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Abstract

The LHC (Large Hadron Collider) is a proton-proton collider that is used to advance our
knowledge of fundamental physical laws. To test predictions of the Standard Model of
particle physics, it is crucial to be able to simulate proton-proton collisions as precisely
as possible. Hence, fixed-order calculations in perturbation theory have to be matched
to parton shower programs. In this thesis, we discuss how parton-shower matching
can be performed for QCD and electroweak corrections. In particular, we discuss the
dimensionally regularized standard FKS (Frixione-Kunszt-Signer) subtraction scheme in
detail, we derive FKS for photon-radiation off fermions within mass regularization, and
we discuss the Powheg method. Moreover, we discuss our C++ implementation of FKS
and the Powheg method.
We use the Powheg implementation to simulate the Drell-Yan process at NLO QCD
and NLO electroweak accuracy and perform parton-shower matching. We find that care
has to be taken to avoid large uncontrolled higher-order terms due to the vector-boson
resonance if QCD and electroweak radiation is generated. We use a resonance-improved
Powheg method to avoid the uncontrolled higher-order terms. These terms can introduce
shifts in the measured W -boson mass of about 10 MeV. Hence, it is crucial to use a
resonance-improved Powheg method to be able to match theW -boson mass measurment
with an accuracy of 10 – 20 MeV at the LHC.

Furthermore, we use our FKS implementation to implement a fixed-order NLO calcu-
lation for the process pp→W + jet. This implementation can serve as a first step for a
resonance-improved Powheg implementation for V + jet, where V = W,Z-boson.





Zusammenfassung

Der LHC ist ein Proton-Proton-Beschleuniger, der benutzt wird, um unser Verständnis
von fundamentalen physikalischen Gesetzen zu verbessern. Um Vorhersagen des Stan-
dardmodells der Teilchenphysik zu verbessern, ist es wichtig Proton-Proton-Kollisionen
so präzise wie möglich zu simulieren. Daher müssen fixed-order Rechnung in der Stö-
rungstheorie mit Parton-Shower-Programmen gematcht werden. In dieser Arbeit dis-
kutieren wir wie Parton-Shower-Matching für QCD und elektroschwache Korrekturen
durchgeführt werden kann. Insbesondere diskutieren wir das dimensional regularisierte
Standard-FKS-Subtraktionsschema (Frixione-Kunszt-Signer), wir leiten FKS für photoni-
sche Abstrahlung von Fermionen in Massenregularisierung her und wir diskutieren die
Powheg-Methode. Des Weiteren diskutieren wir unsere C++-Implementation für FKS
und die Powheg-Methode.
Wir verwenden unsere Powheg-Implementierung, um den Drell-Yan-Prozess auf NLO-
Genauigkeit für QCD und elektroschwache Korrekturen zu simulieren und das Parton-
Shower-Matching durchzuführen. Dabei stellen wir fest, dass man darauf achten muss
große nicht kontrollierte Terme höherer Ordnung auf Grund der Vektorboson-Resonanz
zu vermeiden, wenn QCD und elektroschwache Abstrahlung generiert wird. Wir benutzen
eine resonanz-verbesserte Powheg-Methode, um die Terme höherer Ordnung zu vermei-
den. Diese Terme können zu Veränderungen der gemessenen W -Bosonmasse um etwa
10 MeV führen. Deswegen ist es wichtig eine resonanz-verbesserte Powheg-Methode zu
verwenden, um die W -Bosonmasse mit einer Genauigkeit von 10 – 20 MeV am LHC zu
messen.
Des Weiteren verwenden wir unsere FKS-Implementation, um eine fixed-order NLO

Rechnung für den Prozess pp → W + jet zu machen. Diese Implementation kann als
erster Schritt für eine Implementierung der resonanz-verbesserten Powheg-Methode für
V + jet dienen (V = W,Z-Boson).
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1. Introduction

The particle collider Large Hadron Collider (LHC) is used to advance our understanding
of fundamental physical laws. By discovering the Higgs boson in 2012 [1,2], the standard
model of particle physics [3–9] was verified experimentally. Furthermore, it is possible to
search beyond the standard model physics in proton-proton collisions at the LHC. Due to
the remarkable performance of the LHC, it is possible to perform precision measurements
for a large number of standard model processes. The Drell-Yan process [10] is an
important standard candle at the LHC. Furthermore, the pure leptonic final state is
very clean. Therefore, the Drell-Yan process can be used to measure standard model
parameters like the weak mixing angle [11, 12] or the W -boson mass [13] with very high
precision. Since events are generated over the whole rapidity range, the Drell-Yan process
can be used to extract parton distribution function (pdf) [14]. It is also an important
background in searches for heavy gauge bosons W ′ and Z ′ in Beyond the Standard
Model (BSM) physics. Recent reviews can be found in references [15,16].

Since the LHC delivers large statistics for many standard model processes, the statistical
error is small and theoretical uncertainties should be always smaller than experimental
uncertainties. From a theory point of view, the Drell-Yan process is one of the simplest
processes at a hadron collider because only the initial-state partons can be the origin
of QCD radiation. To improve the theoretical uncertainties, higher-order corrections
in perturbation theory have to be included into the calculation. The next-to leading
order (NLO) QCD corrections were calculated in reference [17]. NNLO QCD corrections
were calculated in references [18–20] and are available in Monte-Carlo tools [21–26]. A
naive comparison of the coupling constants shows that α2

s ≈ 0.01 and α ≈ 0.01 have the
same order of magnitude. Therefore, electroweak (EW) NLO corrections [27–31] can play
an important role when we go beyond NLO in QCD. NLO EW corrections are implemented
in the tools HORACE [32, 33], WGRAD/ZGRAD [28, 29, 34, 35], WINHAC [36] and
SANC [37–41]. Also NNLO QCD corrections were combined additively with NLO EW
corrections [42]. A full calculation of O(ααs) terms is not available, yet. However,
the dominant corrections of O(ααs) were calculated in [43, 44]. Fixed-order NNLO
results were also combined with resummation results to predict the transverse momentum
distribution of the vector-boson in the region with small transverse momentum [45].
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1. Introduction

At hadron colliders like the LHC events consist of multi-particle final states due to
quark and gluon splittings and the subsequent hadronization. Fixed-order calculations
in perturbation theory, however, are ordered in the coupling of fundamental particle
interactions. It is only possible to calculate cross sections up to a few orders in the
coupling. For instance, NLO calculations include only one possibly soft or collinear
splitting. Hence, fixed-order calculations can be used to predict inclusive observables.
Moreover, large logarithms can arise at each order for more differential observables.
To obtain physical predictions, these logarithms have to be resummed to all orders in
perturbation theory.
A method to simulate more realistic events and resum the large logarithms is the

parton-shower approach. The parton shower starts from a LO process and additional
soft and collinear splittings are generated recursively until the hadronization scale is
reached. Parton showers use that matrix elements factorize in the limit of soft and
collinear radiation. Hence, a sequence of soft and collinear 1→ 2 splittings is added to
the LO event. However, splittings that are neither soft nor collinear are not included
properly in parton showers. Moreover, interference effects are neglected.
Many effort was put into combining parton showers with NLO calculations to obtain

realistic event samples with one possibly hard splitting. The main obstacle in combining
the two approaches is that parton showers include the first splitting in a soft and collinear
approximation. Therefore, double counting is encountered when we combine parton
showers and NLO calculations naively.

In the past years, two methods have been established to combine parton showers with
NLO calculations. The MC@NLO method [46] subtracts parton-shower contributions
from the NLO calculation to avoid double counting. Whereas, the Powheg method [47]
uses the NLO matrix element to perform the hardest splitting in a parton-shower way and
uses standard (pT ordered and vetoed) parton showers for all subsequent splittings. Both
methods overcome the double counting problem and have NLO accuracy. Only higher
order terms due to the resummation can be different. The NLO QCD corrections for the
Drell-Yan process were matched to parton showers within the MC@NLO framework [46]
and the Powheg framework [48]. The combination of EW and QCD corrections matched
to parton showers is available in the PowhegBox framework [49–51]. Parton-shower
matching at NNLO QCD level has also been achieved [52–54].
In the following, we use the Powheg method to combine NLO calculations with

standard parton-shower programs and study the phenomenological effects for the Drell-
Yan process.

The standard Powheg approach is usually used to combine NLO calculations in
QCD with parton showers. We also include EW corrections, because they can play an
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1. Introduction

important role in high-precision measurements at the LHC.
In the following we discuss the outline of this thesis. In chapter 2 we show that the

calculation of NLO observables is hindered by technical difficulties. For instance, the real
radiation and virtual part of the NLO cross section diverge. Since the structure of the
integrals is complicated, we have to integrate them numerically. To obtain a finite result,
we have to parametrize (regulate) the divergent structure of the real and virtual part, i.e.
we have to isolate the divergent pieces. The divergent pieces cancel analytically between
the real radiation and the virtual part. Hence, the rest can be integrated numerically.
Different subtractions schemes like Catani-Seymour [55] and FKS [56] can be used to

handle the divergent structures of observables at NLO. Standard subtraction schemes
use dimensional regularization because QCD calculations are done in this regularization
scheme. However, EW calculations often use mass regularization where fermion masses
serve as regulators. Hence, the standard subtraction schemes have to be modified to
incorporate mass regularization. In chapter 3 we give a full derivation of the FKS
subtraction for massless partons in dimensional regularization and we introduce FKS for
mass regularization in chapter 4. The results are also published in reference [57]. The
FKS subtraction scheme is well suited for Powheg because both methods start from an
leading order (LO) process and add a splitting to it.

In chapter 5 we discuss parton showers and parton shower matching. In particular, we
discuss the Powheg method and how we implemented it in a C++ code.
When QCD and EW radiation is simultaneously matched to parton showers with

Powheg, care has to be taken. The standard FKS subtraction used in Powheg splits
the phase space in different regions to handle all IR divergences properly. We find that
the standard FKS splitting can lead to large unwanted higher-order terms when we use
Powheg to generate QCD and EW radiation simultaneously. To avoid the higher order
terms, we use ideas from reference [58] to take the s-channel resonance of the Drell-Yan
process properly into account. In chapter 6 we apply our Powheg implementation to
the neutral-current Drell-Yan process and in chapter 7 we apply it to the charged-current
Drell-Yan process. The results are also published in reference [57].
In chapter 8 we discuss the process pp→W + jet and show that we can use the C++

implementation described in chapter 5 to calculate fixed-order EW and QCD corrections.
Therefore, our implementation can be used as a starting point for a resonance improved
parton shower matching as discussed in [58].
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2. NLO Calculations

The LHC is a particle collider that is used to study proton-proton collisions at
√
S =

7, 8 and, 13 TeV center of mass energy. Hadron-hadron collisions include a large variety
of reactions. When there is only a small momentum transfer between the hadrons, the
hadrons themselves interact. For large momentum transfer, short distance effects become
more important, i.e. the constituents of protons interact with each other. The interaction
between the partons from both hadrons is approximately independent of the rest of the
proton. Therefore, we can describe the hadronic cross section for a proton-proton collision
as a convolution of a partonic cross section dσ̂ij and parton distribution functions (pdfs)
fi(x). This is known as the factorization theorem. The hadronic cross section reads

dσ =
∑
i,j

∫ 1

0
dx1

∫ 1

0
dx2 fi(x1)fj(x2) dσ̂ij . (2.1)

The pdf fi(x) represents the distribution of partons i with proton momentum fraction
x in the proton, i.e. pi = xPp, where pi denotes the parton momentum and Pp the
proton momentum. The pdfs capture the long distance physics and are universal for all
scattering processes. The partonic cross section dσ̂ij represents the cross section of the
interaction of parton i and j. It is independent of the properties of the proton.
We calculate the partonic cross section in perturbation theory. Calculating processes

at NLO in perturbation theory has been fully automatized in the recent years and is now
the new standard.
Compared to the LO cross section, the NLO process has two additional types of

diagrams:

1. Real radiation diagrams with one additional emission of a quark or a gluon,

2. Virtual 1-loop diagrams.

We write the squared real radiation matrix element multiplied with the flux as

Rp1p2 = 1
2sr
|Mr|2, (2.2)

14



2. NLO Calculations

where p1, p2 denote the initial-state quarks and gluons and sr = 2k1 ·k2 is the Mandelstam-
s of the initial-state momenta of the real process. The virtual diagrams have the same
external particles as the born diagrams. Therefore, we have to add them to the born
matrix element before squaring. We find at NLO

|Mb +Mv|2 = |Mb|2 + 2 Re(MvM∗b) +O(α2), (2.3)

whereMb is the LO andMv is the virtual matrix element. We define a LO function B
and a virtual function V in the following way

B = 1
2sb
|Mb|2, (2.4)

V = 1
2sb

2 Re(MvM∗b), (2.5)

where sb = 2k̄1 · k̄2 is the Mandelstam-s of the initial-state momenta of the born process.
The functions B and V include the flux factor and average over initial-state spins and sum
over final state spins. Using the definition (2.1), the NLO cross section can be calculated
via

σNLO =
∑
p1,p2

∫
dx1 dx2 dΦnfp1(x1)fp2(x2)(B + V)+

+
∑
p1,p2

∫
dx1 dx2 dΦn+1fp1(x1)fp2(x2)Rp1p2 , (2.6)

where fp is the pdf for parton p and Φn is the n particle phase-space.
Virtual matrix elements contain ultra-violet (UV) divergences that have to be regular-

ized and handled by renormalization. In the course of this thesis, we assume that all UV
divergences are removed by renormalization.
After UV renormalization, infrared (IR) divergences connected to soft and collinear

particles remain. These singularities are present in the virtual as well as in the real
part. In physical quantities like cross sections, the singularities from the virtual and
real part cancel so that a finite result is obtained. At first, we show the origin of the
singularities. When a mother particle radiates a massless daughter particle (e.g. gluon)
with momentum k the propagator of the mother particle is proportional to

1
(p+ k)2 −m2 = 1

2p · k = 1
2EkEp(1−M cos θ) , (2.7)

where p is the momentum of the mother particle after the radiation. In the last step, we
expressed the momenta in terms of their energies Ek, Ep and the angle θ between the

15



2. NLO Calculations

two daughter particles. The factor M is defined as

M = |~p |
Ep

=
√

1− m2

E2
p

. (2.8)

When we integrate the squared propagator over the phase space, the gluon integration is
proportional to

dEk dcos θ 1
Ek(1−M cos θ)2 (2.9)

which is singular for soft radiation, i.e. Ek → 0. When the mother particle is also
massless (m = 0), the angular integration is singular for collinear radiation with cos θ = 1.
In QCD calculations, dimensional regularization [59] (dim. reg.) is commonly used to
regularize IR divergences, i.e. matrix elements and integrals are calculated in d = 4− 2ε
dimensions. In dim. reg., the result for the integrated squared matrix element has 1

ε poles
which parametrize the singularities. When we combine virtual and real part, the result
is finite, i.e. all 1

ε poles cancel and the limit ε → 0 can be used. In EW calculations,
however, mass regularization is often used. In the course of this section, we focus on
dim. reg. and discuss mass regularization in chapter 4.
The pole cancellation is a consequence of the KLN theorem [60,61]. However, a pole

due to collinear parton splittings does not cancel. We discuss this pole and the pdf
renormalization later in this section. The NLO cross section reads

σ = σLO +
∫
n+1

dσreal +
∫
n

dσvirt, (2.10)

where the integrals denote the integration over the n and n+ 1 particle phase-spaces. In
general, we cannot integrate the virtual and real matrix elements analytically and we
cannot integrate them numerically in d = 4 dimensions because they diverge due to IR
singularities. The solution is to subtract the divergent parts of the matrix elements in
d = 4− 2ε dimensions and integrate the remaining finite part numerically, i.e. the cross
sections is given by

σ = σLO +
∫
n+1

[dσreal − dσA] +
∫
n

[
dσvirt +

∫
1

dσA
]
. (2.11)

The subtraction term dσA has to be chosen such that the divergent part of the real cross
section is subtracted. The remaining subtracted n+ 1 particle phase-space integral is
then finite and we can use numerical integration in four dimensions. The subtraction
term has to be simple enough that we can perform the one-particle phase-space integral
and add it to the virtual part. All divergent terms have to cancel between the virtual
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2. NLO Calculations

part and the integrated subtraction term. Therefore, the remaining integral is also finite
and can be done by numerical integration methods. To show how a subtraction actually
works, we introduce a simple toy cross section. We assume that the real contribution to
the cross section reads ∫

n+1
dσreal =

∫
n

∫ 1

0
dE 1

E1+ε g(E). (2.12)

In our toy calculation, the integration over the momentum of the radiated particle is
given by an energy integration only. The matrix element times Jacobian is given by
a function 1

E which is analogous to the energy in (2.9) and an arbitrary non-singular
function g(E). The regulator ε is analogous to the d = 4− 2ε dimensions in dim. reg.
and is introduced here by hand. The integral is divergent in the limit ε → 0 if g is
not proportional to E. To extract the singularity, we subtract and add g(0). The cross
section is then given by∫

n+1
dσreal =

∫
n

∫ 1

0
dE 1

E1+ε [g(E)− g(0) + g(0)] . (2.13)

We can define the integrated subtraction term as

dσA = g(0) 1
E1+ε (2.14)

and calculate the one-particle phase-space∫
1

dσA = g(0)
∫ 1

0
dE 1

E1+ε = −g(0)1
ε

(2.15)

which has a 1
ε pole. The subtracted real part is finite. Therefore, we can use the limit

ε→ 0. In terms of the subtraction term, the subtracted real cross section reads∫
n+1

dσreal =
∫
n+1

[dσreal − dσA] +
∫
n

∫
1

dσA. (2.16)

The 1
ε pole in the integrated subtraction term has to cancel the singularity in the virtual

part. The most used subtraction schemes are the Catani-Seymour subtraction scheme [55]
and the FKS subtraction scheme [56]. We use the FKS subtraction in the following. A
derivation of the subtraction terms for the standard FKS subtraction in dimensional
regularization is given in chapter 3. All terms that have to be implemented in an
NLO calculation are summarized in section 3.4. Since EW calculations are traditionally
performed in mass regularization, we have derived the subtraction terms for FKS in mass
regularization. Our results are given in chapter 4.
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2. NLO Calculations

As mentioned earlier not all divergences cancel, when we combine the real and virtual
part in the hadronic cross section. The KLN theorem states that all IR divergences
cancel if we sum over all soft and collinear degenerate initial- and final-states. Since we
do not sum over all degenerate initial-states in the hadronic cross section, a collinear
divergence remains. We can absorb the remaining divergence into the pdfs. In dimensional
regularization the redefined pdf is given by

fp(x) = fp(x, µF )

− αs
2π
∑
p′

∫ 1

x

dz
z
fp′

(
x

z
, µF

){
Ppp′(z)

(
1
ε̂
− ln µ

2
F

µ2

)
+ rFpp′

}
+O

(
α2
s

)
, (2.17)

where µF is the factorization scale, Ppp′ is the regularized Altarelli-Parisi splitting function
in 4 dimensions, and

1
ε̂

= 1
ε
− γE + log(4π). (2.18)

The factorization scheme dependent rF piece is set to zero in the MS scheme which we
will use here. The factorization scale µF separates collinear and non-collinear radiation,
i.e. regions where the matrix element can be approximated using splitting functions.
Below the factorization scale, we assume partons to be part of the hadron, i.e. the
factorization scale is the upper bound for the momentum scale of collinear splittings.
Large collinear logarithms due to the collinear splittings are resummed by the DGLAP
equations [62–64] that link the pdfs at different scales. Above the factorization scale,
parton splittings belong to the hard process and are not part of the incoming partons.
The scale could be chosen freely since it is an unphysical quantity and the physical
quantities at all orders cannot depend on it. At NLO, the dependence on the scale is
reduced but still present. Therefore, we choose µF to be equal to a scale of the process
to avoid large corrections.

The redefinition of the pdfs is similar to renormalization. We combine the infinite bare
pdf fp(x) with a singularity in order to get the finite physical pdf fp(x, µF ). The pdfs
have to be extracted from experimental data. If we substitute the redefined pdfs into
(2.6), we obtain

σNLO = σ(b+v) + σ(r) + σ
(pdf)
+ + σ

(pdf)
− +O

(
α2
s

)
, (2.19)
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2. NLO Calculations

where

σ(b+v) =
∑
p1,p2

∫
dx1 dx2 dΦnfp1(x1, µF )fp2(x2, µF )(B + V), (2.20)

σ(r) = +
∑
p′1,p

′
2

∫
dx1 dx2 dΦn+1fp′1(x1, µF )fp′2(x2, µF )Rp′1p′2 , (2.21)

σ
(pdf)
+ =− αs

2π
∑
p1,p2

∫
dx1 dx2 dΦnFp1(x1, µF )fp2(x2, µF )B, (2.22)

σ
(pdf)
− =− αs

2π
∑
p1,p2

∫
dx1 dx2 dΦnfp1(x1, µF )Fp2(x2, µF )B. (2.23)

In dimensional regularization, according to (2.17), we have (s. [65, chapter 3.6.4])

Fp(x, µF ) =
∑
p′

(
1
ε̂
− ln µ

2
F

µ2

)∫ 1

x

dz
z
Ppp′(z)fp′

(
x

z
, µF

)
. (2.24)
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3. FKS Subtraction Scheme

One way to handle the singularities for soft and collinear radiation in the real matrix
element is the FKS subtraction scheme [56]. It uses the plus-distribution prescription to
extract the singular parts of the matrix element. Its structure is similar to the simple
subtraction example in eq. (2.16). However, the plus distribution can only extract one
singular structure. Since the radiated parton can be collinear to different particles in a
general process, we cannot parametrize the whole phase space such that all singularities
are handled at once. It is the main idea of the FKS subtraction scheme to split the full
real phase space into regions with only one singularity and parametrize the phase space
in each region such that the singularity is at the boundary of the integration region. In
each piece we can then use plus distributions to extract the singularities. We will first
derive subtraction terms under the assumption that there is only one singular region.
We start with radiation from initial-state partons in section 3.1 and we continue with
final-state radiation in section section 3.2. We generalize these results by introducing
a phase-space splitting in section 3.3. In section 3.4, we summarize the final result, i.e.
what has to be implemented in an NLO calculation.

3.1. Initial-State Radiation

Our aim is to extract the singularities from the real part of the NLO cross section (2.21).
We start by using the FKS subtraction scheme for the Drell-Yan process qq̄ → µ+µ−.
This process is particularly simple because there is only initial-state radiation at NLO in
QCD. However, we write our findings in a general form and show later how to generalize
our results to more complex processes. In particular, we do not make any assumptions
about the explicit expression for the matrix element, i.e. we use a general real-emission
matrix element R and the born matrix element B. Note, that the flux is included in B
and R (cf. (2.2) and (2.4)). The d = 4− 2ε dimensional real phase space reads

dΦn+1 = (2π)d δ(d)
(
x1K1 + x2K2 − k −

n∑
i=1

pi

)
n∏
i=1

dd−1pi
(2π)d−12p0

i

dd−1k

(2π)d−12k0 , (3.1)
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3. FKS Subtraction Scheme

where K1, K2 are the momenta of the incoming protons, k is the momentum of the
emitted parton and the momenta pi are all other final-state momenta. The momentum
fractions of the interacting partons are denoted by x1 and x2. In the Drell-Yan case, the
final-state momenta pi are the muon momenta and k is the gluon momentum. We define

dΠ = (2π)d δ(d)
(
x1K1 + x2K2 − k −

n∑
i=1

pi

)
dP, (3.2)

dP =
n∏
i=1

dd−1pi
(2π)d−12p0

i

(3.3)

to simplify the notation. The real matrix element diverges when the momentum k

becomes soft or collinear to the beam axis, i.e. the initial state partons. We can rewrite
the momentum integration of the radiated parton k in spherical coordinates

dd−1k

(2π)d−12k0 = K0ξ
1−2ε(1− y2)−ε(sinφ)−2ε dξ dy dφ, (3.4)

where y = cos θ is the angle between the radiated parton and the beam axis, ξ = 2k0√
sr

is
the energy fraction (see (C.11)), and

K0 = 2−5+4επ−
5
2 +εs1−ε

r

Γ
(

1
2 − ε

) . (3.5)

Next, we investigate the real matrix element. The collinear limit is approached for
y → ±1 and the soft limit for ξ → 0. For massless partons the singular structure from
the internal propagator reads 1

ξ2(1−y2) . We can extract this structure from the general
real matrix element by defining a regular function

g(ξ, y) = ξ2(1− y2)R (3.6)

that is not singular for y → ±1 and ξ → 0. We can use the real phase space (3.1) and
the regular function g to rewrite the real cross section. We obtain

dσ̂ = dΦn+1R = dΠ dξ dy dφK0ξ
−1−2ε(1− y2)−1−εg(ξ, y) (3.7)
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3. FKS Subtraction Scheme

for the partonic cross section. By using the distribution expansions (see Appendix E)

ξ−1−2ε =− 1
2εδ(ξ) +

(1
ξ

)
+
− 2ε

( log ξ
ξ

)
+

+O
(
ε2
)
, (3.8)

(1− y2)−1−ε =− 4−ε
2ε [δ(1− y) + δ(1 + y)] + 1

2

[( 1
1 + y

)
+

+
( 1

1− y

)
+

]
+O (ε) ,

(3.9)

we can split the partonic cross section into a soft part, a collinear part, and a finite part,
i.e.

dσ̂ = [dΦn+1R](s) + [dΦn+1R](coll,1) + [dΦn+1R](coll,−1) + [dΦn+1R](fin). (3.10)

The soft term reads

[dΦn+1R](s) = dΦnK0

(
− 1

2ε

)
dφ(sinφ)−2ε dy(1− y2)−1−εg(0, y), (3.11)

where the real phase space reduces to a born phase space and an integration over the
radiation variables. This term includes also the soft-collinear singularity, i.e. a 1

ε2 pole.
For the collinear part, we have two terms because the radiated parton can become
collinear to both initial-state partons. The collinear term for a radiation in z direction
(y = 1) is given by

[dΦn+1R](coll,1) = −dΠ
∣∣∣
y→1

dξ dφ
[

4−ε
2ε

(1
ξ

)
+
−
( log ξ

ξ

)
+

]
K0(sinφ)−2εg(ξ, 1). (3.12)

The second collinear part [dΦn+1R](coll,−1) for y = −1 is analogous. The finite part reads

[dΦn+1R](fin) = 1
2 dΠ dξ dy dφ

(1
ξ

)
+

[( 1
1 + y

)
+

+
( 1

1− y

)
+

]
K0g(ξ, y), (3.13)

where we can use ε = 0. The soft and collinear poles have to cancel with the poles
from the virtual corrections. However, finite pieces are included in [dΦn+1R](coll,1),
[dΦn+1R](coll,−1), and [dΦn+1R](s). In the following sections, we will extract those finite
terms.

3.1.1. Collinear Term

We start by investigating the collinear term. We focus on (3.12). The virtual correction
is integrated over the born phase space. To combine the collinear limit with the virtual
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3. FKS Subtraction Scheme

part, we have to rewrite the n+ 1 particle delta function into an n particle delta function.
We introduce the integral over the pdf of the initial-state parton which flies in positive z
direction. The collinear phase space reads

dΠy→1 = (2π)dδ(d)
(
x1(1− ξ)K1 + x2K2 −

n∑
i=1

pi

)
dP, (3.14)

where we combined the radiated momentum k =
√
s

2 ξ(1, 0, 0, 1) in the partonic center of
mass frame with the partonic initial-state momentum.
We change the integration variables of the pdf and the real phase space into x̄1 =

x1(1− ξ) and ξ̄ = ξ. (In the following, we omit the bar.) Since pdfs are defined only for
arguments between 0 and 1, we swap the order of integration and obtain 0 < x1 < 1 and
0 < ξ < 1− x1 as integration regions. Therefore, the collinear cross section part reads

dx1f(x1, µF )[dΦn+1R](coll,1) = −dΦn dφ(sinφ)−2εK0

× dx1 dξθ(1− x1 − ξ)
[

4−ε
2ε

(1
ξ

)
+
−
( log ξ

ξ

)
+

]
1

1− ξ f
(

x1
1− ξ , µF

)
g(ξ, 1), (3.15)

where dΦn = (2π)dδ(d) (x1K1 + x2K2 −
∑n
i=1 pi) dP . Note that the plus distribution

acts on the theta function (s. section E.2). The next step is to evaluate the function
g(ξ, 1). As discussed in section H.2, we can use spin-averaged splitting functions to write
the collinear matrix element as

R = 4παsµ2ε

k1 · k
P̂p1p′1

(z)B sb
sr
, (3.16)

where P̂p1p′1
is the unregularized spin-averaged Altarelli-Parisi splitting function. The

splitting particles are denoted by the indices p1 and p′1. The factor sb
sr

converts the flux
factor of R to the flux factor included in B. The denominator reads

k1 · k = ξ(1− y)sb4 (3.17)

and z is the momentum fraction of that particle

k = (1− z)k1 ⇒ z = 1− ξ. (3.18)
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3. FKS Subtraction Scheme

Therefore, we can write

g(ξ, 1) = g2
s(1 + y)ξP̂p1p′1

(1− ξ)B 4
sr
µ2ε
∣∣∣∣
y=1

= 32παsµ2ε

sr
ξP̂p1p′1

(1− ξ)B.
(3.19)

When we use this limit in the collinear cross section part (3.15) and integrate φ in [0, π]
(see Appendix C), we obtain

dx1f(x1, µF )[dΦn+1R](coll,1) = 16π dΦnB

×dx1 dξθ(1−x1−ξ)
αsµ

2ε

sr
K ′0

[
4−ε
ε

(1
ξ

)
+
− 2

( log ξ
ξ

)
+

]
ξP̂p1p′1

(1− ξ)
1− ξ f

(
x1

1− ξ , µF
)
,

(3.20)

where K ′0 = 2−5+4επ−2+εs1−εr
Γ(1−ε) . The unregularized splitting functions P̂p1p′1

in d = 4− 2ε
dimensions are given by [64]

P̂qq(1− ξ) = CF

[
1 + (1− ξ)2

ξ
− εξ

]
, (3.21)

P̂qg(1− ξ) = CF

[
1 + ξ2

1− ξ − ε(1− ξ)
]
, (3.22)

P̂gq(1− ξ) = TF

[
1− 2ξ(1− ξ)

1− ε

]
, (3.23)

P̂gg(1− ξ) = 2CA
[1− ξ

ξ
+ ξ

1− ξ + ξ(1− ξ)
]
. (3.24)

We separate the O(ε) terms in the splitting functions and write

P̂ = P̂ 0 + εP̂ ε. (3.25)

Since the collinear term has the same structure as the pdf renormalization term (2.24),
we can combine them. The origin of the regularized splitting functions in the pdf
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3. FKS Subtraction Scheme

renormalization is the DGLAP equation [62–64]. They are defined as

Pqq(1− ξ) = CF

(
1 + (1− ξ)2

ξ

)
+

= CF
(
1 + (1− ξ)2

)(1
ξ

)
+

+ 3
2CF δ(ξ) (3.26)

Pqg(1− ξ) = P̂qg(1− ξ) (3.27)

Pgq(1− ξ) = P̂qg(1− ξ) (3.28)

Pgg(1− ξ) = 2CA
[
(1− ξ)

(1
ξ

)
+

+ ξ

1− ξ + ξ(1− ξ)
]

+ 1
6 (11CA − 4nfTR) δ(ξ) (3.29)

Thus, we can write

Pab(1− ξ) = ξP̂ 0
ab(1− ξ)

(1
ξ

)
+

+ δ(ξ)γab (3.30)

where we define γqq = 3
2CF , γgg = 1

6(11CA − 4nfTR), and γgq = γqg = 0. We also define
γp = γpp. Using these expressions for the splitting functions, we find

dx1fp(x1, µF )[dΦn+1R](coll,1) = dΦnB dx1

[
− αs

2πfp(x1, µF )γp
(

1
ε̂
− log µ

2
F

µ2

)

+ dξθ(1− x1 − ξ)fp
(

x1
1− ξ , µF

) 1
1− ξG(1− ξ)

]
, (3.31)

where

G(1− ξ) = αs
2π

{
ξP̂ 0

pp′(1− ξ)
[(1

ξ

)
+

log µ
2
F

sr
− 2

( log ξ
ξ

)
+

]
+ P̂ εpp′(1− ξ)

}
. (3.32)

The pole in the first line of (3.31) has to cancel with a collinear pole from the virtual
corrections. The second line contains finite contributions to the cross section. We can
introduce a scale Q to obtain the same normalization as in [47].

dx1fp(x1, µF )[dΦn+1R](coll,1) = dΦnB dx1

[
− αs

2πfp(x1, µF )Nγp
(

1
ε
− log µ

2
F

Q2

)

+ dξθ(1− x1 − ξ) fp
(

x1
1− ξ , µF

) 1
1− ξG(1− ξ)

]
, (3.33)

where
N = (4π)ε

Γ(1− ε)

(
µ2

Q2

)ε
. (3.34)
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3. FKS Subtraction Scheme

The calculation for the limit y = −1 leads to an analogous result.

3.1.2. Soft Term

The next step is to investigate the soft term of the real cross section (3.11). It reads

[dΦn+1R](s) = −K0
2ε dΦn dy(1− y2)−1−ε dφ(sinφ)−2εg(0, y, φ). (3.35)

We can use the eikonal approximation of the real matrix element for massless partons

|Msoft|2 = 4πα
∑
ij
i 6=j

ki · kj
(ki · k)(kj · k)Bij . (3.36)

A derivation of this formula can be found in appendix H. The indices i, j run over all
particles with momentum ki that can radiate a gluon with momentum k. The case
i = j is not included in the sum because this term is proportional to the parton mass
k2
i = 0. The color correlated born amplitude Bij is the born matrix element with the

color structure of the real matrix element. Details are given in (H.22). The momentum
of the radiated particle is parametrized by its energy fraction ξ and the unit vector of
the 3-momentum, i.e.

k =
√
sr(ξ)
2 ξ(1, k̂). (3.37)

We can immediately see that the soft matrix element (3.36) is proportional to ξ−2.
When we calculate g(ξ, y) this factor cancels. Therefore, we define

k̃ =
√
s

2


1√

1− y2 cosφ√
1− y2 sinφ

y

 , (3.38)

where s is the born center-of-mass energy, and obtain

g(0, y) = 4παs(1− y2)δkg
∑
ij
i 6=j

ki · kj
(ki · k̃)(kj · k̃)

Bij , (3.39)

where δkg means that this function is only non-zero if the radiated parton is a gluon.
Since the born matrix element cannot depend on the variables of the radiated particle,
g(0, y) has no soft divergence. However, there can still be a collinear divergence.

We have to integrate the soft cross-section term (3.35) over the angles y and φ. The φ
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3. FKS Subtraction Scheme

and y dependent part is given by

Iij =
∫ π

0
dφ(sinφ)−2ε

∫ 1

−1
dy(1− y2)−ε ki · kj

(ki · k)(kj · k) . (3.40)

Since, the soft term (3.42) has a 1
ε pole, we need O(ε) terms. Furthermore, Iij is singular

itself when parton i and j are collinear to the gluon. Hence, Iij has a 1
ε pole and we write

Iij = 1
ε
Iijdiv + Iij0 + εIijε +O(ε2). (3.41)

The terms Idiv and I0 contribute to the poles and they have to cancel with the poles of
the virtual diagrams. The term Iε gives a finite contribution to the cross section. The
solution of this integral is given in Appendix F.
Plugging the result into (3.42), we find

[dΦn+1R](s) = −dΦn
αs
2π

(4π)ε
Γ(1− ε)

(
µ2

Q2

)ε
×

× sb
8π

{
−1
ε
− log Q

2

sb
+ ε

(
π2

6 −
1
2 log2 Q

2

sb

)}
1

2sb
∑
ij
i 6=j

IijBij

= −dΦn
αs
2π

(4π)ε
Γ(1− ε)

(
µ2

Q2

)ε∑
ij
i 6=j

{

+ 1
ε2 −

1
ε

[
log

(2ki · kj
Q2

)
− log

(
4k0

i k
0
j

sb

)]
+ (poles)

+
[

1
2 log2 Q

2

sb
− log Q

2

s
log ki · kj2k0

i k
0
j

− π2

6 − Li2
(

xij
xij − 1

)]
(finite)}

1
2sb
Bij ,

(3.42)

where
xij = 1− ki · kj

2k0
i k

0
j

. (3.43)

This term can be combined with the virtual contribution to the cross section because it
is only integrated over the born phase space and the pdfs.
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3. FKS Subtraction Scheme

3.1.3. Finite Term and Phase-Space Generation

All poles and finite contributions can now be combined with the virtual part of the NLO
cross section. The last step is to investigate the subtracted real cross section of (3.13).
Since the subtracted real matrix element is finite by construction, we can use the limit
d = 4 and obtain

[dΦn+1R](fin) = dΦn+1
1
2

(1
ξ

)
+

[( 1
1− y

)
+

+
( 1

1 + y

)
+

]
1
ξ
g(ξ, y, φ). (3.44)

However, the function g depends not only on the radiation variables ξ, y, φ. It depends
on the real phase space Φn+1 because the real matrix element depends on it. Our aim is
to construct a real phase space from the radiation variables ξ, y, φ and an underlying
born phase space, i.e. we have to find a mapping Φn+1 = Φn+1(Φn, ξ, y, φ).
This section describes how we can construct a real phase space from a born phase

space and the radiation variables ξ, y and, φ. This phase-space construction will be used
when we generate events with the Powheg method (s. chapter 5) where we generate
radiation starting from a born process. The description is based on [47].
The real phase space reads

dΦn+1 = (2π)4δ(4)
(
x1K1 + x2K2 − kn+1 −

n∑
i=1

ki

)
n∏
i=1

d3ki
(2π)32k0

i

d3kn+1
(2π)32k0

n+1
, (3.45)

where kn+1 is the momentum of the radiated parton. Our aim is to write the phase space
dΦn+1 in terms of a born phase space and radiation variables, i.e. we have to combine
the momentum kn+1 with the initial-state partons within the delta function. We define
the total momentum of the initial-state partons and the radiated parton as

ktot = x1K1 + x2K2 − kn+1. (3.46)

Next, we introduce a boost B that transforms the total momentum into a born like total
momentum, i.e.

k̄tot = x̄1K1 + x̄2K2 = Bktot. (3.47)

We require that the boost is chosen such that the rapidity is invariant. The new
momentum fractions x̄1 and x̄2 that we introduced have to be calculated. We assume
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3. FKS Subtraction Scheme

that the initial-state momenta of (3.45) are in their center-of-mass (CM) frame, i.e.

k+ = x1K1 =
√
s

2


1
~0
1

 , k− = x2K2 =
√
s

2


1
~0
−1

 . (3.48)

The radiation momentum in this frame is defined as

kn+1 =
√
x1x2S

2 ξ


1√

1− y2 cosφ√
1− y2 sinφ

y

 . (3.49)

Therefore, we have

ktot =
√
x1x2S

2


2− ξ

−ξ
√

1− y2 cosφ
−ξ
√

1− y2 sinφ
−ξy

 . (3.50)

Using (3.48), we find

K1,2 =
√
x1x2S

2
1
x1,2


1
0
0
±1

 . (3.51)

Plugging the momenta into (3.47), we obtain

B


2− ξ

−ξ
√

1− y2 cosφ
−ξ
√

1− y2 sinφ
−ξy

 =


x̄1
x1

+ x̄2
x2

0
0

x̄1
x1
− x̄2

x2

 . (3.52)

Since B is chosen such that the rapdity of ktot is conserved, we find

x̄1
x1

x2
x̄2

= 2− ξ(1 + y)
2− ξ(1− y) . (3.53)

Using the invariant mass leads to

x̄1
x1

x̄2
x2

= 1− ξ. (3.54)
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Solving both equations for x̄1, x̄2, we obtain

x̄1/2 = x1/2
√

1− ξ
√

2− ξ(1± y)
2− ξ(1∓ y) . (3.55)

Therefore, we can rewrite the real phase space in terms of a born phase space and
radiation variables, i.e.

∫ 1

0
dx1

∫ 1

0
dx2 dΦn+1 =

∫ x̄max
1

0
dx̄1

∫ x̄max
2

0
dx̄2 (2π)4δ(4)

(
x̄1K1 + x̄2K2 −

n∑
i=1

k̄i

)
n∏
i=1

d3k̄i

2k̄0
i (2π)3

× s

(4π)3
ξ

1− ξ dξ dy dφ,

(3.56)

where we define
k̄i = Bki i = 1, . . . , n, (3.57)

and use that the momentum integration is boost invariant. Furthermore, we use

d3kn+1
(2π)32E = dξ dy dφ ξs

(4π)3 . (3.58)

When we transform the integration variables x1,2 into x̄1,2, the x̄1,2 integration is not
bound to the interval [0, 1] anymore. However, the interpretation of x̄1,2 as born momen-
tum fractions requires a restriction to [0, 1]. Therefore, we use

θ(x̄max
1 (ξ, y)− x̄1)θ(x̄max

2 (ξ, y)− x̄2) = θ(ξmax(x̄1, x̄2, y)− ξ), (3.59)

where

ξmax = 1−max

 2(1 + y)x̄2
1√

(1 + x̄2
1)2(1− y)2 + 16yx̄2

1 + (1− y)(1− x̄2
1)
,

2(1− y)x̄2
2√

(1 + x̄2
2)2(1 + y)2 − 16yx̄2

2 + (1 + y)(1− x̄2
2)

 .
(3.60)

This means that the maximal radiation energy is limited by the maximal energy of the
born initial-state momenta. We can write the phase space (3.56) as

∫ 1

0
dx1

∫ 1

0
dx2 dΦn+1 =

∫ 1

0
dx̄1

∫ 1

0
dx̄2 dΦ̄n dΦradθ(ξmax(x̄1, x̄2, y)− ξ), (3.61)
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where the underlying born phase space is given by

dΦ̄n = (2π)4δ(4)
(
x̄1K1 + x̄2K2 −

n∑
i=1

k̄i

)
n∏
i=1

d3k̄i

2k̄0
i (2π)3 (3.62)

and the radiation phase space reads

dΦrad = s

(4π)3
ξ

1− ξ dξ dy dφ. (3.63)

The momenta k̄i are the final-state moment of the underlying born, i.e.

k̄tot =
n∑
i=1

k̄i. (3.64)

Since our goal is to construct the real phase space from the underlying born phase space,
we use the CM frame of x̄1K1 and x̄2K2 as reference frame for the construction of the
momenta. We can express the real momenta k+ and k− in this frame in terms of the
momentum fractions, i.e.

k+ =
√
x̄1x̄2S

2
x1
x̄1


1
0
0
1

 and k− =
√
x̄1x̄2S

2
x2
x̄2


1
0
0
−1

 . (3.65)

The momentum of the radiated parton (3.49) is defined in the CM frame of k+ and k−.
Therefore, we have to boost the momentum into the CM system of x̄1K1 and x̄2K2. To
do this, we construct a boost that boosts k+ and k− into their CM system, i.e.

Λ(k+ + k−) =
(√

x1x2S

~0

)
(3.66)

and use the inverse boost to transform k. The boost is given by

Λ = 1
2
√
x1x2x̄1x̄2


x̄1x2 + x1x̄2 0 0 x̄1x2 − x1x̄2

0 1 0 0
0 0 1 0

x̄1x2 − x1x̄2 0 0 x̄1x2 + x1x̄2

 . (3.67)

We can now calculate the initial-state momenta and the momentum of the radiated
parton from the underlying born phase space. Concerning the final-state momenta, we
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have to find a boost which connects the final-state momenta of Φn+1 with the momenta
of Φ̄n.
Since we choose Φ̄n such that it is given in the partonic CM system, the rapidity is zero
and its invariant mass is given by m̄2 = x̄1x̄2S. Using the boost Λ, we obtain

kxtot = −1
2ξ cosφ

√
x1x2S(1− y2) (3.68)

kytot = −1
2ξ sinφ

√
x1x2S(1− y2). (3.69)

Since the rapidity is invariant under the boost that connects ktot and k̄tot, we obtain
kztot = 0. Using that the invariant mass is conserved, we find

k0
tot = 1

2

√
x1x2S [ξ2(1− y2) + 4(1− ξ)]. (3.70)

Since the transverse components of k̄tot are zero in its CM frame, we need a transverse
boost that fulfills

ΛTktot = k̄tot. (3.71)

There is more than one boost with properties. One possible choice is to use

ΛT =


cosh η2 0 − sinh η2 0

0 1 0 0
− sinh η2 0 cosh η2 0

0 0 0 1




cosh η1 − sinh η1 0 0
− sinh η1 cosh η1 0 0

0 0 1 0
0 0 0 1

 , (3.72)

where

sinh η1 = ξ cosφ
√

y2 − 1
ξ2(y2 − 1) sin2 φ+ 4(ξ − 1) , (3.73)

sinh η2 = 1
2ξ sinφ

√
1− y2

1− ξ . (3.74)

Using ΛT we can calculate the final state momenta of Φn+1 with

ki = ΛΛ−1
T k̄i for i = 1, . . . , n, (3.75)

where Λ is used to transform the real phase space into its CM system. We also have to
transform ktot with Λ. This completes the construction of the initial-state FKS phase
space.
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3.2. Final-State Radiation

When a parton is radiated from a final-state parton, the matrix element has soft and
collinear singularities as well. In contrast to initial-state radiation, we cannot use the
beam axis as natural direction for the phase-space parameterization because the collinear
singularity would not occur at cos θ = 1. Here, we define the spherical coordinate system
in terms of the final-state particle momenta. In general, the matrix element has multiple
divergences connected to all possible emissions. In the following derivation, we assume,
as for initial-state radiation, that there is only one singularity which is connected to
the emission of a gluon from a quark. The general case is discussed at the end of this
section. We use the gluon as radiated FKS parton k and the momentum pj of the quark
as basis for the coordinate system because there is no soft singularity connected to the
quark. In contrast to initial-state radiation, the anti-collinear singularity for cos θ = −1
is not present in final-state radiation. We parametrize the momenta of the real phase
space in the center-of-mass frame of the incoming partons where the partons move along
the z direction. We construct another spherical coordinate system where pj defines the
z-direction, i.e.

p′j =
√
s

2 ξj


1
~0
1

 . (3.76)

This coordinate system is connected to the original system by a rotation, i.e. pj = Rp′j .
In this system, the radiated parton has the four momentum

k′ = R−1(θj , φj)k =
√
s

2 ξ


1

cosφ
√

1− y2

sinφ
√

1− y2

y

 , (3.77)

where y = cos θ is the angle between the momenta k and pj . Therefore, the matrix
element has a collinear divergence at y = 1. Since the phase space integral is Lorentz
invariant, we can write the real phase space as

dΦn+1 = (2π)d δ(d)
(
q −Rk′ −

n∑
i=1

pi

)
n∏
i=1

dd−1pi
(2π)d−12p0

i

dd−1k′

(2π)d−12k′0 , (3.78)

where
q = x1K1 + x2K2. (3.79)

33



3. FKS Subtraction Scheme

We define
g(ξ, y, φ) = (1− y)ξ2R (3.80)

to remove the singularities from the real matrix element. We use the distribution
expansions (3.9) and

(1− y)−1−ε = −2−ε
ε
δ(1− y) +

( 1
1− y

)
+

+O(ε) (3.81)

to split the partonic cross section into a soft, a collinear and a finite part, i.e.

dσ̂ = [dΦn+1R](s) + [dΦn+1R](coll) + [dΦn+1R](fin). (3.82)

This splitting is analogous to the splitting for initial-state radiation in (3.10). The soft
term reads

[dΦn+1R](s) = −dΦn dy dφK0
2ε

(1− y2)−ε
1− y (sinφ)−2ε g(0, y, φ), (3.83)

where K0 is defined in (3.5). Note that this term contains a soft-collinear 1
ε2 -pole. The

soft limit and the integrals are the same as in the initial-state case in section 3.1.2. The
collinear term is given by

[dΦn+1R](coll) = −dΠ
∣∣∣
y→1

dξ dφK0

[
2−ε
ε

(1
ξ

)
+
− 2

( log ξ
ξ

)
+

]
2−ε (sinφ)−2ε g(ξ, 1, φ).

(3.84)
The finite term reads

[dΦn+1R](fin) = dΦn+1

(1
ξ

)
+

( 1
1− y

)
+

1
ξ
g(ξ, y, φ). (3.85)

In the following sections, we will investigate the soft and collinear terms further.

3.2.1. Collinear Limit

In the collinear limit, the emitted parton flies in the same direction as the emitter, i.e.

√
s

2 ξR


1
~0
1

+ pj =
√
s

2 (ξ + ξj)
(

1
p̂j

)
, (3.86)
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where j is the emitter, p̂j is its direction and ξi,j are the momentum fractions. We define
the energy fraction of the mother parton as

ξ̂ = ξ + ξj . (3.87)

The collinear phase space reads

dΠ
∣∣∣
y→1

= (2π)d δ(d)

q − n∑
i=1
l 6=j

pi −
√
s

2 (ξ + ξj)p̂j

 n∏
i=1

dd−1pi
(2π)d−12p0

i

. (3.88)

Next, we also write the pj integration in spherical coordinates and obtain

[dΦn+1R](coll) =
n∏
i=1
i 6=j

dd−1ki
(2π)d−12k0

i

dyj dφjK2
0 (sinφj)−2ε(1− y2

j )−ε2−ε

× dφ(sinφ)−2ε dξ
[

2−ε
ε

(1
ξ

)
+
− 2

( log ξ
ξ

)
+

]
F (ξ), (3.89)

where

F (ξ) = dξjξ1−2ε
j (2π)d δ(d)

q − n∑
i=1
i 6=j

pi −
√
s

2 ξ̄p̂j

g(ξ, 1, φ) (3.90)

contains the whole ξ dependence. The collinear limit of g is given by the splitting function
(3.21) and the born matrix element

g(ξ, 1, φ) = ξ2(1− y)4παsµ2ε

k · pj
P̂qq

(
ξj

ξ̄

)
B(ξ̄)

= αsµ
2ε 16π

s

ξ

ξj
P̂qq

(
ξj

ξ̄

)
B(ξ̄),

(3.91)

where the born matrix element B depends on the energy fraction ξ̄ of the mother particle.
Using ξ̄ instead of ξj as integration variable, where ξj = ξ̄ − ξ, we obtain

F (ξ) =
∫ 1

ξ
dξ̄ (ξ̄ − ξ)1−2ε(2π)d δ(d)

q − n∑
i=1
i 6=j

pi −
√
s

2 ξ̄p̂j

16παsµ2εξ

(ξ̄ − ξ)s P̂qq

(
ξj

ξ̄

)
B(ξ̄),

(3.92)
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where we used energy conservation to restrict the integration range. In (3.89), we have
to apply the plus distributions. When we apply a plus distribution [f(ξ)]+, we obtain

dξ [f(ξ)]+ F (ξ) = 16παsµ2ε

s
dξ̄ξ̄1−2εB(ξ̄)(2π)d δ(d)

q − n∑
i=1
i 6=j

pi −
√
s

2 ξ̄p̂j


× dzθ(1

ξ̄
− z)ξ̄f(ξ̄z)

θ(ξ̄(1− z))z(1− z)−2ε

1− z P̂qq(1− z)−
[
ξ

ξ̄
P̂qq

(
ξ̄ − ξ
ξ̄

)]
ξ=0

 .
(3.93)

We can rewrite the z integral in the following way

∫ 1
ξ̄

0
dz · · · =

∫ 1

0
dz
[
ξ
[
f(ξ̄z)

]
+

(1− z)−2εzP̂qq(1− z)
]

+
[
ξ

ξ̄
P̂qq

(
ξ̄ − ξ
ξ̄

)]
ξ=0

∫ 1

1
ξ̄

dz ξ̄f(zξ̄).

(3.94)
Using (3.93) in (3.89), we obtain

[dΦn+1R](coll) = αs
2πN dΦnB

1
ε

I1 +
[
ξ

ξ̄
P̂qq

(
ξ̄ − ξ
ξ̄

)]
ξ=0

log ξ̄


+ log Q

2

s
I1 − 2I2(ξ̄) +

[
ξ

ξ̄
P̂qq

(
ξ̄ − ξ
ξ̄

)]
ξ=0

(
log ξ̄ log Q

2

s
− log2 ξ̄

) , (3.95)

where we integrated over the azimuthal angle φ, introduced the same normalization (3.34)
as in initial-state radiation, and calculated

I1 =
∫ 1

0
dz
(1
z

)
+

(1− z)−2εzP̂qq(1− z) = −3
2CF +

(2
3π

2 − 3
)
CF ε+O(ε2), (3.96)

I2(ξ) =
∫ 1

0
dz
( log(ξz)

z

)
+

(1− z)−2εzP̂qq(1− z) =
(7

4 −
3
2 log ξ

)
CF +O(ε). (3.97)

In QCD, there are also processes with a gluon in the LO final state. When the gluon
splits into two quarks, we get an analogous contribution as for the q → qg splitting. We
use the P̂qg splitting functions in (3.96) and (3.97) and obtain

I1 = 2
3TFnf + 10

9 εTFnf +O(ε2), (3.98)

I2(ξ) = 6
9TFnf log ξ − 13

18TFnf +O(ε), (3.99)
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where the factor nf is there because the gluon can split into nf quark flavors. A gluon
can also split into two gluons. However, this term cannot be calculated by substituting
P̂gg because both gluons can become soft. In the above calculation we assumed that
parton k is soft and subtracted the divergence. When two gluons are in the final state,
we have another divergence for z = 1 in (3.96) and (3.97). We have to introduce FKS S
functions to handle the problem. Therefore, the calculation is postponed to section 3.3.1.

3.2.2. Soft Limit

Evaluating the soft term defined in (3.83) leads to the same result as for initial-state
radiation (ISR) in section 3.1.2 because we have to solve the same eikonal integral.

However, evaluating the soft limit of g(ξ, y, φ) defined in (3.80) is more involved. Hence,
we describe how to implement g(0, y, φ). The soft matrix element in the eikonal limit
is given in (3.36). The momenta entering the eikonal factor cannot be parametrized
in spherical coordinates with the beam axis as main axis. We have to construct the
momentum of the gluon in a frame where the mother particle momentum points in an
arbitrary direction. When we take the soft limit, i.e. ξ → 0, the momentum of the
radiated parton approaches zero and the real phase space is equal to the born phase
space. However, the energy fraction ξ of the momentum k is canceled in the eikonal
factor with the ξ2 factor which is used to regularize the matrix element in g. Therefore,
we have to use a momentum k̃ = 1

ξk which is parametrized in the angular FKS variables
y and φ.
We start in a frame where the mother particle flies in z-direction. Mother particle

means here the particle which we have chosen to parametrize the phase space in terms of
FKS variables. Note that the particle from the real phase space, which is not soft, flies
in the same direction because the soft particle does not affect this particle. The four
momentum of the gluon is then given by

k̃′ =
√
s

2


1√

1− y2 cosφ√
1− y2 sinφ

y

 . (3.100)

In a given born phase space Φn the final-state particles do not fly in z-direction. Therefore,
we have to rotate k̃′ into the frame of the mother particle pm on born level, i.e. we have
to find a rotation which transforms the mother particle from the frame where it flies in z
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direction to the frame of Φn. The rotation matrix R has to fulfill

pm = R

√
s

2


1
~0
1

 , (3.101)

where pm is a given momentum from the born phase space Φn. To obtain the rotation
matrix R, we calculate the polar angle of pm with respect to ~pm = (~0, 1)

cos θm = pzm
p0
m

. (3.102)

The azimuthal angle can be computed using1

tanφ = pym
pxm

. (3.103)

The rotation matrix is given by

R =


1 0 0 0
0 cosφm sinφm 0
0 − sinφm cosφm 0
0 0 0 1




1 0 0 0
0 1 0 0
0 0 cos θm sin θm
0 0 − sin θm cos θm

 . (3.104)

Now, we can evaluate the eikonal factor and the matrix element using k̃ and the born
phase space Φn. The FKS g function for gluon radiation is similar to the ISR case in
(3.105), i.e.

g(0, y) = 4παs(1− y)δkg
∑
ij
i 6=j

ki · kj
(ki ·Rk̃)(kj ·Rk̃)

Bij . (3.105)

3.2.3. Finite Term and Phase-Space Generation

As for the initial-state subtracted real cross section, we have to construct the real phase
space from an underlying born phase space and the FKS radiation variables ξ, y, and φ.
The finite term in (3.85) is an integral over the real phase space dΦn+1, where the FKS
parton is parametrized by the angle y and the energy fraction ξ. As for the initial-state
case, the phase-space construction is based on [47]. We construct the real phase space in
the center-of-mass frame of the initial-state partons, i.e.

q = x1K1 + x2K2 = (q0, 0, 0, 0), (3.106)
1In practice, it useful to use the function atan2 defined in C99, POSIX.1-2001 to calculate φ.
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where q0 =
√
s. The real phase space is given by

dΦn+1 = d3kn+1
(2π)32k0

n+1

d3kj
(2π)32k0

j

n∏
i=1
i 6=j

d3kl
(2π)32k0

i

(2π)4 δ(4)

q − k − n∑
i=1
i 6=j

ki

, (3.107)

where we define
k = kn+1 + kj (3.108)

because we consider that a born parton splits into two partons with momenta kn+1 and
kj . Our goal is to write the real phase space in terms of a born phase space dΦ̄n and
parametrize the radiated particle with the FKS variables ξ, y, and φ, i.e.

dΦn+1 = J dξ dy dφ dΦ̄n, (3.109)

where J is a Jacobian that we calculate in the following and φ is an azimuthal angle. To
write the delta-function of the real phase space (3.107) in terms of the born momenta
k̄i in dΦn, we use boost invariance. Furthermore, the initial-state momenta shall not
change in the construction of the final-state radiation (FSR) phase space, i.e. x1,2 = x̄1,2.
Therefore, we introduce a boost which fulfills

Λ (q − k − krec) = q − k̄j −
n∑
i=1
i 6=j

k̄i, (3.110)

where the recoiling momenta are defined by

krec =
n∑
i=1
i 6=j

ki, (3.111)

k̄i = Λki for 1 ≤ i ≤ n, i 6= j and,

Λ(q − k) = q − k̄j . (3.112)

That this boost always exists can be shown by direct construction. Momentum conserva-
tion for the underlying born phase space implies

q =
n∑
i=1

k̄i ⇒ k̄j = q − Λkrec. (3.113)
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Since the mother particle k̄j is massless, we have the condition

0 = k̄2
j = (q − Λkrec)2 . (3.114)

We use a boost in direction of krec and after a lengthy calculation, we obtain from (3.114)
the boost velocity

β = q2 − (k0
rec + |krec|)2

q2 + (k0
rec + |krec|)2 . (3.115)

Using Lorentz invariance of the delta function and the momentum integration, we obtain

dΦn+1 = d3kn+1
(2π)32k0

n+1

d3kj
(2π)32k0

j

n∏
i=1
i 6=j

d3k̄i

(2π)32k̄0
i

(2π)4 δ(4)
(
q −

n∑
i=1

k̄i

)
. (3.116)

We can change the integration from d3kj to d3k because kj and k are connected by linear
shift. The integration over the emitted parton is most easily parametrized in spherical
coordinates

d3kn+1
(2π)32k0

n+1
= s

(4π)3 ξ dξ dcosψ dφ, (3.117)

where the angle ψ is the angle between kn+1 and k. The azimuthal integration φ can be
identified with the azimuthal integration in (3.109). The real phase space is then given
by

dΦn+1 = s

(4π)3 ξ dξ dcosψ dφ |k|
2 d|k|dΩ

(2π)32k0

n∏
i=1
i 6=j

d3k̄i

(2π)32k̄0
i

(2π)4 δ(4)
(
q −

n∑
i=1

k̄i

)
. (3.118)

The momentum of the mother particle has the same direction as the momentum of
particle j in the underlying born phase space. Therefore, we can write

d3k = |k|2 d|k| dΩ (3.119)

d3k̄j = |k̄j |2 d|k̄j |dΩ, (3.120)

where the angular integration dΩ is the same in both cases. Therefore, we only have to
change the radial integration of k to the underlying born momentum in order to write
dΦn+1 in terms of dΦn. Comparing (3.118) with (3.109), we have to find y(ψ, k), k̄j(ψ, k)
and derive the associated Jacobian J in

s

(4π)3 ξ
|k|2
k0
j

dcosψ d|k| = J |k̄j |2 dy d|k̄j |. (3.121)

40



3. FKS Subtraction Scheme

First, we derive y in terms of cosψ and |k|. We find that

y = |k|
2 − |kj |2 − |kn+1|2

2|kj ||kn+1|
. (3.122)

The length of the vector |kj | in terms of the angle ψ and the length |k| is given by

|kj |2 = |k|2 + |kn+1|2 − 2|k||kn+1| cosψ. (3.123)

Using (3.112) we obtain
(q − k̄j)2 = (q0 − k0)2 − |k|2 (3.124)

because we work in the center of mass frame with q = (q0, 0, 0, 0). Hence, the new
integration variable is given by

|k̄j | =
q2 − (q0 − k0)2 + |k|2

2q0 . (3.125)

For the Jacobian determinant of the transformation, we find

J = q2ξ

(4π)3
|kj |2
|k̄j |

(
|kj | −

k2

2q0

)−1

, (3.126)

where k2 = 2|kj ||kn+1|(1−y). The term |kj | depends on ψ. Therefore, we have to express
it in terms of y and ξ.
First, we use that the energy of the emitted parton is given by

k0
n+1 = ξ

√
s

2 . (3.127)

The maximal energy of kn+1 is limited by the energy of the mother parton k̄j . Since the
mother parton is massless, we find k0

n+1 < |k̄j |, i.e.

ξmax = 1− M2

s
, (3.128)

where we defined the invariant mass M2 as

M2 = k2
rec = (q0 − k0)2 − |k|2. (3.129)
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In a frame, where the mother momentum k points in z direction, we have

~kn+1 = k0
n+1


sinψ cosφ
sinψ sinφ

cosψ

 (3.130)

and

kj =


|kj |

−k0
n+1 sinψ cosφ

−k0
n+1 sinψ sinφ

|k| − k0
n+1 cosψ

 . (3.131)

The absolute value of k is given by

|k|2 = |kj |2 + (k0
n+1)2 + 2k0

n+1|kj |y. (3.132)

We use energy conservation to obtain a relation for |kj |, i.e.

√
s = |kj |+ k0

n+1 +
√
M2 + |k|2, (3.133)

where M2 is the invariant mass of the 4 momentum which recoils against k. We can
express M2 also in terms of the underlying born phase space dΦ̄n and obtain

M2 = k2
rec =

 n∑
l=1
l 6=j

k̄l


2

= (q − k̄j)2. (3.134)

Solving (3.133) yields

|kj | =
s−M2 − 2

√
sk0
n+1

2(
√
s− k0

n+1(1− y)) . (3.135)

Using this in (3.126), we find

dΦrad = 2sξ
(4π)3

|kj |
|k̄j |

1
2− ξ(1− y) dξ dy dφ, (3.136)

where
|kj |
|k̄j |

= (1− ξ)s−M2

s−M2
2

2− ξ(1− y) . (3.137)

The momenta kn+1 and kj are in a frame where the mother particle momentum points
in z-direction. Therefore, we have to rotate them into the frame of the underlying born
momenta. We can use the rotation (3.104) to do that. Finally, we have to boost the

42



3. FKS Subtraction Scheme

recoiling born momenta k̄i to the frame of kn+1, i.e.

ki = Λ−1k̄i. (3.138)

This completes the construction of the real final-state phase space from an underlying
born phase space and the FKS radiation variables ξ and y.

3.3. Combination of Initial-State and Final-State
Singularities

A general matrix element has more than one singular region. However, the cancellation
of divergences with plus distributions as discussed in the previous sections works only if
there is only one singular region. Following FKS, we split the phase space into multiple
singular regions by introducing functions Si(Φn+1) and Sij(Φn+1) that fulfill

∑
i

Si +
∑
ij

Sij = 1. (3.139)

The function Si corresponds to a region where parton i is radiated from an initial-state
parton and Sij corresponds to the radiation of parton i from the final-state parton j.
Introducing the S functions into the real partonic cross section leads to

dσ̂ = dΦn+1R =
∑
i

dΦn+1SiR+
∑
ij

dΦn+1SijR. (3.140)

To achieve a phase-space splitting into regions with only one singularity, we require that
Si and Sij fulfill the following properties

• Si = 0 and Sij = 0 if m soft and i 6= m

• Si = 0 if m is collinear to an initial state parton and i 6= m

• Sij = 0 if m is collinear to an initial state

• Sij = 0 if m and n are collinear and i 6= m, j 6= l; i 6= l, j 6= m

If particles i and j do not lead to a singular region in the matrix element, we can define
Sij = 0. The term ∑

i dΦn+1SiR in (3.140) has only a singularity if parton i is soft or
collinear to an initial-state parton. Therefore, we substitute

g → Sig (3.141)
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in (3.6). For final-state radiation we can perform a similar substitution in (3.80), i.e.

g → Sijg. (3.142)

The radiated parton can only be collinear to one final-state parton because otherwise
the underlying born matrix element would have singularities. Two collinear regions can
overlap only if a final-state particle flies in beam direction. We assume that there are
phase-space cuts to prevent this case. Therefore, the S functions are 1 in the collinear limit
and we do not have to change our previous calculation. In general, two soft singularities
can share one collinear singularity. If parton i is soft and it has also a collinear singularity
connected to parton j, this singularity is the same as for a soft parton j and a non-soft
parton i. This means that the sum Sij + Sji has to be 1 in the collinear limit. We can
simply set Sij = 0 for i = q because there is no soft singularity connected to a quark.
However, there is the three gluon vertex in QCD where we have to take both soft regions
into account. The consequences are discussed in section 3.3.1.

The soft limit is not so simple because a soft parton can be collinear to multiple partons.
Hence, a soft singularity has more than one contributing S function. Since the soft limit
is the same for ISR and FSR, all soft regions can be treated together and are combined
by (3.139). Therefore, the calculation also does not change.
Hence, the S functions only affect the calculation of the finite part. We obtain

[dΦn+1R](fin) =
∑
i

dΦn+1
1
2

( 1
ξi

)
+

[( 1
1− yi

)
+

+
( 1

1 + yi

)
+

]
1
ξi
g(ξi, yi, φi)Si(Φn+1)

+
∑
ij

dΦn+1

( 1
ξi

)
+

(
1

1− yij

)
+

1
ξi
g(ξi, yij , φij)Sij(Φn+1),

(3.143)

where yij denotes the angle between parton i and j, yi denotes the angle between parton
i and the beam axis and ξi is the energy fraction of parton i.

3.3.1. Choice of S functions

To be able to evaluate (3.143) numerically for each region, we have to specify the S
functions. The original FKS approach used θ functions to split the phase space. However,
we choose smooth functions that are easier to implement [47, 66]. First, we motivate
the form of the S functions by investigating e+e− → qq̄ + g which has only final-state
singularities. The two regions are S53 and S54. The limits of the S functions are 0 and 1.
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Therefore, we use the ansatz
Sij = 1

1 +Aij
. (3.144)

If the gluon (5) is collinear to the quark (3) (i.e. y53 = 1), we have S53 = 1 and
consequently A53 → 0 and if the gluon is collinear to the anti-quark (4) (i.e. y54 = 1), we
have S53 = 0 and A53 →∞. We choose

A53 = 1− y53
1− y54

, A54 = A−1
53 (3.145)

which fulfills
S53 + S54 = 1. (3.146)

If we want to extend this to more than two final-state regions, we choose

1 +Aij = (1− yij)
∑
l

1
1− yil

(3.147)

and find ∑
j

Sij =
∑
j

1
(1− yij)

∑
l

1
(1−yil)

=
∑
j

1
D(1− yij)

= 1, (3.148)

where D = 1∑
l

1
1−yil

.
If we have more than one potentially singular parton i, we have to introduce the energy

in Sij to fulfill Sij = 0 if m is soft and i 6= m, i.e.

1 +Aij = EiEj(1− yij)
∑
kl

1
EkEl(1− ykl)

. (3.149)

We define
dij = EiEj(1− yij). (3.150)

For initial-state radiation, we write

Si = 1
Ddi

, (3.151)

where
di =

√
s

2 Ei(1− y2
i ) (3.152)

and we extend D to
D =

∑
k

1
dk

+
∑
kl

1
dkl

. (3.153)
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We have

(k1 + k2) · ki =
√
sEi, (3.154)

ki · k1 = Ei

√
s

2 (1− yi), (3.155)

ki · kj = EiEj(1− yij), (3.156)

in the partonic center-of-mass frame which we can use to write di/ij with invariant
quantities. In case of the three gluon vertex, we have a soft singularity connected to both
gluons. Therefore, we cannot simply substitute Pqq with Pgg in (3.95). We introduce a
function h in Sij which ensures that only one soft gluon leads to a singularity

Sij → δjgSij h

(
Ei

Ei + Ej

)
, (3.157)

where h(0) = 1, h(1) = 0 and h(z)+h(1−z) = 1. The function h is 1 at the soft endpoint
because only one gluon can become soft. If both gluons would be soft, the gluon from
the born phase space would be soft and the matrix element would be divergent. When
we insert Pgg in (3.96), we see that the integral diverges if z = ξi

ξ → 1, i.e. if the gluon
which is not the FKS parton is soft. Therefore, we need the property h(z)→ 0 for z → 1
to get a convergent integral. The property h(z) + h(1− z) = 1 ensures that the sum of
all S functions is one. We choose

h(z) = 1− z. (3.158)

When we use h(z)Pgg in (3.96) and (3.97) we obtain

I1 = −11
6 CA +

(2
3π

2 − 65
36

)
CAε+O(ε2) (3.159)

and
I2(ξ) = 203

72 CA −
11
6 CA log ξ +O(ε). (3.160)

So far we considered only one initial-state region. However, we can also split the initial-
state region di into a part for an initial-state parton coming from the left d(l)

i and one
coming from the right d(r)

i . We find

1
di

= 1
d

(l)
i

+ 1
d

(r)
i

= 1√
sEi(1− yi)

+ 1√
sEi(1 + yi)

. (3.161)

We need this splitting when a real process has different underlying born processes. For
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instance, the process qq → W+q′q has two underlying born flavor configurations. The
final-state quark q can come from an initial-state splitting q → gq from both initial-state
quarks. Therefore, the underlying born processes are qg →W+q′ and gq →W+q′. We
cannot use one singular region for both born processes because we have to use different
born matrix elements in the collinear limits y = 1 and y = −1.

Other choices

For NLO calculations, the explicit form of the S functions does not matter. However,
when FKS is used for parton shower matching, the choice of S function matters because
they define the type of radiation, i.e. if ISR or FSR is generated. In the PowhegBox
the following S functions are used because they are based on kT [47, 67]:

di = E2
i (1− y2

i ), (3.162)

d
(l/r)
i = 2E2

i (1∓ yi), (3.163)

dij = 2ki · kj
EiEj

(Ei + Ej)2 . (3.164)

In the following, we use the same S functions as the PowhegBox.

3.3.2. Combining Soft and Virtual Limits

In this section, we collect all collinear and soft terms from the previous sections. To
simplify the notation, we define

γi =


3
2CF if i = quark
11
6 CA − 2

3nfTF if i = gluon
γ0
i =

2CF if i = quark

2CA if i = gluon
(3.165)

γ′i =


(

13
2 − 2

3π
2
)
CF if i = quark(

67
9 − 2

3π
2
)
CA − 23

9 TFnf if i = gluon
(3.166)

Furthermore, all γ are zero if i does not denote a QCD parton. We start by collecting all
divergent parts. In (3.42), we found the divergent part

Idivij =
{

1
ε2 −

1
ε

[
log

(2ki · kj
Q2

)
− log

(
4k0

i k
0
j

sb

)]}
. (3.167)
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For collinear radiation, we found in (3.33), (3.95), (3.96), (3.98), and (3.159) the following
collinear part

Qdiv = 1
ε

(
γ1 + γ2 +

n∑
i=3

[
γi − γ0

i log
(2Ei√

s

)])
. (3.168)

Hence, the divergent part reads

Vdiv = dx1 dx2 dΦnf(x1, µF )f(x2, µF )N αs
2π

QdivB +
n∑
i,j
i 6=j

Idivij Bij

 , (3.169)

where the normalization N is defined in (3.34). Using color conservation and the i↔ j

symmetry of the color factor, we find

Vdiv = dx1 dx2 dΦnf(x1, µF )f(x2, µF )N αs
2π×

×

1
2

1
ε2B

n∑
i=1

γ0
i + 1

ε

B n∑
i=1

γi −
n∑
i,j
i 6=j

log 2ki · kj
Q2 Bij


 . (3.170)

Now, we state the finite parts of the integrated soft and collinear limits that contribute
to the cross section. The finite part of soft and collinear limits is given by

Vfin = dx1 dx2 dΦnf(x1, µF )f(x2, µF )αs2π

QinB +QfinB +
∑
i,j
i 6=j

IijBij

 . (3.171)

The finite part of the soft end point in (3.42) is

Iij = 1
2 log2 Q

2

sb
− log Q

2

sb
log ki · kj2k0

i k
0
j

− π2

6 − Li2
(

xij
xij − 1

)
, (3.172)

where
xij = 1− ki · kj

2k0
i k

0
j

. (3.173)

The finite part of the collinear end points in (3.33) and (3.95) are given by

Qin = − log µ
2
F

Q2 [γ1 + γ2] (3.174)
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for initial-state radiation and

Qfin =
n+2∑
i=3

{
γ′i − log s

Q2

(
γi − γ0

i log 2Ei√
s

)
+ γ0

i log2 2Ei√
s
− 2γi log 2Ei√

s

}
(3.175)

for final-state radiation.

3.4. Final Result

In this section, we summarize all terms that have to be calculated in an FKS based NLO
calculation. The FKS cross section consists of multiple parts that have to be implemented
independently, i.e.

dσ = dx1 dx2 dΦnL(x1, x2)(B + V̂) + dx1 dx2 dΦn+1L(x1, x2)R̂

+ dx1 dx2 dΦn
dz
z
L(x1/z, x2)G1 + dx1 dx2 dΦn

dz
z
L(x1, x2/z)G2, (3.176)

where dΦnL(x1, x2)B is the LO part and

L = f1(x1, µF )f2(x2, µF ). (3.177)

The subtracted real part R̂ is described in section 3.4.1. The virtual part V̂ is given in
section 3.4.2. Finally, the collinear remnant terms G1, G2 are described in section 3.4.3.

3.4.1. Subtracted Real Matrix Element

The subtracted real matrix element (3.143) reads

dΦn+1LR̂ =
∑
ij

dΦ(ij)
n+1LR̂ij +

∑
i

dΦ(i)
n+1LR̂i, (3.178)

where

R̂i = 1
ξi

1
2

( 1
ξi

)
+

[( 1
1− yi

)
+

+
( 1

1 + yi

)
+

]
Si(Φ(i)

n+1)ξ2
i (1− y2

i )R. (3.179)

and
R̂ij = 1

ξi

( 1
ξi

)
+

(
1

1− yij

)
+
Sij(Φ(ij)

n+1)ξ2
i (1− yij)R. (3.180)
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The functions Si and Sij are defined in section 3.3 and

R = 1
2s |Mn+1|2. (3.181)

We have to implement the plus distributions in R̂i and R̂ij in a numerical code.
We start by investigating dΦ(i)

n+1R̂i. The real phase-space element is given by

dΦ(i)
n+1 = dΦ̄n dΦ(i)

rad, (3.182)

where dΦ̄n is an underlying born phase space and dΦ(i)
rad is defined in (3.63). Therefore,

we obtain

dx1 dx2 dΦ(i)
n+1LR̂i =
1

2(4π)3

∫ 1

0
dx̄1

∫ 1

0
dx̄2

∫
dΦ̄n

∫ 1

−1
dy

∫ 2π

0
dφ

∫ 1

0
dξ
{

1
1− y

1
ξ

[
Gi(x̄1, x̄2, Φ̄n, ξmax[x̄1, x̄1, y]ξ, y, φ) (real)

−Gi(x̄1, x̄2, Φ̄n, 0, y, φ) (soft)

−Gi(x̄1, x̄2, Φ̄n, ξmax[x̄1, x̄1, 1]ξ, 1, φ) (collinear)

+Gi(x̄1, x̄2, Φ̄n, 0, 1, φ)
]

(soft collinear)

+ 1
1− y

[
log (ξmax[x̄1, x̄1, y])Gi(x̄1, x̄2, Φ̄n, 0, y, φ) (endpoint)

− log (ξmax[x̄1, x̄1, 1])Gi(x̄1, x̄2, Φ̄n, 0, 1, φ)
]}

+ term for (y = −1),
(3.183)

where ξmax is defined in (3.60). The function Gi is given by

Gi(x̄1, x̄2, Φ̄n, ξ, y, φ) = sr
1− ξ f1(x1, µF )f2(x2, µF )Si(Φn+1) g(ξ, y), (3.184)

where sr = x1x2S, x1,2(x̄1,2, y, ξ) are defined in (3.55), and g is defined in (3.6). Note
that we omitted the indices for the radiation variables because the radiation variables are
integration variables. The endpoint term arise from the region ξ > ξmax of the subtracted
soft end point which can be analytically integrated. The soft limit of g is given in (3.39)
and the collinear limit for splittings with a quark as born particle is given in (3.19). For
a gluon as born particle, we have to use the spin-correlated matrix element limit (H.25)
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in (3.19). The construction of the real phase space from an underlying born phase space
is described in section 3.1.3. Here, we give it in an algorithmic form:
function GeneratePhasespaceISR(Φ̄n(x̄1,2, k̄±, k̄i, JΦn), ξ, y, φ)

x1, x2 = (3.55)
k± = (3.65)
kn+1 = (3.49)
Λ = (3.67)
ΛT = (3.72)
kn+1 = Λ−1kn+1

for i = 1, . . . , n do
ki = Λ−1

T k̄i

end for
k± = Λk±
for i = 1, . . . , n+ 1 do

ki = Λki
end for
J = JΦn

s
(4π)3

ξ
1−ξ

return Φn+1(x1,2, k±, ki, kn+1, J)
end function
Next, we investigate dΦ(ij)

n+1R̂ij . The final-state real phase-space reads

dΦ(ij)
n+1 = dΦ̄n dΦ(ij)

rad , (3.185)

where dΦ̄n is the underlying born phase space as before and dΦ(ij)
rad is defined in (3.136).
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Using the real phase space, we find

dx1 dx2 dΦ(ij)
n+1LR̂ij =

∫ 1

0
dx1

∫ 1

0
dx2 dΦ̄n

∫ 1

−1
dy

∫ 2π

0
dφ

∫ 1

0
dξ
{

1
1− y

1
ξ

[
Gij(x1, x2, Φ̄n, ξmaxξ, y, φ) (real)

−Gij(x1, x2, Φ̄n, 0, y, φ) (soft)

−Gij(x1, x2, Φ̄n, ξmaxξ, 1, φ) (collinear)

+Gij(x1, x2, Φ̄n, 0, 1, φ)
]

(soft-collinear)

+ 1
1− y

[
log (ξmax)Gij(x1, x2, Φ̄n, 0, y, φ) (endpoint)

− log (ξmax)Gij(x1, x2, Φ̄n, 0, 1, φ)
]}

,

(3.186)

where ξmax is defined in (3.128). The function Gij is given by

Gij(Φ̄n, ξ, y, φ) = 1
ξ
Jf1(x1, µF )f2(x2, µF )Sijg(ξ, y, φ), (3.187)

where J is defined by (3.126) and (3.136) and g is defined in (3.80). The limits of g are
defined in (3.105) and (3.91). The real phase-space generation is described in section 3.2.3
and can be constructed with the following algorithm:
function GeneratePhasespaceFSR(Φ̄n(x̄1,2, k̄±, k̄i, JΦn), ξ, y, φ)

M2 = (3.134)
k0
n+1 = (3.127)
|kj | = (3.135)
|k| = (3.132)
cosψ = (3.123), (3.132)
kn+1 =(3.130)
kj =(3.131)
R = (3.104)
kn+1 = Rkn+1

kj = Rkj

krec = q − kn+1 − kj
β =(3.115)
Λ = Boost(krec, β)
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for i = 1, . . . , n; i 6= j do
ki = Λ−1k̄i

end for
J = JΦn × (3.136)
return Φn+1(x̄1,2, k̄±, ki, kn+1, J)

end function

3.4.2. Virtual Term

In section 3.3.2, we found the contribution

VFKS = Vdiv + Vfin, (3.188)

where Vdiv is divergent and defined in (3.170) and Vfin is finite and defined in (3.171).
We combine this part with the 1-loop contribution

V1-loop = dx1 dx2L dΦnV (3.189)

and obtain
dx1 dx2 dΦnLV̂ = VFKS + V1-loop. (3.190)

Due to the KLN theorem, all poles in VFKS have to cancel with poles in V1-loop.

3.4.3. PDF Renormalization Term

In (3.33), we found a finite contribution to the cross section that is a remnant of the pdf
renormalization. This contribution is given by

dx1 dx2 dΦn
dz
z
L
(
x1
z
, x2

)
G1 =

∑
q′1

∫ 1

0
dx1

∫ 1

0
dx2 dΦnBq′1

∫ 1

x1
dz 1

z
fq1

(
x1
z
, µF

)
fq2(x2, µF )

×
{

(1− z)P̂ 0
q′1q1

(z)
[( 1

1− z

)
+

log s

zµ2
F

+ 2
( log(1− z)

1− z

)
+

]
− P̂ εq′1q1(z)− rFq1q′1

}
,

(3.191)

where P̂ 0(z) is the unregularized Altarelli-Parisi splitting function in four dimensions
and P̂ ε is its O(ε) term in d = 4− 2ε dimensions (s. (3.21)-(3.24)). We introduced the
factorization scheme depend term rFq1q′1

from (2.17). We have to sum over all possible
born initial-state partons q′1 in the splitting q1 → q′1 and choose the appropriate born
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3. FKS Subtraction Scheme

matrix element Bq′1 . Note that s is the Mandelstam variable of the born phase space Φn.
The contribution G2 is similar to the term above. The only difference is that q1 and q2

change their role.

3.5. EW Corrections

When we calculate EW processes with a radiated photon, we can use the FKS subtraction
scheme with some minor changes. We have to change the splitting functions in the
previous calculation to the QED ones, i.e. CF → Q2

f , CA → 0 and TF → Q2
f , where Qf

is the charge of the fermions. We have to change (3.166) accordingly, where we replace
nfTF with ∑iQ

2
i . In summary, we find

γi =


3
2Q

2
i if i = fermion

−2
3
∑
lQ

2
l if i = γ

γ0
i =

2Q2
i if i = fermion

0 if i = γ
(3.192)

γ′i =


(

13
2 − 2

3π
2
)
Q2
i if i = fermion

−23
9
∑
lQ

2
l if i = γ

(3.193)

The analogon to the color factor in Bij is the charge. Therefore, we use Bij = −QiσiQjσjB
where σf = +1 for incoming fermions and outgoing anti-fermions and σf = −1 for
outgoing fermions and incoming anti-fermions [68]. The color conservation is replace by
the charge conservation ∑i σiQi = 0. The form of VFKS remain unchanged with these
substitutions. We use the DIS scheme for EW pdf renormalization as suggested in [69].
Hence, we have to use

rDIS
ff =

(
Pff (z)

(
log 1− z

z
− 3

4

)
+ 9 + 5z

4

)
+

(3.194)

in (3.191).
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4. FKS with Mass Regularization

The usual FKS subtraction, as derived in the previous chapter, uses dim. reg. to regulate
soft and collinear singularities. Since QCD calculations are usually performed in dim. reg.,
the FKS subtraction scheme can widely be used for NLO QCD calculations. However,
EW corrections are often calculated in mass regularization, where a fictitious photon
mass mγ and the fermion masses are used as regulators. Only terms that are singular in
the massless limit are kept and they have to cancel between virtual and real corrections.
Hence, these terms play the same role as the 1

ε poles in dim. reg..
Our aim is to use the FKS subtractions scheme for mass regulated EW corrections. In

the following sections we derive the FKS terms for mass regularization in a similar way
as in the previous chapter for dim. reg.. We restrict the derivation to photon radiation
off fermions because we will apply FKS to the Drell-Yan process in chapter 6 and to
pp→Wj in chapter 8. In section 4.3, we summarize what has to be implemented for an
NLO calculation. We also published the results of this chapter in [57].
We start with the partonic part of the real cross section (2.21), i.e. without pdfs,

σ̂n+1 = dΦn+1R = (2π)4δ(4)
(
k1 + k2 − k −

n∑
i=1

pi

)
n∏
i=1

d3pi
(2π)32Ei

d3k

(2π)32ER, (4.1)

where k is an additionally emitted photon with mass mγ , k1,2 are the initial-state
momenta, pi are the final-state momenta, and

R = 1
2s |Mn+1|2 (4.2)

is the massive real matrix element. The massless squared matrix element contains
singularities which are connected to soft radiation. We introduce a fictitious photon mass
mγ in order to regulate those singularities. The massless matrix element is also divergent
for collinear radiation but those singularities are regulated by the fermion masses in the
massive matrix element. Since we are interested in the massless case, we expand the
cross section in the masses and keep only divergent and finite terms. To handle the soft
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4. FKS with Mass Regularization

singularities, we split the energy integration into a soft and a hard part, i.e.,

σ̂n+1 = σ̂sn+1 + σ̂hn+1. (4.3)

The soft part is given by

σ̂sn+1 = πδ(4)
(
k1 + k2 −

n∑
i=1

pi

)
dP

∫
|~k|≤∆E

d3k

E

|Mn+1|2
2s (4.4)

and the hard part by
σ̂hn+1 =

∫
|~k|>∆E

dΦn+1R, (4.5)

where dP = ∏n
i=1

d3pi
(2π)32Ei and ∆E is an intermediate soft energy scale that fulfills

mγ � ∆E.
We can use the eikonal (soft) approximation for the matrix element

|M(soft)
n+1 |2 = g2∑

i,j

Mij
ki · kj

(ki · k)(kj · k) |Mn|2, (4.6)

in the soft part (s. section H.1), where (s. section 3.5)

Mij = QiσiQjσj . (4.7)

We obtain

σ̂sn+1 = 4π2αδ(4)
(
k1 + k2 −

n∑
i=1

pi

)
dPB

∑
i,j

Mij

∫
|~k|≤∆E

d3k

E

pi · pj
(pi · k)(pj · k) . (4.8)

The solution to the integral over the eikonal factor is given in section F.2. We obtain

σ̂sn+1 = α

4π2 dΦnB
∑
i,j
i 6=j

MijIij −
α

4π2 dΦnB
∑
i

Q2
i Ii, (4.9)
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4. FKS with Mass Regularization

where

Iij = 2π
{

1
2 log 4(pi · pj)2

m2
im

2
j

log ∆E2

m2
γ

− 1
4 log2 m

2
i

E2
i

− 1
4 log2 m

2
j

E2
j

+ 2 log 2 log pi · pj
2EiEj

− Li2
(
pi · pj
2EiEj

)
− log

(
pi · pj
2EiEj

)
log

(
1− pi · pj

2EiEj

)
+ 1

2 log2
(
pi · pj
2EiEj

)

+2 log2 2− π2

6

}
(4.10)

and
Ii = 2π

(
log 4∆E2

m2
γ

+ log m2
i

4E2
i

)
. (4.11)

(Note Ii 6= Iii). We can use charge conservation ∑i σiQi = 0 to simplify the soft part
further and arrive at

σ̂sn+1 = − α

2π dΦnB
{∑

ij
i 6=j

σiσjQiQjIij + 1
2
∑
i

Q2
i log2 m

2
i

E2
i

−
(

2 log2 2− π2

6

)∑
i

Q2
i

+
∑
i

Q2
i

(
log 4∆E2

m2
γ

+ log m2
i

4E2
i

)}
, (4.12)

where

Iij(∆E) = 1
2 log 4(pi · pj)2

m2
im

2
j

log ∆E2

m2
γ

+ 2 log 2 log pi · pj
2EiEj

− Li2
(
pi · pj
2EiEj

)

− log
(
pi · pj
2EiEj

)
log

(
1− pi · pj

2EiEj

)
+ 1

2 log2
(
pi · pj
2EiEj

)
. (4.13)

In the following, we investigate the divergence structure of the hard cross section σ̂hn+1.
The squared matrix element includes matrix elements with singularities connected to the
emission from different charged particles. Therefore, the hard cross section is divergent
in different phase-space regions. We want to split the real phase space in multiple regions
such that each region contains only one soft and collinear divergence. Therefore, we use
the FKS S functions introduced in section 3.3. After introducing the S functions in the
hard cross section, we use the invariance of the phase space integral under rotations to
choose different parametrization in every region r, i.e.

σ̂hn+1 =
n∑
r=0

∫
|~k|>∆E

dΦr
n+1Sr(Φr

n+1)R. (4.14)
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4. FKS with Mass Regularization

We assume that the radiated photon is always particle n+ 1, i.e. r labels the regions and
Sr = Sn+1,r for r > 0.

First, we express the integration over the momentum of the radiated particle in terms
of its energy and angles and we obtain

d3k

(2π)32k0 = 1
2(2π)3

∫ √
s

2

mγ
dE

∫ 1

−1
dy

∫ 2π

0
dφ
√
E2 −m2

γ

= 1
2(2π)3

∫ 1

a
dξ
∫ 1

−1
dy

∫ 2π

0
dφ
√

1− a2

ξ2 ξ
s

4 ,
(4.15)

where we introduced ξ = 2√
s
E and a = 2mγ√

s
. We obtain

σ̂hn+1 = π
∑
r

dP r
∫ 1

ξmin
dξr

∫ 1

−1
dyr

∫ 2π

0
dφr δ(4)

(
kr1 + kr2 − kr −

n∑
i=1

pri

)
×

×
√

1− a2

(ξr)2
ξrs

4 Sr
|Mn+1|2

2s , (4.16)

where ξmin = 2∆E√
s
. In the following we drop the superscript r for the phase space and

implicitly assume that the phase space is parametrized such that k is collinear to pr
respectively k1 for y = 1. In section E.4, it is shown how to write the ξ integration in
terms of a plus distribution:

σ̂hn+1 = π
∑
r

dP
{
δ(4)

(
k1 + k2 − k −

n∑
i=1

pi

)∫ 1

0
dξ
∫ 1

−1
dy

∫ 2π

0
dφ

(1
ξ

)
+
Sr
ξ2

8 |Mn+1|2

−δ(4)
(
k1 + k2 −

n∑
i=1

pi

)
log ξmin

∫ 1

−1
dy

∫ 2π

0
dφSr

[
ξ2

8 |Mn+1|2
]
ξ→0

 . (4.17)

We can use the eikonal approximation (4.6) for the matrix element in the second line.
Therefore, we have to solve the integral

I = 4πα
∑
r

∑
ij

∫ 1

−1
dy

∫ 2π

0
dφSr

ξ2

8Mij
ki · kj

(ki · k)(kj · k) |Mn|2. (4.18)

The integrand does not depend on ξ because the factor ξ2 cancels the denominator of
the eikonal approximation. Furthermore, the denominator is invariant under Lorentz
transformations and we can evaluate the integrand in one reference frame. Therefore, we
can use that the sum of S functions equals to one. When we use the angular integral
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4. FKS with Mass Regularization

over the eikonal factor from section F.2, we obtain

I = −8π2αB

∑
ij
i 6=j

Mij log
m2
im

2
j

(2ki · kj)2 + 2
∑
i

Q2
i

 . (4.19)

We can use this result in (4.17) and obtain

σ̂hn+1 = π dP
∑
r

δ(4)
(
k1 + k2 − k −

n∑
i=1

pi

)∫ 1

0
dξ
∫ 1

−1
dy

∫ 2π

0
dφ

(1
ξ

)
+
Sr
ξ2

8 |Mn+1|2

+ 1
2
α

2π dΦnB log 4∆E2

s

∑
ij
i 6=j

Mij log
m2
im

2
j

(2ki · kj)2 + 2
∑
i

Q2
i

 . (4.20)

We investigate the term in the first line for initial-state radiation and final-state radiation
in the next sections.

4.1. Initial-State Radiation

The initial-state term in (4.20) is given by

σ̂0 = π dPδ(4)
(
k1 + k2 − k −

n∑
i=1

pi

)∫ 1

0
dξ
∫ 1

−1
dy

∫ 2π

0
dφ

(1
ξ

)
+
S0
ξ2

8 |Mn+1|2. (4.21)

This term has only divergences for y → ±1. Therefore, we split the y integration into
three parts

1. y ∈ [−1,−1 + ε]

2. y ∈ [−1 + ε, 1− ε]

3. y ∈ [1− ε, 1]

where ε > 0 is a small number. We write

σ̂0 = σ̂0,1 + σ̂0,2 + σ̂0,3, (4.22)

where the subscript labels the y region. The matrix element times S0 function is only
divergent in region 1 and 3. We start with evaluating the non divergent region 2 by
subtracting and adding the collinear limits of the matrix element, i.e.

σ̂0,2 = σ̂0,2+ + σ̂y→1
0,2 + σ̂y→−1

0,2 , (4.23)
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4. FKS with Mass Regularization

where σ̂0,2+ = σ̂0,2 − σ̂y→1
0,2 − σ̂y→−1

0,2 is the subtracted cross section and

σ̂y→±1
0,2 = π dP

∫ 1

0
dξ
∫ 1−ε

−1+ε
dy

∫ 2π

0
dφ

(1
ξ

)
+

[
δ(4)

(
k1 + k2 − k −

n∑
i=1

pi

)
S0
ξ2

8 |Mn+1|2
]
y→±1

.

(4.24)
The matrix element in its collinear limit is given by [70]

|M(coll)
n+1 |2 = Q2

i g
2

z(pi · k)

[
Pff (z)− zm2

i

(pi · k)

]
|Mn(zpi)|2 (4.25)

for initial-state radiation, i.e. the collinear limit is given by the born matrix element
times a splitting function Pff (x) = 1+x2

1−x . The argument of the splitting function is the
ratio of energy that the emitting particle has after the emission z = 1− k0

p0
i

= 1− ξ. The
subtracted cross section is given by

σ̂0,2+ = σ̂0,2 − σ̂y→1
0,2 − σ̂y→−1

0,2

= π dP
∫ 1−ε

−1+ε
dy

∫ 1

0
dξ
∫ 2π

0
dφ δ(4)

(
k1 + k2 − k −

n∑
i=1

pi

)(1
ξ

)
+
×

× 1
1− y2

{
g0(ξ, y, φ)− 1

2(1 + y)g0(ξ, 1, φ)− 1
2(1− y)g0(ξ,−1, φ)

}
,

(4.26)

where we defined
g0(ξ, y, φ) = 1

2s
(k1 · k)(k2 · k)

E1E2
S0|M0

n+1|2. (4.27)

Since we do not evaluate the matrix element in its collinear divergences at y → ±1,
we can use the massless matrix element |M0

n+1|2. When we perform a partial fraction
decomposition for the term 1

1−y2 , we find that we can write the subtracted cross section
as

σ̂0,2+ = π dP
∫ 1

−1
dy

∫ 1

0
dξ
∫ 2π

0
dφ δ(4)

(
k1 + k2 − k −

n∑
i=1

pi

)
×

×
(1
ξ

)
+

1
2

[( 1
1− y

)
+

+
( 1

1 + y

)
+

]
g0(ξ, y, φ), (4.28)
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where we used the limit ε → 0. We can combine the integral of the third integration
region y ∈ [1− ε, 1] with the subtraction term σ̂y→1

0,2

σ̂0,3 + σ̂y→1
0,2 = π dP

∫ 1

0
dξ
∫ 1

−1+ε
dy

∫ 2π

0
dφ

(1
ξ

)
+
δ(4)

(
x1(1− ξ)K1 + x2K2 −

n∑
i=1

pi

)
×

× ξ2

8
Q2

1g
2

z(p1 · k)

[
Pff (z)− zm2

1
(p1 · k)

]
|Mn(zp1)|2, (4.29)

where z = 1− ξ. The integrand is only singular at y → 1 and not for y → −1. Therefore,
we can set ε→ 0 for the lower bound of the y integration. The only y dependent terms
are the p1 · k terms and we can use the integral identities

∫ 1

−1
dy 1

p1 · k
= − 4

ξs
log m2

1
4E2

1
+O(m2

1), (4.30)∫ 1

−1
dy 1

(p1 · k)2 = 8
ξ2s

1
m2

1
+O(m2

1). (4.31)

We obtain

σ̂0,3 + σ̂y→1
0,2 = −π2 dP

∫ 1

0
dξ
∫ 2π

0
dφ

(1
ξ

)
+
δ(4)

(
x1(1− ξ)K1 + x2K2 −

n∑
i=1

pi

)
×

×
[
g0(ξ, 1, φ) log m2

1
4E2

1
+ 2
s
Q2

1g
2|Mn((1− ξ)x1K1)|2

]
, (4.32)

where we used that

g0(ξ, 1, φ) = Q2
1g

2

(1− ξ)sξPff (1− ξ)|Mn((1− ξ)x1K1)|2. (4.33)

When we calculate the hadronic cross section

σ =
∫ 1

0
dx1

∫ 1

0
dx2 f(x1, µF )f(x2, µF )σ̂, (4.34)
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we can use the integral transformation x̄1 = (1− ξ)x1 to reduce the delta function and
the born matrix element to the born case. For an arbitrary function h(ξ, x1), we find

∫ 1

0
dx1

∫ 1

0
dξ
(1
ξ

)
+
δ(4)

(
x1(1− ξ)K1 + x2K2 −

n∑
i=1

pi

)
h(ξ, x1)|Mn((1− ξ)x1K1)|2 =

∫ 1

0
dx1

∫ 1−x1

0
dξ
(1
ξ

)
+

1
1− ξ δ

(4)
(
x1K1 + x2K2 −

n∑
i=1

pi

)
h

(
ξ,

x1
1− ξ

)
|Mn(x1K1)|2.

(4.35)

The upper bound of the ξ integration has to be understood as a theta function under the
plus distribution. We can split the integration into two parts and obtain∫ 1−x

0
dξ
(1
ξ

)
+
f(ξ) =

∫ 1−x

0
dξ 1

ξ
[f(ξ)− f(0)]− f(0)

∫ 1

1−x
dξ 1

ξ
, (4.36)

where the second integral can be integrated analytically (s. section E.2). Using (4.35) in
(4.34), we find

∫ 1

0
dx1 f(x1, µF )

(
σ̂0,3 + σ̂y→1

0,2

)
=

− α

2πQ
2
1 dΦnB

∫ 1

0
dx1

∫ 1−x1

0
dξ
(1
ξ

)
+

[
ξPff (1− ξ)

1− ξ log m
2
1(1− ξ)
s

+ 2
]
f

(
x1

1− ξ , µF
)
,

(4.37)

where we used s = x1x2S, E1 =
√
s

2 and, we omitted the f(x2, µF ) part because it
remains unchanged. We obtain a similar result for the first region combined with the
other subtracted term, i.e.

∫ 1

0
dx2 f(x2, µF )

(
σ̂0,1 + σ̂y→−1

0,2

)
=

− α

2πQ
2
2 dΦnB

∫ 1

0
dx2

∫ 1−x2

0
dξ
(1
ξ

)
+

[
ξPff (1− ξ)

1− ξ log m
2
2(1− ξ)
s

+ 2
]
f

(
x2

1− ξ , µF
)
.

(4.38)

The terms with the integral over ξ have the same form as the pdf part of (2.19). Therefore,
we can combine them. However, we have to use different pdf renormalization terms
for mass regularization. The explicit form can be obtained from a comparision of the
calculation in dim. reg. and mass regularization because the cross section cannot depend
on the regularization procedure. One finds the following renormalized pdfs [30, eq
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(3.19)-(3.20)] [69, eq (5.1)]

fq(x) = fq(x, µF )− 3αQ2

2π

∫ 1

x
dz 1

z
fγ

(
x

z
, µF

){
log µ

2
F

m2Pfγ(z) + rfγ(z)
}

− αQ2

2π

∫ 1

x
dz 1

z
fq

(
x

z
, µF

){
log µ

2
F

m2 (Pff (z))+ − (Pff (z)(2 log(1− z) + 1))+ + rff (z)
}

(4.39)

and

fγ(x) = fγ(x, µF )− αQ2

2π
∑
a=q,q̄

∫ 1

x
dz 1

z
fa

(
x

z
, µF

)
×

×
{

log µ
2
F

m2Pγf (z)− Pγf (z)(2 log(z) + 1) + rγf (z)
}
,

(4.40)

where

Pff (z) = 1 + z2

1− z , Pfγ(z) = z2 + (1− z)2, Pγf (z) = 1 + (1− z)2

z
. (4.41)

Therefore, we find

Fq(x1, µF ) = 3
∫ 1

x1
dz 1

z
fγ

(
x1
z
, µF

){
log µ

2
F

m2Pfγ(z) + rfγ(z)
}

+
∫ 1

x1
dz 1

z
fq

(
x1
z
, µF

){
log µ

2
F

m2 (Pff (z))+ − (Pff (z)(2 log(1− z) + 1))+ + rff (z)
}

(4.42)
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as pdf renormalization term in (2.22) and (2.23). If we neglect the photon pdf in (4.39)
(as we will do in chapter 6) we obtain

σ
(pdf)
+ +

∫ 1

0
dx1

∫ 1

0
dx2 f(x1, µF )f(x2, µF )

(
σ̂0,3 + σ̂y→1

0,2

)
= − α

2πQ
2
1

∫ 1

0
dx1

∫ 1

0
dx2 dΦnf(x2, µF )B

[∫ 1

x1
dz 1

z
f

(
x1
z
, µF

)
×

×
{[(

log zµ
2
F

s
− 1

)( 1
1− z

)
+
− 2

( log(1− z)
1− z

)
+

]
(1− z)P̂ff (z) + rff (z)

}

+f(x1, µF )
(

3
2 log µ

2
F

s
+ 2

)
− 3

2 log m
2
1
s
f(x1, µF )

]
, (4.43)

after expanding the plus distribution according to (4.36), transforming ξ → 1− z and
moving non-singular parts from the plus distribution to the test function. We get the
same collinear remnant for the pdf renormalization of second pdf f(x2, µF ). We only
have to swap the indices x1 and x2.

4.2. Final-State Radiation

The final-state radiation part of (4.20) is given by

σ̂r = π dPδ(4)
(
k1 + k2 − k −

n∑
i=1

pi

)∫ 1

0
dξ
∫ 1

−1
dy

∫ 2π

0
dφ

(1
ξ

)
+
Sr
ξ2

8 |Mn+1|2 (4.44)

and it is only divergent for y → 1. Therefore, we split the y integration region into two
parts

1. y ∈ [−1, 1− ε)

2. y ∈ [1− ε, 1],

where ε is a small technical parameter. We write

σ̂r = σ̂r,1 + σ̂r,2, (4.45)

where the last subscript labels the region. We add a zero to the cross section in region
two

σ̂r,2 = σ̂r+ + σ̂y→1
r,2 (4.46)
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and define the subtracted cross section σ̂r+ = σ̂r,2 − σ̂y→1
r,2 , where

σ̂y→1
r,2 = π dP

∫ 1

0
dξ
∫ 1−ε

−1
dy

∫ 2π

0
dφ

(1
ξ

)
+

[
δ(4)

(
k1 + k2 − k −

n∑
i=1

pi

)
Sr
ξ2

8 |Mn+1|2
]
y→1

.

(4.47)
The matrix element for final-state radiation in its collinear limit is given by [70]

|M(coll)
n+1 |2 = Q2

rg
2

(pr · k)

[
Pff (z)− m2

r

(pr · k)

]
|Mn(pr + k)|2, (4.48)

i.e. the collinear limit is given by the born matrix element times a splitting function
Pff (x) = 1+x2

1−x . The argument of the splitting function is given by z = p0
r

p0
r+k0 , i.e. the

ratio of the energy of the emitting particle before and after the emission. The phase-space
parametrization is chosen such that the radiated particle k is collinear with pr for y = 1,
i.e. we can combine both momenta. When we evaluate the subtracted cross section, we
can neglect the masses in the collinear limit of the matrix element because y is always
smaller than one. We arrive at

σ̂r+ = π dP
∫ 1

0
dξ
∫ 1−ε

−1
dy

∫ 2π

0
dφ

(1
ξ

)
+

( 1
1− y

)
+
δ(4)

(
k1 + k2 − k −

n∑
i=1

pi

)
gr(ξ, y, φ),

(4.49)
where

gr(ξ, y, φ) = 1
2s
E(pr · k)

Er
Sr|M0

n+1|2. (4.50)

When we combine the subtraction term with the first region, we obtain

σ̂r,1 + σ̂y→1
r,2 = π dP

∫ 1

0
dξ
∫ 1

−1
dy

∫ 2π

0
dφ

(1
ξ

)
+
×

×
[
δ(4)

(
k1 + k2 − k −

n∑
i=1

pi

)
Sr
ξ2

8 |Mn+1|2
]
y→1

. (4.51)

Since the emitted particle k flies in the same direction as particle pr in the collinear limit,
we can use that

k + pr = (E + Er)
(

1
p̂r

)
, (4.52)
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where p̂r is the direction of the emitting particle. Using this and the collinear limit of
the matrix element (4.48), we arrive at

σ̂r,1 + σ̂y→1
r,2 = π dP

∫ 1

0
dξ
∫ 1

−1
dy
∫ 2π

0
dφ
(1
ξ

)
+
δ(4)

k1 + k2 −
√
s

2 (ξ + ξr)
(

1
p̂r

)
−

n∑
i=1
i 6=r

pi

×

× ξ2

8
Q2
rg

2

(pr · k)

[
Pff

(
ξr

ξr + ξ

)
− m2

r

(pr · k)

] ∣∣∣∣∣Mn

(√
s

2 (ξ + ξr)
(

1
p̂r

))∣∣∣∣∣
2

. (4.53)

We can use the integrals (4.30) and (4.31) to obtain

σ̂r,1 + σ̂y→1
r,2 = −8π3Q2

rα dP
∫ 1

0
dξ
(1
ξ

)
+
δ(4)

k1 + k2 −
√
s

2 (ξ + ξr)
(

1
p̂r

)
−

n∑
i=1
i 6=r

pi

×

× 1
2s

[
ξ

ξr
Pff

(
ξr

ξr + ξ

)
log m2

r

4E2
r

+ 2
] ∣∣∣∣∣Mn

(√
s

2 (ξ + ξr)
(

1
p̂r

))∣∣∣∣∣
2

. (4.54)

Since there is an integration over Er in dP , we can write

dP ∝
∫ 1

0
dξr

ξrs

4 , (4.55)

where Er = ξr
√
s

2 . We transform this integral according to ξ̄r = ξ + ξr and obtain

σ̂r,1 + σ̂y→1
r,2 = Q2

r

α

2π dΦnB
{(

log m
2
r

sξ2
r

− 1
)∫ 1

ξr
dξ 2

ξ

−
∫ ξr

0
dξ 1

ξ

[
ξ

ξr
Pff

(
1− ξ

ξr

)
log m2

r

s(ξr − ξ)2 −
2ξ
ξr
− 2 log m

2
r

sξ2
r

]}
, (4.56)

where we used energy conservation. Solving the integrals leads to

σ̂r,1 + σ̂y→1
r,2 = −Q2

r

2α
π

dΦnB
{
−3

2 log m
2
r

ξ2
rs

+ 2
3π

2 − 9
2 + 2

(
log m

2
r

ξ2
rs
− 1

)
log ξr

}
. (4.57)

66



4. FKS with Mass Regularization

In total, we obtain

σ̂r = dΦn+1

(1
ξ

)
+

( 1
1− y

)
+

4
ξs
gr(ξ, y, φ)

− α

2πQ
2
r dΦnB

{
−3

2 log m
2
r

ξ2
rs

+ 2
3π

2 − 9
2 + 2

(
log m

2
r

ξ2
rs
− 1

)
log ξr

}
, (4.58)

where we used (4.15) to construct a real phase space.

4.3. Final Result

As for the standard FKS subtraction in chapter 3, we collect all terms that contribute to
the NLO cross section.

Real Part We get the same subtracted real cross section (3.178) as for dim. reg..

σr =
∫ 1

0
dx1

∫ 1

0
dx2 f(x1, µF )f(x2, µF )×

×
{∑

i

1
2 dΦ(i)

n+1

( 1
ξi

)
+

1
ξi

[( 1
1− yi

)
+

+
( 1

1 + yi

)
+

]
ξ2
i (1− y2

i )SiR(0)

+
∑
ij

dΦij
n+1

( 1
ξi

)
+

( 1
1− yi

)
+
ξ2
i (1− yi)SijR(0)

 , (4.59)

where R(0) denotes the massless real matrix element (s. (4.2)). All divergences are
subtracted by the plus distributions and S functions in this term. Therefore, the integral
is finite.
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Collinear Remnant Also the collinear remnant for a fermion-fermion splitting is the
same as in dimensional regularization, i.e.

σcoll,1 = −αQ
2

2π

∫ 1

0
dx1

∫ 1

0
dx2 dΦnBf(x2, µF )×

×
∫ 1

x1
dz f

(
x1
z
, µF

){1− z
z

Pff (z)
[(

log zµ
2
F

s
− 1

)( 1
1− z

)
+
− 2

( log(1− z)
1− z

)
+

]

+2
( 1

1− z

)
+

+ 1
z
rff (z)

}

= −αQ
2

2π

∫ 1

0
dx1

∫ 1

0
dx2 dΦnBf(x2, µF )×

×
∫ 1

x1
dz 1

z
f

(
x1
z
, µF

){
(1− z)Pff (z)

[
log zµ

2
F

s

( 1
1− z

)
+
− 2

( log(1− z)
1− z

)
+

]

−(1− z) + 1
z
rff (z)

}
, (4.60)

where rff specifies the pdf renormalization scheme. It is zero in the MS scheme and it
is specified in (3.194) for the DIS scheme. The term σcoll,2 is analogous to σcoll,1. We
only have to swap x1 and x2.

Soft-Collinear Endpoint Only the integrated soft and collinear terms are different.
Therefore, the conversion of a standard FKS implementation into an implementation
with mass regularization is simple because we only have to modify the endpoint and not
the plus distributions. The numerical value of the subtracted virtual part V̂ is the same
as for dim. reg.. Only the composition of this term changes. It is given by

V̂ = α

2πBQ+ α

2π
∑
ij
i 6=j

BijIij + V1-loopm , (4.61)

where B is the born matrix element divided by the flux, α is the fine-structure constant,
and V1-loopm is the mass regulated virtual cross section. The charge correlated born matrix
element reads

Bij = −QiQjσiσjB, (4.62)

where Qi is the charge of fermion i and σi = 1 for incoming fermions and outgoing anti-
fermions and σi = −1 for outgoing fermions and incoming anti-fermions. Furthermore,
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we introduce

Iij = 1
2 log 4(pi · pj)2

m2
im

2
j

log s

4m2
γ

+ 2 log 2 log pi · pj
2EiEj

− Li2
(
pi · pj
2EiEj

)

− log
(
pi · pj
2EiEj

)
log

(
1− pi · pj

2EiEj

)
+ 1

2 log2
(
pi · pj
2EiEj

)
(4.63)

and
Q = Qsoft +Qinitial +Qfinal , (4.64)

where

Qsoft =
∑
i=all

Q2
i

(
−1

2 log2 m
2
i

E2
i

+ 2 log2 2− π2

6 − log s

4m2
γ

− log m2
i

4E2
i

)
, (4.65)

Qfinal =
∑

k=final
Q2
k

(
3
2 log m2

k

4E2
k

− 2
3π

2 + 9
2 +

(
log m2

k

2E2
kδO

+ 1
)

log s

4E2
k

)
, (4.66)

Qinitial =
∑

l=initial
Q2
l

(
3
2 log m

2
l

µ2
F

− 2
)
. (4.67)

These terms contain logarithms of fermion masses instead of 1
ε poles. The same type of

logarithms exists in the virtual matrix element V1-loopm . Overall, all mass logarithms have
to cancel due to the KLN theorem and the remaining finite term has to be equal to the
dim. reg. result.

To check our results, we calculated the virtual parts of the Drell-Yan process explicitly
(s. Appendix B) and found the same logarithmic structure.

Since the standard FKS subtraction scheme uses dim. reg., it can be useful to calculate
the difference

∆ =
(
BQ+

∑
i,j

i 6=j

Bij Iij
)

dim. reg.
−
(
BQ+

∑
i,j

i 6=j

Bij Iij
)

mass reg.
(4.68)

between dim. reg. and mass regularization. We find

∆ =
∑
i=all

q2
i B
(
− log

m2
γ

Q2 −
1
2 log m

2
i

Q2 + 1
2 log2 m

2
i

Q2 + 2 + π2

6

)

− 1
2
∑
i,j

i 6=j

Bij log
m2
im

2
j

4(pi · pj)2 log
m2
γ

Q2 . (4.69)

69



4. FKS with Mass Regularization

Since only the soft-collinear endpoint changes, this result can be interpreted as con-
version rule between the finite part of the dim. reg. V1−loop result and V1−loop

m in mass
regularization. We checked this explicitly for the W + jet case. The same result was also
calculated in Appendix A of [71].
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5. Parton Shower Matching with
POWHEG

A typical event at a particle collider consists of many final-state particles. To predict
probabilities for inclusive observables, we calculate cross sections in fixed-order perturba-
tion theory. The perturbation theory is ordered in the coupling of fundamental particle
interactions. It is only feasible to calculate the cross section for a few final-state particles
and up to a few orders in the coupling. Furthermore, large logarithms can arise at each
order of the calculation for more differential observables. These logarithms have to be
resummed to all orders in order to obtain physical predictions. We call the process
which we calculate in perturbation theory hard process. To obtain a more realistic event
from the hard process, we have to add radiation and particle splittings. We have to add
radiation until the radiation is so collinear or soft that it is not resolvable anymore. For
QCD radiation, also hadronization comes into play for very soft and collinear particles
because the running strong coupling is not in the asymptotically free regime anymore.
In the previous chapters, we described how to calculate the hard process at NLO. In

the following, we illustrate how parton showers are used to obtain more realistic event
samples for LO hard processes. Furthermore, we discuss how NLO hard processes can be
combined to parton showers with the Powheg method.

5.1. Parton Shower

The parton shower is used to add radiation to the hard process. It starts from the hard
process and adds a sequence of 1 → 2 branchings. The kinematics of each splitting is
defined by the energy fraction z of one daughter and a scale t, for example the p2

T or
the splitting angle θ. We call t the evolution scale of the shower. In the following, we
choose t = p2

T . It is sometimes convenient to think of t as the shower time although
it is not connected to time. The parton shower generates radiation ordered in t, i.e.
it generates first a splitting at t1 and then a second splitting at t2 with t1 > t2. It
continues until t reaches a scale where the radiation cannot be resolved anymore. To
specify the shower algorithm we define the Sudakov form factor ∆(ti, te) which is the
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non-splitting probability between the initial scale ti and the end scale te. We can obtain
the non-splitting probability between ti and an intermediate scale t by splitting the
Sudakov into two pieces

∆(ti, t) = ∆(ti, te)
∆(t, te)

. (5.1)

Since ∆(ti, t) is a survival probability, we can define a cumulative probability distribution
for a splitting in [ti, t] as

S(ti, t) = 1−∆(ti, t) (5.2)

and, therefore, the splitting density s(t) for a splitting at t is given by

s(t) = − d
dt∆(ti, t). (5.3)

A recursive parton shower algorithm can be defined as follows

1. start at ti

2. draw a random number t according to s(t) = − d
dt∆(ti, t)

3. use t for a splitting

4. if t > te, go to 1 with ti = t

To specify the Sudakov form factor we use

∆(ti, te) + S(ti, te) = 1, (5.4)

i.e. there is either one splitting in [ti, te] or there is no splitting. We can rewrite the
splitting probability S in terms of the Sudakov form factor. We use that the cumulative
probability for a splitting at t is given by the probability ∆(ti, t) for no splitting up to
scale t times the actual splitting probability p(t). Since the splitting can happen at any
intermediate scale t in [ti, te], we have to integrate over all possible values for t, i.e.

S(ti, te) =
∫ ti

te
dt∆(ti, t)p(t). (5.5)

The integral equation (5.4) is solved by

∆(ti, t) = exp
{
−
∫ ti

t
dt′ p(t′)

}
. (5.6)
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To obtain the splitting probability p(t) we use that the cross section for one splitting is
given by

dσn+1 = dσnp(t) dt ⇒ dΦn+1|Mn+1|2 = dΦn|Mn|2p(t) dt, (5.7)

where p includes the integration over the energy fraction z and the azimuthal angle φ.
The matrix element factorizes for collinear radiation in the following way∫

dΦn+1|Mn+1|2 =
∫

dΦn|Mn|2
α

2πP (z) dzdt
t
, (5.8)

where P (z) is an Altarelli-Parisi splitting function and α is the coupling (s. Appendix H).
The splitting probability is given by

p(t) =
∫ z+(t)

z−(t)
dz α2πP (z)1

t
, (5.9)

where z±(t) are the kinematically allowed limits. So far we considered only one splitting
type. In reality, multiple splitting types are possible, e.g. g → qq̄, q → qg etc. Therefore,
we have to extend the Sudakov to

∆a(ti, t) = exp
{
−
∑
b

∫ ti

t
dt′

∫ z+

z−
dz α

2π
1
t′
Pab(z)

}
, (5.10)

where particle a splits into b. We can use a recursive algorithm to generate a value for
the evolution scale t. Once we have determined a value for t from ∆, we can also draw an
energy fraction z from the exponent of ∆. The kinematics for FSR are fully specified by
t, z, and an azimuthal angle that is uniformly distributed. We can use a similar Sudakov
for ISR. However, we have to take the parton distribution functions into account because
their arguments change. Therefore, we have

p(t) =
∫ z+

z−
dz α

2π
1
t
Pab(z)

fa(x/z)
fb(z)

. (5.11)

The Sudakov form factor in (5.10) resums the leading large logs from the integral over
the parton splitting. Well known and widely used standard parton-shower programs are
Pythia [72, 73], Herwig [74,75] and Sherpa [76].
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5.2. Matching a Parton Shower With an NLO Calculation

Since the parton shower relies on the factorization of the matrix element in the collinear
limit, non-collinear radiation is not described properly. We have to use higher-order
corrections for the hard process to describe the non-collinear radiation more accurately.
However, we cannot naively combine a NLO calculation with a standard parton shower
because the parton shower as well as the NLO matrix element contain the first radiation.
Therefore, we would count this radiation twice. Methods like MC@NLO [46] and
Powheg [47] have been devised to combine an NLO calculation with parton showers
without double counting. In MC@NLO the hardest radiation from the parton shower
is subtracted from the NLO calculation to overcome the double counting problem. A
disadvantage of this method is that it depends on the parton shower program. The
Powheg method avoids double counting by using the NLO matrix element for a first
shower like radiation. The scale of the radiation is then given to the parton shower
as starting scale. Therefore, Powheg can be used with any pT -ordered vetoed parton
shower program. (Subtleties are discussed in section 5.5.5.) Both methods provide NLO
accuracy but they differ at higher-orders.

In the following we describe the combination of parton showers and NLO calculations
in more detail. This description is based on [77]. The fully differential cross section
for the hardest parton-shower radiation includes unresolved emissions and one resolved
shower emission, i.e.

dσPS = dσn∆(ti, te) + dσ(PS)
NLO, (5.12)

where the leading order cross section is given by dσn = B dΦn and the emission cross
section dσ(PS)

NLO = dΦn dΦradR
(PS). The factor R(PS) = BS(ti, t) depends on the parton

shower program (cf. (5.5)). We go from LO to NLO by adding subtracted real corrections
R̂ and virtual corrections plus the soft-collinear endpoint V̂ to the hard process, i.e.

dσNLO = dΦn(B + V̂ ) + dΦn dΦradR̂. (5.13)

By naively using the NLO cross section as dσn in (5.12), we obtain

dσnaivePS = dΦn

[
B + V̂ + dΦradR̂

]
∆(ti, te) + dΦn dΦradR

(PS). (5.14)

When we expand the Sudakov, we find at NLO

dσnaivePS = dΦn

[
B + V̂ + dΦradR̂

]
− dΦn

∫
dΦradR

(PS) + dΦn dΦradR
(PS), (5.15)
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where
∫

dΦradR
(PS) is a non-resolved term from the expansion of the Sudakov and we

find two terms for the resolvable emission. This equation includes the NLO real radiation
as well as the parton shower radiation. Hence, the hardest radiation is counted twice.
One way to avoid the double counting is to subtract R(PS) terms from the real emission,
i.e.

dσmod
NLO = dΦn

(
B + V̂ +

∫
dΦradR

(PS)
)

+ dΦn dΦrad
[
R̂−R(PS)

]
. (5.16)

The terms R(PS) in dσmod
NLO have the same structure as subtraction terms. Since dσmod

NLO

is not a physical differential cross section, a parton shower has be applied to obtain
physical distributions. Using dσmod

NLO as dσn in (5.12), we find at NLO that

dσPS@NLO = dΦn dΦrad(B + V̂ ) + dΦn dΦradR̂. (5.17)

This procedure is called MC@NLO [46]. One disadvantage of MC@NLO is that the terms
R(PS) depend on the parton shower program. Therefore, one has to calculate dσmod

NLO for
a specific parton shower program.

The Powheg method is another approach to parton shower matching. It is described
in detail in the following section.

5.3. POWHEG Method

It is the main idea of the Powheg method to use a local NLO weight for a born
phase-space point and generate NLO accurate radiation with parton-shower methods. To
handle IR singularities in the NLO weight, we use the FKS subtraction scheme described
in chapter 3. It is convenient to use FKS because it starts, as the parton shower, from
a born phase-space. Therefore, it is naturally to write the NLO phase-space as a born
phase-space times the radiation phase-space, i.e.

dΦn+1 = dΦn dΦrad. (5.18)

Using (3.176), we can define the NLO weight by

B̄ = f(x1, µF )f(x2, µF )(B + V̂) +
∑
α

∫
dΦ(α)

radf(x(α)
1 , µF )f(x(α)

2 , µF )R̂α

+
∫ 1

x1
dz f

(
x1
z
, µF

)
f(x2, µF )1

z
G1(z) +

∫ 1

x2
dz f(x1, µF )f

(
x2
z
, µF

) 1
z
G2(z), (5.19)
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where α denotes all possible singular regions i and ij and x(α)
1/2 depend on the radiation

phase space. Using the NLO weight B̄, we write the NLO cross section as

dσNLO = dΦnB̄. (5.20)

We use the real matrix element and the FKS S functions to define the Powheg Sudakov
as

∆(pT ) = exp
{
−
∑
α

∫
dΦ(α)

rad
f(x(α)

1 , µF )f(x(α)
2 , µF )SαR

f(x1, µF )f(x2, µF )B θ(kαT − pT )
}
, (5.21)

where kT should be equal to the transverse momentum of the radiated particle in the
collinear limit. This Sudakov is used to generate the first and hardest radiation. All
subsequent radiation can be generated by a pT ordered parton-shower program. Truncated
angular ordered showers can be used if a pT veto is introduced to the shower [78]. Using
(5.3) and (5.12), we can write the cross section for the hardest radiation as

dσPOW = dΦnB̄

[
∆(pmin

T ) +
∑
α

dΦ(α)
radf(x(α)

1 , µF )f(x(α)
2 , µF )SαR

f(x1, µF )f(x2, µF )B ∆(k(α)
T )

]
. (5.22)

Using [47]

∑
α

∫
dΦ(α)

radf(x(α)
1 , µF )f(x(α)

2 , µF )SαR
f(x1, µF )f(x2, µF )B ∆(k(α)

T ) =

=
∫ ∞
pmin
T

dpT
∑
α

δ(pT − k(α)
T )

∫
dΦ(α)

radf(x(α)
1 , µF )f(x(α)

2 , µF )SαR
f(x1, µF )f(x2, µF )B ∆(pT )

=
∫ ∞
pmin
T

dpT
d

dpT
∆(pT )

= 1−∆(pmin
T ),

(5.23)

we see that (5.22) has NLO accuracy because dσPOW = dσNLO.

5.4. Strong Coupling and Scales

It was shown in last section that the Powheg method has NLO accuracy for infrared
safe observables. Furthermore, Powheg resums large logarithms in leading logarithmic
accuracy (LL). Hence, it has the same LL accuracy as the parton shower that is used for
the Powheg events. In order to achieve LL accuracy, we have to use k2

T as scale for the
strong coupling constant αs and the pdfs in the radiation Sudakov [47]. If there are no
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more than three colored particles in a born process, Powheg can achieve NLL accuracy
if the strong coupling constant

αNLLs (k2
T ) = αs(k2

T )
(

1 + αs(k2
T )

2π

[(
67
18 −

π2

6

)
CA −

5
9nf

])
, (5.24)

and 2-loop αs running is used [79]. The 2-loop running is given by

α2-loops (µ2, nf ) =

α1-loops (µ2, nf )
[
1− α1-loops (µ2, nf )

2π
17C2

A − (5CA + 3CF )nf
11CA − 2nf

log
(

log µ
2

Λ2

)]
(5.25)

and
α1-loops (µ2, nf ) = 12π

(11CA − 2nf ) log µ2

Λ2

. (5.26)

The scale Λ is defined such that the strong coupling constant is equal to the strong
coupling constant from the pdfs at mZ , i.e.

α2-loops (m2
Z , 5) = αpdfs (m2

Z). (5.27)

Newton’s method is used to find the solution Λ for the above equation. The scale Λ from
1-loop running is used as starting scale.

The PowhegBox uses a dynamic number of flavors in the running of αs. For scales
larger than the bottom mass, five-flavor running is used, i.e. Λ = Λ5. In the range
from mc to mb, four-flavor running is used and, for µ < mc, three-flavor running is
used. To get a continuous αs at the threshold masses, we use the matching conditions
αs(m2

b , 5) = αs(m2
b , 4) and αs(m2

c , 4) = αs(m2
c , 3), i.e. we need different scales Λnf for the

low renormalization scale regions. Using the matching condition in the 1-loop running,
we obtain

αs(µ2, 4) = b4

log µ2

Λ2
4

, (5.28)

with b4 = 12π
25 . We rewrite it in terms of the five flavor scale Λ5, i.e.

1
αs(µ2, 4) = 1

b4
log µ

2

Λ2
5
− 1
b4

log m
2
b

Λ2
5

+ 1
b5

log m
2
b

Λ2
5
, (5.29)

where b5 = 12π
23 . We can express this equation in terms of the coupling and find

1
αs(µ2, 4) = 1

αs(µ2, 4,Λ2
5) −

1
αs(m2

b , 4,Λ2
5) + 1

αs(m2
b , 5) , (5.30)
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where the couplings on the right hand side are evaluated with the five flavor scale Λ5.
We can find an analogous relation for µ = mc, i.e.

1
αs(µ2, 3) = 1

αs(µ2, 4,Λ2
5) −

1
αs(m2

c , 3,Λ2
5) + 1

αs(m2
c , 4) . (5.31)

Following the PowhegBox, we use the matching at 1-loop although the running is at
2-loop because the strong coupling αs is almost continuous with the 1-loop matching.

5.5. Event Generation

Generating events with the Powheg method consists of two parts. First, we have to
generate an underlying born phase space and a born flavor configuration. Second, the
hardest radiation has to be generated from the underlying born configuration. These two
steps are described in the following sections.

5.5.1. Underlying Born Events

First, we have to generate an underlying born phase-space. This phase-space point Φn

is used as the basis for the radiation. It is conceptual equivalent to the LO process to
which we attach the standard parton shower programs. Here, we use the real matrix
element in order to generate the hardest (Powheg) radiation from the underlying born
event. The born phase-space points are distributed according to the local NLO weight
B̄(Φn). To generate born phase-space points, we use rejection sampling. At first we
have to find the maximum B̄max of B̄. This can be done by sampling B̄ randomly, for
example, while we do a Monte Carlo integration to obtain the NLO cross section. We
then draw a random phase-space point Φn and an uniformly distributed random number
u in [0, B̄max]. We accept this point only if u < B̄(Φn) and reject it otherwise. The set
of all accepted phase-space points are then distributed according to B̄. Since it is not
feasible to do the integration over the radiation phase space in B̄ for every underlying
born event, we rewrite the integrals in B̄ as integrals over the unit cube, i.e.∫

dΦ(α)
radf(Φ(α)

rad) =
∫ 1

0
dy1

∫ 1

0
dy2

∫ 1

0
dy3 Jαf(Φ(α)

rad(y1, y2, y3)), (5.32)∫ 1

x1/2

dz f(z) =
∫ 1

0
dy1

∫ 1

0
dy2

∫ 1

0
dy2 Jzf(z(y1)), (5.33)
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where Jα/z are the Jacobian determinants of the integral transformations. Using the
above equations, we can write

B̄ =
∫ 1

0
dy1

∫ 1

0
dy2

∫ 1

0
dy3 B̃, (5.34)

where

B̃ = f(x1, µF )f(x2, µF )(B + V̂) +
∑
α

Jαf(x(α)
1 , µF )f(x(α)

2 , µF )R̂α

+ Jzf

(
x1
z
, µF

)
f(x2, µF )1

z
G1(z) + Jzf(x1, µF )f

(
x2
z
, µF

) 1
z
G2(z). (5.35)

The new NLO weight B̃ does not contain an integration anymore and is therefore better
suited for event generation. In the following, we argue that we can use B̃ to draw born
phase-space points according to B̄. We use rejection sampling to generate a born phase
space Φn and three radiation variables ~y according to B̃. However, we only use the
born phase space and discard ~y. After repeating this procedure very often, the born
phase-space points are distributed according to B̄. In order to justify this, we first look
at generating one phase-space point Φn according to B̄. After Φn is fixed we have to
perform a Monte Carlo integration over the radiation phase space in B̄, i.e. we draw
many random points for the radiation phase space. Then we proceed with the next born
phase-space point. When we use B̃, we draw a random born phase-space point and a
set of random radiation variables ~y. Therefore, the difference is only the ordering of the
random variables. In the B̄ case, the random radiation variables are ordered in Φn while
in the B̃ case they are not ordered. When we draw enough points, we could in principle
reorder the points to obtain the same result.
A further improvement is to implement a lazy evaluation of the virtual part of B̃. It

can be computationally expensive to evaluate the virtual corrections, therefore, we want
to avoid to evaluate them. We expect the virtual correction to be stable compared to the
born. Therefore, we try to estimate the virtual part by

V̂est = FB. (5.36)

The constant F is the maximal ratio of V̂ and B. It can be determined when the maximum
for B̃ is determined. We define

B̃est = B̃ with V̂ → V̂est. (5.37)

Since B̃est ≥ B̃, we can use it to reject a point without evaluating the virtual corrections.
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Every accepted point is then unweighted with B̃ after calculating the virtual corrections.
To summarize, we state the unweighting procedure in an algorithmic form:
function unweighting(Φn,~x, B̃max)

u = random(0, 1)
b′ = B̃est(Φn, ~x)
if u ≥ b′

B̃max then
return rejected

end if
b = B̃(Φn, ~x)
if u ≥ b

B̃max then
return rejected

end if
return accepted

end function
So far, we considered only one born flavor configuration for the underlying born process.
However, we usually have multiple born flavor configurations for a process at the LHC.
The Drell-Yan process, for instance, has the born flavor configuration uū → µ+µ−,
dd̄ → µ+µ− etc. We define B̃ = ∑

fb
B̃fb , where fb labels the different born flavor

configurations. We generate underlying born events by generating a phase-space point
with B̃ and picking a born flavor configuration with probability

pfb = B̃fb

B̃
. (5.38)

In practice, we divide the interval [0, 1] in fb pieces with length pfb , draw a uniform
random number in [0, 1], and pick fb according to the piece where the random number
lies.
Using these methods, we generate a born phase-space point Φn and a born flavor

configuration fb.

5.5.2. Negative Weights

Although the B̄ function is positive in a perturbative regime, it is possible that the
integrand B̃ can be negative in some regions of the radiation phase space. Consider for
example the Drell-Yan process qq̄ → l+l−. There is a collinear remnant for the splitting
of a gluon to a quark. The collinear remnant contains a term

G ⊃ log ξ
ξ

[
fg

(
x

1− ξ , µF
)
ξPgq(1− ξ)− fg (x, µF ) ξPgq(1− ξ)|ξ=0

]
, (5.39)
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where x is the momentum fraction and ξ the energy fraction of the radiated quark. Since
the splitting function Pgq has no 1

ξ pole, the subtraction term is zero, i.e. no subtraction
is needed, and the splitting function in the first term is just a number in the interval
[1
4 ,

1
2 ]. The ξ integration has an upper bound ξmax = 1− x. We, hence, define ξ = ξmaxx̃,

where x̃ is a number between 0 and 1. Therefore, equation (5.39) reads

G ∝ log(x̃(1− x))fg
(

x

1− (1− x)x̃

)
. (5.40)

When the argument of the pdf is small, (i.e. x ∼ 0 and x̃ ∼ 0), we obtain a large value
and multiply it by a negative logarithm. Therefore, the large negative value for the
collinear remnant can overcome the positive born matrix element. In total, we obtain
a negative integrand and therefore a negative weight of the event. However, when we
integrate over the radiation phase-space we obtain a positive weight.

Since one of the main features of the Powheg idea is to obtain only positive weights,
we have to find a way to deal with those negative weights. The negative weights originate
from rewriting B̄ as an integral over B̃ to avoid a numerical integration over the radiation
phase space. If the contribution of events with negative weights to the total cross section
is small, we can ignore them. This is for example done in the Drell-Yan case. However,
events with negative weights can give substantial contribution to the total cross section in
other processes, e.g. pp→W + jet. One way to reduce the number of negative weights is
to at least mimic the integration over the radiation phase space by using a few sampling
points. If one weight is negative, other sampled weights can be positive and compensate
the negative weight. To do this consistently in a Monte-Carlo integration, we use the
method described in [80]. We write

∫ 1

0
dx f(x) =

∫ 1
2

0
dx f(x) +

∫ 1

1
2

dx f(x) =
∫ 1

2

0
dx

[
f(x) + f

(
x+ 1

2

)]
. (5.41)

We sample two values for x in the Monte Carlo integration belonging to two separate
regions. However, it is not clear if two points are enough to significantly reduce the
ratio of negative weights. The generalization to more than one integration dimension is
obvious, i.e. ∫ 1

0
dx f(x) =

∫ 1

0
dx 1

n

n∑
i=1

f

(
x+ i− 1

n

)
. (5.42)

It is not a priory clear how many points are needed to reduce the number of negative
weights to an acceptable level. Hence, one has to try different values to find the best
compromise between performance and accuracy.
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The integrand B̃ consists of a part which depends only on the born kinematics and a
real radiation part. Therefore, it is possible to calculate the born and virtual part once
and then use the described technique for the radiation part.

5.5.3. Generation of Radiation

Having generated the underlying born process, we have to generate the hardest radiation
using the Powheg Sudakov (5.21). As before, we introduce the region label α which is
an element of the set of all possible i and ij regions in the Sudakov. We pick a region α
and generate radiation variables ~x for the hardest radiation. The radiation phase space
is a function of ~x, i.e.

Φrad = Φrad(~x). (5.43)

Using (5.3), we see that we have to sample a transverse momentum of the radiated parton
pT from the probability density

s(pT ) =
∑
α

∫
dΦα

rad(~x)Fαδ [kαT (Φα
rad(~x))− pT ] ∆(pT ), (5.44)

where

Fα = f(x(α)
1 , µF )f(x(α)

2 , µF )SαR
f(x1, µF )f(x2, µF )B . (5.45)

According to the highest-bid method that is described in section D.4, we find a pT for
every region α with

sα(pT ) =
∫

dΦα
rad(~x)Fαδ [kαT (Φα

rad(~x))− pT ] ∆α(pT ), (5.46)

where
∆α(pT ) = exp

{
−
∫

dΦα
rad(~x)Fαθ [kαT (Φα

rad(~x))− pT ]
}

(5.47)

and choose the region with highest pT to generate the radiation. To generate radiation
variables ~x that result in a given pT , we can use the techniques described in section D.3.
If pT is smaller than a minimal resolvable scale pmin

T , we do not generate radiation with
the Powheg method. To sample pT according to (5.46) is not straight-forward, since we
cannot solve the integral in the Sudakov analytically. We introduce an upper bounding
function Uα with

Fα ≤ Uα (5.48)

for the integrand. We solve the integral for Uα and use the veto method that is described
in section D.3.1 to generate a pT . In the following we describe the generation for
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the different radiation regions. Note, that the next sections contain an application
of the methods described in section D.3 and section D.3.1. Hence, we only state the
region specific equations and calculations. Parts of the calculation can also be found
in [47, chapter 7] and [67, appendix C and D]. At the end of each section, we give explicit
algorithms that have been implemented in our computer code.

QCD Final-State Radiation

In case of final-state radiation we use an upper bounding function proportional to
the singular structure 1

ξ2(1−y) of the real matrix element. The Jacobian in (3.109) is
proportional to ξ. Therefore, we choose

U(ξ, y) = N
αs(k2

T )
ξ(1− y) (5.49)

as upper bounding function (cf. [67, appendix C]) where N is a constant. The result
is independent of the actual upper bounding function. However, the performance of
the algorithms depends on the upper bounding function. In practice, we obtain N by
sampling {Φn, ξ, y, φ} to find minimum N with U > F .

The transverse momentum of the radiated parton in the soft-collinear limit is given by

k2
T = s

2(1− y)
(
ξ2 +O(ξ3)

)
. (5.50)

For the Sudakov form factor based on U , we find

− log ∆U (p2
T ) = N

∫ ξmax

0
dξ
∫ 1

−1
dy

∫ 2π

0
dφ αs(k2

T )
ξ(1− y)θ(k

2
T − p2

T )

= 2πN
∫ ξmax

0
dξ θ(ξ −

√
p2
T /s)

∫ sξ2

p2
T

dk2
T

αs(k2
T )

ξk2
T

= 2πN
∫ sξ2

max

p2
T

dk2
T

αs(k2
T )

k2
T

log

ξmax
√
s√

k2
T

 ,
(5.51)

where ξmax = 1− M2
rec
s (s. (3.128)). Using the one-loop expression for the strong coupling

constant
αs(µ2) = 1

b0 log
(
µ2

Λ2

) , b0 = 11CA − 4nfTR
12π , (5.52)
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the analytical solution of the integral in (5.51) is given by

− log ∆U (p2
T ) = πN

b0
θ

(
ξmax −

p2
T

s

)log ξ
2
maxs

Λ2 log

 log ξ2
maxs
Λ2

log p2
T

Λ2

− log ξ
2
maxs

p2
T

 , (5.53)

where the θ-function reflects an upper bound for pT and we have to introduce a lower
bound pmin

T > Λ. We use this Sudakov form factor in the veto method to generate a
value for pT . For a given pT , we generate the variables ξ, y, φ according to a distribution

p(ξ, y, φ) = 1
A
N

αs(k2
T )

ξ(1− y)δ(k
2
T − p2

T ), (5.54)

where A is a normalization factor. We start by generating a value for ξ. Therefore, we
integrate over the angular variables and obtain

pξ(ξ) = N

A

1
ξ

∫ 2π

0
dφ

∫ sξ2

0
dk2

T

αs(k2
T )

k2
T

δ(k2
T − p2

T )

= 2πN
Ab0

1
log p2

T
Λ2

1
ξ
θ(sξ2 − p2

T ).
(5.55)

To generate a random ξ according to pξ(ξ), we use an inverse transform sampling (s.
e.g. [81]). Using Pξ(ξmax) = 1 for the cumulative distribution function, we find

Pξ(ξ) =
∫ ξ

0
dξ′ pξ(ξ′) =

log
(
ξ
√

s
p2
T

)
log

(
ξmax

√
s
p2
T

) . (5.56)

Therefore, we use ξ = P−1
ξ (u) and find

log ξ = u

(
log ξmax −

1
2 log p

2
T

s

)
+ 1

2 log p
2
T

s
, (5.57)

where u is a uniformly distributed random number in [0, 1]. We can use

p2
T = s

2ξ
2(1− y) (5.58)

to obtain a value for y and generate φ uniformly in [0, 2π] because the Sudakov does not
depend on φ. To summarize the radiation generation, we write down pseudo code for the
algorithm:
function generateRadiationFSR
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p2 = ξ2
maxs

while true do
u = random(distribution = uniform in [0, 1])
p2
T = solve(∆U (p2

T ) = ∆U (p2)u)
if p2

T < (pmin
T )2 or no solution for p2

T then
return generate born like event

end if
ξ = (5.57)
y = (5.58)
φ = random(distribution = uniform in [0, 2π])
v = random(distribution = uniform in [0, 1])
if v < F

U(ξ,y) then
return ξ, y, φ

end if
p2 = p2

T

end while
end function

EW Final-State Radiation

EW final-state radiation is similar to the QCD case described in section 5.5.3. However,
we do not use a running coupling constant. Therefore, we have

− log ∆U (p2
T ) = πNα

2 log2 ξ
2
maxs

p2
T

. (5.59)

We find

∆U (p2
T ) = ∆U (p2)u⇔ p2

T = ξ2
maxs exp

(
−
√

log2
(

p2

ξ2
maxs

)
− 2
παN

log u
)
. (5.60)

In (5.55) only the normalization constant A changes. Therefore, we can use (5.57) to
generate a value for ξ and (5.58) for y. The azimuthal angle φ is again distributed
uniformly in [0, 2π).
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Alternative Forms of the Upper Bounding Function

If the angle y between emitter and emitted particle is larger than π
2 , the Jacobian

determinant J of dΦrad (3.109) in the ratio SJR
B in (5.21) can become large because

J ∝
( 1

2− ξ(1− y)

)2
(5.61)

which is singular for ξ = 1 and y = −1. In the singular case the FKS S function is zero
and, therefore, suppresses this limit. However, due to the region y < 0, the normalization
N for the upper bounding function U(ξ, y) is driven to large values. If we find such a
phase-space point while sampling the phase space to obtain a value for the norm N , the
event generation will be inefficient because most of the events will be vetoed because
SJR
B � U(ξ, y). On the other hand, if we find such an event only during event generation

we can not apply the veto because SJR
B > U(ξ, y). If these events are rare, we can ignore

them because the contribution to the cross section is small. Alternatively, we can include
the large part of J into the upper bounding function, i.e.

U(ξ, y) = N
αs(k2

T )
ξ(1− y)

(
1

1− ξ
2(1− y)

)2

. (5.62)

Since we cannot solve the integral in (5.51) analytically, we use another upper bounding
function U ′ with

U ′(ξ, y) = N

ξ2(1− y)

(
1

1− ξ
2(1− y)

)2

≥ U(ξ, y). (5.63)

We can use U ′ to obtain values for pT according to the veto algorithm. Once we have a
value for pT , we can go from U ′ to U by drawing a uniformly distributed random number
between 0 and 1 and accepting the event with a probability of

p(ξ, y) = U(ξ, y)
U ′(ξ, y) = αs(k2

T )ξ. (5.64)
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The Sudakov form factor using U ′ is given by

− log ∆U ′(p2
T ) =

∫ sξ2
max

p2
T

dk2
T

∫ ξmax

ξ(k2
T )

dξ 1
k2
T

 1
ξ − k2

T
s

2

(5.65)

= − 2
ξmax

+ 2
p

+ 2 log ξmax
1− ξmax

+ 2 log 1− p
p

(5.66)

− 1
ξmax

[
log ξmax

1− ξmax
+ log

(
ξmax
p2 − 1

)]
, (5.67)

where ξ(k2
T ) =

√
k2
T
s and p =

√
p2
T
s (compare to [67, (C.10)]).

QCD Initial-State Radiation

We use a similar upper bounding function as in the final-state radiation case. We choose

U(ξ, y) = N
αs(k2

T )
ξ(1− y2) (5.68)

as upper bounding function and

k2
T = s

4ξ
2(1− y2) = sb

4(1− ξ)ξ
2(1− y2). (5.69)

The Powheg Sudakov (5.51) contains pdf ratios for ISR. In [82] it is shown that we
can nevertheless use (5.68) as upper bounding function. As mentioned in [47, section
7.4], it is possible that U is not a bounding function for extreme values of x1 or x2. If
those phase-space regions give only a tiny contributions to the total cross section, we can
introduce a technical cut-off. From (3.55), we know that

sb
s

= 1− ξ, s < S, (5.70)

where S is the center-of-mass energy of the proton system. This condition defines an
upper bound for ξ, i.e.

ξ < ξmax = 1− sb
S
< 1. (5.71)

We, therefore, have

− log ∆U (p2
T ) =

∫ ξmax

0
dξ
∫ 1

−1
dy

∫ 2π

0
dφN αs(k2

T )
ξ(1− y2)θ(k

2
T − p2

T )

= 2
∫ ξmax

0
dξ
∫ 1

0
dy

∫ 2π

0
dφN αs(k2

T )
ξ(1− y2)θ(k

2
T − p2

T ),
(5.72)
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where we used that the integrand is even with respect to y. Since y > 0, we can change
the integration variable to k2

T using

y =
√

1− 41− ξ
ξ2

k2
T

sb
. (5.73)

The Sudakov form factor is then given by

− log ∆U (p2
T ) = 2πN

∫ ξmax

0
dξ
∫ k̄2

T

p2
T

dk2
T

1
ξ

αs(k2
T )

k2
T

(
1− 41− ξ

ξ2
k2
T

sb

)− 1
2

, (5.74)

where
k̄2
T = sb

4
ξ2

1− ξ . (5.75)

We swap the order of integration and perform the ξ integration

− log ∆U (p2
T ) = 2πN

∫ k̃2
T

p2
T

dk2
T

αs(k2
T )

k2
T

∫ ξmax

ξ1
dξ 1√

(ξ − ξ1)(ξ − ξ2)

= 2πN
∫ k̃2

T

p2
T

dk2
T

αs(k2
T )

k2
T

I(k2
T ),

(5.76)

where

ξ1/2 = −2k2
T

sb
± 2kT√

sb

√
1 + k2

T

sb
, (5.77)

k̃2
T = sb

4
ξ2
max

1− ξmax
. (5.78)

The integral I(k2
T ) is given by

I(k2
T ) = 2 log

(√
ξmax − ξ1 +

√
ξmax − ξ2

)
− log (ξ1 − ξ2) . (5.79)

Using

log (ξ1 − ξ2) = log (ξmax − ξ2 − ξmax + ξ1)

= log
[(√

ξmax − ξ2 +
√
ξmax − ξ1

) (√
ξmax − ξ2 −

√
ξmax − ξ1

)] (5.80)

we can write
I(k2

T ) = log
√
ξmax − ξ2 +

√
ξmax − ξ1√

ξmax − ξ2 −
√
ξmax − ξ1

. (5.81)
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The integral in (5.76) has a complicated form. However, ∆U has the form of a Sudakov
form factor with one integration. Therefore, we can find an upper bounding function for
the integrand and use the veto method again. We notice that

log(ξ1 − ξ2) = log [(1− ξ2)− (1− ξ1)]

= log
(√

1− ξ2 −
√

1− ξ1
)

+ log
(√

1− ξ2 +
√

1− ξ1
) (5.82)

and
log

(√
ξmax − ξ1 +

√
ξmax − ξ2

)
≤ log

(√
1− ξ1 +

√
1− ξ2

)
. (5.83)

Hence, we find an upper bounding function

I(k2
T ) ≤ log

√
1− ξ2 +

√
1− ξ1√

1− ξ2 −
√

1− ξ1
= 1

2 log k
2
T + sb
k2
T

≤ 1
2 log k̃

2
T + sb
k2
T

= Ī(k2
T ). (5.84)

The Sudakov form factor for the upper bounding function Ī(k2
T ) is then given by

− log ∆U (p2
T ) = 2πN

∫ k̃2
T

p2
T

dk2
T

αs(k2
T )

k2
T

Ī(k2
T )

= −πN
b0

[
log

(
log Λ2

k2
T

)
log Λ2

k̃2
T + sb

− log k2
T

]∣∣∣∣∣
k̃2
T

k2
T=p2

T

= πN

b0

log k̃
2
T + sb
Λ2 log

log k̃2
T

Λ2

log p2
T

Λ2

− log k̃
2
T

p2
T

 .
(5.85)

Again, we have to introduce a lower limit p2
T,min > Λ2 to ensure that the Sudakov form

factor is well defined. We use the veto algorithm to generate a value for pT .
function generatePT2(p2

T,max)
p2 = p2

T,max
while true do

u = random(distribution = uniform in [0, 1])
p2
T = solve(∆U (p2

T ) = ∆U (p2)u)
if p2

T < p2
T,min or no solution exists then

return
end if
v = random(distribution = uniform in [0, 1])
if v < I(p2

T )
Ī(p2

T ) then
return p2

T

end if
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p2 = p2
T

end while
end function

The log of logs in (5.85) can become large when p2
T is small because k̃2

T is usually a large
number. This can lead to numerical problems when we use (5.85) as argument of the
exponential function because we obtain numbers which are so small that they cannot be
represented as floating point numbers. To circumvent this problem, we have to transform
the equation which we have to solve in such a way that we do not need to evaluate an
exponential function. This leads to

∆U (p2
T ) = ∆U (p2)u⇔ πN

b0

log k̃
2
T + sb
Λ2 log

log p2
T

Λ2

log p2

Λ2

+ log p
2

p2
T

 = log u (5.86)

Since p2
T ∈ [p2

T,min, p
2], we do not get numerical problems as long as

p2
T,min
Λ2 & 2. (5.87)

For a given pT , we generate ξ, y, φ which are distributed according to

p(ξ, y, φ) = N

A

αs(k2
T )

ξ(1− y2)δ(k
2
T − p2

T ), (5.88)

where A is a normalization constant. We use the inversion method [81] to generate a
value for ξ. The cumulative distribution function with respect to ξ is given by

Pξ(ξ) = log f(ξ)− log f(ξmin)
log f(ξmax)− log f(ξmin) , (5.89)

where

f(ξ) =
√

4p2
T

sb
(ξ − 1) + ξ2 + 2p2

T

sb
+ ξ (5.90)

and

ξmin = ξ1 = −2p2
T

sb
+

√√√√4p2
T

sb

(
1 + p2

T

sb

)
≤ ξmax, (5.91)

f(ξmin) = 2

√√√√p2
T

sb

(
1 + p2

T

sb

)
. (5.92)
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Solving Pξ(ξ) = u, where u is uniformly distributed random number in [0, 1], we obtain

ξ =

4p2
T
sb

+
(
F − 2p2

T
sb

)2

2F , (5.93)

where
F = exp

(
u log f(ξmax)

f(ξmin)

)
f(ξmin). (5.94)

Using p2
T and ξ we find

|y| =
√

1− 41− ξ
ξ2

p2
T

sb
(5.95)

and φ is distributed uniformly in [0, 2π). The algorithm to generate the radiation variables
is
function generateRadiationISR

p2 = k̃2
T

while true do
p2
T = generatePT2(p2)
if no p2

T then
return generate born like event

end if
ξ = (5.93)
y = (5.95)
φ = random(distribution = uniform in [0, 2π])
u = random(distribution = uniform in [0, 1])
if u < 1

2 then
y = −y

end if
v = random(distribution = uniform in [0, 1])
if v ≤ F

U(ξ,y) then
return ξ, y, φ

end if
p2 = p2

T

end while
end function
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EW Initial-State Radiation

The difference to the QCD case described in section 5.5.3 is the coupling constant. The
Sudakov is given by (cf. (5.85))

− log ∆U (p2
T ) = 2πN

∫ k̃2
T

p2
T

dk2
T

α

k2
T

Ī(k2
T )

= παN

2

(
log2 p2

T

k̃2
T + sb

− log2 k̃2
T

k̃2
T + sb

)
.

(5.96)

We find,

∆U (p2
T ) = ∆U (p2)u⇔ p2

T = (k̃2
T + sb) exp

(
−
√

log2 p2

k̃2
T + sb

− 2
παN

log u
)
. (5.97)

5.5.4. Implementation

We implemented the Powheg method in a C++ library. This library is similar to the
PowhegBox [67] framework but completely independent. Therefore, it can be used to
do a thorough check of the PowhegBox. The source code of the library is available at
https://github.com/lmcoy/mypowheg.
To use the library for a specific process, the user has to specify a list of all born

processes. For each born flavor configuration, the user has to attach all possible real
flavor configurations and their singular regions. Note, that a real process can be connected
to more than one underlying born process. An example is the W + jet process described
in chapter 8. For each born and real flavor configuration, the user has to implement
the matrix elements in four dimensions. Also the virtual part in dim. reg. or mass
regularization has to be implemented. Furthermore, a born phase-space generator is
needed. For born matrix elements that are divergent in certain limits, one also has to
implement cuts on the born phase space that render the LO cross section finite. An
example is the neutral current Drell-Yan process that is divergent at Q2 = 0 due to the
photon exchange (s. chapter 6). In summary, the user has to implement:

• matrix elements (born, color correlated born, real, virtual),

• a born phase space generator and cuts,

• a list of all subprocesses and their singular regions.

An overview of the user interface is given in Appendix I.
When a process is implemented, the resulting program starts by integrating B̃ over

the full phase space. The result is the NLO cross section of the process if no cuts are
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applied. We use VEGAS to perform the integration and store the grid to use it in the
event generation (s. Appendix D). This integration is also used to obtain values for
B̃max and Vest. With these values at hand, we can start the actual event generation. All
unweighted events are written to an LHE event file [83,84].

In the following, we describe how LHE event files are generated with our implementation.
The particle flavors and momenta are directly available from the Powheg method. The
parent-child structure of an event is determined by the FKS radiation region. However,
we have to include information about the color flow and resonances in the event file. It is
necessary to give the resonance structure to the parton shower because it should preserve
the resonance mass. Since the resonance structure is not available in Powheg, the user
has to supply which leading order particles originate from a resonance decay. At NLO a
particle can be radiated from a decay product of a resonance. This particle has to be
included in the decay products of the resonance. Whether a particle was radiated from a
resonance daughter, is determined by the radiation region.

Furthermore, the color flow has to be included. We use that the LO color flow is unique
for Drell-Yan and W + jet. Therefore, the user can specify the LO color flow. However,
the NLO color flow is not unique for W + jet but we can generate it by starting from the
LO color flow and using the singular FKS regions. The radiation region determines the
mother particle and its color flow configuration is given by the LO color flow. Therefore,
we can extend the color flow by the color flow of the splitting. However, this procedure
has ambiguities. First, the FKS initial-state regions Si do not specify which initial-state
particle is the emitter. We use the radiation variable y to choose an emitter, i.e. we use
the particle which is more collinear to the radiated particle as mother particle. Second,
the color flow of the FSR splitting g → gg is not unique. Hence, we choose the color flow
randomly in this case.

All particles are now fully specified and can be written into an LHE event file. However,
we have to notify the parton shower that the first radiation is already included in the
Powheg events, i.e. the parton shower has to start its evolution at the Powheg radiation
scale. The starting scale for the parton shower is specified event by event in the SCALUP

variable of the LHE format. Therefore, we have to store the radiation kT for every event
in this variable.

5.5.5. Matching a Parton Shower to POWHEG Events

Since the Powheg method is independent of the parton shower, we can use any pT -
ordered parton-shower program. To study phenomenological effects, we use Pythia
8 [73] as an example for a parton shower. Pythia 8 can use LHE event files as input and
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it generates QCD and QED radiation. Results for Drell-Yan are shown in the following
sections. In the following, we comment on important flags for parton shower matching
with Pythia 8.

Powheg and Pythia 8 use pT related evolution scales. However, the exact definition
of the evolution scales differs. The simplest matching solution

TimeShower:pTmaxMatch = 1

SpaceShower:pTmaxMatch = 1

assumes that the evolution scales are the same and starts the shower evolution at the
Powheg scale. Therefore, some phase-space regions can be double counted and some
other regions are maybe not counted at all. Furthermore, it is important to use the flag

Beams:strictLHEFscale = on

because Pythia 8 would ignore the Powheg SCALUP scale in resonance decays and use
the kinematic limit if this flag is not set. Setting this flag is equivalent to implementing
the Pythia function UserHooks::scaleResonance as recommended in [85].

To overcome the issue with different evolution scales, a Pythia 8 plug-in PowHegHook

[86] exists that starts the shower evolution at the kinematic limit and vetoes all emissions
with a Powheg evolution scale above the scale of the hardest Powheg emission. This
is possible because the Powheg and Pythia 8 evolution scales are similar. Otherwise, a
truncated shower would be necessary [78].
In order to use the PowHegHook plug-in in presence of resonance decays, we have

to modify the code. The default PowHegHook does not apply any veto in resonance
decays. Hence, we have to modify the code such that vetoing is done in resonance
decays. Furthermore, PowHegHook has to calculate the Powheg evolution scale after
each radiation and veto the radiation if the scale is larger than the Powheg radiation
scale SCALUP. For ISR the Powheg evolution scale is simply the transverse momentum
of the emitted particle. For FSR the Powheg evolution scale is based on the transverse
momentum in the soft-collinear limit (5.50). Therefore, the Powheg evolution scale for
FSR is given by

k2
T = (pi + pj)2Ei

Ej
, (5.98)

where the index i denotes the radiated particle and j the emitter after radiation. The
explicit changes in the code can be found in the PowhegBox implementation of the
neutral-current Drell-Yan process [51].
We use the following settings for the PowHegHook:
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POWHEG:nFinal = 1

POWHEG:pTdef = 1

POWHEG:QEDveto = 1

POWHEG:veto = 1

POWHEG:vetoCount = 10

TimeShower:pTmaxMatch = 2

SpaceShower:pTmaxMatch = 2

Beams:strictLHEFscale = off

Furthermore, we use

HadronLevel:all = off

PartonLevel:MPI = off

to disable hadronization and multi-parton interactions because we are only interested in
parton shower matching effects. To be consistent with our Powheg implementation for
EW corrections, we disable the running of the electromagnetic coupling, i.e.

TimeShower:alphaEMorder = 0

SpaceShower:alphaEMorder = 0.
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6. Neutral-Current Drell-Yan

The neutral-current Drell-Yan process pp → Z/γ → µ+µ− is a standard candle at the
LHC. It can be used to extract pdf information and for precision measurements of the
weak mixing angle. It can also play an important role in searches for BSM physics because
new heavy gauge bosons Z ′ could show up as peaks in the invariant mass distribution of
the leptons.

For all experimental analyses, it is crucial to have precise theoretical predictions. The
Drell-Yan process is one of the simplest processes at a hadron collider because of the
clean leptonic final state and QCD radiation can only originate from the initial-state
partons. Hence, the Drell-Yan process is known up to NNLO for QCD and NLO for EW
radiation. References are given in chapter 1.

In this chapter we apply the Powheg method described in the previous chapter to the
neutral-current Drell-Yan process. In particular, we use the Powheg method to combine
QCD and EW corrections. We published the results of this chapter also in reference [57].

The born matrix element consists of two Feynman diagrams, corresponding to photon
and Z-boson exchange. The virtual part of the partonic cross section for QCD [17] results
in the virtual 1-loop contribution (3.189), i.e.

V = αs
2πNCF

[
− 2
ε2 −

3
ε
− 2 log Q

2

s

1
ε
− 3 log Q

2

s
− log2 Q

2

s
− 8 + π2

]
B, (6.1)

where we used the same normalization N =
(

4πµ2

Q2

)ε 1
Γ(1−ε) as in (3.169). The finite part

is also calculated in Appendix B. Note that Q is an arbitrary scale that we will identify
with the renormalization scale.

Feynman diagrams for real radiation are shown in Figure 6.1. The real process contains
gluon radiation from the initial-state quarks and also an initial-state gluon splitting into
a quark-antiquark pair. In an FKS implementation, we need the color correlated born
amplitude to calculate the soft limit in (3.39) and (3.105). The color correlated born
matrix element is particularly simple for Drell-Yan because only the initial-state partons
have color charge. We find a global color factor CFNC for all real processes, i.e. the
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q̄

µ+

γ/Z

q̄

µ+

γ/Z

Figure 6.1.: Feynman diagrams that contribute to the real matrix elements of the neutral
current Drell-Yan process.

non-zero color correlated born matrix elements read

B12 = B21 = CFB. (6.2)

Using (6.2), we can show that the poles in (6.1) cancel with the real poles in the FKS
calculation (3.170).
The structure of the FKS subtraction scheme for QCD is particularly simple because

the QCD radiation can only be emitted from the initial-state partons. If the radiated
parton is a gluon (left in Figure 6.1), the gluon can arise from the initial-state quark
or the antiquark. If an initial-state gluon splits into a quark-antiquark pair (right in
Figure 6.1), the quark/antiquark enters into the Z/γ vertex and the antiquark/quark
is the radiated real parton. The underlying born process of all real matrix elements is
unique. Therefore, there is only one singular region for the initial-state radiation. The
corresponding S function is equal to 1 by construction.
We used the implementation of the Powheg method described in section 5.5.4 to

implement the Drell-Yan process. The real matrix elements are generated by the C++

output interface of MadGraph [87, 88]. When the flavor configurations are passed to
our library, one always starts with a born process. We consider here the ūu → µ+µ−

Drell-Yan sub process as an example. We have to connect the real process ūu→ µ+µ−g

to the born process and associate the singular region S5 to it (s. chapter 3). The code
automatically detects that the gluon can originate from both initial-state quarks and
adds the collinear remnants. Moreover, we have to add the real processes gu→ µ+µ−u

and ūg → µ+µ−ū. Both have the same singular region S5. The interface of our Powheg
implementation is discussed in Appendix I.
The structure of the EW corrections is more complicated because also the final-state

leptons can radiate photons. In fact, the final-state radiation is dominant. Due to the
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W/Z/γ

W/Z/γ

W/Z/γ

W
W/Z/γ

Figure 6.2.: Example Feynman diagrams for EW virtual corrections.

more complex singularity structure, we have to introduce three FKS S functions to
separate the singular regions. As for QCD we have one singular region S5 for initial-state
radiation and additionally the regions S54 and S53 for final-state radiation. Also the
matrix elements are more complex. The real radiation matrix elements are generated
with MadGraph and the virtual corrections are checked against reference [89]. The
virtual corrections contain loops with gauge bosons that become singular for on-shell
gauge bosons. A few example Feynman diagrams are shown in Figure 6.2. The treatment
of these singularities is described in section 6.1. EW corrections are usually calculated
with mass regularization. Using the results from chapter 4, we checked that we get the
same result for the FKS endpoint plus virtual part in dim. reg. and mass regularization.
Furthermore, we used implementations for the virtual amplitudes within dim. reg. and
mass regularization [90].

6.1. Details of the Calculation

In this section we comment on technical aspects of the the matrix element calculations
and the implementation of the process.

6.1.1. Complex-Mass Scheme

The propagator of a Z-boson is singular at q2 = M2, where q is the momentum of the
Z-boson and M is its mass. One way to include the Z-boson resonance and capture its
physics is to do a Dyson resummation of the self-energy, i.e. we use a geometric series to
sum self-energy contributions to all orders, i.e.

+ + + . . .

= i

q2 −M2
0 + iε

∞∑
n=0

(
L

q2 −M2
0 + iε

)
= i

q2 −M2
0 + iε− L, (6.3)

where L denotes the 1PI (1 particle irreducible, s. e.g. [91]) contribution and M0 is the
bare mass. We can use the real part of L to define the renormalized particle mass by the
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condition M2 −M2
0 − ReL2 = 0. However, the imaginary part cannot be absorbed into

the definition of the real particle mass. We find

iZ

q2 −M2 + iε− iZ ImL
, (6.4)

where Z is the wave-function renormalization constant (s. [91, chapter 7]). The squared
propagator is proportional to

1
(q2 −M2)2 + (Z ImL(q2))2 , (6.5)

i.e. the squared matrix element is not divergent at q2 = M2 anymore. The optical
theorem (see e.g. [91]) implies for the Z-boson self-energy that MΓ = −Z ImL(M2),
where Γ is the total width. Hence, the squared matrix element is proportional to a
Breit-Wigner propagator

1
(q2 −M2)2 +M2Γ2 (6.6)

that is not singular at q2 = M2 but enhanced. However, we mix different orders in
perturbation theory by resumming the loops and this possibly spoils gauge invariance
[92,93]. The complex-mass scheme [94–96] is a consistent and universal scheme to handle
the finite width effects. It introduces complex gauge-boson masses at the level of the
Lagrangian, i.e.

µ2
V = M2

V − iMV ΓV . (6.7)

This also leads to a complex Weinberg-angle

cos2 θw = µ2
W

µ2
V

. (6.8)

The complex-mass scheme is used in the calculation of all matrix elements. The complex-
mass scheme preserves the Ward-Identities.

6.1.2. Massless Fermion Approximation

The matrix elements are calculated in the massless limit because the masses are negligible
compared to typical energies at the LHC. In particular, the real matrix element and
the real phase space are generated under the assumption that quarks and leptons are
massless. Using massless leptons introduces artificial collinear singularities that would be
cut off by the physical lepton masses. The collinear singularities lead to an unphysical
enhancement of collinear photon radiation. These contributions are canceled due to the
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KLN theorem [60,61] if collinear photons are treated fully inclusively. When we perform
a fixed-order NLO calculation, the requirements of the KLN theorem are not fully met
due to phase-space cuts on the lepton momenta. We would obtain corrections of the order
α log(mf ), where mf is the fermion mass in a massive calculation [97]. To obtain an IR
safe fixed-order NLO cross section, we introduce a recombination of collinear photons
with leptons. We introduce the quantity

∆R2 = ∆η2 + ∆φ2, (6.9)

where ∆η is the rapidity difference between a lepton and a photon and ∆φ is the difference
of their azimuthal angles. If ∆R for a photon-lepton pair is smaller than a given threshold
(e.g. ∆R < 0.1), the photon and the lepton will be combined. The smaller ∆R the more
collinear a resolved photon can become. In this way all unphysical collinear photons are
recombined with leptons.

When we generate Powheg events, we do not encounter very collinear photon radiation
because we use an inclusive NLO weight B̄ and the radiation generation for QCD has
a lower cut off kmin

T due to the scale ΛQCD and the running coupling constant. In
principle, we do not need a cut-off for photon radiation because the Thompson limit of
the coupling α(0) is well defined. However, we do not have to generate photon radiation
at small kT because this radiation is in the soft/collinear regime and we do not expect
any improvement by the Powheg method compared to a parton shower. Therefore,
it is sensible to use a kmin

T cut-off scale also for EW Powheg radiation. Furthermore,
the hardest QCD radiation has typically kT values much larger than our default cut-off
scale (kmin

T )2 = 0.8 GeV2. We show in section 6.4 the independence of our results of
this technical cut off scale. When we combine QCD and EW Powheg radiation, the
hardest radiation is typically of QCD type because the coupling constant is much larger.
Therefore, it is unlikely to reach the kmin

T cut-off scale.
The parton shower, however, needs massive particles as input in order to correctly

generate the missing soft and collinear radiation. Hence, we use an on-shell projection
to introduce the particle masses on the Powheg event level. In the rest frame of the
resonance decay into two muons the four-momentum of the resonance is given by

pm =
(

2E
~0

)
, (6.10)

where E is the energy of the two massless muons with momentum ±~p. To obtain massive
four-momenta for the muons, we rescale their momenta by a factor λ and find from
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energy conservation that √
m2

1 + λ2~p 2 +
√
m2

2 + λ2~p 2 = 2E. (6.11)

Solving this equation for λ2, we find

λ2 = 1− m2
1 +m2

2
2E2 + (m2

1 −m2
2)2

16E4 . (6.12)

Therefore, the rescaled four-momenta of the muons read

p1/2 =

√m2
1/2 + λ2~p 2

1/2

λ~p1/2

 . (6.13)

We use the same rescaling for a resonance decay into two muons and a photon but we
solve the energy conservation equation for three particles numerically for λ.

6.1.3. Numerical Integration

We use Monte-Carlo methods to integrate the cross section numerically. A brief overview
of Monte-Carlo integration and references are given in Appendix D. We used OpenMPI to
adapt the standard VEGAS algorithm such that it can run in parallel. Our implementation
can use several CPU cores and can run on multiple computers in a high performance
cluster. Since Monte-Carlo integration performs best when the integrand is flat, we
transform the integral such that the integrand is nearly flat. The Drell-Yan cross section
is proportional to a Breit-Wigner propagator defined in (6.6). We define the quantity

Λ(s) = MΓS
(s−M2)2 +M2Γ2 , (6.14)

where M is the Z-boson mass and Γ is its width. The numerator is chosen such that it
is convenient in the explicit calculation. The cross section integration can be written as

σ =
∫ 1

0
dx1

∫ 1

0
dx2

∫
dσ̂(x1, x2) =

∫ 1

0
dx1

∫ 1

0
dx2

∫
dnyΛ(x1x2S)f(x1, x2, ~y), (6.15)

where x1, x2 are the momentum fractions of the partons, the n particle phase space is
defined by the parameters ~y and f is a function containing the rest of the matrix element
and the pdfs. We transform the x1 integral such that the Breit-Wigner is in the direction
of an integration variable τ = x1x2. Furthermore, we swap the τ and x2 integration
and use a second transformation to restrict the integration ranges from zero to one. We
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obtain,

σ =
∫ 1

0
dτ

∫ 1

0
dz
∫

dny 1− τ
τ + (1− τ)zΛ(τS)f

(
(1− τ)z + τ,

τ

(1− τ)z + τ
, ~y

)
. (6.16)

Our aim is to find an integral transformation that fulfills the differential equation

dτ
dt = 1

Λ(τS) (6.17)

because this transformation cancels the Breit-Wigner peak in the integrand. We find

τ(t) = MΓ
S

tan (t) + M2

S
⇔ t = arctan τS −M

2

MΓ . (6.18)

Using this integral transformation and rescaling the integration to the unit cube, we
obtain

σ =
∫ 1

0
dz
∫ 1

0
du

∫
dny1− τ(tu)

x1(tu, z)
∆f

(
x1(tu, z),

τ(tu)
x1(tu, z)

, ~y

)
, (6.19)

where

∆ = arctan S −M
2

MΓ + arctan MΓ , (6.20)

tu = ∆u− arctan MΓ , (6.21)

x1(tu, z) = τ(tu) + (1− τ(tu))z. (6.22)

The Breit-Wigner in (6.15) is canceled by the Breit-Wigner in (6.19). Therefore, the new
integrand is flat compared to the original integrand and the Monte-Carlo integration
converges faster. In practice, we have to cancel the Breit-Wigner numerically because we
cannot split the matrix element in our calculation into f and Λ. Hence, we use

dnyf = dny 1
Λ(Λf) = dσ̂ 1

Λ(τ(tu)S) (6.23)

in (6.19). If this method is used, most of the random points are sampled close to the
resonance. Therefore, one should be aware of this, if the integrand has other features
that are not close to the resonance.
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6.2. Parameters and Setup

The gauge boson masses and widths are [98]

mZ = 91.1876 GeV, ΓZ = 2.495 GeV, (6.24)

mW = 80.385 GeV, ΓW = 2.085 GeV. (6.25)

We use the Fermi constant, measured in the muon decay,

GF = 1.16637× 10−5 GeV−2 (6.26)

and the gauge boson masses to define the electromagnetic coupling constant. The
coupling, consequently, is defined by the effective coupling of the muon decay. It reads

α =
√

2GFM2
W

π

(
1− M2

W

M2
Z

)
. (6.27)

Radiative corrections of the muon decay are already included in the coupling constant.
Large universal electroweak corrections (from the running of the coupling etc.) are already
incorporated into the LO results when we use the above definition. Hence, the remaining
electroweak corrections are minimized. This scheme is called Gµ-scheme. When we
transform the usual on-shell renormalization scheme with α(0) in the Thompson limit
into the Gµ-scheme at NLO EW, we have to subtract the radiative corrections ∆r to
muon decay from the vertex counterterm [99,100], i.e.

δctffV

∣∣∣
Gµ

= δctffV

∣∣∣
α(0)
− 1

2∆r. (6.28)

The coupling constant in the Thompson limit and in the Gµ scheme are connected by

α = α(0)(1 + ∆r) +O(α3). (6.29)

The quantity ∆r contains contributions from the change of α(0) to α(MZ). These
contributions are proportional to logarithms of the light fermion masses (α(0) logm2

f )
that cancel the logarithms from charge renormalization in the α(0)-scheme. Contributions
from the W -boson self energy with a top-bottom loop are also included in ∆r.
We use the following fermion masses as regulator masses in mass regularization, in

the on-shell projection of the momenta, and in the running of the strong coupling αs (s.

103



6. Neutral-Current Drell-Yan

section 5.4):

mu = 6.983× 10−2 GeV mc = 1.2 GeV mt = 173.07 GeV
md = 6.983× 10−2 GeV ms = 0.15 GeV mb = 4.6 GeV
me = 0.510998928× 10−3 GeV mµ = 0.1056583715 GeV mτ = 1.77682 GeV

As pdfs we use the NNPDF 2.3 pdf set. In particular, we use the NLO QCD + LO
QED PDF set with αs(MZ) = 0.118 (ID: 244600) [101–103] interfaced with LHAPDF
6.1.6 [104]. We assume the DIS pdf renormalization scheme for EW corrections (s.
(3.194)). The Powheg events are showered by Pythia 8.215 [73] without hadronization
and multi-parton interactions because we are interested in the details of the parton-shower
matching. We comment on the validity of this assumption in section 6.6. Concerning the
Pythia parton-shower matching, we use the PowHegHook plug-in described in section 5.5.5.
Furthermore, we use the Pythia internal NNPDF 2.3 QCD+QED NLO pdf set by using

PDF:pSet = 15

The event selection is done with Rivet 2.4.0 [105].

6.3. NLO Calculation

To validate our implementation, we compare the cross sections for different setups to
a fixed-order NLO calculation that uses the Catani-Seymour subtraction scheme [90].
Both implementations use the same virtual matrix elements. When we calculate NLO
distributions, we have to use recombination (s. section 6.1.2) and we cut on the real
radiation phase space. First, we apply only an invariant mass cut of mll > 50 GeV to
render the cross section finite. For EW corrections we set the recombination parameter
to ∆R = 0.1. Furthermore, we use a setup (setup2) with the same invariant mass cut
and the LHC acceptance cuts pT > 20 GeV and |η| < 2.5. Since the EW corrections are
rather small, we define a third setup (setup3) to enhance corrections. We use the same
acceptance cuts as before and increase the invariant mass cut to mll > 85 GeV. The
recombination parameter is set to ∆R = 0.01. The EW corrections are larger because
we remove all events that are shifted from the Z peak to lower values of mll by FSR.
The lower recombination parameter ∆R leads to more unrecombined photon FSR and
enhances the correction at the peak. The results for all setups are shown in Table 6.1.
At LO, we find good agreement for all setups. The NLO results agree at the level of 1
per mill but show deviations which are larger than the integration error. The source of
these deviations is not resolved so far. There can be many reasons for the deviations,
e.g. numerical inaccuracies, underestimated Monte-Carlo errors, technical cut-offs etc.
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setup1 setup2 setup3
[pb]

σLO
POW 1662.49± 0.02 759.15± 0.02 693.57± 0.02
FO 1662.66± 0.07 759.21± 0.03 693.59± 0.03

∆QCD
NLO

POW 227.21± 0.02 63.21± 0.03 65.34± 0.02
FO 226.56± 0.15 62.50± 0.10 64.82± 0.08

∆EW
NLO

POW −13.35± 0.01 −13.73± 0.01 −58.19± 0.01
FO −13.11± 0.05 −13.61± 0.03 −58.02± 0.04
setup1 mll > 50 GeV,∆R = 0.1
setup2 mll > 50 GeV, pT (l) > 20 GeV, |η| < 2.5,∆R = 0.1
setup3 mll > 85 GeV, pT (l) > 20 GeV, |η| < 2.5,∆R = 0.01
√
s = 13 GeV, NNPDF 2.3 (ID: 244600)

Table 6.1.: Comparison of the LO cross section and NLO corrections. We compare results
from our FKS implementation (POW) with results from a fixed-order NLO
calculation (FO) that uses the Catani-Seymour subtraction scheme. Both
implementations use the same virtual matrix elements.

It is hard to determine the reason because we cannot compare subsets of the cross
sections (e.g. subtracted real emission, virtual plus endpoint) because the calculation in
Catani-Seymour and FKS are organized differently. Anyway, the deviations are so small
that they are not important for phenomenological studies at the LHC.

6.4. Phenomenology

In this section we investigate the phenomenology of the Drell-Yan process with a muonic
final state at the LHC with

√
s = 13 TeV. To render the cross section finite, we have to

introduce the cut
mll > 50 GeV (6.30)

in the generation of Powheg events, i.e. in B̄ (s. section 5.3). This cut is necessary
because the photonic Drell-Yan LO cross section is proportional to 1/s at small s, where
s is the partonic center-of-mass energy. In general, the cuts should be as inclusive as
possible because a born event that fails the cuts could pass the cuts after real radiation.
Such a case is described in chapter 8 for W + jet production. However, the invariant
mass cut does not lead to these problems because ISR does not change the invariant
mass of the lepton pair and FSR only reduces it.
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PowhegBox V1 PowhegBox V2 Powheg

[pb]
σQCD 1891.2± 1.0 1891.5± 0.8 1890.8± 0.7
σEW – 1661.0± 0.4 1663.5± 0.6
σQCDxEW – 1888.9± 0.9 1890.1± 0.8

setup: mll > 50 GeV

Table 6.2.: NLO cross sections for
√
s = 13 TeV and mll > 50 GeV. These values are

obtained from Powheg event generation.

The pure QCD Powheg corrections are implemented in version 1 (V1) [48] and
version 2 (V2) [51] of the PowhegBox. EW corrections are only implemented in V2. A
comparison of PowhegBox cross sections with cross section obtained with our Powheg
implementation in Table 6.2 shows good agreement.
We apply the phase-space cuts

pT > 20 GeV, (6.31)

|η| < 2.5 (6.32)

to the muon momenta after showering with Pythia. These cuts are supposed to mimic
the acceptance cuts of ATLAS and CMS. We use the Pythia settings from section 5.5.5.
In the following, we compare distributions obtained with our implementation with results
from the PowhegBox.
The main feature of the mll distribution is the resonance peak at MZ due to the

s-channel Z boson. In the following sections, we describe how the peak is changed due
to NLO corrections.

6.4.1. QCD Corrections

Since only initial-state radiation is present at NLO QCD, the real radiation does not
change the shape of the mll distribution. We use a fixed scale µ = µF = MZ . Since we
are interested in QCD corrections only in this section, we switch off the Pythia QED
shower by using the following flags:
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Figure 6.3.: Invariant mass spectrum of the muons. The results obtained with our
implementation (labeled by Sdef) are compared to PowhegBox events
(labeled by BOX) and fixed-order NLO results. Concerning Pythia, we
only apply the QCD parton shower. The lower panel shows the relative
corrections with respect to LO in percent. The shaded band shows the scale
variation for 2µ and µ/2.

SpaceShower:QEDshowerByL = off

SpaceShower:QEDshowerByQ = off

TimeShower:QEDshowerByGamma = off

TimeShower:QEDshowerByL = off

TimeShower:QEDshowerByQ = off

The distribution mll is shown in Figure 6.3. We find good agreement between our
Powheg implementation (labeled by Sdef), the PowhegBox (version 2) and the fixed-
order NLO calculation [90] in the whole range of the mll distribution. The shaded band
in Figure 6.3 corresponds to a scale variation in the range MZ/2 < µ = µF < 2MZ , i.e.
the scale variation leads to a constant shift in the resonance region. In particular, there
is no feature in the distributions.

In contrast to the invariant mass, the additional radiation has a large effect on the muon
transverse momentum pT (µ) because the muon system recoils against the additional jet.
In fact, the Z-boson and the muons can be highly boosted when a hard jet is radiated
from the initial-state partons. Figure 6.4 shows that the muon transverse momentum

107



6. Neutral-Current Drell-Yan

20 30 40 50 60 70 80 90 100

pT (µ) [GeV]

10−2

10−1

100

101

102

d
σ
/d
p T

[p
b
/G

eV
]

POWHEG QCD + Pythia8 (QCD)

LO (w/o Pythia) Sdef BOX

(a) Transverse momentum distribution of the
muon.

20 25 30 35 40 45

pT (µ) [GeV]

−60

−40

−20

0

20

40

δ[
%
]

POWHEG QCD + Pythia8 (QCD)

Sdef BOX

(b) Relative corrections with respect to the LO
(w/o Pythia) result. The shaded area cor-
responds to scale variation in the range
MZ/2 < µ = µF < 2MZ .

Figure 6.4.: Muon pT for the leading order process without Pythia and the matched
Powheg NLO process. The results obtained with our Powheg implementa-
tion are labeled by Sdef. For comparison we also show PowhegBox results
labeled by BOX. Concerning Pythia, we only consider the QCD parton
shower.

pT (µ) is washed out due to the additional gluon radiation, i.e. the Jacobian peak is
washed out. At LO the muon system has no transverse momentum because the muons
recoil against each other. At NLO the muon system recoils against the radiated parton
and, therefore, its transverse momentum pT (Z) is equivalent to the radiation pT . Large
values of pT (Z) are best described by the NLO matrix element. At small pT (Z) the
distribution is not described by the matrix element because the real matrix element is
divergent in this region. The leading soft and collinear logarithms, that make the NLO
matrix element divergent, are resummed to all orders by the parton shower. Therefore,
we obtain finite cross section results in the region of small pT (Z) when we use a parton
shower. Figure 6.5 shows that the cross section is finite in the small pT (Z) region if we
use a parton shower or Powheg. For large pT (Z) the parton shower underestimates the
cross section because it is based on soft and collinear radiation only.

6.4.2. Electroweak Corrections

The electroweak corrections induce larger corrections to the mll shape than the QCD
corrections although the electromagnetic coupling is much smaller than the strong
coupling αs. Photon radiation leads to larger effects because photons can also be radiated
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Figure 6.5.: Transverse momentum of the Z → µ+µ− system recoiling against the radiated
jet for the leading order process with parton shower and the matched Powheg
NLO process. The results obtained with our Powheg implementation are
labeled by Sdef. For comparison we also show PowhegBox results labeled
by BOX. Concerning Pythia, we only consider the QCD parton shower.
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Figure 6.6.: Invariant mass spectrum of the Z → µ+µ− system for the leading order
process without Pythia and the matched Powheg NLO process. The
results obtained with our implementation (labeled by Sdef) are compared
to PowhegBox events (labeled by BOX) and fixed-order NLO results.
Concerning Pythia, we only apply the QED parton shower. The lower panel
shows the relative corrections NLO/LO corrections in percent.

from the final-state muons. In fact, the final-state radiation is dominant. Since we are
interested in EW corrections only in this section, we disable the QCD parton shower in
Pythia by using the settings:

Checks:event = off

PartonLevel:Remnants = off

SpaceShower:QCDshower = off

TimeShower:QCDshower = off

Figure 6.6 shows the mll distribution for EW corrections matched to a QED shower.
We find good agreement between our implementation and the PowhegBox over a
large range of mll. The reason for the large corrections below the resonance peak is
that photonic final-state radiation reduces the invariant mass of the lepton system mll.
Therefore, the events are moved to lower values of mll. Since the majority of all events
is at the peak, we see large relative corrections when events from the peak are moved
to smaller mll. Events with mll > MZ before radiation cannot compensate the loss at
the peak because their cross section is too small. The scale dependence of the NLO
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(a) No recombination
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(b) Recombination

Figure 6.7.: Invariant mass of the Z → µ+µ− system for different Powheg cut-off scales
compared to the default cut-off scale k2

T = 0.8 GeV2.

distribution is almost the same as the LO scale dependence. Hence, the scale dependence
cancels in the relative corrections in Figure 6.6 and is not shown.

To validate the usage of massless leptons in the Powheg event generation, we investi-
gate the effects of a small radiation cut-off scale (see section 6.1.2). Using a very small
cut-off scale, collinear radiation is enhanced and we find large unphysical corrections.
Figure 6.7a shows these unphysical corrections for several cut-off scales compared to our
standard value of k2

T = 0.8 GeV2. Large unphysical corrections are only present when we
set the cut-off scale as small as the electron mass. This shows that the massless lepton
approximation is valid for our standard cut-off scale. In Figure 6.7b, we see that the
unphysical corrections disappear once we use recombination.

6.5. Resonance Improvement

The FKS phase-space splitting used in Powheg is not unique because the S functions
can be defined in different ways (see section 3.3.1). Only their collinear limit is uniquely
defined. The standard S functions do not reflect the resonance structure of the Drell-
Yan process. Therefore, large higher-order effects can come about. To illustrate the
resulting effects, we consider a phase-space configuration with hard photon radiation. The
radiation is also considered not to be collinear to one of the muons or the beam axis. The
squared amplitude contains Feynman diagrams for initial-state radiation and for final-
state radiation. Therefore, the squared matrix element can be on-shell if the momentum
transfer Q2

3 = (l+ + l− + k)2 = M2
Z or if the momentum transfer Q2

2 = (l+ + l−)2 = M2
Z .
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Figure 6.8.: Relative EW corrections in B̄ for the invariant mass of the lepton pair. We
show results for different choices of the S functions, i.e. Sdef, SM, and Sq.
Furthermore, the PowhegBox result is shown which agrees well with Sdef.

The muon momenta are denoted by l± and k is the momentum of the real photon.
Considering a phase-space configuration with on-shell FSR diagrams (Q2

3 = M2
Z), the

ISR diagrams are suppressed because Q2
2 < M2

Z . In total, FSR dominates in this phase-
space configuration. However, the FKS S functions do not reflect the structure of the
matrix element. Depending on the specific choice of S functions, the ISR region can give
significant contributions to the NLO weight B̄. As shown in Figure 6.8, we find large
corrections for the standard FKS splitting Sdef (described in section 3.3) in the tails of the
invariant mass spectrum. Figure 12 in [30] shows that the purely weak corrections close
to the peak are small. Below the peak, photonic Drell-Yan contributions are important
but the coupling structure is not similar to the muon decay. Therefore, the Gµ scheme
that is defined by muon decay (s. section 6.2) is not the best choice anymore. This leads
to corrections up to 5 % below the peak.
To minimize the effects of wrongly assigned phase-space regions, we split the squared

Drell-Yan amplitude in a gauge invariant way into a pure FSR term |MFSR|2, a pure
ISR part |MISR|2, and an interference term, i.e.

|M|2 = |MFSR|2 + |MISR|2 + 2 ReMISRM∗FSR. (6.33)
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The FKS subtraction can be applied to all terms separately. The ISR term has only one
singular region and the corresponding S function is by construction one. The FSR term
has two singular regions, one for each muon. The interference term has the same singular
regions as the full process but either the ISR or FSR propagator can be on-shell. Hence,
there is no enhancement for ISR or FSR. Figure 6.8 shows that the physical decomposition
of the matrix element (labeled by SM in the following) reproduces qualitatively the
results shown in Figure 12 of [30]. This is expected because B̄ (s. section 5.3) is an
inclusive quantity and, therefore, the large kinematic effects described in section 6.4.2 do
not contribute. Furthermore, Figure 6.8 shows a good agreement of our implementation
using Sdef and the PowhegBox when no radiation is generated.

We can also improve the FKS S functions such that they respect the resonance structure.
The general procedure is discussed in [58]. For Drell-Yan, the standard S functions
(labeled by Sdef) are given by

Sdef
0 = 1

1 + d0
d+

+ d0
d−

(6.34)

for initial-state radiation and

Sdef
± = 1

1 + d±
d0

+ d±
d∓

(6.35)

for final-state radiation (s. section 3.3.1). We use d+ = d53 and d− = d54 and the
definitions from section 3.3.1 for all d’s. We introduce Breit-Wigner propagators to reflect
the resonances within the S functions, i.e.

P2,3 = M4
Z

(Q2
2,3 −M2

Z)2 + Γ2
ZM

2
Z

. (6.36)

As before Q3 = l+ + l− + k is the FSR momentum transfer and Q2 = l+ + l− is the
ISR momentum transfer. If we define the resonance improved S functions including the
Breit-Wigner factors as

Sres
0 = 1

1 + P3
P2

(
d0
d+

+ d0
d−

) (6.37)

and
Sres
± = 1

1 + P2
P3

d±
d0

+ d±
d∓

, (6.38)

the unique collinear limits are not changed because the ratios of d functions are either
zero or infinity for collinear radiation. Only non-collinear phase-space configurations are
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changed because the ratios of the d functions are of order O(1) in these regions. Consider
for example a phase-space configuration, that is equally split into ISR and FSR regions
with the standard S functions. The ISR region is given by

Sres
0 = P2

P2 + P3
. (6.39)

The separation between ISR and FSR, therefore, is determined by the on-shellness of the
Breit-Wigner propagators. The ISR S function is close to one if the ISR propagator is
on-shell and the FSR diagrams are highly off-shell. On the other hand it is zero if it is
the other way around.
In case of photon radiation, we can add the fermion charges to the Breit-Wigner

propagator to improve the FKS region separation further. That is, P2 → Q2
qP2 and

P3 → Q2
l P3 where Qq is the quark charge and Ql is the lepton charge. The corresponding

S functions are denoted by Sq in the following.
Figure 6.8 shows that introducing Breit-Wigners to the S functions reduces the large

corrections we found with the standard FKS splitting. When we use also the fermion
charges, we find very good agreement with the splitting at the matrix-element level into
FSR and ISR parts.
The large corrections we found for standard FKS are also present in the Sudakov.

Since the Powheg method has NLO accuracy, these contributions have to cancel the
large corrections once we also generate radiation with the Powheg method. The FKS
splitting, therefore, does not matter at O(α) when we generate Powheg event samples
with pure EW corrections. Only higher-order terms can be induced because the Powheg
method has NLO accuracy.
When we combine QCD and EW corrections, we always use the NLO weight B̄ for

both types of corrections. But only the hardest radiation is generated with Powheg, i.e.
QCD radiations win the highest-bid method most of the time. Hence, the cancellation
between the EW Sudakov and the large corrections in B̄ is reduced.

6.6. Combining QCD and EW Corrections

To combine corrections from QCD and EW, we use an NLO weight B̄ that includes real
and virtual corrections for QCD and EW radiation. In particular, we have to add the
finite terms of the 1-loop expressions and all subtracted real matrix elements for QCD
and photon radiation. Also pdf renormalization remnants for QCD and EW radiation
have to be taken into account. Furthermore, all radiation regions for QCD and EW have
to be taken into account.
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Figure 6.9.: Invariant mass spectrum for combined QCDxEW corrections with different
S functions. This plot shows results for LO (without parton shower) and
NLO results for Sdef and SM. The lower panel shows relative corrections
with respect to LO.

Figure 6.9 quantifies the effect of different S functions. Since Powheg generates only
the hardest radiation and the QCD coupling αs is much larger than the fine-structure
constant α, the hardest radiation is most likely of QCD type. Hence, contributions from
the EW Sudakov are small. These contributions, however, cancel the large corrections we
found for the standard FKS splitting in B̄ for EW only. This cannot be the case for the
combined QCDxEW corrections. Figure 6.10 shows relative corrections for different S
functions with respect to the default Sdef functions. The differences due to the different
S functions are reduced compared to the B̄ result because the Powheg emission of real
photons compensates part of the deviation. However, a percent-level distortion of the
resonance peak remains. Note an alternative solution [106] is described in chapter 7.
So far, we also switched off hadronization and multi-parton interactions (MPI) in

Pythia for performance reasons. Running Pythia with hadronization and MPI takes
16 CPU hours for 106 Powheg events on the RWTH Compute Cluster. Figure 6.11
shows the same plot as Figure 6.10 but hadronization and MPI is enabled and we only
show results for SM in comparison with Sdef. The total runtime to produce this plot
with hadronization and MPI is approximately 2000 CPU hours on the RWTH Compute
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Figure 6.10.: Invariant mass spectrum for combined QCDxEW corrections with different
S functions. This plot shows relative corrections with respect to Sdef for
Sres, SM, Sq, and the PowhegBox.
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Figure 6.11.: Invariant mass spectrum for combined QCDxEW corrections. This plot
shows relative corrections for SM with respect to Sdef. Hadronization and
MPI is enabled in Pythia.
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Figure 6.12.: Relative difference of EW corrections matched to a QED parton shower
and a fixed-order NLO calculation.

Cluster. If hadronization and MPI is switched off, the runtime reduces to about 30
minutes for 106 Powheg events. Figure 6.11 shows that we obtain the same results when
we enable hadronization and MPI. Since all other curves in Figure 6.10 are similar to
Sdef and SM, we do not expect changes in our results. Hence, using the Pythia settings
in section 5.5.5 is justified.

6.7. Influence of Different Matching Schemes in PYTHIA

In this section we investigate the differences between our default parton-shower matching
in Pythia (denoted by PowHegHook improved parton-shower matching) and the matching
without PowHegHook described in section 5.5.5 (denoted by simple matching in the
following).
Figure 6.12 shows the effects due to multi-photon radiation from the parton shower.

Our implementation agrees qualitatively with the results in Figure 12 in [30]. Especially
for large mll, we find small corrections. Furthermore, Figure 6.12 shows the effect of the
PowHegHook improved parton-shower matching compared to the simple parton-shower
matching.

The difference between simple matching and the PowHegHook improved parton-shower
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Figure 6.13.: Comparison of PowHegHook improved parton-shower matching and simple
parton-shower matching.

matching for QCD radiation is shown in Figure 6.13. Since initial-state radiation does
not change the invariant mass distribution, we do not find differences between the simple
matching and the PowHegHook improved partons-shower matching.

The effects of the mismatch of evolution scales for combined QCD and EW corrections
is shown in Figure 6.14. We find that the resonance peak is not changed. Only in the
low invariant mass tail, we find a difference of up to 2 %.
Since the evolution scale mismatch applies also to the resonance improved Powheg

method, the ratio plot Figure 6.10 does not change for simple parton shower matching.

118



6. Neutral-Current Drell-Yan

60 70 80 90 100 110

mll [GeV]

−3.0

−2.5

−2.0

−1.5

−1.0

−0.5

0.0

0.5

1.0

1.5

δ[
%
]

POWHEG QCDxEW + Pythia8

Sdef simple matching

(a) Sdef

60 70 80 90 100 110

mll [GeV]

−3.0

−2.5

−2.0

−1.5

−1.0

−0.5

0.0

0.5

1.0

1.5
δ[
%
]

POWHEG QCDxEW + Pythia8

SM simple matching

(b) SM

Figure 6.14.: Relative difference of PowHegHook improved parton-shower matching and
simple parton-shower matching for combined QCD and EW corrections.
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7. Charged-Current Drell-Yan

The charged current Drell-Yan process pp→W± → l+ν(l−ν̄) is important at the LHC
due to its large cross section. It can be used to measure the W -boson mass with an
accuracy of 10 – 20 MeV [13,107–109].
The parameters of the standard model of particle physics (SM) are connected by

overconstrained relations. Hence, we can use measured parameters to test the validity of
the SM. Using a global fit, the W -boson mass can be determined with a better precision
than the direct measurement [110, 111]. Therefore, it is important to measure mW as
precisely as possible to test the validity of the SM.
Recently, the first measurement of the W -boson mass at the LHC was published in

reference [13,109]. The measured mass is given by

mW = 80370± 7(stat.)± 11(exp. syst.)± 14(mod. syst.) MeV, (7.1)

where the first uncertainty is statistical, the second uncertainty is the experimental
systematic uncertainty, and the third corresponds to the physics-modeling systematic
uncertainty. To obtain theW -boson mass, the PowhegBox (V1/svn rev. 1556) matched
to Pythia 8 was used. Since the modeling uncertainty dominates, better predictions for
QCD and EW corrections for the Drell-Yan process in Powheg are necessary to improve
the W -boson mass measurement.
Furthermore, it is possible to determine pdfs [112] and measure the luminosity of the

LHC [113]. The charged-current Drell-Yan process is also a background in searches for a
heavy gauge boson W ′.

Technically, the charged-current Drell-Yan process is similar to the neutral-current Drell-
Yan process. Therefore, it is known to the same order in QCD and EW perturbation theory.
References for the calculations can be found in chapter 1. The charged-current Drell-Yan
process including EW corrections is implemented in the PowhegBox framework [49,50].
In this chapter we apply the resonance improved parton-shower matching described in
the previous chapter to the charged-current Drell-Yan process. We published the results
of this chapter also in reference [57].
In our Powheg implementation, we use the virtual matrix elements from [114] and
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7. Charged-Current Drell-Yan

PowhegBox V2 PowhegBox V2 cmplx Powheg NLO
[pb]

σLO 9562± 1 9572± 1 9559± 1 9554± 1
σQCD 10986± 1 10998± 1 10987± 2 10974± 3
σEW 9628± 6 9545± 1 9511± 1 9507± 1
σQCDxEW – 10972± 1 10941± 2 10926± 3

setup: mlν > 1 GeV

Table 7.1.: NLO cross sections for
√
s = 13 TeV and mlν > 1 GeV. These values are

obtained from Powheg event generation.

the real matrix elements were generated with MadGraph [87, 88]. The elements of the
CKM matrix are used as global factors for the born process and the CKM matrix is set
to 1 in the calculation of the virtual correction. We use the following block diagonal
CKM matrix parametrization

Vud = 0.975, Vus = 0.222, Vub = 0,
Vcd = 0.222, Vcs = 0.975, Vcb = 0,

i.e. we neglect mixing with third-generation quarks. All other parameters are the same
as for the neutral-current Drell-Yan (s. section 6.2).
The singular regions are similar to the neutral-current Drell-Yan case. The only

difference is that the final-state neutrino does not radiate photons and no soft/collinear
region has to be associated to the neutrino. Hence, we have only one ISR and one
FSR singular EW region. In Table 7.1, we list the inclusive cross sections obtained
with the PowhegBox implementation, our implementation and a Catani-Seymour
subtracted fixed-order NLO calculation [90]. We find a good agreement at the 1%� level
for the LO and QCD NLO cross sections between our Powheg implementation and
the PowhegBox V2. The EW corrections show a large deviation due to a bug in the
virtual amplitudes in PowhegBox V2 (svn/r3175).1 If we use the complex-mass scheme
implementation in the PowhegBox V2 (svn/r3175) (labeled PowhegBox V2 cmplx),
the cross sections agree at the per mill level.2 Hence, we use PowhegBox V2 cmplx to
validate our implementation in the following.

As for neutral-current Drell-Yan, we use

plT > 20GeV and |ηl| < 2.5 (7.2)
1After private communication with the authors of the PowhegBox, the bug was fixed in Powheg-

Box V2 (svn/r3344) and the complex-mass scheme is enabled by default.
2The complex-mass scheme is enabled by setting complexmasses=.true. in init_couplings.f.
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7. Charged-Current Drell-Yan

as LHC acceptance cuts. Furthermore, we use

pmiss
T > 20GeV (7.3)

which is implemented as a cut on the neutrino. We use µF = µ = MW as factorization
and renormalization scales in the event generation.
A relevant observable for the determination of the W -boson mass is the transverse

mass mT . It is defined as

m2
T =

(
E

(1)
T + E

(2)
T

)2
−
(
~p

(1)
T + ~p

(2)
T

)2
, (7.4)

where
(
E

(i)
T

)2
= m2

i +
(
~p

(i)
T

)2
and i denotes the neutrino and the muon.

The W -boson mass can be determined by comparing measured mT distributions to
template distributions, where template distributions are obtained by simulating events
with different values for mW .

We show the transverse-mass distribution for Sdef and Sres (s. section 6.5) in Figure 7.1.
We also compare our results to the PowhegBox V2. Figure 7.1 shows the PowhegBox
curve rescaled to the cross section we found with our implementation. We find a deviation
up to 3 per mill at the Jacobian peak when we compare the results for Sdef and for Sres.
A similar difference was found in Figure 34 of [115], where PowhegBox results for QCD
and QCD+EW (both matched to Photos [116]) are compared. In [115], the difference is
attributed to missing O(αsα) contributions in the PowhegBox QCD results. However,
the difference can at least partly be attributed to missing resonance improvements. In
the transverse-mass distributions, we do not find any differences if we use the simple
parton-shower matching described in section 6.7.
We cannot split the matrix element into gauge invariant subsets for ISR and FSR.

Furthermore, we cannot define Sq unambiguously due to the W -boson charge. Therefore,
we study the mT distribution for the neutral-current Drell-Yan process where Sq and
SM can be defined (s. section 6.5). Figure 7.2 shows that we find qualitatively the same
deviation for Sres as for the charged-current case. At the Jacobian peak, the deviation is
larger than for the charged-current because there are two radiating final-state particles.
The results for Sdef and SM are similar at the peak, i.e. Sdef can be used to resolve the
issue found in Figure 34 of [115].

During the completion of this thesis an alternative solution to using Sres was published
in reference [106]. Most of the radiation in standard Powheg is ISR QCD radiation due
to the large coupling. The PowhegBox is modified to generate initial-state radiation
and final-state radiation separately. Therefore, the PowhegBox can generate up to two
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Figure 7.1.: Transverse-mass distribution for the charged-current Drell-Yan process. The
upper panel shows the differential cross section and the lower panel shows
the relative correction with respect to Sdef for Sres and the PowhegBox.

radiated particles, i.e. an ISR parton or photon and an FSR photon. Furthermore, it
gives two radiation scales (ISR/FSR) to the parton shower. Figure 3 in [106] shows also
a 5 per mill distortion at mT = mW . In the future, it would be interesting to compare
both approaches in detail.

The authors of [106] also determined MW by fitting templates to the mT distribution.
They found that the distortion in Figure 7.1 leads to a shift in mW of about 10 MeV.
They also show that the mW masses obtained with different QED parton showers do not
agree on a level of about 10 MeV if no resonance improvement is used (i.e. Sdef). This
discrepancy would contribute to the theory error. However, the mW masses agree if they
use the PowhegBox with up to two radiations.
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Figure 7.2.: Transverse-mass distribution for the neutral-current Drell-Yan process. The
upper panel shows the differential cross section and the lower panel shows the
relative correction with respect to Sdef for Sres, SM, Sq, and the Powheg-
Box.
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8. W-Boson Production at Large
Transverse Momentum

Gauge bosons like the W -boson are created frequently at the LHC. At hadron colliders
events are often associated with jets. As the cross section for pp→Wj production with
a hard jet is still large, it is an important process at the LHC. The W -boson recoils
against a jet from initial-state radiation. Therefore, the W -boson is highly boosted
and can lead to highly boosted charged leptons and neutrinos. Due to its large cross
section, pp→Wj production gives a large contribution to phenomenologically important
signatures of missing energy and charged leptons. Thus, it is an important background
for BSM searches.
Several experimental analyses from ATLAS and CMS investigate this process in

detail [117–120]. It is crucial to have theoretical predictions with high accuracy. The NLO
QCD corrections are available in [121–124]. Recently, the full NNLO QCD corrections
became available [125] and were compared to experimental data [126]. Furthermore, EW
NLO corrections are available in [127–130]. In [131], QCD and EW NLO corrections are
combined with the multijet merging approach at NLO [132–135]. Since the pp → Zj

process is similar, it is also known at the same order of perturbation theory as pp→Wj

[136–140]. The parton-shower matching within the PowhegBox framework for QCD
radiation is published in [141].
Compared to the Drell-Yan process, new technical difficulties arise for the process

pp → Wj. The first step in a Powheg implementation is to implement the NLO
corrections. We can use our library described in section 5.5.4 to implement FKS subtracted
NLO corrections. For pp→Wj, the FKS method contains ingridients that are not needed
for Drell-Yan. For instance, W + jet includes born processes with external gluons and
real radiation processes can have multiple underlying born processes. In the following
sections, we describe the process specific parts that have to be implemented in order to
use the library described in section 5.5.4. Moreover, we discuss the aspects of the FKS
implementation that are not needed for the Drell-Yan process.

In section 8.4, we show NLO results obtained with the library described in section 5.5.4.
In section 8.5, we give an outlook for the Powheg event generation.
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8. W-Boson Production at Large Transverse Momentum

8.1. Subprocesses

The production of a leptonically decaying charged vector boson W+ in association with
a jet has the following LO subprocesses:

ui d̄j →W+ g → l+ νl g (8.1)

g ui →W+ dj → l+ νl dj (8.2)

g d̄j →W+ ūi → l+ νl ūi (8.3)

where ui is an up-type quark of generation i, dj is a down-type quark of generation j, and
l is a lepton. At NLO QCD we have to include real radiation diagrams with additional
gluon radiation and gluon splittings into quark-antiquark pairs. We find

g d̄j →W+ g ū (8.4)

g ui →W+ g dj (8.5)

g g →W+ dj ūi (8.6)

ui d̄j →W+ g g (8.7)

q̄k d̄j →W+ ūi q̄k (8.8)

qk d̄j →W+ ūiqk (8.9)

qk ui →W+ dj qk (8.10)

q̄k ui →W+ dj q̄k (8.11)

ui d̄j →W+ q̄k qk (8.12)

qk q̄k →W+ ūi dj (qk 6= ui, dj) (8.13)

where qk is an up- or down-type quark of generation k and ui, dj are defined as for
leading order. The leptonic W -boson decay is implied. Note that the list of real processes
is not minimal, i.e. some processes are included in more than one of the above equations.
For example, the process ui d̄j →W+ ūi ui is included in (8.9) and (8.12). Process (8.13)
is special because it does not originate from one of the LO processes by a splitting.
These processes correspond to qk q̄k → q′ q̄′ with W+ radiation, e.g. c c̄→W+ d ū. The
contributions of these processes are finite and can be generated with standard Monte-
Carlo methods. Since the matrix elements differ for qk 6= ui, dj and qk = ui, dj , we have
18 different squared matrix elements for real QCD radiation.

Since there are processes that involve splittings of gluons at born level, we have to use
the spin-correlated born matrix elements when we calculate the collinear limits of the
real matrix elements. The implementation of the spin-correlated born matrix elements is
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8. W-Boson Production at Large Transverse Momentum

more involved than the normal splitting functions. How the collinear limits are calculated
is detailed in section H.2.
For photon radiation, we find the following processes with real radiation

ui d̄j →W+ g γ (8.14)

g ui →W+ dj γ (8.15)

g d̄j →W+ ūi γ (8.16)

We use MadGraph [87] to generate C++ code for the real matrix elements. The virtual
QCD and EW 1-loop contributions are taken from [130]. Concerning the parameters, we
use the same setup as for the Drell-Yan process (see section 6.2). In particular, the Gµ
scheme is used to define the couplings and the complex-mass scheme is used to introduce
the width of the W -boson in its propagator.
In an implementation of the FKS subtraction scheme, we need the color-correlated

born amplitudes in the soft-collinear endpoint (3.171) and the eikonal limits. In order
to find the color-correlated born amplitudes, we have to calculate the color factors of
NLO interference terms. Since only three colored partons are present at born level,
the color-correlated born amplitude is proportional to the born matrix element and
a global color factor. When a gluon is radiated from quarks, we find the color factor
CFNC

(
CF − 1

2CA
)
, where NC is the dimension of the SU(NC), i.e. NC = 3, CA = NC ,

and CF = N2
C−1

2NC . When a gluon is radiated from a gluon in one of the interfering diagrams
and from a quark in the other diagram, we obtain 1

2CFCANC . The color correlated born
is defined as the born matrix element with the color factor of the real matrix element.
Therefore, we have to divide the born matrix element B by its color factor, i.e. CFNC ,
and multiply by the color factor of the NLO process. The color correlated born matrix
elements read

B12 =
(
CF −

1
2CA

)
B (8.17)

B15 = B25 = CA
2 B (8.18)

for qq̄′ → µ+νg and

B25 =
(
CF −

1
2CA

)
B (8.19)

B12 = B15 = CA
2 B (8.20)

for gq → µ+νq′ and gq̄ → µ+νq̄′. Note that Bij = Bji and we do not need the diagonal
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Figure 8.1.: Two diagrams of the real process d̄ u→W+ u ū and their underlying born
matrix elements.

elements for massless particles. Components connected to particles which are not charged
under the SU(NC) are zero, i.e. all elements except the ones above are zero.

8.2. Singular Regions

Since Powheg event generation starts with a born process, we have to categorize the
real processes by their underlying born process. However, a process does not necessarily
have a unique underlying born process. For example the process d̄ u→W+ u ū has two
underlying born configurations: d̄ g →W+ū and d̄ u→W+ g. The Feynman diagrams
are shown in Figure 8.1. The squared real matrix element has a singular region for two
collinear final-state quarks and a region for quark u close to the beam. Therefore, we
assign the S-functions S50 and S54 to the real process. When we start from a born
process, e.g. d̄ u→W+ g only the splitting g → uū leads to the real process. Therefore,
only this splitting is considered in event generation but we have to keep track of both
singular regions to be able to calculate the S functions and obtain a finite result. In
summary, we have to include all singular regions for possible splittings of born partons
when we add a real process to an underlying born process. Furthermore, we have to keep
track of all singular regions of a real process in order to calculate the S functions. This
was not an issue in the Drell-Yan case because all real radiation processes were associated
with a unique underlying born process.

Another difference to Drell-Yan is that we have to split the initial-state region into
two regions according to (3.161). This is necessary because a real process can have more
than one underlying born process. Since the matrix-element limits are proportional to
the born, we have to use the correct born that is determined by the singular region.
For example, consider the process g g → W+ ū d. The singular region for a collinear d
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8. W-Boson Production at Large Transverse Momentum

quark from ISR, i.e. y = 1, is connected to the underlying born d̄ g →W+ ū while the
anti-collinear case, i.e. y = −1, has the underlying born g d̄→W+ ū.

8.3. Generation and Analysis Cuts

In contrast to Drell-Yan, W + jet contains a final-state parton that can become soft or
collinear to the initial-state partons already at LO. Therefore, the totally inclusive LO
cross section is divergent. To avoid the singular regions, we have to apply cuts that make
the cross section finite. How we cut depends whether we generate inclusive Powheg
events or if we calculate well defined NLO quantities. First, we discuss the Powheg cuts
and second, we discuss the NLO cuts.
When we generate Powheg events, our aim is to generate inclusive event samples

and apply cuts in an analysis after showering, i.e. we cut only on the born phase-space
during event generation. To render the cross section finite, we nevertheless have to apply
a generation cut on the transverse momentum pT (j) of the jet. We also apply an analysis
cut on pT (j) of events after showering. Since the NLO radiation can increase pT (j) of
the underlying born phase space, it is possible that an event does not pass the generation
cut but would pass the analysis cut, if we use the same cut. Therefore, we have to choose
a generation cut that is much smaller than the analysis cut, to ensure that we do not cut
events that would pass the analysis cut. To justify the choice of a generation cut, we can
vary the cut and check if the results stay the same.

When we generate Powheg events for W + jet at NLO EW accuracy, we also have to
include the process Wγ because qq̄′ →W+γ is an underlying born process of the NLO
process qg → W+q′γ. Since, due to the coupling, the cross section of the electroweak
process Wγ is much smaller than the cross section of the QCD process W + jet, we
neglect this underlying born process, i.e. we set its NLO weight B̄ to zero. However, we
have to add an ISR region to the process qg →W+q′γ to render the cross section finite.

When we calculate NLO cross sections, we also cut on the real phase space. For QCD
radiation, we have to introduce a pT cut for the jets. We have to require at least one
hard jet to avoid soft-collinear divergences. Furthermore, the process is divergent if both
final-state partons are treated exclusively in the collinear regime. Therefore, we have
to use an infrared-safe jet algorithm (e.g. anti-kt [142]) to combine collinear final-state
partons into one jet. Since only two partons are present, the jet algorithm simplifies to a
simple ∆R recombination cone, i.e. we recombine two partons if their ∆R distance is
smaller than a given threshold.
The NLO cuts for EW corrections are more involved than the QCD cuts. As for the

Powheg event generation, we would have to include the Wγ process. However, we can
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8. W-Boson Production at Large Transverse Momentum

define cuts that remove those contributions. To guarantee the cancellation of infrared
singularities, we can use an infrared-safe jet algorithm for the QCD partons and the
photon [143–145]. If we apply the jet algorithm to partons and photons, the cancellation
of collinear singularities is ensured because the recombination is inclusive for a collinear
splitting. However, if a photon is recombined with a gluon, the gluon can be arbitrarily
soft and the matrix element would be divergent. We follow the pragmatic approach
described in [146] to ensure the consistent cancellation of singularities:

1. recombine a quark and a photon with ∆R < 0.1 and treat the recombined object
as QCD jet.

2. recombine partons (quarks, gluons) and photons with ∆R < 0.4. Treat recombined
object with photons as QCD jets if Eγ/Ejet < zthr = 0.8.

Using this method, we can require at least one hard QCD jet to define a finite cross
section.

8.4. NLO Calculation

We use our FKS implementation to generate NLO distributions for the pT of the leading
jet. For simplicity we use a fixed scale µ = µF = MW and a pT cut on the jets

pT (j) > 10 GeV. (8.21)

Partons are recombined into a single jet if they are closer than ∆R < 0.4. The EW cuts
are implemented as described in section 8.3.
Figure 8.2 shows the transverse-momentum distribution of the leading jet for QCD

NLO corrections. Since we investigate the transverse-momentum distribution of the
leading jet, the results are similar to the results in Figure 9 of reference [130]. The NLO
QCD corrections become large at large transverse momentum. This effect is known as
giant K factor. The origin is a configuration where two hard jets are recoiling against
each other and the W -boson is soft, i.e. one can describe this configuration as dijet
production with soft W -boson radiation. The K factor is, therefore, enhanced by a term
of order αs log2(p2

T /M
2
W ) from integrating over the W -boson [147].

The EW corrections shown in Figure 8.3 are dominated by Sudakov logarithms of the
form α log2(s/M2

W )(see [148] and references therein). We find corrections of the order of
10 – 20 % for large transverse momenta of the leading jet. As for the QCD corrections,
we find good agreement between our results and the results in Figure 9 of [130].
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Figure 8.2.: Fixed-order QCD NLO distribution for the leading jet. The lower panel
shows the relative corrections with respect to LO in percent.
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Figure 8.3.: Fixed-order EW NLO distribution for the leading jet. The lower panel shows
the relative corrections with respect to LO in percent.
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8.5. Outlook

The next step is to use our Powheg implementation to match W +jet events to a parton
shower and examine the phenomenological impact of the matching. The QCD matching
is already implemented in the PowhegBox framework [141] and can be used to validate
the implementation. Furthermore, we expect that the QCD corrections coincide with
the fixed-order NLO distribution in Figure 8.2 for large pT . EW corrections are not
matched to a parton shower yet. Combining QCD and EW corrections for W + jet
events is more complicated than for Drell-Yan because the resonance structure is more
involved. To match the parton shower properly including resonance effects, we have
to implement the method described in [58] for the W + jet case. Once the W + jet
implementation is finished, it should be straightforward to implement Z + jet due to the
structural similarity of the two processes. The final goal would be to implement resonance
improved QCD+EW corrections for V + jet in the resonance-improved PowhegBox
framework because a well tested and maintained Powheg event generator would be
publicly available and experimental collaborations could use it in their analyses. Our
independent implementation could be used to validate every part of the PowhegBox
implementation in detail.
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9. Conclusions

In this thesis, parton-shower matching including electroweak corrections is addressed.
On the technical side, the FKS subtraction scheme is reviewed in chapter 3 and the
parts that have to be implemented in an NLO calculation are given explicitly. Starting
from the default FKS subtraction scheme, we derive FKS subtraction terms for mass
regularization in chapter 4. We find that only the soft-collinear endpoint changes with
respect to default FKS in dimensional regularization. Hence, the actual subtraction does
not have to be changed in an existing FKS implementation. Only the endpoint function
that is combined with the 1-loop corrections has to be changed. Therefore, we derived a
conversion rule for 1-loop amplitudes calculated in mass regularization into the commonly
used dimensional regularization scheme. A similar result was found in reference [71].
In chapter 5 we review parton shower matching with the Powheg method. We

give explicit algorithms for QCD and EW matching. Furthermore, we discuss the C++

Powheg library that was developed during the course of this thesis. The library is used
to implement Powheg for the Drell-Yan process but is extensible to more complicated
processes. The library serves the same purpose as the PowhegBox which is the standard
Powheg implementation. Hence, the library can be used to validate the PowhegBox.
In particular, the EW implementation can be validated.

In chapter 6 and 7, we apply our Powheg library to the Drell-Yan process and study
its phenomenology in the resonance region. In particular, we study QCD and EW effects
and combined QCD and EW corrections. We find that the standard Powheg method
suffers from large uncontrolled higher-order terms for combined QCD + EW corrections.
The origin of the higher-order terms is theW/Z-boson resonance in the Drell-Yan process.
We show how the resonance can be taken into account properly and we quantify the
effect to be of the order of a few percent in the resonance region. This difference can
affect the determination of standard model parameters. For instance, the higher-order
terms can lead to a shift of a few MeV in the measured W -boson mass.
These effects were also found in [115] and an independent solution was published

in [106] during the completion of this thesis. It would be interesting to compare both
solutions in detail.
Furthermore, our Powheg library can be extended to other processes. The natural
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9. Conclusions

next step is to implement the W + jet and Z + jet processes. In chapter 8 we show that
our library can be used to make fixed-order NLO QCD + EW predictions for W + jet.
This implementation could serve as a starting point for a future project in which the
phenomenology of W/Z + jet could be studied. Using the results one could validate the
QCD implementation in the PowhegBox and one would be able to implement and
validate EW corrections forW/Z+jet in the resonance-improved PowhegBox framework.
A QCD+EW implementation in the resonance-improved PowhegBox framework would
make them publicly available and they could be used by the experimental collaborations.

134



Appendices

135



A. Acronyms

BSM Beyond the Standard Model

dim. reg. dimensional regularization [59]

EW electroweak

FSR final-state radiation

IR infrared

ISR initial-state radiation

LHC Large Hadron Collider

LO leading order

NLO next-to leading order

NNLO next-to-next-to leading order

pdf parton distribution function

QFT quantum field theory

SM standard model of particle physics

UV ultra-violet
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B. Virtual Corrections for Drell-Yan in
Mass Regularization

In this appendix, we calculate the virtual 1-loop contribution to the photonic Drell-Yan
process qq̄ → γ → µ+µ−. We start by evaluating the Born cross section. The Feynman
diagram is shown in Figure B.1.
We can write the partonic matrix element as

|M|2 = 1
4N2

c

HµνL
µν , (B.1)

where we average over initial-state and sum over final-state color and spin. The hadronic
tensor Hµν includes the contribution from the initial-state quarks, i.e.

Hµν = 4παNc tr {/k2γ
µ/k1γ

ν} . (B.2)

The leptonic tensor contains the photon momentum and the leptonic part of the Feynman
diagram, i.e.

Lµν = 4πα 1
q4 tr

{
/p2γ

µ
/p1γ

ν
}
. (B.3)

The cross section reads
dσ = 1

8sN2
C

dΦ2HµνL
µν , (B.4)

q, k1

q̄, k2

µ+, p1

µ−, p2

γ

Figure B.1.: Born diagram for qq̄ → γ → ll̄
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B. Virtual Corrections for Drell-Yan in Mass Regularization

where dΦ2 is the two-particle phase-space element and we inserted the flux. We can split
the phase space into a hadronic and a leptonic part by inserting

dQ2

2π
dd−1q

(2π)d−12q0 δ(q − p1 − p2) = 1, (B.5)

where Q2 = (p1 + p2)2. We obtain

dΦ2 = dQ2

2π dΦh
1 dΦl

2 (B.6)

The hadronic one particle phase space is defined by

dΦh
1 = dd−1q

(2π)d−12q0 (2π)dδ(d)(k1 + k2 − q) (B.7)

and the leptonic two particle phase space reads

dΦl
2 = dd−1p1

(2π)d−12p0
1

dd−1p2
(2π)d−12p0

2
(2π)dδ(d)(q − p1 − p2). (B.8)

Hence, the cross section reads

dσ = 1
8sN2

C

dQ2

2π dΦh
1 dΦl

2HµνL
µν . (B.9)

Both tensors obey the relation

qµH
µν = qµL

µν = 0. (B.10)

Since the leptonic part dΦl
2L

µν can only depend on the four-vector q, we can deduce its
Lorentz structure to be

dΦl
2L

µν = (q2gµν − qµqν)L(q2). (B.11)

Note that we can use this relation only for inclusive observables because we integrated
over the lepton phase space. Hence, the cross section reads

dσ = 1
8sN2

C

dQ2

2π dΦh
1Hµνg

µνq2L(q2). (B.12)

From (B.11), we find
q2L(q2) = 1

d− 1 dΦl
2L

µνgµν . (B.13)
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B. Virtual Corrections for Drell-Yan in Mass Regularization

Using (C.11) and (C.13), we obtain

gµνL
µν dΦl

2 = − 2α
Q2

( 4π
Q2

)ε (1− ε)Γ(1− ε)
(1− 2ε)Γ(1− 2ε) . (B.14)

Therefore, the cross section in 4 dimensions reads

dσ = 1α
12sN2

C

dQ2

2π
1
Q2 dΦh

1Hµνg
µν . (B.15)

Using the identity (s. section C.3)∫ ∞
−∞
dq0 δ(q2 −Q2)θ(q0) = 1

2q0 , (B.16)

we can write
dΦh

1 = 2πδ(s−Q2), s = q2 = (k1 + k2)2. (B.17)

The hadronic part is given by

gµνHµν = −16παNCs. (B.18)

In total, we find
dσ

dQ2 = 4πα2

3NCQ2 δ(s−Q
2). (B.19)

The only virtual QCD correction is the vertex correction in Figure B.2a and the
counter-term contribution in Figure B.2b. Hence only the hadronic tensor changes. In
the following, we use mass regularization to regulate infrared divergences and dimensional
regularization for the UV renormalization.

Vertex Correction The matrix element for the 1-loop vertex in Figure B.2a is given
by

Mν
v = −gg2

sµ
3
2 (4−d)

∫ ddk
(2π)d

ū(k1)γµ/k′γν/kγµu(k2)
[(k2 − k)2 − λ2]

[
k′2 −m2

1
] [
k2 −m2

2
] , (B.20)

where we neglected masses in the numerator because we only want to use them as
regulators, i.e. m� /p. We also introduced the fictitious gluon mass λ as regulator. This
is possible because we could also replace the gluon by a photon. In general, this is not
possible for non-abelian gauge theories. Note that we ignore the color factor at this point.
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B. Virtual Corrections for Drell-Yan in Mass Regularization

k

k′

k2 − k

Q

k2

k1

γ∗

(a) vertex correction

k1

k2

(b) vertex counter term

Figure B.2.: virtual contribution to the NLO matrix element

The order αs part of the hadronic tensor is given by

gµνH
µν
1 = gµνMν

vM∗,µb = −ig2g2
sµ

2(4−d)
∫ ddk

(2π)d
tr
{
/k2γ

µ/k1γ
α/k
′
γµ/kγα

}
[(k2 − k)2 − λ2]

[
k′2 −m2

1
] [
k2 −m2

2
] .

(B.21)
We evaluate the trace in the numerator in d dimensions and find

tr{. . . } = −16(ε− 1)(k1 · l(εk2
2 + (ε+ 2)s2 − 2k2 · l)

+ s

2(−εl · k1 + εl2 − 2k2 · l + s)− εk2
1(k2 · l + k2

2)), (B.22)

where we used s = 2k1 · k2, q = −k1 − k2 and k = l + k2. The next step is to reduce the
integral to scalar integrals in a Passarino-Veltman [149] like way. To do this, we write
the denominator of the integral as

D = d1d2d3 =
[
l2 − λ2

] [
(k1 − l)2 −m2

1
] [

(k2 + k)2 −m2
2
]
. (B.23)

We use now fact that we can rewrite the numerator in terms of di. We find,

−2(k1 · l)(k2 · l) = 1
2
(
d2d3 − d1d2 + (m2

2 − k2
2 − λ2)d2

)
− (k2 · l)d1 + (m2

2 − k2
2 − λ2), (B.24)

−2k1 · l = d2 − k2
1 − d1 − λ2 +m2

1, (B.25)

2k2 · l = d3 − k2
2 − d1 − λ2 +m2

2, (B.26)

l2 = d1 + λ2. (B.27)
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B. Virtual Corrections for Drell-Yan in Mass Regularization

We do not replace the k1 · l term in (B.24) with (B.26) because it would lead to a term
which does not cancel with the denominator. Since we use the masses only as regulators,
we can neglect them in the numerator and set the external momenta k2

1 and k2
2 to zero.

We will see later that this is justified. We obtain

gµνH
µν
1 =− ig2g2

sµ
2(4−d)

∫ ddl
(2π)d

[
8s2(1− ε)
d1d2d3

+

+ 8s(ε− 1)
d1d2

+ 8s(ε− 1)
d1d3

+ 16s− 8sε(ε+ 1) + 16(ε− 1)(k2 · l)
d2d3

+

+8(1 + ε)
d1

+ 8(ε− 1)
d3

]
.

(B.28)

Introducing the basic scalar integrals A0, B0, C0 from Appendix G, we obtain

gµνH
µν
1 =g2g2

s

µ4−d

16π2

[
8s2(1− ε)C0(k1, k2, λ,m1,m2) + 8s(ε− 1)B0(−k1, λ,m1)

+ 8s(ε− 1)B0(k2, λ,m2) + (16s− 8sε(ε+ 1))B0(−k1 − k2,m1,m2)

+ 8(1 + ε)A0(λ) + 8(ε− 1)A0(m2) + 16(ε− 1)(2πµ)4−d

iπ2

∫
ddl k2 · l

d2d3

]
.

(B.29)

To express the last remaining integral in terms of A0 and B0 we write

(2πµ)4−d

iπ2

∫
ddl k2 · l

d2d3
= (2πµ)4−d

iπ2

∫
ddk k2

2 − k2 · k
(k2 −m2

2)
[
(k1 + k2 − k)2 −m2

1
]

= k2
2B0(−k1 − k2,m1,m2)− k2,µB

µ(−k1 − k2,m1,m2),
(B.30)

where we introduced the vector-like two point function Bµ defined in (G.16). Neglecting
mass terms we find

(2πµ)4−d

iπ2

∫
ddl k2 · l

d2d3
= 1

4 [A0(m2)−A0(m1) + sB0(−k1 − k2,m2,m1)] . (B.31)

The hadronic tensor in terms of scalar integrals is given by

gµνH
µν
1 = g2g2

s

µ2ε

16π2 4(1− ε)
[
2s2C0(k1, k2, λ,m1,m2) + 2A0(λ)−A0(m1)−A0(m2))

+ (2ε+ 3)sB0(−k1 − k2,m1,m2)− 2sB0(−k1, λ,m1)− 2sB0(k2, λ,m2)
]
, (B.32)
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where we used B0(q,m1,m2) = B0(q,m2,m1). Finally, we find

gµνH
µν
1 = g2g2

s

µ2ε

16π2 4(1− ε)s×

×
(

∆ε − 2sC0(k1, k2, λ,m1,m2) + 3 log s

µ2 − 2 log m
2
1

µ2 − 2 log m
2
2

µ2

)
(B.33)

Counter Term The contribution from the vertex counter term is given by

gµνH
µν
2 = g2µ2εδ1 tr {/k1γ

µ/k2γµ}
= 4s(1− ε)δ1g

2µ2ε.
(B.34)

We have to determine the renormalization coefficient δ1 from the (on-shell) renormalization
conditions. It follows from the Ward identities that δ1 = δ2 (s. e.g. [91]). Therefore, we
can use the renormalization conditions[

−iΣ2(p) + i(/p−m)δ2 − iδm
]
/p=m

= 0, (B.35)

d
d/p
[
−iΣ2(p) + i(/p−m)δ2 − iδm

]
/p=m

= 0 (B.36)

to calculate δ1, i.e.

δ1 = δ2 = d
d/p

Σ2(p)
∣∣∣∣∣
/p=m

. (B.37)

The fermion self energy is given by

Σ2 = ig2µ4−d
∫ ddq

(2π)d
γµ(/q +m)γµ

(q2 −m2)[(q − p)2 − λ2] . (B.38)

We use the Clifford algebra to rewrite the numerator and express the integrals as two
point functions

Σ2 = ig2µ4−d
∫ ddq

(2π)d
−(2− d)/q + dm

(q2 −m2)[(q − p)2 − λ2]

= − g2

16π2 [(2− d)γµBµ(−p,m, λ)− dmB0(−p,m, λ)] .
(B.39)

When we use (G.15) and (G.21), we find

δ1 = α

4π

[
−∆ε + 1

2 log m
2
1

µ2 + 1
2 log m

2
2

µ2 − 2 log λ

m1
− 2 log λ

m2
− 4

]
, (B.40)
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B. Virtual Corrections for Drell-Yan in Mass Regularization

where ∆ε = 1
ε − γE + log 4π and we split the fermion mass logarithms symmetrically.

Combining the counter term contribution with the vertex correction, we find

Re(gµνHµν
v ) = 4sααsNCCF

[
− 3

2 log m
2
1

µ2 −
3
2 log m

2
2

µ2 − 2 log λ

m1
− 2 log λ

m2

−
(

log m
2
1
s

+ log m
2
2
s

)
log λ

2

s

+ 1
2 log2 m

2
1
s

+ 1
2 log2 m

2
2
s

+ 3 log s

µ2 − 4 + 4
3π

2
]
, (B.41)

where we added the color factor and Hµν
v = Hµν

1 +Hµν
2 . Since the UV pole cancels due to

renormalization, we state the result in four dimensions. Only logarithmic IR divergences
for λ,m→ 0 are left. These divergent logarithms have to cancel with logarithms from
real radiation. In total, we obtain

dσ
dQ2 = 4πα2

3NCQ2 δ(s−Q
2)
{

1 + αs
2πCF

[
− 3

2 log m
2
1

µ2 −
3
2 log m

2
2

µ2 − 2 log λ

m1
− 2 log λ

m2

−
(

log m
2
1
s

+ log m
2
2
s

)
log λ

2

s

+ 1
2 log2 m

2
1
s

+ 1
2 log2 m

2
2
s

+ 3 log s

µ2 − 4 + 4
3π

2
]}

(B.42)

as cross-section contribution from born and virtual diagrams.
We can also interpret the hadronic tensor as production of a massive photon. The

squared born matrix element is given by

|Mb|2 = − 1
4N2

C

gµνH
µν = 4παs

NC
(B.43)
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and the virtual matrix element in mass regularization reads

Vm = 2 Re (MvM∗b) = − 1
2N2

C

Re(gµνHµν
v )

= αs
2πCF |Mb|2

[
− 3

2 log m
2
1

µ2 −
3
2 log m

2
2

µ2 − 2 log λ

m1
− 2 log λ

m2

−
(

log m
2
1
s

+ log m
2
2
s

)
log λ

2

s

+ 1
2 log2 m

2
1
s

+ 1
2 log2 m

2
2
s

+ 3 log s

µ2 − 4 + 4
3π

2
]

(B.44)

In section 4.3, we define a conversion rule for virtual matrix elements from mass regular-
ization to dim. reg.. The conversion part for Drell-Yan reads

∆ = CF |Mb|2
[
− 2 log λ

2

µ2 −
1
2 log m

2
1

µ2 −
1
2 log m

2
2

µ2 + 1
2 log2 m

2
1

µ2 + 1
2 log2 m

2
2

µ2

− log m
2
1m

2
2

s2 log λ
2

µ2 + 4 + π2

3

]
, (B.45)

where we replaced the charge by the color factor. The finite part of the virtual matrix
element contribution in dim. reg. reads

Vdr = Vm −
αs
2π∆ = αs

2πCF |Mb|2
[
− log2 µ

2

s
+ 3 log s

µ2 − 8 + π2
]

(B.46)

which is the same result as in (6.1).
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C. Phase Space

C.1. Spherical Coordinates in n Dimensions

We define n dimensional spherical coordinates

x1 = r sinφ0 sinφ1 sinφ2 · · · sinφn−2,

x2 = r cosφ0 sinφ1 sinφ2 · · · sinφn−2,

x3 = r cosφ1 sinφ2 · · · sinφn−2,
...

xn−2 = r cosφn−4 sinφn−3 sinφn−2.

xn−1 = r cosφn−3 sinφn−2,

xn = r cosφn−2,

(C.1)

where φ0 ∈ [0, 2π) is an azimuthal and all other angles φn are in the range [0, π]. The
determinant of the Jacobian is given by

|J(r, φ0, {φi})| = rn−1
n−2∏
i=1

(sinφi)i . (C.2)

We define

φ = φn−3, (C.3)

θ = φn−2. (C.4)

The physical quantities in 4 dimensions can only depend on two angles. Therefore, we
can set all angles but two to zero. We choose the angles φ and θ to be non-zero because
then vectors are similar to three dimensional vectors, i.e.

~x =


~0n−3

r sin θ sinφ
r sin θ cosφ
r cos θ

 . (C.5)
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Since the physical quantities cannot depend on any angle except φ and θ, we can perform
almost all integrations in the volume element. Using

∫ π

0
dφ sinn φ =

√
π

Γ
(
n+1

2

)
Γ
(
n+2

2

) , (C.6)

we obtain

∫ 2π

0
dφ0

∫ π

0
dφi

n−4∏
i=1

(sinφi)i = 2π
√
π
n−2 Γ(1)

Γ
(

3
2

) Γ
(

3
2

)
Γ(2) . . .

Γ
(
n−3

2

)
Γ
(
n−2

2

)
= 2π

√
π
n−4

Γ
(
n−2

2

) .
(C.7)

The volume element for spherical coordinates in n dimension reads

∫
dnxf(r, θ, φ) = 2π

√
π
n−4

Γ
(
n−2

2

) ∫ ∞
0
dr
∫ π

0
dφ

∫ π

0
dθ rn−1 sinn−3 φ sinn−2 θf(r, θ, φ), (C.8)

where f is an arbitrary function.

C.2. Integrating the Momentum in d-1 Dimensions

Using spherical coordinates and |~k| = E, we find

dd−1~k

(2π)d−12E = 1
(2π)d−12EE

d−2 dE dΩd−2, (C.9)

where

dΩd−2 = 2π
√
π
d−5

Γ
(
d−3

2

) sind−4 φ sind−3 θ dr dφ dθ. (C.10)

Next, we can rewrite (C.9) as

dd−1~k

(2π)d−12E = dξ dy dφs
1−ε2−5+4επ−

5
2 +ε

Γ
(

1
2 − ε

) (1− y2)−εξ1−2ε sin−2ε φ, (C.11)

146



C. Phase Space

where we defined y = cos θd−3, ξ = 2E√
s
with ξ ∈ [0, 1], y ∈ [−1, 1] and φ ∈ [0, π]. After

performing the φ integration, we obtain

dd−1~k

(2π)d−12E = dξ dy s
1−ε2−5+4επ−2+ε

Γ (1− ε) (1− y2)−εξ1−2ε. (C.12)

C.3. Phase-Space Identity

In this section we show that∫ ∞
−∞
dp0 δ

(
p2 −M2

)
θ(p0) = 1

2p0 . (C.13)

To prove (C.13), we rewrite the delta distribution using p2 = E2 − ~p 2

I =
∫ ∞
−∞
dE δ

(
p2 −M2

)
θ(E) =

∫ ∞
−∞
dE δ

(
E2 − ~p 2 −M2

)
θ(E). (C.14)

Next, we rewrite the delta distribution such that the argument depends on the integration
variable E only linearly. Hence, we obtain

I =
∫ ∞
−∞
dE

δ
(
E −

√
~p 2 +M2

)
2
√
~p 2 +M2 θ(E) +

∫ ∞
−∞
dE

δ
(
E +

√
~p 2 +M2

)
2
√
~p 2 +M2 θ(E). (C.15)

Only the first integral is not zero, therefore, we obtain

I = 1
2E (C.16)

and (C.13) is proven.
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D. Monte-Carlo Methods

In this appendix we describe Monte-Carlo methods that are used to generate Monte-
Carlo events and are relevant for this work. A more detailed description of standard
Monte-Carlo techniques can be found in [81].

D.1. Rejection Sampling

Rejection sampling is a Monte-Carlo method to generate events according to a density p.
The algorithm for rejection sampling reads as follows

1. Sample a random point x from a uniform distribution.

2. Sample a random point y between 0 and the absolute maximum of p.

3. Accept the point x if y < p(x) otherwise reject x and return to step 1.

The points x are then distributed according to the density p(x).
This method is useful for event unweighting. The differential cross section dσ

parametrizes the probability for a specific phase-space configuration Φ. The cross
section value dσ(Φ) is the weight for the phase-space point Φ. We only accept a phase-
space point Φ if y < dσ, where y is uniformly distributed random number between
zero and dσmax. The accepted events are called unweighted events and correspond to
physical events. We can improve the unweighting performance when we use a density
g that approximates dσ closely to sample phase-space points Φ. The advantage is that
the number of rejected phase-space points is minimized. The rejection criterion is then
cg(Φ)y < dσ(Φ) where y is uniformly distributed random number in [0, 1] and c is a
constant that ensures cg(Φ) ≥ dσ(Φ) for all Φ.

D.2. Monte-Carlo integration

To calculate cross sections we have to integrate higher-dimensional functions numerically.
The best way to perform the integration is to use Monte Carlo integration. Monte Carlo
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integration uses the fact that an integral can be approximated by

I =
∫ 1

0
dx f(x) ≈ 1

N

N∑
i=1

f(xi), (D.1)

where N is large and xi are uniformly distributed random numbers between zero and
one.

D.2.1. Importance Sampling

In order to improve a Monte-Carlo integration we can attempt to transform the integral
such that the integrand is flat

I =
∫ b

a
dx f(x)→ I =

∫ 1

0
dy J(y)f(x(y)), (D.2)

where J = dx
dy is the Jacobian determinant of the transformation. If J(y)f(x(y)) is flat

(i.e. J(y) ∝ f(x(y))) the error of the Monte-Carlo integration is zero. Unfortunately, we
can only perform the transformation if we can solve the integral analytically. However, it
can be possible to find a transformation which makes the integrand flatter if we have at
least some knowledge about the function f . This procedure is equivalent to use random
numbers which are not distributed uniformly in [0, 1] because we transform the uniformly
distributed random numbers before using them in f . Since dxf(x) ∝ dy regions where x
is large become large regions in y. Therefore, it is more likely to draw random numbers
in regions where f(x) is large. Since these regions are most important for the value of
the integral, this technique is called importance sampling.

VEGAS Algorithm

To find a good probability distribution for importance sampling, we would have to know
the structure of the integrand. The Vegas algorithm [150,151] can be used to determine
a distribution without a-priori knowledge about the integrand. Vegas uses a setup
phase, where integrand values are histogrammed and the resulting histograms are used
to refine the probability function. In order to be space efficient the algorithm assumes
that the optimal distribution is separable, i.e. p(~x) = p1(x1)p2(x2) . . . pd(xd). Hence,
the space efficiency is O(d) instead of O(2d), where d is the dimension of the integral.
The efficiency of the Vegas algorithm depends on the validity of the assumption of a
separable integrand.
Monte Carlo integration can be parallelized efficiently because the sum in (D.1) can
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be split into multiple sums, i.e.

N∑
i=1

f(xi) =
Ñ1∑
i=1

f(xi) +
Ñ2∑

i=Ñ1+1
f(xi) + · · ·+

Ñn∑
i=Ñn−1+1

f(xi), (D.3)

where Ñk = ∑k
i=1Ni and Ñn = N . Each sum in (D.3) can be evaluated in a separate

computing thread independently from all other sums. Once all sums are evaluated, a
(master) thread has to collect all results from the other threads and combine them. We
improved the standard VEGAS algorithm such that it uses the Message Passing Interface
(MPI) [152, 153] to distribute the evaluation of the integrand to n processes. Once
all evaluations completed, the master thread is responsible for refining the probability
function and calculating the integral value. Using MPI allows us to distribute the
evaluation to multiple machines. Hence, we could run our program on the RWTH
compute cluster by the IT Center of RWTH Aachen university.

D.3. Sampling Random Variables for Powheg Radiation

This section follows the discussion in [47] appendix A and [82] appendix C. A special
case of the veto algorithm can be found in [72] section 4.2.
We want to to sample random variables according to

f(x)∆(h(x)), (D.4)

where h(x), f(x) ≥ 0 and

∆(h) = exp
{
−
∫

ddx′f(x′)θ(h(x′)− h)
}
. (D.5)

The integral in the exponential function makes it difficult to generate random numbers
according to this distribution because we would have to evaluate this integral for every
random number we generate. If this integral is not analytically solvable, we would have
to perform a numerical integration which is time consuming. Therefore, we have to find
a way to sample random variables without evaluating this integral explicitly.
We notice that we can write

p(h) = d∆(h)
dh =

∫
ddxf(x)∆(h(x))δ(h(x)− h) (D.6)
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and use this as probability density. The cumulative distribution function is given by

P (h) =
∫ h

0
dh′ p(h) = ∆(h)−∆(0). (D.7)

If we assume that the integral in the exponential function in ∆ is divergent, we have

∆(0) = exp
{
−
∫

ddx′f(x′)
}

= 0 (D.8)

and due to the exponential form of ∆, we have

lim
h→∞

∆(h) = 1. (D.9)

We are now able to sample random numbers H according to the distribution p(h) when
we use the inversion method, i.e. we have to pick a uniformly distributed random number
u in the interval [0, 1] and solve

∆(H) = u (D.10)

for H. The number H is distributed according to p(h). When we have generated a value
H, we have restricted x to a surface in the x space where h(x) = H. The probability to
sample H is given by

p(H) = d∆(h)
dh

∣∣∣∣
h=H

=
∫

ddxf(x)∆(H)δ(h(x)−H). (D.11)

This is the sum (integral) of all probabilities on the surface h(x) = H. Therefore, the
contribution of one particular point x is given by a probability density proportional to

f(x)δ(h(x)−H), (D.12)

where the factor ∆(H) is omitted because it does not depend on x. Therefore, we have
to sample x according to this distribution.

Example We use the function
f(x, y) = 1

xy
, (D.13)

where x, y ∈ [0, 1]. These functions are singular for x→ 0 and y → 0. We choose

h(x, y) = xy (D.14)
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to have a lower bound on x and y. We can solve the integrals in ∆ analytically

∆(h) = exp
{
−
∫ 1

0
dx

∫ 1

0
dy 1

xy
θ(xy − h)

}
= exp

{
−
∫ 1

h
dx

∫ 1

h
x

dy 1
xy

}

= exp
{
−1

2 log2 h

}
.

(D.15)

When we solve (D.10) for H, we obtain

H = exp
{
−
√
−2 log u

}
, (D.16)

where u is an uniformly distributed random number in [0, 1] as solution for H ≤ 1. Now
we want to generate x, y according to

p(x, y) = 1
N

1
xy
δ(xy −H), (D.17)

where N is normalization constant. We can sample random numbers x from the density

px(x) = 1
xN

∫ 1

0
dy 1

y
δ(xy −H) = 1

NHx
θ

(
1− H

x

)
. (D.18)

The cumulative distribution function is

Px(x) = 1
NH

log x

H
(D.19)

From this we can obtain the normalization factor

1
N

= − H

logH (D.20)

Using the inversion method, we obtain a random number x by solving

Px(x) = u2 ⇔ x = H1−u2 , (D.21)

where u2 is a uniformly distributed random number in [0, 1]. The delta function in (D.18)
gives

y = Hu2 (D.22)
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D.3.1. Veto Method

When we want to apply the method from the previous section, we have to solve (D.10) for
H. In order to do that we have to calculate the integral in (D.5) analytically. However,
this is often not possible. We describe in this section the veto method which we can use
to sample random numbers even if we cannot solve the integral analytically.

We have to find a function F (x) for which we can solve the integral analytically. The
function F has to be an upper bounding function of f , i.e.

f(x) ≤ F (x). (D.23)

First, we sample random numbers according to the density

pF (x) = F (x)∆F (h(x)), (D.24)

where
∆F (h) = exp

{
−
∫

ddx′F (x′)θ(h(x′)− h)
}
. (D.25)

We use the sampled random numbers x only with a probability of f(x)
F (x) . Therefore, the

probability for an accepted x is given by

p0(x) = f(x)∆F (h(x)) =
∫ hmax

0
dh∆F (h)δ(h(x)− h)f(x). (D.26)

If x is rejected, we sample a new x′ with the constraint that the new h′ = h(x′) is smaller
than h(x) from the rejected step. The probability for accepting the new x is

p1(x) =
∫

ddx0

∫ hmax

0
dh∆F (h)δ(h(x0)− h)(F (x0)− f(x0))

×
∫ h

0
dh′ ∆F (h′)

∆F (h) δ(h(x)− h′)f(x).
(D.27)

The first line is the rejection probability integrated over all possible values x0 which may
have been chosen in the rejected step. The ratio

∆F (h′)
∆F (h) = exp

{
−
∫

ddx′F (x′)
[
θ(h(x′)− h′)− θ(h(x′)− h)

]}
(D.28)

makes sure that the constraint h(x′) < h is fulfilled in the exponential in ∆F . We can
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h(x)

hmax

h(x) hmax

Figure D.1.: Integration area of the h, h′ integration in (D.31)

simplify the probability so that

p1(x) =
∫ ∞

0
dh′ δ(h(x)− h′)f(x)∆F (h′)×

×
∫

ddx0

∫ ∞
0
dh (F (x0)− f(x0))δ(h(x0)− h)θ(h′ − h)θ(h− hmax)

= p0(x)
∫ hmax

h(x)
dh g(h),

(D.29)

where
g(h) =

∫
ddx(F (x)− f(x))δ(h(x)− h). (D.30)

When we write down the probability for two rejections in the same way, we obtain

p2(x) = p0(x)
∫

ddx0

∫
ddx1

∫ ∞
0
dh

∫ ∞
0
dh′ δ(h(x0)− h)(F (x0)− f(x0))

× δ(h(x1)− h′)(F (x1)− f(x1))θ(h′ − h(x))θ(h− h′)θ(h− hmax).
(D.31)

The integration area for the h, h′ integration is shown in Figure D.1. Since the integrand
is symmetric in h↔ h′, the integral over the upper triangle has the same value as the
integral in the lower triangle. Therefore, we can integrate in (D.31) over the square and
multiply it with 1

2 to correct for the integration over the upper triangle. We obtain
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p2(x) = p0(x)1
2

[∫ hmax

h(x)
dh g(h)

]2

(D.32)

When we have more than two rejections, the probability has the same form as p2.
Therefore, we have

pn(x) = p0(x) 1
n!

[∫ hmax

h(x)
dh g(h)

]n
(D.33)

When we sum all contributions, we obtain

p(x) =
∞∑
n=0

pn(x) = f(x)∆F (h(x)) exp
{∫ hmax

h(x)
dh g(h)

}

= f(x)∆F (h(x)) exp
{∫

ddx′θ(h(x)− h(x′))[F (x′)− f(x′))]
}

= f(x) exp
{
−
∫

ddx′θ(h(x)− h(x′))f(x′)
}
.

(D.34)

This shows that we sample variables x according to distribution (D.5), when we use the
described procedure.

To summarize, we present the algorithm which we can use to sample random numbers
x according to (D.5).
function vetomethod

x = 0
hmax = sup{h|∆F (h) = 1}
h = hmax

while true do
u = random(distribution = uniform in [0, 1])
H = solve(∆F (H) = ∆F (h)u)
x = random(distribution = F (x)δ(H − h(x)))
v = random(distribution = uniform in [0, 1])
if v < f(x)

F (x) then
return x

end if
h = H

end while
end function

The efficiency of this algorithm depends on the upper bounding function F (x). For
F (x) = f(x), the efficiency would be the best. Hence, the upper bound function F should
be chosen as close to the function f as possible.
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D.4. Highest-Bid Method

The highest-bid method is described in [154, Appendix A.2] and [47, Appendix B]. It is
usually the case that we have multiple competing real flavor configurations for the hardest
radiation. If we consider NLO QCD radiation from qq̄ → Z, a gluon can be emitted by
one of the quarks or a gluon from the proton can split into one of the initial-state quarks.
The probability for the hardest radiation is then given by

p(x) =
∑
k

fk(x)
∏
i

∆i(kkT (x)), (D.35)

where i and k label the possible regions (i.e. qq̄ → Zg, gq̄ → Zq̄ and qg → Zq).
Hence, the Sudakov ∆i(k) is the probability that no parton with kT > k was emitted by
subprocess i. To generate events we have to pick a subprocess i and a value for x.
We generate values xk according to the probability distribution

∆k(kkT (xk))fk(xk) (D.36)

and choose for x the xk with the largest kkT (xk). This procedure works because the
probability that x came from a subprocess i is given by the product of (D.36) and the
no-splitting probability for all other subprocesses, i.e.,

pi(x) = fi(x)∆i(kiT (x))×
∏
n6=i

∆n(kiT (x)) = fi(z)
∏
n

∆n(kiT (x)). (D.37)

To obtain the total probability, we have to sum over the probabilities of the subprocesses

∑
k

pk(x) =
∑
k

fk(x)
∏
i

∆i(kkT (x)) (D.38)

which reproduces the probability for the hardest radiation (D.35).
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The plus distributions (·)+ are used to split an integration with singularities into a finite
and a divergent part. When we investigate, for example, the integral

I(ε) =
∫ 1

0
dx f(x)

x1+ε , (E.1)

where f is a test function. We notice that the integral is divergent for ε→ 0 (if f is not
proportional to x in the limit x→ 0). If we assume that we can express f as a power
series, we can rewrite the integral as

I(ε) =
∫ 1

0
dx f(x)

x1+ε =
∫ 1

0
dx

∑∞
n=0 anx

n

x1+ε

=
∫ 1

0
dx

∞∑
n=1

anx
n−1x−ε︸ ︷︷ ︸

finite

+
∫ 1

0
dx a0

x1+ε︸ ︷︷ ︸
singular

.
(E.2)

Since the first term is finite, we can expand it in ε = 0. The coefficient a0 of the power
series is equal to f(0). If we express the power series as f(x) and x−ε as series around
ε = 0, we obtain

I(ε) =
∫ 1

0
dx f(x)

x1+ε =
∫ 1

0
dx

∞∑
n=0

(−ε log x)n

n!
1
x

[f(x)− f(0)] + f(0)
∫ 1

0
dxx−1−ε

=
∞∑
n=0

(−1)n
n! εn

∫ 1

0
dx

( logn x
x

)
+
f(x)︸ ︷︷ ︸

finite

−1
ε
f(0),

(E.3)

where we integrated the singular part and defined∫ 1

0
dx (g(x))+ f(x) =

∫ 1

0
dx g(x)[f(x)− f(0)]. (E.4)

We rewrite f(0) using the δ-function and we obtain

∫ 1

0
dxx−1−εf(x) =

∫ 1

0
dx

[ ∞∑
n=0

(−1)n
n! εn

( logn x
x

)
+
− 1
ε
δ(x)

]
f(x). (E.5)
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Therefore, the integral is split into two parts, a singular part that is proportional to 1
ε

and a regular term. Since we are interested in the limit ε→ 0, we find up to order O(1)

I(ε) =
∫ 1

0
dxx−1−εf(x) =

∫ 1

0
dx

[(1
x

)
+
− 1
ε
δ(x)

]
f(x). (E.6)

if f(x) has no poles in ε. In the following we give properties of plus distributions and
how they can be modified.

E.1. Removing Non-Singular Parts from the Plus
Distribution

We assume that we have an integral
∫ b

a
dx (f(x)s(x))+ t(x), (E.7)

where t(x) and f(x) are test functions and s(x) is a function which leads to a singularity
at x = a. When we use the definition of the plus distribution and add a 0, we obtain

∫ b

a
dx s(x)f(x)t(x)− t(a)

∫ b

a
dx f(x)s(x) + [f(a)t(a)− f(a)t(a)]

∫ b

a
dx s(x)︸ ︷︷ ︸

=0

. (E.8)

Combining the terms to plus distributions leads to
∫ b

a
dx (s(x))+ f(x)t(x)− t(a)

∫ b

a
dx (s(x))+ f(x). (E.9)

The integration in the second term is independent of the test function t(x). Therefore,
we can perform this integration and define

I =
∫ b

a
dx (s(x))+ f(x). (E.10)

If we reintroduce the dx integration in the second term, we obtain
∫ b

a
dx (f(x)s(x))+ t(x) =

∫ b

a
dx (s(x))+ f(x)t(x)− I

∫ b

a
dx δ(x− a)t(x) (E.11)
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E.2. Plus Distributions with Theta Functions

If we perform the variable transformation x′ = (1− ξ)x in the first integral of

I =
∫ 1

0
dx

∫ 1

0
dξ
(1
ξ

)
+
f(x)g(ξ) =

∫ 1

0
dx

∫ 1

0
dξ 1

ξ
f(x)[g(ξ)− g(0)], (E.12)

we obtain

I =
∫ 1

0
dx′

∫ 1−x′

0
dξ 1

ξ

1
1− ξ f

(
x′

1− ξ

)
g(ξ)−

∫ 1

0
dx

∫ 1

0
dξ 1

ξ
f(x)g(0). (E.13)

This is equivalent to

I =
∫ 1

0
dx′

∫ 1

0
dξ
(1
ξ

)
+
θ(1− ξ − x′) 1

1− ξ f
(

x′

1− ξ

)
g(ξ), (E.14)

where the plus distribution acts on the θ function. It is possible to combine the first term
with parts of the second term in (E.13), i.e.

I =
∫ 1

0
dx′

∫ 1−x′

0
dξ 1

ξ

[ 1
1− ξ f

(
x′

1− ξ

)
g(ξ)− f(x)g(0)

]
−
∫ 1

0
dx

∫ 1

0
dξ 1

ξ
f(x)g(0). (E.15)

The last term can be integrated analytically and yields

I =
∫ 1

0
dx′

∫ 1−x′

0
dξ 1

ξ

[ 1
1− ξ f

(
x′

1− ξ

)
g(ξ)− f(x)g(0)

]
+
∫ 1

0
dx′ g(0)f(x′) log(1− x′).

(E.16)
Forgetting the last term is a common mistake.

E.3. Distribution Expansion for the Collinear Singularities

The collinear term
I =

∫ 1

−1
dy (1− y2)−1−εf(y) (E.17)

has singularities at y = ±1. To expand this term, we have to split the integration in two
parts because the plus distribution can only subtract one singularity at a time. We split
the integral at 0 because we want to use the fact that the term is even, i.e.

I =
∫ 1

−1
dy (1− y2)−1−εf(y) =

∫ 0

−1
dy (1− y2)−1−εf(y) +

∫ 1

0
dy (1− y2)−1−εf(y). (E.18)
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Each integral has only one singularity (at y = +1 or y = −1). We can substract the
singularity separately in each integral:

I =
∫ 0

−1
dy (1− y2)−1−ε [f(y)− f(−1)] +

∫ 1

0
dy (1− y2)−1−ε [f(y)− f(1)] +

+ f(1)
∫ 1

0
dy (1− y2)−1−ε + f(−1)

∫ 0

−1
dy (1− y2)−1−ε. (E.19)

We rewrite the first line and combine the integrals in the second line because the integrands
are even, i.e.

I =
∫ 0

−1
dy 1

(1− y)(1 + y)(1− y2)−ε [f(y)− f(−1)]

+
∫ 1

0
dy 1

(1− y)(1 + y)(1− y2)−ε [f(y)− f(1)]

+ 1
2 [f(1) + f(−1)]

∫ 1

−1
dy(1− y2)−1−ε.

(E.20)

In the first two lines we use a partial fraction decomposition to obtain terms in 1
1−y and

1
1+y . Afterwards we can combine all terms to obtain integrals from −1 to 1. (Note that
we have to use the variable transformation y = −y). We can solve the integral in the last
line analytically, i.e.

I = 1
2

∫ 1

−1
dy 1

1− y (1− y2)−ε [f(y)− f(1)]

+ 1
2

∫ 1

−1
dy 1

1 + y
(1− y2)−ε [f(y)− f(−1)]

− 4−ε
2ε

Γ2(1− ε)
Γ(1− 2ε) [f(1)− f(−1)] .

(E.21)

We can expand the first two integrals in ε and write the integrals with plus distributions
and obtain

I =
∫ 1

−1
dy
{ ∞∑
n=0

(−1)n
n! εn

(
logn(1− y2)

1− y

)
+
f(y)

+
∞∑
n=0

(−1)n
n! εn

(
logn(1− y2)

1 + y

)
+
f(y)

− 4−ε
2ε

Γ2(1− ε)
Γ(1− 2ε) [δ(1− y) + δ(1 + y)]

}
.

(E.22)
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Note that the definition of the plus distribution depends on the singular endpoint. The
singular point in the first line is y = 1 and the singular point in the second line is y = −1.

E.4. Plus Distribution for Mass Regularization

We want to transform the expression

I =
∫ 1

b
dx f

(
a2

x2

)
1
x
g(x) (E.23)

into an expression with a plus distribution
(

1
x

)
+
. The quantity a is a regulator (e.g. the

photon mass), i.e. we are only interested in terms that are divergent for a → 0. The
lower integration bound is an intermediate scale with a� b. We are only interested in
singular terms for this intermediate scale. First, we write f as power series in a2

x2 and g
as power series in x, i.e.

I =
∞∑
n=0

∞∑
m=0

anbm

∫ 1

a
dx

(
a

x

)2n 1
x
xm

=
∞∑
n=0

∞∑
m=1

anbma
2n
∫ 1

a
dxxm−1−2n +

∞∑
n=0

anb0

∫ 1

a
dx

(
a

x

)2n 1
x
.

(E.24)

To evaluate the integral in the first term of the second line, we have to investigate two
cases:

1. m− 2n 6= 0

a2n
∫ 1

b
dxxm−1−2n = a2n − bm

m− 2n (E.25)

2. 2n = m+ 1
am+1

∫ 1

b
dxx−1 = −am+1 log(b) (E.26)

Neglecting terms in a, b, and a2 log b, we obtain

I = a0

∞∑
m=1

bm
m

+ b0

∞∑
n=0

a2n
∫ 1

b
dxx−2n−1 +O(a, b). (E.27)

Using the same integrals as above for the second term, we see that we can write

I = a0

∞∑
m=1

bm
m
− a0b0 log(b)− 1

2b0
∞∑
n=1

an
n

(
a

b

)2n
+O(a, b). (E.28)
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We can neglect the last term if a goes much faster to zero than b. Next, we express the
remnants of the power series in terms of the original functions f and g. We can use

a0 = f

(
a2

x2 = 0
)
, (E.29)

b0 = g(0) (E.30)

and
∞∑
m=1

bm
m

=
∫ 1

0
dx

∞∑
m=0

bmx
m−1 =

∫ 1

0
dx

∞∑
m=1

1
x

[bmxm − b0] =
∫ 1

0
dx

(1
x

)
+
g(x) (E.31)

Therefore, we find

I = f

(
a2

x2 = 0
)∫ 1

0
dx

(1
x

)
+
g(x)− f

(
a2

x2 = 0
)
g(0) log(b) +O(a, b). (E.32)
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F. Integrating the Eikonal Factor

F.1. Angular Integration

We want to integrate the eikonal factor of the soft matrix element i over the angles of
the radiated parton in d dimensions. We have

Iij ≡
∫ π

0
dφ (sinφ)−2ε

∫ 1

−1
dy (1− y2)−ε ki · kj

(p · ki)(p · kj)
, (F.1)

where ki and kj are the momenta of the partons emitting the parton with momentum p.

F.1.1. Massless Partons

We parametrize the momenta of the partons such that the parton i defines the z direction
of our coordinate system, i.e.

ki = k0
i =


1

~0d−2

1

 (F.2)

and parton j is in the φ = 0 plane

kj = k0
j


1

~0d−3

sin θij
cos θij

 (F.3)

The momentum of the radiated parton in spherical coordinates is given by

p = p0



1
~0d−4

sin θ sinφ
sin θ cosφ

cos θ


. (F.4)
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F. Integrating the Eikonal Factor

The eikonal factor in this parametrization is given by

ki · kj
(p · ki)(p · kj)

= ki · kj
k0
i k

0
j (p0)2(1− cos θ)(1− sin θij sin θ cosφ− cos θij cos θ) , (F.5)

where y = cos θ. The integration over the angles θ and φ yields [155, appendix A]

Iij = −π
ε

2F1

(
1, 1, 1− ε; cos2

(
θij
2

)) 1− cos θij
(p0)2 (F.6)

where we use the standard notation for the hypergeometric function 2F1. We have to
expand the hypergeometric function around ε = 0. We use the integral representation

2F1(1, 1, 1− ε;x) = Γ(1− ε)
Γ(−ε)

∫ 1

0
dt (1− t)−1−ε

1− xt . (F.7)

Since the integral is divergent for t = 1, we use the plus distribution trick to separate the
pole. The hypergeometric function itself has no pole. The pole from the integral cancels
with the prefactor. We obtain

2F1(1, 1, 1− ε;x) = 1
1− x

(
1− ε log(1− x)− ε2 Li2

(
x

x− 1

)
+O(ε3)

)
. (F.8)

We can express cos θij in terms of the momenta of the partons

xij = 1
2(1 + cos θij) = 1− ki · kj

2k0
i k

0
j

(F.9)

and we obtain

Iij = −2π 1
(p0)2

(
1
ε
− log(1− xij)− εLi2

(
xij

xij − 1

)
+O(ε2)

)
. (F.10)

Using identities for the dilogarithm, we can write

Li2
(

xij
xij − 1

)
= −π

2

6 −
1
2 log2

(
ki · kj
2k0

i k
0
j

)
+ Li2

(
ki · kj
2k0

i k
0
j

)
+

+ log
(
ki · kj
2k0

i k
0
j

)
log

(
1− ki · kj

2k0
i k

0
j

)
. (F.11)

The benefit of the latter form is that the argument of the dilog is between zero and one
which makes it possible to use simple expansions for the numerical evaluation of the
dilog.
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F. Integrating the Eikonal Factor

F.1.2. Massive Partons

The eikonal factor for one massless and one massive parton is a bit more complicated.
We obtain

ki ·m
(p · ki)(p ·m) = ki ·m

(p0)2k0
i (1− cos θ)(m0 − |~m | cos θim cos θ − |~m | sin θim sin θ cosφ)

(F.12)
The solution to the integral is given in [156] appendix B. The solution for two massive
partons is given in [157].

F.1.3. Soft Integral for Mass Regularization

We want to evaluate the integral

Iij =
∫ 1

−1
dy

∫ 2π

0
dφ 1

(ki · k)(kj · k) , (F.13)

where ki and kj are four-momenta of massive particles. After introducing a Feynman
parameter, we have

Iij =
∫ 1

0
dx

∫ 1

−1
dy

∫ 2π

0
dφ 1

(p · k)2 , (F.14)

where p ≡ xki + (1− x)kj . We choose a reference frame where

p =
(
p0

~p

)
=


p0

0
0
|~p|

 . (F.15)

Defining the massless four momentum k with spherical coordinates in this frame, we
obtain

Iij =
∫ 1

0
dx

∫ 1

−1
dy

∫ 2π

0
dφ 1

[k0(p0 − |~p|y)]2
= 4π

(k0)2

∫ 1

0
dx 1

p2 . (F.16)

Only an integration over the Feynman parameter is left. Using the definition of p, we
obtain

Iij = 4π
(k0)2

∫ 1

0
dx 1(

m2
i +m2

j − 2ki · kj
)
x2 + (2ki · kj − 2m2

j )x+m2
j

. (F.17)
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F. Integrating the Eikonal Factor

The integral which we have to solve has the form

Iij =
∫ 1

0
dx 1

ax2 + bx+ c
= 1√

b2 − 4ac

∫ 1

0
dx

[ 1
x+A−

− 1
x+A+

]
, (F.18)

where we used a partial fraction decomposition and we defined

A± = b±
√
b2 − 4ac
2a . (F.19)

Performing the Feynman parameter integral we have

Iij = 1√
b2 − 4ac

[
log

(
1 + 2a

b−
√
b2 − 4ac

)
− log

(
1 + 2a

b+
√
b2 − 4ac

)]
(F.20)

This result can be reduced to

Iij = 2π
(k0)2(ki · kj)βij

log 1− βij
1 + βij

= − 2π
(k0)2(ki · kj)

(
log m2

i

2ki · kj
+

m2
j

2ki · kj

)
+O(m2

i ,m
2
j ), (F.21)

where βij =
√

1− m2
im

2
j

(ki·kj)2 and in the last step we expanded the log around small masses.

F.2. Momentum Integral

In this section we calculate the momentum integral of the eikonal factor

Iij =
∫
|k|≤∆E

d3k

ωk

(pi · pj)
(pi · k)(pj · k) , (F.22)

where k is the four momentum of the radiated particle and ωk =
√
|~k|2 + λ2, and pi, pj

are massive. This integral was solved in [158, section 7]. The result is given by

Iij = 4πα(pi · pj)
α2p2

i − p2
j

{
1
2 log α

2p2
i

p2
j

log 4∆E2

λ2 +

+
[

1
4 log2 u

0 − |~u|
u0 + |~u| + Li2

(
1− u0 + |~u|

v

)
+ Li2

(
1− u0 − |~u|

v

)]αpi
u=pj

}
, (F.23)

where
v =

α2p2
i − p2

j

2(αp0
i − p0

j )
. (F.24)

166



F. Integrating the Eikonal Factor

The factor α is defined by a quadratic equation

α2p2
i − 2α(pi · pj) + p2

j = 0, (F.25)

where αp0
i

p0
j
> 1. In (4.8) in chapter 4 we need the expansion for small masses. Hence, we

expand the integral for i 6= j and small masses mi and mj and keep only the logarithmic
and constant terms. We start with the expansion of α. After solving the quadratic
equation we obtain the two results

α± = |~pi||~pj | [(1− cos θij)± (1− cos θij)]
m2
i

. (F.26)

Only the solution α+ fulfills the constraint we set on α. Therefore, we have

α = 2|~pi||~pj |(1− cos θij)
m2
i

� 1. (F.27)

Note that cos θij cannot be equal to one because this would mean that the two born
particles are collinear. The overall prefactor for small masses reduces to

α(pi · pj)
α2p2

i − p2
j

= (pi · pj)
αm2

i

= 1
2 . (F.28)

When we expand the arguments of the logarithms and dilogs, we obtain

Iij = 2π
{

1
2 log 4(pi · pj)2

m2
im

2
j

log 4∆E2

λ2 + 1
4 log2 m2

i

4E2
i

+ Li2
(

1− 4|~pi|2
m2
i

)
+ Li2(0)+

−1
4 log2 m2

j

4E2
j

− Li2
(

1− 2|~pi||~pj |
(pi · pj)

)
− Li2(1)

}
. (F.29)

To make the invariance of Iij with respect to an interchange i↔ j more obvious we use
the identity

Li2(1− x) = −1
2 log2 x− Li2

(
1− 1

x

)
(F.30)

and obtain

Iij = 2π
{

1
2 log 4(pi · pj)2

m2
im

2
j

log 4∆E2

λ2 − 1
4 log2 m2

i

4E2
i

− Li2(1) + Li2(0)+

−1
4 log2 m2

j

4E2
j

− Li2
(

1− 2|~pi||~pj |
(pi · pj)

)
− Li2(1)

}
. (F.31)
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F. Integrating the Eikonal Factor

We can use the identity

Li2
(

1− 2|~pi||~pj |
(pi · pj)

)
= Li2

(
pi · pj

2|~pi||~pj |

)
+

+ log
(
pi · pj

2|~pi||~pj |

)
log

(
1− pi · pj

2|~pi||~pj |

)
− 1

2 log2
(
pi · pj

2|~pi||~pj |

)
− π2

6 (F.32)

to obtain an argument of the dilog in [0, 1]. When we also remove the constant factor
from the argument of the mass logarithms, we obtain

Iij = 2π
{

1
2 log 4(pi · pj)2

m2
im

2
j

log ∆E2

λ2 −
1
4 log2 m

2
i

E2
i

− 1
4 log2 m

2
j

E2
j

+ 2 log 2 log pi · pj
2EiEj

− Li2
(
pi · pj
2EiEj

)
− log

(
pi · pj
2EiEj

)
log

(
1− pi · pj

2EiEj

)
+ 1

2 log2
(
pi · pj
2EiEj

)

+2 log2 2− π2

6

}
, (F.33)

where we used |~pi| = Ei in the massless limit.
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G. Scalar Integrals

When we calculate the virtual corrections, we always need basic scalar integrals which are
defined in [158]. We give some of these scalar integrals in certain limits in this section.

G.1. Scalar One Point Function

The scalar one point function is defined as

A0(m) = (2πµ)4−d

iπ2

∫
ddk 1

k2 −m2 . (G.1)

We can use a Wick rotation and integrate over euclidean d dimensional polar coordinates
to obtain

A0(m) = −m2
(
m2

4πµ2

) d−4
2

Γ
(2− d

2

)
= m2

[
1
ε
− γE + log 4π − log m

2

µ2 + 1
]

+O(ε).

(G.2)

G.2. Scalar Two Point Function

The scalar two point function is defined as

B0(p,m2
0,m

2
1) = (2πµ)4−d

iπ2

∫
ddk 1

(k2 −m2
0)
[
(k + p)2 −m2

1
] . (G.3)

We introduce Feynman parameters to reduce B0 to an one dimensional integral

B0(q, λ,m) = (2πµ)4−d

iπ2

∫ 1

0
dx

∫ 1

0
dy δ(x+ y − 1)

∫
ddl 1

(l2 −∆)2 , (G.4)

where l = k + yq and ∆ = x2q2 − x(q2 −m2 + λ2) + λ2. We use

∫
ddl 1

(l2 −∆)2 = iπ
d
2 Γ
(

2− d

2

)( 1
∆

)2− d2
(G.5)
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to obtain

B0(q, λ,m) = (4πµ2)εΓ(ε)
∫ 1

0
dx∆−ε = 1

ε
− γE + log 4π −

∫ 1

0
dx log ∆

µ2 +O(ε) (G.6)

small photon mass Neglecting λ2 we have

log ∆ = log x+ log
(
xq2 − q2 +m2

)
(G.7)

∫ 1

0
dx log ∆

µ2 = −2− m2 − q2

q2 log m
2 − q2

q2 + log m
2

µ2 (G.8)

B0(q, λ,m) = 1
ε
− γE + log 4π + 2 + m2 − q2

q2 log m
2 − q2

q2 − log m
2

µ2 (G.9)

small masses
log ∆ = log x+ log k2

1 + log(−1) + log(1− x) (G.10)

B0(q, 0, 0) = 1
ε
− γE + log 4π + 2− log q

2

µ2 + iπ (G.11)

derivative for small photon mass The derivative of the scalar 2 point function is
given by

∂

∂q2B0(q2, λ,m2) = −
∫ 1

0
dx ∂

∂q2 log ∆ = −
∫ 1

0
dx x2 − x
−x(p2 −m2) + λ2 + p2x2 , (G.12)

where we used that λ2 � m2. When we evaluate this for q2 = m2, we obtain

∂

∂q2B0(q2, λ,m2)
∣∣∣∣
q2=m2

= − 1
m2

[∫ 1

0
dx x2

x2 + λ2

m2

−
∫ 1

0
dx x

x2 + λ2

m2

]
. (G.13)

We can expand the first integral around λ2

m2 = 0 because the remaining integral is finite.
The second integral is easy to solve because the numerator is proportional to the derivative
of the denominator. We obtain

∂

∂q2B0(q2, λ,m2)
∣∣∣∣
q2=m2

= − 1
m2

(
log λ

m
+ 1

)
+O

(
λ

m

)
(G.14)

after expanding in λ2

m2 = 0. We can use p2 = /p2 to arrive at

∂

∂/q
B0(q2, λ,m)

∣∣∣∣∣
/q=m

= ∂

∂q2B0(q2, λ,m2)
∣∣∣∣
q2=m2

dq2

d/q

∣∣∣∣∣
/q=m

= − 2
m

(
log λ

m
+ 1

)
+O

(
λ

m

)
(G.15)
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G.3. Vectorlike Two Point Function

The vectorlike two point function is defined by

Bµ(q,m1,m2) ≡ (2πµ)4−d

iπ2

∫
ddk kµ

(k2 −m2
2)
[
(q + k)2 −m2

1
] . (G.16)

The integral Bµ has one Lorentz index and can therefore only depend on qµ. Therefore,
it has the form Bµ = B̄qµ. When we contract Bµ with qµ, we find

qµB
µ(q,m1,m2) = 1

2
[
A0(m2)−A0(m1) + (m2

2 −m2
1 − q2)B0(q,m2,m1)

]
= B̄q2.

(G.17)
Hence, we obtain

Bµ(q,m1,m2) = 1
2q2

[
A0(m2)−A0(m1) + (m2

2 −m2
1 − q2)B0(q,m2,m1)

]
qµ (G.18)

derivative We now calculate the derivative of the vectorlike two point function, i.e.

∂

∂/p
γµBµ(p,m, λ) = 1

2

[
1
/p2 (A0(m)−A0(λ))− λ2 −m2 + /p2

/p2 B0(p,m1,m2)

+
λ2 −m2 − /p2

/p

∂

∂/p
B0(p,m, λ)

]
(G.19)

When we evaluate this function at /p = m, we arrive at

∂

∂/p
γµBµ(p,m, λ)

∣∣∣∣∣
/p=m

= 1
2

− 1
m2A0(m)− 2m ∂

∂/p
B0(p,m, λ)

∣∣∣∣∣
/p=m

+O
(
λ

m

)
. (G.20)

We can use (G.2) and (G.15) to obtain

∂

∂/p
γµBµ(p,m, λ)

∣∣∣∣∣
/p=m

= 1
2

[
−1
ε

+ γE − log 4π + log m
2

µ2 + 4 log λ

m
+ 3

]
. (G.21)

G.4. Three Point Function

The scalar three point function is defined by

C0(p1, p2,m
2
0,m

2
1,m

2
1) = (2πµ)4−d

iπ2

∫
ddk 1

(k2 −m2
0)
[
(k + p1)2 −m2

1
] [

(k + p2)2 −m2
2
] .

(G.22)
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The three point function is in the limit m2
1,m

2
2 � s is given by [159, appendix C]

ReC0 = 1
s

{
1
2

(
log m

2
1
s

+ log m
2
2
s

)
log λ

2

s
− 1

4 log2 m
2
1
s
− 1

4 log2 m
2
2
s
− 2

3π
2
}
. (G.23)
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H. Soft and Collinear Limits

In this chapter we investigate the soft and collinear limits of real emission matrix elements.
We find explicit results for the limits of the born matrix element and a factor that depends
on the splitting process. The limits are crucial ingredients of NLO calculations.

H.1. Soft Limit

We start with the radiation of a soft gluon from an initial-state quark (Figure H.1). The
matrix element reads

M =M0
/k1 − /k2 +m1

(k1 − k2)2 −m2
1
γµgst

au(k1)ε∗µ(k2). (H.1)

We can use the eikonal approximation for a soft gluon (/k2 � /k1) to see that the real
matrix element factorizes into the born matrix element and a process independent factor.
When we use Dirac equation (/k −m)u(k) = 0 and {γµ, γν} = 2gµν , we find

M≈ −k1 · ε∗(k2)
k1 · k2

gst
aMborn, (H.2)

where Mborn = M0u(k1). For an initial-state antiquark, we obtain with a similar
calculation

M = gst
ak1 · ε∗(k2)

k1 · k2
Mborn. (H.3)

M0k1

k2, µ

k1 − k2

Figure H.1.: Feynman diagram for soft gluon radiation from an initial-state quark
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k1

k2

p k1

k2 p

Figure H.2.: Feynman diagrams for initial-state gluon radiation in qq̄ → X

Obviously, we can us the same tricks for final-state radiation. With these equations we
can evaluate the soft squared matrix element for the Drell-Yan like process qq̄ → X

where X is not charged under QCD (Figure H.2). When we neglect the color matrices,
we find

|Msoft|2 =
∑
pol

g2
sε
∗
µ(p)εν(p)

(
− kµ1
k1 · p

+ kµ2
k2 · p

)(
− kν1
k1 · p

+ kν2
k2 · p

)
|Mborn|2. (H.4)

The evalutation of the color matrices is postponed to section H.1.1. After using the
polarization sum in an axial gauge

∑
pol

ε∗µ(k)εν(k) = −gµν + kµnν + nµkν
n · k (H.5)

where n2 = 0, we obtain

|Msoft|2 = g2
s

[
2k1 · k2

(k1 · p)(k2 · p)
− m2

1
(k1 · p)2 −

m2
2

(k2 · p)2

]
|Mborn|2. (H.6)

The structure of the matrix element with gluon radiation from a gluon is more complicated.
From the Feynman diagram in Figure H.3 we obtain

M =Mα
0
gαµ
p2 gs

[
gµν(g + p)λ + gνλ(k − g)µ + gλµ(−k − p)ν

]
ε∗λ(k)ε∗ν(g), (H.7)

where p = g + k and color is again neglected. When we neglect the soft momentum k in
the numerator and use g · ε(g) = 0, we find

M = gs
g · ε∗(k)
g · k Mborn. (H.8)
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Mα
0

α

p →

µ

→
g, ν

↗ k, λ

Figure H.3.: Feynman diagram for the radiation of a gluon from a gluon

The structure of the matrix element is the same as for the radiation from quarks because
the wave length of the soft gluon is so large that it cannot distinguish between different
spins and the result is spin independent. The general form of the real matrix element
with soft gluon radiation reads

|Msoft|2 = 4παs
∑
i 6=j

ki · kj
(ki · k)(kj · k) |Mborn|2 (H.9)

where ki and kj are massless born momenta and k is the gluon momentum. Note that
we have neglected color factors. We will calculate them later. Next, we investigate is the
radiation of a soft quark. When a quark with momentum k is emitted, we have

M = ū(k)M′, (H.10)

where M′ denotes the rest of the matrix element. The squared matrix element for
massless quarks reads

M†1u(k)ū(k)M2 =M†1/kM2. (H.11)

Since kµ ∝ E, there is an additional power of energy in the numerator compared to the
gluon emission. Hence, there is no soft divergence, since the usual factor 1

E is canceled.

H.1.1. Color Factor

The color factor is not an overall factor if there is a more complex color structure in the
process. In this section we look at the color structure of a general process. The born
color part is shown in Figure H.4a and written as

Ma1a2...an
col Ca1Ca2 . . . Can , (H.12)

where C are the color states of the external particles, ai are the corresponding color
indices andMcol is the color structure of the diagram obtained with the usual Feynman
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Mcol ai

a2

a1

an

aj

(a) born level color structure of external parti-
cles

Mcol ai

a2

a1

an

aj

d

c

(b) color structure of external particles with
radiation from parton i

Figure H.4.: color structure of amplitudes. a1 . . . an are the color indices of the external
particles andMcol is the color structure of the diagram which we can obtain
with the normal Feynman rules.

rules. The color states are defined as

Ca =



ca incoming quark/outgoing antiquark

c†a outgoing quark/incoming antiquark

χa incoming gluon

χ∗a outgoing gluon

(H.13)

where a = 1 . . . NC for (anti)quarks and a = 1 . . . (N2
C − 1) for gluons. We study the

splitting of parton ai. The corresponding diagram is shown in Figure H.4b. We write the
matrix element as

Ma1a2...ai...an
col T daicCa1Ca2 . . . Cc . . . CanCd, (H.14)

where T is the color matrix of the vertex of the radiation, i.e.

T daic =


tdcai ai = quark

tdaic ai = antiquark

ifaidc ai = gluon

(H.15)
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Next, we can calculate the interference term for radiation from partons i 6= j. We obtain

|Mij
col|2 =

[
Ma1a2...ai...aj ...an

col T daicCa1Ca2 . . . Cc . . . Caj . . . CanCd
]

×
[
Mα1α2...αi...αj ...αn

col T δαjγCα1Cα2 . . . Cαi . . . Cγ . . . CanCδ
]∗

=Ma1a2...ai...aj ...an
col

[
Ma1a2...αi...αj ...an

col

]∗
T daiαiT

d∗
αjaj ,

(H.16)

where we used that CaC∗α = δaα if a and α label the same particle. For the term where
i = j, we obtain

|Mi
col|2 =Ma1a2...ai...an

col [Ma1a2...αi...an
col ]∗ T daicT

d∗
αic

=Ma1a2...ai...an
col [Ma1a2...ai...an

col ]∗
CF for i = quark/antiquark

CA for i = gluon

(H.17)

We can use color conservation [160] to obtain

0 =
∑
ij

|Mij
col|2 =

∑
j

∑
i
i 6=j

|Mij
col|2 + CfjM

a1a2...aj ...an
col

[
Ma1a2...aj ...an

col

]∗ . (H.18)

Therefore, we can write

∑
i,j
i 6=j

|Mij
col|2 = −

∑
j

CfjM
a1a2...aj ...an
col

[
Ma1a2...aj ...an

col

]∗
, (H.19)

where Cfj = CF for j = q, q̄ and Cfj = CA for j = g.
The soft matrix element including the color factor reads

|Msoft|2 = 4πα
∑
ij
i 6=j

ki · kj
(ki · k)(kj · k)Bij , (H.20)

where we defined the color correlated born amplitude Bij as

Bij =M{ak}M∗{a∗k}T
d
aiαiT

d
αjaj . (H.21)

The born amplitude is denoted by M{ak}, where {ak} stands for all color indices of
external partons, i.e. {ak} = a1 . . . ai . . . aj . . . an and {a∗k} = a1 . . . αi . . . αj . . . an. In
practice, we can calculate the color correlated born matrix element for simple processes
by dividing the born matrix element by its color factor and multiplying it by the real
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color factor of the interference terms. When we average over initial-state spins we have to
take the spins s± from the real process. Also symmetry factors Nsym of the real process
have to be taken into account. We define

Bij = 1
Nsym

1
(2s+ + 1)(2s− + 1)d+d−

Bij , (H.22)

where d± is the dimension of the color representation of incoming partons, i.e. d± = NC

for an incoming quark and d = (N2
C − 1) for a gluon.

H.2. Collinear Limit

The discussion of the collinear limit is based on [161] and references therein. We consider
first the case of a collinear splitting of a final-state gluon p into pi and pj . We can use a
Sudakov decomposition for the final-state momenta, i.e.

pµi = zpµ + kµ⊥ −
k2
⊥
z

nµ

2(p · n) , (H.23)

pµj = (1− z)pµ − kµ⊥ −
k2
⊥

1− z
nµ

2(p · n) . (H.24)

The collinear direction is given by pµ and nµ is an auxiliary light-like vector. The vector
k⊥ gives the transverse direction w.r.t. p and n (k2

⊥ < 0, k⊥ · p = k⊥ · n = 0). The
collinear limit is approached if k2

⊥ → 0. The factor z corresponds to the energy fraction
of pi in the collinear limit. The collinear limit of the squared matrix element reads

|Mcoll
n+1|2 = 8παs

p2 M
µνPµν(z, k⊥), (H.25)

whereMµν is the spin-correlated born matrix element and Pµν is a splitting function. The
spin correlated born matrix element is the born matrix element with open polarization
vectors εµ for the external gluon, i.e. the squared born matrix element reads

|M|2 =Mµεµε
∗
νMν∗ and Mµν ≡MµMν∗, (H.26)

whereMµ is the born matrix element without the gluon polarization vector. We can use
the completeness relation of the polarization vectors to write

Mµν =
∑
s,s′

MsM∗s′εµ∗s ενs′ , (H.27)
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whereMs is the born matrix element with gluon polarization s. Explicit polarization
vectors are given in [162]. The splitting function for a gluon splitting into two gluons
reads [64,67]

Pµνgg (z, k⊥) = 2CA
{
−2
[

z

1− z + 1− z
z

]
gµν + 4z(1− z)k̂µ⊥k̂ν⊥

}
, (H.28)

where k̂⊥ = k⊥/|k⊥|. The gµν part of the splitting function leads to a term proportional
to the squared born matrix element because gµνMµν = −|M|2. We also find

Mµν k̂µ⊥k̂
ν
⊥ =

∑
ss′

Msεα,s
pαi p

ν
j

2z(1− z)(pi · pj)
ε∗ν,s′M∗s′ , (H.29)

where we used (H.23), (H.24) and

pi · ε = k⊥ · ε(p) +O(k2
⊥), (H.30)

p · ε(p) = 0, (H.31)

k2
⊥ = −2z(1− z)pi · pj . (H.32)

We can also calculate an explicit form for k̂⊥. We rotate pi to a system where it points
in z direction. All momenta in this frame are written with a prime, i.e. p′i, k′⊥ etc. We
can choose n′µ = (1, 0, 0,−1) and we find

k′⊥ =


0
p′x
p′y
0

 , (H.33)

where p′ is the born momentum. After normalization and a rotation back to the original
system, we have an explicit form of k̂⊥. For a final-state gluon splitting, the splitting
functions are given by [64,67]

Pµνgg (z, k⊥) = 2CA
{
−
[

z

1− z + 1− z
z

]
gµν − 2(1− ε)z(1− z)k̂µ⊥k̂ν⊥

}
, (H.34)

Pµνgq (z, k⊥) = TF
[
−gµν + 4z(1− z)k̂µ⊥k̂ν⊥

]
. (H.35)

When we integrate (H.25) over the radiation phase-space [163]

dΦrad = dk2
⊥ dz dφ

4(2π)3
1

z(1− z) , (H.36)
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we obtain
I = −dΦrad

8πα
4(2π)3M

µνIµν . (H.37)

The solution has the following form

Iµν = Xgµν + Y pµpν + Znµnν + Upµnν + V pνnµ. (H.38)

When we contract Iµν with all combinations of gµν , pµ, nµ and write

Pµν = Agµν +Bk̂µ⊥k̂
ν
⊥, (H.39)

we obtain
X =

∫
dz
∫

dk2
⊥

∫
dφ 1

k2
⊥

(
A+ 1

d− 2B
)
. (H.40)

Using this in (H.37) leads to

I = −dΦrad
8πα

4(2π)3M
µν (Xgµν + Znµnν) (H.41)

because all other contributions are zero due to ε · p = 0. We obtain

I = 8πα
4(2π)3 |M|

2X = −dΦrad|M|2
8παs
p2

(
A+ 1

d− 2B
)

(H.42)

if we we use n = (1, 0, 0,−1) and, hence, n · ε = 0. We can rewrite I in terms of the
Altarelli-Parisi splitting functions (3.23) and (3.24), i.e.

I = dΦrad|M|2
8παs
p2 Pgi(z). (H.43)

For ISR, one finds in 4 dimensions [164]

Pµνgg (z, k⊥) = 2CA
[
−2gµν

(
z

1− z + z(1− z)
)

+ 4(1− z)
z

k̂µ⊥k̂
ν
⊥

]
, (H.44)

Pµνqg (z, k⊥) = CF

[
−zgµν + 4(1− z)

z
k̂µ⊥k̂

ν
⊥

]
(H.45)

and (H.43) also holds.
When we consider a quark that splits into a quark and a gluon, we have to define a

spin correlated born matrix elementMss′ with open spinor indices s, s′ of the quark, for
example

|M|2 =Msus(p)ūs′(p)M∗s′ ⇒ Mss′ =MsM∗s′ . (H.46)
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In analogy to (H.25), the collinear limit reads

|Mcoll
n+1|2 = 8παs

−p2 Mss′Pss′(z). (H.47)

The splitting functions Pss′ are independent of k⊥ and proportional to δss′ [55, 64].
Therefore, we can use the spin averaged splittings functions to calculate the limit, i.e.

|Mcoll
n+1|2 = 8παs

−p2 P̂qq(z)|Mn|2. (H.48)
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In this chapter, we show how a Drell-Yan born process and its QCD radiation is added
to the event generator. The user has to subclass the class

UserProcess : : Data

which stores all informations about the process. In particular, the user has to implement
the abstract functions

class Data {
// . . .
protected :
virtual int Pro c e s s I n i t ( Conf ig : : F i l e &) = 0 ;
virtual void Proces sPr int ( ) const = 0 ;
// . . .
} ;

In ProcessInit, the user has to set the following member variables:

• MatrixElement to an implementation of the UserProcess::IMatrixElement in-
terface,

• Params to an implementation of the standard model parameters FKS::Param,

• cuts to an implementation of the UserProcess::ICuts interface,

• hists to an implementation of the UserProcess::Histograms interface,

• Scales to an implementation of the UserProcess::IScales interface.

Furthermore, all subprocesses have to be added to the Process member variable which is
a list of FKS::FlavourConfig. In the following section we show how to add a Drell-Yan
like process.

I.1. Adding a Process

In this section we add the processes ūu→ µ+µ− and c̄c→ µ+µ− with QCD corrections.
First, we have to define the born flavour configuration
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std : : vector<FKS : : PDGList> born = {{−2 ,2 ,−13 ,13} ,{−4 ,4 ,−13 ,13}};
We use the standard PDG codes to identify the particles. We also have to define the
color configuration for the LHE file

FKS : : ColorFlow co l o r 1 = {0 , 501 , 0 , 0} ;
FKS : : ColorFlow co l o r 2 = {501 , 0 , 0 , 0} ;

The user has to implement the interface UserProcess::IMatrixElement which calculates
all matrix elements, i.e. born, real, and virtual matrix elements of all processes. Each
available born and virtual matrix element is identified by an integer number. Here, we
assume that the matrix element for ūu→ µ+µ− is identified by 0. Hence, we have

int me_born = 0 ;

Next, we can define the actual flavour configuration, i.e.

FKS : : FlavourConf ig f l (me_born , 0 , co lor1 , c o l o r 2 ) ;

where the second argument is not used. At NLO QCD, this process has only ISR
singularities. Since every real Drell-Yan process has a unique underlying born process,
we can use one singular region, i.e.

FKS : : Reg ionList r l i s t ;
r l i s t . push_back (FKS : : Region (4 , 0 ) ) ;

As for the born and virtual matrix element, the real matrix elements are also identified
by integer numbers. We assume that the NLO matrix elements are identified by

int me_real0 = 0 ; // u~ u −> mu+ mu− g
int me_real1 = 1 ; // u~ g −> mu+ mu− u~
int me_real2 = 2 ; // g u −> mu+ mu− u

The flavour configuration is given by

std : : vector<FKS : : PDGList> r e a l 0 =
{{−2, 2 , −13, 13 , 21} ,{−4 , 4 , −13, 13 , 21}} ;

std : : vector<FKS : : PDGList> r e a l 1 =
{{−2, 21 , −13, 13 , −2},{−4, 21 , −13, 13 , −4}};

std : : vector<FKS : : PDGList> r e a l 2 =
{{21 , 2 , −13, 13 , 2} ,{21 , 4 , −13, 13 , 4}} ;

Next, we can add the NLO corrections to the process fl

f l . AddReal (me_real0 , FKS : : Type_t : :QCD, rea l0 , r l i s t , r l i s t ) ;
f l . AddReal (me_real1 , FKS : : Type_t : :QCD, rea l1 , r l i s t , r l i s t ) ;
f l . AddReal (me_real2 , FKS : : Type_t : :QCD, rea l2 , r l i s t , r l i s t ) ;

183



I. Implementation

Note, that the second rlist argument specifies all singular regions of a real process. The
first rlist argument contains all singular regions that are connected to the underlying
born process. For Drell-Yan, the underlying born is unique and, therefore, there is no
difference between both arguments. For more complicated processes, the first rlist

could be a subset of the second singular region list (s. W + jet).
The specification of the subprocess is now complete and the flavour configuration fl

can be added to the list in UserProcess::Data::Process.
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