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Abstract

These notes were presented at the Young Researchers School (YRS) in
Maynooth in April 2024 and provide an introduction to conformal field theory
(CFT), boundary CFT and Defect CFT. This class is mostly self-contained and
includes exercises with solutions. The first part of these notes is concerned with
the basics of CFT, and was taught by the author during the pre-school for the
YRS 2024. Here the aim is to convey the notion of conformal families, their
fusion and the construction of partition functions. The second part of these
notes is dedicated to boundaries and defects in CFT and was presented by the
author at the main school. As far as boundaries are concerned, emphasis is
placed on boundary operators and their state spaces, as well as the boundary
state formalism with the Cardy constraint. Topological defects are discussed
in analogy, i.e. defect state spaces and the relevant consistency constraint are
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derived. Verlinde lines are constructed as their simplest solution and their
properties are inspected.
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1. Before the movie

In the realm of theoretical physics, few concepts rival the elegance and ubiquity of conformal
symmetry. conformal field theory (CFT) stands as a testament to the profound insights gained
through the study of symmetry. Indeed, conformal symmetry enables us to solve examples of
interacting quantum field theories—a feat achieved only with few tools in theoretical physics.

Many areas of research have profited from CFT, including the study of (quantum) critical
phenomena, deep in-elastic scattering and also string theory. More importantly for this school,
conformal invariance plays a major role in topological phases of matter. Quantum Hall devices
for instance carry anyonic edge modes, which are described by CFT [1]. In this year’s edition
of the Young Researchers School (YRS), we learn more about topological insulators in Flore
Kunst’s class and more about anyonic excitations in Pieralberto Marchetti’s class. Concepts
which are well known in quantum computation such as braiding and fusion, as we hear about in
Joost Slingerland’s class, were discussed early on within the context of CFT [2, 3]. A modern
approach to symmetry is presently developed and goes by the name of non-invertible sym-
metry, as is taught by Ho Tat Lam at this school. Many of the ideas derived there are very
naturally implemented in CFT, in particular those dealing with boundaries and defects.

It is the purpose of this note to provide a ‘soft” introduction to the study of CFT leading to
the study of boundaries in CFT, see section 7, and topological defects, see section 8. Along the
way, emphasis is also placed on concepts appearing in the other lectures of this school. The
author had the pleasure to teach an introduction to CFT at the pre-school of the 2024 YRS and
has taken the liberty to include this material in this manuscript spanning sections 2—6. Hence,
for novices, this set of notes provides a self-contained text leading them from the very start to
an understanding of boundaries and defects in CFT. Of course, this text is not complete here
and there so that pointers to the literature are included. Veterans of CFT, who are interested
only in the advanced material on boundaries and defects, are invited to skim the introductory
sections to familiarize themselves with the notation.

This lecture is split into two parts. The first part, sections 2—6, provide standard CFT lore,
and were presented at the pre-school. The aim of this first part is to explain representations
of the Virasoro algebra, their fusion and how partition functions are constructed in CFT.
Excellent introductory resources on CFT are already available at several levels. A small selec-
tion thereof is loosely followed here. It consists of

e Ginsparg presented a set lectures titled ‘Applied CFT’ at the Les Houches in summer of
1988 [4]. By now it has become a classic introductory text to CFT.

e The book ‘CFT’ by Di Francesco et al [5] is the ‘CFT bible’ of its day and the holy grail
of any aspiring practitioner of the conformal arts. Its size is as impressive as its depth. Even
though long, the clear and extensive explanations often save time rather than consuming it.

e Vintage fans and/or purists may actually cut directly to the source: The groundbreaking paper
‘Infinite Conformal Symmetry In Two-Dimensional Quantufm Field Theory’ by Belavin
et al [6] not only initiated the study two-dimensional CFT but also developed many core
elements of CFT on the plane, i.e. without boundaries or defects. Many introductory texts
in fact follow this paper or are inspired by it—the first part in the present set of notes is no
exception.

e The book ‘Introduction to CFT’ by Blumenhagen and Plauschinn [7] covers the vast field of
CFT mostly in the operator language using commutators instead of OPEs as in the previous
book.

e Gaberdiel is a leading expert in CFT and has contributed many reviews on CFT, out of which
this one [8] is reflected in the present text.
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e Aficionados of statistical mechanics and the renormalization group are invited to explore
Cardy’s lecture notes [9] and his book [10].

The second part, which was presented in the main school, deals with boundaries and defects,
respectively sections 7 and 8. The former has already found its way into textbooks and lecture
notes, while, to the authors knowledge, the material presented in the topological defect section
has not yet been presented in uniform pedagogical manner. Sections 7 and 8 contain their own
introduction and pointers to useful literature.

We set out in section 2 with a brief introduction to the conformal group in spacetime dimen-
sions larger than two. After that we restrict to two dimensions of spacetime for the remainder
of this introduction to CFT. In section 3 we discuss the conformal algebra in two spacetime
dimensions. In particular, we become acquainted with the Witt algebra and encounter the
Virasoro algebra. Afterward we turn to the fields and states in a CFT in section 4. This presents
the jumping board to understand the Virasoro algebra in-depth in section 5 meaning that we
study its representations and also its fusion rules. Finally, in section 6 we learn how represent-
ations are gathered in order to build a physical CFT state space. Finally, we arrive at the main
event, namely the study of boundaries in CFT, section 7, and topological defects, see section 8.

Familiarity with QFT, notions of symmetry and complex analysis are assumed. However,
one need not be an absolute expert on QFT, as CFT oftentimes employs its own very soph-
isticated toolkit, which we develop here or point to useful resources when space and time are
scarce.

2. The conformal group and algebra

Like with any other introductory text on CFT, our journey starts with the exposition of the con-
formal group in d spacetime dimensions. We begin with a general exposition of the conformal
transformations encountering the four types of global conformal transformations innate to
any CFT, namely translations, rotations, dilations and special conformal transformations and
announce the conformal group in d > 3.

We will not delve into their representations at this point. Interested readers are referred to
chapter 4 of [5] or Rychkov’s lectures [11] dedicated entirely to the topic.

2.1 Conformal symmetry ind >3

Conformal transformations are those which locally preserve angles between vectors, but not
necessarily their lengths. Be reminded that the Poincaré group preserves only the latter and as
such the conformal group is an extension of the Poincaré group. Given two spacetime man-
ifolds M and M equipped with metrics g and g, a conformal transformation f: M — M is
such that

f+8=Ag 2.1)

for a positive smooth function A on M. In other words, the metric tensor on M, pulled back
to M by virtue of f, coincides with the metric on M up to a local rescaling A.
Using coordinate patches x* on M and y* on M this takes the more practical form

. Oy* oyP
8ap (v(x)) ﬁ aiv = A(x) g (x). 2.2)
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Exercise 2.1. Given two vectors X = X#-2. ¥ = Y“a% € T, M at a point p € M, show that

Oxt
conformal transformations preserve their enclosed angle

XPY
cos (0 (X,Y)) = ——3~ 2.3)
V8 XX g\ Y Y

What happens to lengths [X| = /g, X1 X"?.

Solution 2.1. After a conformal transformation the angle is

. AG(p) g (X.Y)
cos (G(X, Y) ) \/A(x(p))g,,(X,X)A(X(P))g(y’y)
A(X)gp,VXMYV

) = cos (0(X,Y)). 2.4
\/A(x)gCnXCXnA(x)gKAYHY)\ COS( ( ) )) 2.4

Lengths rescale |X| — /A|X|.
Our interest lies with conformal maps of M = R/*%—actually extensions thereof called
conformal compactifications—to itself, so that henceforth we use

8uv =M =diag(—1,...,+1,...). (2.5)

Obviously, the Poincaré transformations are those with A(x) = 1 in (2.2).

Exercise 2.2. Check that the inversion Z : x* — y* = % is a conformal transformation. Z
maps the exterior of the unit sphere to the interior of the unit sphere and vice versa.

Solution 2.2.

Oy _ Ou _ Zgxt Oy 0y _ iy
oxt |x|? |x[* B Ben v x|*

(2.6)

Note that the inversion Z is not well-defined at the origin. Hence, conformal compactifica-
tions of R” need to be considered. In two-dimensional Euclidean space R%? = R? the point
at infinity is added to arrive at the conformal compactification of R?, i.e. the Riemann sphere
§? =CuU{co}.

Any conformal transformation can be written as a sequence of the following four
transformations

Transformation Action # Remarks

Translation T xH = x4 at d=p+q A(x) = 1, Poincaré group
Rotation/Boost R XM R x” d(dz_ D R"nR =, Poincaré group
Dilation D P At 1 Alx) = X2

Special conformal SC Xt % d SC=ZoToT

where A > 0 as well as a**,b" are constants. A proof that these are indeed all globally defined
conformal transformations can be found in any of the textbooks mentioned in section 1.

The first three types of transformations are well-defined everywhere on RP*4. Special con-
formal transformations require conformal compactifications however. Note that inversions by
themselves do not have a continuous parameter, and are thus not desirable, if we wish to have a

5
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Lie group description of conformal symmetry. Hence the concatenation including a translation
by the vector b* leading to the special conformal transformation”.

The total number of distinct conformal transformations is d + @ +1+d=
It can be shown that, and once more the reader is referred to the textbooks in section 1, the
generators of the above transformations satisfy the commutation relations of so(p + 1, + 1).
The conclusion is that

(d+1)(d+2)
5 .

The conformal groupind =p+¢ >3 onRP7is SO(p + 1,g+1).

On the other hand, d =2 is ‘where the magic happens’. In this case, as we will see in the
following, the conformal group is not just SO(2,2) in Lorentzian signature or SO(1,3) in
Euclidean signature, but is infinitely bigger.

3. Conformal symmetry in two dimensions

It is time to restrict to two spacetime dimensions. In this section we describe the con-
formal algebra, classically and quantum mechanically. The former is the given by the Witt
Algebra, while the latter is given by the Virasoro Algebra. Both of these algebrae are infinite-
dimensional, implying that conformal symmetry imposes an equally large number of con-
straints on a system. The success of two-dimensional CFT hinges on this fact, as it allows
us to solve these QFT—a generally very difficult task! At the section’s end, we catch a first
glimpse of the energy-momentum tensor, whose role will be developed more and more as
we move further into the territory of CFT. Below, whenever we write CFT, we always imply
two-dimensional CFTs.

3.1. Global conformal transformations

From now on we work with Euclidean signature, i.e. on R? with coordinates x* = (x°,x!). It
pays off, however, to view this as the complex plane C, coordinatized by z = x° + ix!. Let us
develop some intuition on what the two-dimensional versions of the above transformations
are.

Transformation Action #(real parameters)
Translation T z—=z+a,aeC 2
Rotation R ez, ¢ €[0,2m) 1
Dilation D z—rz,r>0 1
Special conformal SC 7> m 2

Rotations and dilations have the same nature showing in that they can be combined into a single
complex dilation z — (re'?)z. To reach the expression for the special conformal transforma-
tion, one employs the following expression for the scalar product x - b = x*b,, = (zb +zb) /2
with b = b° +ib'.

2 The reason the inversion needs to be applied twice here is that the inversion is not part of the identity component of
the conformal group. After applying it twice, one winds up in the identity component once more.
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Taken together, the transformations in the table generate the Mobius group, which is char-
acterized by

az+b a b
— v d’ where (c d> € PSL(2,C) ~SL(2,C) /Z,. 3.1)

This group is in fact very natural in our context as it furnishes the automorphism? group of the
Riemann sphere S> = C U {00}, which we already identified as the conformal compactification
of R%. Note two things. Firstly, the Mobius transformations have no poles on the Riemann
sphere, in the sense that, e.g. the point z = —d/c is mapped to co € S2. Secondly, PSL(2,C)
has three free complex parameters, agreeing with the amount of generators in the table. The
conformal transformations in the table are thus represented by the following matrices (A =

re'? € C)
(1 a (N2 0 (1 0
T (0 1), R/D:( 0 )\1/2>’ SC:(b 1). (3.2)

Combined conformal transformations are thus represented by the matrix product of these three
matrices; a perk of this formalism! The reader may check this as an optional exercise. The
transformations (3.2) are called global conformal transformations because these transforma-
tions are well-defined everywhere on the Riemann sphere S2.

So far we have succeeded in understanding the two-dimensional analog of the conformal
group in d > 3. However, magic was promised and here it comes. ..

3.2. The conformal group in two dimensions

In two dimensions the set of conformal transformations is extended to be infinite-dimensional.
It is in fact the set of all holomorphic and anti-holomorphic functions.

To proof this claim, we show that first that a holomorphic function of a complex coordinate
is indeed a conformal transformation, and turn to the inverse direction afterward. Indeed, given
the following complex coordinates

; ; 1 . = 1 .
z=x"+ix!, z=x"—ix! 9:=0.= 5(80—@) 0:=0-= 5(804—@1) (3.3)
the Cauchy—Riemann differential equations assume the following simple form for functions
w(z,z) = w'(z,2) +iw!(z,z) and w(z,z) = w’(z,2) — iw'(z,2)

(1) =0  dw(zz) =0 (3.4)

so that a (anti-)holomorphic mapping takes z — w(z) (Z — w(Z)). A holomorphic differential
transforms as follows dz = %dw and the metric in turn picks up a scale factor,

1 0z 0% 1
d? = 3 (2@ dz+dz@ds) = oo oo

—%%z(dw@)dw—i—dw@dw). (3.5)

Hence, (anti-)holomorphic maps are conformal, as claimed. The inverse direction is left for
the reader as an exercise.

3 A reminder: Automorphisms are isomorphisms which are also endomorphisms. The former means these are invert-
ible maps and the latter that they map a space onto itself.
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Exercise 3.1. Show that (2.2) reduces to the Cauchy—Riemann differential equations on the
transformation y = y(x). Use the Euclidean metric 7, = diag(1,1)

Solution 3.1. In the case at hand, (2.2) becomes

Oy™ 9yP B
Nap () 30 gy = 2 ) v (1), (3.6)

Evaluating this for the two cases p=v =0 and yp=v =1 gives A on their right-hand side
so the respective left-hand sides can be equated, yielding

a°\: fa\: [\ (o
D) () = () (2. 3.7)
Ox Ox Ox Ox

Due to symmetry in (u <> v) we only need to evaluate one remaining case. Pick p=0,v =1

N oy oy! oy! B

o000 o ol 69
These condition are equivalent to either

oyl 0 oy’ oy!

a0 ™M 50T Tad G2
which are the Cauchy—Riemann equations for holomorphic functions, or to

oy! 0y° o’ oy!

0~ o0 M 50T o0 (3-10)

which are the Cauchy—Riemann equations for anti-holomorphic functions.
We arrive at the foreboded conclusion giving rise to the super powers of CFT in two
dimensions:

In two dimensions, the conformal group is the set of all holomorphic and anti-holomorphic
maps. Group multiplication is the standard composition of maps. This set is infinite
dimensional.

A few remarks are in order:

e Clearly, the global conformal transformations (3.1), i.e. the Mobius transformations, are a
subset of these.

o Strictly speaking we will be dealing with meromorphic functions, as we will allow count-
ably many isolated singularities leading to Laurent (instead of Taylor) series. This subtlety
is usually glossed over in the physics literature. This implies that some of the allowed trans-
formations are not well-defined everywhere on the Riemann sphere S?. Transformations that
are ill-defined at at least one isolated point on the Riemann sphere are called local conformal
transformations.

e The coordinates z and 7z are treated as independent, rather than complex conjugates. The
proper way of thinking about this is to analytically continue the Cartesian coordinates x°

8
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and x! to the complex plane. In this way, the relations (3.3) define a simple coordinate trans-
formation between independent coordinates. After any calculation one reverts to the physical
surface by setting

z=2" (3.11)

3.3. Classical conformal symmetry and the Witt algebra

Any holomorphic transformation is a conformal transformation, also the infinitesimal ones,
which we restrict to next. Locally, analytic and meromorphic maps can be expanded into a
power series. As mentioned above, these will be Laurent series. Consider the following one

gw: w(z)zz+e(z):2+Zenzn+l, len] < 1 (3.12)
neL

where g,, is the group element of the conformal group coding for w(z). To obtain a feeling
for this structure, let us restrict to a single ¢, and declare a generator ¢, responsible for this
transformation

by zl—>wn(z):z—|—enz"+1 len| < 1 (3.13)
The global conformal transformations (3.2), for instance, correspond to
T=/_,4 R/D =y SC=/,. (3.14)

For translations this is seen trivially. For R/D this comes about because z — Az ~ (1 + €)z and
for SC we have z + z/(ez+ 1) =~ 1 + €z?. These are indeed global since they have no poles on
the Riemann sphere C U {oco}. Forall n ¢ 0, £1, the transformations are ill-defined somewhere
on the Riemann sphere, hence their characterization as /ocal conformal transformations.

Group elements responsible for transformations are represented on functions as
7(g)[f(z)] =fg"'(z))*. To see how the generator ¢, is represented on functions, introduce
gn =~ 1+ €l,,. The calculation to be performed is

() [F)] =F(w, " (2))
m(1+e€l,)[f(2)] zf(z — 61”“)
~f(2) + em (£) [f(2)] =£(z) — 2" Of (). (3.15)

From now on the presence of the representation symbol 7 is understood from context and not
written explicitly. Hence we arrive at the following conclusion

0, = —7"110. (3.16)

Observe that this expression is non-singular at z =0 only for n > —1. The other troublesome
point is z = oo, which is studied best after the inversion z = —1/w by contemplating w — 0.
Using 0, = w?0,, we obtain

1 n—1
J— (—) Oy (3.17)

4 The inverse appears to secure that this representation respects the group multiplication of the group, as it should.

9
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This is non-singular at w =0 only for n < 1. Note that the global conformal transformations
form precisely the intersection of the allowed sets at O and co. This demonstrates clearly that
the £+ generate the only conformal transformations, which are well-behaved everywhere
on the Riemann sphere S* = C U {oo}. In contrast, all transformations with n # 0, 41 are ill-
behaved at isolated points on S, and hence called local conformal transformations.

Exercise 3.2. Show that the generators of conformal transformations satisfy the Witt
Algebra

[gmgm] = (I’l - m) £n+m~ (318)
Solution 3.2. Applying the commutator to a test function f gives

[2110,2" 0] f= ("0 (") 0 — (n m)) f= (m—n) """ Of = (n—m) by
(3.19)

where the piece proportional to 0* drops out due to the commutator.

This is the Lie algebra of classical conformal symmetry in two dimensions. .. well, frankly,
it is almost said algebra.

The attentive reader may have noticed a disparity between the number of global conformal
transformations represented by the ¢, and their total number. Indeed, ¢, for n = 0,+£1 are only
three, while the conformal algebra s0(2,2) in two dimensions has six generators. The missing
three generators are the anti-holomorphic counterparts of ¢,, namely ¢, = —z"t'9.. Since z
and 7 are taken to be completely independent barred generators commute with the unbarred
ones. In total we now have

e Two translations ¢_,0_

e Two special conformal transformations /;, ¢,
e One dilation £ + £

e One rotation i(£y — £y)

Of course, antiholomorphic #, exist for any n € Z and they obviously also satisfy the Witt
algebra (3.18).

Exercise 3.3. By going to polar coordinates z = re'”, convince yourself that the linear com-
binations ¢, + ¢, indeed correspond to dilations and rotations.

Solution 3.3. In complex coordinates we have

r i

r i -
ngfr ~ Yo, by=—= r— ~Uo- 2
0 28 + 28 0 28 23 (3.20)
These can be recombined into
Lo —|—g() =r0, i (fo — EO) = —04 (3.21)

which are the generators of dilations and rotations, respectively.

10
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3.4. Quantum conformal symmetry and the Virasoro algebra

Upon quantization of a system with classical conformal symmetry, the Witt Algebra is in fact
deformed to the celebrated Virasoro Algebra

L (n* = 1) gm0 (3.22)

L,,L,| = - Loym
[ ]=(m—m)L,y +12

The numbers 1 and m are integer”. The additional piece is the central charge c of the system.
In full rigor, this is treated as an operator which commutes with all L,,, hence it is central and
the deformation is called a central extension. By Schur’s Lemma, this acts as a multiple of the
identity on irreducible representations of the Virasoro algebra. In practice it is thus a number,
and arises typically due to normal ordering of operators or double Wick contractions. Examples
will be presented, see exercise 5.4, once we have some more technology at our disposal. Note
that the central term disappears on the global conformal generators with n € {0, 41}, implying
that L still generate translation and special conformal transformations respectively, and that
Ly still generates dilations and rotations.

In broad terms, the central charge is an anomaly. Anomalies are known to spoil a classical
symmetry upon quantization. In our case the anomaly leaves conformal symmetry largely
intact, evident by the resemblance of the Virasoro and the Witt algebra. We say that conformal
symmetry is broken ‘softly’. A quantum system with conformal symmetry will react to the
introduction of a macroscopic scale, such as temperature or a finite extend of the system,
through the central charge. We will see this a little more explicitly when getting acquainted with
the energy-momentum tensor. The central charge indicates the ‘amount’ by which conformal
symmetry is broken by quantum effects and as it is a feature of the CFT. It can be shown that the
above central extension is unique up to normalization, the reader is referred to the textbooks
in section 1.

As in the classical case, the symmetry algebra of a CFT contains one copy of the Virasoro
algebra for the L, and one for their antiholomorphic counterparts L,. These two copies com-
mute. For completeness we gather the symmetry algebra of a quantum CFT

L, L] = (11— m) Ly + %n (7 = 1) bumo (3.23q)
o _ ¢

[Ln,Lm} = (n - m) Lyym+ En (”2 - 1) 5n+m,0 (3.23b)
(L, L] = 0. (3.23¢)

The antiholomorphic central charge C is completely independent of the holomorphic one C.
The examples we encounter in these notes, however, all have ¢ = C.

5 Though there are situations where they are fractional numbers; we will not encounter such situations.

1
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3.5. Enter the protagonist: the energy-momentum tensor

The energy-momentum tensor 7', can be derived from the variation of the action with respect
to infinitesimal transformations of the metric, g, — g, + 08, Conformal transformations
are included in such transformations, and additionally, in a conformally invariant system, they
impose an infinite number of constraints.

Emmy Noether taught us that any continuous symmetry leads to a conserved current d,,j* =
0. Our interest lies with transformations of the type x* — x* + €/ (x), for which the conserved
current turns out to be

Ju=Tuve” (x). (3.24)

Checking its conservation J,,j* = 0 for various types of transformations leads to the following
properties of the energy-momentum tensor

e Translations: e* = constant = aMT/w -0
e Rotations: ¢/ = wH"x,, for a constant antisymmetric tensor wy,, = T*" = T"#
e Dilations: e/ = ex* = T,» =0

The first two are obviously familiar from any Poincaré invariant scalar theory. The third is
new and indeed a hallmark of conformal symmetry—well actually a hallmark of scaling sym-
metry by itself—namely that the energy-momentum tensor is traceless in a CFT. It is this
last conservation law that is violated upon quantization by the central charge leading to the
terminology of an anomaly.

In two dimensions, the energy-momentum tensor has thus only two independent real com-
ponents. Indeed, symmetry forces 7°! = T'° and tracelessness imposes 7% = —T'!. This
is found using a flat Euclidean metric 6,,,, = diag(1,1). Switching to complex coordinates
7 = x% 4 ix! results in the two components

1 1

T, = 5 (Too —iTo1), Tz = 3 (Too +iTo1) (3.25)

These are both, in principle, functions of z and z. Employing the conservation of the energy-
momentum tensor leads however to the following desirable properties

= | . | .
é)TZZ = (a() + |81) 5 (Too — ITOl) =0 3T§ = (30 — |81) 5 (TOO + |To1) =0 (3.26)

| —

1
2

Hence, these two components are holomorphic and antiholomorphic, respectively. It is cus-
tomary to define

T(2):=Ty, T(Z):=Tx (3.27)

4. Fields and states in a CFT

Now that we have an idea of the symmetry algebra, we want to take a closer look at the fields of
a CFT. In this section we get acquainted with the notions of primary and descendant fields, the
operator-state correspondence. Moreover, we catch a glimpse at correlators and the operator
product expansion OPE. In this section



J. Phys. A: Math. Theor. 58 (2025) 103001 Topical Review

4.1. Primary fields

An important piece of information when dealing with field theories endowed with symmetries
is how the fields transform. In regular QFT one encounters free scalar fields, which trans-
form in the trivial representation of the Lorentz group, while fermions transform non-trivially.
Similarly, we need to describe the representations of the conformal group. An extensive dis-
cussion thereof is found in [5]. Only the results are stated here.

First, we pick a maximally commuting set of generators amongst the symmetry algebra,
i.e. a Cartan torus. Canonically, this is the pair (Lg,Lo). Physically, these correspond to the
dilation operator D = Lg + Lo, whose eigenvalue is the scaling dimension A = %+ &, and the
rotation operator R = Lo — Ly with spin s = h — h as eigenvalue. It will be most convenient to
work with the (anti-)holomorphic conformal weight / (h), which is the eigenvalue of Lo (Ly).

For starters, fields transforming under scalings z — Az according to

6 (2,2) = ¢' (2,2) = N'N1p (A2, A7) .1

are said to have conformal weights (4, ). Fields which mimick this behavior for an arbitrary
conformal transformation z — f(z)

= / = = —1 8f " 87 ! /=

60 o' 6 =Upea Y = () () U F@) @)
are called primary fields of conformal weights (h, h). Fields which satisfy this transformation
behavior only for the global conformal group SL(2,C)/Z, are called quasi-primary fields. Uy
implements® the conformal transformation f unitarily on the Hilbert space H of the theory,
while the field ¢ is to be viewed as an operator on . In this section and the next, we lay
the groundwork for understanding the structure of this Hilbert space, and discuss it in-depth
only in section 6. Aficionados of differential geometry will appreciate that the transformation
behavior (4.2) is that of a tensor of rank A = h+ & with & ‘z” indices and 4 ‘7’ indices.

Note that there is a distinguished primary field which remains inert under conformal trans-
formations: the identity field 1, which is constant throughout the plane, and has h = h = 0. It
is reasonable to assume that a CFT has only one such field, and indeed we shall do so’.

Because the global conformal group is a subgroup of the full conformal symmetry, a
primary is always quasi-primary. Clearly, the reverse is not true. Primary fields are a very
special class of fields in a CFT and, as is discussed below, these furnish the highest weights
in representations of the Virasoro algebra. All other fields are called descendant fields. They
transform as

hoyam h
¢ (z,2) — ¢’ (z,2) = (gﬁ) (g) ¢ (f(2).f(z)) + extra terms 4.3)

More on descendants later, once we have developed better tools to describe these matters.

6 Actually, Uy is the product of two copies of a projective representation of the conformal group on Hilbert space, one
generated by 7, the other by 7.

7 However, looking ahead to section 8, when introducing defects to the theory, they come with their own excitations,
some of which may have & = & = 0 as well. These will be topological excitations! Since we are looking ahead already,
let us also foreshadow that the primary fields (4.2) for particular CFTs are synonymous with anyons in the fractional

quantum Hall effect.
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Exercise 4.1. Resorting to infinitesimal conformal transformations f(z) = z + €(z) and f(Z) =
7+ €(z) with €(z),€(Z) < 1, show that the transformation behavior (4.2) implies

be,e?(2,2) = 0" (2,2) — ¢(2,2) = [h(0€) (z) + €(z) 0+ h (9€) (z) + €(2) O] #(2,2) 4.4)

Solution 4.1. Use the Taylor expansions

h S\ h _
(gjzf) — (1+06)" ~ 1 + hoe, (gﬁ) = (1+08)" ~ 1+ hoe, (4.5)

and

¢ (f(2).f(z)) = ¢(z,2) +€(2) 09 (2,2) + €(2) 06 (,2) (4.6)

Plugging this into (4.2) and rearranging provides (4.4).

Using €(z) = >, €,2" ! as in (3.12), we recognize that the second term becomes €(z) ¢ =
— >, €nln® and similarly for the antiholomorphic fourth term. This shows that these two terms
implement the transformations for the spacetime argument, while the terms proportional to &
or h indicate the transformation due to the field’s conformal representation. We will turn to
representations of the conformal algebra in detail in section 5.2.

Exercise 4.2. The actions of free massless real bosons and Majorana fermions can be
expressed in complex coordinates (in two dimensions) as follows

Sboson = /dZdZ (899) (5§0) (4.7a)
Stermion = /dZdZ W (5¢) + 1; (6’&)} (4.7D)

where ¢ = (z,Z) and 1 is not meant to be the Dirac adjoint, but rather ¥ = (1(z,2),v(z,2))
form the conventional Majorana spinor. Argue from the equations of motion in both cases that

dp=00(z), Op=0p(E), ¢Y=vE), ¢=¢(). 4.8)

What can you conclude for the holomorphic and anti-holomorphic conformal weights of these
fields from here? Assume that these fields are primaries and use the invariance of the action
under conformal transformations (z,z) — (f(z).f(z)) to derive the tuple of conformal weights
(h, h) for all four fields (4.8).

Solution 4.2. The bosonic equation of motion is 00 = 0implying that ¢(z,z) = ¢(z) + ?(2).
Thus O = 0¢(z) and thus dp has h = 0. Similarly Op has h = 0. Transforming the action
(4.7a) amounts to

020z (of\" [ oF\" _
oo 55 (20 (2) 0

Demanding invariance leads to (h,h) = (1,0) for d and (h,h) = (0,1) for d. The equations
of motion for the fermion are 0y =0 and 9y =0. Thus ¥ has h=0 and 1 has h=0.
Demanding invariance of the action shows that ) has (h,h) = (1/2,0) and ¢ has (h,h) =
(0,1/2).
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4.2. A few words on correlators and the OPE

Most of the richness of QFTs relies in how fields ‘communicate’ with each other in correlation
functions. Here, we only have time to state important results on correlators in CFT leaving all
their intricacies and derivations to any of the excellent resources mentioned in the introduction.

One-point functions of any field with non-vanishing A # 0 vanish as a consequence of scale
symmetry. Because of holomorphic-antiholomorphic factorization this property can be already
formulated at the level of a (anti-) holomorphic field

(¢(2)) = bno, (6(2)) =bno (4.10)

This means that only the identity field 1 is allowed to have a non-vanishing expectation value!

Two-point functions are likewise totally constrained by conformal symmetry, up to normaliz-
ation. It is instructive to derive this. Define the shorthand g(z,w) = (¢1(z)¢2(w)). Invariance
under translations, given by the conformal map f(z) = z+ a imposes that g(z,w) = g(z —w).
Invariance under scalings f(z) = Az demand that

!

(1 (2) 2 (w)) = (A1 (A2) N2y (Aw) ) = X1 T2 (A (z—w)) = g (z — w) 4.11)

which is fulfilled by g(z — w) = d12(z — w) "1~ for a constant d . Lastly, consider the effect
of the inversion f(z) = —1/z,

(¢1(z) 2 (w)) — Zzh,ﬁ <¢1 (i) % (le>>

1 dia ! dip
— = 4.12)
2hyy4y2h 1 1\ 1+ o \ith
T (=1+3) (z=w)

This requirement can only be met if i =h;. In conclusion, the correlators of two
(anti-)holomorphic fields ¢;(z) (¢;(z)) with conformal dimensions #; (h;) are

(91 (21) P2(22)) = dlz(izhl <¢31 (Zl)&Z (Zz)> = ;1125]_“7’7122];] 4.13)

(i —22)
where the d|» (d},) are normalizations for the fields. Two characteristics are paramount here.

e The appearance of the delta function signifies that two fields with differing conformal
weights stand orthogonal to each other. This notion is made more precise shortly once we
unlock the operator-state correspondence. Note that one recovers (4.10) from (4.13) by fixing
either of the two involved fields to be the unit field 1.

e The correlator follows a power-law behavior instead of decaying exponentially. When
encountering a system in the wilderness, this hallmark can be used to diagnose conformal
symmetry upon measuring its correlators.

Finally, correlators of “full’ fields, i.e. those with holomorphic and antiholomorphic weights
are products of the expressions provided for the individual chiralities, i.e.

- 0 0 7
(61 (21,21) 62 (22,22)) = dyodyp ——"2 5 b = (4.14)
(1—22)"" (21 —22)

15
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This is evidently not only true of two-point functions but more generally for multi-point
functions.

Exercise 4.3. Evaluate the chiral two-point function of a real free boson and fermion

Op(R)0p (W),  (L()y(w)) (4.15)

and confirm that these expressions satisfy bosonic and fermionic statistics, respectively.

Solution 4.3.

Oe@opt) = e WY = @16

The bosonic correlator is invariant under (z <> w), while the fermionic correlator picks up a
minus.

Historically, the great success of two-dimensional CFT is due to its predictions for critical
behavior® of statistical models. In the next exercise we catch a glimpse at how one proceeds
in matching a CFT to a statistical model.

Exercise 4.4. The study of representations of the Virasoro algebra instructs us that at central
charge ¢ = 1/2 there is a CFT with a field content

di1: (hh)=(0,0), o1 : (hh)=(1/2,1/2),  é12: (hh) =(1/16,1/16).
4.17)

The Ising model has a local spin operator o, and local energy operator ¢,, where n denotes a
site. Their correlators are
1 1
<€n50> X W, <O'n0'0> X W (418)

Associate the non-trivial CFT fields with these Ising operators. This CFT is referred to in
following as the Ising CFT and its primaries are labeled as 1, £(z,2), o(z,2).

Solution 4.4.
p11=1 2,1 =€(2,2) b12=0(z,2) (4.19)

Three-point functions are almost fixed entirely by conformal symmetry

C
(01(21)92(22) 3 (z3)) = (z1p) T (Zm)h;ﬁu—h. (i) T (4.20)

Cins
(le)ﬁl +hy—13 (223 )Ezvqls*ill (213 )ill +h3—hy

(61(21) 62 (22) $3 (33)) = 4.21)

where we have introduced the short-hand notation z;; = z; — z;. We will not derive this result
here—readers are once more referred to the literature in section 1—but only point out its fea-
tures. Once more, a characteristic power-law appears. More importantly, this time a constant

8 Back then the focus lied heavily on second order phase transitions. Nowadays, CFT is also used to describe quantum
phase transitions and many other phenomena!
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C123 appears, which cannot be normalized as they will reappear in d;; = 1. Hence the coef-
ficients Cjp3 carry physical meaning; they are in fact very important. Schematically, we can
think of having field ¢, and ¢, collide and decompose into a sum of other fields in the theory.
This procedure is called

The OPE

¢1(21) P2 (22) = Z C 2" gy (z2) (4.22)

k

The label k runs over all fields in the theory. Because an expression, which is quadratic in
fields becomes linear, we regard this expression as an Operator Algebra and the C’fz are
its structure constants.

The way the OPE is presented in (4.22) is not entirely standard. Typically one splits the sum
over k into primaries and descendants, in which case Cip = ,C 12 dy holds up to functions
of hy,hy, hy. The interested reader is referred to the literature in section 1.

A remark on consistent structure constants

Employing the OPE in (4.20), a three-point function reduces to a two-point function, which
in turn carries C12k5hk,h3. We obtain the relation Cjy = Zz C2'dy. Therefore, the physical
meaning of Ci,3 is to indicate how fields ¢ and ¢, combine into ¢3. Evidently, the structure
constants thus encode the dynamical data and are of paramount importance for the theory.
They turn out be subject to powerful consistency constraints called sewing relations, which
are consequences of two important requirements:

(1) Locality requires correlators to be analytic functions of its insertion points z; with z; 7# z;
for j # i after returning to the physical surface, z; = z.

(2) Associativity of the OPE imposes independence of the order in which several fields are
contracted by use of (4.22) in a correlator.

A proper discussion of these important concepts leads us too far afield, but the reader is
encouraged to consult the work of Moore and Seiberg on this matter [3, 12].

Examples of OPEs

When spelling out an OPE, by convention, one usually only writes those terms of an OPE,
which are singular in their spacetime argument. They suffice for many important purposes;
non-singular terms can be very important too, and we encounter one such example. Here are
three examples. Ellipsis stand for non-singular terms in (z — w)

e Real free massless boson

d
(99) () (09) (w) = —2£25 1+ ... (4.23)
(z—w)
and similarly for the antiholomorphic field (0p)(z). Note that a first order pole is forbidden

by bosonic statistics.
e Real free massless fermion
d

Y (@) v (w) = Z_%H--. (4.24)

and similarly for the antiholomorphic field v (z).

17
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e Ising CFT
1
e(z,2)e(w,w) = = +... (4.25a)
CEO'U —
e(z,z) o (w,w) = |Z_W|J(w,w)—|—... (4.25b)
1
U(Z,Z)U(W,V_V): N+C005|Z—W|%E(W,W)+... (4256‘)

In the last line we have kept a non-singular term. The utility of this term will be justified
once we have become acquainted with conformal families and fusion rules, see sections 5.2
and 5.3. The computation of the three-point coefficients is usually more involved, and we
refer the reader to chapter 12 of [5]. Their values are C.,° = % =C,,%and C,,1 =1

Observe that the OPE truncates at some negative power. Suppose the contrary was true and we
had an infinity of negative powers. This would require fields of negative conformal weights,
which exist in non-unitary theories (but we actually stay clear of these). If there were an infinite
number of these, it would mean that energy is unbounded below. Hence, the truncation of the
OPE at some negative power reflects the boundedness of energy. Their is no truncation toward
positive powers of (z —w). These are an infinity’s worth of descendant fields.

While these are OPEs specific to particular models, we will come across two OPEs which
are fundamental to conformal symmetry in section 5.1.

Exercise 4.5. Take the vacuum expectation value of all these OPEs. How many orders in
(z—w) does one need for the result to be exact?

Solution 4.5. Due to (4.10), one only needs the terms proportional to the unit field 1 to recover
the two-point functions.

4.3. Radial quantization

In CFT a field is in fact synonymous with a state in the Hilbert space of states. To understand
this, we make contact with QFT on a Minkowskian cylinder R x S', where ¢ € R parametrizes
time and o € [0,27) parametrizes space, where o + 27 ~ o. Wick-rotating to Euclidean space
via 7 = it, we form a complex coordinate w = 7 4 io. The exponential map

z=¢" = eTJriJ (4.26)

explodes the cylinder onto the plane, as seen in figure 1. As evident from the picture, a constant
time slice on the cylinder amounts to a concentric circle on the plane. Hence temporal evolution
corresponds to the radial direction, which, as seen in exercise 3.3, are generated by Ly + L.
Because the Hamiltonian generates temporal evolution we can identify H = Ly + L. Note that
the distant past (future), i.e. 7 — —o0 (T — +00) lies at z=0 (z = 00).

We always quantize a QFT with respect to a constant time slice, meaning that states are
associated with this time slice. In what follows, we associate states with the constant time
slice in the distant past (which is more like a dot really), but states may be promoted to any
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@]

Figure 1. The Exponential map (4.26) maps a cylinder onto the plane. Constant time
slices on the cylinder are mapped into concentric circles on the plane and time flows
radially outward.

other constant time slice by Hamiltonian evolution. Because constant time slices are concentric
circles in our case, this procedure is called radial quantization. Let us see how this is handled.

Asymptotic in-states
First we have to argue asymptotic in-states into existence. In order to do so, a few assumptions
are customary

e Taking inspiration from free field theory, we demand the existence of a vacuum state |0)
upon which the CFT Hilbert space is constructed in a Fock-space-like manner, but more on
that in section 5.2. The vacuum state |0) is considered a generic asymptotic in-state defined
at the constant time slice at 7 — —oo (z — 0).

e For interacting CFT, we assume that the structure of Hilbert space is the same as for free
theories, but their eigenstates are allowed to be different.

e Interactions fall off at 7 = £o0 so that the asymptotic field lim,_, 4 ¢(7,0) is free.

Altogether, these assumptions provide us with a definition of arbitrary in-states within radial
quantization:

The operator-state correspondence relates field operators of the CFT to states in its
Hilbert space

|pin) = zlziglo¢> (z,2)|0) e H 4.27)

As the following exercise shows, this definition indeed reduces to a single operator acting
on |0).

Exercise 4.6. When working on the cylinder, the free boson and fermion fields admit a Fourier
expansion. Mapping this onto the plane via (4.26), this becomes a Laurent series expansion

i0p(x)=> az"™", W)= > g (4.28)

nez reZ+1/2
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Evaluate |i0p) :=i0¢(0)|0) and |¢)) :=1)(0)|0) and derive constraints on subsets of the a,
and 1,.. This naturally splits the mode operators into annihilators and creators. The remaining
operator exemplifies the operators-state correspondence.

Solution 4.6. One finds a,|0) = 0 for n > 0 and ¢,|0) = 0 for r > 1/2. The states correspond-
ing to the fields are |i0p) := i0p(0)|0) = a_1|0) and [1)) := 1 (0)|0) = 1_; /»|0).

Asymptotic out-states

An out-vacuum is created easily by Hermitian conjugation of the vacuum state, (0| = |0)T.
We would like to understand what it means to Hermitian conjugate (4.27), which requires
in particular a field ¢'(z,Z). First of all, because Hermitian conjugation does not affect the
temporal coordinate # in Minkowski space, it indeed affects Euclidean time by reversing it 7 =
it — —7. Glancing back at (4.26), this induces z — 1/z*. On the physical surface (see (3.11)
for an explanation) the following definition of a Hermitian conjugate field is thus sensible

o' (@2) =26 (1/7,1/2) (4.29)
The ominous prefactors are justified by demanding that the inner product (@ou|¢in) be finite
and hence well-defined. Indeed,

(Goulin) = __lim _ (0[67 (2,2) ¢ (w,7)[0)

2,5, W, W—>

= lim Z‘zhzzﬁ<¢(1/Z,1/Z)¢(W7V_")>

2,Z,w,w—0
= lim lim €& (6 (£.€) & (w,w)) (4.30)

2h 5213

= lim lim d - =d (4.31)

€ E—oowm—0 77 (€ —w)™ (g_w)Zh ¢¢
where we relabeled z~! = ¢ and 77! = ¢ and employed (4.13). Thus, the following definition
of the

asymptotic out-state applies

(Goul = lim (067 (2.7) = lim €%&(0] (6.) (4.32)

Back on the cylinder this is a state placed in the distant future, i.e. 7 — 0o, just opposed to
the in-state which is placed at the distant past 7 — —o0.

There is in fact another way to see that (4.32) is the correct definition of an out-state based
on the inversion, which is arguably more physical. It may have already struck the reader that
the prefactors in (4.29) show resemblance with the prefactors (9Z/0z)" a primary field picks
up upon transforming under Z : z — 1/z. Let walk through this observation with care.

Following Ginsparg [4], our in-states are placed at the origin of the plane, z— 0, i.e. the
distant past. The inversion Z:z+— w=1/z maps a neighborhood of the origin on the
Riemann sphere to a neighborhood of the point at z = o0o. Let us now declare the oper-
ator ¢'(w,w) to be the one for which w=0 corresponds to z = co. This naturally suggests
(¢| =1lim,, 50(0|¢’ (w,w). Employing (4.2) for flw) = 1/w yields

o' (w,iv) = (—w2)" (=) 3 (1/w, 1/%) (4.33)

20
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Combining what we have gathered, we obtain
(Gow| = 1im (0[¢" (z,2)
z,2—0

= lim (02~ %z %¢(1/2,1/2)

2,2—0

= lim (0[¢' (2,2)

2,20

- [1m 02 |o>}T

z2,2—0

= |gin)" (4.34)

This confirms (4.32). From now on, we drop the subscripts ‘in’ and ‘out’.

Exercise 4.7. Use what you have learned in exercise 4.6 to evaluate (i0p| and (1)|. Restrict to
the physical surface (3.11) and use the field conjugation (4.29) on dy(z) and ¥(z) to derive
aJr =a_,and 1/1T 1_,, respectively. Use this to confirm (4.34) for the free boson and fermion.

Solution 4.7. (i0¢| = (0|a; and (Y| = 0|1y ). For the second part we have

(i0¢(z ZaT’_” ! (4.35)

ne”Z

By virtue of (4.29) and hy, = 1, this equals

200 (1/2) =) a? " "E" Y a ! (4.36)
nez nez
By comparison, we find al, = a_,. Finally, (i0p| = |i0p)1 is obvious from the result of exercise

4.6. The analysis runs through similarly for the fermion, where now hy, =1/2.

5. Virasoro algebra

In this section we finally dedicate some well-deserved time on the object that lies at the heart of
CFT, namely the Virasoro algebra. Its representations, mainly Verma modules, are discussed
and we learn about fusion rules.

Before we begin though, we state a few commutator identities without derivation. Interested
readers may consult section 6.1.2 of [5]. Consider two operators which can be expressed as a
contour integrals on the Riemann sphere as follows

A= ygdza(z), B= jédzb(z) (.1

where the contour encloses the origin z = 0. In the cases of interest to us, the operator-valued
functions a(z),b(z) are holomorphic in z, and as such the contour may be deformed arbitrarily
so long as no other operator insertions are crossed. For physical interpretation the contours are
taken to be circles at some radius around the origin, since, as we have seen, these correspond
to constant time slices in radial quantization. We will see that operators of this type furnish
Noether-like charges.

21
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Commutators of such objects can then be evaluated according to (see for instance chapter
6 in [5])

b (w)] = R (a(2) () 52)
[A,B] = édw%dzR(a (2)b(w)) (5.3)

The operators under the integral are radial ordered,

a(@bw). |l > [wl 5
b(w)a(z), [w|>[z]
Therefore, if a(z) lies further away from the origin than b(w) then it is evaluated last. In radial
quantization this is equivalent to saying that a is placed later in time than b, and thus this is
nothing other than the analog of time ordering in Minkowski space.

As we will see, expressions (5.2) and (5.3) relate commutators to OPEs (4.22). We will see
this explicitly in examples. This is important since this permits us to translate the dynamical
data and constraints following from conformal symmetry into operator language.

5.1. The energy-momentum tensor and the Virasoro algebra

At long last, we are finally here! In this subsection we encounter the hallmarks of CFT in
two dimensions, so pay close attention! For brevity and clarity, our discussion focuses only
on the holomorphic sector. Halt your fear of missing out right there though; since the anti-
holomorphic sector is treated in exact analogy, there is no need to panic. Instead, get comfort-
able and enjoy the ride!

First of all, recall that the energy-momentum-tensor is holomorphic, see (3.27). Hence we
can expand it in terms of Laurent modes

T()=) Lz "2 L= §£ gz”“T(z) (5.5)

nez 0 2mi

In a quantum theory, the Laurent coefficients L, are operators on Hilbert space. While we do
not know anything about their commutation relations yet, we will soon find these modes to
satisfy the Virasoro algebra (3.22), hence the notation. The 2 in the exponent on the LHS is
actually the conformal weight hy = 2 of T,, = T(z). Indeed, recall that the conformal weight
h counts the number of z indices. Inserting the conformal weight here secures that the expan-
sion (5.5) becomes a Fourier series after mapping the plane to the cylinder via (4.26).

Exercise 5.1. Restrict to the physical surface (3.11) and use the field conjugation (4.29) on
T(z) toderive L} =L_,,.

Solution 5.1. On the one hand we have

T(x) =Y Lz (5.6)
ne”Z
By virtue of (4.29) and hy = 2, this equals
(/) =) LT E Y L (5.7)

nez nez
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The claim follows by comparison.

The RHS of (5.5) is just an inversion using Cauchy’s residue theorem. It is reminiscent of
Noether charges familiar from QFT Q = [ dx 7, which is evaluated at constant time for some
current j*. Let us define a general conformal charge

dz
0. = yg S @ T() = > el (5.8)

responsible for an infinitesimal coordinate change (3.12) where €(z) = > €,2""!. Clearly, the
L, in (5.5) are of the same type with ¢(z) = z**!. Thus they are responsible for transformations
of the type (3.13). Naively, we may thus conclude that L, = ¢,,. While this is true classically, we
are interested in a quantum theory here, so let us not jump to conclusions. To make progress,
we wish to derive the commutation relations of the L,,.

Before we can do so, however, a little more technology is required. Speaking of Noether
charges, recall that they generate infinitesimal transformation of observable A via dA = [Q, A].
Furtunately, you have already worked out what an infinitesimal conformal transformations
looks like on a primary field, see (4.4). This is repeated here for convenience for a purely
holomorphic field (w is a coordinate on the plane in the following, not the cylinder as before),

3¢ (w) = (he (w) + € (w) 0) ¢ (w) (5.9)

On the other hand, this is supposed to be

5.6 (w) = [0e. 6 (W)] :yﬁ &

e
W 2mi

(2) R(T(2)p(w)) (5.10)

where (5.2) has been used. In order for the last two expressions to be compatible the following
must hold:

The energy-momentum tensor and a primary field satisfy the OPE

_ ho(w) | Bus(w)
(Z_W)z T w

T(2) o (w)

(5.11)

where the ellipses represent non-singular orders in (z — w). Descendant fields have terms
with higher singularities in (z — w).

The second order pole codes for the behavior of conformal fields under scaling and the
first order pole codes for behavior under translations.

Here and in the following, we omit the radial ordering symbol R, as is customary in the
literature. It is stressed though that it is always implied in OPEs. Moreover, and this is not
evident from our derivation here, OPEs are meant as operator identities valid inside correlation
functions. This ties in with the fact that, ultimately, physics is read off from correlators, not
operators.
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Exercise 5.2. The result of exercise 4.3 yields the following Wick contractions

0p(2)0p(w) = &%)2 M(w) = i—ww (5.12)

where the constants dy,, and d, are the normalization constants appearing in (4.13). Employ
these to demonstrate that Jp and 1) are primary fields and derive their conformal weights by
use of the OPE (5.11). The energy-momentum tensors are, respectively,

1 1
=57 :0pdyp : (2), Ty(z) =—z—:¢0¢: (2), (5.13)
O

T, (2) 2d,

where the colons denote normal ordering. Be aware of the Pauli principle in the fermionic
case.

Solution 5.2.
_ 1 0¢p(2)day  dp(w) O p(w)
T(z)ﬁ@(w)—2d8¢2 Co0)?  (—w) L (5.14)
1 l
T(z)w(w):_% 02y (2)dy | 3¥(w) | duip(w) (5.15)

dy Z—w (z—w)?| (z—w)? z-w

In the bosonic, to reach the first equality, two identical Wick contractions are carried out,
leading to the 2 in the numerator. In going to the first equality in the fermionic case, the first
term required moving 1 past O, thereby picking up a sign. The second term here requires a
derivative 0, of the fermionic contraction in (5.12), leading to another sign. In reaching the
last equalities in both cases, fields depending on z were Taylor expanded around w.

If the field ¢ is taken to be quasi-primary, the OPE T(z)¢(w) can have higher order singular-
ities, except for a third order pole. Indeed, for global conformal transformations the function
e(w) is at most quadratic in w, thus we obtain information on the poles of first, second and
third order only.

Equation (5.11) is amongst the most important OPEs in CFT. Commit it to memory. The
single most important OPE is

The OPE of the energy-momentum tensor with itself is

c/2 N 2T (w) +8T(w)+

T(z)T(w)= T A R

(5.16)

where the ellipses represent non-singular orders in (z — w).

That this is indeed correct is argued as follows. The last two terms are, as above, just the
behavior of a conformal field with weight 7 =2. The fourth order pole is allowed because
of the existence of a field with 42 =0, namely 1. The particular choice of the proportionality
factor ¢/2 is such that the free boson theory has ¢ = 1. For higher order poles, we would
require fields of negative conformal weight, which are absent in unitary theories. This leaves
us with a potential third order pole, which is forbidden however by Bose symmetry 7(z)T(w) =
T(w)T(z). Observe that the energy-momentum tensor is not a primary field itself, unless ¢ = 0.
It is quasi-primary as seen by the absence of a third order pole.
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Exercise 5.3. Using (5.3) and (5.5) show that (5.16) is equivalent to the Virasoro algebra

(o}
[LnaLm} = (I’l - m) Lyym+—=n

B (n* = 1) gm0 (5.17)

Solution 5.3. Application of the rhs in (5.5) and (5.3) yields

dZ n+1 m+1
(s L] ¢2WI 55 27r| T Tw)
55 ygdz . mﬂl o2, 21w oTw)| o
27 '

2t (z=w)'  (z—w)?® oW

Regular terms in (z —w) drop out, because they have no residue. Hence, the calculation is
exact, despite our ignorance of regular terms in (5.16). Employ the expansion

Zn-l—l — <W+ (Z_ W))H-H

=Wt L (n+ DWW (z—w)+ —w (= w) +

in the commutator and integrate out 7 to find

dw |cn(n®—1
[Ly, L) = %27: [n(r;z)w'"“l +2(n+ D) w" T (w) 4w 29T (w) (5.20)
0

The last term requires a partial integration, w" " +20T(w) — —(n+m+ 2)w" "+ 1T(w).
Integrating out w returns the Virasoro algebra (5.17).

Hence, the L, cannot simply be the generators ¢, of the Witt algebra, as naively hypothes-
ized above. You may now wonder if C is indeed non-vanishing. It turns out that one need not
look far to find such examples. Even real free bosons and real free fermions have have non-
vanishing C, as you will check shortly. This gives weight to the claim made above, that the
central charge is not some peculiarity of some particular CFT, but a very generic feature of a
QFT with conformal symmetry.

Exercise 5.4. Evaluate the 7T OPE for the real massless free boson ¢ and fermion v, whose
energy-momentum tensors are given in (5.13) and show that their central charges are ¢, = 1
and ¢, = 1/2, respectively. Convince yourself that the central term in the OPE (5.16) stems
from double Wick contractions. The central charge is thus an inherently quantum effect, as
expected of an anomaly.

Solution 5.4.
d 2 9p(2)dp(w) : d
T o0)= i [2(<z—a§2>2) g AR e
1/2 27, (w o7 (w
- (Z_/w)4+(zf(w))2+ Zi(w) (5.21)

The first term after the first equality results from two double Wick contractions and
the second term from 4 single contractions. In going to the last line, dp(z) = dp(w) +
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100(w)(z—w) +... and Pp(w)dp(w) = 10(0p(w)Dp(w)) were employed. The free boson
central charge is thus ¢ = 1. The following are useful for the free fermion case

D)) == (D)= =t

When contracting, one has to watch out for minus signs picked up when passing fermions
passed each other,

()0 (w)=— (5.22)

dy
(z—w)?’

] 1 [@-1d  2dy:9(2)p(w):
T e )
ﬁ_dw=(5¢42)¢(ﬂﬂ¢(Z)3¢(w))i_}ﬂp¢3¢(2)3¢(u01]
(z—w)? Z—w

_ 1/4 2T¢(w)+8T¢(w)
(z—w)* (z—w)? z-w

(5.23)

After the first equality, the first term is due to the double contractions, while the remaining
terms are single contractions. We have proceeded as for the boson afterward. Keep in mind,
the Pauli principle forces 1 (w)? = (0y(w))* =0 and (v (w)OY(w)) = 1 (w)0*1h(w). The
free fermion has therefore a central charge ¢ = 1/2.

While (5.16) encodes the behavior of 7(z) under infinitesimal conformal transformations,
it is useful to infer its behavior under a ‘normal sized’ conformal transformation. To this end
consider

dz

5700 =00 T0w)] = f S5 e T T(w)
::f%a%(w)+27(wy%(w)+f(w)aruo (5.24)
This is integrated for large € to
2
'@ =ur@U = (&) 106+ 550 (525)

where the Schwarzian derivative has been introduced,

2

1£11] 3 (g
i 100
N2
()
and primes indicate derivatives with respect to z. It is the unique derivative vanishing on

Mobius transformations. Hence, T(z) is quasi-primary, as for f € PSL(2,C) it transforms like
a primary (4.2).

of

2
S(fiz) = , S(f,z)z—((,)Z) S(z./) (5.26)

5.2. Verma modules and conformal families

Now that we have access to the symmetry algebra governing our physical system, we are in a
position to discuss some general aspects of the ensuing structure of Hilbert space.
Global conformal invariance imposes that

L/0) = Lay0) = 0 (5.27)
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Given that the energy-momentum tensor contains these three modes—recall (5.5)—we see
however that this does not suffice to have T(z) produce a well-behaved state via the operator-
state correspondence (4.27). Indeed, for |T) = T(0)|0) to be well-defined, we are forced to
accept a much larger set of constraints on the vacuum, namely

L|0)=0  forn>—1 (5.28)

This secures (0|7(z)|0) = 0, which had been stated already in (4.10) in CFT for any field
besides the identity. The identity field is but one of many primary fields however and in order
to find out how they behave under application of the L,s we need the following exercise

Exercise 5.5. Show that
[Ln,¢ ()] =h(n+1)"¢(2) + 2" 06 (2) (5.29)

What is the second term reminiscent of? What does the first term thus encode? Apply this
relation to the asymptotic state |¢) = lim,_,o ¢(z)|0) to derive

Lo|p) =hglp),  Lul¢)=0, forn>1 (5.30)

This establishes primaries as highest weight states of the Virasoro algebra. Note that if ¢ was
not primary, additional singular terms in the OPE with 7" would make the action of some of
the L, non-vanishing.

Solution 5.5. Using (5.2) and (5.11) we have

L ()] = 55 & 7@ 6 (w)

W 2
e (2200 0

=h(n+1)w"¢(w) +w1op (w) (5.31)

where the expansion (5.19) was used to second order. We recognize the action of the Witt
generators (3.16) in the second term. This term is therefore responsible for the spacetime
transformation. The first term reflects thus the representation of the conformal algebra that ¢
sits in, labeled by h. This is made more precise by

Lo|) = lim [Lo, ¢ (2)]]0) = limh¢ () [0) = h|¢) (5.32)
n>0: Lylo) = lim[Ly,(2)]]0) = lim (2'he (z) + 2706 (2)) [0) =0 (5.33)

These primary states lend themselves now for the construction of ‘Fock spaces’ by applic-
ation of Virasoro modes with negative index,

LogL_ty...Ly|d), 1<k < <k (5.34)

The ordering of increasing k; is a convention. These states are the descendant states that
we have come across above already. Here we have finally encountered their concrete form.
Observe that |T) = lim,_,(7(z)|0) = L_,|0), and so the energy-momentum tensor is con-
firmed to be a descendant. In a scenario where we only have access to the global conformal
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group, which excludes L_,, the energy-momentum tensor is seen to be its own (quasi-)primary
however.

Like any QFT, CFTs have an infinite amount of states. The organizing principle for CFTs
is simple however. Any state that is not primary is descendant, and so we need (mostly) only
know the primaries in a model. These correspond to highest weight representations, which in
turn bounds the energy from below.

Given that [Lo,L,] = —nL,, such a descendant state has L eigenvalue

h=ki+ky+...ky+hy =N-+hy (5.35)

where N is called the level of the descendant. We already know that the L, generate infin-
itesimal conformal transformations. Hence the set of all descendants is the entire orbit of
a primary state under conformal transformations. Note that this never transforms a given
primary into a distinct primary. Hence these are representations, or more precisely, a mod-
ule of the Virasoro algebra. These will not be irreducible representations in general however.
Reducibility is indicated by the presence of null vectors, but we leave that to section 6.1. In
general, the space spanned by all possible descendant states (5.34), reducible or not, is called a
Verma module V),.

For now, let us observe that the number of linearly independent states at level N is given
by the partitions p(N) of N, i.e. the way an integer N can be split into sum of positive integers.
For instance, 3 can be split into 14141, 142 and 3 itself, giving p(3) = 3. Bases for the first
five levels are for instance given by

Ly eigenvalue Basis vectors p(N)
h ) 1
h+1 L_i|®) 1
h+2 LZ1|9), L2|9) 2
h+3 L2,|¢), L-1L-2|¢), L_3|¢) 3
h+4 LL1[9), L21L2|9), L25|9), L1 L3[@), L-a[¢) 5

In order to count all possible descendant states in a Verma module, it is convenient to intro-
duce a book-keeping parameter ¢" and count all states at level N

immﬂ=ﬁ : (5.36)

1—q"

The equality can be verified by Taylor expansion. The subspace of the entire Hilbert space
spanned by a primary state and all its descendant states is often called a conformal tower or

A conformal family [¢] encompasses a primary ¢ and all of its descendants (5.34).
Members of a single family transform amongst themselves under conformal transform-
ations. In other words, the OPE of T(z) with ¢(w) consists only of members of [¢]. We
label the set of all conformal families in the full Hilbert space by Z. Given some i € Z we
denote a family by [¢;] and when no confusion can arise we simply write [i].

In these lectures we restrict to conformal symmetry. When extended symmetries are present
in the system, such as Kac—-Moody symmetry or supersymmetry, it is useful use their families
instead. The idea is the same. The extended symmetry algebra will have a set of generators,
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some of which are annihilators and some of which are creators. The ladder create the descend-
ants of the extended symmetry algebra. A family is again a primary and all of its descendants.

Consider the Ising CFT as an example. It has three primary fields 1, €, c. Any other state
in this theory is a descendant thereof. The families are thus Z = {[1], [¢], [¢]}. When labeling
conformal families, the brackets [-] are sometimes omitted when no potential confusion can
arise.

It can happen here that a Virasoro primary is a descendant with respect to the larger sym-
metry algebra. We have in fact already encountered such an example in exercise 4.6, where
we found |id¢) = a_1]0). The mode a,<( are the creators of a U(1) Kac-Moody symmetry.
While we have seen that J¢ is its own Virasoro primary, i.e. 9 € [9¢]vir, it is a descendant
of the identity when working with U(1) Kac-Moody symmetry, i.e. dp € [1]y(1)-

5.3. Fusion

In general, the OPE of two distinct conformal families contains any number of other conformal
families. This is in essence the statement of the OPE (4.22). Because the OPE contains the data
of the three-point function (4.20), it tells us how strongly two primaries couple to a third, which
is encoded in the three-point coefficient Cj;. For some purposes, it already suffices to know,
however, which conformal families simply appear in an OPE, not how strongly they couple.
This is encapsulated in the following notion:

Given two conformal families, the fusion rules encode which conformal families occur
in their OPE (4.22)

6 % (6] =D Ni [, NieNg (5.37)

kel

The structure constants Ng are called the fusion coefficients. The family of the identity
field [¢o] = [1], denoted i = 0, presents the unique unit element of this multiplication rule,
i.e. Nl(‘),- = 65‘. Fusion is commutative, Nf;- = N]’-‘l- and associative,

D ONGNE =Y NIN, (5.38)

meTL nel

By construction, Cy* = 0 < Nf; = 0.

Since the energy momentum tensor is a descendant of the identity, i.e. T € [1], this formal-
izes our statement that the OPE of T with ¢ remains in the family [¢].

The fusion rules are a version of a tensor product of representations. However, it is not the
standard version that we know and love in group theory, as that construction would have central
charges add up, and we wish to avoid that. Mathematical details can be found in [12—-14] and
references therein.
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Exercise 5.6. Read off the fusion rules underlying the OPEs (4.23)—(4.25), (5.11) and (5.16).
The Ising fields in (4.25) are conformal primaries.

Solution 5.6. The following fusion rules for conformal families are read off.

The free boson OPE (4.23) gives [0¢] x [0p] = [1].
The free fermion OPE (4.24) gives [¢] % [¢] = [1].
The Ising OPEs (4.25) give

lxle]=0],  [elxlol=[o],  [olx[o] =[]+, (5.39)

The OPE (5.11), which defines a primary gives [1] x [¢] = [¢].
The conformal algebra OPE (5.16) gives [1]x [1] = [1].

The charge conjugate family i of a family i is singled out by Ng = §; ;+. The family of the
identity field is self-conjugate. Charge conjugation provides an involution of the fusion rules,
[¢:] — [¢i+]. The fusion coefficients are affected by charge conjugation in the following way

NS =N, and NS =N (5.40)

ity i

Exercise 5.7. Convince yourself that ([i] x [j])™ = [iT] x [jT].
Solution 5.7.

ZN" ] =N [k ZN,+j+ i)« [iT] (54D
k

The second step relabels the summation k — kT and the third step uses the right entry of (5.40).
It is customary to phrase the fusion coefficients via the Z x Z fusion matrices N;

(Ni);e = N§ N+ =NJ (5.42)

IJ )
where T denotes matrix transposition.

Exercise 5.8. Show that the fusion matrices furnish the regular representation of the fusion
rules.

NN, = RN, 543

kel

Solution 5.8. The associativity condition (5.38) can directly be written as (NiN;)y =
2 Nji(Nn)a-
Commutativity of fusion, i.e. Ng = Nfl is naturally passed on to the fusion matrices, in

particular [N;,N;+] = 0. Because of N;+ = N;r, this means that N; is normal and is therefore
diagonalized by a unitary matrix. Later on in (6.28), we will learn which matrix this is, and
that it is in fact a central player in CFT. For now, this guarantees that all fusion matrices {N;}
can be diagonalized simultaneously. Pick an |Z|-dimensional eigenvector v = (vy,...,v|z|),

N;v=mn;v, & Z Ng Ve = 1;Vj (5.44)
k
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By applying (5.43) to the eigenvector v from the left, we easily find that the eigenvalues n; for
the eigenvector v furnish one-dimensional irreducible representations of the fusion rules (5.37)

k

Clearly this equation holds for the eigenvalues of any eigenvector of N;. The eigenbasis is
|Z|-dimensional and obviously it is shared amongst all the fusion matrices {N;} since they
commute with one another. Hence we could add a label a = 1,...,|Z| to the eigensystem,
v — v, and n; — n;,. We will not do this now, but anticipate that this plays a role in the import-
ant relation (6.28).

Invoking the Perron-Frobenius theorem of mathematics, which deals with eigensystems
of matrices with non-negative entries, we learn that there exists a unique maximal eigenvalue
d; € R of N; belonging to an eigenvector v with strictly positive entries. The eigenvalues d;
are called quantum dimensions and play a central role in the study of topological phases of
matter. Being an eigenvalue of N;, they satisfy the fusion rules (5.46),i.e. d;d; =>", Nde.

Given the symmetry Ng» = N£, we can evaluate the entries of v. Indeed,

Ji°

SONE =dity =Y Nie=dio;, = b=d (5.46)
k k

Hence the Perron-Frobenius vector v = (d;,d>,...,d|z|) is filled with the maximal eigen-
values of all fusion matrices N;. Because all fusion matrices {N;} share an eigenbasis, they
evidently also share V.

6. The Hilbert space of a CFT

In this section we discuss the structure of the state space in a CFT. This will require a discussion
of conformal characters, CFTs on a torus and modular invariance. We will touch upon null
vectors.

6.1. Conformal characters and null vectors

Just as with any other symmetry, Hilbert space will fall into irreducible representations of the
Virasoro algebra. In this subsection we develop an idea of what that means.

We have already seen that a conformal representation (conformal family) is built upon a
primary state |¢) as in (5.34). It may happen that one of its descendant states, let us call it
[1), usually a linear combination of states (5.34) at fixed level, is itself primary again, i.e. it
satisfies (5.30). These are called null vectors or singular vectors.

Exercise 6.1. Using L = L_, to show that null vectors stand orthogonal to all other states in
the Verma module V,,, = V5.

Solution 6.1. The claim follows immediately from (5.34) and Hermitian conjugation,

(Y|IL—t Lk, --- L,

¢) = (p|Ly, La, - - - Ly,

) =0, k>0 (6.1)

Because such states do not ‘talk’ to the remainder of the Verma module V4, they can be
safely ignored. More mathematically rigorously, what is happening is that the null vector |v)
and all its descendant states form their own invariant subspace, i.e. their own Verma module
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V., within the Verma module V4. We have hence found that the Verma module, as a repres-
entation of the Virasoro algebra, is reducible, and in order to reach its irreducible core, the
null vector |¢) and its submodule V,;, are quotiented out of the Verma module. In practice, we
simply set |1) = 0, which also rids us of all descendants of |1). Clearly, when several null
vectors are present in V, all of them are quotiented away in this manner. In the following, the
irreducible core of a Verma module V4 is denoted H .

From this discussion, null vectors may sound very exotic. They are not difficult to come by,
however. In fact, we have already encountered a null vector: the requirement that the ground
state |0) be invariant under the conformal group, in particular translations, forces L_;|0) = 0.
Clearly this null vector carries important physical data. More generally, null vectors impose
powerful physicality constraints on correlation functions. We will have no time discuss this
unfortunately. Any real aspirant of the conformal arts is advised however to delve into this
very important feature of CFT in the literature, for instance the resources in section 1.

In order to count states in an irreducible representation #; for a primary ¢;, it is useful to
introduce a ‘mini partition function’,

Xi (q) = try, {qLH/ 24} , €T (6.2)

This is called the character of the family i. The presence of ¢/24 is ad hoc for now, and we
justify this convention in hindsight later. When counting states in a Verma module in (5.36),
we have basically already computed the character of a Verma module V,,

o > _¢c—1 _
xv, (q) = try, [qL"‘“/ 24} =q"*> pN)g" =q""F n(q)” (6.3)
N=0

where the Dedekind 7 function was introduced,

o0

n(@) =g [J(1-4" (6.4)

n=1

Rewriting characters so as to include 7(q) is recommended, since this function transforms
conveniently under modular transformations, which we will get to soon.

Let us now investigate the effect of null vectors on characters using L_|0) as guinea pig.
The character of the Verma module built over the vacuum state |0) and [¢)) = L_|0) are,
respectively,

q—(C—l)/24 ql—(c—l)/24

n(q) 9 XVw =N (6'5)

Xvo = n(q)

The procedure of quotienting V by V, is reflected in the counting of states simply by sub-
traction

q—(c—l)/24

0@ (1-¢q) (6.6)

XVo = XVy =
At central charges ¢ > 1, and admitting only unitary representations of the Virasoro algebra,
L_1|0) is the only null vector found in the Verma module of the vacuum |0). In this case, the
remaining module is the irreducible, i.e. it is indeed Ho and xo = Xxv, — Xv,, 18 its character.
When ¢ < 1 more null vectors may be present in V), and they all need to be removed to get to
the irreducible module H,.
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This pattern is followed when quotienting Verma modules of arbitrary conformal weights
h¢ and hw,

—(c—1)/24

XVy = Xvy = (¢" —q") (6.7)

n(q)

and this has to be carried out with every null vector in a Verma module, so that in spirit

Xi =XV~ XV (6.8)
k

where k runs over all null-vectors in V;. This relation is actually not always the end of the
story. It needs to be refined when descendant spaces of null vectors overlap, which is in fact a
common feature. The structure carried by irreducible unitary representations of the Virasoro
algebra was unraveled in [15, 16] and their characters were computed in [17]. A complete
discussion of irreducible representations in CFT is found in chapters 7 and 8 of [5]. Here, we
content ourselves with presenting the characters of the Ising model as example,

1 [95(q) U4 (q) ;
XO(Q)_2<\/n(q) +\/77(q)> (6.9a)
U3(q)  [VU4(q)
( n(q) \/ n(q) ) (©9P)
q)

Xo () =51 1?72((61) (6.9¢)

where, as usual, the character of the identity field 1 is labeled by 0 and the Jacobi theta functions
are

1
Xe (Q) - E
1

ﬂa(Q)Z%q"fzq*n(q)ﬁl(Hq”i)2 (6.10a)

ne n—=

() =3 ¢t =2g n(g) ﬁ (1+4" (6.100)
nez n=1

194(q)—%(1)”q"5 —qzlw(q)lof[l(l61"5)2 (6.10c)
ne n=

01 (q) = i%(—l)” gt 2) = %q']*z 1(q) ﬁo(l —4")’=0 (6.10d)
ne n=

6.2. Structure of the state space

It is time to revive the anti-holomorphic sector. The symmetry algebra of a CFT, as pointed
out in (3.23), is Vir x Vir. In general, covariance of a QFT under a symmetry algebra means
that its space of states carries an action of said symmetry. In our case this means that the full
Hilbert space of our CFT decomposes as follows

H= P Z:Hi®M; (6.11)

(i,2)€IXT
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where #; and H; are irreducible representations of Vir and Vir, respectively. The tuple (i,7)
labels the conformal dimensions (4;,h;) of a primary field ¢;;(z,Z), or equivalently its state
|h;, hz). Be reminded that these fields have to be primary (highest weight representations),
since otherwise the energy spectrum would not be bounded from below. The set Z carries all
possible irreducible representations of the Virasoro algebra, as before. The |Z| x |Z| matrix
Z;7 has positive integer entries and counts the multiplicity of any primary field. Note that
it can pair holomorphic and anti-holomorphic fields in a spinful manner, i.e. s = h; — hy # 0°.
Another reasonable physical assumption is that the vacuum be unique, and so we shall demand
Zoo = 1. We are now in a position to formally write down the partition function of the CFT,

Z(q.9)= Y, Zaxi(9) x: (9 (6.12)

(i,7)€IXT

Once more, we introduced book-keeping device g and g = g*. In what follows, we will finally
discover their physical meaning. Crucially, in doing so, this will naturally lead us to powerful
constraints imposed on the matrix Z;;.

6.2.1. Genus one and the modular group.  In QFTs we typically determine the theory’s
field content by checking which fields run in loops. Given that we consider CFTs on Riemann
surfaces, loops correspond to Riemann surfaces of non-trivial genera. It is understood here that
CFTs living on different surfaces derive from the same model, if their local properties, such
as OPEs, are the same. As argued by Moore and Seiberg [3, 12], no meaningful additional
constraints are collected by going to Riemann surfaces of genus larger than one, i.e. we can
restrict to the torus.

The torus is reached from the plane as follows. First, map the plane conformally to the
cylinder R x S via (4.26).

Exercise 6.2. Show that the Hamiltonian on the plane H = Ly + Ly is mapped to Hey = Lo+
Ly — ¢/24 — C/24 on the cylinder. Similarly, show that the generator of rotations on the plane
P, =i(Lo — Lo) is mapped to P.yy = i(Lo — Lo — ¢/24 + C/24) (it generates translations on the
cylinder in the compact direction, cf exercise 3.3)'° Hint: Use equation (5.25).

Solution 6.2. It suffices to look at the holomorphic half, since the other half follows suit. The
energy momentum tensor transforms according to (5.25). The Schwarzian (5.26) is S(e*,w) =
—1/2, so that

g c

2
Teyi (W) = (8w) T(z)+ I—CZS(Z,W) =7’T(z) — 7 (6.13)

9 Recall from section 3.3 that the rotations are generated by i(Lo — Lo).

10 The exponential map (4.26) actually carries a macroscopic scale, namely the circumference of the cylinder L. If
the compact direction is time, we rather call this scale 8. This scale leads to ‘soft breaking’ of scale invariance, as
mentioned above. In many cases it is useful to carry this scale around, leading to a modification of the exponential
map (4.26) to z = exp(2rw/L) (z = exp(2wiw/3)). Consequently, the spacetime translators are also rescaled on the
cylinder

2 . _ 27, = _
Hey = % (Lo+Lo—c/24—C/24),  Pey= %ﬂ (Lo — Lo — ¢/24 +¢/24)
Choosing L = 27 returns us to the case in the main text.
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T1 '81 /

Figure 2. Two vectors aj (red) span the green lattice. Their fundamental domain
is shaded in green. Two other vectors (purple), 51> span the same lattice. The mod-
ular parameters of o, and fi, are related by 7 — 7+ 71, which is a modular
transformation.

The mode expansion (5.5) turns this into
Tot) =S Lz "= ==Y (L,, - iano) e (6.14)
Y - 24 - 24

This gives (Lo)ey = Lo — €/24 from which the Hamiltonian and angular momentum operator
are constructed.

On the cylinder we cut out a finite slab [0, 5] € R and identify its ends. We are left with a
torus S' x S'. It turns out that we actually have a choice here. Indeed, before identifying the
ends, we have the freedom to twist the ends of the cylinder. There is a general way of analyzing
this and it starts on the plane. A torus can also be constructed directly from the plane C by
identifying points

z~Z+may + nao, nméeZ, a,acC (6.15)

In this way, the tuple («1,) is seen to span a lattice, as seen in figure 2. Its smallest cell
is the fundamental domain of the torus. Crucially, the fundamental domain is in general not a
square, but a parallelogram. This skewing of the square to the torus is described by the modular
parameter

=2 1 tineC (6.16)
ag

The modular parameter describes the shape of the torus.

By glancing at figure 2 it is easy to convince oneself that distinct tuples of («y,as) and
(B1,52) may construct the same lattice and hence the same torus. This is the case when one
tuple of periods is given by an integer multiple of periods of the other tuple

ar) _ [(a b 61 —
(az)_<c d) (62) abedeZ,  ad—be=1 6.17)

That this matrix be unimodular follows from the requirement that the inverse matrix must
also have integer entries, thereby rephrasing (/1,/3;) as appropriate integer combinations
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(a1, ). It also implies that the parallelograms spanned by ¢ » and 3, » have the same area.
Furthermore, it makes no difference to choose (—ay, —ay) over (o, ;) as basis cell for our
lattice, so we can mod out a Z,. Overall,

The transformations on («y, ), which preserve the lattice—and hence the torus—are
the entirety of

(‘C‘ Z) €PSL(2,Z) =SL(2,Z) /Zs. (6.18)
These transformations form the modular group and describe the isometries of the torus.
They allow us to pick a convenient frame for the periods (o, ;) = (1,7). The modular
group acts as follows on the modular parameter

ar +b
H

. 1
cT+d (6.19)

The modular group is generated by two transformations—this is non-trivial to see and we
will be cavalier about this statement’s proof. The first generator is

T:T—71+1, Tz((l) }) (6.20)

and the second generator is

1 0 1
Sir—— S(_l 0) 6.21)

Note that the modular S transformation corresponds to an interchange of space and time direc-
tions on our torus, S : (a,az) — (—au, ). These transformations satisfy S = —1 ~ 1 and
(ST)? =1 when acting on 7—these expressions will be modified once we have the modular
group act on characters!

6.2.2. The partition function and modular invariance. = We are now finally in a position to
formulate a second expression for the partition function (6.12). In statistical mechanics we have
Z =try e MM where S, is an inverse temperature leading to Boltzmann factors p; = e~ »Fi
for a state |¢;). To interpret this in QFT we rewrite this expression as Z = . (¢;|e ~%|¢;) and
view this as temporal evolution of |¢;) via the Hamiltonian H for a distance 3. Importantly,
time is Euclidean with period 3 so this evolution returns us to the same spot that we start out
with. Moreover, the overlap with (¢;| simply constructs the return amplitude for this evolution.
The trace has us repeat this for all states in the system.

We wish to repeat this for the two-dimensional cylinder, parametrized by w = R(w) +
iS(w), whose compact direction is f(w) and we interpret as spatial. We have just learned
that we can compactify a cylinder into a variety of different tori, distinguished by a modu-
lus 7 = 71 +im,. Let’s start with a rectangular torus which has 7 = i,. Since we view (w)

as temporal, we can identify Sy = 7, and plainly adapt the construction above leading to
e~ BoH _y o—TaHey
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A torus with 71 # 0 on the other hand is skewed by 71 and in order for a point to return to
itself after the evolution, we have to modify the evolution operator e =/ — =27 m2H+27iP
Using our findings of exercise 6.2 we find

The partition function of a CFT is
Z(r,7) = trg (e 2T Hort27mPor) — gry (qlo—c/24gllo—6/24> (6.22)

where g = e*™'™ and g = e~ >"'7 = ¢~ ?7!(n~im2) Any physical partition function does not
depend on the particular lattice frame (1, ;) we choose to parametrize the torus. Hence

we demand that the partition function be modular invariant

Z(r+ 1,7+ 1)=Z(7,7) =Z(—1/7,—1/7) (6.23)

This can now be connected with our general discussion on representations of the Virasoro
algebra leading to (6.12). The modular group must also act on the characters, and generically,
a modular transformation shuffles representations amongst themselves,

T:x(1)—=x(r+1)= Zﬁjxj (1) (6.24)
i€

Six(r) =x(=1/1)=>_ Sjxi(7) (6.25)
i€T

The two matrices 7; and Sj; are |Z| x |Z|-dimensional. It turns out that 7 acts diagonally on
a character, T;; = 5ijeQWi(h" ~¢/24)_ Evaluating Z(7 + 1,7 + 1) thus yields the constraint Z;; = 0
unless s = h; — h; € Z for the CFT state space (6.11). For fermionic degrees of freedom, where
we obviously like to have half-integer spin, we therefore need to slightly relax the requirement
of modular invariance by demanding invariance only under 72 rather than 7.

While the matrix 7;; is rather innocent, the modular S transformation carries much non-
trivial information. Unlike 7j;, S;; has a non-trivial model-dependent form. For unitary theories,
the following properties can nevertheless be derived [18]

S1=8%, sT=s, §?=¢ (6.26)
Sij+ =Sj; = Sitjs Sip = Spo >0 (6.27)

ij
where Cj; = 0; ;+ is the charge conjugation matrix. The circumstance that S? #1 indicates
that we are dealing with a representation of the double cover of the modular group''. These
relations imply in particular Sjp = Sy, € R. The most striking property of the modular S matrix
however is its relation to the fusion rules expressed through the celebrated

11 This is just as with spin in quantum mechanics, where a 27 rotation does not lead back to the starting state. This is
because SU(2) is the double cover of SO(3).
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Verlinde formula [19]

NG =" ”gf’s’d (6.28)
ez 10

This is the statement that the modular S matrix diagonalizes the fusion rules. Concretely,
the matrix N; has |Z|-dimensional eigenvectors v, with @ = 1,...|Z| and entries (v,); =
Suk, so that N; = SA;ST.

Exercise 6.3. Read off the eigenvalues of N; and derive the following expression for the
quantum dimensions

Sio
d; =20 (6.29)
Soo
Show furthermore that this is the same as
d — tim X9 (6.30)

=1~ Xo(q)

In this form, the quantum dimensions acquire a representation theoretic meaning as
asymptotic—this refers to lim,_, ;- —measure of size for H; in ‘units of H,’. Hint: Consider
a purely real g = e . The limit lim,_,, - is the high temperature limit 3y — 0F. Which term
or terms dominate the sum?

Solution 6.3. The eigenvalues can simply be read off, but we can also just do it the old-
fashioned way by recalling equation (5.44), with which

Niva),; ZN Sta= 228, = g—o (Va); = Na= g—o (6.31)

where nj, is the eigenvalue of N; for v,,. By the Perron—Frobenius theorem, we are seeking the
eigenvector with strictly positive entries, since this one pertains to the maximal eigenvalue.
This is only guaranteed for a = 0. Its eigenvalue for N; is njy = d; as claimed. The follow-
ing decomposition is thus clear, N; = SA;ST, where A; = diag(nj, ... nig4, . - .nj\7)). For the
second part consider a purely real use that

_ N O ~
Xi@=Y_(S")x@ = (S"),x0(@ (6.32)
J
is dominated by the primary with smallest conformal weight, which is the vacuum for unitary
theories. This is most easily seen by using a purely imaginary modular parameter, g = e~

and have By — 0T . This is the infinite temperature limit, in which the smallest energy (solely)
dominates the sum, i.e. h = 0.

Exercise 6.4. Given the modular S matrix of the Ising CFT,

1 1 1
2 2 Va2

S=3s 1 -5 (6.33)
R 0

S
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where rows and columns are ordered as {1,¢,0}, work out the model’s fusion rules. Compare
with exercise 5.6.

Solution 6.4. The Fusion rules are found in (5.39).
Returning to the issue of modular invariance, we find that it simply requires the modular
generators to commute with the multiplicity matrix Z;; of the partition function (6.12),

[T%,2]=0=S,Z2] (6.34)

If the set Z of irreducible representations of the symmetry algebra is finite, |Z| < co, we speak
of a rational CFT (RCFT). Two modular invariant partition functions are immediately iden-
tified in this case

Zdlag q, 6] ZXI Xi _) = Z ‘Xi (61) |2 (6.35)
i€ i€Z
Zene (0:9) = Y _xi(q) xi+ ( (6.36)
i€

which are called the diagonal modular invariant and the charge-conjugate modular invari-
ant, respectively.

As an example consider the Ising CFT. It has three primary fields Z = {1,¢,0}. All three
states have equal holomorphic and anti-holomorphic conformal weights, h = h. Their values
are hy =0, he = 1/2 and h, = 1/16. The theory has a diagonal partition function

Z(q.9) = x0(q) " +Ixe (@) I* + Ixo (@) I? (6.37)

where as above, we have labeled the vacuum representation by 0. The individual characters
are found in (6.9). Many more modular invariants can be found in [20-23] as well as chapter
10 of [5] and references therein.

7. Boundary CFT (BCFT)

So far we treated systems without boundaries. Yet, clearly, nature is filled with interesting and
important systems of finite extend.

How does CFT accommodate boundaries and defects?

Answering this question lies at the focus of the following few sections. As we will see, the
world of conformal boundaries is remarkably rich and has profound applications in various
central topics of theoretical physics. Here are a few applications in low-dimensional systems

The Kondo effect

The Kondo effect describes the screening of magnetic impurities by conduction electrons in
a metal. After its inital description by Kondo, it became the guinea pig for many important
techniques we know and love today in theoretical physics; most prominent is the development
of the renormalization group by Wilson [24]. In that framework, at high energies the impurity
is ignored by the conduction electrons due to their high kinetic energy. Upon lowering the
temperature, the conduction electrons begin to notice the presence of the impurity. The con-
duction electrons then enter a bound state with the impurity with the aim of forming a spin
singlet. The latter is not magnetic, and hence the impurity has been screened.
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In the nineteen-ninetees, Affleck and Ludwig realized that the Kondo effect is elegantly
described in the framework of BCFT [25]. By realizing that the physics is dominated by radial
s-waves, they reduces the problem to 1 4+ 1 dimensions, where the spatial coordinate is radial
distance from the impurity. In this picture, the impurity is seen to impose a conformal boundary
condition on the conduction electrons, one in the UV of the renormalization group flow and a
different one in the IR. The powerful framework of BCFT allows for an in-depth analysis of
the impurity degrees of freedom at both fixed points [26].

Entanglement spectra
When studying entanglement we assume that Hilbert space factorizes, H = Ha ® Hpg. One
popular choice is to associate H4 and Hp with spatial domains. When dealing with quantum
mechanics on a lattice, one easily assembles the local Hilbert spaces of each site into a domain
A and B. When dealing with quantum field theory, this bipartitioning is actually not straightfor-
ward. Indeed, fields are distributions and need to be smeared over space. Hence, cutting fields
apart at arbitrarily chosen boundaries between spatial regions A and B is highly problematic.
As argued in [27], the solution is to assign boundary conditions to the fields at the entangling
region, i.e. at the interface of A and B. This is mostly done implicitly, even on the lattice. In the
context of two-dimensional CFT, this approach has proven particularly useful. Indeed, while
conventional techniques only probe a subsector of 4, BCFT grants full, unrestrained access
to Ha; see for instance [28, 29] for studies of the entanglement spectrum of H,4. It turns out
that these techniques even capture the universal parts of entanglement spectra belonging to
gapped phases adjacent to a quantum phase transition described by a CFT [30].

Symmetry-protected topological (SPT) phases of matter

SPT phases of matter have non-trivial topological degeneracies in presence of a symmetry.
When restricted to a disk of two spatial dimensions, the SPT harbors critical modes on the
edge'?. While the bulk and edge are both anomalous individually, in combination they form
a non-anomalous system. This highly fine-tuned interplay is exploited in [31], where is is
argued that one cannot cut the edge open while preserving the symmetry of the SPT. This is
synonymous with showing that no conformal boundary condition can be found which also
preserves the symmetry.

BCFT also plays a role for (1 + 1)-dimensional SPTs. Indeed, there are several non-trivial
phases protected by the same symmetry, none of which can be deformed adiabatically into each
other. In order to cross over between these phases, one necessarily passes through a quantum
critical point, a CFT! Imagine having two distinct SPT phases for the same symmetry on a line
and separated by a domain wall. Hallmarks of such transitions are the presence of degenerate
degrees of freedom on the domain wall, which are controlled by the symmetry of the SPT.
From the point of view of the CFT these topological degrees of freedom, along with their
degeneracies, are stored in spectra of BCFTs [32].

Useful literature

e The book ‘Boundary CFT and the Worldsheet Approach to D-branes’ [14] by Recknagel
and Schomerus is an excellent resource to learn BCFT, in particular chapter 4, which we are

12 This is reminiscent of the Quantum Hall effect (QHE). However, the edge modes are chiral in the QHE, while they
are non-chiral in SPTs.

40



[

. Phys. A: Math. Theor. 58 (2025) 103001 Topical Review

following here for the longest part. All remaining chapters contain interesting applications
and advanced tools of BCFT.

e No name is as intertwined—argueably even synonymous—with BCFT as that of John L.
Cardy. His groundbreaking contributions span from the early studies of BCFT [33] to the
uncovering of the profound principles governing critical boundaries [34—36]. This chapter
aims to follow in his footsteps by explaining his boundary state formalism and the resulting
Cardy constraint [35]. Together with the work of Ishibashi [37, 38] and Lewellen [39], one
has an excellent introduction to BCFT.

e The lectures by Petkova and Zuber [40] are a useful resource adding alternative viewpoints

to the previous reference. The focus here lies strongly with representation theoretic data of

the CFT and their connections to graphs.

Chapter 6 of Blumenhagen and Plauschinn [7] provides a nice introduction to BCFT geared

toward string theory, where conformal boundaries describe D-branes.

71. Generalities and outline

The construction of a boundary CFT (BCFT) starts from a CFT on the full complex plane,
which is assumed to be solved or known in sufficient detail, meaning we have access to

(1) The spectrum on the full plane, as discussed in section 6.2

HP) = @ ZgHi @ Hy (7.1)

(i7)ex®

with primary fields ¢;;(z,Z) taken from the set Z' (P) C T x T for which Z;; = 0. As before,
7 denotes the set of irreducible representations of the chiral symmetry algebra. The super-
script (P) is used to indicate the full complex plane throughout this lecture.

(2) The operator algebra encapsulated by the OPE is known'?

(bi,i (Z,Z) (b]j_ (W,V_V) = Zcijkcijif(z - "‘)7Z - "—Va {h} ) {]jl}) Qbkj( (W7 w) (72)
k,k

where c;j (czﬁ) carry the information of the three-point correlators for the left- (right-)
moving degrees of freedom. These are non-trivial dynamical data of a CFT. The sets {h}
({h}) are abbreviations for all involved conformal weights.

This CFT on the full plane will be referred to as parent CFT or bulk CFT, and in order to
construct a BCFT from it, the parent CFT is now restricted to the upper half-plane

H={zeC|Sz>0} (7.3)
The boundary is placed on the real line, so that the lower half-plane is not part of the system'*.
13 We are not concerned with the concrete form of f here, which is found in the literature, and prefer to highlight the
structure of the OPE (7.2).

14 Most of the discussion here applies to symmetry algebras containing the Virasoro algebra Vir as proper subalgebra.
These generalizations are left to the reader to explore in the aforementioned literature however.
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Local properties are inherited from the parent CFT. In particular, the singularity structure
of correlators of fields ¢;;(z,z) for $(z) is determined by the corresponding OPE on the full
plane.

A number of things do change, however. First of all, %) is only an index set for the
BCFT and not the state space of the theory on H. Global properties follow from the boundary
condition imposed on the real line. Two kinds of global data specify the BCFT

(a) Gluing conditions. These are linear constraints imposed by the boundary condition on the
symmetry algebra of the parent CFT. These are discussed in section 7.2.

(b) One-point Functions. In contrast to the complex plane, the presence of a boundary allows
non-trivial bulk fields ¢;; to have a non-vanishing expectation value. This is possible due
to the presence of fields localized at the boundary. This is discussed in section 7.3.

These new boundary excitations build up the sought-after state space of the BCFT, as
explained in section 7.4. They constitute the counterpart to (7.1) on the upper half-plane H. In
section 7.5 we develop a sophisticated toolkit, namely the boundary state formalism, which
allows us to determine the state spaces of boundary fields in section 7.6 via the Cardy con-
straint.

72. The conformal boundary condition

In this subsection, we discuss the conformal symmetry preserved by the boundary, we learn
about gluing conditions and have a first encounter with the folding trick.

The mere presence of a boundary already breaks symmetries. An obvious instance of this
is translation symmetry perpendicular to the boundary. In general, imposing boundaries can
largely destroy a system’s symmetry. On the other hand, there also exist special boundary
conditions preserving plenty of symmetry.

We are interested in boundary conditions preserving the maximal amount of conformal
symmetry present on the plane. This is given by the subset of conformal transformations f
which map the boundary of the upper half-plane into itself, but may otherwise deform the
interior of the upper half-plane,

f:H—H, fx)eR forxeR (7.4)

They remain symmetries in a BCFT. They include globally defined Mobius transformations
SL(2,RR), and as on the plane, we also include transformations harboring isolated singularities.
Taken together, unsurprisingly, these transformations generate a single Virasoro algebra. We
emphasize that only real analytic functions survive the trip to the upper half-plane, i.e. in
complex coordinates f(z) = f(z). Hence, from formerly two independent copies of Vir, only
the diagonal subalgebra survives.

A more physically intuitive way to see this is to require that no energy-momentum flow
can leak across the boundary. Parametrizing the upper half-plane by z = x + iy and placing the
boundary at y = 0 this is expressed by T, (x,y = 0) = 0. Indeed, recall that this component of
the energy-momentum tensor is the momentum density in y-direction. In complex coordinates
this demand is recast as follows:
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Figure 3. The folding trick. The semicircle traced by the antiholomorphic sector is
reflected at the boundary into the lower half-plane. The gluing condition (7.5) prescribes
the analytic continuation justifying this move.

The gluing condition imposed on the energy-momentum tensor by a conformal boundary
condition is

T(z) =T(2) for z=2 (7.5)

This provides a linear constraint relating the holomorphic and anti-holomorphic copies
of Virasoro present in the plane. Only their diagonal subalgebra with L, = L, survives,
providing the single copy of Virasoro governing the system on the boundary.

We anticipate that there may be several solutions to (7.5) allowing for various distinct con-
formal boundary conditions'>. We will touch upon this in section 7.4 and become fully concrete
about this fact in section 7.6.

Note that the gluing condition (7.5) may be viewed as prescribing an analytic continuation
of the energy-momentum tensor to the lower half-plane,

e T(z), Sz=0
T)=) LMz 2= " 7.6
@) Z n 'L {T(Z), Sz<0 (7.6)

Here and below we use (H) to emphasize that a quantity is specified on the upper half-plane,
in contrast to the full plane indicated by (P). The modes of this energy-momentum tensor are

dz dz (= (15 dz
L(H) :/7 n+lT 7/ _ n+lT - %7 n+1T 77
" i (z) i (@) 5l 1) (7.7)

where the integration contour C is a semi-circle around the origin, as in the left-hand side of
figure 3. In going to the last equality, we have analytically continued the system to the lower
half-plane, where we could close the contour as indicated on the right-hand side of figure 3.
Note that this expression looks entirely as for a single holomorphic copy of Virasoro on the
full complex plane, see (5.5). Clearly, it thus satisfies the Virasoro algebra (3.22).

This is our first encounter with the folding trick. The gluing condition (7.5) allows us to
view the anti-holomorphic piece situated on the upper-half plane as holomorphic continuation
to the lower half-plane of the holomorphic sector. This also implies that 7 is to be viewed as a
holomorphic coordinated in the unfolded picture.

15 When extended symmetries are at play, their currents are also glued linearly. Their gluing must respect (7.5), if we
insist on conformality of the boundary condition.
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Figure 4. By virtue of the folding trick, a bulk field ¢;; can be viewed as two individual
chiral fields ¢; in the upper half-plane and ¢; in the lower half-plane. The latter becomes
a mirror charge. As shown in the third panel, when approaching the boundary, the two
chiral fields can be expanded in terms of operators confined to the boundary, as in (7.9).

73. One-point functions and boundary fields

In this subsection, one-point functions of bulk fields are derived, boundary fields are intro-
duced and the coupling between bulk and boundary fields is explained.

Boundaries are not just vacant spaces for bulk fields to terminate on. In fact many interesting
aspects of boundaries stem from the degrees of freedom they harbor. To give a few examples,
the degrees of freedom residing on boundaries have been central in understanding phenomena
such as the Kondo effect in impurity studies, D-branes in string theory, entanglement spectra in
critical systems and topological edge modes in topological phases of matter. The first thing we
learn now is how these degrees of freedom allow bulk fields to acquire a one-point function.

Consider a bulk field ¢;;(z,Zz). Using the folding trick, we are allowed to view this non-
holomorphic field as two holomorphic fields ¢;(z) placed at z in the upper half plane, and ¢;(Z)
placed at 7 = z* in the lower half-plane as mirror charge, see figure 4. This is in fact justified on
a deeper level by conformal Ward identities [14]. Note that we do not introduce new notation
for fields in the unfolded picture and only distinguish the fields by double or single indices.
This innocent looking gymnastic has tremendous physical implications. Indeed, it turns a one-
point function of a non-holomorphic field into a two-point function of holomorphic fields, as
on the full plane (4.13), so we can access it.

In the presence of a boundary labeled by «, a bulk field of non-trivial conformal dimen-
sions, (h;,h;) # (0,0), may acquire an expectation value

A d“+
(i (2,2)) 0 = (0i (2) 92 (2)), = m%ﬁ (7.8)

Several remarks are in order here

e « distinguishes boundary conditions, such as Dirichlet and Neumann boundary conditions
on free fields. The notation (-)_, signifies an expectation value in presence of the boundary
condition a.

e A two-point function of holomorphic fields can only be non-zero if the fusion of the con-
tributing conformal families contains the identity family, [¢;] x [¢;] = [1] + . ... This happens
when the families are conjugate to one another, hence the d; ;+ 16 We learn that a bulk field

16 This is a little refinement to what we had stated earlier in (4.13), but back then we did not know about conjugate
representations, so we could not appreciate this little subtlety.

44



[

. Phys. A: Math. Theor. 58 (2025) 103001 Topical Review

cannot acquire an expectation value unless 7 = i*, solidifying the notion of a mirror charge
in the lower-half plane. When restricting to minimal models, the representations are always
self-conjugate, it = i.

Note that k;+ = h;, which is clearly pointing back at the gluing condition (7.5), i.e. a neces-
sary condition for a bulk field to acquire an expectation value in presence of a boundary is
that its holomorphic and antiholomorphic parts carry the same energy. The constant dj;+ is
the normalization of the bulk field.

The constant A§; is non-trivial new data arising from the boundary, and should not be naively
scaled to unity as that would interfere with the normalizations d;; of the bulk fields. AjY may
be seen as a matrix in (i,7). More importantly it is a structure constant of the boundary and
we turn to it in-depth momentarily.

Note that the one-point function of the identity field on the plane ¢y = 1) is non-trivial a
priori, (l(P )> =A{, # 1 (On the plane, 1) is normalized, doo = 1). This is the celebrated
g-factor. It has important implications for boundary renormalization group flows, but we
will not have time to discuss this. The reader is referred to [14] for details.

In contrast to the holomorphic two-point function on the plane (4.13), there are two reasons
for the absolute value to appear on the spacetime dependence. The first is that the only scale
in the problem is the distance (z —Z) of the fields to the boundary (recall z = x + iy), and
it better be real. The second is that on the full plane the holomorphic and antiholomorphic
parts complemented each other to yield a real value for the correlator. Here we only have
this one piece so it is forced to be real by itself.

The folding trick works for general n-point functions of bulk fields, turning them into 2n-
point functions. When extended symmetries are at play, the boundary may induce an auto-
morphism on the symmetry algebra leading to a further action w on the representations,
7 — w(z), but this is not discussed here; see [14].

Observe the singularity in (7.8) when ¢;; approaches the boundary, z— 0, as in the right
panel of figure 4. This, fellow detectives, is the smoking gun of an excitation localized at
the boundary! This idea is formalized by the bulk-boundary OPE [36],

i (2,2) = ) Clale =2 "y (x) (7.9)
k

The fields )y (x) are localized at the boundary and cannot be moved into the interior of the
upper half-plane. The boundary fields 1) fall into representations of the Virasoro algebra
governing the BCFT generated by (7.7). The structure constants Cgi) , are non-trivial
dynamical data and are not fixed by conformal symmetry.

While v stands for primaries and descendants in (7.9), from now on we take it to always

mean a primary, unless stated otherwise. To get our hands on the structure constants Cf;i) o WE
must in general solve non-linear, model dependent constraints such as the sewing constraint.
Since it is too time-consuming, we will not discuss it here, and refer the reader to the book
[14]. There are still a number of insightful conclusions we can draw here with an expendable
amount of effort.
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First off, we emphasize that the identity field on the boundary vy = 1% is not the same field
as the identity field on the plane ¢y = 1), The reason being that 1) adheres to two copies
of the Virasoro algebra, while 1" adheres only to one. More specifically, 1) is invariant
under the global conformal group on the plane SL(2,C)/Z,, while 1% is invariant under the
conformal group on the boundary SL(2,R)/Z,. Another way of seeing this is to note that
1% gives rise to state in H("), see (7.1), while 1 gives rise to a state in the boundary state
space H,. that we discuss momentarily. Nevertheless, it is reasonable to demand that 1
neatly becomes 1" when on the boundary, implying C'(loo) « = Ok,0. While the bulk-boundary

OPE (7.9) thus becomes 17 =11 ¢ actually only means that these fields act the same in
the current setup.

Second, the conformal families [/;] appearing on the right-hand-side of (7.9) naturally
follow from the fusion of the bulk field’s conformal families,

[ % [] = > NG, [] (7.10)

Clearly, the structure constant Cgi) « = O whenever its corresponding fusion coefficient Nf; =0.
The concept of fusion and our notation is discussed in section 5.3.

Third, we make use of the unbroken scale invariance along the boundary. This implies, that
the only boundary field ¢ allowed to have a non-vanishing one-point function is the identity
field on the boundary vy = 1%, (Yk),, = A*0y0 for some constant A“.

Exercise 7.1. Show that the proportionality constant is given by

(Vr (%)) o = AGo0%,0 (7.11)

Use this to relate the bulk field’s one-point coefficient to the bulk-boundary structure constants

A(l/,
co, = it (7.12)
(iit)0 A(?O
Solution 7.1.
(1) = Afudoo = " ooyl — 71" (1.(x)) = CloopoA” (7.13)
k

Using that dyy = C?Oo)o =1, the claim (7.11) follows. Repeat this with a bulk field with non-
vanishing one-point function,

_ A 2 CliiryoAto
(s (2.2) = i =37 Cyle =22 (g (1) =
k

7.14
PR 71

|z — z|?hi

Rearranging this formula provides the second claim (7.12).

74. Boundary state spaces and boundary-condition changing operators

As mentioned above the state space of the CFT on the full plane (7.1) is only an index set
for the BCFT. We are now in a position to understand what the state space of the BCFT is.
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Figure 5. Left: a strip with two distinct boundary conditions « and /3. Right: on the
plane we see that this setup is induced by a BCCO ¢>? situated on the real line.

Additionally, we allow for and discuss the possibility that the boundary condition changes
along the real line, leading to the concept of a boundary-condition changing operator.

The gluing condition (7.5) ensures that the state space describing the boundary falls into
irreducible representations of the Virasoro algebra generated by (7.7),

Ho = @7—[?”’5 (7.15)

i€eT

As explained in detail in section 7.6, the boundary condition « together with the bulk spec-
trum (7.1) select which modules H; are allowed to appear in (7.15) and with what multiplicity
ni, € Ny. It is stressed however that the bulk fields ¢;; do not correspond to the states in H,,
since they transform under two copies of the Virasoro algebra.

The individual modules H; correspond to the conformal families [¢;] of the boundary fields
via the operator-state correspondence. To make this more precise, let us assume the presence of
an SL(2,R) invariant vacuum state |0) € H,,. The operator-state correspondence is the state-
ment that for any state |v) € H,, there exists a field operator such that

lin(l)\va (x)]0) = |v) (7.16)

Because conformal families are the ‘field’ version of a Virasoro module, the field operators
W, are indeed the boundary fields /; (and their descendants) encountered in the previous
subsection. This entails that the primary states |i) = 1);(0)|0) for a primary field 1); satisfy the
familiar highest weight conditions,

Ly =nliy, L¥}iy=0 forn>0 (7.17)

Translating from state to operator language, this is the statement that
L1 ()| =" (50 + hn 1) () (7.18)

analogous to chiral fields on the plane, see (5.29).

So far we have restricted to the case that only a single boundary condition is present on
the real line. While we will be very precise only in section 7.6, we anticipate here that the
gluing conditions (7.5) allow for several distinct boundary conditions «. To give an idea, think
of a free fermion or free boson theory. The free fields naturally admit Neumann (free) and
Dirichlet (fixed) boundary conditions. Individually, both types of boundary conditions fall into
the framework discussed above, i.e. they are distinct .
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Figure 6. A boundary with several BCCOs.

Moving forward, it is now perfectly reasonable to ask about situations where the boundary
condition changes from one boundary condition « to a distinct boundary condition 5. This is
best motivated on the strip, which is reached from the upper half-plane after the conformal
map (4.26) where the phase is restricted to the range o € [0,7]. As depicted on the left of
figure 5, we are free to place a boundary condition S at 0 =0 and a distinct boundary con-
dition v at o = 7!7. Mapping this back onto the plane, we find a discontinuity in boundary
conditions at z=10, with & on $(z) < 0 and /5 on R(z) > 0. This is the hallmark of another
kind of boundary field, the boundary-condition changing operator (BCCO) 1*?, mediating
between two boundary conditions « and .

The BCCOs can as well be assigned a Hilbert space which we call H,z'®. If @ and j3
are conformal, i.e. respect (7.5), then this Hilbert space decomposes into irreducible Virasoro
modules #; with multiplicities nl, ; € N,

Hap = PH; " (7.19)
i€
The state space (7.15) corresponds to the fields which do not change the boundary condition,
or in other words, those fields changing « to a, hence Hoo = Hy and i, =ni .

It should be noted at this point that the SL(2,R) invariant vacuum state does not appear for
a# B, 1i.e.|0) ¢ Hqp. The reason is simple: the vacuum state corresponds to the identity field
1% which by definition acts trivially, and hence cannot change the boundary condition. In
turn this implies that the conformal weights 4(y*#) > 0.

In passing let us mention a few modern applications of BCFT and BCCOs. First, BCCOs
play an important role in SPT phases of matter . It is possible to associate specific conformal
boundary conditions o an SPT [32]. Imagine a setup, where two (1+41)-dimensional SPTs,
one labeled by « and the other by 3, are separated by a domain wall. These domain walls
are required to host degenerate edge modes and they are described by BCCOs in H,g. Said
degeneracy is in fact a topological marker. Another application comes about in entanglement
studies, where one thinks of g as describing distinct ways of factorizing a bulk CFT Hilbert
space H — Ha ® Hp, where A and B are spatial domains [27].

Nothing stops us now from considering systems with several jumps in its boundary condi-
tion, see for example figure 6. This is formalized by the boundary-boundary OPE

20 )Y (1) =0y Gt (1 —x2)™ 00 () (7.20)

17 It should be noted that the two ends of the strip ar secretely connected at 7 — —oo.
18 A small word of warning for anybody who wishes to delve deeper into BCFT using the book [14]: what is called
Hap here is Hg,, in the book.
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Because these fields are restricted to the real line, we need to fix an order, x; > x,. The
Kronecker deltas secures that the boundary conditions can indeed be joined. In this formula
we have again been lax about distinguishing primaries from descendants, i.e. the labels k,,m
describe both sorts of fields.

75. The boundary state formalism

In this section we develop one the most sophisticated tools at our disposal in the study of
BCFT. Boundary states are a rephrasing of the boundary condition in terms of bulk CFT data,
allowing us to elegantly constrain the boundary spectrum in section 7.6. We anticipate that this
does not mean that the new degrees of freedom populating the boundary are secretely already
present in the bulk theory; but this will become clearer as we move along. In this section, we
encounter the Ishibashi equation and a specific class of its solutions, the so-called Ishibashi
states.

We set out with the finite temperature definition of bulk field correlators in presence of a
boundary $ for R(z) < 0 and « for R(z) > 0,

_ _ L\ _BoH(® _ _
(@ @20 @nzn)) o= To, (70 (@200 ezn) 2D

with inverse temperature Sy = 1/T and the (H) superscript on the bulk fields indicates that
these are situated on the upper half-plane. The Hamiltonian is

HH — L(()H) _c

7 (7.22)

The loci z; are radially ordered. For the correlator to be periodic!® in time 7 = log|z| up to a
scale factor, the bulk fields are assumed to be quasi-primary, ¢#) (\z, \z) = A" A" (7, 7).

For N =0 the correlator (7.21) reduces to the BCFT partition function and we shall focus
on this case. On the upper half-plane this is visualized as two semi-circles a radial distance e®
apart, which are identified, see the z-frame of figure 7. We can choose the thermal fundamental
domain on the upper half-plane to have its inner semi-circle at |z = e” = 1 and its outer semi-
circle at |z| = e®. In the following, we perform manipulations of this setup, which will have
it appear as an overlap amplitude between states in a bulk CFT. These states are the boundary
states encoding a boundary condition.

The first step is to move to the strip via the exponential map w = logz = 7 + io. The spa-
tial coordinate lies within o € [0, 7], as before, and due to the finite temperature the temporal
coordinate is now periodic too, i.e. T € [10,70 + So], T0 + Bo =~ 70. The fundamental domain
that we work with is thus a finite cylinder, see the w-frame of figure 7.

An innocent but crucial observation is that in Euclidean space, time and space are on equal
footing, so that we are free to swap (7,0) <> (o, 7). To make contact with modular S transform-
ations later, we rescale the new coordinate by 27/ 8y. In short, we perform w — w’ = 2wiw/ 5.
Here, the i is responsible for the swap of space and time. The new coordinates take values in
o € [00,00 + 27] with 0 =~ o + 27 and T € [0,27%/By]; see the w’-frame of figure 7.

This ‘new’ cylinder can now be exploded back onto the plane via the exponential map

2 N 2mi
;logz> , E=¢e" =exp <—7r10g2) (7.23)
0

¢ =e" :exp< B

19 For fermions, the correlator is also allowed to be anti-periodic upon traversing the range of 7.
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Figure 7. Upper left (z-frame): the fundamental domain of a thermal system on the upper
half-plane with boundary conditions /3 on the left and « on the right is enclosed by the
two green semi-circles. Upper right (w-frame): the same thermal setup, now on the infin-
ite strip. The BCCO °“ has been pushed to 7 — —co and is not depicted any longer.
Lower right (w'-frame): time and space are swapped (multiplication with i.) and res-
caled by 27/ 3. Lower left: the setup is exploded onto the full complex plane, forming
an annulus, where 3 labels now the outer ring and « the lower ring. Because of the
opposing orientation, indicated by arrow tips in all frames, the CPT operator © dresses
the outer boundary.

as presented in the -frame of figure 7. The boundary «, formerly at R(z) > 0, lies now on a
circle of radius |€min| = 1 and the boundary 3, formerly at R(z) < 0, lies now on a circle of
radius |&max| = exp(272 /o). More specifically, we find only the segments of the boundaries
which lie in the thermal fundamental domain designated above, i.e. for 1 < |z| < e’ The
resulting setup is an annulus.

Because the new time coordinate flows radially outward, the annulus reminds us of radial
quantization in the bulk for the particular case that a ‘bulk state’ ||«)) is prepared at the inner
circle and another ‘bulk state’ ((© /|| is prepared at the outer circle. © is the bulk CPT operator,
which accounts for the opposite orientations of the inner and outer circles. The new bra-ket
notation is in place to indicate that these are not ordinary states in the bulk. After all, there are
no boundaries in the parent theory, so H") cannot know about the states ||)) or ((©3]|, which
implement the boundary conditions. Nevertheless, these new states are constructed from states
in HP), as we see in due time. For now,
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We conclude that the boundary states are constructed to paraphrase a correlator in pres-
ence of a boundary via a ‘bulk overlap amplitude’ [35]%,

(OBl F " 6P (61,8) .00 (en,En) o)

= T(6:2) Trug (779 (z1,21) .. 0" (av,2v) )
(7.24)

where the field insertions lie within the fundamental domain in the z-frame, and thus inside
the annulus in the ¢-frame.

On the left-hand-side, we have used superscripts (P) to indicate that these fields are on the
full plane, i.e. the £-coordinate frame. Importantly the Hamiltonian
(¢

HO =1 41 - =

3 (7.25)

is actually the bulk Hamiltonian with € = C; recall exercise 6.2. The function J(£,z) is the
product of Jacobians arising from the standard transformations

AN AT
o' (,€) o) \gg) ¢ @9 (7.26)
2
T (€) = (gg) 7% () + 155 (2:€) (7.27)

where the Schwarzian (5.26) makes an appearance.

75.1. Ishibashi states. ~ So far we have gathered a heuristic understanding of boundary states.
Now it is time to become more concrete about their properties, in particular on how these
states implement boundary conditions. In other words, boundary states translate the gluing
condition (7.5) from the upper half-plane parameterized by z into the full complex plane para-
meterized by &.

We start by choosing ¢1(\,H) (zw,zv) = T (zy) — TH) (zy) in (7.24). By virtue of (7.5), the
correlator (7.24) vanishes at 7 = z regardless of the remaining field insertions ¢,(z,,Z,) at the
remaining N — 1 loci. We restrict to real and positive z meaning that we are dealing with the

20 The original resource for the boundary state formalism [35] works without field insertions in (7.24), so that
J is dropped. The arguments leading to this relation, however, permit the presence of bulk fields. While form-
ally possible, inclusions of boundary fields typically lead to inpractical boundary states, at least to the authors
knowledge.
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boundary state ||«v)) implemented at the unit circle |{pmin| = 1 of the annulus. The case of negat-
ive real z is commented on later. The following observations are useful in mapping the energy-
momentum tensor from the upper half-plane to the annulus for z > 0,

_ &N [ 0e\ ! _
E=¢7, <a§> (af> =-&, S(2)=5(¢2) (7.28)

Translating the right-hand-side of (7.24) to its left-hand-side, the last of these properties has
the Schwarzian contribution cancel, leading to

() 70~ () 0]

Crucially, this holds only when evaluated on the unit circle, £ = £€~!. We can remove the space-
time dependence altogether by employing the standard mode expansion

@)= ¢ 2P, 1) => &Ly (7.30)

n

2
Dividing (7.29) by (%ﬁ) and ordering by powers of &, we derive the

Ishibashi condition
[L,ﬁ”) ,g_@] la)) =0 (7.31)

It endows the boundary state ||«)), situated on the unit circle of the annulus, £ = ¢!, with
the gluing condition 7\ (z) = T() (z) for z =z > 0 on the upper half-plane.

This analysis can be repeated at the outer circle of the annulus situated at |{max| =
exp(27?/By) leading to (O [L,SP) - |£max|2”12(_f2} =0, however no new information is

extracted from this condition if ||3)) already satisfies (7.31). This is a linear constraint on
a vector. Ishibashi showed the following [37, 38]:
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For each irreducible representation i € Z of the chiral algebra, in our case the Virasoro
algebra Vir, a solution of the Ishibashi equation (7.31) can be constructed. These solutions
are called Ishibashi states and take the form

i) = _[i,N) @ Uli,N) € H; @ Hyx (7.32)

N=0

Here, |i,N), N € Z is an orthonormal basis in the irreducible module ; and U is an anti-
unitary operation”! acting like the chiral CPT operator, in particular U|i,N) € H;+. We
choose |i,0) to be the primary state in #;. Finally, UI:S,P) = IZ,SP) U. Therefore U maps
Virasoro primaries into Virasoro primaries.

Note the discrepancy in ket notation between ||«)) and |i)). The former is reserved for phys-
ical solutions, which is explained in section 7.6. See for instance equation (7.38).

Following [40], we now present an argument based on the folding trick, which justifies the
statements in this box. Indeed, for any state |a) € H; ® H,+ the folding trick prescribes an
operation X, € Hom(H;, H;), which works as follows

@)= " anpli M@ URN) &5 Xo= > aysli NN (7.33)
N,N=0 N,N=0

Because folding reverses orientation, the chiral CPT operator U is removed/added upon
unfolding/folding. The scalar product in H, for which L_, = Zl', implies that the Ishibashi
condition (7.31) unfolds into 7;(L,)X, = X,7;(L,). We have been pedantic about representa-
tions 7 here to emphasize that the operator X, intertwines the action of Vir on the two irredu-
cible modules H; and H;. Schur’s lemma thus forces these two representations to be equival-
ent H; ~ H;. Two consequences arise immediately. First, the labels of the two modules are
the same, 7 = i. Second, X, is necessarily the projector P; onto H; meaning that ay y = dy 5.
Because no representations are excluded by the folding trick, we find that indeed, there exists
one solution (7.32) to (7.31) for each i € Z. This demonstrates the statements in the box.

One can moreover show that the Ishibashi states |i)) do not depend on the choice of basis
|i,N). In fact, up to an overall phase the Ishibashi states are unique, as demonstrated in [14]
(section 4.3.2). They are also linearly independent of each other, simply because distinct
Ishibashi states are built from different energy eigenspaces of the bulk Hamiltonian and so
one cannot use one Ishibashi state to construct the other.

Even though the Ishibashi state (7.32) is built from objects in 7() it cannot possibly be
inside that Hilbert space, because it does not converge in 7). This is finally the highly anti-
cipated justification alluded to above that boundary states are bulk objects that are not quite
in the bulk. They cannot be true bulk objects, since no boundary data exist in the bulk # (")
after all and boundary states are built from the boundary condition (7.5). Nevertheless, scalar
products of states in |k, M) ® |j,L) € H) of definite energy with |i)) are still well-defined,
and all such scalar products taken together constitute the information of |i)). Therefore, the

21 A reminder on properties of anti-unitaries. Given two vectors |v), |w) in a complex Hilbert space # and an
operator A € End(H), they satisfy (Uv|Uw) = (v|w)*, and (Uv|UA|w) = (w|AT|v).
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following exercise presents an alternative, and sufficient, route to show that (7.32) solves the
Ishibashi condition (7.31).

Exercise 7.2. Show that the Ishibashi state (7.32) satisfies
(kM| (UL (L = L8} i) =0 (7.34)

for all orthonormal basis vectors |k,M)® |j,L) € H*). Therefore the Ishibashi condi-
tion (7.31) must hold true. The Virasoro modes are to be thought of as L,(IP) = L,(qp) ® 1 and
i =101

—n

Solution 7.2. The (P) superscript on the Virasoro modes is dropped here to avoid cluiter,

[(k, M|L,|i,N){U (j,L)|Uli,N) — (k, M|i,N)(U (j, L)|L—, Uli,N)]

M

i
(=)

Il
N

[5ij5LN <k7M|Ln‘iaN> - 5ki5MN<U<jaL)|Uan|i’N>]

I
(=%}
=

i Uk M|Ly|i, L) — 0y (i, M|L ., L)
ij(Ski (<Z7M|Ln|l7L> - <17M|I_‘+n|laL>>

Il
o >

(7.35)

The first equality uses (71.32), the second that UL, = L,U, the third that (U(v)|UA|w) =
(w|At|v) and that L} = L_, (recall exercise 5.1), the fourth that L, maps an irreducible mod-
ule H; into itself. Finally the last equality follows because L, acts on the right-moving module
‘H,; just as L, acts on the left-moving H,;.

Despite the non-normalizability of the |i)), it is still possible to introduce an ‘inner product’
between Ishibashi states by employing a damping factor ¢ —¢/2*, In physical situations, the
damping factor has thermal origin involving the inverse temperature 3, as we see below.

Exercise 7.3. Starting with the £-frame Hamiltonian (7.25), show that

g 1g®y . g oLP) .
(g™ i) = (Gilg™ i) = i (q) (7.36)
where the character (6.2) of the conformal family i is employed.

Solution 7.3. The (P) superscript on the Virasoro modes is dropped here to avoid clutter,
((flg? P~ Tome i) = ((ilg™ = *]i))

= > (M@ (U(j,M)|q"~*|i,N) ® U|i,N)
M,N=0

= Y (G, M|g" i, N) (i, N|j, M)
M,N=0
:617 (i,N|qL°_°/24|i,N>
N=0

. [qLO_C/ 24} (1.37)
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The first equality uses (7.31), the second plugged in the Ishibashi state (7.32), the third
reordered terms and used up the antiunitarity of U, the fourth the orthogonality of states and
the last recognized the definition of the trace over H;, which is the character.

76. The Cardy constraint: physical boundary states

We have now understood the solution space to the Ishibashi condition (7.31). In this subsection,
we learn how to construct a physical boundary state ||a)) describing the boundary condition
« from Ishibashi states by virtue of the Cardy constraint.

The Ishibashi states form linearly independent solutions to the Ishibashi condition (7.31).
Thus they function as basis for any solution of the Ishibashi condition,

o)y = > BL i) (7.38)

ieZ)

Any such superposition implements the gluing condition (7.5), however, not all of these are
physical. To determine what constitutes a physical boundary condition we need to constrain
the coefficients B., so that they reproduce the boundary degrees of freedom discussed in
section 7.4, which we turn to momentarily. Beforehand, we remark

e The only bulk fields ¢;; corresponding to states in (") —recall (7.1)—that survive the place-
ment of the boundary are those acquiring a one-point function (7.8). By means of the folding
trick these were seen to be the select few in the set

7 .— {i ez| (iit) € I<P>} (7.39)

Hence, not all Ishibashi states contribute to (7.38). Equivalently we could have written
o) = > sz Badri+ |0))-

e There is in fact a stronger connection with the one-point functions (7.8) and the bulk-
boundary OPE coefficients of (7.9). Indeed one can show that [36]%>

o Bf; (7.12) i+ a

(iﬁ’)() = BT = Ba = K/A[H, (740)
«

where  # 0 is a normalization constant. As pointed out by (7.8), the one-point coefficients

Af, are fundamental data of the boundary and, as we see here, they determine the boundary

states via

(Oal|di+) dii

1
- 7.41
K |z — 7| (7.41)

(Gall= 3" B (il = (éw (7)) =

i€ZH)

underlining their relevance. Here, ©BY, |j)) = (BJ,)*|j*)) has been used. A derivation of this
important fact would lead us too far afield, but interested readers are referred to section 4.3.3
of [14]. The overall normalization of boundary states is determined by the Cardy constraint
below, which also fixes x. While (7.41) gives physical justification to the B! , for now it only
replaces one set of unknowns, namely A7, , by the new set of unkowns Bi.

22 The paper [36] uses a slightly altered, yet equivalent definition of boundary states. For a correct matching with the
conventions used here see 4.3.3 of [14].
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e In section 7.1 we remarked that a BCFT is governed by two fundamental data, the gluing
condition (7.5) and the one-point functions (7.8). Note how the boundary state (7.38) eleg-
antly combines these two pieces of information. The gluing condition (7.5) results in the
Ishibashi condition (7.31) and the Ishibashi states (7.32) furnish an |Z|-dimensional solu-
tion space thereof. What is left is to find the physically meaningful points in this solution
space. As explained in (7.40), these physical points are controlled precisely by the one-point
functions of the bulk fields.

We now turn to constraining the coefficients B!, and thus—finally—also the one-point data
Af,, by relating them to the boundary state spaces (7.19). As was pointed out in (7.19), a
physical boundary state space has non-negative integer multiplicities n;, ; € No. Preparing the

system at finite temperature [y = —27i7 and tracing its thermal density matrix e —BoH ™
q"~%/** over H, leads to the system’s partition function
9)=> nsxi(q) (7.42)

i€l

where g = e~ = ¢>™ and we re-encounter the characters (6.2) of a conformal family i. This
object counts boundary degrees of freedom 1,5 propagating in a loop of compactified time

€10, Bo], as sketched in the w-frame of figure 7. By means of (7.24) and g = e—4m/B =
e~2m/T this is the same as®

Zos (@) = (©allg* "8 1) = 37 BT B3 (7.43)

ieZ®)

In order to reach the last equality, the ‘overlap’ (7.36), the left-hand side of (7.41) and that i+
appears amongst the left-movers in H.") whenever i does were used. This way of looking at
the partition function describes bulk degrees of freedom propagating from the boundary 3 to
the boundary «; this corresponds to the w’-frame of figure 7, albeit after swapping o <+ 3. As
emphasized in our discussion in section 7.5, and evident here, this rephrasing of the partition
function amounts to a modular S transformation (6.25), which interchanges g <+ g. Combining
everything, we end up with the following non-linear constraint.

The boundary state coefficients B/, and multiplicities n’ s € No are subject to the Cardy
constraint [35]

Z Z B, B;Sjixi(q) = Z Nas Xi () (7.44a)
i€l jeTt™ i€T
-+ 0 l
= Y B, B,Si=nl, €N (7.44b)
JETH)

Solutions B, Bg to this equation yield a physical boundary spectrum ng - For every
parent CFT, we introduce a formal set 3 accounting for all solutions «, 3 to this constraint,
i.e. a, B € B. They are the sought after physical boundary states.

23 String theorists call (7.42) the open string picture, whereas they refer to (7.43) as the closed string picture. The fact
that these two expressions are the same is termed open-closed worldsheet duality. In order to not estrange non-string
theorists, we do not use this terminology.
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Some remarks are in order:

As it stands, equation (7.44b) does not follow directly from (7.44a) since characters are not
necessarily linearly independent. In su(2); Wess—Zumino—Witten models, for instance, one
finds for non self-conjugate sectors x;+ = x;. In most models, where such issues occur one
has access to an extended symmetry algebra, with ‘charged’ characters (called ‘unspecial-
ized’ in the mathematics literature), which are indeed linearly independent. Thus one can
repeat our analysis here with these and at the very end extract (7.44b).

e When [ = a, a solution to the Cardy constraint is called a self-consistent boundary condi-
tion. The resulting n’, , = n!, provide the boundary fields on . Given a solution for 3 # a,
the two boundaries are called mutually consistent. The nfl 5 describe the boundary condition-
changing operators. Recall our discussion in section 7.4.

e Single Ishibashi states |i)) typically do not satisfy this equation, as they would have B, = §' .

We say that they do not provide a consistent set of boundary fields. This little example of a

non-solution assumes that the cardinality of 3 agrees with that of Z, allowing us to identify

the two sets. This is not generally true, but below we restrict to an example where this is the
case and see what happens in detail.

It follows immediately from (7.44) that it is not allowed to multiply a physical boundary

state ||a)) by a non-integer overall factor. The solutions to (7.44) form rather a lattice over

the non-negative integers. There are situations where n’, 5 is allowed to be a negative integer,
for instance when fermions are around.

e Boundary conditions « with a unique vacuum, i.e. n’, , = 1, are called elementary, funda-

mental or simple. The set of elementary boundary states generate the remaining boundary

states through positive integer linear combinations.

Viewing nf, ; = (nY) o as |B| x |B| matrix for fixed i, the Cardy constraint (7.44b) may be

read as its decomposition into a number |Z()| of | B|-dimensional eigenvectors (B'),, = B,
and its eigenvalues Sj;.

e Under the assumption of an orthonormal and complete set of boundary conditions, discussed
in [14, 40], it can be shown that the matrices n’ furnish a representation of the fusion algebra,

nin = Z Nin® (7.45)
k

. . k k ;
These are called non-negative integer representations (NIM-rep). Due to Nij =N, the n’

i
must be mutually commuting matrices.

. + .
Exercise 7.4. Show that n’aﬁ =Ny,

Solution 7.4. Using that Sj,-+ = Sj+ i» one must only charge conjugate the summation index
j—j* in (7.44b) to show the claim.

A remark on boundary sewing relations

An important question to mention before closing our general discussion of the Cardy constraint
is whether its solutions are a fully consistent conformal boundary condition. Lewellen turned
to address this issue in [39], where he categorized the Cardy constraint (7.44) as one of four
sewing relations, which tie the boundary and plane structure constants together.

The additional sewing relations are derived from correlators combining bulk and boundary
fields on the upper-half plane. In contrast to the sewing relations on the plane mentioned on
page 17, on the boundary, locality of fields is lost. The reason is that boundary fields cannot
be passed across each other because they are confined to a single dimension. In consequence
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their correlators must not be analytical and can have branch cuts. Hence the sewing relations
on the upper-half plane derive solely from associativity of the OPE. For more references, the
reader may consult section 4.4.2 of [14].

The four sewing relations form a complete set of constraints on a BCFT. It can happen that
a solution to the Cardy constraint fails to satisfy other sewing relations, and in principle, all
of them must be checked. Typically, these sewing relations are difficult to handle. As a result,
in practice one evaluates the bulk field one-point functions (7.8) and assumes that they can
be extended consistently to all sewing relations. Fortunately, in certain situations, one relation
proves surprisingly practical. It is known as the cluster condition and has been successfully
employed to derive boundary states for the SU(2) Wess—Zumino—Witten model in [41].

76.1. Anexample: the Cardy case.  An example will clarify the preceeding concepts further.
We study the case originally studied by Cardy, hence the name: the Cardy case.

Consider a rational parent CFT, i.e. one for which |Z| < oo, with a charge-conjugate mod-
ular invariant,

Zehe 6] q ZXI Xz+ (746)
i€

Evidently, all of these fields satisfy the requirements in (7.39) so that Z(#) = 7. Cardy derived
the following boundary states, as solution to the Cardy constraint (7.44):

The Cardy states are [35]

acl. (7.47)

la)) =
IEI

Since the modular S matrix is an |Z| x |Z| matrix, we have a boundary state for any a € Z.
In other words, here 3 =Z. We have refrained to label these states by the greek letter a to
indicate that this is a special case.

Exercise 7.5. Use the Verlinde formula (6.28) to show that the boundary spectra (7.42)
between two Cardy states ||a)) and ||b)) are controlled by the fusion rules

p(@) =D N xi(q). (7.48)

i<

Solution 7.5. Recall (6.27) and (5.40) and plug into the Cardy constraint (7.44a)

aj+ Spj Sa*/‘sbf jl+ ;
iXi = —Xi N f = N ;
ZW ﬁSOJSJX Z S Z a+bX q) E art Xi (q)

ijel ijel icl i€l
(7.49)

The fusion rule coefficients are indeed integers, confirming the consistency of the Cardy
states. Because Nga+ = 1, Cardy states are elementary. Note that Cardy’s solution (7.47) does
not really make use of the Virasoro algebra. Instead it only requires the existence of a modular
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S matrix. Thus any extended symmetry algebra allowing for rational models, such as in Wess—
Zumino—Witten models or supersymmetric models, also has Cardy states.

The Ising model

As an example consider the Ising CFT. It has three primary fields Z = {1,¢,0}. All three
states have equal holomorphic and anti-holomorphic conformal weights, 2 = h. Their values
are hy =0, he = 1/2 and h, = 1/16. All of its fields are self-conjugate so that the diagonal
modular invariant (6.37) is also charge-conjugate; hence we apply our recent discussion to it.
The model’s modular § matrix is found in (6.33) and repeated here for convenience,

1 1
s |1 1 A4 750
G 70
7z a0

where rows and columns are ordered as {1,¢,0}. The resulting Cardy states are

1 1 1

H1>>=ﬁ|1>>+ﬁ|e>>+m\a>> (7.51a)
1 1 1

H6>>=ﬁ|1>>+ﬁ|€>>—ﬁ\0>> (7.51b)

o)) = (1)) =€) (7.51¢)

Each of these boundary states prescribes a boundary condition on the bulk fields. In the
Ising chain, the field o measures the spin. Three boundary conditions are well known: at the
boundary, the spin may be either

e fixed up, meaning (o), > 0, called ‘4,
e fixed down, meaning (o), < 0, called ‘-,
e unfixed, meaning (o), = 0, called ‘free’.

Taking the overlap with (c|, and recalling (7.41), as well as (7.12)**

1)) = [I4)), lle)) = [|=)) and [|o)) = [[free)).

, we see that we can identify

8. Topological defects and interfaces

So far we have discussed CFTs on the plane and have gained an understanding of the implica-
tions of adding a boundary to the system. We are now in a position to add another element of
structure to a CFT, namely topological interfaces and topological defects. Traditionally, these
have appeared in statistical and condensed matter systems as disorder lines; an example is
present in the classic work [42] on the Ising model. In modern research topological defects play
an important role in the study of symmetries, including the modern subject of non-invertible
symmetries; see for instance [43] or Ho Tat Lam’s lectures at this school and references therein.

After a brief exposition of conformal interfaces in section 8.1, we focus on one of their
subsets, namely the topological interfaces. First we develop a mathematical framework for
these in section 8.2, which we employ in section 8.3 to derive the analog of the Cardy constraint
for defects, namely the Petkova—Zuber constraint. The simplest solution to said constraint are

2+ We assume & > 0. Flipping the sign of x would only swap the assignments of ||+)) and ||—)).
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Verlinde lines, which are discussed in section 8.4. We also use this as an opportunity to develop
graphical calculus, which is a valuable asset in working with interfaces, as it circumvents
tedious calculation while showcasing the intrinsic structure of the theory.

Useful literature

e The main reference for the first part of this section is the seminal paper [44] by Petkova
and Zuber. The reader will find that we are following the narrative of this paper closely and
generalize their discussion slightly here and there. The authors lectured on the same topic
[40]. This reference provides another and leads into the mathematical field of graphs, which
is not done in the present text.

e The topic of defects and interfaces aroused much interest in the mathematical physics com-
munity at the start of the millenium. In a Herculean feat, Fuchs, Runkel and Schweigert
almost single-handedly developed the mathematical framework for defects [45—49], which
is being applied vigorously in contemporary research. They employ elegant formulations
based in category theory, and mathematically inclined readers will enjoy their exposition.

e The notions of group-like and duality defects were introduced in [50], and our presentation
here is a minimalistic excerpt on some core features of these defects. The power of this
formalism is demonstrated in [51], which embeds the well-known Kramers—Wannier duality
of the Ising model in this framework, and elegantly rederives many lessons, which are hard-
won with other tools.

e To see how defects are manipulated to achieve results of various types, the reader can consult
[52-54] and references therein. Deriving defects is generally difficult, yet for two free boson
theories whose radii are multiple integers of the self-dual radius topological interfaces have
been classified [55].

8.1. Conformal interfaces

To begin, we discuss the notion of an interface or domain wall. Imagine having two possibly
distinct CFTs on the complex plane, CFT| one on the upper half-plane, and CFT, on the
other the lower half-plane. This is depicted in the left panel of figure 8. For this system to
be consistent, some non-local operator must be spread on the real line gluing the two CFTs
together. This is the interface! It is said to be a conformal interface if it glues the energy-
momentum tensors of the two CFTs according to

W (x) =TV (x) = T? (x) = TP () , for all x € R 8.1

They are called conformal since upon folding this constraint reduces to the familiar conformal
boundary condition (7.5) for the product theory CFT;®CFT,. The interface is implemented
by an operator D : H ;) — H ) mapping between the CFT Hilbert spaces

Hoy= P 2VHeH, Hy= P 2PHH (8.2)

(P (P
(m)GIm (t,l)EI(z)

Because the central charges of the CFTs may differ, the sets of representations Z may

differ for CFT, and CFT,%. We write thus I((l” )2) C T2y X Z(1.2» cf (7.1). Note that we

25 1t would be cleaner to decorate the sets Z with an index for the central charge, but we will not dwell on this for
long, so we are cavalier here.
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Interface Boundary Top. Interface
CFT, CFT, CFT,
I B AN
CFT, CFT, D
CFT,

Figure 8. Left: an interface / separating CFT; from CFT,. Center: a totally reflective
interface is a boundary. Right: a totally transmissive interface is a topological interface
and may be deformed. Arrow tips indicate an orientation of a defect.

have refrained from placing a (P) superscript on the H ) as this distinction will not be
necessary in this section. The interface with the opposite orientation similarly defines a map
D: H(2) — H(1)- As we will see below, Hermitian adjungation inverts orientation of a defect.

The condition (8.1) states that energy is partly transmitted and reflected at the interface.
A model independent approach for the construction of conformal interfaces is difficult®®, but
there are two obvious limiting cases in which progress can be made. First, if no energy passes
through the real line, the interface is totally reflective. This means that each side of (8.1) van-
ishes on its own and the real line presents an actual boundary (7.5) for each CFT; the two
CFTs are disconnected, as depicted in the center panel of figure 8. We have already learned in
previous sections how to treat such a setup. The opposite limiting case is that of

A totally transmissive interface is characterized by a continuous energy-momentum
tensor across the real line

W) =1k, TYx=1T%(®x), for all x € R (8.3)
In operator language this implies ‘Virasoro blindness’ of the interface operator?’
Ly, D] = 0= [L,,D] (8.4)

Since the Virasoro generators generate infinitesimal diffeomorphisms on the complex
plane, this means one is allowed to deform the interface D away from the real line and into
any form for free, so long as we do not cross any field insertions or other objects; see the
right panel of figure 8. This means that the defect D is characterized by the homotopy class
of the contour it is following. Hence, these operators are called fopological interfaces.

26 Given a particular model, conformal interfaces have been constructed however. See for instance [56] for conformal
interfaces between free boson theories, see [57] for interfaces between a free boson and its Z, orbifold, see [58] for
conformal interfaces in the free fermion or see [59] for conformal interfaces implementing RG flows in Virasoro
minimal models.

27 Because of (8.3), the Virasoro modes to either side of the defect coincide and we omit superscripts L,(,') =

L,(lz) = L, and similarly for L,,.
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We speak of topological defects when the two CFTs coincide, CFT| =CFT5,. In particular,
Z(1y =Z2) = Z in(8.2) and the multiplicity matrices agree, Zi(;) = Zi(;). Sometimes, this dis-
tinction is taken a bit more lightly in the literature however, in that the multiplicity matrices
are allowed to be distinct while keeping the central charges identical, and one still speaks of a
defect.

8.2. The most general topological interface

As in the case with boundary states, we first analyze the solution space to (8.4) and ask about
physically meaningful solutions afterwards. Consider for a start a mapping between D : H; ®
Hz — H; ® H;. The irreducibility of the modules forces any operator D satisfying (8.4) to
be trivial unless j =i and 7 = 7. Moreover, the operator D must act like the projector ||iz|| :=
P; ® P;. Applying this to the case at hand, we have Zili’z copies enumerated by r =1, ... Zi(fl)
ands=1,... Zi(iz). Then the D are intertwiners between these copies

||iﬂ|sr : (H, ®,H5)r — (H, ®,Hz>s (8.5a)
la|l" =" (i,N) @ [2,N)' ((i, N @ (7,N])" (8.5b)
N,N

where |i,N) ® |7,N) denotes an orthonormal basis of H; ® H;. In a first reading, newcom-
mers are encouraged to consider the case of the same diagonal modular invariant for both
CFTs,ie. Z(0 = 2(2) = d;7; the notion of modular invariants is discussed in section 6.2. This
avoids clutter by the indices 7, s and still showcases the underlying structure all the same.

The similarity of the intertwiners with the Ishibashi states (7.32) on the upper half-plane
is not accidental; indeed the ||iz||*" take on their role in the current setup. Our new operators
intertwine the Virasoro algebra to either side of the defect,

LV|a|)” =L Ll =[] LP (8.6)
and satisfy
Ll gl = 8680 lzll™, (il =1lal ®7)

Evidently, the Hermitian conjugate maps #H (5) — H(1).

In total there are thus ) .- Zi(il)Zi(f) linearly independent solutions to (8.4). The most general
topological interface operator is then constructed as a superposition

Da:Hay — Moy, Da=»_ Y Di|all", AeF (8.8)

it 1,8

where the set Fhas A =) Zi(il)Zi(f) elements. This is the analog of the set B3 that conformal

boundary conditions are taken from, see (7.44). The coefficients D/(f’”) furnish complex A x

A matrices. The identity operation clearly satisfies (8.4) and is thus amongst our interface
operators. We denote it by A =0,

Do=1=> |[i||", Dy =0, (8.9)
ir

62



J. Phys. A: Math. Theor. 58 (2025) 103001 Topical Review

Strictly speaking, the identity only appears when the two CFT Hilbert spaces in (8.2) coincide.
We can still view the identity interface operator (8.9) as the one that transports all fields existing
in both theories simultaneously across the interface without modification.

Using the properties in (8.7), the action of two topological interface operators can be com-
posed,

DDy =33 (0§) )i (8.10)

iw rr',s

Because Hermitian adjungation inverts orientation, this sequence defines a new interface oper-
ator Dyaig: Heyy = Hys

Das =330 Nl oy =37 (0) ™) sy

w o rr’ s

We will see in exercise 8.3 that for certain topological interfaces, this map composition is
in fact fusion in the sense of (5.37). We shall be a cavalier about details and always refer to
composed interfaces as fused ones.

8.3. The Petkova-Zuber constraint

In this subsection we develop the analog of the Cardy constraint for topological defects. It
is not quite standard to refer to this as the Petkova—Zuber constraint, but we refer to it as
such nevertheless, paying homage to the original paper [44] that is followed here. Just as the
Cardy constraint did for conformal boundaries, the Petkova—Zuber constraint constrains the
coefficients D/g”’") to provide physically consistent interface operators.

From now on we restrict to the case CFT| = CFT, and we write ’H(l) = ’H(z) = H as well
as Z(1) = Z() = Z 5o that the set F now constitutes A = >, (Z;;)? values. All the interfaces
in this section are thus defects and the trivial defect (8.9) is now the honest trivial map on H.
Following the terminology that the trivial defect is invisible, we sometimes refer to non-trivial
defects as visible. Be warned that these somewhat colloquial terminologies are not standard in
the literature.

We turn again to the cylinder and imagine inserting a defect operator D4 at constant time
7. Afterward we close the cylinder into a torus. The resulting object is computed by

7y = try [DAqL‘) o/24 5k~ °/24] (8.12)

Using the modular nome g instead of ¢ is just a matter of choice, which turns out to be con-
venient when comparing with the Cardy constraint (7.44) shortly. Using

try, {H”HW gh—c/24G Lo— 0/24} i (@) xs (6:]) Oy (8.13)

traces of defects with opposite orientation, or equivalently composed defects (8.11), are easily
evaluated

Zyip = try [D}DB g/ 2451&)“3/ 24] (8.14)

= Z ZDX?B") Xi(@) xa (a)
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Figure 9. Left: time evolution runs orthogonal to the defects in the g frame, and is gener-

ated by a Hamiltonian Ly + Lo (only one chirality is drawn). This is the analog of H ) in
the boundary case. The green defect has reversed orientation and is implemented math-
ematically by Dj\. Right: a modular S transformation results in the g frame, where time
evolution runs parallel to the defects and is generated by Lo + Lo (only one chirality is
drawn). This is the analog of H" ) in the boundary case.

=33 (pi) DY) (@) i (@) (8.15)

n s

This situation describes the states of H, evolved along a temporal coordinate 7 running
orthogonal to the defects until they reach Dg, and past D!, both extended along a slice of
constant time 7, as seen in the left panel of figure 9. It is reassuring that the modular invariant
of the CFT is reproduced when A = B =0,

Zoo=Y_xi(@) x:(q) = ZZﬁxi @) x: (3) =2(4,9) (8.16)

w,r

where the second equality uses that r = 1,..., Z;; and modular invariance (6.23) establishes
the last equality.

As in the case of boundaries, due to the Euclidean spacetime, we can study the same setup
where time and space are swapped 7 <> o. This is easily accomplished by a modular S trans-
formation. This transformation exchanges the two cycles of the torus, so that now the defects
run parallel to the new time coordinate, see the right panel of figure 9. While we are still look-
ing at the same object as (8.14), the interpretation is now very different. Indeed, in this modular
frame, we are looking at traces

Zar5(9,9) = tru,,, [ql““’/ 24gh=e/ 24} =Y 0" xi(q) x: (@) (8.17)

over a Hilbert space that has been twisted by D); and Dg, or equivalently D+ p,

Hatp = @ n"ipHi @ H, n",ip € Ny (8.18)
(i) €EIXT

Fields corresponding to the states in twisted Hilbert spaces are called defect fields. Four types
are distinguished [50]

1. The most general class comes about when inserting at least three defects into the trace (8.12)
(which we have not done explicitely, but let us mention this straightforward generalization
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nevertheless here). Such fields are called junction fields and map one defect into at least
two other defects and vice versa.

2. The second class are defect-changing fields and are captured by (8.18) when AT and B
are arbitrary defects. These fields map the defect A (no dagger!) into the defect B. These
fields are junction fields for the case that A and B are arbitrary and the remaining ones are
invisible.

3. The third class are disorder fields or twist fields. These are fields which terminate a defect
A, i.e. they are defect-changing fields mapping A into the trivial defect. These are the fields
that have been discussed traditionally in the context of orbifolds or disorder physics.

4. The last class are the standard bulk fields, sometimes also called order fields. These fields
are disorder fields for which the arbitrary defect A is now also invisible, i.e. no defect lines
are attached to this type of field.

These fields either terminate a defect line or change one defect line into another. The
requirement N, ; € Ny secures the meaningfulness of this Hilbert space, making it the ana-
log of (7.19) in the boundary case; the partition function (8.17) is the analog of (7.42). The
untwisted partition function (8.16), implies Ny = Zj.

We have now gathered every ingredient to present the main dish of this section by comparing
the trace of (8.17) to (8.15) (and pretending that we have used unspecialized characters from
the start; see the first comment below (7.44))

The Petkova—Zuber constraint [44] relates the defect coefficients D?ﬁ s) to the twist mul-
tiplicities N4+ 5 non-linearly,
>3 (D) DS = s € Ny (8.19)
i1

where A,B€ Fandiz € L.

The resemblance of our entire approach to that in deriving the Cardy constraint (7.44) is
evident. Let us make a number of similar remarks as back then:

e Just as the ni,, specify the spectra harbored on a boundary with boundary conditions «, the
N,i4 € Np specify the fields living on a defect D,. Note that these transform under two
copies of the chiral algebra, as indicated by the upper indices on N, ,. Similarly, while
the n’, 5 determine boundary condition-changing operators, the N+ are defect-changing
operators mapping between Dy and Dj.

e Any topological defect which cannot be decomposed into a superposition of other interfaces
with positive coefficients is called elementary, fundamental or simple. Elementary topolo-
gical defects furnish a basis for all topological defects and form a subset £ C F. Evidently,
a defect cannot be decomposed when at least one N’ 45, = 1, since N 4+ > 1 (if represent-
ations (iz) occur). Furthermore, an elementary defect always has a unique vacuum sector,
nOOAtA = 1. Unless A =0, this is not the vacuum of the parent CFT! Because 7 = h =0, this
is a topological degree of freedom confined to the defect.

e The numbers N,;z may be viewed either as |Z| x |Z| matrices Nyt with A,B € F or as
| F| x |F| matrices n;; with i,7 € Z.
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e The Petkova—Zuber constraint (8.19) may be regarded as spectral decomposition of the
matrices N into their F-dimensional eigenvectors D(%") with entries (D)), = D{™")
and eigenvalues S;S5.

e Under the assumption that the coefficients D/({”’”) form a unitary (orthonormal and complete)
change of basis from the intertwiners (8.5) to the defects (8.8) It can be shown that the
matrices n;; furnish a representation of the tensor product of two copies of the fusion algebra

nianjy = NNz (8.20)
K

This is a NIM-rep. This is explained in the last comment below the Cardy constraint (7.44).

A remark on consistent defects

As with solutions to the Cardy constraint (7.44), we may ask if solutions to the Petkova—Zuber
constraint are fully consistent topological defects. To the authors knowledge, no complete list
of sewing relations has been written down. By virtue of the folding trick, these sewing relation
must however be an extension of the corresponding relations on the upper half-plane; see the
remark on page 57.

There exist nevertheless powerful techniques imported from topological field theory, which
provide a complementary angle for the construction of topological defects for RCFTs. These
are guaranteed to provide a consistent set of topological defects. They are not necessarily all
that exist however. An upper bound on the number of all consistent topological defects can
be found by combining these techniques with the Petkova—Zuber constraint—which is to be
viewed as a necessary condition—and further relations obtained by deforming defect lines in
the presence of bulk fields. These ideas are successfully employed to construct topological
defects for the free boson theory in [55].

8.4. Diagonal theories and Verlinde lines

This section presents the analog of the Cardy case studied in section 7.6.1. Its solution are the
Verlinde lines, which lead us to a powerful graphical calculus.

We focus once more on diagonal theories, i.e. CFT; = CFT,, with Z; = d;, in which case
we can drop the multiplicity labels r, s, and we relax our notation for projectors by || ii || — || ]].
A defect operator then takes the shape

D, =Y D]l (8.21)

i€

As in the Cardy case in section 7.6.1, we have identified the set of defect labels F with the set
of chiral representations Z, and labeled these by lower case latin letters, a,b, . ...

Exercise 8.1. Retrace the steps taken above to derive the simplified Petkova—Zuber constraint
for defects in diagonal theories

> (D)) D},S;iS; = n"1;, € No (8.22)
J
Solution 8.1. See the lecture.
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The so-called Verlinde lines [44],

D, Z || I Di=Du

161

are the eigenvalues of the fusion matrices N, on the eigenvector v;.

furnish a solution to the Petkova—Zuber constraint (8.22). Note that the defect coefficients

(8.23)

Because of D =D+, N? 1, — N4, can be specified, so that the spectra of Verlinde lines

are written as follows

a*h q q Zn a*le i(‘_])

(8.24)

Exercise 8.2. Show that Verlinde lines solve (8.22) by deriving their matrix n’. You are seek-
ing an expression in terms of the fusion matrices N;. Are Verlinde lines elementary?

Solution 8.2.

n
N"g+p =

S5 S SpiSii . SiS,
“J ] _ ] Jl 2 ak
S* S]"Sﬂ Z SOJ ] SOk

SpiSii SiaSH
_ Z bj’ J Slk Ijg ak
j 0k

Jsk,l

:Zan‘ 7*
I

:ZNfb a
I

= Z (Ni)bl (Ni)[,l = (NiN7>ba
1

To see elementarity observe N 1, = (NgNo)ug = (1)g0 = 1.

(8.25)

Exercise 8.3. Verlinde lines earn their name on basis of their algebra. Compute the structure

constants f, of the algebra of Verlinde lines

DDy =Y f3De
C

(8.26)

Topological defects may be applied to boundary states. Compute the action of a Verlinde line

on a Cardy state (7.47),

Dallb)) = taplle)

(8.27)

Both of these actions are conveniently represented pictorially in figure 10. Are the new

defects and boundaries elementary?
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—= D, — Dy

2 fo—>——D,
c

—— D,

ANNN/ANNN

o —————
NN NN

Figure 10. Left: defects naturally satisfy an algebra. Right: the action of defects on
boundaries closes in boundaries, meaning that a new boundary is formed after applica-

tion of a defect.

Dalqbi} =

a

Figure 11. Left: defect action on a generic field/state. Right: the vacuum is invisible so
that the defect action on it is just an empty bubble. Due to translation invariance of the

vacuum, this empty bubble can be inserted anywhere in the 2d space.

Solution 8.3.
Saz Sb] .
Dan S S 61}' |.] ||
_ Z Salel ic c; || ||
Soi Soj

ijc

_ZNabSqH ill :ZNZch
D.1b) ZS"I 5 Tl

—ZS"'&" s

ijc

—ZN ) ZNdeI

(8.28)

(8.29)

The new defects and boundaries are only elementary if the fusion coefficient is equivalent to

a permutation of the label, i.e. if the result of the fusion is only one conformal family.

Exercise 8.4. Evaluate the action of a defect on a primary state, D,|¢;) (it has 7=1i). What
happens when evaluating the defect on a descendant of this primary state? This action can also
be represented pictorially, see figure 11. Because the vacuum state is ‘invisible’, the action of
D, thereon is simply a bubble, which is called the defect’s g-factor. What physical quantity is

it in case of a Verlinde line?
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=Dl§o =da

a a

Figure 12. Left: defect action on a generic field/state. Right: the vacuum is invisible so
that the defect action on it is just an empty bubble. Due to translation invariance of the
vacuum, this empty bubble can be inserted anywhere in the 2d space.

Solution 8.4.

,. Sui Sa
Daléi) = Diléi) = 510, Dal0) =30

) =d,[0) (8.30)

Where the quantum dimension (6.29) was re-encountered; see figure 12.

Exercise 8.5. Show that

Za1(4:4) ZNMZOC X)) (8.31)

It is useful to first solve exercise 8.2. It is furthermore recommended to solve exercise 8.3 first.

Solution 8.5. The simplest way is to utilize the defect algebra (8.28) and stick this into the
partition function of the CFT according to (8.12), i.e.

Lyt+p =1tr [Da+Db qLO?C/MqZOié/M}

—ZNa+btr [D qLO c/24 Lo— c/24}
_ZNa+bZOL ZNa+bZC+0 (8.32)

The claim can also be demonstrated without having solved exercise 8.3 first. This is a good
exercise to get acquainted with the fusion matrices N;. Begin with

Zoe = Z (NiN2).o Xi (9) X7 (@) (8.33q)
- Z N sz Xz <9)
itk
= Z )i+ Xi (@) X2 (q) (8.33b)

Moreover, (No)wa=Ng =N, =N, = (Ngty,- This allows us the following
manipulations

(NiNi)ba = (NiNiNO)ba
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= Z (NiNf)bk (No)ka
k

= (NiN2), (N,
k
= (NiN:Ng+ )0
= (N+NiNp)
= Nei, (NiNo), (8.34)

The fifth line uses commutativity of the fusion matrices. Finally,
Zorp = (NiNo xixa = > Niey (NN xixs = O _NiwyZoe  (8.35)
In going to the last line we recognized (8.33a).

Exercise 8.6. Evaluate all twisted partition functions (8.17) for the Ising model. The Verlinde
lines are labeled by the three conformal families 7 = Z = 1, ¢, 0. Their non-trivial fusion rules
are

[e)x[e]=0],  [dx[o]l=[o],  [o]x[o]=[1]+][€] (8.36)

All fields are self-conjugate. It is useful to first solve exercise 8.2.

Solution 8.6. The Ising model’s fusion matrices are

1 00 010 0 0 1
No=[0 1 O N.=1{1 0 0 N,=10 0 1 (8.37)
0 0 1 0 0 1 1 1 0

Working systematically with (8.31) we first construct the non-trivial single-twist partition func-

tions. To that end employ (8.33b) and that families are self-conjugate in the Ising model, i.e.
=1,

Zoc (9,9) = X172(9) X0 (@) + X0 (q) X172 (@) + X1/16 (4) X1/16 (@) (8.38a)
Zoo (4,) = (x0(q) +X1/2(2)) X116 (@) + X116 (@) (X0 (@) + X1/2(7)) (8.38b)

The twist fields in Zy. terminate a D. defect, while the twist fields in Z, terminate a D, defect.
We have chosen to label the characters by conformal dimensions, rather than the conformal
family as before. This is because these fields are fundamentally different from the fields 1, ¢, 0.
Indeed, the fields in (8.38a) are from left to right: the holomorphic fermion (z), the anti-
holomorphic fermion v)(Z) and the disorder field 11(z,7). The latter is Kramers—Wannier dual
to 0(z,z), hence the coinciding conformal dimensions. The partition functions (8.38) are not
modular invariant. The defect changing operators are now found by fusion by virtue of (8.31).
Looking back (8.36) these are

Zee (qazl) =Zuo (Cb Q) (8.39)
Zao (6176_1) = ZOo’ (617 f_]) (840)
Z(rcr (C],Z]) = ZOO (qv g) + ZOE (qv q) (841)
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Recall that Zyo(q,q) = Z(q,q) is the bulk’s modular invariant partition function. While only
the last one of these spectra is new, the interpretation of these twist fields is different. They are
defect-changing operators. For instance the fields in Z., turn a defect D into a defect D, and
we learn that they have the same weights as the fields in Zy,.
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