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Abstract

®
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We systematically investigate the ground state phase diagram and the finite temperature phase
transitions for a Rydberg-dressed Fermi gas loaded in a bilayer optical lattice. When an effective
finite-ranged attraction is induced, our self-consistent mean-field calculation shows that the
gapped topological (p-wave) superfluids in each layer are coupled together by the s-wave
pairing in an intermediate inter-layer distance with a spontaneously modulated phases between
these two order parameters. The obtained ground state is a gapless topological superfluid with
quantized topological charges characterizing the gapless points, leading to a zero energy flat
band at the edges. Finally, we calculate the finite temperature phase diagrams of this
two-dimensional gapless superfluid and observe two distinct critical temperatures,
demonstrating the fruitful many-body effects on a paired topological superfluids.
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1. Introduction

The existence of Majorana particles has been a long-standing
and important subject in theoretical high-energy physics [1],
because they are defined by their own antiparticles and hence
have many special properties compared to other elementary
particles. In condensed matter physics, however, Majorana
particles are referred to the quasiparticles emerging on the
edge of a topological superfluid, called Majorana zero modes
(MZMs). MZMs obey non-Abelian statistics and hence are
expected to be the major player for a fault-tolerant quantum
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computer [2—4] . Recent rapid development on the proposal
and observation of MZMs has drawn a lot of attentions in the
field of condensed matter physics [5].

To realize topological superconductors supporting MZMs,
many theoretical models [6—8] and experimental systems were
proposed in recent years, including nanowires in contact with
the superconductors [9], quantum anomalous Hall insulat-
or/superconductor hybrid devices [10], quantum spin liquids
[11], iron-based superconductors [12], and so on. However,
the experimental evidences are still unclear and some of them
face repeatable crises [13, 14].

The development of experiment techniques in ultracold
atoms suggest other possible scenario to realize MZMs in
the systems of topological superfluids [15-19]. Moreover,
the quantum gases made by Rydberg-dressed atoms further
open up new possibilities to study various topological phases,
because the effective dipole moments, interaction strength and
even the interaction range are all tunable in a wide parameter

© 2022 The Author(s). Published by IOP Publishing Ltd
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regime. In fact, many interesting many-body ground states
have been predicted in different magneto-optical traps, includ-
ing a two-dimensional (2D) layer, bi-layer and multi-layer
systems [20-27].

In this paper, we consider a bi-layer system with a Rydberg-
dressed Fermi gas. We focus on the parameter region where
the effective finite-ranged interaction are attractive in all dir-
ections. Minimizing the total energy with respect to both the
amplitudes and phases of these order parameters within the
self-consistent mean-field approximation, we find that the sys-
tems can host superfluid state with s-wave pairing, p-wave
pairing, and a mixture of them. For the latter case, the pairing
phases of these two p-wave in the two layers has a phase differ-
ence 7, and gapless points emerge in the bulk energy spectrum.
We characterize each point by calculating the quantized wind-
ing number around them and show how the zero-energy flat
bands emerge at the edges spectrum. We emphasize that such
a gapless topological superfluid results from a specific pair-
ing phase locking between the co-existing s-wave and p-wave
pairing order parameters, and therefore were not considered
in the literature before. We further show how these two order
parameters co-exist and influence each other in the finite tem-
perature regime.

The article is organized as follows. In section 2, we intro-
duce the Hamiltonian for a Fermi gas loaded into a 2D
bi-layered system with the Rydberg-dressing interaction. In
section 3, we derive the mean-field Hamiltonian with both
the amplitudes and phases of the pairing order parameters. In
section 4, we calculate the ground state energy through vari-
ational methods and show the obtained quantum phase dia-
gram. In section 5, we demonstrate that a non-trivial phase
between the s-wave and the p-wave is a topological superfluid
with a finite winding number at the gapless points, leading to
localized zero energy models at the edge. In section 6, we cal-
culate the critical temperature of the gapless topological super-
fluid with two order parameters, and then summarize our res-
ults in section 7.

2. Physical system and Hamiltonian

2.1. Rydberg-dressed interaction

We consider a 2D bi-layer system with a square optical lat-
tice within the x—y plane (see figure 1(a)), where a single-
species Fermi gas is loaded with finite tunneling amplitudes
between lattice sites in the same or opposite layers. As a
result, the system could also be effectively understood as a
2D pseudo-spin 1/2 system with an effective in-plane mag-
netic field via the inter-layer tunneling. In order to gener-
ate an effective interaction between these single-species fer-
mions, an off-resonant two-photon transition is introduced
to weakly couple the electronic ground state to a Rydberg
excited state via an intermediate state. In the far detun-
ing and weak coupling limit, it is known that the effect-
ive Rydberg-dressed interaction between these dressed-state
atoms could be approximated by a finite ranged soft-core

interaction (see figure 1(b)): Vrp(r) = % within the

Figure 1. (a) The bilayer structure with a single species Fermi gas
discussed in this work. A square optical lattice potential is applied
inside the layer (x—y) plane with a and d being the intra-layer and
inter-layer lattice spacing respectively. The blue/green objects
indicate fermionic Rydberg atoms loaded in the upper/lower layer.
(b) The obtained effective Rydberg-dressed interaction, Vrp(r)
between these fermionic atoms with a soft-core strength, Uy and a
finite blockade radius R.. See the text.

standard perturbation and adiabatic approximation [28-33].
Here the effective interaction strength, U, and the interaction
range, R., could be calculated explicitly from the Rabi coup-
ling and detuning from the atomic excitations [28]. Many pro-
posals discussed how to manipulate such a Rydberg-dressed
interaction via various external fields [34, 35].

We focus on the parameter regime to generate an effect-
ive attraction (Up < 0) and a finite-ranged Rydberg blockade
radius (R, ~ a,d, with a and d being the intra-layer and inter-
layer lattice spacing respectively). As a result, these single-
species fermions could be effectively interacting with each
other with the following Hamiltonian in real space

H=—1> (el jerisp + &l ,ery5, + hc]

r,o

_ E AP _ A
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r,r’ o
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where 6170(6&0) is the creation(annihilation) operator of fermi-
ons with the layerindex o = (1,), w is the chemical potential,
and r = (i, iy) is the in-plane coordinate. The intra-layer and
inter-layer tunneling amplitude are ¢ and ¢, respectively. Both
tunneling amplitudes can be tuned independently by the lattice
strength and lattice spacing. Here V (r — r’) and V(r —r’)
are the interlayer and intra-layer interaction provided by the
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Rydberg-dressed interaction, Vrp(r), and defined positively
for the convenience of latter discussion.

2.2. BCS mean-field approximation

To investigate the topological features, we further apply Four-
ier transform of the field operator, ¢r, = &>, ék 0€*", to
transform the Hamiltonian into the momentum space and
apply the BCS mean-field approximation between pairs of
fermions. Here () is the system area. It is well-known that
the resulting mean-field Hamiltonian (I:IMF) can be written to
be a 4 x 4 matrix form within the Nambu spinor representa-

R T
tion, ¥y = {ﬁmék i,éT_kT,éT_k 1 , and the final results can be

divided in two parts: Hyig = Hpcs + Ee,

where
3 S pi| Tk & —AF L |
Hgcs > g\llk 2N,y A, -5 : Uy
Ay 2A,,¢ t, —Ek
@
and the constant energy term is given by
1 A4 PO
E.=5 > Vi lel reti ) @)
K.k’
1 I A4
) Z Vl‘l,k/ <CIT</7TCT—1<',¢> (C—kti,1)
Kk’
1 FET PO
tg > Vi (el el ) (eoniny)
Kk’
+ ZZ €k 3)
k
with (---) being an expectation value and ex = —2#(cosk, +
cosky) — p being the bare kinetic energy. For simplicity, we

use the layer index as the pseudo-spin index and define the
inter-layer pairing order parameters to be the ‘s-wave’ pairing
(Ay) and the intra-layer pairing order to be the ‘p-wave’ pair-
ing (A,). These order parameters could be calculated through
the inter- and intra-layer interaction strength as following:

1 X .
= ﬁzvlik/@‘,k/’ickl;ﬁ (4)
kl

1 R .
= ﬁzvll(‘,k/ ek 0l o) 5)
k/

for o =+ =1 /. Here Vl‘l_’kl, is the Fourier transform of
the intra-layer and the inter-layer interaction matrix elements
V||, L (r — r’) respectively.

Note that, the inter-layer pairing could be in principle
either s-wave (singlet) or p-wave (triplet). But the singlet
pairing must be energetically more favorable, because its
symmetric orbital wavefunction always lowered the attract-
ive inter-layer interaction energy, similar to the systems of
polar molecules with an electric field perpendicular to the layer

plane [21, 22, 36]. On the other hand, the intra-layer pairing
in the x—y plane must be triplet since the orbital wavefunction
in the momentum space must be anti-symmetric as shown in
equation (5).

3. Mean-field ground state energy

3.1 Ground state energy

In order to calculate the ground state energy within the mean-
field approximation, we first diagonalize the BCS mean-field
Hamiltonian (equation (2)), and obtain the low energy excita-
tions for the Bogoliubov quasi-particles:

Ex O 0 0
~ 1 A 0 E 0 0 A
_ = T 2,k
Hpcs = > zk:Fk 0 0 Eyx 0 ' (6
0 0 0 Esx

T
where f‘k = [%,kﬁz,kﬁ;,kﬁl,,k} is the Nambu spinor
in Bogoliubov eigenmode basis with E; i (j = 1,...4) being
their excitation energies. Their analytic forms may not be
available for arbitrary A, and A, and therefore will be evalu-
ated numerically in the rest of this paper.

Using the anti-commutation relationship between fermion
operator, ; k, and (ﬁ;kﬁj,k> = 0 for the ground state expect-
ation value, we could easily derive the mean-field ground
state energy to be (combined with the constant term, E. in

equation (3))

1
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From the expression above, one could see that the ground
state energy depends on the ground state expectation value
of the pairing operators, (¢_k +Ck /), Which also appears in
the definition of the order parameter, Ay(k) and A, ,(k), see
equations (4) and (5). In this paper, we will use variational
method to calculate the ground state energy by parametriz-
ing these order parameters according to the lattice symmetry.
More precisely, we could expand the intra- and inter-layer
interaction as following:

E {1
Vi cos

mnezZ

Viw = m(k, — kl)a + n(k, — k})a] ~ (8)

n

Z A;,, [cos (mkwa + nkya) + cos (nkya — mkya))
m,ncZ
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[sin (mk.a + nkya)

m,n€Z
—isin (nkca — mkya)) (10)
<é—k,T€’k,J,> = Z C,s,m [COS (mkxa + nkya)
m,n€zZ
+ cos (nkya — mkya) (11)
(_kolko) = Z ch7 [sin (mk.a + nkya)
m,neZ
—isin(nkya — mkya)].  (12)
Here AS,, ALy, ¢, and chy are all complex num-

bers, which could be determined later through a variational
approach. m and n are integers for the index used in the recip-
rocal lattice. In the literature before, it is usually assumed that
the pairing order parameters are proportional to the interaction
strengths for simplicity, but this assumption cannot be justi-
fied when considering the competition between order paramet-
ers. In order to consider these order parameters correctly, we
note that A$, and ALy could be calculated from c3,, and ch,
through the deﬁn1t10n of gap function in equations (4) and (5).
We will express their relationship in more details below for
variational methods.

3.2. Variational approach and pairing phase dependence of
the ground state energy

Although the expression of order parameters above could be
applied to a general finite ranged-ranged interaction, it is still
much more intuitive and transparent to start with a finite range
interaction range, i.e. R. ~ a,d, with a and d being the intra-
layer and inter-layer lattice spacing respectively. For such a
finite ranged attractive interaction, it is reasonable for us to
first consider the nearest neighboring terms of pairing only,
i.e. |m|,|n|,|m £ n| < 1, and neglect the longer-ranged pair-
ing. Since our work is to emphasize the effects of these pair-
ing phases on the ground state properties, it is much more
instructive to concentrate on the coupling between the nearest
neighboring intra-layer and inter-layer pairing only. Including
longer-ranged pairing requires much more pairing phases to be
calculated self-consistently, and makes it difficult to interpret
the mechanism. We will investigate the pairing phase depend-
ence for this long-ranged interaction in the future. As a result,
we could simplify the general expression of the gap functions
in the last section and obtain,

Ay(k) = AY + A [cos(ka) + cos(kya)] (13)

Ao (K) = 2ie'?" Al [sin (k,a) + i€ sin(ka)]  (14)
(_xréry) = ¢ + ¢ [cos(kea) + cos(kya)]  (15)

(¢ xotno) = 2ic! [sin (k) + isin(ka)].  (16)

Here we have set the pairing phase of the s-wave pairing order
parameter to be zero, and separate the phases of theses p-wave

order parameters, so that A} I Al el /1 and ¢/ are all defined
to be positive. o, and ¢, are the four relative phases for the
pairing order parameters as indicated above. Extension to a
longer interaction range is straightforward but will not be con-
sidered in this paper.

Using the expression above, it is easy to directly connect
the relationship between Av and c0 through the definition
of order parameters in equatlons (@) and (5). We have

= Voch (17)
1 1l s
=5Va (18)
1
A7 = Zvief (19)

and therefore the mean-field ground state energy in equation
(7) can be calculated directly to be

\ASI2 21A17 | 2]ATP
Eg =) 2§k—fZEk + vt o
k 1

Here the three order parameters, Agyl and A?, are then treated
as independent variational parameters.

However, besides the magnitude of order parameters,
the ground state energy also depends on the relative val-
ues between these pairing phases, (a4, o, ¢4,¢,). They are
embedded inside the expression of the Bogoliubov eigenstate
energy, E; . We have examined all the possible combinations
of these pairing phases, but present results only using their
relative values, a = oy — oy and ¢ = ¢4 — ¢ by setting
oy = ¢ = 0in the rest of this paper. It is because this could
give the most representative results without missing other
information. As an example, we could analytically calculate
the eigenvalues of Bogoliubov excitations for («, ¢) = (0,0)
to be

Ejx ==+ {Ei + t? + 4|Af|2 (sin2 (kea) + sin’ (kya)) + |A8|2

1/2
+2\/e22 + 2| A3 + 4|A7[P| A3 sin? (kxa)}

(20)

For (o, ¢) = (,

), we have

Ejx =+ {Ei + 22+ 4| A (sin® (ka) + sin® (k) + | A

1/2
+2]1| \/aﬁ + | A3 + 4|AP[ sin’ (kxa)]

21

Analytical forms of these eigenstate energies could be also
obtained in other specific values of («, ¢). However, for a gen-
eral value of («,¢), we will evaluate it numerically for the
variational calculation below. In figures 2(al)—(a3) and (bl)—
(b3), we show how the numerically calculated eigenenergies
changes as a function of these pairing phases.
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Figure 2. (al)—(a3) are eigenstate energies E; of the BCS
Hamiltonian in equation (6) as a function of the pairing phase,
a = ap — ay. (bl)—(b3) show the same results as a function of
another pairing phase, ¢ = ¢4+ — ¢,. Here (kv,ky) = (0,7/2),
(7/2,0), and (/2,7 /2) for the upper, middle and lower panels
respectively. Other parameters are Ay /t = A/t = 1,1,/ = 2,
and p/t = 1.

3.3. The system symmetry

From the Anderson pseudo-spin point of view [37], the SU(2)
and Z, symmetries are broken explicitly in the BCS mean-field
Hamiltonian (see equation (2)). Nevertheless, we find that, by
selecting appropriate parameters, say t; = 0, ¢+ = —¢,, and
a4 = 7+ «y, the bilayer system we study here becomes time-
reversal symmetric. More precisely speaking, the chiral dir-
ections of the two superfluids in the upper and lower layers
are opposite, making the time-reversal symmetry restored if
reversing the parity in the z axis. However, if the inter-layer
tunneling is finite, such time-reversal symmetry disappears as
expected, both in the original Hamiltonian and the mean-field
one. In terms of the mean-field Hamiltonian, the pairing term
in low energy limit can be expressed as A(k) = io2(Ao0 +
A, (kyoy + i€!®ky02)). The value of « determines the time-
reversal symmetry of the system. We find that in the self-
consistent mean-field treatment, v can be 7. The time-reversal
operation 7:= io»K maps A(k) to A(—k) indicates the pre-
serving of the time-reversal symmetry. In our self-consistent
mean-field treatment, we do not add other constraints besides
the breaking of U(1) symmetry. However, since the relative
values of these phases may be pinned by the interaction effects,
some symmetry (say the Cj4 rotational symmetry of original

Hamiltonian in the x—y plane) may be also broken in the exotic
phases we discussed in the context of figure 5.

4. Quantum phase diagram

4.1 Competition and co-existence of s- and p-wave order
parameters

In figure 3(a), we show the calculated quantum phase
diagram in terms of the two pairing phases, a and ¢.
The result is obtained by a given set of system paramet-
ers, Vi/t =11, Vi /1 =58, VI/1 =62, 1/t =038, and
@ = 0.2. The ground state is obtained by minimizing the
ground state energy in the parameter space, (AJ, Aj, Al'). One
can see that when the relative pairing phase between the two
layers (i.e. «) is small, the ground state is mainly s-wave for
¢ ~ /2 and becomes p-wave otherwise. The phase bound-
ary between these two phases depend on a weakly. The trans-
ition between these two phases are found to be first order,
as shown in figure 3(b). Such a result is reasonable because,
when only the onsite inter-layer s-wave pairing is present (i.e.
A # 0, Aj = Al = 0), all the pairing phase dependence of
the ground state energy disappears. On the other hand, when
the p-wave order parameters dominant, their relative phase
respect to the s-wave also becomes unimportant, while the
ground state energy strongly depends on the relative phase,
¢, between the upper and lower layers. The lowest energy for
small o regime stays at ¢ = 0,7 as expected.

Note that, from energetic point of view, one could easily
expect that the s-wave pairing will dominate as the two layers
are very close (i.e. d < a), while the p-wave become dominant
as the two layers are far away from each other (i.e. d > a).
The phase diagram here is obtained by changing the pairing
phases for a fixed value of d/a (here given by 7./t = 0.8). Such
pairing phase dependence in ground state energy could lead
to a certain spontaneous phase transition, since these pairing
phases are automatically determined by the interaction effects.

Besides the two traditional pairing mechanism shown
above, we find that a hybrid ground state, where both AJ
and A are finite (but within the parameter regime, A} = 0).
It appears in a regime near («,¢) = (w,7), which was not
investigated before. From the self-consistent mean-field calcu-
lation demonstrated here, the phase transition between this sp-
coexisting ground sate appears through a second order phase
transition with a lower energy than either s-wave or p-wave
states alone. The presence of such a sp-coexisting state is from
the fact that near (o, ) = (m,7), Af and AY are coupled in a
higher order terms in Landau’s free energy expression through
the complicated Bogoliubov excitation spectrum.

4.2. Quantum phase diagram in terms of the system
parameters

In order to investigate the phase diagram in terms of the

realistic system parameters, we further express the quantum

phase diagram in terms of interaction strengths, V(J,- and V‘ll.

The ground states are then determined by minimizing the full
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Figure 3. (a) Diagrams of dominant pairing symmetry in terms of the pairing phase, (o, ¢), for Vg /t = 11, V‘l‘ Jt=62and 1/t = 0.8,

obtained by the self-consistent variational method.

The pink/blue area are for the s-wave/p-wave pairing states, and the associated phase transitions between them are first order. The green area is the state with
the coexistence of s- and p-waves at the same time, and its phase transition boundary with the other two phases are second order. (b) Variational energy contours
for the pairing phase, (e, ¢) = (0,0), as a function of A$/r and Al /1 (A} = 0 for these cases). It shows two local minimum in the variational energy for
the s-wave and p-wave states respectively. Their relative value determines the true ground state and hence provides a first order phase transition. (c) Same as
(b) for (v, ¢) = (7, 7). One could see that the energy minimum occurs at a point of finite values in A and Af. It indicates the higher order coupling between

the s-wave and p-wave order parameters.

variational energy (Eg) in terms of three variational order para-
meter, (A3, A3, AY), and two pairing phases, («, ¢). Note that,
both V; and V‘l| can be directly calculated from the full effect-
ive Rydberg-dressed interaction between dressed states. More
generally, we analytically express their values in terms of a
general inter-layer and intra-layer interaction, i.e. Vg~ = Vg,

_ _ I vl _ yl
Vi = Vil,o = V(J)::I:l’ and V| = +1,0 = Yo,+1°
where
Vi o= Yo 5 (22)
’ [@* + (na)? + (ma)?]” + RS
U,
vl = 0 (23)

"t [(na)? 4 (ma)?]® + RS

with n,m € Z being the lattice site index. As a result, both Vll|
and VOL can be tuned independently by changing U, and d,
keeping the lattice constant a and the interaction range R, the
same. The value of inter-layer and inter-site interaction, Vi- is
then changed accordingly.

In figure 4, we show the calculated quantum phase diagram
in terms of Vll| and Vj for t,/t = 0.8 and y/t = 0.2. Several
interesting and important properties could be observed: first,
in the limit of zero interaction strength (white regime), there
is no superfluid order parameter, because the finite inter-layer
tunneling plays as a magnetic field to open a gap between dif-
ferent pseudo-spin components, suppressing the formation of
Cooper pairs. In principle, the ground state could be an FFLO
state due to the Fermi wavevector mis-matching, while we did
not include this order parameters in our mean-field approach
to simplify the calculation. This simplification is justified here
because the critical temperature of the FFLO state is known
much lower than regular superfluids due to its non-zero con-
densate momentum. (For example, the estimated 7, of such
an FFLO state of Na—-Li polar molecules in a bilayer system
is just about 10nK [36], well below the temperature current
experiments.) Therefore, we believe our calculated quantum

3
2
=
:_S_¢
1
Normal Phase
0 f L | I L L
2 3 4 5
Vo /t

Figure 4. Quantum phase diagram as a function of inter-layer and

intra-layer interaction strengths, V3" /¢ and V‘l| /t. The pink and blue
area are ground states of s-wave and p-wave pairing order
parameters only. The green area stands for the ground state with the
co-existence of these two order parameters at the same time

(with (a, ) = (m,7)). In the white region, the ground state is a
normal state without order parameters within our variational
method. This is due to the presence of a finite interlayer tunneling
and the competition between the s- and p-wave pairing state. Here
we use £, = 0.8. The vertical line and three cross points (labeled by
(a)—(c)) in the upper right corner are the points for the three finite
temperature phase diagrams in figure 6.

phase diagram should not be affected much even considering
the FFLO state at a finite temperature.

Secondly, in the inter-mediate and stronger interaction
regime, we observe the s- (p-wave) superfluid in the regime
when Vd‘(Vlll) becomes dominant in the blue (pink) regime.
This reflects the fact that this bilayer system has a great flex-
ibility to investigate the quantum phase transition between
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these two different superfluids via changing Rydberg-coupling
strength or the inter-layer distance directly. As described
above, the phase boundary between these two phases are first
order without inter-mediate phase if the interaction is not
strong.

However, in a stronger interaction regime, we do find the
possibility to have a co-existing s-wave and p-wave super-
fluid, where the pairing phase becomes («,¢) = (m,7), as
shown in the upper right corner of figure 3(a). We have to
emphasize that, if one fixes the relative phases between s-
and p-wave order parameters to be zero (« = ¢ = 0) as one
usually did in the literature, we will not be able to find such
a co-existing multi-order superfluidity from the variational
approach. Although the regime of such an sp-coexisting phase
seems not very large, it still provides an important route
to investigate a new topological superfluidity, i.e. the tradi-
tional chiral p-wave superfluids could be coupled and paired
together, making a possible new topological superfluid, which
we will study in more details later.

5. Gapless topological superfluid

5.1. Band structure and edge states

Since we are more interested in the phase with the co-existence
of both s- and p-wave superfluids, it will be more instruct-
ive to investigate its band structure and edge state properties
first. In figure 5(a) we show the calculated band structure for
L, = L, = 100 with a periodic boundary condition in both x
and y directions. We have set («,¢) = (7,7) and find sev-
eral gapless points in the band structure. Note that such gap-
less structure does not exist if the relative phases between
these order parameters are the same (i.e. « = ¢ = 0). In other
words, the pairing phase modulation makes two gapped super-
fluids (s- and p-waves) co-exist and close their gaps, leading
to interesting topological superfluid similar to nodal supercon-
ductors [38—42] as shown below.

To investigate if there could be any edge states due to the
topological properties in the bulk, in figures 5(b) and (c), we
show the calculated band structures with an open boundary
condition in the y and x directions (i.e. k, and k, are good
quantum numbers respectively). We could find that their band
structures are very different due to the phase locking between
the inter-layer pairing and the intra-layer pairing order para-
meters. More importantly, we could clearly find the localized
state band energy in both sides. This reflects the bulk-edge
corresponding principle of the topological matter. When the
boundary is open in the y direction, the localized edge mode
has a flat band, connecting different gapless points projected
on the edge Brillouin zone, as shown in figure 5(b). As we will
show below, this indicates the quantized topological charge for
these gapless points.

5.2. Topological charge of gapless points

In order to investigate the topological properties of this
new phase in more details, here we calculate the possible

Figure 5. (a) Band structure of the gapless topological superfluid
calculated in a periodic boundary condition for Ly = L, = 100.

Here we use Aj/t = AY/t = 1,1/t = 2,and p/t = 1. (b) Same
as (a) but along the k, direction with an open boundary condition in
the y axis. (c) Same as (a) but along the &, direction with an open
boundary condition in the x axis. (d) shows the position of gapless
points for the gapless topological superfluid. The gap-closing points
with red/blue color indicate positive/negative charges for
W=+1/-1

topological charge of these gapless points, whose positions,
(K, k?) could be calculated easily from the eigenmode spec-

trum, see equation (21). The gap is closed at k;) = 0,7, and

\/512(0 + A3 + 4| AP sin®(Ka) =+ 1, = 0, leading to four
solutions distributed in the momentum space as shown in
figure 5(d). The red/blue colors indicate positive/negative
topological charges as we will show below.

It is well-known [43—45] that in three dimensions, the topo-
logical charge is defined to be the surface integral of Berry
curvature around a topological monopole, i.e. the Chern num-
ber. In 2D, a loop that encircles the gapless point defines the
topological charge, which is then equivalent to the winding
number. There are several methods to calculate the topological
charges around the gapless points. Here we note that the band
disperses linearly in the momentum space through the gapless
point, so that we could obtain the effective Hamiltonian around
(k2, k) up to the linear terms, i.e. k = k + q + O(g?), and
hence H(k) = Hy(k") + H,(q) + O(q?). Here zeroth order
term of the Hamiltonian is

Hy (K°) = (03 ®09) — Ag(02®@02) — 1 (03®@ 1)
—2A, [sin (kga)]
)] (

— 27, [sin (k)a

(02 ® 09)

o1 ®03) 24
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and the leading order Hamiltonian is

H, (q) = 2¢[gysin (kga) + gy sin (kga)] (03 ®00)

—2ARg,cos (kKla) (o2 ® 09) . (25)
Note that we use the direct product of two Pauli matrix for a
general expression of the original 4 x 4 matrix.

In order to get the effective two-band Hamiltonian, we
first numerically solve the 4 x 4 unperturbed Hamiltonian,
Hy(k°), and express the leading order term, H;(g), in this
eigenstate basis. We then obtain the 2 x 2 effective Hamilto-
nian by projecting the original Hamiltonian to two bands near
zZero energy

vilHi(@)|vi)  (vi|Hi(q)|v2)
(m|Hi(q)|vi)  (2[Hi(q)]v2)

vy (k%) geo) + vy (K°) 4,0,

Heff(q) =

(26)

In the last line, we have transformed the 2 x 2 matrix into a
new basis, expressed by {o and o} in order to match the gen-
eral form of gapless points with coefficients v, (k®) and v, (k°)
respectively. In order to calculate the winding number around
these gapless points more conveniently, we expresses the final
effective Hamiltonian in polar coordinates by v, (k) g, =
R(q) sinfg cos dq, vy (K®) gy = R(q) sinfg sin @g, so that

0 elfa
e—iOq 0

with R(g)= /v.(K*)2¢2 +1, (k)% and 6, = an ™" {’Eﬁ;;‘} . The cor-

responding winding number is then given by

He(q) = R(q) ( @

1

Wk’) = — 55 030, = +1, (28)

2ri

depending on the positions of Weyl points. Note that due to the
fermion-doubling theorem [46—49], the sum of all topological
charges needs to be zero since topological point nodes with
positive and negative values come in pairs.

In figure 5(d), we show the calculated results of topological
charges for each gapless point in the momentum space. The
bulk energy spectrum is shown in figure 5(a). It is clear that the
points of positive charge and negative charge appears alternat-
ively in space, while the breakdown of rotational C4 symmetry
makes the projection of total charge to be zero on the k, axis,
but non-zero on the k, axis (see figures 5(b) and (¢)). It explains
why a zero mode appears in the edge state when the boundary
is open in the y direction (hence k, is a conserved quantum
number), as shown in figure 5(b).

6. Finite-temperature effects

After studying the quantum phase diagram at zero temper-
ature, we further investigate the finite temperature effects of
such a gapless topological superfluid, which has co-existing
s- and p-wave order parameters. The phases at a finite tem-
perature can be obtained by minimizing the total Helmholtz

free energy, F(T) = E(T) — TS(T), where within the mean-
field approximation, the energy E(T) = (Hgcs) + Ec and the
entropy S(T) has to be calculated by including the thermal
distribution of the Bogoliubov quasi-particles at a temperat-
ure 7. Here the thermal expectation value of the BCS effective
Hamiltonian is given by (see equation (6))

N 1 N N
(Hpcs) = 5 > [Ehk <ﬂ,k71,k> + Erk <7J2r,k72,k>
K
+Esx <'?3,7k’?;,k> + Esx <'?4,7k'ﬁ,7k>}
1
= EZ [Eixfix + Exxfox + Esx (1 — f3,-k)
K

+Esix (1 —fa—x)], (29)

where Ejyx(j = 1,...4) are the four eigenvalues of the
BCS Hamiltonian. The quasi-particle thermal expectation is

given by <7Afr,k’5’j,k> = f;x at the finite temperature, where

J
fixk = ﬁ is the Fermi—Dirac distribution. Similarly, the
e’
entropy could be also calculated easily from these elementary
excitations:
S(T) = =Y lfiwlnfix + (1 = fir)In(1 = )] (30)

Jk

As a result, the finite temperature order parameter
(i.e.AY(T), Aj(T), and AF(T)) are now treated as a tem-
perature dependent variational parameters to minimize the
total Helmholtz free energy, F(T), where both the constant
energy, Ec, and the elementary excitation energy, Ejx, have
such order parameter dependence as shown in equations (3)
and (20) respectively.

In figures 6(a) and (c) we show the results of the order
parameters, A(7) and Af(T), as a function of temperature
inside the gapped superfluid phase, where Af(7) — 0 and
A$(T) — 0 in these two parameter regimes. They correspond
to (a) and (c) points in figure 4, where the pairing phases
have been selected to be (a,¢) = (m,m). (Note that when
only s- or p-wave phase exists, there will be no pairing phase
dependence in the energy and hence no difference if using
other («, ¢).) However, in the intermediate parameter regime,
as shown in figure 6(b), these two order parameters could co-
exist and changes in different way as a function of temper-
ature. One could see that both s- and p-wave order paramet-
ers change non-monotonously as the temperature increases,
and then decreases to zero at different critical temperature by
thermal fluctuations, quite different from traditional superflu-
ids with single order parameter only. The presence of two crit-
ical temperatures, T.”, also imply that there should be a finite
temperature topological phase transitions in the intermedi-
ate temperature regime. In other words, the finite temperature
topological phase transition indicates from a non-vanishing
p-wave order parameter to vanishing p-wave order parameter
in the presence of the coexisted s-wave order parameter. Note
that, 7% could be either larger or smaller than 7%, depending
on the parameters we consider within this gapless topological
superfluid phase.
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Figure 6. (a) Temperature dependence of the s-wave pairing order
parameter, A (7), and the p-wave pairing order parameter, A} (T) in
the parameter regime at the point (a) in figure 4. Figures (b) and (c)
are the same as (a), but with different interaction strength, see
figure 4. Figure (d) shows the critical temperature calculated as a

function of V‘l| /tfor Vi /t = 5. There is a regime when both pairing
exist with two critical temperatures.

In figure 6(d), we show how the critical temperature of
the two order parameters change as a function of intra-layer
nearest neighboring interaction strength, V”, by keeping the
inter-layer on-site interaction, Vi /¢ = 5 (along the vertical
line in figure 4). One can see that the system is dominated by
p-wave superfluid in one side and dominated by s-wave super-
fluid in the other side. In the intermediate regime, both of them
exist and the associated phase is a gapless topological super-
fluid as we discussed above. We emphasize that such a res-
ult is obtained by a self-consistent mean-field approximation
through the minimization of the total free energy for a given
relative pairing phase («, ¢) = (m,7), and the co-existing res-
ult could not be obtained using other values of pairing phases,
because the obtained free energy is higher than the present one.
Therefore, by choosing proper pairing phases between these
order parameters, the obtained gapless topological superfluid
could exist not only at zero temperature but might also have
highly non-trivial finite temperature effects.

7. Conclusion

We systematically studied the ground state energy and
quantum phase diagram of a 2D gapless topological superfluid.
This topological system is constructed by a spin polarized fer-
mionic atoms with a weakly coupling to Rydberg excited states
in a bilayer optical lattice. Based on a self-consistent vari-
ational approximation, our numerical calculations show that
the interlayer s-wave pairing and the intralayer p-wave pair-
ing could co-exist in a parameter regime through a second

order phase transition, if their relative pairing phases are mod-
ified spontaneously. We show that the obtained ground state
is a gapless topological phases with a localized flat band in
one of the edge. We further investigate the finite temperature
phase diagram by minimizing the free energy. The competition
between these two order parameters make a non-monotonic
decrease of their order parameters, and the superfluid proper-
ties have two different critical temperatures. These interesting
quantum and finite temperature many-body physics should be
observable within the present experimental regimes.
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