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A B S T R A C T 

We analyse two galaxy-scale strong gravitational lenses, SPT0418-47 and SPT2147-50, using JWST NIRCam imaging across 
multiple filters. To account for angular complexity in the lens mass distribution, we introduce multipole perturbations with 

orders m = 1 , 3 , 4. Our results sho w strong e vidence for angular mass complexity in SPT2147, with multipole strengths of 
0.3–1.7 per cent for m = 3 , 4 and 2.4–9.5 per cent for m = 1, while SPT0418 shows no such preference. We also test lens 
models that include a dark matter substructure, finding a strong preference for a substructure in SPT2147-50 with a Bayes 
factor of � log ( ε) ∼ 60 when multipoles are not included. Including multipoles reduces the Bayes factor to � log ( ε) ∼ 11, still 
corresponding to a 5 σ detection of a subhalo with an NFW (Navarro–Frenk–White) mass of log 10 ( M 200 / M �) = 10 . 87 

+ 0 . 53 
−0 . 71 . 

While SPT2147-50 may represent the fourth detection of a dark matter substructure in a strong lens, further analysis is needed 

to confirm that the signal is not due to systematics associated with the lens mass model. 

Key words: gravitational lensing: strong – galaxies: structure – dark matter – cosmology: observations. 
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 I N T RO D U C T I O N  

he nature of the dark matter (DM) has long been one of the most
undamental questions in cosmology. Cold dark matter (CDM) is
onsidered the most probable explanation for this ‘missing matter’
Davis et al. 1985 ; see Frenk & White 2012 for a re vie w). This
roposal, together with the assumption of a non-zero Cosmological
onstant to explain the accelerated expansion of the Universe, makes
p the standard � CDM cosmology (e.g. Aghanim et al. 2020 ). 
Structure formation in a CDM Universe has been intensely studied

n cosmological simulations (e.g. Frenk et al. 1988 ; Springel et al.
005 ). There are still alternatives to CDM that have not been
xcluded, such as self-interacting dark matter (SIDM; re vie wed in
.g. Tulin & Yu 2018 ) and warm dark matter (WDM; e.g. Bode,
striker & Turok 2001 ; Lo v ell et al. 2014 ). The formation of low-
ass structures provides a key test of CDM and these alternatives;

pecifically, the CDM paradigm predicts a large population of low-
ass structures and of substructures of main haloes, that form in
 ‘bottom-up’ hierarchical merging process (e.g. Frenk et al. 1985 ;
iemand et al. 2008 ; Springel et al. 2008 ). By contrast, in WDM the
rimordial spectrum of density perturbations has a cut-off on small
 E-mail: samuel.c.lange@durham.ac.uk 
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cales that gives rise in a cut-off in the mass function of haloes at a
ass corresponding to dwarf galaxies, log 10 ( M / M �) ∼ 8 . 5, for the
ost popular values of the WDM particle mass. This mass function

n both CDM and WDM models has been e xtensiv ely studied – see
.g. Bode et al. ( 2001 ), Gao et al. ( 2004 ), Macci ̀o & Fontanot ( 2010 ),
o v ell et al. ( 2014 ), or Zavala & Frenk ( 2019 ) for a re vie w. There are
everal methods for investigating the nature of DM. These include
easuring the ‘clumpiness’ of the Ly α forest (Viel et al. 2005 , 2013 ),

he abundance of dwarf galaxies, such as the satellites of the Milky
ay (e.g. Enzi et al. 2021 ; Newton et al. 2021 , 2024 ). 
Another method is to search directly for low-mass dark haloes

sing gravitational imaging of strong lenses (e.g. Vegetti & Koop-
ans 2009 ; Vegetti et al. 2024 ). In strong lensing, light rays from
 background source are deflected by a massiv e fore ground object,
orming multiple images of the source. In the regime of galaxy–
alaxy strong lensing, the background source is extended and light
ays from different regions of the source are traced through different
egions of the lensing galaxy allowing the structure in this lensing
alaxy to be studied at high resolution. If a dark substructure happens
o lie along one of the lines traced by the source light rays, it will
ause a perturbation of the image in an asymmetric manner. All of
his can be modelled to create a picture of the lens and source galaxy
hat best fits the observed image (usually in a Bayesian framework).
© 2025 The Author(s). 
ty. This is an Open Access article distributed under the terms of the Creative 
ch permits unrestricted reuse, distribution, and reproduction in any medium, 
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There have been three detections of DM structures thus far 
sing this type of gravitational imaging (Vegetti et al. 2010 , 2012 ;
ezaveh et al. 2016 ), as well as a detection of an ultramassive
lack hole (Nightingale et al. 2023b ). The inferred halo masses
rom the three detections depend upon the profile of the DM halo
ssumed in the modelling, but correspond to Navarro–Frenk–White 
NFW)-halo masses (Navarro, Frenk & White 1997 ) in the region 
0 9 –10 10 M �. 1 Non-detections of DM haloes/subhaloes (where one 
ould be expected) using gravitational imaging have been used to 

onstrain the subhalo mass function (SHMF) and the possible nature 
f sterile neutrinos as WDM (e.g. Ritondale et al. 2019 ). This analysis
equires a ‘Sensitivity Map’ (e.g. Despali et al. 2022 ) that indicates
here in an image any substructures would be detectable. DM 

ubstructures may also be at any redshift along the line of sight (rather
han at the redshift of the main lens) and can have concentrations that
ary from the standard mass–concentration relationship (e.g. Li et al. 
016 ; Despali et al. 2018 ; Amorisco et al. 2021 ; Minor et al. 2021a ;
e et al. 2022 ; O’Riordan et al. 2023 ). 
Understanding the complexity in the primary lens galaxy is crucial 

or analysing DM substructures, since o v erly simplistic mass models 
an result in false-positive ‘detections’ of substructure. This issue 
rises due to a de generac y between the mass complexity of the main
eflector and the presence (or absence) of subhaloes (e.g. He et al.
023 ; O’Riordan & Vegetti 2024 ). Multipole perturbations (Chu et al.
013 ) to the standard power-law mass profile (Tessore & Metcalf 
015 ) help address some of this complexity. This degeneracy is also
ncountered when using flux ratio anomalies (brightness differences 
n multiple images of a point source) to infer substructure effects and
onstrain DM mass models (Cohen et al. 2024 ; Gilman et al. 2024 ).

The necessity for complex mass modelling has gained further 
upport from recent studies with high-quality lensing data from 

nstruments like ALMA (Powell et al. 2022 ; Stacey et al. 2024 ),
hich recommend the inclusion of third and fourth-order multipoles 

n lens models. Amvrosiadis et al. ( 2024 ) examined the stellar
istribution in nearby massive elliptical galaxies, finding evidence 
or third- and fourth-order multipoles. They also emphasized that 
n some cases, a first-order multipole (indicating lopsidedness in 

ass distribution) is crucial for accurate modelling, as seen in a 
ecent detailed strong lens analysis surv e y (Barone et al. 2024 ).
ther studies have highlighted various forms of angular complexity, 

uch as radial ellipticity variations and twists in the mass distribution
Nightingale et al. 2019 ; He et al. 2024 ), and showed that lensing
ass profiles cannot al w ays be adequately described by simple 

ower-law density profiles (Etherington et al. 2023 ). Additionally, 
External Shear’ often used in lens modelling can account for some 
omplexities that may be absent in the central lens mass model 
Keeton, Kochanek & Seljak 1997 ; Witt & Mao 1997 ; Cao et al.
022 ; Etherington et al. 2024 ). 
JWST NIRCam imaging provides an unprecedented multiwave- 

ength view of strong lenses (e.g. Bergamini et al. 2023 ; van Dokkum
t al. 2024 ; Mercier et al. 2024 ; Rigby et al. 2024 ). This capability
s essential for testing lens models since the source morphology 
aries across wavelengths (e.g. Amvrosiadis et al. 2025 ), producing 
ifferent lensed images, while the mass model and instrumental 
ffects remain wavelength independent. In this work, we perform 

ndependent lens model fits across multiple wavelengths for two 
trong lenses to assess: (i) whether angular mass complexity (in 
he form of multipoles) is consistently required for the lensing 
 Detections from Vegetti et al. ( 2010 , 2012 ) use tidally truncated pseudo-jaffe 
rofiles, with quoted subhalo masses ∼ 3 . 5 × 10 9 M � and ∼ 1 . 9 × 10 8 M �

t

2

alaxies across wavelengths, and (ii) whether a DM substructure 
s consistently fa v oured in each wa veband. This multiwa velength
pproach allows a detailed exploration of the degeneracy between 
hese two model components. 

The paper is structured as follows. In Section 2 , we describe the
WST data and the context of the systems studied. In Section 3 , we
iscuss our PYAUTOLENS modelling pipeline and the details of our 
odels. We also introduce the multipole perturbations and discuss 

ow these and real subhaloes are considered in the data. In Section 4 ,
e show our model results for the multipole and subhalo fits, first

o SPT2147, and then to SPT0418. In Section 5 , we discuss the
esults addressing the question of whether SPT2147 actually contains 
ultipoles and/or a substructure. We summarize our conclusions 

n Section 6 . Throughout this work we assume the Planck 2015
osmological parameters (Planck Collaboration XIII 2016 ) unless 
therwise specified. Additionally, we make use of both natural 
ogarithm (denoted simply ‘ log ’) and log with base 10 (denoted
pecifically as ‘ log 10 ’). 

 T H E  DATA  

e study two strong gravitational lenses: SPT2147-50 and SPT0418- 
7. We use JWST NIRCAM imaging from filters f277W , f356W ,
nd f444W (2.77, 3.56, and 4.44 μm, respectively) for SPT2147 
nd f356W, f444W for SPT0418 – other (bluer) wavelength images 
xist, but lack a sufficient source signal-to-noise ratio (SNR) to 
roduce informative models. The lenses were imaged as part of the
EMPLATES surv e y (PI: Rigby, Rigby et al. 2024 ). ALMA data is
lso available for these lenses and the source galaxy of SPT2147 has
een studied in Amvrosiadis et al. ( 2025 ), with ALMA substructure
nalysis of both lenses in ALMA to be released in a subsequent work.

JWST-NIRCam imaging is shown in Fig. 1 for SPT2147 (upper) 
nd SPT0418 (lower), where we have saturated all pix els abo v e
.0 MJySr −1 in order to see the lensed source galaxy light, as it is
trongly outshone by the lensing galaxy. Fig. 2 shows SNR maps for
nly the source emission, based on the model image created by our
est-fitting models (see Section 4 ). We have normalized the colours
o the same values across both lenses and all filters, to visualize the
arge difference between the maximum pixel SNR of the two lenses,
ith SPT2147 ranging from 2 × to 5 × higher SNR, depending on

he filter. Specific values for maximal and av erage (o v er all pixels
ith SNR > 3) SNRs are quoted in Table 1 . 

.1 SPT 2147–50 

his system is composed of a lensing galaxy at redshift z = 0 . 845
nd the background source galaxy at z = 3 . 76 (Weiß et al. 2013 ;
euter et al. 2020 ). In conjunction with this work, this lens was also

tudied using ALMA data taken in band 8 by Amvrosiadis et al.
 2025 ), where we disco v er that the background source galaxy is a
piral-barred galaxy. There is also a line-of-sight object south-west 
f centre, on the lower arc, marked with the white box in Fig. 1 . This
bject is only really visible in f277W, and not visible at all in redder
lters. Modelling the spectral energy distribution (SED) of this object 
only visible in the NIRCam bands) using the BAGPIPES . 2 SED fitting
ode (Carnall et al. 2018 ) gives a much lower redshift than our lens
alaxy, in the range z = 0 . 04 to z = 0 . 10, and best-fitting mass of
he order log 10 ( M / M �) ∼ 6. 
MNRAS 539, 704–726 (2025) 
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Figure 1. Data from the three reddest NIRCam filters (f277W, f356W, f444W) for SPT2147-50 (upper panels) and SPT0418-47 (lower panels). All panels are 
6 ′′ x 6 ′′ squares. The signal is saturated abo v e 3.0 MJySr −1 in order to see the lensed source emission clearly. Marked with white boxes are line of sight galaxies 
in each lens (note the LOS object in SPT2147 is brightest in f277W). 

Figure 2. SNRs for SPT2147-50 (upper panels) and SPT0418-47 (lower panels), based on the model lensed source emission from our best-fitting models. All 
panels are 6 arcsec × 6 arcsec squares. All panels have colour normalization to the same level ([0, 60]), but exact maximal and average values are shown in 
Table 1 . The white boxes in SPT0418 (f444W) mark the image and counter-image of the source companion galaxy as this lens has a multiobject source. 
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Table 1. Signal information for each filter of our two strong lenses. The 
source parameters are based on the lens-light subtracted model images and 
therefore approximations based on model results. The avg. source SNR was 
calculated as the mean of all pixels with SNR > 3. The RMS noise was 
calculated o v er all pix els. 

SPT0418 SPT2147 
f444 f356 f277 f444 f356 f277 

Max. Source 
SNR pix −1 

20.90 12.57 14.68 53.80 59.59 28.79 

Avg. Source 
SNR pix −1 

7.67 5.20 4.65 9.65 9.61 5.93 

RMS Noise 
MJySr −1 pix −1 

1.606 1.654 1.455 1.599 0.930 1.259 
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.2 SPT 0418–47 

his system is composed of a lensing galaxy at redshift z = 0 . 263
nd a background source at redshift z = 4 . 22 (Weiß et al. 2013 ;
euter et al. 2020 ). From our modelling and the literature, the source
ere is composed of two merging galaxies, with Cathey et al. ( 2024 )
eporting a projected separation of ∼ 4 . 42 kpc and a stellar mass
atio of 4:1. Interestingly, the source companion galaxy is not visible 
n HST or ALMA and so has only been disco v ered through JWST
IRCam, MIRI, and NIRSpec data (Peng et al. 2023 ; Cathey et al.
024 ). This companion galaxy is visible in the south-east of the
mage, outside the Einstein ring, with its counter-image visible north- 
est of the centre only once the lens light has been remo v ed. Both

re marked with the white box in the f444 panel of Fig. 2 . There
s also a nearby or line-of-sight galaxy, marked by the white box in
ig. 1 , which we mask out of our analysis as it is too far from the
ain system to have any appreciable gravitational effect. 

 M E T H O D S  

o perform all the modelling described in this paper we use the
pen source lens modelling package PYAUTOLENS 3 (Nightingale & 

ye 2015 ; Nightingale, Dye & Massey 2018 ; Nightingale et al.
021b ) and its associated parent packages, including PYAUTOFIT , 4 an 
xtension which provides a statistical fitting and analysis framework 
o our lens modelling (Nightingale, Hayes & Griffiths 2021a ) and 
YAUTOGALAXY, 5 a package which includes implementations of all 
alaxy mass and light profiles which may be needed for modelling 
Nightingale et al. 2023a ). 

The lens modelling procedure is similar to previous works using 
his software (e.g. Etherington et al. 2022 ) and is as follows, with
arametrizations as described in Table 2 , and model choices detailed 
n the subsections below. 

(i) Initialize – create a basic model for all light and lens mass
sing parametric profiles. 
(ii) Source pixelization – reconstruct the source galaxy onto a 

ixel-based grid in order to capture higher levels of complexity. 
(iii) Lens refinement – re-model the lens light based on this new 

ixelized source, and fit some more complex lens mass model. 
(iv) Optional: angular mass complexity – fit some perturbation 

o increase the angular mass complexity of the model (see Sec- 
ion 3.2 ). 
 https:// github.com/ Jammy2211/ PyAutoLens 
 https:// github.com/ rhayes777/ PyAutoFit
 https:// github.com/ Jammy2211/ PyAutoGalaxy 

t

6

(v) Subhalo search – introduce a subhalo to the lens mass model 
nd investigate (see Section 3.3 ). 

For all modelling stages, we use the non-linear sampler NAUTILUS 6 

Lange 2023 ), which uses Importance Nested Sampling to build a
ayesian Posterior estimate. We also remind the reader that ‘ log ’

efers to the natural log, and e.g. ‘ log 10 ’ refers to the base-10
ogarithm. 

.1 Standard mass and light profiles 

ll light and mass profile quantities are computed with regards to
heir’elliptical components’ 

1 = 

1 − q 

1 + q 
sin 2 φ, 

2 = 

1 − q 

1 + q 
cos 2 φ, (1) 

here q is the axis ratio and φ the anticlockwise position angle,
efined as φ = 0 when aligned to the positive x -axis. 

.1.1 Lens mass: elliptical power law 

e model the lens mass through the elliptical power-law (EPL) 
ensity profile (Tessore & Metcalf 2015 ), which is commonly used
n strong lens modelling (e.g. Vegetti et al. 2012 ; Nightingale et al.
024 ). This profile represents the total mass profile of the lens in the
ollowing form 

( ξ ) = 

(3 − γ lens ) 

1 + q lens 

(
θ lens 

E 

ξ

)γ lens −1 

, (2) 

here the superscript ‘lens’ implies the parameters relating to the 
rimary lens mass (i.e. the ‘Macro-model’, not any additional subhalo 
tructures). Here, q is the minor-to-major axis ratio and ξ is the
lliptical coordinate defined as ξ = 

√ 

x 2 + y 2 /q 2 . Additionally, 
lens is the density slope, and θ lens 

E is the Einstein radius (in arcsec).
= 2 . 0 gives a singular isothermal ellipsoid (SIE) which is used to

nitialize the lens mass model. 

.1.2 External shear 

n external shear is included in all stages of modelling. Some
nvestigations note that there can be strong de generac y of the shear
ith other model parameters (e.g. power-law ellipticity, Johnson et al. 
024 ) and there is evidence that the shear may account for missing
nternal mass complexity in the lens (Etherington et al. 2024 ). We
t the shear as two elliptical components ( γ1 , γ2 ), and akin to the
lliptical components of the main galaxy EPL, we relate the shear
omponents to the magnitude, γext and position angle φext (again, 
ith the angle defined counterclockwise from the positive x -axis): 

γ ext = 

√ 

γ ext 2 
1 + γ ext 2 

2 , 

an 2 φext = 

γ ext 
2 
ext . (3) 
MNRAS 539, 704–726 (2025) 
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 https:// github.com/ johannesulf/ nautilus 
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M

Table 2. Brief o v erview of the model parametrizations at the various stages of our fitting pipeline. 

Stage: Initialize Source reconstruction 
Lens light 
refinement 

Lens main mass 
refinement 

Multipole 
perturbation Subhalo search 

Source Light MGE: 1x30 Voronoi mesh with 
natural neighbour 

interpolation 

FIX model: linear 
solve only 

FIX model: linear 
solve only 

FIX model: linear 
solve only 

FIX model: linear 
solve only 

Lens Light MGE: 2x30 + 

1x10 ( + 1x30 for 
SPT0418) 

FIX model: linear 
solve only 

NEW MGE: 2x30 
+ 1x10 ( + 1x30 for 

SPT0418) 

FIX model: linear 
solve only 

FIX model: linear 
solve only 

FIX model: linear 
solve only 

Lens Mass Singular 
isothermal 
ellipsoid + 

external shear 

SIE + shear (priors 
from previous) 

FIX model: linear 
solve only 

Elliptical power 
law + new shear 

EPL + shear (priors 
from previous) + 

multipoles 

EPL + shear + 

Multipoles (priors 
from previous) + 

spherical NFW 
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.1.3 Multi-Gaussian Expansion 

o initialize the source galaxy light, and to fit the lens galaxy light, we
pply a combined set of 2D elliptical Gaussian light profiles, known
s a Multi-Gaussian Expansion (Cappellari 2002 , hereafter MGE),
sed instead of the usual elliptical S ́ersic profile to attain increased
odel flexibility and accuracy, as described in He et al. ( 2024 ). The

ntensity of an MGE set is given as 

 set ( x , y ) = 

N ∑ 

i 

G i ( x , y ) . (4) 

ith G i the ith Gaussian profile, 

 i ( x , y ) = I i · exp 

(
−R 

2 
i ( x , y ) 

2 σ 2 
i 

)
, (5) 

ontaining I i as some intensity normalization factor and σi as the
ull-width at half-maximum of the Gaussian profile. R i ( x , y ) is then
he Gaussian elliptical radius, and given as 

 i ( x , y ) = 

√ 

x ′ 2 + 

(
y ′ 

q i 

)2 

x ′ = cos φi ·
(
x − x c i 

) + sin φi ·
(
y − y c i 

)
y ′ = cos φi ·

(
y − y c i 

) − sin φi ·
(
x − x c i 

)
, (6) 

here q i is the axis ratio, φi the position angle, and 
(
x c i , y 

c 
i 

)
is the

entre of the Gaussian. A ‘set’ of Gaussians is used to refer to n
aussians which share the same axis ratio and position angle, but
ave sigma values increasing in fixed log 10 intervals. We do not
llo w any indi vidual Gaussian intensity to be ne gativ e, in order to
 v oid lens-source light de generac y, solv ed using a modified 7 fast
on-ne gativ e least squares (fnnls) algorithm (Bro & De Jong 1997 ). 
We combine 30 Gaussians for the source light initialization. The

umber of Gaussians used for the lens light varies between our
wo lenses; for SPT2147, we use 2 × sets of 30 Gaussians (akin
o a bulge and disc component) plus 1 × set of 10 Gaussians to
odel central point-like emission. For SPT0418, the lens light is
ore blended with the lensed source emission and so we use 3 ×

ets of 10 Gaussians (akin to a thin-disc, thick-disc and bulge, or
ulge–disc-envelope system), plus 1x set of 10 Gaussians for central
oint-like emission. For both lenses, the centres of the sets of 30
aussians is fixed to be the same (i.e. only one centre is fit for all),
ith the point-source set free to have a different centre, and the
osition angle/axis ratio of Gaussians are the same throughout a set,
NRAS 539, 704–726 (2025) 

 The fnnls code we are using is modified from https:// github.com/ jvendrow/ 
nnls . 

n
N
9

p

ut different between sets. The sigma values (controlling the ‘width’
f the Gaussian) are set between a lower limit of one-fifth the pixel
cale (here 0 . 063 arcsec / 5 = 0 . 0126 arcsec ) and an upper limit of 3
rcsec for the main bulge/disc sets, and 0.126 arcsec (2 times the
ixel scale) for the point-like sets. 

.1.4 Source light: Voronoi mesh reconstruction 

he full formalism of the source reconstruction described and tested
n detail with regards to substructure investigations on HST imaging
f strong lenses in Appendix A of He et al. ( 2024 ) and in Nightingale
t al. ( 2024 ) and is based on Nightingale & Dye ( 2015 ). In general,
or a given set of mass model parameters, once we subtract the lens
ight, the remaining lensed source emission is ray-traced back to the
ource plane and reconstructed onto an adaptive mesh ‘pixel grid’. We
se the Voronoi mesh grid, with a Natural Neighbour interpolation 8 

Sibson 1981 ) and our own adaptive regularization to smooth the
econstruction based on the source luminosity at that point 9 

Equations (7) describe the numerical implementation (without
ntermediate steps) of the ‘goodness-of-fit’ function which optimizes
he balance between the MGE lens light and pixelized source light,
llowing both to be fit simultaneously: 

 = χ2 + G S + G M 

, (7a) 

= 

1 

2 

⎛ 

⎝ 

N I ∑ 

i= 1 

[ ∑ N s 
j= 1 f ij S j + 

∑ N g 
k= 1 I k A ik − d i 

n i 

] 2 

+ G L + G M 

⎞ 

⎠ , 

(7b) 

= 

1 

2 

∣∣∣∣
∣∣∣∣
(

Z X √ 

r B S B M 

)
·
(

S 

L 

)
−

(
Y 

0 

)∣∣∣∣
∣∣∣∣

2 

, (7c) 

Within equation ( 7a ), G S and G M 

are regularization terms for
he pixelized source and the MGE light, respectively. Equation
b expands the chi-squared term in relation to the image–plane
o source-plane mapping, where S j is the j th source-plane pixel
ux, I k is the k th image–plane pixel flux, f ij is the mapping matrix
lement quantifying the contribution of source pixel j to the flux
f image pixel k (which includes psf and image-processing effects).
n addition, the term includes A ik , which is the exponential from
ique can be found at https:// gwlucastrig.github.io/ TinfourDocs/ 
aturalNeighborTinfourAlgorithm/index.html . 
 In PYAUTOLENS these schemes are the VoronoiNNBrightnessImage 
ixelization and the AdaptiveBrightnessSplit regularization. 

https://github.com/jvendrow/fnnls
https://gwlucastrig.github.io/TinfourDocs/NaturalNeighborTinfourAlgorithm/index.html
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10 A useful online source for Bayes factors in context can be found here: 
https:// ned.ipac.caltech.edu/ level5/ Sept13/ Trotta/ Trotta4.html . 
11 We add subhaloes to some models in SPT0418 despite them not passing 
the set evidence threshold only to attain a more thorough comparison to 
SPT2147. 
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he Gaussian profile of equation ( 5 ) G k , for ( x i , y i ), as well as
he data and noise d i and n i at the i th pixel. All of this collapses
own into equation ( 7c ), where Z ij = f ij /n i , X ij = A ij /n i , r is the
egularization strength, B S and B M 

are ‘square root’ matrices of 
he source and MGE re gularizations, respectiv ely, S and L are the
ource-plane and image-plane fluxes, and Y i is the division d i /n i . 

.2 Angular mass complexity: multipoles 

o introduce additional complexity to the ‘macro-model’, we fit an 
xtension to the EPL profile where we include internal multipoles, 
uilding on the formalism of Chu et al. ( 2013 ). An individual
ultipole perturbation adds to the EPL to give a functional form

f the convergence, in polar coordinates, of 

( r , φ) = 

1 

2 

(
θ lens 

E 

r 

)γ lens −1 

· k m 

cos ( m ( φ − φm 

)) , (8) 

here r is the radial position in arcseconds, φ is the angle of interest
or the calculation (in degrees), and m is the defined multipole order.

hen modelling, the Einstein radius, θ lens 
E , slope, γ lens and ( y , x )

entre of the multipole are linked to the values fit to the main EPL, and
n addition, we fit for the multipole elliptical components ( εmp 

1 , ε
mp 
2 )

meaning we have the six EPL parameters plus an additional two 
er multipole). The multipole elliptical components relate to the 
ultipole strength, k m 

and multipole position angle φm 

(defined 
ounterclockwise from the positive x-axis) in a similar way to the 
PL elliptical components, through 

m 

= 

1 

m 

arctan 
ε

mp 
2 

ε
mp 
1 

, 

k m 

= 

√ 

ε
mp 
1 

2 + ε
mp 
2 

2 
. (9) 

The deflection angles can also be given in polar co-ordinates 
where α is the power-law slope) as 

a r ( r, φ) = − 3 − α

m 

2 − (3 − α) 
r 

( α−1) 
E r (2 −α) k m 

cos [ m ( φ − φm 

) ] , 

 φ( r, φ) = 

m 

2 

m 

2 − (3 − α) 
r 

( α−1) 
E r (2 −α) k m 

sin [ m ( φ − φm 

) ] . (10) 

Multipole perturbations cause the mass distribution to lose angular 
ymmetry, but maintain rotational symmetry at different orders, 
epresented by m (i.e. m = 1 has one line of symmetry, m = 2 as two
ines of symmetry, etc.) and so in theory, any number of multipole
erturbations could be added to the mass model, ho we ver, we restrict
urselves to three orders, m = 1, m = 3, and m = 4. For this work,
e test both individual perturbations as well as combinations, in 
hich case the perturbations sum together, giving 

( r , φ) = 

1 

2 

(
θ lens 

E 

r 

)γ lens −1 

·
∑ 

m 

(
k m 

cos ( m ( φ − φm 

)) 

)
. (11) 

Some physical moti v ations and examples of the effects of multi-
ole perturbations to lensing systems are shown in Appendix A . 

.3 Subhalo modelling and Bayesian evidence 

e use a Spherical Navarro–Frenk–White (NFW) profile (Navarro 
t al. 1997 ) to model DM-only subhalo additions, and only model
ubhaloes assuming the same redshift as the primary lensing galaxy. 
he density of an NFW with normalization ρs and scale radius r s is
iven as 

NFW 

= 

ρs 

( r/r s )(1 + r/r s ) 2 
. (12) 

We fit only for the ( x , y ) centre of the subhalo and the M 200 mass
the enclosed mass at r 200 , which is the radius at which the average
nclosed density is 200 times ρcrit for the Universe) and relate M 200 to
he scale radius through the mean mass–concentration relation given 
y Ludlow et al. ( 2016 ). 
Lens models including a dark substructure produce complex 
ultimodal parameter spaces which are challenging for non-linear 

ools such as NAUTILUS to sample robustly. We therefore split the
mage into a 5 × 5 grid (each ‘pixel’ being 1 square arcsecond) and

odel a subhalo where the positional priors are within that grid cell
nly (see e.g. Nightingale et al. 2024 ). Following this, we can both
isualize the effect of adding a subhalo at different locations, as well
s use the result from the grid cell with the highest Bayesian evidence
ncrease to initialize a new fit for a subhalo where the model has the
reedom to place the subhalo anywhere, but the positional priors are
aussians centred on the best-fitting position of the highest-evidence 
rid search. 

.3.1 Model discriminators: Bayesian evidence 

e use the natural log Bayesian evidence – log ( ε) – as the discrim-
nating factor between models. A simplified way to understand the 
ayesian evidence is to consider it to be the Likelihood of the model
eing the truth, but marginalized o v er the parameters that are being
t, such that say a small prior that contains many bad solutions will
ave a lower evidence than a larger prior that only contains good
olutions. The equation 

 = p( X | α) = 

∫ 
p( X | θ ) p( θ | α)d θ (13) 

ormalizes this description, where X is some observed data, θ is a 
ata parameter, α is a prior hyperparameter, such that the evidence 
s p( X | α) (probability of data given prior parameters), which is
hen the integral over all data parameters of the Likelihood ( p( X | θ ),
robability of data given a parameter set) multiplied by the prior
 p( θ | α), probability of a certain data parameter set given the prior
yperparameter sets). 

To claim a subhalo candidate against a standard EPL mass model,
e would normally set an a-priori requirement of � log ( ε) > 10 for

he subhalo addition, and we set the same standard for the inclusion
f multipoles in a model. For reference, � log ( ε) = 10 corresponds
o roughly a 5 σ result. 10 , or a frequentist p -value of order 10 −7 .
imilarly, � log ( ε) = 5 corresponds to roughly 3 σ or a p -value of

0 . 03. The use of � log ( ε)can also be considered as the logarithm
f the ‘Bayes Factor’ or ‘Odds’, since � log ( ε) = log ( ε 1 ) − log ( ε 2 ) =
og ( ε 1 /ε 2 ). 

Our specific implementation of evidence thresholds in this work 
s to hold the requirement of � log ( ε) > 10 when we add multipoles
o the EPL + shear model, and if these multipole-inclusive models
ass the threshold then we continue to add a subhalo to the model.
f the multipole evidence is not satisfied, we would only apply the
ubhalo to the base model. 11 
MNRAS 539, 704–726 (2025) 
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M

Figure 3. Results from the grid-based preliminary subhalo searches in SPT2147 for the base EPL + shear model. The values and colours correspond to the 
log-evidence change – � log ( ε) – when a subhalo is modelled in a certain grid cell. Crosses mark the best-fitting position of the subhalo within each grid cell. 
The highest evidence grid cells are marked in bold. � log ( ε) = 10 is considered a roughly 5 σ detection. 
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When using only single-filter imaging, if there are many different
ombinations of multipoles and multipoles + subhaloes that create
n evidence change of � log ( ε) > 10 to the base model, it would be
ifficult to decide between taking just the highest evidence model,
r requiring that a subhalo has a further evidence to the multipole
due to unknown degeneracies between multipoles and subhaloes).
ince we have multifilter fitting available, we are able to apply the
highest evidence model’ approach and cross-reference by applying
 � log ( ε) = 5 (3 σ ) confidence region below this model – comparing
esults which fit into the confidence region across all filters. If
ore than one model was within this region, we choose the highest

vidence model from across all filters as the primary candidate (i.e.
he highest evidence model from f444W, since this has the highest
ource SNR). 

 RESU LTS  

.1 SPT2147 results 

he SED of the line-of-sight object to the south-west of centre
n the lower arc was modelled with BAGPIPES , as mentioned in
ection 2.1 , to obtain 0 . 04 � z � 0 . 10, and a best-fitting mass of

he order log 10 ( M / M �) ∼ 6. We initially try to include this object in
ur lens modelling; ho we ver , the Einstein radius con verges to zero
n all fits, meaning the object has no appreciable lensing effect in the
ystem. We therefore remo v e the object from our subsequent fits by
rtificially increasing the noise level over this area, so that the light
t this point provides no contribution to our likelihood functions, due
o the now very low SNR. 

.1.1 Base model substructure results 

e show in Fig. 3 our results from the subhalo grid-search analysis
see Section 3.3 ), in each filter, using the EPL + shear as the
ase macromodel. This ‘base’ model shows multiple high-evidence
 � log ( ε) > 10) grid squares repeated in similar locations in each
lter . The subhalo’ s location with the highest evidence is north of

he extended arc, with maximal evidence increases of ∼ 57 , 27 , 21
n the grid-search for f444, f356, and f277 (note that these values
djust to 60 . 35 , 42 . 13 , 20 . 54 for the final DM subhalo fit after the
rid search, where the priors on its centre are not confined to a 1 ×
 arcsec square). 
NRAS 539, 704–726 (2025) 
The f444 filter also gives a secondary set of high-evidence grid
ells, east of the lensing galaxy, which are not seen in the bluer
lters. The reason these right-hand cells do not show high evidences

n the f356 and f277 filters may be related to the much lower source
NR in f277, and potentially the source light morphology in f356.
e have seen from simulations that genuine subhalo signals can

lso produce residual signal in incorrect locations (Nightingale et al.
024 , section B2), so this could just be a residual effect of a genuine
ubhalo located towards the top of the image. There may also be
 case where the substructure signals in f444 are not due to a
enuine substructure, but rather a product of missing complexity
rom the EPL + shear in that area, where the model uses the
nclusion of substructure to compensate for this – the combination
f any slight model differences with source morphology changes
etween filters could then also explain why these are not seen in
356/f277. 

.1.2 Results of multipole perturbations 

ig. 4 shows the log-evidence increases – � log ( ε) – when we include
arious multipole perturbations to our EPL + shear model, instead
f the subhalo additions from the previous section. We see that all
ultipole inclusions are preferred (give a positive evidence change),

nd all apart from M1-only and M3-only give � log ( ε) > 10 in all
hree filters. From here forwards therefore, we discount the M1-only
nd M3-only fits unless otherwise stated, similarly discounting the
277 fits due to the low SNR (and therefore low sensitivity to model
hanges). 

From Fig. 4 , we also see that the M4 (in f356) and M3 + 4 (in
444 and f356) fits, show a lower evidence than the other multipole
dditions, which is a potential indication that, whilst an M1 multipole
ddition on its own cannot produce much difference to the base
odel, it may be required in order for the higher order M3 and
4 perturbations to become fully ef fecti ve – a possible sign again

f multipoles having the potential to compensate for missing com-
le xity which the y are not primarily intended to capture. A similar
ffect is shown in Amvrosiadis et al. ( 2024 ), where M1 addition
hanges the fit values of M3 and M4 components to galaxy light
istributions. 
Fig. 5 shows the reco v ered parameters from the high-evidence
ultipole models to SPT2147, as well as the base EPL + shear
odel. For each model, the parameters are consistent within the
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Figure 4. � log ( ε) (log-evidence changes) with the addition of multipole 
perturbations to the base model of SPT2147. The dashed line marks � log ( ε) = 

10, which is our approximate 5 σ significance threshold. 
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rrors across all three filters, which shows that the fits are con-
erging successfully since, again, the three filters offer independent 
ource light structures and PSF instances but with the same mass
istribution, and thus agreement between the three filters within a 
odel provides an important sanity check and confidence boost in 

he reco v ered parameters. Between dif ferent models ho we ver, we see
ne model notably deviate from the base model (and indeed most
ther model) parameters – the M1 + M3 model, showing an offset
entre, smaller Einstein radius, smaller power-law slope, smaller 
hear magnitude and higher M1 magnitude. Some of these M1 + 

3 parameters are consistent within errors to at least one filter of
nother model but the best-fitting values are clearly offset, which 
s important as this model actually has the highest evidence of all
he models in f444 ( � log ( ε) = 48 . 16) and f356 ( � log ( ε) = 38 . 69). In
erms of result trends between multipoles, we do also see a relation
etween the M3 and M4 multipoles in this lens where the best-fitting
3 magnitude slightly decreases and its angle becomes much less 

onstrained once we add the M4 multipole (in M3 + M4 and M1
 M3 + M4), and similarly for the M4 magnitude when the M3

s added. The M1 magnitude also shows decreases when the M4 is
dded compared to the M3. 

.1.3 Inclusion of both multipoles and substructure 

vidence increases from the addition of multipoles to the EPL + 

hear model, and the addition of substructures to this model, are very
imilar in magnitude, which again may be a possible indication that 
here is de generac y between multipoles and substructure in terms
f each compensating for the absence of the other, adding to the
esults of O’Riordan & Vegetti ( 2024 ). Running the subhalo searches
n these models which have multipole perturbations allows us to 
ee that both can actually co-exist. Fig. 6 shows the subhalo grid
earch results for the multipole models, with every multipole model 
hown having a grid cell with � log ( ε) > 10 in f444. No models
how a cell with � log ( ε) > 10 in f277, but we do not draw strong
onclusions from this filter due to the low source signal (and therefore
o w constraining po wer). The M3 + M4 model has a high-evidence
rid cell ( � log ( ε) > 20) in f356, potentially accounting for the slight
ip seen in the evidence for the multipole perturbation in this model.
mportantly, most models in f444 and f356 (except M1 + M3-f356
nd M1 + M3 + M4-f356) still fa v our a subhalo in the same or
imilar position to the subhalo suggested from the base model search,
ho wing that e ven with the addition of multipole perturbations, a
ubstructure still obtains higher Bayesian evidences for the model 
t. 
Fig. 7 shows the finalized multipole evidences and subhalo 

vidences for the base model and multipole models. We see two
esults here: firstly that in f444 the multipole perturbations alone 
annot reach the same evidence increase that just adding a subhalo
o the base model can, ho we ver in f356, the multipole perturbations
an reach and surpass this level; second, we see that many models
ie within a reasonable evidence range of one another, showing the
ifficulty we will have to choose the ‘best’ models confidently with-
ut informative physical priors and context. Following the method 
et out in Section 3.3.1 ho we ver, we utilize the multiwavelength
tting advantages of these data and plot the confidence region of
 log ( ε) < 5 below the highest o v erall evidence models in each filter

s the shaded regions in Fig. 7 . Again, neglecting the f277 filter
ue to its low constraining power, we see that the M1 + M3 +
ubhalo and M1 + M4 + subhalo models are the only models
hich lie within this region in both f444 and f356. Since M1 +
3 + subhalo in f356 lies both at the edge of the region and

nly � log ( ε) ∼ 2 abo v e the M1 + M3 model, we take M1 + M4
 subhalo as the preferred model. Additionally, the M4 multipole 

erturbation is more easily related to physical structure than the 
3 multipole, providing another reason to take this as the preferred
odel. 
Table 3 shows the evidences, positions and masses for the 

eco v ered substructure in our fa v oured model, and Fig. 8 shows
he subhalo position and mass for all filters and models. Within
ndividual models, all masses agree between filters, but there are 
ome disagreements between f444 and f277 on position in the base,

1 + 3 and M3 + 4 models. Between models, on the other hand, the
444 and f356 subhalo positions all agree, with some disagreements 
n the subhalo mass, which is to be expected from models which
ave different mass distributions in the macromodel. We will discuss 
n Section 5.2 the potential interpretations of the model-internal 
isagreements. 
The macromodel parameters are shown in Appendix C , Fig. C1 ,

s well as the changes in those parameters from the no-subhalo to
he with-subhalo models in Fig. C2 . Generally, most changes are
onsistent with 0, although for best-fitting values we see a general
rop in M4 strength, and that the addition of a subhalo tends to bring
he power-law slope closer to Isothermal ( γ = 2). The most notable
hanges upon addition of a subhalo are to the Einstein radius, with
he base, M4 and M3 + M4 models showing a definitive drop in
instein radius in f356 and f444. For our preferred M1 + M4 model,
o we ver, the addition of the subhalo leads to no notable change in
instein radius – there is a potential increase in EPL slope, decrease

n shear magnitude and decrease in M4 strength, but all with errors
aking these changes consistent with 0. 

.1.4 Model residuals 

he normalized residuals (i.e. the model residuals divided by the 
oise, from here forward just ‘residuals’) from the fits to SPT2147 of
he base, base + subhalo, base + M1 + M4, and base + M1 + M4 +
ubhalo models are shown in Fig. 9 . There are areas of the upper arc
MNRAS 539, 704–726 (2025) 
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Figure 5. Reported parameters and associated 3 σ errors for the highest evidence models without a subhalo in SPT2147, and the base model. Multipole angles 
have a symmetry through 360 /n – i.e. a 90 deg error on the M4 multipole means it is unconstrained as this multipole has rotational symmetry through 90 deg, 
and so the errors are wrapped around ±(360 /n ) / 2. Evidence changes shown are in comparison to the base EPL + shear model. We highlight with the grey box 
our preferred final model of EPL + shear + M1 + M4. 
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f the lensed source (marked with back boxes) which see noticeable
hanges in their residuals from the base model to the model with
ultipoles and to the model with substructure; ho we ver, the change

s much less obvious going from these models to the model with
ultipoles and substructure, apart from in the f356 filter, which is a

ood indicator that the increase in Bayesian evidences we see is due
o impro v ements in the modelling of the lensed source and not the
ens itself or the noise. 
NRAS 539, 704–726 (2025) 
.2 SPT0418 results 

.2.1 Base model substructure results 

ig. 10 shows the subhalo grid-search results for the f444 and f356
ase models in SPT0418. The f277 filter had too low a source signal
evel to produce reasonable model results, so it is not shown. There is
 potential indication of substructure signal towards the lower left of
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Figure 6. Results from the grid-based preliminary subhalo searches in SPT2147 for the EPL + shear + multipole models. The values and colours correspond 
to the log-evidence change – � log ( ε) – when a subhalo is modelled in a certain grid cell. Crosses mark the best-fitting position of the subhalo within each grid 
cell. The highest evidence grid cells are marked in bold. � log ( ε) = 10 is considered a roughly 5 σ detection. 
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Figure 7. � log ( ε) (log-evidence changes) for the addition of a multipole (triangles, for reference), and then subhaloes (circles) to highest evidence models of 
SPT2147. All evidences are compared to the base no-subhalo model. The shaded regions correspond to the (roughly 3 σ ) � log ( ε) < 5 confidence region below 

the highest evidence models in each filter. 

Table 3. � log ( ε)(log-evidence changes) and subhalo parameters for our 
prime model of EPL + shear + M1 + M4 + subhalo. Errors quoted are 3 σ . 
Evidences are quoted to ‘base’ – the EPL + shear model, and to ‘M1 + M4 
(no-sub)’ – the EPL + shear + M1 + M4 model before adding the subhalo. 
All values are consistent across three filters. 

f444 f356 f277 

� log ( ε) to base 57.96 45.00 18.46 
� log ( ε) to M1 + 4 (no-sub) 10.97 9.96 2.07 
Position y (arcsec) 2 . 47 + 0 . 27 

−0 . 33 2 . 59 + 0 . 13 
−0 . 25 1 . 19 + 1 . 34 

−1 . 55 

Position x (arcsec) −0 . 07 + 0 . 29 
−0 . 19 −0 . 06 + 0 . 15 

−0 . 13 0 . 61 + 1 . 43 
−1 . 48 

log 10 ( M 200 / M �) 10 . 87 + 0 . 53 
−0 . 71 10 . 99 + 0 . 33 

−0 . 37 10 . 17 + 0 . 64 
−2 . 12 
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he image, but in only one grid cell in each filter, and moving closer
o the Einstein ring in the lower signal f356 filter. The grid-search
vidences are � log ( ε) ∼ 5, and the finalized search evidences are
 log ( ε) = 4 . 44 , 4 . 31 for f444, f356, meaning there is no appreciable

vidence for substructure in this lens when using the base EPL +
hear model. 

.2.2 Results of multipole perturbations 

iven that there is no evidence for substructure with the base EPL
 shear model, we already know that the model can fit the data

easonably well without any additional perturbations, and thus we
o not expect strong evidences for multipole complexity in the mass
odel. Fig. 11 shows � log ( ε)(evidence–triangles) and � log ( L )

likelihood–crosses) when multipoles are added to the EPL + shear
odel. The small positive log-likelihood increases indicate that
ultipole models produce a small impro v ement to the o v erall fit.
o we ver, the decrease in evidence implies that this does not outweigh

he increase in model complexity and thus the multipole models are
isfa v oured o v erall. 
The f444 filter has no increase in � log ( ε)for any multipole

ddition, and in fact, as more multipoles are added, the magnitude of
he evidence drop increases – as one would expect if adding further
nnecessary complexity to the model. The f356 filter does show
inor increases of � log ( ε) < 10 in all additions except for M1-only

nd M3-only. The fit to the f356 filter ho we ver required the model to
e initialized from the f444 model as the source signal was too low
o provide a reasonable constraint on parameters. We therefore place
NRAS 539, 704–726 (2025) 
uch less value on the f356 results and show them primarily for
ompleteness, using the f444 as the primary result set. Regardless,
he low evidences for multipoles in f356 coupled with the ne gativ e
vidences for multipoles in f444 lead to the conclusion that there is
o basis to claim multipole angular complexity in the mass of lens
an important contrast to SPT2147. We show the parameters for

he fits in Appendix C , Fig. C3 and show that they are all consistent
cross every model and filter, with the exception of f444 shear angles
eing generally higher than f356. The consistency and the fact that
ll multipole strengths return close to zero strengthens the opinion
f the base model being most appropriate as the multipole models
ffer little to no difference. 

.2.3 Inclusion of both multipoles and substructure 

s mentioned, the f356 model fit required initializing from the f444
odel results, and therefore we primarily test the f444 model with

ubstructure additions. The f444 model, ho we ver, had all ne gativ e
og-evidence changes upon multipole addition, so we therefore only
est the addition of a substructure to the models with a single
ultipole perturbation. Fig. 12 sho ws the finalized log-e vidence

hanges from the smooth EPL + shear model for the multipole
dditions (for reference) and the multipole + subhalo (or just subhalo
or the base model) additions for the f444 base, M1, M3, M4 models
nd the f356 base and M1 models. 

The subhalo grid-searches for the multipole models are not shown
s they contain no cells with � log ( ε) > 10, and only one cell with
 log ( ε) > 5 in f444, although interestingly this is now on the lower

ight of the lens rather than the lower left as seen in Fig. 10 , but is
ikely just fitting noise or compensating for the multipole addition.
ig. 12 does show that the M1 subhalo fit in f356 has an evidence
oost from the smooth M1 model of � log ( ε) = 8 . 25, but considering
he addition of the M1 causes a drop in evidence of −2 . 88 from the
ase EPL + shear model, we suspect the subhalo is primarily just
ompensating for this. 

.2.4 Model residuals 

e plot the normalized residuals for SPT0418 in Fig. 13 , showing the
ase model, base + subhalo model, and M1 + M3 + M4 model. We
ee that, unlike in SPT2147 (Section 4.1.4 ), there is no noticeable
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Figure 8. Reported subhalo parameters for the best-fitting substructure to the base and high-evidence multipole models. Our preferred model, EPL + shear + 

M1 + M4 is highlighted with the grey box. Log-evidence changes – � log ( ε) – compared to the no-subhalo model of that type are also shown, but the base f356 
and f444 evidences are abo v e the plot limit. 
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hange in the residuals when adding either angular complexity or 
ubstructure to the base model, which supports the narrative that this
ens does not have detectable complexity. 

 DISCUSSION  

.1 Is there a dark subhalo in SPT2147? 

ur analysis of SPT2147 provides strong evidence (exceeding 10 σ ) 
or both (i) models with angular complexity (multipoles) when a 
M subhalo is omitted, and (ii) models including a DM subhalo 
hen multipoles are omitted. The preferred model (see Section 3.3.1 ) 

ncludes both m 1 and m 4 multipoles and a DM subhalo, showing
vidence increases of � log E = 10 . 97, 9.96, and 4.3 for the f444W,
356W , and f277W , compared to models without a DM subhalo. This
uggests that SPT2147 likely requires both angular complexity in the 
ens mass distribution and the presence of a DM subhalo. Ho we ver,
ystematic uncertainties in strong lens modelling make it difficult 
o come to a definitive interpretation, leading us to consider three 
ossibilities: 

(i) Lens galaxy contains only angular complexity, without a 
M subhalo: In this scenario, the DM subhalo is producing a 

alse positive detection with an evidence increase abo v e 50 by
ompensating for missing complexity in the power-law lens mass 
odel, an ef fect sho wn in He et al. ( 2023 ). Ho we ver, the model

ncluding m 1 and m 4 multipoles still fa v ours the DM subhalo with
n evidence increase of 10.97, and even with all of m 1, m 3, and
 4, the evidence increase for substructure is 9.68, meaning that if
 DM subhalo is truly not present the mass distribution must have
omple xity be yond what the combination of the m 1, m 3, and m 4
ultipoles can capture. 
(ii) Lens galaxy contains a DM subhalo, without angular 

omplexity: Here, the multipole-only models are fa v oured because 
hey are actually fitting the lensing signal of a genuine DM subhalo,
 de generac y outlined by O’Riordan & Vegetti ( 2024 ). Ho we ver,
ome models with the combination of multipoles and substructure 
re consistently a higher evidence than the models with substructure 
nly, implying that there is excess lensing potential beyond what can
e captured by a single subhalo. 
(iii) Lens galaxy contains both angular complexity and a DM 

ubhalo: A combination of the abo v e cases. The models including a
M subhalo but lacking multipoles see evidence increases of ∼ 50 
ecause the subhalo primarily accounts for missing complexity in 
he power-law model of the central mass distribution (see He et al.
023 ). Ho we ver, e ven after the multipoles are added, accounting for
his missing complexity, a DM subhalo remains necessary for an 
mpro v ed model fit as there is a true subhalo in the system. 
MNRAS 539, 704–726 (2025) 
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Figure 9. Normalized residuals (residuals divided by the noise in each pixel) from model fits to SPT2147 of the ‘base’ (EPL + shear) model and the model 
including m = 1 and m = 4 multipoles, and their corresponding fits with substructure additions (‘SH’). The black boxes highlight areas where there are notable 
and correlated residual changes within a filter, all corresponding to the upper arc of the lensed source. 

Figure 10. Results from the grid-based preliminary subhalo searches in SPT0418 for the base EPL + shear model. The values and colours correspond to the 
log-evidence change – � log ( ε) – when a subhalo is modelled in a certain grid cell. Crosses mark the best-fitting position of the subhalo within each grid cell. 
The highest evidence grid-cells are marked in bold. � log ( ε) = 10 is considered a roughly 5 σ detection. 
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Figure 11. � log ( ε)(log-evidence changes, triangles) and � log ( L ) (log- 
likelihood changes, crosses) for the addition of multipole perturbations to 
the base model of SPT0418. 

Figure 12. � log ( ε) (log-evidence changes) for the addition of a multipole 
(triangles, for reference), and then subhaloes (circles) to the best models for 
SPT0418. All evidences are compared to the base no-subhalo smooth model. 
The dashed line marks � log ( ε) = 0. 
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Option iii abo v e, that this lens contains both substructure and
ultipoles, is the solution with the highest Bayesian evidence, 

nd is a similar option to recent work by Enzi et al. ( 2024 ) on
DSSJ0946 + 1006, who find evidence for significant multipoles 
longside the substructure in this lens, but note that the multiple 
ource configuration of this lens is essential to reducing the degener- 
cy between multipoles and other parameters – a luxury that we do 
ot have with SPT2147-50. 
Given the current evidence, we consider SPT2147 as a DM subhalo 

andidate . Future work will aim to refine this interpretation using
ore flexible lens mass models, such as potential corrections (Suyu 

t al. 2009 ; Vegetti et al. 2012 ). SPT2147 is an ideal target to
nv estigate this approach, giv en the apparent need for both angular
omplexity and a DM subhalo in its modelling, along with the
 vailability of multiwa velength data for validation. Additionally, 
ollow-up lensing analysis with ALMA data is planned, building 
n Amvrosiadis et al. ( 2025 ). Whilst we are not there yet, SPT2147
uggests that separating a DM substructure from angular complexity 
n strongly lensed extended sources is a tractable task, ensuring that
t can pro v e a key test of the DM particle in the near future. 

.2 Candidate position and mass 

he best-fitting position for the DM subhalo in SPT2147 lies 
pproximately 1 arcmin north of the uppermost part of the lensed
rc. In the f277W filter, the subhalo’s position shifts on to the lensed
rc; ho we ver, this is not in tension with the f444W and f356W results,
ue to greatly increased errors on the position. In the upper panels of
ig. 8 we see that all subhalo x -positions agree to 3 σ except in the
3 + 4 f277W model, and subhalo y -positions agree except f277W-

444W results with the base and M1 + M3 models – the important
oint being that there is good agreement to 3 σ in subhalo position
and masses) of our preferred model of M1 + M4. The reason for
he discrepancy in precision of the f277W results is likely due to the
uch lower signal-to-noise ratio of the lensed source in this filter

see Table 1 ) and the resultant need of the model to bring the subhalo
loser to the arc to achieve a noticeable perturbation with this low
ignal. Due to this, we assume that the true subhalo position aligns
ith the fits from the f444W and f356W bands, at the centre-top of

he image, and primarily look at these filters (and specifically f444W)
rom here forward. 

While the subhalo’s relatively large inferred mass helps explain 
ow it can still cause a lensing perturbation at this distance from
he arc, a DM halo of ∼ 10 11 M � would typically be expected to
ost a visible dwarf galaxy. Ho we ver, no such galaxy is observed. In
ppendix B , we estimate the upper limit for the subhalo’s brightness
sing the JWST Exposure Time Calculator (Pontoppidan et al. 2016 ),
ith settings that match those of the observing run (Rigby et al.
024 ) for F444W. The result is an expected SNR of approximately
.16, indicating that the object would be indistinguishable from the 
ackground. A dwarf galaxy detection is not unreasonable as an 
lternative to a dark subhalo; recent work from Ballard et al. ( 2024 )
howed that the substructure detection in SDSSJ0946 + 1006 is 
ompatible with a dwarf galaxy which is too faint to be detected
iven the available data. 
The inferred subhalo mass depends significantly on the choice 

f its density profile. Our analysis assumes a Navarro–Frenk–White 
NFW) profile, which has a shallower central density compared to 
he pseudo-Jaffe profile used in other works (e.g. Vegetti et al. 2010 ,
012 ). This assumption leads to higher subhalo mass estimates, as
een in the analysis of SDSSJ0946 + 1006 by Nightingale et al.
 2024 ), where the inferred mass was around ∼ 10 10 . 5 M �, compared
o masses in the region of 10 9 . 5 M � inferred from studies using more
oncentrated profiles (e.g. Minor et al. 2021b ). Additionally, Despali 
t al. ( 2018 ) demonstrated that masses derived using NFW profiles
ap to lower values when assuming pseudo-Jaffe profiles. 
Further exploration of the DM subhalo’s density profile could 

uggest a mass closer to 5 . 0 × 10 9 M � or below if the subhalo is
ore concentrated. In fact, a recent study from Despali et al. ( 2024 )

ound that for two detections of dark subhaloes in the literature,
hese subhaloes prefer a steeper density slope than the NFW profile,
o it is likely that our quoted masses are an o v er-estimate due to
heir lower concentration. Additionally, if the subhalo lies along the 
ine-of-sight rather than within the lens plane, this could affect both
ts detectability and the inferred mass (e.g. He et al. 2022 ). The
MNRAS 539, 704–726 (2025) 
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Figure 13. Normalized residuals (residuals divided by noise in each pixel) from the model fits to SPT0418 for the ‘base’ (EPL + shear) model, this model with 
subhalo (‘SH’), and the model containing m = 1, m = 3, and m = 4 multipoles (but no substructure). We see no areas where there are major correlated residual 
changes when extra complexity (angular or substructure) is added to the model. 
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 vailability of multiwa velength data for SPT2147 makes it an ideal
andidate for future investigations into the subhalo’s density profile
nd its potential impact on mass estimates. 

.3 Substructure detection criteria 

revious strong lens studies that assume a power-law plus shear
ass model have adopted different Bayesian evidence criteria for

dentifying DM subhalo candidates. Detection thresholds vary sig-
ificantly: Vegetti et al. ( 2010 , 2012 ) use � log ( ε) of 50, Ritondale
t al. ( 2019 ) use 100, and Nightingale et al. ( 2024 ) use 10. Similarly to
his work, Hezaveh et al. ( 2016 ) claim a detection in a different strong
ens with a value of � log ( ε) = 47.3 for fits using a power-law plus
hear plus m = 3 and m = 4 multipoles. Many sensitivity mapping
tudies set thresholds between 50 and 10 (Amorisco et al. 2021 ;
espali et al. 2022 ; O’Riordan et al. 2023 ; O’Riordan & Vegetti
024 ). An increase of 10 corresponds to roughly a 5 σ detection,
aking this an appropriate benchmark for considering a detection as

ignificant. 
Our study shows that the significance of a DM subhalo detec-

ion is sensitive to the choice of mass model. F or e xample, in
PT2147, a power-law plus shear model favoured a DM subhalo
ith evidence increases of � log ( ε) = 60 . 35 , 42 . 13 , 20 . 54 in the
444W , F356W , and F277W bands, respectively. In contrast, when

ncluding m = 1 and m = 4 multipoles, these values dropped to
 log ( ε) = 10 . 97 , 9 . 96 , 4 . 3. This pattern is also observed in other

nalyses. F or e xample, Nightingale et al. ( 2024 ) found that the
vidence for a DM subhalo in SDSSJ0946 + 1006, a lens with a
onfirmed substructure, varied from � log ( ε) = 72.36 for a power-law
lus shear model to 22.52 for a decomposed stars-plus-DM model.
hese results suggest that more refined mass models can reduce the
NRAS 539, 704–726 (2025) 
vidence threshold needed to detect subhaloes, as they better capture
he underlying complexity of the lens. 

This has important implications for constraints on the mass of the
M particle. As mentioned, sensitivity mapping studies often assume
 threshold for detection of up to 50, which may be conserv ati ve in
heir estimates of DM subhalo detectability. If impro v ed mass mod-
ls, and cross-referencing across multipole filters, allow for a lower
etection threshold, these forecasts could be adjusted accordingly.
his could lead to a scenario where fewer lenses are needed to achieve
omparable constraints on the DM particle mass, even though more
omplex mass models are now assumed. A more thorough evaluation
f how to establish robust detection criteria is therefore essential
or future studies, and whether our implementation, as described in
ection 3.3.1 , remains appropriate. 

.4 Contrasting SPT2147 with SPT0418 

he contrast in results between SPT2147 and SPT0418 shows that
e do not just detect multipoles simply because they are included

n the model. SPT0418 is a prime example that actually not all lens
ass models require high levels of complexity, and it is important to

ote that this impro v es the confidence that the detections in SPT2147
re not systematics where complexity is added to artificially inflate
he evidence (i.e. the model does not just want all the parameters
t can get), since that would then also be the case here. Further,
s mentioned in Sections 4.1.4 and 4.2.4 , there is a difference in
he effects of the complexity additions on the model residuals –
here SPT2147 shows evidence of a correlated impro v ement to the

esiduals along the lensing arcs, whereas SPT0418 shows no such
mpro v ements. This shows the physical meaning behind the changes
or lack thereof) to Bayesian evidences that are seen. 
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Given some of the reco v ered axis ratio parameters, the SPT0418
ens mass could likely be reasonably well described by a singular 
sothermal sphere mass model (‘SIS’: the simplest applicable model 
hich is the EPL with q = 1 , γ = 2). This dramatic mass simplicity

ould have numerous explanations: the level of source signal may be 
oo weak to constrain any complexity in the lens mass; the source
tself, which is a merger of two elliptical galaxies (Cathey et al.
024 ), may, despite its large span o v er the source plane, lack suitably
laced features to enable detection of complexity (i.e. reconstruction 
f a spiral has fewer lensing solutions than reconstruction of a blob);
r alternatively, this lensing galaxy may genuinely have little to 
o angular structure. Regardless, the lack of multipole evidence in 
PT0418 makes the indications shown of angular complexity in 
PT2147 that much more compelling, and enhances the argument 
or further study of this lens. What would additionally be interesting 
s deeper imaging of SPT0418, in order to provide higher levels of
ource signal in order to re-test the application of multipoles to see
f the evidences change. 

 SU M M A RY  A N D  C O N C L U S I O N S  

e hav e inv estigated multiwav elength images from JWST of two
trongly lensed systems to test the effects of angular (multipole) 
erturbations to the standard elliptical power-law mass model, and 
he impact of these perturbations on substructure detection. We 
nd that (1) SPT2147-50 has evidence for angular complexity (of 
rst- and fourth-order multipole combination), with Bayes factor 
 log ( ε) ∼ 47 , 35 , 16 in f444, f356, f277 imaging respectively; (2)

he inclusion of these multipoles reduces the Bayes factor for 
ubstructure by ∼ 46 , 16 , 18 for f444, f356, f277; (3) irrespective of
omplexity, our highest SNR filter (f444) al w ays gives a substructure
etection abo v e 4 σ . We will refer to this as a DM candidate , as
e still require the non-parametric potential corrections (Vegetti & 

oopmans 2009 ) to definitively rule it out as a mass modelling
ystematic error. We do not, ho we v er, find an y evidence for com-
lexity in SPT0418 (angular or substructure), which indicates that 
he detections in SPT2147 are less likely to be systematics related to
he modelling process. 

A quantitative summary (see also Table C1 in the appendix) for
PT2147 is as follows: 

(i) When assuming only a standard power law plus external shear 
odel for the lens galaxy mass, we fa v our a DM subhalo inclusion
ith Bayes factor � log ( ε) = 56 . 90 , 25 . 70 , 19 . 84 in filters f444, f356,

277. These are all well abo v e 5 σ . 
(ii) We find similarly strong evidence for angular mass complexity 

n the lens galaxy mass distribution. Inclusion of a combination 
f first-, third-, and fourth-order multipoles is fa v oured by Bayes
actors � log ( ε) = 45 . 19 , 33 . 54 , 12 . 05 and inclusion of only first-
nd fourth-order multipoles is fa v oured by Bayes factors � log ( ε) =
6 . 99 , 35 . 04 , 16 . 39 (in filters f444, f356, f277, respectively; again
ll well abo v e 5 σ ). 

(iii) Based on the higher source-SNR filters f444 and f356 only, de- 
ending on the combinations of multipoles and substructure used, the 
rst-order multipole has magnitude in the range 2 . 43 –9 . 52 per cent ;

he third-order multipole has magnitude 0 . 29 –1 . 34 per cent ; and the
ourth-order multipole has magnitude 0 . 30 − 1 . 48. 

(iv) A dark substructure is still fa v oured in models that include
ultipoles, but to a lesser extent. By implementing a ‘confi- 

ence region’ of � log ( ε) < 5 from the highest evidence model
n each filter, the best applicable model (within this region in 
ll three filters) includes only first- and fourth-order multipoles 
plus substructure), and the Bayes factors for substructure additions 
re � log ( ε) = 10 . 97 , 9 . 96 , 4 . 35 in f444, f356, f277 (approximately
 . 05 , 4 . 85 , 3 . 4 σ ). 
(v) This best model substructure has mass log 10 M 200 = 

0 . 87 + 0 . 53 
−0 . 71 M � in f444 and log 10 M 200 = 10 . 99 + 0 . 33 

−0 . 37 M � in f356. This
s a substructure candidate , requiring more detailed future analysis 
o definitively confirm it is not a systematic resulting from an o v erly
implistic mass model. 

Our research contributes to the expanding body of evidence 
hat detecting DM subhaloes through strong lensing necessitates a 

eticulous separation of the DM subhalo signal from the radial and
ngular complexities inherent in the lens galaxy’s mass distribution. 
his conclusion aligns with previous findings from cosmological 
imulations (He et al. 2023 ), observational data (Barone et al. 2024 ;
ightingale et al. 2024 ), and machine learning applied to large

amples of simulated lenses (O’Riordan & Vegetti 2024 ), as well
s studies explaining flux ratio anomalies in lensed quasars through 
ass model angular complexity (Gilman et al. 2024 ). Despite fitting

ne of the most complex parametric mass models currently possible –
ncorporating a power-law profile with external shear and first-, third- 
 and fourth-order multipoles – we still detect statistical evidence at 
 significance level exceeding 5 σ in fa v our of the presence of a DM
ubhalo. Although we cautiously refer to this as a candidate and
cknowledge the need for more advanced lens modelling including 
otential corrections to reach a definitive conclusion, our findings 
uggest that disentangling DM substructure from angular complexity 
s an achie v able challenge. This progress will e ventually enable us
o critically assess the CDM paradigm. 
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Figure B1. SED based on a 5-yr-old Elliptical Galaxy from the SWIRE 

library. The SED has been scaled using our calculated luminosity to represent 
the true non-normalized expected values of λF λ. The blue dashed lines trace 
the values at our emitted light wavelength, λemit = 2 . 41 μm . 
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At φ = 0, the m = 2 multipole gives a similar effect to the power-
aw mass ellipticity and at φ = 90 ◦, it is similar to the External
hear, and could explain therefore the indications in studies such as
therington et al. ( 2024 ) that the External Shear is fitting to internal

ens mass comple xity. F or a physical interpretation of the remaining
ultipoles, we visualize that the m = 1 multipole corresponds to
 skew in the mass distribution, which could, for example, be due
o the galaxy being mid- or post-merger. The m = 3 and m = 4
ultipoles are more frequently used in strong lensing (e.g. Hezaveh

t al. 2016 ; Stacey et al. 2024 ) and demonstrate triaxiality from m =
, which has long been a component of galaxy surface brightness
ts (e.g. Benacchio & Galletta 1980 ; Tremblay & Merritt 1995 ),
nd boxiness/disciness from the m = 4 (e.g. Bender et al. 1989 ).
he majority of physical intuition on these multipoles comes from

he light profiles of galaxies – see e.g. Hao et al. ( 2006 ); Padilla
 Strauss ( 2008 ) for comprehensive applications of multipoles to
loan Digital Sky Survey galaxies, or Cappellari ( 2016 ) for a re vie w
n galaxy structure using spectroscopy. Note that work is ongoing to
chieve a quantitative rather than qualitative view on what multipole
trengths and realizations are to be expected directly from mass
odelling of strong lensing galaxies (Amvrosiadis et al. 2024 ; Stacey

t al. 2024 ), but so far in the literature we see that the amplitudes of
ass multipoles are in line with those from the light, but potentially
is-aligned (Stacey et al. 2024 ). 

PPENDIX  B:  C A L C U L AT I O N  O F  

UB STRU C TURE  VISIBILTY  

o approximate if the theorized subhalo is detectable from its stellar
mission (in the NIRCam f444W filter, where we have the highest
ource signal), we first start with the best-fitting subhalo mass of
 200 = 10 10 . 87 M �. We operate under some simplifying assumptions

hat there is no dust extinction and that the halo has retained its
riginal mass (in reality dust would cause a lower SNR for the
bject, but if the halo is at the lens redshift, there would be tidal
tripping which reduced its mass o v er time, meaning it could hav e a
arger stellar component than calculated). Following the formalism
f the stellar-to-halo mass relation proposed by Moster et al. ( 2010 )
n equation ( B1 ), and taking the best-fitting parameters from table
 of Girelli et al. ( 2020 ) at z = 0 . 845, we derive a rough estimate
f log 10 ( M ∗/M h ) ∼ − 2 . 22 or log 10 M ∗∼8 . 65 M �. Taking a mass-to-
ight ratio of 1, this also gives a luminosity of log 10 ( L ∗) ∼ 8 . 65 L �. 

M ∗
M h 

( z) = 2 A ( z) 

[ (
M h 

M A ( z) 

)−β( z) 

+ 

(
M h 

M A ( z) 

)γ ( z) 
] −1 

(B1) 

We take an example SED from the SWIRE 

12 template library
Polletta et al. 2007 ) for a 5-Gyr Elliptical Galaxy, with the SED
hown in Fig. B1 . This is only an approximation of the SED, but a
easonable one, particularly regarding age given the lookback time
f ∼ 7 Gyr. We estimate the Luminosity distance at this redshift
sing the COSMOTOOLS 13 cosmological calculator, this gives D L =
292 Mpc for H 0 = 71 , �M 

= 0 . 3 , �� 

= 0 . 7. Using this distance,
e calculate the rest-frame wavelength for light at this redshift
hen observed in the centre of the f444 filter is λ, emit = 2 . 41 μm,

nd using the SED we get L λ, emit = 3 . 65 ∗ 10 32 ergs −1 Å
−1 

, which
onverts to an observed flux density at λ = 4 . 44 μm of F λ, obs =
 . 089 ∗ 10 −23 ergs −1 cm 

−2 Å
−1 = . 
NRAS 539, 704–726 (2025) 

2 https://www.iasf -milano.inaf .it/ ∼pollett a/templates/swire t emplat es.html 
3 ht tp://www.bo.ast ro.it/ ∼cappi/cosmotools 

1

1

We use the JWST Exposure Time Calculator (ETC) 14 (Pontop-
idan et al. 2016 ) to then calculate the upper-limit signal-to-noise
atio we would expect from an actual observation (we do not apply
n y e xtinction). We apply the same observing strate gy from the
EMPLATES (Rigby et al. 2024 ) observing proposal, 15 approximate

he light as a point source, and use the same built-in SED of a 5-Gyr-
ld elliptical galaxy to get the observed filter flux. We also use the
TC ability to extract and use a noise map generated from the day
f the observation (2022 September 9) and implement this to output
he expected signal-to-noise ratio for this object to be SNR ∼ 0 . 16. 

PPENDI X  C :  A D D I T I O NA L  FIT  PA R A M E T E R  

LOTS  

We show here first the parameters from the finalized fits in each
lter for the subhalo models of SPT2147 in figure C1 , with the
rime M1 + M4 model highlighted. Most parameters are consistent
etween filters within a model, but there are some 3 σ tensions,
ncluding importantly f277-f356 position angle tension in the primary

1 + M4 model. Additional tensions beyond 3 σ are: f356-f444
ension in the Einstein radius for the base model; f277-f444 tension
n the position angle for the base model, and f277-f356 position angle
ension in M4, (M1 + M4), M3 + M4, and M1 + M3 + M4 models;
277-f356 tension in the shear angle for the M1 + M3 + M4 model.

Next, in Fig. C2 we show the change in the parameters of the fits
rom before adding a subhalo to after this addition, with the prime M1
 M4 model highlighted. We draw solid lines at 0 to show the lines of

o change – errors are the quadrature sum of the parameter 3 σ errors
rom the fits before and after and if errorbars cross the zero-line,
he parameter change is consistent with 0. There are some non-zero-
onsistent parameters, but all M1 + M4 prime model parameters are
onsistent before and after the subhalo addition, excepting a small
e gativ e change in the f356 model for the M4 angle. Parameters with
4 ht tps://jwst .etc.stsci.edu/
5 ht tps://www.st sci.edu/jwst /phase2-public/1355.pdf

https://www.iasf-milano.inaf.it/~polletta/templates/swire_templates.html
http://www.bo.astro.it/~cappi/cosmotools
https://jwst.etc.stsci.edu/
https://www.stsci.edu/jwst/phase2-public/1355.pdf
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Figure C1. Reported parameters and associated errors for the fits after adding a subhalo to the highest evidence macro-models in SPT2147, as well as the base 
model. � log ( ε)shown here is the total difference to the base no-subhalo model. Multipole angles have a symmetry through 360 /n – i.e. a 90 deg error on the 
M4 multipole means it is unconstrained as this multipole has rotational symmetry through 90 deg, and so the errors are wrapped around ±(360 /n ) / 2. Evidence 
changes shown are in comparison to the base EPL + shear model. We highlight with the grey box our preferred final model of EPL + shear + M1 + M4. 
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hanges outside of zero are: f444 base and f356 M3 + M4 positive
hange of centre x position; f277, f356, f444 base, f356 M4, f356 M3
 M4, f444 M1 + M3 + M4 decrease in Einstein radius; f277 base

ncrease and f356 M3 + M4 decrease in position angle; f444 base
nd f444 M1 + M3 + M4 decrease in power-law slope; f444 base
ecrease in shear magnitude; f356 M3 + M4 increase in shear angle;
444 M1 + M3 decrease in M1 strength, f356 M3 + M4 increase in

3 strength; f356 M4 and f356 M1 + M4 decrease in M4 angle. 
We also show in Table C1 specific values for the � log ( ε)evidence
hanges, maximal normalized residuals from the fits, and multipole 
trengths, for all the models fit both with and without the subhalo. 

We finally show in Fig. C3 the parameters for the fits to SPT0418.
e recall that no multipole models provide a high enough evidence 

ncrease to be worth using, so the prime model here is the base
odel. The position angles for the f356 fits are unconstrained 

errors span the whole range), due to the high axis ratio – q = 1
MNRAS 539, 704–726 (2025) 
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Figure C2. Changes in the mass macro-model parameters for SPT2147 once we add a substructure, as well as the associated error on the change. Solid lines 
are drawn at a change of 0. Multipole angles have a symmetry through 360 /n – i.e. a 90 degree error on the M4 multipole means it is unconstrained as this 
multipole has rotational symmetry through 90 deg, and so the errors are wrapped around ±(360 /n ) / 2. Evidence changes shown are the total difference to the 
base no-subhalo model. We highlight with the grey box our preferred final model of EPL + shear + M1 + M4. 

is spherical so the position angle has no physical meaning at this 
point. Shear angles are generally inconsistent between the f356 
and f444 filters within a model, with f444 being higher. All other 
parameters are fully consistent between all models and filters, which 

is expected when all models have a similar Bayesian evidence. All 
multipole strengths reach down very close to zero with their errorbars, 
a  

l
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gain showing that the multipole models are not required for this
ens. 
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Table C1. Evidence boosts, maximum normalized residuals, and multipole strengths for SPT2147 o v er all models both with and without the addition of a 
subhalo. All multipole ‘pre-sub’ evidences are compared to the base ‘pre-sub’ evidence. All ‘post-sub’ evidences are compared to the corresponding model 
without a subhalo. 

PRE-sub PRE-sub PRE-sub WITH-sub WITH-sub WITH-sub 
Filter Model � log ( ε) Max normalized Multipole strengths � log ( ε) Max normalized Multipole strengths 

(to base) residual ( σ ) ( k m 

∗ 10 −2 ) (to previous) residual ( σ ) ( k m ∗ 10 −2 ) 
m1 m3 m4 m1 m3 m4 

f444W Base – 3.58 – – – 56.90 3.59 – – –
f444W M1 2.36 3.67 4.98 – – 55.83 3.71 3.94 – –
f444W M3 21.81 3.63 – 0.94 – 28.98 3.60 – 0.29 –
f444W M4 43.13 3.66 – – 1.48 12.15 3.59 – – 1.11 
f444W M1 + 3 48.16 3.73 9.52 0.94 – 13.36 3.74 6.79 0.54 –
f444W M1 + 4 46.99 3.59 2.81 – 1.41 10.97 3.50 2.96 – 0.80 
f444W M3 + 4 38.01 3.58 – 0.57 0.98 13.03 3.54 – 0.29 0.90 
f444W M1 + 3 + 

4 
45.19 3.59 2.43 0.49 1.10 9.68 3.75 5.23 0.36 0.46 

f356W Base – 3.83 – – – 25.70 3.77 – – –
f356W M1 10.66 3.94 5.99 – – 28.77 4.05 4.87 – –
f356W M3 4.79 3.80 – 0.67 – 40.99 3.87 – 1.34 –
f356W M4 24.31 3.88 – – 0.92 15.57 3.76 – – 0.62 
f356W M1 + 3 38.69 4.04 8.11 0.84 – 2.04 3.99 7.30 1.04 –
f356W M1 + 4 35.04 4.08 5.97 – 0.76 9.96 4.06 3.97 – 0.43 
f356W M3 + 4 18.61 3.85 – 0.31 0.96 22.40 3.87 – 1.05 0.61 
f356W M1 + 3 + 

4 
33.54 4.08 7.62 0.62 0.30 7.31 4.03 6.78 1.21 0.44 

f277W Base – 3.47 – – – 19.84 3.49 – – –
f277W M1 4.10 3.48 5.30 – – 13.82 3.49 3.51 – –
f277W M3 5.68 3.44 – 1.72 – 10.58 3.47 – 1.37 –
f277W M4 16.29 3.72 – – 1.18 4.25 3.46 – – 0.87 
f277W M1 + 3 12.99 3.45 9.00 1.33 – 6.78 3.48 5.67 1.63 –
f277W M1 + 4 16.39 3.56 3.58 – 1.20 2.07 3.47 2.31 – 0.88 
f277W M3 + 4 11.23 3.51 – 0.46 1.10 4.35 3.72 – 0.57 1.00 
f277W M1 + 3 + 

4 
12.05 3.55 4.12 0.54 1.00 −0.99 3.49 3.99 0.57 0.99 
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Figure C3. Reported parameters and associated errors for all fits (without a subhalo) to SPT0418. Multipole angles have a symmetry through 360 /n – i.e. a 
90 deg error on the M4 multipole means it is unconstrained as this multipole has rotational symmetry through 90 deg, and so the errors are wrapped around 
±(360 /n ) / 2. Evidence changes shown are in comparison to the base EPL + shear model. We highlight with the grey box our preferred final model (base). 
The position angles in f356 show only the median value as the errors span the full parameter space leaving this angle unconstrained – this is due to the highly 
spherical axis ratio. 
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