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Introduction
Shape evolution of nuclei is one of the fun-

damental phenomena in nuclear physics. The-
oretical study of shape evolution and coexis-
tence of various shapes in a nucleus are useful
for understanding the nuclear structure. The
shape variation depends on the nuclear mat-
ter present in the nuclei [1]. The origin of
nuclear shape and nuclear transition may be
the evolution of shell structure with deforma-
tion, angular momentum and the number of
valance nucleons. Closed shell nuclei, in gen-
eral assume spherical shape whereas open shell
nuclei exhibit deformed shape.

The most commonly observed shapes are
spherical, prolate and oblate. Several theoreti-
cal approaches are available for understanding
the shape evolution of nuclei [2–4]. Here, the
energy density functional in terms of micro-
scopic mean-field approach was used for the
study of nuclear deformation and the shapes
of thorium nuclei.

Theoretical Formalism
The microscopic mean-field theory gives in-

formation on the structure and shapes of nu-
clei. Mean-field theory is based on the en-
ergy density functional. Energy density func-
tional is a functional of nucleon density matri-
ces of single particle states. Here the meson
exchange density functional is used for the cal-
culations [5]. In the meson exchange model,
the Lagrangian is defined in terms of the La-
grangian density

L = LN + Lm + Lint (1)

where LN are the Lagrangian of free nucleons,

LN = ψ̄(iγµ∂
µ −m)ψ (2)
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Here, Lm is the Lagrangian of the free meson
field and the electromagnetic field given as,
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Also, here σ, ω and ρ represent the isoscalar-
scalar meson, the isoscalar-vector meson and
the isovector-vector meson, respectively. The
corresponding masses are mσ,mω,mρ and

Ωµν ,
−→
Rµν .F

µν are the field tensors. The in-
teraction term Lint is,

Lint = −gσψ̄ψσ − gωψ̄γµψωµ
− gρψ̄−→τ γµψ · −→ρ µ − eψ̄γµψAµ (4)

with gσ, gω, gρ and e being the coupling
constants[5]. From this Lagrangian density,
the Hamiltonian density is obtained by Leg-
endre transformation. By integrating this
Hamiltonian density, we obtain the total
energy[6]. The quadrupole moments are ex-
pressed in terms of the deformation parame-
ters a20 and a22 as,
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The deformation parameters β and γ:

β =
√
a220 + 2a222 and γ = arctan(

√
a20
a20

)

The positive β values correspond to the γ = 0o

axis (prolate shapes), and negative values to
the γ = 180o axis (oblate shapes).
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Results and Discussion
In the present study, we have plotted the ax-

ial and triaxial quadrupole binding energy sur-
face of 228Th, 230Th and 232Th. The results
are obtained from the density dependent me-
son exchange model DD-ME2 energy density
functional in relativistic mean-field theory and
are displayed in Fig. 1. All energies in binding
energy surface are normalized to the minimum
energy. The triaxial binding energy surface is
plotted in β − γ plane with quadrupole de-
formation parameter β along the radial axis
and γ along the angular axis. The color scale
shown has energy in the unit of MeV.

FIG. 1: The axial quadrupole binding energy
curve of 228Th, 230Th and 232Th isotopes (a)
and triaxial binding energy surface of 228Th,
230Th and 232Th isotopes in β − γ plane (b)

The axial quadrupole binding energy curve
gives the information on the shape of thorium
nuclei. Fig. 1 (a) shows that the shape of
thorium nuclei is prolate. In the case of 230Th
and 232Th, well deformed prolate minima is
observed and no well deformed minima in the
case of 228Th. Hence shape transition can be
observed and well deformed minima is moving

towards the prolate minima.
We also considered the role of triaxial defor-

mation parameter γ in shape transition. The
triaxial deformation binding energy surface of
228Th, 230Th and 232Th are plotted in Fig.
1 (b). In the case of 228Th, the location of
minima is not observed due to flatness. This
plot shows that 228Th is prolate. 230Th ex-
hibits triaxial minima at γ = 10o and γ = 30o.
Hence 230Th is triaxially deformed towards
prolate. In the case of 232Th, a well prou-
nounced triaxial minima is observed around
γ = 10o. 232Th is also a triaxially deformed
prolate nucleus.

Conclusion

The microscopic mean-field theory gives in-
formation on the shape of nuclei. The axially
deformed Relativistic-Hartree-Bogoliubov ap-
proach with the density dependent DD-ME2
interactions are used for the analysis. Triaxial
quadrupole binding energy surface of 228Th,
230Th and 232Th are plotted in the β−γ plane.
228Th, 230Th and 232Th exhibit prolate shape
and 230Th and 232Th are triaxially deformed
prolate nuclei. Nuclear shape variation may
be due to the stretching of nuclear matter and
moments.
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