” the beams that must be propagated and/or manipulated.
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In order to achieve the desired performances, in terms of charge transport and phase
space selection and control, simulation methods and/or calculations are needed. Several
well-established codes, a few of them commercial, can be found for the tracking of the
particle states under the action of external fields, finally allowing a reconstruction of the
phase space evolution of particle beams [19,20]. Analytic approaches, as matrix optics or
beam envelope equations, are also commonly used, normally carrying a poorer degree
of approximation. The solution of the Liouville equation corresponds to the evolution
of the phase space density, thus it is a more general approach than the beam envelope
equations: in fact the beam envelope equations describe the evolution of the statistical
momenta of the phase space density rather than the density itself. In a previous paper,
we have demonstrated that the analytic solution of the Liouville equation can be properly
used to fully describe the phase spaces of particle beams propagating in external fields [21].
The application of such approach has been demonstrated for the case of electron beams
compressed in magnetic chicanes and for the description of the longitudinal dynamics (i.e.,
the evolution of the bunch length and of the energy spread) of the same beams in linear
RF accelerators. In the same work, we anticipated how to use the Liouville formalism
for studies of transverse dynamics (i.e., the evolution of the beam envelopes) but without
providing any experimental comparison and neglecting beam losses. In the present paper,
we extend the previous model to the case of beam losses and chromatic beam transport,
significant in laser-plasma accelerators, and furthermore we compare the theoretical results
with experimental measurements, to open a discussion about the pros and cons of using
the Liouville approach instead of others.

2. Methods

Let us consider a beam of protons at the kinetic energy E propagating along z. A beam
of particles is characterized by a certain degree of directionality, this is why it is possible
to identify a main direction of propagation, even for the case that the divergence of the
beam is rather large. The horizontal and vertical propagation angles for any particle in
the beam are defined, in general, as~θ = {arctan (vx/vz), arctan (vy/vz), 0}, where ~v is the
velocity vector of the same particle. The particles propagate under a field of external forces
~F. Please notice that the~r−~θ space is more commonly known as trace-space instead of
phase-space. Studying the transverse dynamics of the particle beam with respect to the
beam barycenter the time t and the z-coordinate can be related through the mean beam
velocity v̄. The results shown in this paper refer to the transverse beam dynamics, i.e.,
the trace-space density is always time-integrated; therefore, the Liouville equation for the
evolution of the beam spatial-angular distribution ρE

⊥ (at fixed energy E) can be written
as below:

dρE
⊥

dz
=

∂ρE
⊥

∂z
+~θ · ~∇~r⊥ρE

⊥ +
2~F
E
· ~∇~θρE

⊥ = ρE
⊥

∂ log A(x, y; z)
∂z

(1)

Equation (1) is a generalization of the equation derived in Ref. [21] to the case of beam
losses due to apertures along the beam propagation axis. The aperture function is A(x, y; z)
is constantly equal to 1 at z = 0 and it is a step-function of the transverse plane x− y for
z > 0. In other words A = 1, for all particles entering the apertures and A = 0 outside the
apertures. The derivation of Equation (1) is reported in Appendix A. The Liouville operator
for the particles occupying the status of kinetic energy E is defined as:

L̄E
⊥ = −~θ · ~∇~r⊥ −

2~F
E
· ~∇~θ (2)

Given the above, the solution of Equation (1) is found:

ρE
⊥(x, y, θx, θy; z) = A(x, y; z)e

∫ z
0 dzL̄E

⊥ρE
⊥(x, y, θx, θy; 0) (3)
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which, using the definition at Equation (2), can be recast into:

ρE
⊥(x, y, θx, θy; z) = A(x, y; z)e−

∫ z
0 dz~θ·~∇~r⊥−

∫ z
0 dz 2~F

E ·~∇~θ ρE
⊥(x, y, θx, θy; 0) (4)

As shown in Ref. [22] the exponential operator in Equation (4) can be recognized as
a unitary displacement operator, thus obtaining the final expression for the solution of
Equation (1):

ρE
⊥(x, y, θx, θy; z) = A(x, y; z)ρE

⊥

(
x−

∫ z

0
dzθx, y−

∫ z

0
dzθy, θx −

∫ z

0
dz

2Fx

E
, θy −

∫ z

0
dz

2Fy

E
; 0
)

(5)

The power of the above solution is that knowing the single-particle dynamics, i.e.,
the functions θx,y(z), allows the description of the whole beam in the trace-space at any
position along the beamline. In fact, the evolved trace-space density is calculated upon the
initial trace-space density after the implementation of dynamical shifts in the argument
of the function, which in turn depend on the single-particle dynamics. The expressions
for the particle trajectories relevant to this paper are given in Appendix B. The trace-space
density ρE

⊥ contains information only of the particles with kinetic energy E so the full
beam information is retrieved after integration on the beam energy spectrum. We follow
Ref. [23] for representing the thermal spectrum (the temperature parameter is T) of protons
accelerated during laser–plasma interactions at high-intensity.

ρE(E) =
e−
√

2E
T

√
2ET

(6)

The transverse beam profile at the plane z is therefore defined self-consistently as:

P(x, y; z) =
∫ ∫ ∫

ρE(E)ρE
⊥(x, y, θx, θy; z)dθxθydE (7)

The presented theory has been used to interpret the experimental data acquired within
an experimental campaign on the PW VEGA 3 laser system of Centro de Laseres PUlsados
(CLPU) in Salamanca, Spain [24]. During the campaign, ion beams have been generated via
the TNSA mechanism and transported through a triplet of permanent quadrupole magnets.
The experimental setup is reported in Figure 1.

Figure 1. Experimental setup. The dashed line indicates the proton propagation direction.

The corresponding force field is Fx = +qgx(z)
√

2E/M, Fy = −qgy(z)
√

2E/M inside
the first quadrupole Q1, then Fx = −qgx(z)

√
2E/M, Fy = +qgy(z)

√
2E/M inside Q2, the

force field in the third quadrupole Q3 is the same as in Q1, and finally is zero elsewhere.
The force field has been approximated to a linear one to keep the model to a fully analytical
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level, in fact with such a choice the single-particle dynamics can be solved in a closed form.
The drawbacks of this strategy is that non-linear aberrations induced by the focusing system
cannot be properly represented; however, for the purposes of the present paper such a
degree of approximation has been sufficient. The proton charge has been defined as q, while
its mass as M. The edge-effects of the field, are renormalized within the effective gradient
parameter g = 40.8 T/m. Non-conservative forces due to space charge are neglected
because the beam is studied well after the Coulomb explosion: the 3D beam expansion
makes the internal forces negligible already a few mm after the target. The target is a 6 µm
thick Al foil. The laser impinges at 10◦ with respect to the normal to the target. The ion
spectrum before the quadrupole system has been characterized by means of a Thomson
parabola [25]. After the observation of Carbon ion species, the latter have been stopped by
means of a Pokalon thin foil (13 µm), which resulted in a proton deceleration <0.1 MeV in
the spectral range of interest. The focused beam profile has been detected by means of a
BC− 400 plastic scintillator, 5 mm thick.

3. Results

The first result that we show is the comparison between the measured and calculated
transverse beam profiles at the plane of the scintillator. The distance between the target and
the first quadrupole is 15 mm; the distance between Q1 and Q2 is 65 mm, while the distance
between Q2 and Q3 is 85 mm. The quadrupole length is 100 mm for all the quadrupole
magnets and the scintillator is at 130 mm after Q3. Figure 2 shows the experimental beam
profile on the left and the one calculated by means of Equation (7) on the right. The color
scale is in arbitrary units, but a discussion on the bunch charge will be given later on in
the text.

Figure 2. Proton focus. Left: experimental measurement. Right: solution of the Liouville equation.

In order to obtain the image on the right, we have assumed a temperature of 0.6 MeV
for reasons that will be clearer hereafter. Moreover, the initial transverse beam size at the
source has been chosen 100 µm both along x and y, considering this value as the rms of
a symmetric bigaussian distribution. We have observed in our simulations that an initial
value of the beam size as the one adopted or smaller does not have a strong influence
on the beam dynamics, i.e., the corresponding calculations do not show different results.
The initial beam divergence, previously characterized with the multi-pin-hole Thomson
parabola, has been set to 20◦ rms in both transverse directions. The agreement shown in
Figure 2 further confirms the validity of our initial parameters. Concerning the choice of
temperature for the profile calculation at the plane of the scintillator, this has been dictated
by two experimental constraints: one is the minimization of the differences between the
measured and calculated horizontal and vertical beam profiles and the other is the direct
measurement of beam temperature from the proton spectra. Figure 3 shows the measured
transverse beam profiles compared to the ones calculated for different beam temperatures.
It is evident that the best matching between theory and experiment is found for a beam
temperature of 0.6 MeV. The used algorithm for finding the best matching has been a
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minimization algorithm on the norm of the difference vectors |~Pm,x − ~Ps,x| and |~Pm,y − ~Ps,y|
where ~Pm,i and ~Ps,i are the measured and simulated profiles, respectively, with i = x, y
according to the considered projection (horizontal and vertical).

Figure 3. Comparison between experimental and calculated profiles for different beam temperatures.
Best fit value: T = 0.6 MeV.

Consistent results have been found while measuring the beam temperature directly.
The latter statement is confirmed by the comparisons shown in Figure 4. It is possible to
see that the thermal representation of the spectrum lacks of precision around the proton
cut-off energy region, as expected (a thermal distribution as the one in Equation (6) does
not carry any information of a cut-off); however, the most of the protons passing through
the quadrupole system are well represented by the same approximation. Indeed, the profile
image shown in Figure 2 is dominated by the low-energy region of the proton spectrum
since it contains most of the proton population. The spectral region of the plots in Figure 4
at low energies is limited by the acceptance of the detector. The reported spectra have been
post-processed to account for the Pokalon effect and for the absorption in the scintillator.
The high-energy cut-off is about 7 MeV for the following laser parameters: 25 J pulse energy,
30 fs pulse duration, and 15 µm spot size (FWHM) in the focal plane. The proton energy
can be increased by a factor ∼3 stretching the laser pulse to few hundreds femtoseconds,
but this was not the case during the described experiment.
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Figure 4. Comparison between experimental and calculated proton spectra for different beam
temperatures. Best fit value: T = 0.6 MeV.

4. Discussion

We have demonstrated that the analytic solution of the Liouville equation, requiring
computational time of the order of a fraction of a second, can be implemented for the
study of transverse dynamics of particle beams along transport lines. We have adopted
such a formalism for analyzing the case of a laser-proton beam. Figure 2 shows that the
beam profile at the observation plane after the beam propagation from the source through
a focusing system is in good agreement with measurements. Non-linear aberrations of
the focusing system are not well-reproduced (the halos around the proton hot-spot are
not exactly the same in the simulation compared to the measurement). This means that
for a more detailed study, or better for achieving a higher degree of accuracy, a more
sophisticated strategy may be needed as a particle tracker for example, or even a more
precise choice of the particle trajectories in non-linear field maps within the same Liouville
approach. However, particle trackers, even when used for relatively simple transport
systems as the one considered in this paper, require from several minutes to tens of minutes
to complete a calculation. This is basically due to the fact that in the presence of high
losses, the number of particles to be followed in order to obtain a statistically representative
sample at the end of the simulation is of the order of millions at least. The latter problem is
bypassed by the Liouville approach that by definition follows all the particles at once. To
have an idea of the losses induced by our transport system we present Figure 5.

In this figure, the integral of the trace-space density (normalized to one at the origin) is
shown along the beamline. Due to the highly divergent source of ions, as well as broadband
in kinetic energy, which is typical in a laser-plasma acceleration context, and also due to the
quadrupole apertures (17 mm of radius, circular aperture), beam losses are unavoidable.
At the end of the line the amount of charge transported has decreased by over two orders
of magnitude. Nevertheless, by means of the results shown in Figure 5, it is possible to
retrieve the amount of charge entering the focusing system. In fact, from an absolute
calibration of the scintillator light vs. the proton flux, it has been possible to measure that
the amount of charge transported to the detector is ∼20 pC. According the Liouville model
of our beamline in terms of the result at Figure 5 we can then infer the amount of charge at
the entrance of Q1, i.e., ∼3 nC.
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Figure 5. Beam losses along the transport line, i.e., number of transported protons Np (normalized to
1 at the origin) calculated as integral of the phase space density.

5. Conclusions

The use of the analytic solution of the Liouville equation expressed in terms of expo-
nential operators has been demonstrated as a powerful tool to study complex dynamical
systems. The implementation of such approach to particle accelerators has been reported
in the past for studying the temporal profile evolution of ultra-relativistic electron bunches
in RF accelerators. In this paper we have generalized the approach for non-relativistic ion
beams generated by laser-plasma accelerators. Such beams present wide distributions,
which necessarily determine chromatic effects and losses in the transport lines after the
generation point. Here, we have demonstrated not only that the Liouville approach can
be a valid tool for reconstructing the envelope dynamics of the laser-accelerated particle
beams passing through a focusing system, but also that it can be a powerful online tool for
indirectly determining the beam temperature, i.e., the shape of the energy spectrum at least
in the mostly populated region, far from the cut-off. The algorithm exploits the chromaticity
of the system for associating a certain beam profile to a certain energy spectrum based on
the minimization of the differences between the measured and calculated profiles at the
observation plane. Moreover, the same approach allows a fast retrieval of the information
on the bunch charge at the entrance of the transport system. The advantage of using the
Liouville method instead of others (as particle trackers, for example) is that the solution
of the Liouville equation is generated within a fraction of second, therefore it is a good
candidate for online diagnostics and feedback in fast acquisition environments.
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Appendix A. Liouville Equation with Aperture Losses

Expressing the Liouville equation in full-derivative with respect to z, it is obtained:

dρE
⊥

dz
= ρE

⊥
∂ log A(x, y; z)

∂z
(A1)
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At this level the term on the right of the equation is a guess but we here demonstrate
that is correct. In fact, the solution of Equation (A1) is:

ρE
⊥ = A× ρE

⊥

∣∣∣
A=1

(A2)

The meaning of the above equation is evident: when A = 1, i.e., when there is no
loss in the system, the phase-space density is conserved, as expected from the Liouville
theorem. On the other hand, with losses, the phase space density is no longer constant
during the evolution of the particle ensemble. From another point of view we may observe
that in a conservative force field the Liouville operator at Equation (2) is unitary (hence the
Liouville theorem) but in a dynamical system with losses the same operator undergoes
the transformation L̂→ A× L̂, with A being a function of the time and coordinates with
absolute value . 1, which means that unitarity is lost.

Appendix B. Single-Particle Dynamics for the Case Relevant to This Paper

In this paper we study the proton transport along a beamline made by drifts and
quadrupolar magnetic fields. For the drifts in free space each proton follows the trivial
trajectory from an initial point zi to a final point z f :

θx,y(z f ) = θx,y(zi) (A3)

For the dynamics of the particles that pass inside the quadrupoles instead we obtain:

θx,y(z f ) = θx,y(zi) cos

(√
±qg√
2ME

z f

)
−
√
±qg√
2ME

{x, y}(zi) sin

(√
±qg√
2ME

z f

)
(A4)

It is straightforward to verify that, according to our previous definition of the force
field, the positive sign in Equation (A4) must be chosen for Q1 and Q3 concerning the y-
axis and for Q2 concerning the x-axis, while the negative sign for all other cases. The
single-particle dynamics along the full transport line is constructed piecewise using
Equations (A3) and (A4) while imposing continuity conditions. The so-obtained θx,y(z)
functions are plugged into Equation (5) together with the expression of the force field
(please notice that {x, y}(z) =

∫ z
0 θx,y(z′)dz′). The trace-space density can be thus immedi-

ately calculated at any z-plane.
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