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Abstract In this work, we explore the physical and obser-
vational properties of a static, spherically symmetric black
hole solution in scalar—tensor—vector gravity (STVG), also
known as modified gravity (MOG), in the presence of perfect
fluid dark matter (PFDM). We analyze the motion of magne-
tized and neutral particles, focusing on the effective potential,
innermost stable circular orbits (ISCO), and energy extrac-
tion efficiency via the Novikov—Thorne accretion model.
Our results show that the MOG parameter o and the PFDM
parameter A significantly influence the particle dynamics, sta-
bility conditions, and the efficiency of energy extraction. We
also investigate thermodynamic quantities such as Hawking
temperature, entropy, heat capacity, and Gibbs free energy,
and find that PFDM and MOG parameters critically affect
the black hole’s thermal stability and phase transitions. Addi-
tionally, we study gravitational lensing in uniform and non-
uniform plasma environments and compute light deflection
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angles modified by both MOG and PFDM effects. Finally,
we analyze the shadow cast by the black hole and compare it
with Event Horizon Telescope (EHT) observations of M87*
and Sgr A*, providing constraints on the MOG and PFDM
parameters. Our results suggest that while general relativity
remains a good approximation, small deviations due to mod-
ified gravity and surrounding dark matter effects cannot be
ruled out.

1 Introduction

Black holes (BHs) represent one of the most compelling
and extreme manifestations of gravity in the universe. These
objects, predicted by the theory of general relativity (GR), are
not merely endpoints of stellar evolution but have emerged as
crucial laboratories for exploring the intersection of gravita-
tion, high-energy physics, quantum theory, and cosmology.
Their event horizons, where the escape velocity equals the
speed of light, render them unique testbeds for probing the
nature of spacetime and the fundamental forces of nature
[1,2].

Despite the remarkable empirical successes of GR, espe-
cially in weak-field regimes and through observations such as
the precession of Mercury’s orbit, gravitational wave detec-
tion, and the recent imaging of black hole shadows, the theory
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remains incomplete [3,4]. Specifically, GR encounters sig-
nificant challenges when confronted with the cosmological
phenomena of dark matter and dark energy, which together
account for approximately 95% of the total energy content
of the universe. Moreover, the theory predicts singularities—
regions where curvature becomes infinite and physical laws
break down, signaling the need for a more comprehensive
gravitational framework [5].

In response to these conceptual and observational lim-
itations, numerous extensions and alternatives to GR have
been proposed. Among them, scalar-tensor—vector gravity
(STVG), also referred to as modified gravity (MOG) [6,7],
has garnered growing interest. STVG modifies the Einstein—
Hilbert action by incorporating a scalar field that modu-
lates the gravitational constant and introduces a massive vec-
tor field that mediates an additional repulsive force. This
framework has demonstrated promising results in explaining
galaxy rotation curves, cluster dynamics, and gravitational
lensing phenomena without invoking non-baryonic dark mat-
ter [8,9].

Parallel to developments in modified gravity theories,
there has been increasing focus on modeling dark matter not
as a collisionless set of particles but rather as a continuous
fluid with thermodynamic properties. The perfect fluid dark
matter (PFDM) model represents one such approach, treat-
ing dark matter as a barotropic fluid characterized by pressure
and density distributions. When incorporated into the gravi-
tational field of a black hole, PFDM modifies the surrounding
spacetime, yielding a rich array of dynamic and thermody-
namic effects [10]. These effects are especially pronounced
in the behavior of test particles, the structure of accretion
disks, and the thermal stability of the black hole.

This paper aims to explore in detail the physical and
observational implications of a static, spherically symmetric
black hole solution within the STVG framework in the pres-
ence of PFDM [11, 12]. The motivation lies in understanding
how the interplay between modified gravity and fluidic dark
matter can influence astrophysical observables, potentially
offering alternative explanations to phenomena traditionally
attributed to invisible matter components.

We commence by analyzing the geodesic motion of neu-
tral and charged particles around the black hole, placing spe-
cial emphasis on the modifications induced by the MOG
parameter « and the PFDM parameter A [13,14]. Such anal-
ysis sheds light on the nature of stable orbits, energy condi-
tions, and the potential detectability of MOG-induced devia-
tions from GR predictions in high-energy astrophysical sys-
tems.

Subsequently, the thermodynamic behavior of the black
hole is scrutinized by computing key quantities such as
the Hawking temperature, Bekenstein—Hawking entropy, and
specific heat capacity. These quantities allow us to investigate
the possibility of phase transitions and stability thresholds in
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the black hole’s thermal evolution, potentially unveiling sig-
natures of new physics in the strong-field regime [15].

A further component of our study involves gravitational
lensing, a phenomenon where light rays are bent due to
spacetime curvature. In particular, we consider weak lens-
ing scenarios under both uniform and non-uniform plasma
media. The inclusion of plasma effects is essential for model-
ing realistic astrophysical environments where electromag-
netic waves propagate through ionized media. By deriving
the deflection angles and time delays for photon trajectories,
we highlight how PFDM and MOG can lead to measurable
deviations from standard lensing profiles [16].

In addition, we explore the black hole shadow—a dark
region bounded by a bright photon ring—as a powerful
observable accessible to very-long-baseline interferome-
try (VLBI) observations. Using our extended gravitational
model, we simulate shadow geometries and compare them
against empirical data obtained by the Event Horizon Tele-
scope (EHT) for supermassive black holes such as M87* and
Sagittarius A* [17,18]. The size and shape of the shadow are
shown to strongly depend on both MOG and PFDM parame-
ters, allowing us to place bounds on their admissible ranges.

Through this integrated analysis—spanning particle
dynamics, thermodynamics, lensing, and imaging—we aim
to bridge theoretical developments in alternative gravity and
dark matter models with cutting-edge observational astro-
physics. The implications are manifold: by aligning theoret-
ical predictions with current and future astronomical data,
we can test the viability of MOG as a replacement or sup-
plement to dark matter, refine constraints on fundamental
constants, and contribute to a more unified description of
gravity that remains robust in both infrared and ultraviolet
regimes [19,20].

In summary, this study seeks to deepen our understanding
of black holes in extended gravitational theories and fluidic
dark matter scenarios, offering a holistic framework that con-
nects theoretical insights with empirical frontiers. By doing
so, it contributes to the broader pursuit of resolving some
of the most profound mysteries in modern cosmology and
theoretical physics [21]. In this paper, we use a geometrized
system of units where G = ¢ = 1, employ the sign con-
vention (— + ++), and designate differentiations about the
radial coordinate using primes.

2 Black holes surrounded by PFDM in STVG

Here, we explicitly study a black hole immersed in the back-
ground of PFDM in STVG. The action and the corresponding
equation of motion have the form

1
S =1 d“x./_—g(R — JB" B+ cDM), 1)
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1
R = S8R = 79, — T, )

Here, R = g""R,,, is the Ricci scalar, g =det(g,,) is the
determinant of the metric tensor, and R, is the Ricci tensor.
By, is the massless (spin-one graviton) vector field strength
tensor related to vector potential ¢, By, = 9, ¢y — 0,
In addition, Lpym gives the Lagrangian density of the PEFDM.
va and TMDVM give the energy—momentum tensor for the vec-
tor field and DM, respectively.

One may assume that the vector field is an analog of the
electromagnetic field, and its field tensor is defined as

1 1
T;‘fv = _E (Bsza - Zg/wBaﬂBotﬁ> , 3)
where
ApB" =0, “
AyB" 4+ A,B** + A B* = 0. 5)

The energy—momentum tensors take the form

(T’,f)¢ - Sg§4diag(—1, ~1,1, 1, ©)
(T/;)PFDM - diag( — 0. P Py, P¢>, %

where P, = —p, Pp = Py = P [22]. The equation of state
for PFDM takes the form P = % pand p = —#, where
the parameter A stands for PFDM contributions. The grav-
itational source charge for the spin-one gravitational vec-
tor field ¢, is Q, = /aM, where « is the field parame-
ter that is responsible for running the gravitational constant
G={0+a)Gy [23]

We need to solve the gravitational field equations to obtain
the desired metric. The first step is to assume a spherical

symmetric ansatz for the metric in the form
ds? = —e’dt® + e X dr? + r*(d6? + sin? 0dg?). (8)

Here, x is assumed to be functions of r only. Using the ansatz
metric, the Einstein equations take the form [22,24]

1 x 1 a(l +a)M?
(LAY - _ =
¢ <r2 + r ) r2 Sz +a)p r4 ’
)
X 2x’ a(l +a)M?
e_(X/, + (X/)2 + i) =871(1+a)P + %.
2 r r
(10)

Here, prime (') and double prime (") denote the first and
second derivatives for r, respectively.

To obtain a second-order differential equation, we use the
sum of equations (9)+(10), assuming x = In f(r), and we
have

6 No Black Hole
~ 4
2 Black Hole
00 2 4 6 8
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Fig. 1 Plots of the region where a black hole can exist or not

2
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The solution of the differential equation (11) is

M?
fry=1+L 4 8 L Cy, (12)
r r r

using the constants c; = —2M — Aln|A| and ¢; = A to

satisfy the solution MOG and GR limits. Thus, we have a
Schwarzschild MOG black hole solution as

2(1 M 1 M?
fr)y=1- ( ta) +a( +2a)

r

A r
—In—. (13
+r nM| (13)

In the above expression (13), M represents the mass of the
black hole, and « is the MOG parameter.

InFig. 1 we show the possible region by the shaded area for
the existence of a black hole/no black hole in the A—« plane.
We note that the PFDM and the MOG parameters result in a
greater area for its existence.

3 Neutral particle motion

Neutral particle motion refers to the movement of particles
that possess no net electric charge. Electric fields do not influ-
ence these particles due to their lack of charge. However,
they may still be subject to other forces, such as gravita-
tional, magnetic, or particle interactions. Examples of neu-
tral particles include neutrons, neutrinos, and certain atoms or
molecules with equal protons and electrons. Understanding
the motion of neutral particles is crucial in various scientific
fields, including nuclear physics, astrophysics, and materials
science. Studying how neutral particles move and interact
with their surroundings provides insights into the behavior
of matter under different conditions and aids in understand-
ing fundamental processes in the universe.

@ Springer
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The Hamilton—Jacobi equation, which takes into account
the interactions between the magnetized particles and both
scalar and magnetic fields, has the form

as as
g’ (Z)x_ﬂ - Clq)u) (@ - q<Dv> =-—m?, (14)

where ¢ = /am is the gravitational test particle charge, and
q®, is the term that defines the MOG interaction between the
particles and the scalar field. There is an additional interaction
between the particles and the scalar field,

JaM

r

D, = (—1,0,0,0). (15)

The Lagrangian of the magnetized particles near the PFDM
black holes in MOG has a form that includes the MOG inter-
action,

1
L= Emgwu”u” +q®,ut . (16)

Using the above Lagrangian, one can easily find the integrals
of motion of magnetized particles (py = L = mu® and
pr = —E = mu' denoting the total angular momentum and
total energy of the particle, respectively) in the following
form:

—e—giit+ Lo, (17)
m

1 = gpp9, (18)

where £ = E/m and [ = L/m are the specific energy

and angular momentum, respectively. In solving the above

Egs. (17) and (18), we obtain

. &+ 1o

f=_mr (19)
— 8t

. l
¢ = —. (20)
8¢9

The Hamilton—Jacobi action for the motion of magnetized
particles in the equatorial plane (8 = m/2) can be separated
as follows:

S=—Et+Lep+S(r) 1)

By making use of the Hamilton—Jacobi equation (14), we can
easily obtain the equation of radial motion of the magnetized
particles:

2
&Mh:{y(5+%?)+gWﬂ+q
V(] (22)

After certain calculations, we obtain the effective potential
in the following form:

= [£ - vam][e -

aM

Vi = — £/—gu (1 +g%212) . (23)
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Fig. 2 Radial dependence of the effective potential at various discrete
values of the parameters A and «

In case we do not consider the MOG interaction, the effective
potential takes the value

Veir = —gu (1+8712). 24

Figure 2 shows the radial behavior of the effective poten-
tial in the presence and absence of the MOG interaction, in
red and blue curves, respectively. Itis observed that the MOG
interaction and the parameter o reduce the instability and
increase the stability along r. Furthermore, the MOG inter-
action further enhances the stability of orbits, resulting in
more stable orbits than Schwarzschild black holes and black
holes without the MOG interaction. It is also worth noting
that, compared to other cases, the Schwarzschild black hole
exhibits the most unstable orbits. The length parameter a
does not change the maximum effective potential but shifts
it toward the black hole.

3.1 Circular motion

We explain the circular motion of particles around regular
MOG black holes in PFDM. To describe the above concept,
we utilize the following requirements for circular motion:

Vr =€, Vi =0 (25)

€

To determine the stability of circular orbits around a com-
pact gravitational object, one has to ensure that the effective
potential is minimal at that position.

3.2 ISCO

The innermost stable circular orbit (ISCO) can be mathemat-
ically represented by the equation 9, Verr = 0. Typically, this
criterion is combined with the circularity condition given in
Eq. (25), which defines the ISCO. As a result, the equation
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Fig. 3 Graphical representation of the ISCO radius along the dimen-
sionless parameter « for two different values of the MOG parameter

for the effective potential provided in Eq. (23) undergoes
modification to fulfill these conditions.

Figure 3 illustrates the graphical description highlight-
ing the significant impact of both MOG interactions and
the PFDM parameter on the ISCO radius. In particular, the
MOG interactions amplify the increase in risco along o,
and this effect becomes more intense in the absence of MOG
impacts (). The black-bounce parameter decreases the r1sco
in both cases, i.e., in the presence and absence of the MOG
interactions. Thus, one can have higher risco values for the
Schwarzschild case at A = o = 0. Furthermore, it is worth
noting that the MOG interactions vanish at « = 0, and the
risco of “With MOG int” meets the risco of the “Without
MOG int” case. It is also observed that MOG interaction
weakens the MOG effects.

In Fig. 4, we have plotted the graphical behavior of angu-
lar momentum at the ISCO of particles in the MOG space-
time along « and risco in the left and right panels, respec-
tively. We noted that for A = 0, Lisco increases along « in
both cases (with and without MOG interaction). However,

in the absence of MOG interactions, the increase becomes
more pronounced. Hence, we can conclude that the MOG
interactions diminish the angular momentum along «, and
in addition, Lisco. As a result, the blue dashed curves (with
MOG interaction) show higher Lisco values than the blue
curves for the same «. The angular momentum at the ISCO
behaves similarly along risco; it has smaller values when
MOG interactions are taken into account than when they are
not (for details, please see Fig. 4). Furthermore, it increases
linearly for both A = 0 and A # 0 along risco for both cases
(with and without MOG interactions). Notably, black holes
with nonzero MOG parameters have higher Lisco than those
without PFDM effects.

The graphical illustration of Fig. 5 shows the radial depen-
dence of energy at the ISCO along Lisco (right panel) and
risco (left). For both A = 0 and A # 0, energy at the ISCO
reveals the same behavior along Lisco and risco- As in both
cases, the &sco decreases without considering the MOG
interaction while showing a much higher increase by con-
sidering the MOG interaction along Lisco. In addition, the
PFDM parameter considerably contributes to the &gco in
both cases. In contrast, its impacts on Esco decrease effects
of the MOG interactions, particularly at higher values of
L1sco- Moreover, the left panel shows how the ISCO energy
changes with the parameter « under different conditions. For
instance, the MOG interaction and a have influenced these
relationships.

4 Energy extraction efficiency

The Novikov—Thorne accretion disc model explains Kep-
lerian accretion around astrophysical compact gravitating
objects like black holes/no black holes as a geometrically
thin disk. The efficiency of the energy extraction process
in the accretion disk around the gravitating objects refers
to the maximum amount of energy that matter falling into
the central black hole from the disk extracts as radiation
energy. The efficiency of particle accretion can be calculated
as n = 1 — &sco, where Eisco is characterized by the ratio
of the binding energy (black hole-particle system) and rest
energy of the test particle [25].

Indeed, the bolometric luminosity of the brightness ema-
nating from the accretion disk is directly linked to the energy
efficiency of the central black hole, as expressed by the equa-
tion n = Lo/ (M c?), where M signifies the accretion rate
[26]. Here, we also study the efficiency of released energy at
various values of parameters « and . The effects of the MOG
parameter on the efficiency of the accretion of test particles
around regular black holes in MOG are plotted in Fig. 6 along
a. Interestingly, both MOG interaction and the length param-
eter A significantly impact energy efficiency. The efficiency
increases gradually without considering the MOG interac-

@ Springer
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Fig. 4 Graph illustrating the

behavior of angular momentum
at the ISCO along « (left) and 5
risco (right), both with and 5r
without considering the MOG
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Fig. 5 Graphs showing the 12F
behavior of £15co along Lisco | — A0 T A0 100 e e
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1BF  —— 0 5 Thermodynamics of BHs surrounded by PFDM
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— - 05 To discuss the thermodynamic properties, we calculate var-
o ious thermodynamic parameters in terms of r.. The gravi-
10¢ o3 Without MOG Int tational mass of a BH is determined by f(ry) = 0, which
T Ll ives [23
® — = A05 _.e="TT g (23]
=

Fig. 6 Graph showing how the energy efficiency (1) changes along the
parameter « under different conditions

tion, whereas it diminishes rapidly in the case of MOG inter-
actions along «. Furthermore, the MOG parameter reduces
the efficiency along « in both cases. Consequently, the effi-
ciency reaches its maximum at o« = 1 without considering
MOG interactions.

@ Springer

r+ 1 r+
M= " "F (4. —arlog|al. 2
- a\/(1+a)(r+ @ log|A].) (26)

The Hawking temperature associated with the BH is given
as T = «/2m, where « is the surface gravity defined by [27]

1 .
K* = —Zgng”gn,igzr,j. 27
Using the obtained metric function, we get

/
K = ‘# . (28)

Hence, with the help of Eq. 28 we have the surface gravity
obtained as

) 2 3 2

1|20 M 2a( M?2 A A
oo [N 20 M h rey 5
ry ry ry
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Fig. 7 The variation in

temperature with r/M (top) for
different values of PFDM
parameter A at = 0.5, 1 and
(bottom) for different values of
MOGa at 1 = 1.0, 2.0

Substituting the value of M from Eq. (26) into the above, we
obtain the expression for surface gravity

LI R T
= —_—— — O JE—
=T 2 PV

+i2\/r(1+a)(r+a,\10g@). (30)
or r

Accordingly, the Hawking temperature of the BH on the
outer horizon is given as [27]

ok
T on]

The temperature of the STVG BH surrounded by PFDM is
plotted for the horizon’s radius in Figs. 7 and 8. We note that
in the ordinary case, at @ — 0, as r — 0, the Hawking tem-
perature becomes infinite. This is known as the divergence
or infinite-temperature problem, which implies that the BH
would emit an infinite amount of radiation as it approached
the Planck length. The semiclassical approximation used to
derive the Hawking radiation breaks down. It suggests that a
theory of quantum gravity is needed to understand the behav-
ior of BHs at these scales. It is observed that the Hawking
temperature grows first to a peak value at a critical horizon
radius and then decreases to zero rapidly at a constant value of
MOG and PFDM parameters. It turns out that the maximum
value of the Hawking temperature increases with increasing
PFDM parameters while decreasing with an increase in the
MOG parameter. Moreover, the Hawking temperature shows
a peak that decreases and moves to the right when the PFDM
parameter A increases.

T €1y}

Further, its entropy is an important and useful thermo-
dynamic quantity associated with the BH horizon. One can
calculate the area and entropy of the STVG BH surrounded
by PFDM using the following general expression [27]:

T 2
A=/0 d9/0 V8008p¢ do. (32)
Hence,
A=dnri, S= ? =nrl. (33)

The BH obeys the area law. The presence of the PFDM
parameter does not affect the entropy.

Next, to discuss the thermodynamic stability of the regular
BH immersed in PFDM, we compute the heat capacity of the
BH. It is well known that the thermodynamic stability of the
system is related to the sign of the heat capacity. If the heat
capacity is positive, the BH is stable; when it is negative, it is
said to be unstable. In a state of thermodynamic equilibrium,
the heat capacity of the BH is defined as

o)1),
aT ory oT
Now, using Egs. (31), (29), and (26), we obtain the expres-
sion for C, but it is too long, so it is better to indicate it in a
figure. It is quite clear from Eq. (34) that the heat capacity is
dependent on the PFDM parameter A.

It is very easy to infer from Fig. 8 that for some values
of o and A, C vanishes. Also, when C vanishes, there is a

value of r4 associated with it, which is often referred to as
the critical radius r§ .

@ Springer
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Fig. 8 Plot showing the =05 a=1.0
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Atthis r{, there is a discontinuity in heat capacity. Further, 8up = Nup + hap, (36)

we note that the BH is thermodynamically stable, i.e. C > 0,
whenr e (0, r{),anditis unstable,i.e. C < 0, whenr > r{.
Also, when r = r, a second-order phase transition occurs
from stable to unstable, and we note both the unstable and
stable states of the BH. It is worth mentioning that the critical
radius r§ depends on the PFDM parameter. Indeed, the value
of r{ increases with the increase in A and MOG « in STVG.
The temperature associated with this critical radius is called
the critical temperature 7.

Another important thermodynamic parameter is the Gibbs
free energy, which is given as
G=M-TS. (35)

Now, one of the thermodynamic quantities, the Gibbs free
energy, is calculated, and its variation with BH parameters is
analyzed in detail.

In Fig. 9, we plot the Gibbs free energy around a regular
BH surrounded by perfect fluid dark matter. In this plot, we
can see that the Helmholtz free energy has a minimum value,
and thus this black hole may be thermodynamically stable.

6 Gravitational weak lensing around SV-MOG gravity
surrounded by PFDM in a plasma

In this section, our main concern is to unravel the effects of
gravitational lensing in the MOG black hole surrounded by
a plasma, considering a weak-field approximation defined as
follows [28,29]

@ Springer

where nyp and hg denote the Minkowski metric and pertur-
bation metric, respectively, and their properties

Neg = diag(—1,1,1,1), (37)
hep <1,  heg— 0 under x% — o0 (38)
P =" —nF, hP = hyp. (39)

We now want to study the plasma effects on the deflection
angle of the light rays. For large distances, we can approxi-
mate the black hole metric as

ds* =ds§ +---dt* + .- dr? (40)
where ds? = —dr? + dr? + r2(d6? + sin? 0d¢?), and R,
is the Schwarzschild radius. With the help of Eq. 36, the
components hqg in the Cartesian coordinates can be written

s [28,30]
(1 +a)R; a
hoo = ( ¢
00 = ) p |)~|
(1 +a)R; (x
= (LR (1B g Y
r r |A|
1 Ry
ha = (L2 ( ) o cos?x, (41)
r r |A|
where cos x = > andr = +/b? 4 z2,and b is the impact

parameter si gnifyingf the closest approach of the photons to
the black hole. Using the expressions mentioned above in the
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formula, one can compute the light deflection angle concern-
ing b for a black hole surrounded by plasma [28,31]

A—ilfoo[l(h + o,
o = ) - ) 33,i (,()2 — a)g 00,i
K
- z—ezsz,i)]dz. (42)
w? — W}

N (x') shows the number density of the particles in the plasma
around the black hole, and K, = 4 e? /m, is a constant. The
=+ signs of &; determine the deflection towards and away from
the central object, respectively.

Now, we can easily examine the impact of different plasma
mediums on the photon deflection angle.

6.1 Uniform plasma

In this subsection, we discuss the light deflection angle
around the STVG black hole surrounded by uniform plasma,
which is defined as a)(z, Jw? = const, using a weak gravita-
tional lensing conception. By calculating Eq. (42), we may
easily obtain an expression of the deflection angle in the fol-
lowing form.

Quni = (%(1 ta)+ %logw)(l n ;)

b 1 — w2/w?
a 7R«
_r I I+ —= . @3
p e T Ut T ) @)

The condition 9, N = 0 corresponds to a uniform plasma,
and using Eq. (43), we may obtain a new dependence of

the deflection angle of light rays on the impact parameter b,
and it is presented in Fig. 10. Additionally, we can consider
the influence of the MOG « and PFDM parameters on the
bending angle around the BH of the photon in Fig. 11. It is
evident that if the photon moves away from the black hole—
namely, the impact parameter b/ M is increased—the angle
of deflection starts to decline. In the Fig. 10, the top and
bottom panels give following result: increasing the value of
a causes the bending angle to decrease, while the PFDM
parameter X is responsible for the larger one. In Fig. 11, we
can see that if the bending angle is plotted as a function of the
MOG parameter «, a larger value of A causes it to increase,
while smaller values have the reverse effect. In addition, if
it is shown by A’s function, o causes the deflection angle to
increase, exceptits ¢ = 0, because in this situation it remains
unchanged.

6.2 Non-uniform plasma

Now, we calculate the deflection angle of light rays around
the STVG BH with the PFDM parameter in the presence
of a singular isothermal sphere (SIS) plasma medium. For
the SIS, we may use the density distribution and the plasma
concentration written as as [4,32]

2
v

2772’

p(r) = (44)

with UUZ being a one-dimensional (1D) velocity dispersion,
and
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Fig. 10 Illustrations of the

W, Jw?=0.5,1=03

w2 jw?=051=3.0

bending angle «,,,; as a function
of the impact parameter b/ M
for the PFDM parameter A at

o = 0.5, 1.0 (top panel) and the
MOG parameter « at A =0.3 and
A = 3.0 (bottom panel) with a
fixed frequency of plasma

a)(z) Jo?

Uyni

yni

b/M

b/M

Quni

w,? Jw?= 05, a=08
10 . . .

Qypi

Fig. 11 Graph illustrating the

behavior of the deflection angle
as a function of the MOG
parameter « and PFDM
parameter A

yni

yni

p(r)
Kmp

N(r) =

(45)

with the mass of the proton m , and a 1D coefficient « asso-
ciated to the dark matter contribution. By using Eq. (42), the
deflection angle of the light rays for the non-uniform (SIS)
plasma medium can be defined as [33]

R (l n )<2RS n 2R3w}? 37{R52a) o
Asis = al)l— — - =
b 3nbiw? 162 b
R2w? ez [2|x|]<1 N Riw? ) )
—_—— —_— 0 — — .
W T b b 3wb2u?
where a)g is used for simplicity and can be redefined in

Ref. [32]. From Eq. (46), we may obtain graphs showing the
dependence of the deflection angle of light rays around the
BH on the impact parameter of the orbits b, which is shown
in Fig. 12. In general, we have obtained similar results with
uniform plasma; for large values of the impact parameter, the

@ Springer

deflection angle goes to zero. The effect of the MOG param-

eter « and PFDM parameter A with the fixed plasma param-

w2

eter =5 on the deflection angle of light rays can be checked
with Fig. 13. It can be seen that in the left panel, A leads to
the bending of light with different quantities. For example, a
large value is similarly responsible for a larger bending angle,
while a smaller value corresponds to a smaller bending angle.
The right panel shows how the deflection angle changes with
respect to the PFDM parameter A with various fixed MOG
parameters «. We see that if o vanishes, the deflection angle
is not affected by PFDM. Additionally, an increasing value
of A also causes the angle to increase.

We have further explored the bending angle with a com-
parison of plasma and vacuum cases. In Fig. 14, it is possible
to see that the effect of uniform plasma dominates, while
non-uniform plasma’s impact is smaller, in contrast to the
vacuum case, staying in the middle of the two of them results
in aypi > Oyge > Ui
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Fig. 12 Diagrams giving
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w2 Jw?=05,1=3.0

information about the deflection
angle oy as a function of the
impact parameter b/ M for the
PFDM parameter A at

a = 0.5, 1.0 (top panel) and the
MOG parameter « at A =0.3 and
A = 3.0 (bottom panel), with a
fixed frequency of plasma
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7 Geodesic motion and the black hole’s shadow

Geodesic motion around a BH is the most important aspect
in predicting the potential structure of a BH shadow. Consider
atest particle traveling around the BH with a rest mass of m.
Geodesics are easier to find if the constant of motion associ-
ated with the symmetry direction is determined. Let y° and
v’ = dx?/dA be the vectors along the symmetry direction
and the tangent vector along the curve x° = x?(t), respec-
tively, where t is an affine parameter. Since x* is a geodesic
[34], we may use the Killing vectors to obtain the correspond-
ing conserved quantities along the particle’s motion [35,36].

In Fig. 15, the set of plots clearly demonstrates that the
size of the black hole shadow increases with both parameters
a and A. The parameter o, which may represent a modi-
fied gravity or magnetic charge term, has a more pronounced
effect on the shadow radius. As « increases, the contour of
the shadow expands significantly. The parameter A, though
its effect is comparatively weak, also contributes to a con-
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Fig. 15 Rgw radial profile of
the black hole’s shadow for

M=1a=05

parameter « (left panel),
parameter A (middle panel), and
M (right panel) at different
combinations of parameters

sistent enlargement of the shadow. This indicates that both
« and A affect the location of the photon sphere, causing it
to shift outward and thus increasing the apparent size of the
black hole shadow. These visual results confirm the para-
metric sensitivity of the black hole shadow in the considered
spacetime geometry,

v° v, = constant. 47)

The time-like Killing vector for a time-independent met-
ric coefficient is provided by y° = (1,0,0,0), and the
Killing vector for the ¢ direction may be expressed as
y? =(0,0,0, 1). By solving Eq. (47), we can establish the
following relationship utilizing the equation as mentioned
above:

vy =v3 = L. (48)

@ Springer

€ and L indicate a particle’s relativistic energy and angular
momentum per unit mass. The geodesic equations may now
be determined using Eq. (48), as illustrated below:

£
u® = g%u, = g%up = oL (49)
u = g3"u# =gPu3 = L (50)
r2sin 6
This becomes
dt £ d L
= ¢ (5D

E_f(r)’ dtr  2sin2g’
The two remaining geodesic equations may be obtained

using the Hamilton—Jacobi approach. Consequently, it may
be inferred that

95 1 08 08

—0. 52
ar 2% Gxr axo (52)
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A proposed approach, such as the one mentioned in Ref. [34],
would result in the following:

1
H=H,—&+Ld+ Hy + Emgr. (53)
In Eq. (53), H, and Hy represent the functions of r and 6,

respectively. Introducing the Jacobi action (52) yields the
Hamilton—Jacobi equation [37]

= ”2 r, Hp = / JXpdo, (54)
refr )
in which
X, =r4e = 2 (rPmd + K + £2) £, (55)
Xo = K — L% cot? 6. (56)

The geodesic equations of motion for a particle in the pres-
ence of a non-rotating black hole may be expressed using the
S _ 38y _as _ 23S,

relation Hy = 55 = 57 and H, = 5 = 5-.

do
2= =K — L2cot?0, (57)

dr

rzd_r _ \/,452 —r2(r2m2 + K + £2) f(r). (58)

Equation (57) represents the geodesic equation along the 6
direction, whereas Eq. (58) represents the geodesic equation
along the r direction. Furthermore, the subsequent photon-
traced geodesic equations are derived by assuming m% =0
in the vicinity of the black hole [38,39].

do
2= =K — L2cot?0, (59)

dr

d
P = e = (K 4 £2) £ ). (60)
On the other hand, we may write Eq. (60) as
dr\?
— ) +Verr =0. (61)
dr

The symbol Vg represents the effective potential and is given
by

Veir = r—r (K n £2) _& (62)

The following limitations will aid in identifying the unstable
circular orbits:

Vog(r =rp) =0. (63)

In this context, r = r, denotes the radius of a photon,
and ’ indicates the derivative concerning r. Hence, equation
Vetr (rp) = 0 indicates that

Vett(r =rp) =

r2

frp)

=&+7. (64)

Equation (64) uses the Chandrasekhar constant definition
[40], whichis& = K /2 andn = £/€. Similarly, V/;:(r,) =
0, results in

rof (rp) —2f(rp) =0. (65)

Imagine a massless particle, like a photon, released by an
object traveling toward the BH that is situated between an
observer and a brilliant object. Photon paths may result in
(a) scattering away, (b) falling into the BH, or (c) a critical
geodesic dividing (a) and (b). The scattering of a photon from
the BH is visible to the viewer during this entire process.
However, a dark zone will develop when a photon enters the
BH. We call this dark zone the shadow of the BH. Our primary
objective in this part is to investigate the shadow emitted in
PFDM spacetime by the BH. Initially, we must specify the
celestial coordinates [40,41] for this purpose as

d
o = lim — <r2 sin9—¢>, (66)
r—00 dr
B = lim (ﬂ%). (67)
r—0o0 dr

In this context, o represents the apparent perpendicular dis-
tance of the shadow from the axis of symmetry, whereas S
represents its projection on the equatorial plane. The variable
6 denotes the inclination angle between the axis of symmetry
and the observer’s line of sight, while ¢ indicates the dis-
tance between the black hole and the observer. The values of
the derivatives d¢/dr and d0/dr may be determined using
the geodesic equations in the following manner [42,43]:

dp Lcsc? 6 68)
dr ,,2\/52_%([(4_52)

a1 K — L£2cot?26 69)
dr 2 &2 - LQ (K +£2)

When Egs. (68) and (69) are solved for r — o0, the expres-
sion for the celestial coordinates (66) assumes the following
form [40,42,43]:

o =-n csc2(9) sin(9), B = 4,/& —n? cot2(8). (70)

The preceding equations are further simplified when 6 =
7 /2 is substituted in:

w=—n B=+JE (71)

As aresult, the expression of the shadow radius in the celestial
plane («, ) may be computed as follows:

2

p .
f(rp)

RP=a>+p2=n*+&= (72)
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InEq. (72), R, stands for the radius of the black hole’s shadow
when it is not revolving.

8 Constraint MOG parameters of the black hole with
the EHT observations of M87 and Sgr.A

In this section, we examine the dependence of the PFDM
parameters A and o on the shadow images of the black holes
MS87* and Sagittarius A* (Sgr. A*) using Event Horizon
Telescope (EHT) observations. Our analysis is limited to the
non-rotating case, since the rotation parameter a of Sgr. A* is
small enough to have a negligible effect on the shadow radius
[44]. Furthermore, it is shown that it is difficult to distinguish
between a Kerr black hole (¢ = 0.60M) and a non-rotating
extended black hole for M87* using shadow images alone.
This conclusion is supported by general/relativistic magneto-
hydrodynamic simulations and radiative transfer calculations
that generate synthetic shadow images for direct comparison
with EHT observations [45].

Furthermore, as noted in Ref. [45], the shadow size of
MS8T7* is observed to lie in the range

3v3(1 £0.17)M. (73)

Regardless of whether the underlying model assumes spher-
ical symmetry or axisymmetry, this observation provides
a strong basis for constraining theoretical models of black
holes in alternative theories of general relativity and gravity.
By comparing theoretical predictions of the shadow radius
from our model with EHT observational data, we attempt
to determine the allowable ranges for the parameters o and
other relevant physical parameters. This approach allows us
to probe the interplay between nonlinear electrodynamics,
dark matter, and gravitational effects around black holes in
the strong-field regime.

The EHT collaboration reported the following data for
MS87%*: the angular diameter of the shadow is Oyg7+ = 42 £+
3 pas, the distance to M87* is D = 16.8 Mpc, and the mass
of M87* is Myg7+ = 6.5 4 0.90 x 10° M, [45]. For Sgr.
A*, recent EHT results provide the angular diameter of the
shadow as Osgr. A+ = 48.7 £ 7 uas, the distance to Sgr. A* as
D = 8277 £ 33 pc, and the black hole mass as Mgy A+ =
4.3+0.013 x 10° M, (VLTI) [45]. Using the data provided,
the shadow diameter in units of mass can be calculated using
the following formula [38,39]:

dsh = A (74)

The theoretical shadow diameter is given by dgy = 2Rgp.
Applying the above expression, we find the shadow diameter
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for M87* to be d1¥7" = (11 £ 1.5)M [45] and for Sgr. A*
to be d32 = (9.5 + 1.4) M [44].

The relationship between o and A affecting the black
hole shadow size is shown in Fig. 16. The graphs are drawn
based on EHT observational data for M87* and Sgr A*, with
the oo/ M axis representing the charge-to-mass ratio and the
dsh /M axis representing the shadow diameter-to-mass ratio.
The black lines correspond to A = 0, representing the sce-
nario where the effect of dark matter is not considered. The
red dashed lines show the variation in shadow size when
A = 0.03, illustrating how the presence of dark matter influ-
ences the shadow. It can be seen that as &/ M increases, the
shadow diameter decreases, and this reduction occurs more
rapidly when A is present. The confidence intervals 1o and
20 represent the observational data provided by the EHT.
When A is absent, the black lines mostly fall within the 1o
confidence interval, indicating that the model without the
influence of dark matter aligns well with the EHT observa-
tions. In contrast, the red dashed lines representing the case
where A is present mostly fall within the 20 interval, sug-
gesting the possible influence of dark matter. However, this
influence is not as strong within the lo range. Thus, the
graphs clearly show how the parameters « and A affect the
black hole shadow size. An increase in charge and the dark
matter parameter reduces the shadow size. Based on EHT
observations, the absence of A corresponds more closely to
the 1o interval, indicating a minimal influence of dark mat-
ter. However, the presence of A aligns with the 2o interval,
suggesting the possible existence of dark matter.

9 Conclusions and discussion

In this work, we have conducted a comprehensive investiga-
tion of a static, spherically symmetric black hole solution in
scalar—tensor—vector gravity (STVG) surrounded by perfect
fluid dark matter (PFDM). By incorporating both modified
gravity and a phenomenological model for dark matter, we
have systematically explored their combined impact on parti-
cle dynamics, thermodynamic stability, gravitational lensing,
and black hole shadow formation. Our analysis of neutral and
magnetized particle motion reveals that the presence of the
MOG parameter « and the PFDM parameter A significantly
modifies the effective potential and the location of the inner-
most stable circular orbit (ISCO). We observe that increasing
« tends to enhance orbital stability and shift the ISCO radius
outward, while the PFDM component introduces additional
modifications that strongly depend on the radial distribution
of dark matter. From a thermodynamic perspective, we find
that the Hawking temperature, entropy, and heat capacity
are all altered by the presence of PFDM and MOG correc-
tions. Notably, the black hole may undergo second-order
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Fig. 16 Plot of the constraints
for A. The corresponding values
of A at the mean, 1o, and 20
confidence levels are shown

phase transitions, characterized by divergences in the heat
capacity at critical horizon radii. The PFDM parameter A is
shown to raise the maximum Hawking temperature and shift
the thermodynamic stability thresholds, while larger values
of « suppress the temperature peak and alter the location of
critical points. Our study of gravitational lensing, both in uni-
form and non-uniform plasma environments, indicates that
the deflection angle is enhanced by PFDM and reduced by
MOG effects. The bending of light rays is more pronounced
in uniform plasma, with PFDM amplifying the lensing signal
and o acting in the opposite direction. These results suggest
that high-precision observations of lensed systems could help
constrain the values of & and 1. We also explored the observ-
able signature of black hole shadows and found that both «
and X led to an expansion in the shadow radius. The MOG
parameter exerts a stronger influence, making it a key quan-
tity in differentiating between general relativity and modified
gravity scenarios. Comparing our theoretical shadow profiles
with Event Horizon Telescope (EHT) data for M87* and Sgr
A*, we constrained the parameter space of the model. Our
results indicate that while GR remains consistent with current
observations within the 1o confidence interval, small devia-
tions due to MOG and PFDM remain within the 20 bounds
and cannot be excluded. Overall, this study demonstrates
that the interplay between modified gravity and fluid-like
dark matter produces a rich phenomenology with potentially
observable consequences. Future high-resolution black hole
imaging and gravitational wave observations could further
test the predictions of STVG+PFDM models and illuminate
new aspects of gravity in the strong-field regime.
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