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ABSTRACT

Using a K-theory point of view, R. Bott related the Atiyah-Singer in-
dex theorem for elliptic operators on compact homogeneous spaces
to the Weyl character formula. This dissertation explains how to
prove the local index theorem for compact homogenous spaces us-
ing Lie algebra methods. The method follows in outline the proof
of the local index theorem due to N. Berline and M. Vergne. But
the use of B. Kostant’s cubic Dirac operator in place of the Rieman-
nian Dirac operator leads to substantial simplifications. An impor-
tant role is also played by the quantum Weil algebra of A. Alekseev
and E. Meinrenken.
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Spectral point of view is the one which appears
from experiments, when you study the universe,
this is no fantasy.

— A. Connes [49]

INTRODUCTION

FROM the sound waves of a drum to a quantum particle trapped
in a box, many fundamental physical systems can be studied
by solving the eigenvalue problem of the Laplacian under Dirichlet
boundary conditions:

(1.0.1)

—Ab=Ap, onl,
b=0, on ol,

where U is a bounded open subset of a Euclidean space. It is a stan-
dard result of elliptic partial differential operator theory that there
is an orthonormal basis for L?(U) consisting of solutions to Equa-
tion 1.0.1. Moreover, the basis vectors can be ordered in such a way
that their corresponding eigenvalues { A }¢°; form an unbounded
sequence of nondecreasing positive real numbers.

A significant question is “how fast does A, grow?” This simple
question is related to one of the most fascinating chapters in the his-
tory of science — the problem of blackbody radiation and the birth
of quantum physics. Consider a cube of side length L with hollow in-
terior, and walls that completely block any light. The intensity of the
electromagnetic waves inside the cube that is under thermodynamic
equilibrium was studied in the late 19th century, and it led to the dis-
covery of Planck’s constant h. To calculate the intensity, one needs
to calculate the total number of standing waves that have frequency
less than f; call that number N(f). The standing waves are the solu-
tions of Equation 1.0.1 where U is the interior of the cube. Using the
method of separation of variables, one finds that the eigenvalues are
of the form

™ 2, .2
A= ﬁ(f +m- 4+ n°),
where {, m,n are positive integers. Physically, A is related to the



frequency f of the standing wave by
A = (27f)2.

Thus, N(f) is equal to the number of lattice points in the positive
octant of R3 that are bound by radius R = 2fL. Thus, N(f) can be
approximated by 1/8 of the volume of the ball that has radius R. The
error of this estimate vanishes as f tends to infinity, and we have

4
N(f) = ?T[f3l_3 + o(f3). (1.0.2)
Because of the thermal origin of the blackbody radiation, this rela-
tion is expected’ to hold even when U is an arbitrarily shaped cavity.
In other words, we expect the following to hold for any bounded
open subset U of R3:
N(f) 4m

flggo ke ?VOI(U), (1.0.3)

where vol(U) is the volume of U.
Indeed, H. Weyl [94, 95] proved the asymptotic law
lim N(A) _ vol(U) )
A—oo A2 (4)™2T( T+ 1)

(1.0.4)

where U is a bounded open subset of R™ with n = 2 or 3. Equa-
tion 1.0.4 is known as Weyl’s law. L. Garding [46] proved it for
higher-dimensions (for generic elliptic operators). For the Laplacian
on a closed Riemannian manifold U, the same law was proved by
S. Minakshisundaram and A. Pleijel [75], even for generic elliptic
operators by J. J. Duistermaat and V. W. Guillemin [33].

Weyl’s law tells us, in particular, that if we know the spectrum of
the Laplacian then from it we can calculate the volume of the ambi-
ent space U. In this regard (and for other more) Weyl’s law, as N.
Higson puts it [56, p. 456], is the first theorem of noncommutative
geometry.

HEAT TRACE. Weyl’s law can be reformulated as an asymptotic be-
havior of the heat trace

Z(t) =tr(e Z e A, (1.0.5)

It resembles the “partition function” in physics — a function that
is often invariant under the symmetry of the physical system it de-
scribes. (Let us not worry about the convergence of the sum at this
point.) The relation between Z(t) and the number of eigenvalues
under certain cutoff becomes evident if we write Z(t) as

= lim Z e A,
N—>oo

! It was H. A. Lorentz [71] who formally posed this as a mathematical problem.




In the limit t — 0+, the partial sum

N
e
k=1

converges to N, which is the number of the eigenvalues from A; to
An. Clearly the infinite sum Z(t) tends to infinity as t — 0-+; but
with an appropriate power of t multiplied to Z(t), we have:

lim t27(1) = YOIW

t—0+ (4m)n/2’ (1.06)

which is equivalent to Weyl’s law (see [85, Thm. 8.16, p. 115]).

When S. Minakshisundaram and A. Pleijel proved Weyl’s law for
closed Riemannian manifolds, they showed that the heat trace has
an asymptotic? expansion

Z(t) ~ —

W(ao+a]t+ a2t2+"') (1.0.7)

for t — 0+, and that
ap = vol(M),

where M is the underlying manifold. Later, H. P. McKean Jr. and
I. M. Singer [74] calculated (in addition to ay) a; and a;; according
to their result,

6

where S is the scalar curvature of M; the coefficient a; is not as sim-
ple as the earlier ones, but it is the integral of a polynomial of degree
2 in the components of the Riemann curvature tensor with respect
to an orthonormal framing (the polynomial is invariant under the
choice of the framing). The higher order coefficients are, in general,
extremely hard to calculate.

What is interesting is that, if M is 2-dimensional, then, applying
the Gauss-Bonnet® theorem [15,45] to the result 1.0.8 gives us

a; = 1J S, (1.0.8)
M

T
a = gX(M))

where x(M) is the Euler characteristic of M. Thus, even though the
asymptotic expansion 1.0.7 for Z(t) is, a priori, determined by the
analytical properties of the Laplacian, the coefficient a; is completely
determined by the topology of M and is independent of the metric.

LOCAL INDEX THEOREM. The story becomes even more interesting
as we consider the Dirac operator, which is the “square root” of the
Laplacian. As P. A. M. Dirac [29] found out, the natural vector bun-
dle for the Dirac operator is the spinor bundle (whose fibers are irre-

2 The asymptotic expansion 1.0.7 means that, for each nonnegative integer N, we
have (47t)"/?Z(t) — Y1, axt® = o(tN) for t — 0+.
% 0. Bonnet [15] writes that the theorem had also been proved by J. Binet.



ducible modules over the Clifford algebra generated by the tangent
space).

Suppose P is a Dirac operator on the sections of the spinor bun-
dle S over a compact even-dimensional Riemannian manifold M. By
the representation theory of Clifford algebras, the spinor bundle, in
this case, is naturally bi-graded and so is its space of sections:

rsS)=r(S)*ars) .

In the most interesting cases, the Dirac operator is an odd operator:

0 D
7=(5. ")
Moreover, its spectrum is an unbounded discrete subset of iR, each
eigenvalue occurring with finite multiplicity. The space T'*(S) of

square-integrable sections of S admits a Hilbert space direct sum
decomposition into the eigenspaces of P. (We shall review all these

2
in detail in Chapter 8.) Now consider the operator et? , t €10, 0],
and its super-trace, that is, the ordinary trace over the even domain
minus the trace over the odd domain:

Str(ewz) = tr(e!?-P+) — tr(etP+P-).

It turns out that there is a “super-symmetry” among the nonzero
eigenvalues of P in that the multiplicity in the even domain is equal

to that in the odd domain; as a result, the super-trace of eﬂ)2 is equal
to the difference between the dimension of the kernel of P in the
even domain and that in the odd domain; this quantity is what is
called the graded index of D:

Inds P = dimker(P, ) — dimker(D_).
In short,
2
Ind; D = Str(et?).

This is called the McKean-Singer formula, for such a phenomenon
was first observed by H. P. McKean Jr. and I. M. Singer in their above
mentioned work regarding the asymptotic expansion of the heat
trace. The operator et?” admits an integral kernel, that is, a func-
tion

(t,x,y) — kilx,y) € End(syasx)

for t € ]0, 00l and (x,y) € M x M such that
(€ ®a)(x) = | kulx,)o(y) vol,
M

for o in I'(S). Here voly is the Riemannian volume form of M at y.
In terms of the integral kernel,

Inds D = Str(ewz) = J Str(k¢(x,x)) vol,.
M



Because of this, Str(k¢(x,x))voly is called the index density of P.
R. T. Seeley’s work [87] shows that k¢(x,x) admits an asymptotic
expansion of the form

ki (x, %) ~ (ao(x) + a1 (x¥)t + ay(x)t* + - --)

(4mct)n/2
for t — 0+, where n = dim(M)/2. Then,

Str(ke(x,x)) ~ (Str(ap(x))+Str(ay (x))t+Str(az (x))t>+---).

(4ct)n/2
M. Atiyah, R. Bott, and V. K. Patodi [8] demonstrated that the lead-
ing nonzero term comes from a,,, and that (in our simple setting)

n

Str(an ;) vol = A

where A is the Hirzebruch A-class on M. Thus, the index density
satisfies the asymptotic equality

Str(ke(x,x))vol = A + O(t), (1.0.9)

and thus,

m@%:JA+om.
M

Since the left-hand side is independent of t, we have

Ind, D = J A, (1.0.10)
M

which is the celebrated Atiyah-Singer index theorem [10] in its sim-
plest setting. Once again, we have an equation whose one side is
analytical in nature while the other side is topological. The Atiyah-
Singer index theorem is a far-reaching statement that generalizes the
Gauss-Bonnet-Chern theorem [23], the Riemann-Roch-Hirzebruch
theorem [57, 82, 84], the Hirzebruch signature theorem [58], and
the Lefschetz fixed point theorem [70]; see [7; 12, § 4.1; 85, Ch. 10].
(M. Atiyah’s account on the history leading to the index theorem can
be found in [5].)

What we have described here is the so-called heat kernel proof
of the index theorem. This is not the original approach took by
M. Atiyah and I. M. Singer. But the heat kernel proof is stronger
in that we have a local index theorem, namely, Equation 1.0.9, which
says that the leading nonzero term in the asymptotic expansion of
the index density is completely determined by the topology. Because
of its local nature, the local index theorem is primed for generaliza-
tions to noncompact manifolds.

THE THESIS. Soon after M. Atiyah and I. M. Singer proved the index
theorem, R. Bott [16] examined the special case of homogeneous
spaces G/K where G is a compact connected Lie group and K is
a closed connected subgroup. Using H. Weyl’s theory (integral for-
mula, character formula, and so on) R. Bott was able to verify the



index theorem by-passing much of the analytic or topological argu-
ments. Expectation of such simplification for the local index theorem
is the motivation behind this dissertation.

It seems, however, that the known proofs for the local index the-
orem — such as [8,13,47] — in themselves do not simplify even
if we restrict the manifolds under consideration to compact homo-
geneous spaces. What is common in the aforementioned proofs is
that they use the Riemannian Dirac operator (see Section 6.2.6 for
definition). The main thesis of this dissertation is then that the use
of B. Kostant’s cubic Dirac operator [65] in place of the Riemannian
Dirac operator leads to substantial simplifications; A. Alekseev and
E. Meinrenken’s quantum Weil algebra [2,3] also plays an important
role.

To give a quick sketch, take a bi-invariant metric on G; let g, ¢ be
the Lie algebras of G and K, respectively, and let p be the orthogonal
complement of £ in g. A. Alekseev and E. Meinrenken introduced [2]
the quantization map

Q: (S(g) @ A(p))* — (Ulg) @ Cl(p))¥. (1.0.11)

Here S(g) and U(g), respectively, are the symmetric algebra and the
universal enveloping algebra generated by g; /\(p) and Cl(p), respec-
tively, are the exterior algebra and the Clifford algebra generated by
p; the decoration (-)* denotes the subspace of K-invariants in the
respective algebra. The quantization map Q is a vector space iso-
morphism given by the graded symmetrization of certain generators.
Its image (U(g) ® Cl(p))¥ is called the relative Weil algebra for the
pair (g,¢). The algebraic structure of the relative Weil algebra sin-
gles out an element P (g, £), which happens to be B. Kostant’s cubic
Dirac operator. (The details will be reviewed in Chapter 5.)

What this dissertation demonstrates is then the following. Let
E be a finite-dimensional Cl(p)-module, and let T'(G x E)X be the
space of K-equivariant sections of the trivial bundle G x E — G.
The elements of the relative Weil algebra can be naturally identified
as G-equivariant differential operators on I'(G x E)X. Now there
is a vector space isomorphism between I'(G x E)X and the space
I'(E(G)) of sections of a certain* K-equivariant bundle E(G) — G/K;
and there is a differential operator 9359 se on T'(E(G)) such that the
following diagram commutes:

D(g,b)

(G x E)X )k

NG xE
| |
I'(E(G)) ®—>F(E(G))

g/t

* Because the inner product on g is bi-invariant, the adjoint representation of ¢ on
p is antisymmetric. Hence, we have a Lie algebra homomorphism ¢ — so(p) ~
spin(p) C Cl(p). This induces a K-action on E. The bundle E(G) is then the K-orbit
space of G x E under the right K-action (g,v) - k = (gk,k™' - v). Details of this
construction will be reviewed in Sections 5.1 and 6.1.



This operator P, is a Dirac operator on G/K, but it is not the Rie-
mannian Dirac operator which was used, for instance, in E. Getzler’s
proof [47] of the local index theorem. Our strategy is to deduce
the heat kernel of 175;/8 via the heat kernel of P(g,£)?. To that
end, we consider the preimage L of P(g, £)?> under the quantization
map 1.0.11. This preimage has, as an element of (S(g) ® A(p))¥, a
natural identification as a differential operator on I'(g x E)¥. We shall
show that the algebraic relation

Q(L) = D(g,t)?

brings about a geometric equation involving the Laplacian A on the
Euclidean space g and the exponential chart near the identity of G
(Proposition 7.2.11); the equation is so simple that the asymptotic
expansion of the heat kernel of P (g, £)? follows immediately. What
remains is to deduce from this the heat kernel of 93); e+ We follow, in
outline, the approach of N. Berline and M. Vergne [13]; what differs
(aside from the already mentioned use of the cubic Dirac operator)
is that the natural principal K-bundle G — G/K is used instead of a
principal Spin(p)-bundle over G/K; the benefit is that, owing to the
homogeneity of G, almost all calculations are brought down to the
level of Lie algebras, and this further eases the proof.

OUTLINE. We begin by reviewing the theory of compact Lie groups,
focusing on the those parts that are relevant to the Laplacian associ-
ated to a bi-invariant metric. This is done in Chapter 2.

Chapter 3 is meant to be a warm-up with the heat trace of the
Laplacian. We verify the volume formula of Harish-Chandra using
Weyl’s law and the Euler-Maclaurin formula.

We then tackle, in Chapter 4, the asymptotic expansion of the
heat kernel of the Laplacian using Lie algebra methods; more pre-
cisely, we use the Duflo isomorphism. The efficiency of the Lie-
algebraic approach becomes manifest.

Chapter 5 gives an extra supply of algebra, namely, the theory of
quantum Weil algebra, which is necessary for our Lie-algebraic proof
of the local index theorem

Chapter 6 shows how the elements of the quantum Weil algebra
are naturally identified as equivariant differential operators on Clif-
ford module bundles.

Having made the necessary preparations, we derive, in Chapter 7,
the asymptotic expansion of the heat kernel of the square of the
Kostant-Dirac operator using the quantization map between the clas-
sical and the quantum Weil algebra. The calculation is a modest
update of what is done in Chapter 4.

Chapter 8 is the high point of this dissertation where we present
a Lie-algebraic proof of the local index theorem for compact homo-
geneous spaces.

In the final chapter, we take a slightly different view point on



the index of the Dirac operator, namely, as a distribution associated
to a transversally elliptic operator. We prove a pleasant theorem
(Theorem 9.2.17) that involves the Duflo isomorphism and Chern-
Weil theory.

OPEN QUESTIONS. Below are some questions that arise from this
work, beginning with the immediate ones:

(1)

(2)

(3)

Can the Lie algebra method be generalized to symmetric spaces
of noncompact type? Suppose that G/K is a symmetric space of
noncompact type (for instance, a hyperbolic space). The index
theory for the Dirac operator on G/K has featured in repre-
sentation theory since the pioneering work of R. Parthasarathy
[77]. M. Atiyah and W. Schmid [9] used Atiyah’s L?>-form of
the index theorem to give a geometric account of the construc-
tion of discrete series representations. In more recent work,
V. Lafforgue [67] used the 1%-index theorem to show that the
Baum-Connes conjecture for G also leads to a geometric de-
scription of the discrete series using Dirac operators and har-
monic spinors. In both cases, general techniques of analysis
and Riemannian geometry are used to establish the index the-
orem; but it is natural to guess that the Lie-algebraic approach
demonstrated in this dissertation should extend to symmetric
spaces. A simplified proof like the one sketched above would
considerably simplify the connection between K-theory, Dirac
operators, and the discrete series. Some difficulties are imme-
diately apparent, such as the fact that the natural Laplacian
on G (the Casimir operator) is not elliptic, but there are good
indications that they can be overcome.

Does Theorem 9.2.17 hold for general principal bundles? Let K
be a compact Lie group, and let P be a principal K-bundle over
a compact manifold M. A Dirac operator on M can be lifted —
using a connection on P — to a transversally elliptic operator
P. The definition of the distributional index of P applies to
this case. An obvious generalization of Theorem 9.2.17 is then
to replace G/K with M in Equation 9.2.18.

Can the Kostant-Dirac operator be used in the proof of the lo-
cal index theorem in its full generality? Let M be a compact
spin manifold of dimension n. Let Frgo(M) be the principal
SO(n)-bundle of oriented orthonormal frames for the tangent
bundle of M. Let Pgyin(M) — Frgo(M) be a spin structure
for M. (Hence, Pgyin (M) is a principal Spin(n)-bundle that is
a fiber-wise double covering of Frso(M).) The principal bun-
dle Pgspin (M) plays a major role in N. Berline and M. Vergne’s
proof of the local index theorem. Is there a room for the
Kostant-Dirac operator Py associated to the compact Lie group



K = SO(n)? (For the definition of Py, see Section 5.2.1.) For
instance, suppose Py, is a Dirac operator on M. This can be
lifted to a transversally elliptic operator on Pgpin(M). A sugges-
tion by N. Higson is to augment Py, with Py so that we would
have an elliptic operator; would this streamline N. Berline and
M. Vergne’s proof?

(4) What is the relationship between the Getzler symbol map and
the quantization map Q? Let M be a compact spin manifold,
and let D be the Riemannian Dirac operator on some Clifford
module bundle S — M. E. Getzler, in his proof [47] of the
local index theorem, constructed a symbol map from the fil-
tered algebra ¥ of pseudo-differential operators on I'(S) to the
associated graded algebra of W¥. When M is a compact homoge-
neous space G/K, the Getzler symbol map gives a vector space
isomorphism

o: (U(g) @ Cl(p))* — (S(g) ® Cl(p))X.

This map is not the inverse of the quantization map 1.0.11. But
is there a simple relation between the two maps? If there is, it
could lead to a generalization of Q for differential operators on
Clifford module bundles over generic compact spin manifolds,
with which one can hope to simplify the proof of the local index
theorem in its full generality.

(5) Does the index theorem imply the Duflo isomorphism? The re-
striction of the quantization map 1.0.11 yields the Duflo iso-
morphism (Sg)? ~ Z(g). (This was shown by A. Alekseev and
E. Meinrenken [3].) This underlies in our proof of the local in-
dex theorem on compact homogeneous spaces. One could ask
whether the converse would hold; can we deduce the Duflo
isomorphism from the index theorem?

(6) Can the Euler-Maclaurin formula explain the appearance of the
A-class in the index formula? Both the Euler-Maclaurin for-
mula 3.1.1 and the Hirzebruch A-class involves the power se-

ries of
X
1—ex’
Is this a coincidence, or is there a deeper connection between
them?

BACKGROUND MATERIALS. The mathematics we take for granted
is roughly the following (references indicate the level): algebra,
D. S. Dummit and R. M. Foote [31]; functional analysis, W. Rudin
[86]; theory of differentiable manifolds, L. W. Tu [91]; differential
geometry, S. Kobayashi and K. Nomizu [63]; Lie theory, F. W. Warner
[92].



REVIEW OF THE THEORY OF
COMPACT LIE GROUPS

E review some basic notions surrounding the Laplacian on a
W compact Lie group that is endowed with a left-invariant met-
ric. This will also serve as an opportunity to introduce the nota-
tion we use throughout this dissertation. For basic Lie theory, we
refer to[92, Ch. 3]. For background in differential geometry, see
[22, Ch. 1]; the same reference contains (Ch. 3) an excellent account
on the differential geometry of homogeneous spaces. For general ref-
erence on the representation theory of (locally) compact groups, we
refer to [83].

2.1 ANALYTICAL ASPECTS

2.1.1 Throughout this dissertation, G denotes a compact Lie group
unless mentioned otherwise. We shall always denote the identity
element of G by e. We denote by {4 and r4, respectively, the left and
right translations on G by g € G, that is,

by: G — G,
X — gx,
Tg: G — G,
X — Xg.

A vector field X on G is left-invariant if
£geX = X
for all g in G. Here {g. denotes the differential of {4. A left-invariant

differential form is defined similarly using the pullback homomor-
phism £ on the space Q*(G) of differential forms on G. .

If X is a left-invariant vector field, then it is completely deter-
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mined by its value at the identity, since
Xg = lgsXe.

Conversely, a tangent vector X at the identity induces a left-invariant
vector field X on G by defining the value of X at g by

Xg = {g:X.

Therefore, there is a one-to-one correspondence between the space
X(G)C of left-invariant vector fields and the tangent space T.G of
G at the identity. The space X(G)C® is closed under the commutator
[92, Prop. 3.7(c), p. 84]. Defining the bracket operation on T.G as

X, Y] = [X, Yle

makes T.G a Lie algebra. This is known as the Lie algebra of G, and
it is customary to denote it by the lowercase black-letter g.

For each g in G, let c(g) be the conjugation map G — G,h —
ghg~'. Mapping g to the differential of c(g) at the identity gives the
adjoint representation of G:

Ad: G — Aut(g),

g — C(g)*,e-

We shall denote the image of g € G under Ad by Ad,. The differen-

tial of Ad at the identity, in turn, gives the adjoint representation of
g:

(2.1.2)

ad: ¢ — End(g),
X — Ad,e(X).

We shall denote the image of X € g under ad by ady. It is well-known
that
adx(Y) = [X,Y]

for X and Y in g. (See, for instance, [92, Prop. 3.47].)

2.1.3 BI-INVARIANT METRICS. Suppose (, ) is an inner product on
g. Extend this inner product to the whole tangent bundle TG by left
translations; that is, for X and Y in TyG, set

_ /p—1 —1
<X) Y> - (29* X) eg* Y>

This defines a left-invariant metric on G in the sense that
(X, Y) = (6o X, b Y)

for any x in G. This metric would also be right-invariant if and only if
the inner product on g is Ad(G)-invariant; this owes to the following
equalities: For X and Y in g,

(1geX,TgeY) = (g1, 01X, €g1, 076, Y) = (Adg1 X,Adg1Y).

So we see that there is a one-to-one correspondence between the
Ad(G)-invariant inner products on g and the bi-invariant (that is,
left- and right-invariant) metrics on G. Henceforth, we shall say
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that an inner product (,) on g is invariant if the Ad(G)-action is
symmetric or the ad(g)-action is antisymmetric with respect to (, ).

For compact Lie groups, we can always make an inner product
on g invariant by replacing (if necessary) the original inner product
with its average over G:

(X, Y)) = JG (Adg X,AdyY) dg.
Here dg is a Haar measure of our choice on G.

From now on we shall always assume that our compact Lie group
G is endowed with a bi-invariant metric (, ).

2.1.4 THE KILLING FORM. There is a natural bilinear form on the Lie
algebra g, namely, the Killing form,

K: gxg — C,
(X, Y) — tr(ady o ady).

Owing to the fact that adaq,(x) = AdgoadxoAdy1, we have the
symmetry
K(Adg X, Y) = k(X,Adg1Y).

Differentiating both sides of this equation with respect to g gives
k(adz X,Y) = —«(X,adz Y).

Lie groups (not necessarily compact) whose Killing form is non-
degenerate are precisely the semisimple ones. If G is compact and
semisimple, then the Killing form is negative definite (for a proof,
see [54, Prop. 6.6]). So, for compact semisimple Lie groups, we may
use —k(, ) = (, )k as the inner product for g. This is an invariant
inner product, hence, yielding a bi-invariant metric on G.

2.1.5 RIEMANNIAN VOLUME FORM. Let Xj,..., X, be a orthonormal
basis for g. Let 8',...,0™ be the dual basis for g*. Extending the
form

' A AO™ e Alg*

to all of G by left translations, we obtain a bi-invariant volume form
on G. This is identical to the Riemannian! volume form of G.

Every left-invariant volume form on G is completely determined
by its value at the identity; so every left-invariant volume form on
G is a scalar multiple of the Riemannian volume form, and hence,
they are all bi-invariant. Henceforth, we shall speak of an invariant
volume form without reference to left or right invariance.

Suppose M is a Riemannian manifold with metric { , ). For a local coordinate sys-
tem (x1,...,Xxn), let n denote the matrix whose (i,j)-entry is ny; = (9i, 0;) where
9 = 8/0xi. Let nV denote the (i,j)-entry of n~'. Let vol := |det(n)|'/? dx' A
.- A dx™, where {dx',...,dx"} is the dual basis for the cotangent space with re-
spect to 01,...,0n. This local expression for vol defines a global n-form called the
Riemannian volume form of M.
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A similar statement can be made for invariant measures. Let
C(G) be the space of continuous functions on G. A left Haar mea-
sure on G is a positive linear functional ¥ : C(G) — R that is left
invariant in the sense that Y (f) = Y(E;f) for all g in G, where tyf is
the pullback of f along the left translation £y. A right Haar measure
is defined similarly using the right translations. An invariant volume
defines a left Haar measure that is also a right Haar measure. Be-
cause a left Haar measure on G is unique up to a constant factor
(see [61, Thm. 6.8]), there is a one-to-one correspondence between
invariant volume forms and left Haar measures on G. Thus, every
left Haar measure on G must be a right Haar measure, which is to
say that G is unimodular.

2.1.6 THE LAPLACIAN. The Laplacian is defined as follows. (The
definition is appropriate for any Riemannian manifold.) Let C*°(G)
be the space of smooth functions on G, and let X(G) denote the
space of smooth vector fields on G. We define the gradient operator
grad : C*°(G) — X(G) and the divergence operator div : X(G) —
C*(G) by

(grad f, X) = Xf,
(div X) vol = Ly vol,

where vol is the Riemannian volume form on G and Ly is the Lie
derivative with respect to X. The Laplacian (or the Laplace-Beltrami
operator) Ag : C*(G) — C*°(G) is defined by

Agf = div(grad f).

The definition of Ag depends only on the metric. Because our metric
(, ) is bi-invariant, so is the Laplacian in the sense that Ag commutes
with {3 and v for all g in G.

An expression for the Laplacian in local coordinates (xi,...,Xn)
can be given as follows. (See [55, Ch. II, § 2] for details.) Let n be
the matrix defined by n; = (94, 9;) where 9; = 9/0x;. Let n¥ denote
the (i,j)th entry of n~'. Then,

1 y
Acf = > di(ldet(n)]2nYo;f). (2.1.7)
1,j

| det(n)['/2

2.1.8 THE SPECTRUM OF THE LAPLACIAN. The Laplacian Ag is de-
fined over C*(G), which is a dense subspace of L?(G). The domain
can be extended to the Sobolev space H?(G), that is, the space of
[2-functions u on G such that all distributional 1st and 2nd deriva-
tives lie in L?(G). This extension, which we denote by Ag : H*(G) —
L%(G), is the unique self-adjoint extension of Ag : C*°(G) — L2(G).
Thus, in the language of unbounded operator theory, the Laplacian
is essentially self-adjoint on C*°(G). For details on these matters, see
[85, Ch. 5].

13



Let 1 denote the inclusion map H?(G) — L?(G). The operator
1—Ag admits an inverse that is compact (see [89, § 5.1]). So, by the
Spectral theorem, the eigenfunctions {uy }°; of (1 — Ag)”! form an
orthonormal basis for 1*(G). They are also eigenfunctions of —Ag.
Owing to the regularity of elliptic differential operators, the eigen-
functions are of class C*°. We can also conclude from the Spectral
theorem that the eigenfunctions uy can be ordered in such a way
that the corresponding eigenvalues —Ay of Ag form a nonincreasing
unbounded sequence of negative real numbers,

0>-AM=2-N=2-A3=--.

2.1.9 THE HEAT DIFFUSION OPERATOR. The heat diffusion operator
of Ag is defined as

e—tA
e—tA2

tAg . e—tA3

for t > 0, where the matrix on the right-hand side is with respect to
the basis consisting of the eigenfunctions of the Laplacian.

The heat diffusion operator is an integral operator with a C*°-
kernel. (This owes to the Schwartz kernel theorem; see [89, Ch. 4,
§ 6, p. 345] or [85, Prop. 5.31, p. 83].) This means that there is
some C*-function (t,x,y) — K¢(x,y) on ]0,00[ x G x G such that

(et6f)(x) = JG Ki(x,y)f(y) voly (2.1.10)

for any f in L?(G); here voly is the Riemannian volume form at y.
The kernel K; is called the heat kernel of Ag. It has the following
fundamental properties:

(i) It satisfies the heat equation
(at - AG)Kt(ny) =0,
where the Laplacian applies to the first variable x.

(i) Ast — 0+, it converges to the Dirac delta distribution d(x —y)
in the sense that, for any smooth function f on G,

JG Ki(x,y)f(y) voly — f(x)

uniformly:.

The smooth kernel K; is uniquely determined by the above two prop-
erties; see [85, Prop. 7.5, p. 96].
Recall that Ag is bi-invariant; in particular, we have

Ag = ES oAgo f;,1
for any g in G, and thus,

(etAgf) — gz o etAG o €§71.
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This means, in terms of the heat kernel,
L Ki(x,y)f(y) voly = JG Kdgx,y)f(g“y) voly

for any f in L?(G). Substituting gy for y in the right-hand side and
using the invariance of the volume form, this equation can be re-
stated as

J, Ketxwprvely = | Kilox, quitty) vol,
This implies
Ki(x,y) = Kilgx, gy).
Substituting g with x~! gives us
Ki(x,y) = Kile,xy).
Hence, the heat kernel is completely determined by the function
ki:y — Kileyy). (2.1.11)

We shall call this the heat convolution kernel of Ag. With it, Equa-
tion 2.1.10 can be rephrased as

(et6f)(x) = J kt(x_1y)f(y)voly. (2.1.12)
G

Substituting xy for y and using the invariance of the volume form,

we get

(etbef)(x) = L ke (y)f(xy) voly. (2.1.13)

A consequence of e'*¢ being an integral operator with a C*-
kernel is that it has a finite trace. The trace of the heat diffusion
operator, Z(t) = tr(e!?¢), is called the partition function or the heat-
trace of Ag. It can be calculated in terms of the heat kernel as follows
(see [85, Thm. 8.10, p. 113]):

Z(t) = JG Ki(x,x) vol, = k¢(e) vol(G). (2.1.14)

Since a Riemannian manifold is locally “flat”, it is reasonable
to expect that the heat convolution kernel, which governs the heat
diffusion, looks almost Gaussian for small time t near e. We seek a
formal solution of the form

it(x) = ht(x)(ao(x) + a1 ()t + ar(x) 2 + - '), (2.1.15)
where h; is the Gaussian kernel:
e—d(x)? /4t
ht(X) = W (2.1.16)

Here d(x) denotes the distance from e to x. Write Et = hst where
st =Y .oy ait'. Then, on a neighborhood U of e where log: U — g,
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x — exp_ ' (x), is well-defined, the heat equation (d; + Ag)kt = 0
can be rewritten as (see [85, Eq. 7.16, p. 102] or [12, Prop. 2.24,
p. 82])

1~ 1
hy (at + {R +joAgo J7>st =0, (2.1.17)

where R is the radial vector field in normal coordinates (this means
that the pushforward of R, along log is equal to X := log(x) as we
identify the tangent space Txg with g) and j = j o log with

i) = der'/? (120X /2

adX/Z

Setting each coefficients of powers of t in Equation 2.1.17 as 0, we
obtain a family of differential equations:

ﬁao =0,
~ . ai*] .
L= > .
(R+n)a; = ]Ag< 7 ), i>1

This can be solved inductively under the condition ap(e) = 1. The
formal power series 2.1.15 is called the asymptotic heat kernel or the
asymptotic expansion for the true heat kernel k. because of the fol-
lowing property: Let r be any nonnegative integer, and let || - ||cr
denote the usual norm? on the space C"(G) of C'-functions on G;
then, for each nonnegative integer n there is a positive integer N
such that, for each m > N,

m
Hkt — ht Z (11',J[1.L
i=0

for sufficiently small t; here C is a constant that depends on n, m,
and r. For details, see [85, Thm. 7.15, p. 101] or [12, Thm. 2.26,
p. 83, Thm. 2.29, p. 85].

< Ct[™

Cr

2.1.18 In general, a function f : ]0,c0[ — E, where E is a Banach
space, is said to be asymptotically equal to the formal sum } °, a;
of functions q; : ]0, 00 — E if, for each positive integer n there is a
positive integer N such that

f(t) — > ai(t) =O(t")
i=0

holds for all m > N. (The above equation means that there is some
constant C such that ||f(t)— Y, ai(t)|| < C|t"| for sufficiently small

2let d = dimM and let o« = («1,...,0q) denote a multi-index in N¢. Then the
standard C"-norm of f in C"(M) is ||f||cr = sup|y <, [[0°f||sup where |of := Zf:] o,
0% 0%d
0% = o i W’ and ||f|[sup = sup,cp [f(x)I.
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t.) If this is the case, we write

o0
F~2_ay
i=0

and call ) °; a; an asymptotic expansion for f. In the special case
where f ~ 0, that is, f(t) = O(t") for all positive integer n, we
shall say that f is of order t>° or write f = O(t*°). We say that
g : 10, 00[ — E is asymptotically equal to f and write

f~g)

if f — g is asymptotically equal to 0.

22 ALGEBRAIC ASPECTS

2.2.1 We pointed out earlier that the Laplacian is bi-invariant in that
it commutes with {3 and ry for all g € G. In general, a differential
operator D on C®°(G) is said to be (left) invariant if

D= 6; oDo Q;,l
for all g in G. It is said to be bi-invariant if it furthermore satisfies

D :r;oDor;_1.
We shall denote by D(G) the algebra of invariant differential oper-
ators on C*(G). Assuming G is connected, the subalgebra of bi-
invariant operators is precisely the center of D(G). But before we

review why this is so, let us briefly go over the terminologies and
notations of the representation theory that we shall use.

2.2.2 A representation of a compact Lie group G is a continuous
group homomorphism u : G — Aut(V) where V is a topological
vector space. (If V is finite-dimensional, then a continuous represen-
tation is automatically of class C* because every continuous group
homomorphism of Lie groups are of class C*; see [92, Thm. 3.39,
p. 109].) Most of the time, we shall be interested in the unitary
representations of G; that means the vector space V, called the rep-
resentation space of u, is a Hilbert space and that the representation
u maps G into the space of unitary operators on V. The unitarity of
the representation is equivalent to the invariance of the inner prod-
uct under the action of G; this owes to the following equality:

(ulg)(Vu(g)(w)) = (ulg)*u(g)(v)iw),

for g € G and (v,w) € V x V. It turns out that any representa-
tion of a compact Lie group on a Hilbert space is equivalent to a
unitary representation; indeed, for any inner product (, ) on V, the
averaged inner product (v, w)) = [ (u(g)v,u(g)w) dg is an invari-
ant inner product on the same Hilbert space, and the norm associ-
ated to the new inner product is equivalent to the original one (see
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[83, Prop. 2.2, p. 14]).

If we have a representation u : G — Aut(V), then we say that V is
a G-vector space. The dimension of V is referred to as the dimension
of the representation. The representation is said to be real or complex
according to the field of scalars of V. For our purposes, we shall
mainly consider the complex representations.

2.2.3 NOTATION. Let u: G — Aut(V) be a representation. For g € G
and v € V, we shall often write u(g)(v) as uq(v), or even as g - v if
there is no risk of confusion.

2.2.4 Alinear map T : V — W between two G-vector spaces is a
G-map (or an intertwiner) if it is G-equivariant, that is, g - T(v) =
T(g -v) holds for all g € G and all v € V. The space of G-maps
V — W is denoted by Homg(V,W). If the Gmap T : V — Wiis
homeomorphic, then we say that V and W are G-isomorphic and
that the representations on V and W are equivalent.

2.2.5 Letu: G — Aut(V) be a finite-dimensional representation. Its
character is the function

Xu: G =k
g — tr(ug),

where k is the field of scalars of V.

The induced Lie algebra representation u, : g — End(V) asso-
ciated to u is defined as the differential of u at the identity. This
means that, for X in g,

d
w,(X)(v) = —| ulexptX)(v).
Put in another way,
e (X) = u(exp(X)); (2.2.6)

see [92, Thm. 3.32, p. 104].
The dual (or contragredient) representation induced by u is the
representation 1t : G — Aut(V*) defined by

(Ugdb)(v) = Plug' (v) (2.2.7)

where € V¥ andv € V.

If u': G — Aut(V’) is another finite-dimensional representation,
then the direct sum and the tensor product representation u & u’ :
G—oAut(VoV)andu®u : G — Aut(V ® V'), respectively, are
defined by

!/

(udu)gvav) =ugyadu),

/
V.

Qo >~ -~

(ueu)gvev)=uyveu

2.2.8 SCHUR’S LEMMA. A simple yet very useful theorem in repre-
sentation theory is Schur’s lemma. There are several versions of
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Schur’s lemma, one of which is as follows: Let V and W be finite-
dimensional vector spaces over C (or any algebraically closed field).
Suppose there is a family of pairs of linear maps,

{($a,ba) € End(V) x End(W) }aea,

with respect to which the spaces V and W are irreducible, that is,
they admit no proper nonzero subspaces that are invariant under
{dq taca and { g }aeca, respectively. Then the space of intertwiners,

(T:VoW|Todpg=1a0T, Vac A,

is 1-dimensional or O-dimensional according to whether dimV is
equal to dim W. For a proof, see [99, Lem. 3.1.C, p. 83].

2.2.9 IRREDUCIBILITY. Let u: G — Aut(V) be a representation. A
subspace W of V is said to be invariant if ug(W) € W for all g in G.
If V admits a closed invariant proper subspace other than {0}, then
we say that the representation is reducible; otherwise, the represen-
tation is said to be irreducible. A reducible representation is said to
be completely reducible if the representation space is isomorphic to
a direct sum of irreducible subspaces (that is, a Hilbert space direct
sum, if the representation is on a Hilbert space).

Suppose the representation u is a unitary representation on a
Hilbert space. If W is an invariant subspace, then its orthogonal
complement W+ is also invariant, owing to the invariance of the
inner product. Thus, any representation of a compact Lie group on a
finite-dimensional space or an infinite-dimensional Hilbert space, is
reducible if and only if it is completely reducible (by Zorn’s lemma).

It turns out that an irreducible representation of a compact Lie
group on a complex Hilbert space must be finite-dimensional (see
[18, Thm. 4.3, p. 25]). Hence, any complex representation of a com-
pact Lie group on a Hilbert space is a direct sum of finite-dimensional
irreducible subspaces.

The complete set of distinct (that is, non-equivalent) irreducible
unitary representations of G is called the unitary dual of G; we shall
denote it by G. R

For each u in G, the u-isotypic component of a G-vector space V
is defined as the maximal subspace W of V on which the G-action is
isomorphic to a direct sum of copies of u; owing to Schur’s lemma,
we have

W ~ Homg (U, V) ® U,

where U is the representation space of u. The dimension of the space
Homg (U, V) is called the multiplicity of uwin V.

2.2.10 THE UNIVERSAL ENVELOPING ALGEBRA. The left translations
on G induces a natural G-action on C*°(G); the left-regular action of
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g € Gonf e C*®(G) is defined by
(L(g)f)(x) = f(g™"x).

There is also the right-regular action induced by the right transla-
tions:

(R{g)f)(x) = f(xg).

The induced Lie algebra representation of X in g associated to
the right-regular representation is given by

d
(R(X)F)(x) = | Flxexp(tX)).
0
Note that this action is exactly that of the left-invariant vector field
X on G generated by X. Thus,

(Re(X)F)(x) = (XF)(x).
Hence, we have a map

T: 9 — D(G),

X = X

Because m = [%, Y] (where the bracket on the right is just the
commutator in D(G)) the map 7t extends to the universal enveloping
algebra U(g) of g, which is the algebra constructed by first taking the
tensor algebra T(g) of g and then taking the quotient by the ideal
J(g) generated by the elements of the form X @ Y — Y @ X — [X,Y].
The extended map

T: U(g) — D(G),

X1 ®--- @ X +J(g) = Xjo---oXy, (22.11)

is an algebra isomorphism (see [54, Ch. II, Prop. 1.9]). It is custom-
ary to write X ® - -- ® Xy + J(g) in U(g) as Xj - - - Xy and Xj0---0Xy
in D(G) as Xj -« - Xk.

Let us verify the claim we made in Section 2.2.1 that, if G is
connected, the center of D(G) is the subalgebra of bi-invariant dif-
ferential operators. The argument we give here is from [55, p. 283].
We need to show that an invariant differential operator D commutes
with every operator in D(G) if and only if rjoD or;_] =D forall gin
G. As we can see from the isomorphism 2.2.11, the elements of the
form X; - - - Xy span D(G); hence, we may assume that D = Xi - X
Moreover, the left-invariant vector fields generate D(G); so it is suf-
ficient to check that the commutator [\7, D] := YD — DY is zero for
any Yingifand onlyifrgoDo r;,1 = D for all g in G. For the “only
if” assertion, start by noting that

Y * _ d -1y _ d
(rg oXorg,n‘)(x) =% Of(xg exp(tX)g ') = a Of(xexp(tAdg X))
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for a smooth function f on G. Hence,

—_—

r; oXo r;,] = Adgy(X). (2.2.12)
If g = exp(Y), then Ady(X) = e2dv(X). So
Ady(X) = e¥7(X),
where ady : X(G)® — X(G)%, X = [V, X], and €% = ¥ °  ad /n!
(the convergence is not an issue since %(G)G is finite-dimensional).
The domain of ady extends, as an inner derivation, to D(G). Then,

we have N
adv(D) =[Y,D].

Note that ady(D) is of order at most k. So the set {ad%(D) neN}
is contained in the finite-dimensional subspace of D(G) consisting of
operators of order at most k, and hence, e24%(D) = > neoadg(D)/m!
is convergent. Now

roo (XX ol =(rjoXjori )o--o(ryoXcors )
= Adg(X7) -+ Adg(Xy),

where we have used Equation 2.2.12 for the last equality. So, for
g = exp(Y),

roo (Xi-- X orhy = (X)) - e (Xy)
_ iadg(m iad;(xk)
TL]! le!
n;=0 =0

ady! (X)) - -adp* (ikJ)

D

N=0 “nj+---4+nx=N

(2.2.13)
Since ady is a derivation, we have.
~ ~ NI ~ ~
adf(X;--- X )= ) T ady (X0 - adgE (X,
ny+-+n=N
Thus, Equation 2.2.13 can be rewritten as
- - © adV(X; .- X e -
T;O(XV"Xk)OT;q = %:eadY(Xr“Xk).
N=0 ’

Therefore, if [\7, D] = 0 for all Y in g, then r’é oDo r;,1 = D for all
g in the image of the exponential map. But, since G is connected
by hypothesis, we may conclude that 5o D o r;,] = D holds for

all g in G; this is because®, for a neighborhood U of e that is in the

We could have, at this point, referred to the fact that the exponential map of a
compact connected Lie group is surjective (see [18, Thm. 16.3, p. 103]); but the
argument presented here works for any connected Lie group.

21



image of the exponential map, any element of G can be expressed
as a product of finite number of elements in U (see [92, Thm. 3.18,
p.931]). Conversely, suppose D is bi-invariant; then

TgoD=Dory
for all g in G. So, for a smooth function f on G,

(15 (Xy - XicF)) (%) = (X -+ X (15)) ().

This means that

d
] .= f ti1Xq) - . X
at |, atel, (xgexp(t1X7) - - - exp(txXy))
d
= — | | f $7Xq) - X )g).
at |, atel, (xexp(t1X7) - - - exp(tiXy)g)

Substitute exp(sY) for g (where s € R and Y € g), and take the
derivative with respect to s at s = 0; we get

al d
) = =t Y t7Xq) - . X
as|, at |, atel, (xexp(sY)exp(t1X7) - --exp(tiXy))

_ 4 A pexp(tX)) - exp(tXe) exp(sY)

This implies . N N L
YXi - Xif = Xq -+ X YA,

which proves that [\7, D] =0forall Yin g.

2.2.14 THE CASIMIR ELEMENT. What is the element in U(g) that
corresponds to the Laplacian under the identification of U(G) with
D(G)? We claim that it is the (quadratic) Casimir element Q, which
is defined as follows. Let End(g) denote the space of linear maps
from g into itself. Let g* be the dual space of g. Using the inner
product (, ) on g, we can construct the isomorphisms

End(g) ~g®g" " ~g®g.
Since g ® g is a subspace of the tensor algebra T(g), we have a G-
equivariant map

End(g) — T(g) 2% u(q), (2.2.15)

where /J(g) denotes the quotient map with respect to the ideal J(g)
described in Section 2.2.10. The image of the identity map on g
under the above composition is the Casimir element Q. Because the
Casimir element originated from the identity map, it is in the center
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IS

Z(g) of the universal enveloping algebra.*

The definition of QO does not depend on the particular basis for
g. But it has a simple expression in terms of an orthonormal basis
Xiy..., Xy for g. Let 0y,...,0, be the dual basis for g*. Then the
identity map in End(g) corresponds to ) ;" ; 6; ® X; in g* ® g. So the
Casimir element is

n
Q= Z XiX;. (2.2.16)
i=1

So why is this the element that corresponds to the Laplacian un-
der the identification of U(g) with D(G)? Recall that the exponential
map exp : g — G maps a neighborhood U of 0 in g diffeomorphically
onto a neighborhood V of e in G. This provides us the exponential
chart on V; the coordinates (yi,...,yn) for g in V are the compo-
nents of X = exp~' (g) with respect to the basis X, ..., Xy; in other
words, g = exp(}_{";yiX;). The exponential map we use here is
the Lie-theoretic exponential map. There is also the Riemannian
exponential map Exp : g — G coming from differential geometry,
which is also a local diffeomorphism near 0 in g. (For more on
the Riemannian exponential map, see [54, Ch. 1, § 6]). The Rie-
mannian exponential map depends on the metric, whereas the Lie-
theoretic exponential map has nothing to do with the metric. But
the two exponential maps agree if the metric is bi-invariant. This
can be seen as follows. Let V be the Riemannian connection so that
VY, Z) = (VgY,Z) + (Y, VgZ). Using the identity (see [22, p. 2])

2(V5Y,Z) = X(Y, Z) + Y(Z,X) — Z(X,Y)
and the antisymmetricity of the ad(g)-action, one can check that

%[X, Y] (2.2.17)
for all X and Y in g. In particular, V;()N( = 0. It follows that the
geodesic yx(t), such that yx(0) = e and y4(0) = X, is a group ho-
momorphism R — G (see [54, Ch. 2, Prop. 1.4]). By the uniqueness
of one-parameter subgroups, we have yx(t) = exp(tX). This im-
plies that the Riemannian exponential map is identical to the Lie-
theoretic exponential map. Hence, the matrix [ny] of the metric
under the exponential chart satisfies n;j(e) = d;; (Kronecker delta)
and Oynij(e) = 0. Therefore, the Laplacian at e takes the form

ViY =

The Lie group G acts on g by the adjoint action 2.1.2. This extends to the tensor
algebra T(g) by defining g (Y1®---®Yx)=(g-Y1)®---®(g-Yk) for gin G and
vectors Yi,...,Yx in g. This descends to a G-action on U(g). The action of G on
A € End(g) is given by (g - A)(X) = g- A(g~' - X). The composition 2.2.15, under
these actions, is G-equivariant. This owes mostly to the fact that the inner product
(, ) is invariant. The identity map in End(g) is obviously invariant under the G-
action. So the Casimir element Q is a G-invariant element of U(g); this implies that
Q is in the center of U(g).
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> a% = > X;Xj. Since the Laplacian is left-invariant, we have
AG = Z %iii

on G. This proves that
7(Q) = Ag (2.2.18)

where T is the algebra isomorphism 2.2.11.

2.2.19 PETER-WEYL THEOREM. Let C(G, C) denote the space of con-
tinuous C-valued functions on G. A function f in C(G, C) is said to
be G-finite if its orbit under the left-regular action of G spans a finite-
dimensional subspace of C(G,C). Denote the subspace of C(G,C)
that consists of G-finite elements by C(G, C)g,. The Peter-Weyl theo-
rem [79] says that the space C(G, C)g, of G-finite functions is dense
in the space L?(G, C) of square-integrable C-valued functions on G.
(The theorem is actually for any compact topological group G.)

All G-finite functions arise from finite-dimensional unitary repre-
sentations over C. Let us see why this is so. Suppose u: G — Aut(V)
is a finite-dimensional unitary representation over C. A representa-
tive function of u is a function of the form

G — C,
g — (w, 971 V),

where w and v are vectors in V and (, )y is the inner product on
a complex vector space V. Let M, be the space of representative
functions of u. Then we have a linear isomorphism

\yu : Mu — V-:; ® VU)

2.2.20
f(g) = Wlg™ " va)v = vi®vy, ( )

where v} is the linear functional defined by w — (vilw). This is in
fact an isomorphism of (G x G)-vector spaces, where (g,h) € G x G
acts on f € My, by (g,h) - f = L[4Rpf, and on vi ® v, € V] ® Vy, by
(g,h) - (Vi ® v2) = ligv] ® upvy. This shows that M, € C(G, C)gy,.
But every G-finite function must arise in this way for the following
reason. If f is a G-finite function, then f is an element of the finite-
dimensional vector space V spanned by the orbit of f under the left-
regular action of G. Let ¢ be the linear functional on V given by
evaluating the functions in V at the identity. Then

This shows that f is a representative function.

Note that the representative functions are smooth. Hence, the
continuous functions that are G-finite are of class C*. So let us
write C(G, C)g, as C°(G, C)gy.

To sum up, we have

C™(G,Clpin = @ My =~ @ Vi ® Vy, (2.2.21)

ueG ueG
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where G is the unitary dual of G. Then the Peter-Weyl theorem can
be stated as .
L%(G,C) ~ @ Vi@ Vy, (2.2.22)
ueG

where @ denotes the Hilbert space direct sum; the orthogonality of
this direct sum is known as Schur Orthogonality (see [18, Thm. 2.3,
p. 111).

What follows from the isomorphism 2.2.22 is that the subspace
Lé(G, C) of L?(G, C) that consists of the class functions (that is, func-
tions that are invariant under the conjugation action of G on itself)
in L2(G, C) is spanned by the irreducible characters of G:

L2(G,C) ~ P C - xu. (2.2.23)

ueG

2.2.24 Assume that the compact Lie group G is connected. Consider
the following diagram:

C®(G, C)n —= C(G, Cgin

[ [
C(G, C)gn —— C®(G, C)gin

(2.2.25)
(2.2.21) 2 2 (2.2.21)
PVeaVi— 2 P VeV
ueG ueG

The top horizontal map is given by the canonical action of the Lapla-
cian on smooth functions. (The representative functions The mid-
dle horizontal map is given by the Casimir element via the U(g)-
action that is induced (through the algebra isomorphism 2.2.11) by
the canonical D(G)-action on C*°(G, C)g,; as we have seen in Sec-
tion 2.2.10, this U(g)-action on C*>°(G, C)g, coincides with that in-
duced by the right-regular action of G on C*(G, C)g,. Now, under
the vector space isomorphism 2.2.21, the action of G on the compo-
nent V;, ® V,, that is compatible with the right-regular action of G
on C*®(G,C)g, is by 1 ® u, where 1 denotes the trivial representa-
tion of G on V. Thus, the bottom horizontal map is given by the
Casimir element via the U(g)-action obtained by extending the in-
duced Lie algebra representation u, on V,, to U(g). With the above
descriptions, the diagram 2.2.25 is commutative.

Owing to the connectedness of G, the induced Lie algebra rep-
resentation u, on V,, is irreducible.> Hence, V,, is irreducible under

5 Suppose u. : g — End(V.) is reducible. That means there is a nonzero proper
subspace W of V,, that is invariant under u.(g). Then, owing to Equation 2.2.6,
W is invariant under uq for g in the image of the exponential map. But this is
sufficient to conclude that W is invariant under uq for all g in G because the image
of the exponential map generates the connected Lie group G; see [92, Thm. 3.18,
p.93].
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the U(g)-action induced by u,.. So, by Schur’s lemma, the Casimir
element, which is in the center of U(g), acts by a scalar on the sum-
mand V;, ® V,; call that scalar Q(u). These scalars are the eigen-
values of Ag on C*(G,C)g,. The Peter-Weyl theorem 2.2.22 then
implies that there is an orthonormal basis for [.%(G, C) consisting of
smooth eigenfunctions of Ag, and that the multiplicity of the Q(u)-
eigenfunction is equal to dim(u)?. Hence, the heat-trace of Ag is

given by
tr(e'4¢) = tr(e Zdlm )2et Olu (2.2.26)

ueG

In view of the isomorphism 2.2.23, we can obtain the spectrum
{Q(u)},.¢ by applying the Laplacian to the irreducible characters
Xu- Moreover, since x,(e) = dim(u), having a complete informa-
tion on the irreducible characters allows us to calculate the heat
trace 2.2.26. This becomes a feasible task with H. Weyl’s formula
for the irreducible characters, which brings us to the last topic of our
review.

23 THE WEYL CHARACTER FORMULA AND
THE SPECTRUM OF THE LAPLACIAN

2.3.1 Throughout this section we assume that the compact Lie group
G is connected. We continue to denote the selected bi-invariant met-
ricon G by (, ).

2.3.2 H. Weyl’s approach [96-98] to characterizing the irreducible
representations of G starts by considering a connected maximal com-
mutative subgroup T of G. Such a subgroup is known as a maximal
torus of G because a compact connected commutative Lie group is
isomorphic to a torus (see [18, Prop. 15.3, p. 871); hence,

dim T

T~ H u(n
i=1

It is a fact that the conjugates of T exhaust all maximal tori of G
and that their union (J,cg g~'Tg is equal to G (see [18, Thm. 16.4,
p. 103]). Thus, the dimension of a maximal torus depends only on
G; it is called the rank of G.

The elements of G that preserve the selected maximal torus T
under conjugation constitute the normalizer Ng(T) of T relative to
G. The elements of Ng(T) that act trivially on T under conjugation
constitutes T. The quotient

W= Ng(T)/T

is called the Weyl group of G.
If f is a smooth function on T, then an element gT of the Weyl
group acts on f by (gT - f)(t) = f(gtg~") where x in T. A function
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on T can be extended to a class function on G if and only if it is
invariant under the W-action. Thus, the restriction to T gives a linear
isomorphism

L4(G,Cug) — L(T,C;un)Y,

where g and ur are the normalized Haar measures on G and T, re-
spectively, and the decoration W is for the subspace of W-invariants.
H. Weyl found that there is some smooth function D on T such that if
we modify the measure on T by the factor D/|W| then the restriction
map,

L3(G,Cug) = LA(T,C; pmr)V, (2.3.3)

is unitary. By carefully studying the image of an irreducible char-
acter x of G under this map, H. Weyl obtained a formula for x in
terms of the irreducible characters of T. (We will look into this in
more detail in Section 2.3.24.) Bearing in mind that the set of irre-
ducible characters of T can be identified with the unitary dual T of T,
a corollary of the character formula is that there is a one-to-one cor-
respondence between G and T/W. The highest weight theory, which
we shall review shortly, gives a means to parametrize T/ W.

As we review some key notions surrounding the character for-
mula, we shall closely follow the global and analytic approach of
H. Weyl. There is a corresponding infinitesimal and algebraic ap-
proach set forth by E. Cartan [19]; for that, we refer to [88].

2.3.4 WEIGHTS. Recall that any representation of a compact con-
nected Lie group G on a Hilbert space is a direct sum of finite-
dimensional irreducible representations. If G is commutative, so that
G is isomorphic to a torus

T=]Jum,
i=1

then the irreducible representations are all 1-dimensional®. Hence,
for tori, the following notions are identical: (a) a 1-dimensional rep-
resentation, (b) an irreducible representation, (c) the character of
an irreducible representation. Thus, the unitary dual T of T has a
natural structure of a commutative group.

An irreducible character of an r-dimensional torus must be of the
form

T
0: T= u(n) — C
il;[ ’ (2.3.5)
x = (™ ..., e"r) o 9(x) = ellmxit -t
where (n4,...,n,:) € Z". As we have noted earlier, the character 0

® Suppose u : T — Aut(V) is an irreducible representation. Since T is commutative,
u(x) : V— Vis an intertwiner for any x in T. Thus, by Schur’s lemma, each u(x) is
a scalar multiple of the identity map on V. So any 1-dimensional subspace of V is
an invariant subspace. Since V is irreducible, V must be 1-dimensional.
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is just the irreducible representation of T on C where x € T acts on
z € Cby x -z = 0(x)z. The induced Lie algebra representation of
H € tis given by:
d
H-z=0,(H)z= —| 0(expsH)z. (2.3.6)
ds|,

If we identify the Lie algebra t of T with R", then the exponential
map takes the form

T
exp: t~R — T:HUU), (2.3.7)

(X1y. vy Xp) — (%1, %),
Using the maps and equations 2.3.5-2.3.7, we have, for Hin t,
0.(H) = i(nxs + -+ +1rxy), (2.3.8)

where x; is the ith component of the vector in R" that corresponds
to H under the identification of t with R". We see that 0, is a linear
function t — C whose value is purely imaginary; it is called the
complex weight of 6. The corresponding real weight is the linear
functional

= —if,.

In terms of p, the action of H € ton z € C is given by
H:-z=1ip(H)z.

We will be dealing with real weights most of the time, so when we
simply say “weights” it is to be understood as real weights.

We denote by At C t* the set of weights that come from irre-
ducible characters of T; in other words, At is the image of the map

T > t*,

0 — —ib..
We can conclude from Equation 2.3.8 that

Ar={pet | u(H) e2nZforallH € tnexp '{e}}.
This is a lattice of rank r := dim(T). If we let
NAe={H e t|exp(2nH) = e},
then Ar is the lattice that is dual to A, in the following sense:
Ar={pet' |uH)eZforall He A.}.

Moving on to the general case, allow the compact connected Lie
group G to be noncommutative. Let u : G — Aut(V) be a finite-
dimensional complex representation. Upon restricting u to a maxi-
mal torus T in G, the representation space V is decomposed into 1-
dimensional invariant subspaces, each yielding a weight of T. Group-
ing the 1-dimensional invariant subspaces according to their weights,
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we can write V as a direct sum,
V=V, ® DV, (2.3.9)

where p, (1 < k < {) are distinct weights. Put in another way, the
direct sum 2.3.9 is the eigenspace decomposition under the t-action
induced by u; an element H € tacts onv € V,,, as follows

H-v =1 (H)v.

The linear functionals p, ..., u; are called the weights of u, and the
subspaces V,,, are called the weight spaces of V. Vectors in V,,, are
called weight vectors with weight . The decomposition 2.3.9 is
called the weight space decomposition of V.

2.3.10 We may talk about the weights of a representation u even
if it is a real representation, by declaring its weights to be those of
the complexification of u, that is, the representation on V¢ =V ® C
obtained by extending the action of uy (g € G) by C-linearity.

2.3.11 ROOTS. The most important example of weights coming from
of a real representation are the weights of the adjoint representation
Ad : G — Aut(g). To find the weights, we must extend the represen-
tation space to the complexification g¢ of g and restrict the domain
of the representation to a maximal torus T of G. That gives us the
weight space decomposition:

gc = 9c,0 D Ic,o; D D gc, o9 (2.3.12)

where gc denotes the weight space corresponding to the weight
«; the nonzero weights «y,..., o of the adjoint representation are
called the roots of G; the space gcq, is called the root space associ-
ated to the root «; of G, and the decomposition 2.3.12 is called the
root space decomposition of gc. We shall denote the set of roots of G
by @.

Note that the zero weight space gc  is the centralizer of tc, that
is, the subalgebra of g¢ that commutes with every element in tc.
Because t is a maximal commutative subalgebra of g (otherwise, T
cannot be a maximal and commutative subgroup of G), we have

gc,o = te.
Therefore, the root space decomposition 2.3.12 can be rewritten as
gc =tcDgc; D+ D IC - (2.3.13)

Using the inner product (, ) on g, one can find, for each linear
functional u € t*, a unique vector X, € t such that

w(H) = (X, H), VHet. (2.3.14)

This gives a one-to-one correspondence between t and t*; and the
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inner product ( , ) can be transferred to t* by setting
(Wyv) = <Xu»Xv>-

This inner product on t* is also invariant under the Avd(G )-action
(see Section 2.2.5 for the notation). We adopt the notation

Xu(v) = v(Xy).

The set ® of roots of G satisfies the following properties (see
[18, Ch. 19 and 23]):

(i) Each root space gc,« is 1-dimensional.
(i) If x € @, then Ax € @ if and only if A = +1.
(iii) The root spaces gc,« and gc g are orthogonal if & # £f3.

(iv) The subspace [gc,«, 9c,—o is a T1-dimensional subspace of tc.
And the subspace gc «®gc,—«®[gc,«, 9c,—o forms a Lie algebra
isomorphic to sl((2, C).

(v) Let Hy be the unique element in [gc «, gc,—o such that
o(Hy) = 2.

Then H, is a vector in t that satisfies exp(2tH,) = e. And
B(Hy) € Z for all  in O.

(vi) For « in @, the linear transformation sy : t* — t*, u —
u— u(Hgy) o, is a reflection that sends « to —x. Moreover, sy
permutes the roots.

(vii) The compact connected Lie group G is semisimple if and only
if ® spans t*.

The vector Hy is called the coroot of . The reflections s, are called
the Weyl reflections; they are precisely the isometries of t* that are
induced by the conjugation action of the Weyl group W = Ng(T)/T
onT.

According to property (ii) above, the roots come in pairs (o, —).
It is helpful to distinguish one from each pair and call the selected
ones “positive”. To that end, divide t* into disconnected regions by
excluding from t* the hyperplanes h, := ker(1 — s,), « € ®. So we
have the set t* \ (J ¢ ha, and the Weyl group acts freely on it. A
connected component of t* \ | J,cq h« is called a Weyl chamber. Pick
a Weyl chamber K°. It is mapped to another Weyl chamber under the
W-action; in fact, K° is a fundamental domain of the free W-action
on t* \ U,cqp ha- Once we have our choice for K°, we define the set
of positive roots as

O ={aec®:(xv)>0, VWweK}

30



Note that « € @ implies —x € ® \ ®*. So we call the roots in
@ := @\ @ the negative roots. We have a disjoint union:

O=0"LD.

This decomposition of @ into positive and negative roots depends
on which Weyl chamber we select for K°. From now on, we shall
assume that the choice for K° has been made. The closure K of K° is
called the fundamental Weyl chamber of our choice.

Remark. Since roots are special type of weights, they span a sublat-
tice Ag of A7, called the root lattice of G. The lattice Acoroor Spanned
by the coroots is called the coroot lattice of G; it is a sublattice of A..

2.3.15 FUNDAMENTAL WEIGHTS. The coroots, or rather, their dual
vectors relative to the inner product can be used to parametrize the
lattice Ay. To that end, choose a special basis for the lattice Ag
spanned by the roots. We do this by collecting the positive roots that
cannot be written as a sum of other positive roots; such roots are
said to be simple. The set @ of simple roots is a Z-basis for the root
lattice Ag, and an R-basis for Ay ® R. Suppose

(D:_ :{oq,...,cxg}.
Consider the set of corresponding simple coroots in t:
L ={Hy, ., Ha -

Let * = {Aq,..., A} be the dual basis for Ap ® R relative to %, so
that
Ai(Hey) = 8.

The linear functionals in Z* are called the fundamental (dominant)
weights of G. They satisfy the following properties (see [18, Ch. 21,
Ch. 23; 34, § 3.11]):

(i) They lie in the boundary walls of the fundamental Weyl cham-
ber K.

(ii) An element p = Zf:] xiA; in t* lies in K if and only if x; > 0
for all i.

(iii) The sum of the fundamental weights is equal to half the sum
of the positive roots:

p::?n—l—"-—i-?\e:% Z .
xed+
(iv) The fundamental weights are part of the set
Ng={pnet'|uHy) e Zforallx € ®}.
Note that Ay is dual to Acoroor in the sense that
Ng={pnet'|uH) e Zforall H € Acoroot J-
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We have
At C A,
By duality, we have
/\e 2 Acoroot-

(v) If the compact connected Lie group G is semisimple, then the
quotient group Ae/Acoroot iS isomorphic to the fundamental
group of G:

Ae/NAcoroot == T1(G).
By duality, Ay/At is isomorphic to the unitary dual of 71 (G):

—

Ag/AT ~ m(G).

We distinguish Ay and A7 by calling their elements the algebraically
integral weights and the analytically integral weights of G, respec-
tively. The weights in Ay N K are said to be dominant; the ones in
Ag N K° are said to be strictly dominant. Note that

AgNK®=p+ (AgNK). (2.3.16)

2.3.17 PARTIAL ORDERING ON THE WEIGHT LATTICE. We have put
some effort in reviewing the notions surrounding the roots of G. This
is because they can be used to give a partial ordering on the weight
lattice At and, thus, allow us to talk about “highest weights” in a
finite-dimensional representation of G. To wit, for pand A in Ay, we
say that A is higher than p and write u < A if and only if A can be
written as
A=p+ Z Ty X

xed+

for some nonnegative integers n,. That this defines a transitive re-
lation on Ay is immediate. That this is a reflexive relation is equiv-
alent to saying that if } 4+ cqot = 0 with ¢ > 0 for all « € ©F
then c, = 0 for all « € ®T; for a proof that this is the case, see
[34, p. 147]. In short, we do have a partial ordering on Ar.

Now suppose we have a finite-dimensional representation u of
G. Let A = {u,...,ux} be the set of weights of this representation.
We say that p; € A is a highest weight of this representation if it is a
maximal element of A with respect to the partial ordering <.

2.3.18 WEYL INTEGRATION FORMULA. Since the characters of G are
class functions, their restrictions to T are W-invariant; hence, we
have a linear map

L4(G,Cug) — LAHT,Cun)Y,

where ug and pt are any Haar measures on G and T, respectively. A
We-invariant function on T extends to a class function on G, so the
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above map is a linear isomorphism. H. Weyl found out that a slight
modification of the measure on T gives a unitary map

L4(G,Csug) = LA(T,C;cDpur)Y,

where c is the constant ug(G)/(ur(T)|W]|), and D is the function on

T defined by
D(x) = H (ex(H)/2 _ g=alH)/2)
xed+

where H € tnexp~'{x}. This is a consequence of the celebrated Weyl
Integration Formula:
T ue(G) 1 - 2
Jformate = gy | 1], oxa ke (@] P00 o)
(2.3.19)
which holds for any integrable function f on G; here g denotes the
image of g under the quotient map 7w : G — G/T and pg/7 is the
quotient measure on G/T defined by ug, r(U) = g (1 (U)) for any
open set U in G/T. For a proof of the integration formula, see [34,
Thm. 3.14.1, p. 185]. If f is a class function, then the integration
formula simplifies to:

_ 1 uel(G) 2
| flo)nate) = gt | DR wD. a2

There is a corresponding formula for integration over g. Let wg
and wrt be the invariant volume forms on G and T, respectively, such
that [, wg = ug(G) and [ wrt = pr(T). The values of wg and wr
at the identity determines a volume form for g and t, respectively.
Denote the Lebesgue measure they define on g and t by dX and dH,
respectively. Then, for any integrable function ¢ on g,

_ 1 ke(6) - 2
Joooax=guie ] (] olads e ok an
(2.3.21)
where
5(H) = H x(H). (2.3.22)

axcd+

See [34, Thm. 3.14.1, p. 185] for a proof. If ¢ is Ad(G)-invariant,

then
1

L d(X)dX = Wi

J d(H) [5(H)[* dH. (2.3.23)
¢

2.3.24 WEYL CHARACTER FORMULA. Notice that the function D is
antisymmetric with respect to the W-action. Meanwhile, the restric-
tion of a class function f on G to T is W-invariant. So the product
of D and the restriction f|; gives a W-antisymmetric function. This
gives us a vector space isomorphism

L2(G,Gug) = LAT,G yymr) W,

2.3.2
f — fI1D, (2.3.25)
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where L?(T, C; HW\“TFW denotes the subspace of L%(T, C; HW‘LLT) that
consists of the W-antisymmetric elements. If we assume that pg
and py are the normalized Haar measures, then the integral for-
mula 2.3.20 implies that the map 2.3.25 is unitary. Now, owing to
the isomorphism 2.2.23, the set

{xulueG)

of irreducible characters of G is an orthogonal basis for Lé(G, C;ug).
It is, in fact, an orthonormal basis (see [18, Thm. 2.4, p. 12]). This
basis yields, through the unitary map 2.3.25, an orthonormal basis
for L2(T, C; HW‘LLT)*W. H. Weyl found that the orthonormal basis for

L%(T,C; ﬁwT)_W thus obtained is

{ > det(w) 0y

wew

AEATQKO},

where 0, denotes the irreducible character of T defined by 0,(x) =
eMH (H e tnexp'{x}). Note that the W-orbits of weights in ATNK°
are free and that these orbits exhaust all free orbits in At. Hence,
for each character x,, of uin G, there is a unique weight A in Ay NK°
such that
XultD = Z det(w) 0y, (2.3.26)
wew

and vice versa. More precisely, H. Weyl found that u and A in the
above equation are related by:

A=p+p, (2.3.27)

where p is a highest weight of u and p is the sum of the fundamental
dominant weights. The uniqueness of A determined by u implies the
uniqueness of the highest weight u; moreover, by Equation 2.3.16,
the highest weight u lies in At N K. In short, we have a one-to-one
correspondence:

~

G & At NK,

u +— highest weight p of u. (2.3.28)

For this reason, the representation space of an irreducible represen-
tation of G that has highest weight p is often called a highest weight
module with highest weight .

We point out again that the one-to-one correspondence 2.3.28 is a
consequence of Equations 2.3.26 and 2.3.27 which are collectively re-
ferred to as the Weyl Character Formula. They are usually combined
and presented as
_ Al

D (2.3.29)

XulT

where

Alty = Z det(w) By
wew
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Applying the Weyl Character Formula to the trivial representa-
tion, whose highest weight and character are u = 0 and x,, = 1, we
get

D = Alt,. (2.3.30)

This is known as the Weyl Denominator Formula.

Inserting the expression 2.3.30 for D back into the character for-
mula 2.3.29 and taking the limit lim,_,. Xy, [7(x) yields the Weyl Di-
mension Formula for the dimension of the highest weight module
V(u) with highest weight p.:

. (o L+ p)
dimV(u) = —_ 3.
imV(u) cxel (DL ) (2.3.31)

Remark. The significance of the weight p is that it is the highest
weight of the representation of T on the spinor space S of Cl(p),
where p is the orthogonal complement of t in g; the action of T on
S is by the group homomorphism T — Spin(p) that is the lift of the
homomorphism T — SO(p) given by the adjoint action of T on p.
(We discuss this representation in detail on pages 126-127.)

Spin(p)

.

TS 50(p)

The ubiquitous appearance of the weight p in the representation the-
ory of G may be taken as a suggestion for using Dirac operators
instead of the Casimir element in characterizing the irreducible rep-
resentations of G.

2.3.32 It is worthwhile to give R. Bott’s description [16] of the Weyl
Character Formula using the representation ring. Let [V] denote
the equivalence class of finite-dimensional G-vector spaces that are
G-isomorphic to V. Let R(G)" denote the set of such equivalence
classes modulo the relation

V]I + W] =[VaeWw,

VIIW] = [V @ WI. (2.3.33)

Then representation ring R(G) of G is the abelian group generated by
R(G)™. As a Z-module, we have

R(G) =Pz Vi,
ueG

where V,, denotes the representation space of u. If we identify [V]
with the character xy of the representation on V, then the relations
in 2.3.33 are true equations of characters. For this reason, R(G) is
also known as the character ring; in this point of view, the elements
of R(G) are called virtual characters.
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The character ring is functorial; if 1 : K — G is a homomorphism
of compact Lie groups, then the composition of a representation of
G with t induces a ring homomorphism

*: R(G) — R(K).

If 1 is the inclusion map of a Lie subgroup, then (* is just the restric-
tion map.

Now consider the representation ring of a maximal torus T of G.
The action of the Weyl group W on T induces a W-action on R(T).
The isomorphism 2.3.25 can then be stated as follows [16, Thm. A,
p. 175]: Let v : T — G be the inclusion map of a maximal torus T
of G. The induced homomorphism ¢* : R(G) — R(T) yields a ring
isomorphism

R(G) = RMY,
where R(T)W denotes the ring of W-invariants in R(T).

An element x of R(T) is said to be W-alternating if w - x =
sgn(w)x. Denote by R(T)~W the subspace of R(T) that consists of the
W-alternating elements. Of particular interest is the W-alternating
element

Al=I[C,] T (1—I[C-al),
xedt
where [C,] denotes the irreducible T-vector space with weight p.

The Weyl Character Formula can then be restated as follows [16,
Thm. D, p. 178, Cor. 6.1, p. 178]: Suppose 7;(G) has no 2-torsion.

W

(a) The alternating element [A] generates R(T)~"" as a free module

over R(T)W.
(b) If Vis an irreducible G-vector space. Then

[AJU[V] = Z sgn(w)[Cyy. ] (2.3.34)
wew
for some weight n in Ay. Conversely, for any weight pu in
Art, there is some irreducible G-vector space V such that Equa-
tion 2.3.34 holds up to sign.

Remark. There is a well-known construction for inducing a represen-
tation of G from a representation of a closed Lie subgroup K of G.
Suppose E is a finite-dimensional complex inner product space on
which K acts as unitary transformations. Consider the right K-action
on G x E given by (g,v) - k = (gk, k™' - v). The orbit space

E(G) =G xxE

is a vector bundle over G/K with fibers isomorphic to E (see [63,
Prop. 5.4, p. 55]). For each point x in the fiber over g := gK (g € G),
let ||x|[¢ denote the norm of the vector in E that corresponds to x
under the identification of the fiber over § with E. Define the L
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norm of a section o of E(G) by
ol = | llo(@I? ¢,
G/K

where dg is the quotient measure on G/K relative to the normalized
Haar measures on G and K. Let I'*E(G) be the [.2-closure of the space
of smooth sections of E(G). The left-regular action of G on I'E(G)
makes it a G-vector space. (It is usually infinite-dimensional.) This
representation is called the induced representation of G associated to
the representation of K on E. This induction gives rise to a group
homomorphism

L R(K) = R(G) =[]z Val.

1 (2.3.35)
ueG

R. Bott calls the codomain R(G) as the formal representation group of
G and the homomorphism 2.3.35 as the formal induction. The group
ﬁ(G) contains the ring R(G), but the multiplication in R(G) does not
extend to a well-defined multiplication in R(G).

2.3.36 EIGENVALUES OF THE CASIMIR (LAPLACIAN). Owing to the
one-to-one correspondence 2.3.28, we may use A1NK to parametrize
G and write the isomorphism 2.2.21 as

C*(G,Clin~ P V(W @ V(n), (2.3.37)

peATNK

where V(u) is an irreducible G-representation space with highest
weight p. Each summand V(p)* ® V(u) is an eigenspace of the
Casimir Q) (see Section 2.2.24). Let Q(u) denote the correspond-
ing eigenvalue. One of the motives for reviewing the Weyl formulas
was that the the eigenvalue Q(p) is by which the Laplacian acts
on the character of the representation on V(i) (see the end of Sec-
tion 2.2.24).

2.3.38 THEOREM. Let G be a compact, simply connected, semisimple
Lie group equipped with a bi-invariant metric. The scalar by which the
Casimir element Q) acts on the irreducible representation space of G
with highest weight w is

Q(w) = —|lu+ o>+ llol%,

where p is half the sum of the positive roots and || - || is the norm on g*
induced by the metric.

Proof. The Weyl Character Formula 2.3.29 is an explicit expression
for the restriction of x, to T. So we need to know the differential
operator on T whose action on the restriction X, [t is equal to Agx,.
If G is compact, simply connected, and semisimple, then it is known
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that, for any smooth class function f on G,

1
(817 = (5 0 Ao D+ [Ipl1?) Iy

where Ar is the Laplacian on T (see [53, pp. 10 and 19]). The com-
positions appearing in the above equation are to be understood as
that of differential operators; for instance, D represents the multipli-
cation operator by the function D. Substituting f with x,,, we have

1
QW) xult = (50810 D+ ol xul-
Applying the Weyl Character Formula 2.3.29, we get
Q(w)Altyyp = AtAltyp + || p|* Altyp. (2.3.39)

To calculate AtAlt,,,, we need to know how Ar acts on an irre-
ducible character 0, of T with weight A. For any x in T, we have
0r(x) = XM where X, is defined by Equation 2.3.14 and H €
tNexp '{x}. Hence,

At6x = —[IXa[|6a = —[|A[[x.

Therefore,
ArAltycp = — |1+ pl|*Altyp.

Inserting this into Equation 2.3.39 proves the theorem. O

Remark. There is also a Lie algebraic proof; see [62, Prop. 5.28,
p. 295].
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THE VOLUME OF
A COMPACT LIE GROUP

S a first application of the asymptotic expansion of the heat trace,

we shall verify Harish-Chandra’s formula [51, p. 203, Lem. 4]
for vol(G)/vol(T), the ratio of the volume of a compact connected
Lie group G to that of a maximal torus T in G, where each volume
is measured with respect to the bi-invariant metric generated by an
Ad(G)-invariant inner product (, ) on the Lie algebra g of G. The
significance of this ratio is its appearance in the Weyl Integration
Formula 2.3.19. Harish-Chandra’s formula states that

vol(G) »
vol(T) —ale_q)L 2, p) . (3.0.1)

Here @7 is the set of (selected) positive roots, p is half the sum of
the positive roots, and ( , ) is the inner product on the dual space t*
of the Lie algebra of T induced by the inner product on g.

An interesting case is when the compact Lie group G is semi-
simple. Then we may take the negative of the Killing form 2.1.4 as
the Ad(G)-invariant inner product on g. Then the right-hand side of
Equation 3.0.1 depends only on g.

For the rest of this chapter, we shall assume that the compact
connected Lie group G is semisimple and simply connected; there is
no loss of generality, as far as vol(G)/vol(T) is concerned, for the
following reasons. By the general theory of compact connected Lie
groups, every compact connected Lie group is isomorphic to

G~ (RxS)/F (3.0.2)

where R is a torus, S is a compact, connected, simply connected,
semisimple Lie group, and F is a finite abelian subgroup of R x S
(see [62, Thm. 4.29, p. 250]). So F is contained in a maximal torus
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T of R x S. Then T/F is a maximal torus of (R x S)/F; let T be the
corresponding maximal torus in G under the isomorphism 3.0.2. The
Lie groups G, R x S, and (R x S)/F all have isomorphic Lie algebras.
So the Ad(G)-invariant inner product on g induces a bi-invariant
metric on the Lie groups G, R x S, (R x S)/F, and their respective
maximal tori. Their Riemannian volumes satisfy
vol(R x §)  vol((R x S)/F)  vol(G)
vol(T) vol(T/F) vol(T)
Hence, we may assume that F is trivial so that G ~ R x S. Now the
maximal torus T of R x S is of the form R x Ts, where Ts is a maximal
torus of S. Hence,

vol(R x S) vol(R x S) vol(S)

vol(T)  VOl(RxTs) — vol(Ts)’

This shows that we may as well assume that G = S, that is, G is
semisimple and simply connected.

Derivations of the formula 3.0.1 can also be found in [34, 38, 40,
72]; among these, H. D. Fegan [38] uses the heat trace approach.
Our calculation differs from H. D. Fegan’s, in that we use the Euler-
Maclaurin Formula and the Weyl Integration Formula as our main
tools for calculation.

3.1 THE EULER-MACLAURIN FORMULA

Let f be a smooth function on the real line. The Euler-Maclaurin For-
mula [36,37,73] relates a sum )_}_, f(x) to the integral [ f(x) dx.
We are interested in this formula since the heat trace is a sum of the
type Y ., f(x) but with n = co. The formula states, for N € N,

0

n N
S () = J fx) dx + 3 (—1 )qIZ?(f(q”(n) £ (0)) + R,
q=T '

(3.1.1)
where the coefficients B are the Bernoulli numbers defined by the
power series

_ X ¥ (_paBay
td(x) = r— q%( AR

and Ry is the remainder term, which can be estimated by
2((N)
(2m)N

Here ( is the Riemann zeta function. Suppose } 2, f(k) exists and
lim, o, f9(x) = 0 for all ¢ € N. Then we may take n = oo in the

n
IRn| < J ‘f(N)(X)‘ dx. (3.1.2)
0
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formula 3.1.1, which gives us

Zf J dx+Z qqfq‘(OHRN- (3.1.3)

If furthermore Ry — 0 as N — oo (for instance, when f is a polyno-
mial), we have

o0

Zf —td< )‘h_oj f(x) dx. (3.1.4)

—h

(This expression for the Euler-Maclaurin Formula first appeared in

[81].)
The following Lemma can be proved using the Euler-Maclaurin
Formula. We shall make use of it later on.

3.1.5 LEMMA. Let A and B be real numbers with A > 0, and let m be
any nonnegative integer. Let

ft(X) _ XZme—t(Ax2+Bx).

Consider the sum, for t > 0,

S(t) =) fulx)
x=0
Then,
/28 (1) = J fe(x) dx + O(t"?)
0
fort — 0+.

Proof. By Equation 3.1.3 with N =1,
S(t) :J ft(X) dX—B]ft(O)+R].
0

By the estimate 3.1.2, the absolute value of R; is bounded by, up to a
constant factor,

J : ‘zmxzm_] e HAHBY) (D AxZMHT | BydM ) AN TBX) | gy

By a change of variable of the type x — ax + 3, « > 0, the above
integral can be recast in the following form:

I

where P;(x) and P;(x) are polynomials of degree 2m —1 and 2m+1,
respectively. This integral is bounded by, up to a constant factor,

P, (x)e_txz +tPy(x)e ™

oo 2 0 2
J [Py (x)|e ™ dx—i—tJ [P2(x)|e ™ dx. (3.1.6)

—00 —00
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It is known that, for a nonnegative integer n,

o e 1 m#
Lo|xn|e de_t(nJr”/zr( 5 )y

(3.1.7)

where I denotes the Gamma function. Hence, we see that the in-
tegral 3.1.6 is bounded by a quantity that is of O(t™) for t — 0+.
Meanwhile, the integral fgo fi(x) dx is of O(t~™1/2). Hence,

tmH1/25(4) = J fr(x) dx + O(t"/?). O
0

3.2 AN EXAMPLE: SU(2)

3.2.1 Before we launch into general arguments, we take SU(2) as a
concrete example to illustrate our strategy.

3.2.2 SETUP. Let G be SU(2), the set of 2 x 2 unitary matrices of
determinant 1. Its Lie algebra g is su(2), the set of 2 x 2 complex
matrices that are traceless and antihermitian. It is known that G is
diffeomorphic to the 3-sphere (see [34, § 1.2.B]); hence, it is com-
pact, connected, and simply connected. As we shall shortly see, the
Killing from « on g is negative definite; so G is semisimple.

For the maximal torus T in G, we take

_ it . ~
T={(% 2):ter}=U).
We pick the following matrices as the basis vectors for g:
X=(28), Y=(5%), H=(5%)-
The vector H lies in the Lie algebra t of T.

The matrices [adx], [ady], and [ad}y] for the adjoint representation
of the basis vectors X, Y, and H, respectively, are given by

add = (- ,2), [dd=(;"7), ladid=(270).

2.
Here the dots represent 0. From this, we can calculate the matrix [n]
for the bilinear form n = —« on g; it turns out that

ml = (8 8 8) . (3.2.3)

We take the bi-invariant metric induced by n as the metric for G.

3.2.4 ROOTS. The complexification of su(2) is sl(2, C). The standard
basis for s((2, C) is given by the following matrices:

J"'=(00) = 3(=1X+Y),
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The basis elements satisfy the Lie bracket relations

g7 1=71° (3.2.5)
[J°, 751 = £2]*. (3.2.6)

Equation 3.2.6 shows that there are two complex roots 4+, which
are characterized by

+u(H) = +ip(J°) = +21.
Denoting the corresponding real roots as +«, we have
+a(H) = £2.

The Weyl group is the cyclic group of order 2 generated by o :
o — —o. If we take « as the basis for the dual space t* of t, thereby
identifying t* with the real line R, then o is the reflection with re-
spect to the origin. We choose the closed half-line [0, o[ as the
fundamental Weyl chamber K. This amounts to choosing « as the
positive root.

3.2.7 DOMINANT WEIGHTS. The dual vector X, of « is characterized
by
a(H) = (Xo, H) = 2. (3.2.8)
This implies X, = H/4. Since «(Xy) = (X&, X&) = 1/2, we have
1
(o, 00) = (Xopy Xa) = 7 (3.2.9)
There is only one fundamental dominant weight, which is

-1
=5

We have ] :
(pyp) = ;,r<0€> o) = 3 (3.2.10)

Since SU(2) is simply connected, the weight lattice A is spanned by
p (see Section 2.3.15). The set of dominant weights is

ArNK={lp|L=0,1,2,...}.

3.2.11 HEAT TRACE. Let V({) denote the highest weight module with
highest weight {p. Then, by the isomorphism 2.3.37,

C>(G,Clan ~ P VI @ V(1)
=0

By the Weyl Dimension Formula 2.3.31,

(o6, (€4 1)p)

dimV(¢) = ()

={+1. (3.2.12)
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The value of the Casimir on V({) is (Theorem 2.3.38):

(€+1)2+1
8 8

Q) = —(e+1?pl* + [loll* = - (3-2.13)

Therefore, the heat trace is

tr(ee) = Y dimV(0)? e Q0 = /8 Y (04 1)2 e DB,
=0 =0
(3.2.14)

For the volume of G, we are only interested in the leading term
of the asymptotic expansion of the heat trace. Thus, we only need

to calculate
o0

Z(t)= ) (L+1)2e B8,
(=0

Define the polynomial d(¢) in ¢ by
da(e) =¢.
Then,
Z(t) = i d(n)2e /3,

n=0

3.2.15 ASYMPTOTIC EXPANSION. Set
fo(x) = x2 e /8,
Then
o0
Z(t) =) filx).
x=0

By the Euler-Maclaurin Formula 3.1.3,

N

i Teor - 5 _Bott cm
Z(t) = J;) fr(x) dx + zf(o) ; bt ])!ft (0) +Rn.  (3.2.16)

We are only interested in the leading term of the asymptotic expan-
sion of Z(t). By Lemma 3.1.5,

2Z(1) = 32 JOO fi(x) dx + O(t) (3.2.17)
0

fort — 0+.

3.2.18 SYMMETRY. The symmetry under the Weyl reflection now
comes into play. The function fi(x) is invariant under the reflection
X — —X. So

Z(t) = %Zﬂ(x).

XEZ
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And Equation 3.2.17 can be rewritten as

327(t) = 21(t) + O(t), (3.2.19)
where | (oo
I(t) = ZJ fi(x) dx. (3.2.20)

This integral is essentially a Gaussian integral, which can be easily
computed (See Equation 3.1.7):

1) = V27
t3/2
So Equation 3.2.19 gives
27(t) = V2 + O(t). (3.2.21)

3.2.22 VOLUME OF G AND T. Owing to Weyl’s law 1.0.6, the asymp-
totic equality 3.2.21 yields

vol(G) = 32v2r2. (3.2.23)

The volume of T is given by

27
vol(T) = JO (Ha, Ho) /2dt = 27t(Hg, Hy) /2,

where H, is the coroot in t associated to «. (We shall prove this in
Lemma 3.3.9(b).) The coroot H,, is characterized by

1
2
Thus, Hy = H. As the matrix 3.2.3 shows, (H, H) = 8. So the volume
of Tis

AMHy) = sax(Hy) = 1.

vol(T) = 4v2m.

Combining with Equation 3.2.23, we have

vol(G) (3.2.24)
vol(T) — 3224
This agrees with Harish-Chandra’s formula 3.0.1, which gives
vol(G) 9 9
vol(T) — 2o, /2) " = 4o, ) = 8m,

where we have used Equation 3.2.9 in the last step.

33 THE GENERAL CASE

3.3.1 We now consider the general case. Our aim is to prove Equa-
tion 3.3.16 for any compact connected Lie group G. We shall follow
in outline the calculation presented in Section 3.2. The only new
ingredient that will appear is the Weyl Integration Formula.

We adopt the following notation for the dimension of G, T, and
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G/T:
n:=dimG, r=dimT, 2m:=dimG-—-dimT=n-—r.

We can read from the root space decomposition 2.3.13 that 2m is
equal to the number of roots of G. Since half of the roots are positive
(see page 31), we have

m= D" (3.3.2)

3.3.3 As we explained in the beginning of this chapter, we may as-
sume that G is compact, connected, simply connected, and semi-
simple. In this case, there is a one-to-one correspondence between
the unitary dual G of G and the set At NK of dominant weights of G.
For each A € At N K, let V(A) denote a highest weight module with
highest weight A. By Equation 2.2.26 and Theorem 2.3.38, we have,
for the heat trace,

tr(etfe) = Z dim V(A)?et N
AEATNK
where
Q) =—[A+pl* +lplI*.

The dimension of V(A) can be calculated by the Weyl Dimension
Formula 2.3.31. If we let

Haeq>+ <(X, A)
HocECD+ (o, p) ’ (3:3-4)

then the Weyl Dimension Formula takes the form

dimV(A) = d(A + p).

d(\) =

So the heat trace can be expressed as
tr(etAG) — et”pllz Z d(}\ + p)ze_t||)\+p||2. (3_3_5)
AEATNK

The leading term of the asymptotic expansion of the heat trace
3.3.5 is identical with that of

z= Y d(A + p)2etIntol? — Yy d(A)2etINI,
AEATNK AE(ATOK)+p

(33.6)

Note that the shifted index set (At N K) + p is the set of the weights
that lie in the interior of the Weyl chamber. (This can be deduced
from the properties of the fundamental weights that we listed in
Section 2.3.15.) Hence,

zZ= Y dye M (337)
AEATNKO

But since the restriction of the function d to the boundary of the
Weyl chamber is zero, we may replace the index set At N K° of the
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sum 3.3.7 with At N K and write
Z(t) = Z d(A)2etIM? (3.3.8)

AEATNK

3.3.9 LEMMA. Let - denote the Lebesgue measure on t* induced by
the inner product (, ). Let vol(P) be the volume of the fundamental
parallelepiped formed by the fundamental weights of G in t*.

(a) Fort — 0+, we have

t2Z(t) = tM21(t) + O(t), (3.3.10)
where o
_ 2t He A

I(t) = JK d(A)%e vol(P)’ (3.3.11)

(b) The volume of the maximal torus is related to vol(P) by
vol(T) = (2m)" vol(P) . (3.3.12)

Proof. (a) Denote the set of fundamental dominant weights by
Ay oM L

This is a basis for t*. Let us use (x1, ..., X;) to denote the components
of a vector in t* with respect to this basis. Then Z(t) is of the form

o0 o0
Z(t) = Z e Z d(x], . )XT)Ze*tq(Xhm,Xr))

X1 =0 xr=0

where d and q are homogeneous polynomials of degree m and 2,
respectively. In terms for the variables (x,...,x,), the integral 3.3.11
takes the form

o0 (o]
I(t) = J . J A(x7, ..., xr)2e 9 X) gy dx,
0

Applying Lemma 3.1.5 iteratively to Z(t) proves the assertion.

(b) Because G is simply connected, the coroot lattice Acoroor CO-
incides with the lattice A, := t N exp~'{e}. By duality, the lattice Ag
of algebraically integral weights coincides with the lattice At of an-
alytically integral weights. Thus, the simple coroots { Hy, }}_; form
a basis for A., and the corresponding fundamental weights {A; }_,
form a basis for At.

Let Q be the fundamental parallelepiped in t formed by the sim-
ple coroots. Let p; be the Lebesgue measure on t induced by the
inner product (, ). Since exp(27tHy) = e for any root «, we have

vol(T) = (2m)" vol(Q). (3.3.13)

Meanwhile, because the lattice A, and At are dual to each other, we
have

vol(P) = vol(Q)~". (3.3.14)

This proves the assertion. O
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3.3.15 THEOREM. Let G be a compact connected Lie group and T its
maximal torus. Let g and t be their Lie algebras, respectively. Let ( , )
denote an Ad(G)-invariant inner product on g and also the induced
inner product on the dual space g*. The Riemannian volume of G and
T with respect to the bi-invariant metric generated by ( , ) are related

by

vol(G) .
vol(T) };L 2m(e, p) (3.3.16)

where O is the set of the selected positive roots of G and p = % > o
xed+

Proof. We point out once again that G may be assumed to be simply
connected and semisimple (as explained on pages 39—40). The set of
roots and the inner product (, ) on t* are preserved under the action
of the Weyl group W. This implies that |d(A)| and ||A|| that appear in
the integral 3.3.11 are preserved under the W-action; so it is possible
to extend the domain of integration to all of t* as follows:

1= Ld(?\)zet”““**p\)

~ Wi vol(P)
i LVO](T) 2 7t||7\||2
=W 2 L d(A)%e e (A). (3.3.17)

We have used Equation 3.3.13 for the last equality.
We wish to change the domain of integration from t* to t via the
isomorphism
-
A= X)\,

where X, is defined by the equation
A(H) = (Xp,H), VHet

This isomorphism is precisely through which the inner product on t
was transferred to t*; in particular, the Jacobian determinant of this
isomorphism is 1. Next, we have

Hoced)+<cx) )\>2 o 1_[0(6(1)+ (X(XA)Z

A = o~ Tho (@ o) 5318
and
AR _ ot
Thus,
100 = oo ( TT (e 2) | (TT a002)e X ),
Wl (2m)" xEDH tacot
(3.3.19)

where L is the Lebesgue measure on t induced by the inner product.
Recall the Weyl Integration Formula 2.3.23, which states that, for
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any ad(g)-invariant function f on g,

Lf(X)uQ(X) |V1V|‘é‘;11 J (Hoc )Mx. (3.3.20)

The measure gy on g is again the Lebesgue measure induced by the
inner product. Inserting f(X) = e tIXI* into Equation 3.3.20 and
rearranging the terms, we get

~tx|? 2 _ wvolm
Le T «x)?) melxy =W Lf(X) Ha(X).

xedt

Applying this equation to the right-hand side of Equation 3.3.19, we
get

__ vol(T)? A e
I(t) = W< H (&, p) )J e X7 1y (X0. (3.3.21)

xed+ g

The last integral is just a Gaussian integral:

J e o = ()"

Hence,

B vol(T)? 5\ [T\ /2
0= o (Ten () aaee

Inserting this into Equation 3.3.10 and invoking Weyl’s law 1.0.6, we
get

vol(G)? 2 5
(2m)2m .
volm)z — (27 }; % )

The inner product between two positive roots is nonnegative. (This
owes to the definition of ®; see page 30.) Hence,

vol(G)

= (2m™ -
acdt
By Equation 3.3.2, we have
vol(G 1
vol(T H 2mt(o, p) . O
acdt

49



THE HEAT KERNEL OF
THE LAPLACIAN ON
A COMPACT LIE GROUP

E now come to one of our main objectives — the calculation of

the asymptotic expansion for the heat kernel of the Laplacian

Ag on a compact connected Lie group G that is endowed with a

bi-invariant metric (, ). Our aim is to show that one can quickly

obtain the asymptotic expansion using Lie algebra methods. The key
ingredient is the Duflo isomorphism [32]

Duf: S(g)? — Z(g),

which is an algebra homomorphism from the ad(g)-invariant part of
the symmetric algebra of g (elements of ad(g) act as inner deriva-
tions) to the center of the universal enveloping algebra of g. The
domain S(g)? can be identified with the space of constant coefficient
differential operators on g that are invariant under the Ad(G)-action,
and the image Z(g) can be identified with the space of bi-invariant
differential operators on G. In S(g)? is the Laplacian Ay of the Eu-
clidean space g, and in Z(g) is the Laplacian Ag of the curved space
G.

The main idea is this: Find a relation between Duf(Ay) and Ag,
and use that to deduce the asymptotic expansion for the heat kernel
of Ag. What makes this a plausible route? Assume for the moment
that the relationship between Duf(A;) and Ag is simple enough so
that the heat kernel of Ag is a minor modification of the heat kernel
of Duf(Ay). The heat kernel of Duf(A,) is the integral kernel of the
operator e'Pu(4a) Recall that the Duflo isomorphism is an algebra
isomorphism. So, heuristically, we expect e!Pu(4d) to be equal to
“Duf(e'?s)”. Now the integral kernel of e'*s is well-known to be
the Gaussian kernel. So our expectation is that, by understanding
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the geometric meaning of the Duflo isomorphism, we would be able
to figure out its effect on the Gaussian kernel and deduce from it
the integral kernel of “Duf(e'®s)”, or rather, for etP(4s) which is
essentially e*26. This last statement can be made more precise using
the Kashiwara-Vergne conjecture [60] (now proved), which extends
the Duflo isomorphism to incorporate invariant distributions with
compact support. In this dissertation, however, we shall rely on more
elementary means.

Remark. When we speak of a differential operator on a manifold M,
we shall assume that its domain is C*°(M), unless explicitly stated
otherwise.

41 THE DUFLO ISOMORPHISM

4.1.1 INVARIANT DIFFERENTIAL OPERATORS. Let A be any Lie group.
Suppose A acts smoothly on a manifold M on the left. Let g be an
element of A. For a smooth function f on M, we define the smooth
function g - f on M by

(g-H(x)=flg™"x). (4.1.2)

For a differential operator D on M, we define the differential opera-
tor g- D on M by

(g-D)f=g-(D(g" ). (4.1.3)

The differential operator D is said to be invariant if (g-D) = D holds
for all g in A.

Now let M = A, and consider the action of A on itself by left
translations. In this case, the invariant differential operators on A
are said to be left-invariant. Let D(A) be the space the left-invariant
differential operators on A. Let a be the Lie algebra of A. The
construction of the universal enveloping algebra U(a) of a and its
identification with D(A), which we reviewed in Section 2.2.10, still
applies here, and we have an algebra isomorphism

T: U(a) —  D(A),

X]®"-®XkH%]O--~Oik. (414)

Here X denotes the left-invariant vector field on A generated by X in
a.

Suppose D is an invariant differential operator on A. Let Dy de-
note the value of D at g in A; in other words, for a smooth function
fonA,

Dyf = (Df)(g).

Since Equation 4.1.3 holds for D, we have

g (Df)y=D(g"-f).
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Evaluating both sides of this equation at the identity, we get
(Df)(g) = (D(g - f))(e).

Put in another way,
Dyf = De(g ™" - f).

In short, D is completely determined by its value at the identity.
Now D, : C*°(A) — R is a distribution on A that is supported
on {e}. So we have a linear map from the space of left-invariant
differential operators on A to the space of distributions on A with
support {e};
. /
€: DI(DA) : 8%(/3), (4.1.5)

This is, in fact, an algebra isomorphism. The injectivity is clear.
The surjectivity follows from a standard result in distribution the-
ory, namely, that a distribution with point support is a differential
operator (see [52, Prop. 1, p. 242]). To prove the multiplicativity,
we need to show that L L

(XY)e = Xe * Ye (4.1.6)

where x denotes the convolution product. The paring of Xe * Ye with
fin C*(A) is defined as

(Xe # Yey ) = (Xe @ Ye, ),
where f is a smooth function on A x A such that

i, y) = flw) = Gf(y),

and the ith factor (i = 1,2) of Xe @ Ye pairs with f by viewing it as a
function that depends only on the ith variable; thus, (X, ® Y, f) =
(Xe, Fys) where Fy¢ is a smooth function on A whose value at x € A
is

. d
Fye(x) = (Ye, &) = R f(x exp(tY)). (4.1.7)

0
Thus,

— .- d
<Xe & Ye)f> = <Xe>FY,f> = a

Fy¢(exp(tX))
0

_d
o dt

o ds
This proves Equation 4.1.6, which implies that the linear isomor-
phism 4.1.5 is multiplicative.

Composing the isomorphisms 4.1.4 and 4.1.5, we get an algebra
isomorphism

f(exp(tX) exp(sY)) = ((XY)e, f).
0

d:=¢eot: Ula) = ELA). (4.1.8)

This gives us a second identification for U(a), namely, as the algebra
of distributions on A with point support on the identity. Applying
this to the case A = G, we see that U(a) = U(g) can be viewed as
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the algebra of distributions on G with support {e}. Applying to the
case A = g, we see that U(a) = S(g) can be viewed as the algebra of
distributions on g with support {0}.

4.1.9 POINCARE-BIRKHOFF-WITT ISOMORPHISM. Let T(g) be the ten-
sor algebra of g. Let I be the ideal in T(g) that is generated by the
elements of the form

XRY—-Y®X. (4.1.10)

Then T(g)/I is the symmetric algebra S(g). On the other hand, let |
be the ideal in T(g) generated by the elements of the form

X@Y—-YeX—I[XY]. (4.1.11)

Then T(g)/] is the universal enveloping algebra U(g). It is customary
to denote X1 ® --- ® Xy, +1in S(g) or X3 ® --- ® Xy, + ] in U(g)
simply as X;---X,. In any case, the elements X; -- - X,,, where X;
1 €{1,...,n}, n € N) are vectors in g, generate S(g) and U(g) as
vector spaces.

Consider the symmetrization map

PBW: S(g) — Ul(g),
1
Xq-- Xy — - Z Xo(1) - - Xo(n)- (4.1.12)

Here S,, denotes the symmetric group of degree n. It was demon-
strated by H. Poincaré [80], G. Birkhoff [14], and E. Witt [100] that
the above map is a vector space isomorphism; hence it is called the
Poincaré-Birkhoff-Witt isomorphism.

Here we review a proof for the Poincaré-Birkhoff-Witt isomor-
phism using distribution theory. Start by considering the algebra
isomorphism 4.1.8 for A = g and A = G, respectively:

d5: S(g) — &gla),
5g: Ulg) — ELG).

Here E((g) is the algebra of distributions on g with support {0}, and
&.(G) is the algebra of distributions on G with support {e}. Next,
consider the exponential map exp : g — G, which is a local diffeo-
morphism near 0. Since functions pull-back along smooth maps of
manifolds, their dual objects, the distributions, push-forward. More
precisely, the pushforward of A in £;(g) along the exponential map

is the distribution exp, A in £/(G) defined by
(exp, A, f) == (A, exp*f)

for smooth functions f on G. Because the exponential map is a local
diffeomorphism, the push-forward map

/

exp, : Ei(g) — EL(G) (4.1.13)

is a vector space isomorphism. Then, demonstrating that the follow-
ing diagram is commutative yields a proof for the Poincaré-Birkhoff-
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Witt isomorphism:

ng’[ B Zlég (4.1.14)

36(9) ex—p*>8é(G)

Let us verify this beginning with the simple case. Let X be a vector in
g, and view it as a generator in S(g). Take its kth power X* in S(g).
We wish to check that

exp, (84(X¥)) = 5 (PBW(X¥)). (4.1.15)

Since 8, and 8¢ are multiplicative and PBW(X*) = X¥, we may just
show that
exp, (54(X)%) = 8g(X)*. (4.1.16)

Let f be a smooth function on G. By the definition of the push-
forward map exp,,

(exp, (84(X)¥), ) = (84(X)*, exp*f). (4.1.17)

By the definition of the convolution product of distributions, we
have, for the right-hand side of Equation 4.1.17,

(54(X)¥, exp™f) = (54(X) ® - - - @ 84(X), expT), (4.1.18)
where &pr is a smooth function g* defined by
exp (X1, .., Xi) = exp™f(Xy + -+ X,

and the ith factor of §4(X) ® - - - ® 84(X) pairs with e/xﬁ by viewing
it as a function that depends only on the ith variable. Applying
Equation 4.1.7 iteratively, we get

(8g(X) @ - - - ® 84(X), exp*f)
d d

= e — exp f(ti X+ -+t X
at | dely p ity KX)
d d

= | flexp(tiX + - + X
atr |y iy (exp(ty kX))
d d

= — ces — flexp(t1X) - - - exp(txX
atr |, o dte, (exp(t1X) p(tiX))

= (X X)ef = (5g(X---X), )

= (56(X) -+ # 5g(X), ). (4.1.19)

Equations 4.1.17—4.1.19 prove Equation 4.1.16, which is equivalent
to Equation 4.1.15. For the general case, just put X = t;X; +--- +
tn Xy into Equation 4.1.15, where ty,...,t, are indeterminates, and
compare both sides of the resulting equation.
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4.1.20 Let C2°(M) be the space of compactly supported smooth func-
tions on a manifold M. Suppose the Lie group A acts on M on the
left. This induces a G-action on C2°(M) by Equation 4.1.2. Since dis-
tributions are dual to functions, we define the G-action on D’(M)
in the same manner as in Equation 2.2.7; that is, for g € A and
@ € D'(M), we define the distribution g - ¢ on M by setting its
paring with f € C°(M) as

(9@, )= (@,97" - f).

Now consider the G-action on g by the adjoint representation,
and on G by conjugation. These induce G-actions on £;(g) and
&/(G) as explained above; we shall denote their G-invariant parts,
respectively, by £/(g)® and £/(G)®. The linear isomorphism exp,
then maps €}(g)© onto €.(G)C. (This owes to Equation 2.2.6.) Mean-
while, the preimage of Eé(g)G under the map 9,4 is S(g)®. Likewise,
the preimage of €/(G)® under &g is Z(g). So the commutative dia-
gram 4.1.14, restricted to the invariant parts, gives us

S(g)s —2% 5 2(g)

5%2 Zlég (4.1.21)

£4(0)% —om— EL(G)C

4.1.22 DUFLO ISOMORPHISM. The reason we gave an interpretation
of the Poincaré-Birkhoff-Will isomorphism in the language of distri-
bution is that the Duflo isomorphism is simpler to state in terms
of distributions rather than that of differential operators. In short,
the Duflo isomorphism is a modification of the restricted Poincaré-
Birkhoff-Witt isomorphism PBW : S(g)? — Z(g) so that it becomes
an algebra isomorphism. The corresponding modification of exp, is
(see the diagram 4.1.21)

exp, o (4.1.23)
where j denotes the multiplication by the function

sinh ady / 2)
adx /2

Thus, the Duflo isomorphism is the algebra isomorphism

Duf = S(g)? — Z(g)

i(X) = det]/2< (4.1.24)

defined by
Duf = (5g) ' o (exp, 0j) o dg. (4.1.25)

When g is a complex semisimple Lie algebra, the Duflo isomor-
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phism is (the inverse of) the Harish-Chandra isomorphism!. Du-

flo [32] generalized the isomorphism S(g)? ~ Z(g) for all finite-
dimensional Lie algebra and proved it using Kirillov’s orbit method.
Alekseev and Meinrenken [2] gave an algebraic proof for the Duflo
isomorphism for quadratic Lie algebras. A sketch of their proof and
the algebraic description of the Duflo isomorphism is presented in
Section 5.3.19.

4.1.26 S(g) AS THE ASSOCIATED GRADED ALGEBRA OF U(g). LetIand
] be the two ideals in T(g) that we defined in Section 4.1.9 so that
T(g)/1 = S(g) and T(g)/] = U(g). Imposing the relation defined by
I on an element in the homogeneous component T*(g) of T(g) of de-
gree k yields again an element in T*(g), whereas the relation defined
by J could yield an element in T¢(g) with £ < k. Thus, the grading
on the tensor algebra T(g) induces a graded algebra structure on the

symmetric algebra:
S(s) = P S (),

keZ
where S¥(g) = T*(g)/I. But the same grading on T(g) induces a
filtered algebra structure on the universal enveloping algebra:

Ulg) = | J Wela),

kEZ

where U (g) = (B, T'(g))/]-
For any filtered algebra A = J,,., An (over a field), its associated
graded algebra is defined as

gl’A = @ An/An—1>
nez

where the product structure is defined by

Ar/Ax—1 X Ag/Ar — At /A
(x+ A1,y + A1) = xy+ Axpe.

The canonical projection
Oy . Ak — Ak/Ak,1

is called the symbol map of order k. The maps oy, k € Z, collectively

! The Harish-Chandra isomorphism [50, Lem. 36, Lem. 38] for a complex semisimple
Lie algebra g is usually presented as an algebra isomorphism v : Z(g) — S(h)"
where b is a Cartan subalgebra of g (which means that b is a maximal abelian
subalgebra of g such that ad(l) is simultaneously diagonalizable) and S(h)" is the
subalgebra of S(h) consisting of elements that are invariant under the action of
the Weyl group (the group generated by the reflections with respect to the root
hyperplanes like the ones we have seen for the Lie algebra of a maximal torus
in a compact Lie group). The restriction of a polynomial function on g* to h*
induces a surjective map S(g) — S(h) whose restriction to the ad(g)-invariants
yields an algebra isomorphism 7 : S(g)® = S(§)*. So ' o vy yields the algebra
isomorphism Z(g) — S(g)?, to which the Duflo isomorphism is the inverse. For
more on the Harish-Chandra isomorphism, see [59, § 23.3] or [62, Thm. 5.44].
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define the symbol map

o: A = grA=PA/Ac.
keZ
(The above definitions appear in [27,85].)

The point we are trying to make is that the Poincaré-Birkhoff-
Witt isomorphism implies that S(g) is isomorphic to grU(g). To see
this, choose a basis { X; JI* ; for g. Then the following set of simple
tensors,

B={Xy, ® - ®X;, € THg) 1< <+ < <)

yields, under the quotient map T(g) — T(g)/I, a basis for the homo-
geneous component of S(g) of degree k; that is, we have a vector
space isomorphism

Spang Bk —  S(g),
Xh ®"'®Xik — Xi] "'Xik'

Here Spang By denotes the R-linear span of By. Meanwhile, the
same simple tensors Xj, ®- - -®X;, can be used to define the following
linear map:

Spang By  —  Uk(g)/Uk—1(g),

1.2
Xiy ® o @ Xy = Xy - Xiy, + U1 (g)- (.1.27)

This map is clearly surjective. To see that it is injective, note that
it factors through the quotient map 7; : T(g) — T(g)/J. Now per-
muting the vectors that constitute the simple tensor X;, ® - -- ® X,
in By does not give another simple tensor in By. As a consequence,
the relations in U(g) defined by the ideal ] cannot be applied to a
nonzero linear combination of elements in 7rj(By) to obtain an ele-
ment of Uy_1(g). Therefore, the map 4.1.27 is injective. Hence, we
have a linear isomorphism:

@Sk(g) — @uk(g)/ukq (9),
e, ez (4.1.28)
Xi] "'Xik — Xi] "'Xik + Uk (g)

To prove that this map is multiplicative, we must show that
(Xiy -+ Xy )X, -+ X5,) + Unee—1(g)
= (Xh e 'ij)(xil e 'Xik) + Upe—1 (g)

This would be true if gr U(g) is commutative, which is the case since
the commutator of two generators X and Y in g is zero, that is,

XY =YX mod U;(g).

To sum up, S(g) and gr U(g) are isomorphic as algebras..
Notice that the isomorphism 4.1.28 is equal to the composition
0 o PBW, where o : U(g) — grU(g) is the symbol map. So we have a
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commutative diagram:

PBW

S(g) —————— U(g)
(4.1.28)l{ p
grli(g)

Thus, under the identification of S(g) as the associated graded alge-
bra of U(g), we may say that the Poincaré-Birkhoff-Witt isomorphism
is the inverse of the symbol map.

42 THE ASYMPTOTIC EXPANSION OF
THE HEAT KERNEL

4.2.1 The perspective we took in the previous section was that of
distribution theory. We now return to the differential operator point
of view.

4.2.2 DEFINITION. Let D(g) be the algebra of constant coefficient dif-
ferential operators on g. Let D(G) be the algebra of left-invariant dif-
ferential operators on G. Consider the G-action on g by the adjoint
representation, and on G by conjugation; this induces G-actions on
D(g) and D(G) (see Section 4.1.1); denote the G-invariant parts by
D(g)¢ and D(G)S, respectively. (Then D(G)® is the algebra of bi-
invariant differential operators on G as before.) Owing to the alge-
bra isomorphism 4.1.4, we can identify D(g)® with S(g)9 and D(G)©
with Z(g). The Duflo isomorphism Duf : S(g)? — Z(g) then induces
the algebra isomorphism

Duf: D(g)¢ = D(G)S

so that we have the following commutative diagram:

S(g)? —>— Z(g)

| J=
5| D(g)® —2% . D(G)E |sq (4.2.3)

gg Xe]

e4(9)° —2 £1(6)°
Here the maps T4 and 1g are provided by (the appropriate restric-
tions of) the isomorphism 4.1.4 for A = g and A = G, respectively.

Likewise, the maps ¢4 and eg are provided by the isomorphism 4.1.5.
The arrows in the above diagram are all algebra isomorphisms.

4.2.4 PROPOSITION. Let Ay and Ag be the Laplacians on g and G,
respectively. Then L
Duf(Ag) = Ag — ||p||*. (4.2.5)

Here p is half the sum of the positive roots of G, and || - || is the norm
induced by the bi-invariant metric on G.
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Proof. By the definition of the map Duf,
Duf(Ay) = 16 o Duf o ;' (A,). (4.2.6)

Let {X1,...,Xy} be any orthonormal basis for g. The map T, maps
X; to the partial derivative 0; on g with respect to the vector X;. So
T, (31 XiXi) = S, 92, which is A;. Therefore,

n
T;1 (Ag) = Z X X;. (4.2.7)
i=1

It is known that the image of this element under the Duflo isomor-
phism satisfies

n
1
Duf(Z XiXi) =0 +ﬂ try(Q), (4.2.8)
i=1

where Q) is the Casimir element in Z(g) and try(Q) is the trace of the
Casimir for its action on g arising from the adjoint representation
ad : g — End(g). An algebraic proof of Equation 4.2.8 can be found
in the work of A. Alekseev and E. Meinrenken [3]. We shall review
their theory in Chapter 5. In particular it is Equation 5.4.23 with
g = ¢ that gives Equation 4.2.8.

Owing to a result of B. Kostant [65, Eq. 1.85],

1

57 Ta Q= —lloll". (4.2.9)

Inserting this into Equation 4.2.8,
n
Duf(Z XiXi> =Q—|p| (4.2.10)
i=1

So, by Equations 4.2.6, 4.2.7 and 4.2.10, we have
Duf(4,) = 6(Q —|pl|*) = 76 (Q) — [lp|*.
Since 16(Q) = Ag (Equation 2.2.18), we have

Duf(A,) = Ag — [|p]I- O

4.2.11 DEFINITION. Recall that the exponential map is a local dif-
feomorphism near O in g, that is, there is an open neighborhood V
of 0 that is mapped diffeomorphically onto exp(V) = U under the
exponential map. Denote the diffeomorphism of V onto U via the
exponential map by

expy: V — W (4.2.12)

For an invariant differential operator D on G, let D*P be the con-
stant coefficient differential operator on V such that,

D®*P¢ = expy (D (expy ') d).

Since D*P is a constant coefficient differential operator, it makes
sense to extend it to a constant coefficient differential operator on g.
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So we have a linear map
D(G) — Di(g),
D o Do (4.2.13)

Remark. (1) Suppose f is a smooth function on G. Let fy be its
restriction to U, and set

P .= expy, fu. (4.2.14)

Then,
Dexpfexp — (Df)CXP. (4.2.15)

In a word, f**P and D**P are the expressions for f and D under
a local exponential chart near the identity in G.

(2) Owing to the algebra isomorphism 4.1.5, we can identify D(g)
with £§(g) and D(G) with £/(G). Then the inverse of the vector
space isomorphism 4.1.13 induces a linear isomorphism

exp, ' : D(G) = D(g) (4.2.16)

so that we have the following commutative diagram:

D(g) (G)
eglg ZJEG (4.2.17)
56(9) T Eé(G)

The linear isomorphism é?(f)j is precisely the map 4.2.13;

exp, (D) = DP, (4.2.18)

(3) Consider the G-action on g by the adjoint representation, and
on G by conjugation. Then the commutative diagram 4.2.17,
restricted to the invariant parts, yields

exp, G

D(g)® +———D(G)
sglg Z}G (4.2.19)

sinhady /2

4.2.20 PROPOSITION. Let j(X) = det'/?( S

). We have
Duf(Ay)®P =37 0 Ag 0j.

Remark. The above equation is an equality of differential operators;
jand j~' are to be read as the multiplication operators by the respec-
tive functions.
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Proof. By Equation 4.2.18,
Duf(A,)®® = exp, ' (Duf(4,)).

Then, by the commutative diagram 4.2.19,

Duf(A,)®*P = 551 oexp; ' oeg(Duf(Ay)). (4.2.21)
Now, by the commutative diagram 4.2.3,

e (Duf(A,)) = exp, o o eg(Ay) = exp, o j(Ag0)

= exp, ((Ag ©j)o)- (4.2.22)
Inserting this into Equation 4.2.21, we get
Duf(Ag)*™® = ¢, ((Ag 0)o).

This implies that L
Duf(Ay)*P =dpoAjo0j (4.2.23)

for some smooth function ¢ on g such that ¢(0) = 1.
It remains to show that ¢ = 1/j. Since Duf is an algebra isomor-
phism, we have L L
Duf(A7) = (DufAg)*,

Hence,
Duf(A])®*? = Duf(Ay)**® o Duf(A,)**. (4.2.24)

Repeating the argument we gave for Equation 4.2.23 word for word,
except replacing Ay with Aé, we get

DTlf(Aﬁ)eXp =¢o Aﬁ oj. (4.2.25)

Meanwhile, by Equation 4.2.23,
Duf(A4)®*P o Duf(A,)™P = ¢ o Ay o (jd) 0 Ay 0. (4.2.26)

So, by Equations 4.2.24—4.2.26,
Ay =Dgop oAy (4.2:27)

where 1 := jb. We need to show that = 1. Since Y(0) = 1, it is
sufficient to show that grad{ = 0, where grad is the usual gradient
operator on the smooth functions on the Euclidean space g. For an
arbitrary vector Y in g, define the smooth functions sy and cy on g
by sy(X) = sin(Y, X) and cy(X) = cos(Y, X). Then,

Aqlsy) =—[[Y|%sv.
So

Ag(sy) = [IY]|*sy. (4.2.28)
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Whereas,
Ag oo Ag(sy)

= —[|Y[[*Ag(sy)
= —[IY]*(Ag(b)sy + 2(gradp, grad sy) + WAZ(sy))
= —[[Y[I*(Ag () — [Y[*b) sy + 2(grad, Y)cy. (4.2.29)

Hence, by Equations 4.2.27—4.2.29, we have
VI (g (W) = [I¥]I* + [[Y[[*) sy = 2(grad b, V)ey.

Since sy and cy are linearly independent, we have (grady,Y) = 0.
Because Y is arbitrary, we have grad{ = 0 as desired. O]

Combining Propositions 4.2.4 and 4.2.20 gives us the following
known result (see [55, Thm. 3.15, p. 273]):

4.2.30 COROLLARY. The Laplacian Ag on G, under the local exponen-
tial chart near the identity, takes the following form:

AGP =i oAy o+ |le]*.

4.2.31 PROPOSITION. Let p be the heat convolution kernel of Duf(Ay).
(For the definition of the heat convolution kernel, see Section 2.1.9.)
Then p}*® = exp*py has the asymptotic expansion

1
Pt~ hes

for t — 04, valid in some neighborhood of 0 € g, where h; is the
Gaussian kernel on g, that is, hy(X) = e IXI/4t (470t)~ dim(e)/2 [ other
words, the coefficients of the asymptotic expansion 2.1.15, for this case,
are ap(x) = 1/j(log(x)) and an(x) =0 for n € N.

Remark. The reason hy/j is not the exact heat kernel is that the expo-
nential map fails to be a global diffeomorphism.

Proof. Writing the heat equation, (d; + Duf(A,))p; = 0, in the expo-
nential chart near the identity in G, we get
(3¢ + Duf(A,)*P)pf*® = 0.

Let s¢ == hy )_°, a;t' be the asymptotic expansion for p;™®. It is the
formal solution to
(0t + W(Ag)eXp)st =0. (4.2.32)

By Proposition 4.2.20, the differential equation 4.2.32 is equivalent
to

1 .
JT(at — Ag)jst = 0.
We need to show that sy = hy/j satisfies this differential equation.

But that is easily seen from the fact that h; satisfies the heat equation
(0t — Ag)hy = 0. ]
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4.2.33 LEMMA. Let G be a compact connected Lie group equipped with
a bi-invariant metric (, ). The value of the scalar curvature S of G is
given by

1
§ =7 ty(Q) = 6llp?, (4-234)
where p is half the sum of the positive roots of G.

Proof. As we pointed out in Section 2.2.14, the Riemannian connec-
tion V on G satisfies ViV = 1Z[X,Y]. So the curvature tensor R
satisfies

R(X Y)Z VVy Z— ViVi Z— Vix Z (by definition)

X,Y]

1o o= 1 1 ~ ~ ~

Applying the Jacobi identity to the above, we get
IO 1 ~ ~ =~

Then, the Riemann curvature tensor Rm satisfies

m(X,Y,Z,W) = (R(X,Y)Z, W) (by definition)

where the last equality owes to the left-invariance of the metric. Now
the scalar curvature S is, by definition, the trace of the Ricci tensor;
this means, in terms of an orthonormal basis { X; }dlmg for g,

dimg o
$= ) Rm(X;,X;,Xj, Xi). (4.2.36)
i,j=T1
So, by Equation 4.2.35,

1 dimg
S =—7 D {IX, X1, %31, Xs)
Lj=l
dlmg
:—fZ lady; o adx; (Xi), Xi)
Lj=l
dlmg 1
= — Z (ad(Q)Xi, Xi) Ztrg(Q).
Li=1

The proves the first equality in Equation 4.2.34. The second equality
follows from Equation 4.2.9. O

4.2.37 THEOREM. Let G be a compact connected Lie group equipped
with a bi-invariant metric. Let ki be the heat convolution kernel of the
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Laplacian on G. Then k{™* := exp*k has the asymptotic expansion

e!s/ — 11 (5)“tn
6

KeP ~ hy ; =h

t ) T (4.2.38)
— n!

for t — 0+, valid in a neighborhood of 0 € g. Here j is the function
defined by the power series 4.1.24, S is the scalar curvature of G, and h;
is the Gaussian kernel on g, that is, hy(X) = e~ IXI?/4t (47rt)~ dim(a)/2,

Proof. By Proposition 4.2.4, we have
Ag = Duf(Ag) + [|]*.

This implies that

etAc — ptllell? ot Duf(Aq)

Then, by Lemma 4.2.33,

etAG _ otS/6,tDuf(Ag)

This implies that
kt — etS/épt)

where p; is the heat convolution kernel of Duf(A;). So the asymp-
totic expansion 4.2.38 follows from Proposition 4.2.31. O

4.2.39 COROLLARY. Let G be a compact connected Lie group equipped
with a bi-invariant metric. Let S be the scalar curvature of G. The heat
trace Z(t) = tr(e'Ac) has the asymptotic expansion

vol(G) ot5/6

Z(t) ~ (47ct)dim G/2

(4.2.40)
for t — 0+.
Proof. This follows from Theorem 4.2.37 and Equation 2.1.14. O

Example. Let G = SU(2). Take the bi-invariant metric on G generated
by the negative of the Killing form on the Lie algebra of G. We exam-
ined this case in Section 3.2, and calculated that (Equations 3.2.10
and 3.2.23)

ol =2, vol(G) = 32v2r2.

g)
So, by Lemma 4.2.33 and Corollary 4.2.39, the heat trace Z(t) has the
following asymptotic expansion:

44/2
s,

Z(t) ~ =55

Remark. H. P. McKean and I. M. Singer [74] calculated the asymp-
totic expansion for the heat trace, using differential geometric meth-
ods, up to O(t3™/2) for any closed Riemannian manifold, where n is
the dimension of the manifold. Our result (Corollary 4.2.39) is con-
sistent with theirs. H. D. Fegan, in [39], obtained a formula for the

64



exact heat kernel on a simply connected, compact, semisimple Lie
group; but S. Zelditch [101] claims that it is erroneous. H. D. Fegan,
using his heat kernel formula, also derived the asymptotic expansion
for the heat trace; somehow, it is consistent with our result.
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THE QUANTUM WEIL ALGEBRA

o far our focus has been on the Laplacian. We now shift our
S attention to an operator that is in a sense a “square root” of
the Laplacian, namely, the Dirac operator. As P. A. M. Dirac [29] no-
ticed, the vector bundle on which the Dirac operator acts cannot, in
general, be the trivial line bundle, and we must consider the spinor
bundles.

A natural algebraic model for the space of equivariant differential
operators acting on the sections of the spinor bundles over homoge-
neous spaces is the quantum Weil algebra introduced by A. Alekseev
and E. Meinrenken [2, 3]. This chapter is a brief account on their
theory.

As usual, G denotes a compact connected Lie group with Lie al-
gebra g, equipped with an invariant inner product on g (that is, the
ad(g)-action is antisymmetric).

Remark. Following the custom, we shall call a differential operator
on the space of sections of a vector bundle F as a differential operator
on the vector bundle F.

51 CLIFFORD ALGEBRAS

5.1.1 A prerequisite for understanding the quantum Weil algebra is
the theory of Clifford algebras. Let us go over some relevant facts
and the conventions we shall use.

5.1.2 CLIFFORD ALGEBRA OF AN INNER PRODUCT SPACE. Let V be a
vector space over R equipped with an inner product (, ). Let T(V)
be the tensor algebra of V. Let J(V) denote the ideal in T generated
by the elements of the form

YW+ wv — (v, w). (5.1.3)
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The Clifford algebra generated by (V, (, )) is
Cl(V) :==T(V)/J(V).

There is a universal property that the Clifford algebra inherits from
the tensor algebra; namely, if there is a linear map ¢ from V to
a unital (associative) algebra A over R that satisfies @(v)p(v) =
(v,v)/2, then there is a unique algebra homomorphism @ : Cl(V) —
A such that ¢ = @ oiy where iy is the inclusion map of V into CI(V).
By the usual argument for universal objects, Cl(V) is isomorphic to
the Clifford algebra Cl(n) generated by the Euclidean space R™.

Remark. Note that the vectors v and w in V, as generators of CI(V),
satisfy the relation
YW 4wy = (v, W). (5.1.4)

The traditional convention is to use the relation
ww+wv = e(v,w)

with € equal to 2 or —2. The specific choice for the value of € bears
no weight for our purposes. We do point out, though, that because
we chose € = 1, the top order part (or the principal symbol) of the
square of the Dirac operator will be equal to that of the Laplacian
times 1/2.

5.1.5 SPINORS. We define the complexification of Cl(V) as
Cl(V) =Cl(V)® C.
Since Cl(V) ~ Cl(n) for some nonnegative integer n, we have
Cl(V) ~ Cl(n) ® C = Cl(n).
According to the general theory of Clifford algebras (see [43, p. 13]),

(5.1.6)

Endc(C2) if n = 2k;
Cl ~ )
() { Endc(C2°) @ Endc(C2Y), if n =2k + 1.

These isomorphisms give rise to an irreducible representation of
Cl(n) on the 2*-dimensional complex vector space with k = |n/2].
This representation space is called the space of spinors for Cl(n) (or
n-spinors, for short); we shall denote it by S,,. It is clear from the
isomorphism 5.1.6 that, when n = 2k, there is only one way Cl(2k)
can act on Syx. As a consequence, any CI(2k)-module E is of the
form

E=Sx oW (5.1.7)

where W is some auxiliary complex vector space on which Cl(2k)
acts trivially; put in another way;,

W ~ Homgypy) (Sa, E).
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When n = 2k + 1, it turns out that there are two ways Cl(2k+ 1) can
act on Sy 1; see [43, p. 13] for details.

5.1.8 Let{e;}',, n =dim(V), be an orthonormal basis for V. Then
the simple tensors of the form e;, ® - -- ® ey, k € N, together with T,
form a basis for the tensor algebra T(V). It is customary to write the
image of ej, ®- - - ® e;, under the quotient map T(V) — T(V)/J(V) =
Cl(V) as e;, - - - e;,. Among these images, the ones that are not zero

are the following: For each I C {1,...,n},
o 1, for I = g, (5.1.0)
' Ve, ey, forI={iy,..., i withij <+ <i. =9
The collection {e; | I C{1,...,n}}is a linear basis for CI(V).

As a consequence, we have an isomorphism CI(V) ~ R?" as vec-
tor spaces. This induces a differentiable structure on Cl(V). Ac-
cording to a general fact regarding the group of units in a finite-
dimensional algebra (see, for instance, [28, § 16.9.3]) the group
Cl(V)* of units in CI(V) is an open subset of Cl(V) and is a Lie group
under the inherited submanifold structure.

5.1.10 Cl(V) AS A FILTERED ALGEBRA. The natural grading on T(V)
induces a filtration on CI(V), that is,

Cly (V (@Tq ) keZ,

gq=—00

gives a filtration for Cl(V). (In the above definition, we set T9(V) =
{0} if q is negative.) The basis elements e; defined by Equation 5.1.9
have filtration order |I|. Thus,

Spang { e : |I| <k} = Cl(V). (5.1.11)
Moreover, we have a canonical linear isomorphism

o : Spang{er: Il =k} — Cl(V)/Cl(V),

€1 — e+ Clk_] (V), (5'1'12)
for each k € Z; collectively, we have a vector space isomorphism
o: Cl(V) = @5 Ch(V)/Cl1(V). (5.1.13)
keZ

This is the symbol map (see page 57) from CI(V) to its associated
graded algebra gr C1(V).

5.1.14 Cl(V)AS A SUPER-ALGEBRA. The tensor algebra T(V) becomes
a super-algebra'® by reducing its natural Z-grading modulo 27Z. Since
the relation 5.1.4 respects this Z/2Z-grading, the Clifford algebra

! ‘Super’ is synonymous to ‘Z/27Z-graded’.
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Cl(V) is also a super-algebra:
cl(v) =cl(v)ecl'(v).
In terms of the basis elements e; (Equation 5.1.9), we have
clov) = Spang{er:|I|=0mod 2},
cl'(v) = Spang{er:|I|=1mod 2}.

We define the super-commutator [, ] on CI(V) as, for homogeneous
elements x and vy,

deg(x) deg(y)y

x,yls =xy — (1)

5.1.15 CHEVALLEY IDENTIFICATION. Let € € [0, 1]. Define Cl(V, €) as

the Clifford algebra generated by (V,e(,)). If e = 1, we get back
Cl(V). If € = 0, then we have the exterior algebra A(V).

As before, let { e }I ; be an orthonormal basis for V with respect

to the original inner product ( , ). Define, for each I C {1,...,n}, the
elements e} in Cl(V, €) as
1 forI = g;
€ .__ ) )
= { e, ey, for I ={iy,..., i)} withij <+ < iy (5.1.16)

These elements form a linear basis for Cl(V, €). Note that e} is what
we defined earlier as e; (Equation 5.1.9). In any case, we have a
vector space isomorphism:
Cl(V,e) — Cl(V),
e — er
When € = 0, this vector space isomorphism is
q: A(V) - Cl(V),
1.1
ei]/\---/\eik»—>ei]-~-eik. (5 7)

That q is a vector space isomorphism was first stated and proved by
C. Chevalley [25, Thm. II.1.6, p. 41]. Following A. Alekseev and
E. Meinrenken [3], we call this map the Chevalley (quantization)
map. Note that, since

eie; = —eje; + Oy, (5.1.18)

where &;; is the Kronecker delta symbol, we have
1
el ey = g D sgn(0) eqg(1) - - (i)
.GESk
The right-hand side is the image of the alternating tensor
1
ol Z sgn(0) eg(1) ® - -+ @ eg(x) (5.1.19)
oE€SK

under the canonical projection 7y : T(V) — T(V)/J(V) = CI(V).
Now the tensors of the form 5.1.19 span the subspace Alt(V) of the
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alternating tensors in T(V). It is a standard fact in algebra (see [31,
Prop. 40, p. 453]) that Alt(V) is linearly isomorphic to /\(V) by the
antisymmetrization map:

1
Alt(vi A= Awy) = ol Z sgn(o) V(1) ® - D Vg (5.1.20)
oeSy
Here v;’s are arbitrary vectors in V. So we have the following com-
mutative diagram of linear isomorphisms:

Alt(V) C T(V)

Alt J
Ticl

AV) ———— Cl(V)

In this sense, the Chevalley map is the antisymmetrization map.

It is reasonable to guess that /\(g) is isomorphic to gr Cl(V) as
algebras. Let us check this. The very definition of the Chevalley
map 5.1.12 shows that the kth homogeneous component AX(V) of
the exterior algebra is mapped bijectively onto Spang { ey : |I| =k} in
the Clifford algebra. So the composition of the Chevalley map with
the linear isomorphism 5.1.12 gives us the linear isomorphism

A (V) 25 Cli (V) /Clic1 (V),

er — e+ Cl_1(V). (5.1.21)
Collectively, we have the linear isomorphism
A(V) oo, gr CI(V). (5.1.22)

This isomorphism is, in fact, multiplicative (so it is an algebra isomor-
phism). It is sufficient to check for the product of two basis elements
ei, \---Ney and e, \---Aej, in A(V),where T <1 <--- < <n
and 1 <j; < --- <j¢ < n. The image of these two basis elements un-
der the map 5.1.22 are e;, - - - e;, +Cly_1(V) and ¢;, - - - €5, + Cl_1(V),
respectively, and their product is ey, - - - e, €j, - - - €j, + Cli 1 (V). So
we need to check whether

q(ei1 JARE: ~/\eik/\eh A\~ '/\eie) =€ e €, g, mod Clkjug,] (V)
(5.1.23)
If{i],...,ik}ﬂ{jh...,je}: &, then ei, /\-"/\eik /\e]'] /\-"/\ejz is
one of the standard basis element (up to sign) for /\(V), so q maps
it to €y - €4, €, €. If {i1,...,4k} N {j],. ..,je} # @, then ei, A\
cee /\eik /\ej] ARER /\eje = 0, but S PER P ) isin Cl\l\H]l*Z(v)
(owing to the relation eie; = —eje; + d3;), so Equation 5.1.23 holds.
In fact, our calculations show that we have a stronger relation:
q(ey, A---Aey, Aej, A---Aej,) = eq, - e €, - - ¢, mod Cli g 2(V).
(5.1.24)
To sum up, we may identify /\(V) with gr C1(V). Then the Cheval-
ley map is the inverse of the symbol map. Put in another way, we
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have the following commutative diagram of vector space isomor-
phisms:
A(V)

q
avy— [ |oea
T ga(y)

5.1.25 CLIFFORD MULTIPLICATION ON A(V). Since CI(V) and A(V)
are linearly isomorphic, we can transfer the product structure of
ClL(V) to /\(V); we define the Clifford multiplication of x and y in
A(V) as
x-y:=q"'(q(x)qy)).

The very fact that that /\(V) is the associated graded algebra of Cl(V)
implies that the Clifford multiplication is equal to the exterior multi-
plication modulo terms of lower degree. More precisely, we have, by
Equation 5.1.24,

k-2
x-y=x/Ay mod @ NI(V) (5.1.26)
q=0

for homogeneous elements x and y of degree k and ¢, respectively.

5.1.27 DEFINITION. We define the Clifford commutator [, ]s on /\(V)
to be the super-commutator with respect to the Clifford multiplica-
tion. That means

Do yls = x-y — (=1)y - x

for homogeneous elements x and y of degree k and {, respectively.

Remark. By Equation 5.1.26, we have

k-2
x,yls = (x Ay — (—1)*y Ax) mod @ NI(V).
q=0

The exterior algebra is super-commutative in the sense that x Ay —
(—D)*y Ax =0; so
K02

[x,yls =0 mod @ A(V). (5.1.28)
q=0

5.1.29 LIE ALGEBRA ISOMORPHISM A?(V) ~ so(V). Let x be a homo-
geneous element of A(V) of degree 2. If v is a vector in V = A!(V)
then, by Equation 5.1.28, [x,yls = 0 modulo A'(V); so the Clifford
commutator [x,V]s is again a vector in V. Hence, each x in A?(V)
defines a linear endomorphism on V by
ads(x): V. —
v = [x,V]s.

As a simple example, consider x := e; Aej with 1 <1 <j < n.
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Then

X, Vs = q ' (qleie;)q(v)) — g7 (q(v)q(eie;))
= q " (qlei))q(v) — q(v)q(eie;))

= qq(eiejv—veiej). (5.1.30)
From the relation e;v = —ve; + (ej, V), we get
eiejv = —ejvej + (e, v)e; = veiej; — (e, v)ej + (ej,V)ei.

Inserting this into Equation 5.1.30,
[ei A\ ej,v]s = q_] ((ej,v)ei — <€i,\)>€j)
= (e, v)e; — (e, v)ej. (5.1.31)
Hence, the Clifford commutation with e;/\e; is a antisymmetric oper-
ator on V. By the bi-linearity of the commutator, we concluded that

this is true for Clifford commutation with any element in A?(V).
Therefore, we have an injective linear map

ads : A2(V) — so(V). (5.1.32)

We may asks whether this is surjective. The answer is affirmative; in
fact, as B. Kostant shows in [64, Thm. 8, p. 286], this is a Lie algebra
isomorphism as we set the Clifford commutator as the Lie bracket for
A%(V). A formula for the inverse of the map 5.1.32 is as follows: For
T in so(V),

] n

ad; ' (T) = = Z T(vi) AV, (5.1.33)

where {v; ' ; and (vt ., are two basis for V that are dual with

respect to the inner product so that (vi,v) = &;;. This formula does
not depend on the choice for the basis.

5.1.34 DEFINITION. A super-derivation on a super-algebra A is a lin-
ear map 6 : A — A such that

§(xy) = 8(x)y + (—1)%eeXnxg(y)

for homogeneous elements x and y in A, where n is any integer. The
derivation is said to be even or odd, according to the parity of n.

The following lemma is from [64, Lem. 5, p. 284]:

5.1.35 LEMMA. Let i, denote the interior product on /\(V) with respect
to v, that is, the odd derivation on /\(V) generated by

LW = (u,v) (5.1.36)
for w e N1(V). Then, for x in A\*(V),
[x,V]s = —LyX. (5.1.37)

With slight abuse of notation, let v, also denote the odd derivation on
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Cl(V) generated by Equation 5.1.36. Then,
[qx,v]s = = (qx). (5.1.38)

Proof. Let{e; }4™V be an orthonormal basis for V. Owing to linearity,
it is sufficient to check Equation 5.1.37 for the case x = e; /\ ¢;; but
that is done by Equation 5.1.31.
According to the definition of the Clifford commutator, Equa-
tion 5.1.37 means
q ' lax, qvls = —tx

where [, ] now represents the super-commutator on Cl(V). So we
have

[gx, qvls = —q(ux).
Since qu = u for any u in V, the above gives us
[gx,v]s = —LX.
Hence, to prove Equation 5.1.38, it is left to show that
WX = L(qx). (5.1.39)

Again, it is sufficient to check for the case x = e; /\ e;. For ,(qx), we
have

wiqlei Aej)) = (eie).
Then, by the odd derivation property of ,,

wiqlei\e))) = w(ei)ej—eitv(ej) = (e, v)ej—(ej, v)ei = w(ei/\ej). O

5.1.40 SPIN GROUP. We define the spin group Spin(V) and its Lie
algebra spin(V) as follows. (This is due to B. Kostant; see § 2, espe-
cially Thm. 8, in [64].) Consider the inverse of the map 5.1.32,

ad;': so(V) S AZ(V). (5.1.41)

As we have noted in Section 5.1.29, this is a Lie algebra isomorphism
where the Lie bracket on A%(V) is given by the Clifford commutator.
The Clifford commutator on /A\(V) was defined so that the Cheval-
ley map q intertwines it with the super-commutator on Cl(V); thus,
composing ad? with q yields a Lie-algebra isomorphism of so(V)
onto its image in Cl(V); this image is the Lie algebra spin(V).

s0(V) % spin(V) C CI(V). (5.1.42)
qoad

Let { e; }?i:“fv be an orthonormal basis for V. Since the set
{eiNej |1 <i<j<dimV}
spans /A\?(V), its image under the quantization map
{eigy| 1 <i<j<dimV}

spans spin(V).
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Now let exp. denote the exponentiation in Cl(V); that is, for x
in CI(V),

Then,
Spin(V) = exp (spin(V)).

The Clifford exponential map expq on spin(V) agrees with the Lie-
theoretic exponential map exp : spin(V) — Spin(V), owing to the
uniqueness of 1-parameter subgroups.

As an example, let us calculate expg(teie;) where t is a parame-
ter in R. Note that

2 1
(eie]-) = eiejeiej = —eieiejej = —

?.
Hence,
Z (=Rt 2k & (=1)% st 2Kk
expaltese) = ) (2K)! (E) +Z(2k+1)!(§) 2eiey
k=0 k=0
= cos(t/2) + 2sin(t/2)e;e;. (5.1.43)

As our discussion in Section 5.1.29 shows, for each x in spin(V),
the inner derivation it defines on ClI(V) (with respect to the super-
commutator) restricts to a skew-symmetric operator on V. Let us
denote this representation by ad. : spin(V) — so(V). Now define
the Lie group representation Ad. : Spin(V) — Aut(V) by

Adc(g)(v) = gvg !,

where gvg~! is the product of g, v, and g~ as elements of Cl(V).
Then, ad. is the differential of Ads, and we have the following com-
mutative diagram:

1

Spin(V) —2% 5 s0(V)

expcﬁ Texp

spin(V) T)EU(V)

Because ad. is a Lie algebra isomorphism, Ad. is a covering map
(see [92, Thm. 3.25, p. 100]). This covering is evidently not an
isomorphism since —1 in Spin(V) acts trivially on v. In fact, it is a
double covering; see [43, Prop. (c), p. 16]. Since SO(V) is compact
(see [34, § 1.2.A]) and Ad, is a covering map with finite number of
sheets, Spin(V) is a compact Lie group.

5.1.44 Because Spin(V) is a subgroup of Cl(V)*, which is contained
in CI(V), the spinor space S for CI(V) is a complex representation
space for Spin(V). This representation is known as the spinor rep-
resentation of Spin(V). It is a classical result that S, as a Spin(V)-
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vector space, may be reducible or not, depending on the parity of
the dimension of V; if the dimension is odd, then S is irreducible; if
the dimension is even, then S is completely reducible to

S=St®eSs, (5.1.45)

where the irreducible subspaces S* are the eigenspaces with eigen-
values +(2i)7¥, respectively, for the action of the element eje; - - - e,
where n = dim(V) (see [43, p. 22] for a proof).

Since Spin(V) is compact, the spinor space S admits a Spin(V)-
invariant inner product. In fact, we can expect more; we may as-
sume that the Spin(V)-invariant inner product ( , ) is skew-invariant
with respect to the action of V in CI(V), that is, for v € V and
(&1,&) € S xS,

(v &, &) =—(&,v-&).

Moreover, when V is even-dimensional, the decomposition 5.1.45 is
an orthogonal decomposition with respect to this inner product. See
[43, p. 24] for details.

5.1.46 DEFINITION. Let g be a finite-dimensional Lie algebra with
an inner product (, ) that is skew-invariant under the ad(g)-action.
Then the adjoint representation yields a Lie algebra homomorphism
ad
g — so(g).

We shall denote the composition of the above map with the Lie alge-
bra isomorphisms 5.1.41 and 5.1.42, respectively, by

Ag = Ag),

v: g — spin(g).
In other words, for X in g,
s (adx), (5.1.47)
Y(X) = q o A(X). (5.1.48)

Remark. The maps A and y are clearly Lie algebra homomorphisms.
That means

A(X, Y1) = AX), AV, (5.1.49)

v(IX, YD) = [y(X), y(Y)]s. (5.1.50)
5.1.51 LEMMA. Let g be a finite-dimensional Lie algebra over R with
an inner product (,) that is skew-invariant under the ad(g)-action.
Let { X; }idg‘g and { X} }?;Tg be two basis for g that are dual with respect
to the inner product so that (Xi, X)) = &;;. In the following, X and Y
are vectors in g, [X, Y]y denotes their Lie bracket in g.

(a) The Lie algebra homomorphism A satisfies

adx(Y) = [A(X), Y], (5.1.52)
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where [, s is the Clifford commutator in /\(g). And
1 dimg
AX) = -3 (X, Xiy Xjlg) XEA X (5.1.53)

ij=1
(b) The Lie algebra homomorphism vy satisfies

adx(Y) = [y(X),Yls, (5.1.54)
where [, ]s is the super-commutator in Cl(g). And
1 dimg o
v(X) = ) (X, [Xi, Xj]g) XX, (5.1.55)
ij=1
Proof. By definition, A(X) = ad;] (adx). Now ads_] was defined so
that, for any T € so(g), we would have T(Y) = [ad;1 (T), Yl;s. Setting
T = ady, we get
adx(Y) = [ad; " (adx), YIs = \(X), Y.

This proves Equation 5.1.52. Let us deduce Equation 5.1.54 from this.
Applying the Chevalley map q to the above equation, we get

q(adx(Y)) = qlA(X), Y.

The left-hand side is just adx(Y). For the right-hand side, recall that
the Chevalley map q intertwines the Clifford commutator on /\(g)
with the super-commutator on Cl(g); so

Here the first commutator is the Clifford commutator in A(g), and
the other two commutators are the super-commutator in Cl(g). This
proves Equation 5.1.54.

Next, let us verify Equation 5.1.53. Again, begin with the defini-
tion A(X) = ad;1 (adx). Then, by Equation 5.1.33,

1 dimg dim g
AX) = 5 ; ad(X)(X)) A\ X = 5 ; X, Xjlg A XI. (5.1.56)
Now, for any vector Y in g, we have Y = Zf:?g(Y, X;)X'. So

dimg
X, Xilg = Y {IX, Xjlg, Xi)X".
i=1
Inserting this into Equation 5.1.56, we get
dimg
DX, Xilg, X)XEA X,
i,j=1

1

AX) = 3

By the invariance of the inner product, the above can be rewritten
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as
1 dimg . ‘
AX) = —5 (X, [Xi, Xilg) X" A X,
ij=1
This proves Equation 5.1.53. Applying the Chevalley map to both
sides of this equation gives us Equation 5.1.55. O

52 THE QUANTUM WEIL ALGEBRA

5.2.1 For the rest of this chapter, g is a finite-dimensional Lie al-
gebra over R equipped with an invariant inner product (, ). (For
example, g is the Lie algebra of a compact Lie group endowed with a
bi-invariant metric.) Let g be a copy of g, and for each X in g, denote
the corresponding vector in § by X. The starting point of A. Alekseev
and E. Meinrenken’s theory is to consider the super-space (that is,
the Z/27-graded vector space)

999,
where g is the subspace of odd degree and g is the subspace of even
degree. The quantum Weil algebra W(g) is the unital super-algebra

over R generated by the super-space g @ g, subject to the following
super-commutator relations:

X, Yls = (X,Y), (5.2.2)
[Y) Y]s - [X) Y]g) (523)
X,Yls = [X, Yl (5.2.4)

Here [, ]; denotes the Lie bracket in g. Note that g alone generates
the Clifford algebra Cl(g) and that g alone generates the universal
enveloping algebra U(g). This takes into account Equations 5.2.2
and 5.2.3. Equation 5.2.4 generates a U(g)-action on Cl(g). So, as
a vector space, W(g) is isomorphic to Cl(g) ® U(g). As an algebra,
W(g) is a semi-direct product:

W(g) = Cl(g) x U(g).
Each vector X in g generates two inner derivations on W(g):
() =X, s, Lx(-) = X, Js. (5.2.5)

These are called the contraction and the Lie derivative by X, respec-
tively. The contraction is an odd derivation whereas the Lie deriva-
tive is an even one. In terms of the generators, we have

Y = (X, Y), xY = [X, Y], (5.2.6)

LxY = [X, Ylg, LxY = [X, Y], (5.2.7)
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Augment this collection of derivations with a differential (that is a
graded derivation of degree 1) defined by

dX =X, dX =0. (5.2.8)

The contractions, the Lie derivatives, and the differential satisfy the
following super-commutator relations [2, Thm. 3.6, p. 145; 3, § 3]:

[d> d]s = O» [LX) d]s = I—X) “—X) d]s = O)
[Lx, Lyls = Lix v, [Lx, tyls = yx,vys [tx, tyls = 0.

A. Alekseev and E. Meinrenken [3] refers to this as a g-differential
algebra structure (g-da for short).

A remarkable fact found by A. Alekseev and E. Meinrenken [3,
Prop. 5.1, p. 317] is that the differential is also inner; there is an
element P in W(g) such that

d(-) = [D, . (5.2.9)
In terms of an orthonormal basis { X; }_; dime for g,

dimg

D= Z (X—f i)), (5.2.10)

where y(Xy) is the image of Xy under the map y defined in Defi-
nition 5.1.46. Because the differential is independent of the choice
for the orthonormal basis, Equation 5.2.9 shows that P is also inde-
pendent of the choice for the orthonormal basis. The element P is
called the cubic “Dirac operator” (cubic with respect to the filtration
for W(g) which we shall describe in Section 5.3.1) or the Kostant-
Dirac operator in W(g).

Another significance of the element P lies in the formula for its
square; see Equation 5.2.23.

5.2.11 CHANGE OF (EVEN) GENERATORS. Equation 5.1.54 states that
X, Y}g = [y(X), Yls.

According to Equation 5.2.3, the left-hand side is equal to [X, Y];. So
we have B
X —v(X),Y]; =0. (5.2.12)

The element R
X:=X—-vy(X)

is an even element in W(g); it can replace X as an even generator.
Denote the new set of even generators by

§={X|Xeg}<Wy).
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The super-commutator relations satisfied by the generators in g and
g are

X, Yls = (X,Y), (5.2.13)
[)A(,Y]S =0, (5.2.14)
X, Vs = [X/,?]g- (5.2.15)

Equation 5.2.13 is from Equation 5.2.2, and Equation 5.2.14 is just
Equation 5.2.12. So we only need to verify Equation 5.2.15. Since
X=X-— v(X) and Y=Y— v(Y), we have

X, YIs = [X, Yl — [y(X), YIs — X, Y (V)]s + [y (X), y(Y)]s.

Then, by Equations 5.1.50 and 5.2.4,

X, Vs = X, Y], — [y(X), YIs — X, v (V)]s + v(1X, Yg).
It is left to check that

— y(X), YIs = X, v (V)]s = =2y (X, Ylg). (5.2.16)
By Equation 5.1.55,

1 dimg
ij=1

Ya [Xi) X]Jg)([i) Xl]sX] + Xi[ia XJ]S)

Applying Equation 5.2.3 to the right-hand side,

dlmg
X, == Z , [Xi, Xilg) (X, XX 4+ XX, Xg).
Lj=1

Since Z = Zdlmg<Z, Xi)X¥ holds for any vector Z in g, we have

dimg
_ 1 ) )
Xyl = =5 3 (% DX Xila) (X, X'y Xi) XX
i,j,k=1
dim g
— = Z L [Xiy X51g) (X, X, Xi) XEXE.
,J,k 1

By the invariance of the inner product,

dimg
_ 1 ) .
Xoy(Mls =5 > (% Xjlg X0) (X', X, Xidlg) XX
i,j,k=1
dimg
+ Z (1Y, Xil gy X3) (X, X, X ) XXE.
,J,k 1
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Using the fact that (Z, W) = Z?ir}“‘(z, X;) (X, W) for any vectors Z
and W in g,
1 dimg
X,y (V)]s = =5 3 (1% Xlgs X, Xidg) XX
j,k=1
dimg
+3 Z (1Y, Xilg, X, Xidg) XXX,
ik=1

By symmetry, we may exchange X with Y, which gives

dimg
< 1 )
Y, y(X)]s = 5 Z (X, Xj]g) Y, Xk]g>XkX)
))k:]
1 dimg ‘
+ E Z <[X) Xi]g) [Y) Xk]g>X1Xk.
i,k=1
Therefore,
dimg .
= Z ((1X, Xj1g, [V Xicdg) — (X, Xiclg, [V, X5l )XIXE. (5.2.17)
jyk=1
Meanwhile,
dimg dimg

—2y(1X,Ylg) = D> (IX, Ylg, [Xi, Xjlg) XX = 3~ ([[X, Ylg, Xilg, Xj) X'X.
By the Jacobi ide;]ntity, ’]
—2y([X,Y]g) = dlig(mx, Xilg, Ylgy X5) + (X, Y, Xilglgy Xi)) XX
ding
= 3 (1% Xilg, 1Y, Xilg) — (1Y, Xilg, X, X;1g)) XX,
i (5.2.18)

Comparing Equations 5.2.17 and 5.2.18 shows that Equation 5.2.16
holds, which proves Equation 5.2.15.

5.2.19 Because the Lie algebra (g, [, s) is isomorphic to (g, [, Ig),
the even generators in § generate the universal enveloping algebra
U(g) inside W(g). Since the elements in this subalgebra commutes
with the Clifford algebra Cl(g) generated by the odd generators X €
g, we have

W(g) = Cl(g) ® U(g). (5.2.20)
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5.2.21 The cubic Dirac operator, in terms of the new generators X
and X, takes the following form:

dimg

D = Z ( 1)). (5.2.22)

Verifying this is just a matter of following the definition; by the defini-
tion of Xl, we have X; = Xi i—Y(Xi); inserting this into Equation 5.2.10
immediately gives us Equation 5.2.22.

A. Alekseev and E. Meinrenken [2, Prop. 3.4, p. 144] showed
that

P = Q + 4]8 trg ﬁg. (5.2.23)
Here ﬁg denotes the Casimir element in U(g), and tre ﬁg denotes the
trace for the adjoint action of ﬁg on g. In terms of an orthonormal
basis { X; }d‘mg for g, we have ﬁg = ZdlmgX X; (Equation 2.2.16).
We used the caret symbol so that ﬁg would not be confused with
S dme XX in {1} @ U(g) € W(g).

Remark. A more general form of P was independently introduced
by B. Kostant in [65], where he also calculates ZDZ. (We shall have
a chance to see them later on; see Equation 5.4.18 and Proposi-
tion 6.3.14.) The reason 9P is called the “Dirac operator” has to do
with the fact that the elements of W(g) = Cl(g) ® U(g) can be inter-
preted as differential operators acting on the sections of the trivial
bundle G x E — G where E is a finite-dimensional Cl(g)-module;
this is obvious for us since we already gave an identification of U(§)
as the algebra D(G) of left-invariant differential operators on G, via
the algebra isomorphism 2.2.11. To recapitulate, for X in g, the el-
ement X in U(g) is identified as the directional derivative d; on G

with respect to the left-invariant vector field Xon G generated by X.
Now, one might ask, why not identify the generator X with the direc-
tional derivative; after all, X’s also generate a copy of the universal
enveloping algebra in W(g). The answer is simple; the directional
derivatives should commute with the Cl(g) factor.

With X identified as the directional derivative 05, Equation 5.2.22
then shows that the cubic Dirac operator P is the geometric Dirac
operator (Section 6.2.6) on a vector bundle over G associated to the
connection V defined by

Vs = 05 + 5y (X))

where ¢ denotes the Cl(g)-module structure on the vector bundle.
This is not a Clif~for£1 connection (Section 6.2.3), which demands that
[V, c(Y)] = c(VgY) where V is the Riemannian connection on the
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tangent bundle of G; instead, we have

[Vx,e(Y)] = 3 ely(X)),e(V)] = 3e(bv(X), )
1 2 - -
= gc([X>Y]g) = gC(Vf(Y))

where the last equality follows from Equation 2.2.17.

53 THE CLASSICAL WEIL ALGEBRA

5.3.1 Traditionally the Weil algebra of a (finite-dimensional) Lie al-
gebra g is A(g)* ® S(g*). (It has a g-differential algebra structure
which we shall review shortly.) Since we assume that g is equipped
with an invariant inner product, we shall identify g* with g by the
inner product and, thus, the Weil algebra with /A\(g) ® S(g).

The connection between the classical Weil algebra and the quan-
tum Weil algebra is most obvious from Equation 5.2.20, as /\(g) and
S(g) are the associated graded algebras of Cl(g) and U(g), respec-
tively. To make this more precise, let (J, ., Clk(g) and U, Ui (8)
be the usual filtrations for Cl(g) and U(g), respectively (see Sec-
tions 4.1.26 and 5.1.10). Set

Cly) (g) = Clk(g), Upae) (8) = Ue(d).
Then, give W(g) the following filtration:

W(g) = | Wqla)

q€ez

where

Wql(g) = U Cly (g) @ Ugae) (8)-
k+2{=q

The associated graded algebra of W(g), which we denote by W(g)
instead of gr W(g) for reasons that will be obvious in a moment, is

W(g) = \(g) ® S(8).

The generators X in g and Xin § are of degree 1 and 2.

Recall that the symbol maps for Cl(g) and U(§), respectively, are
given by the inverse of the Chevalley map 5.1.17 and the inverse of
the Poincaré-Birkhoff-Witt isomorphism 4.1.12; their tensor product

g~ @PBW: W(g) = Cl(g) @ U(§) — WI(g) =/(g) ® S(§)
(5.3.2)
is the symbol map for the quantum Weil algebra. Through this sym-
bol map, the g-differential algebra structure on W(g) induces a g-
differential algebra structure on W(g) as follows; we divide the pro-
cedure into two steps:
Step 1: Recall that the Lie derivatives on W(g) were defined in
terms of the even generators X = X + y(X). We will need to define
an analogous generator for W(g). The image of X under the symbol
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map is
q7' @ PBW (X + (X)) = PBW ' (X) + ¢ 'y(X) = X + A(X).

Here A(X) is the image of X under the map A : g — /A?(g) defined in
Definition 5.1.46. With a slight abuse of notation, we write

X =X+ A(X) € W(g).

Clearly X is of degree 2, and it may replace Xasa generator for W(g).
We denote the set of these new generators by

§g={X|Xeg}cW(g).

Step 2: Define the derivations iy, Lx, and d on W(g) of degree —1,
0, and 1, respectively, in such a way that the symbol map intertwines
them with their counter parts on W(g) at the level of generators. that
means, if we apply the symbol map q—' ® PBW~' to Equations 5.2.6—
5.2.8, we get (keeping in mind that ¢~'®PBW~' maps the generating
subspace g @ g in W(g) identically to g ® g in W(g))

Y = (X,Y), Y = X, Ylg, (5.3.3)
LxY =[X,Ylg, LxY=I[X,Y],. (5.3.4)
X =X, dX = 0. (5.3.5)

With these derivations, W(g) is exactly the classical Weil algebra
(with the identification g* ~ g), which is a g-differential algebra; see
[3, § 3.2].

Remark. Let g be the linear subspace spanned by the generators X =
X + A(X) in W(g). Since X and A(X) commutes with every generator
in the generating subspace g ® § C W(g), the new generators X also
commute with every generator in the generating subspace g ® g C
W(g). Thus, we have

W(g) = \(g) ® S(g).

5.3.6 SUPER-SYMMETRIZATION. Recall that the Chevalley map q :

A(g) — Cl(g) is the antisymmetrization map with respect to the
generators in g (see Section 5.1.15) and that the Poincaré-Birkhoff-
Witt isomorphism PBW : S(§) — U(§) is the symmetrization map
with respect to the generators in § (see Section 4.1.9). Hence, the
inverse of the symbol map 5.3.2 is the super-symmetrization map
with respect to the generators X and X:

q@PBW: W(g) =Ag®5(§) —  Wi(g) = Cl(g) @ U(8),

Vi VE = % Z sgNg(0) V(1) - Vo(k).
oeSk
(5-3.7)
Here vy’s are vectors in g or §, and sgn (o) = (—1)N where N is the
number of pairs of odd vectors v;, v; with i < j such that o(j) < o(i).
This map is a vector space isomorphism.
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The super-symmetrization in terms of the generators X and X is
also possible. Following A. Alekseev and E. Meinrenken [2], we call
this map the quantization®> map and denote it by

Q: W(g) =/g) ®S(g) — Wl(g) =Cl(g) x U(g). (5.3-8)

This is the tensor product of the Chevalley map on /\(g) and the
Poincaré-Birkhoff-Witt isomorphism on S(g). This is also a vector
space isomorphism.

Remark. Recall that the g-differential algebra structure for the clas-
sical Weil algebra was defined in terms of the generators X and X
(not X) so that it resembles the g-differential algebra structure of the
quantum Weil algebra. As a consequence, the super-symmetrization
with respect to the generators X and X, namely the quantization
map Q, intertwines the derivations x, Lx, and d as demonstrated in
[3, Lem. 4.3, p. 315]. Now let D :== Q~'(?P) so that

dp = dQ(D) = 9(dD).
Then, by Equation 5.2.9,

[D,P)s = Q(dD). (5.3.9)
The left-hand side is equal to 2%, For dD, we have
dimg L
dD = Z XiXi, (5.3.10)
i=1

where { X; }‘33‘9 is any orthonormal basis for g [3, Prop. 5.4, p. 319].
Let us give the following notation for the element in the right-hand
side of Equation 5.3.10:

dimg
Ag = Z X X;. (5.3.11)
i=1

At this point the word “quantization” means the inverse of the symbol map of a
filtered algebra. The meaning can be made richer with the notion of a super-Poisson
bracket [66]; a super-Poisson bracket on a super-commutative algebra A (in other
words, the super-commutator of any two elements of A is zero) is a map {, } :
A x A — A such that, for homogeneous elements x, y, and z, we have (i) {x,y} =
—(—1)des00 e8Iy x), (i) {x, {y, 2} = ([, y)y 2} + (1) 980980y {x, 2]}, (iid) the
map w — {x,w} defines a super-derivation of degree deg(x). As A. Alekseev and
E. Meinrenken point out [3, Rmk.5.5(a), p. 319], one can define a super-Poisson
bracket {, } on W(g) in such a way that the quantization map Q intertwines the
super-Poisson bracket with the super-commutator at the level of generators (which
resembles very much the principle of quantization laid out by P. A. M. Dirac [30,
§ 21]); all we need to do is to define {, } for the generators of W(g) so that it
resembles the super-commutator relations 5.2.2-5.2.4 in W(g); that is, set {X,Y} =
XYY, X, Y} = [X, Y]y, and {X, Y} = [X, Y] .- Then the super-derivations tx, Lx, and
d all become inner; in particular, d(-) = {D, -} where D is the cubic element defined
by Equation 5.3.14. This allows us to write Equation 5.3.9 in a more symmetric

form: [P, D]s = O{D, D}.
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Then, Equation 5.3.9 can be written as

2 1 A
D= EQ(AB)- (5.3.12)
This has an important geometrical meaning; see Theorem 7.2.7.

The following lemma is from [3, Rmk.5.2(a), p. 317]; it gives an
explicit expression for D:

5.3. 13 LEMMA. Let { X; }™ be any orthonormal basis for g. Let D ==
O (D). Then

D=y x (X 5A00), (53.14)

where A(X;) is the image of X; under the map A defined in Defini-
tion 5.1.46.

Proof. We shall verify that the right-hand side of Equation 5.3.14 is
indeed mapped to P under the quantization map. In other words,
we wish to show that

dimg - ) dimg
o( Y xX)—32(Y X)) =2. (53.15)
i=1 i=1

The quantization map is the super-symmetrization with respect
to the generators X and X. Thus,

— 1 — —
Q(XiXi) = E(Xixi + XiX4).
Since [Xi, Xi]s = [Xi, Xi]g = 0, we have YiXi = XiK. So
Q(XiXi) = XiX;. (5.3.16)

Next, we calculate Q(Zdlmgx A(X;)). By Equation 5.1.53, we
have

dim g dim g
=2 XAAXd) = ) (Xq, X5, Xidg) XXX (5.3.17)
i= i,j,k=1

Since the above element is in the exterior algebra A(g) ® {1}in W(g),
the quantization map operates on it as the antisymmetrization map.
So

dimg
Q( Y (X, X, Xilg)XiXiXe.)
,j,k=1
1 dimg
=5 > sgnlo)( Y (X, DX, Xilg)Xefo Xo o) )
" 0eS; 1,j,k=1
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But, since sgn(o)Xq(i) X () Xo(x) = XiXjXk,

dimg
Q( > (X, [Xj>Xk]g>XinXk)
ivj»k:]
1 dimg
=3 Z ( Z (Xi, [Xj»Xk]g>XinXk-)
" 0€S3 i,j,k=1
dimg
= > (X, X5, Xidg) XiXjX..
ihj,k=T
This proves, by Equation 5.3.17, that
dimg dimg
Q(—Z > Xi)\(xi)) = > (X, X5, Xidg) XiXjXe..
i=1 ij,k=1
Then, by Equation 5.1.55,
dimg dimg
Q(-2 ) XAX)) =-2 3 Xev(Xy). (5.3.18)
i=1 i=1
Collecting Equations 5.2.10, 5.3.16 and 5.3.18, we have
dimg ) dimg dimg ) dimg
O 3- xiXi) =30( X XA(X)) = 3~ XX~ 3 Xey(X:) = D.
i=1 i=1 i=1 i=1
This is our desired result Equation 5.3.15. O]

5.3.19 DUFLO ISOMORPHISM REVISITED. In their paper [3, Thm. 5.3,
p. 318], A. Alekseev and E. Meinrenken compared the two super-
symmetrization maps q ® PBW and Q, and found that

Q = (q ® PBW) o 0s, (5.3.20)

where 0s is an infinite order differential operator with coefficients in
/\(g) that is defined as follows. Take the power series of

S(X) =j(X) @ M (5.3.21)
where
vy a..1/2(sinh(adx /2) B adx, 4
j(X) = det (7adx/2 ) X = 2coth(5X) i
(5.3.22)

View S(X) as an element of /\(g) ® S(g)* using the isomorphism
g* ~ g provided by the inner product. Then 05 is the operator we get
by having the S(g)* factor act on {1} ® S(g) as an infinite order differ-
ential operator (here we use the isomorphism g ~ g) and having the
/\(g) factor act on /\(g) ® {1} by contraction (obtained by extending
the contraction map ¢ : g — End(/\(g)) to A(g) — End(/\(g)) as an
algebra homomorphism). Notice the appearance of the function j,
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which is also present in the formulation of the Duflo isomorphism.
A. Alekseev and E. Meinrenken used Equation 5.3.20 to prove the Du-
flo isomorphism for finite-dimensional Lie algebras over R equipped
with an inner product that is skew-invariant under the ad(g)-action.
In what follows is a sketch of their proof.

A few definitions are in order. Let (A,(,L,d) be a g-differential
algebra. An element a of A is said to be horizontal if tixa = 0 for all X
in g; it is said to be invariant if Lxa = 0 for all X in g. The horizontal
and the invariant elements, respectively, constitute the horizontal
subalgebra Ay, and the invariant subalgebra A% of A. The basic
elements of A are the ones that are both horizontal and invariant;
they constitute the basic subalgebra Apas = Apor N A? of A.

From the commutator relations 5.2.13-5.2.15, we see that the hor-
izontal subalgebra of W(g) is U(g). So the basic subalgebra of W(g)
is the invariant subalgebra of U(g). Now, by definition, LX\A( = [X, \A(]S.
Using the commutator relations, we find that [X, \7] s = [X,/Y\]g. Thus,
the invariant subalgebra of U(g§) must be the ad(§)-invariant part of
U(g), namely, the center of U(gF). Therefore, W(g)pas = 2(d). By
the same token, we have W(g) = S(§)%, where S(g)? is the ad(g)-
invariant part of S(g).

Because the quantization map Q : W(g) — W(g) intertwines
the contractions and the Lie derivatives, its restriction to the basic
subalgebra gives a vector space isomorphism

Q%: S(§)? — Z(§). (5.3.23)

The quantization map also intertwines the differential; so the above
map induces a linear isomorphism on the cohomologies,

Q¥ HY{S(8)?} — H{Z(8) -

This turns out to be an algebra isomorphism [3, Thm. 4.7, p. 316].
But notice that S(§)? and Z(§), respectively, are in the even subspace
of W(g) and W(g). Hence, H*{S(§)?} = S(8)?, H*{Z(§)} = Z(8), and
Q% = Q9 Therefore, the vector space isomorphism 5.3.23 is an
algebra isomorphism.

Finally, since the elements in S(§)? have no exterior algebra fac-
tor, to the end of applying the operator 5.3.20 on S(§)?, we may drop
the exterior algebra factor in the power series 5.3.21 and replace
S(X) with j(X). To sum up, the algebra isomorphism 5.3.23 is equal
to (q ® PBW) o 9. This is precisely the Duflo isomorphism.

5.4 THE RELATIVE WEIL ALGEBRA

5.4.1 DEFINITION. Let (A, L, d) be a g-differential algebra. Let ¢ be
a subset of g. An element a of A is said to be ¢-horizontal if ixa =0
for all X in &; it is said to be t-invariant if Lya = 0 for all X in £. The ¢-
horizontal and the ¢-invariant elements, respectively, constitute the
t-horizontal subalgebra A;po and the t-invariant subalgebra At of
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A. The t-basic elements of A are the ones that are both horizontal
and invariant with respect to ¢; they constitute the ¢-basic subalgebra
Agbas = Aprnhor N Af of A. In the special case where ¢ = g, we shall
omit the qualifier ¢ from the above terminologies.

5.4.2 Let ¢ be any Lie subalgebra of g, so that

(£, €], C & (5.4.3)
Let

g=top

be an orthogonal decomposition. Owing to the invariance of the
inner product, we have

(&, plg, €) = —(p, [¢,€]5) = 0.
Hence,
[£,plg € p. (5.4-4)

5.4.5 Following A. Alekseev and E. Meinrenken [3], we call the ¢-
basic subalgebra of W(g) as the relative (quantum) Weil algebra for
the pair (g, £) and denote it by W(g, £). The contraction tx on W(g)
is the inner derivation with respect to X; so the super-commutator
relations [X, Y] = [X, Y]; and [X, Y]s = 0 tells us that the ¢-horizontal
subalgebra is

W(g)ehor = Cl(p) ® U().

Hence,
W(g,t) = (Cl(p) @ U(§))".

The differential on W(g, £) inherited from W(g) is again inner
[3, Prop. 6.4, p. 321] with respect to the element

®(g) E) = ﬁg - :DE» (546)

where P, denotes the cubic Dirac operator in W(g) and P, denotes
the image of the cubic Dirac operator in W(¢) under the canonical
inclusion W(¢) — W(g) induced by the generators X and X. The
element P (g, £) is called the relative Dirac operator for the pair (g, €).

5.4.7 DEFINITION. We denote by
v?: g — spin(g) C Cl(g),
vt & — spin(€) C Cl(8),

the Lie algebra homomorphisms constructed in Definition 5.1.46. We
denote by
YP: t — spin(p) € Cl(p)

the Lie algebra homomorphism obtained by composing ¢ ad, so(p)
with the Lie algebra isomorphism so(p) — spin(p) given by the
map 5.1.42.
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Remark. Let {X; }™t and { X' }™¢ be two basis for ¢ that are dual
with respect to the inner product so that (X;, X)) = di5. Likewise,

let {; }Ghmp be a basis for p and let {V; }dir?p be the dual basis. Let

(Z: }dlmg — (X )dme (Y, }fu;lp, define { Z}"™9 similarly. By Equa-

tion 5.1.55, we have, for X in ¢,

1dimg o
Y4(X) = —3 (X,[Zi, Z51) 22, (5.4.8)
ij=1
1dirnE o
Yi(X)=—5 Z1 (X, X3, Xj1g) XX, (5.4.9)
L)=
1 dimp _
YPX) = =5 3 (X [V, Yl Y'Y, (5.4.10)

Lj=1

5.4.11 LEMMA. Let {X; }im* and {V; }Ghmp be orthonormal basis for ¢

and p, respectively; and let {Z; }dlmg = { Xy )dmE L {y; }dlm’g . In the
following, let X be an arbitrary vector in t.

(a) We have
Yo(X) =vHX) + ¥ (X). (5.4.12)

(b) Under the canonical inclusion W(£) — W(g), we have
X )A(—l—yp(X). (5.4.13)
Proof. (a) Let us rewrite Equation 5.4.8 as follows:

dlrn tdim¢e

ZZZ (adx Xi, X;)X

i=1 j=i

@
dim ¢ dim p

+ 3> (adx Xy, V)XY

i=1 j=1

N\
ul\/]é ®

I’Il
Z (adx Vi, Y))YiYj. (5.4.14)

®

Now, owing to the invariance of the inner product, the orthogonal
decomposition g = ¢ @ p is invariant under ad()-action. As a con-
sequence, the sums @, ®, and ® above are equal to y*(X), 0, and
Y (X), respectively.

(b) The generator X in W(£) is, by definition, equal to X — y*(X).
So, under the canonical inclusion W(£) — W(g),

~ —_

X=X—v!X) — X—=+4X).
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Since X = X—v9(X) in W(g), the image above is equal to X+vy9(X)—
v¥(X). By Equation 5.4.12, this is equal to X + y?(X). O

5.4.15 NOTATION. The restriction of the canonical inclusion 5.4.13
onto {1} ® U(€) in W(¢) gives us a diagonal embedding of U(¢) into
'W(g). We shall denote this embedding by

"

diagy, : U(E) — W(g,¥),
X = X+yP(X). (5:4.16)

5.4.17 The significance of the relative Dirac operator comes from
the following result of B. Kostant [65, Thm. 2.13, p. 474]:

%Qg — % diagyy Q¢ + 4]78 trg Qg — 4]78 tre Q. (5.4.18)
Here ﬁg denotes the Casimir element in U(g), and trg ﬁg denotes
the trace of its representation on g via the adjoint representation.
In terms of an orthonormal basis {X; }f:?g for g, we have flg =
Z?in]lg )A(p/(\-l (Equation 2.2.16). We used the caret symbol so that ﬁg
would not be confused with the element Zfﬂlg XiX; in {1} ® U(g) in
W(g). B. Kostant also demonstrated a simple formula [65, Eq. 1.85]
for the trace of the Casimir element that holds when the Lie algebra
g is compact (or reductive):

:D (g» E)Z =

1 A

52 Yo Qg = —|lpgl*-
Here, p, is half the sum of the positive roots of g, and |pg4|| is its
norm induced by the inner product on g. This formula generalizes
the “strange formula” of H. Freudenthal and H. de Vries [42, pp. 224
and 243] for the special case where g is semisimple and the inner

product is coming from the Killing form.

(5.4.19)

5.4.20 What we have stated so far have their counter part in the
classical Weil algebra. The classical relative Weil algebra W(g, ¢) is
defined to be the ¢-basic subalgebra of W(g). Similar argument used
for W(g, ¢) shows that

W(g,t) = (Alp) @ S(§))".

We set
D(g,t) = Dy — Dy, (5.4.21)

where Dy is the cubic element 5.3.14 for W(g), and Dy is the image
of the cubic element in W(£) under the canonical inclusion W(¢) —
W(g) in terms of the generators X and X.
The canonical inclusion W(€) — W(g) induces the diagonal em-
bedding
diag,, : SE — W(g,¥),

X 5 X+ M(X), (5422)
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where AP is the composition of the map y? with the symbol map
Cl(p) — Ap.
By Equations 5.3.12 and 5.4.18, we have

1 A . N
Dl t) = 5Q(A, — diagy, Ar). (5-4.23)

Remark (Vogan Conjecture). Because the quantization map Q : W(g) —
'W(g) intertwines the derivations tx, Lx, and d, the restriction of Q
to the ¢-basic subalgebra gives a vector space isomorphism

Q' W(g,t) — W(g,¥).
The induced map on the cohomologies,
Q?* : H*{W(g,?)} — H*{W(g,?)},

is also a vector space isomorphism. A. Alekseev and E. Meinrenken
showed that this is in fact an algebra isomorphism [3, Thm. 6.5,
p. 322], and used it to prove the Vogan conjecture.

In the special case where ¢ = g, we have

Wig,g) =S(8)%,  Wlg,0) = (U§))® = 2(8).

This is the situation we examined in Section 5.3.19, where we saw
that the induced map Q% is the Duflo isomorphism.
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EQUIVARIANT
DIFFERENTIAL OPERATORS AND
THE QUANTUM WEIL ALGEBRA

UR goal of this chapter is to show that the relative Weil algebra
W(g, £) serves as an algebraic model for the space of certain G-
equivariant differential operators on some vector bundle over the ho-
mogeneous space G/K, where G is a connected Lie group endowed
with a bi-invariant metric and K a closed connected subgroup of G.
We have hinted in a previous remark (see page 81) how this ought
to be carried out.

We begin by reviewing some basic notions surrounding princi-
pal bundles and associated vector bundles. Clifford module bundles
and spin structures are discussed next. We then describe a natu-
ral procedure for constructing a G-equivariant Clifford module bun-
dle over G/K, provided that G/K has spin structure. Finally, we
show how an element of the relative Weil algebra can be identified
as a G-equivariant differential operator acting on the sections of an
equivariant Clifford module bundle. For background materials and
general reference, we refer to [85, Ch.2—-4].

6.1 PRINCIPAL BUNDLES AND
ASSOCIATED VECTOR BUNDLES

6.1.1 Let G be any Lie group. Let P be a principal G-bundle over a
manifold M, and assume that G acts on P on the right. For any left
G-vector space E, the Borel mixing space P x E is the orbit space of
the G-action on P x E given by (p,v)-g= (p-g,9~' -v) for gin G
and (p,v) in P x E.

If E comes from a finite-dimensional representation v : G —
Aut(E), then the mixing space P x¢ E is a vector bundle over M
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whose fibers are isomorphic to E (see [63, Prop. 5.4, p. 55]). This
bundle is called the vector bundle associated to P by the representa-
tion v. If there is a need to specify the representation, then we shall
write P x E for P x¢ E.

6.1.2 NOTATION. Let P and E be as in Section 6.1.1. For (p,v) in
P x E, we shall denote its G-orbit by [p,v]. Thus,

p-g,97" VI =1[p,V]
for all g in G.

Example (Frame Bundles). Let F — M be a vector bundle of rank n
over R. An ordered basis (eq,...,e,) for the fiber F, is called a
frame. Let Fr(F) be the set of all frames of F. There is a canonical
projection Fr(F) — M, whose fiber Fr(F), over x in M is the set of
all frames for F,. Since the general linear group GL(n,R) acts freely
and transitively on each fiber, Fr(F) is a principal GL(n,R)-bundle.
(For details on the local trivializations, see [63, Ex. 5.2, p. 55].)

With the canonical action of GL(n,R) on R™, we can construct
the associated vector bundle Fr(F) xgpnr) R™ over M. A point in
the fiber Fr(F) Xgpmr) R™ over x in M is an equivalence class [f, V]
where f is a frame (ey,...,e,) for F, and v is an n-tuple (vi,...,v)
in R™. The mapping [f,v] — Y ', vie; gives a well-defined bundle
isomorphism Fr(F) X gpn,r) R™ — F. Thus, every vector bundle is an
associated vector bundle to a principal bundle.

If the bundle F is Riemannian (that is, an inner product is as-
signed for each fiber in a smooth manner) then we can construct the
principal O(n)-bundle Frg(F) of orthonormal frames of F. If the Rie-
mannian bundle F is orientable, then we can construct the principal
SO(m)-bundle Frgo(F) of oriented orthonormal frames of F.

Remark. A smooth section of Fr(F) is called a framing of F. Not all
vector bundles admit a global framing; however, every vector bundle
admits local framings.

6.1.3 CONNECTION. For X in g, we denote by X the vector field on P
whose value at p in P is defined by

Xpf = d f(p - exp(tX)), (6.1.4)
dt|,

where f is any smooth functions on P. This vector field is called the
fundamental vector field on P generated by X. A tangent vector Y at
p in P is said to be vertical if there is some X in g such that )~(p =Y;
the vertical vectors at p span the vertical subspace V,P of the tangent
space T,P. A vector field on P is said to be vertical if it is a section of
the subbundle VP = [ | .p V},P of the tangent bundle TP.

A connection on a principal G-bundle P is a g-valued 1-form 0 on
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P (that is, an element of Q'(P) ® g), such that

0(X) =X, VX € g, (6.1.5)
Adgo0 = T;,1 0, Vge G, (6.1.6)

where T‘Z_1 denotes the pullback along the right-action of g on P,
and Ad, acts on the g-factor of the g-valued form. In regard to the
properties 6.1.5 and 6.1.6, we say that the connection is vertical and
invariant (or equivariant), respectively.

A connection 0 determines, at each point p in P, a complemen-
tary subspace H,P of the vertical subspace V,,P in T,P, namely,

H,P = ker(0,).

This subspace is called the horizontal subspace at p with respect to
0. Tangent vectors in H,P are said to be horizontal, and so are the

sections of the subbundle HP :=| | p HpP of TP.

Example (Maurer-Cartan Connection on Lie Groups). Let P = G and view
it as the principal G-bundle G — pt. Let {X; "% be a basis for g.
Let { o; }f;r?g be the dual basis for g*. Then

dim g
0 = Z o ® X
i=1

defines a g-valued form on the tangent space T.G. Extend this as a
g-valued differential form 6 on P by defining the value of 0 at g € G

as
dimg

By = Adg-101} 0. = ) 15104 ®Adgr (Xi). (6.1.7)
i=1
This defines a connection, known as the Maurer-Cartan connection,
for the principal G-bundle G — pt.
This example can be used to show that any principal G-bundle
P admits a connection. To that end, we may assume, owing to local
triviality, that P = M x G. Now take the Maurer-Cartan connection
on the principal G-bundle G — pt, and take its pullback along the
projection M x G — G, (m, k) — k.

6.1.8 BASIC FORMS. Let v: G — Aut(E) be a finite-dimensional rep-
resentation. An E-valued differential formn on P (that is, an element
of Q(P) ® E) is said to be horizontal if the interior product vyn van-
ishes for all vertical vector fields Y on P; it is said to be invariant (or
equivariant) if v(g™') om = rgn for all g in G. We say that n is basic
if it is horizontal and invariant.

The significance of basic forms is that they are the forms that
can be identified with differential forms on the base space M that
takes values in the associated vector bundle P x, E. To be more
precise, a differential k-form w on M is said to have values in P x E
if w(Xi,...,Xx) is a section of P x,, E for any vector fields X, ..., Xy
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on M. We denote by Q(M;P x, E) the space of differential forms
on M with values in P x, E. Let Q.(P;E) be the space of basic
differential forms on P with values in E. Then, the pullback along
the projection P — M gives a isomorphism of graded spaces

(P;E). (6.1.9)

For a proof, see [63, Ex. 5.2, p. 76]. In the special case where v :
G — Aut(R) is the trivial 1-dimensional representation, we get

Q* (M) ~ OF . (P). (6.1.10)

Q*(M;P x4 E) & QF

bas

6.1.11 COVARIANT DERIVATIVE. The usual exterior derivative on dif-
ferential forms do not preserve the space of basic forms. The in-
variance is not the issue since the exterior derivative is functorial;
rather, it is the horizontal property that the exterior derivative can
destroy. To remedy this, define the (exterior) covariant derivative on
nin Q(P;E) by

Dn = (dn)oh,

where d is the usual exterior derivative on Q(P) and h : TP — HP
is the projection onto the horizontal subspace. The covariant deriva-
tive clearly preserves the subspace Qy,4(P; E) of basic forms.

Remark. By the linear isomorphism 6.1.9, the covariant derivative in-
duces a differential V on the (P x, E)-valued forms on M so that we
would have the following commutative diagram:

* D *
Q3 ,s(P E) Qi (P;E)
(6.1.9)1\2 21}6.1.9)

Q* (M;P xyE) —— Y O*FT(M;P x4 E)

We call V the (exterior) covariant derivative on P x-, E induced by the
connection 6 on P. Now the homogenous component Q°(M;P x,, E)
of Q*(M; P x, E) is simply the space I'(P x E) of sections of P x,, E.
The restriction of V to this subspace yields a linear map,
. (-
V:T(PxyE) = Q'(M;P xy E), (6.1.12)
o — Vo,
such that, if we write (Vo) (X) = Vxo for vector fields X on M, then
(D) VX+¢yO‘ = Vxo+ ¢Vyo
(i) Vx($o) = (X¢p)o+ $Vxo
for any ¢ in C*°(M). This defines a connection for the vector bundle
P x+ E in the conventional sense.

6.1.13 CURVATURE. Of particular interest is the covariant derivative
of a connection 6 on P:
0 = De.
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This is called the curvature of 0. E. Cartan’s so-called (second) struc-
tural equation (see [63, Thm. 5.2, p. 77]) states that

1
© =40+ 2[6, P (6.1.14)

The bracket in this equation is the commutator for Lie-algebra valued
differential forms, which is defined as follows: Suppose w € Q*P)®
gand T € Q%(P) ® g. Choose a basis { X; }fgg for g so that we may
write w = Z?;Tg Wi ® X, T= Zf;“]lg T; ® X;. Then,

dimg

[w,Tlg = Z (Wi Awi) ® [Xi, Xl € QP @g.

i,j=1
If Y and Z are vector fields on P, then the structural equation 6.1.14
says that

O(Y,Z) =do(Y,Z) + [6(Y),0(Z)],

where [, ], is now the Lie bracket in g.

The structural equation shows that the curvature form © is basic.
In particular, it is horizontal. So © is completely determined by its
values on the horizontal vector fields. Let Y and Z be horizontal
vector fields on P. Since 0 is vertical, (Y) = 0 = 0(Z). So the
structural equation gives us

Q(Y,Z) = do(Y, 2).

A routine calculation yields (see, for instance, [92, Prop. 2.25(f),

p. 701
do(Y, Z) = Y8(Z) — Z8(Y) — 8([Y, Z]).

The first two terms on the right-hand side are zero; thus, we have

(Y, Z) = —0([y, Z]). (6.1.15)

6.1.16 CARTAN’S VIEW ON CONNECTIONS. It is worth while to men-
tion H. Cartan’s [20] point of view on connections. We proceed in
three steps:

Step 1: Simplify the notation by writing tx and Ly, respectively,
for the interior product 1y and the Lie derivative Ly with respect to
the fundamental vector field X. Equation 6.1.5 can then be written

das
x0 = X. (6.1.17)

For Equation 6.1.6, substitute g with exp(tX) and take the derivative
with respect to t at t = 0; we get

adx o 0 = Lx0. (6.1.18)

Step 2: Owing to the canonical isomorphism g ~ (g*)*, the g-
valued 1-form 0 can be viewed as a 1-form valued linear function 0
on g*. Then Equations 6.1.17 and 6.1.18 translates as follows: For
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any ¢ in g*,
x0(d) = (X,d),  Ooadx = Lx8, (6.1.19)

where ad : g — End(g*) is the dual representation of ad : g —
End(g), that is, (adxd, Y) = (¢, adx Y) for Y in g.

Step 3: By the universal property of the exterior algebra, the
linear map 6 extends to an algebra homomorphism

0: Alg*) — Q(P). (6.1.20)
Now set, for X in g and ¢ in g*,
x=(X,d),  Lxd =adxo.

These operations extend to /\(g*) as graded derivations of degree
—1 and 0, respectively. Then, owing to equations in 6.1.19, tx and Lx
commutes with the extended map 6:

tx o0 =001, Lxo0=00oLx.

This is the point of view of H. Cartan on connections — a graded
algebra homomorphism A(g*) — Q(P) that commutes with the con-
tractions tx and the Lie derivatives Lx. In fact, he goes on and de-
fines [20, p. 21] an algebraic connection (connexion algébrique) as a
graded algebra homomorphism from /\(g*) to a g-differential alge-
bra & that commutes with tx and Ly for all X in g. The map 6.1.20 is
a special case of an algebraic connection.

6.1.21 CHERN-WEIL THEORY. Historically, the classical Weil algebra
W(g) =A\(g") ® S(g")

was designed as a universal g-differential algebra that serves as a
model space for the connections and their curvatures on principal G-
bundles. More precisely, for any algebraic connection 0 : A\(g*) — &,
there is a unique g-differential algebra homomorphism

CW:W(g) — &
that makes the following diagram commutative:
W(g)

CwW
S

N(g™) T

This was proved by H. Cartan [20]. Because CW is a homomorphism
of g-differential algebras, it maps basic elements to basic elements;
so we have a homomorphism

CwW
W(g)bas — ‘Sbas-
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This, then, induces a homomorphism of cohomologies:
H*{W(g)bas} % H*{gbas}- (6.1.22)

Consider the case where & = Q(P); we have

H W (g)bast = H{Qpas (P). (6.1.23)
By the isomorphism 6.1.10 and de Rham’s theorem, we have
H*{Qpas(P)} =~ H{Q(M)} =~ H*(M). (6.1.24)
Meanwhile, as we have seen in Section 5.3.19,
HY{W(g)pas} = W(g)bas = S(g")°. (6.1.25)
So, by Equations 6.1.23-6.1.25, we have an algebra homomorphism
S(g*)® — H*(M).

This is known as the Chern-Weil homomorphism [24,93]. The follow-
ing is the pinnacle of the Chern-Weil theory on characteristic classes:

6.1.26 THEOREM. Let 6 be a connection on a principal G-bundle P —
M. Let
S(g")? — H* (M)
f o [f(P)] (6.1.27)

be the Chern-Weil homomorphism.
(a) This map is independent of the connection.
(b) [f(P)] is a characteristic class of P.

(c) Let O be the curvature form of 6. Let f in S(g*)? be an invariant
homogeneous polynomial on g of degree n. Then f(P) is a 2n-
form on M given as follows: For tangent vectors Xq, ..., X at x
in M,

)
oQ
B
2
Pl
i
pdl
2

)Xc(z))> oo 7®(>_(0(2n—1)7 XO’(ZH))))

(6.1.28)

where Xi, 1 < i < 2n, are the lifts of X; to the horizontal sub-
space of T,P for some fixed p in the fiber over x.

Proof. See [76, Thm. 6.47, p. 278, Lem. 6.49, p. 281]. O
6.1.29 There is also a Chern-Weil homomorphism for vector bundles.
A representation v : G — Aut(E) induces a Lie algebra representa-

tion v, : g — End(E) (see Section 2.2.5). Since the curvature © of a
connection on P is a basic g-valued 2-form on P, we may apply the
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Lie algebra representation v, to the g-factor of ®; this! gives us a
basic End(E)-valued 2-form

@E = —V*@

on P. (The negative sign is necessary for O to match with the usual
conventions; see the discussion in [35, surrounding Eq. 6.9, p. 56—
57].) Now let Inv(E) denote the space of polynomials on End(E)
that are invariant under the conjugation action of Aut(E) on End(E).
Then, replacing © with O in the formula 6.1.28 defines the Chern-
Weil homomorphism for vector bundles,

Inv(E) — H*(M),
f = [f(P).

Just like the principal bundle case, this map does not depend on the
choice of the connection, and it maps each f in Inv(E) to a character-
istic class of P x., E. We will not dwell on this any further; for details,
see [85, Ch.2].

Remark. A common practice is to put an extra factor of (27ri)~" in
front of each ® in Equation 6.1.28 to make the characteristic class
[f(P)] integral, that is, [f(P)] € H*(M, Z). Details on how this works
out, in the case of complex line bundles, can be found in [35, § 15.3].

6.2 CLIFFORD MODULE BUNDLES AND
SPIN MANIFOLDS

6.2.1 In this section, M is an n-dimensional manifold equipped with
a Riemannian metric ( , ).

6.2.2 CLIFFORD BUNDLES. Let p be a point in M. Let CI(T,M) be
the Clifford algebra (see Section 5.1.2) generated by T,M with the
inner product (, ),. It is isomorphic to the Clifford algebra Cl(n)
generated by n-dimensional Fuclidean space. There is an action of
O(n) on Cl(n) that arises from the canonical action of O(n) on R™.
The associated vector bundle

C](M) = Fro(M) X0o(m) Cl(n)
is called the Clifford bundle of M. The complex version is defined as
CI(M) = Fro(M) xgm) Cl(n).

If M is orientable, we may use the principal SO(n)-bundle Frgo(M)
of oriented frames instead of Fro(M). Since CI(M) is a vector bundle
with fibers isomorphic to Cl(n) (see the example on page 93), and
since Cl(n) is isomorphic to Cl(T,M), we see that there is a bijection
between CI(M) and the disjoint union |_|]DGM Cl(T,M).

! The corresponding 2-form in Q(M;P x¢ End(E)) is the curvature 2-form for the
vector bundle P x. E with respect to the induced connection 6.1.12.

99



N

6.2.3 CLIFFORD MODULE BUNDLES. A Clifford module bundle is a
complex vector bundle S — M such that the fiber S, over p in M
is a module over CI(T,M) in a smooth manner so that we have a
C(M)-linear operation of smooth sections: I'(CI(M)) x I'(S) —
I'(S), (P, o) — V- 0. Put in another way, there is a bundle morphism

c: ™ — End(S)~S$*®S

as real vector bundles, such that for any vector field X on M,

c(X)oc(X) = %(x, X)1

where 1 is the identity map on S. The map c then extends to c :
ClI(M) — End(S), which is called the Clifford action of CI(M) on S.

A Clifford connection on the Clifford module bundle S is a connec-
tion V on S that is compatible with the Riemannian? connection on
M, which we also denote by V, in the sense that

[Vx, e(Y)] = c(VxY)

for any vector fields X and Y on M. If the Clifford bundle S is
equipped with a Hermitian metric ( , ), we further require that the
Clifford action and the Clifford connection satisfy the following prop-
erties.

(i) The Clifford action of tangent vectors leaves the metric invari-
ant:
(c(X)o1,c(X)02) = (07, 02).

(i) The Clifford connection is a metric connection:

X(o1,02) = (Vxo1,02) + (07, VX02).

Recall that the image of /\Z(TPM) under the quantization map q :
AT,M — Cl(T,M) is the Lie algebra spin(T,M) in CI(T,M) (see
Section 5.1.40). Property (i) guarantees that the Spin(T,M)-action
on S induced by the Clifford action is unitary. A pair ((, ),V) of a
Hermitian metric and a compatible Clifford connection for a Clifford
module bundle S is called a Dirac structure for S. Any Clifford mod-
ule bundle admits a Dirac structure; if S is trivial so that S = M x E,
then the existence of a Dirac structure follows from the fact that (a)
the Cl(n)-module E admits an inner product that is invariant under
the action of the generators in R™ (see Section 5.1.44) and (b) any
vector bundle with a Hermitian metric admits a metric connection
(see [63, p. 118]); the existence of a Dirac structure for an arbitrary
Clifford module bundle follows, owing to the existence of the par-
tition of unity subordinate to the locally trivializing open cover for
M.

Also known as the Levi-Civita connection. It satisfles Vx(Y,Z) = (VxY,Z) +
(Y, VxZ) (it is a metric connection) and VxY — VyX = [X,Y] (torsion free). The
fundamental theorem of Riemannian Geometry states that there is a unique Rie-
mannian connection on a Riemannian manifold; see [22, p. 1-2].
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What will occupy most of our discussions is the case where the
Clifford module bundle splits as a vector bundle into

S=Stas,

and the Clifford action by a vector field X on M is an odd endo-
morphism that maps I'(S™) to I'(S™) and vice versa. Such Clifford
module bundles are said to be Z/27Z-graded. If that is the case, then
we demand that the Clifford connection respects the decomposition.

6.2.4 SPIN MANIFOLDS. A spin manifold is an oriented Riemannian
manifold with an extra structure that provides a standard proce-
dure to construct Clifford module bundles; that structure — called
the spin structure — is the existence of a principal Spin(n)-bundle
Pgpin(M) and a bundle map

ot Pgpin(M) — Frso(M)

that is Spin(n)-equivariant in the sense that, for x in Pg;, (M) and g
in Spin(n),
x(g-x) =m(g) - «(x)

where 7t is the canonical double covering Spin(n) — SO(n). Note
that « is a double covering when restricted to a fiber in Pgpyin (M).
A manifold is orientable if and only if its 1st Stiefel-Whitney class
in H'(M;Z/27) is zero; it admits a spin structure if and only if its
2nd Stiefel- Whitney class in H2(M;Z/27) is zero; see [69, Thm. 1.2,
p. 79, Thm. 1.7, p. 82].

Suppose M is a spin manifold. Then we may redefine the Clifford
bundle of M as

CI(M) = Pspin(M) Xgpin(n) Cl(1).

The identification of the fiber CI(M), over p in M with CI(T,M)
is done similarly as in Section 6.2.2. Now suppose E is a finite-
dimensional Cl(n)-module. Then the associated vector bundle

E(M) = PSpin(M) X Spin(n) E

is a Clifford module bundle. To see this, take an element of the
fiber E(M), over p, which is an equivalence class [f,V] of (f,v) in
Pspin(M) x E. An element of the fiber CI(M),, likewise, is an equiv-
alence class [f’,w]. One can find an element g in Spin(n) such that
f'. g = f. Then, [f’,w] = [f, g~ 'w] in CI(M),; its Clifford action on
[f,v] in E(M),, is c([f, g "wWhf,v] = [f,c(g "w)vl.

There is a Clifford connection for E(M) induced by the Rieman-
nian connection on M; here is how it goes: The tangent bundle
TM is isomorphic to the associated vector bundle Frso(M) Xgo(n) R™.
So there is a connection on the principal bundle Frso(M) that cor-
responds to the Riemannian connection on TM. That connection
on Frso(M) then induces a connection on the Clifford module bun-
dle Pgpin (M) Xgpinn) E. This is a Clifford connection on E(M); see
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[69, Prop. 4.11, p. 108].
In the special case where E is the space S of n-spinors, we have
the vector bundle

S(M) = PSpin(M) X Spin(n) S.
This is called the spinor bundle of M.

6.2.5 If M is even-dimensional, any Clifford module bundle is (ow-
ing to Equation 5.1.7) of the form

S(M) @ W

where W is some auxiliary complex vector bundle on which the Clif-
ford bundle CI(M) acts trivially. Also, since the spinor space has a
natural Z/2Z-grading (see Section 5.1.44), the Clifford module bun-
dle is Z/27-graded.

6.2.6 DIRAC OPERATORS. Let M be a spin manifold and V be the
Clifford connection on the Clifford module bundle E(M). The ge-
ometric Dirac operator is the 1st order differential operator on the
vector bundle E(M) which is locally expressed as

n
D= Z c(ei)Ve,, (6.2.7)
i=1
where (e, ..., en) is a local orthonormal framing of the tangent bun-

dle of M. If the connection V is induced by the Riemannian connec-
tion on M, then the geometric Dirac operator is said to be Rieman-
nian. The geometric Dirac operator is globally defined and indepen-
dent of the choice for the framing because it is equal to the following
composition of operations:

D IEM) D TTMeE) 25 (M e B) S ME(M)).
If the bundle E(M) is Z/27Z-graded, its space of sections is naturally
graded:
F(E(M)) =T(E(M)T) @ T(E(M)7).

(This happens when M is even-dimensional, as pointed out in Sec-
tion 6.2.5.) In this case, the Dirac operator is an odd operator be-
cause of our requirement that the Clifford action of a tangent vector
be odd (see Section 6.2.3).

Geometric Dirac operators belong to the more general class of
Dirac operators [12, Def. 3.36, p. 116]; a Dirac operator P on M is
a 1st-order differential operator on a vector bundle over M (an odd
operator if the bundle is Z/27Z-graded) such that its square is a gen-
eralized Laplacian, which means that P* is a 2nd-order differential
operator whose expression in local coordinates is of the form

s — % Zn” 0i9; + (lower order part),

)
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where 1 is the (i,j)-entry of the inverse of the matrix ;] coming
from the metricn = }_; ;nijdx'dx’ on M.

6.2.8 SPIN STRUCTURE ON HOMOGENEOUS SPACES. We now focus
our attention to the case M = G/K where G is a Lie group (not neces-
sarily compact) and K is a closed connected subgroup. Assume that
G admits a bi-invariant metric, that is, there is an Ad(G)-invariant
inner product on g. Let

g=top

be an orthogonal decomposition. Let k be an arbitrary element of K.
Clearly, Ady(¢) C €. Then Ady(p) C p because

0 = (Ady' (8),p) = (¢, Adk(p)).

Thus, p is a K-vector space, and since K is connected, this represen-
tation maps K into SO(p).

We view G as a principal K-bundle over G/K. The vector bundle
associated to the representation

K 24 so(p) (6.2.9)
is (isomorphic to) the tangent bundle of G/K:
T(G/K) = G xaq p.

This gives us means to identify the tangent space at any point in G/K
with p. The set of orthonormal frames for p can be identified with
SO(p). Let K act on SO(p) on the left via the representation 6.2.9.
The associated vector bundle is (isomorphic to) the orthonormal ori-
ented frame bundle:

Frso(G/K) ~ G Xy SO(]J)

Seeking a spin structure for G/K, suppose the orthogonal action of
K on p can be lifted to Spin(p):

Spin(p)
Ad i (6.2.10)
K ——— SO(p)

Ad

Let K act on Spin(p) on the left via Ad. Then the mixing construction
PSpin(G/K) = G xg Spin(p)

gives a principal Spin(p)-bundle over G/K, and there is an obvious
bundle map
PSpin(G/K) - FrSO(G/K)-

So we have a spin structure on G/K. Conversely, a spin structure on
G/K implies the existence of the lift 6.2.10 if G is simply connected
[11, Lem. 3, p. 66] or G is compact connected with dim(G/K) > 3
[68, p. 14].
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6.3 EQUIVARIANT DIFFERENTIAL OPERATORS
AND THE RELATIVE WEIL ALGEBRA

6.3.1 We continue with the assumptions made in Section 6.2.8. Let
v : K — Aut(E) be a finite-dimensional representation. By the linear
isomorphism 6.1.9, we have an isomorphism of graded spaces,

Q5,(GE) = Q*(G/K;G xy E). (6.3.2)

At the level of degree 0, we have on the left-hand side the space of
E-valued functions that are K-invariant, and on the right-hand side
the space of sections of G x-, E. So we have a linear isomorphism

Z: T(G xyE) = (C®(G) ® E)X. (6.3.3)

The action of K on C*°(G) ® E is by R® v where R denotes the right-
regular action. Let us spell out how the isomorphism = works. Let
0 be a section of G x, E. Its value at gK is an equivalence class
[g, wg] for some wy in E. Had we chosen a different representative
for [g,wgl, say (gk,wgx), then since [gk, wgi] = [g, V(k)wgi] for any
k in K, we have [g, wg] = [g, v(k)wg], which implies

v(k)wgr = wy. (6.3.4)
Now define the E-valued function o on G by
o(g) =wy.
Then,
o(gk) = wgk
= v(k)wy (by Equation 6.3.4)
= v(k)"o(g).

Hence, o is an element of (C*®(G) ® E)X; this is exactly the image of
o under =.

6.3.5 We wish to identify an element of the relative Weil algebra
(see Section 5.4 for definitions and notations)
W(g, #) = (U(8) ® Cl(p))*

as a differential operator on (C*°(G) ® E)X. The most natural way to
proceed is to use the algebra isomorphism

T®1: UG @Cl(p) = D(G)® Cl(p) (6.3.6)

where T is the algebra isomorphism 2.2.11 (here we use the fact that
g is a copy of g) and 1 is the identity automorphism of Cl(p). This
means that an element of W(g, £) acts on (C*®(G) ® E)¥ as follows:

(i) The action of Cl(p)-factor on (C*®(G) ® E)X is by the Clifford
module structure on E.

(ii) For the action of U(g)-factor, it is sufficient to know the ac-
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tion of the generators in §; for X in g, the generator X acts as
the directional derivative dx with respect to the left-invariant
vector field on G generated by X. In other words, for o €
(C*®(G)®E)‘and g € G,

(Ko)l9) = | olgexp(eX) 637)

Let G act on (C*®(G) ® E)X by L ® 1 where L is the left-regular
representation on C°°(G) and 1 is the trivial representation on E.
Then, the differential operators on (C*®(G) ® E)X that are obtained
from W(g, £) in the above manner are G-equivariant.

Remark. Note that there is no mention of connections in the above
identification procedure. Though it is possible to introduce a suit-
able® connection on the trivial bundle G x E — G for this task, we
prefer not to, keeping the use of differential geometry to the mini-
mum.

6.3.8 LetY be a vector in p. Then, Yin W(g, £) acts on (C*®(G) ® E)X
as a differential operator according to Equation 6.3.7. We wish to
define the action of Y on I'(G x+ E) so that the following diagram
commutes:

(C®(G) ®E)X Y (C®(G) @ E)X

EP JE (6.3.9)

NG xy E) T) NG xy E)

We need to specify the value Y& at gK, where g is an arbitrary ele-
ment of G. To that end, let t — w(t) be a curve in E defined over
some interval containing 0, such that

o(gexp(tY)K) = [gexp(tY),w(t)]] € G x4 E. (6.3.10)
This is possible because

p = G/K,

X — gexp(X)K, (6.3.11)

is a local diffeomorphism near 0 (see [54, Lem. 4.1, p. 123]). Then,
we define the value of Y& at gK to be

(Y5)(gK) = [g, w'(0)]. (6.3.12)

We claim that this is the action of Y on I'(G xx E) that makes the
diagram 6.3.9 commutative. Indeed, let 0 := =(G). Then o satisfies

We discussed this matter briefly on pages 81 and 82. To recapitulate, if ¢ = 0, then
take the %y term that appears in Equation 5.2.22 as the connection 1-form for the
vector bundle; if ¢ # 0, then use %y". For more discussions in this direction, see

[1].
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(see Section 6.3.1)
o(gexp(tY)) = w(t);

hence, R
Yo(g) =w'(0).
This implies that the value of =~ (Yo) at gK is
= (Yo)(gK) = [g, W' (0)].
By Equation 6.3.12, this is equal to (?c‘r)(gK).
6.3.13 LEMMA. Identify p with the tangent space of G/K at gK by the
differential of the map 6.3.11 at 0. For Yin p and 6 in I'(G x+ E), define

0 — Y0 by Equation 6.3.12. Then Y is the directional derivative at gK
with respect to the tangent vector Y.

Proof. Let V be a neighborhood of 0 in p, and U a neighborhood of
gK in G/K, such that V is mapped diffeomorphically onto U by the
map 6.3.11; denote this diffeomorphism between V and U by

Pv:V — U

The inverse of 1 yields a coordinate chart near gK.

Denote the vector bundle projection G xy E — G/K by &. Note
that the construction of the curve w by Equation 6.3.10 amounts to
a local trivialization

@: &N U) - UXE

over U.
Let Gy be the expression* of the section & in the chart { and
the trivialization ¢. Then, Equation 6.3.10 translates into

O, (tY) =w(t).

The derivative with respect to t at t = 0 is precisely the directional
derivative of 6, with respect to the tangent vector Y at 0 in p:

(v gp) (0) = W' (0).
Meanwhile, Equation 6.3.12 translates into,
(Y&)(0) =w'(0).
Therefore, Y= Oy. O

6.3.14 PROPOSITION. Let Y € p act on & € TI'(G xx E) as Equa-
tion 6.3.12 so that we have the commutative diagram 6.3.9. Then the
action of the relative Dirac operator P(g,t) on (C®(G) ® E)X agrees

4 Explicitly, 6,4 : V — E is given by the series of compositions, V Yu g
£ (W) % U x E 22 E where p; is the projection onto the second component.
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with the action of the following differential operator on I'(G X+ E):

dimp d1mp
Daje = Z YioYi+1® Z YiyP (Y, € p®Cl(p), (6.3.15)

i=1
where { Y; }fin;lp is any orthonormal basis for p.
Remark. As the proof demonstrates, P, is just another expression
for the relative Dirac operator P(g, £). The element P, was first in-

troduced by B. Kostant [65]. That it is equal to D (g, £€) was observed
by A. Alekseev and E. Meinrenken [3].

Proof. Owing to our discussion in Section 6.3.8, we may take the
right-hand side of Equation 6.3.15 as an element of W(g, £) and show
its equality with D (g, €). In other words, we wish to show that

dim p d1m p

Z YV + = Z YoyP (Y, (6.3.16)

in W(g, ).
Let {X; }IM® and {Y; }»dlm’3 be orthonormal basis for £ and p, re-
spectively. By Equation 5. 2 22, we have

dim ¢ dim p d1rn 14 d1m p

D, = ZXX+ZYY+3ZXW )+ = ZYJV

(6.3.17)

By Equation 5.4.12, Y9(X;) = v*(X;) +¥"(X{). So Equation 6.3.17 can
be rewritten as
dim ¢ dim p

‘I)g = Z X\ixi-i- Z ?ij
i=1 =1

dlIIl t d1m t dun p

3Z><1v +Zx1v +ZY]v . (63.18)

For the factor y9(Y;) in the last summation above, we have, by Equa-
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tion 5.4.8,

dim ¢ dim ¢
== > (%, X, Xidg) XX
i=1 k>1%’_/
dim ¢ dim p dim p dim p
= 33T X Vg XaYie— 3> (Y5, [V, Vidgh Vi
i=1 k=1 i=1 k>i
= ¥'(Vi)
dim ¢ dim p
=3 > (Xq, 15, Yidg)Xi Vi + P (Y5).
i=1 k=1

Thus, for the last summation in Equation 6.3.18, we have

1 dim p
32 ')
j=1
d1m€ dim p dim p d1mp
:»Z D> (X, I, Vi) XY Vi + 5 ZY]y”
i=1 j=1 k=1
dlmE dlmp

3 Z XivP (Xi) + 5 Z Y]'Yp

Inserting this into Equation 6.3.18, we get

dim ¢ dlmE
Dy = Z XiXi + = Z Xyt (X
dlmp dim¢e dlmp
+ Z Y;Y; + Z Xiv? (Xi) + 5 Z YivP (Y, (6.3.19)
j=1 i=1

For D(g,€), we must subtract from the above the image P, of the
cubic Dirac operator 3_ 3™ X;X; + 3 Ly dimEx.vE(X;) in W(€) under
the canonical inclusion Wt <— Wg. By Lemma 5.4.11(b),

dim ¢ d1m 4 dim ¢

Dy = Z XiXi+ 3 Z Xy (X:) + ; Xy? (X1). (6.3.20)

Subtracting this from Equation 6.3.19 gives us Equation 6.3.16.  []
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THE ASYMPTOTIC EXPANSION
OF THE HEAT KERNEL
ASSOCIATED TO THE

CUBIC DIRAC OPERATOR

LET G be a compact connected Lie group with a bi-invariant metric,

and let K be a closed connected subgroup. The metric defines an
invariant inner product on the Lie algebra g of G, and the Lie algebra
t of K is a Lie subalgebra of g. The pair (g, £) defines the relative Dirac
operator P(g,t); its square is given by (owing to Equations 5.4.18
and 5.4.19)

1
2 ——
Dlg, )" = 3

See Notation 5.4.15 and Section 5.4.17 for the notations. This is an
element of the relative Weil algebra W(g, ) = (U(g) ® Cl(p))t. As
such, it can be identified as a differential operator via the algebra
isomorphism

S P 1
Qg — 5 diagyy Qe — S lpg|* + 5 lleel™

t®1: UF) @Clp) = D(G) ® Cl(p)

defined in Section 6.3.5. The image of ﬁg under T ® 1 is the Lapla-
cian on G (this is essentially Equation 2.2.18). But, because of the
term —% diagyy ﬁg, the image of ZDZ( g,€) under T ® 1 is, a priori, not
of Laplace type. Still, we shall see that, as an operator on the do-
main (C®(G) ® E)X (where E is a finite-dimensional Cl(p)-module),
D(g,€)? is equal to a generalized Laplacian. So it makes sense to
consider the heat kernel of (T ® 1)(D(g, £)?). Its asymptotic expan-
sion, then, follows essentially from that of the scalar Laplacian on G
(which we calculated in Theorem 4.2.37).

To avoid the cluttering of notations, we shall suppress T ® 1 in
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our discussions; it will be clear from the context whether we are
considering an element of W(g, £) as is, or as its image under T ® 1.
Similarly, we shall identify elements in W(g, ) = (S(§) ® A\(p))t with
elements in D(g) ® A(p).

71 THE CONVOLUTION KERNEL OF
A GENERALIZED LAPLACIAN

As a Dirac operator P is a “square root” of a generalized Laplacian,
by the heat kernel associated to D we mean the heat kernel of the
generalized Laplacian P*. In this section, we briefly review some
basic facts regarding generalized Laplacians and their heat kernels.
It will be a slight generalization of what we saw in Section 2.1.9.

Let F be a vector bundle over a compact oriented Riemannian
manifold M. We assume that F is equipped with a fiber-wise inner
product in a smooth manner. A generalized Laplacian on I'(F) is a
differential operator L whose expression in local coordinates takes

the form
dimM

L= 3 Z nﬁaiaj + (lower order part), (7.1.1)
ij=1
where the nY is the (i,j)-entry of the inverse of the matrix ;] com-
ing from the metric n = Zi’jmj dx'dx) on M. The one-half factor
above is an insignificant part in our discussion; we put it here on
account of Equation 5.4.18.
The heat kernel Q; of L is the integral kernel of the operator et
(t > 0), that is,

(etto)(x) = JM Qt(x,y)o(y) voly

for any section o of F. Here vol,, is the Riemannian volume form at y
in M. Thus, Q. is a smooth section of the bundle FXF* .= p;F&p;F*,
where p; and p;, respectively, are the projections M x M — M onto
the first and second components. For existence of the smooth kernel
Q4, see [85, Prop. 5.31, p. 83]. The heat kernel Q; has the following
fundamental properties:

(i) It satisfies the heat equation:

(0t —D)Qi(x,y) =0,

where L applies to the variable x.

(ii) It converges to the Dirac delta distribution §(x —y) as t — 0,
in the sense that, for any smooth section o of F,

J Qulx,y)oly) voly — o(x)
M

uniformly:.
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The smooth kernel Q. is uniquely determined by the above two prop-
erties; see [85, Prop. 7.5, p. 96].

Suppose a compact Lie group G acts transitively on the manifold
M as isometries. Then we have the identification

M~ G/K

where K is the stabilizer of a point xo in M of our choice. Let us
write
% =xK € G/K.

Assume that the bundle F is homogeneous over G/K, in the sense
that
F=G XK Vv

for some finite-dimensional K-vector space V. There is a natural
G-action on F given by

g9’ -lg,vl:=1[g'g,V]

for g’ in G and [g, V] in G x V. Denote this action by « : G — Aut(F).
This induces a G-action on the space I'(F) of smooth sections of F:

(g 0)(%) = ag(0(g™'%)).

Here g~'x denotes g~ 'xK.
Suppose the generalized Laplacian L on I'(F) is equivariant with
respect to this G-action. Then, for any section o of F, we have

e (g-0)=g-(eT0).

This means, in terms of the heat kernel,

J Q:(%,§)xgo(g™'§) volg = J agQ:(g7'%,§)o(f) volg. (7.1.2)
M M

Now the Riemannian volume form on M is G-invariant, provided
that the metric on M is G-invariant. If this is the case, Equation 7.1.2
gives

| Qi gnagomivoly = | aoulg % @log)voly. 15

This implies

Qt(;‘» gg)“g = o‘th(g_li)g))
or equivalently (by taking X = ¢ and g =x "),

Qt(&,x ') = o Qu(X, §)ots. (7.1.4)
Hence, the heat kernel Q; is completely determined by the function

qt : g = Qt(é)g)

We shall call q; the heat convolution kernel of L. (If K = {e} and F
is the trivial line bundle over G, then g is the heat convolution ker-

nel 2.1.11 we defined in Section 2.1.9.) We may view it as a function
10, 00[ — T'(Fe X F*), t — q¢. For small time t, the heat convolution
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kernel behaves like the Gaussian! kernel
e—d()‘c)z/Zt

he(x) = (27ct)dimM/2°

(7.1.5)
where d(x) denotes the distance between e and x. More precisely, q.
admits an asymptotic expansion (or an asymptotic heat kernel)

qtNht(ao+a1t+a2tz+~-) (7.1.6)

for t — 0+, valid in the Banach? space of C™-sections of Fz X F* for
all non-negative integer r (see [85, Thm. 7.15, p. 101]).

As it was for the asymptotic expansion for the heat kernel of
the scalar Laplacian on G (see Section 2.1.9), the asymptotic expan-
sion 7.1.6 is obtained as the formal solution to the heat equation
equation

o0
@+ Dh ) ait' =0, (7.1.7)
i=0
under the condition that ay(e) is the identity operator on the fiber
Fz. Here is a sketch of the argument: Let V be the connection on
the vector bundle F that is associated® to L. Let R be the radial
vector field in normal coordinates. Let j := j o log, where j is the
square-root of the Jacobian of the Riemannian exponential map at é.
Then, Equation 7.1.7 is equivalent to (see [85, Eq. 7.16, p. 102] or
[12, Prop. 2.24, p. 82])

| -
ht(at +Vr+jolo T) Y aitt =o. (7.1.8)
i=0

Setting each coefficient of the above power series in t to zero, we
get the following family of differential equations that can be solved
inductively:

Vrap =0,
~ an—1
= — > .
(Vk +n)an ]L( ; ), n>1

For details, see [85, Thm. 7.15, p. 101] or [12, Thm. 2.26, p. 83,
Thm. 2.29, p. 85].

72 THE ASYMPTOTIC EXPANSION OF
THE HEAT KERNEL OF P(g, £)?

The difference between Equations 2.1.16 and 7.1.5 owes to the factor of 1/2 present
in our definition (Equation 7.1.5) of a generalized Laplacian.

The norm is defined similarly as in Footnote 2 on page 16.

For any generalized Laplacian L on a vector bundle F, there is a connection V
on F such that L is equal to (up to a zero-order differential operator) AF =
—y dmM(7, Ve, — Vv., e ) where {e; }{"M is a local orthonormal framing of

i=1

TM. See [12, Prop. 2.5, p. 66].
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7.2.1 SET UP. Let G be a compact connected Lie group with a bi-
invariant metric. Let K be a closed connected subgroup of G, such
that G/K admits a spin structure. Let p be the orthogonal comple-
ment of ¢ in g. As we discussed in Section 6.2.8, the bi-invariance of
the metric implies that the orthogonal decomposition

g=top

is preserved under the action of Ady for all k in K, and that the
restriction of Ady to p is in SO(p). The spin condition on G/K implies
that this representation of K on p lifts to Spin(p).

Spin(p)

2]

KZ——50(p)

The induced Lie algebra homomorphism of Ad was considered in
Definition 5.4.7, and we gave it the notation

YP: € — spin(p).

So we have the commutative diagram

K A4d> Spin(p)

eXPT TGXP

We consider finite-dimensional Cl(p)-modules of the form
E=S®V

where S is the space of spinors for Cl(p), and V is an irreducible K-
vector space with highest weight p, serving as an auxiliary space on
which Cl(p) acts trivially. We denote the representation of K on V by
m: K — Aut(V).
Then, K acts on E via -
v:=Ad ® 7.

The induced Lie algebra representation of v is the differential of v at
the identity:

v*:&l*®1+1®n*:yp+m. (7.2.2)

Each Lie algebra representation v, y?, and 7, extends to U(¢) as an
algebra homomorphism.

7.2.3 LEMMA. As differential operators on (C*®(G) ® E)X, we have
diagyy Qp = —[[1t + pell* + [|oe |-

Proof. Let o be any element of (C*®°(G) ® E)X. By the K-invariance of
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o, we have

o(gexp(X)) = e Xa(g)

for g in G and X in ¢. Differentiating both sides with respect to X,
we get

Xo = —v.(X)o.
By Equation 7.2.2, we may rewrite this as
(X+vyP (X))o = —m.(X)o.

Since X +y*(X) = diagy X by definition (see Notation 5.4.15), we
have ~

diag(X)o = —m.(X)o.
Therefore,

dim ¢ dim ¢
> diagy(Xi) diagy(Xi)o = Y m.(Xi)m.(X:)o.
i=1 i=1

Because diag,, and 7, are algebra homomorphisms, we have
dim ¢ L dim ¢
diagw <Z X1X1> 0 = Tly (Z XiXi) 0.
i=1 i=1

The left-hand side is diagw(ﬁe)c and the right-hand side is 7, (Q¢)o.
Hence, we have R
diagyy (Qe) = 7. (Qe)

as differential operators on (C*®°(G) @ E)X. Finally, owing to the
irreducibility of 7t and Schur’s lemma, 71, (Q¢) is a constant operator,
whose value is

—llu =+ pell® + llpells
see [65, Rmk. 1.89, p. 469]. This proves the lemma. O

7.2.4 THEOREM. As a differential operator on (C®(G) ® E)X, the ele-
ment P (g, €)? is equal to

T~ 1
Qg+ 5 (Il + pell*  [lpg ). (7.2.5)
Proof. By Equations 5.4.18 and 5.4.19,
T~ 1., ~ 1 1
D(g,8)* = EQg ) diagy Qe — EHpQHZ + EHPEHZ-

The theorem now follows from Lemma 7.2.3. O

7.2.6 In the following, Ag is the element in the classical Weil algebra
defined by Equation 5.3.11. It actually lies in the basic subalgebra
S(g)?. It is identified with the Laplacian on the Euclidean space g
under the algebra isomorphism 4.1.4 with A = g.
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7.2.7 THEOREM. Let Q be the quantization map 5.3.8 (restricted to the
t-basic subalgebra). Then

Q(Ag) = ﬁg - Hpg”z-
Proof. By Equation 5.3.12,
1 4 2
EQ(AQ) = ‘I)g)

where P, is the cubic Dirac operator of W(g). Meanwhile, by Equa-
tions 5.2.23 and 5.4.19,

P PN 1
Dy = 50— 5l
Combining the two equations above proves the theorem. O

7.2.8 DEFINITION. Let effq/);] : D(G) — D(g) be the map 4.2.16, and
let q : A\(p) — Cl(p) be the Chevalley map 5.1.17. For a differential
operator L in D(G) ® Cl(p), we set

LP — (exp, ' @ q')(L).

Remark. (1) We have a vector space isomorphism,

D(G) ® Cl(p) — D(g) ® Alp),
L P — gLeXP. P (7:2.9)

(2) Let 0= f®w be an element of C*°(G)QE. Let 0%*P := f*Pw),
where f**P is defined by Equation 4.2.14. Let the D(g)-factor of
L**P act on f, and let the /\(p)-factor act on w via the Chevalley
map. Then, by Equations 4.2.15 and 4.2.18,

LeXPgXP = (Lo)*P.

In this sense, we may understand L**P as the expression for L
under a local exponential chart near the identity in G.

7.2.10 Consider, for the moment, the case where ¢ = g. The corre-
sponding (classical) relative Weil algebra is W(g,g) = S(g)?. The
element Ag lies in this “smallest” relative Weil algebra; and the re-
striction of the quantization map Q to this subalgebra, as we have
seen in Section 5.4.20, is the Duflo isomorphism. So it is not surpris-
ing to see the j-factor appearing in the following Proposition.

7.2.11 PROPOSITION. Let j be the function on g defined by the power
series

(X) = det1/2<7smh adx / 2)

adX /2

Then,

N 1 N
Q8™ = 5 0 Ay o).
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Remark. The above equation is that of differential operators on g; so
j and 1/j are to be understood as the multiplication by the functions
j and 1/j, respectively.

Proof. The element Ag lies in S(g§)?, which is the basic subalgebra of
the classical Weil algebra W(g); the quantization map Q restricted
this subalgebra is the Duflo isomorphism (see Section 5.3.19). The
assertion now follows from Proposition 4.2.20. O

7.2.12 NOTATION. For the rest of the Chapter, q; denotes the heat
convolution kernel of Q(Ag) /2. Then q; is an element of C*(G) ®
Cl(p). We define q;? similarly as we have done for o®*® associated
to 0 in C*(G) ® E (Remark (2) on page 115). We shall denote by h{
the heat convolution kernel of Ag /2, that is,
. e—IIXII2/2t
hi(X) = W. (7.2.13)

7.2.14 PROPOSITION. For t — 0+, we have

1
leP -~ hg -,

t
)
valid in some neighborhood of 0 in g. In other words, the coefficients in
the expansion 7.1.6, for this case, are ag(x) = 1/j(log(x)) and a,(x) =
Oformn>1.

Proof. Let sy :==h{} °, a;t' be the asymptotic expansion for q;* (or
its product with a bump function 1 such that {p = 1 near 0). It is the
formal solution to

(3c+ %Q(Ag)e"p)st — 0.

We need to show that s; = h{/j satisfies this equation. By Proposi-
tion 7.2.11, the above is equivalent to

1 T,

(2 g )is=o.

It is now clear that sy = h{/j is the solution, since h{ satisfies the
heat equation (9 — %Ag)hf =0. O

7.2.15 THEOREM. Let 1 be the heat convolution kernel of the general-

ized Laplacian
1

A 1 2 2
EQg + E(HLH‘ pel|” — llgl¥)

on (C®(G) ® S® V)X, where S is the spinor space for Cl(p) and V is
an irreducible K-vector space with highest weight . Then 77" has the
following asymptotic expansion, valid in a neighborhood of 0 in g: For
t — 0+,

1 2 1 Hp —|—p,||2“
exp 1.0 _ Stllpetul?/2 _ 10 ¢ n
Ty hy je t _ht<z ;2 on t).
n=0
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Proof. By Theorem 7.2.7,

1~ 1 ) 2 T . 1 2
Qi+ = — ==-0Q(A - .
5Q0+ 5 Ik + pell” = lloallI”) = 5Q(Ag) + 5llpe + u
So R )
ot@Qatlliteell*—llpgl1?)/2 _ tQ(Ag)/2 tllpetull?/2.
Hence,

_ otllpetnl?/2
Tt_eré H” / qt)

where q; is the heat convolution kernel of Q(Ag) /2. The asymptotic
expansion for r;"¥ now follows from Proposition 7.2.14. O

Remark. Let g be the heat convolution kernel of Q(Ag) /2. Define
the linear map (et2%/2), : (C*®(G) ® E)* — E by

(€98 2)0 = | qux)olx) dx.
G
Define also the linear map Q(etﬁﬂ/z)e 1 (C®(G)® E)* = E by

Q(etbo/?),0 = J j(logx)h(log x)o(x)w(x) dx,
G

where 1 is a suitable bump function on G such that

(i) its support is contained in some neighborhood of the identity

on which the inverse of the exponential map log = exp~' is
well-defined,

(i) W(x) =1 for x near the identity.

Then Proposition 7.2.14 is equivalent to the following asymptotic
equality: ) )

Q(etde/2) 0 ~ (194/2)
for t — 0+. This asymptotic equality can also be proved using the
(now proved) Kashiwara-Vergne conjecture [4,60].

117



THE LOCAL INDEX THEOREM
ON COMPACT
HOMOGENEOUS SPACES

WE now come to the primary matter — the local index theo-
rem on a compact homogeneous space G/K. We obtained,
in Chapter 7, the asymptotic expansion for the heat kernel associ-
ated to the relative Dirac operator P(g, ) using the machinery of
quantum Weil algebra. Now the operator D (g, £) is a differential op-
erator on (C*®(G) ® E)X some Clifford module E; the corresponding
differential operator on I'(G xx E) is the cubic Dirac operator P,
(Proposition 6.3.14). Our goal is to deduce the asymptotic heat ker-
nel of 1); /¢ from that of %2( g, ¢), and achieve the local index theorem
on G/K.

Our approach is similar to N. Berline and M. Vergne’s [13] proof
of the local index theorem. They considered the Riemannian Dirac
operator P on the vector bundle Pg, Xgpin(n)E — M, where M is
a generic spin manifold of dimension n and Pg, is the principal
Spin(n)-bundle that is a double covering of the bundle Frso(M) of
oriented orthonormal frames for the tangent bundle TM (see Sec-
tion 6.2.4). They showed that the square of the Dirac operator P
can be identified with a second order differential operator Q on
(C>°(P) ® E)SPin(") and that the operator Q is equal (up to a zero-
degree operator) to a generalized Laplacian A. They calculated the
asymptotic heat kernel of A and, from it, deduced the asymptotic
heat kernel of ” on the base manifold M.

Our approach, in outline, follows the method of N. Berline and
M. Vergne. What differs is that, for M = G/K, we use

(i) the K-action on the spinors, instead of the full spin group ac-
tion,
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(ii) the natural principal K-bundle G for constructing Clifford mod-
ule bundles over G/K, instead of (the double covering of) the
frame bundle,

(iii) the quantum Weil algebra and the cubic Dirac operator that
comes with it, rather than the Riemannian Dirac operator.

This results in a substantial simplification in the proof of the local
index theorem for compact homogeneous spaces.

8.1 REVIEW OF THE HEAT KERNEL PROOF OF
THE LOCAL INDEX THEOREM

8.1.1 We quickly recapitulate the idea behind the heat kernel proof
of the local index theorem. Let P be a Dirac operator on a vector
bundle E over a compact, even-dimensional, spin manifold M. The
space I'(E) of smooth sections of E is naturally Z/2Z-graded (see
Section 6.2.5):

ME)=T(E)*®T(E)".

The Dirac operator is an odd operator:

0 D_
D= <®+ 0 ) (8.1.2)

Assuming that P is symmetric! (that is, it is equal to its formal ad-
joint), it enjoys the following analytic properties. (For proof, see
[85, Ch.5].) It is essentially self-adjoint in the L*-closure® I'’(E) of
I'(E), so we may assume that it is self-adjoint. Its spectrum form a
discrete subset of iR. Each eigenvalue occurs with finite multiplic-
ity, and the eigenfunctions are smooth. The space I'’(E) of square-
integrable sections of E admits a Hilbert space direct sum decompo-
sition into the eigenspaces of P.

As a consequence, the image of P is equal to the orthogonal
complement of the kernel of P. So the usual definition of the index
as the difference between the kernel and the cokernel of P is trivial
and uninteresting. So, when we speak of the index of a graded Dirac
operator P, we mean the following graded index:

inds P = dimker(P. ) — dimker(PD_).

Now, since (ker D)+ = im P, we have I'(E)* = ker(P.) @ im(D=).
Thus, the graded index is equal to the usual index for the operator

@—‘,—:
ind P, = dimker(P,) — dim coker(D ).

! This is the case for geometric Dirac operators (defined by Equation 6.2.7); see [85,
Prop. 3.11, p. 45]. As Equation 6.3.15 shows, the Kostant-Dirac operator is the
geometric Dirac operator associated to the connection Vx = 0x + %y" (Xi).

2 Pick a Hermitian inner ( , ) product for E — M that is invariant under the Clifford
action of the tangent vectors (for existence, see Section 6.2.3); and define the L2-

inner product on I'(E) as (01, 02) = [[,,(01(x), 02(x)) vol,] 12,
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8.1.3 MCKEAN-SINGER FORMULA. The kernel of P, and P_ consti-
tute the kernel of P:

ker) =kerD, dkerD_.

The graded index of P is the difference between the dimensions of
the subspaces in the above decomposition. Now observe that

ker P = ker P°. (8.1.4)
This follows from the self-adjointness of P, which implies
(D6, 0) = (Do, Do).
Thus, we have
ind; P = dimker(P?), — dimker(9?)_,

where (ﬁz)i denote the restriction of 17)2 to the subspaces I'(E)®,
respectively. Denote the A-eigenspace of P as I'(E)x and let F(E)f =
I'(E)x NT(E)*; then

ind; » = dimT'(E)] — dimT(E),.

Now we claim that, at least formally, we may add to the right-hand
side the differences between the dimensions of nonzero eigenspaces:

ind; P = dimT(E)§ — dimT'(E),

> dimT(E)f — )  dimT(E)y|. 8.15)

AESP(D?) 4 AeSp(P?)_
A#£0 A0

The rationale behind this is that there is a complete super-symmetry
between the even and the odd nonzero eigenmodes; in other words,
each nonzero eigenvalue of P* occurs with same multiplicity in the
even and the odd subspaces. This is because P maps an even A-
eigenfunction (A # 0) to an odd one, and vice versa; indeed, if o is
in F(E)f, then P, as an odd operator, maps o into I'E)y, and

P’ (Do) = D(D’0) = A(Do).
Now the formal equation 8.1.5 can be put into a more reasonable
2
form if we use the operator e'?”, t > 0. This begins with the obser-
vation that
tret™®)= = dim P(E)E + Z e dim '(E).

AESP(D
)\;éo

The infinite sums are well-behaved since the multiplicity of the eign-

values of P’ is at most of polynomial growth, which is a version of
Weyl’s law for closed Riemannian manifolds [33]. It is also possi-

ble to directly verify that etfb2 is of trace-class; see [85, Thm. 8.12,
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p. 114]. The point is that we can replace the heuristic equation 8.1.5
with the following well-established equation:

2

2 ar2
ind, P = tret® ) —tret®)- — geret?”, (8.1.6)

This is known as the McKean-Singer formula. Here Str denotes the
super-trace; it is defined by Str(P) = tr(eP) where P is any trace-class
operator and ¢ is the grading operator on I'(E) which takes I'(E)* as
its +1-eigenspace.

8.1.7 Here is another argument (from [12, p. 125]) for the McKean-

Singer formula. We begin by expressing Str et?” in terms of the heat

kernel Q; of 17)2. According to a general formula for operators with
smooth integral kernels (see [85, Thm. 8.12, p. 114]), we have

Stret?” :J Str(Q¢(x,x)) voly. (8.1.8)
M

Here Str(Q¢(x, x)) is the super-trace of Q(x, x) as an operator on E,,
and vol, is the Riemannian volume form at x in M. Then,

dt

where we have used the fact that the heat kernel satisfies the heat
equation. Note that Iﬁth(x, x) is the heat kernel of the operator

P?et?” . Thus,

4 gret?” — J Str(9¢ Q1 (x, x)) vol, _J Str(P?Qi(x, x)) voly,
M M

d
T Stret?” — Str(%zewz). (8.1.9)

Finally, keeping in mind that » commutes with ewz, we have
1 1

'I)zewz _ E(Ijzetibz I @Zetiﬁz) _ E(Ijzetibz + ﬁeﬂ)z%)

] ) (8.1.10)

=51, Det ],

where [, | is the super-commutator. Since the super-trace vanishes
over super-commutators, Equations 8.1.9 and 8.1.10 imply

d 2
— Stret?” =0,
g Stre

2 2
Thus, Stre'®?” is constant for t > 0. As t — 0, the operator e'?
converges to the orthogonal projection Py onto the kernel of 9352;
hence, we conclude that

ar2
Stret?” = StrPy = ind; P. (8.1.11)

The trick of Equation 8.1.10 can be used to prove a more general
result; the following proposition is from [85, Prop. 11.9, p. 144]:

8.1.12 PROPOSITION. Let ¢ be any rapidly decreasing smooth function
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on R with ¢$(0) = 1. Then,
Str$(P°) = ind, P.

Remark. The operator 43(17)2) is defined as the operator that acts as
the scalar ¢(A) on the A-eigenspace of T)z in M (E).

Proof. Let Py be the orthogonal projection onto the kernel of P,
Since the spectrum of P is discrete, we may write Py = 1])(9252)
for some smooth bump function { centered at 0 (so that {(0) = 1
and the support of \ is compact). Then

indg P = StrPy = Strll)(sz).
Now let ¥ := ¢ —; then
Str b (D7) = Strd(P?) + Strp(P?).

So the proposition follows once we show that Str S(I)z) = 0 holds
for any rapidly decreasing function ¥ with 9(1) = 0. We may assume
that 9(x) = x8(x) for some rapidly decreasing function 9. Then,

8D = DD,
Since P commutes with §(9”), we may rewrite the above as
81 = (BB + PI(DY)D).
Because D9(D?) is an odd operator, we have
§(1?) = 10, DI,

Therefore, Str (%) = 0 as desired. O

8.1.13 LOCAL INDEX THEOREM. By Equations 8.1.8 and 8.1.11, we
have

indg (D) :J Str(Q¢(x, x)) voly. (8.1.14)
M

Because of this, Str(Q¢)vol is called the index density of P. Since
the left-hand side of this equation is independent of t, so must be
the integral on the right-hand side. Examining, under this light, the
small-t behavior of the index density is the heat kernel approach for
the Atiyah-Singer index theorem. Let

oo
Qu~Hy ) At
0

be the asymptotic expansion for Q; as t — 0+. Here H; is the Gaus-
sian kernel, and the coefficients A; (i > 0) are in I'(E X E*). Since
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Hi(x,x) = 1/(2mt)™2, we have
ind (D) ~ (zﬂl)n/z ZO i JM Str(As(x, x)) vols. (8.1.15)

The index theorem is achieved by showing that Str(A;(x,x)) = 0 for
i1 < n/2 and that

Str(An2(x,x)) vol, = A(M) A ch(F)| ",

X

where the right-hand side denotes the top degree part of the exterior
product of the the Hirzebruch A-class of M and the Chern character
of the auxiliary bundle F := End¢;(E). Put in another way, the index
density satisfies the asymptotic equation

Str(Qu(x, x)) voly = A(M) A ch(F)| " + O(t),

X

for t — 0+. This statement alone (which implies the Atiyah-Singer
index theorem) is known as the local index theorem.

That a statement like the local index theorem might be true was
suggested by H.P. McKean, Jr. and I. M. Singer [74, p. 61]. The
first result in this direction is the work of V. K. Patodi [78], where
he proved the Riemann-Roch-Hirzebruch theorem (which is a spe-
cial case of the Atiyah-Singer index theorem) using the heat ker-
nel method. V. K. Patodi’s work was computational in nature, and
it was not clear why the vanishing of the lower order coefficients
in the asymptotic expansion 8.1.15 occurs. Then, P. B. Gilkey [48]
showed that the cancellations of high derivatives in the computation
can be explained on the grounds of Invariant Theory. Developing
on P. B. Gilkey’s idea, M. Atiyah, R. Bott, and V. K. Patodi [8] gave
a proof for the local index theorem in its full generality; but Invari-
ant Theory alone could not completely determine the coefficients,
so they had to rely on computations of some examples. Finally, it
was E. Getzler’s paper [47] that demonstrated the role of Clifford
algebra in the vanishing of the lower order coefficients, and gave a
completely analytic proof of the Atiyah-Singer index theorem. There
are other proofs of the local index theorem that appeared later on,
one of which is that of N. Berline and M. Vergne [13] which we men-
tioned in the beginning of this chapter.

8.1.16 Note that A;(x,x) in the asymptotic expansion 8.1.15 takes
value in End(E,). In the case where n .= dim M is even, we have a
linear isomorphism

Ex~S®V

where S is the spinor space for Cl(n) and V is some auxiliary vector
space (see Section 5.1.5). The Z/27Z-grading of E, arises from that of
S. An element of End(Ey) can be identified with an element > w®F
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in Cl(n) ® End(V). And
Str(w ® F) = trg(w) try (F)

where trg(w) is the super-trace of the action of w on S and try/(F) is
the usual trace of F over V.

We would like to mention at this point that the super-trace trg(w)
is nonzero only if w contains a term that has top filtration order in

Cl(n). To be more precise, let ey, ..., e, be an orthonormal basis for
R"; then,
—)V2 if1={1,2,...
trs(el) — ( 1) )] 1 { ‘) ) )n}J (8.1,17)
0, otherwise,

where e; are the elements in Cl(n) defined by Equation 5.1.9. To
see why this is true, note first that the super-trace vanishes on super-
commutators. If I # {1,...,n}, then e; is a super-commutator: e; =
—[erei, eils for any i not in I. To calculate try(e;) for I = {1,...,n},
we use the fact that the space of even and odd spinors are the +1-
eigenspaces of the action of w = (2i)™?e; - - - e, (see Section 5.1.44).
Hence,

trs(er - en) =tr(e; - enw) = (202 tr((e; - - - en)?).
Since eje; = —eje; for i #j,
(e] ... en)z = (—] )n(nfl)/ze% R e%l_
Because (—1)=1/2 — (_1)"/2 and ei2 =1/2, we have

(e1---en)? = (=1)227™

Thus,
trs(eq - en) = (—1)™227™2 dim(S).

Since dim(S) = 2"/2 (see Section 5.1.5),

trs(er -~ en) = (—1)"™2

82 THE LOCAL INDEX THEOREM ON G/K

8.2.1 NOTATIONS. We bring in the notations that we set up in Sec-
tion 7.2.1. Thus, G is a compact connected Lie group with a bi-
invariant metric, and K is a closed connected subgroup of G. We
have a Lie group homomorphism

Ad: K & Spin(p)

where p is the orthogonal complement of ¢ in g. The induced Lie
algebra homomorphism is

YP: € — spin(p).
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A formula for y* is given by Equation 5.4.10. We have a twisted
Cl(p)-module
E=S®V

where S is the space of spinors for Cl(p) and the auxiliary space V is
an irreducible K-vector space with highest weight . We denote the
representation of K on V by

m: K — Aut(V).
Thus, E is a K-vector space via
vi=Ad®m.

The induced Lie algebra representation of v is the differential of v at
the identity:

v*:&l*®1—|—1®7{*:yp+m. (8.2.2)

Each Lie algebra representation v, y?, and 7, extends to U(¢) as an
algebra homomorphism.

Let us add few more notations that we shall use. For the rest of
this chapter, { X; }?S‘B and{Y; }?ﬁ?p denote any orthonormal basis for
€ and p, respectively. For each vector X in g, we denote by X* the
linear functional on g defined by

XHY) = (X,Y)

for Y in g. Hence, { X} }¢i™¢ and { Y} }glp serves as basis for £* and
p*, respectively.
We shall denote by AP the composition

PR spin(p) a, Ap

where q~' is the inverse of the Chevalley map 5.1.17. By Equa-
tion 5.4.10, we have
1 dim p
N(X) = 5 (X, [Y3, Yjlg) V1Y (8.2.3)
ij=1
We shall often use the notation
x = xK

for the points in G/K.

Finally, recall that our model for the tangent bundle T(G/K) is
T Xk p (see Section 6.2.8). This means that we are identifying the
tangent space T;(G/K) and the cotangent space T (G/K) with p and
p*, respectively.

8.2.4 As far as index theory is concerned, R. Bott showed that a
nontrivial index can occur only if K is of maximal rank (that is, K
contains a maximal torus of G) [16, Thm. II, p. 170]. So we shall
concentrate on the case where K is of maximal rank. Two implica-
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tions of this are:

(i) The dimension of G/K, which is equal to that of p, is even. To
see this, pick a common maximal torus for G and K so that their
Lie algebras share the same maximal commutative subalgebra
in their root space decomposition. Let @4 and @, be the set of
roots of G and K, respectively. Then @ is a subset of @, and
the dimension of p is equal to the cardinality of ®,\ @, which
is even, since the roots come in positive and negative pairs (see
Section 2.3.11).

(ii) Because dim(p) is even, the spinor space S for Cl(p) is natu-
rally Z/27-graded (see Section 5.1.44). This gives rise to Z/27Z-
gradings on the Clifford module E, the associated vector bun-
dle G x, E, and the space of smooth sections of G x+ E.

Example (The Flag Manifold G/T). As a special case, suppose K is equal
to a maximal torus T of G. Then G/T is spin [41, Cor.1.12, p. 91].
The homomorphism

Ad:T — Spin(p) (8.2.5)
gives rise to a T-action on the spinor space S. The complexification
of p is the union of the root spaces of g. Let ®* = {«;, ..., &} be the

selected set of positive roots of g. (Hence, k = dimp/2.) As we shall
soon see, the set of the weights of the T-representation on S is

k
[ 2B+ 4B (B B € g{m}}, (8.26)

the highest weight being p = %Z].fﬂ «y; for the multiplicities, the
k-tuple (B1,...,Px) contributes with multiplicity 1 to the weight
7(B1 + -+ + Bx). So dim(S) = 2%, which is consistent with the
general theory of spinors.

The weights and their multiplicities can be verified as follows.
(The line of argument is from [68, p. 11].) The complexification of
p is simply the collection of all the root spaces:

pc = @ (Q(C,oc 2 gc,ﬂx)-

xed+

Choose vectors Yy in gc,« for each positive root «, and let Y_ be
the vector such that (Y, Y_) = 1; since the root spaces gc  and
gc,p are orthogonal if o # £f3, the vector Y_ is necessarily in gc _q.
Their collection { Y44 }4co+ form a basis for pc. To find the weights
of the T-representation on S, we need to examine the induced Lie
algebra representation, which is given by v : t — spin(p). By Equa-
tion 5.4.10,
VH) = 3 3 (adn (Y)Yt adn(Y-o)Yo).

xed+

126



Since Y., are root vectors, satisfying ady (Y+«) = +a(H)Yiq,

Z To0(H) (Yo Yoo — Yoo Ya).

ae®+

Since YoY_y = —Y_« Yo + (Yo, Yoi) in Cl(p) and (Yo, Y_o) =1,

1
=5 Z ix(H Z 1a(H)Y_ oYy

xed+ xed+
=1ip(H Z i (H)Y_«Yq. (8.2.7)

axed+

The Clifford relation can be used in the other way around to get

YP(H) = —ip(H) + )  ia(H)YaY . (8.2.8)

Now, if v is a weight vector in S with weight A, then the action of
Y., maps v to a weight vector with weight A + «; this owes to the
following super-commutator relation:

[YP(H), Yio] = adn(Yia) = £l (H)Yq.

(The first equality is just Equation 5.1.54.) Now suppose v is a weight
vector with highest weight. Then Y, - v must be zero, and hence, by
Equation 8.2.7,

Y'(H) v =1ip(H)v.

Therefore, p is the weight of v, which is the highest weight of the
T-action on S. Similar argument using Equation 8.2.8 tells us that
the lowest weight is —p, which is equal to p — > .4+ @. Hence,
p— 2 serafor I C @F gives us all the weights, each I contributing
with multiplicity 1.

8.2.9 Let
Z:T(GxyE) = (C®(G)®E)X

be the vector space isomorphism defined in Section 6.3.1. By Proposi-
tion 6.3.14, = intertwines the differential operators P, on I'(G x, E)
and P(g,t) on (C*(G) ® E)X. Now, by Theorem 7.2.4, D(g,€)? is

equal to
T~ 1
L=-0,+ E(”qu pell* — llpgll?)

2
as operators on (C*®(G) ® E)X. Hence, = intertwines ePot and et
[es) K ett [e%s) K
(C*°G)®E) ————— (C*(G)®E)
ET? JZ (8.2.10)
NG xy E) NG xy E)
et’Dg/E
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We wish to compare the heat kernel of T)ﬁ e with that of L. To that
end, recall that a 2-tuple (G, 0) in I'(G X, E) x (C®(G) ® E)X is in
the graph of = if and only if

o(g) = [g,0(g)] (8.2.11)

for any g in G. With this in mind, we adopt the following definition:

8.2.12 DEFINITION. Let Q¢ (t > 0) be an integral kernel for some
operator on I'(G x, E), where G/K is endowed with the quotient
measure (see Section 2.3.24). Consider a function

Qit: Gx G — End(E)

that satisfies the following two conditions:
(i) For all (k1,k;) in K x K,
Qt(xki,yka) = v(k1) ™' Qelx, y)v(ka). (8.2.13)

(ii) For any (0o, o) in the graph of =,
| Qxwsmas=[x| @xyowd] Gaw
G/K G/K

(In the above, [g,V] is the notation for the K-orbit of (g,v) in
G x E)

Condition (i) is necessary for Equation 8.2.14 to make sense. If such
Q¢ exists, we shall call it the kernel on G that is equivalent to Q.

8.2.15 LEMMA. Let Ry be the heat kernel of 1 Q4+ 1(||1t+ pel|2 = pg]1?)
on (C®(G) ® E)X.

Re(xk1,yka) = (ki) "Re(x,y)v(ka)
for (x,y)in G x G and (kq,k;) in K x K.
Remark. A version of this can be found in [13, Eq. 3.18, p. 333].

Proof. Let o be an arbitrary element in (C*°(G) ® E)X. Then
a(yk) = v(k) " o(y)
for y in G and k in K. Thus,

L Re(x,yk)v(k)'o(y) dy = L Ri(x, yk)o(yk) dy

=J Rt(x,y)c(y)d(yk‘)zj Re(x, y)oly) dy.
G G

This proves that
Ri(x, yk)v(k)™' = Ri(x,y).

Next, since the map

X = L Ri(x,y)o(y) dy
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defines an element of (C*(G) ® E)X, we have

J Rt(xk,y)c(y)dy:J v(k) " TR¢(x, y)o(y) dy.
G G

This proves that
Rt(Xk)y) = V(k)_]Rt(X)y)- O

8.2.16 LEMMA. Let Q. be the heat kernel of 15;/3 onT(G xy E). Let Ry

be the heat kernel of %ﬁg + Z(le+ pell* — [lpgll?) on (C=(G) ® E)X.
Then,

Qi(x,y) ::J Re(x, yk)v(k) ™ dk (8.2.17)
K
defines an integral kernel on G that is equivalent to Q.
Remark. A version of this can be found in [13, Prop. 3.20, p. 333].

Proof. Let ki and k; be arbitrary elements of K. By Lemma 8.2.15
and the invariance of the measure on K, we have

Qi(xki,yka) = | Relxkr,ykak)v(k)™" dk
JK
= | v(ki) " Re(x,yk)v(ky k) d(k; k)
JK
= | v(ki)"Re(x, yk)v(k) v (kp) dk
JK

=v(k1) " Qu(x,y)v(ka).

This checks property 8.2.13.
It remains to check Equation 8.2.14. Let (G, 0) be an arbitrary
2-tuple in the graph of =. Let x be an arbitrary point in G. Suppose

(eP3/t5) (%) = [x, W], (8.2.18)
We need to show that
w= J Qi(x,y)o(y) di. (8.2.19)
G/K

2 ~
Since (e™u/tg, et(Qatllnteel*~leal®)/25) is in the graph of =, Equa-
tions 8.2.11 and 8.2.18 imply

W = (et(ﬁg+Hu+pe||2—Hpg\\2)/20) (x).
This can be rewritten in terms of the heat kernel as
w = L Ri(x,y)o(y) dy.

Then, by the fact that

L (g) dg = JG/K L (gk) dk dg

for any continuous function f on G (see [34, Eq. 3.13.19, p.184]),

129



we have
w= J J Ri(x,yk)o(yk) dk dy.
G/K JK

Since o(yk) = v(k)'o(y),

w :j j Re(x, yk)v(k) " oly) dk dj
G/K JK

=j 3% y)oly) di.
G/K

This is Equation 8.2.19, which proves that Q, satisfies Equation 8.2.14.
O

8.2.20 COROLLARY. Let Qt and R be as in Lemma 8.2.16. Let q and
¢ be the convolution kernels associated to Q and Ry, respectively. Then

dilg) = | rlgkivio ! d
K

forany g in G.
Proof. By definition (see Section 7.1),

di(g) = Qele, g),

Ti(g) = Ri(e, g).
So, by Lemma 8.2.16,

Gi(9) =J Ru(e, gk)v(k) " dk =J r(gkv(k)Tdk. O
K K

8.2.21 NOTATION. Recall that the orthogonal decomposition g = ¢©p
is an ad(¢)-invariant decomposition. For each X in ¢, let ad§< and
ad} denote the restrictions of adx to ¢ and p, respectively. Then

£
the matrix for ady is a block diagonal matrix of the form (aix agp )
X

Hence the power series

(X = det!/2(Sinh(adx /2)
J(X) = det ( ady /2 )
factors into
I(X) = je(X)jge(X) (8.2.22)
where j¢ and j, ¢ are defined by
7 E . p
. (X) — de!/2 ( Sinh(ady /2) - _ a.1/2(Sinh(ady /2)
je(X) = det ( adl /2 ) jo/e(X) = det ( A /2 )
(8.2.23)

8.2.24 LEMMA. Let G be as in Corollary 8.2.20. For t — 0+, we have
an asymptotic equality

Gele) ~ etpe+HI|2/2J ‘jf(x) hf(X)e_v*(X) dx
¢ Jge(X)
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as End(E)-valued functions of t.

Proof. By Theorem 7.2.15 and Corollary 8.2.20, we have

. X 2
Gele) ~ etpe+ul|2/2J ];f((x)) hf(X)e_V*(X) dx.
¢

The assertion then follows from Equation 8.2.22. O
The following lemma is from [35, Lem. 11.3, p. 137]:

8.2.25 LEMMA. Let ¢ be a smooth function on ¢ with sufficiently slow
growth. Then, the /\(p)-valued function

t - th(X)@(X)e”’(X) ax
4

has an asymptotic expansion ) ;°  t"W, for t — 0+. The nth co-
efficient Wy, is contained in @@y, A(p). If n < dim(p)/2, then the
component of ¥, in A\’ (p) (the highest degree part) is given by

dim¢
'] n
w — m(}1 “NX03) e (X)] (8.2.26)
1=

where 0; is the partial derivative with respect to the ith coordinate
variable x; : X — (Xi, X).

Proof. The Gaussian function h! is the heat convolution kernel of the
generalized Laplacian A¢/2. Thus, for any smooth function 1 on ¢
with sufficiently slow growth,

(ethe/2)(0) = L R (X)W (X) dX. (8.2.27)

This is asymptotically equal to } 77 % (Z%A?lp) (0) ast — 0+. (This
is fairly easy to check by substituting { with its Taylor series on
the right-hand side of Equation 8.2.27 and applying the formula
[ e/ dx = V2m(2K)!/(k!); see [12, Prop. 2.13, p. 73] for de-

tails.) Hence,

J h{(X)@(X)e ™ dX ~ i "Wy,
4

n=0

where
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Ae —A(X) 1 s —A(X)
5 (@X)e™) =5 ) XiXi(e(X)e™™)
i=1
1 dim ¢ 1
=5 (Eafq)(X)e’MX) +20;0(X)die X + @(X)dfe MY
i=1
dim ¢

=5 > (320(X) = 2010 (XN (X:) + 4@ XAXAXL)).

The last term is zero because A(X;)A(X;) = 0. Thus,

dim ¢

* (p(x)e ) = [(; Lot X0 o)]e M

Therefore,
<AE n A0y T 1 p " ~A(X)
) (e = (Y 381 -N(X)2:) @(X)|e,
i=1
and hence,

1 dim ¢ 1 n
= — —9%2 —AP(X:)0:
Vo= (Z] ST =N (X)a:) 00X .
Since A(X;) is in A?(p), we see that the exterior algebra factor of the
terms in ¥;, are all of even degree at most 2n. And, if 2n < dim(p),
the component of ¥,, that has degree 2n is given by Equation 8.2.26.
L]

8.2.28 Let ¢ be as in Lemma 8.2.25. The nth order term of the Taylor
series for ¢(X) with respect to X =0 is

1 dim¢

n!
i=1

n
Xlal) @(X)‘X:O'
As observed by N. Berline and M. Vergne [13, § 1.12, p. 314], substi-
tuting x; with —AP(X;) in the above expression gives the right-hand
side of Equation 8.2.26. Now the coordinate variable x; is just the
linear functional X}. Hence, the Taylor series yields an algebra ho-
momorphism C*(£) — R[[¢*]], where the codomain is the algebra of
formal power series in £* over R; composing this with the algebra
homomorphism R[[¢*]] — A(p) generated by X* — AP(X) yields an
algebra homomorphism

C™(t) — A(p). (8.2.29)

Note that this homomorphism factors through the symmetric algebra
S(€*).

8.2.30 NOTATION. Let f be a smooth function on ¢. We shall denote

132



its image under the homomorphism 8.2.29 by f(—AFX).

8.2.31 DEFINITION. Let p be the projection map of the principal K-
bundle G — G/K. Let U be a locally trivializing neighborhood con-
taining the identity coset & in G/K; let & : p~'(U) — U x K be the
trivialization over U. Consider the composition map

p’1(UJE>U><K—>K,

where the second map is the projection onto the second component.
We shall denote by 0 the pullback of the Maurer-Cartan connec-
tion on K along the above composition, and call it the local Maurer-
Cartan connection near the identity in the principal K-bundle G (see
the example on page 94). At the identity, 0 is the ¢-valued 1-form

dim ¢
0=> XieX{ ctag".
i=1

The curvature of 0 shall be denoted by ©. At the identity, © is of the

form
dim ¢

O=) Xi©0' ctaN(g)
i=1
where @' is a horizontal 2-form. Note that the horizontal subspace of

g with respect to 0 is p. Hence, each @' is contained in the subalgebra
N (p*) of N2 (g¥).

8.2.32 NOTATION. The local Maurer-Cartan connection 6 on the prin-
cipal K-bundle G — G/K induces local connections for the tangent
bundle T xk p and the twisting bundle G xx V over G/K (see Sec-
tion 6.1.29). We shall denote their curvature 2-forms, respectively,
by Ot and ©v; at the identity coset é, they take the following form:

dim¢

Or=—) ad’(X;)®®' € End(p)® A*(p*), (8.2.33)
i=1
dim ¢ .

Ov=—) m(X)®6' €End(V)®A (). (8.2.34)
i=1

8.2.35 LEMMA. Let ©' be defined as in Definition 8.2.31. Under the
algebra isomorphism /\(g) — /\(g*), X — X*, we have

Ap(Xi) — @i.
Proof. Since the 2-form ©! is in /A?(p*), we may write it as
1 dim p
el = 5 bZ] O (Y, Yp)YIY:.
a,b=
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Equation 6.1.15 tells us that
©'(Ya, Yo) = —X{ ([Va, Yolg) = —(Xi, [Ya, Velg)-

Therefore,
dim
1 p
2
a,b=1

e = {Xiy [Ya, Yolg) Yo Y-

Comparing this with Equation 8.2.3, we see that the above is exactly
the image of AP(X;) under the isomorphism A(g) — /A(g*), X —
X*. O

8.2.36 DEFINITION. We define the algebra homomorphism
A: C®E)@C — A(p*)C
as the C-linear extension of the composition
C=(8) = Alp) = Alp™),

where the first map is given by f — f(—APX), and the second map is
the algebra isomorphism induced by Y — Y*.

8.2.37 PROPOSITION. Let @ be the element in C*(¢) ® C defined by
the following power series:

@(X) = je(X)jyp(X) try(e ™).

Here try denotes the usual trace for the operators on the representation
space V of m. Then,

Alg) = det”z( Or/2

_v
6.2 2) try (e ©V). (8.2.38)
Proof. By definition (Equation 8.2.23),
sinh(ad}, /2))
ady /2 /°

Then, by Lemma 8.2.35 and Equation 8.2.33,

_ 01/2
Ty a..1/2 T
Alig ) = det (7sinh®T/2)' (8.2.39)

jae(X) = det'/?(

By the same token,
A(trv(e’”* )) e trv(e*G)V).

It remains to show that A(j;) = 1. Because j(X) is invariant under
the Ad(K)-action on ¢, its value is completely determined by j¢(H) for
H in a maximal abelian subalgebra of ¢; such a subalgebra is the Lie
algebra t of a maximal torus of K. Hence, it is sufficient to show that
je(=APH) = 1 for H in t. Let ®* denote the selected set of positive
roots of £. Then

. sinh a(H/2)
je(H) = H ﬁ-
xed+
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Let { H; }4iM¢ be an orthonormal basis for t. Writing H = Z?in]“ xiHi,
we have dim
) sinh(Y "™ xia(Hi)/2)
jeH) = T 1 %m = ==
xed+ Zl 1 Xl ( l)/z

Thus,
. inh(Y_ ("' AP (Hy)ou(Hi)/2)
(—APH) = sin
" g ¥ ImUAP(Hy)(Hi) /2
sinh(AP (3 8m ¢ & (H; ) Hy) /2) sinh(A* (H))
- T1 1 - T1

oxed+t Z?H?toc( ) )/2 xed+ }\P(]:[) ’
where H = } Zdlmt {JH;. Since the power serles of sinh(x)/x
involves only the even powers of x and A*(H)AP(H) = 0, we have
je(—APH) = 1. 0

8.2.40 THEOREM (THE LOCAL INDEX THEOREM FOR G/K). Let G be
a compact connected Lie group equipped with a bi-invariant metric.
Let K be a closed connected Lie subgroup of G such that G/K is an
even-dimensional spin manifold. Let g and ¢ be the Lie algebra of G
and K, respectively, and let p be the orthogonal complement of ¢ in g.
Consider the Kostant-Dirac operator P, on the twisted spinor bundle
G xx (S® V) — G/K, where S is the spinor space for Cl(p) and V is an
irreducible representation space for K. Let q. be the heat convolution
kernel of fZ)ﬁ e The leading nonzero term of the asymptotic expansion
of the super-trace of q, multiplied by the Riemannian volume form of
G/K, is equal to the top degree part of the product of the Hirgebruch
A-class of G/K and the Chern character of the twisting bundle G xx V;
that is,

Str(q¢) vol = A(G/K) ch(G xx V)|*P + O(t),
for t — 0+.
Proof. By the homogeneity of G/X, it is sufficient to check for Str(q)

at e := eK. Let ¢ be the convolution kernel on G that is equivalent
to q¢ (see Corollary 8.2.20); then,

Str(q¢(e)) = Str(qe(e)). (8.2.41)

By Lemma 8.2.24 and Equation 8.2.2, we have

ele) ~ etp”“”z/zj R (X)je(X)jgp(X)e ™ Me "X ax.
¢
By definition, y* = q o A?, where q is the Chevalley map /\(p) —
Cl(p). Recall that q is an algebra homomorphism modulo terms of
lower filtration order. As we have seen in Equation 8.1.17, the super-
trace is dependent only on the elements with top filtration order. So,
as far as the super-trace is concerned, we may replace e ¥’ in the
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integrand with e*"(X), Thus,

Str(q¢(e)) = Str(de(e))
otlloe+u]2/2

- s | POOIOOTA (X e ) o) ax

where tr is the super-trace over S, and try is the ordinary trace over
V. Applying Lemma 8.2.25 with

@ (X) = 3e(X)jgp(X) try (e ™)
leads us to the following conclusions:

(i) We have the asymptotic expansion

etlpetul?/2

Z thtrg (W), (8.2.42)

Str(q¢(e)) ~ (2ret)dim(p) /2
n=0

where V¥, is contained in @, A*(p).

(ii) Since the super-trace of an element in A¥p can be nonzero
only if k is the top degree, which means k = dim p in our case,
the leading nonzero term in the asymptotic expansion 8.2.42
comes from the term with n = dim(p)/2. Hence,

_ 1 dim p
Str(qt(e)) = oL trg(Wn) +O(t), N:= > (8.2.43)
(iii) Owing to Equation 8.2.26,
trs(Wn) = trs(@(—A"X)). (8.2.44)

Now the super-trace picks out the top degree part; precisely, by Equa-
tion 8.1.17,
trs (Wn) Y-+ Yon = ()N WP

Hence, Equation 8.2.44 implies
trs (WN) Y1 - - Yan = trs(@(=APX)) Y1 - - Yo = ()N @(—APX)P.
Applying the algebra isomorphism A(p) — A(p*), Y — Y*, we get
trs (WN)YT - Vig = ()N A(@)*P.
Since Y7 - - - Y3y is the Riemannian volume form at €, we have
1

I top
(27’[)N trg (WN) VOle (27_[1)]\] A((P) .
By Proposition 8.2.37,
Or/2 _o.,]toP
- - V2 =14 Ov
N () vole = 5o {det (sinh @T/z> trve ]é
= A(G/K) ch(G x V)[;™. (8.2.45)
The theorem now follows from Equation 8.2.43. O
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THE DISTRIBUTIONAL INDEX OF
THE CUBIC DIRAC OPERATOR

HE relative Dirac operator P (g, £), identified as a differential op-
T erator following the prescription in Section 6.3, is a priori, el-
liptic only in the directions transverse to the K-orbits in G. Hence,
the kernel of D (g, £), which is a K-representation space, may not be
finite-dimensional. It turns out, however, that for each irreducible
representation u of K, the multiplicity n,, of the representation space
V. of u in ker P(g, £) is finite [6, Thm. 2.2, p. 10]. So we can asso-
ciate to ker P (g, £) an infinite formal sum 2 wek ulVA] in the formal

ueEZ - [Vu]. (We had a brief en-

counter with ﬁ(K) on page 37.) Assuming that P (g, £) is graded, we
write

[ker D(g, ¢ Zn [ker D (g, & Zn

uek uek

representation group R(K) = IT

where n} and n; are the multiplicities of V,, in the even and odd
subspaces of ker D (g, £), respectively. Then, set

Indy D(g, t) = ker B(g, )] — ker B(g, &) ] = 3 (nf —ng)[Vl.
uek

According to the results of M. Atiyah and I. M. Singer [6, Thm. 2.2,
p. 10, Thm. 4.6, p. 34], this sum converges, in the distributional
sense, to a distribution on K that is supported at the identity. Hence,
we may apply the inverse of the Duflo isomorphism to Indk D (g, )
and obtain a distribution Duf ' Indg D(g,€) on ¢ that is supported
at 0. Our goal is to prove Theorem 9.2.17, which says that, for any
ad(¢)-invariant polynomial ¢ on ¢,

(Duf ' Indx D(g, ), d) = (A < , [G/K]),
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where [G/K] is the fundamental homology class of G/K, and Avd
is the cup product of the Hirzebruch A-class of G/K and the char-
acteristic class ¢ of the principal K-bundle G — G/K given by the
image of ¢ under the Chern-Weil homomorphism S(£)* — H*(G/K).

9.1 THE DISTRIBUTIONAL INDEX OF
A TRANSVERSALLY ELLIPTIC OPERATOR

9.1.1 We review, in this section, the basics of transversally elliptic
operators. Main reference is [6].

9.1.2 NOTATION. Throughout this chapter, K is a compact Lie group
and M is a manifold with a K-action. The cotangent bundle of M
shall be denoted by

&:T"M — M.

And we detnote by D a generic K-equivariant differential operator
on a K-equivariant! vector bundle F — M.

9.1.3 DEFINITION. We define the subset TM of T*M as
TiM={a € T"M | a(X; (o)) = 0,¥X € £}.

Here X denotes the fundamental vector field on M generated by X
(see Equation 6.1.4).

Remark. The restriction of & to T{M makes it a fiber bundle over M;
each fiber is a vector space, yet the dimension may vary from point
to point on M.

9.1.4 DEFINITION. A K-equivariant differential operator D on a K-
equivariant vector bundle F — M is transversally elliptic if its princi-
pal symbol (which is a bundle morphism &*F — &*F) is invertible on
T¢M outside (the image of) the zero section.

Remark. (1) The definition of the principal symbol using pseudod-
ifferential operator theory can be found in [6, Lecture 1].

(2) Elliptic operators are always transversally elliptic. If K is finite,
then transversal ellipticity is equivalent to ellipticity.

9.1.5 By the standard theory of pseudodifferential operators, a trans-
versally elliptic operator D : I'(F) — T'(F) extends to an operator on
Sobolev spaces; see [90, Thm. 5.1, p. 47].

9.1.6 THEOREM. Let D be a K-equivariant differential operator on a
K-equivariant vector bundle F — M. If D is transversally elliptic, then,

! A K-equivariant vector bundle is a vector bundle F — M such that (i) the total space
F and the base space M are K-manifolds, (ii) the projection F — M is K-equivariant,
and (iii) the K-action on the fibers are linear.
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for each u in K, the u-isotypic component of ker D and ker D* are
finite-dimensional and consist of smooth sections. If we denote the
multiplicities of w in ker D and ker D* by ni} and n, respectively, and
denote the character of u by ., then the sum

Z (nf[ - n;)Xu

uek

converges as a distribution on K.

A Comment on the Proof. This theorem is from [6, Thm. 2.2, p. 10];
the actual statement there is more general then what we wrote down
above. We will not repeat the proof here, but introduce some ideas
and constructions that are involved. Let {Y; }GhmE be an orthonormal
basis for ¢. Let Y; denote the fundamental vector field on M gener-
ated by Y;. Define the differential operator Ax on M as

dim ¢

A=) VY.
i=1
Consider the operator
A:T(F) - T(F)@T(F)
o — (Do, (1—Ag)o).
Because the symbol of 1 — A is injective in the direction of K-orbits,
the symbol of the operator A is injective. Then,
A*A =D*D + (1 — Ax)?
is an elliptic operator on I'(F). Define
(kerD)y ={o el (F)|]Ac=0& Ao}
={oeTl(F)| Do=0, Axkoc=(1—A)o}.
Then, for any o in (ker D),, we have
(A*A)o = Mo.

Thus, (ker D), is contained in the A?-eigenspace of A*A. But the
eigenspaces of A*A are finite-dimensional and consists of smooth
sections, owing to the ellipticity of A*A [6, Lem. 2.3, p. 10]; hence,
so must the subspaces (ker D), be. Now (ker D), contains all the u-
isotypic components of ker D on which the Casimir element acts by
the scalar A (see Sections 2.2.14 and 2.2.24). Therefore, we conclude
that the multiplicities of all irreducible representations of K in ker D
must be finite. A similar argument works for ker D*. O

9.1.7 DEFINITION. Owing to Theorem 9.1.6, ker D and ker D* define
the following elements in the formal representation group R(K) =

[ueg 2 Val:
[ker D] = Zn 1, [ker D*] Z n, (9.1.8)

uek uek
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Their difference,
Indx D = [ker D] — [ker D*], (9.1.9)

is called the distributional index of D.

Remark. If D is elliptic, then [ker D] and [ker D*] are finite sums, and
they lie in the character ring R(K). So their difference Indx D is also
an element of R(K). In this case Indg D is known as the equivariant
index of D.

9.1.10 Another way to define the distributional index is to specify
its pairing with the test functions f in C*°(K). Let R : K — Aut(T'(F))
be the K-action on the space of smooth sections of F with respect to
which the operator D is equivariant. Define the operator R that acts
on I'(F) by

(Reo)(x) = JK f(k)(Reo)(x) dk. (9.1.11)

Let Rj and R; be the restrictions of Ry to ker D and ker D*, respec-
tively. Then the pairing of Indx D with f in C*°(K) is given by

(Indg D, f) = tr(R}) — tr(R; ). (9.1.12)
See [6, p. 9-10] for more discussions on this.

Remark. Let (, ) be a smooth fiber-wise inner product on the vector
bundle F — M. Let u be any density on M. Define an L*-inner
product on I'(F) by

(o0 =[] (010,066 uix)]

We may assume that this inner product is K-invariant by the usual
trick of averaging the inner product over K (see Section 2.2.2). Then,

(Ryo,Ryo) = (0, 0)

for any o in I'(F) and k in K; as a consequence, the linear map Ry
extends, as a unitary operator, to the [2-closure I'>(F) of I'(F). Then,
for each f in C*°(K), the operator R is a bounded operator; indeed,
for any o in I'(F) and x in M, we have

Reo(x)] < J IF()] Rl o] dk,
K

which implies
IRell < J ()| k.
K

The following theorem is from [6, Thm. 4.6, p. 34]:

9.1.13 THEOREM. The support of the distribution Indk D is contained
in the subset of K comprising of all elements that admit at least one
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fixed point in M; put in another way,

supp(Indg D) = U {heK|x=x-hlL (9.1.14)
xeEM

9.1.15 COROLLARY. If K acts freely on M then Indg D is supported at
the identity of K.

Example. Let M be a compact connected Lie group G. Let K be a
maximal torus T of G, and let it act on G on the left. Let p be
the orthogonal complement of ¢ in g with respect to some Ad(G)-
invariant inner product. Let S be the spinor space for the Clifford
algebra Cl(p). Take the trivial bundle G x S — G, and let T act on
the sections by the left-regular action. That means, for hin T and ¢
inl"(G xS),
h-o: g— ohg).

Let P be the cubic Dirac operator 5.2.10; following exactly what we
have done in Section 6.3.5, we identify P as a T-equivariant differ-
ential operator on I'(G x S) = C*(G) ® S. As we have discussed
in Section 8.2.4, G/T is even-dimensional and the spinor space is bi-

graded: S = ST @ S™. This induces a grading on I'(G x S), and the

0 D
D, 0
in the distributional index Indt P, of the (transversally) elliptic op-
erator D, . Since P = D", (see Section 8.1.1), we have

Indr D, = [kerP,] — [kerD_] € R(T).

Let C, denote the irreducible complex T-representation space with
weight p. Recall that the correspondence C,, — p is an isomorphism

from T to the weight lattice At (see Section 2.3.4). Decomposing the
T-vector space I'(G x S) into isotypic components, we get
MG x §%) ~ @ €, ® Hom(C,, C*(G) ® §¥)
pEAT
~ P Cu®(C*(G)es aCy) .
HEAT

Dirac operator is an odd operator: D = ( > We are interested

Thus,
kerPy] = Y  dimker(D,.)[C,]

HEAT
where P, is the Kostant-Dirac operator on the space of T-invariant
sections of the trivial bundle G x (S ® C};) — G. Hence,
Indr P, = >  ind; B,.[C,], (9.1.16)
HEAT

where ind; P, is the usual graded index of P,.
Let W be the Weyl group of G, and let p be half the sum of the
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positive roots of G. For p in Ar, set

Alt(p) == Z sgn(w)w-p € Ar.
wew
By the properties of the weight lattice summarized in Sections 2.3.11
and 2.3.15, Alt(u) is nonzero only if W acts freely on u, that is, p is
off the walls of the Weyl chambers in t*; and if that is the case, there
is a unique dominant weight A in At such that Alt(A + p) is equal to
Alt(p) up to a sign. According to a result of R. Bott [16, § 6-7],

dim(V,), if Alt(n) = —Alt(A + p),
ind; D, = ¢ —dim(Vy), if Alt(p) = Alt(A + p), (9.1.17)
0, if Alt(n) =0,
where V), is the irreducible representation space of G with highest
weight A.
As a simple example, let G = SU(2). Then T is isomorphic to

U(1); and we have At ~ Z. In fact, we did some explicit calculations
in Section 3.2 and saw that

/\T:Z'p.

Let us choose the nonnegative integral multiples of p as the domi-
nant weights. Let V,, denote the irreducible representation of G with
highest weight np, n > 0. Equation 9.1.17, in this case, simplifies to
— dim(V(n,”p), ifn > 0,
inds Dy, = 0, ifn=0,
dim(V,(nH)p), ifn<0.
By Equation 3.2.12,
dim(Vypp) =n+ 1.
Thus,
Indr Dy =) (—n)[Cpyl.
nez
Let H be the vector in t such that p(H) = 1. Then, the character of
the representation of T on Cy,, is given by
xn(exp(xH)) = '™,
In terms of these characters,
Indt D, = — Z Xn.
nez

This is just the derivative of the distributioni} ., Xn; but} ., xn
is, by Fourier theory, the Dirac delta distribution 4. supported at the
identity. Hence,

II‘ldT 'I)+ = i5é.
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9.2 THE DISTRIBUTIONAL INDEX OF P (g, )

9.2.1 We are interested in the case where K is a closed connected
subgroup of a compact connected Lie group G and the K-manifold
is M := G, on which K is acting by right-multiplication. We assume
that K is of maximal rank and that G/K is a spin manifold. We choose
a bi-invariant metric on G such that the volume form it generates for
G and K assign unit volume to them.

We continue to use the notations set up in Section 7.2.1. But
for simplicity, we assume that the Cl(p)-module E is just the spinor

space S. Then K acts on S by v := Ad, which is the lift of K Ad, SO(p)
to Spin(p).

Consider the trivial bundle G x S — G. Denote by (G x S) the
[%-closure of I'(G x S). We let K act on I'’’(G x S) as follows: For k
in K and o in M(G x S),

k-o: g — v(k)o(gk).

Following the notation in Section 9.1.10, we denote this representa-
tion by
R: K — Aut(l?*(G x S)).

For f in C*°(K), the operator Ry defined by Equation 9.1.11 acts
on I'’(G x S) by

Rfo: g+ J f(k)v(k)o(gk) dk. (9.2.2)
K

The differential operator we have in mind is the relative Dirac
operator P (g, £) on the space I'(G x S)X of K-invariant sections of G x
S; this operator is, a priori, only transversally elliptic (Lemma 9.2.4).
But, as we have seen in Proposition 6.3.14, D(g, ) is equivalent to
the Dirac operator P, on I'(G x, S), so D (g, t) is effectively elliptic.
Moreover, D (g, ) admits a unique self-adjoint extension I'>(G x S)¥
(see Section 8.1.1); we shall denote this extension by P.

Because p is even-dimensional, the spinor space is Z/2Z-graded
(see Section 5.1.44):

S=S"®es".

This induces a grading on the space of sections:
(G xS)*=T%G x SH¥a (G x STHK.

The Dirac operator P is an odd operator (see Section 6.2.6). We

write »
0 D_
2=(5. ")
The restriction P, of P to the even subspace is also transversally
elliptic. The distributional index of P is

Indg D, = [ker D] — [ker D_].
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9.2.3 DEFINITION. We define the distributional index of P as
Indg P = Indx D, = [ker D] — [ker P_].
9.2.4 LEMMA. The Dirac operator P is transversally elliptic.

Proof. Since P is invariant under left-translations on G, it is sufficient
to check its transversal ellipticity at the identity of G. With respect
to the orthogonal decomposition g = £ & p, the cotangent space of G
at the identity decomposes into g* = ¢* @ p*. Then the fiber of T{G

over the identity can be naturally identified with p*. Let {Y; }Ghmp be
an orthonormal basis for p. Then, as we have seen in the proof of
Proposition 6.3.14, P at the identity can be expressed as

dim p dim p

D = Zc ay+;Zc1y Y1),

where c is the Clifford action and dy, denotes the directional deriva-
tive with respect to Y;. From this expression it is clear that P is
transversally elliptic. O

9.2.5 NOTATION. Let Ag be the Laplacian on G. We set

1
L=546+5 (Hpellz—llng)

By Equation 7.2.5, L is equal to P* on the domain of P.

9.2.6 LEMMA. Let f be a smooth function on K. Let R¢ be the operator
on (G x S)X defined by Equation 9.2.2. Then

(Indg D, f) = Str(Ree'l),
where the super-trace on the right-hand side is over T'*(G x S)X.

Proof. By Equation 9.1.12, we have

(Indx D, f) = tr(R}) — tr(R; ), (9.2.7)
We wish to show that
tr(R}) — tr(R;) = Str(Ree'™). (9.2.8)

First, note that R¢ acts as a scalar C := jK ) dk on T'2(G x K)X. So
tr(R}) — tr(R;) is equal to C times the (graded) index of L. Hence,

tr(R) — tr(R;) = Cind, L = C Str(e'") = Str(Rre'"). O

9.2.9 PROPOSITION. Let f be a smooth function on K. Let r¢ be the
heat convolution kernel of L. Then

(Indg D, f) = J o JK Str(re(k)f(k)v(k) ™) dk dg

where g = gK.
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Proof. Recall that Ry acts on I'*(G x S)¥ as the scalar C = [, f(k) dk.
So

Str(Rre't) = C Str(ett) = cj tr,(Re(g, g)) dg,
G

where R; is the heat kernel of L. By Equation 7.1.4, trs(R¢(g,g)) =
trs(Re(e,e)). Since 1¢(x) = Ri(e,x) by definition, trs(R¢(g,g)) =
trs(r¢(e)). Hence,

Str(Reett) = CJ

iy (ry(e)) dg = CJ
G

J trg(re(e)) dk dg.
G/K JK

Because the measure on K is normalized,

Str(Rre'l) = CL/ try(re(e)) dg.
K

Since C = [, f(k) dk,
Str(Ree'l) = J J (k) trg(r(e)) dk dg.
G/K JK

Owing to Lemma 8.2.15, 1¢(e) = r¢(k)v(k)™'; hence,

Str(Reetl) = J
G

J (k) trg(re(k)v(k) ") dk dg. O
/K JK

9.2.10 Since K acts freely on G, the distributional index Indx D is
supported at the identity of K (Corollary 9.1.15). Recall the distribu-
tion theoretic description of the Duflo isomorphism for the Lie group
K (see Section 4.1.22):

Duf = exp, oje : Ei(E) = EL(K). (9.2.11)

Here exp, is the pushforward map of distributions along the expo-
nential map, j; is the multiplication by the function defined by the
power series 4.1.24, £4(¢) is the algebra of distributions on ¢ with
support {0}, and &.(K) is the algebra of distributions on K with sup-
port {e}. Since Indx D is in €.(K), we can apply the inverse of the
Duflo isomorphism to it and obtain Duf "Indg P in EH(E).

Let us examine the pairing of Duf ' Indx P with a test function.
To that end, let V be a neighborhood of 0 in ¢ that is mapped diffeo-
morphically by the exponential map onto a neighborhood U of e in
K; denote this local diffeomorphism by

expy: V — U.

Let log := exp\_/‘. We have the induced pushforward map of distribu-
tions,
log, : D'(U) — D'(V).
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This makes the following diagram commutative:

D/(V) 2 pr(u)

J J

&l(®) exp,

~ e

The horizontal maps are linear isomorphisms. Thus, for § in £/(K),
we have
(exp, olog,)(8) =&.

So
(Duf o j,j olog,)(d) = (exp, oj¢ o j;] olog,)(8) = b. (9.2.12)
Hence,
(" o log,)(8) = Duf ' (). (9.2.13)

Now let ¢ be a smooth function on ¢. Let { be any bump function
supported on V such that P(X) = 1 for X near 0 in £. Then, since
Duf ' Indk P is supported at 0,

(Duf ' Indg D, ¢) = (Duf ' Indg D, d1p).
Then, by Equation 9.2.13,
(Duf ' Indg D, d) = ;' log, Indx D, ) = (Indx D, log* (j; ' dbb)).
Finally, by Proposition 9.2.9,

(Duf ' Indy P, ) = J / J trs (re(k) log* (3, ' dw) (k) v(k) ') dk dg.
G/K JK
(9.2.14)
If ¢ is a polynomial on ¢ that is invariant under ad(¢)-action, then
it is subject to the Chern-Weil homomorphism 6.1.27. Consider the
integral Chern-Weil homomorphism (this is not a standard terminol-

ogy; see the remark on page 99 for the reason we call it this way)

S(°) — H*(G/K),
RS )

obtained by putting an extra factor of (27ti)~' in front of the cur-
vature 2-form © in Equation 6.1.28. Thus, if ¢ is a homogeneous
polynomial of degree n, the differential form ¢ at the identity coset
e satisfies

(9.2.15)

bz = (27i) " A(d), (9.2.16)

where A is the algebra homomorphism defined in Definition 8.2.36.
(Here we are identifying the cotangent space of G/K at e with p*,
where the p is the orthogonal complement of € in g.) We then have
the following result (This theorem was suggested by N. Higson):

9.2.17 THEOREM. Let ¢ be an invariant polynomial on ¢. Let ¢ be the
characteristic class of the principal K-bundle G — G/K obtained by the
image of ¢ under the integral Chern-Weil homomorphism 9.2.15. Let
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A be the Hirzebruch A-class of the tangent bundle of G/K. Let Indg D
be the distributional index of the relative Dirac operator on T'(G x S)K.
The pairing of ¢ with the inverse image of Indgx D under the Duflo
isomorphism 9.2.11 satisfies

(Duf ' Indg D, ) = (A < §, [G/K]). (9.2.18)

Here A~ is the cup product of A and §, and [G /K] is the fundamental
homology class of G/K associated to the quotient measure on G/K with
respect to the normalized Haar measures on G and K.

Proof. By Equation 9.2.14,

(Duf ' Indy P, ) = J JK trs (re(k) log" (3, ' o) (k) v(k) ') dk dg.

G/K
(9.2.19)
Let us write the integral over K as
110) = | (ri)log G " 4nb) (k)R ) e
We claim that, for t — 0+,
I(t) vol = Acf)}mp + O(t), (9.2.20)

where vol is the volume form of G/K associated with the quotient
measure on G/K, and Ad)|t°p is the top degree part of the exterior

product of A and ¢. Assume, for the moment, that the claim is true;
then the theorem follows, since the left-hand side of Equation 9.2.19
is independent of t.

In order to prove our claim, let us change the domain of the
integral I(t), from K to £. We have

I(t) = L trs (re (exp X)je(X)p (X)p(X)e ¥ X)) dX. (9.2.21)

For t — 0+, the convolution kernel 1 is of O(t*°) outside any neigh-
borhood of the identity; and since {(X) = 1 for X near 0, we have

I(t) ~J trs (re (exp X)je (X)p(X)e " X)) dX. (9.2.22)
4
By Theorem 7.2.15 and Equation 8.2.22, we have
I(t) ~ e‘”pf”z/zj R (X)j g/ (X) T b (X) trg(e 7" N) dX.
4

We may replace y? with AP because the super-trace only cares about
the top degree part;

I(t) ~ et'pf”z/zj RS (0] (0 G try (e VX)) aX.
¢

Apply Lemmas 8.2.25 and 8.2.35 exactly as done in the proof of The-
orem 8.2.40; then, we get

I(t) volg = (27ti)~ MM A( 1) A(d)[F + O(1).
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By Equations 8.2.39 and 9.2.16, we have
I(t) vols = Ad[SF + O(b). (9.2.23)

This is Equation 9.2.20 at . By homogeneity, it must hold every-
where on G/K. The theorem now follows. O
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