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Abstract Finslerian gravity provides a compelling exten-
sion to standard cosmology by allowing for direction-
dependent effects in the structure of space-time. In this
study we analyze the cosmological evolution of a modi-
fied FLRW universe with an anisotropic parameter modeled
with a linear redshift dependence within the Barthel-Kropina
Finsler framework. We consider two models for dark energy:
Model-1, which assumes a constant dark energy equation of
state parameter (wge=constant) and Model-2, which adopts
a redshift-evolving CPL form wge(2)=wo+w; IZ? Using
observational data from cosmic chronometers (CC), baryon
acoustic oscillations (BAO) and Pantheon + Supernovae we
perform parameter estimation with Markov Chain Monte
Carlo techniques and analyze cosmographic quantities. Our
analysis of the deceleration parameter confirms the presence
of late-time cosmic acceleration, consistent with observa-
tions. Both Finslerian models yield statistical fits to the data
that are comparable to those of the standard ACDM cosmol-
ogy. Model-1 yields statistical results comparable to those
of ACDM in both AIC and BIC analyses. Model-2, with
its evolving dark energy equation of state allows for a more
flexible description of late-time cosmic acceleration. Under
current observational constraints both models describes the
late-time anisotropy and offer a framework to explore devia-
tions from cosmic isotropy beyond the standard cosmological
constant scenario.
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1 Introduction

The discovery of the universe’s accelerating expansion
marked a pivotal shift in cosmology, overturning the long-
held expectation that gravitational attraction would gradually
decelerate cosmic expansion. Observations of distant Type Ia
supernovae (SN Ia) revealed an unexpected dimming, inter-
preted as evidence for acceleration, which implied the pres-
ence of a previously unknown component now termed dark
energy. Subsequent confirmations from cosmic microwave
background (CMB) measurements and large-scale structure
surveys established this accelerated expansion as a corner-
stone of the standard cosmological model. Currently, dark
energy is understood to comprise approximately 70% of the
total energy density of the universe, playing a dominant role
in its present dynamics and suggesting a future of perpetual
expansion with profound implications for the ultimate fate
of the cosmos [1-10]. One of the simplest interpretations
involves a small positive cosmological constant A supported
by SN Ia observations and addressed within the broader con-
text of the cosmological constant problem. This has moti-
vated future missions, such as Planck, aimed at refining key
cosmological parameters [11,12]. Alternative accelerating
models, including phantom energy with an equation of state
parameter, @ < —1 have also been explored and show strong
agreement with observational data [13,14]. Recent studies
emphasize the importance of a redshift-dependent equation
of state for dark energy, which enables more dynamic mod-
eling and better fits to combined datasets [15-18].

While these approaches have advanced our understanding
of cosmic acceleration models and dark energy, they primar-
ily rely on the Riemannian geometric framework and assume
fundamental homogeneity and isotropy. Ongoing theoreti-
cal challenges and observed anomalies have motivated the
investigation of more general geometric structures, espe-
cially those incorporating anisotropy (see [19] and references
therein). Finsler geometry has been applied to Einstein vac-
uum field equations, resulting in a modified Birkhoff theorem
and the development of locally anisotropic space-time mod-
els that extend gravitational theory [20,21]. Further studies
have explored Lorentz invariance violations and generalized
Lorentz transformations in Finslerian spaces [22], as well
as the integration of Kaluza—Klein, Finsler, and Lagrange
geometries in constructing anisotropic super-string models
[23,24]. Anisotropy vectors have provided new frameworks
for analyzing CMB anisotropies in agreement with Planck
data, while the inclusion of anisotropic fields and fluids
in cosmological models has refined our understanding of
cosmic evolution [19,25,26]. Recent work underscores the
potential of Finsler geometry to address galactic rotation
anomalies and enhance cosmological modeling [27].

Recent developments in Finslerian cosmology have demon-
strated that modifications to the standard FLRW model, par-
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ticularly through the use of curved Finslerian space-time and
general very special relativity (VSR) can offer alternatives
to dark energy for explaining the observed acceleration of
the universe [28,29]. These frameworks support the explo-
ration of Lorentz-violating theories, potential quantum grav-
ity corrections and the investigation of photon time delays
in high-energy astrophysical phenomena such as gamma-ray
bursts [30,31]. Finsler gravity has also been shown to provide
a flexible extension of general relativity capable of address-
ing cosmological anisotropies, late-time cosmic acceleration,
and departures from isotropy [32]. Metrics such as Finsler—
Randers and Finsler—Kropina have enabled the formulation
of generalized Friedmann equations and stable cosmological
solutions, opening up new avenues for probing the funda-
mental geometry of space-time [33]. These advances have
further facilitated the development of cosmological models
featuring enriched geometric structures, scalar-tensor theo-
ries for dark energy and inflation, and new theoretical effects
that may be testable with observations, thus extending the
possibilities beyond the standard ACDM paradigm [34-42].
Building on recent advances in Finsler gravity, the current
study develops a cosmological framework within the Barthel-
Kropina geometric setting, offering a distinct approach to
modeling anisotropic space-time. By employing Barthel
connection, the formalism naturally integrates direction-
dependent anisotropies into the cosmological background,
providing an alternative to conventional isotropic models.
We introduce a redshift-dependent parameterization 7(z)
to dynamically track anisotropic effects throughout cosmic
evolution. Through a comprehensive observational analysis
using Markov Chain Monte Carlo (MCMC) techniques and
current CC, BAO, and Pantheon+ Supernovae data we deliver
new constraints on the Barthel-Kropina model parameters.
The paper is organized as follows: the Sect. 2 intro-
duces fundamental concepts of Finsler geometry related to
Kropina and Barthel connections. Section 3, where we derive
the Finsler-Barthel-Kropina metric and discuss the gravita-
tional field equations in this background. Section 4 describes
the details of observational datasets and the methodology
employed, including MCMC analysis and x2-statistic, to
constrain the model parameters. Section-5 introduces the
parametrization of the anisotropic factor 1(z) and the equa-
tion of state w(z) of dark energy to analyze the cosmologi-
cal evolution. Section 6 discusses the parameter estimation
for Model-1 and Model-2 through CC, BAO, and SNe Ia
observational data. Section 6.3 explores the observational
and theoretical comparisons of the Hubble function and dis-
tance magnitude. Physical viability of the models and Cos-
mographic parameters for both models are discussed in Sect.
7 and Om(z) diagnostic analysis of the models is also studied
and Sect. 8 presents the model selection analysis employing
information criteria to quantitatively compare the statistical
performance of the proposed cosmological models. The last
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Sect. 9 provides the summary and the future perspectives of
the work.

2 Overview of Finsler geometry and connections
2.1 Finsler metric structure

The Finsler geometry extends Riemannian geometry by
defining distances in a way that depends not only on the
magnitude of displacement between points (coordinate) but
also on its direction. Unlike Riemannian geometry, where
the distance between two points is simply the length of the
shortest curve connecting them, Finsler geometry uses a met-
ric that accounts for both the direction and magnitude of the
displacement vector. This broader definition allows Finsler
geometry to describe spaces with asymmetric or anisotropic
properties [43—46].

In Finsler spaces, the infinitesimal interval ds between two
nearby points x’ and x’ 4 dx’ is given by ds = F (x', dx"),
where F is the Finsler metric function, defined on a smooth
manifold M by F : TM — R and satisfies the following
properties [43]:

e FisC®onTM = TM\{0} and continuous on the null
section of the projection : TM — M.

e [F is positively homogeneous of degree one with respect
to the fiber coordinates, meaning F(x, ky) = kF(x,y)
for any k > 0.

e For any point (x, y) € TM, the symmetric bilinear form
gij(x, y) is non-degenerate and has a constant signature,
where

192F%(x, y)

gij(x,y) = EW (D

Here, (x/, y/) are the canonical coordinates on the tangent

bundle, and y = y’ - represents a tangent vector at x € M.

ax!
The line element is expressed as
ds® = F2(x', y') = & (', vy v/ )

Using the homogeneity property of F, the Eq. (1) can also
be rewritten as

gij(x, )Yy = F2. 3)
The Eq. (2) then becomes
ds® = gij(x, y)y'y/. “

The Eq. (4) now describes the line element in Finsler spaces,
where the metric tensor g;; varies based on both direction
and magnitude.

The case when g;;(x, y) = gi;(x) conforms to that of a
Riemannian space, reliant only on position coordinate which

is also characterized by the vanishing of the Cartan tensor
Cijk
A 3gij(x,y) 1 3F?
Ciik = =05 = Zayioyiogk
y y oy’loy
The osculating Riemannian approach simplifies computa-
tions in Finsler geometry by approximating a Finsler struc-
ture with a Riemannian one which is obtained by evaluat-
ing the Finsler metric g;;(x, y) along a non-zero vector field
Y (x), yielding the osculating metric g;;(x) = &;;(x, Y (x)).
The osculating method bridges this gap by projecting geo-
metric quantities from 7 M to M, enabling the use of familiar
Riemannian tools for analyzing Finslerian structures [1,3].

&)

2.2 Barthel connection

The Barthel connection is introduced to address the limi-
tations of the Berwald connection while simplifying some
aspects of the Cartan connection [46-50]. Suppose we intro-
duce a specific structure (M, F(x, y), Y (x)) representing a
Finsler space (M, F(x, y)) having a non-zero tangent vec-
tor field Y (x) defined on M. If Y is nowhere vanishing,
the Finslerian metric gives rise to Y-Riemannian metric.
The Y-tensor field associated with the fundamental tensor
(gij (x,Y (x)) is called Y-Riemannian metric structure. The
Barthel connection is metric compatible with respect to the
Y-Riemannian metric and also has the torsion tensor. This
metricity ensures that the length of vectors is preserved under
parallel transport, which aligns better with physical intuitions
and makes the connection more suitable for studying phys-
ical systems. The Barthel connection treats Finsler spaces
as the point Finsler spaces and is locally Minkowskian and
in general, it is not locally Euclidean. For a Finsler space,
the linear Barthel-connection associated to the Cartan con-
nection is the Levi—Civita connection of the Y-Riemannian
space. Thus, Barthel connection corresponds to the linear Y -
Connection associated with the Cartan connection through a
nonzero tangent vector field Y (x).

Then, the differential of the vector field Y/ (x) with respect
to the Barthel connection is defined as [46,49,50]

DY =dy' 4+ Y*bi, (x, Y)dx", (©6)

where, bf{ ; 1s Barthel connection coefficient defined by using
generalized Christoffel symbols which are given by

9gjk | 08ki  9gij } o

1
Vil ) =5 [ oxi | oxi  oxk

and the Barthel connection coefficients in equation (6) are
defined as [40,41,47-49]

i i R A Pall
bin = Yen = Yis Y™ Crps )
where, Cj. ¢ is the Cartan torsion tensor. The Barthel con-

nection is the simplest connection, which upholds the metric

@ Springer



1008 Page 4 of 21

Eur. Phys. J. C (2025) 85:1008

function by parallel transport, making it a metric-compatible
connection.

Barthel connection has the specific properties are that the
Y-linear connection associated to the Cartan Y-linear con-
nection and metrical with respect to the Y -Riemannian metric
and has the torsion

Th = Ci(x, Y(@)Y] — Cl(x, Y(x)Y] ®

which is non-zero in the Finsler space. Specifically, it ensures
that the metric function remains invariant during such trans-
port. Barthel connection depends on the field to which it is
applied and it depends only on the direction of the field to
which it is applied and it preserves parallel transport.

In the Y-Riemannian region, the curvature tensor R! jkl
associated with the Barthel connection, corresponding to a
vector field Y (x), is referred to as the Y -curvature tensor and
is given by

i i i i
- L . b, . (ab”‘bfl by, Sk) o
axl 9xk ays Pt gys P
+bikb;’l - bilb;’k' (10)

This curvature property applies to both space and points and
the curvature is evaluated solely based on the direction of the
field. Subsequently, by contracting the point curvature we
obtain the Ricci tensor denoted as R j; = R; «i» and the Ricci

scalar R = R!.
2.3 The osculating-Riemannian space approach

Unlike Riemannian geometry, where connections live on a
manifold of the manifold, the Finslerian connections live on
the total space of the tangent bundle. To facilitate the deriva-
tion and comparison of different covariant derivatives, the
technique of the osculating Riemannian space approach can
be employed [44,46]. This distinction gives rise to a funda-
mental geometrical contrast between the theories of Rieman-
nian and Finsler manifolds. Thus, to overcome these dissim-
ilarities, we can introduce the non-vanishing vector field Y
on the manifold and obtain the ))-Riemannian metric on the
manifold. This methodology streamlines the computation of
connection coefficients within Finsler space. The notion of
osculation entails the transformation of the intricate charac-
teristics of a Finsler structure and its associated connections
into simpler structures. Specifically, these simpler structures
involve components such as the Riemannian metric, affine
connections or linear connections. This approach results in
simplifying the complexities inherent in Finsler geometry
and its connections. The methodology involved in this tech-
nique is outlines as below:

To construct an osculating Riemannian metric, consider
a local section U of the projection myy : TM — M. By
evaluating the Finslerian metric g;;(x, y) along the vector

@ Springer

field Y (x) # 0, the osculating Riemannian metric is defined
as

gij(x) = gij(x, y)}y=Y(x)’ xeU, (11

where, U is aregion on M. This particular region (U, Y (x)) is
termed the osculating Riemannian manifold along the curve
C. Within this region U, it becomes feasible to employ the
conventional covariant derivative derived from Riemannian
geometry [44,46]. This derivative arises from the parallelism
of Levi—Civita and the concept of osculation. Thus, the differ-
ential geometry of a curve C in a Finsler space can be studied
using the corresponding osculating Riemannian space. This
approach simplifies the determination of connection coeffi-
cients such as those for the Rund and Barthel connections.
The pair (U, g;;) forms a Riemannian manifold, with g;; (x)
referred to as the )-osculating Riemannian metric.

Then the Christoffel symbols corresponding to this metric
are given by

() = 1 <8gik(x, y(x) | 0gii(x, y(x) gk (x, y(x))
Vijktx) =7 ox/ dxk ox! '

12)

2.4 Geodesic equations within the osculating Riemannian
framework

In Finsler geometry, geodesics follow from the Euler—
Lagrange equations for the fundamental function given by

d (9F(x, OF (x,

4 (0F&.y)\ Fx.y) _ 0. (13)
dt ay! ox!

This yields the Finslerian geodesic form

d%xt . .

— v @y =0, (14)

where the Finslerian Christoffel symbols y’ jk(x,y) are
defined by the metric

L 0gik(x,y) | 08ijx,y)  08jk(x, )
Vijk(x. ) = 2( oxd ok oxi )
(15)
and ' jx = g'*ysjk. Using the chain rule one obtains
L) = v . )| +2c"~%
YV k) =V V) vy T3k
. ayK . ayl
+C'e Pyl 'k Axl , (16)
x =Y

where C! jk is the Cartan torsion.

If anowhere-vanishing tangent field )/ (x) exists, the oscu-
lating Riemannian manifold (M, g;;(x)) can be defined by
gij(x) =gij(x,y) }y=y(x)’ in this osculating region the Car-
tan tensor vanishes, and the equation (16) reduces to

v k) =7 k0 M|y (17)
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so that the geodesic equation takes the Riemannian-like form

2.,
Y @y =0 (18)
In the context of the present study, the large-scale Universe
is well described by a homogeneous and isotropic back-
ground. Under these conditions, velocity-dependent contri-
butions from the torsion can only appear through isotropy-
preserving background functions and their derivatives, which
do not generate leading-order directional effects. As a result,
photon trajectories can be modeled as null geodesics of the
osculating Riemannian metric with any residual anisotropic
corrections remaining well below current observational sen-
sitivity, typically at the sub-percent level in the luminosity—
distance relation.The resulting reduction ensures continuity
with the standard Riemannian limit while retaining the lead-
ing anisotropic corrections relevant to cosmological evolu-
tion.

2.5 Barthel connection and the associated osculating
Riemannian structure

Within the osculating Riemannian approach all Finslerian
quantities are evaluated along the vector field ) (x) on the
base manifold. In this context the Cartan torsion tensor C ; &
which captures the intrinsic non-Riemannian features of the
Finsler space vanishes identically for a Riemannian metric
or for those sections where the metric becomes direction-
independent. As a result in the osculating region, the Barthel
connection coefficients defined as in Eq. (6) reduces to

b;ch = Vléh’ (19)

where, y,f ;, are the standard Christoffel symbols are as defined
in Eq. (12) and is evaluated using the osculating Riemannian
metric. This bridges the Finslerian and Riemannian geome-
tries and in the effective field equations and curvature cal-
culations, the connection coefficients are given by the usual
Riemannian expressions along the selected direction field.
Consequently, the curvature tensor, Ricci tensor and scalar
curvature appearing in the subsequent equations are to be
interpreted as those of the osculating Riemannian manifold
ensuring consistency with the Barthel framework.

Thus, for a Barthel connection (affine connection in oscu-
lating regions) in general the curvature tensor as defined in
Eq. (10) reduces to

8FZd 8FZC
Ryca = ax¢  9xd

9 WO 8 (20)

where FZC are the connection coefficients. The associated
Ricci tensor and scalar curvature are defined as

ory, or;
Roa =) ( ara  axd T Z Thalea — Thalea) | -
a
(2D
R=R{, RS=g"Req. (22)

2.6 Kropina spaces

The Finsler metric is called an («, 8)-metric if the funda-
mental function L(x,y) = FTZ is 1-homogeneous in two

arguments «, 8 defined by [46]

alx,y) = Jaij(x)yiyl, B=A;x)y". (23)

where « represents a Riemannian metric and 8 = A;(x)y’
is a linear one-form on the tangent bundle 7M on M, A;(x)
is a directional vector field.

The Kropina metric is a special form of (o, 8)-metric
defined as [40-42]

2 . iyJj
Liry) = & = @WOrY, 24)
p Aj(x)y!

In view of Egs. (24) and (1) the fundamental metric tensor
for Finsler—Kropina space becomes

L, Ly
glj('x )’) = o hz] + ?)’z)’/
Lag
+T(yiAj+yin)+L5ﬂAiAj, (25)
where h;; = a;j — 2 ==L is the angular metric tensor of the
associated Riemanman spaceand Ly, = 5 and Lyg = Bdoj_aﬂ

and so on.

Recently, Bouali et al. [40,41] investigated the dark energy
model based on the Finsler geometry-inspired osculating
Barthel-Kropina background and showed that it gives a good
description of the observational data, and it can be consid-
ered a viable alternative of the A-CDM model. The Barthel
connection is employed within Finsler—Kropina geometry to
incorporate vector field-induced Finslerian corrections. At
every point x’, the vector field Y (x) characterizes the grav-
itational configuration, allowing the Barthel connection to
serve a role analogous to that of the Levi—Civita connection
within the osculating metric framework. This facilitates the
formulation of anisotropic field equations and the investiga-
tion of cosmic dynamics. Within this framework the Christof-
fel symbols as expressed in Eq. (7) are obtained from the Y -
osculating metric and the resulting affine structures facilitate
amore transparent and computationally efficient treatment of
curvature and other geometric quantities in Kropina spaces.

@ Springer
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3 Gravitational field equations in
Finsler-Barthel-Kropina space-time

This section develops the gravitational field equations for a
cosmological model based on the Finsler—Barthel-Kropina
geometric framework. By extending the standard FLRW met-
ric we systematically incorporate anisotropic corrections and
derive the corresponding dynamical equations governing the
universe evolution.

To establish the Finsler—Barthel-Kropina cosmological
model, we follow the procedure as carried out in [40—42] by
specifying the underlying Riemannian metric in the Kropina
structure, which is taken as

ajj(x) = diag [1, —az, —a2, —az] , (26)

where a = a(t) is the cosmological scale factor describing
homogeneous and isotropic evolution, and i, j = 0, 1, 2, 3.
The Finsler—Kropina metric depends on two main build-

ing blocks: the Riemannian part a(x, y) = ,/a;j(x)y’y/ and
a preferred 1-form B(x, y) = A;(x)y’, which introduces a
globally preferred direction in the geometry. For cosmolog-
ical symmetry, we consider the parametrization vector field
A; as follows:

Ai(x) = (1(1),0,0,0), 27)

where 7(¢) is a time-dependent function encoding the dynam-
ical anisotropy.

To analyze physical predictions in a cosmological con-
text we utilize the osculating Riemannian approach [43,
45] which enables the mapping of intrinsically direction-
dependent Finslerian structures onto the spacetime mani-
fold by evaluating all geometric quantities along a smooth
non-zero vector field Y/ (x) = A’(x). Such a prescrip-
tion is well established in Finsler gravity and allows us to
treat anisotropic corrections while preserving computational
traceability ([40,41] and references there in.) Applying the
osculating Riemannian approach, we have the following:

(x|, py = Vi AT AT (x) = n(0) (28)
B gy = AiDA () = a; () AT () A (x)
= (n()? (29)

Thus, using the osculating Riemannian approach, the gen-
eral form of the Finsler—Barthel-Kropina metric tensor (25)
can be rewritten as
. 202 3at
8ij(x,y) = —5-aij(x) + ra

8a? 4A;A;

—FAI'AJ'(X)-FT, (30)

Ai(x)A;(x)

@ Springer

where y' is replaced everywhere by A’(x) in the osculating
prescription.

Substituting (28) and (29) in the Eq. (30), we obtain the
non-vanishing components of g;; are

. 1

goo(x,y) = W (3D
. 2a(1)? .

gi,-<x,y>=—%8i,-, =123 (32)

and go; =0,i =1, 2, 3.
Thus, the effective Finsler—Barthel-Kropina metric rele-
vant for cosmology is

(. y) = dia < 1 2a(1)?
L y) = - -
St D= o T ey

2a(1)? _2a(t)2>
nm?’ nn? )
(33)

This result follows rigorously from the osculating Rie-
mannian procedure applied to the Kropina metric obtained
using non-vanishing vector field A’ (x). The metric is non-
degenerate as long as n(f) # 0. We note that our met-
ric and modified Friedmann equations extended the works
of [40,41] due to the choice of the privileged vector field
A; = (n(1), 0,0, 0) and by setting n(¢) — a(t)n’(¢) inabove
expressions, one can recover the form adopted by Bouali et
al. [41].

In the Finsler—Barthel-Kropina metric (33), the scale fac-
tor a(t) is a coordinate-dependent and 7(¢) originates from
the vector field component which is inherently independent
of the coordinate system. This exhibits the fundamental role
of n(¢) in introducing anisotropic corrections to the tradi-
tional FLRW cosmological model. Unlike a(¢), which can be
transformed through coordinate transformations, 1 (¢) encap-
sulates the physical influence of the vector field modifying
the metric and dynamically influencing the evolution equa-
tions. Consequently, 1(#) cannot be absorbed into a(t) by
coordinate transformations as it represents a distinct geo-
metric feature that drives anisotropic effects and alters the
behavior of key cosmological parameters, such as the Hubble
parameter, deceleration parameter, and energy conditions.
This inherent anisotropy offers novel perspectives on depar-
tures from the standard FRLW cosmological model.

For Finsler—Barthel-Kropina space-time the action is
given by

S = fdx4\/—§ (ié + Lm> , (34)

where /—g is the determinant of the osculating Barthel-
Kropina—Finsler metric (33), R is the corresponding Ricci
scalar and L,, is matter Lagrangian.
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By varying the action (34) with respect to the metric (33)
we obtain the gravitational field equations as [40-42]

1, 4

Rij — Eé’in = kT;;. (35)

where R;; and denote the Ricci tensor and Ricci scalar as

defined in (21) and (22) respectively and k = 87;—40 which

is taken to be unity throughout the study. T; j denotes the
energy-momentum tensor, is given by

7,\wlj = dlag (§00ps _gllps _§22p9 _§33p) ) (36)

where p and p respectively are the energy density and pres-
sure of the matter distribution of the universe.

The components of the Ricci tensor are obtained using the
Eq. (21) as

_ =3dn? + 3iina + 3nan — 3aip?

Roo = 3 (37)
an
o 2 _ . 2 2.2 _ .. 2.2
Rii = Ry =Rz = 2dn°a = 2iina +4n77621 10nadn + 67 .
(38)
Then by using (22) the Ricci scalar is calculated as
6 (in*a — iina® + n>a®> — 3naan + 2a’n>
p_  Sldn‘a—iin v'a” ~ Snadn ) (39)
a

In view of Eqgs. (33)—(39) the generalized Friedmann equa-
tions for Finsler—Barthel-Kropina background are obtained
as

392 4+ 3n°H? —6niH = p (40)
-39 —3n°H> +4nnH — 2n°H + 2nij = p 1)

here the dot represents differentiation with respect to time ¢.
The Eqgs. (40)—(41) describe respectively the energy den-
sity p and pressure p to the Hubble parameter H and
anisotropy parameter 1(¢) providing a comprehensive view
of the dynamics of universe and its structure.
Further the conservation law of the energy-momentum
tensor fll = 0 leads to the following equation

p+3(ﬁ—ﬁ)<p+p)=o, 42)
a

where semicolon (;) denotes covariant differentiation, H :g
describes the Hubble parameter, describing the expansion
rate of the universe, and  accounts for the additional geo-
metric modifications introduced by the Finslerian correc-
tion. This conservation equation, derived from the Barthel-
Kropina—Finsler metric, offers valuable insights into cosmo-
logical evolution.

The inclusion of 7(¢) is particularly significant as it cap-
tures the anisotropic nature of the universe in a Finsle-

rian space-time. This correction influences the evolution of

energy density p and pressure p, reflecting how these quanti-
ties are interrelated not only through the expansion dynamics
but also through the geometric properties of the underlying
space-time. Consequently, the rate of change of energy den-
sity becomes dependent on both the H and the Finslerian
term 7, which allows for a richer and more detailed under-
standing of the universe evolution and its response to varying
conditions. In particular as n — 1, the Egs. (40)—(41) reduce
to the standard Friedmann equations of general relativity.

4 Methodology and observational data analysis

In the present investigation we employ the Chi-square test
and the Markov Chain Monte Carlo (MCMC) analysis to
estimate the posterior distributions of the model parameters
in accordance with observational data. The Chi-square test
is used to assess the goodness of fit between theoretical cos-
mological models and observational datasets and the MCMC
method systematically explores the parameter space by gen-
erating a sequence of samples, where model predictions are
iteratively compared with observational data. Rather than
providing a single best-fit value, MCMC yields a distribu-
tion of plausible parameter values, allowing for a rigorous
quantification of uncertainties and a robust comparison of
competing models. To constrain the posterior distributions,
we incorporate the set of observational data including cos-
mic chronometers (CC), baryon acoustic oscillations (BAO),
Type Ia Supernovae (SNe Ia), and the latest Pantheon+ com-
pilation derived from supernova observations.

4.1 Cosmic chronometers (CC) dataset

The cosmic chronometer (CC) method is a valuable approach
for determining the Hubble rate by examining the oldest and
most passively evolving galaxies. These galaxies are care-
fully selected based on a narrow redshift interval, which
allows for the application of the differential aging method.
The Hubble parameter H(z) is defined by the relationship
[50-55]

1 dz
1 +zdt

H(z) = — (43)
The Eq. (43) enables the deduction of the universe expansion
rate at various epochs, providing a measure of the Hubble
parameter without reliance on specific cosmological assump-
tions. In this study, we use 31-data points collected through
the CC technique, which directly extracts information about
the Hubble parameter at various redshiftsuptoz < 2 ([54,55]
and references therein). This method relies on measurements
of age differences between two passively evolving galaxies
that originated simultaneously but are sepa:irated by a small
2z

redshift interval and allows us to compute ¢ accurately.
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For the analysis we employ the Chi-square (x?2) function
to assess the best fit of our model against the observed data
and is given by

31 2
2 [H:n (zk, Ho) — Hops (z1)]
X#,(Ho) =
H ,; o (zk)

. (44)

where H,, and H,;, denote the theoretical estimated value
and observed values of the Hubble parameter respectively
and o represents the associated error in the measurement.
By minimizing the x2-values, we can constrain the parame-
ters of the model effectively enhancing our understanding of
the universe expansion history.

4.2 Baryon acoustic oscillations (BAO) dataset

Baryon acoustic oscillations (BAO) act as cosmic standard
rulers, revealing the imprint of sound waves from the early
universe photon-baryon plasma. These sound waves were
frozen in the large-scale galaxy distribution, offering a pre-
cise measure of the cosmic expansion history [52-56]. BAO
helps determine the Hubble parameter through the relation
H (zi)rq, where ry = 147.74 Mpc represents the sound hori-
zon at the drag epoch in the ACDM model. In this study,
we have chosen 26 uncorrelated-BAO data points within the
redshift range 0.24 < z < 2.36 [53-55].
The X2 statistics for the BAO dataset are given as,

26 2
2 (H(zi) — Hao(zi))
= , (45)
#BAO ; U]%Ao (zi)

where H(z;) and Hpao(z;) respectively describe the theo-
retically estimated and observed value expansion rate (H)
at redshift z;, and ogao(z;) represents the associated uncer-
tainty.

For the combined CC and BAO datasets, the total x 2 func-
tion is given by

2 2 2
XCc+BAO = XCc T XBao- (46)
4.3 Pantheon+ dataset

The Pantheon+ dataset is an enhanced and comprehensive
collection of Type Ia Supernovae (SNe Ia) data, building on
the earlier Pantheon dataset. It includes light curves from
1701 observations of 1550 unique SNela, spanning a wide
redshift range from 0.001 < z < 2.2613 ([54,55] and ref-
erences therein ). In this study, we used these data points to
constrain our model parameters. This improvement is par-
ticularly important, as it incorporates 77 SNe Ia associated
with galaxies hosting Cepheid variables, crucial for refin-
ing measurements of the Hubble constant Hyp, and resolving
parameter degeneracies in the cosmological model.

@ Springer

For each supernova, the distance modulus u; is calculated
by comparing the apparent magnitude mp ; to the absolute
magnitude M,

ni=mp; — M. 47

where M the absolute magnitude is often treated as a nuisance
parameter, influencing the overall brightness scale.

The luminosity distance dy, (z), which is derived from the
redshift z and the Hubble parameter H (z), follows

_ : de
di(2,6) = e(1 +z)/0 nE 48)

where ¢ denotes the speed of light. The theoretical distance
modulus p, is given as

.0) = 5log (L&) 4 25 (49)
Mth(Z,0) = 210 1 Mpc

To estimate the cosmological parameters, the Pantheon+
dataset uses the x> minimization method. The Chi-square
function XS2Ne 1o compares the observed distance moduli p;
with the theoretical values g, (z;) for each supernova,

2 T —1
XSNela = DM (Cstat+sys) Ap, (50)

where Ap; = i — un(zi), and Csgsys s the covariance
matrix, which accounts for both statistical and systematic
uncertainties such as intrinsic scatter, peculiar velocities, and
redshift uncertainties. A known limitation when using SNe Ia
data alone is the degeneracy between the Hubble constant H
and the absolute magnitude M, which restricts the precision
of Hy estimates. In this work, M is treated as an additional
free parameter and is fitted simultaneously with the other
cosmological parameters in the MCMC analysis, allowing
the dataset to determine its best-fit value without imposing
an external prior.

For a more robust analysis, the Pantheon+ data is often
combined with other cosmological probes such as CC and
BAO. In such cases, the total Xz-function is the sum of con-
tributions from each dataset

2 2 2 2
Xiot = XCC T XBAO T XSNela (5D

To explore the parameter space and find the best-fit cosmo-
logical parameters, a Markov-Chain-Monte-Carlo (MCMC)
method is employed. This method iterates through possible
values of parameters to minimize x 2, or equivalently, to max-
imize the likelihood function

2
L o exp (—X?) (52)
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5 Parametrization of anisotropic parameter () and the
models

From the Eqgs. (40)—(41) one encounters a scenario where
the system is undetermined because of two independent dif-
ferential equations containing four unknowns — p, p, H, 1.
This necessitates two specific additional parametrizations or
constraints to render the system solvable.

The parametrization of the anisotropy function 7 is fun-
damental for examining its role in cosmic evolution and
structure formation within Finslerian cosmology [24,26-28].
In these models 1 quantifies deviations from the standard
isotropic framework of general relativity, thereby modifying
the dynamics of cosmic expansion and the growth of struc-
ture. To enable direct comparison with observational data, it
is natural to express it as a function of redshift z, which leads
to a general Taylor expansion [28,50,53,56]

1
n(z) = n(0) + zn'(0) + Ezzn”(o) + - (53)

where 17(0) encodes the present-day value of anisotropy, and
7' (0) describes its variation with redshift near z = 0. Phys-
ically higher-order terms are expected to be small at late
times, especially if the underlying vector field responsible
for anisotropy is weak or slowly varying in the current uni-
verse [19,25,34,35]. This motivates the adoption of a linear
approximation for 7(z) as the simplest nontrivial extension
to the standard model and is given by [56]

nz) =1+ nz, (54)

where the parameter n controls the rate of change of

anisotropy with redshift and vanishes in the isotropic limit.
As discussed in [19,22,25,25,34,35] linear or first-order

Taylor expansions are commonly employed to approximate

Itis important to emphasize that our framework remains com-
patible with more general forms of 7(z), including poly-
nomial and nonparametric representations which can be
systematically explored as future observational constraints
improve. For the purposes of this study, however the lin-
ear form ensures both analytic tractability and direct inter-
pretability in confronting Finslerian anisotropy with current
cosmological observations. This parametrization provides a
clear avenue for investigating the possible influence of weak
late-time anisotropy on key observables such as the Hubble
parameter, energy density and cosmic acceleration [5S0-54].

Further the general solution of the conservation equation
(42) is given by

t C'l r']
p(t) = poexp {—3/ [1+ w(T)] <— - —) dr} (55)
fo a n

where pg is an integration constant typically identified as the
present-day energy density.

For each cosmological context, the equation of state (EoS)
parameter @ = % takes a characteristic value: w = 0 for

pressure-less matter (dust), w = %forradiation, and w = wy,
for dark energy, where w;, may be constant or a function of
redshift.

The explicit forms of wg, considered in this work are (i)
constant value and (ii) the Chevallier—Polarski—Linder (CPL)
parametrization, which allows us to compute the dark energy
density evolution accordingly leading to the expressions for
the Hubble parameter presented in the following models [13—
15]:

e Model 1: Constant EoS parameter (wq.)
For a constant EoS parameter w,,, the conservation law
leads to amodified scaling for energy density. The Hubble
parameter is thus obtain as (from Eqgs. (55) and (40)).

H) = Ho | 2mdt 231 +12)3 + (1 + (1 4+ n2)* 4+ Que (1 + 2)30+@ae) (1 4 nz)30+ea)
= Ho Qnz +n+ 1)

(56)

time or redshift-dependent background fields when higher-
order corrections are negligible at late times. Specifically,
for Finslerian or spurionic vector fields the linearized ansatz
(54) provides a valid late-time description under the assump-
tion of weak Lorentz violation, where the higher deriva-
tives of the field are subdominant [25,28]. This approach
has been used to derive modified Friedmann equations for
locally anisotropic universes with the anisotropy naturally
fading away as the universe expands. As the universe evolves
toward homogeneity and isotropy at late times the linearized
parametrization remains both accurate and physically moti-
vated capturing the dominant corrections without introducing
unnecessary complexity or overfitting to limited data.

where H is the present-day Hubble parameter and €2,,, =
om0/ (3H§) and Q, = pr0/ (3H02) are the present-day
values of the matter and radiation density parameters
respectively and n is the Finslerian anisotropy param-
eter The present day dark energy density parameter 2,4,
is given by

Que = (n+ 1) — Qy — Q. (57)

e Model 2: CPL parametrization

The Chevallier—Polarski-Linder (CPL) parametrization
is awidely recognized model in cosmology for describing

the redshift evolution of the dark energy EoS [57,58]. In
this framework, the EoS is expressed as
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Z
= P 58
wde (2) = wp + w1 112 (58)

where wg denotes the present-day value of the w and
w; represents its rate of change with redshift. The
CPL approach is advantageous because it provides a
smooth transition between early and late cosmologi-
cal epochs remains well-behaved at high redshifts and
effectively accommodates a range of observational data.
By utilizing only two parameters, this model offers a

Table 1 Estimated cosmological parameters for the constant-wg,
(Model-1) Kropina framework using combined observational data

Parameter CC+BAO CC+BAO+SNIe

Hy [km/s/Mpc] 69.97 £ 0.46 69.47 £ 0.44

Qun 0.296 + 0.015 0.302 £+ 0.018

Q, (8.54+£0.11) x 1075 (7.71+£0.04) x 1073
n 0.025 £ 0.013 0.019 £+ 0.015

Dde —1.00 £ 0.02 —0.98 £ 0.02

M - —19.385+0.011

(59)

Qn (1 4+ 231+ 123 + @ (1 + D41 +n2)* + e [+ (1 +n2) P+ exp (- 382)
H(z) = H .
@ =" Qnz+n+1)72

straightforward yet powerful means to investigate pos-
sible departures from the cosmological constant scenario
(w = —1) and to explore the dynamics of dark energy
[57,58].

The Hubble parameter is then express as

W CC+BAO

£030
c

/7 0 @

O @® @0

69 71 026 030 034 0.000 0004 -105 -100 095 0.00 005

Qm Q Wae n

(a) Model-1

Wae.
EIE‘ ‘ . . .

where Q4. is defined by Eq. (57).

These parametrizations allow for direct confrontation of
Finslerian models with cosmological data by connecting
geometric corrections to observable quantities. The present
work, therefore, constrains these parameters through cosmo-
logical observations, analyzing their impact on the expansion
history and the anisotropic modifications introduced by the
Finslerian framework.

= CC+ BAO

[
9 @ N

004 005
Ho Qn o n wo wy

(b) Model-2

® ® ©® »
®

Fig. 1 Triangle plots illustrating the joint posterior distributions and parameter correlations for Model-1 and Model-2 obtained from the combined

cosmic chronometer (CC) and Baryon acoustic oscillation (BAO)
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6 Parameter estimation for Model-1 and Model-2:
analysis through CC, BAO and SNe Ia observational
data

In this section, we present the constraints on the key cos-
mological parameters of both Model-1 and Model-2 using
recent cosmic chronometers (CC), baryon acoustic oscilla-
tions (BAO), and Supernovae Ia (SNe Ia) data. To ensure
the reliability of our parameter estimation, we analyzed the
convergence of our MCMC chains using the Gelman—Rubin
statistics (ﬁ) and the effective sample size (Nefr). For all
parameters in each cosmological model,we find R < 101
and Ngr > 1000, indicating convergence and adequate sam-
pling of the posterior distributions.

6.1 Model-1: w;, = constant

For the scenario with a constant equation of state, analy-
sis using the CC+BAO dataset yields Hy = 69.97 £ 0.46
km/s/Mpc for the Hubble constant, with the matter and radi-
ation density parameters determined to be 2, = 0.296 +
0.015and 2, = (8.5440.11)x 1073, respectively. The Fins-
lerian anisotropy parameter is constrained as n = 0.025 £
0.013, while the dark energy equation of state parameter is
found to be wze = —1.00 £ 0.02, indicating a value close
to the cosmological constant. When the SNe Ia sample is
incorporated in the joint CC+BAO+SNIe analysis, the Hub-
ble constant becomes Hy = 69.47 4= 0.44 km/s/Mpc, and the

n Lo

,,,,,

11111

,,,,,

9999999999

1N\
®\N®®

Qr Wae n M

(a) Model-1

matter density changes to €2,,, = 0.302+0.018, with the radi-
ation density reduced to (7.7140.04) x 107>, The anisotropy
parameter slightly decreases to n = 0.019 £ 0.015, and the
equation of state parameter remains close to a cosmological
constant at wg, = —0.98 £ 0.02. These results reflect high-
precision parameter estimates and indicate only mild evi-
dence for late-time anisotropy within the Finslerian cosmo-
logical framework. Table 1 summarizes the best-fit parameter
values for Model 1. The difference in Hj estimates between
the CC+BAO and CC+BAO+SNIe analyses is modest but
reflects the general context of the Hubble tension, with our
values lying between the lower Planck 2018 CMB-inferred
estimate (Hy &~ 67.4 km/s/Mpc) and the higher local SHOES
measurement (Hyp =~ 73.0 km/s/Mpc). For Model-1, the
calibrated absolute magnitude is M = —19.385 £ 0.011,
which is slightly brighter than the SHOES determination of
M = —19.253 4+ 0.027 [59]. The best-fit for model param-
eters in Model 1 is presented in Triangular plots Fig. 1a and
Fig. 2a.

6.2 Model-2: wge(z) = wo + w1755

For the CPL parameterization, the CC+BAO dataset analy-
sis constrains the Hubble constant to Hy = 69.03 + 0.89
km/s/Mpc, with the matter density parameter €2, = 0.252 £
0.019 and the radiation density 2, = (8.61 £ 0.22) x 107°.
The anisotropy parameter is found to be n = 0.051 £ 0.015.
The CPL dark energy equation of state parameters are wg =

ccccc

® @®© 0 o @
® @ @' N @
o 0 @0

os
[, ,
A I R
" a

(b) Model-2

Fig. 2 Triangle plots illustrating the joint posterior distributions and parameter correlations for Model-1 and Model-2 obtained from the combined
cosmic chronometer (CC), Baryon acoustic oscillation (BAO) and Pantheon+ supernova data
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—0.88540.060 and w; = —0.013£0.175, indicating a value
close to a cosmological constant with only mild evolution.
The parameter constraints for Model 2, along with their best-
fit as in global values, are illustrated in the triangular plots of
Fig. 1b and Fig. 2b. When the SNe Ia data are included in the
joint CC+BAO+SNIe analysis, the best-fit Hubble constant
becomes Hy = 70.86 £ 0.32 km/s/Mpc, the matter density
parameter increases to €2, = 0.289 + 0.016, and the radi-
ation density reduces to 2, = (7.65 £ 0.05) x 1073, The
anisotropy parameter is n = 0.032 £ 0.015, while the CPL
parameters are constrained to wg = —0.909 £ 0.041 and
w1 = —0.085 £ 0.175. Similar to Model-1, the difference in
Hj values between datasets reflects the Hubble tension: the
CC+BAO result is closer to the CMB-inferred Planck value,
while the CC+BAO+SNIe result moves toward the SHOES
measurement, indicating the model’s flexibility in bridging
the gap between these estimates. For Model-2, the corre-
sponding value is M = —19.333 £ 0.079, also lying within
20 consistency with the SHOES calibration [59]. The results
of the best-fit analysis for Model 2 parameters are given in
Table 2.

6.3 Observational and theoretical comparisons of the
Hubble function and distance modulus

6.3.1 Hubble parameter

Figure 3 presents a comparison of the Hubble parameter H (z)

2nx +n+1

Table 2 Estimated cosmological parameters for the CPL-wg, (Model-
2) Kropina framework using combined observational data

Parameter CC+BAO CC+BAO+SNIe

Hy [km/s/Mpc] 69.03 £ 0.89 70.86 & 0.32

Qun 0.252 £ 0.019 0.289 £+ 0.016

Q, (8.61 £0.22) x 1075 (7.65£0.05) x 1073
n 0.051 +0.015 0.032 +0.015

wo —0.885 + 0.060 —0.909 + 0.041

w) —0.013 £0.175 —0.085 £0.175

M - —19.333 £0.079

tion of the observed Hubble expansion history, but Model-2
demonstrates slightly improved performance at higher red-
shift reflecting the physical relevance of a time-dependent
dark energy component.

6.3.2 Distance modulus

The distance modulus w(z) provides a direct comparison
between theoretical predictions and observed supernova data
over a wide range of redshifts. Figure 4 illustrate that both
Model-1 and Model-2 accurately capture the observed trend
of increasing apparent magnitude with redshift consistent
with the expected dimming of distant sources in an expand-
ing universe.

For Model-1 the theoretical distance modulus is given by

(I+2z) (¢
/'Lf}i)(z)=510g10 Cc 7 /
0 0 \/Qm(l+x)3(nx+1)3+§2r(l+x)4

dx | +25.
(nx + D* + Qge (1 + x)3U+@de) (nx 4 1)3(+wge)

(60)

For Model-2 the distance modulus is given by

2nx +n+1

(I+2) (?
Ml(s)(z):ﬂoglo c 17 /
00 Jn 1+ 23+ 13+ 01 4 08

dx | +25.
(nx + D* + Qe [(1 4 x) (nx + DPUFe0HD) o=301x/(1+0)

(61)

as a function of redshift for both Model-1 and Model-2, along
with the CC and BAO data. For Model-1 the theoretical H (z)
curve closely tracks the observational data across the redshift
range with especially good agreement at low and interme-
diate redshifts. This confirms that a constant EoS parameter
combined with the Finslerian anisotropy parameter n can also
reproduce the observed expansion history within uncertain-
ties. For Model-2 the H (z) prediction also provides an excel-
lent fit to the data with the evolving CPL parameterization
allowing for subtle variations at higher redshift. The Model-
2 curve shows a marginally better agreement with the BAO
data points at z > 1, capturing possible late-time departures
from ACDM. Both models provide a satisfactory descrip-
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In Model-1 the theoretical prediction for the distance
modulus p(z) demonstrates close agreement with the Pan-
theon+ supernova dataset across low and intermediate red-
shifts. Model-2 incorporating a redshift-dependent equation
of state displays comparable performance at these redshifts
while providing a marginally improved correspondence with
observations at higher redshifts (z > 1).

7 Physical viability of the models and cosmographic
parameters

In this section we evaluates the physical viability of the pro-
posed Finsler-Barthel-Kropina cosmological models by ana-
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Fig. 3 Reconstructed Hubble parameter H (z) for Model-1 (left) and Model-2 (right), shown alongside observational data from cosmic chronometers

(CC) and baryon acoustic oscillations (BAO)
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Fig. 4 Comparison of the theoretical distance modulus 1£(z) for Model-1 (left) and Model-2 (right) with observational data from Type Ia Supernovae

lyzing their compliance with standard energy conditions and
comparing key cosmographic parameters.

7.1 Energy conditions

The energy conditions (EC) play a crucial role in assessing
the physical plausibility of cosmological models. They are
defined as follows:

e Null energy condition (NEC): p + p > 0.
e Weak energy condition (WEC): p >0, p+p>0.
e Strong energy condition (SEC): p+ p >0,

p+3p=0.

e Dominant energy condition (DEC): p >0, p > |p|.

The evolution of energy density and pressure for both Model-
1 and Model-2 are graphically analyzed in Fig. 5 and is
broadly consistent with standard cosmological expectations.
For both models, the energy density p remains positive across
the entire redshift range, and the combinations p + p and
p + p also stay positive, confirming that the dominant and
null energy conditions are satisfied throughout. However, the
quantity p + 3p becomes negative at low redshifts in both
models highlighting a violation of the strong energy con-
dition. This behavior is typical for cosmological scenarios
featuring accelerated expansion, where dark energy or a cos-
mological constant dominates at late times.
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Fig. 5 Energy condition analysis for Model-1 and Model-2 using combined best-fit values from observational data for the parameters
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Fig. 6 Redshift evolution of the dark energy equation-of-state param-
eter g, (z) for Model-2 following the CPL parameterization

7.2 Equation of state

Figure 6 presents the evolution of the dark energy equa-
tion of state parameter wg, (z) for Model-2 utilizing the CPL
parametrization. The curve shows that wg, (z) is consistently
negative across all redshifts considered, with a present-day
value of wg.(0) = —0.909 £ 0.082. This is close to the
cosmological constant value (wg, = —1), suggesting a dark
energy component. This result indicates that, while Model-2
allows for a mild temporal variation in the dark energy equa-
tion of state, the behavior is largely consistent with observa-
tional data. In contrast, Model-1 assumes a strictly constant
wge = —0.98 £ 0.02, resulting in a flat, non-evolving EoS
parameter across cosmic history.

7.3 Deceleration parameter

The deceleration parameter characterizes the expansion
dynamics of the universe with negative values indicating
acceleration. For Model-1 the present value is found to be
¢q(0) = —0.58 £ 0.03 with the transition from deceleration
to acceleration occurring at z = 0.72 + 0.024 as refer-
eed in Fig. 7a. Similarly, Model-2 Fig. 7b yields a present
value ¢(0) = —0.54 £ 0.09 and a transition redshift of
z¢ = 0.8240.011. Both models successfully capture the uni-
verse transition from decelerated to accelerated expansion,
with the transition points lying within the expected observa-
tional range. The close agreement in g (0) and z between the
two models demonstrates the robustness of these Finslerian
cosmological scenarios in describing late-time acceleration.

7.4 Jerk parameter

The jerk parameter provides insight into the rate of change
of the universe acceleration. For Model-1, the present value
is j(0) = 0.996 as shown in Fig. 8a indicating a pronounced
deviation from the standard ACDM value of unity and sug-

gesting enhanced dynamical features in cosmic accelera-
tion. For Model-2, the jerk parameter at the present epoch
is j(0) = 0.69 as indicated in Fig. 8(b) reflecting a dynamic
departure from ACDM in which j(0) = 1.

7.5 Snap parameter

The snap parameter gives the higher-order time evolution
of the universe expansion. For Model-1, the current value
is found to be s(0) = —0.297 indicating a mild negative
contribution to the cosmic expansion at the present epoch
as depicted in Fig. 9a. In Model-2, the snap parameter at
present is even more negative s(0) = —0.86 suggesting a
more pronounced deviation from the standard cosmological
constant scenario where s(0) = 0 and is illustrated as in Fig.
9b.

7.6 Om(z) diagnostic analysis of the models

The Om(z) diagnostic provides a powerful tool for distin-
guishing between cosmological models by assessing the evo-
lution of the Hubble parameter as a function of redshift.
For Model-1, as depicted in Fig. 10a, Om(z) remains nearly
constant over the entire redshift range with values clustered
tightly around €2,, 0 >~ 0.27. This flat behavior is character-
istic of the standard ACDM model and indicates that Model-
1 closely mimics a cosmological constant scenario with no
significant evidence for dynamic dark energy or interaction
effects in the current data. In contrast Model-2 as depicted in
Fig. 10b displays a decreased nature of Om(z) with increas-
ing redshift. This negative slope suggests a mild departure
from the ACDM paradigm pointing to a quintessence-like
dark energy behavior with a slowly evolving equation of state.

8 Model selection and information criteria and model
selection

Model selection is the process of identifying the most appro-
priate candidate among various models with different num-
bers of free parameters. The least-squares (x2) method is
commonly used in cosmology for comparing model fits, but
it does not account for differences in degrees of freedom.
When comparing models with different numbers of parame-
ters, a model with more free parameters may have a lower x>
simply due to its flexibility, rather than its true explanatory
power.

To address this we compute the reduced chi-squared statis-
tic, defined as [60]
x>

N-K ©»

2 _
Xred =
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Fig. 7 Redshift evolution of the deceleration parameter ¢(z) for Model-1 (left) and Model-2 (right), illustrating the transition from cosmic
deceleration to acceleration
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Fig. 8 Redshift evolution of the jerk parameter j(z) for Model-1 (left) and Model-2 (right), providing insights into the dynamics of cosmic
acceleration beyond the deceleration phase

where N is the total number of data points and K is the information criterion (BIC) [62] to quantitatively evaluate
number of free parameters. A value of szed ~ 1 indicates a  model adequacy and relative likelihood.
good fit, szed >> 1 indicates a poor fit, and szed < 1 may The AIC is designed to estimate the relative quality of
signal overfitting or overestimated errors. The results for szed statistical models for a given dataset balancing the trade-off
are shown in Table 3. The reduced chi-squared values for all ~ between model complexity and goodness-of-fit. For models
models ( szed ~ 0.64 — 0.84) are less than unity, indicating  assuming Gaussian errors, the AIC is calculated as [63]
that the models fit the observational data well and that the
quoted uncertainties may be slightly conservative. 2k(k + 1

To assess and compare the statistical performance of our AIC = —2In Lmax + 2k + #’
cosmological models, we employ standard model selection
tools rooted in information theory. Specifically, we utilize the
Akaike information criterion (AIC) [61] and the Bayesian

(63)

where k denotes the number of model parameters, Ly is the
maximum likelihood obtained from the fit and N, is the total
number of data points. In the limit of large data samples, the
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Fig. 9 Redshift evolution of the snap parameter s(z) for Model-1 (left) and Model-2 (right), capturing higher-order deviations in the expansion
history and offering complementary insights into the dynamics of dark energy
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Fig. 10 Redshift evolution of the Om(z) diagnostic for Model-1 (left) and Model-2 (right), used to assess deviations from the standard ACDM

model

correction term becomes negligible, yielding the commonly
used form AIC ~ —21In L5 + 2k.

The BIC on the other hand is based on Bayesian infer-
ence and incorporates a more substantial penalty for model
complexity, given by

BIC = —21In Limax + k In Nyot, (64)

penalizing additional parameters more strongly as the dataset
Zrows.

For model comparison we compute the difference between
each model information criterion (IC) value and the mini-
mum value across all considered models [57,63]

AICmodel = ICmodel - ICmin, (65)

where ICpi, represents the best-performing model according
to the chosen criterion. This AIC provides a direct measure of
how well each model performs relative to the best candidate.
Interpretation of these values is guided by standard thresh-
olds [58]: models with AIC < 2 are considered statistically
indistinguishable from the best-fit model; 2 < AIC < 6 sug-
gests moderate evidence against amodel; and AIC > 10indi-
cates strong disfavor by the data. Table 3 shows that for both
datasets, Model-1 attains a slightly lower xéin than ACDM,
indicating a marginally better fit, while Model-2 yields com-
paratively higher Xriin values.
For the CC+BAO dataset, Model-1 remains close to ACDM
in performance according to AIC (AAIC = 2.55 < 4),
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while BIC gives a larger separation (ABIC = 6.64 > 6).
Model-2 exhibits higher AIC and BIC differences (AAIC =
12.47, ABIC = 12.90) for this dataset. For the joint
CC+BAO+SNIe dataset, AIC shows Model-1 to be nearly
equivalent to ACDM (AAIC = 1.44 < 2), while BIC again
reports a larger numerical gap (ABIC = 12.39). Model-2
shows higher AIC and BIC differences in this case as well
(AAIC =9.83, ABIC = 15.67).

9 Summary of the work and future perspectives

The current study employs Finsler—Barthel-Kropina space-
time geometry to examine cosmic evolution and dark energy
behavior by incorporating observational data sets-including
cosmic chronometers (CC), baryon acoustic oscillations
(BAO) and type Ia supernovae (SNe Ia). The approach
within Finsler geometry provides a framework for investi-
gating cosmological dynamics, notably its ability to model
anisotropic effects in the expansion of the universe. By
exploiting the adaptability of the Kropina-type metric in
conjunction with the Barthel connection, the model effec-
tively captures the intricate interplay between dark energy
and cosmic expansion yielding results that are consistent with
observational data over different parameters. Moreover the
we discuss cosmological models that inherently incorporate
direction-dependent metrics, thereby establishing a general-
ized Kropina-type space capable of representing anisotropic
expansion dynamics. In this framework the combination of
a Riemannian metric with an additional one-form serves as
an effective tool for modeling anisotropic cosmic expansion
offering a versatile method to interpret cosmic acceleration
through parameterizations that are directly responsive to cos-
mological observations.

Further, we implement a linear parametrization for the
anisotropy parameter 7(z) enabling a direct investigation
of anisotropic effects within the Finsler—Barthel-Kropina
cosmological framework. Two representative dark energy
models are systematically examined: (i) Model-1, character-
ized by a constant equation-of-state parameter wqe, and (ii)
Model-2, which employs a redshift-dependent CPL form,
wde(2) = wo + w1 IZ? allowing for dynamical evolution of
dark energy. The constant-w scenario of Model-1 demon-
strates close alignment with the standard ACDM model rein-
forcing the validity of a temporally invariant dark energy
component under current data. Conversely, Model-2 provides
a more general and adaptable framework, capturing possible
late-time departures from cosmic isotropy and accommodat-
ing a time-varying dark energy equation of state.

The empirical analysis of the anisotropy parameter n
reveals a marked sensitivity to dataset composition, under-
scoring the model’s potential to probe and constrain devia-
tions from isotropy. Both models yield Hubble constant esti-

@ Springer

mates, Hy = 69.4740.44 (Model-1) and Hy = 70.8640.32
(Model-2), values that lie between the lower Planck CMB
and higher SHOES determinations, thereby partially alleviat-
ing the Hy tension. Notably, Model-2 demonstrates enhanced
sensitivity to the inclusion of BAO and SNe la data, which
translates to a more refined description of evolving cosmic
acceleration. A comprehensive assessment of the energy con-
ditions establishes the physical viability of both models: the
null, weak, and dominant energy conditions are preserved
across the observationally relevant epoch, while the tempo-
rary violation of the strong energy condition in both Model-
1 and Model-2 at low redshifts directly correlates with the
observed transition to cosmic acceleration. This signature is
further supported by the evolution of cosmographic diagnos-
tics such as g(z), j(z), and s(z)-and the Om(z) function,
which collectively demonstrate the models ability to encap-
sulate non-trivial dynamical features and provide a quantita-
tive framework for testing anisotropic cosmological scenar-
ios.

The results presented here have significant implica-
tions for both theory and observation. The Finsler—Barthel—-
Kropina framework emerges as a compelling extension of
standard cosmology, offering new avenues to characterize
and constrain cosmic anisotropy using current and future
observational datasets. In particular, the evidence for late-
time anisotropy and dynamic dark energy within this geo-
metric context not only enriches our understanding of cos-
mic acceleration but also opens the possibility of distinguish-
ing between fundamentally different gravitational and dark
energy paradigms. This work thus lays the groundwork for a
broader program of confronting Finslerian and other gener-
alized geometric models with precision cosmological data,
aiming to uncover subtle signatures of new physics beyond
ACDM.

The novelty of our work lies in the formulation of a
Barthel-Kropina Finslerian framework that not only accom-
modates anisotropic cosmological scenarios but also presents
a mathematically robust extension compatible with observa-
tional data. This approach deepens our understanding of how
cosmic anisotropies and inhomogeneities influence large-
scale dynamics, offering a compelling direction for future
observational and theoretical investigations in cosmology.

Future perspectives

As anticipated, the findings presented herein pave the way
for exploring a broad spectrum of related cosmological phe-
nomena. In closing, we outline several pertinent directions
that merit attention in future studies:

e The scope for future research could extend the Barthel—
Kropina Finsler framework by incorporating higher-
order corrections and exploring alternative Finslerian
spaces or connections, such as Berwald or Cartan connec-
tions, to enhance the versatility of cosmological models.
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Table 3 Model selection statistics and information criteria for Model-1, Model-2, and ACDM, using both CC+BAO and joint (CC+BAO+SNIe)

datasets

Dataset Model Xin x4 AIC BIC AAIC ABIC

CC+BAO ACDM 33.45 0.62 39.45 45.58 0 0
Model-1 32.00 0.62 42.00 52.22 2.55 6.64
Model-2 39.92 0.74 51.92 58.48 12.47 12.90

Joint ACDM 1447.04 0.83 1455.04 1476.93 0 0
Model-1 1444.49 0.82 1456.49 1489.32 1.44 12.39
Model-2 1452.87 0.83 1464.87 1492.60 9.83 15.67

The inclusion of additional observational datasets can
refine parameter constraints and validate the anisotropic
models more rigorously. This work lays the groundwork
for abroader application of anisotropic models in cosmol-
ogy, providing a foundation for addressing unresolved
questions about dark energy, cosmic anisotropies, and
deviations from the standard A-CDM paradigm.

e The Barthel-Kropina model also supports the explo-
ration of early universe physics, particularly in inflation-
ary models and scalar field dynamics, where anisotropies
may have impacted primordial perturbations. Its adapt-
ability allows for the study of modified gravity theo-
ries, potentially illuminating deviations from general rel-
ativity and aiding in the understanding of dark energy’s
nature.

e Gravitational wave (GW): This theoretical approach
could be adapted to investigate GW propagation, offer-
ing insights into wave dispersion and polarization in
anisotropic space-time that could be detected with next-
generation observatories.

e Gravitational lensing: This framework could enhance
predictions of cosmic shear and weak gravitational lens-
ing patterns, refining our models for lensing in the pres-
ence of directional dependencies.

e The model anisotropic characteristics may help explain
certain anomalies observed in the cosmic microwave
background (CMB), such as hemispherical asymmetry
and multipole alignments, that remain challenging to
address within standard isotropic frameworks.
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