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Abstract: We investigate the spatial z-correlators of meson operatorsin Ny =2+1+1+1
lattice QCD with optimal domain-wall quarks across eight temperatures ranging from
325 to 3250 MeV. The meson operators include a complete set of Dirac bilinears for ten
flavor combinations. Our findings reveal a hierarchical restoration of chiral symmetry in
QCD with (u,d, s, ¢, b) quarks, progressing sequentially from SU(2); x SU(2)gr x U(1) 4
to SU(3)r x SU(3)r x U(1) 4, then to SU(4)r x SU(4)r x U(1) 4, and finally to SU(5)1 x
SU(5)r x U(1) 4 as the temperature increases. Additionally, we explore the emergence of
the SU(2)¢s chiral-spin symmetry and compare the temperature windows for all flavor
combinations. Our results indicate that the temperature windows for the emergent SU(2)¢s
symmetry are primarily dominated by the @b and 5b sectors.

Keywords: high energy physics; chiral symmetry; lattice QCD; domain-wall fermions

1. Introduction

Understanding the symmetries of high-temperature QCD is a crucial first step in
determining the properties and dynamics of matter under extreme conditions. These studies
are essential for gaining insight into the mechanisms governing matter creation in the early
universe and for interpreting the results of relativistic heavy-ion collision experiments,
such as those conducted at the LHC and RHIC, as well as future electron—ion collision
experiments at planned electron—ion colliders. Lattice QCD provides a nonperturbative
framework to explore the symmetries of high-temperature QCD from first principles.
Since 1987 [1,2], numerous lattice studies have utilized the screening masses of meson
z-correlators to investigate the effective restoration of U (1) 4 and SU(2); x SU(2)R chiral
symmetries of u and d quarks in high-temperature QCD (see ref. [3] and references therein).
However, the hierarchical restoration of chiral symmetry in high-temperature QCD has not
been discussed or studied in the literature, with the exception of refs. [4,5].

In Ny = 24+ 1+1+1QCD with nonzero quark masses, the theory does not ex-
hibit SU(N)p x SU(N)g x U(1)4 chiral symmetry for any integer N from 2 to 5, due
to the explicit symmetry breaking induced by the quark masses. However, as the tem-
perature T increases, each quark gains thermal energy on the order of 7T, and even-
tually its rest mass energy becomes negligible when nT > m,;. Given that quark
masses span from a few MeV to several GeV, chiral symmetry is restored in a hierar-
chical manner as the temperature rises: first, the SU(2); x SU(2)g x U(1) 4 symmetry of
(u,d) quarks is restored, followed by the SU(3); x SU(3)g x U(1)4 symmetry of (u,d,s)
quarks, then the SU(4);, x SU(4)g x U(1) 4 symmetry of (u,d,s,c) quarks, and finally the
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SU(5)r x SU(5)r x U(1) o symmetry of (u,d,s,c,b) quarks. This hierarchical pattern was
first pointed out in ref. [4]. It is important to note that the top quark can be neglected
in QCD, as it is extremely short-lived, decaying into a W-boson and a b-quark (most fre-
quently), or an s- or d-quark (the rarest) before it can interact with gluons. Furthermore,
since the QCD action with nonzero quark masses does not possess exact chiral symmetries,
the term “hierarchical restoration of chiral symmetry” should be regarded as “hierarchical
emergence of chiral symmetry”.

In ref. [5], the hierarchical restoration of chiral symmetry was first observed in
Ny = 24+1+1 lattice QCD with (u,d,s,c) domain-wall quarks at the physical
point. The restoration progresses sequentially from SU(2); x SU(2)gr x U(1)4 to
SU(3)r x SU(3)r x U(1) 4, and subsequently to SU(4); x SU(4)r x U(1)4 as the tem-
perature increases from 190 MeV to 1540 MeV. While this observation provides strong
evidence supporting the hierarchical restoration of chiral symmetry in QCD, it remains in-
complete, as the emergence of SU(5); x SU(5)r x U(1) 4 symmetry for (u,4d,s,c,b) quarks
has not yet been verified. This limitation motivates the present study, which aims to
complete the picture of hierarchical chiral symmetry restoration in Ny = 2+1+1+1
lattice QCD.

However, simulating Ny = 2+ 1+ 1+ 1 lattice QCD with (u,d,s,c,b) quarks at
the physical point remains a grand challenge as discussed in Ref. [6]. To control both
discretization and finite volume errors, the constraints 2 < 0.03 fm and ML > 4 must be
satisfied, which necessitate a lattice size larger than 180° x N, exceeding the capabilities of
current lattice computations.

Since our primary objective is to observe the emergence of SU(5); x SU(5)gr x U(1) 4
symmetry in QCD with (u,d,s,c,b) quarks at temperatures T > Tf’lh > TS (see the
definition of leQ in (2)) after the restoration of SU(4)r x SU(4)r x U(1)4 symmetry
for (u,d,s, c) quarks at the lower temperature TS

cl’

dressed in lattice QCD with physical (s, ¢, b) quarks but unphysically heavy u/d quarks

this problem can be qualitatively ad-

(e.g., with M;~700 MeV). Under these conditions, simulations can be conducted on
40% x (64,20,16,12,10,8,6,4,2) lattices using a modest GPU cluster. The “zero” tem-
perature ensemble for the 40% x 64 lattice has already been generated in ref. [6], along
with the basic physical properties of mesons with flavor contents bb, bc, bs, and ¢c. In this
exploratory study, we generate eight ensembles at finite temperatures, summarized in
Table 1. Details of the simulation algorithms, the determination of the lattice spacing a, the
(s, ¢, b) physical quark masses, and the residual masses of (u/d, s, c¢,b) quarks have been
given in ref. [6] and the references therein. It is important to note that any results derived
from these ensembles are subject to systematic uncertainties arising from unphysically
heavy u/d quarks, as well as discretization and finite volume effects. These uncertainties
cannot be quantified within the present study, as the gauge ensembles include only a single
unphysical u/d quark mass, one spatial volume, and a single lattice spacing. Our goal
here is not to provide a precise determination of the temperatures for the hierarchical restoration
of chiral symmetry in Ny = 2+ 1+ 1+ 1 lattice QCD but rather to offer a qualitative picture of
the hierarchical restoration of chiral symmetry in this system. This work represents a first step
toward more precise determinations of leQ with controlled systematics in future lattice
studies, which will require simulations at the physical point and sufficiently large spatial
volumes, with lattice sizes exceeding 180° x Nj.
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Table 1. The lattice parameters and statistics of the eight gauge ensembles for computing
the meson correlators. The HMC simulations are performed with the Wilson plaquette gauge
action [7] at B = 6/¢° = 6.70, the two-flavor optimal domain-wall fermion action for u/d quarks [8,9],
and the exact one-flavor optimal domain-wall fermion action for s, ¢, and b quarks [10,11].
The lattice spacing 4 = 0.0303(2) fm is determined by Wilson flow [12,13] with the con-
dition (t*E(t))|;=t, = 0.3 and input /) = 0.1416(8) fm [14]. The bare quark masses are
(my, 4, ms, me, my)a = (0.010,0.015,0.200,0.850), where m1, mc, and my, are at the physical point,
while the u/d quarks are at the unphysical point with M;~700 MeV. The last four columns are the
residual masses [15] of u/d, s, ¢, and b quarks.

T

Ny N [MeV] Nconfs (mqa) res (msa)res (mca)res (mpa)res

40 20 325 306 8.21(33) x 1077 8.22(33) x 1077 8.70(33) x 1077 9.74(36) x 10~
40 16 406 382 9.35(28) x 1077 9.42(28) x 10~7 9.82(28) x 10~7 1.09(31) x 10~°
40 12 524 380 9.46(28) x 1077 9.46(28) x 10~7 9.74(28) x 10~7 1.08(31) x 107
40 10 650 260 9.12(33) x 1077 9.12(33) x 1077 9.25(34) x 10~/ 1.01(36) x 108
40 8 813 337 1.03(3) x 107® 1.02(3) x 107® 1.04(3) x 107  1.12(3) x 10~°
40 6 1084 411 1.03(3) x 107 1.03(3) x 107® 1.02(3) x 107®  1.07(3) x 10~
40 4 1626 337  1.13(4) x107° 1.13(4) x 107® 1.12(4) x 107®  1.13(4) x 10~
40 2 3252 727 1.7(5)x1077  1.7(5)x1077 19(5) x 1077 = 23(5) x 1077

In this study, we adopt the same strategy as in refs. [4,5] to examine the hierarchical
restoration of chiral symmetry in high-temperature QCD by analyzing the splittings of
meson z-correlators within symmetry multiplets. In general, the meson z-correlator, Cr(zT),
of the meson interpolator gI'Q is expressed as a function of the dimensionless variable:

n.a _ n

T = =
z Ntﬂ Nt/

)

where T = N%a is the temperature. For the classification of meson operators, along with
their names and notations, we refer to Table II in ref. [5]. Additionally, we adopt the
symmetry-breaking parameters as defined in ref. [5], following the same conventions and
notations used therein. For the convenience of the reader, we summarize our conventions
and notations in Appendix A.

We also recall the following notation introduced in ref. [5]:

TZQ = max(TfQ,TfQ), )
where T/9 and TqQ represent the temperatures at which the restoration of SU(2); x SU(2)g
and U(1) 4 chiral symmetries occurs respectively, as determined via meson z-correlators
with flavor content §Q. For T > T Cl , the theory exhibits the SU(2); x SU(2)g x U(1)4
chiral symmetry in the §Q sector.

Besides the hierarchical restoration of chiral symmetry, we are also interested in the
emergence of symmetries that are not inherent to the full QCD action but apply only to
specific components of it. One such example is the SU(2)cg chiral-spin symmetry (with
U(1) 4 as a subgroup) [16,17], which is a symmetry of the chromoelectric part of the quark—
gluon interaction and the color charge. Since free fermions and the chromomagnetic part
of the quark—gluon interaction do not possess SU(2)cs symmetry, its emergence in high-
temperature QCD suggests the possible existence of hadronlike objects predominantly
bound by chromoelectric interactions. The first indication of approximate SU(2)cg sym-
metry was observed in the multiplets of z-correlators of vector mesons at temperatures
T~220-500 MeV in Ny = 2 lattice QCD with domain-wall fermions [18]. In ref. [4], we
investigated the emergence of SU(2)cs symmetry in Ny = 2+ 1 + 1 lattice QCD with
optimal domain-wall quarks at the physical point. Our findings indicated that SU(2)cs
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symmetry breaking in the d sector of Ny = 241+ 1 lattice QCD is larger than that in
N = 2 lattice QCD at the same temperature, for both z-correlators and ¢-correlators of
vector mesons composed of # and d quarks. In ref. [5], our study was extended to all flavor
combinations (id, s, 5s, iic, 5¢, and ¢c), revealing that the temperature windows for the
emergence of SU(2)cs symmetry are predominantly dominated by iic and 5c sectors. In
this work, we further extend our investigation to N = 2+4+1+1+1 lattice QCD with
physical (s, ¢, b) quarks but unphysically heavy u/d quarks, with M, ~ 700 MeV.

The outline of this paper is as follows. In Section 2, we present the hierarchi-
cal restoration of chiral symmetry in Ny = 241+ 1+ 1 QCD, progressing from
SU(Z)L X SU(Z)R X U(l)A to SU(3)L X SU(3)R X U(l)A, then to SU(4)L X SU(4)R X U(l)A,
and finally to SU(5); x SU(5)r x U(1) 4. In Section 3, we estimate the approximate tem-
perature windows for the emergent SU(2)cs symmetry across ten flavor combinations.
Our findings indicate that the SU(2)cs symmetry is predominantly governed by the iib
and 5b sectors. In Section 4, we summarize our findings and provide concluding remarks.
The appendices contain supplementary details. Appendix A summarizes the notations and
conventions used in this paper. Appendix B estimates the variation of v/fy as M changes
from 700 MeV to 140 MeV (the physical point). Appendix C tabulates the numerical values
of kv, k1%, %, and kcg for zT =1, 2, and 3 in each flavor sector. Appendix D provides the
corresponding numerical values for Ny =2 + 1 + 1 lattice QCD at the physical point [5] at
zT =0.5,1,and 2.

2. Hierarchical Restoration of Chiral Symmetry

First, we recall the general features of symmetry-breaking parameters as discussed in
ref. [5].

In general, the degeneracy of any two meson z-correlators Cr, (zT) and Cr, (zT) with
flavor content §Q can be measured by the symmetry-breaking parameter

i ’CFA (ZT) — CrB (ZT) ’
xap(zT) = Cr,(zT) + Cr, (zT) ’

z > 0. 3)

If Cr, and Cr, are exactly degenerate at T, then x4p = 0 for any z, and the symmetry
is effectively restored at T. On the other hand, if there is any discrepancy between C4 and
Cp at any z, then x4p is nonzero at this z, and the symmetry is not exactly restored at T.
Here, the denominator of (3) serves as (re)normalization and the value of k45 is bounded
between zero and one. Obviously, this criterion is more stringent than the equality of
the ground-state screening masses, m%" = my", which are extracted from Cr, and Cr, at
large z.

For example, the effective restoration of SU(2); x SU(2)g chiral symmetry for any
gQ implies that the correlators of the vector and axial-vector mesons are identical at all
distances, i.e., Cy, (zT) = Cx, (2T), (k = 1,2,4) for any z at fixed T. Since each correlator
consists of contributions from both the ground state and excited states, the equality of
these correlators implies that the screening masses of the vector and axial-vector mesons
are identical for the ground state as well as for each excited state. Similarly, the effective
restoration of U(1) 4 symmetry for any §Q implies that the correlators of the pseudoscalar
and scalar mesons are equal at all distances, Cp(zT) = Cg(zT) for any z at fixed T. As with
the vector and axial-vector correlators, this equality indicates that the screening masses
of the pseudoscalar and scalar mesons are degenerate for both the ground state and each
excited state.

Therefore, examining the degeneracy of the correlators of symmetry partners at any z < N, /2
(accounting for the periodic boundary condition in the z direction) provides a more rigorous test of
symmetry restoration than focusing solely on the degeneracy of the ground-state screening masses
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at large distances. Consequently, the symmetry-breaking parameters presented in this work offer
more reliable insights into chiral symmetry breaking and restoration compared to approaches that
rely only on the degeneracy of ground-state screening masses of symmetry partners.

The SU(2); x SU(2)g symmetry breaking for any §Q sector can be measured by

kya(zT) = k z>0, (k=1,24). (4)

In principle, any component of (4) can serve as the SU(2); x SU(2)g symmetry-
breaking parameter. Due to the S; symmetry of the z-correlators, the k = 1 and k = 2
components are identical. To enhance the statistics, we average over k = 1 and k = 2
components to measure the SU(2);, x SU(2)g symmetry breaking.

In general, to determine to what extent the SU(2); x SU(2)g chiral symmetry is
restored, it is necessary to examine whether xy, is sufficiently small. To this end, we use
the following criterion for the manifestation of SU(2); x SU(2)g chiral symmetry at T for
a fixed zT:

kya(zT) < eya, 5)

where €y, is a small parameter which defines the precision of the chiral symmetry. For
fixed zT and ey, the temperature T, is the lowest temperature satisfying (5), i.e.,

kya(zT) < eyp for T > Te. (6)

The U(1) 4 symmetry breaking for any §Q sector can be measured by the z-correlators
in the pseudoscalar and scalar channels, with

|Cp(ZT) — Cs(ZT)|
Cp(zT) + Cs(zT) !

xps(zT) = z >0, @)

as well as in the tensor vector and axial-tensor vector channels, with

. ‘CTk(ZT) — CXk(ZT)’

N CTk(ZT)+CXk(ZT) !

wrx (zT) z>0, (k=1,2,4). (8)

In principle, (7) and any component of (8) can serve as the U(1) 4 symmetry-breaking
parameter. In the following, we use (8) with k = 4 to measure the U(1)4 symmetry
breaking. The reason for choosing the k = 4 component is for consistency since the k = 4
component of (8) is also needed to measure the U(1) 4 symmetry breaking in the multiplet
{Ca,,Cr,,Cx, } of the SU(2)cs chiral-spin symmetry which contains U(1) 4 as a subgroup.
(See the discussion in Section 3 and our notatations and conventions in refs. [4,5].)

Similar to (5), we use the following criterion for the manifestation of U(1) 4 symmetry
at T for a fixed zT:

krx(zT) < erx, )

where eTx is a small parameter which defines the precision of U(1) 4 symmetry. For fixed
zT and ery, the temperature T; is the lowest temperature satisfying (9), i.e.,

KTx(ZT) <erx forT > T;. (10)

Next, consider QCD with Ny quarks (91,92, - ,qu) where Ny > 2. As dis-
cussed in ref. [5], upon neglecting the disconnected diagrams in the meson z-correlators,
the SU(N)p x SU(N)g chiral symmetry of N (2 < N < Ny) quarks is manifested
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by the degeneracies of meson z-correlators in the vector and axial-vector channels,
C?}:j (z) = CZZj (z), (k =1,2,4), for all flavor combinations of N quarks (795,1,j=1,--- ,N).
Thus, to determine the temperature T; for the manifestation of the SU(N); x SU(N)g chi-
ral symmetry of N quarks, it needs to measure K?}Zj for all flavor combinations of N quarks,
and check whether they all satisfy (6) for fixed zT and ey4. This amounts to finding the

largest Tf 4 satisfying (6) among all flavor combinations of N quarks, i.e.,
TN = max(T?,i,j =1,2,--- ,N). (11)

Similarly, about the U(1) o symmetry of N (2 < N < Ny) quarks, upon neglecting the
disconnected diagrams in the meson z-correlators, it is manifested by the degeneracies of
meson z-correlators in the pseudoscalar and scalar channels, C?;qj (z) = Czi% (z), as well as
in the tensor vector and axial-tensor vector channels, CqT'jj (z) = C?éfj (z), (k=1,2,4), for
all flavor combinations of N quarks (7;9;,i,j = 1,-- -, N). To determine the temperature
Ty for the manifestation of U(1) 4 symmetry via the tensor vector and axial-tensor vector

channels, it needs to measure K‘%lg(] for all flavor combinations of N quarks, and check

whether they all satisfy (10) for fixed zT and erx. This amounts to finding the largest Tf “i
satisfying (10) among all flavor combinations of N quarks, i.e.,

TN = max(T{",i,j = 1,2,--- ,N). (12)

Then, for the ey and e7x specified in (6) and (10), the SU(N) x SU(N)g x U(1) 4
chiral symmetry is effectively restored at
TY = max(TN, T). (13)
At this point, we recall that, in QCD with N r>2 massless quarks, meson z-correlators
for the flavor singlet and nonsinglet states with the same quantum numbers (i.e., scalar,
pseudoscalar, vector, or axial-vector) become equal at temperatures above T, [19-22]. This
equality implies that disconnected diagrams are suppressed in meson z-correlators for
QCD with Ny > 2 massless quarks at T > T,. However, to what extent this suppression
persists in QCD with Ny = 2+1 +1 + 1 massive quarks remains unknown. We aim to
address this question through noise estimation of all-to-all quark propagators, an analysis
that is currently underway.

2.1. Results of kya and xrx

Now we proceed to investigate the hierarchical restoration of chiral symmetry in
Ny =241+ 1+ 1lattice QCD with physical s, c and b quarks but unphysically heavy u/d
quarks (with M,;~700 MeV).

First, we compute two sets of quark propagators with periodic and antiperiodic
boundary conditions in the z-direction while keeping the boundary conditions in the
(x,y, t)-directions the same—periodic in (x,y) and antiperiodic in ¢. Each set of quark
propagators is independently used to construct the z-correlators according to Equation (A1),
and their average is taken to obtain the final z-correlators. This procedure effectively cancels
the contributions of unphysical meson states at large distances [4].

Using these refined z-correlators, we compute the chiral symmetry-breaking parame-
ters ky4(zT) and xrx(zT), plotting them as functions of T for zT = (1,2,3) as shown
in Figures 1-3. The numerical values of xy4 and xrx are provided in Tables A3-A12
of Appendix C for each flavor sector: (id, iis, s, iic, 5c, iib, 5b, ¢c, b, Eb). The statistical
errors of xy4 and krx are estimated using the jackknife method with a bin size of
~10-15 configurations of which the error saturates.
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For the z-correlators, the possible values of zT at T = 1/(N;a) are given by {n, /Ny |
ny; =1,2,...,N;/2}. Thus, for N, = 40 and N; = (20,16,12,10, 8, 6,4,2), the number
of available temperature points is (8,5,3) for zT = (1,2, 3), respectively, as illustrated in
Figures 1-3 and Tables A3-A12 of Appendix C.

First, for each flavor content, ky4 (zT) and «rx (zT) at fixed zT is a monotonic decreas-
ing function of T. At each T, and for fixed zT, the chiral symmetry breakings due to the
quark masses of the meson operator can be seen clearly from xy,4 and kT, in the order of

id iIs 5s iic sc ib sb éc cb bb _
Ky <Ky <Ky <Kyt <Ky <Ky <Ky <Ky <Ky <Ky, Kg=Kya KTX. (14)
102 ud 102
]
107 4 % o 2T=3 1 10° 4
K =N —a—- ZT=2 K
VA N —e-- ZT=1 ™
N
104 4 \g\\\\\\\\\ 1 10 A
10 4 T 10
~~a
=
10 ; ‘ ‘ ‘ ‘ ‘ 10 ‘ ‘ ‘ ‘ ‘ ‘
00 05 10 15 20 25 30 35 00 05 10 15 20 25 30 35
T[GeV] T[GeV]
102 4 us , 102 4 us
]
] x
10 1 \ag —o—- 7T=3 10° 4 LN
Kva N T2 Krx
\\g\\\ —-- zT=1
10 1 N 1 10 4
\\&\\\\:\\\
10 \\\\\\:1\\5};2 ] 10
-3
10° ; ‘ ‘ ‘ ‘ ‘ 10 ‘ ‘ ‘ ‘ ‘ ‘
00 05 10 15 20 25 30 35 00 05 10 15 20 25 30 35
T[GeV] T[GeV]
102 4 ss J 102 |
x
103 4 =N o 7T=3 ] 103 4
—A—- ZT=2
Kya \\g\\\\\\\ - 2T Koy
104 e ] 104
10°% TR 10°%
10 ; ‘ ‘ ‘ ‘ ‘ 10 ‘ ‘ ‘ ‘ ‘ ‘
00 05 10 15 20 25 30 35 00 05 10 15 20 25 30 35
T[GeV] T[GeV]

Figure 1. The chiral symmetry-breaking parameters (x4, krx) in the (id, is, 5s) sectors.
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Figure 2. The chiral symmetry-breaking parameters (xy4, krx) in the (iic, 5c, iib, 5b) sectors.
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Figure 3. The chiral symmetry-breaking parameters (xy4, krx) in the (¢c, ¢b, bb) sectors.

It follows that for any ey in (6) and any eryx in (10), the flavor dependence of T, and
Tj is in the order of

TH < T < TS < TF < TE < TP < T < TE < T < T2V, (15)
TH < TP < TP < TP < T < T < T < T < T{ < T (16)

This immediately gives

TH < TH < TH < TH < TS < T < T < T <TY <TH, @)
and the hierarchic restoration of chiral symmetry in Ny =2+1+41+1QCD, ie., from
the restoration of SU(2);, x SU(2)g x U(1) 4 chiral symmetry of (u,d) quarks at T > T
to the the restoration of SU(3); x SU(3)r x U(1) 4 chiral symmetry of (u,d,s) quarks at
T > T3, then to the restoration of SU(4); x SU(4)r x U(1) 4 chiral symmetry of (u,d,s,c)
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quarks at T > T&, and finally to SU(5)1, x SU(5)g x U(1) 4 chiral symmetry of (u,d,s,c,b)
quarks at T > Tflb.

Thus, with the result of (17), our primary objective in this exploratory study (see the discussion
in Section 1)—to observe the emergence of SU(5)r x SU(5)r x U(1) 4 symmetry in QCD with
(u,d,s,c,b)—has been fulfilled. It is important to emphasize that our goal is to provide a qualitative
understanding of the hierarchical restoration of chiral symmetry in Ny = 241+ 1+ 1 lattice
QCD rather than to precisely determine the temperatures associated with this restoration.

In the following, we aim to estimate approximate values of T, and T; for each flavor
sector by solving Equations (6) and (10) through interpolation or extrapolation of the data
points for xy4 and k7.

For example, at zT = 1, if we impose ey4 = erx~0.025 as the criterion for chiral
symmetry restoration, then the values of x4 and k7 for the bb sector, as well as other
flavor contents, are all below 0.025 at T~3252 MeV as shown in Tables A3-A12. Conse-
quently, the SU(5);, x SU(5)r x U(1) 4 chiral symmetry of (u,d,s,c, b) quarks is restored
at Tf’lb ~3252(10) MeV, in accordance with Equation (13).

The next step is to determine TS, at which the SU(4);, x SU(4)g x U(1) 4 chiral sym-
metry of (u,d, s, c) quarks is restored. From Tables A6, A7 and A10, the values of xy4 and
krx for the (iic, 5¢c, ¢c) sectors decrease to approximately 0.025 at three different tempera-
tures: 406 < TY < 542 MeV, 406 < TS < 542 MeV, and 1084 < T% < 1626 MeV, following
the hierarchy T < T% < T% in (17). Consequently, the SU(4)1, x SU(4)g x U(1) 4 chiral
symmetry of (u,d, s, c) quarks is restored at T ~ 1385(50) MeV, estimated via piecewise
linear interpolation of xy4 and x1x between 1084 MeV and 1626 MeV. The uncertainty in
T. (T1) is estimated by comparing results from two different schemes: piecewise linear
interpolation of x4 (krx) and piecewise linear interpolation of log(xy4) (log(xrx)).

Similarly, from Tables A3-A5 for the (iid, iis, 5s) sectors, the values of xy4 and krx
fall below 0.025 at T ~ 325 MeV, the lowest temperature among the eight gauge ensem-
bles listed in Table 1. This indicates that the SU(3); x SU(3)g x U(1)4 chiral symme-
try of (u,d,s) quarks has been restored at T < 325 MeV. By applying piecewise linear
extrapolation of log(xy,) and log(xTx), we estimate T%; ~ 167(8) MeV. Here, the loga-
rithmic scale is preferred due to the observed linear behavior of log(xy,) and log(xrx)
versus T for the three lowest temperature data points at T = (325,406, 542) MeV. There-
fore, the SU(3)y x SU(3)gr x U(1)4 chiral symmetry of (u,d,s) quarks is restored at
T% ~ 167(8) MeV, implying that the SU(2);, x SU(2)g x U(1) 4 chiral symmetry of (u,d)
quarks should be restored at TC”_ld < 167 MeV. However, we do not attempt to estimate TC”_ld
via extrapolation, given the unphysically heavy u/d quarks used in this study.

To summarize the hierarchical restoration of chiral symmetry for ey4 = erx ~ 0.025
and zT = 1, we give the following;:

e First, the SU(2); x SU(2)g x U(1) 4 chiral symmetry of (u,d) quarks is expected to
be restored at Tfld < 167 MeV, but its precise determination is beyond the scope of
this study.

e As the temperature increases, the SU(3); x SU(3)g x U(1)4 chiral symmetry of
(u,d,s) quarks is restored at TS ~ 167(8) MeV.

e With further temperature increase, the SU(4), x SU(4)r x U(1) 4 chiral symmetry of
(u,d,s,c) quarks is restored at TS ~ 1385(50) MeV.

e Finally, the SU(5); x SU(5)r x U(1)4 chiral symmetry of (u,d,s,c,b) quarks is re-
stored at Tflb ~ 3252(10) MeV.

It should be emphasized that our results for leg are subject to systematic uncertainties
arising from unphysically heavy u/d quarks, as well as discretization and finite volume
effects. These uncertainties cannot be quantified in the present study, as the available

gauge ensembles include only a single unphysical u/d quark mass, one spatial volume,
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and a single lattice spacing. Our goal is not to provide a precise determination of T, (or T) for
each flavor content in Ny = 2+ 1+ 1+ 1 lattice QCD but rather to offer a qualitative picture
of the hierarchical restoration of chiral symmetry in the Ny = 2+ 1+ 1+ 1 lattice QCD as
demonstrated above. This work represents a first step toward more precise determinations of
T.1 with controlled systematics in future lattice studies, which will require simulations at
the physical point and sufficiently large spatial volumes (i.e., >180% x Nj).

Next, we demonstrate how T. and T; depend on eyy4 and eTx in (6) and (10). Since
K@Z 2 (K;zl;zz) at fixed zT is a monotonically decreasing function of T, it follows that T (T7)
increases as ey (eTx) decreases (i.e., the precision of chiral symmetry improves).

For example, consider the case at zT = 1 when both ey, and ey are decreased from
0.025 to 0.015. According to Tables A3-A5, at T = 325 MeV (the lowest temperature
of the gauge ensembles), the values of xy4 and krx for the (id,is,5s) sectors are all
significantly below 0.015. This suggests that the SU(3) x SU(3)r x U(1) 4 chiral symmetry
of (u,d,s) quarks must have been restored at T < 325 MeV. Using the piecewise linear
extrapolation of log(xy4) and log(krx), we estimate T ~ 240(10) MeV. The choice of
using logarithmic values instead of linear ones follows the same reasoning as in the case
where ey = erx ~ 0.025 at zT = 1. Thus, the restoration of SU(3); x SU(3)g x U(1)4
chiral symmetry occurs at T% ~ 240(10) MeV.

At higher temperatures, Tables A6, A7, and A10 show that the values of xy4 and xrx
for the (iic, 5c, cc) sectors decrease to approximately 0.015 at temperatures T%" ~ 542 MeV,
542 MeV < T < 650 MeV, and T% ~ 1626 MeV. Consequently, the SU(4)1, x SU(4)g x
U(1) 4 chiral symmetry of (u,d,s,c) quarks is restored at TS ~ 1626(20) MeV.

Turning to the bb sector, Table A12 indicates that for zT = 1, the values of xy4 and
krx remain above 0.015 even at T = 3252 MeV, the highest temperature among the eight
gauge ensembles studied. This implies that the SU(5); x SU(5)g x U(1) 4 chiral symmetry
of (u,d,s,c,b) quarks is restored only at Tflh > 3252 MeV. Using the piecewise linear
extrapolation of xy4 and krx, we estimate Tg’f’ ~ 3370(50) MeV.

This analysis demonstrates the hierarchical restoration of chiral symmetry in
Ny =2+1+1+1QCD for eyy = erx ~ 0.015 and zT = 1, progressing from the
restoration of SU(3);, x SU(3)g x U(1)4 for (u,d,s) quarks at T3] ~ 240(10) MeV, to
SU(4)r x SU(4)r x U(1)4 for (u,d,s,c) quarks at TS ~ 1626(20) MeV, and finally to
SU(5)L x SU(5)g x U(1)4 for (u,d,s,c,b) quarks at TCE{’ ~ 3370(50) MeV.

Clearly, regardless of how small ey4 and erx become, the hierarchical restora-
tion of chiral symmetry in QCD with (u,d,s,c,b) quarks will occur at progressively
higher temperatures.

2.2. Comparison with Ny = 2+ 1+ 1 Lattice QCD at the Physical Point

Now we compare the chiral symmetry-breaking parameters, xy4 and xrx, in
Ny =2+1+1+1lattice QCD with those in Ny =2+ 1+ 1 lattice QCD at the physical
point [5]. The numerical values for N = 241+1+41QCD are presented in Tables A3-A12,
while those for Ny =2+ 141 QCD can be found in Tables A13-A18. Figures 4 and 5 show
the values of xy4 and x7x at zT = 1 for both lattice setups.

For the (iid, iis, fic) sectors, significant discrepancies are observed, which can be at-
tributed to the unphysically heavy u/d quarks contributing to both the valence quark
propagators and the vacuum fluctuations in the sea.

For the 5s and 5c sectors, the values of ky4 and k7x in Ny =2+ 1+ 1+ 1 lattice QCD
are in good agreement with those in Ny = 2+ 1+ 1 lattice QCD at the physical point,
despite the presence of unphysically heavy u#/d quarks in the sea.



Symmetry 2025, 17,700

12 of 35
0.004 0.004
ud ol ud
i "~
00031 | 00031 _ |
|
|
Kva \ Krx :\
| .
00021 | e NE2+1+1+1 (this work) 0.002 1 Jt\ —o- NE2+1+1+1 (this work)
\ — -+ —  N=2+1+1 (Ref. [5)) \ —+— N=2+1+1 (Ref. [5])
0.001 1 \% 0.001 1
é\‘E}
0.000 1 s 4 T TmemE- ———8 0.000 - 4
00 05 10 15 20 25 30 00 05 10 15 20 25 30 35
T[GeV] T[GeV]
0.010 us 0.010 - us
0008 { | 0.008 1
|
K " .l ——= -~ NF2+1+1+1 (this work) «© M0 e —o-- N=2+1+1+1 (this work)
VA .? — =« —  NF=2+1+1 (Ref. [5]) TX | —— N=2+1+1 (Ref. [5])
00044 |
| 8
00024 | \
* s
0000 Mww Brm— e =
00 05 10 15 20 25 30 35
T[GeV] T[GeV]
0.05 0.05
uc i uc
3 = \ u
0.04 ! 0.04 !
\\ \\
| |
0.03 ! 0.03 - &
Kva I 1 o NE2+1+1+1 (this work) s \ - NZ2+1+1+1 (this work)
0.02 \ \ — % —  NF=2+1+1 (Ref. [5]) 0.02 \ —u— NF=2+1+1 (Ref. [5])
| &
0014 |\ 0.01
* Sel
0001 e T = 0.00 R s
00 05 10 15 20 25 30 35 00 05 10 15 20 25 30 35
T[GeV] T[GeV]

point [5].

Figure 4. Comparison of the chiral symmetry-breaking parameters, xy4 and xrx, in the (iid, is, iic)
sectors for lattice QCD with Ny = 2+1+1+ 1 (this work) and Ny = 2+ 1+ 1 at the physical

For the ¢c sector, the values of xy4 and x7x in N F=2+1+1+1 lattice QCD
are in reasonable agreement with those in Ny = 241+ 1 lattice QCD at the physical

point. However, discrepancies in the temperature range T ~ 400-1200 MeV are more
pronounced compared to those in the §s and 5c sectors. At a fixed temperature, xy4

and x7x in the N F=2+1+1+1 lattice QCD are consistently larger than those in
Nf =2+ 1+ 1 lattice QCD. Due to the limited number of data points in both lattice setups,

precisely quantifying these discrepancies remains challenging. Since both setups are subject
to discretization and finite volume uncertainties, these effects are likely the primary sources
of the observed differences. A more thorough understanding would require taking the
continuum and infinite volume limits for both lattice setups, which is beyond the scope of

this paper.
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Figure 5. Comparison of the chiral symmetry-breaking parameters, «y4 and xry, in the (3s,5c, ¢c)
sectors for lattice QCD with Ny = 2+1+1+ 1 (this work) and Ny = 2+ 1+ 1 at the physical

point [5].

Next, we compare T, (T7) between the two lattice setups for a given ey, (€7x). This
generally requires interpolation or extrapolation xy4 (k1x) to solve Equation (6) or (10),
which may introduce significant uncertainties due to the limited number of data points in

both setups.

This issue becomes particularly severe when ey, or erx falls below 0.01, as the ap-
proximate solutions for T, and T; extend into or beyond the range of the two highest-
temperature data points: (770,1540) MeV for Ny =2+ 1+ 1QCD and (1626,3252) MeV
for Ny = 2+1+41+1QCD. Consequently, the interpolation or extrapolation of ky4 and x7x
may introduce large uncertainties, leading to discrepancies of approximately 100-300 MeV
in the estimated values of T, and Tj. Furthermore, these two highest-temperature data
points correspond to the smallest values of N; = 4 and 2, which can introduce significant
discretization errors and distort the z-correlators, thereby affecting xy4 and xrx. In other
words, interpolation or extrapolation using only the two highest-temperature data points
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in each lattice setup is prone to large systematic errors. As a result, the discrepancies in T,
and T; between the two lattice setups may increase as ey4 and erx decrease—that is, as
higher precision in chiral symmetry is pursued.

In view of the above discussion, we set ey4 and ety to 0.1 and 0.05 (both smaller
than 0.01) and estimate approximate values of T. and T in the (5s,5c, ¢c) sectors for
two lattice setups.

In Tables 2 and 3, we compare T, and T; for the (Ss,5c,cc) sectors in two lattice
setups at zT = 1, with eyy = erx = 0.1 and 0.05. The values of T. and T; are obtained
by solving Equations (6) and (10) through the interpolation or extrapolation of xy4 and
xrx. The uncertainty in each T; (T7) is estimated by comparing results from two different
schemes: piecewise linear interpolation/extrapolation of xy, (x7x) and piecewise linear
interpolation/extrapolation of log(xya) (log(xrx))-

Table 2. Comparison of T5%, T5¢, and TS between Nf=2+1+1and Ny =2+1+1+1lattice QCD,
for zT =1 and eyy = 0.1 and 0.05, respectively.

Ne=2+141[5] Ny =241+ 1+ 1 (This Work)
eva 0.1 0.05 0.1 0.05
TS [MeV] 210(5) 240(10) <325 <325
T5¢ [MeV] 285(10) 360(10) 250(40) 370(10)
T¢ [MeV] 710(30) 965(50) 760(20) 1010(20)

Table 3. Comparison of T5°, T}, and T{° between N f=2+1+1and Ny =2+1+1+ 1lattice QCD,
for zT =1 and erx = 0.1 and 0.05, respectively.

Ny=2+1+1[5] Ny =2+1+ 1+ 1(This Work)
eTx 0.1 0.05 0.1 0.05
T3 [MeV] 210(5) 240(10) <325 <325
T [MeV] 295(10) 370(10) 270(30) 380(10)
Ti [MeV] 720(30) 1020(30) 800(50) 1060(20)
First, consider the 3s sector. For ey = erx = 0.1 and 0.05, T, and Ty of

Ny =2+1+1+1 lattice QCD cannot be determined using any of the two extrapolation
schemes mentioned above, as the values fall well below 325 MeV (the lowest temperature of
the gauge ensembles in this study). Consequently, a comparison in this case is not possible.

Next, consider the 5c and ¢c sectors. For eys = erx = 0.1 and 0.05, the values of T,
(T1) from Ny =2+1+ 1+ 1and Ny = 2+ 1+ 1 lattice QCD are in good agreement, within
the uncertainties due to interpolation.

Overall, the reasonable agreement of xy4 and x7x as well as T, and T; between
Ny =2+1+1+1lattice QCD and Ny =2 + 1 + 1 lattice QCD at the physical point [5] for
the (5s, 5¢c, éc) sectors highlights the consistency between these two lattice setups for the physical
s and ¢ quarks.

3. SU(2)cs Chiral-Spin Symmetry

In this section, we explore the emergence of approximate SU(2)cg chiral-spin symme-
tryin Ny =2+ 1+ 1 + 1 lattice QCD. Our results are subject to systematic uncertainties
arising from unphysically heavy u/d quarks, as well as discretization and finite volume
effects. These uncertainties cannot be quantified within this study, as the gauge ensem-
bles include only a single unphysical u/d quark mass, one spatial volume, and a single
lattice spacing. Rather than precisely determining the temperatures at which approxi-
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mate SU(2)cs chiral-spin symmetry emerges in each flavor sector, our aim is to provide a
qualitative picture of its behavior in Ny =2+ 1+ 1 + 1 lattice QCD.

First, we recall the SUcs symmetry-breaking and -fading parameters (xcg, k) as de-
fined in ref. [5], following the same notations and conventions.

In general, to examine the emergence of SU(2)cs symmetry, it needs to measure the
splittings in the SUcg(2) multiplet (A;, Ty, X4). Since the splitting of Ty and X4 has been
measured by the U(1) 4 symmetry-breaking parameter x7x (8) with k = 4, it remains to
measure the splitting of A; and X4 with

_ |CA] (ZT) — CX4(ZT)|
Ca, (2T) 4 Cx, (2T) ’

kax(zT) z>0, (18)

then taking the maximum of k47 and x7x as the SU(2)cs symmetry-breaking parameter,

Kcs = max(kax, KTx)- (19)

Note that x4 x in (18) is exactly the same as x 47 in ref. [5]. Here, we just change the
subscript from AT to AX for consistency since it refers to the splitting of the axial vector
A1 and the axial-tensor vector Xj.

As the temperature T is increased, the separation between the multiplets of
SU(2)cs and U(1) 4 is decreased. Therefore, at sufficiently high temperatures T > T,
the U(1)4 multiplet My = (P,S) and the SU(2)cs x SU(2)L x SU(2)g multiplet
M, = (V1, A1, Ty, X4) merge together, then the SU(2)cs symmetry becomes washed
out, and only the SU(2); x SU(2)g x U(1)4 chiral symmetry remains. Note that the
SU(2)cs x SU(2)p x SU(2)g multiplet My = (Vy, A4, T1, X1) never merges with My and
M, even in the limit T — oo, as discussed in Ref. [4]. Thus, My is irrelevant to the fading
of the SU(2)cs symmetry. Following Ref. [5], we use x(zT) to measure the fading of the
SU(2)cg symmetry:

| Ca, (2T) = Cx, (2T)
B CM() (ZT) - CMZ (ZT) ’

k(zT) z>0, (20)

where

CMO (ZT) = [CP(ZT) + CS (ZT)],

N~

Coy (2T) = % [Cy, (2T) + Ca, (2T) + Cr, (2T) + Cx, (2T)].

Thus, to determine to what extent the SU(2)cs symmetry is manifested in the z-
correlators, it is necessary to examine whether both «(zT) and xcs(zT) are sufficiently
small. For a fixed zT, the following condition

(xkcs(zT) < €cs ) A (K(ZT) < €fes ) (21)

serves as a criterion for the SU(2)cg symmetry in the z-correlators, where € is for the
SU(2)cs symmetry-breaking, while e fes for the SU(2)cs symmetry fading. For fixed zT,
(21) gives a window of T for the SU(2)cs symmetry. Obviously, the size of this window
depends on €¢s and €. Thatis, larger e or €7 gives a wider window of T, and conversely,
smaller € or €. gives a narrower window of T.
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3.1. Results of kcg and x

We now proceed to study the SU(2)cs symmetry in Ny = 2+ 1+ 1+ 1 lattice QCD,
incorporating physical s, ¢, and b quarks but unphysically heavy #/d quarks (M, ~ 700 MeV).

To this end, we first compute the z-correlators following the procedure outlined
in Section 2. We then evaluate the SU(2)cs symmetry-breaking parameter (xcg) and
the symmetry-fading parameter (x) and plot them as functions of temperature T for
zT = (1,2,3) as shown in Figures 6-8. The numerical values of xcs and « for each flavor
sector (#id, i1s, 3s, iic, 5c, i1b, 5b, ¢c, cb, bb) are tabulated in Tables A3-A12 in Appendix C. The
statistical error for each x¢g or x is estimated using the jackknife method with a bin size of
~10 — 15 configurations, of which the statistical error saturates.
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Figure 6. The chiral-spin symmetry-breaking and -fading parameters of the (iid, iis, 5s) sectors.
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Figure 7. The chiral-spin symmetry-breaking and -fading parameters of the (iic, 5c, itb, 5b) sectors.
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Figure 8. The chiral-spin symmetry-breaking and -fading parameters of the

(3¢, 3b, cb) sectors.

For the z-correlators, the possible values of zT at T = 1/(N;a) are

nz N;
— =1,2,...,— 5.
{ Nt | nZ 74y 7 2 }

Thus, for N, = 40 and N; = (20,16,12,10,8,6,4,2), the number of available tem-
perature points is (8,5,3) for zT = (1,2, 3), respectively, as illustrated in Figures 6-8 and
Tables A3-A12.

For the (iid, s, 8s, iic, 5¢, i1b, §b) sectors, we find that

kax(zT) > krx(zT) forall zT at the same T.

Thus, (19) gives kcs = k4x. However, for the (cc, ¢b, bb) sectors, we observe that

kax(zT) < xrx(zT)
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at low temperatures, while xx(zT) > «rx(zT) at high temperatures. Thus, (19) gives
kcs = krx at low temperatures but xcs = x4x at high temperatures. This results in an
abrupt transition at some intermediate temperature. This transition is evident in the left
panels of Figure 8.

In general, for any flavor content and at fixed zT, x is a monotonically increasing
function of T, while xcg is a monotonically decreasing function of T, except for the b
and 5b sectors as seen in Figure 7. Thus, for any given €. and €., we can determine the
temperature window satisfying the criterion (21) for each flavor content. Moreover, as €
or €. decreases, the window of T narrows and eventually vanishes.

We estimate the approximate T-window for each flavor sector by solving (21) through
interpolation or extrapolation of the available data points for xcg and «, as tabulated in
Tables A3-A12 in Appendix C. For zT = 1,2, and 3, we estimate the temperature windows
for all ten flavor sectors, as presented in Tables 4-6, across all values of €. and € Fess sampled
from (0.1, 0.15, 0.20). Each T-window is expressed in MeV, with uncertainties of approxi-
mately 10-20 MeV on both ends, combining statistical and interpolation/extrapolation un-
certainties in quadrature. If the lower bound of a T-window cannot be reliably determined
by extrapolation below 325 MeV, it is denoted as “ <325 MeV”. Likewise, temperatures that
cannot be reliably extrapolated below 650 MeV are represented as “ <650 MeV”.

Table 4. The approximate ranges of T satisfying the criterion (21) at zT = 1 for ten flavor contents.
The table lists all nonzero windows of T for all values of €.s and € fes sampling from (0.1,0.15, 0.20).
Each T window is in units of MeV, with uncertainties ~10-20 MeV on both ends of the window.

€cs €fes iid iis §s iic sc iib b éc b bb
0.20 020  590-635 590-635 590-635 510-620 510-625 <325-625  <325-630 <650-700 NULL NULL
0.20 0.15 NULL NULL NULL NULL NULL  <325-375 <325-385 NULL NULL NULL
0.15 0.20 NULL NULL NULL NULL NULL  <325-625 <325-630 NULL NULL NULL
0.15 0.15 NULL NULL NULL NULL NULL  <325-375 <325-385 NULL NULL NULL
0.10 0.20 NULL NULL NULL NULL NULL  <325-625  <325-630 NULL NULL NULL
0.10 0.15 NULL NULL NULL NULL NULL  <325-375  <325-385 NULL NULL NULL
0.10 0.10 NULL NULL NULL NULL NULL NULL NULL NULL NULL NULL
Table 5. Same as Table 4 except for zT = 2.
€cs  €fcs id iis 5s iic 5c itb sb éc cb bb
020 020 <650-1170 <650-1170 <650-1170 <650-1170 <650-1170 <325-1240 <325-1245 <650-1220 980-1375  1590-1740
020 015 <650-780  <650-780  <650-780  <650-780  <650-780  <325-825  <325-830  <650-860  980-1020 NULL
0.20 0.10 NULL NULL NULL <650-385  <650-390  <325-450  <325-460 NULL NULL NULL
015 0.20 NULL NULL NULL NULL NULL <325-1240 <325-1245 1175-1220 1190-1375 NULL
0.15 0.15 NULL NULL NULL NULL NULL <325-825  <325-830 NULL NULL NULL
0.15 0.10 NULL NULL NULL NULL NULL <325-450  <325-460 NULL NULL NULL
0.10 0.20 NULL NULL NULL NULL NULL <325-340  <325-335 NULL NULL NULL
010 0.15 NULL NULL NULL NULL NULL <325-340  <325-335 NULL NULL NULL
0.10 0.10 NULL NULL NULL NULL NULL <325-340  <325-335 NULL NULL NULL
Table 6. Same as Table 4 except for zT = 3.
€cs  €fcs iid iis 3s iic 3c iib sb éc éb bb
020 020 675-1640 675-1640 675-1640 610-1650 610-1650  <325-1730 <325-1735 <650-1680  980-1850  1580-2310
020 015 675-1140 675-1140 675-1140 610-1140 610-1140  <325-1235 <325-1240 <650-1200 980-1410  1580-1870
0.15 020 1345-1640 1345-1640 1345-1640 1330-1650 1330-1650 1190-1730  1190-1735 1315-1680 1315-1850  2030-2310
0.20 0.10 NULL NULL NULL 610-630 610-630 <325-705  <325-710  <650-710 NULL NULL
015 0.15 NULL NULL NULL NULL NULL 1190-1235  1190-1240 NULL 1315-1410 NULL
0.15 0.10 NULL NULL NULL NULL NULL NULL NULL NULL NULL NULL
0.10 0.10 NULL NULL NULL NULL NULL NULL NULL NULL NULL NULL

Tables 4-6 show that as (e, € fcs) decrease from (0.20, 0.20) to (0.15, 0.15), and further
to (0.10, 0.10), the T-windows for all flavor sectors progressively shrink and eventually
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vanish, except for the itb and 5b sectors, which retain nonzero T-windows. This indicates
that the T-windows of the emergent SU(2)cs symmetry are primarily dominated by the b
and 5b sectors, composed of the heaviest b quark and the light quarks of the system.

Notably, in lattice QCD with (u,d,s,c) quarks, the T-windows of the emergent
SU(2)cs symmetry are predominantly governed by the iic and 5c sectors, composed of
the heaviest ¢ quark and the light quarks of the system, as reported in ref. [5]. Comparing
these two lattice setups suggests an important universal feature of any QCD system: the
T-windows of the emergent chiral-spin symmetry are primarily dominated by the sectors involving
the heaviest quark and the light quarks of the system.

The results in Tables 4—6 also indicate that the most favorable channels for detecting
the emergence of SU(2)cg symmetry in QCD with (u,d, s, ¢, b) quarks are in vector mesons
with flavor contents b (db) and 5b. This finding may have phenomenological implications for
observing SU(2)cs symmetry in relativistic heavy-ion collisions at experiments such as the
LHC and RHIC.

Moreover, this suggests that hadron-like objects, particularly vector mesons with
flavor contents 3b and b (db), are more likely to be predominantly bound by chromoelectric
interactions into color singlets at temperatures within their respective T-windows of the emer-
gent SU(2)cs symmetry. This is notable because neither the chromomagnetic part of the
quark—gluon interaction nor the noninteracting theory with free quarks possesses any
SU(2)cs symmetry.

It is important to note that since the u/d quarks are unphysical and the gauge ensem-
bles are limited to a single lattice spacing and spatial volume, we cannot determine the T
windows of any flavor sector in the physical limit. However, we expect that, in the physical
limit, the vector mesons in the 5b sector will remain one of the most favorable channels for
detecting the emergent SU(2)cs chiral-spin symmetry, and these hadron-like objects will
predominantly be bound by chromoelectric interactions into color singlets.

3.2. Comparison with Ny = 2+ 1+ 1 Lattice QCD at the Physical Point

In the following, we compare the SU(2)cs symmetry-breaking and -fading parameters
(kcs and «), as well as the temperature windows for the emergent SU(2)cs chiral-spin
symmetry, between Ny =2+ 1+ 1+ 1QCD (this work) and Ny =2 +1+ 1 QCD at the
physical point [5].

The numerical values of xcs and « for Ny = 2+1+1+1 QCD are provided in
Tables A3-A12 of Appendix C, while those for Ny = 2+ 1+ 1 QCD can be found in
Tables A13—-A18 of Appendix D.

As an example, we compare the SU(2)cs symmetry-breaking and -fading parameters
(kcs and «) at zT = 1 for both lattice setups as shown in Figures 9 and 10.

First, we observe that for any flavor sector with T > 325 MeV, kcs in Ny =2+1+1+1
QCD is larger than in Nf=2+1+1 QCD, while x in Np=2+1+1+1 QCD is smaller
thanin Ny =2 +14 1 QCD. Since x¢s is a monotonically decreasing function of T, while
is a monotonically increasing function of T, it follows that for any given s and €y in (21),
both the lower and upper bounds of each T-window for the emergent SU(2)cs symmetry in
Ny =2+41+1+1QCD occur at higher temperatures than those in Ny =2+1+1QCD.

For instance, for ecs = epcs = 0.20, the corresponding results are summarized in
Table 7. The lower and upper bounds of each T-window, along with their uncertainties, are
estimated through piecewise linear interpolation of xcg and «. Clearly, for any flavor sector,
the T-window in Ny = 2+ 1+ 1+ 1 QCD shifts to a higher temperature range compared
to thatin N = 24141 QCD, while also expanding in size.
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Figure 9. Comparison of the SU(2) ¢ chiral-spin symmetry-breaking and -fading parameters (xcg, «)
at zT = 1, for the (id, s, iic) sectors of lattice QCD with N = 2+1+1+1 (this work) and
Ny =2+1+1 at the physical point [5].

Table 7. Comparison of the approximate temperature windows for the SU(2)cs emergent symmetry
between Nf =2+1+1and Nf =2+1+1+1lattice QCD, for zT = 1 and €, = €fes = 0.20. All
temperatures are given in MeV.

Flavor Content

Ny =2+1+1[5]

Ny =2+1+1+1(This Work)

o @@ §| &I §l

485(10)-490(20)
485(10)-490(20)
370(10)-480(20)
475(10)-495(20)
400(20)-485(15)
NULL

590(20)-635(15)
590(20)-635(15)
510(20)-620(15)
590(20)-635(15)
510(20)-625(15)
630(10)-700(20)
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Figure 10. Comparison of the SU(2).g chiral-spin symmetry-breaking and -fading parameters
(xcs, k) at zT = 1, for the (3s, 3¢, cc) sectors of lattice QCD with Nf =2+ 1+ 1+ 1 (this work) and
Nf=2+1+1at the physical point [5].

To better understand this behavior, we compare the T-window for the emergent
SU(2)cs symmetry in the iid sector between Ny = 2 + 1 + 1 lattice QCD at the physical
point [5] and N = 2 lattice QCD near the physical point [18].

Specifically, for e;s = €fes = 0.2 atzT =2, the T-window in Ny =2 lattice QCD
spans approximately 320-500 MeV, whereas in Ny = 2+ 1 + 1 lattice QCD, it shifts to
610(15)-730(15) MeV. This indicates that the presence of dynamical s and ¢ quarks, which
are significantly heavier than the light # and d quarks, raises both the lower and upper
bounds of the T-window in the 7d sector while also reducing its size.

Synthesizing these findings with our earlier discussions, we obtain a universal feature
of the emergent chiral-spin symmetry in any QCD system:
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Increasing the number of dynamical heavy quarks shifts the T-windows for SU (2)cg symmetry
to higher temperature ranges, and these windows are primarily dominated by the sectors involving
the heaviest quark and the light quarks of the system.

This constitutes one of the interesting findings of our study.

However, given the different lattice spacings inthe Ny =2/2+1+1/2+1+1+1
ensembles and the associated discretization errors—as well as the unphysical u/d quark
masses in the Ny = 2+ 1+ 1+ 1 lattices—it remains an open question whether this feature
persists in the physical limit; that is, with (u,4d, s, ¢, b) quarks at the physical point across
all lattice setups, in the continuum and infinite volume limits. If confirmed, this would
reflect a nontrivial realization of nonperturbative QCD dynamics of increasing the number
of heavy dynamical quarks at high temperatures. This effect is revealed through changes of
the splitting in the SU(2)cs multiplet (A1, Ty, X4) as measured by the SU(2)cs symmetry-
breaking parameter x 4 x (18), and the ratio of the splitting to the distance between the U(1) 4
multiplet My = (P, S) and the SU(2)cs x SU(2);, x SU(2)g multiplet My = (V3, Ay, Ty, X4)
as measured by the SU(2)cs symmetry-fading parameter « (20).

3.3. Comparison Between ky and xcg

Finally, we compare the precision of symmetry between the SU(2)cg chiral-spin
symmetry and the SU(2); x SU(2)g chiral symmetry. This comparison provides critical
insights into the interplay of chiral and chiral-spin symmetry manifestations in lattice QCD.

To this end, we compute the ratio of their symmetry-breaking parameters, «y, /«cs,
for all flavor contents as shown in Figure 11 for zT = 1, 2, and 3. Notably, for each
flavor content, the ratio xy,/xcs decreases monotonically with T and remains nearly
constant across all zT at a fixed T. This behavior strongly suggests the emergence of an
SU(2)cs x SU(2)1 x SU(2)g symmetry once the SU(2)cs symmetry arises within the tem-
perature windows satisfying the criterion (21). Furthermore, this observation hints at the pos-
sible manifestation of a larger SU(4) symmetry, which contains SU(2)cs x SU(2); x SU(2)r
as a subgroup [16,17].

KyalKes
)

{-==ss == {10

500 1000

2500 3000 3500 500 1000 1500 2000 2500 3000 3500 500 1000 1500 2000 2500 3000 3500

10

T[MeV] T[MeV]

Figure 11. The ratio of the chiral symmetry-breaking parameter xy,4 and the chiral-spin symme-
try breaking parameter xcg as a function of T, for all flavor combinations and zT = 1,2, and 3,
respectively.

To fully investigate the SU(4) symmetry, it is necessary to examine the degeneracies
of SU(4) multiplets, including flavor singlets of | = 1 mesons. However, the z-correlators
for these multiplets involve disconnected diagrams, which are not included in this study.
Instead, we will address this by analyzing the degeneracies in the chiral susceptibilities of
the multiplets using all-to-all quark propagators estimated with Z, noise.

Moreover, the hierarchy of the ratio R = xy,4 /xcs follows the same order as (15) and
(16),i.e.,
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R™ < R™ < R¥ < R™ < R < R™ < R < R < R® < R¥, (22)

for all zT at fixed T. However, this hierarchy does not necessarily imply that the emergence
of SU(2)cs symmetry follows the same order, as the fading of SU(2)cs symmetry must
also be considered. This is evident from the temperature windows for the emergence of
SU(2)cs symmetry as detailed in Tables 4-6.

If we compare xcs and xy4 on an equal footing, Figure 11 reveals that the
SU(2)1 x SU(2)R chiral symmetry (as well as U(1) 4 since k7x = ky,) is significantly more
precise than the SU(2)cg chiral-spin symmetry in the (#id, iis, 5s) sectors involving light
quarks, with «ya /xcs S 102. In the heavy-light quark sectors (iic, 5c, iib, 5b), the chiral
symmetry remains slightly more precise than the chiral-spin symmetry, with xy, /xcg < 0.5.
In contrast, for sectors containing only heavy quarks (¢c, cb, bb), the precision of the chiral
and chiral-spin symmetries becomes comparable as indicated by «y, /xcs S 1. This pro-
vides a qualitative picture of how the relative strength of the chiral-spin symmetry versus
the chiral symmetry varies with quark content.

4. Concluding Remarks

In this study, we have generated eight gauge ensembles of Ny =2+ 1+ 1+ 1 lattice
QCD with physical (s, ¢, b) quarks but unphysically heavy u/d quarks with M, ~ 700 MeV,
on the 40% x (20,16,12,10,8,6,4,2) lattices with lattice spacing a ~ 0.03 fm, for tempera-
tures in the range of 325-3250 MeV as summarized in Table 1.

Using these eight gauge ensembles, we computed the meson z-correlators for the
complete set of Dirac bilinears (scalar, pseudoscalar, vector, axial vector, tensor vector, and
axial-tensor vector), and each for ten combinations of quark flavors (id, s, s, iic, 5c, iib, 5b,
cc, ¢b, bb). Then, we used (6) and (10) to determine T, and T; for each flavor combination
and obtain the hierarchy of restoration of chiral symmetry, in the order of

TH < T < TS < TR < T < TR < TP < 7% < T? < T%, T, = max(T,, Ty),

which immediately gives the hierarchical restoration of chiral symmetry in Ny =2+1+1+1
QCD, i.e., from the restoration of SU(2); x SU(2)gr x U(1)4 chiral symmetry of (u,d)
quarks at T to the SU(3)1, x SU(3)g x U(1) 4 chiral symmetry of (u,d,s) quarks at T*;,
then to the SU(4) x SU(4)g x U(1) 4 chiral symmetry of (u,d,s,c) quarks at T%, and
finally to the SU(5); x SU(5)r x U(1) 4 chiral symmetry of (u,d,s,c,b) quarks at Tf’f’.

One of the key phenomenological outcomes of the hierarchical restoration of chiral
symmetry is the sequential pattern of hadron dissolution as the temperature is increased
successively, resulting in a hierarchy in both the dissolution of hadrons and their suppres-
sion within the quark—gluon plasma. This can be seen as follows. Theoretically, a meson
with quark content §Q dissolves entirely when § and Q become deconfined. This occurs
when the screening mass of the meson exceeds that of the corresponding noninteracting the-
ory with free quarks of the same masses of g and Q. It is expected that ng > ng(free) ata
temperature TgQ > Tffg, where the chiral symmetry SU(2); x SU(2)g x U(1) 4 of gTQ has
been effectively restored. For Ny = 2+1+1 + 1 lattice QCD, this implies that the hierarchy
of meson dissolution is exactly the same as that of chiral symmetry restoration (17), i.e.,

T < T < TP < T < T < TP < TP < T < T < T, (23)

This hierarchy predicts the gradual suppression of mesons within the quark—gluon
plasma, potentially observable in relativistic heavy-ion collision experiments, such as those
conducted at the LHC and RHIC. This notion builds on the pioneering work [23], which
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proposed that the dissolution of | /1 mesons in the quark—gluon plasma would manifest as
suppressed production in heavy-ion collision experiments.

Regarding the emergent SU(2)cg chiral-spin symmetry, it is intriguing to observe
that the temperature windows meeting the criterion (21) are dominated by the channels
of heavy vector mesons with flavor contents b and 3b as indicated by Tables 4—6. These
results represent the first findings in lattice QCD and suggest that, within their respective
temperature windows, hadronlike states—especially #ib and 5b vector mesons-are likely
bound into color singlets by chromoelectric interactions. This is notable because neither
the chromomagnetic part of the quark—gluon interaction nor the noninteracting theory
with free quarks possesses any SU(2)cs symmetry. Furthermore, these findings offer
valuable insights for exploring the emergent SU(2)cs symmetry in relativistic heavy-ion
collision experiments, such as those conducted at the LHC and RHIC, by focusing on meson
channels with b, db and 5b quark contents.

By comparing the T-windows for the emergent SU(2)cs symmetry across different
lattice QCD setups, we obtained a universal feature of chiral-spin symmetry in any QCD
system. Specifically, we analyzed the following:

1. The id sector in Ny = 2 lattice QCD near the physical point [18] versus Ny =2 +1+1
lattice QCD at the physical point [5].

2. The (id, s, fic, s, 5c, éc) sectors in Ny = 2+ 1 + 1 lattice QCD at the physical point [5]
versus Ny = 2+ 1+ 1+ 1 lattice QCD in this work.

From these comparisons, we deduce the following universal feature of chiral-spin
symmetry in any QCD system: Increasing the number of dynamical heavy quarks shifts the T-
windows for SU(2)cg symmetry to higher temperature ranges, with these windows being primarily
dominated by the sectors involving the heaviest quark and the light quarks of the system. However,
given the different lattice spacings in the Ny =2/2+1+1/2+1+1 + 1 ensembles and
the associated discretization errors—as well as the unphysical u/d quark masses in the
Ny =2+1+1+1 lattices—it remains an open question whether this feature persists in
the physical limit; that is, with (u,d, s, c,b) quarks at the physical point across all lattice
setups, in the continuum and infinite volume limits.

To understand the nature of mesonlike states in the | = 1 channels (i.e., V}, A, Ty, and
X)) which are relevant to the emergent SU(2)cs symmetry, it is essential to analyze the
behavior of their spectral functions as the temperature increases. If bound-state peaks are
found within the temperature ranges where the SU(2)cs symmetry holds, and these peaks
gradually broaden and eventually vanish as T rises beyond these ranges, it would suggest
that the degrees of freedom in these mesonlike objects correspond to color-singlet mesons, as
opposed to deconfined quarks and gluons. To investigate this, one could consider extending
the method used in refs. [24-26] for | = 0 mesons to the | = 1 mesons. Additionally, it is
necessary to compute the spatial z-correlators of vector mesons to high precisions, free of the
contribution of unphysical meson states even at large distances, in order to reliably extract
the damping factor for each | = 1 meson channel. The prescription used in ref. [4] (to
compute two sets of quark propagators with periodic and antiperiodic boundary conditions
in the z direction) provides an effective way to eliminate the contribution of unphysical
meson states to the z-correlators and offers a promising way to achieve this goal.
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Appendix A. Notations and Conventions

This appendix summarizes the notations and conventions in this paper, which have
been used in refs. [4,5].

The correlation function of meson interpolator §;I'g, on a lattice with (Ny, Ny, Nz, Ni)
sites is measured according to the formula

Cr(x) = (@lg2)x(T@Ig2)h) = (| T(Dc +m)g LD +ma)3]) (A1)
where (D, 4 m,) ! denotes the valence quark propagator with quark mass i, in lattice
QCD with exact chiral symmetry, t¥ denotes the trace over the color and Dirac indices, and
the brackets (- - - ) .onfs
lattice site x is understood to stand for (x1, x2, x3,x1) = (x,,2,t), and the overall + sign

denote averaging over the gauge configurations. Here, the label of a

due to 74Ty, = £T has been suppressed. The z-correlator of the meson interpolator ;g2
is defined as

Y Cr(x), (A2)

X1,X2,X4

where T = 1/(N;a) is the temperature. In general, the meson z-correlator is expressed as a
function of the dimensionless variable

n,a n,

T = = —
z Nta Nt

(A3)

and is denoted by Cr(zT).

The meson interpolators are classified according to their transformation properties as
listed in Table A1. Due to the degeneracy (the S, symmetry) between the k = 1 and k = 2
components of the z-correlator for any vector meson, only the k = 1 component is explicitly
presented in this paper. In other words, the k = 2 components of all meson z-correlators, as
well as symmetry-breaking parameters involving k = 2 components, are omitted.

Table A1. The classification of meson interpolators §;T'g, and their names and notations.

Name and Notation I’ (for z Correlators)
Scalar (S) 1
Pseudocalar (P) Y5
Vector (V%) 7% (k=1,2,4)
Axial vector (Ay) Y5y (k=1,2,4)
Tensor vector (Ty) r3vr (k=1,2,4)
Axial-tensor vector (Xj) r5v3vk (k=1,2,4)

Appendix B. Relationship Between 1/t and M

In this appendix, we estimate the variation of \/fy as M,; changes from 700 MeV to
the chiral limit in lattice QCD with Ny = 2 optimal domain-wall quarks. This serves
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as an estimate for the variation of \/fy under the same conditions for lattice QCD with
Np=2+1+1+1 optimal domain-wall quarks, where the masses of the s, ¢, and b quarks
remain fixed. Note that performing this analysis directly for the latter case would require
simulations on lattices with lattice size >>180* and lattice spacing a ~ 0.03 fm, which is
infeasible for the lattice community in the near future.

For this analysis, we use results from eight Ny = 2 gauge ensembles with
My ~ 228-565 MeV, as reported in ref. [9], along with a newly generated ensemble with
Mz ~ 700 MeV. Table A2 summarizes the relevant results, including m,, a, My, Vto/a, and
V/fo. The first eight rows for a and M, are taken from Tables 1 and 3 of ref. [9], while the
corresponding values for \/fy/a and \/f are obtained in ref. [27] as part of the determina-
tion of \/fp = 0.1415(9) fm for lattice QCD with N = 2 optimal domain-wall quarks in the
chiral limit. The data in the last row of Table A2 are obtained in the present work.

As detailed in ref. [9], the lattice spacings listed in the second column of Table A2 are
determined using the heavy quark potential with the Sommer parameter rg = 0.49 fm. The
pion masses in the third column are extracted from the ground state of the pseudoscalar
time-correlation function. The values in the fourth column are obtained by the Wilson flow
with the condition (t*E(t)}|;—¢, = 0.3, and the fifth column combines the inputs from the
second and fourth columns.

Table A2. The relationship between \/fg and M in Ny = 2 lattice QCD with optimal domain-wall
quarks. See text for details.

mya a [fm] M, [GeV] Vtola v/to [fm]
0.0100 0.1045(13) 0.2275(76) 1.3533(53) 0.1414(18)
0.0200 0.1051(10) 0.3089(49) 1.3461(38) 0.1415(14)
0.0300 0.1060(12) 0.3672(56) 1.3295(48) 0.1409(17)
0.0400 0.1071(16) 0.4135(93) 1.3253(31) 0.1418(24)
0.0500 0.1078(16) 0.4586(100) 1.3041(35) 0.1406(21)
0.0600 0.1089(11) 0.4976(59) 1.3004(33) 0.1416(15)
0.0700 0.1097(10) 0.5327(74) 1.2945(41) 0.1420(14)
0.0800 0.1105(14) 0.5654(78) 1.2875(35) 0.1423(18)
0.1226 0.1144(10) 0.7007(57) 1.2427(43) 0.1422(13)

From the last column of Table A2, it is evident that \/f) remains approximately constant
for My ~ 228-700 MeV, with variations well within the error bars. Consequencely, the
value of \/fy at M ~ 140 MeV is expected to fall between its values at M ~ 228 MeV and
in the chiral limit [27], i.e., 0.1414(18) fm < \/fg < 0.1415(9) fm. Thus, the difference in /%y
between /) = 0.1422(13) fm at M ~ 700 MeV and its estimated value at M, ~ 140 MeV
is 0.0008(16) fm, which lies within their respective error margins.

Similarly, the difference between /fy = 0.1422(13) fm at M, =~ 700 MeV for Ny =2
lattice QCD with optimal domain-wall quarks and /#y = 0.1416(8) fm, as determined by
the MILC Collaboration for Ny = 2+ 1 + 1 lattice QCD with highly improved staggered
quarks at the physical point and in the continuum limit, is 0.0006(15) fm, also within their
error margins. Therefore, it is reasonable to use /fyp = 0.1416(8) fm as determined by
the MILC Collaboration, as an input parameter to set the lattice spacing for the gauge
ensemble generated by lattice QCD with Ny =2+ 1+ 1+ 1 optimal domain-wall quarks
at M, ~ 700 MeV, as detailed in ref. [6].

Appendix C. Symmetry-Breaking Parameters of N F=24+1+1+4+1
Lattice QCD

In this appendix, the numerical values of xy4, ¥1x, k, and xcg are tabulated for zT =1,
2, and 3, and for each flavor sector, respectively. For the z correlators, the possible values
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of zT at T = 1/(Na) are {n,/Ny,n, =1,2,---
16,12,10, 8, 6, 4, 2), the number of available temperatures are (8,5, 3) for zT =
shown in Tables A3-A12.

The error in the parenthesis of each entry is statistical, which is estimated by the jack-

,Nz/2}. Thus, for N; = 40 and N; = (20,
(1,2,3) as

knife method with the binsize of 10-15 configurations of which the statistical error saturates.
Due to the single spatial volume and one lattice spacing of this study, the systematic errors
due to finite lattice spacing and finite volume cannot be estimated. Similarly, systematics
due to the unphysically heavy u/d quark masses also cannot be estimated. In other words,
the precise values of xy4, kT, k, and «cg at each temperature have not been determined in
this study. Nevertheless, the patterns of hierarchical restoration of chiral symmetry as well
as the emergence of approximate chiral-spin symmetry in high temperature QCD can be
unveiled from these data.

Table A3. The symmetry-breaking parameters of the iid sector in Ny =2+ 1+ 1+ 1 lattice QCD.

T Nt zT kVA kTX K kcs
325 20 1 3.363(56) x1073 3.64(7) x 1073 0.1282(49)  0.2847(83)
406 16 1 1.808(46) x 1073 2.01(5) x 1073 0.1399(33)  0.2493(73)
542 12 1 7.76(15) x 10~* 8.79(16) x 10™4 0.1719(39)  0.2076(42)
650 10 1 4.38(6) x 107* 5.003(65) x 104 0.2051(42)  0.1900(44)
813 8 1 2.37(3) x 107* 2.721(32) x 1074 0.2267(34)  0.1738(36)
1084 6 1 1.0771(53) x 1074 1.2521(74) x 10™* 0.285(3) 0.1573(17)
1626 4 1 3.476(12) x 1075 3.889(15) x 107 0.3945(14)  0.1334(6)
3252 2 1 3.818(72) x 10~ 2.900(68) x 107° 0.5953(3) 0.0749(1)
650 10 2 5.218(96) x 1074 5.51(11) x 1074 0.1327(47) 0.195(9)
813 8 2 2.791(41) x 1074 2.946(44) x 1074 0.1542(47)  0.1817(61)
1084 6 2 1.2418(79) x 1074 1.3292(94) x 107%  0.1895(39)  0.1568(37)
1626 4 2 3.937(16) x 107 3.957(18) x 107° 0.2570(24)  0.1241(16)
3252 2 2 5.411(65) x 10~° 2.583(84) x 107° 0.4841(8) 0.0770(2)
1084 6 3 1.35(1) x 1074 1.392(11) x 1074 0.1448(34)  0.1694(45)
1626 4 3 4.105(17) x 1072 3.887(22) x 107° 0.1982(28)  0.1290(22)
3252 2 3 7.901(65) x 1076 3.67(11) x 107 0.4009(12)  0.0798(3)

Table A4. The symmetry-breaking parameters of the iis sector in Ny = 2+ 1+ 1+ 1 lattice QCD.

T N; zT kyva krx K kcs

325 20 1 5.031(83) x10~3 5.5(1) x 1073 0.1281(49)  0.2844(83)
406 16 1 2.708(69) x 1073 3.015(75) x 1073 0.1398(33)  0.2491(73)
542 12 1 1.163(23) x 1073 1.317(24) x 1073 0.1718(39)  0.2075(42)
650 10 1 6.573(90) x 1074 7.502(97) x 107*  0.2051(42)  0.1900(44)
813 8 1 3.558(45) x 1074 4.082(48) x 1074 0.2267(34)  0.1738(36)
1084 6 1 1.616(8) x 1074 1.878(11) x 10~* 0.285(3)  0.1574(17)
1626 4 1 5.212(20) x 1072 5.832(25) x 107 0.3945(14)  0.1334(6)
3252 2 1 5.727(87) x 10~© 4.350(79) x 107° 0.5953(3)  0.0749(1)
650 10 2 7.83(14) x 1074 8.26(16) x 104 0.1327(47)  0.1948(90)
813 8 2 4.187(62) x 1074 4.419(65) x 1074 0.1542(47)  0.1817(61)
1084 6 2 1.863(12) x 1074 1.994(14) x 107*  0.1895(39)  0.1568(37)
1626 4 2 5.906(24) x 1075 5.936(29) x 1075 0.2570(24)  0.1241(16)
3252 2 2 8.109(95) x 107© 3.877(95) x 1076 0.4841(8)  0.0770(2)
1084 6 3 2.017(16) x 1074 2.088(17) x 1074 0.1448(34)  0.1694(45)
1626 4 3 6.159(26) x 1075 5.833(32) x 107> 0.1982(28)  0.1290(22)
3252 2 3 1.1757(79) x 1075 5.415(96) x 107%  0.4009(11)  0.0798(3)
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Table A5. The symmetry-breaking parameters of the s sector in Ny =2+ 1+ 1+ 1 lattice QCD.

T Nt zT kVA kTX K kcs
325 20 1 7.53(12) x1073 8.15(16) x 1073 1.279(49) x 107! 2.841(83) x 1071
406 16 1 41(1) x 1073 4.52(11) x 1073 0.1398(33) 0.2490(73)
542 12 1 1.743(34) x 1073 1.975(37) x 1073 0.1718(39) 0.2075(42)
650 10 1 9.86(13) x 10~* 1.125(15) x 1073 0.2051(42) 0.1900(44)
813 8 1 5.337(68) x 1074 6.122(71) x 1074 0.2267(34) 0.1738(36)
1084 6 1 2.424(12) x 1074 2.817(17) x 107* 0.285(3) 0.1574(17)
1626 4 1 7.816(28) x 1075 8.745(34) x 1075 0.3945(14) 0.1334(6)
3252 2 1 8.59(6) x 107° 6.527(81) x 107 0.5952(3) 0.0749(1)
650 10 2 1.174(22) x 1073 1.239(24) x 1073 0.1326(47) 0.195(9)
813 8 2 6.280(92) x 1074 6.628(98) x 107* 0.1542(47) 0.1816(61)
1084 6 2 2.795(18) x 1074 2.991(21) x 104 0.1895(39) 0.1568(38)
1626 4 2 8.861(39) x 1075 8.907(43) x 1075 0.2570(24) 0.1241(16)
3252 2 2 1.216(9) x 107> 5.828(54) x 107 0.4841(8) 0.0770(2)
1084 6 3 3.026(24) x 1074 3.133(26) x 107* 0.1448(34) 0.1694(45)
1626 4 3 9.239(39) x 1075 8.75(5) x 107° 0.1982(28) 0.1290(22)
3252 2 3 1.752(11) x 1075 8.00(13) x 1076 0.4009(11) 0.798(3)

Table A6. The symmetry-breaking parameters of the iic sector in Ny =241+ 1 + 1 lattice QCD.

T Nt zT kVA kTX K kcs

325 20 1 0.0432(5) 0.0475(7) 0.1382(42) 0.2289(57)
406 16 1 0.0263(5) 0.0296(6) 0.1520(36) 0.2170(59)
542 12 1 0.0131(2) 0.0150(3) 0.1769(39) 0.1943(38)
650 10 1 7.9(1) x 1073 9.05(11) x 1073 0.2079(42) 0.1829(41)
813 8 1 4.466(53) x 1073 5.137(56) x 1073 0.2282(33) 0.1705(33)
1084 6 1 2.09(1) x 1073 2.438(14) x 1073 0.285(3) 0.1568(17)
1626 4 1 6.856(23) x 1074 7.67(3) x 1074 0.3946(14) 0.1336(6)
3252 2 1 7.614(27) x 1075 5.776(38) x 1075 0.5949(3) 0.0748(1)
650 10 2 9.40(16) x 1073 0.0100(2) 0.134(5) 0.1824(84)
813 8 2 5.253(72) x 1073 5.556(77) x 1073 0.1547(47) 0.1753(58)
1084 6 2 2.412(15) x 1073 2.583(18) x 1073 0.1893(39) 0.1551(37)
1626 4 2 7.786(33) x 10~* 7.817(37) x 10~* 0.2564(24) 0.1243(16)
3252 2 2 1.078(5) x 1074 5.160(58) x 107> 0.4835(8) 0.0771(2)
1084 6 3 2.61(2) x 1073 2.705(22) x 1073 0.1446(34) 0.1670(45)
1626 4 3 8.121(34) x 10~* 7.680(43) x 10~* 0.1974(28) 0.1292(22)
3252 2 3 1.5441(91) x 10~* 6.981(91) x 107° 0.4004(12) 0.0800(3)

Table A7. The

symmetry-breaking parameters of the 5c sector in Ny = 2+1+1 + 1 lattice QCD.

T N; zT kva krx K kcs

325 20 1 0.0646(7) 0.0710(11) 0.1356(41) 0.2298(57)
406 16 1 0.0395(7) 0.0443(8) 0.1504(36) 0.2177(59)
542 12 1 0.0197(3) 0.0224(4) 0.1761(39) 0.1947(38)
650 10 1 0.0118(1) 0.0136(2) 0.2073(41) 0.1831(41)
813 8 1 6.70(8) x 103 7.705(85) x 1073 0.2279(33) 0.1707(33)
1084 6 1 3.134(15) x 1073 3.648(21) x 1073 0.2850(30) 0.1568(17)
1626 4 1 1.0281(34) x 1073 1.1494(45) x 1073 0.3945(14) 0.1336(6)
3252 2 1 1.1424(39) x 10~* 8.668(56) x 107> 0.5948(3) 0.0748(1)
650 10 2 0.0141(2) 0.0149(3) 0.134(5) 0.1824(84)
813 8 2 7.88(11) x 1073 8.33(12) x 1073 0.1544(47) 0.1754(58)
1084 6 2 3.618(22) x 1073 3.875(27) x 1073 0.1891(39) 0.1551(37)
1626 4 2 1.1681(49) x 1073 1.1729(56) x 1073 0.2563(24) 0.1243(16)
3252 2 2 1.619(8) x 104 7.777(84) x 1075 0.4834(8) 0.0771(2)
1084 6 3 3.917(29) x 1073 4.058(33) x 1073 0.1444(34) 0.1670(45)
1626 4 3 1.2184(51) x 1073 1.1525(64) x 1073 0.1973(28) 0.1292(22)
3252 2 3 2.306(14) x 1074 1.037(14) x 107* 0.4002(12) 0.0800(3)
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Table A8. The symmetry-breaking parameters of the iib sector in Ny =2+ 1+ 1+ 1 lattice QCD.

T Nt zT kVA kTX K kcs
325 20 1 0.0626(8) 0.0673(9) 0.1344(51) 0.1196(39)
406 16 1 0.0424(5) 0.0465(6) 0.160(5) 0.1338(42)
542 12 1 0.0256(3) 0.0289(3) 0.1779(44) 0.1387(32)
650 10 1 0.0177(2) 0.0203(2) 0.2065(48) 0.1446(38)
813 8 1 0.0116(1) 0.0134(1) 0.228(3) 0.149(2)
1084 6 1 6.29(2) x 1073 7.378(32) x 1073 0.2855(27) 0.1538(17)
1626 4 1 2.407(7) x 1073 2.6534(99) x 1073 0.3939(13) 0.1370(6)
3252 2 1 3.078(11) x 10~* 2277(15) x 1074 0.5904(4) 0.0746(1)
650 10 2 0.0215(3) 0.0228(3) 0.1268(54) 0.1268(67)
813 8 2 0.0138(1) 0.0147(1) 0.1488(49) 0.1409(49)
1084 6 2 7.446(36) x 1073 8.001(47) x 1073 0.1805(39) 0.1455(36)
1626 4 2 2.792(12) x 1073 2.731(14) x 1073 0.2487(23) 0.1318(17)
3252 2 2 4.502(22) x 1074 2.093(23) x 1074 0.4772(8) 0.0793(2)
1084 6 3 8.078(47) x 1073 8.36(6) x 1073 0.1358(38) 0.1532(48)
1626 4 3 2.939(13) x 1073 2.665(18) x 1073 0.1867(26) 0.1370(23)
3252 2 3 6.547(38) x 10~* 2.923(39) x 1074 0.3948(12) 0.0837(4)

Table A9. The symmetry-breaking parameters of the 5b sector in Ny =241+ 1 + 1 lattice QCD.

T Nt zT kVA kTX K kcs
325 20 1 0.0935(12) 0.1005(13) 0.131(5) 0.1209(39)
406 16 1 0.0635(7) 0.0696(8) 0.1576(49) 0.1349(41)
542 12 1 0.0384(4) 0.0433(5) 0.1765(43) 0.1395(35)
650 10 1 0.0266(3) 0.0304(3) 0.2055(48) 0.1453(38)
813 8 1 0.0173(1) 0.0201(1) 0.227(3) 0.150(2)
1084 6 1 9.432(31) x 1073 0.0111(0) 0.2851(26) 0.1541(17)
1626 4 1 3.609(11) x 1073 3.979(15) x 1073 0.3936(13) 0.1371(6)
3252 2 1 4.619(17) x 1074 3.417(23) x 1074 0.5902(4) 0.0746(1)
650 10 2 0.0323(4) 0.0342(4) 0.1257(53) 0.1271(67)
813 8 2 0.0207(2) 0.0221(2) 0.1479(49) 0.1411(49)
1084 6 2 0.0112(1) 0.0120(1) 0.1800(39) 0.1457(36)
1626 4 2 4.189(18) x 1073 4.098(21) x 1073 0.2483(23) 0.1318(17)
3252 2 2 6.759(32) x 1074 3.154(35) x 1074 0.4767(8) 0.0793(2)
1084 6 3 0.0121(1) 0.0125(1) 0.1353(37) 0.1532(48)
1626 4 3 4.41(2) x 1073 3.999(26) x 1073 0.1863(26) 0.1370(23)
3252 2 3 9.782(58) x 10~* 4.346(59) x 1074 0.3943(12) 0.0836(4)

Table A10. The symmetry-breaking parameters of the éc sector in N F=24+1+1+1 lattice QCD.

T Nt zT kVA kTX K kCS
325 20 1 0.518(4) 0.5701(61) 0.0865(24)  0.5701(61)
406 16 1 0.3743(46) 0.4205(53) 0.1175(31)  0.4205(53)
542 12 1 0.2205(32) 0.2513(35) 0.1551(34)  0.2513(35)
650 10 1 0.1417(17) 0.1629(19) 0.1922(37)  0.1877(39)
813 8 1 0.0840(9) 0.097(1) 0.219(3) 0.174(3)
1084 6 1 0.0405(2) 0.0472(3) 0.2799(28)  0.1593(17)
1626 4 1 0.0135(1) 0.0151(1) 0.3916(14)  0.1345(6)
3252 2 1 1.5194(55) x 1073 1.1517(76) x 103 0.5925(3)  0.0747(1)
650 10 2 0.1683(26) 0.1787(29) 0.1167(42)  0.1787(29)
813 8 2 0.0986(13) 0.1045(13) 0.1429(44)  0.1724(52)
1084 6 2 0.0468(3) 0.0502(3) 0.1825(37)  0.1550(37)
1626 4 2 0.0154(1) 0.0154(1) 0.2523(24)  0.1246(16)
3252 2 2 2.16(1) x 1073 1.043(11) x 1073 0.4791(8)  0.0767(2)
1084 6 3 0.0507(4) 0.0525(4) 0.1382(32)  0.1655(45)
1626 4 3 0.0161(1) 0.0152(1) 0.1933(28)  0.1290(22)
3252 2 3 3.050(18) x 1073 1.356(18) x 103 0.3952(12)  0.0794(3)
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Table A11. The symmetry-breaking parameters of the b sector in Ny =2+ 1+ 1+ 1 lattice QCD.

T N; zT kya krx K kcs

325 20 1 0.6980(45) 0.7473(52) 0.0670(89)  0.7473(52)
406 16 1 0.5773(35) 0.6303(38) 0.097(11)  0.6303(38)
542 12 1 0.4171(32) 0.4695(38) 0.1342(84)  0.4695(38)
650 10 1 0.3119(26) 0.3579(29) 0.1714(77)  0.3579(29)
813 8 1 0.2150(16) 0.2497(17) 0.203(4)  0.2497(17)
1084 6 1 0.1213(4) 0.1424(6) 0.2686(29)  0.1653(16)
1626 4 1 0.0474(1) 0.0522(2) 0.3819(13)  0.1396(5)
3252 2 1 6.144(22) x 1073 4.540(30) x 1073 0.5811(4)  0.0738(1)
650 10 2 0.3742(42) 0.3971(43) 0.0886(32)  0.3971(43)
813 8 2 0.2561(24) 0.2727(24) 0.1176(37)  0.2727(24)
1084 6 2 0.1438(7) 0.1545(9) 0.1602(33)  0.1545(9)
1626 4 2 0.0552(2) 0.0538(3) 0.2342(22) 0.1318(17)
3252 2 2 9.019(43) x 1073 4.231(47) x 1072 0.4601(8)  0.0772(2)
1084 6 3 0.1558(9) 0.1613(11) 0.1164(32) 0.1613(11)
1626 4 3 0.0581(3) 0.0526(3) 0.1726(25) 0.1351(25)
3252 2 3 0.0129(1) 5.700(78) x 1073  0.3748(12)  0.0805(4)

Table A12. The symmetry-breaking parameters of the bb sector in N r =241+ 1+ 1lattice QCD.

T Nt zT kVA kTX K kcs
325 20 1 0.8746(21) 0.930(2) 0.0378(11)  0.930(2)
406 16 1 0.8191(17) 0.8908(19) 0.0585(13)  0.8908(19)
542 12 1 0.715(2) 0.8059(23) 0.0917(14) 0.8059(23)
650 10 1 0.6235(22) 0.7186(28) 0.1245(18)  0.7186(28)
813 8 1 0.506(2) 0.5925(22) 0.1606(19)  0.5925(22)
1084 6 1 0.3444(7) 0.4029(12) 0.2296(16)  0.4029(12)
1626 4 1 0.1638(5) 0.1758(6) 0.3435(11)  0.1758(6)
3252 2 1 0.0249(1) 0.0179(1) 0.5462(5)  0.0709(1)
650 10 2 0.7381(34) 0.781(4) 0.0416(13)  0.781(4)
813 8 2 0.6085(32) 0.6473(29) 0.0629(19)  0.6473(29)
1084 6 2 0.4179(13) 0.4460(19) 0.1072(18)  0.4460(19)
1626 4 2 0.1952(8) 0.181(1) 0.1852(17)  0.181(1)
3252 2 2 0.0378(2) 0.0173(2) 0.3998(9)  0.0717(2)
1084 6 3 0.4547(18) 0.4632(25) 0.0648(19)  0.4632(25)
1626 4 3 0.210(1) 0.1754(14) 0.123(2)  0.1754(14)
3252 2 3 0.0550(3) 0.0242(3) 0.3069(13)  0.0726(4)

Appendix D. Symmetry-Breaking Parameters of N = 2+ 1+ 1 Lattice

QCD [5]

For comparison of the symmetry-breaking parameters between Ny =2+1+1+1
lattice QCD in this work to those of Ny = 2+ 1 +1 lattice QCD at the physical point
[5], we tabulate the numerical values of ky4, k7x, k, and xcg obtaind in ref. [5], for

zT =0.5,1, and 2, and for each flavor content of (id, iis, 35, iic, 5¢c, cc) respectively. For the
z correlators, the possible values of zT at T = 1/(Na) are {n,/Ny,n, =1,2,--- ,N,/2}.
Thus for N, = 32 and N; = (16, 12, 10, 8, 6, 4, 2), the number of available temperatures
are (7,7,4) for zT = (0.5,1,2), as shown in Tables A13-A18. The error in the parenthesis
of each entry is statistical, which is estimated by the jackknife method with the binsize
of 10-15 configurations of which the statistical error saturates. Due to the single spatial

volume and one lattice spacing of the study in ref. [5], the systematic errors due to finite

lattice spacing and finite volume cannot be estimated.
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Table A13. The symmetry-breaking parameters of the iid sector in Ny = 2 +1 + 1 lattice QCD at the

physical point [5].

T N; zT kyva krx K kcs
192 16 05  3.32(56) x107*  1.88(92) x 103  0.0755(26)  0.391(14)
257 12 05 236(14) x107° 1. 32(39) x 107> 0.1388(41) 0.3105(46)
308 10 05 857(64) x 107° 5.0(2) x 107®  0.2014(26) 0.2675(25)
385 8 05 3. 35(14) x107¢ 3. 91(21) x 1076 0.2649(37) 0.2357(17)
513 6 0.5 1.2(1) x 107 1.506(79) x 107¢  0.366(6)  0.1978(11)
770 4 05 3 62(76) x 1077 241(64) x 1077 0.5144(58)  0.1423(3)
1540 2 0.5 6(2) x 1078 6(2) x 1078 0.6397(2)  0.0613(1)
192 16 1 854(55) x 1075 2.23(61) x 1073 0.0271(26)  0.531(43)
257 12 1 421(52) x 107> 4.37(56) x 107> 0.0644(35) 0.362(12)
308 10 1 1.408(68) x 1075 3.35(95) x 107> 0.1064(27) 0.2877(54)
385 8 1 615(78) x 107®  1.49(27) x 1075 0.145(8)  0.232(4)
513 6 1 2.09(25) x 107®  3.85(55) x 10~° 0.21(1)  0.1909(22)
770 4 1 4(1) x 1077 4.03(38) x 1077 0.3544(52)  0.1452(5)
1540 2 1 6(2) x 1078 4(1) x 1078 0.5888(4)  0.0731(2)
385 8 2 035(14) x 107*  043(15) x 107*  0.0737(44)  0.300(9)
513 6 2 1.03(38) x 10°  1.39(44) x 107> 0.121(6)  0.2263(57)
770 4 2 5 62( 7) x 1077 3.86(34) x 1077 0.216(5)  0.1571(12)
1540 2 2 1.3(3) x 1077 0.70(26) x 10=7  0.4715(9)  0.0774(2)

Table A14. The symmetry-breaking parameters of the iis sector in N = 241+ 1 lattice QCD at the

physical point [5].

T Nt zT kVA kTX K kcs
192 16 05  5.02(34) x1073 5.87(45) x 1073 0.0822(25) 0.3729(128)
257 12 05 6.46(27) x 1074 7.2(3) x 1074 0.140(4)  0.3081(45)
308 10 05 2.4(1) x 1074 2.810(55) x 107*  0.2019(26)  0.2668(25)
385 8 05 10.0(2) x107°  1.267(26) x 10~*  0.2651(37) 0.2354(16)
513 6 05 3.674(85) x 107>  4.60(12) x 10> 0.366(6)  0.1977(11)
770 4 05 1.033(14) x 107> 1.206(16) x 107> 0.5144(58)  0.1423(3)
1540 2 05 2.018(92) x107®  2.001(78) x 107®  0.6397(2)  0.0613(1)
192 16 1 087(16) x 1072 0.68(14) x 1072 0.0325(22)  0.467(38)
257 12 1 1.150(64) x 1073 1.031(68) x 1073  0.0655(35)  0.357(18)
308 10 1 3.95(11) x 107*  3.79(29) x 10~%  0.1067(27) 0.2860(54)
385 8 1 1.56(5) x 1074 1.84(12) x 107*  0.145(8)  0.2315(39)
513 6 1 5601(35) x 107> 6.54(67) x 1075 0.21(1)  0.1907(22)
770 4 1 1.385(14) x 107>  1.4354(74) x 107> 0.3544(52)  0.1451(5)
1540 2 1 1.711(87) x 107®  1.107(89) x 107®  0.5887(4)  0.0731(2)
385 8 2 243(42) x107*  0.24(13) x 1073 0.0738(44) 0.2992(89)
513 6 2 084(11) x107*  0.69(16) x 10~*  0.121(6)  0.2260(57)
770 4 2 1578(15) x 1075 1.393(12) x 10> 0.216(5)  0.1571(12)
1540 2 2 29(1) x 10°° 1.158(77) x 107 0.4715(9)  0.0774(2)
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Table A15. The symmetry-breaking parameters of the §s sector in Ny = 2+ 1+ 1 lattice QCD at the

physical point [5].

T N; zT kva krx K kcs

192 16 05 0.0803(33) 0.0980(53) 0.0678(24)  0.375(11)
257 12 05 0.0174(6) 0.0201(5) 0.1336(39)  0.2899(43)
308 10 05  6.729(76) x 1073 8.238(86) x 1073  0.1972(26) 0.2596(24)
385 8 05 2.96(3) x 1073 3.752(38) x 1073 0.2618(37) 0.2322(16)
513 6 05 1.1058(89) x 1073 1.390(12) x 1073 0.364(6)  0.1965(11)
770 4 05 3279(12) x 107*  3.802(17) x 10~*  0.5132(58)  0.1420(3)
1540 2 05 6461(22) x 107> 6.412(28) x 10™°  0.6390(2)  0.0612(1)
192 16 1 0.140(11) 0.142(18) 0.0250(23)  0.440(17)
257 12 1 0.0296(13) 0.0288(14) 0.0615(32)  0.328(11)
308 10 1 0.0106(1) 0.0115(2) 0.1032(27)  0.2749(54)
385 8 1 4383(54) x 1073 4.901(66) x 1073 0.1427(79)  0.2269(39)
513 6 1 1.605(19) x 1073 1.789(23) x 1073 0.21(1)  0.1891(22)
770 4 1 4422(15) x 107%  4.597(21) x 107*  0.3533(52)  0.1447(5)
1540 2 1 5501(21) x 107 3.59(3) x 107> 0.5884(4)  0.0730(2)
385 8 2 5.90(13) x 1073 6.1(2) x 1073 0.0725(43)  0.2931(88)
513 6 2 1.959(28) x 1073 1.967(38) x 1073  0.1204(60) 0.2241(57)
770 4 2 5.055(21) x 107%  4.471(26) x 10~*  0.2153(50) 0.1566(12)
1540 2 2 9.1185(535) x 107> 3.764(51) x 107  0.4711(9)  0.0774(2)

Table A16. The symmetry-breaking parameters of the iic sector in Ny = 2 +1 + 1 lattice QCD at the

physical point [5].

T N; zT kva krx K kcs
192 16 05 0.0118(8) 0.0138(7) 0.1386(31)  0.2394(55)
257 12 05  3.229(84) x 1073 4.0(1) x 1073 0.1872(35)  0.2343(26)
308 10 05 1.73(7) x 1073 2.161(69) x 1073 0.2343(25) 0.2281(17)
385 8 05  9.09(15) x 107*  1.180(23) x 1073  0.2884(37) 0.2167(13)
513 6 05 4.032(88) x10~*  5.07(12) x 10~*  0.3783(58)  0.190(1)
770 4 05 1.2897(46) x 107*  1.4777(65) x 10~* 0.5152(56)  0.1394(3)
1540 2 05 27319(85) x 107>  2.7034(86) x 107>  0.6385(2)  0.0604(1)
192 16 1 0.0221(28) 0.0205(14) 0.0664(36)  0.2291(44)
257 12 1 5.59(16) x 1073 5.94(18) x 1073 0.0977(35) 0.2248(29)
308 10 1 2.827(81) x 1073 3.18(12) x 1073 0.1248(29)  0.213(2)
385 8 1 1.443(48) x 1073 1.671(56) x 1073 0.1550(58) 0.1977(15)
513 6 1 6.15(33) x 104 7.13(54) x 107*  0.216(9)  0.182(1)
770 4 1 1.7404(55) x 10~*  1.7870(82) x 10~* 0.3540(48)  0.1457(3)
1540 2 1 23015(79) x 1075 1.467(13) x 107> 0.5865(4)  0.0730(1)
385 8 2 2.03(17) x 1073 2.15(15) x 1073 0.0813(35) 0.2333(69)
513 6 2 8.24(75) x 1074 9.43(98) x 107*  0.1214(58)  0.2078(46)
770 4 2 2022(13) x 107*  1.721(11) x 107*  0.2122(49) 0.1592(12)
1540 2 2 3917(24) x 107> 1.537(25) x 107> 0.4686(9)  0.0784(2)
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Table A17. The symmetry-breaking parameters of the 5c sector in Ny = 2+ 1 + 1 lattice QCD at the

physical point [5].

T N; zT kyva krx K kcs

192 6 05 0.2068(52) 0.2548(71) 0.1273(31)  0.2650(52)
257 12 05 0.0888(17) 0.1107(18) 0.1802(32) 0.2487(29)
308 10 05 0.0490(3) 0.0622(4) 0.2301(21)  0.2363(16)
385 8 0.5 0.0271(2) 0.0348(2) 0.2861(36) 0.2214(12)
513 6 0.5 0.0122(1) 0.0153(1) 0.3771(59)  0.1921(9)
770 4 05 8.195(29) x 1073 9.391(41) x 1073  0.5146(89)  0.1399(9)
1540 2 05 8751(24) x 107*  8.661(33) x 107*  0.6296(2)  0.0596(1)
192 16 1 0.361(13) 0.389(15) 0.0499(45)  0.389(15)
257 12 1 0.1464(32) 0.1596(35) 0.0879(29)  0.2367(63)
308 10 1 0.0771(7) 0.0860(9) 0.1189(27) 0.2197(41)
385 8 1 0.0405(4) 0.0461(4) 0.1517(56)  0.2018(29)
513 6 1 0.0178(2) 0.0200(2) 0.2139(89)  0.1836(19)
770 4 1 0.0111(0) 0.0114(1) 0.3526(99)  0.1460(18)
1540 2 1 7.418(26) x 107*  4.767(39) x 10~*  0.5817(4)  0.0724(1)
385 8 2 0.0535(8) 0.0568(12) 0.0781(34) 0.2364(67)
513 6 2 0.0216(2) 0.0220(3) 0.1194(57)  0.2087(46)
770 4 2 0.0128(1) 0.0110(1) 0.211(10)  0.1590(38)
1540 2 2 1.2495(72) x 1073 5.129(69) x 107%  0.4634(9)  0.0776(2)

Table A18. The symmetry-breaking parameters of the éc sector in N = 2+ 1+ 1 lattice QCD at the

physical point [5].

T Nt zT kVA kTX K kCS
192 16 0.5 0.6161(48) 0.7452(57) 0.1008(51)  0.7452(57)
257 12 0.5 0.4705(28) 0.590(3) 0.1557(36) 0.590(3)
308 10 0.5 0.3594(12) 0.4576(19) 0.2062(22)  0.4576(19)
385 8 0.5 0.2467(11) 0.3168(16) 0.270(4) 0.3168(16)
513 6 0.5 0.1335(7) 0.1660(9) 0.3647(66)  0.2033(9)
770 4 0.5 0.0516(2) 0.0585(2) 0.5011(59)  0.1405(2)
1540 2 0.5 0.0119(0) 0.0117(0) 0.6295(2) 0.0595(1)
192 16 1 0.8373(73) 0.8956(75) 0.0222(68)  0.8956(75)
257 12 1 0.6774(51) 0.7486(57) 0.0491(54) 0.7486(57)
308 10 1 0.5305(25) 0.5961(34) 0.0780(31)  0.5961(34)
385 8 1 0.3647(22) 0.4164(26) 0.1186(37)  0.4164(26)
513 6 1 0.1955(14) 0.2196(16) 0.188(7) 0.2196(16)
770 4 1 0.0700(2) 0.0707(3) 0.3299(46)  0.1474(5)
1540 2 1 0.0100(0) 6.340(52) x 1073 0.5651(4) 0.0711(1)
385 8 2 0.4621(49) 0.4894(68) 0.0459(18)  0.4894(68)
513 6 2 0.2361(19) 0.2389(22) 0.0910(46)  0.2389(22)
770 4 2 0.0819(3) 0.0682(4) 0.1840(44) 0.1558(13)
1540 2 2 0.0171(1) 7.000(95) x 1073 0.431(1) 0.0745(2)
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