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ABSTRACT. The jet formalism for Classical Field theories is extended to the
setting of Lie algebroids. We define the analog of the concept of jet of a section
of a bundle and we study some of the geometric structures of the jet manifold.
When a Lagrangian function is given, we find the equations of motion in terms
of a Cartan form canonically associated to the Lagrangian. The Hamiltonian
formalism is also extended to this setting and we find the relation between
the solutions of both formalism. When the first Lie algebroid is a tangent
bundle we give a variational description of the equations of motion. In addition
to the standard case, our formalism includes as particular examples the case
of systems with symmetry (covariant Euler-Poincaré and Lagrange Poincaré
cases), variational problems for holomorphic maps, Sigma models or Chern-
Simons theories. One of the advantages of our theory is that it is based in the
existence of a multisymplectic form on a Lie algebroid.

1. Introduction. The idea of using Lie algebroids in Mechanics is due to Wein-
stein [67]. He showed that it is possible to give a common description of the most
interesting classical mechanical systems by using the geometry of Lie algebroids
(and their discrete analogs using Lie groupoids). The theory includes as particular
cases systems with holonomic constraints, systems defined on Lie algebras, sys-
tems with symmetry and systems defined on semidirect products, described by the
Euler-Lagrange equations (also known in each case as constrained Euler-Lagrange,
Euler-Poincaré, Lagrange-Poincaré or Hammel equations [10]).

Following the ideas by Klein [39], a geometric formalism was introduced in [50],
showing that the Euler-Lagrange equations are obtained be means of a symplectic
equation. Here symplectic is to be understood in the context of Lie algebroids,
i.e. a regular skew-symmetric bilinear form which is closed with respect to the
exterior differential operator defined by the Lie algebroid structure. A Hamiltonian
symplectic description was defined in [49] and further developed in [15]. Also a
rigorous variational description was given in [54] and some application to control
theory were given in [11, 51, 53].

Later, in [62, 63, 55] this theory was extended to time-dependent Classical Me-
chanics by introducing a generalization of the notion of Lie algebroid when the
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bundle is no longer a vector bundle but an affine bundle (see also [31, 36]). The
particular case considered in [63] is the analog of a first jet bundle of a bundle
M — R, and hence it is but a particular case of a first order Field Theory for a 1-
dimensional space-time. Therefore, it is natural to investigate whether it is possible
to extend our formalism to the case of a general Field Theory, where the space-time
manifold is no longer one dimensional, and where the field equations are defined in
terms of a variational problem.

The today standard formalism in classical Field Theory is the multisymplectic
approach. It was implicit in the work of De Donder [12] and Lepage [41], and it
was rediscovered later on in the context of relativistic field theories [26, 24, 38,
1]. See also [6, 28, 29, 27, 18, 21, 19, 20, 33, 34, 59]. A recent renewed interest
in multisymplectic geometry is in part motivated by the discovery of numerical
integrators which preserve the multisymplectic form [3, 45, 46]

There exists other approaches in the literature, as it is the case of the polysym-
plectic formalism in its various versions: Giinther’s formalism [32, 16, 17, 56, 47]
and that of Sardanashvily and coworkers [44, 25, 61]. See also [37, 58, 40, 48]. They
will not be considered in this paper.

Generally speaking, there are three different but closely related aspects in the
analysis of first order field theories:

e variational approach, which leads to the Euler-Lagrange equations,
e multisymplectic formalism on the first jet bundle, and
e infinite-dimensional approach on the space of Cauchy data.

In a previous paper [52] we have studied several aspects of the variational ap-
proach to the theory formulated in the context of Lie algebroids, a review of which is
presented here in a more intrinsic way. The aim of this paper is to develop the mul-
tisymplectic formalism for those variational problems defined over Lie algebroids,
and we will leave for the future the study of the infinite-dimensional formalism.

The standard geometrical approach to the Lagrangian description of first order
classical field theories [6, 18, 28] is based on the canonical structures on the first
order jet bundle [64] of a fiber bundle whose sections are the fields of the theory.
Thinking of a Lie algebroid as a substitute for the tangent bundle to a manifold,
the analog of the field bundle to be considered here is a surjective morphism of Lie
algebroids w: £ — F.

In the standard theory, a 1-jet of a section of a bundle is but the tangent map
to that section at the given point, and therefore it is a linear map between tangent
spaces which has to be a section of the tangent of the projection map. In our theory,
the analog object is a linear map from a fiber of F' to a fiber of E which is a section
of the projection m. The space Jm of these maps has the structure of an affine
bundle and carries similar canonical structures to those of the first jet bundle, and
it is in that space where our theory is based. In particular, in the affine dual of =
there exists a canonical multisymplectic form, which allows to define a Hamiltonian
formalism.

One relevant feature of our theory is that it is a multisymplectic theory, i.e. in
both the (regular) Lagrangian and the Hamiltonian approaches, the field equations
are expressed in term of a multisymplectic form €2, as the equations for some sections
U satisfying an equation of the form W*ix ) = 0. In this way it is possible to extend
the category of multisymplectic manifolds to the category of multisymplectic Lie
algebroids, where it is possible to study reduction within this category.
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The situation is to be compared with the so called covariant reduction the-
ory [9, 8, 7]. There the field equations are obtained by reducing the variational
problem, i.e. by restricting the variations to those coming from variations for the
original unreduced problem. Therefore, that equations are of different form in each
case, Euler-Poincaré, Lagrange-Poincaré for a system with symmetry and (a some-
how different) Lagrange-Poincaré for semidirect products. In contrast, our theory
includes all these cases as particular cases and the equations are always of the same
form. This fact must be important in the general theory of reduction.

The organization of the paper is as follows. In section 2 we will recall some dif-
ferential geometric structures related to Lie algebroids, as the exterior differential,
the tangent prolongation of a bundle with respect to a Lie algebroid, the tangent
prolongation of a bundle map with respect to a morphism of Lie algebroids, and
the flow defined by a section. In section 3 we define the manifold of jets in this
generalized sense, and we will show that it is (the total space of) an affine bundle.
The anchor and the bracket of the Lie algebroid introduce more structure which is
presented there. In section 4 we consider repeated jets. This is necessary since the
equations in our theory are, as in the standard case, second order partial differen-
tial equations (generally speaking). This leads us to the definition of holonomic and
semiholonomic jets. The relation of jets on Lie algebroids and ordinary jets is stud-
ied in section 5 where we also show how to associate a partial differential equation to
a submanifold of Jm. We pay special attention to the conditions relating holonomic
jets and morphisms of Lie algebroids. In section 6 we introduce the Lagrangian de-
scription of a Field Theory defined by a Lagrangian on J7. The equations of motion
are expressed in terms of a Cartan form and of its differential, the multisymplectic
form. In section 7 we show that, in the case F' = T'N, the equations obtained by the
multisymplectic formalism coincide with the Euler-Lagrange equations determined
by constrained variational calculus. The Hamiltonian counterpart is studied in sec-
tion 8. We show the relation between the solutions in the Hamiltonian and in the
Lagrangian approaches. In section 9 we show some examples where the theory can
be applied and to end the paper we discuss some open problems and future work.

We finally mention that related ideas to those explained in this paper have been
recently considered by Strobl and coworkers [66, 2] in the study of Poisson Sigma
models and other related topological field theories.

Notation. All manifolds and maps are taken in the C*° category. The set of
smooth functions on a manifold M will be denoted by C**(M). The set of smooth
vector fields on a manifold M will be denoted X(M). The set of smooth sections
of a fiber bundle 7: B — M will be denoted Sec(rw) or Sec(B) when there is no
possible confusion.

The tensor product of a vector bundle 7: £ — M by itself p times will be
denoted by 7®7: E®P — M, and similarly the exterior power will be denoted by
7P ENP — M. The set of sections of the dual 7P (E*)"? — M will be denoted
by AP E. For p = 0 we have \° E = C>=(M).

By a bundle map from 7: P — M to 7’: P’ — M’ we mean a pair ® = (¢, ®)
with ®: P — P’ and ®: M — M’ satisfying 7/ 0 ® = ® o 7. The map @ is said to
be the base map. If P and P’ are vector bundles and ® is fiberwise linear we say
that ® is a vector bundle map.

Let 7: E — M and 7": B/ — M’ be two vector bundles. Consider two points
m € M and m’ € M’, and a linear map ¢: E,, — E/,. The transpose or dual map
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is a map ¢*: E'}, — E}, given by (¢*c,a) = (a, ¢(a)), for every a € E'},. This
action extends to covariant tensors as usual. If moreover ¢ is invertible, then we
can extend ¢* also to contravariant tensors. We just need to define it for vectors:
if ( € B!, then ¢*¢ = ¢71(¢) € Epp.

The notion of pullback of a tensor field by a vector bundle map needs some
attention. Given a vector bundle map ® = (®, ®) from the vector bundle 7: E — M
to the vector bundle 7': E/ — M’ we define the pullback operator as follows. For
every section 3 of the p-covariant tensor bundle P E’* — M’ we define the section
d*5 of QPE* — M by

(®*B)m(a1,az,...,ap) = Bam) (5(@1),6((12), e ,E(ap)),

for every ai,...,a, € E,,. The tensor ®*3 is said to be the pullback of 3 by ®.
For a function f € C=(M’') (i.e. for p = 0) we just set ®*f =D*f = f o ®.

It follows that ®*(a ® ) = (®*a) @ (2*3). When @ is fiberwise invertible, we
define the pullback of a section o of E' by (®*0),, = (®,,) " (c(®(m)), where @,
is the restriction of ® to the fiber E,,, over m € M. Thus, the pullback of any tensor
field is defined.

In the case of the tangent bundles £ = TM and E’ = TM’, and the tangent
map To: TM — TM’ of a map ¢: M — M’ we have that (T, p)*8 = ¢*j is the
ordinary pullback by ¢ of the covariant tensor field 8 on M’. Notice the difference
between the symbols * (star) and * (asterisque).

2. Preliminaries on Lie algebroids. In this section we introduce some well
known notions and develop new concepts concerning Lie algebroids that are neces-
sary for the further developments. We refer the reader to [4, 42, 43, 35] for details
about Lie groupoids, Lie algebroids and their role in differential geometry. While
our main interest is in Lie algebroids, we will consider as an intermediate step the
category of anchored vector bundles [5, 60].

Lie algebroids. Let M be an n-dimensional manifold and let 7: E — M be a
vector bundle. A vector bundle map p: E — TM over the identity is called an
anchor map. The vector bundle E together with an anchor map p is said to be an
anchored vector bundle. A structure of Lie algebroid on E is given by a Lie
algebra structure on the C'(M)-module of sections of the bundle, (Sec(E),[-,"]),
together with an anchor map, satisfying the compatibility condition

[0, fn] = flo,nl + (p(o) f)n.

Here f is a smooth function on M, o, n are sections of E and we have denoted by
p(o) the vector field on M given by p(c)(m) = p(o(m)). From the compatibility
condition and the Jacobi identity, it follows that the map o — p(o) is a Lie algebra
homomorphism from Sec(E) to X(M).

It is convenient to think of a Lie algebroid, and more generally an anchored
vector bundle, as a substitute of the tangent bundle of M. In this way, one regards
an element a of E as a generalized velocity, and the actual velocity v is obtained
when applying the anchor to a, i.e., v = p(a). A curve a: [tg,t1] — E is said to be
admissible if h(t) = p(a(t)), where m(t) = 7(a(t)) is the base curve.

When FE carries a Lie algebroid structure, the image of the anchor map, p(E),
defines an integrable smooth generalized distribution on M. Therefore, M is foliated
by the integral leaves of p(E), which are called the leaves of the Lie algebroid. It
follows that a(t) is admissible if and only if the curve m(t) lies on a leaf of the Lie
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algebroid, and that two points are in the same leaf if and only if they are connected
by (the base curve of) an admissible curve.

A Lie algebroid is said to be transitive if it has only one leaf, which is obviously
equal to M. It is easy to see that F is transitive if and only if p is surjective. If E
is not transitive, then the restriction of the Lie algebroid to a leaf L C M, E|, — L
is transitive.

Given local coordinates (z*) in the base manifold M and a local basis {e,} of
sections of E, we have local coordinates (z%,y®) in E. If a € E,, is an element then
we can write a = a®e,(m) and thus the coordinates of a are (m?, a®), where m® are
the coordinates of the point m. The anchor map is locally determined by the local
functions p?, on M defined by p(e,) = pi,(0/9z"). In addition, for a Lie algebroid,
the Lie bracket is determined by the functions C’g‘7 defined by [eq, e8] = C;Yﬂev.
The functions p;, and CF are said to be the structure functions of the Lie algebroid
in this coordinate system. They satisfy the following relations

.0 oCy
pa apf — pﬁ gp? = pA/Caﬁ, and Z [pa Br by +CF C’/;Y =0,
cyclic(a,3,7)

which are called the structure equations of the Lie algebroid.

Exterior differential. The anchor p allows to define the differential of a function
on the base manifold with respect to an element a € E. It is given by

df (a) = p(a)f.
It follows that the differential of f at the point m € M is an element of E,,.
Moreover, a structure of Lie algebroid on E allows to extend the differential to
sections of the bundle AP E which we will call just p-forms. If w € Sec(A\” E) then
dw € Sec(A\PT E) is defined by

dw(007017 B UP) = Z(_l)zp(o—z) (003 RN OA—iv s 7Jp)+

+Z DM w([04,05], 005+« s Fiy e e ey Ghyevey Op)-
1<J
It follows that d is a cohomology operator, that is d? = 0.
Locally the exterior differential is determined by

da' = pie” and  de¥ = —fCVﬁe AeP.

In the rest of the paper the symbol d will refer to the exterior differential on the
Lie algebroid E and not to the ordinary exterior differential on a manifold.

The usual Cartan calculus extends to the case of Lie algebroids (see [57]). For
every section o of E we have a derivation i, (contraction) of degree —1 and a
derivation d, = iy o d + d o i, (Lie derivative) of degree 0. Since d?> = 0 we have
that d, od = dod,. Nevertheless, notice that there are derivations of degree 0 that
commutes with the exterior differential d but are not Lie derivatives.

Admissible maps and morphisms. Let 7: E — M and 7/: E/ — M’ be two
anchored vector bundles, with anchor maps p: E — TM and p': E' — TM’'. Let
® = (®,®) be a vector bundle map, that is ®: E — E’ is a fiberwise linear map
over ®: M — M’'. We will say that ® is admissible if it maps admissible curves
into admissible curves. It follows that ® is admissible if and only if T® o p = p’ 0 .
This condition can be conveniently expressed in terms of the exterior differential as
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follows. The map ® is admissible if and only if ®*df = d®* f for every function
fec=(M).

If E and E’ are Lie algebroids, then we say that ® is a morphism if ®*df = d®*6
for every 6 € Sec(/\ E). Obviously, a morphism is an admissible map. It is clear that
an admissible map can be properly called a morphism of anchored vector bundles;
nevertheless since our main interest is in Lie algebroids we will reserve the word
morphism for a morphism of Lie algebroids.

Let () be a local coordinate system on M and (z') a local coordinate system
on M'. Let {e,} and {e/,} be local basis of sections of E and E’, respectively, and
{e*} and {e’®} the dual basis. The bundle map ® is determined by the relations
*z'" = ¢'(z) and ®*e’* = ¢§(x)e” for certain local functions ¢’ and ¢§ on M.
Then & is admissible if and only if

; 00"
* QI
The map @ is a morphism of Lie algebroids if and only if

i a¢ﬁ ia g e
QSQC;/(S = (pa 61,'? — Ps 8il> + C/ga¢z¢57

Ph— = p'ho0

in addition to the admissibility condition above. In these expressions pf,, ng are
the structure functions on E and p’t , C’ 3~ are the structure functions on E.

The prolongation of a Lie algebroid. (See [50, 55, 60, 15]) Let 7: P — M be a
bundle with base manifold M. Thinking of E as a substitute of the tangent bundle
to M, the tangent bundle to P is not the appropriate space to describe dynamical
systems on P. This is clear if we note that the projection to M of a vector tangent
to P is a vector tangent to M, and what one would like instead is an element of E,
the ‘new’ tangent bundle of M.

A space which takes into account this restriction is the E-tangent bundle of P,
also called the prolongation of P with respect to E, which we denote here by 77 P.
It is defined as the vector bundle 75: TP P — P whose fiber at a point p € P, is
the vector space

TP ={(b,v) € Epy x T,P | p(b) = Tym(v) } .

We will frequently use the redundant notation (p, b, v) to denote the element (b, v) €
T,E. In this way, the map 75 is just the projection onto the first factor. The anchor
of TEP is the projection onto the third factor, that is, the map p': T¥P — TP
given by pl(p,b,v) = v.

We also consider the map T7: T¥P — E defined by Tn(p,b,v) = b. The bundle
map (7, m) will also be denoted by 7. The origin of the notation 77 will become
clear later on. An element Z = (p,b,v) € TFP is said to be vertical if it projects
to zero, that is Tn(Z) = 0. Therefore it is of the form (p,0,v), with v a vertical
vector tangent to P at p.

Given local coordinates (2%, u”) on P and a local basis {e,} of sections of E, we
can define a local basis {X,,Va} of sections of T¥P by

0
ox?

4

p) and Va(p) = (p,O7 a%‘p).

Xap) = (p. ea(x(p)). ol
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IfA(p, b,v) is an element of T P, with b = 2%¢,,, then v is of the form v = p¢ 2 a?ci +

vA -2 and we can write

Jui
(p7 ba U) = Zaxa(p) + UAVA(p)'

Vertical elements are linear combinations of {V4}.
The anchor map p' applied to a section Z of TP P with local expression Z =
Z%X, + VAV is the vector field on E whose coordinate expression is

1 i 7 9 A 9
p (Z) - paZ axl + V auA‘

If E carries a Lie algebroid structure, then so does T¥P. The Lie bracket
associated can be easily defined in terms of projectable sections as follows. A
section Z of TFP is said to be projectable if there exists a section o of E such that
TmoZ = oomn. Equivalently, a section Z is projectable if and only if it is of the
form Z(p) = (p,o(w(p)), X (p)), for some section o of E and some vector field X on
E. The Lie bracket of two projectable sections Z; and Zs is then given by

[Zlv ZQ](p) = (pa [0'170'2](77’1)7 [X17X2Kp))a pe Pv m = ﬂ(p)
It is easy to see that [Z1, Z3](p) is an element of 7;EP for every p € P. Since
any section of TP P can be locally written as a linear combination of projectable

sections, the definition of the Lie bracket for arbitrary sections of 7% P follows.
The Lie brackets of the elements of the basis are

[Xo, Xg] = C’gﬂ Xy, [Xa,VE] =0 and [Va,Vp]=0.
and the exterior differential is determined by
dz' = pi X du® = VA
and
dX" = f%cgﬁxa AXP dvA4 =0,
where {X®, V41 is the dual basis to {X,,V}.

Prolongation of a map. The tangent map extends to a map between the pro-
longations whenever we have an admissible map. Let ¥ = (¥, ¥) be a bundle map
from the bundle 7: P — M to the bundle 7': P’ — M’. Let ® = (®,®) be an
admissible map from 7: E — M to 7': E' — M'. Moreover, assume that both base
maps coincide, ¥ = ®. The prolongation of ¥ with respect to ® is the mapping
TEU: TEP — TE P’ defined by

TPU(p, b, v) = (¥(p), (b), T,¥(v)).
It is clear from the definition that 72V = (7'5@, W) is a vector bundle map from

E: TEP — P to TEZ: TE'P' — P'. We frequently refer to this map as the
d-tangent to U.

Proposition 2.1. The map T®V is an admissible map. Moreover, T®WV is a
morphism of Lie algebroids if and only if ® is a morphism of Lie algebroids.

Proof. Tt is clearly admissible because p! o T®W = T o p'. Therefore we have
d(T*U)*F = (T®U)*dF for every function F' € C=(P’). In order to prove that
d(T®*WU)*B = (T®W)*dp for every B € Sec(E'*), we take into account that every

1-form on TE P’ can be expressed as a linear combination of exact forms dF and
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basic forms (77')*0, for F € C>~(P’) and 6 € Sec(E'*). (This is clear in coordinates
where X® = (T7)*e* and V4 = dy*). Therefore it is enough to prove that relation
for this kind of forms.
For an exact 1-form 8 = dF we have
d(T*U)*dF — (T*WU)*ddF = dd(T*¥)*F —0 =0

where we have used that 72U is admissible.
For a basic form 8 = (T7')*0 we have

A(TPO)*(Tn')0 = d(Tr' o T?W)*0 = d(® o Tr)*0 = d(Tr)*®*0 = (Tn)*dd*,
where we have used that 77 is a morphism. On the other hand

(T*O)*d(T7' )0 = (T*O)* (T')do = (T o T W)*do = (D o Tr)*do = (Tr)* d*do,
where we have used that 77’ is a morphism. Therefore, 72®W¥ is a morphism if and
only if

(Tm)*(d®*0 — ®*df) = 0.
Since 77 is surjective the above equation holds if and only if ® is a morphism. [
Given local coordinates 2 on M and 2" on M’, local adapted coordinates (2%, u“)
on P and (z'*,u'#) on P’ and local basis of sections {e,} of E and {e.,} of F’, the
maps ® and ¥ are determined by ®*e’* = @geﬁ and ¥(z,u) = (¢'(z), v (z,u)).
Then the action of 72V is given by
(TPW)* X' = o5x°

) A \IIA

oy o 0

D *\A 1
(TEO)y V4 = pl e +78u3

VB

Equivalently, for every p € P we have

D _ &8 ! (o i 0wt / ’
Ty ¥ (Xa(p)) = ®h(m)X5(p") + po(m)——()V5([D'),

ox?
— B
TERVA(p) = oy () Va0,

where m = 7(p) and p’ = ¥(p).

Remark. The following special situations are relevant:

e If E = E’ and the base map of ¥ is the identity in M, ¥ = id;, we can
always take as ® the identity in E, ® = id = (idg, idps). In this case, we will
simplify the notation and we will write 7 ¥ instead of 7.

e We can consider as the bundle P the degenerate case of idy;: M — M. Then
we have a canonical identification E = TFM, given explicitly by a € E =
(m,a, p(a)) € TEM, where m = 7(a).

e With this identification, the map Tn: TPP — TEM = E is just (p,a,v) —
(m,a,p(a)) = a, which justifies the notation 7 for the projection onto the
second factor.

e Moreover, if ® = (®,®) is an admissible map from the bundle 7: E — M
to the bundle 7/: E' — M’ then we can identify the maps ® = 7®® and
therefore ® = 7.

We finally mention that the composition of prolongation maps is the prolonga-
tions of the composition. Indeed, let ¥’ be another bundle map from n’: P’ — M’ to
another bundle 7”: P — M" and ®’ be another admissible map from 7/': E/ — M’
to 7" E"” — M" both over the same base map. Since ® and ®' are admissible maps
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then so is ® o ®, and thus we can define the prolongation of ¥’ o ¥ with respect to
®' o ®. We have that 72°% (0’ o 0) = (T U)o (T20).

Flow of a section. Every section of a Lie algebroid has an associated local flow
composed of morphisms of Lie algebroids as we are going to explain next. In this
context, by a flow on a bundle 7: F — M we mean a family of vector bundle maps
o, = (®,, ®,) where @, is a flow (in the ordinary sense) on the manifold F and ®,
is a flow (in the ordinary sense) on the manifold M.

Theorem 2.2. Let o be a section of a Lie algebroid 7: E — M. There exists a
local flow ®4 on the bundle 7: E — M such that

d
d,0 = — %0
ds °®
for any section 0 of \ E. For every fized s, the map ®s is a morphism of Lie
algebroids. The base flow ®,: M — M is the flow (in the ordinary sense) of the

vector field p(o) € X(M).

Proof. Indeed, let X¢ be the vector field on E determined by its action on fiberwise
linear functions,

bl
s=0

X$0=d,0.
for every section 6 of E*, and which is known as the complete lift of o (see [30, 50]).
It follows that X$ € X(FE) is projectable and projects to the vector field p(o) €
X(M). Thus, if we consider the flow ®, of XS and the flow ®, of p(c), we have
that &, = (ES,QS) is a flow on the bundle 7: E — M. Moreover, since Xg is linear
(maps linear functions into linear functions) we have that ®, are vector bundle
maps.

In order to prove the relation d,0 = d%tl);‘ﬂ , it is enough to prove it for

1-forms. If @ be a section of E*, then for every m € M and a € E,, we have

(a)

(Ao, ) = Tlla) = (XCO)(a) = (G0 ®,)|

d — d
= 0,y Bu(@)| = -t .
d3< és(m)v (a)> s=0 dS S _ (a)

Moreover, the maps ®4 are morphisms of Lie algebroids. Indeed, from the relation
dod, = d, od we have that - (®*df — d@;@)’ = 0 for every section 0 of E*. It
follows that ®*df = d®*, so that ®, is a morphism. O

By duality, we have that

d
d,( = — %
< ds SC s=0

for every section ¢ of E. Therefore we have a similar formula for the derivative of
any tensorfield.

Remark. Alternatively one can describe the flow of a section in terms of Poisson
geometry. A Lie algebroid structure is equivalent to a fiberwise linear Poisson
structure on the dual E*. The section o defines a linear function in E*, and thus
has an associated Hamiltonian vector field. The flow of this vector field is the
transpose of the flow defined here. Since the flow of a Hamiltonian vector field
leaves invariant the Poisson tensor its dual is a morphism of Lie algebroids. See [23]
for the details.
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Remark. In the case of the standard Lie algebroid £ = T'M we have that a section
o is but a vector field on M. In this case, the flow defined by the section o is but
&, = (T'¢s, ¢s) where ¢ is the ordinary flow of the vector field o.

In the case of a projectable section of 7P the flow can be expressed in terms
of the flows of its components.

Proposition 2.3. Let Z be a projectable section of TP P and let o € Sec(E) the
section to which it projects. Let O be the flow of the section o. Let U, be the flow
of the vector field p*(Z) € X(P), ¥, the flow of the vector field p(o) € X(M), and
U, = (U, ¥,). The flow of Z is T V,.

Proof. We first note that 7®sW, is well defined since the base maps of both ®, and
U, are equal to the flow of p(c). We have to prove that dz5 = %(T‘I’S\PS)*ﬁ‘ .
for every form 8 € A TP P. But it is sufficient to prove it for 0-forms and 1-forms.

For a function F' € C>~(P) we have that

A d
dzF = pY(2)F = Fev| = £(T¢’S\I!S)*F

s=0 s=0
For 1-forms it is sufficient to prove the property for exact and basic 1-forms. For

an exact form 8 = dF we have

d d d
dzdF = ddzF = d—(T®U)*F| = —d(T* VU, )'F| = —(T*V,)*dF
Z z ds (Tq) ) s=0 ds (T ) s=0 ds (T ) s=0
Finally for a basic form 8 = (T m)*0 we have
d d
d 0] = *de0 = F— g = — *d*0
AA(Tm) 0] = (Tm)*dy = (Tm)* 2020|  = 2(Tm) 6|
d d
- (I) * E——— @S\D *
ds( soTm) 95:0 ds(TﬁoT ‘) 93:0
d o
- S\Ijg * *0 ,
ST T
which ends the proof. O

3. Jets. In this section we introduce our generalization of the space of jets, which
will be the manifold where the Lagrangian of a field theory is defined. The key
idea is to substitute the tangent bundle of a manifold by an appropriate Lie alge-
broid. To clarify the exposition we will introduce the concepts in an incremental
manner, defining the concepts first on vector spaces, then on vector bundles and
later introducing the anchor and finally the Lie algebroid structure.

Splittings of exact sequences. Let F' and E be two finite dimensional real vector
spaces and let m: E — F be a surjective linear map. If we denote by K the kernel
of m, we have the following exact sequence

0—K-S5EB-"5F—0,
where 7 is the canonical inclusion. Therefore we have the induced sequence
0 — Lin(F, K) =% Lin(F, E) =2 Lin(F, F) — 0.
For every linear map (: F' — F we set

Lin®(F,E) = {¢ € Lin(F,E) | mo¢=C}.
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It follows that Lin (F, E) is an affine subspace of Lin(F, E) with underlying vector
space Lin’(F, E) = Lin(F, K). For ¢ = idp we have that Lin'd(F, E) is the set of
splittings of the original sequence and it is a model for all that affine spaces. The
following diagram explain the situation

0 — Lin(F, K) —°> Lin(F, E) —>> Lin(F, F) —0 .

m:—id

Lin'd(F, E)
The vector space dual to Lin(F, E) is Lin(F, E)* = Lin(F, F'), with the pairing

(p,w) = tr(pow) = tr(wop),
for p € Lin(E, F) and w € Lin(F, E). It follows that any element p € Lin(E, F') can
be identified with an element p in the bidual space Lin(F, E)* = Lin(FE, F)**, that
is, with a linear function p: Lin(F, E) — R given by p(w) = tr(pow). By restricting
to the affine space Linid(F, E) we get affine functions p: Lin'? (F, E) — R explicitly
given by
p(¢) = tr(po ).

The linear function p associated to the affine function p is obtained by restriction
of p to Lin(F, K), that is, p(¢) = tr(p|x o ).

Obviously any linear map from Lin(F, F) to R is of the form p for a unique
p. Also, every affine function is of the form p, but notice that there can be many
elements p giving the same affine function. If p,q € Lin(E, F) are such that p =
G then p|x = q|k and tr(p — q) = 0, where p — ¢ is to be understood as an
endomorphism of F'.

Let us fix basis {€,} in F and {eq, e} in E, adapted to m, that is, such that
m(eq) = &, and 7(ey) = 0. Then we have the following expressions

w =" ® (yfea + yi'ea) w € Lin(F, E)
p=(pfe’ +pie®) @, p € Lin(E, F)

p=e"® (e, +yseqn) ¢ € Lin''(F, E)
Y =e"Ryceq ¢ € Lin(F, K),

and the corresponding linear and affine functions are

P=piye +phys  and P =pg+piys.
The linear function associated to p is p = p2ys. In particular we have that © €
Lin(E, F) and & = tr(id) = dim F is constant. From this expression it is clear that

two elements p and ¢ define the same affine function if and only if p? = ¢¢ and
py — g is trace free.

Vector bundles. We consider now two vector bundles T]\E/[Z E — M and Tﬁ: F—
N and a surjective vector bundle map 7: F — F over the map 7: M — N, as it is

shown in the diagram
E F
i |
M N

s
_

_
s
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Moreover, we will assume that 7 is a surjective submersion, so that 7: M — N is a
smooth fiber bundle. By the symbol 7 we mean the vector bundle map = = (7, xr).
We will denote by K — M the kernel of the map 7, which is a vector bundle over M.
Given a point m € M, if we denote n = 7(m), we have the following exact sequence

0 —K,, —F, — F, —0,

and we can perform point by point similar constructions to those given above.
We will use the notations L., = Lin(F,,, En, ), Jmm = Lin'? (Fn, Em) and Vpmm =
Lin(F,, K,,), that is,

Lpm={w: F, = E,, | wis linear }
Imm={d€Lym |Top=1dp, }
Vor={vely,m |Top=0}.

Therefore £,,7 is a vector space, V,,m is a vector subspace of L,,7m and J,,7 is an
affine subspace of £,,m modeled on the vector space is V,,m. The dual vector space
of Ly, is Lim = Lin(E,,, F,,), that is,

Lrm={p: E, — F, | plinear}

By taking the union, L7 = Upepr L, I = Upemdmm™ and Vo = Upept Vin 7,
we get the vector bundle 719: Lm — M, the vector subbundle m9: V& — M and
the affine subbundle m9: Jm — M modeled on the vector bundle Vr. The vector
bundle dual to L7 is L' = UpemL),m — M. We also consider the projection
m,: dm — N given by composition m; = 7 o myo.

Every section 6 € Sec(£*r) defines the fiberwise linear function § € C*= (L) by
0(2) = tr(6,, 0 2), for z € L and where m = 71g(2). Its restriction to g7 defines

the affine function § € C=(Jr) by
0(¢) = tr(6m 0 @),

for ¢ € gm and where m = m(¢).

Remark. In the standard case one has a bundle v: M — N and then considers
the tangent spaces at m € M and n = v(m) € N together with the differential of
the projection Tp,v: T,y M — T, N. If we set 7 = (Tv,v), an element ¢ € J,,,7 is a
linear map ¢: T,,N — T,,, M such that T,,v o ¢ =idp, n. It follows that there exist
sections ¢ of v such that ¢(n) = m and T,,¢ = ¢. Thus, in the case of the tangent
bundles 75: F =TN — N and 7py: E =TM — M with 7 = (Twv,v), an element
¢ € Jmm can be identified with a 1-jet at the point m, i.e. an equivalence class of
sections which has the same value and same first derivative at the point m. With
the standard notations [64], we have that J'v = Jr. Obviously, this example leads
our developments throughout this paper.

In view of this fact, an element of J,,7 will be simply called a jet at the point
m € M and accordingly the bundle g is said to be the first jet bundle of 7.

Local coordinates on g are given as follows. We consider local coordinates (Z*)
on N and (xi,uA) on M adapted to the projection 7, that is ' o = x’. We also
consider local basis of sections {&,} of F' and {e,, e, } of E adapted to the projection
7, that is Toe, = €, 0w and Toe, = 0. In this way {e,} is a base of sections of K.
An element w in £,,7 is of the form w = (wle, + wleq) ® €2, and it is in J,, 7 if
and only if w? = 62, i.e. an element ¢ in J7 is of the form ¢ = (eq + ¢%eqn) @ &4. If
we set y2(¢) = ¢%, we have adapted local coordinates (z?,u”,y%) on gr. Similarly,
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an element 1 € V,, 7 is of the form ¢ = ¥2e, ® e®. If we set y(¢) = ¢$, we have
adapted local coordinates (z?,u?,y%) on Vr. As usual, we use the same name for
the coordinates in an affine bundle and in the vector bundle on which it is modeled.
A section of £*r is of the form 0 = (63 (x)e® + 0% (x)e®) ® &4, and the affine function
defined by 6 is

6 = 02(a) + 0% ()

Anchor. We now assume that the given vector bundles are anchored vector bun-
dles, that is, we have two vector bundle maps pp: F — TN and pg: E — TM over
the identity in N and M respectively.

We will assume that the map 7 is admissible, that is dn*f = n*df, where on
the left d stands for the exterior differential in £ while on the right d stands for
the exterior differential in F'. Let us see what this condition means in terms of the
components of the anchor.

The anchor is determined by the differential of the coordinate functions dz’ =
® on E. Applying the

~i sa

pie® on F and da' = ple® + ple®, du = ple® + ple
admissibility condition to the coordinate functions z* we get
phe® = 7*(d7') = d(m*7') = da' = phe® + phe®,
where we have used that m*e® = e®. Therefore p, = p (is a basic function) and
P, = 0. We have
; P dz’ = ple®
T 1=a a
dz' = p.e and { dut = phet 4+ pheo,

and equivalently
; 0 a0
g . and pe(€a) = f ozt tPa our
ozt

pr(€a) = Pl

pE(ea) = Pﬁwa

with p}, = pj,(2), pi = pi(z,u) and py = pg(x,u).

The anchor allows to define the concept of total derivative of a function with
respect to a section. Given a section o € Sec(F'), the total derivative of a function
f € C*>=(M) with respect to ¢ is the function c@, i.e. the affine function asso-
ciated to df ® o € Sec(L*r). In particular, the total derivative with respect to the
element €, of the local basis of sections of F', will be denoted by f,‘a. In this way, if

o =o0%, then df ® 0 = ﬂaaa, where the coordinate expression of ﬂa is

of A, A Of
e + (Pq +paya)7auA-
A

In particular, for the coordinate functions we have J:“ia = p! and a(}l = pA + pAyo,

fla :pfz

so that the chain rule f|a = aa g{ x"ia + ai—fAzll‘i applies.

Notice that, for a basic function f (i.e. the pullback of a function in the base
N) we have that ﬂa =pl g xf are just the (pullback of the) components of df in the
basis {&,}.

Bracket. Let us finally assume that we have Lie algebroid structures on 74 : F —
N and on 7£: E — M, and that the projection 7 is a morphism of Lie algebroids.
The kernel K of 7 is a m-ideal, that is, the bracket of two projectable sections is
projectable, and the bracket of a projectable section with a section of K is again a
section of K.
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This can be locally seen in the vanishing of some structure functions. The mor-
phism condition 7*(df) = d(n*@) applied to the 1-forms 6 = & gives

1 1
7 (de®) = (—chcéb A éc> =3 @ eb A et

1 1
d(n*e*) = —3 @b A et — C{fweb Nel — icgve" nev,

that is B

Cp. = Cy, C’;‘},Y =0 and 0‘57 =0.
It follows that C7, is a basic function and that the exterior differentials in /' and £
are determined by

1 de® = —lC{},eb A ef
de® = —=Cpe’ Ae®  and P , .
2 de® = —5Cpe’ Ne® — Cpe® NeV — 505765 Aer.
Equivalently, we have the following expressions for the various brackets
leasep] = Cley + Coyec
[€q, €] = Cgpéc and [€as e5] = Cgﬂe’y
lea,es] = C’gﬁe,y.
Remark. It follows from our local calculations that one can avoid the extra bar in
the notation as long as one is working with functions and sections of F* and E*,
but one has to be careful when working with sections of F' and E. More explicitly,
one can omit the bar about coordinates z* and forms €* but we must use a bar when
referring to the elements €, of the basis of sections of F', in order to distinguish it
from the sections e, of E. In what follows we will omit the bar over the coordinates

2* but to avoid any confusion we will explicitly distinguish &* and é,, from e® and
€q, respectively.

Affine structure functions. The structure functions can be combined to give
some affine functions which contains part of the structure of Lie algebroid and that
will naturally appear in our treatment of Lagrangian Field Theory.
We define the affine functions Zg% and Zg, by
Zgy = (dee™) @ &g and 78 = (dee™) ® é,.
Explicitly, we have
7o =02 +0%y? and  Z8 =C% +Chyl.
Indeed,

1 1
(e @ e =i, (—3Cie ne” = O A — JCe n ) e,

= (Cgre’ + C’gyeﬁ) ® Eq,
and thus .
Zg, = (Cp e+ Cf ef) @ e, = Cg, + C‘gyyf.
Similarly
1 1
(de,e™) @ €q = e, <—2C§‘deb Ned — e ne? — 505‘966 A 60) ® €q

= (Cpe® + Cg.e”) ® e,
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and thus

Zoe = (Cee® + CheP) @ &0 = Cg + Chyy.
Notice that (d. e’) ® é,=0 and that (d.e’) ® &, = C,. For completeness we will
sometimes write Z, = CY, and Z?_ = 0.

4. Repeated jets and second-order jets. The equations for a (standard) classi-
cal Field Theory are generally second-order partial differential equations. In geomet-
ric terms, this equations determine a submanifold of the manifold of second-order
jets, also called 2-jets. Therefore, we need to define the analog of a second-order
jet in this generalized setting. In order to do that we follow the identification of a
2-jet with a holonomic repeated first-order jet (see [64]). Therefore, we need a Lie
algebroid with base Jm (which will be just prolongations of Jm with respect to E)
and a surjective morphism to F. Then we will consider jets for this morphism and
we will select those who satisfy some holonomy condition. This holonomy condition
is expressed in terms of the contact ideal, that will also be defined here.

Prolongation of Jr. We consider the E-tangent bundle 72 Jr to the jet manifold
dm. Recall that the fibre of this bundle at the point ¢ € J,,7 is

7;,E37r ={(a,V) € Epy x Tydrm | p(a) = Tm1o(V) } .
Local coordinates (z%, u) on M and a local basis {e,, €, } of sections of E determine

local coordinates (z%,u?,y%) on g and a local basis {X,, X4, V2} of sections of
TEJn as was explained in section 2. Explicitly, those sections are given by

.0 0
:X:a((rb) = (d)a ea(m)vpzaxi +pfau7(4)
0
xa(gb) = (¢7 ea(m)vpéauﬁ)

asn 0
Va(¢) - (¢7Oma @)'

With this settings, an element Z = (¢,a,V) € 7;)E37r can be written as Z = a®X +
a“Xo+V, V2, and the components a and V has the local expression a = a’e, +a%e,

and
9
oy

0
+ (pia® + pha®) = + V2

i O
V:pl(Z):pba’b auA

ozt
The brackets of the elements in that basis are
[Xa, Xo] = C5 X + CJ Xy [Xa, Xsg] = ClgXy [Xa, Xg] = Cop%Xy
[Xa, V] =0 [Xa, V3] =0 [Va, V5] = 0.

The dual basis will be denoted {X%, X% V%} and the exterior differential on T¥Jn
is determined by the differential of the coordinate functions

da' = piX®
du® = p X" + pi X
dyq =V,
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and the differential of the elements of the basis
a 1 a b c
dX® = *§Cbcx ANX

o 1 a b c a b 1 «a
dX* = =S CRX" A X = G X AXY = S O3, XA XY
vy = 0.

Finally, defining the map 7g = 7w we have that the bundle map my =
(710, T10) is a surjective morphism from the Lie algebroid Tfﬂ: TEJr — Jr to the
Lie algebroid 7£: E — M. We will also consider the projection 71(¢,a,V) = 7(a),
so that the bundle map m; = (77, m1) is a surjective morphism from the Lie algebroid
TgEﬂZ TEJr — Jr to the Lie algebroid 7'1{‘;: F — N. Notice that m; is just the
composition m; = o 7.

Repeated jets. Once we have defined the first jet manifold 7, we can iterate the
process by considering the Lie algebroids 74 : F — N and Tfﬂ: TEJr — Jn, the
projection 7y

TEJn s F

E F
TJWJ/ lTN

and the set of jets of the above diagram which is the manifold Jm; fibred over J.
An element 1 of Jm; at the point ¢ € Jr is thus a linear map ¢: F,, — 7;E37r such
that 71 0 ¢ = idp,, where n = m1(¢). Let us see the explicit form of .

Proposition 4.1. An element ¢ € Jmy is of the form (¢,(, V) for ¢, ¢ € Jm with
m0(¢) = m10(C) and Vi Fy,(y) — Tpd™ a linear map satisfying T'mo oV = pg o (.

Proof. Indeed, v is a linear map ¢: F,, — ’7'¢E37r, so that it is of the form ¢ (b) =
(¢,{(b), V(b)) for some linear maps ¢: F,, = E,,, and V: F,, = Tydn. The condition
7oy = idp, is just T(¢(b)) = b, for every b € F,, i.e. To( =idp,, which is just to
say that ¢ is an element of Jm. Moreover, 1(b) is an element of TEJr, so that we
have T'mio(V (b)) = pr(¢(b)), for every b € F),. In other words T'migoV = pgo(. O
Local coordinates (z,u“) and a local basis of sections {e,,e,} as before, pro-
vide natural local coordinates for Jm;. The three components of an element ¢ =
(¢,¢, V) € dmy are locally of the form

¢:(ea+ygea)®éaa C:(ea+zgea)®éa7

and

9 ) 0 Y
V= (péaxi + (pg +p§22‘)817 +yfaayg> ® e
b

Therefore, (z*,u?, Yo, 2o,y ) are local coordinates for 9. In terms of this coordi-
nates and the associated local basis of T#Jm we have the local expression

= (Xa + 25 Xo + yl?avg) ® €q-
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Contact forms. Contact forms are 1-forms on 7¥Jr which satisfies a property of
verticality, as it is explained in what follows. A jet ¢ € J,, 7, being a splitting of
an exact sequence, determines two complementary projectors hg: E,, — Ep, and
vy: By — By, given by

hy(a) = ¢(m(a))  and  vg(a) = a—¢(7(a)).
An element Z = (¢,a,V) € TEJr is said to be horizontal if a is horizontal with
respect to ¢, that is, vy(a) = 0. In coordinates a horizontal element is of the form

Z = a" (Xl + yy Xslo) + Vi V4o,

where y@ are the coordinates of ¢. Let (T¥Jn)* the vector bundle dual to T¥Jr.
An element p € (T¢E3 m)* is said to be vertical if it vanishes on every horizontal
element at ¢. It follows that a vertical element is of the form p = 1o (X¥|p—y$X*|s),
where y& are the coordinates of ¢.

A contact 1-form is a section of (TFJm)* which is vertical at every point. It
follows that it is a semibasic form and that the set of contact 1-forms is spanned by
the forms 6% = X* — yo>X°.

Every contact 1-form can be obtained as follows. Given a section « of w19 (E*) (a
section of E* along 719) we define the contact 1-form & by means of (&, (¢,a,V)) =
(ag,v4(a)), for (¢,a,V) € gm.

The A (TFJn)-module generated by contact 1-forms is said to be the contact
module and will be denoted by M¢. Since TFJr is a Lie algebroid, we have a
differential on it, and we can consider the differential ideal generated by contact
1-forms. This ideal is said to be the contact ideal and will be denoted Z¢. The
contact ideal and the contact module are different (as sets), that is the contact ideal
IS NOT generated by contact 1-forms. Indeed, an easy calculation shows that

1
« a pB a b _
4% + 5C8,0° N7 + Z32 X0 N 67 =
1
=20 AV + 5 (v CH — Co gl — Gyl + Copi + Ci) X0 A X,
which cannot be written in the form A% A 6.

Second-order jets. We define here the analog of the second order jet bundle as a
submanifold of the repeated first jet bundle, in the same way as in the standard the-
ory the manifold J?v can be considered as the submanifold of J!(.J'v) of holonomic
jets.

Definition 4.2. A jet ¢ € Jym; is said to be semiholonomic if 1*0 = 0 for every
element # in the contact module M€ at ¢. The set of all semiholonomic jets will be

denoted Jm; , that is,
3/7T\1={1/J€37T1 | *0 =0 for every € M} .

Proposition 4.3. An element 1) € Jym1 is semiholonomic if and only if it is of the
form 1) = (6,6, V). In other words if and only if it satisfies Tmip 0 = Tfﬂ(qp).
Proof. Indeed, this is equivalent to vg o ¢ = 0 which implies ( = ¢. A proof in
coordinates is as follows. If the coordinates of ¢ are (z¢,u?,y%), and the local
expression of ¥ € Jym is ¥ = (Xy + 22X4 + ¥, V%) @ €4, then

PO = (X — X = (25— y)e”,
so that ¢*0“ = 0 if and only if 2% = y& which is equivalent to ¢ = (. O
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In the local coordinate system (x%,u?,y%, 2%, y%) on Jmy, the coordinates of
a semiholonomic jet are of the form (mi,uA,yg,yg“,y;’“b), and thus the set 3/77\1 of
semiholonomic jets is a submanifold of Jm; in which we have local coordinates
(xiv uAa yga ygb)'
Definition 4.4. A jet 1 € Jum is said to be holonomic if y*0 = 0 for every
element 0 in the contact ideal J¢ at ¢. The set of all holonomic jets will be denoted
J2m, that is,

PPr={y € dm | ¢Y*0 =0 for every § € I¢}.

Holonomic jets play the role of second-order jets in the case of the standard
theory of jet bundles, and we frequently refer to a holonomic jet as a second order
jet or simply as a 2-jet.

From the definition it follows that a holonomic jet is necessarily semiholonomic,
but notice that not every semiholonomic jet is holonomic.

Proposition 4.5. A semiholonomic jet v is holonomic if its coordinates satisfy the
equations M%y = 0, where the local functions M, are defined by

My = 43y = Yoo + O — Clyy — Clyayy + y2Ci + Ol
Proof. Indeed, from the above expression of df® we have
1
Prdon = (X0 AR+ 5 (yECE — O uul — Oyl + Col + G5 ) XA X°)
1

=3 (yé‘c — Yeb T Ya Cpe — ngi‘/f y? — Cpyd +Ceyy) + Cz?f:) e’ ne

1
= _Mpe’ nee
2
from where the result immediately follows. O

Remark. The above condition is to be interpreted point by point. That is, we take
the value of any contact form at the point ¢ and then take the pullback. We did
not write explicitly the point ¢ in order to simplify the reading of the formulas.

The condition Mj, = 0 admits a geometrical interpretation as the condition for
1 to be the jet of a morphism of Lie algebroids (see section 5). Therefore we refer
to it as the infinitesimal morphism condition.

Remark. In the standard case where £ = TM and F = TN with coordinate basis
of vector fields the above conditions reduce to u;‘; = u;-‘i, which is the point-wise
condition for the matrix uf‘j to be the Hessian of some functions u”(z).

From the above proposition we see that J2m is a submanifold of Jm; and that
local coordinates for J%7 are (z?,u?,y%,y%,) for a < b. The coordinates y2, for
a > b are determined by the equations M} = 0.

5. Morphisms and admissible maps. By a section of m we mean a vector bundle
map ® such that 7 o ® = id, which explicitly means 7 o ® = idy and T o ® = idp
(In other words we consider only linear sections of 7). The set of sections of 7 will
be denoted by Sec(rw). The set of those sections of m which are admissible as a
map between anchored vector bundles will be denoted by Sec*¥™(r), and the set of
those sections of 7 which are a morphism of Lie algebroids will be denoted by M(7).
Clearly M(7) C Sec®™(7) C Sec(w). We will find in this section local conditions
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for a section to be an admissible map between anchored vector bundles and local
conditions for a section to be a morphism of Lie algebroids.

Taking adapted local coordinates (z°,u“) on M, the map ® has the expression
®(z%) = (2%, ¢ (x)). If we moreover take an adapted basis {e,, e, } of local sections
of E, then the expression of ® is given by ®(&,) = e, + ¢%eq, so that the map ®
is determined by the functions (¢*(x), ¢S (z)) locally defined on N. The pullback
of the coordinate functions is ®*z* = 2’ and ®*u? = ¢4 and the pullback of dual
basis is ®*e* = &* and ®*e” = ¢pe®

Let us see what the admissibility condition ®*(df) = d(®* f) means for this maps.
As before, we impose this condition to the coordinate functions. Taking f = z* we
get an identity (i.e. no new condition arises), and taking f = u” we get

dg™ = d(@ u’) = &*(du’) = B (pe” + ple®) = [(pf 0 @) + (pid 0 B)6] &,

from where we get that ® is an admissible map if and only if

Pagmr = (P 0 @)+ (pf o @)¢5.

In order to simplify the writing, we can omit the composition with @, since we
know that this is an equation to be satisfied at the point m = ®(n) = (2%, 4 (z))
for every n € N. (This is but the usual practice). With this convention, the above
equation is written as
- Ou? A A
Pagpi = Pa T Pala-

Let us now see what the condition of being a morphism means in coordinates.
If we impose ®*de® = dP*e® we get an identity, so that we just have to impose
d*de™ = dP*e®. On one hand we have

* a=a 1 ia¢? ia(ba
we) = dtzer) = 5 (A5 - 5k

. - oCs) e

and on the other hand
1 1
d*d(e™) = —P* (2Cg,yeﬁ Nev — C’g‘yeb Nev — iC{f‘ceb A ec)
1 (0% (0% « (0% = =C
— =5 (Ca,0001 + Co 01 - Co6] - Cit) @ ne
Thus, the bundle map ® is a morphism if and only if it satisfies
002 0%y
b o ¢ ox?
in addition to the admissibility condition. As before, in this equation is to be
satisfied at every point m = ®(n) in the image of ®.

Taking into account our notation f|a = pt g 3{1 for a function f € C>~(N) we can
write the above expressions as

— ¢SO + O 0, 61 + CL 61 — C2 8] = C,

Gy = Pl + PaYe
G — Uble + Conyd — Oy + Chyry) — yaCh, = Ci.

where we recall that this equations are to be satisfied at every point m = ®(n).
Notice the similarity between the above expression and the infinitesimal morphism
condition My, = 0. The following subsections will make clear this relation.
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Remark. In the standard case where E = T'M and F =T N with coordinate basis
of vector fields the above morphism conditions reduce to

A= out oy _ Ay
! ozt Oxd Oxt’
It follows that every admissible map is a morphism, and moreover is the tangent

map of a section of v. Therefore, in the standard case, by considering morphisms
we are just considering 1-jet prolongation of sections of the base bundle.

and

Sections of 7. At this point we want to make clear the equivalence between
sections of m 73 7 — N and vector bundle maps which are sections of .

Indeed, let ® € Sec(w) be a section of 7. For every point n € N, the restriction
of ® to the fibre F, is a map from F,, to the fibre E,,, where m = ®(n). This map
P, =0 ¢ Fn = By, satisfies T o ®,, = idg, and thus ®,, € J,,7. In this way, we

have defined a map T:N - Jm given by g(n) = ®,,. The map B is a section of e
indeed, for every n € N,

(10 ®)(n) = 1 (B(n)) = x(m10(Pn)) = m(m) = 1.

Conversely, given a section ¥: N — g7 of 7, we define the map &: N — M
by ® = w9 o W. Thus @ is a section of = and for every n € N we have that
U(n) € Hgn)ﬂ'. Therefore ¥(n), being a jet, is a map W(n): F,, = Eg(y) such that
7o ® =idp,. Consider now the map ®: F — E given by ®(b) = ¥(n)(b) for every
b € F, where n = 75 (b). In this way we have that ® = (®,®) is a linear bundle
map and

(o ®)(b) =7 (¥(n)(b)) = b

for every b € F and where n = 74 (b), so that ® is a section of 7. By construction,

it is clear that @F = U(n) for every n € N, so that ® = W. Thus we have proved
the following result.

Proposition 5.1. There is a one to one correspondence between the set Sec(w) of
vector bundle maps which are sections of m and the set of sections of 7.

Moreover, ® is a fibred map over @, i.e. 10 © & = ®. We will denote by & the
bundle map ® = (¥, ®) (from the bundle id: N — N to the bundle myo: J7 — M).

The above equivalence is important since we will look for equations to be satisfied
by a vector bundle map ®, and this will be reformulated as an equation on J=, which
is to be satisfied by the associated map ®. Moreover, we will impose to ® to be a
morphism of Lie algebroids, so that we need a condition expressed in terms of jets
equivalent to the admissibility and the morphism condition.

Jet prolongation of sections of 7. Let ® = (®,®) be a section of m which is
admissible as a map between anchored vector bundles, i.e. ¢ € Sec™™ (1), and we
consider the associated map ®: N — Jm of ;. Since the base map of both ® and ¢
is @ and ® is admissible, we can construct the prolongation map 7'56: F=TFN -
TEJr, and hence the bundle map & = T2d = (7-6&),6) from 78: F — N to
TaETr: TFPJn — gn. This map is a section of m; and moreover it is admissible
®® € Sec™™ (7). The section of (m1): Jm — N associated to ®® will be
denoted M .
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Definition 5.2. The map @™ is said to be the first jet prolongation of ®, and
the section ®™ is said to be the first jet prolongation of the section ®.

Proposition 5.3. For every admissible section ® € Sec®™ () the section ®V is
semiholonomic.

Proof. Indeed, the explicit expression of ®* is
L (b) = T ®(n, b, pr (b)) = (®(n), B(b), TE(pr (b)) = (Cn, ©n(b), TE(pr (b))

so that @ (n) = (®,,, ®,,, TP o pr) is semiholonomic for every n € N. O

In local coordinates (z%,u?,y%, 2%, y%,) in gy, if the expression of d is B(z) =
(z, p™, #%), then the expression of ®M is M (z) = (2%, ¢4, ¢, g,éf‘a). Indeed,
from the general expression of the prolongation of a map with respect to a morphism

we have
PM*ya — (7-<I>(i))*xa =¢e“
PW*rye — (T‘i(i))*xa — ¢aéa
@(1)*\75 — (T'i'(i))*vbﬁ = d(]ﬁbﬁ = qg’g‘aéaa

so that
O = (X + ¢ Xa + 0, V) @ &%

which is equivalent to the above coordinate expression.

From this local result we see that, if ® is an admissible section of 7, then ® is a
morphism if and only if ®® is holonomic, i.e. takes values in §27. In the following
subsection we will perform a more detailed study of this fact.

Morphisms and holonomic jets. The equations for a classical Field Theory
as they arise from variational calculus are equations for a morphism of Lie alge-
broids [52]. On the other hand, the equations that we are going to set are equations
for jets. Therefore, it is necessary to find conditions that select jets of morphism
among the set of jet of general maps. In this section we will find such condition in
terms of holonomy.

Proposition 5.4. Let U € Sec(m;) be such that the associated map U is a semi-
holonomic section and let ® be the section of my to which it projects. Then
1. The bundle map ¥ is admissible if and only if ® is admissible and ¥ = O,

2. The bundle map V is a morphism of Lie algebroids if and only if ¥ = &
and ® is a morphism of Lie algebroids.

Proof. In local adapted coordinates (xi,uA,yg‘,zg,yg‘b) on Jm; we have that the
section ¥ associated to W is ¥(z) = (wi,gbA(x),ng(x),wf,wga) so that the action
of ¥ by pullback is

\I/*J,‘i — Z‘i \I/*xa — éa
\I/*UA _ ¢A \Ij*xﬁ _ ¢géa
Trye = o TV = yf e

Let us see the conditions for ¥ to be an admissible map between anchored bun-
dles. We impose ¥*df = d¥* f for the coordinate functions. For f = z’ we get an
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identity. For f = u* we have

) A
Urdut — dWrut = U (pf X + pX*) — do = (pé‘ + pavs — Pl ad;i ) et.

Finally for f = y{j we have

) ] ] 99, \
v - v = v sl = (- 50 )

Therefore, the map ¥ is admissible if and only if
(a) O, = pi + pieg, and
(b) Fhja = Vb
We now impose U*df = d¥*0 for § an element in the dual basis {X¢, xﬁ,vf}.
For 8 = X* we get an identity. For 8 = X we have

* (67 * 1 a « 1 a C
UrdX™ = (—2067965 AXT = G XPAXY = SCEX AX )

1 « « « (0% = =C
=5 (Caufvr + cpuy - cgufl - Cp) e ne,
and

Oy oUe

¢ 9ri Py ozt

1
dUX* = d(vget) = —3 (p + wgcgc> N

Finally, for 6 = \71"? = dbe we also get an identity
AUV — Ve = dP*dys = dd¥*ys =0,

provided that the admissibility conditions hold.
Therefore, ¥ is a morphism if and only if in addition to (a) and (b) it satisfies
the equation

() P51 — 08 — Coupv2 — Co ol + Copdy) + 95 Cy. + Cgt = 0.
Let us consider a semiholonomic section ¥, so that 9& = ¢%. Then the above
condition (a) reads qb“z = pA+pA¢2 which is but the admissibility conditions for the

[e3
map @, and condition (b) reads d;5|a = wfa, which is just expressing that ¥ = &,
This proves the first statement.

Moreover, the section ¥ is a morphism if it is admissible, and therefore it is of
the form ¥ = ®® for & admissible, and in addition it satisfies condition (c) which
is just expressing that the admissible map ® is a morphism. This proves the second
statement. O

Obviously the relation between ¥ and ® is by projection (both projections):
Tmo¥(n) =, = (m1)10(¥(n)) for all n € N.

Corollary 5.5. Let ® bg an admissible section of w. Then ® is a morphism of Lie
algebroids if and only if @ is holonomic

Proof. Notice first that, by the above proposition, if ® is admissible then ¥ = ™
is semiholonomic and admissible, i.e. satisfies conditions (a) y (b) in the proof of
the theorem. The result follows by noticing that ®® is holonomic if and only if
M, = 0, which is just condition (c). O
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6. The Lagrangian formalism. We consider a Lagrangian function L € C*(Jr)
and a fixed nowhere-vanishing form w € A" F of maximal degree r = rank(F), to
which we refer as the volume form. We will denote by @ = 7wjw the pullback of the
volume form to T¥Jr by the projection m;. The product £ = L& € A" TFdn will
be called the Lagrangian density.

We will define in this section the Cartan forms associated to the Lagrangian and,
in terms of them, we will get a system of partial differential equations which will
be called the Euler-Lagrange partial differential equations. In order to do that we
will consider the analogs of the the vertical lifting and the vertical endomorphism
in the standard theory.

Vertical lifting. The bundle 7 being affine has a well defined vertical lifting map.
If ¢ € J,,m then we have a map g: Vi — Tpdm, given by
d
v

Yy [ = dtf((b"‘t?/’) 0’
for every function f € C*(Jn). Moreover, in the special case of Jm, we have
some additional structure. Indeed, an element ¢ is but a splitting of an exact
sequence, and we have the associated vertical projector vy: E,, = K, C E,, given
by vg(a) = a — ¢(7(a)). This allows to extend the vertical lifting operation to
elements @ € £, 7, by (vg 0 )y, which is well defined because Im(vg) C Ky,

Definition 6.1. The map £V: m10* (L) — TEJm given by
€V(0,0) = (6,0, (vy09)5)-
is said to be the vertical lifting map.
In coordinates, if ¢ = (e, + yZes) ® € and ¢ = (plep + %ey) @ €* then
vp = ea ® (e* —yge?) and £¥(d, ) = (9§ — Y o) Ve,

This construction will be generally used in the case of a map ¢ of the form
p=b® A, with b € E,, and A € F,. In such case

€"(.0@A) = (4,0, (vs(0) ® 1)),
and its coordinate expression is £ (¢, b®@ A) = A (b* — ySb%)Ve.

Vertical endomorphism. Given a section v € Sec(F*) we can define a linear
map S,: TPJdr — TFJr, known as the vertical endomorphism, by means of
projection and vertical lifting. If Z = (¢,a,V) € TEJn then

SV<Z) = £V(¢7a’® Vn)a
where m = mi9(¢) and n = w(m).
From this expression it is clear that S, depends linearly in v, a fact which helps

to find the coordinate expression of S,. If v = v,é* and we denote S* = Sz then
S, = 1,5 and
0

.0
5°((0)) = 5% (6,60, + it r) = € (6. () ©12)
= 7y;]1§V(¢,ea & éa) =~y g(gb)’
0
5°(03(6)) = 5% (6,09, 5oz ) = € (brvole) @ &) = V3(0)

and

a b _ Qa i LV .
54V () = S (¢>,o, ayg) _£Y(6.0) =0,
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Thus the coordinate expression of S is 5% = (X* —y2X’)@Ve = §*® V2, where we
recall that % = X —yX? are the elements of a basis of contact 1-forms. Therefore
the expression of the vertical endomorphism is

S=0"®Re, VL.
As usual we will denote S,, the r-form obtained by contraction (of the second
tensorial factor) with the volume form w. In coordinates

Sw =0 Nw, @V,
with w, = iz, w.
Cartan forms. With the help of the vertical endomorphism we define the La-
grangian multimomentum r-form O € \" T¥Jr by

O = S,(dL) + Lw,

which in local coordinates reads
O = (,?;%90‘ Awg + Lw.
By taking the differential of the multimomentum form we have the Lagrangian
multisymplectic (r + 1)-form Q; = —dOy. In coordinates we have
1[ 0L 4 o?L 5  OL
P72 L)yfauB P~ oyaouB” T gy

Cg, | 0° ANOT Awat

0’L
20 AV Awat
Iyg Oy,
PL 5 s L , 0L . OL__ 0L ,
= ot 4 —— - — - — 0% N w.
+ [aygauB (pa +pﬁya)+ 8ygamzpa+ 8yg ba 8y3 ax 8’U,Apa w

Euler-Lagrange equations. By a solution of the Hamiltonian system defined by
a Lagrangian L we mean a morphism ®: F' — E such that its prolongation satisfies
the equation
dM*(ixQr) =0,

for every section X of T¥Jn vertical over F. The above equations are said to be the
FEuler-Lagrange equations for the Lagrangian L. We will obtain in this section
the local expression of this equations and the system of partial differential equations
which defines.

We will start from a slightly more general point of view and we will look for
sections W of 7 such that they satisfy the so called De Donder equations,

U*(ixQr) =0,

for every section X of TF¥Jnr vertical over F. Later on we will impose that U is
admissible and finally a morphism.
Since ¥ is a section of m; it has an associated section ® € Sec(w), such that

T = V. In coordinates ¥ is of the form ¥ = (X, + ¥$X, + wfa\?%) ® € and the
base map @ is of the form ®(x) = (2%, $*(z), ¢¢(x)). Therefore we have

\Il*aci _ xi Prye — go
\I/*’U,A _ ¢A \I!*I)C5 _ ¢féa
Ty = g2 UV = yp e
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Taking X = V% in the De Donder equations we get

2
L
ixQp =— 9 BGO‘/\wa
yg 0y,
and thus
62
U (ixQr) = 7(1&& —¢g) Aw
dye oy,
which vanishes if and only if
0%L
——5 (g —¢5) =0
51/36%

We will say that the Lagrangian is regular if the linear map &5 — By‘)‘ ayﬁ &S is
regular at every point. In the case of a regular Lagrangian the solution of the above
equation is just ¥5 = ¢%, that is ¥ is semiholonomic. On the other hand, if the

section V¥ is semiholonomic, the above conditions are always satisfied, that is

Proposition 6.2. If U is a semiholonomic section then ¥*(ixQr) = 0 for every
section X of TEJdn vertical over E.

In general we will be treating with singular Lagrangians. Therefore, in what
follows we will consider only semiholonomic sections.
Taking now X = X, we obtain

0?L

1[ 0°L 0?L oL
3 Q = = — B — " 9’@ a 7,\7ﬁ A a
ix€L {aygaqu 9P ou Bpa—ka,yc’ﬁ Aw, +3yaayb Wa+

0%L ’L oL oL oL
Lol ==cb _ A

[ayaa B(pa+ Pp )+aaa lpa_‘_aya a ou Apoz:|

and thus
U (ix ) = L W+ oL (P8 + p5 o) + L .+
XL ) = 8y38y5 ba 6y3‘6u3 Pa pﬁ a 8y3‘8$ipa

oL ., oL oL
+% ba_ay;yzga_wpa}wv

so that the coefficients 1., must satisfy

2 2
PL 4 L . 0Ly 0L, 0L ,

L B, B.B B
Dyzag VT ygouB Pa T80T Guaptat e Cha G i~ guare =0

In addition to this equations we have the admissibility condition. As a conse-
quence of proposition 5.4, if ¥ is semiholonomic and admissible, then ¥ = ®® with
® admissible. Thus

S =pi+ples  and G, =vp,

so that the first three terms in the above equation are but the expression of the
total derivative of OL/Jy%, so that we finally get

LN L Ly DL, 0L
s )\a Oys i guAl

=0.
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If we finally impose that ¥ is not only admissible but a morphism (i.e. ® is a
morphism) we get the system of partial differential equations

S out Ay 8yb B
pa a i pa pa ya pa a i yba
(Yo + Cbaya) (Yo + Clgyb) Capla Yy +yICs% +Cl, =0
) oL , 0L . OL 4
a o a. o ba T a9 vy “ax .4 Pa =0,
ys la oys Ya  ouA

which are said to be the Euler-Lagrange partial differential equations.

Alternative expression of {2; and the Euler-Lagrange form. If we introduce
the forms 95 = Vf — yfan“, which are forms on 7¥J%7, then the pullback of Q7 to
TEJ%7 is (we omit the pullback in the notation)

1 0%L B 2L oL ,
L= |:ay58u3p"/ - ay’Yaqu[-} + ay aCﬁﬂ/ 0P NOY A wa+
82
b2 0] et
89381‘/17
82 B 82L ( " )+ 82L N
6 a ﬂyba ayaa 909, B Pa pﬁ Ya a aaxlpa
oL oL oL
a0 Z’y _ 7 A 0% A w.
+6yg‘ Cba a a7 auApa] w

and the last term is the Euler-Lagrange (r + 1)-form

oL\’ oL oL oL

L= |- ol == ) — =721 o
[<8y3)|a o <8y3) aya " guAle

The Euler-Lagrange equations can be written as L = 0, which define a subset (a

submanifold under some regularity conditions) of 27 on which the jet prolongation
™ of a solution ® has to take value.

00{

7. Variational calculus. In this section we will show that, in the case FF = TN,
our formalism admits a variational description, i.e. the Euler-Lagrange equations
obtained by the multisymplectic formalism are the equations for critical sections of
a constrained variational problem [52].

Variational problem. We consider the following variational problem: Given a
Lagrangian function L € C>=(Jn) and a volume form w on N, find the critical
points of the action functional

S(P) :/N(Loq))w

defined on the set of morphisms sections of 7, that is, on the set M(m).

The above variational problem is a constrained problem, not only because the
condition m o & = idp, which can be easily solved, but because we are restricting
® to be a morphism of Lie algebroids, which is a condition on the derivatives of ®.
We will explicitly find some curves in the space of morphisms which will allow us
to get the equations satisfied by the critical sections.
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In order to use all our geometric machinery, we will reformulate the variational
problem. If we consider the Lagrangian density £ = L& € A TFJn, then we have
that 5

(Lo®)w=®M*L.
Indeed, the base map of ®® is ® so that we have ®*L = L o ®. Moreover, since
®M is a section of 71, we have that ®*® = w. Therefore we can write the action
as S(®) = [y @V*L.

On the other hand, since the difference between £ and ©j is a contact form
and ®" is semiholonomic, we have that ®M*L = ®®W*Q . Therefore the action
functional can be rewritten as

S(®) = / Q.
N

In order to find admissible variations we consider sections of F and the associated
flow. With the help of this flow we can transform morphisms of Lie algebroids into
morphisms of Lie algebroids as it is explained in the next subsection.

Jet prolongation of maps and sections. In this subsection we return momen-
tarily to the general case of a general Lie algebroid F'.

Consider a vector bundle map ¥ = (¥, ¥) from E to E which induces the identity
in F', that is 7o W = 7, or explicitly ToW¥ =7 and w o ¥ = 7. The map ¥ induces
a map between jets U: Jm — g7 by composition, ¥(¢) = W o ¢. The map ¥ is well
defined since T o (@(d))) =7ToWo¢ =7o¢ = id, that is, the image of T is in
Jm. Moreover, T is a fiberwise affine map over the map ¥. Thus we have the affine
bundle map ¥ = (¥, ¥) from Tio: dm — M to itself. By tangent prolongation we
have the bundle map ¥® = 7YV from Tﬁrz TEJn — Jn to itself which will be
called the jet-prolongation of V.

Proposition 7.1. Let ® = (®, ®) be a section of T and ¥ a vector bundle map over
the identity in F. We consider the transformed map ® = Vo ®, i.e. ¥ = Vo d
and ® =W od. Then

1. The maps ® and ' associated to ® and &' are related by ' = ¥ o .

2. The jet prolongation of ® and of ® are related by ' = T® 0 O,

Proof. Indeed, the base maps are ® = ¥ o @, and for every n € N,

~/ =~

T(n)=0,=To0d, =To (B(n) =T(B(n)),
which proves the first. For the second we have
OV TV — TP 0 b = TV 0T = UV o P,
where we have used the composition property for E-tangent prolongations. O
We will say that a section o of F is m-vertical if it projects to the zero section

on F, that is Too = 0. Let o be a m-vertical section of E, and consider the flow
U, = (U, ¥,) of 0. We recall that ¥_ is the flow of the vector field p(o).

The associated map WU, is a flow on the manifold g7 and we denote by X, € X(Jn)
its infinitesimal generator. It follows that 1T'mg 0 X, =p(o)o m10 and thus for every
m € M and every ¢ € J,,m we have that (¢, o(m), X, (¢)) is an element of Tgn
at the point ¢. Therefore we have defined a section o € Sec(T¥dm) given by

oW (@) = (¢, a(m), X, (),
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where m = mi9(¢). This section is said to be the jet-prolongation of o € Sec(E)
or the complete lift to Jm of the section o.

Proposition 7.2. The first jet prolongation of a w-vertical section satisfies the
following properties

1. The jet prolongation o of o is projectable and projects to o.

2. The jet prolongation o of o preserves the contact ideal, that is, if 0 is a
contact form then d,)0 is a contact form.

3. The jet prolongation o of o is the only section of TEPJn which satisfies the
above two properties (1) and (2).

4. The flow of the jet prolongation o™ is ¥V where W is the flow of the section
.

5. If the local expression of the section o is 0 = 0%y, then the local expression
of the the jet prolongation of o is

o =N + (6, + Zgﬁaﬁ)\?g

Proof. Property (1) is obvious from the definition of ¢® and property (4) follows
from proposition 2.3.

To prove (2) we notice that if ¥ is a bundle map and if 3 is a section of E* and
B is the associated contact form then \II“)*B = \I/j‘ﬁ, the contact form associated to
U* 3. Then (2) follows since the flow of ™ is UM,

In local coordinates, from property (1) we have that o® has the form ¢® =
04X + 02VE | for some functions . Then taking the Lie derivative of a contact
form 6% = X* — y>X* we get

dg(1)9a = Z'U(1)d9a + digu)ﬁa
= C§,070° + Z3 07X — 03 X" + do®

a «
— (204 65— 0D+ (450 4 B 0

which is a contact form if and only if 0§ = é—ﬁl + Zg,07. This proves (5). Finally,
property (3) follows from the above coordinate expression. O

Proposition 7.3. If f € C>=(N) then (fo)® = fo® + (df @ o).

Proof. Both (fo)® and fo™® project to fo, so that they differ in a vertical section
V = (fo)® — fo®. From the coordinate expression of ¢ we have that V =
J1a0®V4 which is but the local expression of (df @ o)". O

Remark. In more generality, one can define the complete lift of any section o of E
which is projectable to a section & of F', not necessarily the zero section. Indeed, we
just need to define the flow of the vector field p' (™). The flow ¥, of the section o
projects to the flow @, of the section &, that is oW, = &, 07m. Then we can define
the maps JV¥,: Jm — Jm by means of J¥,(¢) = ¥, 0 ¢ o ®_,. This maps define
a local flow on the manifold J7 whose infinitesimal generator is (by definition) the
vector field p!(c®).

Even more generally, one can define the complete lift of a nonprojectable section
o of E by imposing the first two conditions in proposition 7.2. We will not study
such constructions in this paper since we will not need it.
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Equations for critical sections. Going back to our variational problem for F' =
TN, let ® be a critical point of S. An admissible variation of ® is but a curve
in M(m) starting at ®, that is a map s — &, such that &, is (for every fixed
s) a section of m and a morphism of Lie algebroids. To find one of such curves
we consider a m-vertical section o of E (thus its flow ¥,: E — E projects to the
identity in F' = T'N) with compact support. It follows that, for every fixed s, the
bundle map ®; = ¥, o ® is a section of m and a morphism of Lie algebroids, that
is, s — @, is a curve in M(7). Thus we have that

d d
— 7@@*@ — — (D 5 D *O
s=0 /N ds ° Tli=o /N ds( s ° )"O1) s=0
d d
_ L e (g*g — [ a2 (gwrg — [ av*g 0
/Nd ( s L) s=0 /N ds< s L) s=0 /N oW Ls

s
where we have used that & = UM o & and that U is the flow of the jet
prolongation ™ of the section o.

Using that d ) = i,1)od+doi_ ) we have that d,1yOp = i,1)dOL+di, 1 O =
—i,)Q + diya)Or, so that

O:/ ¢(1)*dg(1)®L:—/ @(1)*’4'6(1)QL+/ Q(l)*digu)@[,.
N N N

The second term vanishes; indeed ©, is semibasic, so that i,)0 depends only on
the values of o, not on their derivatives, and since ¢ has compact support we have
that

d
= —8(d,
0 dsS( s)

/@U*dig(l)@L:/ d[®M*i,1,0.] = 0.
N N

Therefore we get

O:/ Q(l)*io_u)QL.
N

We now prove that this implies ®®*i_ 1), = 0 for every o. Indeed, if we take the
section fo, for f € C=(N), then (fo)® = fo® + (df ® o)V, so that

q>(l)*i(fg)(1)QL = f@(l)*ig(nQL + q)(l)*i(df®g)vQL.

But ®© is semiholonomic and (df ® o)V is vertical, so that by proposition 6.2 we
have %4 4e0,yv 2 = 0. Therefore

O:/ N0y Q2 :/ F1@% i, Q],
N N

for every function f € C*°(N). From the fundamental theorem of the Calculus of
Variations we get that ®®*i_u,Q, = 0 for every o.

Finally we show that this condition is equivalent to ®™®*ixQp = 0 for every
mi-vertical section X of T¥Jn. Indeed, the above equation is tensorial in X, so
that it is equivalent to the same condition for projectable sections X. But if X is
projectable and projects to o, then X = ¢ 4 V for some vertical section. Thus
OO*ixQp = V¥ 1yQp + PY*iyQp, but the last term vanishes because V is
vertical and & is semiholonomic.

Therefore, in the case of a tangent bundle F' = T'N with the standard Lie alge-
broid structure, we have proved that

Theorem 7.4. The following conditions are equivalent:

1. A morphism ® is a critical section of S.
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2. In local coordinates such that the volume form is w = dx* A --- A dx" and
pL = 0k, the components y& of a vector bundle map ® € Sec(w) satisfy the
system of partial differential equations

out

o = P+ piys

ays Oy

oot~ gpe T Cova — Cayy + Coypyl +Co% =0

)

dx® \ Oy Aya ouA

3. A morphism ® satisfies the Euler-Lagrange equations ®M*ixQp = 0, for
every my-vertical section X.

Proof. The equivalence of (1) and (3) has been already established. In order to
prove that (2) is equivalent to (3) we just have to notice that

a
dx®

because e; = 9/0z" is a coordinate basis. O

Ce.=0 and f,=

Noether’s theorem. Noether’s theorem is a consequence of the existence of a
variational description of the problem. In the standard case [18], when the La-
grangian is invariant by the first jet prolongation of a vertical vector field Z then
the Noether current J = i,1)0p is a conserved current. By a conserved current we
mean a (r — 1)-form such that its pullback by any solution of the Euler-Lagrange
equations is a closed form on the base manifold N. Therefore the integral of the
(r — 1)-form J over any closed (r — 1)-dimensional submanifold vanishes.

We will show that a similar statement can be obtained for a field theory over
general Lie algebroids F' and E: for every symmetry of the Lagrangian we get a
form which is closed over every solution of the Euler-Lagrange equations. But now
the word conserved has only a partial meaning, because when the Lie algebroid F
is not TN we do not have a volume integral neither a Stokes theorem.

In what follows in this subsection F' is a general Lie algebroid, not necessarily a
tangent bundle.

Following the steps in the derivation of the equation for critical sections, if o is
any m-vertical section of E (we do not need it to be compactly supported) we have
that

q)(l)*dU(UL = d[¢(1)*io(1)@L] — (I)(l)*ia(l)QL,

It follows that if ® is a solution of the Euler-Lagrange equations ®M*i_a,Qy = 0,
then

DV 1) L = d[dV*i, 1) Oy).

The above is the base of Noether’s theorem.

Definition 7.5. We will say that the Lagrangian density £ is #nvariant under a
m-vertical section o € Sec(E) if d, )£ = 0.

It follows from this definition that £ is invariant under o if and only if it is
invariant under the flow of ¢, that is ®("*L = L.

Definition 7.6. An (r — 1)-form A is said to be a conserved current if ®®*\ is
a closed form for any solution ® of the Euler-Lagrange equations.
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With these definitions and taking into account the above arguments we have the
following result.

Theorem 7.7. Let o € Sec(E) be a m-vertical section. If the Lagrangian density is
invariant under o then i, )Or is a conserved current.

Proof. If d, )L = 0, from the relation ®®*d_ 1)L = d[®M*i,1)O 1], we have that
d[®M*i,1)Op], for every solution ® of the Euler-Lagrange equations. O

We insist however that the lack of an integral description does not allow to
interpret this as a conservation law in the classical sense.

8. The Hamiltonian formalism. For the Hamiltonian approach we consider the
affine dual of Jm. This is the bundle whose fiber over m € M is the set of all
affine maps from J,,7 to R. As in the standard case, there is a more convenient
representation of this bundle as a bundle of r-forms, which we will denote by the
same symbol. Explicitly, we consider the bundle mT: Jtm — M whose fibre at
m e M is

I ={ XN (E)" |igip,A =0 forall ky, ko € K, }.

An element in 7 has the local expression A = Agw + Ase* Aw, and it is identified
with the affine map Ao + A%2y2. We thus have local coordinates (z°,u?, uo, &) on

Jim, where po and pu& are the functions given by po(\) = Ao and p2(A\) = \%. We
also consider the E-tangent bundle to J'7, whose fibre at the point \ is

TEdin={(a,V) € Epy x T\NI'7 | ppla) = Tmo' (V) },

and the projection 7ot = TMT, which defines the bundle map 7710 = (WTOT, mT).
On J'n we have a canonically defined r-form ©, the multimomentum form,
given by ©) = (7710)*/\, or explicitly,

GA(ZM ZQ, ey Zr) = /\(al,ag, e ,ar),
for Z; = (\,a;,V;) € T,EJ'm, i =1,...,r. The canonical multimomentum form has
the local expression
O = pow + paX* A w,.
The differential of the canonical multimomentum form is (minus) the canonical
multisymplectic form on J'r, that is Q = —dO. Its local expression is

1
Q=X A PG Awa + 5p5C0 X A X% Awa — Py Aw — p2(Cy + CLEDX* Aw.

We also consider the bundle dual to V represented as the bundle m9*: V'r — M

whose fibre at m € M is the set of all linear maps &: K,,, — F,f(r_l), where
n = m(m). An element of V*r is of the form £ = £%e“ A w,, and therefore we have
local coordinates (z%,u”, u%) on V*r, where ul (&) = £9.

We have used the same symbol for the coordinates 2 in J'7 and in V*r because
the manifold g7 is fibred over the manifold V*r. Indeed, an element \ in Jf, 7 is an
affine map and therefore has an associated linear map, which is represented as an
element of V*1, and thus provides a surjective submersion ¢: Jt7 — V*r. As before,

we consider the E-tangent bundle 7#V*r whose fibre at £ € V*r is
'EEV* ={(a,V) € Ep x TV | pp(a) = Try* (V) }.

In order to avoid confusions, the basis of local sections of T J7r will be denoted
(X, X, PV, PY) and similarly, the basis of local sections of T#V*r will be denoted
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(X, Loy PY). That is, we will denote the vertical elements (f, 0, %) by P¢ instead
of V¢ as above in the general theory. Accordingly, the dual basis will be denoted
(X2, X, Py, P%) and (X%, X, P2), respectively.

Liouville-Cartan forms. By a Hamiltonian section we mean a section of the
bundle ¢: Jt7 — V*r. With the help of a Hamiltonian section h we can pullback
the canonical multimomentum and multisymplectic forms to V*r,

On=(Th*®@ and Q= (Th)*Q.

Notice that Qj, = —d©y since Th is a morphism of Lie algebroids. Locally, a
Hamiltonian section h is determined by a local function H(x%,u?, %) by means
of h(z®,ut, u?) = (2%, ut, u@, —H(z*, u?, u2)), that is, the coordinate yg is deter-
mined by po = —H (2%, u?, u2). It follows that the forms O} and Qj have the local
expression
O = uaX* Nw, — Hw
and
Qp =XAPLAw, + %ugcgﬁxa AXP Nwa + dH Aw — p(Cy, + C1) XY A w.
Hamilton equations. A solution of the Hamiltonian system defined by a Hamil-
tonian section h is a morphism A from Tf;: F — N to T\E;*,,rt TEV*T — V*r such
that
A (ixQp) =0,

for every section X of TFV*r vertical over F. The above equations are said to be
the Hamiltonian field equations.

Such a map A has the local expression A = (X, +A5X, +AS,PY)®e?. By taking
the section X = P& in the Hamilton equations we get

H
ixQ) = 4 w— X% A w,
g,
and then e
A (ixQ) = (@LZ — Ag) w,
from where we get
. OH
AS = .
o,

Taking now the section X = X, in the Hamilton equations we get
. 8H c a a
ixQ = <pgauA —ps(C2, + Cgbég)) w+ (fPa + uvcgﬁxﬁ) A wq

and thus

. 8H C c c
N (i) = (o2 g — 15+ CRuh) 4 A = 5 )

from where we get the relation
OH
A
Aoe = =Py JuA + s (C;Ya + CgaAf) - U%Cabb-
It follows that the Hamiltonian field equations are

OH
A% =
¢ oug

OH OH
c b e A c
and Aac + :uozcbc = _paauiA + H”y (C;Ya + Cga au%> .
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Notice that they do not determine A, but they provide the value of A¢_ the trace
of AZ,.

On the other hand, the map A must be a morphism; in particular it is an admis-
sible map p' o A = T'A o pp, which in coordinates reads

- Out ; Ous
P 5 = =p+paA and  pl ot =

The additional properties for being a morphism are
<8H>' (aH)’ o OHOH o OH _ o OH
Oug, o, P oul ops T T ous T opd,

C
AS,.

+Cp =0

and
a a a d
able Aac\b = Aadch7
but this one is a consequence of the admissibility conditions. Therefore we get the
system of partial differential equations
; Qu A 4 OH
pa axl _p +pa6,u/a
o\’ oH OH OH oH oOH
< a) _(b) 55157 T O~ Ca
o, Ope, Oy Ops

b'ya‘u a’yab—"_cbaazo

, Ops, 4 OH OH
Cs. = — CcL +C} :
pca i +:u’oc be — paa A+:u”y< ca+ ﬁaa'u%>

which will be called the Hamiltonian partial differential equations.

The Legendre transformation. Let ¢g € Jm and m = mip(do). We define
Fe (o) € g, as follows. For every ¢ € J,,m, we consider the map t ~ ¢(t) =

L(po+t(p—o)). The value of Ty (o) over ¢ is the first order affine approximation
of patt =0,
Fr(0)(¢) = ¢(0) +¢'(0).
The map F c: dm — g7 is said to be the Legendre map or the Legrendre transfor-
mation.
In coordinates, if ¢pg = (e, + y%eq) ® €* and ¢ = (e, + 258€,) ® €%, then (t) =

Lz, u?, y& + t(22 — y2)), so that

~ . L )

Fe(00)(6) = pl0) +9/(0) = L' ) + J (el 42) 22— ),
which under the canonical identification (p 4+ p%z%) =
to

pw + phe® A w, corresponds

Fe()(0) = (e — ) e + (L= gt )

It follows from this expression that F ¢ is smooth and that (T.’}“ £)*© = 0. There-
fore (TFc)*Q = Qg

Finally, the reduced Legendre transformation is the map F;: Jm — V*1 given by
projection Fp = f o ?L. In coordinates, if 1 € V7 has coordinates ¢ = (2%, u?, v%)

then we have 5
L )
F = —— (2%, u4, ) v,
2 (¢0) (%) ayg( Ya)
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which under the canonical identification p% 2y = ple® A w, corresponds to
oL
T2 (00)(¥) = 5o Awa.
Ya

In local coordinates the tangent prolongation of the Legendre transformation is
given by

(TTe)a' =a (TTe) X" =X°
(TFe) ut =u? (TFo) X = x°
~ oL ~
(TS:L)*/LO =L @yg EEL (TSTL)*TO :dEL
- L - L
(TFe) s = o Ty =d ()
and
(ngg)*l'i _ l’i (T:}-L:)*xa — X
(TFe)u? = u? (TFe)X* =X~
*x,a __ 87[’ *pa _ 87[/
(T = o TTerrn=d (5]

Equivalence. If the Legendre transformation ¥, is a (global) diffeomorphism we
will say that the Lagrangian is hyperregular. In this case both formalisms, the
Lagrangian and the Hamiltonian, are equivalent.

Proposition 8.1. The following conditions are equivalent:

1. F; is a local diffeomorphism.
2. For every ¢ € Jm the linear map TgF o is invertible.
3. The Lagrangian L is regular.

Proof. [(1) & (2)] If F; is a local diffeomorphism, then TF. is invertible. Thus,
for every ¢ € gm we have that (F (), a,V) — (¢,a,(TpF)"1(V)) is the inverse
of T4JF . Conversely, if T4F ¢ is invertible for every ¢ € Jm, and V' € Tydr is such
that TeF (V) = 0, then V is vertical (because F is a map over the identity) and
thus

7:15?@(¢,07V) = (?L(¢)707T¢§L(V)) = (?L(¢),070).

Since T3J ¢ in invertible, we get that V' = 0.

[(2) & (3)] From the local expression of the prolongation of ¥ we get that TF ¢
L
oye Byf

regularity of the Lagrangian. O

is invertible if and only if the matrix is invertible, which is equivalent to the

Theorem 8.2. Let L be a hyperregular Lagrangian. If ® is a solution of the Euler-
Lagrange equations then A = TJFy o @Y is a solution of the Hamiltonian field
equations. Conversely, if A is a solution of the Hamiltonian field equations then
there exists one and only one solution ® of the Euler-Lagrange equations such that

A=TF;0dW.

Proof. Let ® € Sec(w) be a solution of the Euler-Lagrange equations and define
A=TF;o0od®Y., Then A is a morphism, because so is ®* and 7F;. Moreover, it
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is a solution of the Hamiltonian field equations. Indeed, if X and Y are such that
TFpgoY =X oF,, then

AixQ = OO (TF ) ixQ = Dy (TF )" Q = dViy Q.

If ® is a solution of the Euler-Lagrange equations then the right hand side vanishes
for every Y vertical, and then the left hand side vanishes for every X vertical.
(Notice that if Y is vertical and arbitrary so is X.)

Conversely, let A be a solution of the Hamiltonian field equations, and define
U = (TF;)~ ! oA. Then, for every vertical Y we have

\I/*inL = \I/*Z'y(ng)*Q = \I/*(TEFL)*ng = (TEFL o \I’)*ng = A*ixg.

so that W satisfies U*ixQ; = 0, for every vertical X. Since the Lagrangian is
regular we have that ¥ is semiholonomic. But since A is a morphism, so is ¥, and
hence U is jet prolongation ¥ = & with ® a morphism. Therefore ® € Sec(r) is
a solution of the Euler-Lagrange field equations. O

Unfortunately, the most interesting examples of Lagrangian field theories are
singular, so that the above result does not apply. In such cases we can proceed as
in [13] or alternatively as it is explained in the next subsection.

The unified formalism. Probably the best alternative in the analysis of the
Hamiltonian equations is the so-called unified formalism [22, 14].

Consider the fibred product Jm x5 V' — M, and the map Ap: Jm X Vo —
It 7 defined by

AL(6,9)(¢) = L(¢) + (¢ — ¢).

In local coordinates, if ¢ = (2%, u?,y%), ¥ = (2%, u?, pd) and ¢’ = (z°,u4, 22), then
) /

AL(6, ) (¢)) = L(a',u, yd) + pl (22 — y2).

Thus the coordinates of Az (¢,v) are (2%, u?, L(z%, u?,y%) — plys, ud), that is the
value of the coordinate pg of Az (¢, %) is o = L(x?, u?, y2) — ply.

We consider the E-tangent bundle TfﬂXMV*ﬁ: TE@m xar V1) — Jm xar Vi1
and the projections v1g and v; from this bundle to 7 : E — M and 7&: F — N,
respectively.

By pulling back the canonical multisymplectic form Q on J'r to Jn x»; V¥ by
T A1 we get a multisymplectic form QY on g x5, V7,

OF = (TAL)*Q,

in terms of which we set the field equations. Notice that if we define ©F = (TA.)*©
then QF = —dOF. In coordinates

Ol = (L — ply2)w + p2X* Awa = Lw + p%0% A w,.

Definition 8.3. By a solution of unified field equations we mean a morphism T €
Sec(v;) such that T*(ix QL) = 0 for every vy-vertical section X of T2 (I x pr V).

We will see that this equations reproduce the field equations and the semiholon-
omy condition.

The section Y is of the form T = (¥, A), where ¥ is a section of Jm and A is a
section of V*r, both projecting to the same section of 7. It is easy to see that Y is a
morphism of Lie algebroids if and only if ¥ and A are morphisms of Lie algebroids.
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We consider the forms AL = ©L — (Tpry)*©, and ZL = QL — (Tpr,)*Qy, so

that 2L = —dAZL. In coordinates we have that
oL
dyg

Proposition 8.4. Let T € Sec(vy1) be a morphism, and W, A its components.

1. Y*izQl = 0 for every Tpr,-vertical section Z if and only if ¥ is semiholo-
nomic (and hence holonomic).

2. T*izQF = 0 for every Tv-vertical section Z if and only if ¥ is semiholonomic
and Im Y C Graph(Jyg).

3. YT*izQL = 0 for every Tuv-vertical section Z if and only if Y*iyw QL = 0 for
every section W.

Proof. Indeed, for Z = P we have that
ij)gEL = —0% A Wa,

so that T ipa =L = U*9* A w vanishes if and only if ¥ is semiholonomic. Since ¥
is a morphism we have that W is holonomic. This proves the first condition.

For the second we have
oL
N wy + (:U'Z — > w
Ya

oL 0?L
1ya = = 3
° oys 8yb oyg
Therefore Y*izQLl = 0 for Z = P¢ and Z = V¢ if and only if ¥ is semiholonomic
and Y* <ug — %) = 0, that is, X takes values on the graph of the Legendre
transformation F.
Finally, for the third we take Z = X, and thus

ixaEL = —dxaAL + d(ingAL).

The pullback by Y of the second term vanishes because T* commutes with d and

Yrin, Ay = T (;ﬂ aL) wy = 0.

“ yg
Thus we have T*iy 2L = —T*dy_ AL which vanishes as a consequence of the first
two properties
* * aL *
Ty, A" =T |dx, <ﬂ’;3 - M) [T*0° A w,] +
Yy
* aL *
+71 (ug —~ aﬁ> T* [do,, (07 Awp)]
Yy
=0+0=0.

This proves the third. O

We notice that if ¥ is semiholonomic and Y = (¥, A) is a morphism of Lie

algebroids (admissible is sufficient) such that the base map is in the graph of the
Legendre transformation, Im Y C Graph(Fz), then Y itself is in the graph of TF.,
that is, A = TF ;oW. Indeed, if we denote by ¢ the bundle map { = T— (¥, TF;0V),
then we have that (*z* = 0, (*u?t =0, (*y2 = 0 and

oL
*oa a __ T
QT (ua 3ya> oX,

a
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which vanishes if In Y C Graph(F,). Moreover we have that (*X¢ = 0, (*X* =0
(because ¥ is semiholonomic), (*V¢ = 0, and

L
c9 = ¢t =acs =a (e - 5 ) o]
g

which vanishes because Im Y C Graph(F ).

Proposition 8.5. Let T = (U, A) be a solution of the unified field equations. Then
U = 0W with ® a solution of the Fuler-Lagrange equations and A = TF g o M,

Conwersely, if ® is solution of the Euler-Lagrange equations then T = (®®, TF o
O™ is a solution of the unified field equations.

Proof. Let T be a solution of the unified field equations. Then if Z = (X,Y) is a
section of TEJr x pr V*1 we have
UixQp = Tiz="

Thus for a T pr;-vertical Z we have that X = 0, and thus Y*iz=l = 0, so that ¥
is semiholonomic, and hence holonomic ¥ = ®™. On the other hand if Z is T pr,-
vertical, then X is vertical and by proposition 6.2 we get that U*ixQ; = 0. Thus
YT*iz=F = 0 and it follows that T is in the graph of the Legendre transformation,
i.e. it is of the form Y = (¥, TF; o ¥). Finally, since Y*izZ" vanishes for verticals
Z, it vanishes for every Z, and hence ¥*ixQ7 = 0. Thus ¥ = ®© satisfies the De
Donder equations, i.e. ® is a solution of the Euler-Lagrange equations.

Conversely, let ® be a solution of the Euler-Lagrange equations and set T =
(P, TF; 0o ™). Since P is a morphism so is ™, hence so is TF, o P and
hence so is Y. Thus

T*izﬂL =U*xQOp + T iz= = T*izaL,
which vanishes because @ is semiholonomic and (by definition) the image of T is
contained in the graph of the Legendre transformation. O

9. Examples.

Standard case. In the standard case, we consider a bundle w: M — N, the stan-
dard Lie algebroids F' = TN and E = T'M and the tangent map 7 =Tx: TM —
TN. Then we have that J= = J'zx. Thus we recover the standard first order Field
Theory defined on sections on the bundle M. If we take coordinate basis, we recover
the local expression of the Euler-Lagrange field equations and the Hamiltonian field
equations. Moreover, if we take general non-coordinate basis of vector fields, our
equations provides an expression of the standard Euler-Lagrange and Hamiltonian
field equations written in pseudo-coordinates.

In particular, one can take an Ehresmann connection on the bundle 7: M — N
and use an adapted local basis made of horizontal and vertical vector fields

. — 0 a4 0
- _ 9 T or T guA
el—axi and - P

AT quA

where I'#* are the coefficients of the nonlinear connection in the given coordinate
system. Then we have the brackets

lei e;] = Rf}eA, [ei,eB] = FfBeA and [ea,en] =0,
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where we have written I'B; = 0I'2 /9u? and where R;‘} is the curvature tensor of
the nonlinear connection we have chosen,
ory  org
ozl Ot
The components of the anchor are p = 6%, pi* = T'{* and pj3 = d7 so that the
Euler-Lagrange equations are

A _ BT A BTA

6UA FA A

axi i — Y

oyt Oy A A A
axzj - asz‘ +T7pyl =Tyl + R =0

4 (OL\ _pp 0L _ OL
da’ \ 9y AoyP T ouA’
On the Hamiltonian side we have the Hamiltonian field equations
ou A OH
Oxt o

d <8H) d <3H>+FA OH _pa OH | pa_ g

dai ap,% C dat 8'[1,{4 iB 8/1,33 8,[1,% “
A’y i 1B oH
gz MBI = g

See [6, 18, 21] for alternative derivations of this equations.

Time-dependent mechanics. In [62, 63] we developed a theory of Lagrangian
and Hamiltonian mechanics for time dependent systems defined on Lie algebroids,
where the base manifold is fibred over the real line R. Later, in [55], we generalize
such results to the case of a general manifold (not necessarily fibred over R) which
was based on the notion of Lie algebroid structure over an affine bundle. Since
time-dependent mechanics is but a 1-dimensional Field Theory, our results must be
related to that.

The case where the manifold M is fibred over R fits in the scheme developed in
this paper as follows. Consider a Lie algebroid 7£: E — M and the standard Lie
algebroid Tr: TR — R. We consider the Lie subalgebroid K = ker(w) and define

ﬂ(a):gt}.

Then A is an affine subbundle modeled on K and the ‘bidual’ of A is (AT)* = E.
Moreover, the Lie algebroid structure on E defines by restriction a Lie algebroid
structure on the affine bundle A.

Conversely, let A be an affine bundle with a Lie algebroid structure as in [55].
Then the vector bundle F = (A")* has an induced Lie algebroid structure. If j is
the anchor of this bundle then the map 7 defined by 7(2) = T'n(p(#)) is a morphism.
Moreover we have that A= {a € E | 7(a) = % } as above.

We have a canonical identification of A with J=. Indeed, let T: Jm — A be the
map T(¢) = ®(Z). Then T is well defined, i.e. T(¢) € A because

0 0 0

7(a) = f(ﬁb(a)) = (7o ¢)(&) =

A:{aEE




CLASSICAL FIELD THEORY ON LIE ALGEBROIDS 131

The inverse of the map T is clearly T~1(a) = adt, where by ¢ = a dt we mean the
map (;S(T%) = 7a. One can easily follow the correspondences between both theories.
For instance the vertical endomorphism Sy associated to the volume form dt is the
vertical endomorphism as defined in [55].

The morphism condition is just the admissibility condition so that the Euler-
Lagrange equations are

du?
i o+ Piy”
d (0L oL , - oL 4
dt (ay> oy G+ Chat) & a0
where we have written 2° = ¢ and y§ = y®. This expression is in agreement

with [55]. For the Hamilton equations we have

dt - pO paa
dpte, - L OH A OH
dt _NW(COa+C aaﬂﬁ) aauA

where we have written p’ = juq.

The autonomous case. A very common case in applications is that of systems
depending on morphisms from a Lie algebroid to another one, which are not sections
of any bundle. In this case we construct the bundle E as the product of both
algebroids. We assume that we have two Lie algebroids 74 : F' — N and TQ G—Q
over different bases and we set M = N x Q and F = F x G, where the projections
are both the projection over the first factor 7(n,¢) = n and 7(a, k) = a. The anchor
is the sum of the anchors and the bracket is determined by the brackets of sections
of F and G (a section of F' commutes with a section of G).

In this case a jet at a point (n,q) is of the form ¢(a) = (a,{(a)), so that it is
equivalent to a map (: F;, — G,. Therefore, in what follows we identify g7 with
the set of linear maps from a fibre of F' to a fibre of G. This is further justified by
the fact that a map ®: F — G is a morphism of Lie algebroids if and only if the
section (id, ®): FF — F x G of 7 is a morphism of Lie algebroids.

Taking coordinates z* in N and u* in @ we therefore have that

A a a
CL_O’ ab — and aB =

The affine functions Z, reduce to Z7, = C} y? and thus the Euler-Lagrange

ada
equations are

oL’ oL oL oL
o [ =) = o 4
(3yfi‘>a e <5y3‘> da Babla + AP
In the more particular and common case where F' = T'N we can take a coordinate

basis, so that we also have p§ = d and C¢, = 0. Therefore the Euler-Lagrange
partial differential equations are

8UA A«
axa - paya

d (OL\ 0L oL ,
(m)‘ay”cﬁa Yo Guara
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Oy Oy B
9x0 ~ ape T CiYoba =0
In this autonomous case Hamilton differential equations take the form
ou? A
6$a - pa ya
Opg, acr OH  0H ,
dra  Hpa oy Ou? Pa

(oY (om0 oH
dxb \ Opg dze \ Oub, 573;1% ops

Autonomous Classical Mechanics. When moreover F' = TR — R then we recover
Weinstein’s equations for a Lagrangian system on a Lie algebroid

du?

o A«
dt PoY
dt <aya) - ay'y Cﬂay + auApcw

where, as before, we have written #° =t and y§ = y®. For the Hamilton equations
we have

duf 4 OH
dt _po‘(?ua
dita . OH L OH

= C —_— .
at " sa s Po gua
where we have written p = u0.

Poisson Sigma model. As an example of autonomous theory, we consider a 2-
dimensional manifold N and its tangent bundle F' = T'N. On the other hand,
consider a Poisson manifold (Q,A). Then the cotangent bundle G = T*Q has
a Lie algebroid structure, where the anchor is p(c) = A(o, -) and the bracket is
[o,1] = dpoyn—dyo —dA(o,n), where d is the ordinary exterior differential on the
manifold @ (i.e. the exterior differential of the standard Lie algebroid 7 : TQ — Q).

The Lagrangian density for the Poisson Sigma model is L(¢) = —%qﬁ*A. In
coordinates (z', %) on N and (u”) in Q@ we have that A = 2ATK 22 A S A jet
at the point (n,q) is a map ¢: T,N — T;Q, locally given by ¢ = yiidu® ® dx’.
Thus we have local coordinates (z,u’,yg;) on gm. The local expression of the
Lagrangian density is

1 1
L= —iAJKAJ ANAg = —§AJKyJ1yK2 dzt A da?.

where we have written Ax = ®*(9/0u’’) = yg;dx’.
A long but straightforward calculation shows that for the Euler-Lagrange equa-

tion
d oL oL oL
)\ ===07 g, Y= A
dx® (8yg‘> dya pala T duA L
the right hand side vanishes while the left hand side reduces to

1 ONME
§ALJ <yL21 —Yri2 + auLyMlyK2> = 0.
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In view of the morphism condition, we see that this equation vanishes. Thus the
field equations are just

ou’
Oz + AJKyKa =0

Oyja Oygy , ONKL B
dxb  dxe gy JEvYLa =0

or in other words
d¢” + ATF Ak =0
1
dA; + AT Ak A AL =0,

The conventional Lagrangian density for the Poisson Sigma model [66] is £" =
tr(® ATP) + %CD*A, which in coordinates reads £’ = Ay A d¢” + %AJKAJ NAg.
The difference between £’ and £ is a multiple of the admissibility condition d¢” +
AT Age;

L —L=A;ANde7 + %AJKAJ ANAg + %AJKAJ ANAg = Ay A(de? + ATE Ag).

Therefore both Lagrangians coincide on admissible maps, and hence on morphisms,
so that the actions defined by them are equal.

Remark. In the conventional analysis of the Poisson Sigma model [66] the mor-
phism condition is not imposed a priori and it is a result of the field equations. The
1-form A acts as a Lagrange multiplier and something special occurs for this model
since the multiplier is known in advance, not as consequence of the field equations.

Remark. In more generality, one can consider a presymplectic Lie algebroid, that
is, a Lie algebroid with a 2-cocycle 2, and the Lagrangian density L = f%<I>*Q.
The Euler-Lagrange equations vanishes as a consequence of the morphism condition
and the closure of 2 so that we again get a topological theory. In this way one can
generalize the theory for Poisson structures to a theory for Dirac structures.

Holomorphic maps. Given two complex manifolds (N, Jy) and (M, Jys) a map
@: N — M is a holomorphic map if its tangent map commutes the complex struc-
tures, that is, T o Jy = Jps o Tp. In many applications one has to consider a
Lagrangian depending on holomorphic sections of a bundle v: M — N, the projec-
tion v being holomorphic Tv o Jy; = Jy o Tv. Our theory can include also such
systems as follows.

Since a complex structure J on a manifold @ satisfies d% = 0, we have that T'Q
can be endowed with a Lie algebroid structure in which the exterior differential is
dy = [i7,dT?]. Therefore a first idea is to use such Lie algebroid structures on
both complex manifolds. Nevertheless, we have that a bundle map ® = (®,®) is a
morphism if and only if it is admissible, i.e. Jas 0 ® = T® o Jy, which determines
the map ® by ® = —.Jy; o T® o Jy. Therefore, we do not get a holomorphic maps
except if we impose the additional condition & = T'®.

Since tangent maps are the only morphisms between tangent bundles (with the
standard Lie algebroid structure), we can solve the problem by considering together
both Lie algebroid structures on a complex manifold @),

e the standard one, where the exterior differential is the standard exterior dif-
ferential d79 and
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e the Lie algebroid structure provided by the complex structure, where the
exterior differential is d; = [is, d7?].

Notice that both structures are compatible in the sense that [d,d7?] = 0.

This is done by introducing an additional parameter A € R as follows. For a
complex manifold (Q,J) we set G = R x TQ — R x @, the vector bundle with
projection Tﬂng(A, v) = (A, 79(v)). On G we consider the Lie algebroid structure
given by the exterior differential d = d7% + \d;, with d\ = 0. Then it is clear that
d?> = 0 so that we have endowed G with a Lie algebroid structure. The anchor is
pc = (0,idprg + AJ), that is

pa(Av) = (0,v+AJv) € TR x TQ,

We consider the above construction for the complex manifold N and we get the
Lie algebroid FF = R x N, and for the complex manifold M and we get the Lie
algebroid E =R x M. The projection = = (7, ) given by 7(\,v) = (A, Tv(v)) and
(A, m) = (A, v(m)) is a morphism of Lie algebroids since v is holomorphic.

Given a map ® = (®,®) form TN to TM we have a the bundle map ® from
F to E defined by 5/()\710) = (A, ®(w)) and @' (\,n) = (A, @(n)). Then @' is a
morphism of Lie algebroids if and only if ® is a holomorphic map and ® = T®.
Indeed, ®’ is a morphism if and only if it is admissible pg 0® = Td' o pr. This is
equivalent to

(0, D(w) + AJar (®(w))) = (0, TR(w) + ATR(Jn (w)))
for every (A, w) € F, which finally is equivalent to
O=TP and JyoT®=TPo Jy.

Conversely, if ¥ is a morphism form F' to £, which is A independent, then ¥ = @’
for some holomorphic map @ and with ® = T'®. Obviously, ®' is a section of 7 if
and only if ® is a section of v.

Systems with symmetry. The case of a system with symmetry is very important
in Physics. We consider a principal bundle v: P — M with structure group G and
we set N = M, F = TN and E = TP/G (the Atiyah algebroid of P), with
7w = ([Tv],idp). (Here [Tv]([v]) = Tv(v) for [v] € TP/G.) Sections of 7 are just
principal connections on P and a section is a morphism if and only if it is a flat
connection. The kernel K is just the adjoint bundle (P x g)/G — M.
An adequate choice of a local basis of sections of F'; K and F is as follows. Take
a coordinate basis ¢; = 9/0z° for F = TM, take a basis {¢,} of the Lie algebra
g and the corresponding sections of the adjoint bundle {e,}, so that Cgﬂ are the
structure constants of the Lie algebra. Finally we take sections {e;} of E such that
e; projects to €;, that is, we chose a (local) connection and e; is the horizontal
lift of &;. Thus we have [e;, e;] = Q%ea and [e;,eq] = 0. In this case there are no
coordinates u“, and with the above choice of basis we have that the Euler-Lagrange
equations are
Yo _ Oy

B~ B T OByl 05 =0

d (0L oL
B _
(52 )~ s =0
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In particular, if we chose a flat connection for the definition of our sections (for
instance a solution of our variational problem or just a coordinate basis) then this
equations reduce to

dyg  Oyy

B _
ozt  Oze +C5uya =0
d OL OL
B8 _
i (35~ g Chovd =0

which are the so called Euler-Poincaré equations [9, 8].
The case considered in [7] where the Lagrangian has only a partial symmetry can
be analised in a similar way.

10. Conclusions and outlook. We have developed a consistent Field Theory
defined over Lie algebroids, finding the Euler-Lagrange equations via a multisym-
plectic form. We also proved that when the base Lie algebroid is a tangent bundle
we have a variational formulation. The admissible variations are determined by the
geometry of the problem and are not prescribed in an ad hoc manner. It will be
interesting to find a variational formulation for the general case.

Particular cases of our Euler-Lagrange equations are the Euler-Poincaré equa-
tions for a system defined on the bundle of connections of a principal bundle, the
Lagrange-Poincaré equations for systems defined on a bundle of homogeneous spaces
and the Lagrange-Poincaré for systems defined in semidirect products. Our formal-
ism can also describe variational problems defined for holomorphic maps.

We have also studied a Hamiltonian formalism and we have proved the equiv-
alence with the Lagrangian formalism in the cases of a hyperregular Lagrangian.
Moreover, we have defined a unified formalism which incorporates the relevant as-
pects of both the Lagrangian and the Hamiltonian formalism.

Among the many advantages of our treatment we mention that it is a multi-
symplectic theory, that is the field equations are obtained via a multisymplectic
equation. This will help in studying the theory of reduction of systems with sym-
metry and to establish a procedure of reduction by stages. In this respect, the
results by Sniatycki [65] are relevant.

On the other hand, there are many aspects that has been left out of this paper
and can be interesting in it own. For instance, the geometry of our extended notion
of jet bundles needs to be studied in more detail, defining the total and contact
differential which will allow to write the Euler-Lagrange equations in a simplified
way. Systems of partial differential equations are also worth to study and condition
for the formal integrability of such systems has to be established. For that, it is
obviously necessary to define the concept of higher-order jets.

Finally, in [55] we gave an axiomatic definition of a Lie algebroid structure over
an affine bundle which encodes the geometric structure necessary for developing
time-dependent Classical Mechanics. It would be nice to isolate the geometric
structure necessary for developing field theories defining what could be called a Lie
multialgebroid.
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