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Abstract: The entanglement in multipartite quantum system is hard to characterize and quantify,
although it has been intensively studied in bipartite systems. The monogamy of entanglement, as a
special property of multipartite systems, shows the distribution of entanglement in the system. In
this paper, we investigate the monogamy relations for multi-qubit systems. By using two entangled
measures, namely the concurrence C and the negativity N;, we establish tighter monogamy inequal-
ities for their a-th power than those in all the existing ones. We also illustrate the tightness of our
results for some classes of quantum states.

Keywords: monogamy relation; multiqubit systems; the concurrence; the negativity

MSC: 81P40, 81P42

1. Introduction

Quantum entanglement plays an essential role in quantum information processing.
The research on quantum entanglement is multi-angled and has produced many impressive
results [1-8]. The entanglement in bipartite systems has been intensively studied with
rich understanding, while the characterization and quantification of entanglement in
multipartite quantum systems is less known. In multipartite quantum system, entangled
with one subsystem limits its entanglement with the other subsystems. The monogamy
of entanglement, as a special property of multipartite systems, shows the distribution of
entanglement and is applied to quantum key distribution [9].

The usual monogamous relationship shows that for a tripartite system made up of A,
B, and C, the entanglement between A and joint system BC is bigger than the sum of the
single pair entanglement A and the other party B or C [10]. Coffman, Kundu, and Wootters
(CKW) [11] first characterized the monogamy of entanglement for the three-qubit state
mathematically:

E(pajpc) = E(pag) + E(pac), (1)

where E is an entanglement measure, p4p = Trc(papc), and pac = Trp(papc). How-
ever, not all entanglement measures satisfy this monogamous relationship, such as con-
currence, negativity and entanglement of formation. Although the concurrence C does
not satisfy such monogamy inequality, the squared concurrence C? [12,13] and the en-
tanglement of formation E2 [14] satisfy the monogamy relations for multiqubit states.
Additionally, many monogamy relations for mulitiqubit and high-dimensional systems
were established [15-24]. Recently, in [25,26], the authors gave an alternative definition
of the monogamy relation with no inequality employed. The monogamous inequality is
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further extended to various entanglement measures, such as continuous variable entangle-
ment [27-29], squashed entanglement [10,30,31], entanglement negativity [32-36], Tsallis-q
entanglement [15,37], and Rényi entanglement [38—40].

In this paper, using the concurrence C and the negativity N., we derive some tighter
monogamy inequalities than all the existing ones.

2. Tighter Monogamy Relations for the Concurrence
Let X and Hx denote the quantum system and its corresponding finite dimensional

Hilbert space, respectively. If |i) 4p is a pure state of a bipartite quantum system H4 ® Hp,
then the concurrence is defined as follows: [41]

C(lp)ap) = 1/2(1 = Tr(p%)), @

where 04 = Trg(|t) ap(1])-
If p 4p is a bipartite mixed state, then the concurrence is defined as follows:

C(PAB nﬁ]n Zpl |¢z 3)

where the minimum is taken over all possible pure state decompositions of pag = Y_; pi| ;) (¥i],
with p; >0, ; pi = 1and |l[)l> € Hy ® Hp.

Let |lP>ABlBZ"‘BN—1 be an N-qubit pure state in Hy ® Hp, ® - - - ® Hp,;_,; its concurrence
C( |¢>A|BlBZ“'BN—1 ), viewed as a bipartite state under the partitions A and By, By, - -+, By_1,
satisfies the CKW inequality [12,13]:

2 2 2 2
CaByBy-By , = Cap, T Ciap, -+ Capy s 4)

where Cap, = C(pp;) denotes the concurrence of psp, = Trp,...B, ,B;,,--By_1 (1¥) AB,--By_,
(¥1), CalBBy--By 1 = C(PA|B,-.By ,)- Itis further proven that for « > 2, one has [23]:

AlBle BN 1 — CAB] + CABZ : + C%BNfl. (5)

The relation (5) is further improved so that for a > 2, if Cyp, > C AlB for

i+1°-BN-1

form+1<j<N-21<m<N-3 N >4,

1<i < m, and CAB]- < CA|Bj+1---BN,1
then [22]:
o a\ m—1
Coa BBy By, = Cag, +5Cag, + (5) Cis, ©
o\ m+1 a\m
+ (5) (C%Bmﬂ Tt C:k“ABN—z) + (E) C%BNA’
andif foralli=1,2,--- ,N—=2,Cap, = Cpp,,,...By_,, then [22]:
14 o\ N—2
Cf“llBle---BNfl =z C:X“Bl T (E)C%Bz Tt (E) C%BN_l' @)
The relations (6) and (7) are further improved in [24]: for & > 2,if C4p, > C AlBio1-By 1

fori =1,2,---,m,and Cyp, <CA|B]+1 By forj=m+1,..- N-20<m<N-=3,
N > 4, then:
« « m—1
A|ByBy-By , = CaB, T (22 _1>CAB2 -+ (22 - 1) Chg,,

®)
F(@-1)" 1 (Copy +o+ C”ABN,2> + (28 -1) "y
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and if Cpp, > CAlBi+1,,.N,1 foralli=1,2,--- ,N — 2, then:

Col,ByBy ;= Chs, + (27 - 1)cfg,32 TR

# () e (2 1) e ;

From the proof of the above research results, we find that the above different monogamy
relations actually depend on different inequalities, and the compactness of monogamy
relations is exactly the compactness of these inequality relations. In fact, the monogamy
relation (5) depends on the following inequality [23]:

A+ >1+5t<1, x>1; (10)
the monogamy relation (6) and (7) depends on the inequality [22]:
1+H)*>1+x5,0<t<1, x>1; (11)
and the monogamy relation (8) and (9) depends on the inequality [24]:
I+ >1+ 2 -1, 0<t<1, x>1 (12)

Obviously, these three inequalities show that the upper bound of the function (1 + ¢)*
for 0 <t <1, x > 1is getting tighter and tighter. Then, an important idea arises: to
compact the above monogamy relations, one must compact the above inequalities they rely
on first. Therefore, in this paper, we first establish more compact inequalities, and then
compact the existing monogamy relations.

Lemma 1. Lett € [0,1] and x € [2,00), then, we have:
(14+6)" > 1+ (2% =)t (13)

Proof. Let f(x,y) = (14+y)* —y* +y ¥ withx > 1and y > 1. Then, % =x(1+y)" ' -

xy“l - xy—xfl and 32712( =x(x—1)(1 +y)"*2 —x(x— 1)y"*2 +x(x+ 1)y*"*2. We have
‘;2712[ > 0 for x > 2. Therefore, %(x,y) is an increasing function of y, i.e., %(x,y) >
%(x, 1) = x(2*"1 —=2) > 0 for x > 2. Then, f(x,y) is increasing with respect to y, i.e.,

f(x,y) > f(x,1) = 2%. Setting y = T and 0 < < 1, we obtain (1 +)* > 1+ (2% — )%,
The inequality is trivial for t = 0. O

Lemma 2. Let papc be a mixed state in 2 ® 2 ® 2"~2 quantum system H, ® Hp ® Hc; if
Cap > Cyc, one has:

« Cac\”
Chipc = Cap + {22 - (CAB> ]Cf‘qc/ (14)

forall o > 4.

Proof. For arbitrary 2 ® 2 ® 22 tripartite state pspc, it has been shown that C124\BC >
C1243 + szqc [12,42]. Then, for all « > 4, if C4g > C4c, we have:
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&

Cjsc 2 (CAB+C )7

CAC :
AB i . (15)
x Cac Cac
2 MZ“() I(
AP Cas Cas
a C ®
=i+ |28 - () |Chie
Can
the second inequality is attributed to Lemma 1. Since subsystems A and B are equivalent in
this case, we assume that C4p > Cc without loss of generality. Moreover, if C45 = 0, we

have CAB = CAC =0. O

Remark 1. Lemma 2 shows that if &« > 4 and C 45 = C4c, then Inequality (14) becomes C% >

AlBC
Chc+ (27 - 1) C' g, Which is the result of Ref. [33] when a > 4.
For multipartite qubit systems, we have the following Theorem.
Theorem 1. Let pap,...5y_, be an N+1 qubit mixed state; if Cap;, = Cp|p,, B;,,-By_, JOr 0 <

igm,andCAngCAw form+1<j<N-20<m<N-—-3 N >3, we have:

i1 BN-1

m i m-+1 N-2
CalBy-By 4 Z, <HM>CAB + <I} Mi) ( Y Q]CAB + Chp,_ 1) (16)

j=m+1

A|B .
7‘ i1 PN fori =0,1,2,---,m, and Q; =

A

for « > 4, where My = 1, M1 = 25 —
L4 CD‘
Zf—Lfor]_qul SN —2.

c*
AlBjy1-BN—_1

Proof. From Inequality (15), we have:

CoiBy-By_y = Capy +MiChjp gy,
> Chp, + MiChp, + MiMoCly ..

~Bn_1
> (17)
> Chp, + MiChp + -+ MiMp - - My Chp,
+M M- MmMm"‘leé“\BmH”'BNfl’
Similarly, as CAB < CA\B]H By 1 form+1 <j < N — 2, we obtain:
C%|Bm+1'”BN71 Z C%|Bm+2”'BN—1 + QerlC%Berl
> (18)
2 Qu+1Cagp,,,, + Qu+2Cap, , ++ QOn-2Chp, , + Cagy ;-

Combining (17) and (18), we have Theorem 1. O

As a particular case of Theorem 1, we have the following conclusion.
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Theorem 2. Let pap,...By , be an N+1 qubit mixed state; if Cp, > Cap, forall i =

0,1,2,--- ,N — 2, then:

N-2/ i N—2
AlBoBy_s Z (HM )CAB (H Mi) Chpy ;- (19)

i1 Bn-1

-0 i=0
Cﬂ(

A|B;, -B .
—%forOSzSN—Z

i

for a > 4, where My = 1 and M; 1 = 2%

Actually there are many states that satisfy Theorem 1 and Theorem 2.

Example 1. Let us consider the N-qubit GHZ state [43]:

1
) = \ﬁ(IOO---0>+|11~~1>), (20)

it is easy to calculate that Cyp,..p, | = 1and Cap, = O foralli = 2,..,N — 1, and then our
results in Theorem 1 and Theorem 2 obviously hold.

Example 2. Let |ip) be a three-qubit state; its generalized Schmidt decomposition form is [44]:
) = A0]000) + A1£/?|100) + A2|101) 4 A3[110) + A4[111), (21)

where \; > 0,i=0,1,2,3,4, Y}, A? = 1. It is easy to compute that Cajpc = 2A0y/ A3+ A3+ 23,

Cap = 2MoA2, Cac = 2MgA3. Set Ag = Ay = Ay = Sand A3 = Ay = ﬁ One has

z C @
Cap = 3,Cac = f and Cyjpc = 7 Then, C pc = (\[)'X Chp 122 — (C*B)Z]Cﬁc =
(%)"‘ 1 ( )*. One can see that our result is better than C% + C%- = (%) + (%)% in [23],
Chp +5Che = ()" + §(0)F in 1221, and Cy + (28 1) Clhe = ()1 = (§)¥ in 241 for

« > 4; see Figure 1.

0.25 T

0.2 1

0.1 [

0.05

Figure 1. Axis C represents the concurrence of |i) 4pc and its lower bounds as functions of a. The
solid line shows the concurrence of (21); the dashed line, the dotted line, the dash-dot line, and the
bold solid line show lower bounds of ours and [22-24], respectively.

Remark 2. Although the decomposition of Equation (21) is not unique, we can always select
appropriate coefficients in the expression of the state to meet our results in Theorems 1 and 2.
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3. Tighter Monogamy Relations for the Negativity

In this section, we establish tighter monogamy inequalities for the negativity, which is
a computable bipartite entanglement quantifier.

Fora blpartlte state p4p € Hp ® Hp, its negativity is defined as N(pap) = 5 (||p Bl —
1) [45], where p; Jip is the partial transpose with respect to the subsystem A, and || X|| =
Trv XX' denotes the trace norm of X. To facilitate calculation, we usually remove the
constant factor of 1/2 and define it as N(p4p) = ||p£AB II—1.

According to the above definition, the negativity of a bipartite pure state |) 45 is
given by:

N([9)ap) =2 \/Aidj = (Try/pa)® —
i<j

where A; are the eigenvalues of p4 = Trp|¢) ap (| [28].

For a bipartite mixed state p 4, there is another negativity, a convex-roof extended
negativity (CREN) [21], defined as:

Ne(pap) mmsz (1) aB), (22)

where the minimum value takes all possible pure state decompositions {p;, |¢;) ap} of pap-
The definition of CREN is obviously different from N(p4p), and it can perfectly discriminate
positive transposed bound entangled states and separable states in any bipartite quantum
system [46,47].

Now we need to use a relationship between the negativity and the concurrence: for any
bipartite state with Schmidt rank 2, the negativity is equivalent to the concurrence [21]. Let
us first consider any bipartite pure state with Schmidt rank 2, [)) 45 = v/A0|00) + /A1|11);

we can easily find that N(|¢)ap) = [[[9) (||| =1 = 2v/AA = /2(1—Trp%) =
C(]p) ap)- Consequently, for any two-qubit mixed state pap = Y p;|¥;) ap (], one has:

Ne(pap) mmZpl (19) aB) mmZPz (1¢i) aB) = C(paB)- (23)

Consider an N-qubit state p p,...p,, , € Ha ® Hp, ® - - - ® Hp,, ,, denoting N, A|BiBy--By 1 =
NC(PA\By'-BN_l) and N, ap, = Nc(p4p;) for convenience. If & > 2, N 45, > N, AlBis1-By_17
1<i< m,andNCAB], < NCA‘B/}]‘“BN—] form+1<j<N-21<m<N-3N >4,
then [24]:

W « m—1
I\’::XA\BlB2 By 2 N¢ ap, + (27 - 1>NéxABz +oet (22 - 1) N¢ 4,

(24)
® m+1 . .
+ (22 *1) ( éXABm+1 ++N§ABN,2) + (22 71) Ng(ABN71/
and if NC AB; > NC AlBii1.N_17 1 = 1,2, e ,N _92 [33]
NE g5y 2 2 N, + (28 = 1) NE g, + -+ -

I N-3 o N-2
+ (22 - 1) gABN,z + (22 - 1) g‘ABN—l'

Obviously, the above monogamy relation (24) and (25) depends on inequality (12);
then, with a similar consideration to concurrence, we obtain the following result.

Theorem 3. Let pApyp,..By_, be an N+1 qubit state, if Nc ap; = N; ajp,, ...y, 0 < m, and
N, AB; <N, AlBjq-+-By 17 M +1<j<N-20<m<N-3, N > 3; then we have:
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m+1
N¢ 418, BN1—2<HK> ¢ AB; <H )( 2 L;iN, ABj+N?ABN1>/ (26)

i i=1 j=m+1

o Ng‘ s . o
forall &« > 4, where Ky = 1, Kj11 = 22 — Mfort =0,1,2,---,m L; =22 —
c AB;

]

o
Nr: AB

forj=m+1,--- ,N—-2.

N%
¢ AlBjy1-BN_1

If N, AB; > N, AlB
following conclusion.

foralli =0,1,2,---,N — 2 in Theorem 3, then we have the

i+1-BN-1

Theorem 4. Let pap,p,...By , be an N+1 qubit state, if N. s, > N, AlBiy1By1 forall i =
0,1,2,---,N — 2; then:

N—2
¢ AlBo-By_y = ;) (HK> ¢ AB; (H K) ¢ ABy_1 (27)

«
c AlB

N
forall x > 4, where Ky = 1 and K; 1 :25 —#ﬁv*lforizo,l,zf~ SN —2.

Next we show some states that satisfy Theorems 3 and 4.

Example 3. For the N-qubit GHZ state (20) in Example 1:

1
) = \ﬁ(|00~~0>+|11~-1>), (28)

it is easy to calculate that N, a\p, ..., , = 1 and Nc ap; = 0 foralli = 2,...,N — 1, and then our
results in Theorem 3 and Theorem 4 obviously hold.

Example 4. Let |ip) be the three-qubit state in (21); we can easily calculate that N, spc =

)\01//\%—‘-)\%4-)\4, Ne ap = 2A0Ap and N; ac = 2AgA3. Set Ag = A = Ay = % and

Az = Ay = % One has N; ajpc = Z\F and N, ap = g N ac = 2‘[ Hence, N* ¢ AlBC =

(2‘/7) and N¥ , 5 + {22 —(%) ]Ng‘AC— (3)" +(—‘[ % — (1)*. Figure 2 shows that our

)
inequality (23) is tighter than N ,p + (22 - 1)N§‘AC = ($)* (2\[) (%)% in [24] for
o> 4.
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References

L 4.5 5 55 ] 6.5 7

Figure 2. Axis N represents the negativity of |i) 4pc and its lower bounds as functions of a. The
solid line shows the negativity of (21); the dashed line and the dotted line show the lower bounds of
ours and [24], respectively.

4. Conclusions

In multipartite quantum systems, the monogamous entanglement relationship char-
acterizing the quantum entanglement distribution is one of the hot issues of quantum
information theory research in recent years. For example, entangled monogamy can limit
the possible association between authorized users and eavesdroppers, thus tightening the
security limit of quantum cryptography.

In this paper, we first proved the mathematical inequality (14 ¢)* > 1+ (2% — t¥)t*
fort € [0,1] and x € [2,00), and then using it we presented monogamy relations related to
the a power of the concurrence C and the negativity N.. We also presented that they are
tighter than the existing ones. The tighter monogamy relationship in this paper gives a
more detailed entanglement distribution, which can enhance the research on the security of
quantum cryptography in quantum key distribution. Our approach also promotes the study
of monogamy related to other quantum correlations. However, our monogamy relation
requires that the power must be greater than 4, and whether the monogamy relation holds
for 2 < a < 4 needs further study.
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