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Abstract: We investigate the formation of singularities in a baby Skyrme type energy
model, which describes magnetic solitons in two-dimensional ferromagnetic systems.
In presence of a diverging anisotropy term, which enforces a preferred background state
of the magnetization, we establish a weak compactness of its topological charge density,
which converges to an atomic measure with quantized weights. We characterize the
I"-limit of the energies as the total variation of this measure. In the case of lattice type
energies, we first need to carefully define a notion of discrete topological charge for S*-
valued maps. We then prove a corresponding compactness and I'-convergence result,
thereby bridging the discrete and continuum theories.
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1. Introduction

Magnetic solitons are localized, stable solutions to nonlinear equations governing mag-
netic systems which play a central role in materials science. These solitons, such as
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vortices, domain walls, and chiral magnetic skyrmions, are characterized by a nontrivial
topology that prevents them from being continuously deformed into a uniform state (a
trivial ground state of all such models). Very recent real space observations of these
structures on the plane (see for instance [28,38,43]) have generated considerable theo-
retical interest. In two dimensional models for magnetic solitons, one typically considers
a magnetization field u : @ € R?> — S?, where @ C R? is open and bounded and S?
denotes the unit sphere in R3. An energy functional is then associated to u to drive the
system toward equilibrium. The choice of the energy model is often made in order to
single out one or more physical phenomenon one aims to focus on. In particular energy
concentration on topological singularities can be effectively captured by the so-called
baby Skyrme model. This model encapsulates the interplay between energy minimiza-
tion, localization, and topological properties of solitons, and provides insight into the
behavior of more complex systems where additional interactions may be present. Its
energy can be written as

FBS(M)—l \Vul?dx+k | u-(Vxu)dx+r | |u—n>dx (1.1)
2 /g Q Q ' .

where n € S? is a fixed unit vector representing the background state and « and A are two
positive constants. The Dirichlet energy of u physically models the so called exchange
interaction, which favors a uniform (or slowly varying) magnetization. The second term,
known as the Dzyaloshinskii—-Moriya interaction (DMI), favors twisting of the magnetic
texture and stabilizes chiral structures in magnets. The third term, associated with the
Zeeman interaction, penalizes deviations of u from the uniform state n. In this context,
a soliton is characterized by a topological charge defined as the Brouwer degree of the
map u o o, where o is the stereographic projection mapping n to oo, and given by

1
deg(u) = o /Q u- (Bxu X 8yu) dx.

This integer corresponds to the number of times (with sign determined by the orienta-
tion) the domain € is “wrapped” around the target sphere S?. The quantization of the
topological charge translates the physic idea of topological protection: solitons cannot
simply “unwind” without encountering a discontinuity, which would cost an infinite
amount of energy.

Topologically non-trivial energy minimizers of (1.1) have been recently associated
to local minimizers of the micromagnetic energy [14—17], and as such they have been
recognized as attractive candidates for information technology applications (see for in-
stance [29,42]). From a mathematical perspective, instead, the appeal of models like
the baby Skyrme one described above lies in their balance of simplicity and richness:
while the energy functionals are relatively straightforward, their minimizers exhibit in-
tricate patterns and nontrivial topological features. As a result, over the past decades,
much effort has been devoted to understanding both the existence and the qualitative
properties of solitons in such models, employing tools from the calculus of variations
and geometric measure theory. In this framework the first rigorous mathematical studies
of chiral magnetic skyrmions driven by an energy of the type (1.1) goes back to [35]
(see also [34]) in which the existence of degree-one global energy minimizers in the
whole plane is established. However, a comprehensive mathematical characterization of
solitons remains incomplete. Recently some relevant results concerning the existence
(under confinement or in specific topological classes) or the optimal profile of solitons
have been obtained (see for instance [8,9,22,23,27,30,31,36,37]). Continuum models
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for magnetic solitons, like the baby Skyrme model, not only provide a fertile ground
for new mathematical developments and have significant practical applications, but they
also serve as crucial benchmarks for numerical simulations. The latter have already been
very helpful in uncovering a vast array of possible local minimizers (see [25,32,33]).
However, a mathematically rigorous transition from theoretical models to numerical
applications necessitates discretizing the problem and thus passing to a lattice formu-
lation. The discrete framework is also interesting in its own right, as it offers insight
into the energetic behavior of classical lattice spin systems and their variational coarse
graining that occurs as the lattice spacing vanishes (see for instance [1] and the reference
therein for a recent account of this topic when the energy concentrates at the surface
scaling). In both cases, ensuring that the discrete formulation accurately captures the
energetic structure and topological invariants of the continuum theory is a challenging
task. A particularly delicate issue in the discrete setting is the definition of the topologi-
cal charge. For S'-valued maps this has been successfully done in several recent papers
concerning the variational analysis of classical spin systems like the ferromagnetic and
antiferromagnetic XY models [2—4,6,18-20], simple models for nematic liquid crys-
tals [12] and even models describing the emergence of dislocations in microplasticity
[5,39]. In all these cases one can take advantage of the well-understood description of
the energy concentration phenomenon in the Ginzburg—Landau setting (see for instance
[10,40]) and relate the computation of the degree of the relevant order parameter of
each model to the winding number of a field defined on a lattice. This discrete winding
number is then obtained by summing the oriented phase differences along the lattice
edges, an approach that leverages the natural cyclic order of S'. By contrast S? lacks
such a canonical ordering, making such a task harder. In this paper, our construction aims
at assigning to each lattice triangle a signed area and defines the degree as the sum of
these contributions. However, such an assignment becomes ambiguous in the case that
neighbouring lattice points are mapped into antipodal vectors on the two-dimensional
sphere. We point out that such an ambiguity is the result of the finite resolution of the
reference lattice and that more work is required to take care of such ambiguities. To
make this task even more difficult, our discrete topological charge of a lattice spin field
u needs to match the degree of its continuous interpolation leaving both energies (of the
discrete and of the continuum field) essentially unchanged. To this end, we make use of a
refined interpolation constructed on a finer lattice. The definition of discrete topological
charge is discussed in Sect. 5 and is one of the main contribution of this paper. To the
best of our knowledge, such a general construction appears here for the first time (see
[7] for a definition when non ambiguites occur).

In the rest of the introduction we summarise the main results of the paper. We are
interested in the onset of topological singularities and in their description through energy
concentration. More precisely, we study baby skyrmion-type energies in both continuum
and discrete settings. In the continuum formulation, for a bounded open set 2 C R? and
n € S?, we consider the space of admissible spins

UKQ) = {u € HL . (R*; S?) : u(x) = n forae. x € RA\Q},
and define the energy obtained, for ¢ > 0, from (1.1) whenx = O0and X = 1/ 82, namely

Fo(u sz)—l |Vu|2dx+l lu —n|*dx (1.2)
e\, —2 o 82 o . .

As explained in Sect. 3.1, one can incorporate in the analysis below also the case k, =
k # 0, since the additional DMI term fQ u - (V x u)dx is a continuum and vanishing
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perturbation in the topology chosen to perform the I'-limit (for a detailed presentation of
this notion we refer to the monographs [11,21]). Our first main result is the compactness
Theorem 3.1 asserting that if a sequence (u,) C U(2) satisfies sup, Fg (ug, 2) < +00,
then the associated topological charge densities

q(ug) = ue - (Oxug X Oyite)

converge (in the weak™® sense of measures) to an atomic measure u € M (2) such that
1/ (4m) has integer coefficients. This result suggests that to track energy concentration
one can define an energy which depends on the concentration measure itself, namely
Fe : M() — [0, +o0]:

Fe(u) = inf {Fe(u, Q) : u € U(Q), qus)dx = pu} .

In Theorem 3.2 we prove that, as ¢ — 0, %, ['-converge with respect to the weak*
topology of M(2) to .Z : M(2) — [0, +oo] which is finite on those atomic measures

u=4an Z,NZI diby;, di € Z, on which it takes the value
F(n) = |prl(Q) .

Theorem 3.2 can be seen as the extension to low energy configurations of one of the
results proved for minimizers in [37, Theorem 2.5].
In the discrete setting, the analysis becomes considerably more intricate. We consider
a regular triangular lattice £, C R? of spacing ¢ and define the set of admissible spin
fields
SF(Q) =1{u:Le— S*: up =nin L, (R2\Q)} .

For u € SF.(R2), we introduce its discrete energy E. (u, 2) given by

Ew = Y (HT)+Zw1),

TeT:(Q)

where the sum is extended to all elementary triangular cells 7 := [i, j, k] C 2 of the
lattice L., and where

1
He(u, T) = 2 (IuG) = u() P + u() = ulo +1u(0) = u(@)P).

and 1
Ze.T) = 5 (1) = n? +u() = + uto) = nl?)

are the exchange and anisotropy discrete energies, respectively. If on one side the form
of H; and Z; is suggested by the straightforward discretization of the corresponding
continuum energies in (1.2), on the other side the function space where we want to con-
sider the discrete energies requires a nontrivial definition of discrete topological charge.
As already discussed in this introduction, the latter turns out to be one of the major
challenges in this framework and it is analyzed in Sect. 5. Based on that, one defines a
family of admissible discrete topological charges associated with a spin configuration
u (see Definition 5.8). With that at hand, in Theorem 3.3 one proves that if a sequence
(ue) C SF:(RQ) satisfies sup, E.(ug, ) < +00, then, up to subsequences, any associ-
ated discrete topological charge e € Myam(€2; ue) converges (in the weak™ sense) to
an atomic measure u € M(S2) of the type u = 4m ZIN=1 diéy;, d; € Z. Also in this



Energy Concentration in a Two-Dimensional Magnetic Skyrmion Model Page 50f 47 28

case, the compactness result suggests to define a concentration energy obtained opti-
mizing a certain charge over all possible spin fields associated to the same admissible
measure. Hence we set &; : M(2) — [0, +00] to be the family of functionals defined
by

& () = inf{E;(u): u € SF,(2), suchthat u € Mygm (2 u)},

and in Theorem 3.4 we show that the sequence &; I'-converges with respect to the weak™
topology of M (£2) to the functional & : M(2) — [0, +00] which turns out to be finite

on measures y of the type u = 4w Z,N: 1 didy;, d;i € Z where it takes the form

N
Ew) =Y vd).
i=1

Here v (d) is given by the cell formula in (3.5) and can be interpreted as the minimal
discrete baby Skyrme energy associated with the formation of a singularity of degree
d. Also in this setting our result is actually more general (see Sect. 3.1) as it extends
to energies including antisymmetric exchange interactions, namely a sum over all the
elementary triangles 7 = [i, j, k] of the lattice of terms of the type

Ac(u,T) = %(DQ () x u(j)) + DI - () x uk)) + DX - (u(k) x u(i))),

provided the (material dependent) interaction coefficients are of the type Dy’ = eD(i —
J). We observe that an appropriate choice of D makes the antisymmetric exchange inter-
action energy contribution the lattice analogue of the DMI interaction term considered
in the continuum setting.

As a final remark we find it worth stressing that in both the continuum and the
discrete setting our I"'-convergence result does not give information on the optimal value
of the degree of minimizers. This appears to be a delicate question which requires a
better understanding of the interactions between the degree one minimizers, namely the
magnetic skyrmions.

The rest of the paper is organized as follows. In Sect. 2 we introduce the basic nota-
tion and recall essential background material on Sobolev maps, Radon measures, and the
topological degree. In Sect. 3 we state our main results precisely, both in the continuum
and in the discrete setting. In particular, Theorem 3.1 provides the compactness and
concentration properties of the continuum energy F,, while Theorem 3.2 establishes its
I'-convergence. These two theorems are then proved in Sect. 4 using blow-up and cover-
ing arguments. In Sect. 5 we develop the discrete framework by introducing admissible
interpolation regions and surfaces, which are crucial for defining a discrete notion of
topological charge (see Definition 5.8). Section 6 is then devoted to the proof of the
compactness and I'-convergence results in the discrete setting (Theorems 3.3 and 3.4).
Finally, Appendix A and Appendix B collect several technical lemmas that underpin the
analysis throughout the paper.

2. Basic Notation

Basic notation. We denote with S2 = {y € R3: |y| = 1} the set of unit vectors of R3
and we set n = (0, 0, 1). Given p, ¢ € S?, we say that p, ¢ are antipodal if p = —g. If
p and g are not antipodal we denote by y,, 4 : [0, 1] — S? the unique lenght minimizing
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geodesic curve satisfying ¥ (0) = p and y (1) = ¢. With a slight abuse of notation, we
denote by y, 4 also the image of the curve in S2.

We denote by {e], 2} the standard basis of R? and for every x € R? we set x- =
(—x -ex,x-e1).For0 < r < s, we denote

B, ={zeR* |x—z| <r}, ARJ={Z€R2: r<|x—zl <R},
0, = {Z e R?: |z -ei| < % fori = 1,2} ,
and for x € R? we set B.(x)=B,+x,A,p(x) =A,p+xand Q,(x) = O, +x.
Given Q2 an open set of R?, we denote by M (2) the set of real valued Radon measures

on 2 endowed with the usual notion of weak* convergence, and we call © € M(L2) an
atomic measure if
n = Z Cxdyx

xeE

for some finite set E C R? and some family of coefficents ¢, € R. We also say that
has integer coefficents if ¢, € Z for every x € E. We observe that the set

Zcxéx: E finite, ¢, € {:I:l}}

xeE

is weakly* dense in the set of Dirac measures with integer coefficents. Given u € M(2)
and U C Q an open set, we define its flat norm ||zt |/fae, v as follows:

lllfa, v = SHP{/Uq)dMI ¢ € CEW), IglliLew) = 1, IVSllLew) < l} .

Whenever || it ||fat, 7 1s finite, we can equivalently compute the right hand side of the pre-
vious identity by taking the supremum among Lipschitz functions compactley suported
in U. Note that if (i) C M () is such that sup,, |u,| < oo then ||ty |l far,o — 0if and

only if 1, — 0.

Topological charge. Throughout the paper, as it is customary, we set
HL.(R* S?) = {u € HL . (R%; R%), |u| =1 ae. inR?}.
Given © C R? a bounded open set we then define /(2) C Hlfx (R?; S?) as follows
UQ) = {u € HL.(R* S?), u(x) =n forae x € R*\ Q}. 2.1)
For u € U(2) we define the the topological charge density as
q(u) =u - Oxu X dyu.

The topological charge or Skyrmion number of u is then given by

1 1
deg(u) = E/qu(u) dx = E/Qq(u) dx.

Foru € U(Q)NC!(Q; S?), the quantity deg(u) corresponds to the Brouwer degree of the
self map of S?, uoo : S — S?, where o is the stereographic projection mapping 7 to co.
In particular, deg(«#) € Z. This remains true for a general u € U/(£2) by approximation,
see [41] (see also [13, Lemma A.1]). Moreover notice that for u € U/(2) it holds, by
Schwarz inequality, g (1) € L' () so that g(u)dx € M(Q).
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Remark 2.1. For a Lipschitz map u : R*> — R>, with |u| = 1, a simple algebraic
computation shows that the Jacobian determinant,

J(u) = /det(Vu*Vu)

can be expressed as
J(u) = |0yu x dyu| = |gu)|.

In particular, by the area formula it holds

/ #{xeR:ukx)= y}de(y) = / |g(®)|dx, for every measurable set R C R2.
u(R) R
(2.2)

Simple regions. In the sequel we will use the follwing notion of simple region, see
for instance [24, Sec. 4.5]. Given an orientable surface M (in this paper M = S?),
a relatively open and connected subset S C M is said to be a simple region on M
if it is homeomorphic to the disk and its boundary 9 is the trace of a simple closed
piecewise regular curve o : I — 95, being I C R some closed interval. In this
case, it is customary to say that « is positively oriented with respect to S, if the vector
h(t) = ny(a(t)) x o' (t), where nyy (a(t)) is the normal vector field of M at «(r), points
toward S, that is: for every ¢ > 0 and every differentiable curve 8 : (0, &) — S such
that 8(0) = a(r) and B'(0) # a’(¢) it holds

h(t) - B'(0) = 0.

The curve « is said to be negatively oriented with respect to S if the previous inequality
holds with the opposite sign. When M = RZ, the curve « is positively oriented with
respect to S, if it parametrizes 9.5 counterclockwise.

We notice that the following are simple regions of S*:

— Given three linear independent unitary vectors py, pa, p3 € S?, the geodesic triangle
with vertices p1, p2, p3, given by

3
D iz1 hipi

S =S(p1, p2, p3) = ‘ : A >0% Cc$2.

Dici Aipi

In this case 38 = U, 4; Vpi.p;-

— Given four unitary vectors p1, p2, p3, pa € S2, such thatrespectively p1, p3, ps and
P2, D3, p4 are linearly independent, the union of the two adjacent geodesic triangle

S = S(p1, p3, pa) YU S(p2, p3, p4) -

Here 35 = yp).ps U ¥ps.po Y Vpa.ps Y Vp1.po-
— For a unitary vector i € S?, any hemisphere centered in A, that is

S={qeS*: qg-h>0}.

In this latter case 3S = {g € S? : ¢ - h = 0}, is commonly called a great-circle of
S%.
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Triangular lattice. We consider the triangular lattice £ C R?, given by
A . 1
L= {ael +bey:a,be Z} ,  where e) = 5(6] + \/gez). (2.3)

Fori, j, k € R? we denote by [i, j, k] and [i, j] the closed convex hull of i, j, k and of
i, j respectively. We set 7 to be the family of triangles subordinated to the lattice £

T={li,j,kl:i,jkel, li—jl=li—kl=1|j—kl=1},
and £ to be the family of edges subordinated to the lattice £
E={li,jl: i,jeLl, li—jl=1}.

For ¢ > 0 we consider the rescaled versions of £, 7 and £, namely £, = ¢L, 7, = eT
and & = &. For A € R? we use the following notation:

Le(A) ={i € L,(R?): i € A},
T.(A) = {T € T.(RH): T C A},
E(A) ={T € &MR?Y: T C A}.

In what follows, we say that a closed subset R C R? is a e-triangular region, or
simply a triangular region, if it is obtained as finite union of triangles in 7.
We denote by SF, the set of spin fields:

SF.={u: L — S*}.

Given  C R? a bounded open set, we define, in analogy with (2.1), the following set
of spin fields satisfying a discrete Dirichlet boundary condition

SFe(Q) ={u: Lo > S*: uz =nin L(R*\Q)}.

3. Statment of the Main Results

In this paper, for a given bounded open set @ C R? and for ¢ > 0, we consider two
different types of energies: one defined for maps in HILC (R?; S?) and one defined for
spin fields in SF,.

More precisely, for u € H;!

loc

(RZ%; S?) we define

1 1
F.(u,Q) = -f |Vu|2dx+—2/ lu —n|>dx. (3.1)
2 Q & Q
Instead, for u € SF,, we define

Ew.Q= Y H@T+ Y ZuT)), (3.2)

TeT:(Q) TeT(Q)

where for T = [i, j, k] € ’Z}(Rz), H,(u,T) and Z.(u, T) are respectively given by

1
He(u, T) = 2 (@) — u(NIP + () — u@) + lulk) — u@)|?)
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and
I P PR 0
Zg(u,T)—z(lu(l) n|”+u(j) —n|” + |uk) —n|?).

For notation convenience, when in the right hand side of (3.1), respectively (3.2), 2 is
replaced by some measurable set A C R* we write F, (u, A), respectively E,(u, A).
Our first result is as follows.

Theorem 3.1. Let @ C R? be a bounded open set and let (u;) C Hch (R2; S?) satisfy

sup Fe(ug, ) < +00.
e>0

Then, there exists an atomic measure 1 € M (S2) such that (up to subsequences) q(ug)dx
weak™ converge to . Moreover f—n has integer coefficents.

Building up from Theorem 3.1 we deduce the following I"-convergence results for
the family of functionals .%, : M(Q) — [0, +o00]:

Fe(u) =inf {Fe(u): u e U(Q), que)dx =pu}. (3.3)

Theorem 3.2. Let @ C R? be a bounded open set. Let F : M(2) — [0, oo] be the
functional defined as

F() = () if % is an atomic measure with integer coefficents,
= +00 otherwise.

Then, the sequence of functionals %, T -converge with respect to the weak™ topology of
M(Q) to F as e — 0.

Theorem 3.2 provides the protototypical result that we aim to achieve in the discrete
setting. However, in this setting a major difficulty appears already in order to give a
rigorous notion of topological charge density for a spin field u € SF.. We do this by
partioning the plane into triangular regions whose boundaries do not contain pairs of
nearest neighbors on which the spin field # assumes antipodal values. On each of such
region it is then possible to define a proper continuos inteprolation and accordingly a
notion of topological charge. We note that this process is unavoidable unless the spin field
is “well-behaved” as for instance when it exhibits small oscillations on each triangle.
In the latter case, a classical extension via energy minimization on each triangle would
allow us to give an equivalent definition. Nevertheless, this procedure cannot be free from
a certain level of arbitrariness as explained below. As a consequence we end up defining,
for each u € SF,, a set of admissible topological charges Magm (2; ) C M(L2) (see
Definition 5.8). We then prove the following compactness result.

Theorem 3.3. Let  C R? a bounded open set and let (u;) C SF.(Q) satisfy

sup E¢ (ug, 2) < +00.
e>0

Let (ug) C M(R2) be a family of atomic measures such that for every ¢ > 0 it holds
e € Muam(2; ug). Then, there exists an atomic measure € M() such that (up to
subsequences) |1 weak™ converge to . Moreover % has integer coefficents.

1 Hereinafter the convention inf ¥ = oo is adopted .
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At last, letting &; : M(2) — [0, +00] to be the family of functionals defined by
&) = inf{E.(u): u € SF.(2), suchthat u € My, (2; u)}, (3.4)
we show that, for every d € Z, the following quantity is well defined

w € SF¢(Bi_3¢), s.t.there exists¢ € M4, (£2; w)})

w(d)ze“fb(inf{Eg(w’Bl): with £(By) =4rd

(3.5)
and we prove the following convergence result.

Theorem 3.4. Let Q@ C R? be a bounded open set. Let &: M(Q) — [0, +00] be the
functional defined by

E(n) = Z’N=1 ¥ (di) lf% = Zi diby,,di € Z,
+00 otherwise.

Then, the sequence of functionals &, T'-converge with respect to the weak™ topology of
M(Q)to & ase — 0.

Remark 3.5 (Scaling of the Zeeman term). We remark that, due to our choice of the
Zeeman term, both energy contribute to the limiting energy density v, see (3.5). An
interesting further investigation might arise in the study of the energy

Eeoe, Q= Y He,T)4xc Y Zew,T),

TeT.(Q) TeT(Q)

with €2 « k. < C for some C > 0. A simple scaling analysis reveals that this is the
compatible regime in order to study concentration behavior similar to Theorem 3.3.

3.1. The baby skyrme model with diverging Zeeman term. In this paragraph we briefly
show how to extend the results stated above to cover the full baby Skyrme model both
in the continuum and in the discrete setting.

For u € Hll)c (R?; S?) the DMI energy D(u, 2) and the full baby Skyrme energy

FsBS (u, Q2) are given by
D(u,Q):/ u-(Vxu)dx.
Q

and
FBu, Q) = Fe(u, Q)+ D(u, Q),

respectively. We observe that by Young’s inequality
1

hence
BS 1
Fg (g, 2) > EFS(M& Q) —4|Q].

As a result Theorem 3.1 applies with F25 in place of F,. We further observe that for
sequences (ug) with sup,. o Fe(ue, 2) < +00, by the weak L? convergence of Vu, and
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the strong L? convergence of u, to n, D(ug, $2) vanishes. As a result Theorem 3.2 holds
with FBS in place of F.

As for the discrete setting, for u € SF, we define the DMI interaction, or antisymmetric
exchange term, as

Ac, Q)= Y Acu,T),

TeT(Q)

where for T = [i, j, k] € 7, we have set
Ae(u,T) = %(Dif () x u(j) + DI* - () x uk)) + DX - (u(k) x u(i))),

being Déj a family of vectors in R (See also [42] for the specific form of the DMI
interaction on lattices). Furthermore, we introduce the discrete baby Skyrme functional

EBS(u, Q) = E.(u, ) + Ac(u, Q).
Similarly to what was noted above we have

1 23
A, )] < S He(w, T) + =1 DIl T
which implies

2V3

1 3
|Ae(u, Q)| < 2 He(u, )+ =5 D519

Assuming
I DY |lc < Ce, for some uniform constant C > 0,

one can argue as above and conclude that both Theoremx 3.3 and 3.4 apply with Efs
in place of E;.

4. Concentration of Topological Charge

We prove Theorem 3.1 by combining a blow-up argument, proved in Lemma 4.1 and a
suitable covering argument. Throughout the section we assume €2 to be a bounded open
set and (ug) C HILC (R2: S*) to be a sequence satisfying

sup Fe(ug, ) < +00. “4.1)

>0

Within the proofs of the results of this section we use the symbol C to denote some
universal constant C > 0 which may depend on €2 and on sup, . o F; (4., 2) and whose
value may change from line to line.

Lemma 4.1. Let (u.) C Hléc (RZ; S%) satisfying (4.1), be such that q(ug) dx A u for
some u € M(R2). Then, u({x}) € 4nZ for every x € Q2.



28 Page 12 of 47 L. Briani, M. Cicalese, L. Kreutz

Proof. Let x € Q and suppose without loss of generality that x = 0. We set v, =
|Vu£|2 dx € M(S), and observe that (4.1) implies sup |v,|(2) < +oo. Up to a not

relabelled subsequence, we have that v, A v, forsome v € M(R2). We select a sequence
of balls (B;,,) with vanishing radii such that B,,, C € for every m € N. We also require
that

n(@d8,) =0, 4.2)

and
v(@B,) =0, 4.3)

for every m € N. Thanks to (4.2), we have

i o .
= iy By f,, 4o dr= i my f, aGedx

where u}' : By — S? is defined by ul’(x) = ug(r,mx). Thus in order to conclude it is
enough to show that right hand side of the previous identity belongs to 4w Z.

For the sake of brevity we set v' = |Vul' |2dx, and denote v™ the measure on By,
defined on every measurable set A C Bj as

VHA) = v, A).
It is straightforward to check that v} A V" when ¢ — 0. Furthermore (4.3) implies
V" (@B1) =0, 4.4)

for every m € N.
Let us introduce a second familiy of parameters (p,,) C (0, 1/4), chosen in such a
way that p,, N\ 0 and

V" (3B1-20,) =0, and v"(Ay1-2,,) <277, (4.5)
for every m € N. We employ for the sake of brevity the following notation

2
.
Foe s (1 =20m, 1 — pp) — R, fm,s<s>:=/ <|Vuz1|2+8—";|u';1—n|2) dH'.

By
Notice that the coarea formula together with a simple change of variables and (4.1) give

l_pm
C > Fe(ue, rmAl—pm,l—me) = / fm,a(s) ds. (4.6)
1-2py

For every t > 0, we let
I; = {S € (1 =20m, 1 = pm): fine(s) < l} .
Markov—Chebyshev inequality gives:
1—pm

1
HU(1) > Pm — ?/ Sm.e(s)ds.

1_2pm
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By letting #, . = pim /; 11_72’;”;’ fm.e(s)ds, the previous inequality and (4.6) respectively
give
2C
Wl ) 2 2 e < @)
2 Pm

By applying again the coarea formula we select ,,, . € (1 — pp, 1 —20,) N Iy, , such

that 1
|Vum|2d7‘(1 < —/ / |Vum|2d’}-(1 ds.
AB* ¢ Hl(ltm,s) Itm,s 9By ’

Pm,e
In particular, thanks to (4.1), (4.4), (4.5) and (4.7), for ¢ > 0 small enough, we get

c
f Va2 dH! < —27m, (4.8)
B3

Pm,e m

Moreover, since 0,, , € Iy, ,, by (4.7) we also have

mi2 39,1 T m 2 4yl — 2C
|VM8 | dH + _2 |M5 - nl dH = fm,é‘(pm,e) S ts,m S - -
3Bz, . & Pm

Pm e

This, implies

2
c
fm " — P dH < — . (4.9)
€ aBﬁm.s :Om

Letul': 0B — S? be the rescaled maps defined by a7 (x) = u' (0m,¢x). From (4.9)
we deduce that, as ¢ — 0, the sequence (&' — n) converges to 0 strongly in L%(dBy).
Moreover, thanks to (4.8), we have that the sequence (i)' — n) is bounded in H L(@B)),
uniformly in €. In view of the embedding H'(3B)) — C%/2(3B)), we thus have that
(@7 — n) converges up to some not relabelled subsequence uniformly in 0 By, as ¢ — 0.
This in turn implies that ||i#])' — n|lz~@Gp,) — 0 as & — 0 and therefore that

I = nllL=@s,, ) = O (4.10)

as e — 0. Let ¢,, € C°(B1) be such that ¢,, = 1on Bi_,, and |V, |1, <
Cp,,'. We then define v, : Algp,, = R? to be

Pm,eX

|x|

From (4.10) we have |v]'| > % for ¢ small enough. In particular, for ¢ small enough, the
map V" € H'(B;; R?) given by

Ve (X) = @p,, (X)ue < ) + (1 —@p, (xNn.

vlt(x) . ~
W ifx € A;Om,g,l s
ng(x)= n if x € 9By,

uy'(x) ifx € By, , .

is well defined and we have V" € U(B1). As noticed in Sect. 2, this provides

/ q(V"dx e 4nZ.
B
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Note that

| aumar= [ awme- |
B By A

Hence to conclude it is enough to prove that the last two terms of the previous identity
vanish in the limit as first ¢ — 0 and then m — oo. With this aim, we first observe that,
Schwarz inequality, (4.4) and (4.5) give

/ q ") dx
A

L. pm.e

q(Vsm)dx+/ ql)dx,

L.om,e Al pm.e

lim lim
m—00 g—0

< lim lim Va1 dx = lim v"™(A1.1-25,) = 0.
m—00 g—0 Al,l—z,om m— 00

Additionally, note that for every x € Ay 3, . we have
2 —
LPm,e

_ X
Ug \ Pmer ) — 01
|x| x|
— X 2 _ X
Ug pm’em —n| +C|Vug pm’gm

Integrating the previous inequality on Ay 3, , and using the coarea formula and (4.8) we
get

2

IV (x)* < 2|V, (x)]?

X
Vu, Pm,em

2

Cc

<
on,

c
/ Vo P dx < —[luf = nll7p, )+C,omf |Vue|> dH!
A m,&e

1,0m,e aBﬁm,s

2 —

This implies

lim lim Vo 2dx = 0.
m=>00e=>0JA1 5 6

This in turn provides

lim lim / g(V™ydx| < lim lim VvV 2 dx
Moo e0 I AL e M0 e0 )AL e
<4 lim lim Vo™ dx = 0
M0 e=0 A .
and concludes the proof. O

Proof of Theorem 3.1. The existence of u follows by weak* compactness. Thanks to
Lemma 4.1, to show the desired result, it is enough to prove that there exist N € N and
{x1,...,xn} € Q such that

[ (2 \ {x1,..., 28} =0. “4.11)

Furthermore, we can assume that (1) C C*(R?; S?). This follows at once, using a
standard diagonal argument, being C*(R?; S?) dense into HILC(RZ; S?) with respect
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to the strong H l-convergence, see [41] (see also [13, Lemma A.1]). For the sake of
readability, we divide the proof into several steps.

STEP 1. We show that there exists &g > 0, which depends on 2 and sup, o F (us, 2),
such that for every & < &g, we can construct a family of disjoint balls B® such that

xeQ:lu.x)—nf?>veyc | B (4.12)
BeB¢
and
D rp < CVEF(ugs ), (4.13)
BeB¢

where C > 0 is a constant depending only on 2 and for B € B?, rp denotes the radius
of B. We proceed as follows. We apply Young inequality to get

1
28F5(u6;52)28/ |Vu8|2dx+—/ |u5—n|2dx2/ [(up — n)Vug|dx
Q & JQ Q

! 2
== [ |Vlug —n|*|dx.
2 Ja

By coarea formula, the latter provides
o0
/ P({lug —n|* > t}; Q) dr < 4eFp(u,: Q).
0

Thus, there exists 7, € (1/2/2, 4/¢) such that
P({lus — n|* > 7:}; Q) < 8V/eFe(ue; Q). (4.14)

Furthermore, by Sard’s theorem we can assume 7, to be such that the open set {|u, —n|> >
7.} has smooth boundary. By the very definition of F,; we also have

Hlue —nl* > 1} < 264/eFe(ue; Q). (4.15)
Let g¢ be such that

2e0+/e0 sup Fe(ue; ) < |/2.
&€

Let M, be the number of connected components of {|u, — n|?> > 7.} and denote by
{lug — n|?> > .}, denote the n-th. Then, for every ¢ < &g, (4.15) and the relative
isoperimetric inequality give

Ve =nP > welul < CP({lue = nl* > e}u; ) - (4.16)
Since, for every connected open set of finite perimeter £ C €2, it holds
diam(E) < C(\/|E|+ P(E; Q2)), (4.17)

by combining (4.16) and (4.17), we deduce that there exists C > 0 depending only on
2 such that

diam({Jus — nl* > Te}n) < CP({lue — nl* > Te}n; Q). (4.18)
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Notice that achiving the inequality (4.17) is standard when = R?, while we refer to
Lemma A.2 in Appendix A to treat the slighty more delicate case when €2 is a regular
bounded open set.

We follow a standard merging procedure. We denote by r,, the left hand side of (4.18)
and for every n = 1, ..., M, we select x,, € {|us —n|*> > t}, and let

B = (B, (x,): n=1,....M}.

Note that by construction we have {|u, — n? > 1}, C By, (xp). If Bf is made of
disjoint balls we set B® = Bf{. If this is not the case, we take any pair of indices
ni,ny € {1,..., Mg}, ny # ny, for which B,n1 (xn,) N By, (x4,) # ¥ and we consider
the ball B (Xn;.n,), Where

Tny
Fny+ny
I'ny T'ny

Xni,np = Xny + Xny -
I'ny +rn2 I'ny T'ny

It is easy to verify that
By, (tn) U By, (5ny) C Bry aryy (o) -
We then define
S = {By,, Cin): k # L2)U{By, 4, (¥}

If BS is made of disjoint balls we set B° = Bj. Otherwise we repeat the merging
procedure. We iterate this scheme m times until we find a family of disjoint balls. We
then set B® = B¢, . By construction we have

M,
Z rg = Zdiam({lus —n)* > 1t} Q).
BeB¢ n=l1

By combining the latter inequality with (4.14) and (4.18) we deduce (4.13). Moreover,
by recalling that T < /¢, we have

{|u8—n|2>\/g}C{|u8—n|2>‘L'}C U B.
BeB¢

So (4.12) holds as well.
STEP 2. For every n > 0 we define a sub-family of B? as follows:

B; ={B € B°: F.(u.; B) > n}. (4.19)

Notice that, by a simple energetic consideration, the number of balls in B¢ is finite.
Taking into account (4.13) we conclude that the Hausdorff limit, as ¢ — 0, of the set
Uge B consists of a finite family of points. We call them {xi, ..., XN, }-

n

STEP 3. We fix ¢ € C2°(Q2\{x1, .. ., xn,}). Leto > 0 and

Ny
Qo =\ JBo ().



Energy Concentration in a Two-Dimensional Magnetic Skyrmion Model Page 17 of 47 28

be such that the spt¢p € 2,. By Hausdorff convergence, there exists 0 < €1 < gy such

that
N,

n
B C UBg(xi), foreverye < ¢y, BE€ Bf]’ .

i=1
Being spt¢p € Q,, we also select 0 < 1 < &g to be such that for every B € B?, with
B Nsptg # B itholds B € 2, and we relabel ¢g = min{ey, €2}. Note that at this stage

&0 may depend on 1 and ¢. We now deduce a preliminary estimate, see (4.24) below.

In the rest of the proof we will write | J B and ) without subscript to denote respec-
tively the union and the summation taken among balls in B® \Bf) that intersect spt¢, and

we will indicate by u! and u? the first two components of the vector field u.. By using
the identites

q(ue) = q(us —n) +n(0xue X dyute)
ulvu? — u?Vué (4.20)

n(@yue X dyue) =V x j(ul,u?) with jul, u?) = %

and Stoke’s theorem we get

/ que)p dx = / q(ue —n)pdx — / jul, ub)v+edx
UB UB UB

+Z/ ¢j !, u?)ryp dH' .
B

Similarly,

/ q(ug)pdx
Q5 \ U B

=/ q(us — n)¢ dx —/ jul, u?)yvtedx
Q\UB 2\UB

- f ¢j (uy, ub)Top dH' .
B

Notice thatin the previous equalities, the sign in the last terms kept track of the boundaries
orientations. Adding up the two previous identities we obtain:

/ q(ue)pdx = / w2V dx + / 4y — ) dx
Q Q QU\UB

+Z/l;q(ug—n)¢>dx.

Denoting by ¢p the average of ¢ in the ball B, for every x € B we have

l¢(x) — @Bl < 2rplIVoliL=w), o8l < IlPllr=w) .

In particular, on adding and subtracting ¢ and using (4.13) we get

!Z/qus—nmx

4.21)

< ClIVll oo () Fe e, DVE + 9l Loc () Y ’/B q(ue — n) dx‘ .
(4.22)
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On the other hand the second term in the right hand side of (4.21) is easily estimate
thanks to the definition of B:

/ (e — n)(Dyue X dyue)pdx| < eV/*||@ll oo () Fe (e ) .
2,\UB

Thanks to the energetic bound and up to subsequences (not relabelled), u, satisfies
/ |u|? dx 5/ lug —n|>dx < e*Fe(ug, Q), fori=1,2,
Q Q
so that, Holder inequality gives

< ClIVollLe(q) Felue, Qe . (4.23)

‘ / Jlug, u) V¢ dx
Qo

By combining (4.22)-(4.23) with (4.21), we can conclude

/ q(ug)¢ dx
Q

< CFe(ue, IVl L) (8 + V&) + @]l Lo () VE)

+||¢||L°°(Q)Z‘/Bq(ug—n)dx .

STEP 4. We refine (4.24), by estimating the last term in the right hand side, assuming
n small enough. More precisely, we introduce for every B € B*\B], the rescaled map

uB: By — S? defined as

(4.24)

ul (x) = ue(rp(x +xp)) .

where xp denotes the center of B. Notice that, conformal invariance and (4.19) give

/ q(uf—n)dx:/q(ug—n)dx and |Vu83|2dx=/ |Vu£|2dx§n.
By B B

B
Furthermore, by the very definition of B, we have

/4

|uf(x) —n| < e! for every x € 9B .

We extend (uf (x) —n) toamap UEB : By »> R3¥insucha way that

B_ B
U’ =u, —nonBy,

UEB constant on 0 B> ,

IVUB12dx < C/ \VuB>dx < CF. (B, B),
B> Q

IUB Loy < Cllul = nllL=@s,) < Ce'/*.

This can be done for instance by using a suitable reflection and cut-off procedure on the
harmonic extension of (u f (x) —n) on By, see Lemma A.1 for the details. By possibly
taking a smaller &y we can define V.2 : B, — S? as

R ub(x) ifxeB,
Vg (x) = UB(x)+n

W ifx e A2,] .
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Since V.2 assume a constant value on 3 B, we have that

/ q(VB)Ydx € 4nZ.
By

On the other hand we have ||VVSB||L2(BZ) < CFs(uf, B) < Cpn. Therefore, up to
chosing Cn < 1 it holds

/ q(VBdx =0.
By

Exploiting (4.20) (with V.8 instead of u.) we deduce

< +

= / q(uf—n)dx
B

/ q(VEB —n)dx / q(VEB —n)dx
B Azl

/ q(VEB —n)dx
An

‘/ q(ug —n)dx
B

= / v x j(vEL (vE)?) dx|+
B

— / JVE (VB an!| +
B>

/ q(VEB —n)dx
A2

)

= / q(VEB —n)dx
Azl

where in the last equality we used the fact that VSB is constant on d B,. Observe that easy
manipulation leads to

|VB(x) —n| < Ce'/*forx € Ayq,

which, plugged into the previous chain of inequalities, provides

!/q(ug—n)dx / g(VE — ) dx
B Ar

/ (VE —n)-9,VE xa,VE dx
A2

=<

<Ce'*F.(u., B).

(4.25)
STEP 5. By combining (4.25) and (4.24), and by taking the limit for ¢ — 0, we deduce
that
‘/d)du’ = lin})'/tbq(ug)dx =0.
e—
By the arbitrariness of ¢ € CZ°(Q2\{x1, ..., XN, }) we conclude

l(@\fx1. ... xw, ) = 0.

This proves (4.11). |
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Proof of Theorem 3.2. Let (us) C M(S2) be such that A wand lim inf, % (ue) <
C, for some C > 0. Then by Theorem 3.1, u is an atomic measure with coefficent in
4 7. The lim inf inequality then follows from the weak lower semicontinuity of the total
variation of w. in €2 once observed that, for every u, € U(2) for which u, = g(ug) dx
one also has

e (82) = / lg(ue)|dx < Fe(ug; ),
Q
so that, by the very definition (3.3), it holds

el (2) < Fe(e) .

To prove the lim sup inequality it is enough to adapt some computations in [35, Lemma
3.1].

We first assume 1 = 47 8. Let 0 : R? — S? be the inverse stereographic projection
mapping +00 to n, that is

0(x) = (2x ce1,x - e, |x|? — 1) .

1+]x?
A straightforward computation shows that

4
o1+ x2

1 2 2
5 IVO(x)|~ = |0(x) —n| (4.26)

(1+]x[%)?”

We let ¢ > 0 and select an auxiliary parameter A, > O such that lim,_,g €A, = +00. We

set
2e — |x| &x
Oe(x) :==0(Aex), @Pe(x) =n+ 0| —)—n),
£ |x|
and b ()
X
P, (x) = ———— forx € Ag e .
‘ | ()] o
Notice that, by (4.26)
P ’ 4 4.27)
— | —n| = ———. .
S\ x| 1+ 222
Hence, for ¢ small enough we have
1
|pe (X)| = 3 for x € Ag e, (4.28)

which implies that @, is well defined and takes values on S2. We define u, € U(RQ) as

0. (x) ifx € Bg,
ug(x) = { Pe(x) ifx e Ag e,
n if x € Q\Bye .

By (4.26), (4.27) and (4.28) we have

4 1 47 log(1 + A2&2
/ VO, 2 dx = 4 — — —/ 0, — n[2dx = 102 +AET) 40
B, 1+ )\.382 82 B }Lgé‘z
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/ Vo, Pdr < O— 2 4ot (4.30)
& X = s .

Ao 1+ 222 (1+22e%)?

1

= pe —nl* dx < ——— . 4.31)

g2 Ao 1+ 222

Thanks to (4.29)-(4.31) we conclude

1im0 Fe(ug, Q) =4 = |pul(R2) .
£—

We first check that g (u.) dx A dé§p for some d € R. This immediately follows from
the fact that, being sptg (u;) C Bag, for every ¢ € C2°(2) such that O ¢ spt¢, it holds

that
lim (f q(ug)qbdx) =0.
e—>0 Q

To identify d we choose ¢ € C.(£2) to be constant in some ball B centered at the origin
and ¢ so small that By, € B. We have

/Qq(us)d) dx = ¢(0)/Bq(ug)dx = ¢ (u)deg(ue) = 4m¢(0),

since the Brower degree of u, is 1. Taking the limit for ¢ — 0 we deduce d = 47 as
expected.

Replacing 6 with 6: R? — S?%, 0(x) = Tlx\z (2x1, |x|> — 1) permits to build a
recovery sequence for 4 = —4mwdg. The full I'-lim sup result follows by a standard
density argument. O

5. A Discrete Notion of Topological Charge

The goal of this section is to define a proper notion of topological charge for a spin field,
this is done in Definition 5.8. We fix throughout this subsection ¢ > 0 and u € SF ().

5.1. Admissible interpolation region. The spin field u introduces a natural selection of
edges on the lattice L:

Ne@) ={li, j1: i,j € Lo, li = jl =&, u@@) = —u()} S &, Celu) =E\Ne(u).

Notice that since it is not possible to have three mutually antipodal points on the
sphere, we have that every triangle in 7, contains at least one edge in C. (#). We introduce
some terminology. We say that two triangles T, T’ € 7, are neighbors if their intersection
belongs to NV, (1), and that are connected, if there exist triangles T7, ..., Ty € 7, with
Ty = T and Ty = T’ and such that T,, and T, are neighbors. Similarly, a triangular
region is said to be connected if it is union of pairwise connected triangles. We call a
triangular region R C R? an admissible interpolation region for the spin field u (see Fig.
1 for an illustration of such regions), if it is connected and maximal with respect to the
set inclusion and we set

Re(u) ={R C R?: admissible interpolation region for u} .
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Fig. 1. Examples of the different possible interpolation regions R according to Lemma 5.1. The dashed and
the continuous lines denote edges in Ng (1) and Cg (1), respectively

Being u € SF.(2) we have that every T € 7, contained in R? \ Q is an admissible
interpolation region for u, being u = n on the vertices of 7. In particular, being Q2
bounded, every admissible interpolation contains finitely many triangles. Also, it is
clear from the definition that every T € 7 is contained in a unique R € R.(u). Given
R € R¢(u) we say that [i, j] € C;(u) is a boundary edge of R if it is the common edge
of two triangles T, T’ € T;, such that T € R and 7' € R? \ int(R).

Before proceeding further we need to show few elementary properties for the trian-
gular regions defined above.

Lemma 5.1. Let R € R, (u). Then, one of the following mutually exclusive conditions
hold:

() ReT
(ii) every triangle T € T;, T C R has two edges in N (u);
(iii) there are exactly two triangles T € T,, T C R with two edges in C.(u), all the others
triangles have two edges in N ().

Proof. Suppose that R is not a triangle, so that (i) does not hold. Replacing every triangle
T with a vertex and every edge N (1) with an arc, we obtain a connected planar graph
(see Fig. 2) with finitely many arcs in which every vertex has at most degree two (being
the degree of a vertex the number of edges that are incident to that vertex). For such a
graph it is easy to show, by induction, that the set of vertices with degree one is either
empty or contains two elements. If the first case occurs then (i7) holds, otherwise (iii)
holds. O

Lemma 5.2. Let R € R (u).
Then, the set

{u(@i): i € Le, i €T forsomeT € N;(u), I' C R}.
is either empty or contains exactly two antipodal points of S.

Proof. Suppose that R is not a triangle, since otherwise the statement is trivial. We
consider the same planar graph as defined in the proof of Lemma 5.1 above. For every
pair of adjancent arcs of such a graph the corresponding edges in N; must intersect in
some point of L. (R). By exploiting this property, toghether with the connectedness of
the graph and the definition of NV (u), it is easy to conclude. O

Lemma 5.3. Let R € R (u). Then u(L:(R)) contains at most four points.

Proof. Tt follows immediately by combining Lemmas 5.1 and 5.2. O
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Fig. 2. Construction of the planar graph in the proof of Lemma 5.1 (same notation as in Fig. 1)

Lemma 5.4. Let R € Rc(u) and T € T, T C R. The the following facts hold:

(@) if T has a single edge in N (u), then it contains at least a boundary edge of R;
(b) if T has a single edge in Ny (u) and u(L¢(R)) contains four points, then T contains
two boundary edges of R.

Proof. We prove (a). To fix the notation we suppose T = [i, j, k] and ['1 = [i, j],
Iy =[i,k], u(j) = —u(k) and u(@) ¢ {u(j), u(k)}. We need to show that at least one
between I' or I'; is a boundary edge of R. Assume by contradiction that this is not the
case. This means that given T, T» € 7, such that

hnNT=Iy, ThoNT =1I,,

we have T, T» € 7,(R). By Lemma 5.1 either T contains exactly two edges in NV (1)
or T» does. In any case i is the endpoint of some edge in N (u), contained in R. By
Lemma 5.2 this implies u (i) € {u(j), u(k)} which is a contradiction.

Let us prove (b). With the same notation as above and by (a), we can assume that, for
instance, 71 € R?\intR. Then, suppose by contradiction 7> C R. Arguing as above we
deduce that 7> cannot contains exactly two edges of AV («). On the other hand, suppose
that it contains exactly one edge of NV (). Then by Lemma 5.1, T and T, are the only
two triangles having only one edge in V; (u). By Lemma 5.2, this implies that u (L (R))
contains three elements, which is not the case. Therefore, T, contains no edges of Ny (ut).
But this contradicts T C R. Hence, the lemma is proved. O

Lemma 5.5. Let R € R¢(u) and assume that u(L;(R)) contains four points. Suppose
i,]j € Ly are such that [i, j1 C R and u(i) ¢ {u(j), —u(j)}, then [i, j] is a boundary
edge for R.

Proof. Letk € L, be such that [i, j, k] C R. Notice that it cannot be [i, k] € N, (1) and
[j, k] € N¢(u) since otherwise we would have u(i) € {u(j), —u(j)}. The conclusion
then follows by point (b) in Lemma 5.4. O



28 Page 24 of 47 L. Briani, M. Cicalese, L. Kreutz

5.2. Admissible interpolations surfaces. For every R € R.(u), we consider the cone
generated by the set u(L.(R)), that is:

coneg(u) = Z ApW: Ay >0
weu(Le(R))

We call Sg(u) C S? an admissible interpolation surface for # in R if one of the next
conditions is satisfied. If coneg (#) is not a linear subspace of R3, we require

ApW
Sp(u) = Zweu(ﬁg(R)) wW

e >0, Z Aw>0Y . (5.1)
’Zweu(ﬁg(R))‘ )\ww‘ weu(Le(R))

If cone g (1) is a linear subspace of R3, we require

AW+ Th
Sru) = ZwELl(LS(R)) w

C A, T >0, Z Ap+T>08. (5.2
‘Zweu(ﬁg(R))\ Aww + Th’ weu(Le(R))

for some i € S? orthogonal to cone g (u). The possible admissible interpolation surfaces
are illustrated in Fig. 3.

The next lemma deals with the elementary characterization of the admissible inter-
polation surfaces.

Lemma 5.6. Let R € R, (u) and Sg(u) < S? be an admissible interpolation surface
for u in R. Then Sg(u) is either a semi great-circle or an arc of geodesic or a geodesic
triangle or the union of two adjacent geodesic triangle or an hemisphere.

Proof. Let N be the number of points in u (L. (R)). Assume N = 1,then S («) is a single
point. Assume N = 2. Here we distinguish two cases. Either u(L;(R)) = {p, —p} for
some p € S2. Then Sg (u) is determined as in (5.2), for some h € S?, such that /1 - p=0,
and it is straightforward to verify that

Ap+Th —Ap+Th

Sg(u) = L:r,)\zO,r+)»>0 U p—’:r,xzo,r+)\>0 .
[Ap + Th| | —Ap+Th|

This provides

Sr(u) = Yp.h U Y—p.h >

that is Sk (u) is a semi great-circle. Otherwise, u(L.(R)) = {p, q} for some p,q € S?
with p # —gq. In this case, Sg () is an arc of geoedesic, precisely:

Sr(u) = Yp.q -

Assume N = 3, then u(L.(R)) = {p1, p2, p3} for some p, € S2. If the p,’s are
linearly independent then (5.1) holds, and Sk (#) is uniquely determined as the geodesic
triangle with vertices p1, p2, p3, thatis:

Sr() = S(p1, p2, p3) -

If the p,’s are not linearly independent, then we distinguish again two cases: either
coneg (#) is an hyperplane or it is not. In the first case Sg(#) is an hemisphere centered
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Fig. 3. The region Sg(u) in the cases N =2, 3,4

at h € S2, where £ is orthogonal to coneg (1), otherwise we have that Sg(u) is a semi
great-circle or a geodesic arc, specifically:

Sp(u) = IVp,q Uy—pg ifu(L:(R)) ={-p,p.q},
Ypi.pj otherwise, where p; - p; < pr - p; foralll # k.

Recalling Lemma 5.3, it remains only to discuss the case where u(L.(R)) =
{p1, P2, p3, p4} for some p, € S. By definition of R we can assume that p; = —ps.
Then, if coneg (1) is an hyperplane, Sg (1) is an hemisphere centered at 4 € S2, where h
is orthogonal to coneg (#). If coneg (#) is not an hyperplane, but it lies on an hyperplane
then Sg(u) is the semi great circle connecting p| to — p and passing through p3 and p4.
Atlast, if coner (1) does not lie on a hyperplane, then p1, p3, p4 are linearly independent
as well as p;, p3, ps. In this case (5.1) holds, and being p; = —p», it holds

ALPL+A3p3 + A4pa

[A1p1+ A3 p3 + Aapal

{ Aap2+A3p3+Aapa
[A2p2 + A3 p3 + Aapal

SR(M)Z{ A >0, )\1+)»3+)\4>0}

A >0, X2+)\3+)\4>0} s

which gives
Sr) = S(p1, p3, pa) US(—=p1, p3, pa) .

that is Sg(u) is the union of two adjacent geodesic triangles. O

In view of Lemma 5.6 above and recalling the discussion in Sect. 2, we have that the
relative interior of every admissible surface Sg(#) for # in R with H2(Sg(u)) > Oisa
simple region on S?. In fact, the spin field u induce a natural orientation on dSg (1) as
we show below.

We find it convenient convenient to introduce some more terminology. Let R € R, (u)
and I' = [i, j] € C.(u) a boundary edge of R. We say that [i, j] is oriented from i
towards j, and we write [i, j] = (i, j)g, if the lattice point k € L, obtained by rotating
counterclockwise the edge [i, j] around i is such that the triangle [i, j, k] lies in R.
Otherwise we say that it is oriented from j to i and we write [i, j] = (j, i) g. We define
the geodesic curve

Yuru(p(@) T =3, pr,

. > (5.3)
Yu(ju)@) T =, Dr.

yrru 10,11 = S% yreu(t) =

Given two oriented boundary edges of R, (i, j)g and (j, k)g we say that (i, j)r
precedes (j, k) g, and we write (i, j)g <r (J, k)R, if [i, j] can be obtained by rotating
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"R /k

i J
Fig. 4. The edge (i, j) g precedes the edge (j, k) g

in the counterclockwise direction [ j, k] around j without intersecting R?\ R (see Fig. 4).
It is then easy to verify that for every I' boundary edge of R there exist unique I'y I';
boundary edges of R such that I'y <g I' <g I';, and that it is not possible to have
I' < R r.

Lemma 5.7. Let R € R (1) and Sg(u) C S? be an admissible interpolation surface for
u in R. Assume H>(Sg(u)) > 0. Then, the relative interior of Sg(u) is a simple region
on S%. Moreover there exist I'y,...,Tn € Ce(u) boundary edges of R with N = 3, 4,
and

I'<.---<I'y<TI7yq,

such that, the curve

YR.u: [0, N] = S%,
YR.u(t) = yrp Ru(t —m), ift€[mm+1], 0<m<N—1.

is a parametrization of the relative boundary of Sg(u).

Proof. The first part of the lemma can be deduced by Lemma 5.6 as already noticed.
In particular either Sg(u) is a geodesic triangle or the union of two adjacent geodesic
triangles or an hemisphere. Let N be the number of points in u (L. (R)). We can assume
that either N = 3 or N = 4, since otherwise the condition H2(Sg(u)) > 0 is violated
(see the proof of Lemma 5.6).

We discuss the first case, in particular either Sg(u) is a geodesic triangle or an
hemisphere and

u(L:(R)) = {wy, wa, w3}, withw, # —w,, forn,m € {1, 2, 3}.

The latter implies that R € 7, (since it does not contains edges in N¢ («)). In particular
R =i, j, k], for some lattices points i, j, k € L, and [i, j1, [j, k], [i, k] are all boundary
edges of R. Up to relabelling indices we can assume [i, j] = (i, j)r, [J, k] = (j, k)R,
[i, k] = (k,i)g. By setting I'y = [i, j], I'» = [, k] and '3 = [i, k], we conclude.
Assume instead that N = 4. By referring again to the proof of Lemma 5.6 we deduce
that
M(;CS(R)) = {wlv w2, w, —U)} .

with w, # fw forn € {1, 2} and that Sg () is either the union of the geodesic triangle
with veritces S(w, wi, wa) and S(—w, wy, wy) when coneg () is not a linear subspace,
or an hemisphere when coneg (1) is an hyperplane.

By definition of R, there exist i, j, k € L, suchthat [i, j, k] C R and [i, k] € N (u),

with u(j) = wi, u(i) = w and u(k) = —w. Exploiting Lemma 5.4 we deduce that
[i, j]1and [j, k] are boundary edges of R. Similarly, there exist i’, j', k' € L, such that
[i/,j', k1 C R, u(j") = wy, u(i’) = w and u(k’) = —w, and we can infer that [i’, j']

and [j', k'] are boundary edges of R as well. Moreover, Lemma 5.2 gives {u(i), u(k)} =
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{u(@’), u(k’)}, while combining Lemmas 5.1 and 5.2 we get u(L, (R)\{u(j), u(j")} =
{—w, w}. Up to relabelling indices, we can assume that [i, j] = (i, j)r, [J, k] = (J, k)R
and [i/, ]/] — (i/, j/)R’ [j/7 k/] — (j/7 k/)R-

Now, we consider the sequence (I'x) of boundary edges, inductively defined as

Fy=10j,kl, Tp<gTpsr-

Since R contains a finite union of boundary edges, it has to be I';,, <z I'1, for some
no > 0, thatis I';; = (i, j)r. On the other hand u does not take antipodal values on
the endpoints of each I',. Hence, there exists ny < no — 1 such that I',, = (m, g,
u({m,1}) = {u(@i),q} and ¢ ¢ {u(k),u(i)}. This forces ¢ = u(j’) and so I, =
(j', k")r. As a consequence 'y, 1 = (i, j")r. In conclusion the following order holds
true:
1=, kg <g -+ <R Tny—1 = (', j)r <r T,
=" k)R <r -+ <R Tng =0, )r <r (j.K)r =T71.

Notice thatforevery 1 <n < ng,n ¢ {1,n1—1, ny, no} the setu(L,(I',)) is a singleton.
Therefore, by setting

Fnl—IZFZv 1—‘n]:l—‘3, FI10:F47

we get
)/R,M([Oa 4] = Ywiw Y Ywws Y V—ww, Y V—wuw»
which proves the lemma. O

5.3. Discrete topological charge. This subsection is devoted to the definition of discrete
topological charge and to prove some properties of the spherical extension of a spin field
having such charge.

Definition 5.8 (Discrete topological charge). Let ¢ > 0 and u € SF.(2). An atomic
measure u € M(Q) is called an admissible topological charge for the spin field u,
briefly u € Maam(2; u), if

H‘ = Z CR 3XR ’

ReR.(u)
and the following conditions holds:
(i) xg € int(R);
(i) ck = o (YR.u» Sr@)H2(Sr (1)), where Sg(u) is an admissible interpolation sur-
face for u in R, o (yg, Sg()) € {1, —1} and whenever H2(Sg(u)) > 0 it holds

o (yr, Sr(#)) = 1 if the curve yg , given in Lemma 5.7 is positively oriented with
respect to Sg(u), while o (yr,u, Sr (1)) = —1 otherwise.

In what follows we show that if © € Mgm (€2, u) we can construct an interpolation
vector field # € U(2), such that = u on L, and for which ¢ (#)dx is close in flat norm

to w.
Theorem 5.9. Let Q@ C R? be a bounded open set, u € SF¢(Q) and 1 € Mg (2; u),
be given, according to Definition 5.8, by

=Y oWRu SRW)H(SR())8ry -
ReR,(u)
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Then, there exists u € U(S2), such that u = u on L, and
1 1
-/ |Vi|>dx < CiHe(u, Q), and —/ i —n?dx <Ci Ze(u, ), (5.4)
2 Q &2 Q
where C1 > 0 is a universal constant. Moreover, for every R € R¢(u) we have
/ q(@) dx = o (yg, SRW)H* (SR (W) . (5.5)
R

Finally, w(R?) € 477 and
lg()dx — pwllfar, @ < C2e(He (1, ) + 1) He (u, 2), (5.6)
where Cy > 0 is a universal constant.

Proof. For the sake of readability we split the proof into different steps; the symbol C
denotes a universal constant, which may depend on 2 and whose value may change
from line to line.

STEP 1. First, we define a linear interpolation v : R — R3 of the spin field u. For every
edge I' = [i, j] € Ce(u) we define ur € S? as

u(@)+u(j)
Ur = -—/—"-"-
lu (@) +u(j)l
Note that ur is well defined being I' € C,(u) and that it holds
ur -u(i) > 0and ur -u(j) > 0. 5.7
Then, for every R € R, (u), we select ug € Sg(u) in such a way that
ugr -z >0, forevery z € Sg(u). (5.8)

This can be done by exploiting Lemma B.1. We consider an auxiliary lattice of points
L. C R? (see Fig. 5)
L,=LULLULY,
where
£g={XTZT€7:;}, Egn:{X[‘Z Feé’g}.

and above x7 and xr denote respectively the center of the triangle 7" and the midpoint
of the edge I'.
Correspondingly, we define the family of triangles 7, subordinated to £, as

€ .
=—.lj-k=-7

V3 2f/§}

We extend, without relabelling it, the spin field u to a map u : £, — S? defined by
setting for every i € L,

'Z;’:{[t,j,k]:leﬁg,jeﬁg,keﬁgn, |l_k|:§’|l_j|

u(i) ifi e Lo,

ur ifieLf,ieR, withR e R;(u),

ur ifiell, iel, andT €,
iel, andT e N,.

UR ifie[l’f,

u(i) = (5.9)
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Fig. 5. Subdivision of an elementary cell of £ into cells of £}. The points of £ are indicated in white,
while those in £ are indicated in gray

Note that taking advantage of (5.7) and (5.8), for every [i1, iz, i3] € T/, with i; €
Le, ip € LS, i3 € LT, we have

u(in) - u(im) = 0 (5.10)

for every n,m = 1,2, 3. We define v : R> — R? to be the continuous and piecewise
affine map defined in every T € 7 as the unique affine map that satisfies v = u on the
vertices of T'. For every x € R? we have

1
)| = —=. (5.11)
3
Indeed, for every T = [i1, i2, i3] € T/, with iy € L, in € L, i3 € L and for every
x € T it holds

3
V() =Y Aautlin) ,
n=1

where A1, A, A3 € (0, 1) and A1 + A2 + A3 = 1. In particular, Jensen’s inequality and
(5.10) provide

3

W =

PP =Y ha+ D Anhmttlin) - eim) > §+ D Mndmtt(in) - ulin) =

n n;ém n;ém
which is (5.11). Moreover, we note that
|Vu(x)| < Ce™! for x € R?, (5.12)

which follows since v is a piecewise affine interpolation on the lattice £ of values in
S%.
Now, let us show that the following hold:

1 1
5[ |Vv|?dx < C1H,(u,2), and 8—2/ lv—nPdx <Ci Ze(u, Q). (5.13)
Q Q

With this aim let R € R.(u). We distinguish two cases. Suppose that for some 7" =
[i, j, k] € 7c, T C R there holds u(i) - u(j) < 0. Then, an explicit computation shows
1 < H(u,T) and % < Z(u, T). Summing over all triangles 7 C R, using (5.12) we
get

1 1
5/ [Vv|?dx < C He(u, R), —2/ lv—n*>dx < C Zs(u, R). (5.14)
R &°JR
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Suppose instead that R € R, and that for every T = [i, j, k] € 7., T C R it holds
u(@) - u(j) > 0. Then R = [iy, i2, i3] for some iy, i»,i3 € L, and coneg(u) is not a
linear subspace of R3. Accordingly, for 7’ € 7], T' C T, given as

T' = li1, j1. k1] . where j; =%+’52, ki = %+’§2+l§3,
taking into account of (5.9), we have
. . 3 .
= iy Dt
|0 i)
3
where 0 < wy, w2, w3 < 1 and Z”‘” =1.
n=1

An elementary computation shows that
lu@@)—u(jyl = CluGy) —u@)|, |ul)—utk)| < Cui)—uli)|+ui)—u@))) .

The latter implies

C
Vo) = =5 (i) = uGDP + lutin) = k) P + u () = ut)l?) <

C
8_2 Hs(l/t, T) .

for every x € T. On the other hand

lu(x) — nl* < C(luir) — nl* +u() —nl* +luky) —nl*) < C Ze, T).

These inequalities provide
1 1
-/ |Vv|?dx < C He(u, R), and —/ lv—n’dx < CZ,u,R). (5.15)
2 R g2 R

By combining (5.14) and (5.15) we get (5.13).
STEP 2. We define i : R? — St asu = ﬁ Taking into account (5.11), (5.12) and

(5.13) we have that u is a well defined Lipschitz continuous map, u € U (2) and (5.4)
holds. Furthermore, we have that u restricted to every R € R.(u) satisfies

U(R) = Sp(u), and #{x € R: u(x) =y} =1 for H>-a.e. y € Sg(u). (5.16)

as it can be deduced by the definition of Sg (1) (we refer the reader to Lemma B.2 for a
detailed proof of these latter elementary identities).

Next we prove (5.5). Let R € R (u). When H2(Sr)) = 0, formula (5.5) follows at
once by using (5.16) and the area formula (2.2). Hence, we can assume H>(Sg (u)) > 0.
Notice that for every A € R3*2 and b € R3, one has

A (Al x A?
q(Ax+b)=b-(A1xA2)andq< x+b)—b( x A7)

= if [Ax+b|>0.
|Ax + D] Axspp  @lAxrbl>
Thus, for every T € 7, q(u) is either identically null or has constant sign. In fact, we
claim the following

forevery T € 7., T’ C R either g(i1) = 0in T’ or sign(q(@)) = o (yg, R) in T’
5.17)
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To prove the claim, assume o (yg, Sg(u)) positive (the other case being similar) and
T’ € T](R). By construction, there is a unique I' € & such that " = [i, j] contains one
edge of T’. We thus have three possibilities. If I' € N (u), taking into account (5.9),
we note that v interpolates in T’ between only two values. This implies g(v) = 0 on
T’, hence g(u) = 0 on T’ as well. Similarly, if ' € C.(«) and u(i) = u(j), we deduce
qg(u) = 0 on T'. Suppose instead that I' € C.(u) and u(i) # u(j). Notice that being
H2(Sg(u)) > O either R is a triangle or u(L.(R)) contains four points (see Lemma
5.6). Therefore, by Lemma 5.5, I is a boundary edge of R. Using the notation from the
previous subsection we suppose for instance that I' = (i, j)r, and we let

j—i
T = — — .
lj—1il

Let x be a point in the relative interior of I' with x € T’. For § > 0 small enough and
i = 1,2 we consider the curves «; : (0,8) — R and §; : (0, 8) — S? defined as

a1(s) =x +s1, ap(s) = x +stJ‘,

Bi(s) =uoaj(s) fori=1,2.

Note that the curve f; is a geodesic and in particular there exists t € (0, 1) and A > 0
such that

YR =800, Vgl () = AVAR)T,

being yr r., defined as in (5.3). Note moreover that the curve 8, takes values in Sg(u)
and satisfies

BO) =i(x), B'(0)=Vax)rt.
Recalling our assumption on the coefficent o (yg, Sg) we have
0 < (U raults) X Ve gu()) - BO) = @) x AVER)T) - Vax) Tt = Al q@) ().

By the arbitrariness of x, ¢ (&) is positive on I’ N T’ and from what noticed above, it is
positive on T’. Thus, (5.17) is proved.
The identity (5.5) is now a simple consequence of (5.16) and (2.2):

H2(Sr(w)) = /R q@ldx= Y fT sign(q (@))q (@) dx

TeT!, TSR

3 o(yR,m/Tq(ﬁ)dx=o<yR,R>/Rq<mdx.

TeT! TCR

This implies also that £ (R?) € 47 Z.
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STEP 3. Atlast we show (5.6). Let ¢ € Lip(£2) with [|Vé|| L~ (q) < 1.From the previous
step of the proof we have

/qﬁq(ﬁ)dx—/qﬁdu‘ = ¥ |[ sa@ar—otr 0000
Q Q ReR. ) '’ R
= > / (@) () (@ (x) — p(xg)) dx
ReR(u) R
< > diam(R)||V¢||Loc(Q)/|Vﬁ|2dx.
RER. (1) R

Since diam(R) < Ce({I' e Ny : T C R}+ 1) and#{" e N, : ' C R} < H.(u, R)
we get (5.6). |

6. Concentration of Discrete Topological Charge

The aim of this section is to prove Theorem 3.3 and Theorem 3.4. Therefore, for a
given  C R? bounded and regular open set, we consider sequences of spin fields
(ug) € SF(2) such that

sup Eg(ug, 2) < 00.

e>0

Within the proofs of the results of this section we use the symbol C to denote some
universal constant C > 0 which may depend on €2 and on sup,. o E¢ (1., 2) and whose
value may change from line to line. We start with the proof of the compactness result,
which is an easy consequence of Theorems 5.9 and 3.1.

Proof of Theorem 3.3. Let u, € U(2) be defined from u, as in Theorem 5.9. By (5.4),
we have

sup F; (g, Q) < oo.

e>0

By Theorem 3.1, up to subsequences, g (i;)dx A wase — 0, where u € M() is an
atomic measure with coefficents in 47 Z. By taking the limit as ¢ — 0 in (5.6) written

for u = u, and u = pe, we deduce that, up to subsequence, [, A o as well. This
concludes the proof. O

We define ¢, : (3¢, +00) X Z X R2 — [0, +00] as

$e(s,d, x)

w=n, in Le(R>\ By_3¢(x)),

¢(Bs(x)) =d, forsome ¢ € Mg, (2; w) '
6.1)

=inf { Eg(w, Bs(x)): w € SFg, s.t.

In order to prove Theorem 3.4 we begin with the following Lemma.

Lemma 6.1. ¢.(s, d, x) does not depend on x. Moreover the limit limg_.o ¢ (s, d, x)
exists, and it does not depend on s.
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Proof. First, we notice that ¢.(T,d, x) < ¢.(t,d, x), forevery T > t > 3¢. On the
other hand, for every x € R? let us set aj,ay € Rtobe such that x = aje; +ajeéz,
where é; is given as in (2.3) and set x, € L, to be

“1 a |,
Xe = €& er+e| — |er.
& &

Notice that |x — x¢| < 2¢. In particular we get that, every spin field which is admissible
for ¢. (s, d, x) is admissible also for ¢, (s +2¢, d, x), and viceversa every admissible test
spin field for ¢ (s, d, x.) is admissible for ¢, (s +2¢, d, x). This and the aforementioned
monotonicity imply:

¢€(S’d’x) S ¢S(S+287 da xs) S ¢8(S’d’x8)’

and
Ge(s,d, xe) < (s +2¢,d,x) < ¢e(s,d, x),

A simple translation argument also shows that

¢3(S, dv-x(:‘) = ¢)8(S’ d7 O) .

Hence, for every s > O and x € R2, it holds

Pe(s,d, x) = ¢e(s,d, 0),

proving that ¢ (s, d, x) does not depend on x.
From now on, we assume x = 0. Now we select (s,ll) and (83) vanishing sequences
such that

lim ¢,1(s,d, 0) = liminf ¢.(s,d, 0), hm q‘)gz(s d,0) = limsup¢:(s,d,0),
n—oo e—>0 e—0
and
gl > el
Let w,1 € SF, 1 be admissible for ¢>81 (s, d,0). We consider the rescaled spin field

wpo € SF 62> defined by
1
wy,2(k) = wy (8—;k> .
I3

n

For every k € L¢(B;_3,2) we have w, 2(k) = n, being

1

1
> ’;s—38 >S—38
n

Moreover

Eslll (wn,ls BS) = Eé‘% (wn,2y Bg%y) ’
&n

and, given ¢,,1 € Madm(Bs, wy.1), With £, 1(Bs) = d, the measure &,» € M(Q),

defined by setting
el
Cn,Z(E) ={n1 <_;E>
€

n
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for every E C R2, is such that

n2 € Madm (Bg,'l ,wn,z) , and g, 2 <B£),> =d.
2 =
&n &

1
Hence, w,, > is admissible for the minimization problem ¢€,21 (%s, d, 0), Therefore
n

01(5.d.0) = &, (%s,d, 0> .
By taking into account of the monotonicity with respect to the first argument we deduce
b1 (s.d,0) = ¢2 (s,d,0) .
By passing to the limit as n — +o00, the latter entails

lim inf ¢, (s, d, 0) > lim sup ¢. (s, d, 0) .
e—0

e—0

This proves the existence of lim,_.q ¢¢ (s, d, 0). To conclude the proof we are left to
show that

lim ¢ (¢, d, 0) = lim ¢.(T,d, 0),
e—0 e—0
for every ¢, T > 0. Assume without loss of generality that t < 7. We can use the same

rescaling argument as above. More precisely, for every w € SF, which is admissible
for ¢ (T, d, x) we define v € S]:%E by letting

(T
v(l)—w<71>.

As above v is admissible for the minimization problem q&% . d, %x), and

Ei, (v, By (%x)) = E¢(w, Br(x)).

The latter in turn entails
t
q)zTE (t, d, ?x> <¢.(T,d, x).
Now, exploiting the independence from the third argument, we get
¢%g(t’ da )C) S ¢€(T7 d’ x) .

By taking the limit as ¢ — 0 on both sides of the previous inequality we deduce

hm ¢€(l3 da -x) S hm ¢)8(T1 dv -x) .
e—>0 e—0

The conclusion follows observing that the opposite inequality is a consequence of the
monotonicity of ¢. (-, d, x). |
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We are now in a position to prove Theorem 3.4. For reader convenience we recall
that &, : M(Q2) — [0, oo] are defined (see 3.4) as
Ee(u) =inf{E;(u) : ueSFe, u € Maam(2; u)},

where the convention inf # = oo is adopted. Furthermore, we notice that the existence
of the limit in (3.5) is a consequence of Lemma 6.1 above, which also implies

¥(d) = lim ¢ (s.d, x),

foreverys > Oand x € R?, being ¢ (s, d, x) defined as in (6.1).

Proof of Theorem 3.4. T'-liminf inequality. Let (1) C M(S2) be such that u A 1%
and assume & (u,) < 00, since otherwise there is nothing to prove. This implies that
we can select, for every ¢ > 0, a spin field u, € SF(2) such that

e € Maam (5 ue), Ex(ue) < Ec(ue) < E(1e) + 6.

The first condition above also provides the existence of points {xg}reR, ) and a selec-
tion of admissible interpolation regions for ug, {Sg(us)} ReR, ) such that

pe= Y 0 (VRup SR))H> (Sr(Ue))Sry (6.2)
RER(ug)

according to Definition 5.8. Furthermore, Theorem 3.3 gives that for N > 0, and for
some subset {x1,...,xy} C Qanddy,...,dy € Z it holds:

w=4md 8y +---+4wdnbyy
Let v, € M(S2) be defined as

ve(G) = E¢(ug, G) for every measurable set G C R?.

k
Up to subsequences it is not restrictive to suppose that v, — v € M(2). We fix R > 0
to be such that:

R <min{|x, —x,|:n,me{l...,N},n #m}. (6.3)

and
v(0Bgr(x,)) =0, forne{l,...,N}. (6.4)

Notice that thanks to (6.2) and (6.3) it holds Pl Bp ) A 4rd, sy, for every n =
1,..., N.Wenowfixx, € {x1, ..., xy}.Ourgoalistoconstructaspin field w, , € SF,
which is admissible for the minimization problem ¢ (R, d,, x,), and whose energy
E¢(we n, BR(xp)) is close to E;(ug, Br(x,)). In order not to burden the notation we
suppose x, = 0, and we do not write the dependence on n, when it is does not generate
confusion. For every 0 < § < % we let r, 0 < r < R be such that

v(dB,) =0 (6.5)

and B
v(Ag,) <3. (6.6)
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Combining (6.4), (6.5) and (6.6) we deduce
lim E¢(ue, Ag,) <38. (6.7)
£—0

We define two additional parameters r; < ro as

R—r 2(R—r)
rr=r+ 3 , m=r+—,

and consider a radial cut-off funtion & € CZ°(B,,) such that

O0<h<1foreveryx € B,,, h=1forevery € B, , ||Vh||Loo(B,2) < R .
—-r

Note that A,, ,, CC Ag, . Moreover for ¢ < R;r we have that if i € Eg(Arz,rl) then

all the nearest neighborhoods of i lie in Ag . This means that for every i € L, (A,z,rl)
it holds

ue(@) —n> < Y Eeue, T) < Eo(ug, Ag,).
(TeT,,ieT}

For & < g9 = €9(R, 1, §), by exploiting (6.7), the latter implies
lue(i) —n|* <8, foreveryi € Lo(Arr),

so that
1 _
[h(@Dus () + (1 — h(i))n| > 1— NI 3 forevery i € L:(Ary.ry) - (6.8)

This justify the following definition: w; : £, — S?

e (i) ifi € Le(By,),
. h(Due(D)+(1—=h( . =
we (i) = it @ahiha 1€ Le(Arn),
n ifi € L.(R*\B,,).
Notice that
lwe (i) — n|> < 4lug(i) —n|* foreveryi € L. (6.9)

This is trivial whenever i € L. (By,) ori € L;(R?\ B,,), while if i € Ls(A,, ) itisa
consequence of the Lipschitzianity of the projection to the sphere Projs. far away from
the origin and (6.8) as follows

|we (i) — n|* = |Projsa (h(i)ue (i) + (1 — h(i))n) — Projsan|*
< 4|(h()ue (i) + (1 = h(@i)n) = n* < 4|(h(@) (e (@) — n)|* < 4ue(@) —n|*.
From (6.9) we also deduce
|we (i) — we (DI < 2ue (@) — nl* +2Juc(j) — n|* foreveryi, j € L. (6.10)
By combining (6.9), (6.10) and (6.7) we get

lim E¢(we, Ag.,) < CS§. 6.11)
e—0
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and
lirrz) E.(wg, BR) < lin%) E.(ug, B,)+C$§. (6.12)
e—> £—>

Now, the inequalities (6.7) and (6.11) in particular show that, for ¢ < eo(R, 1, 5)
whenever R € R (ug), R CC Bg, is such that for some T € 7.(R) itholds T CC Ag,
we have that

ReT,, ReR:(wg),

and also that Sg (1) and Sg(w;) are both uniquely defined. Thus, thanks to the fact that
ue and w, coincides B, , we deduce that
{R € Re(ug): R CC Br(xi)} ={R € Re(wg) : R CC Br(xi)}.

We define the following family of Radon measures ¢;:

Ze == > o (yr. ST (we)YHA(ST (e))8xy + > Mol R
TeRe(we), TNBf, #0 ReR,(ug), RCCBy ,RCCBR

By construction it holds ¢, € Mgam (€2; we) (recall that we = n outside B,,). We claim
that

Lo -~ dybp ase — 0. (6.13)

To prove the claim we evoke again Theorem 3.3 to get that, as ¢ — 0 and up to
subsequences, it holds

M
%
e — 4w Z amdy,, »
m=1

for some M > 0, {y1,...,ym} C Qand {ay, ..., ay} € Z\{0}. Assume by contradic-
tion that, forsomem = 1, ..., M itholds y,, € Q\ B,,, and choose ¢ € C°(B;(ym)),
with ¢(y,,) = 1 and s > 0 such that Bs(y,,) CC Rz\Brl. Let wg, iy € U(RL) defined
as in Theorem 5.9 and set, with a slight abuse of notation

Aey = U{T : T € Re(we); TN B # 0}

We have

QI—A&H B MEI—A&H flat, Ag,,

<

el A, — ‘1(@8)de/1€,,, + H"‘sI_AS,,l —que)dx_,,

flat, Aer flat, AR,,

@)y, —q@da_y,, lna ax,
and therefore by using (5.6), (6.7) and (6.11) we deduce

< Cé.

flat, Ag , -

lam| < lim ’/ @ dge / pdue
8*)0 BS B.v

Being a,, € Z, the latter implies a,, = 0. Therefore every y,, has to lie into B,,. On
the other hand ¢,| , = w,| p , hence (6.13) follows. By exploiting (5.5) we can
1 |

é‘5|_Ag_,l - 'u“s|_A€,r1

Thus

< lim +C5 <C§.
e—0
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also show that {,(Br) = d for & small enough. In conclusion the spin field w, , €
SF ¢ is admissible for the minimization problem ¢ (R, dy, x,). Finally, localizing the
construction for every Br(x,), we have

N
lim inf > liminf E Q) > lim E B
1?38 Ee(le) = 11?58 e(g, 2) > ;g% e(ue, Br(xy))

N
> liminf £ B
_21?261 e(Wen, BR(Xn)
n=

N
+ ) liminf (Ee(ue, BR(xa)) = Ee(wen. Br(xn)))

n=1

N N
> X;ﬁgiigf Ee(wen, Br(tn) = C8 = 2} lim ¢ (R. dy. x) — C
n= n=

where we also used (6.12). Passing to the limit for § — 0 we obtain

N
liminf & > li R, d,, .
1?1_361 e(1Le) _rggg%qbs( s Xn)

By exploiting Lemma 6.1, it is now easy to infer that

N
limi
iminf & (e) = ) ¥ (dn).
n=1
which conclude the proof of the I'- lim inf inequality.

I'- lim sup inequality. Let © € M (2) be suchthat & (i) < oo, otherwise there is nothing

to prove. This entails
N

% = Zdnsxn s

n=1

for some d;,...,dy € Z and {x1, ..., xy} C 2, and

N
EW) =) V(dn).
n=1

Let R > 0 be given by
R =min{|x, —x,;| :n,me{l...,N},n #£#m}.

For every n = 1,..., N we select a sequences (r;) and (wg . ,) C SF, such that
re \y 0and 0 < re < R, and wg,, » is an admissible test spin field for ¢ (r¢, d, x5)
satisfing

Es(ws,rs,na Br(xp)) < @e(re, dn, x4) + €.

This provides also the existence of a sequence of Radon measures (Ze ,.n) € Maam (2,
We, r, n), Such that
;&,rg,n(Brg (xp)) =dy .
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Exploiting this latter identity, Theorem 3.3 and the fact that w, ,, , is constantly equal
to n outside By, (x,), it is easy to show that ¢ ., » A 4md;by,. We set Wy € SF:(2) by
letting

W, n(k) ifk € By, (x,),

k) =
we (k) otherwise.

We also set ¢, = Zfl\’:l ge,nl_BR(x,,)' Clearly ¢, € Mgam (€2, we). Moreover it holds

N
*
E¢(we, Q) = Z E¢(we ron, Br,(xp)), and & — 1.

n=1

Thanks to Lemma 6.1, we get

N N N
é’(u)zzlwdn) > lim 2¢g<rg,dn,xn> = lim ZlEs(ws,rg,n,Brs(xn»
n= n= n=

= lim E¢(wg, 2) .
e—0

By the very definition of &; in (3.4) this implies

& () = limsup & (&) ,

e—0

and concludes the proof. O
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Appendix A

Lemma A.1. Let u € HY(By; R3). There exists U € H'(By; R3), such that U = u on

By, U is constant on 0 By and

/|VU|2dxsc/ \Vul>dx, and ||U| LBy < ClullLo@s)
B> B

where C is a dimensional constant.

Proof. By arguing component-wise we can assume that u is scalar valued. Let H () be

the H' harmonic extension of u|pp, into By, namely
AH(u)=0inB;, Hu)=uondB;.
Minimality and the maximum principle give
[ wrePa s [ Vel @@ < e
B B
We extend H (1) to B; via spherical inversion, that is
X
Hu)(x) = (H(u) ok)(x) forx € B)\By, withk(x) = —.

x|

Then, routine computations show

IVH@)?dx < C [ [Vul*dx, [H@)lroBy) < llullze@s,)
B> B

(A1)

for some dimensional constant C > 0. By the coarea formula we select p € (%, %) such

that
/ |VH(u)|2dH153/ IVHw)|>dx,

9B,

b
IS

S
3

Gl

and we let

1
uy = —/ Hu)dH'.
27p Jos,

Notice that (A.1) gives also
luol < llullLee(as,) -

We define ¢, : A, 2 — [0, 1]and ¢, : R?\ {0} — 8B, to be

X

2— x|

Bo(x) = (—p) v =p

2 x|’

respectively and we set
v(x) = ¢p () H W)Wy (x)) + (1 — pp(x))ug, forx € B\B,.
Thanks to (A.1) and (A.3) we have

lvllLea,,) < CllullLe@s)) -

(A2)

(A3)

(A4)
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Moreover, it holds
Vo2 < CIVH@)? () + C |Hw) (¥, () —uo|” (A5)
and the following estimate
(oscap, H (u))* < c/ [VH@w)|?dH'. (A.6)
3B,

Therefore, integrating over A, > the inequality (A.5), taking into account (A.2), and
(A.6), we obtain

/ IVvl?dx < C | |Vu|?dx. (A7)
Ap2 B

At last, the lemma is proved by setting U : By — R to be

u(x) ifx € By,
Ux)={Hu)) ifxeA,,
v(x) ifxeAy,.
and by combining (A.1), (A.4), (A.7). ]

Lemma A.2. Let Q C R? be a Lipschitz open set. There exists a constant C = Cgq, such
that for every E C 2 connected open set of finite perimeter, it holds

diam(E) < C(|E|'* + P(E: Q)),
where C = C(2) > 0.

Proof. We argue by contradiction, assuming that the statement it false, so that for every
n € N, there exists a connected open set with finite perimeter E,, C €2, satisfying

di E di Q
(B2 4 P(Ey; @) < Bam(En) _ diam ()
n

n

(A.8)

STEP 1. Let D > 0 be a constant to be fixed. We prove that for D large enough, for
every x € E, itholds E,, € QO p (x) for every n > max{4D, diam (£2)}. Indeed, assume

that (Q\Q D ) N E, is nonempty. Then being E,, connected we have that

D
00;(x)NE, #0 foreveryt e (O, —) .
n

In fact, being 9 Q; (x) connected and having €2 Lipschitz boundary, one easily infers that

there exists a constant Co > 0 such that for every ¢ € (O, %) satisfying H!' (3 Q,(x) N
E,) < Cgqt there holds 2N dQ;(x) NdE, # ?. We set

le(ma) }
L=ite|l— — ) H@OX)NE,) >Caty,
2n n

L= {t e (2, 2) H(QN 80, (x) NIE,) = 1} .
2n n
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From the above observations we have that |I{| + |I]| > 2—?1. Let f : R? > R! be given
by f(z) = max{|(z — x) - e1], |(z — x) - e2|}. It holds |V f| < 1. The coarea formula
gives

D
|En|z/ |Vf|XEn(x)dXZf f xE, (¥) dH () di
Q%(x) 0 90 (x)

- /7 H'(00,(x) N Ey) dr
0

D 2
> | Cqtdt = Cqlli|— = Cqlli|”.
I 27’[

Similarly, denoting by v(y) € S? the outer unit normal to E at y € 3*E, by the slicing-
property of sets of finite perimeter, we have

ﬁHl(aEan)z/ lv-ei|+|v- e dH!
IE,NQNQ p (x)

D
> / HOWE, N QN30 () dr > |1,
0

where in the last inequality we used that n > 4D. Combining these two inequalities we
get

1 1 D
E LOE, N Q) > VColli| + —|I| > mi Co, — ' —.
JIEJ+H GE N Q) =/ Q|1|+ﬁ|2|_mm{\/ ﬁ}zn

—1
By choosing D > 2 min {«/C , \Lﬁ} diam (£2), the latter contradicts (A.8).
STEP 2. We show that for every x € E, there exists z € 92 such that z € Qp (2).
This easily follows from the previous point. Indeed, let x € E,. We have E,, C O b (x).

Assume that dist(x, 02) > 2%, so that E,, CC 2. The standard Perimeter-diameter
estimate then imply

C diam (Q) < V/|Ey| + P(En) = V/|En| + P(Ey; Q)

for some C = C‘Q Forn~! < C this yields a contradiction to (A.8).
STEP 3. We now show, that (A.8) leads to a contraddiction. Clearly, it is enough to prove
that, for some n; > 0 and for every n > n it holds:

HYE,N3Q) < C P(E,; Q) (A.9)

for some constant C = Cg, since this implies P(E,) < P(E,; 2) and, again by the

standard Perimeter-diameter, estimate contradicts (A.8). We prove (A.9) again with a

slicing argument. We select r = rq in such a way that, for every z € 9€2, we have that
r

92 N Q,(z) is the graph of some Lipschitz function. Let n; > 0 be such that 2 <7
Let n > n;. Pick x € E,, and let z, € Q[) (x) N 02 obtained as in the prev10us

point. Up to translation we can suppose 7, = 0. Let ¢ be a positive Lipschitz function
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¢ (—r/2,r/2) — (0, 00), such that 922 N Q,(0) is the graph of ¢. Furthermore we
can suppose that e is the normal vector to d€2 in 0. Thus we have

QN O, ={@,s):te(-=LD,s>qepl)}.

We set
wp ={t € (=1,1):(t,01) € 0E,},

and note that the area formula and the fact that ¢ is Lipschitz-continuous imply
H'DE, N ) < CL (wn) .

For every x = (t, ¢(t)) € w, we have that E,, C Q p (x) thanks to the first step of the

proof. This entails that there exists a point (¢, s;), such that the vertical line passing trough
(t,0) and (¢, ¢(¢)) meets d E, N 2. Furthermore by construction it holds (¢, s;) € O,
and hence by the graphicality of €2 inside Q, it cannot be (¢, s;) € 2. Therefore, the
slicing-properties of sets of finite perimeter imply

LYw) < | HGE,NnQN{(,s): s eR)dr < / lldH! < H'GE, N Q).
wp 1E,NQ

‘We therefore have
HYOE, NIN) < CH'BE, N Q),

proving (A.9). This concludes the proof. O

Appendix B
In this section we prove two elementary facts that we used in the proof of Theorem 5.9.

Lemma B.1. Let R € R.(u) and Sg(u) C S? be an admissible interpolation surface
for u in R. Then, there exists ug € S* such that

ur € Sg(u), ug-z >0, foreveryz € Sg(u).

Proof. 1f coneg(u) is a linear subspace of R3, then Sg(u) is given as in (5.2) and it
is enough to set ug = h. If instead coneg (x) is not a linear subspace of R3, we can
consider the so-called polar cone:

conex(u) = {z € R?:z-w > 0forall w € coneg(u)} .
Then, it is a known fact, see for instance [26, Theorem 2.1], that there exists
x € (conef (1) Nconeg (1)) \{0} .
By letting ug = é—l and recalling (5.1) we conclude. O

Lemma B.2. Let u € SF.(R2). Let R € Re(u) and let i: R — S? be defined as in
(5.9). Then, the following statements hold true:

(1) u(R) = Sr(u);
(i) for H?-a.e. y € Sg(u) there holds

#{xeR:ux)y=y}=1.
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Proof. Let N = #u (L:(R)). By Lemma 5.3 we have that N € {1, 2, 3, 4}.

In the cases where either N = 1 or N = 2 or coneg(u) is not a plane but it lies on
a plane, the conclusion is straightforward. In fact, in all these cases (ii) is trivial being
HZ(S r(u)) = 0. Thus suppose that we are not dealing with one of the aforementioned
cases. In particular it has to be N = 3 and N = 4. We describe only the latter case, the
other being similar. To fix the notation we have

u(Le(R)) = {p1, p2, p3. pa}

with py = —ps. By Lemma 5.1, there exist two triangles 77 = [i1, i2,i3], T» =
[jl» j27 .]3] € Z(R) such that M(EE(TI)) = {pls —P1, PS}’ M(EE(TI)) = {Pl» —P1, P4}
and all the other triangles T € 7,(R) such that T ¢ {7y, T»} satisfy u(L:(T)) =
{p1,—p1}. Forall T ¢ {Ty, T>} we can easily argue that #(T) = ¥Yp, uz U ¥V—p,,ug- For
such T we have H2(u(T)) = Hz(y,,l,uR U y_p,,ug) = 0. In order to treat the triangles
T1, T, we distinguish the two possible cases:

Case 1: p1, p3, pa are linear independent;

Case 2: p1, p3, pa are linear dependent, coner (#) is a plane.

Case 1. In this case, by Lemma 5.6, we have Sg(v) = S(p1, p3, pa) U S(—p1, p3, Pa).
Noticethatur € Sg(u) satisfiesug-p1 = 0,ug-p; > Ofori = 3, 4. We assume without
loss of generality that the triples (p1, ur, p3) and (p1, ug, p4) are linear independent.
We show (i) and (ii) for u|7,ur,. Once this is done, this concludes the proof. Using the
definition of # we have that

~ pP1+p3 p1+p3
u(fy) =S (pl, —_— uze) us (pa, —_—, uR)
[p1 + p3l [p1+ p3l

US<_,,1,M,MR> Us(m, M,,@ .
|p3 — p1l |p3 — p1l

Lemma B.3, applied with A = % and the triples (p1, p3, ug) and (—p1, p3, ug) respec-
tively, implies
u(T) = S(p1, p3, ur) Y S(—p1, p3, ur) . (B.1)

Similarly, we obtain

u(T2) = S(p1, p4, ur) Y S(=p1, p4, uR) . (B.2)
Note that for every T’ € 7/(T1 U T») the function i|7 is either bijective or u(T") €
Yprug Y Y—=prug Y ¥ps, ps- Furthermore, it is easy to verify that H2@(T)Na(T") =0
forall 7', T” € T/(Ty U T»). This shows (ii) once (i) is proven. In order to do so, using
(B.1) and (B.2), it suffices to show
S(p1, p3, ur) U S(—=p1, p3, ur)
U S(p1, pa,ur) U S(=p1, pa,ur) = S(p1, p3, p4) U S(=p1. p3, pa) -

Assume without loss of generality thatug € S(p1, p3, pa),i.e.,ugr = A p1+r2p3+ispa
for A; > 0. Now, let y = w1 p1 + n2p3 + 3pa with 1 € Rand pj, uz > 0. We have

(2, — m _m A< 2
(xz)‘l mi) pr+57ur+(p3 — 5oA3) pa if <52 <
M3 M2

IA

Bra—p)pr+5iur+(pe—Br)ps if5 <5 <2
(,ul — ’;—;M) p1+<u2—’;—§kz)p3+&ulg 1fm <m1n{%: i = 1,2,3} ,
(.ul_/;LL_ZZ)M]>P]+MZMR+(M2—)L2)\3>P4 if £2 <mm[’;—l }

y:
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which is to say

S(=p1, pa,ug) if§L <42 <f3
S(=pi1, p3, ur) if‘)f—ll < ’)f_: < %)f_;

y e S(p1, p3, UR) if’)f—gfmin ’;—;:i=1,273 7
S(p1, p4, uR) if%fmin ’;—;;i=1’2’3

This shows

S(p1, p3, p4) U S(—=p1, p3, ps) € S(p1, p3, ur) U S(—p1, p3, ugr)
U S(pls D4, MR) U S(_pl’ D4, MR) .

In order to show the reverse inclusion, observe first, as ug € S(pi1, p3, pa), that
S(p1, pa,ur) U S(p1, p3,ur) C S(p1, p3, pa). It remains to show that

S(=p1, p3, ur) U S(=p1, pa, ug) C S(p1, p3, p4) U S(—p1, p3, pa) .

Lety € S(—p1, p3,uRr),ie.,y = —pu1p1+ o p3+pu3ug with uy; € Rand pp, u3 > 0.
Then y = (u3A1 + 1) p1 + (12 + w3A2) p3 + 3A3 p4 which is to say that

S(—=p1, p3, pa) if p3ig+p1 <0,
S(p1, p3, pa)  if sk +u1 >0.

proving the desired inclusion.
Case 2. In this case, there exists & € S? such that Sg(u) = S?°N{x e R3: x - h > 0}
and ugr = h. Following the same argument as in the previous step we have that

S (p1, pa, W) U S (=p1, ps, ) U S (p1, p3, ) US (=p1, p3, h) C Sr(u) .

and that, in order to conclude, it is enough to show the opposite set inclusion. This comes
as a conseugence of Caratheodory’s Theorem: indeed given y € Sg(u), y = yi + Augr
with yj € {x € R*: h-x = 0} and A > 0, we have that y = A1q| + A2¢> with
q1,92 € {=p1, p1, p3, pa} and 2; > 0. O

Lemma B.3. Let py, pa, p3 € S? be linear independent and such that p; # —pj forall
i # j. Forall A € [0, 1] there holds

A 1—A A 1—A
S( p1+( P2 >US<p2, p1+( P2

P, . D3 ,p3 | =S8(p1, p2, p3) .
[Ap1+ (1 —2)p2| [Ap1+ (1 —2)p2| >

Proof. We can assume that A € (0, 1) as otherwise there is nothing to prove. For the

remainder of this proof we set p, = %. As p, € S (p1, p2, p3) we have

S (p1, pr, p3) U S (p2, pa, p3) S S (p1, p2, p3) -
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It remains to show the opposite inclusion. To this end let y € S(p1, p2, p3), i.e. there
exist A; > O such that wy =}, A; p; and % = y. We can write

M1p1+ papy +A3ps with g = A1 — 2542,
A 1—-1
ty = =Bl
wy = if A > ﬁ)\.z ,
1p1+ tapa +Aaps with g = BEEDRL,

if A < %)\2.

po =xy — 2y,

In other words this shows that

v

Wy S(p1. pr, p3) if A1 = 250,
y=—-¢ . x
lwy| S (p2s pas p3) if A < 7550

This concludes the proof. O
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