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Résumé

Le modèle standard (MS) est la théorie la plus aboutie décrivant les interactions fortes
et électrofaibles. Ses prédictions, d’une incroyable précision, concordent très bien avec les
résultats expérimentaux. Preuve en est la récente découverte du boson de Higgs en 2012
qui est indispensable à la théorie car c’est par son intermédiaire que toutes les particules
acquièrent une masse. Cependant le MS n’explique pas tout:

• Des expériences ont confirmé le caractère massif des neutrinos, alors que le MS est
incapable de leur attribuer une masse sans introduire des neutrinos d’hélicité droite,
qui n’ont jamais été observés, ou des opérateurs non-renormalisables

• Le MS ne modélise toujours pas l’interaction gravitationnelle.

• La matière noire, hypothétique matière nécessaire à l’explication des observations
astrophysiques, n’est pas décrite dans le MS.

• Le mécanisme de Higgs, qui confère une masse aux particules, se fait via l’ajout d’un
potentiel ad hoc pour le boson de Higgs et des problèmes de fine-tuning apparaissent
avec la masse de ce dernier.

Tout cela porte à croire que le MS est la manifestation à basse énergie d’une théorie
plus fondamentale.

Cette thèse est axée sur l’étude des modèles Higgs Composite, qui tentent principale-
ment de résoudre le dernier point. Cette classe de modèles propose de remplacer le boson
de Higgs, et ses intéractions, par un nouveau secteur fermionique très semblable à la Chro-
moDynamique Quantique (QCD). Pour cela on suppose l’existence de nouveaux fermions,
appelés technifermions, et chargés sous une nouvelle interaction, la technicouleur. Comme
la couleur en QCD, la technicouleur confine à basse energie en formant un condensat qui
brise ses symétries globales. Il en découle l’apparition à basse énergie de bosons de Gold-
stone pouvant jouer le rôle du boson de Higgs. Ainsi le boson de Higgs apparait comme
un état lié de technifermions, supprimant ainsi les problèmes de fine-tuning. La nou-
velle interaction forte permet d’obtenir une origine dynamique au potentiel du Higgs.
Néanmoins, de nouvelles difficultés apparaissent si l’on veut générer une masse pour les
fermions du MS. Le paradigme "Partial Compositness" tente de pallier cela en supposant
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Résumé

que la technicouleur forme des technibaryons à basse énergie, à l’instar du proton formé
de quarks. Un mélange entre les technibaryons et les fermions du MS permettrait à ses
derniers d’obtenir une masse.

Cette classe de modèles n’offre cependant pas une description complète des hautes
énergies (au delà du TeV). Bien qu’elle permette de résoudre les problèmes liés au Higgs,
la théorie doit pour cela entrer dans une dynamique presque conforme au dessus de l’échelle
de confinement. De plus, le couplage nécessaire entre les technifermions et les fermions du
MS, pour être dans le cadre de la "Partial Compositness", se font au moyen d’opérateurs
non renormalisables à 4 fermions. Enfin, seulement l’origine de la masse du quark top
est considéré, car phénoménologiquement c’est lui qui contribue le plus aux différentes
interactions.

Ainsi l’objectif principal de cette thèse a été de faire face au prolongement nécessaire
des modèles Higgs Composite aux hautes énergies, processus appelé UV Completion.
Cette étape est cruciale et permettra de remettre en question tout ce qui a été obtenu
depuis des approches effectives en les comparant avec un cadre solide, cela peut mener
par exemple à une compréhension de l’origine de la saveur. Les projets effectués avaient
donc à l’esprit de proposer des théories qui reproduisent à basse énergie les modèles
existants, tout en étant complètes et fondamentales, i.e. défini jusqu’à l’échelle de Planck.
Idéallement ces théories contiennent un nombre fini de couplages bien définis sous le
groupe de renormalisation.

Le premier essai a permis l’élaboration du modèle Techni-Pati-Salam [ref]: le groupe
de jauge du MS et de la technicouleur y sont partiellement unifiés en une théorie valable
jusqu’à l’échelle de Planck, où les effets de gravité quantiques rentrent en jeu. Avec l’aide
de nouvelles particules scalaires, le groupe de jauge total subit plusieurs brisures jusqu’à
ce que l’on retrouve un modèle Higgs Composite. Les bosons de jauges massifs générés
ainsi, en compagnie de certaines composantes scalaires, vont alors être les médiateurs de
l’interaction recherchée entre les fermions et les technibaryons. Tous les outils analytiques
à notre dispostion tendent à penser que ce modèle peut être réalisé. Cependant, ce sont
surtout des résultats numériques via des calculs sur réseau qui pourront fixer le sort de
cette théorie.

Dans un second projet, nous avons voulu prendre à notre avantage un problème connu
dans les modèles Higgs Composites: beaucoup de nouveaux technifermions sont néces-
saires pour expliquer la masse de toutes les particules du MS. En général cela implique
l’apparition d’un pôle de Landau dans le running de cette interaction, autrement dit, la
constante de couplage diverge aux hautes énergies. Le formalisme dit Large N permet
de sonder autrement l’évolution de la constante de couplage, traditionnellement fait en
théorie des perturbations. Un premier travail a consisté à se réapprorier ce formalisme
pour l’appliquer au cadre des théories avec différentes représentations du groupe de jauge.
Enfin il est apparu qu’avec cette approche le couplage ne diverge plus, au contraire il
converge vers une valeur fixe non nulle. L’utilisation de ce formalisme a aussi permis de
générer les interactions fermions / technibaryons au moyen de nouveaux scalaires dont les
couplages vont aussi bien se comporter aux hautes énergies.

Ces deux approches semblent permettre de bien définir les modèles Higgs Composites,
mais il est important de noter que ces tentatives ont été faites sur des choix particuliers
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de modèles. Il serait très intéressant de voir si de telles extensions peuvent être réaliser
avec d’autres modèles. Enfin, ce sont les résultats numériques, seules méthodes capa-
bles d’analyser le comportement de la théorie lorsque l’expansion perturbative n’est plus
valable, qui permettront de fixer le sort de ces extensions.
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Summary

The Standard Model (SM) is the most successful theory describing the interactions of
elementary particles. Its predictions agree to a remarkably high degree of precision with
experimental data. The last confirmation of the Standard Model has been the discovery
of the Higgs boson in 2012, which is at the origin of the mass of the other particles and
is thus essential to the theory. However, the SM is unable explain everything:

• Experiments have confirmed a mass for neutrinos, which the SM does not provide.

• Gravitational interactions are not a part of the SM.

• Dark Matter, hypothetical particle which could explain astrophysics observations,
is not present in the SM

• The Higgs Mechanism that generates a mass for the W± and Z bosons, is ad-hoc via
the introduction of the Higgs potential. The Higgs mass also suffers from quadratic
sensitivity to the mass scales of new physics, which is required by the previous
points.

These reasons motivate us to believe that the SM is just the low energy manifestation
of a more fundamental theoy.

The main subject of this thesis is Composite Higgs Models, which principally try to
solve the last issue of the above list. In this class of models, the Higgs boson, and all its
interactions, are replaced by a new fermionic sector very similar to Quantum ChromoDy-
namics (QCD). For this purpose, new fermions called technifermions are introduced and
charged under a new color dubbed technicolor. Like color in QCD, the technicolor theory
confines at low energy and a condensate breaks its global symmetries. This generates
Goldstone bosons, one of which can play the role of the SM Higgs boson. By its bound
state nature, the new Higgs boson no longer has issues with the quantum corrections
of its mass. In this scenario the new strong interaction gives a dynamical origin to the
Higgs potential. Nonetheless, challenges appear if we want to generate a mass for the SM
fermions. The paradigm of Partial Compositness tries to overcome this issue by postu-
lating a linear mixing between the SM fermions and technibaryons, which are fermionic
bound state of three technifermions, like the quarks forming the proton.
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These models, however, do not offer a complete picture of the UV physics: on the one
hand, they nicely describe the low energy spectrum but need to be extended in order to
enter a near-conformal dynamics above the condensation scale (Walking); on the other
hand, the couplings of the elementary top fields are introduced as non-renormalizable four-
fermion interactions, which may come together with other relevant and omitted operators.
Furthermore, the origin of light quark and lepton masses is not addressed.

In this thesis, we want to face the daring need for an Ultra-Violet completion for
composite Higgs models: this step is crucial in order to base all we have learned from
Effective Field Theory studies on more solid foundations and to truly understand the
origin of flavor physics. What we aim at is to define a UV theory that reduces to a viable
composite Higgs theory at low energies, around the TeV scale, while being complete
and fundamental, i.e. defined up to the Planck scale. Ideally, this should be a theory
containing a finite set of couplings closed under the renormalisation group equations, in
the absence of quantum gravity effects (which are beyond our scope).

In a first attempt, Composite Higgs models have been extended to the Planck scale
by means of the partially unified partial compositeness framework, that I originally pro-
posed in this thesis work, with my collaborators. It is a partial unification of the con-
fining technicolor gauge group with the Standard Model color group, where couplings
of the Standard Model fermions are mediated by both gauge and scalar bosons. We
present in detail the Techni-Pati-Salam model, based on a renormalizable gauge theory
SU(8)PS×SU(2)L×SU(2)R. We demonstrate that masses and mixings for all generations
of Standard Model fermions can be obtained via partial compositeness at low energy, with
four-fermion operators mediated by either heavy gauge bosons or scalars. The strong dy-
namics is predicted to be that of a confining Sp(4)HC gauge group, with technifermions
in the fundamental and two-index anti-symmetric representations, with fixed multiplici-
ties. This motivates the need for Lattice studies of the Infra-Red near-conformal walking
phase, with results that may validate or rule out the model. This is the first complete
and realistic attempt at providing an Ultra-Violet completion for composite Higgs models
with top partial compositeness. In the baryon-number conserving vacuum, the theory
also predicts a Dark Matter candidate, with mass in the few TeV range, protected by
semi-integer baryon number.

Next, we present a novel paradigm that allows for the definition of a composite theory
at the electroweak scale that is well defined all the way up to any energy by means of
safety in the UV. The theory flows from a complete UV fixed point to an IR fixed point
for strong dynamics (which gives the desired walking) before generating a mass gap at the
TeV scale. This has been realized by using the Large N technique, that we had generalized
earlier for the case of multiple representations, in which enter Composite Higgs. Indeed,
a draw-back of Composite Higgs Model is the need for numerous new fields to generate
mass for the Standard Model fields. We used this to our advantage by the used of the
Large Nf formula, which enables to have a perfectly well defined theory. We discuss two
models featuring a composite Higgs, Dark Matter and partial compositeness for all SM
fermions. The UV theories can also be embedded in a Pati–Salam partial unification, thus
removing the instability generated by the U(1) running. Finally, we find a Dark Matter
candidate still allowed at masses of 260 GeV, or 1.5–2 TeV, where the latter mass range
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will be covered by next generation direct detection experiments.
The results presented in this work are stepping stones towards complete composite

Higgs models, where the origin of the standard fermion masses can be finally addressed.
Some crucial ingredients, like the presence of an IR window where large anomalous di-
mensions are generated, need input from lattice calculations.

Further studies could investigate the baryogenesis or even a leptogenesis scenario in the
Techni-Pati-Salam project. The electroweak phase transition as well as the confinement
might be strong first order, and thus generate gravitational waves. The future detector
could be sensitive too such signals. Another follow up is to verify the nature of the large
Nf fixed point, perhaps from higher order terms in the expansion.
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Chapter 1
Introduction

History is Philosophy teaching by

examples.

Thucydid

The Standard Model (SM) of particle physics [1–3] has withstood all the attempts at
discovering signs of New Physics, with most recently the null results from the LHC ex-
periments. The discovery of a Higgs-like boson [4,5] has further confirmed the validity of
the SM. The main experimental confirmation has come from precise measurements in the
electroweak (EW) sector of the theory, with most prominent results obtained at LEP [6].
What we know with a precision at the level of per-mille, is that there exist three Goldstone
bosons, i.e. the longitudinal polarizations of the W± and Z gauge bosons, that comple-
ment the gauge principle in the SM and provide mass to the weak gauge bosons [7–10].
While all experimental results seem to point towards a SM-like Higgs boson, our knowledge
of its properties is still far from the precision achieved in the gauge sector: the couplings
of the Higgs boson are only known at best at the level of 10% [11], and the precision will
not improve greatly at the end of the LHC programme [12]. This experimental status
leaves open the question of the true nature of the discovered Higgs boson. As we will see,
the extreme economy of the SM Higgs sector precludes a deeper understanding of how the
electroweak scale is stabilized against radiative corrections and how fermion masses and
flavor mixing are generated. A time honored alternative are the Composite Higgs Models
(CHM) that rely on the dynamic of Quantum ChromoDynamics(QCD). In this class of
theories the SM Higgs boson is replaced by a Pseudo-Nambu-Goldstone boson emerging
from broken symmetries of a new interactive sector very similar to QCD. For these reasons
it is important to fully appreciate the origin of both QCD and the electroweak symmetry.
A drawback of this class of extension is that they are not fundamental theories, in the sens
that they cannot be trusted up to an arbitrarly large scale. The origin of the mass of the
SM fermions comes through non renormalizable 4-Fermions operators and the generation
of flavor is not well understood. Those are the maint motivation behind this thesis, where
we are looking for a well defined underlying theory, or UV completion.

Usually, to present such a study we should first start with the model at hand and

13



Chapter 1. Introduction

motivate why one should look beyond. The reader should be familiar with such an in-
troduction, some of which are exceptionally well written and offer an enlightened point
of view. Here we would like to take a different approach and to focus on historic journey
and the path taken by the previous physicists. This could help to order the statements
of the SM as well as establishing some of its issues. Obviously, the following examples
are chosen to better illustrate our future intentions and much more could be said. This
could maybe stand alone as a thesis subject by itself. Following this road will naturally
lead us to the specific extension of the SM that are CHMs. In chapter 1 we will review
the main features of such an approach, the assumptions and the context necessary to
make it realistic. In particular we want to question the Ultra Violet (UV) behaviour, the
main purpose of this manuscript. The organization of the next chapters will begin with
a specific attempt to extend and well define CHM up to the planck scale by partially
unifying the SM gauge groups and the new strong sector. In chapter 3 the formal results
of the Large N expansion are presented in order to be used in another attempt of UV
completion (chapter 4).

1 The Particle World of the last century

We will start our journey in 1932, just after the discovery of the neutron by James
Chadwick. The particle world is rather small, the atom is explained as being composed of
a nucleus with its nucleons, which are the proton and the neutron. Of course the electron
is also here and ensures the electromagnetic neutrality of the atom. However, pieces were
known to be missing:

• What keeps the protons together, against the charge repulsion? What is responsible
for the stability of the nucleus? What interaction is binding the nucleons together?
The answer has been found in two steps, through the strong nuclear interaction at
first, which was itself then explained later by the theory of Quantum ChromoDy-
namics (QCD).

• What was at the origin of the β-decays ? It is known to be the weak force that
allows such a transition. The interpretation of this phenomenon is a key part in our
journey towards the SM.

1 .1 4-Fermion Interactions

Since its discovery at the end of the 19th century, the β-decay was puzzling the scien-
tific community. There was no explanation for this process, which was violating energy-
momentum conservation as well as the spin. To solve this issue, Pauli proposed, out of
desperation, in 1930 the existence of what will be later called the neutrino. This hypoth-
esis was written in the famous letter addressed to participants of a nuclear conference in
Tubinge, and lead to the first effective description of this process by Enrico Fermi. In 1933
Fermi proposed his theory [13] where the 4 particles participating in the decay (proton,
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1 . The Particle World of the last century

neutron, electron and neutrino) interact directly from a single operator. It is a point-like
interaction between the 4 particles, or contact interaction. An effective operator like the
one proposed by Fermi is nowadays called a 4-Fermion Interaction (4-F) and we are going
to make use of them, a lot! As mentioned, these operators are effective, thus they need
to be generated by the help of a mediator (see Figure 1.1). This is a challenging task as
well as a tool to be used in favor of the prediction of a new particle. In 1983, many years
after the proposition of 4-F interactions, the W± and Z bosons, mediators of the fermi
operator, were discovered at CERN [14].

✁✂✂✄☎✄☎
✁✂✂✄☎✄☎

Figure 1.1: The point-like 4-F interaction (left) and the generated 4-F interaction (right).

Fermi’s description of this interaction, even at the effective level, was very powerful,
and it has a remarkable feature: it connects the nucleon sector to the lepton sector. At
that time the nucleon sector (which will become the quark sector) was composed of the
proton and the neutron. The electron was the only representant of its family but the
muon would come few years later followed by the neutrinos. This particularity of "sectors
mixing" is absent in the other great description of the photon interaction, Quantum
ElectroDynamics (QED). However, it was known that a more fundamental interaction
had to be hidden somewhere. Indeed the stability of the nucleus could not be explained
by the interactions energy coming from the 4-F theory. What keeps the proton and
neutron inside the nucleus is the next step in our historical quest.

1 .2 The Yukawa Interaction

Hideki Yukawa postulated in 1935 the existence of new spin 0 particles [15], called mesons,
connected to a proton and a neutron (what we will call now ’à la Yukawa’). This generates
a potential between the nucleons with a characteristic length that has to be around 200
MeV in order to bind the nucleons together. Because its mass was predicted to lie between
those of the proton and the electron, Yukawa named the particle mesons, since in ancient
Greek " mesos " means "in the middle" .

This meson is of course different to the mediator at the origin of the β-decay. It took
more than 10 years for an experimental confirmation, but in 1947 and 1948 the mesons
now called the pions π± were respectively discovered in cosmic rays and produced at
the Berkeley Cyclotron. Cosmic rays, particles coming from outer space, leave traces
in photographic plates. In Figure 1.2 we can follow the course of a Kaon decaying into
3 pions, and one of them producing a muon. This discovery was quickly followed by
the Kaons, and then in the 50’s practically one particle every year appeared. This was
considered to be a real particle zoo, leaving the community overwhelmed. Some logic had
to be found.
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Figure 1.2: Example of a cosmic rays decay shower. Charged particles leave traces (emul-
sion) into photographic plates. These plates were placed at very high altitude to capture
cosmic ray particles.

1 .3 Status during the 50’s

Let us recap the world of hadrons discovered up to the begining of the 60’s. By hadron we
mean everything that is related to the strong nuclear interaction. We have the nucleons,
and following Dirac equations the anti-nucleons which were at that time discovered. The
pions π± are also part of this group. Using the technique of cosmic ray tracking, followed
by particle collisions, a whole tower of new particles were detected in the following years.
They were classified in two groups, the bosonic states (eg mesons) and the fermionic states
(eg baryons).

First came the charged meson dubbed "Kaon" (K±). Then the neutral pion π0 and
Kaon K0 were spotted, quickly followed by the baryon Λ0. The Kaon and Λ have a
"strange" property. They were being created in proton collisions almost instantaneously,
but they decayed much more slowly. Murray Gell-Mann and Kazuhiko Nishijima [16]
proposed that the behaviour of the "strange" new particles could be explained if they were
carrying a new type of charge that is conserved in strong interactions but not conserved
in weak interactions. This property leads to the "strangeness" quantum number. The
particle interactions creating Kaons were involving the strong force. However the decay
will be through the weak channel, because of the energy and mass of the Kaon, thus it
will take longer and will violate the "strangeness".

To introduce order, Sakata proposed in 1956 a model [17] in which the proton p, the
neutron n and Λ are elementary and building blocks of all the other resonances. It is
a way to extend the SU(2) Isospin between the proton and the neutron with an SU(3)
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symmetry. This generalized Isospin embeds now the "strange" quantum number by the
intermediate of Λ. The baryons are either p,n, Λ, or composite states made of 3 of
them. Mesons are simply baryon-antibaryon states. It is worth noting that the idea of
compositness was proposed some years before by C.N. Yang and Fermi in an attempt
to describe the pions as nucleon-antinucleon. The Sakata model had some drawbacks.
Too many resonances are predicted and yet weren’t being seen, and their masses had to
be higher than observed. To cure those issues, simultaneusly Ne’emann and Gell-Mann
proposed in 1964 the Eightfold-Way [18].

1 .4 From the Eightfold-Way to the Quark Model

The periodic table classifying the atoms in terms of their properties (atomic mass and
number of charges) revolutionized our vision of the chemical specificies by aranging them
in groups. The work of Ne’emann and Gell-Mann is in the footsteps of the success of
Mendeleiev. In 1961 they proposed [18] aranging the spin 0 mesons and the spin 1/2
baryons according to the 8 representation of SU(3) (octet). This is the same SU(3) as
the one considered by Sakata. For any representation of SU(3) the elements can be cast
in terms of their eigenvalues for 2 specific generators. Here Gell-Mann and Ne’emann
chose the I3 from the Isospin and S the strangeness. In figure 1.3 we plotted the visual
representations for the mesons and the baryons.

 

(a) Meson Octet

 

(b) Baryon Octet

Figure 1.3: The Eightfold-Way. The 8 states of the octet representation have specific
quantum numbers under I3 and S. The particles perfectly fit those numbers and are
represented on the edge and center of an hexagon.

This is an immediate success. Adding an explicit breaking of SU(3) that conserves
the Isospin results in the famous Gell-Mann–Okubo formula relating the masses of the
particles, for example:

2 (mN +mΞ) = 3mΛ +mΣ (1.1)
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Quark Isospin Strangeness Electric Charge
u 1/2 0 2/3
d -1/2 0 -1/3
s 0 -1 -1/3

Table 1.1: Properties of the quarks

Plugging the known measured masses into Eq. (1.1) we found 4514 MeV for the left
term and 4544 MeV for the right one, in other words a difference of 0.005% !

A year later Gell-Mann found that the 9 baryons observed with spin 3/2 could easily
fit a 10 or decuplet representation of SU(3). This implies the existence of a new particle
named Ω−, and following the Gell-Mann–Okubo formula its mass should be around 1.67
GeV.

At the end of 1963, an experiment at Brookhaven led by Nick Samios [19] detected
this particle as predicted by Gell-Mann. The Eightfold-Way was in triumph.

We are now very close to introducing quarks as elementary constituants of the hadronic
world. There were different hints to get there. The hadrons were represented as an octet
and a singlet (the η ) for the pseudoscalar mesons we described earlier and also for the
pseudovector mesons Fig.1.3. The baryons were organised as a singlet, an octet and a
decuplet. What about the fundamental representation of SU(3)? It is mathematically
very clean to use it as the elementary blocks. Indeed we have:

3× 3× 3 = 1⊕ 8⊕ 8⊕ 10 → Baryons (1.2)

3× 3̄ = 1⊕ 8 → Mesons (1.3)

This is exactly what Gell-Mann used when he proposed the quark model. Quarks
come in three flavor: up u, down d and strange s. They are spin 1/2 fermions and their
quantum numbers are summarized in Table 1.1. Pairs of quark-antiquark form spin 0 and
spin 1 Mesons while triplets of quarks constitute Baryons. Their arangement, giving rise
to Baryons of spin 1/2 (the octet + singlet) and spin 3/2 is displayed in figure 1.4 along
the spin 0 Mesons (octet + singlet).

It is important to note that George Zweig came up with the idea of aces as funda-
mental constituant of the hadrons at the same periode when Gell-Mann proposed the
Quark Model. However Zweig had a slighty different motivation. At that time there was
something weird in the decay of the φ meson (ss̄ bound state). It seemed that the channel
φ → K K̄ was favored against the φ → π + ρ. As the pions are much lighter than the
Kaons an explanation has to be found. To overcome this issue, George Zweig proposed
that baryons and mesons are composed of elementary particles, the aces. A process in-
volving hadrons could be viewed as the interaction between aces. If the aces dynamics had
some rules, the hadrons should obey them. Hence it was possible to explain the absence
of the φ → π + ρ channel if the dynamics disfavored the creation of aces-antiaces. This
is known as the Zweig rule, also called the OZI rule. Figure 1.5 illustrates the case of the
φ decay. For the reader interested in the elaboration of the aces, George Zweig wrote a
nice review [20].
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(a) Meson Octet

 

(b) Baryon Octet

(c) Baryon Decuplet

Figure 1.4: The Eightfold-Way in terms of the quarks constituents. We have now the
decuplet representation with the missing Ω−

In 1968 evidence of the existence of quarks was found at Stanford Linear Accelerator
Center (SLAC) by deep inelastic scattering experiments in which they bombarded protons
with high speed electrons. The electron in motion behaves like a wave whose wavelength
varies inversely to its energy. A spectrometer could therefore distinguish between high
energy short wavelength electrons and lower energy long wavelength electrons.

If a proton was a solid singlular particle, the electrons would bounce off the massive
proton losing little energy in making the proton recoil, and its remaining energy could be
monitored in the spectrometer. If the proton however consisted of a quark triplet in a
random orientation with each quark having its own inherent energy, field, and motion, the
energy of the recoiling electrons would be spread over a range of wavelengths depending
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(a) φ→ π + ρ (b) φ→ π + ρ

(c) φ→ K + K̄

Figure 1.5: The 3 processes contributing to the φ decay. The first 2 decays into pions
are suppressed because there are 3 creations of quark-antiquark, whereas only one for the
decay into Kaons.

on its impact with the quark, indicating that the proton had a substructure. This spread
of energy could be measured by the spectrometers providing evidence of the scattering
effect of the quarks as well as an indication of their energies.

1 .5 QCD

The Quark Model was a success, nevertheless a particular implication was left unex-
plained. Oscar W. Greenberg pointed out that the identical quarks in the Ω− = sss
violated Pauli’s exclusion principle. He suggested that quarks should have three new de-
grees of freedom to allow such states. The notion of a quantum color charge with three
possible values (red, green, blue) on the quarks was introduced and Yoichiro Nambu sug-
gested a gauge symmetry. This is the birth of QCD. The massless gauge boson is dubbed
gluon (chosen by Gell-Mann, another of his names that stuck into the community). Few
years later in 1973, D. Gross and F. Wilczek and H. Politzer proposed the concept of
asymptotic freedom [21,22], a property that QCD should exhibit. It tells us that pulling
away quarks will increase the binding energy coming from the exchange of gluons. On
the contrary, the closer quarks are, the weaker is the force between them. This explains
why we have never been able to observe colored particles, as they are confined in color-
less states. As a consequence, very high energy electron-positron collisions should create
hadronic jets, particles linked by the strong interaction and flying in the same spatial
direction (usually visualized as a cone). In particular J. Ellis, G. Ross and M. Gaillard
put forward the idea that 3 co-planar jets should be produced [23].

In 1979 these events were detected (figure 1.6) by the TASSO collaboration at DESY
in Hamburg. They provided the first direct experimental evidence for the existence of
gluons.

It is worth noting that in Table 1.1, the three quarks are not exactly the same, their
quantum numbers are different. Yet we said before that there are three flavors, and based
on this symmetry we are able to classify the bound states of quarks. The reason why we
are allowed to do that is because from the point of view of the strong dynamic of QCD,
which is responsible for the bound states, u, d and s are the same. Indeed they are linked
in the same way to the gluons, in other words they are in the same representation of the
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Figure 1.6: The 3 detected jets from the TASSO collaboration, 1979

color symmetry SU(3)c (for the 3 colors), this representation being the fundamental. The
SU(3) flavor symmetry, elementary block of the Baryons and Mesons representations, is
an approximate symmetry. In fact, because the mass of the strange is higher than the
up and down quark, we can use this difference to generate a mass splitting between the
bound states with strange quarks and the ones without. This is exactly the strategy
of the Gell-Mann Okubo mass formula (see appendix). The same logic of approximate
symmetries is used to describe the bound states of the new strong sector in Composite
Higgs Models that we will explore along this manuscript.

1 .6 The embedding of Electroweak Symmetry

In the previous two subsections we described the progress in the strong sector. Along the
same years major breakthroughs were found to explain the weak interactions.

First E.Sudarshan and R.Marshak [24] followed by R.Feynman and M.Gell-Mann [25]
proposed the V-A theory in 1958. Now only left handed fermions are present in the 4-F
operators of the weak interactions. The quarks and the leptons were only described with
Dirac spinors, which contain left and right handed Weyl spinors. We did not specify this
before and were implicitly talking about Dirac fermions Ψ containing the left handed
chirality ΨL and the right handed ΨR. Until the proposition of the V-A theory there
were no distinctions between left and right fermions. Both were present and nature
was symmetric under the inversion between right and left spinors. This symmetry is
really profound as it is linked to Parity Transformations which modify the space and
time coordinates from (t, x, y, z) → (t,−x,−y,−z). It is like looking at the world in a
mirror, and there is no reason for the law of physics to be different. Where it becomes
intriguing is how spinors transform under Parity, left handed spinors become right handed
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and vice versa. Defining a theory with Dirac spinors makes it symmetric under Parity
transformations, but the idea that the weak force is only linked to left handed spinors
is revolutionary and highly non-intuitive. This is an explicit breaking of Parity: the
mirror world does not behave like ours! More extraordinary, this has experimentally been
confirmed, where Parity was observed not to be conserved after the incredible experiment
of C. Wu in 1956 [26].

More than 20 years after Fermi proposed his theory of the weak interaction there was
no explanation for the origin of the 4-F operators. At this time J.Schwinger and his former
student Sheldon Glashow were trying to explain the weak force with a gauge symmetry and
massive gauge bosons, of which two of them have to be charged and a third one neutral.
They were on the hunt for the W± and Z bosons. S.Glashow, in his famous paper [1], was
able to unify electromagnetism and the weak force within the SU(2)EW × U(1)Y gauge
groups, where SU(2)EW is the weak group and U(1)Y the hypercharge. The electric
charge and QED will come out of this unification as a part of SU(2)EW and U(1)Y . At
that time, the origin of the mass of the gauge boson was mysterious, and will be discussed
in the next section.

Focusing on this embedding, we note that it requires some sensitivity from the quarks
u, d and s to the weak force. Each of them is already a multiplet of QCD, but here
the situation seems a little different. The weak force in the β-decays links proton to
neutron, which are made of up and down quarks. To consistently embed quarks the only
possibility is to see the up and down as components of a doublet of SU(2)EW . And as
we saw above, only the left handed quarks need to be sensitive to the electroweak sector.
Hence qL = (uL, dL) is a doublet where uR and dR remain singlets.

A similar strategy is adopted for the lepton. The electron and neutrino are part of a
weak doublet LL = (νL, eL) whereas eR and νR are singlets. In fact the presence of νR
is still under research. What about the strange quark and the muon? Their quantum
numbers make them cousins of dR and µR, respectively. But in 1962 a new neutrino νµ
was found, which was different from the past one. To explain its interaction it has to be
embedded in a new doublet LµL = (νµL, µL). By analogy with the quark sector could it
be that a new quark was hiding and could it be associated with the strange quark forming
a new doublet?

The fourth quark was named charm (c). A few years later, this quark was found
to be a important ingredient of the GIM mechanism [27]. In this scenario the presence
of the charm quark and its coupling to SU(2)EW magically suppresses some unwanted
theoretical processes that have never been observed, where the down quark becomes a
strange quark. This is called Flavor Neutral Changing Current (FCNC). The term Flavor
originates with identical particles that have exactly the same quantum numbers but differ
in their masses like s and d or e and µ. It was in 1974 at SLAC that the famous J/Ψ
resonance was observed, corresponding to a meson with the charm quark [28] [29].

We have reviewed the road taken by physicists in the last century and how with
incredible experiments this lead to the actual content of the Standard Model particles
with its symmetries. We are now ready to write the SM Lagrangian with explicit mass
terms for the quarks and leptons. It is the origin of their mass that will drive us down a
new road.
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2 The Massive SM Lagrangian

The fermions of the Standard Model are all charged under the gauge group SU(3)c ×
SU(2)EW × U(1)Y . In table 1.2 we listed the fermion content. Note that we put a
family index (i) to indicate the flavor or generation. We already saw why there are at
least two flavors, but in reality there are 3. The reason will be explained later, once the
Higgs boson has been introduced. For now we will use a generic value for the number
of flavors, indexed by (i), and write a generic Lagrangian for those particles. To get to
the SM formulation we will, step by step, build and add new structures until we obtain
a construction consistent theoretically and experimentally. As we will see, the problems
are in the electroweak sector, because it treats differently the left handed fermions from
the right handed.

Field SU(3) SU(2)EW U(1)Y

Q
u
ar

k
s qL

(i) =

(
uL

(i)

dL
(i)

)

3 2 1/6

uR
(i) 3 1 2/3

dR
(i) 3 1 −1/3

L
ep

to
n
s LL

(i) =

(
νL

(i)

eL
(i)

)

1 2 −1/2

eR
(i) 1 1 −1

Table 1.2: The fermions fields and their quantum numbers under the SM gauge group.

2 .1 What is wrong with the electroweak sector?

First we need to account for the kinetic terms of the gauge bosons and fermions:

LK =− 1

4
Ga
µνG

a µν − 1

4
W i
µνW

i µν − 1

4
BµνB

µν

+ qL
(i)† /DqL

(i) + uR
(i)† /DuR

(i) + dR
(i)† /DqR

(i) + Leptons (1.4)

Gµ,ν ,Wµν and Bµν are the tensor fields of SU(3)c, SU(2)EW and U(1)Y , respectively.
The explicit definition of /D is:

/D =







σµ for right handed

σ̄µ for left handed
×
(

∂µ +
∑

x

gxA
x,r
µ T x,r

)

(1.5)
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Figure 1.7: The 3 diagrams of the WL ZL −→ WLZL scattering

With σµ = (1, ~σ) , σ̄µ = (1,−~σ) and ~σ are the usual Pauli matrices. The sum is over
the gauge groups x under a certain representation with the associated generators T x,r,
the gauge fields Ax,rµ , and the coupling constant gx. On purpose, we omitted the lepton’s
kinetic terms as they play no role in the following arguments.

The Lagrangian LK is by definition gauge invariant under the SM local symmetries.
However, it does not account for the mass of the particles that have been experimentally
observed and measured. Therefore we need to add mass term operators :

Lmass = m2
WW

+
µW

−µ +
1

2
mZ

2ZµZ
µ −

∑

i

mu
iq̄

(i)
L uR

(i) +md
i q̄

(i)
L dR

(i) (1.6)

Mixing flavors is not important at this point and we will come to that later. The
important point is that even if Lmass can explain the mass spectrum, it explicitly breaks
SU(2)EW × U(1)Y . Is this an issue?

Well, in one part this Lagrangian can be very predictive, but this is up to a limited
range of energy. This limitation is due to the mass of the SU(2)EW gauge bosons. Massive
vector bosons, of mass m, have longitudinal polarizations ǫLµ that grow like the energy:
ǫLµ ∼ E for E ≫ m . Studying the 2 − 2 scattering of the longitudinal components
could lead to high divergences up to E4. An explicit example is the WL ZL −→ WLZL
scattering, where there are three tree level diagrams from LK +Lmass that contributes, as
shown in Fig. ??:

The interested reader can find details of the computation in [30]. The total amplitude
of the process yelds:

Mtot (WL ZL −→ WLZL) =
g2

4m2
W

t+O(1) (1.7)

with g the SU(2)EW coupling constant and where t is the Mandelstam variable, at high
energy t ∼ E2

CM . The total amplitude of Eq. (1.7) grows like E2, whereas the E4 terms
have been cancelled between the 3 diagrams. This is a special property of gauge theory
relating the 3-point vertices to the 4-point vertex of gauge bosons. The growth will
violate the unitarity bounds that a consistent theory should have. Indeed the Optical
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Theorem [30] tells us that every coefficient aj in the partial wave decomposition of an
amplitude:

M (θ)
︸︷︷︸

scattering angle

= 16π2
∑

j

aj (2j + 1) Pj (cos θ)
︸ ︷︷ ︸

Legendre Polynomials

(1.8)

should satisfy:

Im (aj) ≥ ‖aj‖2 . (1.9)

In order to have a unitary theory, the optical theorem [30] impose |ai| ≤ 1. Moving to
the center of mass frame (CM) we have in the limit ECM ≫ mW ,mZ :

Mtot (θ) =
−g2
8m2

W

ECM (1− cos θ) (1.10)

The bound on a0 imposes the restricition ECM ≤ 2.5TeV, on the center of mass energy.
Thus above this energy unitarity is lost. It is not per se because the Lagrangian (1.6)
breaks the gauge symmetry but because of the longitudinal polarization. In fact, to
understand more profoundly where the inconsistency lies, we can slighty modify (1.6) to
restore gauge invariance. For that purpose we introduce the sigma matrix:

Σ (x) = exp

[

i
√
2/f

(
z√
2

w−

w+ − z√
2

)]

(1.11)

Where w±, z are elementary scalar fields. They are often called Goldstone Bosons but
that requires the knowledge of an underlying theory and its symmetries. To restore gauge
invariance we can charge Σ under SU(2)EW × U(1)Y so that it transforms as:

SU(2)EW :Σ(x) −→ UΣ(x) , for U ∈ SU(2)EW (1.12)

U(1)Y :Σ(x) −→ Σ(x) exp

[

− i

2
σ3

]

(1.13)

The covariant derivative is simply:

DµΣ = ∂µΣ− ig
σa

2
W a
µΣ + ig′Σ

σ3

2
Bµ (1.14)

Now we can write a new massive Lagrangian:

L′
mass =

f 2

4
Tr
[

(DµΣ)
† (DµΣ)

]

− f
∑

i

(

ū
(i)
L , d̄

(i)
L

)

Σ(x)

(

mu
i u

(i)
R

md
i q̄

(i)
L d

(i)
R

)

(1.15)

L′
mass is now manifestly gauge invariant. To recover our previous massive Lagrangian

we should fix 〈Σ〉 = 1 and have the condition f = 2mW

g
. This gauge fixing condition is

called ’unitary gauge’ and it is an explicit breaking of the gauge symmetry. One should

25



Chapter 1. Introduction

be able to go to the unitary gauge only once the symmetry is broken. We have now linked
L′

mass to Lmass.

Even if we no longer have the longitudinal polarizations for W and Z, there are new
diagrams that diverge ∼ E2. In the expansion of first term in Eq. (1.15) we find:

L′
mass ⊃ − 1

3f 2

[
z∂µw

− − w−∂µz
] [
z∂µw

+ − w+∂µz
]

(1.16)

Which results in z, w+ −→ z, w+ scattering with an amplitude:

M
(
z, w+ −→ z, w+

)
=

t

f 2
(1.17)

With f = 2mW

g
we recover exactly the WL, ZL −→ WL, ZL amplitude. This is not at

all a suprise, since when we go to the unitary gauge, the w and z scalars are eaten by
the gauge bosons and become their longitudinal polarizations. This observation follows
from a general result called "Goldstone Equivalence Theorem", stating that any physical
process involving the longitudinal polarization is, at leading order in 1/f 2, equal to the
same process with the scalar fields instead of the gauge boson [30].

Let us recap what we have found. Initially asking for a fermion mass term breaks the
electroweak symmetry. However, we knew at some level that the symmetry has to be
broken, as massive vector are needed to describe the weak force. As an aside, we could
have massive vector boson with a global symmetry instead of a local one, and we did not
explain why SU(2)EW needs to be local. If the symmetry is global, the vector boson can
have a mass, and we just observed that this puts a limited scale on the theory. Having
the symmetry be local forbids mass terms for the gauge bosons, thus the theory is valid
up to any scale. In the case of QCD, as gluons are massless, the theory is always well
defined. But for the electroweak sector, to define it properly at high energy it needs to
be unbroken. Thus a mechanism has to be found to break the symmetry. In the SM this
is done through the Higgs mechanism [9] as we will see.

We have reformulated the issue of the WL, ZL −→ WL, ZL scattering with the help
of the Σ(x) field, and at the same time rendering the gauge symmetry manifest. To UV
complete the electroweak sector we need to find a way to cure the divergent scattering
like z, w+ −→ z, w+ and to find an explicit origin of the electroweak symmetry breaking
(EWSB). The Higgs boson is the way chosen in the SM to account for the above issues. In
the next subsection we will see how the Higgs is a very economical way to solve the above
points. Finally we will be able to present the SM before discussing how the dynamic of
QCD itself shows us an alternative path to EWSB.

2 .2 The Higgs Boson, final piece of the SM

In the kinetic and modified mass Lagrangian , LK +L′
mass , a global symmetry SU(2)L×

SU(2)R was hidden, in which we identify SU(2)L to SU(2)EW . For UL, UR in SU(2)L ×
SU(2)R the fields transform as:
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2 . The Massive SM Lagrangian

qL =

(
uL
dL

)

−→ ULqL
(
uR
dR

)

−→ UR

(
uR
dR

)

(1.18)

Σ(x) −→ ULΣ(x)U
†
R

They will leave LK + L′
mass invariant in the limit g′ = 0 (i.e. not gauging U(1)Y )

and identical mass terms for the quarks ( mu
i = md

i ) . To quantify by how much this
symmetry is broken, we can use the Weinberg angle θW :

tan θW =
g′

g
(1.19)

In the limit where g′ → 0 and (and with equal fermion masses) the symmetry SU(2)L×
SU(2)R is conserved and one will find in the unitary gauge mW = mZ . However, by
keeping the U(1)Y gauge symmetry, the latter relation becomes:

mZ
2 = mW

2

(

1 +
g′2

g2

)

= mW
2 1

cos θW
2 (1.20)

Leading to the definition of the "rho" parameter ρ:

ρ =
mW

2

mZ
2cos θW

2 (1.21)

In the SM thre tree level value of ρ is 1, and experimentally it is measured to be very
close to 1. The important point is that it stays close to 1 because it is protected by a
residual symmetry, named custodial symmetry. Indeed , going to the unitary gauge only
breaks SU(2)L × SU(2)R to a diagonal SU(2)c where UR = UL in Eq. (1.18). SU(2)c is
called the custodial symmetry, and it is only broken by the gauging of U(1)y. A realistic
theory should keep this ρ relatively close to 1, and having a custodial symmetry can help
achieving that. This is the way chosen by the SM by adding one new degree of freedom to
the theory: a singlet h under SU(2)c. This will not modify the action of SU(2)L×SU(2)R
on our Lagrangians, which become:

LK → LK +
1

2
(∂µh)

2 (1.22)

L′
mass → V (h) +

f 2

4
Tr
[

(DµΣ)
† (DµΣ)

](

1 + 2a
h

f
+ b

h2

f 2
+ . . .

)

(1.23)

− f
∑

i

(

ū
(i)
L , d̄

(i)
L

)

Σ(x)

(

mu
i u

(i)
R

md
i q̄

(i)
L d

(i)
R

)(

1 + 2c
h

f
+ . . .

)

with V (h) a possible potential for h. The goal is to determine the coefficients a, b and
c that cancel the previous divergences. The scattering studied above (Figure 1.7) can
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Figure 1.8: The z, w+ −→ z, w+ scattering mediated by h.

now be mediated by h following only in the t-channel (see Figure 1.8). This leads to an
amplitude M:

M =
−a2t
f 2

+O
(

massh
ECM

)

(1.24)

Choosing a = 1 perfectly cancels the previous divergence. Doing the same exercise for
other divergences (and also new ones involving h as asymptotic states) gives a = b = c = 1.
For details of the calcultion we refer to [31]. Now the unitarity of the theory is ensured!
Few steps are required before obtaining the SM. First we notice that the previous condition
a = b = c = 1 enables us to represent the Σ(x) field and the h fields in an unified and
compact way by defining H as:

H(x) =
1√
2
exp

[

i
√
2/f

(
z√
2

w−

w+ − z√
2

)](
0

f + h(x)

)

=

(
h1 + ih2
h3 + ih4

)

(1.25)

Following the transformations rules of Σ(x), H(x) transforms simply as a doublet of
SU(2)L (or SU(2)EW , which are used interchangeably). H is called the Higgs doublet
and h, the Higgs boson. Under U(1)Y , H also inherits the Σ transformation thus it is
charged with hypercharge Y = −1/2.

Now we need to justify how the electroweak symmetry is broken. We saw that going
to the unitary gauge results in mass terms for our fields, but to do so we need to be
allowed to fix the gauge, in other words, we need to be sure that the symmetry is broken.
This is where our new field H(x) comes to the rescue. It is possible to choose a potential
that spontaneously breaks the symmetry, This is exactly what happens in the SM with
the Higgs potential:

V (H) = λ(H†H − v2)2 (1.26)

The potential Eq. (1.26) is clearly invariant under SU(2)L × U(1)Y , and the ground
state of the potential is reached when H†H = v2. There are an infinite number of
equivalent vacua (see Figure 1.9 ) which are all related to each other, but nature can only
be fixed to one. Usually the convention is to choose:

Hvacuum =

(
0
v

)

(1.27)
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2 . The Massive SM Lagrangian

Figure 1.9: Sketch of the Higgs Potential, often called "Mexican Hat". The possible vacua
are highlighted in red, and the chosen ground state has been positionned in green.

Which breaks the symmetry SU(2)EW×U(1)Y −→ U(1)Q, with U(1)Q the electromag-
netic gauge group. The electric charge Q is defined by the combination of the generators
of SU(2)EW × U(1)Y that leaves the vacuum (1.27) invariant:

Q = Y + σ3 (1.28)

To study the excitations around the vacuum we expand H(x) around it, exactly like
in Eq. (1.25), but with now f = v. Going into the unitary gauge will give a mass to
the gauge boson, this is the Higgs mechanism! An illustration of the potential and the
vacuum is proposed in Figure 1.9 .

Finally we are able to write our complete SM Lagrangian:

LSM =− 1

4
Gµν

aGa µν − 1

4
Wµν

iW i µν − 1

4
BµνB

µν

+ qL
(i)† /DqL

(i) + uR
(i)† /DuR

(i) + dR
(i)† /Dd(i)R + Leptons (1.29)

+ (DµH)† (DµΣ) + V (H)

− Y u
i,j q̄

(i)
L iσ2H

∗uR
(j) − Y d

i,j q̄
(i)
L HdR

(j)

Here Y u and Y d are the Yukawa matrices, and the interactions generated are the
Yukawa couplings. Equation (1.29) is the most general Lagrangian that can be written
with the fermion fields of Table 1.2, and including the Higgs doublet. The Yukawa matrices
can also be non diagonal, facilitating mixing between families. We now have all the
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ingredients needed to explain why there are 3 families. To be more accurate, the complete
SM Lagrangian also includes the leptons. The charged leptons (electron, muon, tau)
acquire a mass through the Higgs vev, exactly like the quarks. We know that neutrinos
have a mass however, we still don’t know if it is a Dirac mass from the Higgs or a Majorana
mass.

2 .3 CKM matrix, CP violation and the SM families

Once the Higgs gets its vaccum expection value (v.e.v.), the Yukawa operators of Eq.
(1.29) generate mass terms mixing for the SM fermions. Using the degrees of freedom
present between the families and the phases of the fermions yields to the quarks masses:

Lmass,SM = −md
i d̄

(i)
L dR −mu

i ū
(i)
L uR + h.c. (1.30)

withmd andmu real. This is done by unitary redefinitions of the quarks field, according
to the above degrees of freedom. For more details we refer the reader to [30]. However,
this "diagonalisation" of the Yukawa matrices is only apparent in the mass terms. Indeed
for the electroweak gauge bosons which link uL and dL, the consequences of the above
tranformations lead to the Lagrangian:

LEW ⊃ g√
2

[

Wµ
+ū

(i)
L γ

µV ijdL
(j) +W−

µd̄
(i)
L γ

µV †ijuL
(i)
]

(1.31)

The matrix V is called the Cabibbo-Kobayashi-Maskawa (CKM) matrix and is unitary.
From the above equation we see that going to the fermion mass basis generates mixing
between families through the W± massive gauge bosons. The same is not true for the Z
current (also named neutral current), as it does not mix the upper and lower component
of the fermions left handed doublet. However if there were only one doublet qL and singlet
sL (left handed strange quark), which were the only quarks known in the begining of the
60’s, then we could have mixing between dL and sL from the Yukawa operators. The
neutral current will be connected to this mixing and we will get unwanted FCNC. The
GIM mechanism, postulating a second doublet, compensates exactly the FCNC!

It is the CP violation in the charged current sector that motivates a third family.
Indeed, performing a CP transformation on Equation (1.31) will leave the Lagrangian
invariant only if V = V ∗. In other words, to avoid CP violation no phase should be present
in V . However, CP violation has been measured in the Kaon sector and is consistent with
a phase in the CKM matrix. In the case of only two families, counting the degrees of
freedom we have to construct the CKM matrix will leave no phase, as they can all be
asborbed into redefinition of the quarks fields. Doing the exercise with 3 families allows
for a single phase, completely in balance with the experiments [32]. This is the motivation

for the third generation q3L =

(
tL
bL

)

comprised of the top and the bottom quarks.

Could it be possible to have a fourth generation? The experimental results relating
the Higgs coupling to gluons indicated that this is not the case. The diagram in Figure
1.10 is the dominant contribution. The curious fact about this diagram is that fermions
heavier than the Higgs contribute equally in the loop, and in the SM only the top quark is
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✝ ✞ ✟✠
✡h

Figure 1.10: The process yielding gluon production through the Higgs.

heavier. A fourth generation will necessarily be heavier than the top, and will thus blow
up the Higgs coupling to gluons. This is experimentally not possible in the SM.

To recap our approach, we have started with minimum ingredients and we have found
some inconsitencies. The Higgs boson turned on to be a very efficient way to overcome
those issues, but is it the only way?

We ask the question, but we should justify the quest for another mechanism of EWSB.
The issue with the SM Higgs comes with the scalar nature of this particle. Spin 0 fields
suffer from quadratic correction to their mass: δm2 ∼ Λ2, with Λ the scale of new physics.
There are two reasons why such scale exists and is physical. First, there is the Planck
scale ∼ 1019 GeV, around which strong gravity effects kick in, and we have no idea of
their impact. The other scale comes from the Landau pole of U(1)Y , this happens at
higher energy than the Planck scale. This correction can be removed via fine tuning, a
cancellation with the bare mass, to match with the observed mass of the Higgs boson.
However this requires an incredible precision due to the very high scale of new physics.
Physicists were pushed in the chase of a new source of EWSB, and the CHM offers a very
rich alternative which rely on a mechanism already at work in the SM. As we will see in
the next section how the SM itself, and especially the QCD sector, provide a natural way
to achieve the EWSB.

2 .4 From QCD to the Quark Model

In section 1 .4 we saw how the Baryons and Mesons were formed by smaller structure,
the quarks. We will now do the reverse process, and look specifically how the pions arise
from the underlying theory of quarks.

The force acting on the quarks is, for one part the electroweak group SU(2)EW ×
U(1)Y , and the color from SU(3)c. However, the color interaction gets very strong at low
energy so that we can neglect the other forces. This happens around a scale of 150MeV
(called ΛQCD), below which the binding energy between quarks is so high that they
become colorless bound states of QCD. Because of the strong coupling pertubation theory
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breaks down and it is very hard to describe the physics around that scale. Nonetheless,
symmetries through the language of effective field theory is a very efficient tool to define
the low energy dynamic.

We know that around ΛQCD only the up and down quarks are relevant, because their
mass is way below it. As also the other interactions are negligeable, from the QCD point
of view there is a SU(2)L × SU(2)R symmetry. This symmetry acts on the quarks fields
exactly as defined in Equation 1.18. This is natural considering only the up and down
quarks, as the Lagrangian becomes:

L = uL
(i)† /DuL

(i) + dL
(i)† /DdL

(i) + uR
(i)† /DuR

(i) + dR
(i)† /DdR

(i) (1.32)

However the dynamic of the strong interaction generate a ground state resulting in a
non-zero expectation value for the quark bilinears:

〈ūLuR〉 = 〈d̄LdR〉 6= 0 (1.33)

The vacuum breaks spontaneously and dynamically SU(2)L×SU(2)R down to SU(2)D
exactly like we observed in the previous section.

The Goldstone Theorem tells us that if a global symmetry G is broken down to a
subgroup H, this should generated in the low energy spectrum NGoldstone massless bosons
called Goldstone bosons. The number of Goldstone bosons (GB) is simply determined
by:

NGoldstone = dim (G)− dim (H) (1.34)

In our case we find 3 GB that correspond to the π±, π0 pions . To get the 8 pions of the
octet we should also consider the strange quark in the dynamic, even if it is heavier than
u and d. In fact in the low energy description, the use of an explicit distinction between s
compare to u and d is at the origin of the Gell-Mann Okubo mass formula (see Appendix).
In the next section we will present in more details how to use the symmetries and to write
an effective Lagrangian. Before let us study how the vaccum of QCD generates a mass
for the W±.

✁
✂✄
☎
(a) The QCD correction.

✁
✂✄
☎π

(b) The pions correction.

Figure 1.11: The total propagator’s correction (left) and specifically the pions correction
(right).

The W± acquire a mass because of the dynamics of QCD. Indeed, when computing
the full propagator of the W we should take into acount the QCD correction (see Figure
1.11). The propagator of W±, Gµν , is given by:
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iGµν = −i
(

gµν − pµpν

p2

)
1

p2 (1 + Π (p2))
(1.35)

where Π(p2) comes from the QCD correction (see Figure 1.11 (a)):

(a) = −i
(
p2gµν − pµpν

)
Π
(
p2
)

(1.36)

A particular part of this correction is given by the pion π± exchange (Figure 1.11 (b))
. As the pions are Goldstone boson they verify:

〈0|Jµ±(x)|π±(p)〉 = ifπpµe
−ip.x (1.37)

with fπ the pion decay constant and Jµ
± is the conserved current. It follows that the

pions contribution to Π is:

Π
(
p2
)
⊃ g2f 2

π

2p2
(1.38)

With fπ = 93MeV and g ∼ 0.42, the W± pick up a mass of ∼ 41 MeV, unfortunately
way below its actual observed mass (80GeV). Here we have considered that the current
couples to the gauge bosons following the term in the largangian: L ⊃ g√

2
W µJµ. Thus

Π(p2) has a pole in p2, in other words, the propagator has a mass term. This comes from
the massless nature of the pions which induces a pole in p2. In Eq. (1.37) the presence
of pµ implies that the pions appear only through derivative coupling, thus they cannot
have a mass neither a potential. This last point will be also captures by the effective field
approach. All the other resonnances due to QCD interactions being massive, it assures
the presence of this pole in the complete form factor Π(p2).

We found that the dynamic of QCD naturally leads to the EWSB. However, the scale
of this breaking linked to the pion decay constant is too small to explain the mass of the
observed W± and Z bosons.

The idea behind Composite Higgs Models is to postulate a new strong sector, very
similar to QCD, with its new fermion. It is dubbed technicolor (or hypercolor) and the
particles technifermion (or hyperfermion). The dynamic will generate non zero expecta-
tion value on the technifermion condensate, breaking the desire symmetry. In the next
chapter we will take a deeper look in this class of models.
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Chapter 2
Composite Higgs Models

I must break you.

Rocky IV.

In the previous section we have discussed the importance of explaining the origin
of the EWSB. The SM with the Higgs doublet and its potential raises the question of
Naturalness and the hierarchy problem. To overcome this issue we want to explore an
alternative in wich the Higgs sector, the scalar field and its interactions, is replaced by a
new strongly interacting dynamics like QCD. As we saw QCD is already able to trigger
the EWSB, unfortunately at a scale which is too low, leading to the idea of Technicolor
(TC).

Historically the idea of TC, which is essentially a scaled up version of QCD has been
proposed in [33] and [34], where the equivalent of color is called here HyperColor (HC)
(SU(3)c ∼ GHC). We said "scaled up" as indeed we can relate the scale of confinement
Λ to the decay constant f by Λ = 4πf , which as we saw in the previous section needs to
be much higher than the QCD value to explain the mass of the EW gauge bosons. The
breaking of the global symmetry by the condensate will generate a tower of resonances in
which the SM Higgs boson is identified as a light spin 0, making it composite. But things
are not so simple and a first challenge appears to explain the small mass of the Higgs
compared to the scale of confinement. Furthermore, in these theories it is hard to explain
the origin of the SM fermion mass, leading to extension of the HC group [35], as we will
see in the next subsection. Trying to accomodate those issues is a very rich subject, but
beyond the scope of this thesis, where we are interested in a slightly different scenario
and in another mechanism achieving a mass for the SM fermions.

A few years after the the TC proposal, a variation was introduced [36] in which the
HC interactions no longer break the EW gauge group. The theory still confines leading
to the breaking of the global symmetry. This process delivers Goldstone Bosons in the
low energy spectrum, which are charged under the unbroken subgroup, chosen to contain
the EW sector. Depending on EW embedding in the unbroken group, the Higgs doublet
can now arise as a GB. Like in the TC scenario, the GB are also bound states of the new
fermions, hence this class of models has been named Composite Higgs Model (CHM).
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However, GB are known to be massless which is not the case of the Higgs! Moreover, the
CHM as it is described above cannot account for the breaking of the EW group. Indeed,
the emergence of a potential for the GB is not generated by the strong dynamics alone,
and in this approach the condensate is EW preserving.

To overcome these two issues at once, explicit sources of breaking can be added to
the theory. This would transform the so-called GB into pseudo-Nambu-Goldstone Bosons
(pNGB) which can have a mass (small in comparison to Λ) and a potential, exactly
like the pions of QCD. We remark that in this scenario the true vacuum of the strong
sector must also break the EW gauge group. In this sense Technicolor and Composite
Higgs are related, as both condensates break the EW group. However, what differentiate
CHM to purely TC is the identification of the Higgs. In CHM, some of the GB have
the quantum numbers of the SM Higgs doublet, and their approximate Goldstone nature
makes them very light. This last features also allows us to push the condensation scale
higher, delaying at the same time signs of new physics, which have not been seen yet.
In the effective analysis we will point out the parameter that enables us to go from the
Techincolor vacuum to the Composite Higgs vacuum, preserving the EW group, making
clear how they are related.

Several reviews [31, 37–39], which complete each other, give an in-depth presentation
of Composite Higgs and Technicolor. Reproducing that work here will be extremely
challenging and far away from the main goal of the thesis which, as we recall, consists
of studying the UV behaviour of CHM. Nonetheless, having in mind how the machinery
works will help us to establish the underlying theory.

For this purpose we will start to present the different symmetry patterns allowed by the
strong dynamics, where in fact not every choice can be realized. Then we will introduce
the general low energy description. A particular example will be chosen to illustrate the
mechanism giving a mass to the W±, Z and Higgs bosons. We will see how an explicit
breaking can generate a mass for the top quark. Finally, the interaction at the origin of
such breaking will be question in the last section, where we will examine the necessary
ingredients to explain the mass of the SM fermions, especially through the paradigm of
Partial Compositness (PC). In this paradigm, the SM fermions acquire a mass by a linear
mixing with fermionic bound states of the new strong sector. Some hypotheses have to
be made in order to generate such mixing, and this is exactly what we aim to provide in
this thesis.

1 Dear Symmetry

The global symmetry depends on the choice of the underlying dynamics; here we consider
some new fermions Ψ charged under a HC group GHC exhibiting a global symmetry G.
Upon confinement and condensation, the strong interaction will generate a non-zero value
for the fermion condensate 〈ΨΨ〉 6= 0 leading to the spontaneous breaking of G to a sub-
group H. In TC or CHM the EW group is a part of the global symmetry. Understanding
the possible choices for G/H will enable us to consider the possible embedding of the EW
sector in it.

To establish the different symmetry patterns possible we need to notice first that
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the structure of the technifermion condensate (Lorentz and gauge invariant) is the same
as a Dirac mass term. Thus Ψ can be considered as Dirac fermions, at the same time

suppressing gauge anomalies. So let us consider Nf Dirac fermions Ψi =

(
Ψi
L

Ψi
R

)

under a

representation R of the HC group (the superscript i denotes the flavor index). According
to this representation we are upon three choices:

• If R is real, the right handed components of Ψ can be recasted by charge conjugation
into left handed Weyl fermions. At the end we can consider the Nf Dirac fermions as
2Nf left handed Weyl fermions in the same representation R, leading to an overall
SU(2Nf ) global symmetry. The unbroken symmetry will lean on the properties of
the condensate, 〈Ψi

LΨ
j
L〉 = Σij

0 , which can be symmetric or antisymmetric depending
on the the contraction of the non-written indices, color and spin. Here, Lorentz
invariance and the reality of the representation impose that the flavor indices be
symmetric. This symmetric structure of the condensate will break SU(2Nf ) to
SO(2Nf ). It is worth detailing this last point, where the global symmetry SU(2Nf )
acts on the condensate following its action on the technifermions. For a global
transformation, let U ∈ SU(2Nf ) such as: Ψi

L → U i
kΨ

k
L, then:

Σi,j
0 → U i

kU
j
l Σ

k,l
0 i.e. Σ0 → UΣ0U

T (2.1)

Σ0 which is symmetric can be diagonalised, i.e. there exists U ′ ∈ SU(2NF ) such
as Σ0 = U ′DUT with D diagonal. Here we assume that D ∼ 12Nf×2Nf

. In other
words, the expectation value of the vacuum is the same for all the technifermions.
Now we see that the unbroken group is easy to identify as it represents the elements
that leave invariant D following the law of transformation (2.1).

• For R pseudo-real the same argument as above imposes an antisymmetric structure
of flavor indices, implying the breaking pattern SU(2Nf ) → Sp(2Nf ).

• R is a complex representation. Then we are really in a QCD like theory with
SU(Nf )L × SU(Nf )R global symmetry, acting respectively on the left and right
chirality of the Dirac fermion. The condensate 〈Ψi

L
†Ψi

R〉 will break it to the diagonal
SU(Nf )L+R.

We have determined the general pattern of symmetry breaking, but there are two last
important requirements. First we recall that the theory needs to be outside the conformal
window. In practice neither Nf , nor the dimension of the representation, can be too large.
In the set of GB, which transforms under the unbroken group, at least one needs to be a
doublet of SU(2)L × SU(2)R. We ask specifically for the custodial symmetry in order to
protect the ρ parameter from tree level correction. The Goldstone Theorem tells us that
the GB πa are created from the non-conserved currents:

〈0|Jaµ(x)|πa(p)〉 = ifπpµe
−ip.x (2.2)
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Thus to determine how the GB πa transforms we simply need to know the law of
transformation of the current, i.e. the broken generators. In the real or pseudo-real
representation cases, the unbroken generators T a of SU(2Nf ) are the ones leaving the
vacuum invariant under the transformation (2.1). With a generic expectation value of the
condensate Σ0 they must verify:

T aΣ0 + Σ0 (T
a)T = 0 (2.3)

From this we obtain a set of dim (SO(2Nf )) unbroken generators in the real case (or
dim (Sp(2Nf )) in the pseudo-real case). This set can be completed with the remaining
generators of SU(2Nf ), setting the broken generators Xa. The usual convention is to
choose the broken generators orthogonal to the unbroken set, i.e. Tr

(
T aXb

)
= 0. This

will imply:

XaΣ0 − Σ0(X
a)T = 0 (2.4)

Once again we stress that this is a convention, nevertheless it simplifies the computa-
tions in the effective field approach. Finally this yields to the broken current:

jaµ = Ψ†
LiX

ai
jσ̄µΨ

j
L (2.5)

with i and j the flavor indices. Naturally from what we obtained, the current must
transform in the adjoint representation of the global symmetry.

The above argument can also be employed in the case of complex TC representation.
The logic is the same and the only difference comes from the global symmetry, which here
is SU(Nf )L × SU(Nf )R and the transformation law of the fermion condensate:

Σ0 → U∗
LΣ0U

T
R (2.6)

Now that we captured the symmetry properties of the GB, the next step is to write
an effective Lagrangian to describe the theory below the condensation scale. In other
words, we want to use effective scalar fields πa to construct the low energy interactions.
Other resonances like the vectors could play an important role. We could add also in
our low energy Lagrangian the scalar singlet which is indentified as the Higgs in the TC
alternative. However we want to take things simple and we will only consider the pions
in the effective field description. To do so we recall that symmetries are key and it is
the unbroken group H that links the theory above and below confinement. Thus the
embedding of the πa must respect the transformation properties of the broken current
under H, i.e. being in the adjoint of H. Up to this point, the properties that we have
deduced for the GB come from the underlying field, which will not be the case once we
go in an effective field approach. There is a last point we should remember; that Eq (2.2)
implies the massless nature of the GB and it forbids them to have a potential.

2 The Chiral Lagrangian

In most of the CH papers, the chiral Lagrangian describing the pions will be written
according to:
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Leff =
f 2

8
Tr
[

(DµΣ)
† (DµΣ)

]

(2.7)

with Σ = exp

(

2
√
2
πa

f
Xa

)

Σ0. Here exp

(

2
√
2
πa

f
Xa

)

= U(π) is called the pion matrix

and Σ0 is the vacuum of the theory, as we have defined it with the condensate. This is
the so called "chiral Lagrangian", from which as we will see, we can explain the origin of
the mass of the broken gauge bosons and the coupling of the GB Higgs to the W± and Z.
However, to fully appreciate this choice and the symmetry properties we would like to take
a step back and explain very briefly their origin, the CCWZ formalism [40, 41]. We note
that the above Lagrangian is only at order 2 in the momentum (derivative) expansion.
We could go to the next leading order in the effective description, however this is not our
goal, and the phenomenology of the first order is already quite rich and have interesting
features.

2 .1 The CCWZ Formalism

The CCWZ approach allows the possibility to describe the dynamics of the GB, following
symmetry principles. To present it, we can be very general, so we consider a group G
spontaneously broken down to a subgroup H with T a and Xa the respective generators
of G and H. The general way to parametrize the excitation from the GB πa(x) around
the vaccum φ0 is chosen to arrives through the mean of multiplet scalar field:

φ(x) = U [π(x)]φ0, U [π(x)] = exp

(√
2
πa

f
Xa

)

(2.8)

Again U [π] is called the pion matrix and is part of the coset G/H. Now performing a
global transformation from G should imply:

G : φ(x) → φ′(x) = gφ(x) = gU [π]φ0 , g ∈ G (2.9)

where the action of g on φ(x) is the action of G on the vacuum. What appears here is
that gU [π] can be outside of the G/H coset. However it can be expressed with a new
pion configuration π′ such as it stays in the coset. In that sense we use the property that
each element g of G can be uniquely written g = gG/H .h, with gG/H in the coset G/H
and h in H. Thus there exist h such as g.U [π] = U [π′].h. Plugged into the last equation
we obtain:

G : φ(x) → φ′(x) = gφ(x) = U [π′]φ0 (2.10)

with U [π′] = g.U [π].h−1 (2.11)

where we used the fact that h leaves φ0 invariant. Hence, the pions are transformed
through a global transformation of G with π → π′. This is a non-linear transformation
which depends on G and H, however if we act on the pion matrix with H things are
different. Indeed as we wrote it before h = h[π, g] depends on pions and on the element
g. But if we act only with h from H:
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H : φ(x) → φ′(x) = hφ(x) = hU [π]h−1hφ0 (2.12)

In this particular case U [π] → hU [π]h−1 = U [hπh−1] ∈ G/H . So π′ = hπh−1, here the
pions transforms in the adjoint of H following the underlying theory! The other special
case is the action of a G/H element κ = exp (iαaXa). It results in a shift in the pion fields
configuration: π → π′ = π+α+O (α). To prove it in the general case is technical and not
essential for the rest. However, this so called "shift symmetry" forbids mass and potential
terms for the GB, which again, we already understood from the derivative coupling of the
pions to the current Eq (2.2).

Now that we have obtained a law of transformation for the pion matrix, we can try to
write a G-invariant Lagrangian for the pions. For this purpose we follow the logic of [42]
and try a Lorentz-invariant operator:

Ltry =
f 2

8
Tr
[(
∂µU(x)

−1
)
(∂µU(x))

]
(2.13)

Unfortunately, under a G transformation we get:

G : Ltry → f 2

8
Tr
[(
∂µh(x)U(x)

−1g
) (
∂µgU(x)h−1(x)

)]
(2.14)

The element h(x), being x-dependent, does not commute with the derivative, and Ltry

is thus not invariant. To point out where the shoe pinches we can observe that Ltry can
be rewritten as:

Ltry =
f 2

8
Tr
[(
−U−1∂µU

) (
−U−1∂µU

)]
(2.15)

The object used is called the Maureer-Cartan form, aµ[U ], and can be decomposed
uniquely as:

aµ[U ] =iU
−1∂µU (2.16)

=dµ[U ]
aXa + eµ[U ]

aT a (2.17)

Using how U [π] transforms we can deduce how dµ and eµ do under G, respectively:

dµ[U ] → h(x)dµ[U ]h
−1(x) (2.18)

eµ[U ] → h(x)eµ[U ]h
−1(x) + h(x)∂µh

−1(x) (2.19)

This points out that the non invariance under G comes from eµ. Writing our La-
grangian only with dµ ensures a complete invariance under the global symmetry. Thus
our lagrangian for the GB is:

L =
f 2

8
Tr [dµ[U ]d

µ[U ]] (2.20)
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2 . The Chiral Lagrangian

Up to this point we have only considered gobal symmetries, but as we know, the EW
group must be embedded inside G. To deal with gauge fields is very simple, as we only
need to change our definition of the Maureer-Cartan form:

aµ[U ] = iU−1∂µU → ãµ[U ] =iU
−1DµU (2.21)

=iU−1 (∂µ + igAµ)U (2.22)

with gAµ the gauge fields (part of algebra of G) and its coupling constant. From the
above definition we can also decompose the broken and unbroken generators:

ãµ[U ] = d̃µ[U ]
a
Xa + ẽµ[U ]

aT a (2.23)

The transformations rules of dµ and eµ will hence be the same for d̃µ and ẽµ. Thus
the CCWZ formalism enables us to describe the GB with gauge fields according to:

L =
f 2

8
Tr
[

d̃µ[U ]d̃
µ[U ]

]

− 1

4
F µνFµν (2.24)

The reader might wonder why we are going through these details of the formalism,
and we are actually pretty close to jump to the usual way CH are described as in (2.7).
In the CCWZ approach, we decided to describe the pion fields according to the logic
(2.8), which has imposed the pions fields to transform non-linearly under the complete
group G. We are still able to write down a complete Lagrangian invariant G; however,
the form of dµ[U ] is very hard to determine and to handle. But in a special case of coset,
in which CH enters, things can be simplified. This happens when G/H has the property
of a symmetric coset. In that case the broken and unbroken generators verify:

[T a, T b] = fabcT
c (a) (2.25)

[T a, Xb] = fabcX
c (b) (2.26)

[Xa, Xb] = fabcT
c (c) (2.27)

with f the antisymmetric tensor structure. Condition (a) characterizes the property of H
to be a subalgebra. Condition (b) corresponds to the action of H over G/H. It generates
an easy-to-use representation of the unbroken group over the broken generator because we
chose the broken generators orthogonal to the unbroken set. Finally (c) is the property
of a symmetric coset, where the commutator is only proportional to unbroken generators.
It is called symmetric as we can define a transformation τ acting on Xa:

τ : Xa → −Xa (2.28)

One can easily check that −Xa also satisfies the condition (a), (b) and (c). τ transforms
U according to:

τ : U [π] → U [−π] = U−1 (2.29)

Thus,
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τ : aµ[U ] → aµ[U
−1] = −dµ[U ]aXa + eµ[U ]aT

a (2.30)

and:

dµ[U ] =
1

2

(
aµ[U ]− aµ[U

−1]
)

(2.31)

one obtains that:

L =
f 2

8
Tr
[
∂µ
(
U−1U−1

)
∂µ (UU)

]
(2.32)

such that we finally get Leff = L and we can work with the Σ field;

Σ(x) = exp

(

2
√
2
π(x)a

f
Xa

)

Σ0 (2.33)

By knowing the structure of the vacuum Σ0 we can determine the broken generators
Xa and the effective field used will be simply given by (2.33).

It is time now to apply this approach to a CH model.

3 Composite Higgs Template

We now have at hand all the tools to tackle the description below the confinement scale
of a CHM. To illustrate it we could be very general in the coset G/H, but it is better
to use a concrete example. For this purpose we define the underlying theory to be a
SU(2)HC gauge group with 2 Dirac fermions (or 4 Weyl spinors Fi) in its fundamental
representation (pseudo-real):

L = −1

4
F µνFµν + Fi

† /DF i −M ijFiFj (2.34)

From the symmetry pattern discussion, we know that the global symmetry is SU(4)
and the mass term M ij (or a condensate) breaks it downto Sp(4). First principle lattice
simulations have shown that these dynamics indeed generate a non-zero condensate at
low energy [43–45].

3 .1 The different vacua

To embed the EW gauge group inside the global SU(4), we consider that 2 of the Weyl
spinors (or one Dirac) are an EW doublet, while the other two F ’s are singlets. In the
complete set of the SU(4) generators, we then identify :

T 1,2,3 =
1

2

(
σi 0
0 0

)

, T 4,5,6 =
1

2

(
0 0

0 −σiT
)

(2.35)

to be the SU(2)L×SU(2)R generators. They can be seen as SU(2)L acting on F 1, F 2 while
SU(2)R only deals with F 3, F 4. A CH scenario implies that the condensate is electroweak
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3 . Composite Higgs Template

invariant. Here, as the representation of the HC group is pseudo-real, the condensate Σ0

transforms as a 2-index antisymmetric of SU(4): Σ0 → uΣ0u
T, u ∈ SU(4), leaving two

possible EW conserving vacua:

ΣA =
1

2

(
iσ2 0
0 iσ2

)

, ΣB =
1

2

(
iσ2 0
0 −iσ2

)

(2.36)

They are related to each other by an U(4) transformation, or equivalently by a phase
redefinition of the techni fermions. For now, we choose to work with ΣB as it has been
regulary used in the recent litterature.

Having fixed the vacuum we can now clearly identify the other unbroken generators.
We recall that the unbroken group is Sp(4) and has dimension 10, so we are only missing
4 generators:

T 7,8,9 =
1

2
√
2

(
0 iσi

−iσi 0

)

, T 10 =
1

2
√
2

(
0 1
1 0

)

(2.37)

while the 5 = dim(SU(4))− dim(Sp(4)) unbroken generators are:

X1 =
1

2
√
2

(
0 σ3
σ3 0

)

, X2 =
1

2
√
2

(
0 i
−i 0

)

, X3 =
1

2
√
2

(
0 σ1
σ1 0

)

(2.38)

X4 =
1

2
√
2

(
0 σ2
σ2 0

)

, X5 =
1

2
√
2

(
1 0
0 −1

)

(2.39)

Thus we can write or Σ(x) field as:

Σ(x) = exp

(

2
√
2i
πa

f
Xa

)

ΣB (2.40)

= ΣB +
2
√
2

f







0 iπ5 π4 + iπ3 π2 − iπ1

−iπ5 0 −π2 − iπ1 π4 − iπ3

−iπ4 − iπ3 π2 + iπ1 0 iπ5

−π2 + iπ1 −π4 + iπ3 −iπ5 0







+O
((

πa

f

)2
)

(2.41)

In which we can identify the Higgs doublet H ∼ {π1, π2, π3, π4}. As we already
discussed, the Higgs being a Goldstone boson in this scenario, it cannot acquire a mass,
and an explicit breaking of the EW group is necessary.

We now introduce the electroweak breaking vacuum:

ΣH =

(
0 1
−1 0

)

(2.42)

We should emphasize two important points. First, indeed ΣH breaks SU(2)L, however
Q = T 3+T 6 ∼ T 3+Y corresponds to the electromagnetic charge and is conserved through
this new vacuum. Secondly, there exists a transformation ΣH = eπ

√
2iX4

ΣB, where a
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Chapter 2. Composite Higgs Models

rotation using the X4 generators links the two vacua. Hence, a non-zero expectation
value for 〈π4〉 will break SU(2)L while keeping the electromagnetic group safe.

Having this in mind, we can now write the most general vaccum Σ0 by adding a new
parameter θ:

Σ0 = e2
√
2iθX4

ΣB = cos θΣB + sin θΣH (2.43)

The dynamics that generates the breaking of SU(2)L is now fully encoded in θ, and we
will see from the use of explicit breaking in addition to the chiral Lagrangian, how we can
determine the value of θ. The link between TC and CH is now manifest: if the effective
theory indicates θ = π/2 then it is a purely TC model, whereas in the limit where θ → 0
we converge to a CH model. An important point is that finding θ = 0 will not be realistic,
as we need to break the EW group!

3 .2 Mass and Couplings

We have determined the correct vacua to work with, but unfortunately this changes the
broken generators. The 5 new ones are:

Y 1 = cθX
1 − sθ

T 1 − T 4

√
2

, Y 2 = cθX
2 − sθ

T 2 − T 5

√
2

, Y 3 = cθX
3 − sθ

T 3 − T 6

√
2

(2.44)

Y 4 = X4 , Y 5 = cθX
5 − sθT

8 (2.45)

with cθ = cos θ and sθ = sin θ. We could work with the field Σ(x) = exp
(

2
√
2iπ

a

f
Y a
)

.Σ0,

but we should use it to advantage that the vacuum breaks the EW gauge symmetry. Thus
by going to the unitary gauge we could absorb some degrees of freedom in Σ(x). A quick
look in Eq (2.44) shows that the SU(2)L generators appears in Y 1,Y 2 and Y 3, which can
then be removed. We are left with:

Σ(x) = exp

(

2
√
2i

(
h

f
Y 4 +

η

f
Y 5

))

.Σ0 =

[

cos
x

f
1 +

2
√
2i

x
sin

x

f

(
hY 4 + ηY 5

)

]

Σ0

(2.46)
with x =

√

h2 + η2. The physical Goldstone boson h can be identified with the Higgs
boson, and further results will enforce this idea. Note that we also get an additional GB,
η. By expanding the chiral Lagrangian we find:
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3 . Composite Higgs Template

Leff =
f 2

8
Tr
[

(DµΣ)
† (DµΣ)

]

=
1

2
(∂µh)

2 +
1

2
(∂µη)

2 − 1

6f 2
[h∂µη − η∂µh]

2 +O
(

1

f 3

)

+

(
g2

4
Wµ

+W µ− +
g2 + g′2

8
ZµZ

µ

)[

f 2s2θ + s2θfh

(

1− 2

3f 2

(
h2 + η2

)
)

+ c2θh
2 − sθ

2η2
(

1− 1

3f 2

(
h2 + η2

)
)]

(2.47)

From the above equation we can extract the mass of the W and Z boson:

m2
W =

g2

4
f 2s2θ , m2

Z =
g2 + g′2

4
f 2s2θ =

m2
W

c2W
(2.48)

Thus we identify the weak scale v = f sin θ. The smaller θ is, the larger the hierarchy
will be between the TC scale and the scale of the EW symmetry breaking, which is exactly
what we were looking for. We also observed the correct relation between the mass of the
Z and W , confirming the presence of the custodial symmetry. The coupling between the
Higgs and the gauge bosons reads:

ghWW = gmW cθ = ghWW
SMcθ (2.49)

ghZZ =

√

g2g′2mZcθ = ghZZ
SMcθ (2.50)

ghhWW =
g2

4
c2θ = ghhWW

SMc2θ (2.51)

ghhZZ =
ghhWW

c2W
(2.52)

The supscript SM indicate the SM tree values, thus h couples much like the Higgs does
in the SM, reinforcing the idea that it could play the role of the Higgs boson.

We can now turn to the determination of θ, which is crucial as it is now a parameter
that impacts SM masses and couplings.

3 .3 Loop Induced Potential

As we already discussed, to go through the Σ0 vaccum we need explicit breaking of the
flavor SU(4) symmetry. The Chiral Lagrangian only takes into account the symmetries
from the dynamics of the TC group. But the gauging of the EW group inside its global
flavor symmetry or the coupling to the Higgs to the top will explicitly break the global
symmetry. This will destabilize the vaccuum from ΣB to Σ0. Here we want to take that
into account in the effective field approach. It will yield a potential for the h field that
will enable us to fix the value of θ.
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Gauge Contributions

Keeping in mind the transformation law of the gauge bosons related to the generators
T 1, T 2, T 3 for SU(2)L and T 6 for U(1)Y , the lowest effective operators that can be written
are:

Vgauge = −Cgf 4Tr
∑

i

g2i
[
T iΣ

(
T iΣ

)∗]
(2.53)

∼ Cg
3g + g′2

2

(
−f 4c2θ + f 3s2θh+ f 2

(
c2θh

2 − s2θη
2
)
+ . . .

)
(2.54)

with Cg an unknown low energy constant. We stress again that Σ0 is already the correct
vaccum and thus θ has already been taken into account in the effective description, through
the vacuum definition. To determine the correct value of θ we simply have to suppress
the tadpole that appears in the induced potential. This implies the condition:

1

f

∂Vgauge(0, 0, θ)

∂θ
=
∂Vgauge(h, η, θ)

∂h

∣
∣
∣
∣
h=η=0

(2.55)

In the case of Vgauge the minimum seems to prefer θ = 0

Top Contribution

In the SM the top is the fermion with the largest coupling to the Higgs, the top yukawa
yt ∼ 1. Up to now, the TC sector we have introduced is not related to the SM fermions,
but a coupling could appear through 4-Fermion interactions like:

Yt
Λ
(qLt

c
R)

†
αF

TPαF (2.56)

Λ corresponds to the scale where this operator is generated, α corresponds to the SU(2)L
index while Pα is a projector selecting the α component. The operator (2.56) will translate
at low energy to:

y′tf (qLt
c
R)αTr [P

αΣ] ∼ y′t

(

fsθ + cθh− 1

2f
sθ(h

2 + η3) + . . .

)

tLt
c
R (2.57)

We can thus identify a mass for the top, mtop = y′tfsθ
This also induces a potential:

Vtop = −Cty′2tf 4
∑

α

[
Tr [PαΣ]2

]
(2.58)

∼ −Cty′2t
[
f 4s2θ + f 3s2θh+ f 2

(
c2θh

2 − s2θη
2
)
+ . . .

]
(2.59)

with Ct also a low energy constant. This potential prefers θ → π/2 .
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Explicit Breaking

A last feature which can induce a potential and also explicitly break the symmetry is a
mass term for the TC fermions M . It induces a potential:

Vmass = Cmf
4Tr [MΣ(x)] (2.60)

with M = ΣB we get:

Vmass ∼ 4Cm

[

−f 4cθ + f 3sθh+
1

2
f 2cθ(h

2 + η2) + . . .

]

(2.61)

which also tends to select the θ = π/2 configuration.

Complete contributions

We can now sum the different contributions to find the resulting θ. In [39] only the top
and mass contributions were considered, as the gauge loops are weaker, yielding to:

V (θ) = −4Cm − f 4cθ − Cty
′2
tf

4s2θ (2.62)

This leads to a minimum in θmin:

cos θmin =
2Cm
Cty′2t

(2.63)

Thus a small θ is achieved if 2Cm ∼ Cty
′2
t. The constant Ct and Cm are expected to be

close to one.
Here we have observed a key feature of the Chiral Lagrangian. Even at first order

from the kinetic term, we were able to understand the origin of the mass of the gauge
bosons as well as the couplings of the Higgs. Another extension that could impact the
phenomenology is to take into account the other resonances, like the vector. The impor-
tant point was to show how the Higgs can arise from the composite dynamics. For that
we connected the top quark to the pions in the low energy description. Such coupling
needs to originate from the underlying dynamics where in particular we need to couple
the SM fermions to the TC dynamics. This has been achieved through 4-F operators. We
will turn now to them and how they modify the underlying dynamics.

4 Partial Compositness

In the SM, the origin of the fermion mass takes place via their couplings to the Higgs.
The mass results in the product of the Yukawa coupling to the Higgs vacuum expectation
value. This structure has been tested experimentally, and small deviations are allowed [11].
Nevertheless, achieving this structure schematically could lead to a realitisc scenario. For
these reasons, CHM try to recreate the SM Yukawa operator, for which UV assumptions
have to be made. After reviewing the traditional approach, we will focus on the mechanism
of Partial Compositness.
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4 .1 Historic Attempt

Traditionally, the origin of fermion mass has been implemented by requiring 4-Fermions
operators between two technifermions or hyperfermions and two SM fermions:

Omass ∼
ΨSMΨSMΨHCΨHC

Λ2
ETC

(2.64)

where ΛETC is the scale at which the 4-F is generated. The two hyperfermions are linked
by the HC interactions to the condensate, which itself is connected to the Higgs. This
results in an effective interaction betwen two SM fields and the Higgs, exactly like in the
SM. ✆
✝

ΨHC

ΨHC

ΨSM

ΨSM

✞
✟

(a) The 4-F operator Omass.

✆h
ΨSM

ΨSM

TC

✝
✞
✟

(b) Sketch of the low en-
ergy interaction between the
Higgs and the SM fermions.

As we already discussed, the presence of 4-F operators calls for an underlying theory
to explain them. This is generally done through an extension of the HC groups called
Extended TechniColor (ETC) at a higher scale ΛETC . But there is a cost to pay , which
usually comes from dangerous 4-F interactions with only SM fields induced by the exten-
sion:

Omixing ∼
ΨSMΨSMΨSMΨSM

Λ2
ETC

(2.65)

These operators could lead to unwanted FCNC and need to be highly suppressed by
pushing ΛETC to very high scale (∼ 105 TeV). Unfortunately this will also supress the
mass operator for the SM fields, leading to an unsolvable tension in the theory scale.

However, this estimation is done by treating the strong interactions like QCD, and that
might not be the case. Indeed, it has been shown that the scaling of the operator according
to the energy could change if the theory is conformal or near conformal. In Conformal
Field Theory, the scaling of an operator depends on its anomalous dimension γ. For this
scenario to occur the coupling constant must reach a plateau at low energy, simulating
an IR fixed point. Then, at lower energy the theory exits the conformal regime and the
coupling blows up. In figure 2.2 we propose a sketch of this behaviour called Walking.

How will this change the picture? First, this should not change the estimation of
Omixing as it has only SM fields, the HC interactions don’t play a role. The same is not
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4 . Partial Compositness

Figure 2.2: Sketch of the gauge coupling evolution in the walking scenario. The plateau
corresponds to the conformal regime, below the coupling explodes and above it decreases
following asymptotic freedom.

true for Omass which relies on the HC dynamics, and should generate a mass m for the
SM fermions:

m ∼ 〈ΨHCΨHC〉ETC
Λ2
ETC

(2.66)

where 〈ΨTCΨTC〉ETC is the condensate evaluated at the ETC scale. In a QCD like theory
this condensate is related to the TC scale following:

〈ΨHCΨHC〉ETC =

(

ln
ΛETC
ΛHC

)γ

〈ΨHCΨHC〉TC (2.67)

Thus logarithmic scaling of equation (2.67) will be dominated by the power of law
from equation (2.66) as mentioned before. But in a walking regime the ETC and TC
condensates are linked by:

〈ΨHCΨHC〉ETC =

(
ΛETC
ΛTC

)γ

〈ΨHCΨHC〉TC (2.68)

Here the power law given by the anomalous dimension γ can enhance the resulting
mass of equation (2.66). This leads to two questions:

• Is it possible to obtain a walking scenario?

• What values of γ are reachable?

Unfortunately a concrete answer can only come from Lattice simulations, the ultimate
way to probe these regimes which are highly non perturbative. We can now turn to the
very promising approach of Partial Compositeness.

4 .2 The Partial Compositeness paradigm

In this manuscript we aim to study an alternative mechanism called Partial Composit-
ness [46] in which the mass generation of the SM fermions comes from a mixing with
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baryonic operators of the HC sector, avoiding the dangerous issues related to flavor. This
mechanism relies also on 4-F interactions but now with three technifermions and one SM
field:

OPC ∼ ΨSMΨTHCΨHCΨHC

Λ2
ETC

(2.69)

Here the three technifermions have to be seen as spin 1/2 resonances of the TC in-
teractions. In other words, it represents a techni baryon B of the new strong sector,
B = ΨHCΨHCΨHC . As the elementary ΨHC are vector-like so will be the techni baryons,
which can have a Dirac mass term. Such mass is generated dynamically provided by
the TC interactions, exactly like the proton mass in QCD. The mixing caused by OPC

will allow the SM fields to absorb a part of their mass. The next figure illustrate this
mechanism:

✆
✝
✞

ΨHC

ΨHC

ΨSM

ΨHC

✟(a) The 4-F operator OPC . ✠B
ΨSM

✡
☛
☞

(b) The resulting interaction
between the SM fermions
and the techni baryon.

We can illustrate this process with an effective lagrangian, implementing the simple
case of baryon partners mixing with the top quark field. For this purpose, let us consider
the Dirac fields BL and BR, the technibaryons that couple respectively to the elementary
quark doublet qL and the right handed top tR. The effective lagrangian should now
contain:

LEFF ⊃ mLB̄LBL +mRB̄RBR + λLBLPLqL + λRBRPRtR + yB̄RHBL (2.70)

with mL/R the mass of the techni baryons, λL/R the mixing coupling whose origin relies
on the 4-F interactions, and finally y is the coupling of the techni baryons to the Higgs
field. The latter being also composite, this coupling is completely generated by the strong
dynamic. Getting the physical states requires to find the mass eigenstates. We thus
identify by QL and TR the lightest quark states from the mixing in (2.70), they correspond
to the SM fields observed. Formaly we have:
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4 . Partial Compositness

QL = sin θLqL + cos θLBL (2.71)

TR = sin θRtR + cos θRBR (2.72)

sin θL/R =
λ2L/R

√

λ2L/R +m2
L/R

(2.73)

The larger the coupling of the 4-F interaction is, the larger the the mixing of the SM
fields will be. The name Partial Compositness makes sense as the observed SM fields are a
superposition of the composite states and the elementary fields. From the above formula
we can deduce the effective SM like top Yukawa coupling y′:

y′ = y sin θL sin θR (2.74)

To pursue the idea that fermionic bound states of the strong dynamic mix with the
SM fields will require some modifications in the underlying theory which, as we will see,
will leave us with limited possibilities. It is worth noting that the PC paradigm still needs
to enhance the scaling of operators like the baryonic bound state. This enables us to push
the TC scale while keeping a large enough top mass and top Yukawa coupling. For this
reason we will still consider the Walking scenario.

4 .3 Extension of the Global Symmetries

Partial Compositness depends upon the presence of partner to the SM fields. The low en-
ergy spectrum now needs to provide for fermionic states with quantum numbers matching
the SM ones. This can only be done if some technifermions are also charged under QCD.

The simplest way to account for this is to consider a new species of technifermions
χ charged under a different representation of the TC group and under the color group.
They need to be carefully chosen such as technibaryons made of ΨΨχ or Ψχχ can form
the desired SM partners. The TC group now has two distinct representations, each of
them exhibiting its own global symmetry:

• First, the Ψ fermions are exactly as we described earlier, their global symmetry
should generate the pNGB Higgs.

• The χ will also provide a spontaneous symmetry breaking, delivering Goldstone
bosons charged under QCD, leading to promising phenomenology [47].

The addition of the χ fields also plays a role in the TC dynamics, which is required to
confine at low energy. A tension appears as we want to obtain a theory near conformal
to generate large anomalous dimension, which at some point needs to be broken to get
outside the conformal window. To be or not to be, in the conformal window, is very
tricky because we cannot rely on perturbation theory. We will discuss this point more
precisely in the next chapter. To continue with the CH scenario, a way to break conformal
invariance, called Ideal Walking, makes use of the 4-F interactions whose couplings can
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Chapter 2. Composite Higgs Models

break the chiral symmetry [48]. Here we take another approach, where the conformal
invariance can be broken if some hyperfermions have a heavy mass, thus they disappear
from the running and the theory can be outside the conformal window. The scale around
which this happens can be viewed as the TC scale we had formerly in mind.

Within those constraint we are left with three minimal cosets G/H in the Ψ sector that
are: SU(5)/SO(5), SU(4)/Sp(4) and finally SU(4)× SU(4)/SU(4). The different possi-
bilites for the multiplicities of the fermions Ψ and χ (respectively NΨ and Nχ) associated
to their representation (respectively RΨ, Rχ) are displayed in Table 2.4 from [47]. The
column "Restriction" indicates when asymptotic freedom is realized and the column "Non
Conformal" specifies the subrange when the model is likely outside the conformal window.
Finally the column "qχ/qΨ" relates the charge of the gloabl anomalous U(1) × G2

HC in
the Ψ and the sector. Having two sectors allows for a combination of those U(1) to be
non-anomalous and this depends on the ratio of the charges.

These models, however, do not offer a complete picture of the UV physics: on the
one hand, these models nicely describe the low energy spectrum but need to be extended
in order to enter a near-conformal dynamics above the condensation scale; on the other
hand, the couplings of the elementary top fields are introduced as non-renormalizable
4-Fermion interactions, which may come together with other relevant and omitted oper-
ators. Furthermore, the origin of light quark and lepton masses is not addressed. Lattice
studies of the low energy properties for some of these theories are also available [49–54].
Alternatively, (light) scalar fields charged under the confining gauge symmetry have been
introduced in Refs [55, 56]: at the price of giving up naturalness, one potentially obtains
a complete and fundamental theory of flavor [57]. We should also mention the possibility
of bosonic Technicolor [58], where an elementary Higgs doublet is re-introduced [59,60].

Trying to achieve a complete composite theory of flavor based on gauge and fermion
fields alone is a much more daring task: this would be similar to the quest for extended
Technicolor theories [35, 61] that, despite intense efforts [62–65], have not produced any
fully realistic model so far. The next chapter proposes a fundamental way to accomplish
the last points, where the theory can naturally be defined up to the Planck scale.
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GHC ψ χ Restrictions −qχ/qψ Yχ Non Conformal Model Name

Real Real SU(5)/SO(5) × SU(6)/SO(6)

SO(NHC) 5× S2 6× F NHC ≥ 55 5(NHC+2)
6 1/3 /

SO(NHC) 5×Ad 6× F NHC ≥ 15 5(NHC−2)
6 1/3 /

SO(NHC) 5× F 6× Spin NHC = 7, 9 5
6 ,

5
12 1/3 NHC = 7, 9 M1, M2

SO(NHC) 5× Spin 6× F NHC = 7, 9 5
6 ,

5
3 2/3 NHC = 7, 9 M3, M4

Real Pseudo-Real SU(5)/SO(5) × SU(6)/Sp(6)

Sp(2NHC) 5×Ad 6× F 2NHC ≥ 12 5(NHC+1)
3 1/3 /

Sp(2NHC) 5×A2 6× F 2NHC ≥ 4 5(NHC−1)
3 1/3 2NHC = 4 M5

SO(NHC) 5× F 6× Spin NHC = 11, 13 5
24 ,

5
48 1/3 /

Real Complex SU(5)/SO(5) × SU(3)2/SU(3)

SU(NHC) 5×A2 3× (F,F) NHC = 4 5
3 1/3 NHC = 4 M6

SO(NHC) 5× F 3× (Spin,Spin) NHC = 10, 14 5
12 ,

5
48 1/3 NHC = 10 M7

Pseudo-Real Real SU(4)/Sp(4) × SU(6)/SO(6)

Sp(2NHC) 4× F 6×A2 2NHC ≤ 36 1
3(NHC−1) 2/3 2NHC = 4 M8

SO(NHC) 4× Spin 6× F NHC = 11, 13 8
3 ,

16
3 2/3 NHC = 11 M9

Complex Real SU(4)2/SU(4) × SU(6)/SO(6)

SO(NHC) 4× (Spin,Spin) 6× F NHC = 10 8
3 2/3 NHC = 10 M10

SU(NHC) 4× (F,F) 6×A2 NHC = 4 2
3 2/3 NHC = 4 M11

Complex Complex SU(4)2/SU(4) × SU(3)2/SU(3)

SU(NHC) 4× (F,F) 3× (A2,A2) NHC ≥ 5 4
3(NHC−2) 2/3 NHC = 5 M12

SU(NHC) 4× (F,F) 3× (S2,S2) NHC ≥ 5 4
3(NHC+2) 2/3 /

SU(NHC) 4× (A2,A2) 3× (F,F) NHC = 5 4 2/3 /

Figure 2.4: List of the minimal models. The notations F,A2,S2,Ad and Spin denote the
fundamental, two-index antisymmetric, two-index symmetric, adjoint and spinorial irreps
respectively. A bar denotes the conjugate irrep
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Chapter 3
The Techni-Pati-Salam Model

We are only as strong as we are

united, as weak as we are divided.

J.K. Rowling, Harry Potter and the
Goblet of Fire

1 Introduction

In this chapter, we want to face the daring need for an Ultra-Violet completion for com-
posite Higgs models: this step is crucial in order to base all we learned from EFT studies
on more solid foundations and to truly understand the origin of flavor physics. What we
aim at is to define a UV theory that reduces to a viable composite Higgs theory at low
energies, around the TeV scale, while being complete and fundamental, i.e. defined up
to the Planck scale. Ideally, this should be a theory containing a finite set of couplings
closed under the renormalisation group equations, in absence of quantum gravity effects
(which are beyond our scope).

In the present work, we follow the route opened in Ref. [66] within the partially unified
partial compositeness (PUPC) framework: the confining gauge symmetry is partially
unified with the SM ones, with the gauge symmetry breaking due to high-scale scalars.
In this sense, this approach lies in between the early extended Technicolor approaches
and theories with scalars, while retaining the ambition of achieving a complete theory
of flavor in a natural way, i.e. without large hierarchies between scalar masses and the
Planck scale. Our main goal will be to give a proof-of-principle that such a theory can be
constructed, while leaving its final validation to lattice results in the conformal window
lying between the compositeness scale and the Planck scale. While we show how flavorful
couplings for all SM quarks and leptons can be generated as a combination of gauge and
scalar mediation, we will not attempt to prove that the theory can survive the severe
flavor bounds from experiments. In fact, without the input of lattice on the anomalous
dimensions of the composite operators that couple to the SM fermions, an analysis based
on the EFT approach would be similar to results already present in the literature [67–70].
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Chapter 3. The Techni-Pati-Salam Model

Our construction offers the benefit of providing a complete set of operators that couple
to the SM fields, and the properties of the strongly-coupled gauge interactions that can
be studied via first-principle lattice calculations.

The general idea is described in Ref. [66]: here we focus specifically on the Techni-
Pati-Salam (TPS) model based on a partially unified gauge symmetry

GTPS = SU(8)PS × SU(2)L × SU(2)R .

We will show how to construct a minimal model, which also helps predicting the properties
of the microscopic theory underlying the low energy composite dynamics (that can be
studied on the lattice), and the dynamics of the walking phase. Analysing how flavor
structures arise can help better understand the low energy properties of composite models:
for instance, we can show that the multi-scale scenario of Ref. [69] cannot be achieved in
this framework and only top partners, i.e. light-ish spin-1/2 resonances associated to the
third generation, are possible.

The chapter is organised as follows. In Section 2 we present the general features of the
PUPC framework, and the characteristics that lead us to focus on the TPS model and its
symmetry breaking pattern. In Section 3 we discuss in detail how the masses for the third
generation of SM fermions can be generated, starting from a fundamental gauge-Yukawa
theory at high scale. In particular, we will show how the mass hierarchy between top,
bottom, tau and neutrino can be achieved. In Section 4 we investigate the possibility of
extending the construction to the first and second families: we identify the necessary and
minimal ingredients needed to generating all masses and non-trivial Cabibbo-Kobayashi-
Maskawa (CKM) [32, 71] and Pontecorvo-Maki-Nakagawa-Sakata (PMNS) [72] mixing
matrices. We also establish how baryon number conservation can be imposed to avoid
proton decay, thus leading to the existence of a potential Dark Matter candidate. We
offer our conclusion and the perspectives in Section 5 .

2 General considerations

2 .1 The PUPC proposal

Figure 3.1: Schematic representation of the dynamical phases of PUPC models.

The main goal of our PUPC approach [66] is to provide a genuine UV completion for
composite Higgs models with top partial compositeness, which could explain the origin of
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the partial compositeness couplings and flavor physics. The theory also needs to be valid
all the way up to the Planck scale, where quantum gravity effects become relevant. To
achieve this goal, we require that the theory in the UV consists of a renormalizable gauge-
Yukawa theory. Scalars, therefore, are added with a “natural” potential, in the sense that
all the dimension-of-mass parameters are not too far from the Planck scale. We remind
the reader that this “naturalness” principle does not apply to fermion masses. The low
energy target is a composite Higgs model with, at least, top partial compositeness. This
implies that the UV theory needs to provide both the couplings to achieve top PC, and an
intermediate walking phase to enhance them at low energy: the PUPC model, therefore,
needs to pass through several different dynamical phases at various scales, as schematically
depicted in Fig. 3.1. Here, we expect the low energy dynamics, above the EW scale, to
be that of a confining theory with a typical scale ΛHC ≈ 10 TeV (implying a Higgs pNGB
decay constant f ≈ ΛHC

4π
≈ 1 TeV). An IR walking phase thus occurs, separating the

confinement scale from the scale where flavor physics is generated, ΛF. How large this
scale needs to be depends on the flavor bounds in a specific model, however we expect
it to be close to the scale of gauge symmetry breaking of the UV theory. The latter is
achieved by giving vacuum expectation values (VEVs) to the scalars in the theory, at a
scale ΛPU, which is allowed to be roughly one loop-factor below MPlanck. Thus, typically,
ΛF ≈ ΛPU ≈ 1016÷19 GeV.

In this section, we will present some general features of PUPC models. The first issue
is about choosing the gauge groups. Then, we will show how the SM fermions can be
embedded into the PUPC theory, and the scalar sector needed for the symmetry breaking.
Finally, we will discuss the conditions under which a walking dynamics can be achieved.
In the following two sections we will discuss more gory details about the generation of
masses for the third generation first, and then how to extend the theory to the light
generations and full flavor structures.

We will start this exploration from the IR end of the spectrum. It has been shown
that only a finite number of gauge-fermion theories can lead to the desired low energy
phase [73–75], where both a pNGB Higgs and top PC are achieved. The 12 minimal
models have been identified, M1-M12, each characterized by its own gauge group and
hyper-fermion representations. As mentioned, such theories lie outside of the conformal
window: in order to enter the needed walking phase between ΛHC and ΛF, additional
hyper-fermions can be added, with a mass ∼ ΛHC. This IR theory, then, needs to be
embedded in the UV PUPC theory, where the HC gauge group is partially unified with
the SM one. We will shortly see that this step is non-trivial, and it has consequences
for the low energy dynamics, as it can be used to further select the gauge theories in the
confined phase. This selection is crucial in particular for Lattice studies.

The models that achieve the low energy dynamics with top PC resort to HC groups
SO(N)HC, SU(N)HC and Sp(N)HC, with hyper-fermions in the fundamental, spinorial
and two-index antisymmetric representations. Following minimality, we decided to unify
QCD and HC groups: this is due to the fact that mediators for top PC typically carry
QCD charges. As a consequence, we need to embed the hyper-fermion representation and
SU(3)c fundamentals in the same representation of the extended-HC (EHC) group: this
is easiest to do for models based on Sp(N)HC, like model M8 [47, 73]. The reason is that
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SO(N)HC models always contain the spinorial representation, which is hard to embed
together with a fundamental of QCD, while SU(N)HC theories with fundamental tend to
inherit the chiral spectrum of the SM in the hyper-fermion sector. While this analysis
certainly does not exclude other possibilities, we decided for simplicity to focus on M8,
as a template IR model for the first PUPC construction.

The low energy model, therefore, will consist on Sp(4)HC with four hyper-fermions in
the fundamental representation: one pair forms a doublet of the gauged SU(2)L while
the other a doublet of the custodial SU(2)R (the hypercharge corresponds to the diagonal
generator). This sector ensures that the pNGB Higgs arises at low energy, and its effect
preserves the custodial relation between the W and Z masses. Furthermore, the model
needs to include hyper-fermions in the two-index antisymmetric representation in order
to obtain top partners in the form of hyper-baryons. The HC and QCD gauge groups are
unified as diagonal-subgroups of a SU(7)EHC. It is then possible to show that quarks and
hyper-fermions in the fundamental can be embedded in fundamentals of SU(7)EHC, by
suitably choosing the charges under a U(1)E, in order to fit the correct hypercharges and
cancel gauge anomalies. Leptons here remain as singlets of SU(7)EHC, thus they will not
receive any contribution to their coupling to hyper-fermions from gauge mediation. This
feature, plus the cancellation of anomalies, points towards a unification of quarks–hyper-
fermions with leptons, à la Pati-Salam [76]. Finally, the PUPC gauge group we choose to
work with is

GTPS = SU(8)PS × SU(2)L × SU(2)R , (3.1)

from which the name of Techni-Pati-Salam (TPS) model [66]. The next two questions
involve the choices of fermions in the TPS model, which can accommodate for both the
chiral SM fermions and the non-chiral hyper-fermions, as well as the choice of scalars,
which are responsible for breaking the TPS group down to the SM plus HC gauge sym-
metries.

2 .2 Fermion embedding

In the TPS model, both SM fermions and hyper-fermions need to be embedded into
representations of the TPS group. As we will see, the multiplicity and quantum numbers
for the hyper-fermions are determined by this choice, thus while we use M8 as a template
model, the details of the IR dynamics will not necessarily be the same. To indicate the
representations, we will use the following notations:

{dPS, dL, dR} ⇒ GTPS , (3.2)

where dX indicates the dimension of the representation under the TPS group X, while
for the IR quantum numbers we omit the SU(2)L (as it remains unbroken all the way
from the UV to the IR) and use

(d4, d3)Y ⇒ (Sp(4)HC, SU(3)c)U(1)Y . (3.3)

Details on how the IR gauge groups are embedded in the TPS one in the UV will be
presented in the next subsection.
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Firstly, for the SM fermions we follow the hint from Pati-Salam [76] and we embedded
them in a fundamental, Ω, and anti-fundamental, Υ, of SU(8)PS, as follows:

Ω = {8, 2, 1} =





L
qL
lL



 , (3.4)

Υ = {8̄, 1, 2} =





Ud Du

dcR ucR
ecR νcR



 ; (3.5)

where all spinors are left-handed Weyl, and the two columns in Eq. (3.5) explicitly show
the two components of the SU(2)R doublet. The rows follow the SU(8)PS structure, where
we embed the IR gauge groups in the following block-diagonal form:

SU(8)PS ⇒








Sp(4)HC

SU(3)c







. (3.6)

One set of Ω and Υ, therefore, contains a complete SM generation

qL = (1, 3)1/6 , tcR = (1, 3̄)−2/3 , bcR = (1, 3̄)1/3 ,

lL = (1, 1)−1/2 , ecR = (1, 1)1 , νcR = (1, 1)0 ,
(3.7)

including a right-handed neutrino, and the 4 hyper-fermions that generate the pNGB
Higgs as a bound state (as in M8)

L = (4, 1)0 , Ud = (4, 1)1/2 , Du = (4, 1)−1/2 . (3.8)

Secondly, we need to embed the hyper-fermions in the two-index antisymmetric of
Sp(4)HC into the TPS gauge symmetry. The minimal way is to employ antisymmetric
representations of SU(8)PS: we find convenient and minimal to use the 4-index one,
which is a real representation. Other possibilities are discussed in Appendix A .1. The
new fermion decomposes as

Ξ = {70, 1, 1} =

(
Ut χ ρ η ω
Db χ̃ ρ̃ η̃ ω̃

)

, (3.9)

where the top row corresponds to fields belonging to a 35 of SU(7)EHC and the ones in
the bottom row to the conjugate representation. Thus, fields in the same column have
conjugate quantum numbers. The components have the following quantum numbers:

Ut = (4, 1)−1/2 , χ = (5, 3)−1/3 , η = (4, 3̄)−1/6 ,

ω = (1, 3)−1/3 , ρ = (1, 1)0 .
(3.10)
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Breaking Pattern
Ψ–Θ path ∆ path

PS breaking SU(8)PS × SU(2)R → SU(7)EHC × U(1)E

EHC breaking SU(7)EHC → SU(4)CHC × SU(3)c × U(1)X SU(7)EHC × U(1)E → SU(4)CHC × SU(3)c × U(1)Y

CHC breaking SU(4)CHC × U(1)E × U(1)X → Sp(4)HC × U(1)Y SU(4)CHC → Sp(4)HC

Table 3.1: Gauge symmetry breaking steps from the UV TPS theory down to the IR HC
composite Higgs model. The two paths correspond to two different ways to give VEVs to
the scalar fields.

We see that the hyper-fermions in the antisymmetric of Sp(4)HC have hypercharge −1/3,
which does not match the one of M8. As we will see, however, this model set-up allows
to construct top partners at low energy. Furthermore, the multiplet Ξ contains two
hyperfermions, Ut and Db, with quantum numbers matching Du and Ud in Υ, and a set
of hyper-fermions carrying QCD charges, η/η̃. The multiplet also contains fermions that
are not charged under the HC group: a vector-like partner of the right-handed bottom,
ω/ω̃, and a singlet ρ/ρ̃. All these components may play a role in giving masses to the SM
fermions, as we will discuss in the next section.

For now, this should be considered a minimal set of TPS fermions that contain the key
players for a correct IR dynamics. The interesting point to remark now is that the TPS
embedding fixes the quantum numbers of the hyperfermions and their multiplicity: a set
of Ω, Υ and Ξ contains 12 Weyl spinors in the fundamental and 6 Weyl spinors in the
antisymmetric of the HC group. Additional HC-singlets are also predicted. As already
mentioned, alternative choices are presented in Appendix A .1.

2 .3 Scalar sector and TPS symmetry breaking

Various scalar multiplets can accommodate the needed breaking steps between the UV
TPS theory and the IR model. We identified two paths that are of interest for phenomenol-
ogy, summarized in Table 3.1, as we will detail in this subsection. We first remark that,
besides the gauge symmetry breaking, scalar fields also play the crucial role of generating
masses for the hyper-fermions and mediating PC4F interactions for the SM fermions, and
we will see them in action in the next two sections. Here, we limit ourselves to discuss
the gauge symmetry breaking patterns.

The breaking of SU(8)PS, and splitting of the leptons from quarks/hyper-fermions,
can be done in a similar way to the standard Pati-Salam model by introducing

Φ = {8, 1, 2} . (3.11)
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Once it develops a VEV, which can be aligned as follows1

〈Φ〉 = vΦPS√
2








0 0
...

...
0
1 0







, (3.12)

it will break SU(8)PS × SU(2)R → SU(7)EHC × U(1)E [77]. The unbroken U(1)E charge
can be expressed as

QE = T 3
R +

2√
7
T 8
PS , (3.13)

where T 3
R is the diagonal generator of SU(2)R and

T 8
PS =

1

4
√
7

(
17×7

−7

)

. (3.14)

The fermion multiplets introduced above decompose as

Ω ⇒ [7 , 2 ]1/14 ⊕ [1 , 2 ]−1/2 , (3.15)

Υ ⇒ [7 , 1 ]−1/14±1/2 ⊕ [1 , 1 ]1/2±1/2 , (3.16)

Ξ ⇒ [35 , 1 ]−2/7 ⊕ [35 , 1 ]2/7 , (3.17)

where [SU (7 )EHC, SU (2 )L]QE
.

The further breaking down to the IR model can follow two paths, which we discuss
below.

The Ψ–Θ path

The first path requires the following scalar multiplets:

Ψ = {63, 1, 1} , (3.18)

Θ = {28, 1, 1} . (3.19)

The adjoint Ψ is assumed to develop a VEV proportional to [77,78]

〈Ψ〉 = vΨEHC

4

(
14×4

−14×4

)

, (3.20)

which, once combined with the Φ VEV [79,80], breaks SU(7)EHC → SU(4)CHC×SU(3)c×
U(1)X . The group SU(4)CHC, which we dub complex-HC, contains Sp(4)HC, and the
would-be hyper-fermions transform as complex representations under the CHC group (see
Appendix A .1 for more details). The unbroken U(1)X charge corresponds to a diagonal
generator of SU(7)EHC that can be expressed in terms of SU(8)PS as

QX =
1

42





34×4

−43×3

0



 . (3.21)

1The two columns correspond to components of SU(2)R.
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Details about the decomposition of fermion, gauge and scalar multiplets after this step
are reported in Appendix A .1.

The gauge couplings are matched to the TPS ones as follows:

gCHC = gc = gPS , (3.22)

gE =
2
√
7gRgPS

√

4g2R + 7g2PS
, (3.23)

gX =

√

21

2
gPS . (3.24)

The breaking pattern will also produce massive gauge bosons, among which the most
interesting ones are

Cµ = (4, 1)1/2 , Dµ = (1, 3)2/3 , Eµ = (4, 3)1/6 , (3.25)

where the first two form a fundamental of SU(7)EHC. As we will see, Eµ and Cµ play an
important role in mediating PC4F operators, while Dµ generates four-fermion interactions
between quarks and leptons, like in the standard Pati-Salam. Their masses are given by:

M2
E =

g2
PS

4
(vΨEHC)

2 , M2
C =

g2
PS

4
(vΨEHC + vΦPS)

2 ,

M2
D =

g2
PS

4
(vΦPS)

2 ,
(3.26)

where we remark that MC > ME. For completeness, the spectrum also contains one
neutral and one charged singlet deriving from the breaking of SU(2)R, with masses

M2
W±

R

=
g2R
4
(vΦPS)

2 , M2
ZΨ

=
4g2R + 7g2PS

16
(vΦPS)

2 . (3.27)

The next step consists in breaking the CHC group down to Sp(4)HC, so that the
hyper-fermions can transform under a pseudo-real representation of the HC group. We
will pragmatically assume that this breaking may occur at any energy between ΛPS and
ΛHC. Some phenomenological consideration on the relevance of this scale will be presented
in the next subsection. To achieve this step, we need a field transforming as a two-index
antisymmetric of SU(4)CHC, which is naturally contained in Θ, also carrying charges
QE = QX = 1/7. A VEV in this component, would also break U(1)E × U(1)X → U(1)Y ,
with

Y = QE −QX , (3.28)

and gauge coupling matching

gY =
gEgX

√

g2E + g2X
, gHC = gCHC . (3.29)

The spectrum will now contain two additional gauge bosons, a singlet and Hµ
Θ = (5, 1)0,

with masses

M2
HΘ

=
g2CHC

4
(vΘCHC)

2 , M2
ZΘ

=
g2E + g2X

4
(vΘCHC)

2 . (3.30)
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The ∆ path

A second possible path can be achieved by use of a three-index antisymmetric represen-
tation

∆ = {56, 1, 2} , (3.31)

whose VEV can break SU(8) → SU(3)× SU(5) [81,82]. As this VEV also break U(1)E,
it needs to transform as an SU(2)R doublet, with the VEV aligned with the T 3

R = −1/2
component in order to preserve the hypercharge. Thus, together with the Φ VEV, ∆ can
break SU(7)EHC × U(1)E → SU(4)CHC × SU(3)c × U(1)Y .

The matching of the gauge couplings read

gCHC = gc = gPS , (3.32)

gY =
gRgPS

√

g2R + g2R
5
21

+ g2PS
16
7

. (3.33)

The spectrum of massive gauge bosons will now read

M2
E =

g2
PS

4
(v∆EHC)

2 , M2
C =

g2
PS

4
(vΦPS)

2 ,

M2
D =

g2
PS

4
(vΦPS + v∆EHC)

2 , M2
W±

R

=
g2
R

4
(vΦPS + v∆EHC)

2 ;
(3.34)

plus two massive singlets. We note that MC > ME if vΦPS > v∆EHC.
Furthermore, the T 3

R = 1/2 component of ∆ contains a component transforming as
the two-index antisymmetric of SU(4)CHC with zero hypercharge, thus it can be used to
break the CHC symmetry with a VEV v∆CHC < v∆EHC. This breaking will simply leave one
massive gauge boson, Hµ

∆ = (5, 1)0, with mass

M2
H∆

=
g2CHC

4
(v∆CHC)

2 . (3.35)

2 .4 Hypercolor dynamics

A key ingredient for any composite Higgs model with top partial compositeness is the
presence of a near-conformal “walking” dynamics above the condensation scale ΛHC. This
may ensure that the hyper-baryons that couple to the top develop a large anomalous
dimensions, which in turn can enhance the top PC couplings at low energy. For this
mechanism to have any hope to work, the theory in the walking phase should lie as close
as possible to the lower edge of the conformal window, thus being in a strongly coupled
regime. Unfortunately, estimating the location of the conformal edge in terms of the
fermion multiplicities is subject to many uncertainties, due to the strong coupling. In
the following, we will adopt two methods developed in the literature: the Pica-Sannino
(PS) all order beta function [83], and the Schwinger-Dyson (SD) equation approach [84].
The former is based on a conjectured all-order beta function that depends on the mass
anomalous dimensions of the fermions charged under the running gauge coupling. In the
conformal window, the beta function should vanish, while the mass anomalous dimensions

63



Chapter 3. The Techni-Pati-Salam Model

Figure 3.2: Conformal window as a function of the number of Weyl spinors in the funda-
mental (N1) and antisymmetric (N2) for Sp(4)HC (red) and SU(4)CHC (blue). The solid
line indicates where asymptotic freedom is lost, while the dashed and dotted lines indicate
the expected lower edge using the PS or SD methods, respectively.

are expected to be of order unity. Thus, this provides enough constraints to fix the number
of fermions, leading to

11C2(G)−
∑

r

T (r)nr

(

3 +
7

11

C2(G)

C2(r)

)

= 0 , (3.36)

where C2 is the Casimir and T the dynkin index of the representation (G indicates the
adjoint), while nr is the number of Weyl fermions in the representation r. The SD method
uses the ladder approximation in the gap equation to determine the critical value of the
gauge coupling where chiral symmetry is broken. This can be compared to the zero of
the beta function, which first appears at two loops, leading to

α∗ = −4πβ0
β1

=
π

3C2(r)
. (3.37)

As we have two different representations, we will consider the one whose anomalous di-
mension reaches unity first, i.e. the antisymmetric. A more sophisticated method, based
on a scheme-independent determination of the mass anomalous dimension, has been re-
cently proposed in [85] and gives results somewhat in between the ones obtained by the
SD and PS methods.

We first apply these methods to a Sp(4)HC theory [86] with N1 Weyl spinors in the
fundamental and N2 Weyl spinors in the antisymmetric. The result is shown in Fig. 3.2 by
the red lines, where the dashed (dotted) correspond to the PS (SD) method. In solid we
show the line above which asymptotic freedom is lost. This case is relevant for the TPS
model when the CHC breaking occurs at high scale, i.e. before the onset of the walking
phase. The model we presented in this section contains N2 = 6 degrees of freedom in
the antisymmetric representation, coming from the Ξ multiplet. For N2 = 6, the PC
method gives the lower edge starting at N1 = 5, while for SD it starts at N1 = 13 (while
asymptotic freedom is lost for N1 = 21). To compare with a realistic scenario, we recall
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that one SM generation (Ω + Υ) plus a Ξ contains N1 = 12, which is in between the
two results (C.f., red dot in Fig. 3.2), and very close to the boundary according to the
SD method. The method from [85] gives N1 = 10. Thus, the model has good chances
of being close to the edge and develop large anomalous dimensions. We anticipate that
extending to 3 generations would minimally require to add a flavor index to Ω and Υ,
raising the number of fundamental hyper-fermions to N1 = 20, which is well too close
to the edge of asymptotic freedom loss, where the theory becomes weakly coupled. This
simple analysis shows that the hyper-fermions associated to the light generations should
not be light, feature that we will exploit in the next sections.

It is also interesting to consider the case where the CHC symmetry is only broken at
low energies, after the model enters the walking phase. As the hyper-fermions contained in
Ω and Υ inherit the chiral structure of the SM fermions, they cannot acquire a mass before
CHC is broken. Thus, the minimal model with three generations will have N1 = 20. The
case of SU(4)CHC [87] is shown in Fig. 3.2 in blue, with the same conventions as above: the
conformal window edge is expected at N1 = 11 with the PS method, and N1 = 23 with SD
(while the asymptotic freedom loss occurs at N1 = 32) The minimal model, represented
by the blue dot, is again close to the SD lower edge of the conformal window. The case
with low scale CHC breaking is therefore also interesting. However, it can only occur
if a mechanism that generates a large hierarchy between the VEVs of various scalars is
understood. In the following we will focus on the case of high scale CHC breaking, leaving
the low scale case for further investigation.

The theory we consider in the following, therefore, features the Sp(4)HC dynamics in
a walking regime between ΛHC and ΛF . As a further consistency check, as many fermions
are present in this wide energy range, we checked that the running of the SM gauge cou-
plings, g3 for QCD, g2 for SU(2)L and gY for hypercharge do not develop a Landau pole
before the ΛPU scale. We thus used PyR@TE [88, 89] to compute the running where only
one generation of hyper-fermions is included (i.e., N1 = 12). The two-loop running is
shown in Fig. 3.3, proving that the gauge couplings remain under control. These results
are mainly qualitative, as the contribution of the HC gauge coupling, which is strong,
has not been included. There might be concern that g3 ∼ 1 is too perturbative around
∼ 1016 GeV where it unifies with SU(4)CHC , so that the resulting Sp(4)HC coupling might
spend unacceptably long RG time in the perturbative regime. However, the ignored HC
correction might alter the evolution of g3 so that SU(4)CHC and SU(3)C unify at some
semi-perturbative value, which we will assume. Also, above the PU scale, the two SU(2)
gauge couplings keep growing as their beta function has lost asymptotic freedom: includ-
ing 3 generation of Ω and Υ, each has 3× 8 Weyl spinors. However, this may be a minor
issue, because the Planck scale is close to ΛPU by construction, where quantum gravity
effects should start to be relevant and may tame the growth of the gauge couplings [90].

To determine whether the desired unification occurs and whether the associated SM
gauge couplings avoid hitting a Landau pole at relatively low scales, it is necessary to com-
pute the HC correction to their RG evolution. This problem is inherently non-perturbative
and there is no mature computational framework that has been employed to address such
problems. One potential route, based on solid field theory principles, is conformal pertur-
bation theory (C.f. Section 2 of Ref. [91] and references therein). Compared to ordinary
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Figure 3.3: Perturbative evolution of SM gauge couplings. Two-loop effects from SM
gauge interactions are taken into account, while HC corrections are not included.

Field Spin SU(8)PS SU(2)L SU(2)R QG

Φ 0 8 1 2 q
Θ 0 28 1 1 2q
∆ 0 56 1 2 q
Ψ 0 63 1 1 0
N 1/2 1 1 1 0
Ω 1/2 8 2 1 q
Υ 1/2 8 1 2 −q
Ξ 1/2 70 1 1 0

Table 3.2: Scalar and (left-handed Weyl) fermion field content. The last column indicates
the global U(1)G charges, with q 6= 0 being an arbitrary normalization factor.

perturbation theory, new terms in the beta functions of the couplings emerge that de-
pend on the CFT data (i.e., coefficients of three-point functions) associated with the
conformal fixed point. If one can obtain the CFT data from non-perturbative methods,
such as lattice computations, then one can solve the renormalization group equation with
the modified beta functions and determine more realistically the evolution of SM gauge
couplings.

3 Techni-Pati-Salam for the Third Family

In this section, we will first construct a model that provides masses for one generation of
SM fermions, namely the third one, as this exercise allows to better illustrate the main
properties of the model. Extension to 3 generations will be presented in the next section.
The minimal field content is listed in Table 3.2. We add all the scalars discussed in the
previous section in order to keep open both paths of symmetry breaking and also, as we
will see, because they all play a crucial role in generating SM fermion masses.
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3 . Techni-Pati-Salam for the Third Family

3 .1 Lagrangian and gauge-mediated PC4F Operators

The complete Lagrangian of the model, including only renormalizable operators, can be
decomposed as

LTPS3 = LG + LF + LS + LY + LV , (3.38)

where LG, LF and LS denote the kinetic terms for gauge, fermion and scalar fields re-
spectively (including gauge interactions), LY contains the fermion bare mass terms and
Yukawa interactions, while LV = −V (Φ,Θ,∆,Ψ) is the scalar potential term. For our
purposes, the most relevant part is LY , which is given explicitly by:

LY = −1

2
µNNN − 1

2
µΞΞΞ− 1

2
λΨΞΨΞ− (λΦΥΦN

+λΘLΩΘ
∗Ω + λΘRΥΘΥ+ λ∆Υ∆∗Ξ + h.c.) , (3.39)

where the first three terms are self-hermitian. In principle, the Yukawas λi (except λΨ) are
complex parameters, however one can use arbitrary phase redefinitions of the fermion and
scalar fields to make all of them real, without loss of generality. At this stage, therefore,
physical phases can only be contained in the scalar potential LV . The interaction terms
in LY (including the kinetic terms) also leave a global U(1)G unbroken, with charges
defined in Table 3.2. Explicit U(1)G-breaking terms may appear in the scalar potential.
We assume minimizing the scalar potential leads to the desired VEV configuration that
break the PS, EHC and CHC groups (see discussion in Sec. 2 .3).

The gauge couplings relevant for generating PC4F operators involve only 2 of the
massive gauge bosons, deriving from the PS and EHC breaking: Eµ = (4,3)1/6 and
Cµ = (4,1)1/2 . Their couplings read 2

LF ⊃ gPS√
2
CµJ

µ
C +

gEHC√
2
EµJ

µ
E + h.c. , (3.40)

where gPS and gEHC are the gauge couplings of SU(8)PS and SU(7)EHC respectively, with
gEHC ≈ gPS if the breaking of the two symmetries is happening at closeby scales. The two
currents read:

JµE = q̄Lσ̄
µL3 − D̄3

uσ̄
µtcR − Ū3

d σ̄
µbcR +

1

2

(
χ̄σ̄µUt − D̄bσ̄

µχ̃
)
− (η̄σ̄µχ− ¯̃χσ̄µη̃)

− (η̄σ̄µω − ¯̃ωσ̄µη̃) +
1

2
(ρ̄σ̄µη − ¯̃ησ̄µρ̃) +

1

2

(
ω̄σ̄µUt − D̄bσ̄

µω̃
)
, (3.41)

JµC = L̄3σ̄µlL−ν̄cτRσ̄µD3
u−τ̄ cRσ̄µU3

d−
1

2
(¯̃ησ̄µχ+ ¯̃χσ̄µη)−1

2
(¯̃ησ̄µω + ¯̃ωσ̄µη)−1

6

(
¯̃ρσ̄Ut + D̄bσ̄ρ

)
.

(3.42)

2According to our normalization and sign convention, the covariant derivative of a fermion ψi in the
fundamental of SU(8)PS is written as Dµψi = ∂µψi − i gPS√

2
W

j
µiψj with i, j being SU(8) indices. The

same convention is used for SU(7)EHC .
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1 SM field 0 SM field

ϕi (4,1)− 1

2

(4,3) 1

6

(4,3)− 5

6

(5,1)0 (5,1)−1 (5,3) 2

3

(5,3)− 1

3

(4,1) 1

2

(4,3) 1

6

(4,3)− 5

6

(5,1)0 (5,1)−1 (5,3) 2

3

(5,3)− 1

3

ΩΘ∗Ω (L3lL) (L3qL) - - - - - - - - (L3L3) - - -

ΥΘΥ
(U3

dν
c
R) (U3

d t
c
R) - - - - - - - -

(U3
dD

3
u)

- - -
(D3

uτ
c
R) (D3

ub
c
R) - - - - - - - - - - -

ΞΨΞ - - - - - - -

(χDb)

-
(UtDb)

- - -
(Utχ̃)

(χη) (ηχ̃)
(ηη̃)

(χ̃η̃) (χη̃)

Υ∆∗Ξ

(Utν
c
R) (Dbt

c
R) (Dbb

c
R)

-
(χU3

d ) (χD3
u)

(UtU
3
d ) (UtD

3
u) (η̃U3

d ) (η̃D3
u)

(Utτ
c
R)

(η̃tcR) (ηbcR) (ηtcR) (χbcR) (χtcR) (χ̃bcR) (χ̃tcR) (χ̃D3
u) (χ̃U3

d )(η̃bcR) (ηνcR) (ητ cR) (χτ cR) (χνcR)

Table 3.3: Scalar mediators ϕi (quantum numbers listed in the top row), with the fermion
bilinears they couple with. The rows correspond to different Yukawa interactions from
LY . The fermion bilinears in red couple to the conjugate scalar, ϕ∗

i .

By integrating out the two vector mediators, we obtain the following four fermion
operators, linear in the SM fields:

LPC4F ⊃ −g
2
EHC

2M2
E

(
L̄3σ̄µqL − t̄cRσ̄

µD3
u − b̄cRσ̄

µU3
d

)
(
1

2
χ̄σ̄µUt −

1

2
D̄bσ̄µχ̃− η̄σ̄µχ+ ¯̃χσ̄µη̃

)

− g2PS
2M2

C

(
L̄3σ̄µlL − ν̄cτRσ̄

µD3
u − τ̄ cRσ̄

µU3
d

)
(

−1

2
χ̄σ̄µη̃ −

1

2
η̄σ̄µχ̃

)

. (3.43)

The interesting property of Eq. (3.43) is that all quark operators are mediated by
Eµ = (4,3)1/6, which becomes massive from the EHC breaking, while all lepton operators
are mediated by Cµ = (4,1)1/2, which becomes massive from the PS breaking. The mass
hierarchy between leptons and quarks could, therefore, be explained by a hierarchy in
the masses of the mediators if MC > ME (see Sec. 2 .3). Furthermore, lepton operators
always involve the QCD-colored hyper-fermions η–η̃, while the quark ones also involve
the QCD-singlets Ut and Db.

It is remarkable that our PUPC approach allows to generate appropriate PC4F oper-
ators for all SM quarks from gauge interactions, however there is no distinction between
fermions in the same weak isospin multiplet. In other words, the gauge interactions
themselves cannot distinguish between top-bottom, nor between tau-neutrino. Such mass
splittings, which need violation of SU(2)R, naturally receive contributions in our model:
from scalar mediated PC4F operators, from the masses of the involved hyper-fermions,
and, in the case of the neutrino, from mixing with the singlet N via λΦ. These effects are
discussed in the following sub-sections.

3 .2 Scalar mediated PC4F operators

The Yukawa couplings in LY , Eq. (3.39), allow for many scalar components to mediate
PC4F operators. All the relevant combinations are listed in Table 3.3, where we have iden-
tified 7 distinct mediators, whose quantum numbers are listed in the top row. The rows
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3 . Techni-Pati-Salam for the Third Family

correspond to different Yukawa couplings, while the left block “1 SM field” contains fermion
bilinears containing one SM field and the right one “0 SM field” bilinears involves only
hyper-fermions. The PC4F operators can thus be constructed by coupling one fermion
bilinear from the left block with one from the right block, if they have matching quantum
numbers. If they belong to different Yukawa couplings, the resulting operator can only
be generated if the components in the two scalar multiplets mix. As an example, the
mediators ϕ4 = (5,1)0 and ϕ5 = (5,1)−1, components of ∆, will generate the following
PC4F operators for right-handed top and bottom:

LPC4F ⊃ − λ2∆
M2

ϕ4

c4 (U tU
3

d)(χb
c
R)−

λ2∆
M2

ϕ5

c5 (U tD
3

u)(χt
c
R) , (3.44)

where c4,5 are group theory factors. This example illustrates how a mass splitting be-
tween top and bottom could arise if the above couplings are dominant, and there exist a
significant mass difference between the two scalar mediators. Scalar-mediated PC4F op-
erators are subject to a larger degree of arbitrariness compared to vector-mediated PC4F
operators, because their strengths are determined by the non-universal Yukawa couplings,
and masses and mixing of scalar components controlled by details of the scalar potential.
Nevertheless, they are also generated automatically from the renormalizable Lagrangian,
rather than being put in by hand.

The main ingredients that determine the relevance of scalar mediated PC4F operators
are the following:

- the masses and mixing pattern of the scalars.

- the size of the Yukawa couplings. As we will see in the next section, the masses of
the hyper-fermions also depend on some of these Yukawas. To keep some hyper-
fermions light, therefore, a number of Yukawas need to be small, thus also being
ineffective in generating sizable PC4F operators.

In the next 3 subsections, we will discuss the impact of the Yukawa couplings on
the hyper-fermion masses, and list the concrete ways the model allows to generate the
top-bottom mass hierarchy and small neutrino masses.

3 .3 Hyper-fermion masses

Hyper-fermion masses play an important role in determining the properties of the model.
Firstly, the low-energy global symmetry pattern is determined by the number of hyper-
fermions that are lighter than the hypercolor condensation scale ΛHC ∼ 10 TeV. Secondly,
whether the HC dynamics enters a strongly-coupled near-conformal regime above ΛHC

depends on the additional hyper-fermions that have a mass between ΛHC and ΛEHC, as
discussed in Sec. 2 .4. Thirdly, the mass of the hyper-fermions participating in the PC4F
operators determines the masses of the corresponding SM fermions: assuming that the
dominant contribution is coming from local insertions of the PC4F operators, the SM
fermion mass is proportional to the corresponding Fourier-transformed two-point hyper-
baryon correlator at zero momentum [92]. When one of the participating hyper-fermions
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is heavier than ΛHC, the correlator is expected to be suppressed by some power of the
hyper-fermion mass, as it can be analyzed via the Shifman-Vainshtein-Zakharov (SVZ)
expansion [93,94].

Let’s start the discussion with the hyper-fermions χ–χ̃ and η–η̃: they enter in all
PC4F operators for quarks and leptons, thus they cannot be too heavy. In particular,
as all quark operators, both from gauge and scalar mediation, contain χ or χ̃, while all
fermion operators contain η or η̃, in order to obtain a large enough top and tau masses it
would be optimal to have Mχ ≤ ΛHC and Mη ≤ O(10)× ΛHC. Furthermore, a hierarchy
Mχ < Mη could explain why leptons are lighter than quarks. These hyper-fermion masses
receive contributions only from the Ξ mass term and from the Yukawa λΨ via the Ψ VEV,
resulting in the following terms

LY ⊃ −µ0UtDb − (µ0 − 5µ1)(χ̃χ+ ω̃ω)

− (µ0 + 2µ1)η̃η − µ0ρ̃ρ+ h.c. (3.45)

where
µ0 ∝ µΞ , µ1 ∝ λΨv

Ψ
EHC . (3.46)

Note that, as expected, µ0 is a universal term for all components of Ξ, while µ1 only
contributes to a sub-set of them. Thus, we can identify

Mχ = |µ0 − 5µ1| , Mη = |µ0 + 2µ1| , (3.47)

while the masses of the other components receive additional contributions via mixing, as
we will discuss below. The desired hierarchy Mχ < Mη is thus achieved for 0 < µ1 <

2
3
µ0,

where we have assumed µ0 > 0 without loss of generality. The value of the parameter
µ0, which contributes to the mass of the singlet ρ–ρ̃ and of the hyper-fermions Ut–Db, is
related to the two masses by the inequality

µ0 ≤
2

7
Mχ +

5

7
Mη , (3.48)

implying that is tends to be smaller than the two masses. An important lesson we can
take from this analysis is that, barring fine cancellations, µ0, µ1 ≪ ΛEHC , which implies
that the Yukawa λΨ needs to be very small. This is technically natural, however it has an
important consequence on the scalar mediated PC4F operators: the ones stemming from
ΞΨΞ (see Table 3.3) are highly suppressed.

We can now discuss the masses of the QCD-singlet hyper-fermions, L3, D3
u, U

3
d , Ut

and Db, which are relevant for generating the composite Higgs at low energy. The pNGB
Higgs, in fact, is a bound state of L3 and one of the weak iso-singlets: this implies that
one needs L3 and one set of the iso-singlets to be much lighter that ΛHC. While the Ξ
components Ut–Db receive a mass from Eq. (3.45), the other hyper-fermions receive a
mass via the Θ-VEV as follows:

LY ⊃ −µLL3L3 − µRU
3
dD

3
u , (3.49)

where
µL = λΘLv

Θ
CHC , µR = λΘRv

Θ
CHC . (3.50)
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For the iso-doublet, this is the only contribution to the mass, so that ML = µL. To keep
this mass small, there are three possibilities: a) λΘL ≪ 1 and vΘCHC ≫ ΛHC, thus the
scalar-mediated PC4F operators cannot receive contributions from ΩΘ∗Ω; b) λΘL . 1
and vΘCHC ≥ ΛHC; c) vΘCHC = 0. In the last two cases the Yukawa could give sizable
contributions to scalar-mediated PC4F operators. In the case of the iso-singlets, mixing
terms are also generated in the presence of VEVs for ∆, in the form

LY ⊃ −µ∆1

(
D3
uDb − νcτRρ

)

− µ∆2

(

U3
dUt +

√
2bcRω

)

+ h.c. (3.51)

where

µ∆1 = λ∆v
∆
EHC , µ∆2 = λ∆v

∆
CHC . (3.52)

Note that these two terms also induce a mixing of ρ with the neutrinos, and of ω with
the right-handed bottom. We will come back to their effect in the next two subsections.
In the hyper-fermion sector, this leads to the following mass matrix:

LY ⊃ −
(
U3
d Db

)
(
µR µ∆2

µ∆1 µ0

)(
D3
u

Ut

)

+ h.c. , (3.53)

which has eigenvalues

M2
R1,2 =

1

2

(

µ̃2 ∓
√

µ̃4 − 4(µ0µR − µ∆1µ∆2)2
)

,

with µ̃2 = µ2
0 + µ2

R + µ2
∆1 + µ2

∆2 . (3.54)

We see that one can achieve at least one small mass eigenvalue if either all µ’s are small,
or

2(µ0µR − µ∆1µ∆2) ≪ µ̃2 . (3.55)

Seen the constraints on µ0 coming from the χ and η masses, the latter condition may be
achieved for

a) µR ≪ µ0 , µ∆1µ∆2 ≪ µ2
0 ,

⇒MR1 ≈
∣
∣
∣
∣
µR − µ∆1µ∆2

µ0

∣
∣
∣
∣
, MR2 ≈ µ0 ; (3.56)

or

b) µ0 ≪ µR , µ∆1µ∆2 ≪ µ2
R ,

⇒MR1 ≈
∣
∣
∣
∣
µ0 −

µ∆1µ∆2

µR

∣
∣
∣
∣
, MR2 ≈ µR . (3.57)

In the latter case, if µR ≥ ΛHC, one could have that only one mass eigenstate is below the
condensation scale, while in the former typically both are light. One can see, therefore,

71



Chapter 3. The Techni-Pati-Salam Model

that the masses have a crucial impact on the low energy dynamics of the theory by
influencing the global coset that determines the properties of the composite Higgs:

MR2 ≥ ΛHC ⇔ SU(4)

Sp(4)
[95, 96] ,

MR2 ≪ ΛHC ⇔ SU(6)

Sp(6)
[97] .

We also remark that, keeping µ∆1µ∆2 small would imply either λ∆ ≪ 1, or a large
hierarchy between the VEVs, v∆CHC ≪ v∆EHC, with the extreme case v∆CHC = 0. These
various possibilities have an important impact on the scalar PC4F sector, by determining
which terms can be sizable and which ones are always suppressed. The implications for
the masses of leptons and quarks will be discussed in the following two subsections.

We recall that the patterns of hyper-fermion masses depend crucially on the pattern
of VEVs that break the TPS group down to the low energy theory. In this discussion
we work under the assumption that the desired vacuum misalignment and EWSB can
be achieved, leaving a detailed study of the vacuum misalignment mechanism to future
work [98].

To conclude, we would like to recap the main findings in two special cases of VEV
patterns, following the discussion in Sec. 2 .3.

A) 〈∆〉 = 0. In this case, the EHC breaking is due to vΨEHC, while vΘCHC breaks SU(4)CHC

down to Sp(4)HC. The mixing terms between iso-singlet hyper-fermions vanish, so
that we have a simple mass pattern:

ML = µL , MR1 = min{µR, µ0} ,
MR2 = max{µR, µ0} . (3.58)

Furthermore, the HC-singlets ω and ρ do not mix and have masses

Mω =Mχ , Mρ = µ0 . (3.59)

The only large Yukawa is therefore λ∆, which is responsible for generating scalar
PC4F operators (one could also have sizable λΘL/R if vΘCHC ≈ ΛHC). Note that
keeping Mχ below ΛHC requires small µ1, where the hierarchy Mχ < Mη can be kept
for 0 < µ1 < 2/3 µ0.

B) 〈Θ〉 = 〈Ψ〉 = 0. In this case, both EHC and CHC breaking is due to VEVs of the
field ∆. As µ1 = µL = µR = 0, we have

Mχ =Mη = µ0 , ML = 0 , (3.60)

while the iso-singlet masses are given by Eq.(3.57) with µR = 0. At least one light
eigenstate can be achieved by keeping the mixing terms small, thus requiring λ∆ ≪ 1
(and the corresponding Yukawa ineffective in generating scalar PC4F operators).
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3 .4 Top-Bottom Mass Splitting

The SM features a large hierarchy between top and bottom masses, with mt/mb ∼ 60 at
the weak scale. In the TPS model, the top-bottom mass splitting must be traced back to
spontaneous SU(2)R-breaking. We identified three effects that may explain this feature,
which we analyse in detail below.

Firstly, we noted that gauge mediators as well as scalar mediators from the ΥΘΥ
Yukawa cannot be used as they contain both bcR and tcR. However, scalar-mediated PC4F
operators constructed from Υ∆Ξ involve mediators that differ in type and properties
for tcR and bcR, as it can be seen in Table 3.3. Thus, a split between top and bottom
can simply arise from a difference in mass between the two mediators. One example
shown in Eq. (3.44) involves ϕ4 = (5,1)0 and ϕ5 = (5,1)−1. Another example involves
ϕ2 = (4,3)1/6 and ϕ3 = (4,3)−5/6. In both cases, the scalar mass difference breaks
SU(2)R, and a sizable coefficient can arise from a large λ∆, allowed for vanishing ∆
VEV. 3 Another source of mass split lies in the fact that the quantum number (5,1)0
has more ways of pairing compared to (5,1)−1 since it also appears in Yukawa terms
other than Υ∆Ξ. Note this is not incompatible with the fact that the Yukawa Lagrangian
explicitly preserves SU(2)R which is a gauge symmetry. The reason is that the required
mixing between scalar components with quantum number (5,1)0 can only occur if there
exists spontaneous SU(2)R-breaking from the scalar potential. Let us also note that this
mechanism does not lead to a prediction of the top-bottom mass splitting, nor a prediction
of which quark is heavier, because these properties sensitively depend on details of the
scalar potential.

Secondly, a differentiation of top and bottom may come from the mixing in the iso-
singlet hyper-fermion sector, given by Eq. (3.53). This opens the possibility that the top
has a larger coupling to the lighter mass eigenstate, while the bottom dominantly couples
to the heavier one, thus having its mass suppressed. To be more specific, we can analyse
the case of dominant gauge mediation: from Eq. (3.41) we see that tcR couples to D3

u, while
bcR to U3

d . As the mixing angles for the pairs D3
u–Ut and U3

d–Db are different if µ∆1 6= µ∆2,
one can easily generate hierarchical mixing angles. For instance, for µR = 0 (achieved if
〈Θ〉 = 0) the mixing relevant for the top is proportional to µ∆2, while the one for the
bottom to µ∆1. As

µ∆1

µ∆2

∝ v∆EHC

v∆CHC

> 1 , (3.61)

a larger mixing angle for the bottom is assured. Another interesting possibility is that
both iso-singlet hyper-fermions remain light, in which case the theory features two Higgs
doublets in the IR, and the mass hierarchy may be due to the distribution of the EW
VEV on the two doublets [99], as in traditional 2HDM [100].

Thirdly, the most interesting mechanism sprouts from the mixing between bcR and ω,
see Eq. (3.51). As no such term exists for the top quark, this mixing leads to a suppression
of the bottom mass. The complete mass term reads

LY ⊃ −ω
(

(µ0 − 5µ1)ω̃ +
√
2µ∆2b

c
R

)

+ h.c. (3.62)

3In a less minimal model, this effect could also arise in presence of multiple ∆-multiplets.
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Thus we can define mass eigenstates as

BL = ω , Bc
R = cosαb ω̃ + sinαb b

c
R ,

b̃cR = cosαb b
c
R − sinαb ω̃ , (3.63)

where

tanαb = sign(µ0 − 5µ1)

√
2µ∆2

Mχ

, (3.64)

MB =
√

M2
χ + 2µ2

∆2 ≥Mχ , (3.65)

while b̃cR can be identified with the (massless) right-handed bottom. In the case of gauge
mediation, the current in Eq. (3.41) can be re-written as

JµE ⊃
(

− cos(αb)Ū
3
d −

1

2
sin(αb)D̄b

)

σ̄µb̃cR + . . . (3.66)

Combined with the mixing between U3
d–Db, this could lead to a suppressed coupling of

the right-handed bottom to the PC4F operators.
It is also instructive to study a case where an effective mass term for the bottom is

induced in the form −µbbLbcR. The mixing with ω will therefore appear as:

Lbω = −
(
bL ω

)
(
m11 0
m21 m22

)(
bcR
ω̃

)

+ h.c. (3.67)

with

m22 = µ0 − 5µ1 , m21 =
√
2µ3

u , m11 = µb . (3.68)

A small bottom mass can be achieved if and only if

4|m11m22| ≪ (m2
11 +m2

21 +m2
22) , (3.69)

condition that is compatible with having µb smaller than the other mass terms. Within
the approximation in Eq. (3.69), for small µb, we obtain

mb

µb
≈ |µ0 − 5µ1|
√

(µ0 − 5µ1)2 + 2µ2
∆2

, (3.70)

MB ≈
√

(µ0 − 5µ1)2 + 2µ2
∆2 . (3.71)

The suppression of the bottom mass with respect to µb is thus related to the ratio of
masses

mb

µb
≈ Mχ

MB

, (3.72)
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which is again compatible with the requirement of a light χ. Assuming thatmb . µb . mt,
i.e. that the top mass is the largest mass generated by partial compositeness, we obtain
the following range for MB:

Mχ .MB .
mt

mb

×Mχ .
mt

mb

× ΛHC , (3.73)

which in turn implies

|
√
2µ∆2| .

mt

mb

× ΛHC . (3.74)

Namely, |µ∆2| cannot be too large, otherwise it leads to over-suppression of the bottom
mass. It is also interesting to note the presence of a vector-like bottom quark B, with
charge 1/3, which is predicted to be heavier than the hyper-fermion χ: however, it can-
not be much heavier, thus its mass will stay in the multi-TeV range and B should be
discoverable at future high energy colliders.

Finally let us note that when we evolve the PC4F operators from high scale to low
scale, radiative corrections due to hypercharge interaction do not respect SU(2)R and thus
may also contribute to the top-bottom mass splitting. However, the effect is expected to
be small. A naive estimate of the relative correction gives

g2Y
(4π)2

ln
ΛEHC
vEW

≈ 0.05 , (3.75)

where ΛEHC & 1016 GeV denotes the EHC breaking scale, vEW ≈ 246 GeV and gY is
the hypercharge coupling constant. So we only expect correction at O(10%), which is far
from explaining the complete top-bottom mass splitting.

3 .5 Lepton Masses

As it can be inferred from Eq. (3.43) and Table 3.3, the τ lepton mass can be generated
via several gauge and scalar-mediated PC4F operators. The model also naturally contains
mechanisms that can explain why leptons are lighter than quarks. From gauge mediation,
we saw that lepton PC4Fs are generated by a different mediator then the quark ones, with
a mass that is naturally larger as it is associated to the breaking of the PS symmetry. If
the dominant effect is due to scalar mediators, the masses of the scalars can be arranged
in order to suppress more the lepton operators. In both cases, we also observed that
lepton operators always involve the hyper-fermion η: if Mη > Mχ, therefore, the leptons
will be lighter as their mass is more suppressed. It is, therefore, relatively easy to explain
the lightness of the tau with respect to the top.

For neutrinos, the situation is more critical, as they are many orders of magnitude
lighter than the corresponding charged leptons. If we only consider the effects of PC4F
operators, it is possible to generate a neutrino mass that is different (and suppressed)
relative to the charged lepton mass, however it is hard to generate such a large differ-
ence just using the mediator spectra. One possibility could be to rely on the anomalous
dimension of the operator associated to neutrinos.
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To make the situation easier, in analogy with the Pati-Salam model, we introduced a
singlet fermion N [101]. The Yukawa Lagrangian contains the terms −µNNN−λΦΥΦN+
h.c., the latter of which generates a mixing between N and the right-handed neutrino νcτR
once the scalar Φ generates the PS-breaking VEV. This mixing can be used to implement
an inverse see-saw mechanism in the model [102]. To illustrate how this works, we will
assume that a large Dirac mass is generated for the neutrinos, in the form −µν νLνcR+h.c.,
where µν ≈ mτ . The singlet ρ also enters in the game via the mixing in Eq. (3.51). All
in all, the relevant mass matrix reads:

Lν = −1

2

(
νL νcR N ρ ρ̃

)









0 µν 0 0 0
µν 0 µΦ −µ∆1 0
0 µΦ µN 0 0
0 −µ∆1 0 0 µ0

0 0 0 µ0 0

















νL
νcR
N
ρ
ρ̃









+ h.c. (3.76)

where

µΦ ∝ λΦv
Φ
PS . (3.77)

As explained in the previous sections, we expect µ∆1 to be relatively small compared to
the scalar VEV scales (it could even vanish in the vacuum with vanishing ∆ VEV), thus
we can work in the approximation where ρ decouples from the rest. The upper 3 × 3
block, therefore, exhibits the inverse seesaw form discussed in Ref. [102], allowing for a
small neutrino mass for µN ≪ µΦ ≈ vΦPS. Other scenarios giving realistic neutrino spectra
may also be possible.

3 .6 Operator Classification

In any composite Higgs model with fermion partial compositeness, the onset of a near-
conformal dynamics above the condensation scale is crucial in order to generate an en-
hanced coupling of the top quark fields. In the TPS model, the transition between the
conformal and confined phases can be traced back to some of the hyper-fermions ac-
quiring a mass of the order of ΛHC. Thus, the global symmetries in the two phases are
not the same. Identifying the operators that couple to the top fields (and to other SM
fermions) is crucial in a twofold way: on the one hand, to be able to check if a sufficient
anomalous dimension is generated in the conformal phase; on the other hand, to identify
the hyper-baryons that mix with the SM fermions at low energy. The latter has impor-
tant consequences for the low energy phenomenology of the model [38], and the eventual
collider signatures.

We will approach this analysis in the following way:

- In the conformal window, we identify the operators in terms of the global symmetry
GCFT, and match them to the PC4F operators. This allow us to identify the global
symmetry properties of each SM fermion partner. The anomalous dimensions need
to be computed on the lattice.
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Field quantum numbers mass collective names
L (4,1,2)0 ML ≪ ΛHC

ψil [4]

ψα [12]

U1 (4,1,1)1/2 MR1 ≪ ΛHC

D1 (4,1,1)−1/2 MR1 ≪ ΛHC

U2 (4,1,1)1/2 MR2

ψjh [8]
D2 (4,1,1)−1/2 MR2

η (4, 3̄,1)−1/6 Mη > ΛHC

η̃ (4,3,1)1/6 Mη > ΛHC

χ (5,3,1)−1/3 Mχ . ΛHC χk [6]
χ̃ (5, 3̄,1)1/3 Mχ . ΛHC

Table 3.4: Example of “light” hyper-fermions in the minimal model, classified in terms of
their (Sp(4)HC, SU(3)c, SU(2)L)U(1)Y quantum numbers. The number of Weyl flavors is
indicated in square brackets in the “collective names” column.

- At ΛHC, some heavy fermions can be integrated out, and the low energy theory can
be characterized in terms of “light” degrees of freedom, with a global symmetryG/H.
The SM fermions can now be embedded into representations ofG, while baryons (i.e.,
spin-1/2 resonances with a definite mass) are matched to the respective operators
and classified in terms of the unbroken symmetry H.

- The low energy effective theory can thus be constructed in terms of the light degrees
of freedom, including light baryon resonances [37,38,103].

We recall that some fermions, like leptons, may couple to baryons containing a “heavy”
fermion, i.e. a hyper-fermion with a mass larger than ΛHC. In such cases, techniques like
HQET [104,105], developed to study bound states containing one bottom or charm quark
in QCD, can be deployed.

In the following we outline the analysis of operator classification according to their
transformation properties under the global symmetry. We simply focus on partners of the
left-handed top-bottom doublet, while the analysis for the remaining quark and lepton
partners can be carried out in a similar manner. The relevant hyper-fermions, with
their quantum numbers and collective notations are listed in Table 3.4. The iso-singlet
hyper-fermions are indicated in terms of the mass eigenstates, U1,2 ↔ {U3

d , Db} and
D1,2 ↔ {D3

u, Ut}, of the mass matrix in Eq. (3.53). For simplicity, we consider that
only 4 hyper-fermions in the fundamental of Sp(4)HC are light, togheter with χ, thus they
constitute the “light” degrees-of-freedom (the other two iso-singlets may also be light,
without changing qualitatively the discussion). The others have masses of the order of
ΛHC.

In the regime where the hypercolor theory exhibits its strongly-coupled near-conformal
dynamics, all hyper-fermions listed in Table 3.4 are active degrees of freedom. The global
symmetry of the composite sector is then

GCFT = SU(12)ψ × SU(6)χ × U(1) , (3.78)

where Nψ = 12 and Nχ = 6 count the Weyl spinors in the two species, and U(1) is the
anomaly-free abelian symmetry, with charges qψ = −qχ = 1. The spin-1/2 hyper-baryon
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operators can be constructed with two spinors of specie ψ and one χ. As to the contrac-
tion of spinor indices, here we note that hyper-baryon operators can be further grouped
into two types: 〈XY Z〉 and 〈XȲ Z̄〉, where X, Y, Z are three generic Weyl fermions of
the hypercolor group. 4 It is understood that 〈XY Z〉 contains two irreducible Lorentz
representations (0, 1/2) and (0, 1/2)′, while 〈XȲ Z̄〉 contains only one Lorentz representa-
tion (0, 1/2)′′ [106]. Note that we focus here on left-handed operators, while right-handed
ones can be constructed by replacing each spinor with its charge-conjugate. Hyper-baryon
operators with definite transformation properties under the global symmetry group can
be constructed schematically as follows:

OS =
1

2
〈(ψiαψjβ + ψjαψ

i
β)χ

k
β〉 = (S,F)1, (3.79)

OA =
1

2
〈(ψiαψjβ − ψjαψ

i
β)χ

k
β〉 = (A,F)1, (3.80)

OA′ = 〈ψiβψjβχkα〉 = (A,F)1, (3.81)

OĀ = 〈ψ̄i
β̇
ψ̄j
β̇
χkα〉 = (Ā,F)−3, (3.82)

OAdj = 〈ψ̄i
β̇
χ̄k
β̇
ψjα〉 = (Adj, F̄)1, (3.83)

O0 = 〈ψ̄l
β̇
χ̄k
β̇
ψlα〉 = (1, F̄)1; (3.84)

where α, β, α̇, β̇ are spinorial indices and repeated β are contracted with the usual anti-
symmetric tensor, while i, j, l represent indices of SU(12)ψ and k of SU(6)χ. The no-
tation (S,F)1 means the operator transforms in the two-index symmetric representation
of SU(12)ψ, fundamental representation of SU(N)χ and carries a U(1) charge equal to
2qψ+qχ = 1. The meaning of the remaining quantum number notations is self-explanatory.
Note also that OA and OA′ are the two irreducible Lorentz representations one can build
for this type of hyper-baryon operators, while the symmetric OS can only be constructed
with one. The anomalous dimensions of these operators must be computed on the lattice:
yet, as they only depend on the spin and hypercolor structures, we can derive some in-
teresting relations. First, γA = γS and γAdj = γ0. Furthermore, OA and OA′ mix as they
belong to the same type and have the same charges under the global symmetry [106].

To match the PC4F operators to the above conformal hyper-baryons, we need to find
the correspondence between all 3-fermion operators that may couple to the SM fields and
the operators build above. Below we give an explicit example for the left-handed quark
iso-doublet, with the other cases being straightforward. All the possibilities are thus listed

4We recall that the bar indicates the charge conjugate (right-handed) spinor.
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below:

qL ⇒ QC
R →







[
QC
R

]1

S/A/A′ = 〈LD1χ̃〉 ⊂ OS/A/A′ ,
[
QC
R

]2

S/A/A′ = 〈LD2χ̃〉 ⊂ OS/A/A′ ,
[
QC
R

]3

S/A/A′ = 〈Lη̃χ〉 ⊂ OS/A/A′ ,
[
QC
R

]1

Ā
= 〈L̄Ū1χ̃〉 ⊂ OĀ ,

[
QC
R

]2

Ā
= 〈L̄Ū2χ̃〉 ⊂ OĀ ,

[
QC
R

]3

Ā
= 〈L̄η̄χ〉 ⊂ OĀ ,

[
QC
R

]1

Adj
= 〈L̄D1χ̄〉 ⊂ OAdj ,

[
QC
R

]2

Adj
= 〈L̄D2χ̄〉 ⊂ OAdj ,

[
QC
R

]3

Adj
= 〈L̄η̃ ¯̃χ〉 ⊂ OAdj ,

[
QC
R

]4

Adj
= 〈LŪ1χ̄〉 ⊂ OAdj ,

[
QC
R

]5

Adj
= 〈LŪ2χ̄〉 ⊂ OAdj ,

[
QC
R

]6

Adj
= 〈Lη̄ ¯̃χ〉 ⊂ OAdj .

(3.85)

Note the SM gauge quantum numbers should all match. The superscript index labels dif-
ferent components inside the same multiplet of the global symmetries that can potentially
couple to qL: this shows that hyper-baryon operators in the symmetric or antisymmetric
have 3 possible ways, while in the adjoint there are 6. As mentioned above, the HC
dynamics can only mix the two operators OA and OA′ , however it will not generate mix-
ing between the various components inside each operator which couple to the SM fields.
This is due to the fact that they are protected by the global symmetries. On the other
hand, some mixing may be generated by the SM gauge symmetries: this is the case, for
instance, for operators containing D1,2 and U1,2, as they have exactly the same quantum

numbers. Others cannot mix: for example, we do not expect a mixing between
[
QC
R

]3

Ā
and

[
QC
R

]1,2

Ā
, as the former contain the QCD-charged η while the latter contains QCD-neutral

iso-singlets.

Vector-mediated PC4F operators associated with qL can then be classified as

1

M2
V

qL
[
c1 L̄η̄χ+ ci2 L̄Ūiχ̃+ cj3 L̄χ̄Dj + c4 L̄ ¯̃χη̃

]

=
1

M2
V

qL

[

c1
[
QC
R

]3

Ā
+ c12

[
QC
R

]1

Ā
+ c22

[
QC
R

]2

Ā

+ c13
[
QC
R

]1

Adj
+ c23

[
QC
R

]2

Adj
+ c4

[
QC
R

]3

Adj

]

, (3.86)

where the ci’s are calculable dimension-less coefficients. Note that c1,22 and c1,23 are related
to each other by rotation angles from Eq. (3.53), as they stem from operators containing
Db and Ut respectively. For gauge-mediated PC4F operators, therefore, only OĀ and OAdj

are relevant. The anomalous dimensions have been computed perturbatively at one loop
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order in Ref. [106], yielding:

γĀ = −3g2HC

16π2
(2C2(Rψ)− C2(Rχ)) = −1

2

3g2HC

16π2
,

γAdj = −3g2HC

16π2
(C2(Rχ)) = −2

3g2HC

16π2
. (3.87)

While these results have limited validity, they seem to suggest the correct sign and that
|γAdj| > |γĀ|, so that the adjoint would lead to larger enhancement.

Once the theory flows down to energies ∼ ΛHC, the heavy hyper-fermions in Table 3.4
can be integrated out, and the theory with only light flavors condenses and generates
dynamically a mass gap. The global symmetry is thus:

G

H
=
SU(4)ψ × SU(6)χ × U(1)

Sp(4)ψ × SO(6)χ
, (3.88)

where the U(1) charges are q′ψ = −3q′χ = 1. We can now build operators containing two
light flavors in the same way as in Eqs. (3.79)–(3.84), except for the the different U(1)
charges:

Oll
S = (S,F)5/3, Oll

A/A′ = (A,F)5/3, Oll
Ā
= (Ā,F)−7/3,

Oll
Adj = (Adj, F̄)1/3, Oll

0 = (1, F̄)1/3,
(3.89)

where the quantum numbers in parenthesis correspond to the global symmetry G. Oper-
ators containing one heavy flavor are also relevant, and they can be classified as:

Olh
FF/FF ′ = 〈ψlψhχ〉 = (F,F)2/3 , (3.90)

Olh
F F̄ = 〈ψlψ̄hχ̄〉 = (F, F̄)4/3 , (3.91)

Olh
F̄F = 〈ψ̄lψ̄hχ〉 = (F̄,F)−4/3 , (3.92)

Olh
F̄ F̄ = 〈ψ̄lψhχ̄〉 = (F̄, F̄)−2/3 . (3.93)

The matching of the possible PC4F couplings from Eq. (3.85) also changes: focusing for
simplicity on the example of the adjoint components in Eq. (3.86), we see

[QC
R]

1
Adj ⊂ Oll

Adj , [QC
R]

2,3
Adj ⊂ Olh

F̄ F̄ . (3.94)

This matching allows to construct spurions that encode the SM spinor qL, and can be
used to construct the low energy effective Lagrangian [37]. As a final step, the operators
above should be matched to the baryon resonances, which have definite masses. They can
be classified in terms of the unbroken symmetry H. For instance,

Oll
Adj → Bjj[A,F ] + Bjj[S,F ] , (3.95)

where the subscript denotes the representation under H = [Sp(4), SO(6)]. Note that
the same hyperbaryon resonance also overlap with the other operators, as they share the
same quantum numbers under the unbroken symmetry H, but with different structure
functions [52]:

Oll
S → Bjj[S,F ] , Oll

A,A′,Ā → Bjj[A,F ] . (3.96)
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1st Family 2nd Family 3rd Family

N1 N2 N3

Ω1 =









L1
u

u1L
ν1L









L1
d

d1L
e1L







 Ω2 =









L2
u

u2L
ν2L









L2
d

d2L
e2L







 Ω3 =









L3
u

u3L
ν3L









L3
d

d3L
e3L









Υ1 =









U1
d

d1cR
e1cR









D1
u

u1cR
ν1cR







 Υ2 =









U2
d

d2cR
e2cR









D2
u

u2cR
ν2cR







 Υ3 =









U3
d

d3cR
e3cR









D3
u

u3cR
ν3cR









Ξ =

















Ut
χ
η
ω
ρ

















Db

χ̃
η̃
ω̃
ρ̃

















Table 3.5: Extension of the TPS fermion sector to three families. For Ωa and Υa, the two
columns correspond to the SU(2)L/R components while the rows are connected by the
SU(8)PS symmetry. For Ξ, the two columns correspond to the 35 and 3̄5 components of
the multiplet under SU(7)EHC.

In this case, the most relevant resonance will be determined by the spectrum. In the case
of operators containing one heavy flavor, they all overlap with the same baryon, namely

Olh
X → Blh[F,F ] , (3.97)

where hyper-baryon operators containing different heavy flavors, U2/D2, η/η̃, should be
considered as different states. Also the corresponding baryon resonance will have a mass
larger than that of the Bll states, and proportional to the mass of the heavy flavour, MR2

or Mη.

4 Three family model

A realistic composite Higgs model must not only account for EWSB within the dynamics
of the pNGBs and generate masses for the third family SM fermions, but also be able
to generate masses of the first and second family SM fermions and non-trivial mixing
matrices. So far, the issue of flavor physics in composite models has been discussed only
in the context of effective field descriptions, for both quarks [67–69,107] and leptons [70,
108, 109], or in extra dimensional holographic descriptions [110–112]. Models with a
microscopic description of the composite dynamics [73,74] do not go beyond the generation
of the top mass. In particular, in Ref. [68] a model was proposed where two scales are
identified: a light one where the physics relevant for the top quark resides with light
top partners, and a larger scale where masses for the light generations and flavor mixing
are generated. This approach has been pushed forward in Ref. [69], where a multi-scale
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scenario is discussed where each SM fermion has a partner at a different mass scale. Our
PUPC approach offers the unique opportunity to explore in detail the origin of flavor
physics and fermion masses in a composite Higgs scenario: while in previous approaches
the couplings relevant for flavor physics were added as effective operators, without any
possible attempt to investigate the physics that sources them, in the PUPC approach
they can be clearly associated to either gauge or scalar couplings. They can, therefore,
be considered fundamental by all means. As we will demonstrate in this section, this
has important consequences for the low energy physics. In this section we will, therefore,
describe how to expand the TPS model to give mass to first and second generation.

The first obvious step consists in adding new fermions containing the first and second
family SM fermions, in terms of TPS gauge multiplets. The simplest option is to introduce
two more copies of Ω and Υ, see Eqs (3.4) and (3.5). A priori, there is no need to introduce
more copies of the Ξ field since it does not contain SM fermions. The sterile fermion N is
also extended to three families. In Table 3.5 we summarize in detail the fermion multiplets
and their components. We want to remark the introduction of two additional copies of
the hyper-fermions L, Ud and Du, which come along the SM fermions. Thus, the total
number of hyper-fermions in the fundamental of Sp(4)HC becomes Nψ = 20, which is too
much in order to keep the theory inside a near-conformal phase below the TPS symmetry
breaking, as discussed in Sec. 2 .4. This observation already suggests that the hyper-
fermions associated to the first two generations should be heavy, with a mass close to the
TPS symmetry breaking scale. 5

The next step consists in extending the Lagrangian to the three family case: adding
family indices to Eq. (3.39), we obtain

LY = −1

2
µaNN

aNa − 1

2
µΞΞΞ− 1

2
λΨΞΨΞ−

(
λabΦ ΥaΦN b

+λaΘLΩ
aΘ∗Ωa + λaΘRΥ

aΘΥa + λa∆Υ
a∆∗Ξ + h.c.) , (3.98)

where, without loss of generality, we have used the U(3) flavor symmetry of the fields Na,
Ωa and Υa to diagonalize the matrices µN and λΘL/R. We can already remark that the
only terms that connect different flavors are λabΦ , which characterizes the mixing between
right-handed and sterile neutrinos, and λa∆, which introduces couplings between the right-
handed SM fermions and the hyper-fermions contained in Ξ.

As discussed in the previous section, masses for the hyper-fermions in Ωa and Υa are
generated by the Yukawas λΘL/R upon Θ developing its CHC-breaking VEV. Thus, in
order to preserve a wide walking window, we need

vΘCHC ≫ ΛHC , λ1,2ΘL/R ∼ O(1) , λ3ΘL/R ≪ 1 . (3.99)

The latter comes from the need to keep the hyper-fermions of the third generation light, as
discussed in the previous section. Note that this necessary set-up already allows us to rule
out the scenario of Ref. [69] in the TPS framework: as partners of the light generations
can only contain the hyper-fermions L1,2, U1,2

d and D1,2
u , it is not possible to generate

5The only way to keep all the hyper-fermions light is to break the CHC symmetry at low energy, close
to ΛHC, so that the conformal window is generated by the SU(4)CHC dynamics, C.f. Sec. 2 .4.
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hierarchical masses for them without spoiling the walking in the near-conformal window
(this would lead to an excessive suppression of the top mass).

In the remainder of this section we will focus on the symmetry breaking pattern
involving VEVs for the scalar multiplets Φ, Ψ and Θ, because it allows to preserve baryon
number, as we will discuss later.

4 .1 Scenarios for EWSB with flavor

In the previous section, the composite Higgs was associated with the hyper-fermions of
the third family and the ones contained in Ξ, which need to remain relatively light. As we
have shown, it is also necessary to keep the hyper-fermions of the light generations very
heavy. To discuss light generation masses, we need to first explore how they can couple
to the source of EWSB. We envision three potential scenarios:

1. Private Higgs scenario: it may be possible that each family receives the EWSB from
a bound state of the hyper-fermions of the same generation. This scenario has some
similarities with the private Higgs proposed in Ref. [113]. As we will explain below,
this case should be discarded.

2. Flavorful Partial Compositeness: light generation may be connected to their own
partners, i.e. spin-1/2 resonances from the hyper-barion operators of 1st and 2nd
generation. As we mentioned, the need for a walking window implies that the light
generation partners should have a fairly large mass, close to the CHC breaking scale
vΘCHC. Unless this scale can be pushed to relatively low values, this scenario seems
unlikely because the masses would be excessively suppressed.

3. Flavored couplings: the remaining scenario consist in generating couplings for all
SM fermions to the hyper-fermions of the third generation. The flavor structure is
thus embedded in the couplings. As we will see, this scenario requires an extension
of the scalar sector as compared to the minimal model of Sec. 3 .

To better understand why the scenario 1 should be discarded, we need to closely
investigate the global symmetries of the TPS model extended to three generations. Firstly,
for each family, we may introduce a discrete Z2 symmetry that we name ZL,p (p being the
family index), under which all components of the Ωp field are odd, while all other fields are
even (including Ωq, q 6= p). Secondly, for each family, we may introduce a global SU(2)L,p
symmetry, which is the simultaneous SU(2)L rotation of all components in Ωp (while Ωq

with q 6= p are untouched). In the minimal model with a single Θ field, charaterized by
the Yukawa terms in Eq. (3.98), all the ZL,p’s are explicitly preserved by the complete
Lagrangian of the TPS model, while the SU(2)L,p’s are only broken due to the SU(2)L
gauging.

The mass terms of the SM fermions in the generation p necessarily break both Zp and
SU(2)L,p, or in other words the private Higgses Hp are charged under these symmetries.
In scenario 1, we implicitly assume that these symmetries are broken spontaneously,
leading to the presence of 3 sets of pNGBs due to the breaking of the global SU(2)L,p
symmetries. While one set constitutes the exact Goldstones of the W± and Z bosons,
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the others will acquire a mass via the explicit breaking due to the SU(2)L gauging,
and independent of the mass of the hyper-fermions. This seems to be in contradiction
with the decoupling condition [114, 115], which dictates that heavy particles should be
decoupled from IR physics. The existence of a massless Goldstone boson composed of
superheavy constituents certainly contradicts the decoupling condition. Note also that a
theorem by Vafa and Witten [116] states that “non-chiral” global symmetries cannot be
spontaneously broken. Strictly speaking, the TPS model is not a vector-like theory, even
though an SU(2)L,p invariant mass for Lp can be written, so that this theorem cannot be
directly applied. Yet, the argument above suggests that the EWSB must be associated
only with light hyper-fermions, i.e. the third generation ones and the ones contained in
Ξ, as we studied in the previous section.

Another possibility is that the EWSB is communicated to the heavy hyper-fermions
via explicit breaking, like loops of the SU(2)L gauge bosons. However, the breaking would
be suppressed by the mass of the heavy hyper-fermions, ∼ v2SM/v

Θ
CHC. Unless the CHC

breaking scale is low, this possibility is excluded in the same way as scenario 2.

4 .2 Second Family masses, and the rank of the mass matrix

In the orginal work proposing Partial Compositeness [46], D.B.Kaplan realized that, al-
though at high energy three families with the most general flavor structure are included,
the fermion mass matrix obtained at low energy may turn out to be of rank 1, as its
entries can be expressed as

mab = κaκ̃b , (3.100)

where a, b = 1, 2, 3 are family indices. Thus, to generate masses for the first and second
families he introduced mechanisms other than PC. In the TPS model we should also check
that the rank of the mass matrix is enough to give mass to all generations. For each SM
fermion f , the mass matrix can be schematically written as

Mf =





< OL1OR1 > < OL1OR2 > < OL1OR3 >
< OL2OR1 > < OL2OR2 > < OL2OR3 >
< OL3OR1 > < OL3OR2 > < OL3OR3 >



 , (3.101)

where OL/Ra, with a = 1, 2, 3, are the sum of hyper-baryon operators that couple to the
SM fermion fields fLi, fRj, while < ... > denotes the Fourier-transformed correlator at
zero external momenta.

Eq. (3.101), which connects the fermion mass matrix and the hyper-baryon correlator
matrix, requires some technical explanations. In the one family case, the relation between
the generated fermion mass and the corresponding two-point hyper-baryon correlator can
be derived by matching the functional derivatives of the generating functional obtained
in the low-energy effective theory (described in terms of pNGBs and external elementary
fields) and the UV description of the model [92]. Here we simply generalize the formula
to the three family case. Since the low-energy effective theory is valid up to ΛHC, the
matching must be done at low-energy as well. To compute the fermion mass matrix
Mf , therefore, the operators OLi, ORj that appear in Eq. (3.101) should be viewed as
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renormalized operators defined at ∼ ΛHC. The running and mixing effects, together with
all effects of original couplings and integrating out mediators, have been taken into account
in the definition of these operators.

We note that one PC4F operator can be mediated by multiple vector and scalar
mediators. In the scalar mediator part there can be complicated mixing which affects the
mass eigenvalues and Yukawa couplings of the scalar components. Nevertheless, as long as
we go below the scale of the lightest mediator mass, all PC four-fermion interactions can
be incorporated into local effective PC4F operators, regardless of the origin and properties
of the mediators. Moreover, let us note that, mediator masses and mixings are certainly
family-independent, and one side of the mediator must be connected to two hyper-fermions
which is also described by a family-independent coupling. The family-dependence only
comes in at the other side where a scalar mediator is connected to one SM fermion and
one hyper-fermion, and is only embodied in one proportionality factor at tree-level.

Complication may arise due to the hierarchical hyper-fermion masses. When the
theory is evolved from UV to IR, in principle we should integrate out heavy hyper-fermions
when we go below the corresponding mass thresholds. However, if this is done for all hyper-
fermions heavier than ΛHC, Eq. (3.101) may be invalid since some contributions other
than hyper-baryon correlators are ignored. On the other hand, the form of Eq. (3.101)
is convenient for the analysis of its rank. Our strategy will be as follows. We subdivide
all hyper-fermions heavier than ΛHC into two types. The first type includes those hyper-
fermions that are so heavy that their effect on SM fermion mass generation can be safely
ignored. This is the case for hyper-fermions in the first and second families, which are
assumed to have superheavy masses ∼ vΘCHC. The second type includes those hyper-
fermions that have a mass close to ΛHC, like η and η̃, as their effect on SM fermion mass
generation cannot be ignored. We will simply integrate out hyper-fermions of the first
type, but retain hyper-fermions of the second type when we perform the matching to
obtain Eq. (3.101). In this manner the convenience of Eq. (3.101) is retained. Of course
if concrete calculations are to be carried out, we need be extremely careful about how
the correlators involving heavy hyper-fermions are computed. However in the following
analysis we are not bothered with such complication since we are only concerned with the
rank of Mf .

Now, one of the elementary property of the correlator < OLaORb > is that it is linear
with respect to the participating operators OLa and ORb. This sounds trivial but it turns
out to be crucial for the model building. For example, suppose the participating hyper-
baryon operators have the structure

OLa = yLaOL, ORb = yRbOR , (3.102)

where OL, OR are fermionic operators, and yL/Ra are arbitrary coefficients, then we imme-
diately realize the resulting mass matrix will have entries like Eq. (3.100), which means
its rank is 1 and will not be able to give masses to all three families.

What is the situation for the TPS model described so far? Firstly, we note that gauge-
mediation can only be effective for third generation, as it only couples components inside
the same multiplet. Scalar mediation, on the other hand, is sensitive to the details of the
Yukawa interactions in Eq. (3.98). The couplings of the left-handed doublets, contained in
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Ωp, are only generated by the Yukawa λaΘL, which is diagonal. This implies that only the
third generation SM fermions can couple to the light hyper-fermions, and furthermore,
λ3ΘL ≪ 1. Thus, the left-handed operators will have the form:

OLa = δa3OL , (3.103)

leading to rank-1 mass matrix. To mend this problem, we can extend the minimal model
by adding a second Θ scalar and a second Ψ scalar. We can further use a rotation
symmetry between the two to cast the VEVs on the first, Θ1 and Ψ1, while the second
ones, Θ2 and Ψ2, have a large mass. The Yukawa Lagrangian now contains two copies of
the couplings, as listed below:

LY ⊃ −
(
λkabΘLΩ

aΘ∗
kΩ

b + λkabΘRΥ
aΘkΥ

b + h.c.
)
− 1

2
λkΨΞΨkΞ . (3.104)

We can again use U(3) flavor rotations to cast λ1abΘL/R into a diagonal form, so that the
mass matrices for the hyper-fermions generated by the Θ1 VEV are diagonal. Note that
λ1abΘL/R entries need to fulfil the condition in Eq. (3.99), while all the entries in λ2abΘL/R can

be sizeable. Similarly, we can have λ1Ψ ≪ 1 and λ2Ψ ∼ O(1). From Table 3.3, we see
that PC4F operators for qL and lL can be generated by the scalar components ϕ2 and
ϕ1 respectively, via mixing between Θ2 and Ψ2. In both cases, one additional operator is
generated, in the form

O′
La = λ2a3ΘLλ

2
ΨOL,ϕ , (3.105)

which, once added to the one from vector mediation, gives rank-2 to the mass matrix,
thus allowing for the second generation masses.

We finally remark that for right-handed fermions, there are already at least 3 channels:
the gauge mediation for third generation, the λ2a3ΘRλ

2
Ψ combination, and the combination

from the λ∆ Yukawa, which can generate at least 3 independent baryonic operators.
In addition, we recall that from Table 3.3 the right-handed fermions appear in more
mediator channels than the left-handed ones. The limitation in the rank of the mass
matrix, therefore, uniquely arises from the left-handed sector.

4 .3 First family masses

So far, the first generation of SM fermions remains massless. Adding further Θ scalar
multiplets does not help: while one can introduce additional flavor structures, they will
only appear in a linear combination to the low energy lagrangian, once the mediators are
integrated out. In other words, the form of the operator in Eq. (3.105) remains unchanged,
with λ2a3ΘL replaced by a linear combination of Yukawa couplings.

A possible solution to this problem consists in introducing a new scalar field ∆L,
transforming as a 56 under SU(8)PS, doublet under SU(2)L and singlet under SU(2)R,
and a new Yukawa coupling:

LY ⊃ −λa∆LΩa∆LΞ + h.c. (3.106)
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3-family TPS model
Field Spin SU(8)PS SU(2)L SU(2)R QG #
Φ 0 8 1 2 q 1
Θ 0 28 1 1 2q 2
∆ 0 56 1 2 q 1
∆L 0 56 2 1 −q 1
Ψ 0 63 1 1 0 2
N 1/2 1 1 1 0 3
Ω 1/2 8 2 1 q 3
Υ 1/2 8̄ 1 2 −q 3
Ξ 1/2 70 1 1 0 1

Table 3.6: Minimal scalar and (left-handed Weyl) fermion field content in the TPS model
that accounts for three families. The last column indicates the minimal number of fields
needed.

✁λ2

Ψ
λ
2

Ψ

λ
23k
ΘL

λ
1pk
ΘL

Θ2

Ψ2

Ξ

Ψ2

Lk

Θ1

Ξ

qL
p

Ξ

L3

Figure 3.4: Loop-induced PC4F operators as an explanation for the 1st family fermion
masses.

As ∆L is not allowed to develop a VEV, λa∆L can be sizable and generate a new set of
operators for the left-handed doublets, in the form:

O′′
La = λa∆Lλ

3
∆LOL,∆ , (3.107)

thus elevating the mass matrix rank to the desired 3. As the flavor structures in the
left and right-handed sectors are independent, this allows to generate the needed flavor
mixing and non trivial CKM and PMNS mixing matrices. CP violating phases can be
traced back either to physical phases in the Yukawas or in phases developed by the
hyper-baryon correlators. In Table 3.6 we summarize the complete field content of the
3-generation model.

Another possible solution, which does not require introducing ∆L, is to consider loop-
induced PC4F operators. This mechanism relies on the fact that the couplings to the
superheavy hyper-fermions can be transmitted to the light hyper-fermions via loops of the
Yukawa couplings. As an example, in Fig. 3.4 we show schematically a loop generating a
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Global charges
Fields B L H
SM quarks 1/3 0 0
SM leptons 0 1 0
Lp 0 0 1/2
Up
d , D

p
u 0 0 −1/2

Ut −1/2 1/2 1/2
χ, ω −1/6 1/2 0
η 1/6 1/2 −1/2
ρ 1/2 1/2 −1
Np 0 0 0
vΦPS 0 1 0
vΨEHC 0 0 0
vΘCHC 0 0 1
v∆EHC 1/2 −1/2 −1
v∆CHC −1/2 1/2 0

Table 3.7: Global charges B, L and H for the fermions in the TPS model. We also list
the charges of the scalar VEVs, to highlight which symmetries are broken.

coupling for the left-handed quarks qL. This would generate a new coupling of the form:

O′′
La = (λ2Ψ)

2λ1aaΘL (λ
2a3
ΘL)

†OL,loop . (3.108)

Because of the insertion of λ1aaΘL (for which a = 1, 2 have large entries, see Eq. (3.99)), this
operator has a different flavour structure than O′

La in Eq. (3.105), thus raising the rank
of the mass matrix to 3, and generating masses for the first generation.

4 .4 Baryon Number conservation and Dark Matter

In all models where quarks and leptons are unified in a single multiplet, proton decay, or
any other process violating lepton L and baryon B numbers, is a potential threat. Proton
and neutron decay experiments, in fact, can constrain the scale of violation to very high
values, ∼ 1015÷16 GeV. The Pati-Salam model [76] is known to have neutron-antineutron
oscillation instead of proton decay [117, 118]. The reason is that, although there exist
gauge bosons that connect quarks and leptons, such transition preserves baryon number.
The baryon number violation then depends on the detail of the scalar sector.

In the TPS model, it is possible to define both ordinary baryon and lepton numbers
and a hyperbaryon number H. We normalize B and L like in the SM, while we assign
H number ±1/2 to the hyper-fermions in the Ωp and Υp multiplets (see top block in
Table 3.7). If we only focus on the gauge and Yukawa terms, we realize that B, L and H
can be consistently assigned to all the fermion components, as shown in the second block
of Table 3.7. This can be easily understood by looking at the U(1)’s contained in the
TPS gauge group: in fact, two combinations of B, L and H are contained in two (broken)
generators of SU(8)PS (while the unbroken hypercharge is defined as a linear combination
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of B − L inside SU(8)PS and the diagonal generator of SU(2)R). Finally, the remaining
combination corresponds to the global U(1)G defined in Table 3.6, with

QG = 2H + 3B + L , (3.109)

which yields q = 1. The survival of these symmetries is therefore linked to the breaking
of the gauge symmetries: in the bottom two blocks of Table 3.7, we report the charges
of the VEVs contained in the scalar sector of the theory. We see that the VEV breaking
the SU(8)PS gauge symmetry also violates L (recall that this VEV generates the mixing
between the right-handed neutrinos and the singlets N). The CHC breaking VEV in Θ
breaks H (and generates masses for the hyper-fermions in the Ωp and Υp multiplets).
Thus, if the breaking is due only to VEVs in Φ, Ψ and Θ, B remains unbroken. Note
also that all the Goldstone bosons associated to the two broken symmetries are eaten
by the massive gauge bosons, thus no light scalar remains. In this section, we will focus
on the B-preserving scenario, while the B-violating case (due to the VEVs in ∆) will be
discussed in the next subsection. Note finally that no explicit U(1)G breaking should be
present in the scalar sector.

The main consequence of this scenario, which we shall call B-preserving vacuum, is
that proton and neutron decays are forbidden, thus avoiding the strong bounds deriving
from experiments. 6 The price to pay is that mixing between the Ξ-components and other
fermions are turned off, so that many interesting effects discussed in Sec. 3 , like the
bcR–ω̃ mixing, are forbidden. This vacuum, however, also enjoys the presence of fermions
with exotic B-charges, which therefore cannot decay back into SM states. The lightest of
the Ξ-components, therefore, can play the role of Dark Matter candidate. Of course, if
the lightest state is charged under Sp(4)HC, the Dark Matter candidate can be a meson
containing one such hyper-fermion.

The mass spectrum of the Ξ components in the B-preserving vacuum has been dis-
cussed in Sec. 3 .3: here we simply recall that

Mω =Mχ = |µ0 − 5µ1|, Mρ = µ0 , (3.110)

and the two iso-singlet hyper-fermions have the same mass as ρ, while Mη = |µ0 +
2µ1| is correlated with the other two. As ω does not carry HC charges, it is crucial
that it is not the lightest state. Furthermore, as η is the only hyper-fermion in the
fundamental of Sp(4)HC that carries QCD color charges, mesons containing a single η
or η̃ are not good Dark Matter candidates. In the following, with the aim of presenting
a qualilative discussion of the typical dark matter phenomenology, let us consider the
case in which ρ, ρ̃ act as the dark matter candidate, with the typical parameter space for
masses characterized by

Mρ < Mω =Mχ , and Mρ < Mη (3.111)

This configuration occurs in the light and dark green areas in Fig.3.5 in the µ0–µ1 pa-
rameter space. The light green wedge also features Mχ < Mη, which could explain the

6Nevertheless, we will consider that the breaking of the symmetries occurs at high scale, in order to
keep the scalar sector “natural”, i.e. avoiding a large hierarchy between elementary scalar masses and the
Planck scale.
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Mρ <Mη <Mχ
Mρ <Mχ <Mη

Mχ <Mρ <Mη

Mη <Mρ <Mχ
Mρ <Mη <Mχ

0.0 0.5 1.0 1.5 2.0

-1.0

-0.5

0.0

0.5

1.0

μ0 /ΛHC

μ 1/Λ
H
C

Figure 3.5: Mass hierarchy between ρ, χ/ω and η in the µ0–µ1 parameter space. The green
regions are favourable for Dark Matter. The solid lines give, as a reference, the boundaries
of the regions where Mρ < ΛHC (gray), Mχ =Mω < ΛHC (blue) and Mη < ΛHC (red).

lightness of leptons with respect to quarks in the same generation, C.f. Sec. 3 .5. As
a final comment, bound states of Ut–Db, if they receive a negative contribution to their
mass from the binding energy, may also be lighter than ρ and play the role of composite
Dark Matter candidate. We also checked that all states with exotic B charges can decay
into ρ: for instance, ω → ρ̃ + t + τ−, 〈L3

uη〉 → ρ + b̄, and so on. These may be very
interesting final states to look for at the LHC or at future high energy hadron colliders.

A detailed study of the Dark Matter phenomenology of ρ goes beyond the scope of this
manuscript, and we leave it for further exploration. Yet, the most interesting property of
this Dark Matter candidate is that it is stable thanks to the ordinary baryon numbers. Its
relic density can, therefore, be linked to that of the ordinary baryons under some simple
assumptions: a) a baryon or lepton asymmetry is generated at scales well above the
EWSB scale (for instance, via leptogenesis [119]); b) the EW phase transition is strong.
Both conditions can be attained in the TPS model: the former via the presence of the
heavy sterile neutrinos N , the latter thanks to the presence of additional light pNGBs
accompanying the Higgs [120, 121]. At the EW phase transition, therefore, the lepton or
baryon asymmetries will be re-shuffled between the various active degrees of freedom in
thermal equilibrium. The number of Ξ-components in the baryon asymmetry can then
be computed following the procedure delineated in Ref. [122] (see also Refs [123, 124]).
In our case, the ρ and ω are in thermal equilibrium thanks to the couplings to PC4F
operators, which are enhanced at low energy by the anomalous dimensions, as it can be
inferred, for instance, from the gauge-mediation currents in Eqs (3.41) and (3.42). More
details on this calculation, and the assumptions adopted, are reported in the Appendix A
.2. The final result is that the ratio of Dark Matter and baryon densities can be written
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Figure 3.6: Points saturating the DM relic density in the Mρ vs. Mχ −Mρ parameter
space. The solid lines correspond to T∗ = 246 GeV (black), T∗ = 100 GeV (red) and
T∗ = 500 GeV (blue).

as
ΩDM

Ωb

=
Mρ

mN

|2σD − 2ση − 5σχ − σω| , (3.112)

where σX is a Boltzmann suppression factor which depends on the mass of the particle
X and the critical temperature T∗ of the EW phase transition, defined in Eq. (3.136).

In Fig. 3.6 we show the numerical result in the parameter region where ρ is the lightest
Ξ-component, focusing on the µ1 > 0 region (C.f. Fig. 3.5). We expressed the mass
parameters µ0,1 in terms of Mρ and the mass difference Mχ −Mρ, where the dashed line
corresponds to Mη = Mχ boundary. The black line corresponds to points saturating the
Planck measurement [125] for T∗ = vSM = 246 GeV, showing that the ρ mass is typically
between 2.5÷3 TeV, except for a funnel region where cancellations between the Boltzmann
factors occur. We also show results for T∗ = 100 GeV (red) and T∗ = 500 GeV (blue),
showing how the ρ mass can be lowered or enhanced. While these results are qualitative,
they provide a reliable indication of the typical mass range for the components of the Ξ
multiplet, which also have consequences for the low energy properties of the composite
theory. We see that the region with the mass hierarchy Mρ < Mχ < Mη, relevant in
explaining the lightness of lepton masses, seems particularly favourable for this kind of
Dark Matter candidate.

4 .5 Baryon Number Violation

Baryon number violation can occur in the TPS model in two ways: either via explicit
interactions in the scalar potential, or via spontaneous breaking due to scalar VEVs.

As a example of the former, let’s consider the following quartic coupling:

LV ⊃ −λ4Θ ǫijklmnopΘ
ij∗Θkl∗Θmn∗Θop∗ + c.c. (3.113)

where i, . . . , p are SU(8)PS indices. This terms explicitly violates U(1)G, thus it leads
to baryon number violation. If we examine the decomposition of Θ at the HC level, we
may identify two scalars with quantum numbers θ = (1,3)−1/3 and θ̄ = (1, 3̄)1/3, which
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coincides with the quantum number of one type of scalar leptoquark that can mediate
proton decay [126]. However, while θ has Bθ = 1/3 and Lθ = 1, θ̄ has Bθ̄ = 2/3 and
Lθ̄ = 0. Thus, the former behaves like a lepto-quark, while the latter as a di-quark:

θ → u+ e− , θ̄ → u+ d . (3.114)

The coupling in Eq. (3.113), after Θ acquires a VEV, will however generate a mass mixing
in the form λ4Θ(v

Θ
CHC)

2θθ̄, thus allowing the standard proton decay operator

1

M2
θ

(ud)(ue−) . (3.115)

This kind of processes would require that the mass of these scalars is very large, Mθ ≈
1015÷16 GeV.

The source of spontaneous B-violation is due to VEV(s) for the scalar multiplet ∆,
as shown in the bottom block of Table 3.7. This scenario has several interesting features,
linked to mixing between the Ξ components and other fermions and hyper-fermions, as
discussed in Sec. 3 . However, it may also generate dangerous B violating effects. One
example is the presence of B-violating PC4F operators, mediated by scalars mixing ∆
with other multiplets, as shown in Table 3.3. Such effects, while suppressed by a large
scalar mass, may be enhanced at low energy by the anomalous running in the conformal
phase, thus leaving sizeable traces at low energy. It may, therefore, not be enough to push
the scalar masses and symmetry breaking scales above the proton decay limits.

4 .6 Final remarks

We have found that the TPS model can accommodate for masses and flavor mixing
between the three SM generations, once it is suitably extended as shown in Table 3.6.
The model can preserve baryon number, B, if the symmetry breaking is due to VEVs for
Φ, Ψ and Θ1, while some couplings in the scalar potential are forbidden. This scenario
also entails a candidate for Dark Matter, protected by a semi-integer baryon number.

One remarkable consequence of the TPS construction is that it fixes many essential
properties of the model in the IR, i.e. in the confined phase. Besides the choice for the HC
gauge group, this goes into the number of light hyper-fermions and their EW quantum
numbers. For instance, we found that the low energy model resembles M8 of [47], except
for the hypercharge of χ (which is −1/3 in the TPS model, instead of 2/3 [73, 74]).
This difference implies that the low energy model suffers from corrections to the bottom
couplings to the Z boson [127], with strong bounds on the masses of the baryons as a
consequence.

Furthermore, a detailed study of the low energy dynamics is crucial to establish the
viability of the model in view of unwanted flavor and CP violation. This analysis is made
more difficult by the ignorance of the dynamics in the walking phase, which can only be
studied on the lattice: although the flavor scale is superheavy (ΛF ∼ 1016 GeV), flavor-
violation is incorporated into local PC4F operators whose effects are preserved down to
ΛHC ∼ 10 TeV due to large anomalous dimensions of certain hyperbaryon operators. The
flavor-violating couplings are introduced due to the need to generate masses for the first
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and second family SM fermions, so we expect flavor violation is suppressed by light SM
fermion Yukawas. However, it is known such suppression is not enough to be compatible
with experimental bounds [38]. CP-violating couplings are also needed to generate the
phase of CKM matrix in order to account for CP-violation phenomena in the quark
sector. However, unwanted CP-violation may result in observables like electron electric
dipole moment (EDM). Recent electron EDM results [128] lead to strong constraint on
the compositeness scale: f & 100 TeV where f is the Goldstone decay constant [129].
In the low-energy effective theory, introducing certain flavor symmetries may help relax
the constraint [67, 70]. It could be tricky (if possible) to implement such symmetries in
a UV-complete model like TPS, without affecting generating realistic masses and mixing
of SM fermions. We therefore leave this issue for future study [98].

5 Summary and Outlook

That EWSB may originate from condensation in a new sector of strong dynamics is
an attractive idea. Compared to the SM Higgs sector, which is parametrized via an
elementary scalar field, it may naturally provide deeper insights into the possible origin
of the EWSB and its connection to fermion mass generation. With the discovery of a
125 GeV Higgs-like particle and the need to accommodate the large top quark mass, it is
then compelling to combine the idea of a pNGB Higgs and fermion partial compositeness
in order to achieve natural and realistic models of EWSB based on strong dynamics.

In underlying gauge-fermion realisations, PC is realized via four-fermion operators
built out of one SM fermion and three hyper-fermions charged under the new confining
HC gauge group. In this work, we propose the first complete model, valid up to the Planck
scale, that can generate the necessary four fermion operators (PC4F) in a model that has
all the necessary features to provide a realistic low energy dynamics. This construction is
based on the PUPC framework [66], where the HC and SM gauge symmetries are partially
unified. When the larger gauge group undergoes spontaneous symmetry breaking, the
resulting massive gauge bosons (and massive scalars) act as mediators for the PC4F
operators.

Realizing the PUPC framework in practice, however, is highly non-trivial due to the
many theoretical and phenomenological requirements. We found that the simplest model
is based on an SU(8)PS×SU(2)L×SU(2)R (TPS) gauge group, which breaks to an Sp(4)HC

and the SM gauge groups at a high scale ΛPU ≈ 1016 GeV. A minimal anomaly-free set of
fermions can embed both the SM fermions and hyper-fermions needed to generate PC at
low energy. Furthermore, we add suitable scalar fields at high scale (thus being natural)
that play the roles of breaking the gauge group, generate PC4F operators via Yukawa
couplings, and give masses to some hyper-fermions. The last feature is crucial in order to
generate a walking dynamics between the UV unified phase and the IR confined one. We
demonstrated that a renormalizable gauge-Yukawa theory based on the TPS gauge group
automatically contains all the ingredients necessary to achieve the above goals. Thus, by
a higher level unification we naturally achieve a tighter theoretical structure which gives
deeper insight of the origin of fermion PC and mass generation.

In this work we have shown how the TPS model can generate masses for the three
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generations of SM fermions, with non-trivial mixing among them, while preserving all the
attractive features of composite pNGB Higgs models. We identify several mechanisms that
can explain the mass split between the various SM fermions (i.e., leptons versus quarks,
bottom versus top) and the lightness of neutrinos via an inverse see-saw mechanism that
arises naturally in this construction. Finally, the walking phase can be achieved by giving
appropriate masses to the hyper-fermions appearing in the model. We pointed out that
accidental U(1) symmetries corresponding to the hyperbaryon number, the baryon number
and the lepton number have important and interesting phenomenological consequences.
In our TPS construction it is possible to preserve baryon number, thus avoiding strong
constraints from proton and neutron decays, with the bonus feature of obtaining a Dark
Matter candidate thanks to the presence of semi-integer baryon number neutral states.
Under certain circumstances, the relic density can be linked to the baryon asymmetry,
leading to typical masses for the Dark Matter candidate in the few TeV range.

While in this work we have proven the feasibility of the PUPC framework, via the
explicit TPS realization, this work should be considered as a stepping stone to further
investigate the phenomenology of the TPS model. The main points that need further
investigations are:

• We have identified the minimal scalar sector and the phenomenologically relevant
symmetry breaking patterns, due to scalar VEVs that are proven to exist in the
literature. It is, nevertheless, necessary to check if the desired VEV patterns can be
realized in the scalar potential of the complete model.

• The presence of a walking phase, where the theory approaches an IR conformal
fixed point, is crucial for the realization of flavor physics in this model. While
estimates seem to support the presence of such a phase in the TPS model, only lattice
calculations can verify this non-perturbatively. Remarkably, in the TPS model
both the gauge symmetry and the fermion properties are specified. Furthermore,
calculating the anomalous dimensions of the hyper-baryon operators in this phase
is crucial to understand the flavour structure at low energy.

• We have shown that the model can generate the needed flavor structures of the
SM. A more detailed analysis is needed, however, to check if unwanted CP and
flavor violating effects survive at low energy, which should face the strong experi-
mental bounds. This analysis can be done in a reliable way only after lattice input
is provided, in the form of anomalous dimensions in the walking phase to study
the enhancement of flavor violating effects at low energy, and the spectrum of the
baryons below the condensation scale.

• Finally, the running of the gauge couplings should be studied in detail, in order to
check the consistency of partial unification, where the QCD and HC ones are the
most relevant. This task is daring due to the fact that the HC dynamics is strong
over many decades of energy, thus non-perturbative techniques are needed.

Although we do not attempt to solve these issues in the present work, we hope that
our model-building effort can provide new perspectives for understanding and evaluating
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the pNGB Higgs and PC ideas, and motivate the community to investigate the related
problems and the lattice community to explore uncharted territories that are crucial for
our quest for mass generation.
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A Appendix

A .1 Field Decompositions

To match the TPS theory in the UV with the composite Higgs model in the IR, it is
important to understand the decomposition of the TPS multiplets at various steps of the
gauge symmetry breaking path. To this end, in this appendix we will provide for the
reader all the necessary information, following the steps:

SU(8)PS × SU(2)R → SU(7)EHC × U(1)E → SU(4)CHC × U(1)Y , (3.116)

where we omitted the SU(2)L gauge as it remains unbroken all the way down to the
compositeness scale. Also, we recall that the additional U(1)X charges, relevant for the
Ψ–Θ path, can be recovered as QX = QE − Y . Also, the SU(4)CHC representations can
be easily matched to the Sp(4)HC ones as follows:

15CHC → 10HC ⊕ 5HC , 6CHC → 5HC ⊕ 1HC , 4/4̄CHC → 4HC . (3.117)

To distinguish the components at various steps, we will use the following notation:

{56,2} ⇒ {SU(8)PS, SU(2)R)}, 211/7 ⇒ SU(7)EHC,U(1)E , [1, 3̄]1/3 ⇒ [SU(4)CHC , SU(3)C ]U(1)Y .
(3.118)

The decomposition of the SU(2)L and SU(2)R gauge bosons being rather straightforward,
we will omit them and report the gauge multiplet of SU(8)PS:

{63,1} =







10 = [1,1]0
74/7 = [1,3]2/3 ⊕ [4,1]1/2

7̄−4/7 = [1, 3̄]−2/3 ⊕ [4̄,1]−1/2

480 = [1,1]0 ⊕ [4, 3̄]−1/6 ⊕ [4̄,3]1/6 ⊕ [1,8]0 ⊕ [15,1]0

(3.119)

For the scalar fields used in the model building, we have:

Φ = {8,2} =







10 = [1,1]0
1−1 = [1,1]−1

74/7 = [1,3]2/3 ⊕ [4,1]1/2
7−3/7 = [1,3]−1/3 ⊕ [4,1]−1/2

(3.120)

Θ = {28,1} =

{
7−3/7 = [1,3]−1/3 ⊕ [4,1]−1/2

211/7 = [1, 3̄]1/3 ⊕ [4,3]1/6 ⊕ [6,1]0
(3.121)

∆ = {56,2} =







211/7 = [1, 3̄]1/3 ⊕ [4,3]1/6 ⊕ [6,1]0
21−6/7 = [1, 3̄]−2/3 ⊕ [4,3]−5/6 ⊕ [6,1]−1

355/7 = [1,1]1 ⊕ [4̄,1]1/2 ⊕ [4, 3̄]5/6 ⊕ [6,3]2/3
35−2/7 = [1,1]0 ⊕ [4̄,1]−1/2 ⊕ [4, 3̄]−1/6 ⊕ [6,3]−1/3

(3.122)

∆L = {56,1} =

{
21−5/14 = [1, 3̄]−1/6 ⊕ [4,3]−1/3 ⊕ [6,1]−1/2

353/14 = [1,1]1/2 ⊕ [4̄,1]0 ⊕ [4, 3̄]1/3 ⊕ [6,3]1/6
(3.123)

while for the adjoint Ψ = {63,1} the same decomposition as for the SU(8)PS gauge
bosons applies.
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For the fermion multiplets used in the main text, we obtain

Ω = {8,1} =

{
1−1/2 = [1,1]−1/2

7−3/7 = [1,3]1/6 ⊕ [4,1]0
(3.124)

Υ = {8,2} =







10 = [1,1]0
1−1 = [1,1]−1

74/7 = [1,3]2/3 ⊕ [4,1]1/2
7−3/7 = [1,3]−1/3 ⊕ [4,1]−1/2

(3.125)

Ξ = {70,1} =

{
35−2/7 = [1,1]0 ⊕ [4̄,1]−1/2 ⊕ [4, 3̄]−1/6 ⊕ [6,3]−1/3

3̄52/7 = [1,1]0 ⊕ [4,1]1/2 ⊕ [4̄,3]1/6 ⊕ [6, 3̄]1/3
(3.126)

In principle, the multiplet Ξ could be replaced by other anti-symmetric representations
of SU(8)PS. We will briefly discuss the alternatives below.

2-index case

The fermion multiplet Ξ coule be replaced by a two-index anti-symmetric Γ2, and its
conjugate Γ̄2, decomposing as

Γ2 = {28,1} =

{
7−3/7 = [1,3]−1/3 ⊕ [4,1]−1/2

211/7 = [1, 3̄]1/3 ⊕ [4,3]1/6 ⊕ [6,1]0
(3.127)

Γ̄2 = {2̄8,1} =

{
7̄3/7 = [1, 3̄]1/3 ⊕ [4̄,1]1/2

2̄1−1/7 = [1,3]−1/3 ⊕ [4̄, 3̄]−1/6 ⊕ [6,1]0
(3.128)

Comparing with Eq. (3.126), we see that both contain iso-singlet hyper-fermions Db and
Ut, QCD-colored hyper-fermions η–η̃, while the new fermions contain two copies of the
bottom partners ω–ω̃. The main difference stands in the χ-sector: for this choice, the χ
has no QCD-colour charges. Thus, all the hyper-baryons coupling to quarks must contain
η or η̃, contrary to what we found in the TPS model with Ξ. Note also that the Yukawa
couplings with Γ2 would be different from the ones involving Ξ.

3-index case

Another alternative consists in using 3-index anti-symmetric representations, which will
have the same decomposition as the scalars ∆ and ∆L. In particular, we see from
Eq. (3.123) that a singlet of the SU(2)L/R would contain a neutral iso-singlet hyper-
fermion and a color-triplet with charge 1/6, which is necessarily stable. To avoid this
issue, the minimal option would be to promote the fermion Γ3 to a doublet of SU(2)R,
thus having the same decomposition as ∆:

Γ3 = {56,2} =







211/7 = [1, 3̄]1/3 ⊕ [4,3]1/6 ⊕ [6,1]0
21−6/7 = [1, 3̄]−2/3 ⊕ [4,3]−5/6 ⊕ [6,1]−1

355/7 = [1,1]1 ⊕ [4̄,1]1/2 ⊕ [4, 3̄]5/6 ⊕ [6,3]2/3
35−2/7 = [1,1]0 ⊕ [4̄,1]−1/2 ⊕ [4, 3̄]−1/6 ⊕ [6,3]−1/3

(3.129)

Γ̄3 = {5̄6,2} =







2̄1−1/7 = [1,3]−1/3 ⊕ [4̄, 3̄]−1/6 ⊕ [6,1]0
2̄16/7 = [1,3]2/3 ⊕ [4̄, 3̄]5/6 ⊕ [6,1]1

3̄5−5/7 = [1,1]−1 ⊕ [4,1]−1/2 ⊕ [4̄,3]−5/6 ⊕ [6, 3̄]−2/3

3̄52/7 = [1,1]0 ⊕ [4,1]1/2 ⊕ [4̄,3]1/6 ⊕ [6, 3̄]1/3

(3.130)
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SM + standard hyper-fermions exotic B fermions
Q T 3

L B nf Q T 3
L B nf

tL µtL 2/3 1/2 1/3 9 Ut −µD −1/2 0 −1/2 4
bL µbL −1/3 −1/2 1/3 9 Db µD 1/2 0 1/2 4
tcR −µtR −2/3 0 −1/3 9 χ µχ −1/3 0 −1/6 15
bcR −µbR 1/3 0 −1/3 9 χ̃ −µχ 1/3 0 1/6 15
νL µνL 0 1/2 0 3 η µη −1/6 0 1/6 12
τL µτL −1 −1/2 0 3 η̃ −µη 1/6 0 −1/6 12
τ cR −µτR 1 0 0 3 ω µω −1/3 0 −1/6 3
νcR −ννR 0 0 0 3 ω̃ −µω 1/3 0 1/6 3
L3
u µL 1/2 1/2 0 4 ρ µρ 0 0 1/2 1

L3
d −µL −1/2 −1/2 0 4 ρ̃ µρ 0 0 −1/2 1

U3
d µU 1/2 0 0 4

D3
u −µU −1/2 0 0 4

Table 3.8: Weyl fermions participating to the EW phase transition; nf indicates the
degrees of freedom of each spinor.

The main drawback of this choice is that is contains a much larger number of hyper-
fermions, thus seriously endangering the presence of a walking dynamics in the IR, C.f.
sec. 2 .4.

A .2 Dark Matter relic density calculation

To compute how the baryon number generated above ΛHC is transferred to the SM and to
the fermions with fractional baryon number (components of Ξ), we consider only the states
that have a mass below or around ΛHC. The fermions are listed in Table 3.8, with their
electric charge Q, their weak iso-spin T 3

L, their baryon number B, and the multiplicity
(which counts the gauge degrees of freedom). We already imposed the relation between
the chemical potentials deriving from the hyper-fermion masses.

We shall also consider the W± gauge boson, for which we choose chemical potential
µW associated to W− (and −µW for W+). The EW interactions within the iso-doublets
require:

µbL = µtL + µW , µτL = µνL + µW , µL = −1

2
µW . (3.131)

To take into account the HC dynamics, which replaces the Higgs sector of the SM, we
include in the counting of degrees of freedom the hyper-fermions themselves. This is
a rough approximation, as the EW phase transition may occur below the condensation
scale, where it would be more appropriate to consider bound states. Nevertheless, as we
want to obtain a rough estimate of the Dark Matter mass, to simplify the analysis we will
stay within this approximation.

Additional relations between the chemical potentials derive from the PC4F operators
that survive at low energy due to the large anomalous dimension enhancement. To simplify
the analysis, again, we will only consider gauge-mediated PC4F operators. Looking at the
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expression of the currents in Eqs (3.41) and (3.42), we see that the Ξ-components ρ and
ω also participate to PC. Thus, considering the PC4F operators is equivalent to imposing
the equality of the chemical potentials of the various components of the currents, namely
for JµE:

−µtL+µL = µU−µtR = −µU−µbR = −µχ−µD = −µη+µχ = −µη+µω = −µρ+µη = −µω−µD ;
(3.132)

while for JµC :

µL + µτL = µνR − µU = µτR + µU = µη + µχ = µη + µω = µρ − µD . (3.133)

The relations above allow to determine all the chemical potentials but 4.
A phase transition of the 1st order is characterized by the vanishing of the total electric

charge and iso-spin, given by

Qtot = 9

[
2

3
(µtL + µtR)−

1

3
(µbL + µbR)

]

+3 [−(µτL + µτR)]+4

[
1

2
µL2σL +

1

2
µU2σU +

1

2
µD2σD

]

+

15

(

−1

3
µχ

)

2σχ + 12

(

−1

6
µη

)

2ση + 3

(

−1

3
µω

)

2σω + 4(−µW ) , (3.134)

T 3
tot =

1

2
[9(µtL − µbL) + 3(µνL − µτR) + 4µL2σL]− 4µW , (3.135)

where we have introduced the statistical factor for fermions

σX =
3

2π2

∫ ∞

0

dx x2 cosh−2

(
1

2

√
x2 + z2

)

, z =
mX

T
, (3.136)

T being the temperature. The conditions Qtot = 0 and T 3
tot = 0, together with the EW

Sphaleron condition
µtL + 2µbL + µνL = 0 , (3.137)

allow to fix all chemical potentials as a function of one.
Finally, the baryon number density in the SM quarks (which corresponds after the

EW phase transition to the net baryon number density in the Universe), can be expressed
as

nSM
b = − 12(3 + σU)

6 + 3σD + ση + 5σχ + σω
µU , (3.138)

while the total number density of fermions in the ξ–components is

nΞ = −12(3 + σU)(2σD − 2ση − 5σχ − σω)

6 + 3σD + ση + 5σχ + σω
µU = (2σD − 2ση − 5σχ − σω)n

SM
b . (3.139)

Finally, we can express the relic density of Dark Matter, divided by the baryon density,
as

ΩDM

Ωb

=
Mρ

mN

∣
∣
∣
∣

nΞ

nSM
b

∣
∣
∣
∣
= |2σD − 2ση − 5σχ − σω|

Mρ

mN

= 5.36 , (3.140)

where mN ≈ 1 GeV is the nucleon mass, and the numerical value comes from the Planck
2018 measurement [125]. The equation above can be used to determine the mass of the
Dark Matter, Mρ, as a function of the temperature of the EW phase transition (which
enters in the expressions for the σ-functions).
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The more the merrier.

In another attempt to UV complete CHM, we took to our advantage the huge number
of fermions, which are necessary to generate masses to all the SM fields. Indeed, the
resulting number of flavor N can be used to expand the β-functions of the different
couplings of the theory in powers of N , instead of the traditional perturbation theory.
This technique offers a complete different UV behaviour and is the main subject of this
chapter. It can be seen as an introductory chapter, laying the differents formula needed
for the study of a specific model proposed in Chapter 5.

1 Introduction

The expansion in large number of fermionic matter fields, Nf , has been used to study the
dynamical properties of gauge theories. In particular, the gauge beta function, relevant for
the renormalisation group equation (RGE) of the gauge coupling and the mass anoma-
lous dimension have been computed for both abelian [130, 131] and non abelian [132]
theories. Some information about higher-order terms is also available [133–135]. An
important property of this expansion is that the first order is scheme independent, as
discussed in [136–138]. More recently, this technique has been reused to show that gauge
theories in the large-Nf limit may feature a non-trivial, interacting Ultra-Violet (UV)
fixed point [139] (see also [140]). This observation is very important in understanding
the dynamics of gauge theories, as the presence of an UV fixed point would allow to un-
derstand large-Nf gauge theories as fundamental, in the Wilsonian sense [141,142]. This
effort falls in the larger quest for asymptotic freedom, first identified by S.Weinberg for
quantum gravity [143] and later discovered by F.Sannino and D.Litim for perturbative
gauge-Yukawa theories [144].

The presence of a fixed point is linked to the fact that the first order in the large-Nf

expansion has a negative pole at a given value of the gauge coupling, thus cancelling
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the positive leading term when the gauge coupling grows near the singular value. This
conclusion has been recently challenged in Ref. [145], where the resummation was re-
organised thanks to non-perturbative information obtained from critical exponents. The
result shows that a singularity in the leading large-Nf critical exponent does not neces-
sarily imply a singularity in the beta function, however without excluding the presence of
an UV fixed point. Preliminary results from large-Nf lattice studies also remain incon-
clusive [146]. Thus, at the moment the presence of a physical UV fixed point cannot be
excluded. This phenomenon has been applied in various contexts, from attempts to define
a safe Standard Model [147–152], to Grand Unification [153,154], Dark Matter [155,156]
and a variety of New Physics scenarios [157–159]. In composite Higgs models with fermion
partial compositeness [157], two irreps are needed to form spin-1/2 bound states that cou-
ple to the elementary quark and lepton fields.

The basic formulae for large-Nf resummation are known [160] for a simple gauge group
G, while an extension to semi-simple groups G = ×αGα can be found in Ref. [161]. In all
cases, the large multiplicity fermions belong to a single irreducible representation (irrep)
Rf of the gauge groups. In this note, we generalise the resummation to cases with a large
multiplicity of fermions in multiple irreps of the gauge groups. We find that the pole
structure is preserved, revealing that its presence is intrinsically linked to the non-abelian
structure of the gauge group. This result is in agreement with the presence of the UV
safety for non-abelian gauge groups and not for abelian ones. The latter was already in
question due to the fact that the mass anomalous dimension diverges near the pole [139].
Our results are also relevant to understand the dynamical properties of some class of
models, like gauge theories with a large number of chiral families, and composite Higgs
models with top partial compositeness [157].

The paper is organised as follows: in Sec. 2 we review the main results useful for large-
Nf resummation, while presenting the results in a different form that can be applied to
the case of multiple irreps. In Sec. 3 we present general formulae for the new case, before
applying the results to physically interesting theories in Sec. 4 . We offer our conclusion
in Sec. 5 .

2 Basic resummation results

In this section we will give a pedagogical introduction to the basic results for the large-Nf

beta-function calculation, following Ref. [161]. We will however change some definitions,
which will be useful to better understand the origin of the singularity and to extend the
calculation to multiple irrep cases in the next section.

Let us consider a gauge-fermion theory with one species of Dirac fermions, Ψ, in the
irrep R of a simple gauge group G (with gauge coupling constant g). To compute the
β-function we need to calculate the radiative corrections to the 2-point function of the
gauge boson propagator. For large number of fermions, the leading contribution to the
beta function comes from the one loop fermion contribution:
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2 . Basic resummation results

✁ = K ×
∫

d4k

4π2

Tr
[
γµ
(
/k − /p

)
γν/k
]

(p− k)2 k2
, (4.1)

where we have defined an effective gauge coupling K, which takes into account the large
fermion multiplicity as

K =
g2

4π2
Nf T (R) , (4.2)

where T (R) is the index of the fermion irrep R. K can be considered as the effective
coupling controlling the perturbative expansion, thus the one-loop contribution can be
counted at O(N0

f ). This also allows to define a chain of fermion bubbles, which are all
contributing at O(N0

f ), as shown in Fig. 4.1.

✂
Figure 4.1: Example of bubble-chain of length 5.

Two-loop corrections to the diagram in Eq. (4.1) correspond to attaching a gauge
propagator to the fermion loop: as no additional Nf multiplicity is added, this diagram
will effectively contribute to order K2/Nf , thus providing next-to-leading order terms.
Now, replacing the simple gauge propagator with a bubble-chain, will not increase the
1/Nf order. In fact, the leading term is simply given by the resummation of the bubble-

chain in the gauge propagator, as shown in the first two diagrams in Fig. 4.2. For a non-
abelian theory, there are also contributions coming from gauge boson self-interactions:
in this case, even the one-loop result is suppressed by 1/Nf and should be considered
at next-to-leading order. As before, the resummed results stem from dressing the gauge
propagators with the bubble-chain, as exemplified in the third diagram in Fig. 4.2.

For each type of diagram X, we can write the amplitude in the form δabp2∆µν (p)Π
(n)
X (p),

where ∆µν(p) = ηµν − pµpν/p
2 . Here n corresponds to the length of the bubble-chain in

A and B, while for C it’s the total length of the two bubble-chains. A simple calculation
gives:

Π
(n)
A (p) = Nfg

4 T (R) C(R)
Kn

(4π2)2
A

(n)
A (p) , (4.3)

Π
(n)
B (p) = Nfg

4 T (R) C(R)

(

1− 1

2

C(G)

C(R)

)
Kn

(4π2)2
A

(n)
B (p) , (4.4)

Π
(n)
C (p) = g2 C(G)

Kn

(4π2)
A

(n)
C (p) , (4.5)

where C(R) the Casimir of the irrep R and C(G) of the adjoint. The functions A
(n)
X

are integrals of the loop momentum and contain the information needed to compute
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Chapter 4. The Large N for Multiple Representation

✄A ☎B

✆C
Figure 4.2: Next-to-leading order diagrams. C is one representative of the diagrams
containing gauge boson self-interactions.

the leading order, however we need to take into account all the n-long bubble-chains

to extract the contribution to the β-function. The beauty of the large-Nf expansion
stands in the fact that this resummation can be done, and the ǫ-dependence of the loop
in dimensional regularisation can be converted in a dependence on K of the resummed
result (see Ref. [131] and the appendix of Ref. [161] for the proof).

To compute the evolution of the coupling we need to sum up all the diagrams: the
total contribution thus reads

Π =
∑

n

2Π
(n)
A + Π

(n)
B + Π

(n)
C =

K

NfT (R)
C(G)

∑

n

KnA
(n)
C (p)+

K2

NfT (R)
C(R)

∑

n

Kn

[

2 A
(n)
A (p) +

(

1− 1

2

C (G)

C (R)

)

A
(n)
B (p)

]

, (4.6)

where the factor of 2 comes from the two possible insertions of the bubble-chain in the
diagram A. Upon closer inspection to the above formula, we can reorganise the sum as
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follows:

Π =
K

NfT (R)

∑

n







C(R) Kn
[

2A
(n−1)
A + A

(n−1)
B

]

︸ ︷︷ ︸

(∗)

+C(G) Kn−1
[

A
(n−1)
C −KA

(n−1)
B /2

]

︸ ︷︷ ︸

(∗∗)







.

(4.7)
The combination (∗) encodes the contribution to the beta function for an abelian gauge
group (for which C(G) = 0 and C(R) → Q2

f ) and was computed originally in Ref. [131],
while the combination (∗∗) encodes the effect of the non-abelian dynamics. After resum-
mation, we define two functions corresponding to the two combinations as follows

β (K) =
2K2

3

[

1 +
C (G)

NfT (R)

{−11

4
+H (K)

}

+
C (R)

NfT (R)
F (K)

]

, (4.8)

where F (K) stems from (∗) and H(K) from (∗∗). Note that the −11/4 term isolates the
1-loop contribution of gauge couplings, which is of order 1/Nf , wile the 1 corresponds to
the one-loop contribution of the fermions. Thus, in our definition, the functions F (K) and
H(K) explicitly contain only the resummed higher-loop contribution. They are defined
as 1:

F (K) =
3

4

∫ K

0

dx F̃

(

0,
2

3
x

)

, H(K) =
3

4

∫ K

0

dx F̃

(

0,
2

3
x

)

G̃

(

0,
1

3
x

)

; (4.9)

with

F̃ (0, ǫ) =
(1− ǫ)

(
1− ǫ

3

) (
1 + ǫ

2

)
Γ (4− ǫ)

3Γ2
(
2− ǫ

2

)
Γ
(
3− ǫ

2

)
Γ
(
1 + ǫ

2

) , (4.10)

G̃ (0, ǫ) =
20− 43ǫ+ 32ǫ2 − 14ǫ3 + 4ǫ4

4 (2ǫ− 1) (2ǫ− 3) (1− ǫ2)
. (4.11)

The function F (K) has a singularity at K∗ = 15/2: this specifically arises from the
singularity in the factor Γ (4− ǫ) in the loop integral F̃ (0, ǫ). This term is relevant for
abelian gauge groups. Instead, H(K) has a singularity at K∗ = 3, which stems from the
(1 − ǫ2) factor in the denominator of G̃(0, ǫ). Thus, the presence of a pole at K = 3 for
non-abelian gauge theories is to be traced back to the non-abelian nature of the gauge
bosons. It has been observed in Ref. [161] that the mass anomalous dimension is finite
in K∗ = 3, while it diverges at K∗ = 15/2, thus supporting the presence of an UV
fixed point for the non-abelian gauge only. Furthermore, preliminary results for the 1/N2

f

contribution to the abelian β-function show that a discontinuity in K∗ = 3 emerges. Both
observations seem to support the idea that the non-abelian fixed point may be physical,

1The functions F and G we define are related to the F1 and H1 functions of Ref. [161] as

F1 = F , H1 = F1 +
C(G)

C(R)

(

−11

4
+H

)

.
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while the abelian one is more arguable. In the remainder of this work, we will therefore
focus on non-abelian gauge symmetries.

The resummation has been extended to semi-simple gauge groups in Ref. [161], and
we will review the main results here. We consider a gauge group G = ×αGα, with gauge
couplings gα, and nf fermions in the irrep Rf = ×αRα. Instead of defining a single
effective Nf as in Ref. [161], we find more convenient to define a fermion number Nα for
each gauge group, as this will allow us to easily generalise the result to multiple irreps.
We will consider that each fermion number, defined as

Nα = nfΠβ 6=αd(Rβ) , (4.12)

is of the same order for all gauge groups, i.e. Nα = O(Nf ). Similarly, we define effective
gauge couplings as follows:

Kα =
g2α
4π2

Nα . (4.13)

The only new ingredient in the case of semi-simple gauge groups is that the gauge couplings
contribute to each other’s β-function. As gauge bosons of different groups do not interact
with each other, the leading order in Nf stems from diagrams of type A and B, where the
gauge boson in the bubble-chain is different from the external ones, as shown in Fig. 4.3.
The amplitudes can be written as:

Π
(n)
A’/B’(p) = g2αT (Rα)

∑

β 6=α
g2βC(Rβ)d(Rβ)Πγ 6=α,βd(Rγ) nf

Kn
β

(4π2)2
A

(n)
A/B(p) , (4.14)

where the integral functions are the same as before. Using d(Rβ)Πγ 6=α,βd(Rγ) nf = Nβ,
the total contribution can be written as:

Π =
Kα

Nα

∑

β 6=α

C(Rβ)

T (Rβ)
Kn+1
β

(

2A
(n)
A (p) + A

(n)
B (p)

)

, (4.15)

where we recognise the function also appearing in the abelian case.
Finally, the β-function for Kα can be written as

β(Kα) =
2K2

α

3

[

1 +
C(Gα)

NαT (Rα)

{

−11

4
+H(Kα)

}

+
∑

β

C(Rβ)

NαT (Rβ)
F (Kβ)

]

. (4.16)

If we only consider non-abelian gauge groups, the second term, which includes the mixed
contributions, will always remain finite and small as Kβ < 3. Thus, the presence of an
UV fixed point only comes from the first term, i.e. from the non-abelian nature of each
gauge factor in the semi-simple group.

In order to offer a direct comparison with the results in the next section, we can also
redefine the fermion multiplicities by absorbing the index of the irrep:

Ñα = NαT (Rα) , Kα =
g2α
4π2

Ñα , (4.17)
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3 . Extension to multiple irreps

✝A ✞B
A’ B’

Figure 4.3: Next-to-leading order diagrams for the mixed contributions, where the gauge
bosons in the bubble-chain and on the external legs belong to different gauge groups.

with the β-function given by

β(Kα) =
2K2

α

3

[

1 +
C(Gα)

Ñα

{

−11

4
+H(Kα)

}

+
1

Ñα

∑

β

C(Rβ)T (Rα)

T (Rβ)
F (Kβ)

]

. (4.18)

In the above form, the β-function can be easily extended to cases with a large multiplicity
of multiple irreps, as we will show in the coming section.

3 Extension to multiple irreps

We are now ready to extend the resummation formulae to cases with large numbers of
multiple irreps. We will first start with a simple gauge group, and then generalise to
semi-simple groups.

3 .1 Simple Gauge Group

We start with the case of a simple gauge group G with ni fermions Ψi in different irreps
Ri. In such a case, the leading order contribution is given by the one-loop diagram below,
where we sum over all the fermion species:

✟ =
g2

4π2

∑

i

T (Ri)ni ×
∫

d4k

4π2

Tr
[
γµ
(
/k − /p

)
γν/k
]

(p− k)2 k2
. (4.19)

Following Eq. (4.1), we can define an effective gauge coupling as follows:

K =
g2

4π2
N , N =

∑

i

niT (Ri) , (4.20)
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where it is evident why we absorbed the index of the irrep in the definition of the fermion
multiplicity. Interestingly, a large N can now be due also by the contribution of irreps
with large index.

The next-to-leading order in 1/N is given by the same diagrams A, B and C in
Fig. 4.2, yielding:

Π
(n)
A (p) = g4

∑

i

T (Ri) C(Ri)ni
Kn

(4π2)2
A

(n)
A (p) , (4.21)

Π
(n)
B (p) = g4

∑

i

T (Ri) C(Ri)

(

1− 1

2

C(G)

C(Ri)

)

ni
Kn

(4π2)2
A

(n)
B (p) , (4.22)

Π
(n)
C (p) = g2 C(G)

Kn

(4π2)
A

(n)
C (p) . (4.23)

It’s crucial to note that the loop factors do not depend on the irrep of the fermions.
Furthermore, a sum on the fermion species can be introduced in the third contribution
by inserting

Π
(n)
C (p) = g2

∑

i

niT (Ri)

N
C(G)

Kn

(4π2)
A

(n)
C (p) . (4.24)

The total result can thus be written as:

∑

n

2Π
(n)
A + Π

(n)
B + Π

(n)
C =

K

N

∑

i

{
∑

n

niT (Ri)C(Ri)

N
Kn
[

2A
(n−1)
A (p) + A

(n−1)
B (p)

]

+

∑

n

niT (Ri)C(G)

N
Kn−1

[

A
(n−1)
C (p)−KA

(n−1)
B (p)/2

]
}

. (4.25)

We can now identify again the sums leading to the abelian F (K) and non-abelian H(K)
functions, defined in Eq. (4.9). The β-function can thus be expressed as

β(K) =
2K2

3

[

1 +
C(G)

N

{−11

4
+H(K)

}

+
1

N

(
∑

i

T (Ri) C(Ri) ni
N

)

F (K)

]

. (4.26)

The coefficient in front of F (K) evaluates to an O(1) number as it sums the degrees of
freedom of the fermions weighted by the Casimirs, thus the second term is genuinely an
O(1/N) contribution. Nevertheless, we see that for non-abelian gauge groups, the singu-
larity driving the UV fixed point is the same as in the case of a single large-multiplicity
irrep. Note how this result compares to Eq. (4.18).

This result proves that models with multiple irreps have the same dynamics as models
with a single irrep in the large-Nf limit.

3 .2 Semi-simple Gauge Group

We now consider the most general case of a semi-simple gauge group G = ×αGα with ni
fermions Ψi in the irrep Ri = ×αRiα. Combining the definitions in the previous sections,
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Bars-Yankielowicz models

we can define a fermion multiplicity for each gauge group as follows:

Nα =
∑

i

ni (Πβ 6=αd(Riβ)) T (Riα) , Kα =
g2α
4π2

Nα . (4.27)

It is convenient to define effective fermion multiplicities that count the multiplicity of
fermion specie Ψi relative to one or two gauge groups respectively:

ñiα = ni (Πβ 6=αd(Riβ)) , ñiαβ = ni (Πγ 6=α,βd(Riγ)) , (4.28)

so that Nα =
∑

i ñiαT (Rα).

The generalisation of the β-function is now straightforward, starting from Eqs (4.18)
and (4.26):

β(Kα) =
2K2

α

3

[

1 +
C(Gα)

Nα

{

−11

4
+H(K)

}

+

1

Nα

{
∑

i

ñiαT (Riα)C(Riα)

Nα

F (Kα) +
∑

β 6=α

∑

i

ñiαβT (Riα)C(Riβ)

Nβ

F (Kβ)

}]

. (4.29)

The above result confirms that the UV dynamics of the theory is fully determined by
the non-abelian structure, as the additional terms proportional to F (K) remain finite for
K < 3 in the case of non-abelian gauge groups. We also note that, as in the simple case,
the β-function and thus its pole are scheme independent (see proof in Appendix A .2).

For completeness and reference, in Appendix A .1 we provide the β-functions for
Yukawa couplings from Ref [161], adapted to our formalism and extended to the case of
multiple irreps. As we will show in Appendix A .2, they maintain the scheme independence
property of the first order in the expansion.

4 Application to chiral gauge theories: generalised Georgi-
Glashow and Bars-Yankielowicz models

Chiral gauge theories have received substantial attention in the literature, especially when
asymptotically free because of the interesting low energy dynamics [162–165]. The sim-
plest incarnations consist of two different species of fermions, whose multiplicities are
chosen to cancel the gauge anomaly. Theories of this class can be constructed on a simple
SU(Nc) gauge group, with one fermion in the symmetric or anti-symmetric irrep and a
suitable number of conjugate fundamental to cancel the gauge anomaly. They go under
the names of Bars-Yankielowicz (BY) [166] and generalised Georgi-Glashow (GG) [167]
theories. Their low energy dynamics is still not fully understood in the asymptotic free
case with small number of chiral families [168, 169]: indications of the possible allowed
phases have been inferred by use of the mininization of degrees of freedom [164, 165], or
the recent idea of generalized anomalies [170,171].
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In this work we are interested in the limit of large number of fermions, so that we
will consider a case with ng chiral generations. The fermion content of the two template
theories thus consists of:

BY ⇒ R1 = [ng] , R2 = [(N + 4)ng] ; (4.30)

GG ⇒ R1 = [ng] , R2 = [(N − 4)ng] . (4.31)

Following Eq. (4.20), we can define the following fermion multiplicity:

NBY/GG = ng
N ± 3

2
, (4.32)

which is large when ng is large. Thus, the β-functions from Eq. (4.26) read

β(K)BY/GG =
2K2

3

[

1 +
2N

ng(N ± 3)

{

−11

4
+H(K)

}

+
1

ng

3N2 ±N − 4

2N(N ± 3)
F (K)

]

, (4.33)

where the large-ng expansion is evident, and we recall that N ≥ 3 for BY and N ≥ 5 for
GG. The UV dynamics of the theories, therefore, is determined by the H(K) dependence,
which produces an attractive fixed point for K∗ = 3, corresponding to

g2∗
4π

=
6π

ng(N ± 3)
. (4.34)

We now investigate the UV properties of the BY and GG models with an additional
Yukawa coupling. For this purpose, we focus of the simplest possibility: besides the
two fermions ΨR1 and ΨR2, we extend the models by a scalar φ in the anti-fundamental
representation. This allows to include a Yukawa interaction and a quartic coupling, as
follows:

L ⊃ −y φa ΨbR2 Ψ
ab
R1 − λ φ∗aφ∗bφaφb + h.c. , (4.35)

where a, b are gauge indices, and we omit the flavor index. The general formulae for the
beta function for the new couplings can be found in Appendix A .1. They can be simplified
under the assumption that the gauge coupling approached quickly its fixed point, so that
we can replace K = 3. For the two models, we find:

β (y)BY/GG = y3
3N + 1

32π2
− y

7N2 ± 4N − 1

8ng(N ± 3)N
(4.36)

β (λ)BY/GG = λ2
2N + 5

16π2
+ λ

(
y2N

4π2
− N2 − 1

ngN(N ± 3)

)

−
(
y4N

4π2
+

(N2 − 1)(N2 − 2)cλ
ng2(N ± 3)2N

)

,

(4.37)

where cλ = 192 is a numerical coefficient stemming from the gauge fixed point. The
Yukawa beta function features a flow from an IR fixed point at

y2IR
4π2

=
7N2 ± 4N − 1

N(N ± 3)(3N + 1)ng
, (4.38)
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Figure 4.4: Zeros of β(λ) as a function of N for BY (blue) and GG (red) models. The
solid lines correspond to y = yUV = 0, while the dashed ones to y = yIR. The numerical
values correspond to ng = 10N , however other choices can be easily inferred knowing that
the zeros scale as λ∗ ∼ n−1

g .

to a free UV fixed point yUV = 0.
From the quartic coupling beta function, we can see that there always exist two real

zeros for any value of y. Numerical values are shown in Fig. 4.4 for ng = 10 N . These
results can be generalised to any value of ng knowing that the zeros scale as λ∗ ∼ n−1

g (as
y2IR ∼ n−1

g ). Thus, for values below the positive zero, λ < λ∗+, the couplings will flow in
the UV towards the negative zero, λUV = λ∗−. The plot also shows that the running is
not very sensitive to the value of the Yukawa coupling.

This analysis shows that chiral gauge theories as the BY and GG models, even when
enriched with a scalar field, can feature a completely UV safe behaviour. The fact that
the quartic coupling flows towards a negative value at high energy, though, may signal an
instability in the scalar potential.

5 Conclusions

Large-Nf resummation has proven a useful tool to study the UV dynamics of gauge theo-
ries with large multiplicity of fermions. This has lead to the conjecture of the emergence
of an attractive interacting fixed point in the UV, which is due to the presence of a pole in
the resummed leading order in the beta function. In this note, we extended the standard
formalism to include cases with multiple fermion representations. We showed that the
pole can be traced back to the intrinsic non-abelian nature of the gauge group, indepen-
dently on the specific representations of the fermions. Thus, we support the conjecture
for non-abelian gauge groups.

As a consequence, the pole, and the UV fixed point, are also found in theories with
multiple representations. We apply these results to the simplest cases of chiral gauge
theories, based on SU(Nc) gauge groups. As long as a large-enough number of chiral
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families are added, the theories develop an UV safe dynamics. As an example with
physical interest, we study extended Grand Unified Theories, where a large number of
fermions may be allowed below the symmetry breaking scale. We show, in one specific
example based on SU(9) without supersymmetry, that the mass of such fermions can be
split from the symmetry breaking scale arbitrarily, because the low energy SU(5) GUT
flows towards a UV fixed point. Thus, the onset of SU(9) can be delayed to arbitrarily
large energies.
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A . Appendix

A Appendix

A .1 Large-Nf β-functions for Yukawa and quartic couplings

For completeness, we will list here the resummed β-functions for Yukawa couplings [172]
from Ref. [161], adapted to the notation we use in this paper, and to the case with
multiple fermion irreps. We complete the model by adding a scalar field φA in the irrep
Rφ = ×αRφα, where A is a generic gauge index for the scalar irrep. The new Lagrangian
interactions read:

L ⊃ −yAbc φA Ψb

i Ψ
c

j − λABCD φ∗,Aφ∗,BφCφD + h.c. , (4.39)

where b and c are gauge indices of the fermion irreps, and it is understood that the scalar
gauge quantum numbers allow for the Yukawa coupling to be gauge-invariant. First we
note that the scalar will contribute to the gauge β-function with a 1/Nf term

∆β(Kα)|scalar ⊃
2K2

α

3

T (Rφ α)

4Nα

, (4.40)

which corresponds to the one-loop result.
We recall that consistency of the expansion requires that the Yukawa and quartic

couplings shall scale in a give way with Nf , as follows:

y2 ∼ λ ∼ 1

Nf

. (4.41)

This counting ensures that the non-gauge contribution to the beta function at one loop
counts 1/Nf in the expansion. The β-function for the Yukawa coupling reads:

β (yAbc) =
1

32π2

[(
yDy

∗,DyA
)

bc
+
(
yAy

∗,DyD
)

bc
+ 2Tr

[
yAy

∗,D] yDbc

]

− yAbc
∑

α

3Kα

4Nα

H0

(
2Kα

3

)[

C (Ri α) + C (Rj α) +
Kα

6
C (Rφ α)

]

,

where the traces and contractions are intended for the fermion gauge indices, and

H0(x) =

(
1− x

3

)
Γ (4− x)

3Γ2
(
2− x

2

)
Γ
(
3− x

2

)
Γ
(
1 + x

2

) . (4.42)

We recall that H0 is a smooth function up to K = 15/2, where a pole is developed. Thus,
for non-abelian semi-simple groups, the gauge contribution to the Yukawa running remains
finite. If it dominates over the contribution of the pure Yukawa term, the coupling will
flow towards a non-interactive fixed point (asymptotic free). If there is another yukawa
y′, mix contributions will play a role in the running as β(y) ⊃∼ yy′2. Thus we get the
same behaviour.

For the quartic coupling we obtain the following β-function:
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β
(
λABCD

)
=

1

16π2

[
2λAECFλ

BF
DE + 2λAEDFλ

BF
CE + λABEFλ

EF
CD

]

+
1

4π2
Tr
[
yDy

∗,E]λABCE − 1

4π2
Tr
[
yAy∗Cy

By∗D + yAy∗Dy
By∗C

]

− λABCD
∑

α

3

Nα

C (Rφ α)KαH0

(
2Kα

3

)

+ 48π2
∑

α<β

BAB
α,β CD

NαNβ

KαKβ

Kα −Kβ

[

Kα(1−
Kα

6
)H0

(
2Kα

3

)

−Kβ(1−
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)H0

(
2Kβ

3

)]

+ 24π2
∑

α

AABα CD

N2
α

K2
α

[

(1− Kα

3
)H0

(
2Kα

3

)

+Kα(1−
Kα

6
)
∂

∂Kα

H0

(
2Kα

3

)]

,

(4.43)

where the tensors A and B are defined as:

AABα CD =
1

8

[

{T aRφ α
, T bRφ α

}AC{T aRφ α
, T bRφ α

}BD + {T aRφ α
, T bRφ α

}AD{T aRφ α
, T bRφ α

}BC
]

(4.44)

BAB
α,β CD =

1

2

[(

T aRφ α
T bRφ β

)A

C

(

T aRφ α
T bRφ β

)B

D
+
(

T aRφ α
T bRφ β

)A

D

(

T aRφ α
T bRφ β

)B

C

]

(4.45)

A .2 Scheme Transformations

In this section we prove the scheme independence of all the β-functions above. For that
purpose first we recall that a scheme transformation will map a gauge coupling α = g2

4π2 to

a new one α′ = g′2

4π2 . This mapping must be inversible and as mentioned in [136] [137] [138]
can be parametrized as:

α = α′F(α′) (4.46)

F(α′) = 1 + t1α
′ + t2α

′2 + . . . (4.47)

Thus if we do a scheme transformation only for the gauge groupe Gα we obtain:

Kα = K ′
αF(K ′

α/Nα) (4.48)

= K ′
α(1 + t1K

′
α/Nα + t2K

′2
α /N

2
α + . . . ) (4.49)

This feeds the gauge β-function in two ways. First the β-function of Gα is already
known to be scheme invariant as explain in [136] [137] [138]. We note that the contribu-
tion from the other gauge group is unchanged. Secondly, for the other β-functions, the
contribution from Ka enters through functions that are already at order 1 in N . Changing
the scheme push to expand those functions using (4.49). But the expansion is in higher
power in Nα. Thus at first order all the β-function here are scheme independent.
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Chapter 5
The Safe Composite

We need more men.

Sansa Stark, Game of Thrones.

1 Introduction

The ultra-violet (UV) behaviour is crucial for a quantum field theory (QFT) to be pre-
dictive and fundamental up to high scales [141, 142]. The presence of fixed points in the
renormalisation group evolution of gauge and non-gauge couplings plays a central role in
this. The Large N formalism exhibits at first order such a safe scenario that can be used
in favor of stability. However the class of models of interest will also have a non attractive
feature, a large multiplicity of fermion matter fields, as it can be seen in the attempts
to build a safe extension of the Standard Model [149, 150]. Whilst this possibility is not
ruled out experimentally, postulating the presence of tens of new massive fermions at the
multi-TeV scale for the sole purpose of changing the UV behaviour of the theory contra-
dicts the principle of minimality 1. In this work we want to point out a class of theories
where the presence of large multiplicities of heavy fermions is required for another crucial
reason: the generation of masses for all Standard Model fermions in models of composite
Higgs with partial compositeness. In these models, minimality requires that there exists
one composite operator for each chiral fermionic field in the Standard Model. To generate
such a spectrum of operators, an underlying theory needs to contain a large number of
preons, the fundamental degrees of freedom that constitute the composite objects. Fur-
thermore, considerations related to the hierarchy problem lead to postulating fermionic
preons.

A classification of underlying theories based on gauge-fermion interactions can be
found in Ref. [74]. The main constraint on this model building effort is precisely the
requirement that the theory shall remain confining at low energies [173]. This limits the

1Quantum gravity effects may also be able to drive the Standard Model interactions to a safe UV, see
for instance Ref. [90].
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number of underlying fermions to the ones responsible for giving mass to the top quark
only. This problem is absent in theories with scalar fields [55] at the price of reintroducing
the hierarchy problem related to elementary scalar masses. In any case, these theories
remain underlying descriptions of the composite Higgs dynamics of top partial compos-
iteness, but far from being true UV completions. In fact, the origin of the light fermion
masses as well as the source for the couplings generating the partial compositeness remain
absent. Our goal is therefore to take a decisive step towards addressing these issues and
being able to construct a genuine UV complete theory that can be trusted at arbitrarily
high energies, at least up to the Planck scale. In this perspective, providing a Dark Matter
candidate becomes a key ingredient.

In this work we present a new paradigm that allows to define composite Higgs models
with underlying fermions up to arbitrary high energies. The large number of fermions
needed to give mass to all standard quarks and leptons drives the theory to a complete
UV interacting fixed point. The fermions associated with the two light generations are
supposed to have a large mass, thus explaining the lightness of their partners compared
to the electroweak scale. Once integrated out, the remaining degrees of freedom drive the
confining gauge interaction towards an Infra-Red (IR) fixed point [174]. The resulting
conformal window, similar in nature to walking Technicolor [175, 176], allows to further
split the scale of the heavy fermions where flavour effects also arise, from the condensation
and electroweak scales. The exit from the IR fixed point can be driven by integrating
out a subset of the remaining light fermions, leaving one of the models of Ref. [74] at low
scale. In this framework, fundamental scalar fields can also be added in a natural way 2,
as long as their masses are close to the mass of the heaviest fermions [177], and they
can be responsible for generating the needed four-fermion interactions. The low-energy
flavour mixing of the SM can therefore be traced back to high-scale Yukawa couplings
of scalars that, as we will show, are charged under the confining strong interactions. A
Dark Matter candidate can be easily included in this class of theories [178–180]. The
new scenario we discuss here, therefore, allows to define composite models that can in
principle be as predictive as supersymmetric extensions of the Standard Model.

This chapter is organised as follows: after introducing the general set-up in Sec. 2
, we describe in Sec. 3 how two underlying models of top partial compositeness with
Dark Matter can be extended to UV safety. In Sec. 4 we introduce the scalar sector at
high energy, responsible for generating the flavour couplings. In Sec. 5 we embed the
two models in a Pati-Salam unification framework, thus eliminating the U(1) problem.
Finally, in Sec. 6 we analyse the phenomenology of the Dark Matter candidate, before
offering our conclusions in Sec. 7 .
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2 . Choosing the model

ψ irrep coset pNGBs pNGB EW charges models GHC

pseudo-real SU(4)/Sp(4) 5 2±1/2 ⊕ 10 M8-M9 Sp(4), SO(11)

real SU(5)/SO(5) 14 2±1/2 ⊕ 3±1 ⊕ 30 ⊕ 10 M1-M7 SU(4), Sp(4), SO(7), SO(9), SO(10)

complex SU(4)2/SU(4) 15 2× 2±1/2 ⊕ 30 M10-M12 SO(10), SU(4), SU(5)

⊕1±1 ⊕ 2× 10 MV SU(3)

Table 5.1: Minimal cosets with a pNGB Higgs doublet arising from an underlying gauge-
fermion theory. The fourth column shows the SU(2)L irrep, with the hypercharge as
subscript. The last two columns show some properties of the explicit models, with the
nomenclature M1-M12 from Ref. [47], and MV being the model from Ref. [75].

2 Choosing the model

The CHM we shall consider are the twelve selected models proposed in [47] along the
paradigm of PC. We thus deal with two representations of the HC group GHC represented
by the species ψ and χ as they were introduced in the precedent chapters. Furthermore,
we recall that the spin-1/2 bound states entering in partial compositeness arise as chimera
baryons [181] made of both species of fermions, in the two alternative forms

B = 〈ψψχ〉 or 〈ψχχ〉 . (5.1)

The low energy models we consider here, and their key features, are listed in Table 5.1.

To define a genuine UV completion for these models, the issue of Dark Matter cannot
be avoided. The simplest possibility is that one of the additional pNGBs may be stable.
The minimal case is offered by the coset SU(4)L× SU(4)R/SU(4) [178,182], which can be
obtained in models M10-12, and the models of Refs [55,75]. In fact, the other two minimal
cosets do not feature a stable pNGB because of the Wess-Zumino-Witten topological term.
They could feature a DM candidate only if extended. As it was shown in Ref. [182], in
the EW sector there is a unique Z2 parity that is conserved by the fermion condensate (if
custodial symmetry is preserved) and by the EW gauging, as well as being anomaly free:
it is defined in terms of charge conjugation in the ψ sector plus a flavour rotation in the
SU(4) flavour space. If the top couplings also respect this parity, the pNGB spectrum will
contain several odd scalars, in particular a doublet and a triplet of SU(2)L plus a neutral
and a charged singlet. Such states mix, and the lightest neutral one plays the role of Dark
Matter candidate (see Ref. [182] for more details on the pNGB structure).

To extend the Dark Z2 parity in the case of partial compositeness, we need to make sure
that the composite operator B that mixes with the top has well-defined transformation
properties and contains even states with the same quantum numbers as the top quark
fields. As the Dark parity contains charge conjugation in the ψ-sector (but not χ), it is

2Note that the protection in this safe model is against modifications of the UV running of gauge
couplings due, for instance, to the presence of Landau poles. This is the case for the hypercharge
coupling in the SM. We do not address here the corrections coming from the Planck scale, which can only
be treated once a consistent theory of gravity is integrated with the model.
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Strong coupling regimeM10 - SO(10)
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Figure 5.1: Renormalisation group running of the gauge couplings αi for model M10,
GHC = SO(10). The dashed lines show the effect of the large-Nf resummation above
ΛFl = 108.5 GeV. The upper panel shows a cartoon of the running at strong coupling.

crucial that the bound state contains two ψ’s: this simple fact rules out the case with HC-
charged scalars of Ref. [55]. Furthermore, the ψ-bilinear in B needs to be in a real irrep

of GHC (ruling out M12 and the model of Ref. [75]). We are therefore left with the models
M10 and M11, based on SO(10)HC and SO(6)HC ≡ SU(4)HC respectively, with ψi in the
spinorial (Sp) irrep and χj in the fundamental (F). For the top partners, there remains
two choices that preserve the Dark parity: case a) a bi-fundamental of SU(4)L × SU(4)R,
which decomposes into a symmetric and an anti-symmetric of the unbroken SU(4); case
b) a pair of symmetric irreps. As we will see in Section 6 , only case a) leads to a feasible
low energy model.

3 A fundamental theory with UV safety and Dark
Matter

In the following, we will focus on M10 and M11: they only differ in the HC group,
SO(10)HC versus SO(6)HC. The low-energy fermion content [74] consists of 4 EW-charged
ψ’s and a QCD-coloured triplet of χ’s, as shown in the upper block of Table 5.2. These
fermions characterise the composite states below the condensation scale ΛHC, including
the Higgs, the Dark Matter candidate and the top partners.

To complete the model, we will extend it by adding one appropriate χ for each standard
fermion that acquires mass via the Higgs mechanism, as shown in the remaining two blocks
of Table 5.2. We add the partners for the bottom quark and tau lepton at a scale close to
ΛHC, i.e. 5 additional χ-flavours. This is enough to push the theory into the conformal
window (more details in A .1): right above the condensation scale, therefore, the strong
sector flows into a conformal phase where the gauge coupling remains strong and slowly
walking. This phase may ensure that the operators that mix to the light generations
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3 . A fundamental theory with UV safety and Dark Matter

SO(N )HC SU(3)c SU(2)L U(1)Y mass

ψQ Sp 1 2 0

∼ 0
ψU Sp 1 1 1/2

ψD Sp 1 1 −1/2

χ3
u F 3 1 2/3

χ3
d F

3 1 −1/3 ∼ ΛHC
χ3
l 1 2 −1/2

χ1,2
u

F

3 1 2/3
ΛFl

(≫ ΛHC)
χ1,2
d 3 1 −1/3

χ1,2
l 1 2 −1/2

Table 5.2: Fermion content of the extended M10 (N = 10) and M11 (N = 6) - all fermions
are Dirac spinors.

acquire a largish anomalous dimension, allowing to sufficiently decouple the scale where
they are introduced. The χ fermions associated to the light generations are, in fact,
introduced at a scale ΛFl ≫ ΛHC, where flavour effects are also generated. Above ΛFl, the
number of fermions is such that the running of all gauge couplings are not asymptotically
free any more. The lepton partners, χil, are chosen to be doublets of SU(2)L for two
reasons: on the one hand, their presence will assure that the SU(2)L gauge coupling also
runs into safety; on the other hand, the quantum numbers are such that chimera baryons
containing χil also feature a neutral singlet, i.e. right-handed neutrinos, thus allowing to
generate neutrino masses. We will first study how the gauge couplings of these theories
may flow to a UV safe fixed point.

Our set up differs from the ones considered in the literature (see Ref. [139]) in the
fact that we have different sets of fermions participating to the running of the four gauge
couplings. Furthermore, for the SO(N ) group, there are two different irreps that need to
be taken into account [183]. For these reasons, we define the large-Nf gauge couplings as
follows:

Ki ≡ Ni
αi
π
, Ni =

∑

f

nfT (rf ) ; (5.2)

with i = 1, 2, 3,N labelling the four gauge groups (for U(1), replace T (rf ) → Y 2
f ). As

there are many fermions in different irreps of the gauge groups, in our case we cannot
define a unique Nf valid for all gauge coupling running, but rather we need to define a
different multiplicity Ni for each group. We will assume that formally they are all of the
same order. For the extended models in Table 5.2, we find the multiplicity factors listed
in Table 5.3. For the running of the SO(N ) gauge coupling, as there are two different
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irreps that contribute, we follow the results in Ref. [183]:

B
(1)
i

Nf

=
C2(Gi)

Ni

(

−11

4
+G1(Ki)

)

+
N∑

j=1

ci,j
Nj

F1(Kj) , (5.3)

where the functions F1 and G1 are defined in A .2, and C2(Gi) is the Casimir of the
adjoint of the i–th gauge group (for the abelian case, C2(G1) = 0). Note that the −11/4
term corresponds to the one loop contribution of gauge bosons. The coefficients ci,j are
all positive, and their values can be found in A .2.

SO(N )HC M10 M11

NN 24 + 2
N−4

2 32 26

N3 3(N + 1) 33 21

N2 3 + 3
2
N + 2

N−4

2 26 14

N1 5 + 13
2
N + 2

N−4

2 78 46

Table 5.3: Multiplicity factors for the resummation of the four gauge couplings above ΛFl.
The numerical values in the last two columns refer to M10 (N = 10) and M11 (N = 6).

A key property of the above result is that the function G1(K), relevant for non-abelian
gauge couplings, has a pole at negative values for K = 3, while F1(K) has a negative pole
at K1 = 15/2, while the resummation fails for coupling values above the pole. This
feature, thus, acts as a barrier for the evolution of the respective coupling towards the
UV, hinting at the presence of an interacting UV fixed point [139]. In other words, if the
value of the coupling at the threshold ΛFl is below the pole, the evolution towards the
UV will stop at that value where the beta function vanishes and the theory approaches a
fixed point. We, therefore, expect the UV fixed point to arise at Ki = 3 for non-abelian
groups, and K1 = 15/2 for the abelian one. The condition for the model to have a UV
safe fixed point for all gauge couplings is that their value is below the pole, i.e.

αi <
3π

Ni

for i 6= 1 , and α1 <
15π

2N1

. (5.4)

The above conditions provide an upper bound on ΛFl due to the fact that some of the
gauge couplings increase towards the UV above ΛHC. On the other hand, an indirect
lower bound derives from flavour physics, which gives ΛFl > 105 TeV for generic flavour
violating effects.

In Fig. 5.1 we show the running of the 4 gauge couplings above the EW scale for the
model M10, assuming ΛHC = 10 TeV (solid lines). While the SO(10) gauge coupling α10

is asymptotically free, the other three run into a Landau pole below 1010 GeV. Further-
more, it is the QCD coupling α3 that crosses the UV-safe threshold first, thus setting the
maximum allowed value of ΛFl right below 109 GeV. In the numerical example, we added
the complete set of fermions at a scale ΛFl = 108.5 GeV: the modified running is plotted
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4 . High-scale scalar mediation, and the U(1) problem

in dashed lines, clearly showing how the gauge couplings approach the UV fixed values.
Note that they are a bit below the predicted ones: this is due to the backreaction of the
U(1) pole on the running of the non-abelian couplings, due to the fact that F1(K1) in
Eq. (5.3) also has a pole at the fixed point. In the upper panel we illustrate the running
of α10 in the strong coupling regime, which features a walking region between 104 and
107 GeV. This part of the plot, being non-perturbative, can only be confirmed by lattice
calculations along the lines of Refs [50, 181, 184, 185]. These results show that the model
M10 allows for a narrow mass window where the fermions at ΛFl can be added, squeezed
between the flavour bounds and the limit from UV safety.

A similar analysis can be done for the model M11, based on GHC = SO(6): in this
case, it is the U(1) coupling α1 that crosses the threshold first at a scale around 1013 GeV,
while the α2 and α3 run much slower. This model can therefore allow for a larger flavour
scale, and a wider walking window for α6.

The models we have studied here, however, are not truly UV complete, because the
dynamics generating the partial compositeness four-fermion interactions is not included.
In the following sections we will discuss how scalar mediators can do the job.

4 High-scale scalar mediation, and the U(1) problem

SO(N )HC SU(3)c SU(2)L U(1)Y mass

φaq Sp
3 1 1/6 ∼ ΛFl

φ̄aq Sp

φal Sp
1 1 −1/2 ∼ ΛFl

φ̄al Sp

Table 5.4: Scalar mediators for lepton and quark partial compositeness.

The four-fermion interactions responsible for the partial compositeness couplings at
low energy can be generated via scalar mediation. This is acceptable in this class of
models because scalar masses are “natural” if they are close to the largest fermion mass
in the model [177], namely mφ ≈ ΛFl. The only additional condition would be to check
that all new couplings in the scalar sector, i.e. Yukawas and quartic couplings, also run
to a UV safe fixed point. In this and in the next sections we will address this question.

Firstly, in order to preserve the Dark Z2, it is necessary to add pairs of scalar fields
that have the same quantum numbers under the SM gauge symmetries, while they are in
conjugate Sp and Sp irreps of the strong SO(N ). One minimal set of mediators is shown
in Table 5.4, where a = 1, 2, 3 is an index running over the SM generations. These four
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fields allow to add the following Yukawa couplings above ΛFl:

LYuk,q =
{
λabq φb,∗q [qaL]l[ψQ]l + λabu φ

b,∗
q [uaR]r[ψD]r+

λabd φ
b,∗
q [daR]r[ψU ]r +

ξabur φ
a
q [χ

b
u]
c
l [ψU ]r + ξabul φ

a
q [χ

b
u]
c
r[ψU ]l +

ξabdr φ
a
q [χ

b
d]
c
l [ψD]r + ξabdl φ

a
q [χ

b
d]
c
r[ψD]l +

λ̄abq φ
b,∗
q [qaL]l[ψQ]

c
r + λ̄abu φ

b,∗
q [uaR]r[ψU ]

c
l +

λ̄abd φ
b,∗
q [daR]r[ψD]

c
l +

ξ̄abur φ
a

q [χ
b
u]
c
l [ψD]

c
l + ξ̄abul φ

a

q [χ
b
u]
c
r[ψD]

c
r +

ξ̄abdr φ
a

q [χ
b
d]
c
l [ψU ]

c
l + ξ̄abdl φ

a

q [χ
b
d]
c
r[ψU ]

c
r

}

+h.c., (5.5)

and

LYuk,l =
{

λabl φb,∗l [laL]l[ψQ]l + λabe φ
b,∗
l [eaR]r[ψU ]r+

λabν φ
b,∗
l [νaR]r[ψD]r +

ξaber φ
a
l [χ

b
l ]
c
l [ψQ]r + ξabel φ

a
l [χ

b
l ]
c
r[ψQ]l +

λ̄abl φ
b,∗
l [laL]l[ψQ]

c
r + λ̄abe φ

b,∗
l [eaR]r[ψD]

c
l +

λ̄abν φ
b,∗
l [νaR]r[ψU ]

c
l +

ξ̄aber φ
a

l [χ
b
l ]
c
l [ψQ]

c
l + ξ̄abel φ

a

l [χ
b
l ]
c
r[ψQ]

c
r

}

+h.c.; (5.6)

where a sum over the SM flavour indices is left understood, the subscripts [.]l/r indi-
cate respectively the left and right-handed chiralities, and the superscript [.]c the charge-
conjugation. The Dark parity is preserved as long as λ = λ̄ and ξ = ξ̄: as we will see this
condition is renormalisation evolution invariant, thus it is preserved at all scales once it
is imposed at µ = ΛFl. We also need to impose that the two scalars have the same mass.
Once they are integrated out, they generate appropriate four-fermion interactions for all
SM fermions. As an example, for the top (up-type quarks), among others:

LΛFl
=
κabq
Λ2

Fl

(

[qaL]l · [ψQ]l[χbu]cl · [ψU ]r + [qaL]l · [ψQ]cr[χbu]cl · [ψD]cl
)

+
κabu
Λ2

Fl

(

[uaR]r · [ψD]r[χbu]cr · [ψU ]l + [uaR]r · [ψU ]cl [χbu]cr · [ψD]cr
)

, (5.7)

with
κabq
Λ2

Fl

= λacq [m
2
φ]

−1
cd ξ

db
ul
,

κabu
Λ2

Fl

= λabu [m
2
φ]

−1
cd ξ

db
ur . (5.8)

The mediators and Yukawa couplings have been selected such that the four-fermion inter-
actions in Eq. (5.7) generate a coupling of the top fields to a composite baryon in the irrep

(4,4)⊕ (4̄, 4̄) of the global symmetry SU(4)L × SU(4)R, which we will use in Section 6
for the Dark Matter study.
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5 . Pati-Salam UV-safe completion.

The contribution of the scalars above ΛFl will not affect significantly the running of the
gauge couplings. The running of the Yukawa couplings above ΛFl follows the calculations
done in Ref. [161]: it has been observed that the dominant contribution is due to the U(1)
gauge coupling once it has approached its fixed point, as the contribution to the Yukawa
beta function has a pole at the same position. For all Yukawas yi, the beta function can,
therefore, be approximated by

β(yi) ≈ −yi
15

16π2N1

(2dyi,1 + 15d′yi,1)
1

15
2
−K1

, (5.9)

where K1 is exponentially close (from below) to 15/2, and

dyi,1 = Y 2
φ + 2Yf1Yf2 , d′yi,1 =

(Yf1 − Yf2)
2

6
, (5.10)

with Yx being the hypercharges of the scalar and fermions in the Yukawa coupling yi.
Thus, if

Xyi = 2dyi,1 + 15d′yi,1 > 0 , (5.11)

the Yukawa coupling yi runs to zero in the UV. In our model, we find the values in Ta-
ble 5.5, which show that all the Yukawa couplings in Eqs (5.5) and (5.6) are asymptotically
free.

yi dyi,1 d′yi,1 Xyi

λq, λ̄q 1/36 1/216 1/16

λu, ξur, ξul,

λ̄u, ξ̄ur, ξ̄ul
−23/36 49/216 17/16

λd, ξdr, ξdl,

λ̄d, ξ̄dr, ξ̄dl
−11/36 25/216 9/16

λl, λν , λ̄l, λ̄ν 1/4 1/24 9/16

λe, ξer, ξel,

λ̄e, ξ̄er, ξ̄el
−3/4 3/8 33/16

Table 5.5: Beta function coefficients for the Yukawas in Eqs (5.5) and (5.6).

While the U(1) fixed point drives the Yukawas to be asymptotically free, it is well
established that it has a dangerous effect on scalar quartic couplings, which are driven to
a Landau pole [161]. We can address this issue by partly unifying the U(1) into a non
abelian gauge group, and our model offers an elegant path via a Pati-Salam structure, as
discussed in the next section.
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Figure 5.2: Renormalisation group running of the gauge couplings αi for model M11-
PS, GHC = SO(6). The dashed lines show the effect of the large-Nf resummation above
ΛFl = 1012 GeV.

5 Pati-Salam UV-safe completion.

To remove the destabilising effect of the U(1) pole on scalar quartic couplings, we can
embed the model above ΛFl into a Pati-Salam [76] partial unification for the SM interac-
tions [153]. The new models, that we dub M10-PS and M11-PS, feature the field content
in Table 5.6. The Pati-Salam gauge group, SU(4)×SU(2)L×SU(2)R is broken by a scalar
field ϕPS, with a vacuum expectation value of the order of ΛFl. To study the UV prop-
erties of this model, we can calculate the beta functions following the same procedure
highlighted in Section 3 , with the important difference that the contribution of other
gauge couplings remains negligible due to the absence of an abelian group. The new
Ni are given in Table 5.7: they are substantially larger than the corresponding ones in
the previous models, indicating lower values for the UV fixed points. This is potentially
dangerous, as the upper limit on ΛFl will tend to decrease.

In Fig. 5.2 we show the running of the Pati-Salam gauge couplings in the model M11-
PS 3: the first coupling to pass the safe threshold is αR, at an energy scale slightly lower
than that for M11. In the numerical example, we fixed ΛFl = 1012 GeV, where the field
content of M11-PS is added. Besides the difference in scales, the approach to the UV
fixed point is similar, also showing the same fixed point for the two SU(2)’s thanks to the
left-right symmetry of the model. For M10-PS, we find that the maximum allowed value
for ΛFl is slightly above 107 GeV, thus generating potential conflict with flavour bounds
and also leaving too small space for the IR walking window. These results show that
M11-PS is favoured.

We can now study the safety of the Yukawa couplings, which can be written in the

3The usual matching applies:

α4 = α3 , αL = α2 , αR =
3α1α3

3α3 − 2α1

.
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5 . Pati-Salam UV-safe completion.

SO(N )HC SU(4) SU(2)L SU(2)R

ωaL 1 4 2 1 qaL, l
a
L

ωaR 1 4 1 2
uaR, d

a
R,

eaL, ν
a
R

ΨL Sp 1 2 1 ψQ

ΨR Sp 1 1 2 ψU , ψD

ΞaR F 4 1 2 χau, χ
a
d

ΞaL F 4 2 1 χal

Φa Sp 4 1 1 φaq , φ
a
l

Φ
a

Sp 4 1 1 φ
a

q , φ
a

l

ϕPS 1 4 1 2 −

Table 5.6: Fermion content of the Pati-Salam extended M10-PS (N = 10) and M11-PS
(N = 6) - all fermions ω, Ψ and Ξ are Dirac spinors.

SO(N )HC M10-PS M11-PS

NN 48 + 2
N−4

2 56 50

N4 3(2N + 1) 63 39

NL = NR 3 + 6N + 2
N−4

2 71 41

Table 5.7: Multiplicity factors for the gauge couplings in the Pati-Salam UV completions.

Pati-Salam unified models as

LYuk,PS =
{
γabL Φb,∗[ωaL]l[ΨL]l + γabR Φb,∗[ωR]r[ΨR]r+

ζabRr Φ
a[ΞbR]

c
l [ΨR]r + ζabRl Φ

a[ΞbR]
c
r[ΨR]l +

ζabLr Φ
a[ΞbL]

c
l [ΨL]r + ζabLl Φ

a[ΞbL]
c
r[ΨL]l +

γ̄abL Φ
b,∗
[ωaL]l[ΨL]

c
r + γ̄abR Φ

b,∗
[ωR]r[ΨR]

c
l +

ζ̄abRr Φ
a
[ΞbR]

c
l [ΨR]

c
l + ζ̄abRl Φ

a
[ΞbR]

c
r[ΨR]

c
r +

ζ̄abLr Φ
a
[ΞbL]

c
l [ΨL]

c
l + ζ̄abLl Φ

a
[ΞbL]

c
r[ΨL]

c
r

}

+h.c.. (5.12)

In absence of U(1) couplings, the contribution of Yukawas and gauge couplings can be
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comparable. The beta function can be written as [161,183]

(βy)aij =
1

32π2

{

(yb · y†,b · ya)ij + (ya · y†,b · yb)ij+

2Tr[ya · y†,b]ybij
}

− 3

2
yaij

∑

α

Kα

Nα

H0(Kα)×
(
C2(f1) + C2(f2)

2
+
C2(Φ)

12
Kα

)

, (5.13)

where α indicates the sum over the 4 gauge groups, and C2 are the Casimirs of the irreps
of the two fermions and scalar under each gauge group. The function H0 remains finite
up to K < 15/2, thus the gauge contribution remains small up to the UV fixed points,
reached for Kα = 3 (where H0(3) = 1/9). The beta function, after the gauge couplings
have reached the fixed points, thus reads

β(yk) =
yk

32π2

∑

p

dkpy
2
p − Cykyk , (5.14)

where dkp > 0 and order 1. Thus all Yukawas run to zero as long as Cyk > 0 and yk is
small enough at ΛFl that the beta functions are negative. We find that the Cyk are the
same for all the γ-type (γ̄) and ζ-type (ζ̄) Yukawas in Eq. (5.12), with

Cγ = 0.046 , Cζ = 0.066 , for M10-PS ;

Cγ = 0.028 , Cζ = 0.040 , for M11-PS .
(5.15)

As they are all positive and one order of magnitude larger than the factor 1
32π2 , the

Yukawas are asymptotically free in both models with values of O(1) allowed at ΛFl.

6 Dark Matter phenomenology

The low energy physics of the two models, M10 and M11, can be described by the same
effective field theory as they have the same global symmetries. The only distinction,
besides the value of the low energy constants, can be traced in the properties of the
pNGBs associated to the global U(1) symmetries broken by the condensates [47, 189].
The Dark Matter sector is similar to that of the model in Ref. [182]: the odd pNGBs
consist of a triplet of SU(2)L, an inert Higgs doublet and charged and neutral singlets
(forming a triplet of the custodial SU(2)R). However, the pNGB potential generated by
the top interactions is very different, as here we use partial compositeness to generate the
top mass, while in Ref. [182] bilinear Yukawa-like interactions are considered. Thus, mass
spectra and couplings are different from those in the model of Ref. [182]. In this work
we explicitly computed loops of the top and top partners after imposing the maximal
symmetry [190] to keep the loops calculable and finite.

The nature of the lightest neutral stable scalar crucially depends on the masses of
the preons: here we assume that the ψU and ψD have a common mass mR in order to
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6 . Dark Matter phenomenology

Figure 5.3: Direct detection constraints [186–188] for δ > 0 (left) and δ < 0 (right). The
colour encodes the relic density for each parameter point, which is used to rescale the
spin-independent cross section σSI. The dark green points saturate the measured relic
density value, with points having warmer colour being excluded by over-density.

preserve the global custodial SU(2)R, while the mass of ψQ is mL. The crucial parameter
is thus the mass difference δ ≡ (mL −mR)/(mL +mR). For δ < 0, the lightest neutral
stable scalar mostly coincides with the SU(2)L triplet, while for δ > 0 it has maximal
overlap with the singlets. For δ ∼ 0, maximal mixing with the doublet is active. This
mixing pattern determines the annihilation rates of the Dark Matter candidate, which is
dominated by the final states in two EW gauge bosons and two tops. The annihilation
cross section is thus larger for δ < 0, leading to larger allowed Dark Matter masses.

To study a concrete example, we computed the top and gauge boson loop potential,
considering case a), where the top partners transform in the anti-symmetric of the unbro-
ken SU(4), as embedded in the bi-fundamental (see A .3 for more details). We constrain
the parameter space by fixing the masses of the top (173 GeV) and Higgs (125 GeV) at the
minimum of the potential. We then scan the remaining parameter space and compute relic
abundance and spin-independent cross section off nuclei by using the micrOMEGAs [191]
package. For the misalignment angle, sin θ = v

f
, we probe values between 0.0003 and

0.3. Here, v = 246 GeV is the SM Higgs vacuum expectation value, f ∼ ΛHC

4π
the decay

constant of the composite Higgs, and the Dark Matter mass is proportional to f . In
Fig. 5.3 we show the results of our scan in the plane of the Dark Matter mass versus
the cross section rescaled by the actual relic abundance. In this way, all points can be
compared to the Direct Detection exclusion, shown by the solid black, blue and red lines.
Points that saturate the relic abundance within 10σ are highlighted in dark green. We
see that the model can explain the Dark Matter abundance without being excluded for
MDM ≈ 260 GeV, while larger values up to 1.5 ∼ 2 TeV are allowed for δ < 0. The region
at DM masses close to 260 GeV is dominated by co-annihilation with the the next-to-
lightest odd state (φ±

1 ) due to the small mass splitting. The fixed value of the DM mass
stems from the dominance of the annihilation process φ+

1 φ
−
1 → γγ via gauge interactions:

thus, the relic density highly depends on the masses. Note also that the larger Dark Mat-
ter masses will be probed by future direct detection experiments. We remark that those
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masses have reasonable values compared to the typical compositeness scale at the TeV.
While in the δ > 0 case, being the DM dominantly a singlet, indirect detection constraints
can be neglected, in the δ < 0 case they might be relevant [179, 192]. However, we have
checked that the current bounds are very weak and not competitive with direct detection.

We also performed a similar scan for top partners in case b), finding that all points
saturating the relic density are excluded by direct detection. Having demonstrated that
a feasible Dark Matter candidate is present in the model, we leave a detailed study of the
low energy phenomenology of these models for future work.

7 Conclusions and Outlook

We have presented a new paradigm that allows to define composite Higgs models with
partial compositeness for the top quark up to arbitrarily high scales. For the first time, we
can endow composite models with predictivity power. Based on gauge-fermion underlying
descriptions of the low energy physics, we use the need for a large multiplicity of fermions,
related to the large number of fermions and generations in the Standard Model, to predict
the presence of UV safe fixed points for the complete theory.

We apply this paradigm to models that also feature a composite scalar Dark Matter
candidate. We show that the gauge couplings, which include the coupling of the confining
group SO(10)HC (for M10) or SO(6)HC (for M11), can develop a UV interacting fixed
point while also allowing for an IR conformal window and a sufficient hierarchy between
the scale of flavour physics generation and the EW scale. Furthermore, a Dark Matter
candidate is predicted in a consistent mass ballpark, which can also saturate the relic
abundance while evading direct detection bounds.

In the paradigm we propose, the four fermion interactions corresponding to partial
compositeness for the Standard Model fermions are generated by scalar mediators with
a mass close to ΛFl, i.e. the scale where the theory approaches the UV fixed point. We
showed that the Yukawa couplings run to zero in the UV, thus not spoiling the safety
of the model. The well known instability on the scalar quartic couplings can be cured
by embedding the model in a Pati-Salam envelope above ΛFl. We have shown that the
two models, M10-PS and M11-PS, also feature an interacting fixed point for the gauge
couplings, and asymptotically free Yukawas, while M11-PS based on SO(6)HC is preferred
due to the higher flavour scale. This also leaves open the possibility that the four-fermion
interactions are generated by vector mediators, à la Extended Technicolor. We leave the
investigation of this point for further work.
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A Appendix

A .1 Conformal window

To estimate if the model below ΛFl is inside the IR conformal window, we will utilise the
Schwinger-Dyson rainbow approximation [193,194] and the beta-function at two loops to
estimate the position of the fixed point. Following Ref. [84], the beta functions read:

β0 =
11

3
C2(G)− 4

3

∑

i=ψ,χ

T (ri)ni , (5.16)

β1 =
34

3
C2

2(G)− 4

3

∑

i=ψ,χ

[5C2(G) + 3C2(ri)]T (ri)ni ,

where G indicates the adjoint representation. The IR fixed point, if existent, is charac-
terised by the gauge coupling:

α∗ = −4π
β0
β1
, (5.17)

assuming that β1 < 0 (and β0 > 0 as the theory is asymptotically free). In the rainbow
approximation, we can calculate the value of the gauge coupling where the condensate of
the two species become critical: as the theory flows from an UV free point, the critical
value is given by the smallest value of the two condensates:

αc = min

{
π

3C2(ri)

}

. (5.18)

Equating αc ≡ α∗ determines the lower edge of the conformal window. For the two models
M10 and M11, fixing nψ = 4, we can find the range of nχ leading to a theory inside the
IR conformal window:

SO(10) ⇒ 4 < nχ < 14 , (5.19)

SO(6) ⇒ 6 < nχ < 9 , (5.20)

where the upper edge is determined by the loss of asymptotic freedom. The models in
Table 5.2 have nχ = 8 below ΛFl, thus they are expected to be well inside the conformal
window.

As large anomalous dimensions are needed to enhance the top partial compositeness
in particular, it may be needed to push the theory closer to the lower edge, where the
coupling is stronger. In M10, for instance, one could push the mass of χ3

d close to ΛFl in
order to have nχ = 5 (while the bottom mass could be generated by the chimera baryons
containing χ3

u). For M11, one could replace χ3
l with an SU(2)L singlet with hypercharge

−1, thus leading to nχ = 7: this will marginally affect the running above ΛFl, while only
two neutrino masses can be generated (i.e., predicting one massless neutrino).

An alternative method to determine the conformal window, proposed in Ref. [87], is
based on an all-order beta function conjecture, and it would lead to a lower edge for the
conformal window, leading to nχ > 3 for both models.
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A .2 Resummation

The functions appearing in the gauge coupling running are defined as [183]:

G1(K) =
3

4

∫ K

0

dx F̃ (0,
2

3
x) g̃(

1

3
x) ,

F1(K) =
3

4

∫ K

0

dx F̃ (0,
2

3
x) , (5.21)

where

F̃ (0, y) =
(1− y)(1− y

3
)(1 + y

2
)Γ(4− y)

3Γ2(2− y
2
)Γ(3− y

2
)Γ(1 + y

2
)
,

g̃(y) =
20− 43y + 32y2 − 14y3 + 4y4

4(2y − 1)(2y − 3)(1− y2)
.

We remark that the pole in K = 15/2 comes from the Γ(4 − y)–factor in F̃ , which
diverges for y → 5, while the pole in K = 3 for G1(K) comes from the factor (1− y2) at
the denominator of g̃. We remind the reader that F1(K) corresponds to the resummation
for abelian gauge groups [131], and it encodes 2-loop diagrams with fermion bubbles
inserted in the gauge propagators. On the other hand, G1(K) includes the contribution
of 2-loop diagrams involving the triliner gauge boson self coupling [132,160], with fermion
bubble insertions. It is useful to connect our definitions with the function H1 defined in
Ref. [161]:

H1 =
C2(G)

C2(Rf )

(

−11

4
+G1

)

+ F1 . (5.22)

For the UV completions of the models M10 and M11, we find:

cN ,N = C2(F) =
N − 1

2
, (5.23)

cN ,3 = 24
T (F)

NN
, (5.24)

cN ,2 =
3T (F)

2NN

(

3 +
T (Sp)

T (F)

)

, (5.25)

cN ,1 =
T (F)

NN

(
13

2
+
T (Sp)

2T (F)

)

, (5.26)

c3,N = 3
T (F)d(G)

N3

, (5.27)

c3,3 =
4

3
, (5.28)

c3,2 =
9

8N3

, (5.29)

c3,1 =
1

N3

(
5

6
d(F) +

11

24

)

, (5.30)
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c2,N =
T (F)d(G)

N2

(
3

2
+
T (Sp)

2T (F)

)

, (5.31)

c2,3 =
3

N2

, (5.32)

c2,2 =
3

4
, (5.33)

c2,1 =
1

N2

(
3

8
d(F) +

1

4

)

, (5.34)

c1,N =
T (F)d(G)

N1

(
13

2
+
T (Sp)

2T (F)

)

, (5.35)

c1,3 =
1

N1

(
20

3
d(F) +

11

3

)

, (5.36)

c1,2 =
1

N1

(
9

8
d(F) +

3

4

)

, (5.37)

c1,1 =
1

N1

(
163

72
d(F) +

1

8
d(Sp) +

95

36

)

. (5.38)

The group theory factors appearing in the above expressions refer to the SO(N ) irreps,
and are equal to

d(G) = N (N−1)
2

, d(F) = N , d(Sp) = 2
N−2

2 ,

T (G) = N − 2 , T (F) = 1 , T (Sp) = 2
N−8

2 ,

C2(G) = N − 2 , C2(F) =
N−1
2
, C2(Sp) =

N (N−1)
16

.

Numerically, for M10 we find:

cM10
i,j =









4.5 0.75 0.234 0.234

4.09 1.33 0.068 0.266

4.33 0.115 0.75 0.154

4.33 0.90 0.154 0.350









; (5.39)

while for M11:

cM11
i,j =









2.5 0.923 0.202 0.260

2.14 1.33 0.107 0.260

1.88 0.214 0.75 0.179

2.20 0.949 0.163 0.364









; (5.40)

where i, j = N , 3, 2, 1.

131



Chapter 5. The Safe Composite

A .3 Top partners

For partial compositeness, based on the UV completions in Table 5.2, we are considering
the case where composite top partners transform in the antisymmetric representations
6 and 6̄ under unbroken subgroup SU(4) of the global symmetry SU(4)L × SU(4)R. In
order to preserve the Dark parity in the theory, we shall include both representations in a
symmetric way. To write the proper mixing terms, the elementary top quark fields need
to be embedded in the above representations, by way of the following spurions:

ψu,6qL =
1√
2









0 0 0 tL

0 0 0 bL

0 0 0 0

−tL −bL 0 0









,

ψd,6qL =
1√
2









0 0 tL 0

0 0 bL 0

−tL −bL 0 0

0 0 0 0









,

ψu,6̄qL =
1√
2









0 0 −bL 0

0 0 tL 0

bL −tL 0 0

0 0 0 0









,

ψd,6̄qL =
1√
2









0 0 0 bL

0 0 0 −tL
0 0 0 0

−bL tL 0 0









,

ψ
6(6̄)
tR

=
1√
2









0 tR 0 0

−tR 0 0 0

0 0 0 0

0 0 0 0









,

ψ
6(6̄)
bR

=
1√
2









0 bR 0 0

−bR 0 0 0

0 0 0 0

0 0 0 0









. (5.41)
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The transformation properties of these spurions are

ψu/d,6qL
→ Lψu/d,6qL

LT ,

ψu/d,6̄qL
→ R∗ψu/d,6̄qL

R†,

ψ6
tR/bR

→ Lψ6
tR/bR

LT ,

ψ6̄
tR/bR

→ R∗ψ6̄
tR/bR

R†, (5.42)

where L (R) is an element of the global symmetry SU(4)L (SU(4)R).
At low energies, the partial compositeness Lagrangian can be written as

L = ǫu,6L fTr[ψ̄u,6qL UBu,6qL UT ] + ǫu,6̄L fTr[ψ̄u,6̄qL U
TBu,6̄qL U ]

+ ǫd,6L fTr[ψ̄d,6qL UBd,6qL UT ] + ǫd,6̄L fTr[ψ̄d,6̄qL U
TBd,6̄qL U ]

+ ǫu,6R fTr[ψ̄6
tR
UB6

tR
UT ] + ǫu,6̄R fTr[ψ̄6̄

tR
UTB6̄

tR
U ]

+ ǫd,6R fTr[ψ̄6
bR
UB6

bR
UT ] + ǫd,6̄R fTr[ψ̄6̄

bR
UTB6̄

bR
U ]

+Mu
66̄Tr[B̄u,6qL B6̄′

tR
] +Mu

6̄6Tr[B̄u,6̄qL B6′
tR
]

+Md
66̄Tr[B̄d,6qL B6̄′

bR
] +Md

6̄6Tr[B̄d,6̄qL B6′
bR
] + h.c. (5.43)

where the B’s are the corresponding top partners, B′
ij = ǫijklBkl and U is the usual non-

linear sigma field, which transforms under the global symmetry as

U → LUh† , U → hUR† , (5.44)

where h is an element of the unbroken group SU(4). In order to preserve the Dark parity,
the following conditions must be satisfied:

ǫu,6L = −ǫu,6̄L ≡ ǫuL, ǫd,6L = −ǫd,6̄L ≡ ǫdL,

ǫu,6R = ǫu,6̄R ≡ ǫuR, ǫd,6R = ǫd,6̄R ≡ ǫdR,

Mu
66̄ =Mu

6̄6 ≡Mu
∆, Md

66̄ =Md
6̄6 ≡Md

∆. (5.45)

It is straightforward to verify that the underlying Lagrangian is invariant under the
DM parity with the following transformations:

ψ6
X ↔ −PB(ψ6̄

X)P
†
B = ψ6

X ,

B6
X ↔ PBB6̄

XP
†
B , U → PBU

TP †
B ; (5.46)

where PB is the Dark parity transformation defined in [182]:

PB =

(

σ2 0

0 −σ2

)

.

The scalar potential has a similar form to the one used in [178,182], with the fermion-
induced potential replaced by the one induced by loops of the above partial compositeness
Lagrangian. The full potential has been coded into FeynRules [195], and then interfaced
to micrOMEGAs [196]. The latter tool is then used to calculate the DM relic density as
well as the scattering cross-sections for direct and indirect detection.
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Quoi de neuf docteur?

Bugs Bunny.

During the last year of my thesis I have been offered an incredible opportunity to join
a collaboration of physicists on a Covid-19 project. The main subject is the study of a
virus spread, from a macroscopic point of view like in European countries or equivalently
US states. The recent events speak for themselves to motivate the need for predictions.

This project has been a very daring task, and one which is somewhat removed from
theoretical physics, but as rich and interesting as any particle physics project. It has
taken lot of time, and I find it deserves to form a part of my thesis. For this reason I
would like to present, very briefly, the progress on this subject and the work I have been
doing.

The first part of this project consisted of a review on the different diffusion models at
our disposal. Historically there were:

• Compartmental Models: A population of N individuals is divided into categories,
the Susceptible S(t) (part of the population that could be infected at time t), the
Infectious I(t) (number of infected, that can pass the disease to susceptible) and the
Removed R(t) (people that have been infected but are now removed because they
healed or died). This is one of the simplest models, one could add more categories
and complexity. The time evolution is deduced from the SIR equations:

dS(t)

dt
= − γ

N
I(t)S(t) (6.1)

dI(t)

dt
=

γ

N
I(t)S(t)− ǫI(t) (6.2)

dR(t)

dt
= ǫI(t) (6.3)

with γ and ǫ corresponding respectively to the infection rate and the recovery rate.
Depending on the initial values of S, I and R and on the specified γ and ǫ, the

135



Chapter 6. Surprise

Figure 6.1: Fit of the eRG on the real data of France

dynamics will encode a disease that dies off, or that spreads up to a certain fraction
of the population in a single wave before disappearing.

• The Lattice Simulation: The population is represented as a lattice and can be
classified into any one of the three states defined above, Suceptible, Infectious or
Recovered. At each time step the states of the lattice sites are modified according
to stochastic rules, the propability of being infected (similar to γ from the SIR) and
the probability of being removed (similar to ǫ). The different dynamics produced
are very close to the predictions of the Compartmental Models.

• Percolation Field Theory. Like the Lattice simulations, it is based on discretized
time and population. In this theory, processes similar to the rules of the Lattice are
quantified in the Field Theory language leading to an Action being obtained.

Recently a new approach has been proposed by M. Della Morte, D. Orlando and F.
Sannino called the epidemiological Renormalization Group (eRG). In this approach, the
time derivative of the cumulative number of infected is viewed as a beta-function of the
renormalization group framework. This has proven to be a very precise and effective way
to fit the real data, as it can be seen in Figure 6.1 (from [197])

To illustrate those approaches to the reader, Figure 6.2 (from [198]) compares the
evolution of the cumulative number of infected in a Lattice simulation. The time evolution
is very similar to the analytic SIR model as well as the asymptotic number of infected.
In Figure 6.3 (from [198]) we show that in the limit where far away sites are in contact,
the SIR and the lattice lead to identical predictions for the same value of γ and ǫ. To
be more precise, in the lattice we defined the coordination number, it corresponds to a
radius, in lattice spacing units, indicating the scope of the infected over the suceptible. By
increasing this value up to the size of the total grid, we observe Figure 6.3 a convergence
of the SIR and the Lattice.
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Figure 6.2: Evolution of the number of Infected, in a Lattice of size 200× 200. The value
of γ and ǫ have been respectively fixed to 0.7 and 0.1

In the review [198] we show how the critical behaviour of the Lattice simulations can be
explained in the language of Field Theory and especially in the framework of Percolation
Field Theory. An extended review is then proposed on Comportamental Models, offering
a variety of dynamics, up to near time-invariance. The latter is an intrisic property of the
eRG approach which is shown to be a SIR model with time dependent coefficient.

After we proposed our review, it became apparent that the propagation in countries
moved in a succession of waves, and the virus started to mutate. The recent Covid-19
data confirmed this new features. Thus we investigated how these two phenomena were
related. This has been challenging for two reasons: firstly, the usual models failed to
explain and predict the muliple waves, and secondly the mutation had to be understood.
Indeed, biologists define a variant through the phylogenetic tree, where they sequence the
genome of the viruses collected to identify which virus descends from which virus like a
family tree. When it is observed that a specific genomic sequence is repeatedly collected,
the related branch of the tree will therefore correspond to a new variant, or variant of
concern. We decided to study the spread of each variant; however, at that time the data
we had access to was not fully analyzed and so variants were not specifically defined. We
knew that the third wave in the UK was mainly coming from the so-called British variant,
but other than that the impact of variants was hard to capture. However, we had access
to a large bank of data from GISAID Initiative (https://www.gisaid.org/), which include
a collection of DNA sequences (and the date of sample), but also certain encoded protein
sequences. Thus we utilised this data to define our own variant!

For this purpose we used Machine Learning, specifically the hierarchical clustering
alogrithm, to build groups of sequences, our own variants or clusters. The idea was to
regroup the viruses according to the Spike protein sequencing, since because this protein
connects to the human cells, it should play a key role in the propagation of the virus.
To do this analysis it was necessary to compare sequences for which we chose the Lev-
enshtein measure. Considering two lists of characters (i.e. two sequences), this measure
computes the minimal number of operations (deletion, substitution and insertion) needed
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(a) Coordination Number 1 (b) Coordination Number 2

(c) Coordination Number 5 (d) Coordination Number 50

Figure 6.3: Evolution of the final number of infected cases as a function of the infection
probability for different coordination radii r, compared to the asymptotic solution of the
SIR model. The optimal factor found for the cases (a),(b),(c) and (d) are respectively:
ρ = 0.27, 0.42, 0.50, 0.99.

to transform one to the other. This is a very naive approach, as we consider that, all of
these operations are equally weighted. However, it is known that biologically speaking,
some of them are enhanced during the multiplication process of a virus, while others are
very rare. Regardless, it seems to be a good starting point. Once we had obtained the
distances between each of the pairs of sequences from a given country, we input them
as an argument to the Machine Learning algorithm. The result is a tree of proximity
relating the closer sequences (see Figure 6.4 ). To finally obtain clusters we need to define
a cut, in the form of a maximal distance allowed between the sequence to be in the same
group. This is well illustrated by a horizontal cut of the tree in Figure 6.4 . The cut
branches indentify our desired groups. In each of those clusters we select only the one
that corresponds to a relevant number of infected (colored in the tree). It is worth noting
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that those groups were built only by their related sequences and the obtained clusters
are unrelated to the number of times each protein has been sequences and also to the
temporal collection of it, even if we have access to that information.

Figure 6.4: The tree of proximity. The y axis represents the distance between branches.
The green, blue and red branches are the relevant clusters coming from the horizontal cut
(∼ 200 in units of the Levenshtein distance)

Nonetheless we can now try to plot the evolution of the number of infected for our
relevant groups. Based on the sequences we have, we can compute the evolution of the
frequency of each groups. In countries like England, where they do a lot of sequencing, this
frequency should be relevant and multiplying it by the total number of new cases should
give a good indication of the global evolution of those groups. Figure 6.5 illustrates the
case of England, and as it is evident that each wave appears to be dominated by a single
group! Unfortunately this kind of analysis cannot be repeated in all the countries, as
many are limited by the low sequencing they do.

As a final discussion of the covid project I would like to mention that these Machine
Learning results were confirmed by biologists analysis, as is clear from the British variant
curve in Figure 6.5. This curve can is extracted from the raw data of GISAID by matching
the sequences with the specific mutations of the British variant defined by biologists, and it
matches very closely our cluster 3! Covid analysis is a competitive world, but nevertheless
we obtained similar clusters based on a very naive approach and focusing only on the Spike
protein. This points toward the importance of that protein in the spreading mechanism.
The clustering programmes written are our own, thus simplying future analysis in deeper
studies of the impact of mutation on the spread of viruses such as Covid.
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Figure 6.5: Time evolution of the different clusters in England. The upper panel shows
the number of sequencing by day. The middle graph represents the frequency of each
cluster and the frequency of the british variant. The last plot is the frequency multiply
by the number of cases. In the last panel we also display in dashes the new infected.
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Conclusion

It is time to conclude those three years of work. The main projects have already been
concluded but here I would like to emphasize on some points.

Composite Higgs Models are an alternative as viable as many BSM extension, I par-
ticulary have in mind SUSY. Why should one study CHM? At the end it is a matter of
taste. Personally I have been seduced by this approach and the fact that QCD already
realized in nature a similar scenario.

This subject has been a door through the world of particle physics, and future inves-
tigations. CHM are well study from an EFT point of view, however this work shows that
only specific models survive our attempts for UV Completion. In the same spirit, Lat-
tice simulations could select some particular models, whatever the direction is. Criteria,
wheter they discard or open a road, they always add a piece to the puzzle and that is
what is needed.

The fact is that it is really hard to describe those strong interacting theory. For
example, in QCD the origin of the spin of the proton is still under investigation! It is a
common effort, from the lattice side and formal research that we could settle the place of
a new strong sector.

Questionning another side of CHM could also point toward a particular direction.
Here we mainly put our efforts to explain the EWSB and the origin of the mass, but
a recent study on the g − 2 muon anomaly points toward a TC scenario rather than a
CH. In this perspective one could study Leptogenesis inside the TPS model, the result
could be surprising! Flavor consraints also play an important role. Still it is very hard to
follow the tensions of the different observables for the whole set of CHM. Maybe one day,
(with the help of the recent programs and algorithms), that could be done, and it will be
fantastic to have an overview.

I am excited to keep working in all of those directions, but also to read, understand
and use what others are going to propose in the near future.
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