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Abstract: We studied different mechanisms in the Higgs boson decay into a pair of J/Ψ and Υ

particles within the perturbative Standard Model and relativistic quark model. The relativistic

corrections to the decay amplitude and decay width were calculated. We obtained numerical values

of the decay widths of the Higgs boson, which can be used for comparison with experimental data.

Keywords: Higgs boson decay; pair quarkonium production; relativistic quark model

1. Introduction

After the discovery of the Higgs boson [1,2], the study of the Higgs sector has become
one of the most-important areas in particle physics. For the investigation of the nature of
the Higgs boson, it is necessary to create particle colliders, by which Higgs bosons can be
produced in significant quantities. It is possible that the reactions with the Higgs boson can
provide a transition to a New Physics that lies beyond the Standard Model.

Due to the Higgs boson’s large mass and the presence of coupling constants with
different particles, the Higgs boson has numerous decay channels. The decay channel of
the Higgs boson into a pair of heavy quarks is interesting because it creates the possibility
of the production of bound states of heavy quarks. Thus, the rare exclusive decay processes
of the Higgs boson decay into a pair of charmoniums or bottomoniums are of obvious
interest both for studying the decay mechanisms and for studying the properties of bound
states of quarks.

The CMS collaboration began the search for rare Higgs decays into a pair of heavy
vector quarkonia in 2019 [3]. The results of new upper limits on the branching fractions
were obtained in [4].

The theoretical calculation of the pair production of heavy quarkonia in the decays
of the Higgs boson began about 40 years ago in [5,6]. In these papers, basic theoretical ex-
pressions were obtained for estimating the decay rates in the nonrelativistic approximation
for some decay mechanisms. Recent theoretical studies of these processes were carried out
in [7–11].

In this work, we continue the study of relativistic effects in the exclusive paired char-
monium and bottomonium production in the Higgs boson decay, which was begun in [8,9]
for Bc mesons. Our calculation of the decay widths was performed on the basis of the
relativistic quark model used previously for the investigation of relativistic corrections
in different reactions in [12,13]. Despite the rare nature of the Higgs boson decays being
studied, one can hope that such processes can be investigated at the new Higgs boson
factories. The aim of the present work was to give a new calculation of quarkonia pair
production in the Higgs boson decays in the Standard Model. We considered different
production mechanisms (quark–gluon, quark–photon, photon–photon, and Z-boson mecha-
nisms) of the charmonium and bottomonium pair production and accounted for relativistic
corrections connected with the relative motion of heavy quarks both in the production
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amplitude itself and in the wave functions of heavy quarkonia. As a result, new numerical
estimations for the Higgs boson decay rates were obtained.

2. General Formalism

From the very beginning, it should be emphasized that there are several groups of
amplitudes for the decay of the Higgs boson with the formation of a pair of charmoniums
J/Ψ (bottomoniums Υ), which contribute the same order of magnitude to the decay width.
We studied the amplitudes that are shown in Figures 1 and 2 (see also [11]). They represent
different decay mechanisms with pair vector meson production: quark–gluon, quark–
photon, quark loop, W-boson loop and Z-boson. The first group includes the quark–gluon
amplitudes shown in Figure 1 (quark–gluon mechanism). The factor determining the order
of contribution can be represented as αs/M4

H , where MH is the mass of the Higgs boson.
Such a factor can be distinguished from the very beginning due to the structure of the
interaction vertices and the denominators of the particle propagators. The second group is
formed by the quark–photon amplitudes shown in Figure 2 (quark–photon mechanism).
The order of contribution is determined here by the factor α/M2

H M2
QQ̄. The third group

is formed by the amplitudes that contain the quark or W-boson loop with two photons,
which create a pair of J/Ψ (or Υ) mesons (quark loop and W-boson loop mechanisms) [11].
The primary common factor in this case takes the form α2/M4

QQ̄. Finally, the last group of
amplitudes is determined by the interaction of the Higgs boson with a pair of Z-bosons
(Z-boson mechanism) [11]. To achieve good calculation accuracy, it is necessary to take into
account the contribution of all amplitudes from these groups.

Figure 1. Quark–gluon mechanism of the charmonium pair production. The Higgs boson is presented

by a dashed line. The gluon is indicated by a wavy line.

Figure 2. Quark–photon mechanism of the charmonium pair production. The Higgs boson is

presented by a dashed line. The gluon is indicated by a wavy line.

Let us consider firstly the Higgs boson decay amplitudes shown in Figures 1 and 2.
Two other diagrams can be obtained by the corresponding permutations. For the production
of quarkonium pairs in the leading order of perturbation theory, it is necessary to obtain
at the first stage two free quarks and two free antiquarks. Then, they can form bound
states with some probability at the next stage. In the quasipotential approach, the decay
amplitude can be presented as a convolution of a perturbative production amplitude of
two c-quarks and two c̄-antiquarks and the quasipotential wave functions of the vector
mesons [8,9]:

M(P, Q) = −i(
√

2GF)
1
2

2π

3
MQQ̄

∫

dp

(2π)3

∫

dq

(2π)3
× (1)
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Tr
{

ΨV (p, P)Γν
1(p, q, P, Q)ΨV (q, Q)γν + ΨV (q, Q)Γν

2(p, q, P, Q)ΨV (p, P)γν

}

,

where MQQ̄ is quarkonium mass. Four-momenta p1 and p2 of c-quarks and c̄-antiquarks
in the pair forming the first (QQ̄) meson and four-momenta q1 and q2 for quarks and
antiquarks in the second meson are expressed in terms of relative and total four-momenta
as follows:

p1,2 =
1

2
P ± p, (pP) = 0; q1,2 =

1

2
Q ± q, (qQ) = 0. (2)

A superscript V indicates a vector meson (QQ̄). The vertex functions Γ1,2 are pre-
sented below in leading order and in Figure 1. Heavy quarks c, b and antiquarks c̄, b̄ do
not lie on the mass shell: p2

1,2 6= m2, so that p2
1 − m2 = p2

2 − m2, which means that there is a
symmetrical exit of particles from the mass shell.

Equation (1) contains the integration over the relative three-momenta of quarks and
antiquarks. The accounting of relativistic corrections that are determined by the relative
quark momenta p and q in the decay amplitude is important for making reliable predictions
of observables. Relative four-momenta p = LP(0, p) and q = LQ(0, q) are obtained by the
Lorentz transformation of four-vectors (0, p) and (0, q) to the reference frames moving
with four-momenta P and Q.

The amplitude (1) contains the relativistic wave functions of vector mesons, which are
obtained taking into account the transformation law from the rest frame to the moving one
with four-momenta P, and Q:

Ψ(p, P) =
Ψ0(p)

[ ǫ(p)
m

ǫ(p)+m
2m

]

[

v̂1 − 1

2
+ v̂1

p2

2m(ǫ(p) + m)
− p̂

2m

]

× ε̂(P, Sz) (3)

(1 + v̂1)

[

v̂1 + 1

2
+ v̂1

p2

2m(ǫ(p) + m)
+

p̂

2m

]

,

Ψ(q, Q) =
Ψ0(q)

[ ǫ(q)
m

ǫ(q)+m
2m

]

[

v̂2 − 1

2
+ v̂2

q2

2m(ǫ(q) + m)
+

q̂

2m

]

× ε̂(Q, Sz) (4)

(1 + v̂2)

[

v̂2 + 1

2
+ v̂2

q2

2m(ǫ(q) + m)
− q̂

2m

]

,

where v1 = P/MQQ̄, v2 = Q/MQQ̄; ǫ(p) =
√

m2 + p2, m is the c(b)-quark mass. ελ(P, Sz)
is the polarization vector of the J/Ψ(Υ) meson.

Expressions (3) and (4) represent complicated functions depending on relative mo-
menta p, q, including the bound state wave function in the rest frame Ψ0(p). The color part
of the meson wave function in the amplitudes (3) and (4) is taken as δij/

√
3 (color indexes

i, j, k = 1, 2, 3).
The general structure of Expressions (3) and (4) allows us to say that they are the

product of the wave functions of mesons in the rest frame and special projection operators
resulting from the transformation from the moving reference frame to the reference frame
in which the meson is at rest. Expressions (3) and (4) make it possible to correctly take
into account the relativistic corrections connected with the relative momenta of quarks
in the final states. It is useful to note that the expression for the projection operators
was obtained in the framework of nonrelativistic quantum chromodynamics in [14] in a
slightly different form for the case when the quark momenta lie on the mass shell. The
transformation law of the bound state wave functions of quarks, which is used in the
derivation of Equations (3) and (4), was obtained in the Bethe–Salpeter approach in [15]
and in quasipotential method in [16].

The total Higgs boson decay amplitude for the case of the quark–gluon mechanism in
the leading order over αs can be presented in the form:
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M =
4π

3
MQQ̄αsΓQ

∫

dp

(2π)3

∫

dq

(2π)3
Tr
{

T12 + T34

}

, (5)

T12 = ΨV (p, P)

[

p̂1 − r̂ + m

(r − p1)2 − m2
γµ + γµ

r̂ − q̂1 + m

(r − q1)2 − m2

]

Dµν(k2)Ψ
V (q, Q)γν, (6)

T34 = ΨV (q, Q)

[

p̂2 − r̂ + m

(r − p2)2 − m2
γµ + γµ

r̂ − q̂2 + m

(r − q2)2 − m2

]

Dµν(k1)Ψ
V (p, P)γν, (7)

where αs = αs

(

M2
H

4Λ2

)

, ΓQ = m(
√

2GF)
1
2 .

The four-momentum of the squared Higgs boson r2 = M2
H = (P + Q)2 = 2M2

QQ̄ +
2PQ. The gluon four-momenta are k1 = p1 + q1, k2 = p2 + q2. Relative momenta p, q of
heavy quarks enter in the gluon propagators Dµν(k1,2) and quark propagators, as well as
in relativistic wave functions (3) and (4). To simplify the denominators of quark and gluon
propagators, one can use the smallness of the values of the characteristic relative momenta
of quarks p and q compared to the mass of the Higgs boson MH :

1

(p1 + q1)2
≈ 1

(p2 + q2)2
=

4

M2
H

,
1

(r − q1)2 − m2
1

=
2

M2
H

. (8)

In (8), we completely neglected the corrections of the form |p|/MH , |q|/MH . At the
same time, we kept in the amplitudes (6), (7) the second-order relativistic corrections |p|/m,
|q|/m relative to the leading order result. Calculating the trace in the obtained expression,
we found relativistic amplitudes of the paired vector meson production in the form:

MVV
(1) =

256π

3M4
H

(
√

2GF)
1
2 mMQQ̄αsελ

1 εσ
2 Fλσ

1,VV |Ψ̃V (0)|2, (9)

where ελ
1 , εσ

2 are the polarization vectors of spin 1 mesons. The superscript in the ampli-
tude and the subscript in the tensor function FVV denote the contribution of the quark–
gluon mechanism.

The contribution of the amplitudes in Figure 2 must also be taken into account, be-
cause these amplitudes have the same order as the previous ones, despite the replacement
αs → α. This is due to the presence in the denominator of the mass of the meson instead of
the mass of the Higgs boson [17]. The expression for the production amplitude of the pair
J/Ψ has a similar structure with slight changes in the common factors:

MVV
(2) =

288π

M2
H MQQ̄

(
√

2GF)
1
2 me2

Qαελ
1 εσ

2 Fλσ
2,VV |Ψ̃V (0)|2. (10)

The tensor corresponding to the quark or W-boson loops in decay amplitudes [11] has
the structure (the subscript denotes the contribution of the quark or bosonic loop):

T
µν
Q,W = AQ,W(t)(gµν(v1v2)− vν

1v
µ
2 ) + BQ,W(t)[v

µ
2 − v

µ
1 (v1v2)][v

ν
1 − vν

2(v1v2)], (11)

t =
M2

h

4m2
Q

or t =
M2

h

4m2
W

. The structure functions AQ,W(t), BQ,W(t) can be obtained using an

explicit expression for loop integrals (see Appendices A and B in [11]).
The amplitudes with quarks, W-boson loops, and ZZ in an intermediate state contain

the contributions of direct and crossed diagrams. The direct diagrams, in which virtual
photons or Z-bosons give vector quarkonia in the final state, are dominant in terms of the
mass factor. However, the structure of the numerators of the direct and cross-amplitudes
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is different, which can eventually lead to numerically close contributions. We present the
expressions for these amplitudes only in the leading order:

MVV
(3) =

2052π2

mQ MQQ̄
(
√

2GF)
1
2 e2

qe2
Qα2ελ

1 εσ
2 Fλσ

3,VV |Ψ̃V (0)|2, (12)

MVV
(4) =

48π2MZ MW

M4
QQ̄

(
√

2GF)
1
2 e2

qα2 cos θWελ
1 εσ

2 Fλσ
4,VV |Ψ̃V (0)|2, (13)

MVV
(5) =

48πα

M2
Z sin2 2θW

(
√

2GF)
1
2 ελ

1 εσ
2 Fλσ

5,VV |Ψ̃V (0)|2, (14)

where m is the mass of the heavy quarks c, b, produced in the vertex of Higgs boson decay,
mQ is the heavy quark mass in the quark loop, eq is the charge (in units e) of heavy quarks
(c or b) entering in the final mesons, and eQ is the charge (in units e) of quarks (c or b) in
the quark loop.

The tensor functions in the amplitudes (9)–(14) have the following form:

F
αβ
i,VV = g

(i)
1 vα

1v
β
2 + g

(i)
2 gαβ, g

(1)
1 = −2 +

2

9
ω2

1, (15)

g
(1)
2 = −1 − 2r2 + r2

1 +
4

3
r2ω1 +

1

9
ω2

1 +
2

3
r2ω2

1 −
1

9
r2

1ω2
1,

g
(2)
1 = 4 − 4

9
ω2

1, g
(2)
2 = 2 + 4r2 − 2r2

1 −
8

3
r2ω1 −

2

9
ω2

1 −
4

3
rω2

1 +
2

9
r2

1ω2
1 , (16)

g
(3)
1,Q = −AQ(t)(1 +

2

3
ω1 +

1

9
ω2

1) + BQ(t)(1 +
2

3
ω1 +

1

9
ω2

1), (17)

g
(3)
2,Q = AQ(t)

(

−1 − 2

3
ω1 −

1

9
ω2

1 +
1

2
r2

1 +
1

3
ω1r2

1 +
1

18
ω2

1r2
1

)

,

g
(4)
1 = −AW(t)

(

1 +
2

3
ω1 +

1

9
ω2

1

)

+ BW(t)

(

1 +
2

3
ω1 +

1

9
ω2

1

)

, (18)

g
(4)
2 = AW(t)

(

−1 − 2

3
ω1 −

1

9
ω2

1 +
1

2
r2

1 +
1

3
ω1r2

1 +
1

18
ω2

1r2
1

)

, (19)

g
(5)
2 =

(

1 +
1

3
ω1

)2(1

2
− az

)2

− M4
z

3

(

M2
h

4 − M2
Z

)2

(

−1

4
− 1

6
ω1 −

1

36
ω2

1+ (20)

1

2
az +

1

3
ω1az +

1

18
ω2

1az −
1

2
a2

z −
1

3
ω1a2

z −
1

18
ω2

1a2
z

)

, g
(5)
1 = 0,

where r1 = MH
MQQ̄

, r2 = m
MQQ̄

, az = 2|eQ| sin2 θW .

The decay rates of the Higgs boson into a pair of vector quarkonia states are determined
by the following analytical expressions (see also [8,9]):

ΓVV =
214

√
2πα2

s m2GF|Ψ̃V (0)|4
√

r2
1
4 − 1

9M5
Hr5

1
∑
λ,σ

|ελ
1 εσ

2 Fλσ
VV |2, (21)

Fλσ
VV =

[

g
(1)
1 +

9

16
r2

1

e2
qα

αs
g
(2)
1 + ∑

Q

27π

8
r4

1

e2
Qe2

qα2m2
Q

αsmMQQ̄
g
(3)
1,Q +

9πe2
qα2r4

1 MZ MW

64αsmMQQ̄
g
(4)
1 + (22)
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9M4
Hα

16M2
ZmMQQ̄αs

(

1
2 − 2|eq| sin2 θW

)2

sin2 2θW

g
(5)
1

]

vσ
1 vλ

2+

[

g
(1)
2 +

9

16
r2

1

e2
qα

αs
g
(2)
2 + ∑

Q

27π

8
r4

1

e2
qe2

Qα2m2
Q

αsmMQQ̄
g
(3)
2,Q+

9πe2
qα2r4

1 MZ MW

64αsmMQQ̄
cos θW g

(4)
2 +

9M4
Hα

16M2
ZmMQQ̄αs

1

sin2 2θW

g
(5)
2

]

gλσ.

We found it convenient to separate in square brackets in (22) the coefficients denot-
ing the relative contribution of different decay mechanisms with respect to the quark–
gluon mechanism.

The general expression for the decay rate (21) contains numerous parameters. There
are some parameters, such as the masses of quarks and mesons, which were fixed and
obtained in calculations within the framework of quark models. For this purpose, the re-
quirement of the best correspondence between the performed calculations and the observed
characteristics of mesons was used. Another part of the relativistic parameters that de-
termine the magnitude of the relativistic corrections at the production of quark bound
states can be obtained directly within the framework of the relativistic quark model. Such
corrections are obtained by calculating the momentum integrals with the wave functions of
the bound states of quarks.

The amplitudes of the pair production of vector charmonium and bottomonium in the
Higgs boson decay are determined by a number of functions FVV , which are presented in
the form of an expansion in |p|/m, |q|/m up to terms of the second order. After a series of
algebraic transformations, it turns out to be convenient to express the relativistic corrections
in terms of special relativistic parameters ωn. In the case of S-states, ωn are determined
in terms of momentum integrals In, which can be calculated analytically as in [11,18] (see
Equations (27) and (28) [11]).

There is another source of relativistic corrections, which is determined by the Hamil-
tonian of the interaction of heavy quarks forming a bound state. This leads to important
changes in the wave functions of vector mesons. The exact form of the bound state wave
functions Ψ0(q) is important to obtain more reliable predictions for the decay widths. In
the nonrelativistic approximation, the Higgs boson decay width into a pair of quarkonia
contains the fourth power of the nonrelativistic wave function at the origin for S-states. The
value of the decay rate is very sensitive to small changes of R̃(0). To take into account rela-
tivistic corrections in the vector meson wave functions, we describe the dynamics of heavy
quarks by the QCD generalization of the standard Breit Hamiltonian in the center-of-mass
reference frame as in our previous papers [9,11,19].

Using the effective Hamiltonian of quarkonia constructed on the basis of perturbative
quantum chromodynamics with the allowance for nonperturbative effects, a model of
heavy quarkonia for S-states is obtained. Its main elements were presented in our previous
works [9,12,13,18]. It was used for the calculation of the relativistic parameters that enter in
the decay width of the Higgs boson (21) [11].

The results of the numerical calculations of the decay widths are presented in Tables 1
and 2. Comparing the contributions of different meson pair production mechanisms, it is
important to emphasize that their relative magnitude in the total result is determined by
such important parameters as α and αs and the particle mass ratio. Therefore, for example,
in the case of the production of a pair of vector mesons, the decay amplitude has two
contributions from the quark–gluon (Figure 1) and quark–photon (Figure 2) diagrams.
On the one hand, the contribution of photon amplitudes is proportional to α, which
leads to its decrease in comparison with the contribution from quark–gluon amplitudes.
However, on the other hand, the quark–photon contribution contains an additional factor
e2

Qr2
1, which leads to an increase in the decay widths.
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Table 1. The Higgs boson decay widths in the nonrelativistic approximation and with the account for

relativistic corrections.

Final State Nonrelativistic Decay Width Relativistic Decay Width
(QQ̄)(QQ̄) Γnr in GeV Γrel in GeV

J/Ψ +J/Ψ 3.29 × 10−12 0.69 × 10−12

Υ +Υ 0.63 × 10−12 0.74 × 10−12

Table 2. The contributions of different mechanisms to the Higgs boson decay widths in GeV.

The Contribution Accounting for Relativistic Corrections

Mechanism H → J/ψ J/ψ H → Υ Υ

Quark-gluon 0.36 × 10−15 0.10 × 10−12

Quark-photon 0.80 × 10−12 0.16 × 10−12

Quark loop 0.70 × 10−13 0.37 × 10−12

W-boson loop 0.74 × 10−13 0.68 × 10−13

ZZ 0.22 × 10−12 1.45 × 10−12

Total contribution 0.69 × 10−12 0.74 × 10−12

3. Numerical Results and Conclusions

The study of rare exclusive decay processes of the Higgs boson is an important task,
which makes it possible to refine the values of the interaction parameters of particles in
the Higgs sector. In this paper, we attempted to present a complete study of the decay
processes H → J/ΨJ/Ψ, H → ΥΥ in the Standard Model by considering the various
decay mechanisms. To improve the calculation’s accuracy, we took into account relativistic
corrections, which were not previously considered in [7,10]. The numerical contribution
of different decay mechanisms was analyzed, and it was shown that, in the case of the
double production of charmoniums, the main decay mechanism is the quark–photon one
in Figure 2, the ZZ-mechanism. However, it is also necessary to take into account other
mechanisms to achieve high calculation accuracy (see also [17]). For bottomonium pair
production all mechanisms give close contributions to the width, but the ZZ-mechanism is
dominant. Their sum ultimately determines the full numerical result.

We distinguished two types of relativistic corrections. The corrections of the first type
were determined by the relative momenta p and q in the production amplitude of two
quarks and two antiquarks. The corrections of the second type were determined by the
transformation law of the meson wave functions, which resulted in Expressions (3) and (4).
The ψ(p) wave functions entering into (3) and (4) in the rest frame of the bound state
were found from the solution of the Schrödinger equation with a potential that includes
relativistic corrections. Having an exact expression for the decay amplitude, we carried
out a series of transformations with it, extracting second-order corrections in p and q.
The model used is described in more detail in [9]. In our approach, all arising relativistic
parameters ω1, ω2, R̃(0) were determined on the basis of the relativistic quark model.
Accounting for relativistic corrections in this work shows that such contributions lead to a
significant change in the nonrelativistic results. The main parameter that greatly reduces
the nonrelativistic results is R̃(0), which enters in the decay width to the fourth power.

The decay branchings are equal: Br(H → J/ΨJ/Ψ) = 2.1 × 10−10, Br(H → ΥΥ) =
2.3 × 10−10. There are other amplitudes for the production of a pair of J/Ψ, Υ mesons,
which were calculated, but not included in detail in the work. Therefore, for example,
there is a pair production mechanism (HH mechanism), when the original Higgs boson
turns into an HH pair, which then gives a pair of vector mesons in the final state. It is
similar to the ZZ mechanism, but the amplitude structure is different, which results in a



Symmetry 2023, 15, 448 8 of 9

contribution to the decay width that is several orders of magnitude smaller than those given
in Table 2. Despite the obvious difference in the amplitudes in Figures 1 and 2 in terms
of the mass factor M2/M2

h, we included the amplitudes of Figure 1 in the consideration,
in contrast to the work [10]. A distinctive feature of our calculations is that, when studying
the contributions of the amplitudes with quark and boson loops, we took into account two
structure functions A and B (11) in the loop tensor function [11].

In Table 2, we present separately the numerical values of the contributions from differ-
ent decay mechanisms with an accuracy of two significant figures after the decimal point.
First of all, the problem was to obtain the main contribution to the decay width. This was
the contribution from the quark–photon mechanism in Figure 2 and the ZZ mechanism,
which are one order of magnitude greater than the other contributions in the case of charmo-
nium production. Its value is due to the structure of the decay amplitudes, in which small
denominators 1/M2 appear from the photon propagators, in contrast to other amplitudes
in which there is a factor 1/M2

H . In addition, the numerator in these amplitudes contains
amplifying factors in powers of a large parameter r1. In each considered decay mechanism,
there are radiative corrections O(αs) that were not taken into account. They represent a
major source of theoretical uncertainty, which we estimated to be about 30% in αs. Other
available errors connected with the parameters of the Standard Model and higher-order
relativistic corrections do not exceed 10%. On the whole, our complete numerical estimates
of the decay widths agree in order of magnitude with the results [10].

The numerical values of the decay widths of Higgs boson are small in comparison
with the total width of the Higgs boson Γ = 3.2+2.8

−2.2 × 10−3 GeV. Therefore, to observe rare
decay processes with the pair production of charmonium (or bottomonium), it is necessary
to increase the luminosity of the LHC. Rare exclusive decays of the Higgs boson could
be investigated at other Higgs factories besides the LHC, which are still in the project
stage. Various parameters of future colliders are currently being discussed. For example,
at the pp-collider at the production of 4 × 1010 Higgs bosons per year, we can expect about
10 Higgs boson decay events into a pair of vector charmoniums.
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