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The one-dimensional Klein-Gordon equation for equal vector and scalar g-parameter hyperbolic Poschl-Teller potential is solved
in terms of the hypergeometric functions. We calculate in detail the solutions of the scattering and bound states. By virtue of the
conditions of equation of continuity of the wave functions, we obtained explicit expressions for the reflection and transmission
coeflicients and energy equation for the bound state solutions.

1. Introduction

The scattering states of the relativistic and nonrelativistic
wave equation in recent times have received great attention
in physics [1-9]. Scattering and bound state solutions of
asymmetric Hulthen potential have been obtained by Arda
and Sever [10]. Also, the bound state and scattering state of
Klein-Gordon equation with effective mass formalism have
been studied by Aydogdu et al. [11]. Aydogdu et al. [12]
examined the scattering and bound states of massive Dirac
equation with Woods-Saxon potential. Rojas and Vilalba [13]
in their investigation had shown the relation between the
bound state energy eigenvalues and transmission resonances
for the Klein-Gordon particle with Woods-Saxon potential
as the same for the Dirac particle. Hassanabadi et al. [14, 15]
investigated the scattering state of relativistic spinless parti-
cles with Kink-like potential and scattering of Woods-Saxon
potential in the framework of minimal length. The scattering
states of relativistic and nonrelativistic particles with Woods-
Saxon potential and mass dependent Woods-Saxon potential
have been studied by Alpdogan et al. [16] and Arda et al. [17].
Recently, Alpdogan studied the scattering of massive Dirac
particles with generalized asymmetric Woods-Saxon poten-
tial [18]. Yanar et al. studied the scattering and bound state

of Duffin-Kemmer-Petiau particles with q-parameter hyper-
bolic Poschl-Teller (qHPT) potential [19]. The gHPT poten-
tial is defined as follows:
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where 0(x) is the step function, g is the deformation param-
eter and g # 0, A is the height of the potential, A # 0, A # 1,
and « is the range of the potential barrier. This potential plays
an important role in describing the interactions in molecular,
atomic, and nuclear physics. One of the findings of physics
is to understand the structures of nucleus, atoms, molecules,
and other material objects. Thus, the sole aim of physicists is
to create unique models that contain the physically motivated
potential that will describe the interactions between particles.
A few numbers of these potential models have been identified
to describe the interaction in the nuclei and diatomic and
polyatomic molecules [20, 21]. The applications of the Poschl-
Teller-like type potential for analyzing the bound states
energy of A-particle in hypernuclei in nuclear physics had



been reported [19]. Furthermore, the qHPT potential may
found much usefulness in molecular, atomic, and nuclear
physics.

Understanding of our knowledge about fine scale sys-
tems has been gained by investigations into scattering and
bounded state of such systems. Therefore, the scattering prob-
lem has become an interesting topic in relativistic or non-
relativistic quantum mechanics. In the case of nonrelativistic
scattering problem, it has been shown that transmission and
reflection coefficients take 1 and 0, respectively, as external
potential has well behaved at infinity for the zero energy limit
[22-24]. However, reflection coeflicient goes to zero while
transmission coeflicient goes to unity in the zero energy limit
when external potential supports a half-bound state. This
situation was called as transmission resonance [25] which is
escorted by fluctuations phenomena. The transmission reso-
nance concept has been recently generalized to the relativistic
case [26].

In this work, we attempt to study the solution of scattering
state of the Klein-Gordon equation with equal vector and
scalar (QHPT) potential. Our aim will be to calculate in
detail the reflection (R) and transmission (T') coefficients and
obtain the bound state solution of the gHPT potential using
the equation of continuity of the wave function.

2. Scattering State Solutions of Klein-Gordon
Equation for the qgHPT Potential

The time-independent Klein-Gordon equation with equal
scalar S(x) and vector V(x) potentials can be written as [12]

d*y (x)
dx?

+H{E -m* —2(E+m)V ()} y (x) = 0, o

(h=c=1),

where E is the relativistic energy of the particles and m is the
mass of the particle. In order to obtain the scattering solution
for qHPT potential, we consider both x < 0 and x > 0 at
|E| > m. We intend to study the scattering of (2); we now seek
the wave function for the case x < 0. By substituting (1) into
(2), we have

d*y (x)
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To solve (3), we used a new variable defined as z = —qez“"
which yields
z(1-2) dzu/ +(1-2) dy
dz? dz
. (4)

+

Z0-2) {ylzz +y2z+y}1//(z) =0,

Advances in High Energy Physics

where

= L(Ez_mz))
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2 ((E+mA(A-1) m’-FE
Y2 = &E ( q + 4 )) (5)

L 2 2
V3 = ZE;E (13 -m ).
Defining the wave function in (4) as y(z) = z*(1 - 2)"¢(2),
then (4) turns into the hypergeometric differential equation
(27]

d’ d
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where y, v, and § are defined as follows:
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Regarding properties of hypergeometric functions the minus
sign should be chosen for . The solutions of (6) can be written
in terms of the hypergeometric function as follows:

¢ (z<0)
= A,F (u+v+8,u+v-08,1+24,z) )
+ B,z *F, (~pu+v+8,—pu+v-08,1-2u,z).
The general solutions for x < 0 are given as

v(z<0)=AZ"(1-2)"
SF, (u+v+8,u+v-98,1+2u,z)
+Bz ¥ (1-2) ©)
o F (Cut v+, —ptv-6,1-2u,2).

Next, we investigate the solution for x > 0. Again substituting
(1) into (2) yields

d*y (x)
dx?
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Defining the new variable Z = —ge >

ansatz for the wave function as y(z) = Z*(1-z) f(2), the
solutions of (10) become

and redefining the

v(Z>0)=Cz" (1-2)
,F, (ﬁ+§+§,ﬁ+$—§,l+2ﬁ,2)
~ (11)
+Dz " (1-2)
,F, (—ﬁ+$+§,—ﬁ+¥—§,l—2y,z),
where
“= 20
azlilJl_ BE+mAQA-1
< ik
6= —,
2h
K= (B md).

Here we also should choose the minus sign for 7. We seek
for the physical results of the problem under investigation;
therefore in order to get this physical result, the solutions
obtained have to be used with appropriate boundary condi-
tions as x — —ooand x — +o00. Applying the asymptotic
solution to (9) for x — —o00,asz; — O0and (1 -2z)" — 1,

becomes
ik/20
1 ik
1//L(x—>—oo)=A<——> e

! (13)

In order to find a plane wave traveling from left to right, we set
C = 0in (11) and the asymptotic behavior of the right solution
becomes

" (x—00) =D (_q)—ik/Zahc eik/hc. (14)
Now in order to give explicit expressions for the coefficients,
we use the continuity conditions of the wave function and its
derivative defined as

Y (x=0) = yg (x=0),
(15)

vy (x=0) =y (x=0),

where the prime denotes differential with respect to x. Apply-
ing these conditions on the wave function and matching the
wave function at x = 0, we get

AQ,U; + BQU, = DQ;U; (16)
A (QuU, +QsUs +Q4S,Us)
+B(Q,U, + QgUg + QyS,Uy) (17)

= D(QyoUyo +Qy Uy, +Qy85U5,) s

where the following abbreviations have been used:

=(-q)" (1+q)",
Qz—( a) " (1+q),
Q=(-q) " (1+q),

Q, =—2au(-q)" (1+q)",
Qs =20y (—)"" (1+9)"",

Qs = —2a(-q)"" (1+q)",
Q; =2au(-q) " (1+q)’,

= 2av(-q) " (1+9)"",
Q=-2a(-q) """ (1+q)",

Qo = —2afi(—q) " (1+q),

Q =- 2“7(_‘1)7%1 (1 +‘1)%1 >

Qp =2« (_Q)_FH (1+ 61)7 >
(u+v+8)(u+v-9)

Si= (1+2u) ’

g - (~p+v+08)(-u+v-9)
’ (1-2u) ’
5 - (-a+v+08)(-a+v-9)
’ (1-27) ’

Uy = ,F (p+v+8u+v-98,1+2u,-q),

Uy, =,F, (~u+v+8,—pu+v-8,1-2u,-q),
Uy = ,F, (-ii+7+8,3+7-8,1-21,—q),

Uy = ,F, (p+v+8,u+v-98,1+2u,-q),

Us = ,F, (u+v+8,u+v-38;1+2u,-q),
Ug=,F, (u+v+8+Lu+v-8+1;2+2u,—q),
U, = ,F, (~u+v+8,—pu+v-8,1-2u,-q),

Ug = ,F, (—u+v+8,—pu+v-38,1-2u,—-q),

= F (—p+v+8+1L,—pu+v-06+1,2-2u,—-q),
Uy = ,F, (i+7+8,-i+7-8,1-2f1,—q),

-2,-q),

(18)



And the property of hypergeometric function (d/ds) ,F(a,
b,c,s) = (ab/c) ,F,(a+1,b+1,c+1,s) [28] has been used in
obtaining (17). The one-dimensional current density for the
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The reflection and transmission coefficients are defined in
terms of current density as follows:

2

Klein-Gordon equation in terms of the relativistic units (f = _ Jref _ ’ B
¢ = 1) is given by [29] Jine A
2 (20)
T — Jt‘rans — ’2
Jinc A
i, , Now using these equations and after a tedious algebra, we
J(x) = m (V' Vey —yV,y7). (9)  sbtain the reflection and transmission coefficients as
2
R= |E ? _ I QuU, + QsUs + Q681U — (QuU1/Q3U3) (QuoUyp + QuiUis + Q1583U1,)
A (QU,/Q3Us) (U1gQuo + QuuUyy + Q1S3U1,) — (Q7U7 + QsUs + QoS,Us)

r=|2
A

We have depicted in Figure 5 that the sum of reflection and
transmission coeflicients approaches unity.

3. Bound State Solutions of Klein-Gordon
Equation for the qHPT Potential

In order to find the bound state solutions for the Klein-
Gordon particle with qHPT potential, we map 8A(A — 1) —
_Vo.

3.1. Bound State Solutions in the Negative Region (x < 0). The
bound state solutions can be found in this region by changing
the variable z = —ge** and taking into consideration 8A(A —
1) — -V, and (3) becomes

d*y dy
z(l—z)ﬁ+(l—z)g
. (22)
t i BE B Blv@ =0,
where
1
B, = E(Ez_mz)’
1 (V,(E
ﬁzz—ﬁ<¥+(1~32—m2)>, (23)

1 2 2
‘83 = E (E -m )
Taking a wave function of the form y(z) = 2" (1 - z)" ¢(2),
then (22) turns into the hypergeometric differential equation
(27]
d’p dg
z(l—z)§+[1+2‘u1—(1+2yl+2v1)z]E 24)

—(y +7,+8,) (p +7,-8)) 9(2) =0
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’ _ ’(QzUz/Q3U3) (QuU, + QsUs + Qg8,Us) — (QuU,/Q3Us) (Q,U; + QgUs + QyS,Us) ?
(QuU,/Q3Us5) (UyoQ0 + QyUyy +Q1385U5,) = (QU; + QgUs + Qy8,Us)
with py, v;, and §; defined as follows:
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We choose minus sign for v, in equation (25). The general
solutions for x < 0 are given as

y(z<0)=A;z" (1-2)"

o F (i +v, +8, 1+, =8, 142, 2)
(26)
+Bz7 " (1-2)"

o F (—py +v, + 8, =y +v, =8,1-2py,2).

3.2. Bound State Solutions in the Positive Region (x > 0). In
the positive region, we defined the variable Z = —ge > with
8A(A — 1) — -V, and taking the wave function y(z) =
Zh(1-z)" ¢(Z) and following the same procedures as the case
of negative region, we obtain the solutions for the positive
region as follows:

v(E>0=Cz" (1-2)"
o F, (.‘71 +7 +gl’ﬁ1 +7) _51’ 1 +2ﬁ1,2)
(27)

+Dz " (1-2)"

oF, (_/71 +§1+‘§1)—ﬁ1+71—<§1,1—2;71,2),
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where
Lk
MI_Z(X)
2(E+mc?)V,

oLy 2B )V

22 a’q (28)
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And as mentioned above the minus sing should be chosen. In
order to find the equation for the energy eigenvalues, we set
B = D = 0 and used the conditions of continuity for the wave

function as y; (x = 0) = yg(x = 0), 1//£(x =0) = 1//1'Q(x =0)
and we get

Aa K, =ChK,,
A, (a,K; +a;K, + asKs) (29)

=C, (K¢ + K, +b,Ky),

where

a = (-q)" (1+4q)",

Ky = ,F, (U +v +0, 4 +v =8, 1+2u5-9),
b = (-q)" (1+9)",

Ky = oF, (i +7, + 8,y +7, -8, 1 +2i;:-q)
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Ky = ,F, (u +v +0, 4 +v =8, 1+2u;5-9),
Ky= ,F, (u+v +8, 4 +v =8, 1+2u;5-9),
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FIGURE 1: The plot of the qHPT potential as a function of position
withg =1, @ = 1, 2, and 3 for x < 0 and x > 0, respectively.
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Equation (29) admits a solution if and only if its determinant
is zero [30]. This thus provides a condition for getting the
energy eigenvalues as

ba,K,K; + bja; K, K, + ba, K, K
(31)
=a,bK, K¢ +a,b,K\K; +a,b,K, K.

Energy equation (31) is a complicated transcendental equa-
tion and can only be solved numerically.

4. Results and Discussion

The behaviors of the qHPT potential as a function of x are
displayed in Figures 1-4 for various values of gHPT potential
parameters. For ¢ = 0 and 8A(A - 1) — V,, the qHPT
potential turns to cusp potential which is the consistent one
reported in [31]. However, if we map E - M = 2‘u/h2 and E +
M = E,; in (31) our results reduced to the cusp potential for
the nonrelativistic regime as reported in [32].

5. Conclusions

We solved the relativistic spinless Klein-Gordon particles
for the qHPT potential and calculated the wave functions
that describe the scattering states in terms of hypergeometric
function. By mapping of the potential parameter of gHPT
potential, we also solved the bound state solution of the Klein-
Gordon equation. By virtue of the equation of continuity of
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the wave function and the asymptotic properties of the solu-
tions of the wave function, we calculate in detail the reflection
and transmission coefficients and bound state solution by
the vanishes of the determinant of the coeflicients of the
wave functions for the qHPT potential. This study can find
many applications of physics especially in the interaction of
nuclei in nuclear physics.
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