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In this paper, we search for conditions under which the mass matrix of light neutrinos mν is
not a result of large cancellations for the type-I seesaw mechanism with four-zero texture.
For the Yukawa matrix of neutrinos Yν and heavy Majorana mass matrix MR, these condi-
tions are written as (Yν )i2 ∝ (mν )i2 ⇒ (Yν )i2 ∝ (MR)i2. We call them alignment conditions
because they align certain rows or columns of the three neutrino mass matrices. If these
conditions do not hold, the large mixing in mν is a result of fine-tuning due to the cancella-
tion of several terms. Then they are required from the viewpoint of naturalness. They give
an explanation of the seesaw invariance of four-zero texture, and place rough restrictions
on flavor structures of neutrinos. Under these conditions, Yν must have a cascade hierarchy.
For MR, the 12 submatrix has a similar hierarchy to Yν and mν . However, the 23 subma-
trix has a waterfall hierarchy without some fine-tuning. Therefore, it is likely that Yν and
MR have qualitatively different flavor structures. Furthermore, since the conditions restrict
CP phases of the matrix elements, they imply the existence of a universal generalized CP
symmetry in the neutrino sector.
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1. Introduction
Research on the peculiar flavor structure of the Standard Model may provide some hints to
the flavor puzzle and the theoretical origin of the Higgs boson. On the other hand, treatments
of the flavor strongly depend on what we consider the Higgs boson to be. Therefore, model-
independent texture studies of mass matrices Mf are a dominant approach.

Among these, the four-zero texture (Mf)11 = (Mf)13,31 = 0 [1] is still viable [2–26]. This system
has a nice property called seesaw invariance [6,8] in the type-I seesaw mechanism [27–29]. By
imposing the four-zero texture on the right-handed neutrino mass MR and the Yukawa matrix
Yν , the mass of light neutrinos mν also becomes the four-zero texture. However, the type-I
seesaw relation of four-zero texture has many terms and its physical meaning is unclear.

Several studies have attempted to grasp the naturalness [30] of the seesaw parameters [31–
33], in a meaning in which there is no significant cancellation between terms. In this paper, we
explore the conditions under which no large cancellation occurs in this type-I seesaw relation
with four-zero texture, their properties, and consequences.

This paper is organized as follows. In the next section, we explore the conditions under which
the seesaw relation with four-zero texture does not have large cancellations. Section 3 gives a
survey of the properties of such conditions and their restrictions on the flavor structure of neu-
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trinos. In Sect. 4, we discuss a realization of the conditions and the consequences of imposing
them on mν with the trimaximal mixing condition. The final section is devoted to the summary.

2. Type-I seesaw mechanism and four-zero texture
In this section, we discuss cancellations between terms of neutrino mass matrices in the type-I
seesaw mechanism with four-zero texture. Suppose that the Dirac neutrino mass matrix MD and
the Majorana mass matrix of right-handed neutrinos MR have the following four-zero texture:

MD = v√
2

Yν =

⎛
⎜⎝

0 Cν 0

C∗
ν Dν Bν

0 B∗
ν Aν

⎞
⎟⎠, MR =

⎛
⎜⎝

0 CR 0

CR DR BR

0 BR AR

⎞
⎟⎠. (1)

The Hermiticity of MD can be justified by the parity symmetry of the left–right symmetric
model [34–36]. Since the phases of Bν and Cν can be removed by redefinition of fields, MD and
Yν are set to be real matrices without loss of generality. Thus, let Aν ∼ Dν be real parameters
and AR ∼ DR be complex ones.

By the type-I seesaw mechanism, the mass matrix of light neutrinos mν also has a four-zero
texture [6,8]:

mν = MDM−1
R MT

D (2)

=

⎛
⎜⎜⎝

0 0 0

0 F 2
ν

AR

AνFν

AR

0 AνFν

AR

A2
ν

AR

⎞
⎟⎟⎠ +

⎛
⎜⎜⎜⎝

0 C2
ν

CR
0

C2
ν

CR

2CνDν

CR
− C2

ν DR

C2
R

BνCν

CR

0 BνCν

CR
0

⎞
⎟⎟⎟⎠ =

⎛
⎜⎝

0 c 0

c d b

0 b a

⎞
⎟⎠, (3)

where Fν = (BνCR − BRCν)/CR. In general, a ∼ d are also complex parameters. Note that
the first matrix has determinant zero and its rank is equal to one. If |Aν | � |Fν | holds, the
contributions of the first matrix in Eq. (3) can be neglected except for the 33 element, because
the parameters a, b, and d are expected to be of similar magnitude from the bimaximal mixing
of θ23. By assuming that Yν and MD have the following hierarchy:

|Aν | � |Bν |, |Dν |, |Cν |, (4)

this requirement is rewritten as

|Aν | � |Fν | =
∣∣∣∣Bν − Cν

BR

CR

∣∣∣∣ ⇔
∣∣∣∣Aν

Cν

∣∣∣∣ �
∣∣∣∣BR

CR

∣∣∣∣ . (5)

The condition (5) compares degrees of hierarchies between MR and MD. Under Eq. (5), the
form of mν becomes rather concise:

mν 


⎛
⎜⎜⎜⎝

0 C2
ν

CR
0

C2
ν

CR

CνDν

CR
+ Cν

CR
(Dν − Cν

DR
CR

) BνCν

CR

0 BνCν

CR

A2
ν

AR

⎞
⎟⎟⎟⎠ =

⎛
⎜⎝

0 c 0

c d b

0 b a

⎞
⎟⎠. (6)

In this case, we obtain
b
c


 Bν

Cν

, (7)

a relation of ratios between elements of mν and Yν .
On the other hand, when Eqs. (5) and (7) do not hold and the hierarchy of MR is so strong

|Aν /Cν | � |BR/CR|, the terms containing Fν in Eq. (3) are noticeably larger than the other
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matrix elements mν ∼ C2
ν /CR ∼ A2

ν/AR. In such a situation, the large mixings of neutrinos are
a result of fine-tuning between terms with large magnitudes. Therefore, the condition (7) is also
required from the naturalness in the meaning of no fine-tuning.

When the conditions (5) and (7) hold, the smallness of Fν itself is also not a consequence of
a large cancellation: ∣∣∣∣AνFν

AR

∣∣∣∣ �
∣∣∣∣− Aν

AR

CνBR

CR

∣∣∣∣ �
∣∣∣∣ A2

ν

AR

∣∣∣∣ . (8)

Thus, the absolute values of the terms in AνFν /AR are also smaller than those in mν , respectively.
A similar relation holds for the 22 element of mν . From |b| ∼ |d| in Eq. (6), a condition for a

large cancellation becomes

2CνDν

CR

 C2

ν DR

C2
R

,

∣∣∣∣CνDν

CR

∣∣∣∣ � |CνBν

CR
|. (9)

This can be rewritten as the following:∣∣∣∣Dν − Cν

DR

CR

∣∣∣∣ 
 |Dν | � |Bν |. (10)

In contrast, a condition for such cancellation not to occur is∣∣∣∣Dν − Cν

DR

CR

∣∣∣∣ � |Bν |. (11)

In this case d 
 CνDν /CR holds and we obtain
d
c


 Dν

Cν

. (12)

The same condition as Eq. (8) can hold for Dν . The 22 element of mν is

(mν )22 = d 
 c
Dν

Cν

= CνDν

CR
, (13)

and each term in Eqs. (3) and (6) has an absolute value of only about (mν)22. Therefore, Eqs. (7)
and (12) are sufficient conditions for the naturalness.

Note that these relations include phases of b, c, and d. Since Bν , Cν , and Dν are taken as real
parameters, the relative phases of b, c, and d must be almost zero (or π ) in this basis. The phases
of Aν and AR are not restricted by these conditions. If these two phases are aligned as well as
the other parameters Bν , Cν , and Dν , such a situation is realized by the diagonal reflection
symmetries (DRS) [22–24]:

Rm∗
νR = mν, RM∗

D,RR = MD,R, (14)

where

R =

⎛
⎜⎝

−1 0 0

0 1 0

0 0 1

⎞
⎟⎠, (mν, MD,R) =

⎛
⎜⎝

Fν,D,R iCν,D,R iEν,D,R

iCν,D,R Dν,D,R Bν,D,R

iEν,D,R Bν,D,R Aν,D,R

⎞
⎟⎠. (15)

By redefining the phases of lL and νR, all the mass matrices mν and MD, R in the neutrino sector
have only real parameters, and indeed the conditions (7) and (12) are real. More generally, this
situation can be achieved by an imposition of the same generalized CP symmetry (GCP) [37–
40] on the neutrino sector. For this purpose, it is sufficient that the GCPs of MD and MR are
the same in the seesaw mechanism,

X M∗
DX † = MD, X ∗M∗

RX † = MR, ⇒ X m∗
νX T = mν, (16)

with a Hermitian unitary matrix X = X†.
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2.1 Reasons for the conditions
Here, we discuss why such conditions are necessary. When the mass matrices (1) are expressed
as MD = (y1, y2, y3) and MR = (M1, M2, M3) with 3D vectors yi and M i, the inverse matrix
of MR can be written as

M−1
R = 1

DetMR

⎛
⎜⎝

ARDR − B2
R −ARCR BRCR

−ARCR 0 0

BRCR 0 −C2
R

⎞
⎟⎠ = 1

DetMR

⎛
⎜⎝

(M2 × M3)T

(M3 × M1)T

(M1 × M2)T

⎞
⎟⎠. (17)

The first matrix in mν (3) is generated from part of M−1
R :

mν � 1
DetMR

⎛
⎜⎝

0 Cν 0

Cν Dν Bν

0 Bν Aν

⎞
⎟⎠

⎛
⎜⎝

−B2
R 0 BRCR

0 0 0

BRCR 0 −C2
R

⎞
⎟⎠

⎛
⎜⎝

0 Cν 0

Cν Dν Bν

0 Bν Aν

⎞
⎟⎠ =

⎛
⎜⎜⎝

0 0 0

0 F 2
ν

AR

AνFν

AR

0 AνFν

AR

A2
ν

AR

⎞
⎟⎟⎠.

(18)

By comparing the 32 and 33 elements of this matrix, the restriction (5) on Fν is rewritten as a
condition on the third row of 1

MR
as follows:

|Fν | � |Aν | ⇒ |Det(M1, M2, y2)| � |Det(M1, M2, y3)|. (19)

The rest of mν comes from

mν � 1
DetMR

⎛
⎜⎝

0 Cν 0

Cν Dν Bν

0 Bν Aν

⎞
⎟⎠

⎛
⎜⎝

ARDR −ARCR 0

−ARCR 0 0

0 0 0

⎞
⎟⎠

⎛
⎜⎝

0 Cν 0

Cν Dν Bν

0 Bν Aν

⎞
⎟⎠

=

⎛
⎜⎜⎜⎝

0 C2
ν

CR
0

C2
ν

CR

2CνDν

CR
− C2

ν DR

C2
R

BνCν

CR

0 BνCν

CR
0

⎞
⎟⎟⎟⎠. (20)

In a similar way, under the assumption that Eq. (19) holds, the condition (11) for DR can be
rewritten as:∣∣∣∣Dν − Cν

DR

CR

∣∣∣∣ � |Bν | ⇒ |Det(M2, M3, y2)| � |Det(M2, M3, y3)|. (21)

If the vectors M1,2,3 are linearly independent, the conditions that the two determinants are
small can be rewritten as

|Det(M2, M3, y2)|, |Det(M1, M2, y2)| 
 0 ⇔ y2 
 αM2 
 βm2. (22)

Here α, β are some complex coefficients and mν ≡ (m1, m2, m3). In equivalent notation, we
arrive at the following result:

(MD)i2 
 α(MR)i2 
 β(mν )i2. (23)

These conditions align the certain rows (or columns) of the three mass matrices of neutrinos.
Therefore, we call Eqs. (7) and (12), or Eq. (23), alignment conditions. Similar conditions are
expected to hold for a wide range of textures other than the four-zero texture.

In the four-zero texture (1), the first row and column satisfy the exact alignment conditions
(MD)i1 = α(MR)i1 = β(mν)i1, which is the cause of the seesaw invariance [6,8]. Since all the
other seesaw-invariant four-zero textures [6] have two texture zeros in the same row or column,
we can also consider the invariance a result of the alignment conditions.
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The discussion here is similar to sequential dominance [41–45]. However, it is different in that
MR is not diagonalized. The result obtained on the trimaximal condition later is also different
from the constrained sequential dominance [46–49].

3. Properties of alignment conditions
In this section, some properties of the alignment conditions are explored. First of all, we will
consider the parameter region where the conditions (7) and (12) hold. The Majorana mass
matrix of νR is represented by MD and mν as

MR = MT
D m−1

ν MD (24)

=

⎛
⎜⎜⎝

0 0 0

0 F 2
R
a

AνFR
a

0 AνFR
a

A2
ν

a

⎞
⎟⎟⎠ +

⎛
⎜⎜⎝

0 C2
ν

c 0
C2

ν

c
CνDν

c + Cν

c (Dν − d
c Cν ) BνCν

c

0 BνCν

c 0

⎞
⎟⎟⎠ =

⎛
⎜⎝

0 CR 0

CR DR BR

0 BR AR

⎞
⎟⎠, (25)

where FR = (cBν − bCν )/c. Imposing the inequality (5) on the 12 and 23 elements of MR, we
obtain ∣∣∣∣BR

CR

∣∣∣∣ =
∣∣∣∣Aν (cBν − bCν ) + aBνCν

aC2
ν

∣∣∣∣ �
∣∣∣∣Aν

Cν

∣∣∣∣ . (26)

Since the term aBνCν can be neglected from the hierarchy (4), Eq. (26) restricts a deviation ε

of Bν from Eq. (7) as

Bν ≡ b
c

Cν + ε, |ε| =
∣∣∣∣Bν − b

c
Cν

∣∣∣∣ �
∣∣∣∣aCν

c

∣∣∣∣ . (27)

Thus, this ε is restricted to a region with a width of about Cν . For example, by assuming Yν


 Ye, the range of this limit is about Ce 
 √
mμme ∼ 7MeV with Be 
 mμ ∼ 100MeV. The

range is sufficiently large to allow renormalizations and threshold corrections. From |a| ∼ |b|,
the magnitude of Bν for this range of |ε| becomes 0 � |Bν | � 2bCν/c.

Similarly, we define a complex parameter δ for the 22 element:

Dν ≡ d
c

Cν + δ. (28)

Equations (11) and (25) lead to∣∣∣∣Dν − Cν

DR

CR

∣∣∣∣ =
∣∣∣∣−

(
Dν − d

c
Cν

)∣∣∣∣ = |δ| � |Bν | 

∣∣∣∣bCν

c

∣∣∣∣ . (29)

From |a| ∼ |b| ∼ |d|, the allowed ranges of ε and δ are comparable.

3.1 Flavor structure and alignment conditions
The alignment conditions place rough constraints on the hierarchies of Yν and MR. If the
conditions (7) and (12) hold, the hierarchy of Yν becomes a cascade type. Here, waterfall (ge-
ometric) and cascade textures are matrices of the following forms [50,51]:

Mwaterfall ∼

⎛
⎜⎝

δ2 λδ δ

λδ λ2 λ

δ λ 1

⎞
⎟⎠, Mcascade ∼

⎛
⎜⎝

δ δ δ

δ λ λ

δ λ 1

⎞
⎟⎠. (30)

Although Ref. [51] assumed 1 � λ � δ, this paper includes a situation with λ � δ. If the
four-zero texture arises from sequential breaking of flavor symmetry such as SU(3)F (or its
subgroup), the cascade type is desirable for flavor structures of Yν and MD. The observation
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of the CKM matrix and some unification also suggest the cascade type for Hermitian Yd and
Ye [23].

Furthermore, the bimaximal mixing of θ23 implies |a| ∼ |b| ∼ |d| in mν (6). Bimaximality
places constraints on the magnitudes of matrix elements. First, the condition |a| ∼ |b| in Eq. (6)
leads to

BνCν

CR
∼ A2

ν

AR
⇔ AR

CR
∼ Aν

Bν

Aν

Cν

. (31)

Thus, the magnitude of MR for the third generation is enhanced by Aν /Bν and is much larger
than that of Yν . If there is also no fine-tuning between the terms in the 22 element, d ∼ b also
leads to

DR

CR
∼ Dν

Cν

∼ Bν

Cν


 b
c
. (32)

This suggests a mild hierarchical structure for light generations of MR, similar to those of Yν

and mν .
These facts can also be seen from the reconstruction of MR. Substituting Eqs. (27) and (28)

into Eq. (25), MR for a given Yν and an upper limit of its absolute value are

MR =

⎛
⎜⎜⎝

0 C2
ν

c 0
C2

ν

c
ε2

a + dC2
ν

c2 + 2δCν

c
εAν

a + bC2
ν

c2 + εCν

c

0 εAν

a + bC2
ν

c2 + εCν

c
A2

ν

a

⎞
⎟⎟⎠ � Cν

c

⎛
⎜⎜⎝

0 Cν 0

Cν 4Dν Aν

0 Aν
cA2

ν

aCν

⎞
⎟⎟⎠. (33)

In this case, MR has a partial cascade hierarchy and satisfies Eqs. (31) and (32). On the other
hand, in a situation like |Bν |, |Dν | � |bCν/c|, Eqs. (31) and (32) do not hold and MR will be a
waterfall-type matrix [20]:

MR 


⎛
⎜⎜⎝

0 C2
ν

c 0
C2

ν

c
B2

ν

a + 2DνCν

c
AνBν

a

0 AνBν

a
A2

ν

a

⎞
⎟⎟⎠. (34)

In particular, if equalities hold for the conditions (7) and (12) with ε = δ = 0, the conditions
also hold for MR (33):

Dν

Cν

= d
c

⇔ DR

CR
= Dν

Cν

. (35)

Bν

Cν

= b
c

⇔ BR

CR
= Bν

Cν

. (36)

Equivalently, the structure of MR becomes

MR = Cν

c

⎛
⎜⎜⎝

0 Cν 0

Cν Dν Bν

0 Bν
c
a

A2
ν

Cν

⎞
⎟⎟⎠ =

⎛
⎜⎝

0 CR 0

CR DR BR

0 BR AR

⎞
⎟⎠. (37)

In this case, a partially universal texture of the lighter generations emerges in the neutrino sector
mν , MD, and MR. This is rather attractive from the viewpoint of model building.
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Table 1. Charge assignments of fields under gauge and flavor symmetries.

SU(2)L U(1)Y SU(3)F U(1)

lLi 2 −1/2 3 +1
νRi 1 0 3∗ −1
H 2 1/2 1 0
� 1 0 1 0
η 1 1 3 +1
θ 1 1 6 +2

3.2 The conditions for MR

Let us investigate the range where these conditions (35) and (36) hold for DR and BR. First, by
taking a ratio of the 12 and 22 elements in Eq. (33),

(MR)22

(MR)12
= d

c
+ 2δ

Cν

+ ε2c
aC2

ν

. (38)

From Eqs. (27)–(29), |δ|, |ε| � |bCν/c| holds. Then the upper limit of the absolute value of
Eq. (38) in this range will be about 4d/c, which is comparable to the allowed range 0 � |Dν /Cν |
� 2d/c for Dν /Cν .

However, the condition for BR (36) holds in a very narrow region. In the same way as in
Eq. (38), the ratio of matrix elements of MR (33) becomes

(MR)23

(MR)12
= b

c
+ ε

Cν

+ εcAν

aC2
ν

. (39)

From this, the range of ε for which Eq. (36) is approximately valid is∣∣∣∣ε cAν

aC2
ν

∣∣∣∣ � b
c

⇒ |ε| � abC2
ν

c2Aν

. (40)

This means that the magnitude of ε is constrained to about C2
ν /Aν . For example, a uni-

fied relation Yν 
 Ye yields a very narrow range, C2
e /Ae 
 memμ/mτ 
 0.03MeV. Such

a strict restriction is not realistic for renormalizations and/or threshold corrections.
Conversely, if we consider the upper limit of ε as Eq. (27), the third term in Eq. (39) for ε

∼ Cν is as large as Aν /Cν . Therefore, the condition (36) for BR seems to be less rigid than that
of Yν .

In conclusion, the flavor structure of MR with four-zero texture and alignment conditions
can be similar to Yν for the 12 submatrix. By contrast, it is difficult to make the same structures
for the 23 submatrix of MR and Yν without fine-tuning. As can be seen in Eq. (33), Yν and
MR are likely to have qualitatively different flavor structures. However, even if Bν at low energy
does not satisfy the strict limit (40), it is possible that the universality (36) BR/CR = Bν /Cν is
valid in a high-energy region such as the GUT scale.

4. Realization and application of the conditions
In this section, we discuss a field theoretical realization of such alignment conditions and ap-
ply them to realistic textures. Let us consider fields that transform under gauge symmetry and
SU(3)F × U(1) flavor symmetry, as shown in Table 1. In the context of SU(3)F [52–55], a three-
dimensional representation of flavon η is used to generate a four-zero texture. However, this
is an antisymmetric representation and cannot be used for MR. Then, a six-dimensional rep-
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resentation of flavon θ is adopted. The U(1) symmetry prohibits the 3(6) representation η(θ )
from being used an odd (even) number of times1.

Under these symmetries, the general invariant Yukawa interactions up to dimension six are

L = −
(

yη
ν

ηiη j

�2
+ yθ

ν

θi j

�

)
l̄LiνR jH̃ −

(
yη

R

ηiη j

�2
+ yθ

R
θi j

�

)
ν̄c

RiνR j� + h.c., (41)

where � is a cut-off scale. The general vacuum expectation values (vevs) for the three and six
representations are

〈η〉 =

⎛
⎜⎝

C

B

A

⎞
⎟⎠, 〈θ〉 =

⎛
⎜⎝

f ′ e′ d ′

e′ c′ b′

d ′ b′ a′

⎞
⎟⎠, (42)

with complex values A ∼ C and a ∼ f.
By redefining the neutrino fields (or weak basis transformations (WBTs) [57,58]), there is no

loss of generality in rewriting 〈η〉 = (0, 0, A)T . Furthermore, the 11 element of 〈θ〉 can be set
to zero by a WBT for 12 mixing. This leads to

〈η〉 =

⎛
⎜⎝

0

0

A

⎞
⎟⎠, 〈θ〉 =

⎛
⎜⎝

0 e d

e c b

d b a

⎞
⎟⎠. (43)

For hierarchical flavor structures, we assume that yη

ν,RA2/�2 � yθ
ν,R〈θ〉i j/� in this basis.

As � and H acquire vevs, the neutrino mass matrices are respectively

M̃D = yθ
ν

�
〈H〉

⎛
⎜⎜⎝

0 e d

e c b

d b a + yη
ν

yθ
ν

A2

�

⎞
⎟⎟⎠, M̃R = yθ

R

�
〈�〉

⎛
⎜⎜⎝

0 e d

e c b

d b a + yη

R
yθ

R

A2

�

⎞
⎟⎟⎠. (44)

In this basis, the first and second generations satisfy the exact alignment conditions:

(M̃D)i1 = α(M̃R)i1 = β(mν )i1, (M̃D)i2 = α′(M̃R)i2 = β ′(mν )i2. (45)

Furthermore, when the 13 and 31 elements are set to zero by WBTs of 23 mixing with tan φ =
d/e, a four-zero texture with broken alignment is realized. The 22 elements of mass matrices in
such a basis are

(M̃D)22 = c cos2 φ + 2b sin φ cos φ +
(

a + yη
ν

yθ
ν

A2

�

)
sin2

φ, (46)

(M̃R)22 = c cos2 φ + 2b sin φ cos φ +
(

a + yη

R

yθ
R

A2

�

)
sin2

φ. (47)

Breaking effects come from the difference in the ratio of yη
ν/yθ

ν and yη

R/yθ
R. However, if the

mixing angle φ is small (i.e., d � e), the effects
yη

ν,R

yθ
ν,R

A2

�
sin2

φ can also be small. For exam-

ple, if
yη

ν,R

yθ
ν,R

A2

�
: c 
 mt : mc 
 300 : 1 holds like up-type quarks, conditions to prevent a mis-

alignment | yη

ν,R

yθ
ν,R

A2

�
sin2

φ| � c lead to an allowed region of φ as | sin φ| �
√

1/300 
 0.06. By

contrast, if
yη

ν,R

yθ
ν,R

A2

�
: c 
 16 : 1 holds as in charged leptons, the allowed region of φ becomes

| sin φ| �
√

1/16 
 0.25 and it has a wide parameter range.

1From an irreducible decomposition of SU(3), 6 × 6 = 6̄s + 15a + 15′
s, 6 × 6̄ = 1 + 8 + 27 [56], it is

possible to write an invariant interaction using (the complex conjugate of) the six representation twice.
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Although the effect on the 23 element b is about yη

R
yθ

R

A2

�
sin φ cos φ, the alignment condition

does not have to be so rigid by Eq. (39). In this way, the alignment condition (35) is not difficult
to achieve if there is a flavon that generates the first and second generations of MD and MR

simultaneously.

4.1 Application to trimaximal mixing and magic symmetry
Here we will analyze a neutrino mass matrix with four-zero texture that satisfies the alignment
conditions and the trimaximal mixing [59–65]. The four-zero texture with a trimaximal condi-
tion is given by [66]

mνT =

⎛
⎜⎝

0 c 0

c c + a c + a

0 c + a a

⎞
⎟⎠, mνT

⎛
⎜⎝

1

−1

1

⎞
⎟⎠ = −c

⎛
⎜⎝

1

−1

1

⎞
⎟⎠. (48)

This matrix satisfies the following magic symmetry [62], which is equivalent to the eigenvector
condition (48):

S2mνT S2 = mνT , S2 =

⎛
⎜⎝

1
3

2
3 − 2

3
2
3

1
3

2
3

− 2
3

2
3

1
3

⎞
⎟⎠, S2

2 = 13. (49)

However, even if we impose the trimaximal condition (48) on the general mν (3), there are
so many terms and the physical meanings are unclear. Besides, if the trimaximal mixing is a
consequence of fine-tuning, it is difficult to derive relations for the matrix elements of Yν and
MR.

Therefore, here we impose the alignment conditions (23), or equivalently Eqs. (7) and (12).
Similar results have been obtained in several studies [31,32,51]. The relations Bν /Dν = BR/DR

= 1 are relatively easy to realize in an A4 model with a flavon with vev 〈ϕ〉 = (0, 1, 1). A specific
realization can be seen in Ref. [24]. Although the other one Cν /Dν = CR/DR is non-trivial, it
is possible if we require some kind of unification between ll and νR (or Yν and MR) when
constructing the flavor structure.

From Eqs. (27) and (28), or b = c
Cν

(Bν − ε) and d = c
Cν

(Dν − δ), the mass matrix mν (3) is
represented by the deviations ε and δ as

mν =

⎛
⎜⎜⎜⎝

0 C2
ν

CR
0

C2
ν

CR

Cν

CR
(Dν − δ) Cν

CR
(Bν − ε)

0 Cν

CR
(Bν − ε) A2

ν

AR

⎞
⎟⎟⎟⎠ =

⎛
⎜⎝

0 c 0

c d b

0 b a

⎞
⎟⎠. (50)

By identifying Eq. (50) with mνT (48), two new relations arise:

c + a = C2
ν

CR
+ A2

ν

AR
= Cν

CR
(Bν − ε) = Cν

CR
(Dν − δ), (51)

or, equivalently,

Cν

(
1 + a

c

)
= Dν − δ = Bν − ε. (52)

By the alignment conditions (Yν)2i 
 α(mν)2i, the second row (or column) (Yν)2i also satisfies
the trimaximal condition approximately. Without the conditions, it is difficult to extract such a
relation from only the trimaximal condition (48).
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Under the alignment conditions, the form of MD is found to be

MD =

⎛
⎜⎜⎝

0 Cν 0

Cν
(a+c)Cν

c + δ
(a+c)Cν

c + ε

0 (a+c)Cν

c + ε Aν

⎞
⎟⎟⎠. (53)

By further imposing DRS (14), mνT (48) reproduces the MNS matrix with an accuracy of
O(10−2) and predicts a 
 2c [24]. In this case, these parameters are evaluated to Bν ∼ Dν ∼ 3Cν .
A reconstructed MR (33) from mν and MD becomes

MR =

⎛
⎜⎜⎝

0 C2
ν

c 0
C2

ν

c
ε2

a + (a+c)C2
ν

c2 + 2δCν

c
εAν

a + (a+c)C2
ν

c2 + εCν

c

0 εAν

a + (a+c)C2
ν

c2 + εCν

c
A2

ν

a

⎞
⎟⎟⎠. (54)

Thus, we expect a universal mild hierarchy for the lighter generations among mν , Yν ,
and MR.

Furthermore, the relations Aν, R + Cν, R = Bν, R lead to the magic symmetry (49) for MD and
MR, and the matrix elements of mν , MD, and MR are concisely related as in the previous study
[24]. In this case, at the cost of losing the hierarchy (4), the alignment conditions (7) and (12)
are not necessarily needed.

Perhaps a solution Fν = Aν or, equivalently, εCν/CR = a is similar to the sequential domi-
nance [41,42] and seems to be natural because it separates the contributions of the two mass
scales a and c in Eq. (48). In this case, Bν = Cν holds and further imposition of Bν = Dν leads
to DR = CR. This is also similar to the constrained sequential dominance (CSD) [46].

5. Summary
In this paper, we search for conditions that the mass matrix of light neutrinos mν is not a result
of large cancellations between terms for the type-I seesaw mechanism with four-zero texture.
For the Yukawa matrix of neutrinos Yν and heavy Majorana mass matrix MR, these conditions
have the form (Yν )i2 ∝ (mν )i2 ⇒ (Yν )i2 ∝ (MR)i2. We call them alignment conditions because
they align certain rows or columns of the three neutrino mass matrices. If these conditions do
not hold, the large mixing in mν is a result of fine-tuning due to the cancellation of terms with
large magnitudes. Then they are required from the viewpoint of naturalness. Similar conditions
are expected to hold for a wide range of textures other than the four-zero texture. In particular,
if there are two zero textures in the same row and column of Yν and MR, the mass of the light
neutrinos mν has the same property. Some kinds of seesaw-invariant zero textures can also be
explained from the conditions.

They place rough restrictions on the flavor structures of neutrinos. Under these conditions,
Yν must have a cascade hierarchy. For MR, the 12 submatrix has a similar hierarchy to Yν and
mν . However, the 23 submatrix has a waterfall hierarchy without some fine-tuning for matrix
elements of Yν . Therefore, it is likely that Yν and MR have qualitatively different flavor struc-
tures. Furthermore, since the conditions incorporate CP phases of the matrix elements, they
imply the existence of a universal generalized CP symmetry in the neutrino sector.

If the conditions are satisfied, information on Yν can be immediately extracted from a recon-
structed mν . By combining the alignment conditions with the trimaximal mixing condition, the
second row (or column) (Yν)2i also satisfies the trimaximal condition. This yields two relations
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(Yν)22 
 (Yν)23 
 (Yν)12[(mν)12 + (mν)33]/(mν)12. Without the conditions, it is generally diffi-
cult to translate the trimaximal condition into such a relation for matrix elements in the type-I
seesaw mechanism.
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