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Abstract
In this work, we investigate the impact of energetic coherence in nonthermal reservoirs on the
performance of the Otto cycle. We first focus on the situation where the working substance is a
qubit. Due to the existence of coherence of nonthermal reservoir, various anomalous operating
regimes such as the engine and refrigerator with efficiencies exceeding Carnot limits, as well as the
hybrid refrigerator that can simultaneously achieve cooling and supplying work to an external
agent, can occur. We demonstrate that the energetic coherence of the system’s steady state plays a
significant role in determining the cycle’s functions by adding an additional stroke implementing
dephasing and phase modulation operations in the cycle. The energetic coherence of the system is
necessary to trigger the reservoir’s coherence to exert influences on the cycle. We decompose the
thermodynamic quantities to the components arising from the populations and coherence of the
system, and find that the reservoir’s coherence impacts the cycle from two aspects: one is the
modification of the system’s steady-state populations or temperatures, and the other is the direct
contributions to the heat in the interaction between the system and reservoirs. We then explore the
scenario where the working substance is two identical qubits, and the reservoirs are common to
them. We show that the degenerate coherence of the system in the steady state can enhance the
performances of the cycle as different machines. Additionally, the energetic coherence of the
reservoir modifies the functions of the cycle still through the energetic coherence of the system
rather than their degenerate coherence.

1. Introduction

Quantum resources, such as quantum coherence and correlations, have been widely applied in the quantum
information technology achieving various tasks that would be impossible with the classical counterparts [1].
In this context, there is a natural expectation to extend the advantages of quantum features to other areas.
Quantum thermodynamics (QT) exploits open quantum systems as working substances with the aim of
discovering new thermodynamic characteristics in the quantum domains and improving thermodynamic
tasks, among others. Therefore whether the advantages brought by genuine quantum effects can be found in
QT has become a hot topic, although has long been debated [2–7]. One of the main ways to demonstrate
quantum advantages in QT is to apply quantum coherence and correlations to the working substance of
quantum thermal machines [8–25]. It was shown that small autonomous quantum refrigerators consisting of
three qubits can achieve better cooling capacity and energy transport than classical refrigerators by utilizing
entanglement of the qubits [8]. Quantum engines that use two coupled qubits to perform a generalized Otto
cycle are found to have a like between generated work and the qubits’ correlations caused by nonequilibrium
common environments [9]. Quantum coherence sometimes inhibits the performance of quantum engines,
similar to friction [10–12], which can be overcome and then be transformed into a quantum lubricant by
adjusting the engine’s parameters [13]. Experimental evidence confirms the advantage of quantum resources
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in driving quantum engines, including the use of an ensemble of nitrogen vacancy centers in diamond [14]
in the limit of small action [15] and a spin-1/2 system utilizing nuclear magnetic resonance techniques [16].

To influence quantum heat machines, quantum coherence and correlations can be applied directly in the
working substance [8–25] or put into the reservoir to form a nonthermal reservoir. This perspective has been
extensively studied [26–40] since the pioneering work by Scully et al, which showed that by virtue of
nonthermal reservoir with coherence, the efficiency of a photonic Carnot engine can be increased to surpass
the limit imposed by the thermal reservoir [41]. In this case, the coherence or correlations can be deemed as
thermodynamic resources, or alternatively, a type of fuel being able to power the machines [26–28]. It was
shown that the coherence in reservoirs may modify the functions of machines, in particular resulting in
operating regimes that are classically forbidden, and enhance the performance of machines with efficiencies
exceeding the Carnot bound [29, 30]. The correlations across two reservoirs, if taken as free resources, can
enable the machine working between them exhibit different functions that might be inconsistent with
thermodynamics laws [40]. The consistence can be recovered when energy exchanges in the preparation
process of the nonthermal reservoir are involved [40]. For two interacting systems, where each is in contact
with a nonthermal reservoir, it is possible to reverse the heat flow from the cold reservoir to the hot one by
adjusting the relative phase of the coherent states of the two reservoirs [36]. This suggests that there are still
unknown mechanisms at play in nonthermal reservoirs and further exploration is needed to better
understand the abilities of nonthermal reservoirs. In fact, not all nonthermal environments can cause
unconventional results, and certain conditions should be met for them to achieve those unusual effects [42].

The appropriate use of coherence in QT should take into account the types of coherences and whether to
apply coherence in the system or in the environment. In [27, 37], coherences are classified into three types,
namely, heat-exchange coherence, displacement coherence, and squeezing coherence. The heat-exchange
coherence connects states of the same energy, also known as degenerate coherence. The displacement and
squeezing coherences are both energetic coherences that are generated from the energy levels connected by
transitions of one and two numbers of excitation, respectively. The nonthermal reservoir with degenerate
coherence can still be considered an effective thermal reservoir with a modified temperature [26, 27, 43],
while resembling a coherent drive (squeezed reservoir) with the displacement (squeezing) coherence [26, 27].
Energetic coherence in the system (working substance) can have a positive contribution to entropy
production in the thermodynamic process [44], and improve machine performance by enabling it to operate
in otherwise forbidden regimes [29, 30]. On the other hand, degenerate coherence can achieve a negative
contribution to entropy production [45], induce heat flow reversals [46], and promote the heat current at no
cost of dissipation [47]. Degenerate coherence is usually produced by collective interactions between
multiple systems with a common reservoir [48].

Although various effects of coherence on quantum heat machines have been recognized, little exploration
has been done on how the energetic coherence of nonthermal reservoir influence and enhance the
performance of these machines. Understanding the mechanisms by which energetic coherence affects
machines is crucial for taking advantage of quantum resources to design and enhance them. To shed light on
this question, in this work, we study a modified Otto cycle [49–57] that features nonthermal reservoirs with
energetic coherence and an additional stroke implementing dephasing and phase modulation operations on
the system. We first consider a qubit as working substance of the Otto cycle. The existence of coherence in
nonthermal reservoir lead the cycle to take on different operating regimes, in particular the otherwise
forbidden one. These functions can be modified by either introducing the dephasing operation on the
system’s steady state or varying the phases therein. This provides not only an efficient method of achieving a
machine with desired functions but also insight into the influential mechanism of energetic coherence in the
reservoirs on the Otto cycle. It is found that the energetic coherences of both the reservoir and the system are
jointly coupled to the system’s populations, which in turn affect the energy exchanges between them and
eventually the operating regimes of the cycle. The system’s energetic coherence is thus necessary to trigger the
nonthermal reservoir to produce a marked effect. We further address this point by decomposing the
thermodynamic quantities into contributions from populations and coherences, identifying which
component is responsible for the unconventional functions of the cycle. We then consider two identical
qubits as the working substance. In this scenario, the degenerate coherence of the system can be yielded due
to interactions with the common reservoir. We note that the system’s degenerate coherence can enhance the
performance of different machines even when both reservoirs are thermal. The energetic coherence of
nonthermal reservoir imposes impact on the cycle still through the energetic coherence rather than the
degenerate coherence of the system’s steady state.

The continuous modes reservoir is obviously not suitable for injecting coherence or studying the
associated effects on QT. To accomplish this, we adopt quantum collision model [58–66], which describes the
reservoir as a group of identical particles, called ancillas, that interact with the system one after the other. The
ancilla is usually modeled as a finite-sized quantum system, such as a qubit, making it easy to impose
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coherence. The colliding ancilla is discarded after each interaction with the system to ensure Markovian
dynamics. Due to its versatility and visual mechanism, the collision mode has been widely used in exploring
QT [48, 67–76].

The paper is organized as follows. We begin by describing the modified Otto cycle in section 2. Next, in
section 3, we focus on the case where a single qubit is the working substance, and only one reservoir is in the
nonthermal state. Specifically, we set the cold reservoir to a nonthermal state in section 3.1 and the hot
reservoir to a nonthermal state in section 3.2. In the section 3.3, we decompose thermodynamic quantities to
identify which component, either the populations or coherence, is responsible for the unconventional
functions of the cycle. In section 4, we extend our analysis by considering two qubits as the working
substance. We demonstrate the enhancements of the machines by degenerate coherence when both reservoirs
are in thermal states. We also show that the energetic coherence of a nonthermal reservoir still impacts the
cycle through energetic coherence rather than the degenerate coherence of the system. The conclusion is
made in section 5.

2. Otto cycle in the nonthermal reservoirs

The usual quantum Otto cycle consists of four processes that involve two isochoric processes where the
system exchanges heat with hot and cold reservoirs, respectively, and two adiabatic processes where the
system exchanges work with an external agent. In our model, we are not only interested in the effects of
coherence of nonthermal reservoir but also in the role of the system’s steady-state coherence and its synergies
with reservoir’s coherence in the cycle’s performances. To achieve this, we introduce dephasing and phase
modulation operations that act on the system before it interacts with the cold reservoir. As a result, our Otto
cycle comprises five strokes, namely: (I) adiabatic compression, (II) contact with the hot reservoir, (III)
adiabatic expansion, (IV) dephasing and phase modulation, and (V) contact with the cold reservoir.

To achieve work strokes, we change the Hamiltonian of the system Ĥi
S by controlling an external

parameter, which in our model, is the frequency ωi (i = h, c). This frequency switches between ωh and ωc

depending on whether the system is in contact with the hot or cold reservoirs Rh and Rc respectively. On the
other hand, to achieve heat strokes, we alternate the system’s contact between Rh and Rc. In the conventional
Otto cycle, it is assumed that the two reservoirs are thermal and have inverse temperatures βi = 1/Ti. We set
h̄= kB = 1 here and hereafter. In contrast, our focus in this work is on the impact of the coherence of
nonthermal reservoir on the performance of Otto cycle. For this purpose, we adopt the collision model and
treat the reservoir as an ensemble of identically prepared two-level ancillas, which are also labeled as Ri for
simplicity. The free Hamiltonian of generic ancilla Ri reads

ĤRi =
1

2
ωiσ̂

z
Ri

(1)

with ωi the frequency of ancilla Ri and σ̂x,y,z the usual Pauli operators. The nonthermal state of Ri can be
described as a combination of both thermal and coherence terms that take on the form

ρRi = ρthRi
+λiρ

coh
Ri
, (2)

in which ρthRi
= e−βiĤRi/ZRi is the canonical equilibrium thermal state at inverse temperature βi with

ZRi = Tr[e−βiĤRi ] the partition function, ρcohRi
affords the coherent component of ρRi , and the parameter

λ ∈ [0,1] controls the magnitude of the coherence. We express thermal parts of the states of Rh and Rc as
ρthRh

= p |1⟩⟨1|+(1− p) |0⟩⟨0| and ρthRc
= q |1⟩⟨1|+(1− q) |0⟩⟨0|, respectively, with p= [1− tanh

(βhωh/2)]/2, q= [1− tanh(βcωc/2)]/2, and |1⟩ (|0⟩) the excited (ground) state of the ancilla, while the
coherent portion as ρcohRi

= (eiϕi |1⟩⟨0|+ e−iϕi |0⟩⟨1|)/ZRi .
We consider the quantum Otto cycle in a stationary regime where the system returns to its initial state

after a complete cycle. The concrete processes, as schematically depicted in figure 1, can be described as
follows:

Stroke I- adiabatic compression: in this process, the system is completely isolated from any reservoir,
which means that no heat flows into or out of the system. The frequency of the system is gradually changed
from ωc to ωh, and the corresponding Hamiltonian is also changed from Ĥc

S to Ĥ
h
S. There is no restriction on

the relationship between ωc and ωh and consequently, various operating regimes of the cycle can be achieved.
It is assumed that the frequency change of the system is slow enough to keep the state of the system ρcS
unchanged during the process. The variations in the internal energy of the system can be attributed entirely
to the work, which can be expressed as

W1 = Tr
[(
Ĥh

S − Ĥc
S

)
ρcS
]
. (3)
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Figure 1. Schematic diagram of the Otto cycle. (I) and (III) are two adiabatic strokes in which the system is isolated from the
reservoir and produce work through alteration of the system’s frequency. (II) and (V) are two isochoric strokes with the system
exchanging heat with the hot and cold reservoirs, respectively. An additional stoke (IV) is added to implement the dephasing and
phase modulation operations on the system’s steady state. In our model, the reservoirs are modeled as a series of identically
prepared qubits that interact with the system sequentially. Our Otto cycle works in the stationary regime in the limit cycle.

Stroke II-contact with hot reservoir: during this stage, the system with a fixed Hamiltonian Ĥh
S is brought

into contact with an ancilla Rh from the hot reservoir for a short time duration of τ h. The system’s state ρcS is

then transformed to ρhS = TrRh [Ûhρ
c
S ⊗ ρRhÛ

†
h] with Ûh = e−iτh(Ĥh

S+ĤRh
+V̂SRh) the unitary evolution operator

and V̂SRh the interaction Hamiltonian. By constraining the energy conservation for the interaction in the
sense of [V̂SRh ,Ĥ

h
S + ĤRh ] = 0, the changes of internal energy of S originate completely from the heat

exchanged with Rh given as

QH = Tr
[
Ĥh

S

(
ρhS − ρcS

)]
. (4)

Notice that, the ancilla after interaction with the system is discarded and is replaced with a fresh one in the
next round of cycle.

Stroke III-adiabatic expansion: in a similar manner to the first stroke, the system is completely isolated
from any reservoir, and there is no heat exchange with the system. The frequency of the system is then
changed from ωh to ωc, and the Hamiltonian changes from Ĥh

S to Ĥ
c
S accordingly. It is assumed that the

system’s state ρhS remains preserved throughout the process. Therefore, any changes to the system’s energy can
be completely attributed to work, which is given as

W2 = Tr
[(
Ĥc

S − Ĥh
S

)
ρhS
]
. (5)

Stroke IV-dephasing and phase modulation operations: to reveal the impact mechanism of nonthermal
reservoirs with coherence on the Otto cycle, we introduce dephasing and phase modulation operations on the
system during the fourth stroke. We shall show that the magnitude and phase of the system’s coherent state
play a crucial role in various phenomena induced by the coherent reservoir. A dephasing operation is carried
out in the energy basis of the system to eliminate the system’s coherence. The strength of this operation is
determined by a parameter α ∈ [0,1], with α= 0 representing complete elimination of coherence and no
operation being performed when α= 1. Additionally, we perform phase modulation operations on the
system to alter the functions of the cycle as thermal machines. Neither the dephasing operation nor the phase
modulation affects the internal energy of the system, and thus, they do not have any energetic cost.

Stroke V-contact with cold reservoir: the system with fixed Hamiltonian Ĥc
S is put into contact with an

ancilla Rc of the cold reservoir for a duration τ c. The state of the system is transformed from ρhS to

ρcS = TrRc

[
Ûcρ

h
S ⊗ ρRcÛ

†
c

]
with Ûc = e−iτc(Ĥc

S+ĤRc+V̂SRc) the time evolution operator and V̂SRc denoting the

interaction between S and Rc. Assuming that the interaction V̂SRc conserves energy, the internal energy
change of the system is equal to the heat exchanged with Rc, which is given as

QC = Tr
[
Ĥc

S

(
ρcS − ρhS

)]
. (6)

We adopt the sign convention that the heat or work is positive when energy flows into the system. The
Otto cycle has different operating regimes depending on the signs of the thermodynamic quantities. The
cycle operating as an engine can be characterized by QH > 0, QC < 0 andWT =W1 +W2 < 0 with the Otto
efficiency

η =
|WT|
QH

= 1− ωc

ωh
, (7)
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which is upper bounded by the Carnot efficiency ηc = 1−Tc/Th for the usual engine. A refrigerator is
achieved when QH < 0, QC > 0 andWT =W1 +W2 > 0 whose coefficient of performance (COP) reads

COP=
QC

|WT|
=

ωc

ωh −ωc
, (8)

which is also upper bounded by the Carnot COP COPc =
Tc

Th−Tc
for the usual refrigerator. The cycle can also

act as an accelerator, in which the work is injected into the system and transformed into heat flowing to the
cold reservoir along with the spontaneous heat from the hot reservoir. In addition to these three types of
normal functions, namely, the engine with Otto efficiency, the refrigerator with Otto COP and the
accelerator, we shall show that due to the existence of coherence in nonthermal reservoir, the cycle can
achieve some anomalous functions that are impossible if only thermal reservoirs are involved. Moreover, by
means of the dephasing and phase modulation operations in the fourth stroke, we point out that the
steady-state coherence of the system plays a significant role in modifying the effect of nonthermal reservoir.

3. A qubit acts as working substance

We consider a situation where the working substance S is a qubit with the Hamiltonians alternating between
Ĥh

S = ωhσ
+
S σ

−
S and Ĥc

S = ωcσ
+
S σ

−
S when interacts with the hot and cold reservoirs, respectively. The

interacting Hamiltonian between S and reservoir Ri with i = h, c is set as

V̂SRi = Ji
[
σ̂x
Sσ̂

x
Ri
+ σ̂

y
Sσ̂

y
Ri

]
. (9)

We express the steady state of the system as ρcss =
∑1

n,n ′=0 ρnn ′ |n⟩⟨n ′| with ρnn ′ = ⟨n|ρcss |n ′⟩, which fulfills
the relation ρcss = TrRc [Ûcρ

h
ss ⊗ ρRcÛ

†
c ] with ρhss = TrRh [Ûhρ

c
ss ⊗ ρRhÛ

†
h] the state after coupling with the hot

reservoir. Therefore, in the whole cycle, the system bounces between the states ρcss and ρ
h
ss, as we have assumed

that in the compression and expansion strokes the system’s state remain unchanged. In the following, we
consider two scenarios where one reservoir is in a coherent state while the other is in a thermal state. It turns
out that different operating regimes can be achieved in each of these scenarios.

3.1. The cold reservoir is nonthermal
We first consider the situation where only the cold reservoir, Rc, is in the nonthermal state, as described by
equation (2), and has a finite amount of coherence characterized by λc. The hot reservoir, Rh, on the other
hand, is in the thermal state with an inverse temperature βh, i.e. the state equation (2) with λh = 0.

3.1.1. The impact of coherence on operating regimes
In figure 2, we demonstrate the impact of coherence of Rc on the operating regimes of the Otto cycle
temporarily without considering the dephasing operation and phase modulation in the fourth stroke. The
plot showcases the variations of heat exchanged with the hot and cold reservoirs (QH and QC respectively)
along with the total workWT as a function of ωh/ωc. In figure 2(a), we can see a scenario where both the hot
and cold reservoirs are in thermal states, denoted by λc = λh = 0. This serves as a benchmark for analyzing
the effects of nonthermal reservoirs on the Otto cycle. We can see that there appear three operating regimes,
which are determined by the values of ωh/ωc for given temperatures of two reservoirs. In the region where
0< ωh/ωc < 1, the cycle functions as an accelerator (labeled as A in the figure). In this phase, work is input
to the system withWT > 0 and at the same time, heat is transferred from Rh to Rc with QH > 0 and QC < 0.
As the system enters the interval of 1< ωh/ωc < Th/Tc = 2, it becomes an engine (labeled as E in the figure).
During this phase, the system dumps a portion of the heat absorbed from Rh to Rc with QH > 0 and QC < 0
and supplies work to an external agent withWT < 0. When thermal reservoirs are present, ωh/ωc = Th/Tc

determines the Carnot point, at which the cycle operates as a machine with maximum efficiency, known as
the Carnot efficiency, and both the heat and work are zero. As the cycle passes the Carnot point, i.e.
ωh/ωc = Th/Tc = 2 in the present case, it transforms into a refrigerator (labeled as R in the figure) in which
work is consumed to transfer heat from Rc to Rh with QH < 0, QC > 0, andWT > 0.

Figure 2(b) deals with the nonthermal Rc with λc = 0.2, from which we can see that when
1.18< ωh/ωc < Th/Tc = 2, an abnormal refrigerator appears with a COP larger than the Carnot COP COPc.
This is called a super-refrigerator and labeled as sup-R in the figure. By increasing the coherence of Rc to
λc = 0.4, as shown in figure 2(c), we acquire a hybrid refrigerator which can perform work for an external
agent while simultaneously transferring heat from Rc to Rh (labeled as HR in the figure). In figure 2(c), the
super-refrigerator also appears within 1< ωh/ωc < Th/Tc = 2, which is the entire region where the usual
engine appears in the presence of thermal reservoirs as depicted in figure 2(a). For both λc = 0.2 and
λc = 0.4, the normal refrigerator is recovered for ωh/ωc > Th/Tc = 2.
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Figure 2. The heat QH and QC , and total workWT as a function of ωh/ωc for the situation where only the cold reservoir is
nonthermal with λc = 0 (a), λc = 0.2 (b), and λc = 0.4 (c). The functions as an accelerator, an engine, a refrigerator, a
super-refrigerator and a hybrid refrigerator are marked as A, E, R, sup-R and HR in the figure. The other parameters are set as
λh = 0, Th = 4ωc, Tc = 2ωc, Jh = Jc = 10ωc and τh = τc = 0.01.

Figure 3. The heat QH and QC , and total workWT as a function of dephasing strength in terms of α for ωh/ωc = 0.7 (a),
ωh/ωc = 1.5 (b), and ωh/ωc = 2.5. The functions as an accelerator, an engine, a refrigerator, a super-refrigerator and a hybrid
refrigerator are marked as A, E, R, sup-R and HR in the figure. The other parameters are set as λc = 0.4, λh = 0, Th = 4ωc,
Tc = 2ωc, Jh = Jc = 10ωc and τh = τc = 0.01.

3.1.2. The effect of dephasing operation
It has been observed that the anomalous functions of the Otto cycle are induced by coherences in the
nonthermal reservoir. On the other hand, the magnitude and phase of coherence in the system also play a
significant role in these phenomena. To further clarify this observation, we subject the system to dephasing
and phase modulation operations during the fourth stroke. By denoting the strength of the dephasing with a
parameter α and introducing the phase φs, the state of the system after the fourth stroke can be expressed as
ρ̃hss = r11 |1⟩⟨1|+ r00 |0⟩⟨0|+α

(
r10eiφs |1⟩⟨0|+ r01e−iφs |0⟩⟨1|

)
with rnn ′ = ⟨n| ρ̃hss |n ′⟩. The equations

governing the steady state of the system can be derived as

f1ρ11 + f2ρ00 +λcα( f3ρ10 + h.c.) = 0, (10)

λcg1ρ11 +λcg2ρ00 +(αg3 − 1)ρ10 = 0, (11)

λcg
∗
1ρ11 +λcg

∗
2ρ00 +(αg∗3 − 1)ρ01 = 0, (12)

with the coefficients f 1, f 2, f 3, g1, g2 and g3 are given in appendix.
According to equation (10), if both λc and α are nonzero, then the coherence and populations of the

system are coupled to each other, which means that coherence behaves as populations, and consequently,
affects the energy of the system. It also indicates that the coherence of the nonthermal reservoir and that of
the system work together in the sense that the existence of system’s steady-state coherence is necessary for the
coherence of the nonthermal reservoir to effectively contribute to the system’s energy variation and
ultimately, the cycle’s operating regimes. This can be seen by setting α= 0, i.e. a complete dephasing for the
system, which makes the dynamics of the system’s populations and thus energy exchanges immune to the
coherence of the reservoir. As a consequence, the coherence of the nonthermal reservoir no longer has any
influence on the system’s thermodynamics.

For a more intuitive display, we plot the dependence of QH , QC, andWT on the dephasing strength α in
figure 3. Keep in mind that α= 1 represents no dephasing, while α= 0 represents complete dephasing on the
system. We consider the situation of λc = 0.4 as exhibited in figure 2(c) and select different values of ωh/ωc

therein. Figure 3(a) is for ωh/ωc = 0.7 corresponding to the emergence of the hybrid refrigerator if no
dephasing operation exists with α= 1. It is important to note that the hybrid refrigerator can still function
within the relatively weak dephasing operations range of 0.96< α < 1. However, the relatively strong
dephasing operations with 0⩽ α < 0.96 turn the hybrid refrigerator into an accelerator emerging in the
thermal reservoir with λc = 0, as shown in figure 2(a). In figure 3(b), we select ωh/ωc = 1.5, which
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Figure 4. The heat QH and QC , and total workWT as a function of ωh/ωc for different phases of system’s steady-state set at the
fourth stroke with φs = 0 (a) and φs = π/4 (b). The functions as an accelerator, an engine, a refrigerator, a super-refrigerator, a
hybrid refrigerator and a sup-engine are marked as A, E, R, sup-R, HR and sup-E in the figure. The other parameters are set as
λc = 0.6, α= 1, λh = ϕh = 0, ϕc = 0, Th = 4ωc, Tc = 2ωc, Jh = Jc = 10ωc and τh = τc = 0.01.

corresponds to the super-refrigerator in figure 2(c), in the absence of the dephasing operation with α= 1. It
is important to note that even with dephasing operation where 0.71< α < 1, the super-refrigerator can still
woke. However, if we increase the dephasing strength to the interval of 0⩽ α < 0.71, the super-refrigerator
will transform into the usual engine that appears in the thermal reservoir, as illustrated in figure 2(a).
Therefore, the unusual operations of the cycle that are caused by the coherence of the nonthermal reservoir
can be prevented by applying a relatively strong dephasing operation on the system. This causes the cycle to
transition to the normal operation states that occur in the thermal reservoirs.

From figures 3(a) and (b), we also notice that in those normal regimes recovered by the dephasing
operation, i.e. 0⩽ α < 0.96 in figure 3(a) and 0⩽ α < 0.71 in figure 3(b), the performances of the cycle is
enhanced by increasing the dephasing strength (i.e. decreasing the values of α), or, alternatively, reducing the
coherence of steady-state of the system. Specifically, both the dumped heat QC to the cold reservoir in the
accelerator, figure 3(a), and the supplied workWT in the engine, figure 3(b), are proportional to the
dephasing strength. It may seem like coherence has a negative impact on the cycle’s performance, but the
truth is that its effect depends on specific circumstances. In fact, if we operate the cycle as a normal
refrigerator with ωh/ωc = 2.5, as shown in figure 2(c), the dephasing of coherence can actually degrade the
cycle’s performance, as illustrated in figure 3(c). It is observed that an increase in dephasing strength leads to
a decrease in cooling power QC. Therefore, coherence can either hinder or facilitate the performance of the
Otto cycle, depending on the chosen parameters.

3.1.3. The effect of phase modulation
In our Otto cycle model, we have added an extra stroke to modify the phase φs of the system’s steady-state,
apart from performing the dephasing operation. Our objective is to study how the phase φs impacts the
functions of the Otto cycle. We plot QH , QC, andWT as a function of ωh/ωc for φs = 0 and φs = π/4 for
λc = 0.6 in figure 4. From figure 4(a), we observe four operating regimes of the cycle, namely, the accelerator,
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Figure 5. The hot reservoir is in nonthermal state with a finite nonzero coherences. (a) The heat QH and QC , and total workWT

as a function of ωh/ωc without the dephasing operation with α= 1 and for φs = 0. The dependence of QH , QC andWT on
dephasing strength α for ωh = 1.5ωc (b) and ωh = 3ωc (c) for φs = 0. (d)QH ,QC andWT versus ωh/ωc for α= 1 and φs = π/4.
The functions as an accelerator, an engine, a refrigerator, a super-refrigerator and a super-engine are marked as A, E, R, sup-R and
sup-E in the figure. The other parameters are given as λc = ϕc = 0, λh = 0.4, Th = 4, Tc = 2, Jh = Jc = 10ωc and τh = τc = 0.01.

hybrid refrigerator, super-refrigerator, and refrigerator, for φs = 0, which is similar to the display in
figure 2(c) with λc = 0.4. For φs = π/4, as depicted in figure 4(b), the hybrid refrigerator and
super-refrigerator no longer exist, and the engine and super-engine arise. The intervals for the accelerator
and refrigerator are also altered. This clearly demonstrates the effects of the phase of the system’s steady-state
on the cycle’s operating regimes, thus providing a method to achieve the desired functions.

3.2. The hot reservoir is nonthermal
We then proceed to the configuration where only the hot reservoir Rh is prepared in the nonthermal state
given in equation (2), while the cold reservoir Rc is in the thermal state with inverse temperature βc. We
illustrate the operating regimes of the Otto cycle by plotting in figure 5(a) the heat QH and QC, and the total
workWT with respect to ωh/ωc for λh = 0.4 regarding coherence in Rh. For the time being, we take no
account of the dephasing operation with α= 1 and set φs = 0 in the fourth stroke. The cycle’s behavior is
determined by the ratio of ωh/ωc, and can be classified into four regions: 0< ωh/ωc < 1, 1< ωh/ωc < 2,
2< ωh/ωc < 4.35 and ωh/ωc > 4.35. In the first and second regions, the cycle functions as an accelerator and
an engine, respectively, which is similar to the behavior of the cycle when both reservoirs are in thermal
states, as shown in figure 2(a). When the cycle crosses the Carnot point, ωh/ωc = Th/Tc = 2, it still functions
as an engine. However, its efficiency exceeds the Carnot limit, η > ηc, due to the existence of coherence in
reservoir Rh. This engine is called a super-engine, denoted by sup-E in the figure, to distinguish it from the
usual engine. Finally, by further increasing ωh/ωc, the cycle returns to functioning as a normal refrigerator.

We now include the dephasing operation and phase modulation in the fourth stroke and express the
system’s state after which as ρ̃hss = r11 |1⟩⟨1|+ r00 |0⟩⟨0|+α

(
r10eiφs |1⟩⟨0|+ r01e−iφs |0⟩⟨1|

)
. The equations

governing the system’s steady state reads

f1ρ11 + f2ρ00 +λh

(
f ′3ρ10 + h.c.

)
= 0, (13)

λhαg
′
1 (ρ11 − ρ00)+ (αg ′2 − 1)ρ10 = 0, (14)

λhαg
′∗
1 (ρ11 − ρ00)+ (αg ′∗2 − 1)ρ01 = 0, (15)

8
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in which the expressions of f 1 and f 2 are the same as that given in equation (10), while f ′3, g
′
1 and g

′
2 are given

in appendix.
The above equations indicate that only when λh ̸= 0 and α ̸= 0 are satisfied at the same time can the

coherence of the system make contribution to the populations and eventually to the energy variations. In
other words, if the dephasing operation in the fourth stroke completely erases the coherence of the system
with α= 0, the coherence of nonthermal hot reservoir, even if exists, does not work at all. In the following,
we shall demonstrate the effects of coherences of system’s steady state on the performances of the Otto cycle
by varying the dephasing strength α. We also exhibit how the phase modulation of system’s steady state
affects the functions of the cycle.

In figures 5(b) and (c), we show the dependence of thermodynamic quantities on the strength of
dephasing operation in terms of α for λh = 0.4. This enables us to compare the results with those obtained in
figure 5(a) without the dephasing with α= 1. In figure 5(b), we first consider ωh/ωc = 1.5 for which the
cycle operates as a usual engine if no dephasing is involved (cf figure 5(a)). The function of an engine is
retained after introducing the dephasing operation but the work done to the external agent is shrunk by
increasing the dephasing strength, i.e. changing α from 1 to 0, as manifested figure 5(b). We then consider
ωh/ωc = 3 in figure 5(c), leading the cycle to the regime of super-engine without the dephasing (cf
figure 5(a)). The relatively weak dephasing with 0.81⩽ α⩽ 1 can still keep the super-engine functionality of
the cycle, as shown in figure 5(c). However, for the relatively strong dephasing with 0⩽ α < 0.81, the
super-engine is transformed into the refrigerator. We also observe that the power of the refrigerator in terms
of QC is increased by strengthening the dephasing operation, i.e. changing α from 0.81 to zero. Therefore, the
dephasing operation can not only improve but also suppress the performances of the cycle relying on the
regions of parameters we consider.

Apart from the dephasing operation, we can also alter the cycle’s functions by modulating the system’s
phase during the fourth stroke. For instance, if we set φs to π/4 and remove the dephasing operation with
α= 1, as shown in figure 5(d), the super-engine that was initially present for φs = 0 (cf figure 5(a))
disappears and a new function of super-refrigerator emerges.

3.3. The decomposition of thermodynamic quantities
In the aforementioned discussions, we have detailed the operating regimes of the Otto cycle when there is a
coherent nonthermal reservoir present. Moreover, we have demonstrated how the performances of the Otto
cycle as thermal machines are altered by the dephasing operation and phase modulation on the system
during the additional fourth stroke. In the following, we further investigate the concrete ways in which
coherence of nonthermal reservoir affects the Otto cycle to shed some light on the emergence of anomalous
functions. We observe that the influences of reservoir’s coherence include two aspects: one is the steady-state
coherence and population of the system, and the other is the direct impact on energy exchange when the
system interacts with the nonthermal reservoir. The impact on system’s steady-state populations alters its
temperature, which in turn changes the exchanged energy with two reservoirs and eventually the functions of
the cycle. In addition to that, the coherence of nonthermal reservoir, along with the steady-state coherence of
the system, can be coupled to the system’s populations in the interaction between the system and reservoir,
which implies the coherences behave as populations and directly contributing to the energy exchange and
operating regimes of the cycle. This aspect has also been embodied in the previous discussions that, by
modifying the system’s coherence, the operating regimes of the cycle will be changed.

To formulate this observation, we decompose the thermodynamic quantities into contributions from
populations and coherence of the system focusing on an instance where only the hot reservoir is nonthermal.
The exchanged heat QH with the hot reservoir can be split into Qpop

H and Qcoh
H , i.e. the contributions from

populations and coherence of the system, and derived as

Qpop
H = ωh sin

2 (2Jhτh)(p− ρ11) (16)

and

Qcoh
H =

1

4
ωhλhsech(ωh/2Th) sin [4Jhτh]× [−2Im(ρ10)cosϕh + 2Re(ρ10) sinϕh] . (17)

In equation (16), although only the parameter p characterizing the thermal part of the nonthermal state of
Rh appears, the effects of coherence of Rh has entered the populations ρ11 of the system. From equation (17),
we notice only when both the coherence of the nonthermal reservoir and that of the system exist, i.e. λh ̸= 0
and meanwhile ρ10 ̸= 0, can the associated coherences make a direct contribution to the heat. Since the cold
reservoir Rc is assumed to be thermal with λc = 0, the system’s coherence will not affect the heat QC, or,
alternatively, QC is completely contributed by the system’s populations. However, in this case, the coherence

9
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Figure 6. (a) The decomposed heat Qpop
H and Qcoh

H , and workWpop
T andWcoh

T contributed by system’s populations and coherence,
respectively, as well as QC as a function of ωh/ωc for λh = 0.4. (b) The system’s temperatures TH

S and TC
S before interacting with

the hot and cold reservoirs, respectively, versus ωh/ωc for λh = 0 and λh = 0.4. The functions as an accelerator, an engine, a
refrigerator and a super-engine are marked as A, E, R and sup-E in the figure. The other parameters are set as λc = ϕc = 0,
ϕh = 0, Th = 4ωc, Tc = 2ωc, α= 1, φs = 0, ϕh = 0, Jh = Jc = 10ωc and τh = τc = 0.01.

of the hot reservoir can still influence the heat QC via the system’s populations. As the work is given by the
unbalance of the heat QH and QC, it can be decomposed into two componentsWpop

T = Qpop
H +QC and

Wcoh
T = Qcoh

H that is due to the populations and coherence of the system’s steady-state, respectively.
In figure 6(a), we exhibit the decomposed thermodynamics quantities Qpop

H , Qcoh
H ,Wpop

T andWcoh
T as well

as heat QC for λh = 0.4 and the same other parameters used in figure 5(a). That is, figure 6(a) displays the
decomposed components for QH andWT in figure 5(a), while QC is identical in both figures.

In order to show the impacts of reservoir’s coherence on the system’s steady-state populations, we
concentrate on the system’s temperatures defined as TS = ωS/ ln(ρg/ρe) with ωS the energy gap and ρg(ρe)
the ground (excited) state populations. In figure 6(b), we plot the temperatures of the system before
interacting with the hot and cold reservoirs, labeled as TH

S and TC
S , respectively, for λh = 0.4 and λh = 0. We

can see that in comparison to λh = 0, the presence of coherence of Rh greatly modify TH
S and TC

S . In
particular, TH

S > Th = 4 is achieved when ωh/ωc > 2 is met for λh = 0, which becomes ωh/ωc > 0.46 for
λh = 0.4. Similarly, TC

S < Tc = 2 is achieved when ωh/ωc > 2 is met for λh = 0, which is then extended to
ωh/ωc > 4.35 for λh = 0.4. We have marked the critical points by stars in the figure. This effect of coherence
on steady-state populations is reflected in figure 6(a), from which we can see that the component Qpop

H

becomes negative at the point ωh/ωc = 0.46 at which TH
S > Th, and at the same time QC becomes positive at

the point ωh/ωc = 4.35 at which TC
S < Tc.

The anomalous function of the cycle is the super-engine appearing in the region 2< ωh/ωc < 4.35 with
WT < 0, QH > 0 and QC < 0, as shown in figure 5(a), whose specific contributions can now be observed in
figure 6(a). It is clear thatWT is determined byWpop

T as they have the same signs, whileWcoh
T has the opposite

sign toWT and thus suppressesWT . By contrast, Qcoh
H determines the positive QH , while Q

pop
H reduces it.
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4. Two qubits act as working substance

In this section, we discuss the configuration where the working substance S is composed of two identical
qubits, namely S1 and S2. In this scenario, the reservoir is common to the two qubits, which allows for the
generation of degenerate coherence during their interaction with the reservoir. It allows us to compare the
impact of a single qubit’s energetic coherence versus the degenerate coherence of two qubits on the
performance of the Otto cycle. The Hamiltonian of the system alternates between Ĥh

S = ωh(σ
+
S1
σ−
S1
+σ+

S2
σ−
S2
)

and Ĥc
S = ωc(σ

+
S1
σ−
S1
+σ+

S2
σ−
S2
) when interacts with the hot and cold reservoirs Rh and Rc, respectively. This

also means that the frequencies of the two qubits change identically during the work strokes. The interacting
Hamiltonian between S and reservoir Ri with i = h, c is taken to be

V̂SRi = Ji
[(
σ̂x
S1 + σ̂x

S2

)
σ̂x
Ri
+
(
σ̂
y
S1
+ σ̂

y
S2

)
σ̂
y
Ri

]
. (18)

The steady state of the system can be expressed as ρcss =
∑1

m,n,m ′,n ′=0 ρmn,m ′n ′ |mn⟩⟨m ′n ′| with
ρmn,m ′n ′ = ⟨mn|ρcss |m ′n ′⟩, which fulfills the relation ρcss = TrRc [Ûcρ

h
ss ⊗ ρRcÛ

†
c ] with

ρhss = TrRh [Ûhρ
c
ss ⊗ ρRhÛ

†
h] the state after coupling with the hot reservoir. In a similar manner to a single

qubit, the system oscillates between two states, ρcss and ρhss, throughout the cycle due to the assumption that
the system’s state remains unchanged during the compression and expansion strokes.

In the presence of nonthermal reservoir with energetic coherence, the steady state of the two qubits will
contain both energetic and degenerate coherences. Therefore, we introduce the parameters α and γ to denote
the strengths of the dephasing on the energetic and degenerate coherences, respectively. The state of the
system after the dephasing operation can be expressed as

ρ̃hss =
1∑

m,n=0

rmn,mn |mn⟩⟨mn|+α


1∑

m,n,n ′=0

(n ̸=n ′)

rmn,mn ′ |mn⟩⟨mn ′|

+
1∑

m,n,m ′=0

(m̸=m ′)

rmn,m ′n |mn⟩⟨m ′n|+
1∑

m,n,m ′,n ′=0

(m=n ̸=m ′=n ′)

rmn,m ′n ′ |mn⟩⟨m ′n ′|


+ γ

1∑
m,n,m ′,n ′=0

(m̸=n,m ′ ̸=m,n ′ ̸=n)

rmn,m ′n ′ |mn⟩⟨m ′n ′| (19)

with rab,cd = ⟨ab| ρ̃hss |cd⟩.
In the following, we will explore two scenarios: first, when both reservoirs are thermal, to demonstrate

that the degenerate coherence of two qubits can affect the cycle even in the presence of thermal reservoirs.
This is in stark contrast to the energetic coherence of a single qubit. Second, we will examine the impact of
the coherence of non-thermal reservoir on the cycle. We note that the reservoir’s coherence affects the cycle
through the energetic steady-state coherence of the system, but is not related to the degenerate coherence.

We first focus on the effect of degenerate coherence of two qubits acting as working substance on the
performance of Otto cycle when both reservoirs are prepared in thermal states. In this case, there appear
three normal functions for the cycle, namely, the accelerator, the engine and the refrigerator, as shown in
figure 7(a). It’s worth noting that these operating regimes are identical to those obtained for a single qubit
being exposed to two thermal reservoirs, as seen in figure 2(a). However, there is a difference between the
steady state of a single qubit and that of two qubits, namely, the single qubit is in a thermal state, while two
qubits have degenerate coherence due to simultaneous interactions with the common reservoirs. This
degenerate coherence has a significant impact on the performance of the Otto cycle. Figures 7(b)–(d)
demonstrate this effect for the cases of complete dephasing (γ= 0) and no dephasing (γ= 1) operations on
the degenerate coherence. We use the dumped heat QC to the cold reservoir, the workWT performed on an
external agent, and the absorbed heat QC from the cold reservoir to characterize the cycle’s performance as
an accelerator, an engine, and a refrigerator, respectively. We observe that the presence of degenerate
coherence, denoted by dashed lines in figures 7(b)–(d), always enhances these figures of merit when
compared with complete dephasing, denoted by solid lines in the figures.

In figure 8, we have depicted the different operating regimes of the cycle when only the cold reservoir is in
a nonthermal state. Interestingly, we found that the operating regimes of this scenario, namely, the
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Figure 7. The scenario where both the two reservoirs are in thermal states and the working substance is two qubits. (a) The
thermodynamic quantities QH , QC andWT as a function of ωh/ωc for Th = 4 and Tc = 2 without the dephasing and phase
modulation operations. The functions as the accelerator, the engine and the refrigerator are marked as A, E and R in the figure.
(b)–(d) display QC for the accelerator,WT for the engine, and QC for the refrigerator versus ωh/ωc for the absence of dephasing
with γ= 1 (dashed lines) and complete dephasing with γ= 0 (solid lines) for different temperatures of the two reservoirs. The
other parameters are set as Jh = Jc = 10ωc and τh = τc = 0.01.

Figure 8. The scenario of two qubits as working substance. The thermodynamic quantities QH , QC andWT as a function of
ωh/ωc for the cold reservoir being nonthermal with λc = 0.4. The functions as the accelerator, hybrid refrigerator,
super-refrigerator and refrigerator are marked as A, HR, sup-R and R in the figure. The other parameters are set as Th = 4,
Tc = 2, Jh = Jc = 10ωc, τh = τc = 0.01, λh = 0 and α= γ = 1.

accelerator, the hybrid refrigerator, the super-refrigerator and the refrigerator, are the same as those for the
case where a single qubit serves as the working substance, as shown in figure 2(c). This observation suggests
that the underlying mechanism behind the emergence of these operating regimes, in particular the abnormal
functions of hybrid refrigerator and super-refrigerator, is still due to the joint effects of the energetic
coherence of the nonthermal state of the reservoir and the steady-state of the system, rather than the system’s
degenerate coherence. To verify this observation, we completely erase the energetic coherence of the system
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with α= 0, and find that the operating regimes of the cycle are changed into identical situation as those
shown in figure 7(a) namely, the situation where two qubits are working in two thermal reservoirs.
Therefore, the coherence in nonthermal reservoir exerts impact on the cycle through energetic coherence of
the system in the steady state, which is irrelated to the system’s degenerate coherence.

5. Conclusion

In conclusion, we have studied the effects of energetic coherence in nonthermal reservoir on the performance
of Otto cycle. We first focus on the situation where a single qubit acts as the working substance. It is found
that in comparison to the situations with thermal reservoirs, various abnormal operating regimes arise due
to the existence of reservoir’s coherence. For example, the cycle can function as heat engine and refrigerator
but with the efficiency and COP surpassing the Carnot limits, and as hybrid refrigerator that can transfer the
heat from cold reservoir to the hot one and simultaneously perform work to the external agent. We examine
the influential mechanism of the nonthermal reservoir on the cycle by adding an extra stroke where the
dephasing operation and phase modulation are performed on the system. It turns out that the amount of
energetic coherence of system’s steady-state and its phase play an important role in determining the functions
of the cycle. This provides an efficient method to modify the cycle to achieve desired functions on the one
hand, and on the other hand it indicates that the existence of system’s steady-state energetic coherence is
necessary for the reservoir’s energetic coherence to exert influence on the cycle. If the energetic coherence of
system’s steady-state is erased completely, the nonthermal reservoir no longer has any impacts on the cycle.

We also study specific contributions of the nonthermal reservoir by decomposing the thermodynamic
quantities into the components originating from populations and coherence of the system. We notice that
the coherence of nonthermal reservoir alter the operating regimes of the cycle from two aspects, one is the
modification of populations and temperature of the system and the other is the direct contribution to the
heat in the interaction between the system and reservoirs.

We then consider the configuration where the working substance are two qubits and the degenerate
coherence can be produced by interactions with the common reservoir. We show that the degenerate
coherence can promote the figures of merit of the machines even when both reservoirs are in thermal states.
In this sense, using more qubits as the working substance may bring more advantages [77], which is worth a
deep exploration in the future. The energetic coherence of the reservoir influences the cycle still through the
energetic coherence of the system, and is not related to the degenerate coherence. Our findings not only
demonstrate the abilities of the coherence of nonthermal reservoir in powering the Otto cycle for various
functions, but also provide insights into the mechanisms by which energetic coherence can play an effective
role.

When implementing the Otto cycle in a thermal environment, solid-state quantum systems like trapped
ions [78–80], nuclear magnetic resonance (NMR) techniques [16], and nitrogen-vacancy centers [14] are
generally chosen as working substances. In our scheme, the working substance should be coupled to
nonthermal reservoirs that contain a finite, nonzero coherence. This could pose a significant challenge to the
implementation of the scheme in an experiment. We suggest utilizing a single-mode cavity field as the
working substance, while solid-state systems like ions are used to achieve the coherent reservoir [81].
According to the concept of the photon-Carnot engine proposed by Scully et al [41], the process involves the
random injection of ions into the cavity field, where they interact with the field. This interaction results in
the exchange of heat between the nonthermal reservoir and the system during the thermal stroke.
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Appendix. The coefficients of equations governing the steady-state of the system

The coefficients for equations (10)–(12) are given as

f1 =
1

4

[
−3+ p+ 2q+(1+ p− 2q)cos(4Jcτc)− 2(−1+ p)cos2 (2Jcτc)cos(4Jhτh)

]
,

f2 =
1

4

[
p+ 2q+(p− 2q)cos(4Jcτc)− 2pcos2 (2Jcτc)cos(4Jhτh)

]
,

f3 =
1

2
[cos(2Jhτh) sin(4Jcτc)(icos(ϕc +φs + τhωh)+ sin(ϕc +φs + τhωh))]/ZRc ,

g1 = i ei(ϕc−τcωc) [p+(1− p)cos(4Jhτh)] sin(2Jcτc)/ZRc ,

g2 =−i ei(ϕc−τcωc) [1− p+ pcos(4Jhτh)] sin(2Jcτc)/ZRc ,

g3 = e−i(φs+τcωc+τhωh) cos(2Jcτc)cos(2Jhτh) , (A1)

while that for equations (13)–(15) are

f ′3 =
1

2
ie−iϕh cos2 (2Jcτc) sin(4Jhτh)/ZRh ,

g ′1 = iei(ϕh+φs−τcωc−τhωh) cos(2Jcτc) sin(2Jhτh)/ZRh ,

g ′2 = ei(φs−τcωc−τhωh) cos(2Jcτc) sin(2Jhτh) . (A2)
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