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Abstract

In the quest to unite quantum mechanics and Einstein’s theory of gravity, two leading candidates
have emerged: string theory and supergravity. This thesis explores various aspects of supergravity
theories with eight real supersymmetry generators (supercharges), focusingon 4D N =2,5D N =1,
and 6D N = (1,0) supergravity theories. Here, N refers to the number of copies of supersymmetry.
The research investigates quantum corrections in the form of higher-derivative deformations, as well
as the mechanisms of partial supersymmetry breaking within supersymmetric gravity, as predicted by
string theory. Additionally, the thesis aims to construct new multiplets of conformal supergravity and

demonstrates how these multiplets facilitate the analysis of the on-shell supergravity action.

In this thesis, we review minimal (N=1) off-shell two-derivative gauged supergravity in five
dimensions and investigate three independent four-derivative superspace invariant terms, with the
aim to improve our understanding of higher-derivative corrections and their consequences on the
AdS/CFT correspondence. These invariants give rise to various locally supersymmetric extensions of
fundamental gravitational terms, such as the Einstein-Hilbert term (R), a cosmological constant (A), a
Riemann tensor squared (R pegR?c4), a Ricci tensor squared (R,»R%), and a scalar curvature squared
(R?). The study employs off-shell techniques and symbolic computational tools, such as Cadabra, to
derive, for the first time, the component fields’ actions and primary equations of motion for the three
gauged curvature-squared invariant terms in standard Weyl multiplet background and uplift them in
vector-dilaton Weyl multiplet background. The gauged aspect is crucial for obtaining supersymmetric
AdS solutions, which play an important role in holography. This facilitated the computation of the
Weyl anomaly coefficient for the dual conformal field theory through holographic renormalization.
This computation serves as a precision test of the AdAS/CFT correspondence at next-to-leading order,

providing critical insights into the correspondence’s validity and applications.

Additionally, we also explore alternate dilaton Weyl multiplets of conformal supergravity. Our
analysis reveals that the vector-dilaton Weyl multiplet significantly simplifies calculations when
dealing with curvature-squared invariant terms and streamlines the construction of these terms in
the on-shell supergravity action. This thesis introduces the hyper-dilaton Weyl multiplet, a novel
representation of the conformal supergravity multiplet for the aforementioned supergravity theories
with eight supercharges. We successfully coupled the hyper-dilaton Weyl multiplet to an off-shell
vector multiplet compensator and employed superconformal techniques to reproduce the established 4D
N = 2 supergravity action and extend it to the 5D N = 1 theory. Furthermore, the hyper-dilaton Weyl
multiplet enabled us to construct an off-shell model demonstrating partial supersymmetry breaking in
Minkowski spacetime. This was achieved by coupling the hyper-dilaton Weyl multiplet to deformed

off-shell vector and tensor multiplets.

We present a general off-shell gauged 4D N = 2 supergravity model, deformed by an arbitrary
number of vector and tensor multiplets, and derive the primary equations of motion for this general
theory. A detailed analysis of a specific SU(1,1)/U (1) model, engineered fully off-shell, is provided,

showcasing on-shell partial supersymmetry breaking in Minkowski spacetime. These findings offer a



robust foundation for further exploration of supergravity theories and their applications in high-energy

physics.
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Chapter 1

Introduction

The Standard Model (SM) has been remarkably successful in describing three of the four funda-
mental forces, the strong nuclear force, the weak nuclear force, and the electromagnetic force, and
accurately accounting for the properties of elementary particles. However, it has several limitations that
suggest the need for a more comprehensive theoretical framework. The SM fails to explain phenomena
such as dark matter, the origin of neutrino masses, and the matter-antimatter asymmetry in the universe,
all of which have been experimentally confirmed. Moreover, the SM cannot incorporate gravity, the
fourth fundamental force described by Einstein’s theory of general relativity, making it an incomplete
description of the fundamental interactions. Additionally, it struggles to address the hierarchy problem,
which refers to the large discrepancy between the theoretical Planck scale (approximately 10!° GeV)

and the observed electroweak scale (around 100 GeV) values of the Higgs boson mass.

Symmetries play a fundamental role in physics. They are essential in describing particles and
the interactions between them. The SM describes a universe invariant under the global Poincaré
algebra, which are the symmetries of special relativity, and an internal gauge symmetry Lie group
that accounts for the three fundamental forces: the strong nuclear force, the weak nuclear force, and
the electromagnetic force. According to the Coleman-Mandula theorem [9], under some reasonable
assumptions for a quantum field theory (QFT) with massive fields, the only possible Lie group
symmetry is the direct product of the Poincaré group and an internal compact Lie group of Lorentz
scalars. In other words, all generators of the Poincaré group will commute with the generators of
internal symmetries, e.g., gauge symmetries in the SM. Supersymmetry introduces new symmetries
by relaxing one assumption of the Coleman-Mandula theorem. It extends the Poincaré algebra by
allowing for anticommutators in addition to commutators, resulting in a graded Lie algebra structure.
The Haag, Lopuszanski-Sohnius (HLS) [10]] theorem proves that the only graded Lie algebra consistent

with QFT with massive fields is the so-called supersymmetry algebra.

Thus supersymmetry is a theoretical framework in particle physics that extends the SM by introduc-
ing a new type of symmetry between two fundamental classes of particles: bosons, which have integer
spin, and fermions, which have half-integer spin. This symmetry was first proposed in the early 1970s

by Golfand and Likhtman [11]], followed by Volkov and Akulov [12,/13]] in the context of non-linear
1



2 CHAPTER 1. INTRODUCTION

realization of supersymmetry, and by Wess and Zumino [14}/15] as a symmetry of the worldsheet in
the context of string theory. In its early days, it gained attention as a potential solution to the hierarchy
problem [16,|17]] and provided a potential dark matter candidate in the form of a supersymmetric
particle [[18}|19]]. However, despite extensive experimental efforts, such as those at the Large Hadron
Collider (LHC) and in dark matter detection experiments, no evidence of supersymmetric particles
has been found so far. This lack of detection has pushed the energy scale at which supersymmetry
might be realized to higher values, making it less accessible to current experiments. Despite this,
supersymmetry remains an important theoretical framework, particularly due to its essential role in
string theory, where it is necessary to ensure the mathematical consistency of the theory. Recently, it
has been suggested that supersymmetry could be crucial for the AdS/CFT correspondence [20] that
connects a QFT to a gravity theory. Additionally, supersymmetry offers a framework for unifying
gravity with the other fundamental forces. When supersymmetry is gauged by promoting the global
supersymmetry transformations to local transformations that depend on the spacetime coordinates,
it leads to supergravity, a theory that integrates general relativity with supersymmetry [|14,/15,21].
Supergravity serves as a low-energy effective approximation of string theory. Its role in bridging string
theory with low-energy physics makes it an indispensable tool in exploring the nature of quantum

gravity and the unification of the fundamental interactions.

Beyond theoretical limitations, the SM also poses challenges in mathematical physics, particularly
in establishing a rigorous framework for QFT and its extensions to quantum gravity. Conformal field
theories (CFTs) have been instrumental in these efforts, in two as well as higher dimensions. The
Coleman-Mandula theorem again dictates that in a QFT with only massless fields, the maximal possible
spacetime symmetry is the conformal algebra, and its supersymmetric extension is the superconformal
algebra, as given by the HLS theorem. This superconformal algebra is useful in systematically
studying (matter-coupled) supergravity through superconformal methods like superconformal tensor
calculus [22-24] and conformal superspaces [25-33]]. See also the reviews on superconformal tensor
calculus [34-38]] and conformal superspace [[39,40]. In [29,[32,41]], the connection between the two

approaches has been discussed in detail.

Historically, supergravity theories were constructed by writing a super-Poincaré invariant action
composed of fields that make up on-shell irreducible representations of the supersymmetry algebra [21].
This procedure, however, leads to the realization of supersymmetry only on-shell, that is the symmetry
algebra closes by using equations of motion. Additionally, this approach requires one to make an
educated guess for an action invariant under super-Poincaré transformations, making it cumbersome

and unsystematic, especially for matter-coupled supergravity theories.

The two methods, superconformal tensor calculus and conformal superspaces provide a more
systematic approach to studying supergravity. In these methods, theories with super-Poincaré symmetry
are derived as theories with broken superconformal symmetry. As a result of a larger superconformal
symmetry group, various aspects of the theory gain a clearer picture. For example, they lead to off-shell
approaches to supergravity, where auxiliary fields are introduced to obtain off-shell representations of

the supersymmetry algebra with model-independent transformation rules. This is in contrast with the



traditional on-shell approach. These techniques are discussed in detail in Chapter 2.

In this thesis, we focus on theories with 8 supersymmetry generators, specifically 4D N = 2,
5D N =1,and 6D N = (1,0). Here, N refers to the number of copies of supersymmetry. For example,
in 4D, each spinor has 4 real degrees of freedom, so 4D N = 2 has two copies of the spinor generator,
resulting in 8 real supersymmetry generators. These theories hold significant importance in theoretical
physics for several reasons. Firstly, they have the highest number of supersymmetry generators that
still allow for interesting geometric structures. Unlike theories with higher (> 16) supersymmetry
generators, where geometry gets completely determined by the number of matter multiplets, these
theories include functions of matter multiplets that allow for the deformation of the manifold’s metric,
leading to ‘special Kidhler manifolds’ geometry [42]]. Although theories with lesser supersymmetries
(< 4) allow for more interesting geometries to appear, such as ‘general Kédhler manifolds’, those
with 8 supersymmetries impose just enough constraints on interactions to allow for exact solutions in
certain cases. For instance, 8 supercharges were necessary to find a solution to the Seiberg-Witten
model [43,44]. Secondly, these theories are excellent candidates for exploring string theory, black

hole physics, and dualities, like the AdS/CFT correspondence.

Since its discovery, the AdS/CFT correspondence has been at the forefront of theoretical physics.
Supergravity, the leading-order (two-derivative) low-energy effective field theory description of string
theory, has played a crucial role in improving our understanding of this correspondence [45-49].
However, string theory predicts an infinite series of higher-derivative corrections to supergravity,
making it important for holography to consider higher-derivative corrections to assess the validity of
the correspondence. In particular, four-derivative curvature-squared invariant terms are needed for
the next-to-leading order precision test of the correspondence. These terms also play a crucial role
in matching the microscopic and macroscopic descriptions of the black hole entropy [5S0-52]]. The
microscopic entropy is related to quantum gravity theories and involves counting the quantum states of
the system, whereas the macroscopic entropy is derived from general relativity and is related to the area
of the black hole event horizon. The black hole entropy calculations can be extended by Wald’s entropy
formalism beyond Einstein’s theory to a wide range of diffeomorphism-invariant theories, including
those with higher-derivative terms [53}54]. By utilizing the on-shell action for general gravity theories,
this method allows us to systematically analyze entropy with higher-curvature corrections and general
gravitational interactions, providing a robust foundation for exploring black hole thermodynamics in

generalized gravity theories.

Historically, dealing with these higher-derivative terms was very challenging as each additional
derivative rapidly increases the number of terms in the action and traditional on-shell methods become
inefficient. With the off-shell techniques, technical challenges have been addressed and since then
significant progress has been made in the direction of higher derivative supergravity [28,,29,31, 32,51,
55-86]. Despite this progress, the computational challenges arising from the large number of terms
in the action remain inadequately addressed. Consequently, even the classification of four-derivative
correction terms in supergravity, which are only the next-to-leading terms, remains incomplete.

However, recent advancements in the off-shell techniques, which allow supersymmetry to be studied
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in a model-independent way, can be implemented algorithmically with the help of computer algebra
programs. In 2007, Kasper Peeters developed a symbolic computer algebra program called Cadabra
that is suited for performing field theoretical calculations [87,88]. We use Cadabra to address a
long-standing problem in 5D gauged supergravity, specifically computing all three four-derivative
curvature-squared invariant terms. Besides developing the algorithm to implement the off-shell
techniques, we further optimize several core algorithms along the way. All these algorithms can
be found on the GitHub repository [8]]. This helps us compute all three curvature-squared invariant
terms for 5D minimal gauged supergravity [1,/6] in a standard Weyl multiplet background, an off-shell
conformal supergravity multiplet. Here, gauged supergravity refers to supergravity theories where Anti-
de Sitter (AdS) solutions exist, as opposed to the ungauged supergravity that can only accommodate

asymptotically flat solutions.

The conformal supergravity multiplets form an off-shell representation of the local superconformal
algebra and are essential for constructing supergravity theory. They include the vielbein and its
supersymmetric partners as their field content. It has been known since 1986 that variants of the
Weyl multiplets, other than the standard Weyl multiplet, exist. This was shown by Bergshoeff et al.
in [89]], when they constructed a tensor-dilaton Weyl multiplet for minimal 6D supergravity. This
was achieved by reinterpreting the on-shell equations of motion of the tensor multiplet as algebraic
equations, which allowed some auxiliary fields of the standard Weyl multiplet to be replaced by fields
of the tensor multiplet. Since then, progress in this direction has been slow. It took decades to construct
the vector-dilaton Weyl multiplet for minimal 5D [90] and 4D N = 2 [91,92] conformal supergravity.
These variants of dilaton Weyl multiplet made it possible to construct all curvature-squared invariants
for 5D and 6D ungauged supergravity [28,29,31,32,51,55-57,59-72]]. We extend this by uplifting the
three curvature-squared invariants that we construct in [ 1, 6] for minimal 5D gauged supergravity to
the vector-dilaton Weyl multiplet background in [2]. As the gauged aspect leads to a supersymmetric
Anti-de-Sitter (AdS) solution on the gravity side, we perform a next-to-leading order precision test of

the AdS/CFT correspondence by computing the Weyl anomaly coefficient of the dual CFT [2].

In the ungauged limit, the on-shell theory only receives corrections from one out of the three
invariant terms, generalizing the non-renormalization theorem of 4D N = 2 ungauged supergravity
theory [76] for minimal 5D ungauged supergravity. According to this theorem, certain classes of
actions and their first derivatives with respect to fields or coupling constants must vanish in a fully
supersymmetric background, implying they will not contribute to BPS black hole entropy or to the
field equations in supersymmetric configurations. In other words, physics remains independent of
these actions.

We extend the algorithms for use in 4D N = 2 supergravity, and they have also been made available
on the GitHub repository [[8]. These computer algebra approaches are highly effective and can be
used to investigate various unexplored territories in higher derivative supergravity theories, such as to
classify matter-coupled supergravity theories up to four-derivative curvature-squared invariant terms

and beyond.

As these variants of the Weyl multiplet present a significant opportunity to construct new conformal



supergravity theories and their applications in exploring higher-derivative correction terms, this makes it
important to look for new multiplets of conformal supergravity. In [4]], we develop a new hyper-dilaton
Weyl multiplet for 4D N = 2 conformal supergravity and further extend this construction to minimal
5D and 6D conformal supergravity [3]. This was obtained by coupling an on-shell hypermultiplet to a
standard Weyl multiplet and then reinterpreting the on-shell equations of motion as algebraic equations
to replace auxiliary fields of the standard Weyl multiplet with fields from the hypermultiplet. These
variant conformal supergravity multiplets allow us to explore new off-shell supergravity models and
open up avenues for research in supergravity.

Since supersymmetry has not yet been observed, it is crucial to study the conditions under which
supersymmetry can be spontaneously broken and examined in a model-independent manner. One key
condition for supersymmetry breaking is that the theory must have a fermionic field that transforms
nonlinearly under supersymmetry, and these transformations cannot come from the background values
of auxiliary fields [93-935]]. In string theory, compactifications naturally give rise to scenarios where
supersymmetry is partially broken, meaning that only part of the initial supersymmetry is broken while
others remain intact [[12}/13,|17,96-110]. This motivates the investigation of partial supersymmetry
breaking models in supergravity, which has remained an elusive subject for decades, with theorems
and counter theorems produced on this subject [93,/101}, 111].

Despite its significance, partial supersymmetry breaking in supergravity has been engineered only
through on-shell models [[112-115]]. As mentioned earlier, it is often desirable to study supergravity
theory in an off-shell setting. One reason for the existence of only on-shell partial supersymmetry
breaking models can be traced to the choice of the conformal gravity multiplet (Weyl multiplet) used
so far. Previously, only the standard Weyl multiplet was employed, which requires either central
charges or multiplets with an infinite number of auxiliary fields to potentially lead to off-shell partial
supersymmetry breaking [29,116-133]]. These requirements are overcome with the new hyper-dilaton
Weyl multiplet of conformal supergravity [4], enabling us to construct off-shell models of partial
supersymmetry breaking in a systematic and simple manner.

The rest of the thesis is organized as follows:

Chapter 2 introduces the essential background theory and mathematical techniques necessary for
this thesis. We begin by exploring supersymmetry and its local counterpart, supergravity. Following
this, we will delve into supersymmetric multiplets and superfields in superspace, which provide
equivalent representations of the underlying supersymmetry algebra. We will then proceed to discuss
superconformal methods, which offer off-shell techniques to study supergravity theories and are central
to this thesis.

In Chapter 3, we explore the higher-derivative correction to supergravity. We start by reviewing
the definition of minimal off-shell two-derivative gauged supergravity in five dimensions. We further
present the three independent four-derivative curvature-squared invariant terms for gauged supergravity
in a standard Weyl multiplet background. We then present the derivation of the superconformal
primary equations of motion of all the curvature-squared terms for the minimal 5D gauged off-shell

supergravity based on the standard Weyl multiplet. Finally, we analyze all the descendants of these



6 CHAPTER 1. INTRODUCTION

equations of motion.

In Chapter 4, we analyze the on-shell 5D minimal gauged supergravity theory deformed by the
three curvature-squared invariant terms found in Chapter 3. This analysis is conducted in the vector-
dilaton Weyl multiplet background. Contrary to expectations, we will see that the on-shell theory gets
deformed by all three invariants. Given that the on-shell theory has an AdSs solution, we use these
results to compute the Weyl anomaly coefficient of the dual CFT [2] and verify it against existing
literature [|134(135].

In Chapter 5, we discuss the dilaton Weyl multiplet of conformal gravity and construct a new
multiplet of 4D N = 2 conformal supergravity, the hyper-dilaton Weyl multiplet. These multiplets
allow us to construct 4D N = 2 Poincaré supergravity by coupling the new hyper-dilaton Weyl multiplet
to an off-shell compensating vector multiplet. Using this hyper-dilaton Weyl multiplet, we explore
partial supersymmetry breaking in extended supergravity theory. Chapter 6 extends the construction
of the hyper-dilaton Weyl multiplet to other conformal supergravity theories with 8 supercharges,
specifically SD N =1 and 6D N = (1,0). In the five-dimensional case, we also construct a minimal 5D
Poincaré supergravity by coupling the new hyper-dilaton Weyl multiplet to an off-shell compensating
vector multiplet.

Using these new conformal supergravity multiplets, in Chapter 7, we engineer an off-shell model
that exhibits partial supersymmetry breaking from N =2 to N = 1 in 4D supergravity with a zero
cosmological constant. This is based on the hyper-dilaton Weyl multiplet introduced in Chapter 5,
coupled to the SU(1,1)/U(1) special-Kéhler sigma model in a symplectic frame admitting a holomorphic
prepotential, with one compensating and one physical vector multiplet, the latter magnetically deformed.
The chapter concludes by analyzing the on-shell theory. As a result of this breaking, some fermions in
the theory gain mass while others remain massless, indicating that only part of the supersymmetry is
broken.

In Chapter 8, we discuss the outcome of our work and highlight how they can be used in the study
of higher-derivative supergravity, gauge/gravity duality, and partial supersymmetry breaking. We

further comment on how this work can be generalized for various matter-coupled supergravity.









Chapter 2

Background theory

In this chapter, we will introduce the necessary background theory pertinent to this thesis, including
the two superconformal methods for studying supergravity theory: the conformal superspace and the
superconformal tensor calculus. Readers already familiar with these approaches can skip this chapter
and proceed directly to Chapter 3. To avoid redundancy amongst the papers incorporated as Chapters
Bl Bl [0l and[7|in this thesis, some background content from those papers [[IH4,6] has been included

in this chapter, with the necessary modifications made to those papers.

2.1 Supersymmetry & Supergravity

The standard model of particle physics describes a universe invariant under the global Poincaré
algebra coupled to an internal Lie group. Supersymmetry is a theoretical framework that extends
the standard model by introducing a new type of fermionic symmetry between bosons and fermions.
This adds to the Poincaré algebra a set of new spinor generators, Q,. These generators, known as
supercharges, transform bosonic fields into fermionic fields and vice versa, thus uniting them and
viewing them as a single object: a supersymmetric multiplet.

The anti-commutator of two supercharges generates a translation (F,) in spacetime, as expressed in

the following relation:

{QruQs} o< (Ga)rsPa . (2.1.1)

Here o are the matrices that generate the Clifford algebra C(D — 1,1), where D is the dimension
of spacetime. The precise representation of the supercharge Q, depends on the dimension D of the
spacetime, as the spinor representation changes with the dimension. Chapter 3 of [37] provides a
detailed summary of spinor representations in different dimensions. For example, in 4 dimensions, the
supercharges are represented by Majorana spinors (Qg, Q4 ), and when combined with the Poincaré

algebra, it forms a closed supersymmetry algebra:
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[Mab’Pc] _ znc[an} ’ [Mab,MCd] _ znc[aMb]d N znd[aMb}c,
{QOC; Q_ﬁ} - _2i(6a)aBPav
M, 00 = (6™)o’ Q5. (M. Q4] = (6°) 40" (2.1.2)

where all other commutators vanish and the spinor indices o, @ = 1,2. Therefore, we have four
supersymmetry generators Qq, g, Which form a single spinor representation in 4D. This is the
4D, N = 1 supersymmetry algebra. In principle, there can be multiple copies of supersymmetry
generators; for instance, N-extended 4D supersymmetry will have 4N supersymmetry generators.

Supersymmetry, like most other symmetries in physics, can be global or local. Under a global
symmetry, the transformation remains the same across all points in spacetime, whereas a local
symmetry transformation can vary from point to point. Extending a global symmetry to a local one is
known as “gauging,” where a gauge field (connection) is introduced for each symmetry, propagating
the information of these transformations from one spacetime point to another. This local symmetry is
called gauged symmetry.

In Einstein’s theory of general relativity, we have a gauge field associated with each gauged
symmetry generator of the Poincaré algebra: the vielbein e,,“ for translations and the spin connection
a)m“b for Lorentz transformations. The index m denotes the curved space index, while a is the local
Lorentz flat spacetime index. A tensor W is said to be covariant if it transforms under local Lorentz

transformations without any derivative acting on the transformation parameter A%’ (x), according to:
SW = A% (x)M, . (2.1.3)

Now, consider taking a derivative of this covariant tensor ¥. Since A%®(x) is a local parameter, it’s
clear that d,% does not transform covariantly under local Lorentz transformations. To ensure that
derivatives of covariant tensors also transform covariantly, we must introduce a covariant derivative.
The covariant derivative is defined as:

1
D, = e, D,y —e," (am _ zwm‘ndd) . 2.1.4)

With this definition, one can show that the tensor V¥ transforms covariantly, without any derivatives
acting on the local Lorentz transformation parameter A%’ (x). The covariant derivative ensures that
tensors are parallelly transported along curves in spacetime, preserving their transformation properties
under both general coordinate transformations and local Lorentz transformations. The covariant
derivatives satisfy the algebra

1
D4, D] = —R(P)abCDC—ER(M)adeMCd. (2.1.5)

where R(P)®, and R(M)“ ., are the curvature tensors associated with the translation and Lorentz

generators of the Poincaré algebra. In principle, the spin connection can be treated as an independent
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gauge field, however, it gets integrated out using its field equations, or equivalently, it can be fixed

from the start by imposing the torsion-free constraint:
R(P).,¢ =0. (2.1.6)

Such a constraint is called a ‘conventional’ constraint, and it can be used to express the torsion-free
spin connection as a composite field in terms of the vielbein, as follows:

1

w(e)abc - _E(eabc + ecab - C'zbca) (2.1.7)

where C,,¢ = e, e, Cppn€ are coefficients given by C,,,,¢ := 28[men]". Thus, in general relativity, only
the vielbein is an independent field.

When supersymmetry is gauged, the resulting theory naturally contains gauge fields for supersym-
metry transformations, called the gravitini, and for spacetime translations, the vielbein, due to the
underlying supersymmetry algebra (2.1.1]). This leads to an extension of general relativity, known as
supergravity, where bosonic fields like the vielbein are accompanied by a fermionic superpartner, the
gravitini. The vielbein and its superpartners form a multiplet, a representation of the supersymmetry
algebra.

In supersymmetric theories, elementary particles are generally organized into these multiplets,
which contain bosonic and fermionic particles as superpartners. This unique structure allows for the
cancellation of quadratic divergences, addresses the hierarchy problem, and provides a potential dark
matter candidate in the form of the supersymmetric particle. We will explore the details of these

supersymmetric multiplets in the next subsection.

2.1.1 Supersymmetric multiplets

A supersymmetric multiplet is a collection of fields that transform into one another under super-

symmetry transformations. The following operator defines these transformations:
1 1~
8 =560+580. (2.1.8)

where &, & is the supersymmetry transformation parameter. As a consequence of the underlying

supersymmetry algebra (2.1.1)), these local supersymmetry transformations close as follows :
[8z,87] = (E0“n —nG“E)P, . (2.1.9)

The supersymmetric multiplets form representations of the supersymmetry algebra and can be
classified as either on-shell or off-shell. On-shell multiplets contain the minimal number of physical
fields required to represent a given supersymmetry representation, with the fields satisfying their
respective equations of motion. Off-shell multiplets, on the other hand, include additional auxiliary
fields that do not have dynamics of their own but serve to close the supersymmetry algebra without
imposing the equations of motion.

To understand the distinction between on-shell and off-shell multiplets, let’s consider the example

of the 4D N = 1 chiral multiplet. This multiplet consists of a complex scalar field ¢, and a Weyl
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fermion v in the on-shell representation. The supersymmetry transformations for this multiplet are

given by:
S:0=V2Ey, Sy=v2ic"€d.9 . (2.1.10)
In the on-shell formulation, the fields ¢ and y must satisfy the following equations of motion:
29,0 =0, i6d,y=0. (2.1.11)

These on-shell equations of motion are necessary to close the supersymmetry algebra, as expressed
in As all the fields involved are physical, the on-shell representation provides a more concise
description of the supersymmetry algebra, but the construction of supersymmetric actions is more
involved, as one must ensure the closure of the algebra on-shell.

On the other hand, the off-shell chiral multiplet includes an additional complex auxiliary field F,
which does not have its own dynamics but serves to close the supersymmetry algebra without imposing
the equations of motion on the physical fields ¢ and y. The supersymmetry transformations for the

off-shell chiral multiplet are:
8:0=V2Ey, S:y=V2i0"Ed,0+V2EF, &:F =V2iE6°d,y . (2.1.12)

The advantage of off-shell multiplets is that they provide a more convenient framework for
constructing supersymmetric Lagrangians and simplify calculations, as the auxiliary fields allow the
supersymmetry transformations to close without restricting the fields to satisfy their equations of
motion. This off-shell formulation is useful in the context of supergravity, where the auxiliary fields
play a crucial role in the supersymmetric completion of the usual Einstein-Hilbert scalar curvature term
(general relativity) and higher derivative curvature square correction terms. This off-shell approach to
supergravity will be used throughout the thesis.

Finally, we distinguish between the multiplet containing the graviton and its supersymmetric
partner and those containing matter fields. The multiplet that includes the graviton is called the

supergravity multiplet, while the others with matter fields are called matter multiplet.

2.1.2 Superspace and superfields

Having a formulation where symmetries are manifestly realized is advantageous as it ensures that
the symmetry is preserved at all stages. To construct a theory where supersymmetry is manifest, one
needs to extend the Minkowski spacetime by including fermionic (anticommuting) coordinates, thereby
creating a new mathematical space called superspace. This is analogous to electrodynamics where
Lorentz invariance is made manifest by extending the 3D Euclidean space to include the time direction,
creating the 4D Minkowski spacetime. This superspace approach with its manifest supersymmetry,
was first introduced by Salam and Strathdee [[136].

Superspace is a generalization of the ordinary spacetime by incorporating fermionic degrees of

freedom. The idea behind superspace is to expand the standard bosonic spacetime R? by introducing
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one additional fermionic coordinate for each supersymmetry generator, creating a superspace R” 7
Here, D denotes the number of bosonic dimensions and J denotes the number of fermionic dimensions.
As the structure of spinor representations depends on the dimension of spacetime, T depends on the
bosonic dimension D of the spacetime and the number of copies of supersymmetry.

Superspace is parametrized by local bosonic coordinates x™ and fermionic (Grassmann) coordinates
6', collectively denoted as M = (x",0'), where m =0,1,...,D—1and i = 1,2,...,T. The fermionic
coordinates @' satisfy the anti-commutation relation {6’, 8/} = 0 due to their Grassmann-odd nature.

In the superspace formulation, the representations of the supersymmetry algebra can be compactly
expressed using special objects called superfields. A superfield ®(z) is an operator-valued function

defined on this superspace. Since 6 is an anti-commuting Grassmann coordinate that satisfies 62 = 0,

any superfield ®(z) can be expanded in a finite power series in 6;:

N
D) =¢(x)+ ] 0" ... 0%9;,..i (x) (2.1.13)
k=1

where ¢ (x), ¢i(x), ¢;;(x), and so on are the local component fields over Minkowski space that make
up a supersymmetric multiplet. Thus a superfield is a short way to denote a finite multiplet of fields.
The connection between a superfield and a multiplet can be made by applying the supersymmetry
generators Q; to the superfield and then taking the 8 = 0 projection. This allows one to extract the
component fields of the supermultiplet from the superfield. Specifically, the component fields are given

by:
¢ =Plo—o, ¢;=0iPlo—0, ¢;j=0:i0;Plo—0- (2.1.14)

Thus, the superfield and the multiplet are two equivalent representations of the supersymmetry algebra,
and the component fields of the multiplet can be obtained by applying the appropriate number of
supersymmetry derivatives to the superfield. This connection between superfields and component
fields forms the basis for establishing a connection between the two superconformal methods described
in the next section, where the superfields from the conformal superspace get mapped to the component

fields of the superconformal tensor calculus via projection.

2.2 Superconformal methods

Superconformal methods are powerful tools for studying Poincaré and matter-coupled Poincaré
supergravity, where the gravitational sector is coupled to matter fields. Although we aim to formulate
theories that respect the Poincaré symmetry, which are the symmetries of our observable universe, we
begin with a larger symmetry group, the superconformal group. While this approach might seem like
a detour from the desired Poincaré symmetry, this larger symmetry provides better control over the
system and provides a deeper understanding of the final Poincaré supergravity theory.

The superconformal method starts by formulating gauge theories of the superconformal algebra.

These theories include extra fields that are important in the formulation but are later eliminated to obtain
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the gauge theories of the Poincaré supersymmetry subalgebra. Some of these fields are eliminated
using curvature constraints, similar to the constraints in ordinary general relativity, which express the
Lorentz connection in terms of the vielbein. Other unwanted fields, known as compensating fields, are
eliminated through gauge fixing, a process that removes the extra symmetries. The resulting theories
are the desired matter-coupled supergravity theories with local Poincaré supersymmetry, while the
other symmetries are removed and no longer visible in the final result.

A good starting point to understand superconformal methods is the gauge equivalence principle. To
illustrate this concept, we consider an example where Poincaré gravity is constructed from a conformal

gravity theory invariant under a larger conformal symmetry group.

2.2.1 Gauge Equivalence Principle

Conformal gravity is a theory with the conformal group as its local symmetry group. The symme-
tries of the conformal group consist of translation, Lorentz, dilatation, and special conformal, generated
by P,, M, D, and K, respectively. The gauge fields for the conformal algebra are e,,%, ®,*’, b,,, and

fm® . The following table lists the generators, the corresponding gauge fields, and the gauge parameters.

Generator | P, | My, | D | K,
Gauge Fields | ¢,° | @, | by, | f°
Parameters | &9 | A% | Ap | A¢

Table 2.1: Generators, their corresponding gauge fields, and parameters of the gauged conformal algebra.

The local conformal transformation except for local translation (covariant general coordinate

transformations) is defined by the following operator
1
S = Eft“”Mab + D+ ALK, . (2.2.1)

The local conformal transformation of the gauge connection fields is given by

Sen® = —Apen®+A%en" . (2.2.2a)
Sby = OmAn —2Amk (2.2.2b)
SO = OpA + 20 AP — a0 e, ) | (2.2.2¢)
8fm’ = OnAL — buAf + 00 Aok — A5 + Apfin” - (2.2.2d)

However, similar to the case of general relativity, not all the gauge fields here describe new physical
degrees of freedom. Specifically, the spin connection and the special conformal connection can be

determined by imposing the following conventional constraints on the curvature.
RPP)w"=0, R(M)up"=0. (2.2.3)
These constraints can be algebraically solved to give:

Wype = w(e)abc - zna[bbc] > (2.2.4a)
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1
2(D—2)

£l =— R(®)a" + S R(@)eq (2.2.4b)

4D-2)(D-1)

where @(e)qp. is the torsion-free spin connection given by and the curvature is given by:
Ral(0) = e (20,0, — 20,0, ") (2.2.50)
Using a scalar field ¢ that transforms under local conformal transformation as,
09 = Apo, (2.2.6)
one can write down the following action which is invariant under local conformal transformation
S = / d*xe pVV,0 . (2.2.7)
Where we have introduced the conformal covariant derivative (V)
V,=e"0n— %wa”CMbc —b,D—f."Kp (2.2.8)

to ensure that the action transforms covariantly under conformal transformations. We choose the
gauge ¢ = 1 and b, = 0 to fix dilatation and special conformal symmetry. To preserve these gauge
conditions, the transformations (2.2.6)) and (2.2.2b) imply that A = 0 and AX = 0, thus breaking the
dilatation and special conformal symmetry. As the matter field ¢ is required to compensate for the
dilatation symmetry, it is known as the compensator field. The gauge fixed action becomes

S = /d4xe¢V“Va(]) % S o /d4xeR , (2.2.9)
which is the usual Einstein-Hilbert action for gravity and is invariant under the leftover local translations
and Lorentz transformation. Thus we have constructed a Poincaré gravity theory as a broken conformal
gravity theory.

We are now ready to generalize the gauge equivalence principle to construct the action for super-
gravity. We start with superconformal gravity, which by definition is a theory with the superconformal
group as its local symmetry group. The symmetries of the superconformal group consist of translation,
Lorentz, Supersymmetry, dilatation, R-symmetry, S-supersymmetry, and special conformal, generated
by P,, My, Q, D, Jg, S, and K, respectively. Among these, R-symmetry is an internal symmetry
that commutes with Lorentz transformations and translations but not with the supersymmetry gen-
erators, and it organizes the supersymmetry generators into representations of the symmetry group.
S-supersymmetry, which can be thought of as the supersymmetric counterpart of special conformal
transformations, complements the ordinary supersymmetry transformations. Both these symmetries
are required to close the superconformal algebra. Through gauging, we can promote these symmetries
to become local. A direct approach that has been used since the 1990s is to gauge these symmetries
in ordinary spacetime, leading to the Superconformal tensor calculus methods, also known as the
component approach to supergravity.

A newer approach is to gauge the superconformal symmetries in superspace, thereby creating a

conformal superspace formulation. This conformal superspace method is particularly advantageous
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because it manifestly preserves superconformal covariance. However, it has some limitations, such
as it lacks a prepotential formulation for the supercurrent multiplet in certain supergravity theories.
Therefore, it is essential to have both the superconformal tensor calculus and the conformal superspace
techniques available.

In the following subsections, we provide a broad overview of both the methods for general

supergravity theories followed by some specific examples and demonstrate their equivalence.

2.2.2 Superconformal tensor calculus

As previously mentioned, the superconformal method begins by formulating gauge theories of the
superconformal algebra. In the superconformal tensor calculus approach to supergravity, we construct
superconformal gravity by gauging the superconformal algebra in ordinary spacetime. The following
table lists the generators of the superconformal algebra, along with their corresponding gauge fields

and parameters:

Generators | P, | My, |D | K, | Q| S | Jr

Gauge Fields | ¢,” | 0, | by | $0% | Win | O | 0%
Parameters | &% | A | Ap [A%Y | € | n | &

Table 2.2: Generators, their corresponding gauge fields, and parameters of the gauged superconformal algebra.

Here, P,, M, D, and K, are the generators of the conformal group, while Q and § are the supersym-
metry generators. The inclusion of the S supersymmetry generator is necessary to close the algebra.
Jr 1s the R-symmetry generator. The precise representation of Q, S, and Jr generator depends on the
dimension of the spacetime. The collection of gauge fields associated with gauging the superconformal
algebra includes the vielbein and its supersymmetric partner, thus forming a supersymmetric multi-
plet of superconformal gravity. The gauge connections then describe the covariant superconformal

derivative:
V,=e,"V, = e, (am 190 — L0, Mg — $uRTg — by — 1§ — fmCKC) . (2.2.10)

Just like general relativity not all of these gauge fields describe new physical degrees of freedom. The
spin connection, the S— supersymmetry connections, and the special conformal connection are all
composite connections and can be algebraically determined by imposing the conventional constraints
on the curvature.

It is easy to see that this gauge connection multiplet has an unequal number of bosonic and fermionic
degrees of freedom, which is not allowed in a supersymmetric theory. We will demonstrate an explicit
mismatch in the counting of degrees of freedom when considering some particular examples in the
coming sections. One way to resolve this mismatch is by imposing equations of motion to eliminate
some of the gauge freedoms, leading to an on-shell gauging of the superconformal group. However,
the obvious disadvantage of this type of gauging is that the action becomes constrained, as it must

reproduce these equations of motion. Another way to tackle this mismatch is by introducing auxiliary
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degrees of freedom, which balance out the mismatch and allow the algebra of the transformations
to close off-shell. These new fields are called auxiliary because they do not have a kinetic term
contribution to the action and, therefore, are non-propagating. This approach results in an off-shell
gauging of the superconformal group, and its representation forms an off-shell conformal supergravity
multiplet, known as the Weyl multiplet. One particular such representation is known as the standard
Weyl mulitplet.

Finally, before we move on to specific superconformal gravity theories, let us discuss how Poincaré
supergravity can be constructed as a broken superconformal gravity theory. Recall that to build
Poincaré gravity, we coupled the conformal gravity theory with a compensator field to gauge fix
the dilatation symmetry. Similarly, to construct Poincaré supergravity, we couple the standard Weyl
multiplet to compensating matter multiplets. Assuming these multiplets have enough degrees of
freedom, they are used to gauge fix the dilatation, S—supersymmetry, and R—symmetries. The special
conformal symmetry is always fixed by setting the dilatation gauge field b,, = 0. This leads to an
off-shell Poincaré supergravity theory which after the elimination of auxiliary fields results in on-shell
Poincaré supergravity.

We will now explore specific examples of gauging the superconformal algebra in spacetime,
focusing on 4D N =2, 5D N =1, and 6D N = (1,0) supergravity theories that have eight real

supercharges.

4D N = 2 standard Weyl multiplet

The standard Weyl multiplet of 4D N = 2 conformal supergravity is associated with the local
off-shell gauging in space-time of the superconformal group SU(2,2|2) [137], see also [138-141]
and [37,[38]] for reviews. Our notations and conventions follow those in [36]] and are summarized in
appendix [Al The following table lists the generators of the superconformal group SU(2,2|2), their

corresponding gauge fields, and parameters.

Generators | P, | My, | D | K, L, 0% S8 | Y | Jy
Gauge Fields | ¢," | @, | by | f0® | W, Wy | 002, Oy | A | O/
Parameters | &¢ | A% | Ap | A2 QEL n*q, | Ay | AY

Table 2.3: Generators of the 4D N = 2 superconformal algebra, their corresponding gauge fields, and parameters.

The gauge connections then describe the locally superconformal covariant derivative:

Va =" =e" (9~ YO — 3 By OF — 300 Mg — 00
— byD —iAyY — %Ms; - %@mgst,@ - fmCKC) . 2.2.11)
The covariant derivatives satisfy the algebra
[V Vi) = —R(P)apVe = R(Q)avf Qo ~ R(Q)ara 01 — %R (M)ap“Meq = R(D) D

—iR(Y)apY — R(N)ap*Jis — R(S) ', S¥ — R(8)ap S, — R(K)apcKS . (2.2.12)
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As previously mentioned, just like general relativity not all of these gauge fields describe new
physical degrees of freedom. The only independent gauge connections now consist of the vielbein e,,%;
a dilatation connection b,,; the gravitino (y;,”, V_/m’@), associated with the gauging of Q-supersymmetry;
a U(1)g gauge field A,,; and SU(2)g gauge fields ¢,,”/ = ¢,,/'. By a simple counting argument, see table
one can see that these independent gauge connections contribute 17 4 16 degrees of freedom to
the multiplet. Having an unequal number of bosonic and fermionic degrees of freedom is not allowed
in a supersymmetric theory. To resolve this issue, together with the independent gauge connections,
the standard Weyl multiplet includes a set of covariant matter fields that are necessary to close the local
superconformal algebra off-shell: an anti-symmetric real tensor W, = Waz +W,,, which decomposes
into its imaginary-(anti-)self-dual components Wai; a real scalar field D; and fermions (X%, %4;).
Together with these matter fields, the gauge connections make a 24+24 standard Weyl multiplet
of conformal gravity. Table [2.4] summarises the counting of degrees of freedom, underlining the

symmetries acting on the fields.

ema wmab bm fma (pmij Am l//m,(‘xy ‘/_/mla (l)m,q, (ﬁmla Wap Zai’ iai D
16B 0 4B 0 12B 4B 32F 0 6B 8F 1B
p, My D K, JJ Y 0% S 8¢
—4B —-6B —1B —4B —-3B —I1B —8F —8F
Result: 17+ 16 dof 7+ 8 dof

Table 2.4: Degrees of freedom and symmetries of the 4D N = 2 standard Weyl multiplet. Row one gives all the fields in
the multiplet. Row two gives the number of independent components of these fields — composite connections are counted
with zero degrees of freedom. Row three gives the gauge symmetries. Row four gives the number of gauge degrees of
freedom to be subtracted when counting the total degrees of freedom. Row five gives the resulting number of degrees of
freedom.

It is also useful to list the non-trivial conjugation properties

(W& =W, (Onby)* = Omei s (On)* = Omij, (Z¥)* =Z¢, (2.2.13a)
R(Q)ar®)* =R(D)ap®™ , (R(S)ap’)* = R(S)apei » (RN ap")* =R aprr;  (2.2.13b)

while all the other fields and curvatures are real.

The spin connection, the S— supersymmetry connections, and the special conformal connection are
all composite connections and can be algebraically determined by imposing the following conventional
constraints on the curvature. There is a large freedom in the choice of conventional constraints, here

we adopt the conventional constraints used in [26] adapted to our conventions. They are given by

R(P)y" = 0, (2.2.14a)
3 . 3_.

R(Q)apjo” = —7Zi%a R(Q)abfébzzzféa, (2.2.14b)

RM)acy = R(D)ap+3NapD =MW Wy, , (2.2.14c)

where the spinor indices are suppressed and follow the convention defined in eq. (A.1.2): undotted
indices obey the up-down contraction convention, while dotted indices obey the down-up contraction

convention.
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The composite Lorentz and S-supersymmetry connections are respectively
Oape = O(€)ape —2Mapbe — %(Wajc[bll_/c]j + Vi O W’ + W0l W), (2.2.15)
and

. i 1 ] _ .
Only = %(Gb‘cm—gcmcb‘>ﬁﬁ‘l’bcﬁ + mew“ 3 W (6™ y. )ﬁ+ (crmzf)ﬁ ,(2.2.16a)

B 1 bex 1 be pp 1 Wbﬁ beo NB 1 x B
q)mj = 4 (6 Gm—gGmG \Pbcﬁj 3 mb +3 mb(G l[/cj) —Z(Gij) (2.2.16b)

The field w(e)pc is the torsion-free Lorentz connection given by (2.1.7), while the fields (‘Pabz, @ab;‘,)

are the gravitini field strengths

W) = 2e"ey" Diy Wl . Parh = 2e4"ey" Dy W% (2.2.17)
where we have introduced the spin, dilatation, and R—symmetry covariant derivative D,
1 .
Dy = "D = " (O - SO Mea — 9y =AY - buD) . (2.2.18)
Note that (R(Q)abk, (Q)ab’;.,) are the Q-supersymmetry curvatures and satisfy

1 i

RQwb] = 3%Pur) —i(Ba 6))7 + = (W8 5°)W | (2.2.192)
2 [ 4 [ak©b]
- 1— _

(Q)aby = zlPaby_ l(q)[a Op))y— —(y/[a 0p)6° DWW, (2.2.19b)

while R(Y),; and R(J) X are

i i3 3
RY)w = 2€ameb"3[mAn]——llf[aj%’-l-—llf !y '+§W[aj6b]zj+§l//[a]6b]zja (2.2.20a)
RWDw" = 26,9 — 204y + 291, % ) — 20, %y,

_ 31 _ -
——ll/[a(kﬁb}zl) -3 [a(kgb]zl) ) (2.2.20b)

Note that, here we have provided only the relevant curvatures, however, for more details on supercon-
formal curvatures, we refer the reader to [26,41,/137]. Although, we do not present the expression for
the composite special conformal connection f,,,, the trace is given by

1 1 1 _
fo" = ed"fm" = _ER‘i‘D 24 mnpq(‘l/mo'n pWqj) + ﬂemnpq(‘l/mjcngpwc]j)

a a 1 a — j
_-wa, £t WGZ (Wl W) + W (Wajwn’) 22.21)

12

where R — eameb”Rmn“b is the scalar curvature constructed from the Lorentz curvature

Ryn® = 20,0, — 200, 0,7 . (2.2.22)

cd

Also, recall that the spin connection w,,““ is a composite field of the vielbein, the gravitini, and the

dilatation connection, eq. (2.2.15)).
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In presenting the multiplet we restrict to all local superconformal transformations except local
translations (covariant general coordinate transformations). Such transformations are identified by &

and defined by the following operator
8§ =&y +E07 + 5 ?L“bM b+ AT 4+ ApD +iAyY + A K+ L S* + 728 . (2.2.23)

The local superconformal transformation of the fundamental fields of the standard Weyl multiplet are

then given by
5€ma - igica V_/mi +i Eiéa Vi — A]D)ema + Aabemb ) (2.2.242)
; : 1,z
SYni = (2amg;x + 0n (Ei0w) " + 20mi’ §f* +21Am&” + bméi“) - E(éiGmGCd)aWcz
1 ; . 1 oo
_Elab(ll/micab)a - A'ij Wm? - 1)“Y lllmzq - 5)“]]]) l//mia + 21(ni6m>a ) (2-2-24b)

Sy, = <2am5g; + 0n ™ (E'6up) 6 — 20m' €Y, — 21AmEl + bmég) + %(giomécd)dwc;,
—%A“b(q/miaab)a F AT Wl A+ iy P, — %AD Wk, +2i(N'0m)e (2.2.24¢)
50u7 = (3uhiT — 20, 0%) + % £l 57) 4 % Elig, 3 _ ¢, (E]) 4, (E)
+2, ("nf> 2 0’1‘71’) (2.2.24d)
SAn = Only — g,cmz’——aj’ i+ = §,¢m —55 %l]/mini+%y7miﬁi, (2.2.24e)
Sby = Onhp— —g,o—mz’+ g 'GnZi + EiOn’ + E Bni — Wi’ — Wi Ty — 2k , (2.2.241)
+ ApWap — 2y W + 21y W, (2.2.249)

Wy = —4ER(Q)a" —4§kR( Q)abk — 241 Wy,
8D = —ifko “V oL — &6V, Zk+2/lDD (2.2.24h)
SL% = 5“’D+ (5’ DYRY ap+ = (51 PYOR(T )" (56“ “HoOvw
—Elab(z’o'ab)“ + A’jz"‘f + —)LDZ“’ — Ay X% 4 —(n G“’)“W;} , (2.2.241)
S 3 4oz 2 ab -
0Ly = —ﬁaiDﬂLg( i )aR(Y)ab+3(§ JaR(J)abji — (51 5N VaW,
1 _ ) 2. _ )
where
VWi = DaWoe + 2WuR(Q)pc* + 20 R(Q) e » (2.2.252)
. 1 . 2i ; 1
VaZ“’ _ Dazal_EWawD_gl(WalGCd)aR(Y)cd_g(WajGCd)aR(J)Cdﬂ
i . .
+g(%’obofd VIV W+ (940 W (2.2.25b)
3 3 1— 2i - ~cd 1 — J~cd
Viloi = Da2a5+§ll/aaiD——(llfaiG )OCR(Y)cd_g(l//a 6““)aR(J)caji
it N _
2 (Vaio"6“)aViWog + (6ai6“)a Weg (2.2.25¢)

where the spinor indices are suppressed following the convention defined in eq. (A.1.2).
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We stress that the transformations form an algebra that closes off-shell on a local extension
of SU(2,2|2). We will not need the explicit form of the algebra here, though it can be straightforwardly
derived from results of [[137]] and [26,41]]. To conclude this subsection, for convenience, we include
Table [2.5| which summarises the non-trivial chiral and dilatation weights of the fields and local gauge
parameters of the standard Weyl multiplet.

e L i & [ W' 8 ] 0" [ Gnis T [ e [ Wiy [ Wy | B [ % [ D]
D[ -1 —1/2] —=1/2 [ 1/2 | 1/2 | 1 | 1 | 1 [3/2]3/2]2
Y| o] -1 1 1 —1 | 0| 2|2 |-1]11]0

Table 2.5: Summary of the non-trivial dilatation and chiral weights in the standard Weyl multiplet.

5D N = 1 standard Weyl multiplet

The standard Weyl multiplet of 5D, N = 1 conformal supergravity is associated with the local off-
shell gauging in space-time of the superconformal group F?(4). Our notations and conventions follow
those in [3[[29]], see also appendix [B] The following table lists the generators of the superconformal

group F2(4), their corresponding gauge fields, and parameters.

Generators | P, | My, | D | K, | O | Sy | Jij
Gauge Fields a1 @, | b, fm® | W | Om? O’/

€m
Parameters | &% | A [ Ap | A2 | E* | n¥® | AV

Table 2.6: Generators of the 5D N = 1 superconformal algebra, their corresponding gauge fields, and parameters.

The gauge connections then describe the locally superconformal covariant derivative:

1 o1 . 1 .
Va= "V =" (9= 3Vinf' O = 50 Mei = 00/ i = bulD = S 00 'Sty —Fu'Ke ) (2:2.26)
The covariant derivatives satisfy the algebra
|
[Vm Vb] - _R(P)abcvc _R<Q>abqula - ER(M)adeMcd - R(D)abD
~R(J)ap" s — R(S)ap,S* — R(K ) apcKE . (2.2.27)

Similar to the previous case the off-shell gauging of the 5D N = 1 superconformal algebra leads
to a 32 + 32 standard Weyl multiplet. The following table summarises the counting of degrees of

freedom, underlining the symmetries acting on the fields.

e ma a)mab bm fma (Pm 4 Yini ¢mi Wab X ! D
25B 0 5B 0 15B  40F 0 10B 8F 1B
P, M, D K, JY 0 S
-5B —-10B —1B —-5B —-3B —-8F -—-8F

Result: 21 + 24 dof 11+ 8 dof

Table 2.7: Degrees of freedom and symmetries of the 5D N = 1 standard Weyl multiplet.
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The component curvatures turn out to obey “traceless” conventional constraints [29]
RP)w =0, (IPRQus=0, RM)u?=0, (2.2.28)

which allow us to solve for the composite connections as follows:

i
WOppe = a)(e>abc + Z(Wakrc bk + Wulp l//ak — Ykl a ch) + 2b[bnc]a ) (2.2.292)
1 i 1 c i c i
19, = ( T8, 4 JTZ) Dy + eWea (BETpwy ~TpE 1) ) . (22290)
1 1 1 ;o j
o = — e R(@)a" + 728 R(0)ca™ = e TPR(Q)aY — Yo TaR(Q)"
1 bd 1 b cd 4 j 2i b ., J
3 aj= Qg d] _ﬂSa (‘l/cjZ da’) _g(wajr 27

1 : i e
- EWachjWbc + ﬁ(Waerl//dj)Wbde

+ 50 (20w W = (e T W€ (2.2.29¢)
where ®(e) g, is the torsion-free spin connection. The spinor indices are suppressed, and in 5D, we fol-
low the up-down contraction convention for spinor indices. For example, W ey := 2 (Ce)a B vk B
We have also defined

Wape = %eabcdewdf : (2.2.30)

Note that the curvatures now satisfy

R(P)ap =2e4"ep" Diypey — %‘lfa v (2.2.31a)
R(Q)avty = €d" " Dy Wby + (T 1y o
+ Wea (3T — (TP iy (2231b)
R(M) " = R(@)ap™ + 88,y " — 2y ;= by
+ 1—615[ Yy Ty — iy (Fb]R(Q)Cdi +2r°R(Q) bﬂ’)
+ EWaj‘VbJWCd - %(Wajrellfbj ywede (2.2.31c¢)
R(D)a"! = R(®)as" =3 ys ) — 8iyTy 27, (2.2.31d)
R(D)ap = 24" " Opby) +4fap) + ViajO) + % Wi T - (2.2.31e)

In the above we have introduced the spin, dilatation, and SU (2)g covariant derivative
Dy = O — %a)mbchc — by — $ T Da=e"Dp . (2.2.32)
along with the curvatures
R(@)a™ = 2e,"e," (90! =20, @, ) (2.2.33a)

R((p)abl] =2e, "¢, < [m¢n}ij+¢[mk(i¢j)n]k> ] (2.2.33b)
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The curvature R(DD),;, now vanishes due to egs. (2.2.29). We stress that in the traceless frame ¢, has
no dependence upon the matter field ' and f,” has no dependence upon D. This choice minimises the
dependence of the covariant derivatives upon some matter “auxiliary” fields and will simplify part of
the analysis in the coming sections.

The local superconformal transformations except for local translations (covariant general coordinate

transformations) are defined by the following operator
1 . .
8 = &% Qo+ 5 A" Map + A J;+ ApD + A Ko+ 1S - (2.2.34)

The local superconformal transformations of the independent connection fields of the standard Weyl

multiplet are given by [29]]

Sen® = 1(EY) — Apen® + A% en” (2.2.35a)
Sy = 2D~ W (T2 3T ) & 421 (T e

+57L“b(zabwm’)a + AL Yl — %AD Ving » (2.2.35b)

80 = 0uAY =20, Ak 4380 g, ) — 30y, ) 4 8iE(T, 1) | (2.2.35¢)

Sby = Owhp— %@rmxi — &b — W' M — 22k - (2.2.35d)

In like fashion, one can derive the transformations & @,,*”, 8 §.,', and 8,4, which we omit since these

fields are composite. For the covariant matter fields, the transformations are given by [29]

Wap = 20&R(Q)a’ — 51 abX' =22, Wy + ApWap (2.2.35¢)
) 1. 3 . ,
ai azD__ .Zab ap ij \V4 1l—~azbc o zzbcl—a o
87 = SEUD— T (EEV)RU)w — o (VaWae) (3(ETUE) + (EEPT))
3 abcde [ £1 o 31 ab\a
+256Wachd8 (é FE) + 16(77 Z ) Wab
1 ) S .
—Emb(xlzab)hw ix% +§/1Dx"”, (2.2.35f)
8D = 20&TVux' +iWap(EZ7 %) + 20" + 20D (2.2.35g)
where
. . 161 ;
ViWpe = Dau/vbc_nllaiR(Q) l+_WaiZchla (2.2.36a)
‘ ] . 1
Vaxou — QaZaZ_ZWamD_ ((PaleC)aWC_I_ (wajsz)aR(J)

3 3
+ 5 6(Vchd)(3(wa’r”zcd)“+ (walzcdrb)“> — =3 WheWaee™ ! (wT ) (22.36b)

We stress that the transformations (2.2.33) form an algebra that closes off-shell on a local extension
of F?(4). We will not need the explicit form of the algebra here, though it can be straightforwardly
derived from results of [[137]] and [26,41]]. To conclude this subsection, for convenience, we include
Table 2.8 which summarises the non-trivial dilatation weights of the fields and local gauge parameters

of the standard Weyl multiplet.
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’ H em” ‘ Wmiaéi“])mlanl‘fmc‘wab‘ X' ‘D‘
D -1 -1/2] 1/2 [ 1] 1 [3/2]2]

Table 2.8: Summary of the non-trivial dilatation and chiral weights in the standard Weyl multiplet.

6D N = (1,0) standard Weyl multiplet

The standard Weyl multiplet of 6D N = (1,0) conformal supergravity [89] contains 40 + 40
physical components, and is associated with the gauging of the superconformal algebra OSp(6,2]1).
Our notations and conventions follow those in [69], see also appendix [C| The following table lists the

generators of the superconformal group OSp(6,2|1), their corresponding gauge fields, and parameters.

Generators | P, | My, | D | K, | Oy | Sy | Jij
Gauge Fields | e, | @™ | b | in® | W | 00 | On”/
Parameters | &% | A [ Ap | A2 | E* | n¥® | AU

Table 2.9: Generators of the 5D N = 1 superconformal algebra, their corresponding gauge fields, and parameters.

The component gauge connections can now be used to define the locally superconformal covariant

derivative V,

1 S iy 1 .
Va - eamvm :eam (8m - §Wm:xvla - Ewmchcd - ¢ml]-]ij - bm]D) - §¢mlaSza - fmaKa) . (2237)
This satisfies the algebra
. |
Va:Vs] = —R(P)ay*Ve = R(Q)avf’ Qo = 5R(M) b Mea — R(J)ap" T
~R(D) D — R(S)ap}yS! — R(K) ap K - (2.2.38)

Similar to the previous case the off-shell gauging of the 6D N = (1,0) superconformal algebra leads
to a 40 4 40 standard Weyl multiplet. The following table [2.10] summarises the counting of degrees of

freedom, underlining the symmetries acting on the fields.

en (Omab b Fm® (Pmij Yini (Pmi Ta;c %i D
36 0 6B 0 18B 48F 0 10B 8F 1B
P, My, D K, JY 0 S

—6B —15B —-1B —6B —-3B —8F —8F

Result: 29 + 32 dof 11+ 8 dof

Table 2.10: Degrees of freedom and symmetries of the 6D N = (1,0) standard Weyl multiplet.

The component curvatures turn out to obey “traceless” conventional constraints [32]
RP)ap’=0,  YRQwi=0, RM)upP=0. (2.2.39)
The constraints (2.2.39) can be solved for the composite connections as follows:

1 1
Oape = O(€)abe — 2Mapbe] — ZkaYach - EWakY[bl/]c}k ; (2.2.40a)
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i 3 e |
¢mk = 16 <'}’b6'}/m - gl}/m}'b ) (Tbck'i' 12Tdef7/i f?’[b‘/’cﬁ) ) (2.2.40b)
1 1 1 o1 o
fa® = —gRab(w) + %@?R((D) + g‘V[anb°¢c]J - %55%1'7‘%(1]

1 S g .
+1—6wc,-yaR<Q>"”+—w YRQ)a + S Wa VX

i Jj . b cde
+ 16 Vo' YeWa j T 160 6 ‘/fc YdWe] T . (2.2.40¢)

where R(®) := R;,%? () is the scalar curvature and R,”(®) := R,.’°(®) is the Ricci curvature. The
spinor indices are suppressed, and obey the contraction convention as defined in [69]. The field @ (e)qpc

is the torsion-free Lorentz connection, while the field ‘I’abz is the gravitini field strengths
ol = 2e4" e, Dy Wit (2.2.41)
where D,, is the spin, dilatation, and SU(2)g covariant derivative
Dy = O — %wm”chC —buD— 9 Jij, Dy=e" D, (2.2.42)

It is important to emphasise that in the traceless frame the composite connection ¢,,* does neither
depend on y and nor on D, however, the composite connection f,” has a dependence on ¥.

Note that the curvatures now satisfy

. i o
R(P)ap® = 2ed"ey"Dymen + 5 Vaj¥ Wiy’ (2.2.43a)
1 .N T
R(Q)apk = E\Pabk‘FlY[a(pb}k‘i‘ﬁndeYCd Y Vilk - (2.2.43b)
. i .
RD)y = Zeamebna[mbn} + 4fap) + l[/[al(Pb]i + B‘l/[aJYb]Xj , (2.2.43¢)

RM)p™* = Rade(w)‘i'gS[Cfbd]+i1//[aj7b]R(Q)Cdj+2i‘l/[ 'Y[CR(Q)b]d]j

— VY 0 ——6 S Y+ S T (2.2.43d)
R = Rat'(0)+ 4wty + Tow ) (2.2.43¢)
where the curvature
R, = Rade(w):eameb”<28[mwnfd—2w[mce(on}ed>, (2.2.442)
RpM = Rabk’(m:eameb”(za[m%]’d +2¢[mp<’f¢n]pl>). (2.2.44b)

In components, the local superconformal transformations, except covariant general coordinate

transformations, are identified by the following operator o
1 » .
8 = &0 + 5 A May+ AT+ ApD + AaK® + 15,87 (2.2.45)

The local superconformal transformations of the independent fields of the standard Weyl multiplet are

given by

Sema fnd —1 gl’}/all/ml —|— A(lbemb — A/]D)ema s (2.2463)
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5Wmla = 2Dm§'a (éz’}/m’}'gbc) abc+ A'ab(l//ml’}/ab)

Ay ® ——AD Y& — 21(Ni7m) (2.2.46b)

5out = —4gtg,l) - é< Pk + O A =29, K201 — anhy, ) (2.2.46¢)

Sby = %éiymxi+§i¢m’+amzm— Vi i — 22k (2.2.46d)

8Ty = —éékoff yabcR(Q)efk—%émcx =32 Ty, + An Ty, (2.2.46¢)
sx* = lii""'DJr%R(J)ab” (éﬂf‘”’)"‘—l 5i3f‘7’b"d)°‘VaTbZd+Zl""(x"%d)“

+A ™+ @x% ('P") T (2.2.46f)

8D = —21¢3,~yava;¢ +2ApD —4x'n; (2.2.469)

where
Val,. = Da Tabc+15ll/dk3’abc% +5 de('}/abc)aﬁxkaﬁv (2.2.47a)
VPl = %xﬁf—§<wa,-¢”>ﬁR(J>bc”—gwafﬁbc )PVl
+%%ﬁfb + %Tb;d(%f pred\B (2.2.47b)

and we have defined X, kaf . —4 (" )y*R(Q)apP¥. Note that the transformations (2.2.46) form an
algebra that closes off-shell on a local extension of OSp(6,2|1). To conclude this subsection, for
convenience, we include Table which summarises the non-trivial dilatation weights of the fields
and local gauge parameters of the standard Weyl multiplet.

_Len [Wni- & | On'. " | e [ Type | 2 [ D]
D] -1]-1/2] 1/2 | 1] 1 [3/2]2]

Table 2.11: Summary of the non-trivial dilatation weights in the standard Weyl multiplet.

2.2.3 Conformal superspace

Conformal superspace is conceptually similar to superconformal tensor calculus (see [37] for a
review and references) and is associated with the off-shell gauging of the superconformal algebra
in superspace. This approach combines both component and superfield approaches in supergravity,
providing compact and simple building blocks for locally supersymmetric invariants [25}|39,40].
Despite its advantages, converting these invariants to component forms remains crucial for many
applications. For example, analyzing the physical sector of a matter-coupled Poincaré supergravity
constructed in conformal superspace involves generating locally superconformal actions in superspace,
reducing them to component multiplets, removing non-physical symmetries through gauge fixing, and
finally integrating out auxiliary fields. This process allows to derive physically relevant results from

the initial superspace formulation.
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By definition, conformal superspace is a supermanifold MP” - having the superconformal group
as its local structure group. To implement the gauging, one introduces covariant derivatives V4 =

(V4, V), which have the following form:
b 1 ab R B
VA =E4 —(DA*XQ = Ej— EQA Mab_q)A JR—BAD—S'A Kgp , (2.2.483)

1
= Ej— 5QA“”Ma,, — D4R I —BAD — Fa%Sq — Fa%K, .  (2.2.48D)

Here E4 = Ex™ 0y is the inverse super-vielbein, M, are the Lorentz generators, Jg are generators of
the R-symmetry group, ID is the dilatation generator, and K4 = (K,,S) are the special superconformal
generators. The super-vielbein one-form is EA = dz¥Epy* with EyAEAN = 8 and EAMEy® = 5.
Associated with each generator X, = (M,p,Jr,D,Sq,K,) is the connection super one-form w¢ =
Q% R B, F* §) = dzM wpy® = EA w4® and gauge parameter g¢ = (A%, AR Ap,n,A%). The local
gauge transformation is given by the operator:

1
§=g%X, = El“bMab + AR TR+ ApD + 4K + NS . (2.2.49)

Note that as a consequence of gauging the algebra in superspace, we had to uplift both the translation
generator and the supersymmetry generator to covariant derivative. The reason behind this is as follows:
A covariant superfield W is defined by the property that it transforms under gauge transformations J

without any derivative on the parameter g¢,
or ¥ = g*X, V. (2.2.50)

Because the parameter g is a local superfield, both d,%¥ and Q¥ do not transform covariantly. We

must introduce instead the covariant derivative
V¥ = ExM oy ¥ — ExM aop“X, ¥ (2.2.51)
The superfield V4V is also covariant; one can show that it transforms as
83¢(VaAP) = g2VaXyW — g2 fpu Ve — 210X W (2.2.52)

without any derivatives of g.

The algebra of covariant derivatives

1 i
[Va,Ve} =~V — E%(M)ABCdMCd —R(J) z5 T

— B(D) 5D — Z(S) up"* Sy — Z(K) pp°Ke (2.2.53)

is constrained to be expressed in terms of a single primary superfield, the super-Weyl tensor (or by
Cotton tensor in 3d). In equation (2.2.53), F45€ represents the torsion, while %2(M )54, %(J)a5".
K (D) ap, Z(S)a"*, and Z(K)4p¢ are the curvatures associated with Lorentz, R-symmetry, dilatation,
S-supersymmetry, and special conformal boosts, respectively. These curvatures can all be expressed in

terms of the super-Weyl tensor.
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Conformal Superspace | Super-Weyl Tensor Superfield | Dimension

4D, N =1 Wepy 3/2
AD,N =2 Wap 1
4D,N =3 W 1/2
3D,N=1 Wagy 5/2
3D,N =2 Wop 2
5D,N =1 Wep 1

6D, N = (1,0) Wep 1

Table 2.12: Summary of known conformal superspaces, their corresponding super-Weyl tensor superfields, and the
conformal dimensions of these super-Weyl tensors .

By projecting, it is easy to transition between the conformal superspace approach and the supercon-
formal tensor calculus, as the component and superspace approaches are equivalent. This connection
between the two approaches can be seen by identifying the various component fields of the standard
Weyl multiplet from superspace. The one-form connections are related to the lowest component of the
corresponding superform connection. For example, ¢* = dx"e,,* = E%|| and Wi, = dx"y;,,, = 2EL |,
where the double-bar denotes setting 8 = dO = 0. The other connections are mapped similarly. The
auxiliary matter fields introduced by hand in the superconformal tensor calculus correspond to the
super-Weyl tensor and its descendants in the superspace approach. However, the super-Weyl tensor also
contains additional descendants that do not have counterparts in the superconformal tensor calculus.
One way to eliminate these extra fields is by imposing curvature constraints, which are the same
constraints that lead to the elimination of spin connections, supersymmetry connections, and special
conformal connections.

The necessity of these curvature constraints is further highlighted by the requirement that conformal
superspace must be reduced to Poincaré superspace upon breaking conformal symmetry. Without these
constraints, the number of independent fields would include both the one-form connection superfields
and the fields of the super-Weyl tensor, resulting in an excessive number of degrees of freedom.
The following table [2.12] summarizes all known conformal superspaces [25-33]], their corresponding
super-Weyl tensors, and the conformal dimensions of these super-Weyl tensors. Similar conformal

space construction exists for 3D N-extended [30] and 2D (p, ¢)-extended [[142].

4D N = 2 conformal superspace

The 4D N = 2 conformal superspace M8 s parametrised by local bosonic (x™) and fermionic
(Ql.“,é;fl) coordinates 2 = (x’",@i“,é[fl), where m = 0,1,2,3, u=1,2, 1 = 1,2, and i = 1,2. The
Grassmann variables 91.“ and é}i are related to each other by complex conjugation: 91.“ = 0M, To gauge
the superconformal algebra in superspace, one introduces covariant derivatives V4 = (V,, Vi, V¥)

which have the form

1 ..
Vi=Ej— COAQXQ = E4,— EQAabMab —1d,Y — (I)Al'].lij —BAD— SABKB . (2.2.54)
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Here E4 = E,M 9y, is the inverse super-vielbein, with dy; = d/dz", My, are the Lorentz generators, Y
is the generator of the chiral rotation group U(1)g, J;; are generators of the SU(2), R-symmetry
group, D is the dilatation generator, and K4 = (Ka,Sf‘,Six) are the special superconformal gen-
eratorsﬂ The super-vielbein one-form is E4 = dz¥EyA with EyAE4N = 51{5 and EAMEy® = 5}‘9.
Associated with each generator X, = (M,,,Y,J; j,]DD,K“,Sf‘,Sl&) is the connection super one-form
0% = (QP &V B Fs) = (Q?P,®, DY B, T4, T, §%) = dM oy = EA @44 The conventions we
use here differ in numerous ways from those used originally in [26]. For the most part, they follow the
conventions of [36] and [[127,/128]] and are summarized in appendix

The algebra of covariant derivatives
1
[Va,Va} = _yABCVC - EQ(M)ABCndd - %(J)ABlikl —Z(D),pD
ARV ) 45— RS) sl SE — ()5Sl — (K K (2.2.55)
aﬁ)

is constrained to be expressed in terms of a single primary superfield, the super-Weyl tensor (W, w

9

which has the following properties
Wop =Wpo, KaWop =0, DWeg=Wyg, YWup=—-2Wyg, (2.2.56)
web —whe kw0, W =W yw —oaw® . (257
and obey the additional constraints
ViWgy =0, VW =V9W, . (2.2.58)
where we introduce the notation
Vap = ViV, V= VITPk (2.2.59)

In (2:2.55), Za5° is the torsion, while Z2(M) s, Z (1) A", Z(D) s, B (Y ) ugs Z(S) ag's Z(S) 45 %
and Z(K) ,5¢ are the curvatures associated with Lorentz, SU (2) , dilatation, U (1), S-supersymmetry,
and special conformal boosts, respectively. The relevant algebra of covariant derivatives
(including the explicit expressions for the torsion and curvature tensors) are given in Appendix [Al

Let us introduce the dimension-3/2 superfields

.
Wapy' = VigWpy) » I = VW, (2.2.60a)
— B — (q—1B7 - 1l-pg—
W = VI | Sai= = VW, (2.2.60b)
dimension-2 descendant superfields
vk ij .yl yJ) N v/
Waﬁyg = V(aWﬁ75)k ] Zaﬁ” = V(aZB) , Zaﬁ = Vl(aZﬁ)i ) (2.2.600)
WOPTS — GLoghrk - sap . Glegh) - sab . _ ylegpi (2.2.60d)
. k ) l] . (l j) ) . l ) . .

IFollowing common usage, we will refer to K¢ as the special conformal generator and S% as the S-supersymmetry
generator.
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1 1o —ap 1 |
Di= VP = Evdﬁwaﬁ = VeIt = ViTh, (2.2.60¢)
and the following dimension-5/2 descendant superfields
Zaﬁ)’k - VI(CaZﬁY) ’ iaByk = @I((az[iy) : (2.2.601)

It can be checked that only the superfields and their vector derivatives appear upon taking
successive spinor derivatives of Wg. The independent descendant superfields of (W, WO‘B) are all
annihilated by K. The independent descendant superfields of (Wyg, Wb ) are all annihilated by K,,.
However, under S-supersymmetry, they transform nontrivially, as given in the appendix

The gauge group of conformal supergravity is denoted by G. It is generated by covariant general
coordinate transformations, &g, associated with a local superdiffeomorphism parameter &4 and
standard superconformal transformations, dy, associated with the local superfield parameters: the
dilatation o, Lorentz A% = —AP2 SU (2)g A=A U(1) & A\, and special conformal (bosonic and

fermionic) transformations A% = (0, ﬁi‘j‘, A%). The covariant derivatives transform as
ogVa = [K, V4], (2.2.61a)
with
K =EVe+ %A“bMab +AJ;j+ oD+ AY +AKy (2.2.61b)
A covariant (or tensor) superfield U transforms as
0gU = (Ocger + 03¢)U = KU . (2.2.62)

The superfield U is said to be superconformal primary of dimension A and U(1)g charge gr if KaU =0
(it suffices to require that S¥U = 5’&U =0), DU =AU, and YU = qrU.

Let us now explain how to systematically obtain various component fields of the standard Weyl
multiplet from the superspace geometry described above. The vielbein (e,,,“) and gravitini (y,, ‘l_’ml;y)

appear as the 8 = 0 projections of the coefficients of dx” in the supervielbein E4 one-form,
e =dxe,  =EY|, w¥=dx"y,* =2E%|, W, =d"¥,l, =2E.|. (2.2.63)

Here we have defined the double bar projection of a superform as Q| = Q| 4_49_o- On the other
hand, a single bar next to a superfield denotes the usual bar projection X| = X|g—o. The remaining

component one-forms are defined as

A=0|, o=, b:=B|, o0¢:=Q9, (2.2.64)
o5 =235, ¢/ =231, fo:=F- (2.2.65)

The covariant matter fields W, D, and (Zai, Y4i) (we denote these component fields with the same
symbols as the super-Weyl superfield and its descendants) arise as some of the components of the
multiplet described by the super-Weyl tensor. In particular, it holds that

W) = W), D=-—

1 cpe
= 12v“ﬁwaﬁ\ = Evaﬁwa 1, (2.2.66a)

B
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A _
20“:§V’BW“ﬁy, Soi=—

(2.2.66b)
The other components of the super Weyl tensor are given by Wy gy := Wypy'|, Zap = Zapl: Zop” :=
Zaﬁij\, Wapgys := Wapys|, and Zaﬁyk = Zaﬁyk | along with their complex conjugates The local
superconformal transformations of the gauge fields listed above can be straightforwardly derived
by taking the 6 = 0 projection of the superspace transformations (2.2.24). The transformations of
W, D, and (X%, %4,) can be obtained by applying the transformation rule for covariant superfields,
eq. (2.2.24), and the definition of the descendant fields in eq. (2.2.66).

By taking the double bar projection of the superspace covariant derivative one-form V, eq. (2.2.54),
V = EAV,, the component vector covariant derivative V,, is defined to coincide with the projection of

the superspace derivative V|,
a 1 avyi 1 i go 1 ab
. 1 . 1. _..
—AnY — ¢mlj-]ij - E(Pmalsai - Eq)mdisal - fmaKa . (2267)

Here, the projected spinor covariant derivative Vi | corresponds to the generator of Q-supersymmetry.
It is defined such that if U = U/, then Q},U := Vi |U := (VLU)|. For the other generators, e.g.,
MU = (MU, there is no ambiguity in identifying the bar projection; hence, local diffeomorphisms,
QO-supersymmetry transformations, and so forth descend naturally from their corresponding rule in
superspace. With these reduction rules, the algebra of component covariant derivatives acting on
a covariant field is also completely determined by the geometry of conformal superspace. All the
component torsions and curvatures are simply the 8 = 0 projections of the superspace ones.

The component supercovariant curvature tensors are given by

. 1 N
[Va, Vo) = =R(P)apVe —R(Q)ani Vig| = R(Q)ap, V| — ER(M>adeMcd —R(J)ap"Jij

- R(D)abD - R(Y)aby - R(S)abyksyk - R(S_)abikslk - R(K)achc . (2.2.68)

We have introduced R(P) ., = 5| and R(Q)ab’;x = <7abix|- R(M)ab“l, R(J)abij, R(D) g, R(S)abYk,

and R(K)° coincide with the lowest components of the corresponding superspace curvature tensors.

5D N =1 conformal superspace

The N = 1 conformal superspace is parametrised by local bosonic (x) and fermionic (6;) coordi-
nates z¥ = (¥, 9l.“), where m=0,1,2,3,4, u=1,---,4,and i = 1,2. To gauge the superconformal

algebra, one introduces covariant derivatives V4 = (V,, Vi,) which have the form

1 .
Vi=Ej— O)AQXQ = E4— EQAabMab — (I)AUJ,'J' — B4 —SABKB R (2.2.693)

1 y .
= Eq— EQA“bMab — @y J;j—BAD — Fa%Sei —Fa“Ka . (2.2.69b)

2In the case of Wag, Wab’&, @Y, and Wopys unless specified, it should be clear from the context if we refer to the
superfields or their component projections.



32 CHAPTER 2. BACKGROUND THEORY

Here E4 = ExM 0y is the inverse super-vielbein, M, are the Lorentz generators, J;; are generators
of the SU(2); R-symmetry group, D is the dilatation generator, and K4 = (K, Sq;) are the special
superconformal generators. The super-vielbein one-form is E4 = dz¥EpA with EyAE4N = 51{}’ and
EMEB = 5£ . Associated with each generator X, = (Mp,J;j,D,Sqi,K,) is the connection super
one-form m% = (Q & B, F* §) = dMwy® = EAwy“.

The algebra of covariant derivatives

1
[Va,Vp} =~ T4V — 5% (M) 45" Mea — 2 () 45" T

— B(D) gD — Z(S) up"* Sy — Z(K) o Ko, (2.2.70)

is constrained to be expressed in terms of a single primary superfield, the super-Weyl tensor W,

which has the following properties
Wop =Wpa s KaWap =0, DWyg =Wy, (2.2.71)
and satisfies the Bianchi identity

2
k _ vk Sk
VyWap = V(aWﬁy) + ggy(av Wpys - (2.2.72)

In (2.2.70), Z45C is the torsion, while Z(M)5°?, %#(J)ag", #(D)ap, #(S)as", and Z(K)ap¢ are
the curvatures associated with Lorentz, SU (2), dilatation, S-supersymmetry, and special conformal
boosts, respectively.

In this paper we make use of the “traceless” frame conventional constraints for the conformal
superspace algebra employed in appendix C of [29] as well as in [3]]. The full algebra of covariant
derivatives (including the explicit expressions for the torsion and curvature tensors) are given
in appendix [B] of our paper.

Let us introduce the dimension-3/2 superfields

. 2 L.
k._ vk -
Wapy' = ViaWsy) »  Xai=5V"Wpa . (2.2.73a)

and the following dimension-2 descendant superfields

)

3o Yi= V%X, . (2.2.73b)

vk ij .yl
Wapys = ViaWprom »  Xap” = V(g

It can be checked that only the superfields (2.2.73) and their vector derivatives appear upon taking
successive spinor derivatives of Wyg. Specific relations that connect the various descendant fields

which we will need later are given below:
ViWag = Wapy* +&aXp) » (2.2.74a)

o o1 31 . o
V’aXé = Xop+ ge”saﬁY — Es’f(r“)apvawﬁp —2ie"WoWp,
(T 5 i

—1—58 JeaﬁWY Wys — 58 J(F“)ﬁpVaWap , (2.2.74b)

i j 1 ij . a . a
VW' = =567 (Wapyn +3i(00)a(sV*Wya) + 3iga(p (L) V' Wae )
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3 N
eapXn (2.2.74¢)
VaWgpap = —H(Ta)apVWyap)' —6iWa(py Wap) +6iWa(sWiap)'
+6igqp (WWLX,;) —2(T0)y Y Wapye' — Wy W) ) : (2.2.74d)

Y (i 3
i ko e A k k k) k)
ViXg,t = e (J<—3W(ﬁ Wyyo2 X — €a(gWP Wy *) — Wa Wp, P ~ Wy Xa

1 k) 3 k)A a k
+§Wa(BXY) +§£O€([3Wy)7LX ) —|—2(F )ocpvaWﬁyp )

k a
+2(f”)(/3pVaWy)ap k) (W)a(ﬁVaXy)) +€a(ﬁ (F )},MVQXkM) , (2.2.74¢)
VLY = 8(I)aPVaXj+8WeP X} . (2.2.74f)

As implied by (2.2.72)), the dimension-2 superfields Xqp i/ and Wapys obey the following Bianchi
identities in the traceless frame:
1

ViaXpyy! = =5 X" Wepy!, (2.2.752)

Vi Wayon = 3iV(a’l(W5YWTM>. (2.2.75b)

The independent descendant superfields of Wy, specifically Waﬁyk, ¢ Wapys: Xa[;ij , Y, are all
annihilated by K,. However, under S-supersymmetry, they transform nontrivially, as given in the
appendix [B| We also stress that in the paper, we will often use the following notation:

31

Dy =R, = 7 ab’ . (2.2.76)

The gauge group of conformal supergravity is denoted by G. It is generated by covariant general
coordinate transformations, &g, associated with a local superdiffeomorphism parameter &A and
standard superconformal transformations, d4, associated with the local superfield parameters: the
dilatation o, Lorentz A% = —Ab4, SU(2), A/ = AJ', and special conformal (bosonic and fermionic)

transformations A% = (n®, A%). The covariant derivatives transform as
0sVa = [K,Va], (2.2.77a)
with
K=EVe+ %A“bMab +AYJ;;+ oD+ AYK, . (2.2.77b)
A covariant (or tensor) superfield U transforms as
0gU = (Ocger + 03¢)U = KU . (2.2.78)

The superfield U is said to be superconformal primary of dimension A if K4U = O (it suffices to require
that S¢;U = 0) and DU = AU.

Let us now explain how to systematically obtain various component fields of the standard Weyl
multiplet from the superspace geometry described above. The vielbein (e,,%) and gravitini (")

appear as the coefficients of dx” of the super-vielbein E4 = (E¢, EY) = dzM EpA,

en® () = Ex"@)|, Wy (x) :=2E.L (2)], (2.2.79)
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where a single vertical line next to a superfield denotes the usual component projection to 8 =0, i.e.,
V(z)| := V(z)|g=0o- This operation can be written in a coordinate-independent way using the so-called
double-bar projection [143,/144]

e =dx"e, " =EY|, vy, =dx"y,., =2E]|, (2.2.80)

where the double-bar denotes setting 6 = d6 = 0. The remaining fundamental and composite one-

forms are also obtained by taking the projections of the corresponding superspace one-forms,
o=@, b:=B|, @®:=QP|, ¢*:=2F%, :=FY. (2.2.81)

The covariant matter fields are contained within the super-Weyl tensor Wy, g and its independent

descendants,

Wop = Wegl, (2.2.82a)
. 3i . 3i_g,

X = 3—2X&|:%Vﬁlwﬁa|, (2.2.82b)
3 3i

= — Y|=—_"—_Vky, WP . 2.2.82

The other components of the super Weyl tensor are given by W1 := WL |, Wapys .= Wapys| and
D 1= Pyl | = —%Xabij] = —%i (Zab)aﬁXaﬁ ij] These will turn out to be composite and expressed
in terms of the component curvatures.

Taking the double-bar projection of V = EAV, the component vector covariant derivative V,, is

defined to coincide with the projection of the superspace derivative V|,

1 . 1 . 1 .
em®Vy = O — Eyfm?VM — 5oom‘”’Mab —byD — @i — §¢malsa,~ — K, . (2.2.83)

Here, the projected spinor covariant derivative Vi | corresponds to the generator of Q-supersymmetry.
It is defined such that if U = U/, then Q' U := V. |U := (VL U)|. For the other generators, e.g.,
MU = (MgpU)|, there is no ambiguity in identifying the bar projection; hence, local diffeomorphisms,
Q-supersymmetry transformations, and so forth descend naturally from their corresponding rule in
superspace.

The component supercovariant curvature tensors are given by

c i 1 c ij
[Va, V] = —R(P)apVe — R(Q)ani Vi | — ER(M)ab “Meq —R(J)ap" Jij
— R(D) s> — R(S)ap™ Sy — R(K) ap K - (2.2.84)
We have introduced R(P) ¢ = Z°¢| and R(Q)wply, = Tapl,|. RIM)ip, R()ap, R(D) s R(S)ap v,

and R(K),¢ coincide with the lowest components of the corresponding superspace curvature tensors

given in appendix

31n the case of Wag, Wab’&, @Y, and Wopys unless specified, it should be clear from the context if we refer to the
superfields or their component projections.
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6D N = (1,0) conformal superspace

The 6D N = (1,0) conformal superspace is parametrised by local bosonic (") and fermionic (6!)
coordinates zM = (¥, 91.“), where m=0,1,2,3,4,5, u =1,2,3,4 and i = 1,2. By gauging the full 6D
N = (1,0) superconformal algebra in superspace, we introduce covariant derivatives V4 = (V,, Vi)

which take the form

1 ..
Va=Es—au®X, = Ea— EQA“bMab — @4 J;; — BaD — Fapk? (2.2.85)

1
= EA—EQA My — D51 — BAD — FabS* —F4“K, . (2.2.86)

Here E4 = E4M )y is the inverse super-vielbein (which plays a role of a connection for local super-
translations), My, are the Lorentz generators, J;; are generators of the SU(2), R-symmetry group, D
is the dilatation generator and K4 = (K¢, S%) are the special superconformal generatorsﬂ The super-
vielbein one-form is given by EA = dz¥ Ep” and satisfies EyEsN = 81y, EAMEp® = 85. Associated
with each structure group generator X, = (Mg, J;j, D, S¥, K,) there is a connection superfield one-form
given by @4 = (Q &V B, T, F) = dMay? = EAw,°.

To describe the standard 6D N = (1,0) Weyl multiplet in conformal superspace, the algebra of

covariant derivatives

[Va,Ve} = —Ta"Ve — —%( Vag"Mea — Z(J) 55" T

~ R (D) gD~ Z(S) 45ySt — % (K) 5K . (2.2.87)

is constrained to be completely determined in terms of the symmetric super-Weyl tensor superfield

WB which is a superconformal primary with conformal dimension one
wob —whe  gAweb =0, DWW =woF (2.2.88)

obeying the Bianchi identities

(ivhwrs — _ srgligiwd)e
VaVaw? = —slIvgvilw (2.2.89)
1
V’&VykWﬁY—ZégV’;V(;kWY‘S — 8V, W (2.2.89b)

The relation W = 1/6(7%¢)*PW,,. means that the super-Weyl tensor W is equivalent to an
anti-self-dual rank-3 tensor superfield W,. In TgC is the torsion curvature, and %Z(M) 45,
R (J)ag", % (D), %(S)AB’;, and Z(K)p‘ are the curvatures associated with Lorentz, SU(2),
dilatation, S-supersymmetry, and special conformal boosts, respectively.

Their expressions in terms of the super-Weyl tensor WP and its descendant superfields of dimen-
sion 3/2

, i_. 1
ai . 1 giyaB kaB . 1gkywaB  s(@y Bk
Xi= - VWP gl = —oviweP - 5,7k, (2.2.90)

“Note here the change in the SU(2)g index structure of the 6D S-supersymmetry generator, S¥, relative to the 5D case
where we it was originally introduced as S¢;. Though this difference might seem unnatural, and introduce minus signs in
similar expressions in 5D and 6D, we decided to keep adhering to the notations used in [29},/69].
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and of dimension 2

.. l‘ . 1 l' . l‘ .
Y P 2 (VEXXM _ 58 vgxm) _ _OylixBi (2.2.91a)
2 4 2
. 1 kyY
Y= VX!, (2.2.91b)
1 1
Yap”® = ViXpn"® — 285 ViXar®P — 28 VEXpP (2.291¢)

are given in appendix |C| Just like the 5D case, we consider the superspace and component structures
for 6D corresponding to the “traceless” choice of conventional constraints, which was first considered
in [32]. The full algebra of covariant derivatives (including the explicit expressions for the
torsion and curvature tensors) are given in appendix [C|

The superfields X%, X{f“ﬁ, Y,P, Y, and Yop 18 are the only independent descendants of W,
All the other higher dimension descendants obtained by the action of spinor derivatives on WP are
vector derivatives of these independent fields as a result of the non-trivial Bianchi identities (2.2.89).
Eq. gives the action of the S-generators on these independent descendants that prove to all be
annihilated by K“.

The conformal supergravity gauge group G is generated by covariant general coordinate transforma-
tions, Ocgcr, associated with a local superdiffeomorphism parameter &4 and standard superconformal
transformations, &4, associated with the following local superfield parameters: the dilatation o,
Lorentz A% = —APe SU (2)g A = AJ', | and special conformal transformations A4 = (1%, A,). The

covariant derivatives transform as
0sVa = [K,Va], (2.2.92)
where K denotes the first-order differential operator
K =EVe+ %A“”Mab + A+ oD+ A KD (2.2.93)
A covariant (or tensor) superfield U transforms as
0gU = (Ocger + 03¢)U = KU . (2.2.94)

The superfield U is said to be superconformal primary and of dimension A if KoU = 0 and DU = AU.
Similar to the 5D case, we begin by identifying the various component fields of the 6D N = (1,0)
standard Weyl multiplet [[89] within the geometry of conformal superspace. The vielbein (e,,*) and

gravitino (y;,%) are identified with the coefficients of dx™ of the super-vielbein EA = (E4,E¥) =
dM Ey?,

en(®) =Ex"@)], Wl (x) :=2EL(2)] . (2.2.95)
In a local coordinate independent way they are given by

¢ =de, = B4, y¥=dv"y," =2EY] . (2.2.96)
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Similar to the 5D case, look at (2.2.79) and (2.2.80), the single bar denotes setting 8 = 0 and the

double-bar denotes setting 8 = dO = 0. Analogously, the remaining fundamental and composite

one-forms correspond to double-bar projections of superspace one-forms,
o =M, b:=B|, 0=Q, ¢5:=28], Fo:=3. (2.2.97)

The covariant matter fields are contained within the super-Weyl tensor W, and its independent

descendants,
T, = —2Wael, (2.2.98a)
1% = 7Xou|:_zlvtﬁwmﬁ|, (2.2.98b)
15 3i
D — 7Y\:_l_év’(;vﬁkwﬂ‘ﬁy. (2.2.98¢)

The lowest components of the other nontrivial descendants of W*P, specifically X/,P?|, Y,#*| and
Yop i |, prove to be directly related to component curvatures and hence are composite fields.
The component gauge connections can now be used to define the locally superconformal covariant

derivative V,, which coincide with the bar projection of the conformal superspace covariant derivative
Val

1 : 1 . 1 .
em* Vg = Oy — Ey/mg"vw - Eoomchw, — O Jij— bpyD — §¢mlasgx — fmaK® . (2.2.99)
This satisfies the algebra
o1
Va:Vs] = —R(P)apVe = R(Q)avf’ Qo = 5R(M) b Mea = R(J)ab I
—R(D) D — R(S)ap}yS! — R(K)ap K - (2.2.100)

where we identified R(P) ¢ = T,°|, R(Q)apl, = Tk, |, while R(M) 4%, R(J)ap, R(D)gp, R(S)abg‘,,
and R(K) ¢ are coinciding with the lowest components of the corresponding superspace curvature

tensors given in appendix
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Chapter 3

Components of curvature-squared invariants

of minimal supergravity in five dimensions

We present for the first time the component structure of the supersymmetric completions for all
curvature-squared invariants of five-dimensional, off-shell (gauged) minimal supergravity, including
all fermions. This is achieved by using an interplay between superspace and superconformal tensor
calculus techniques, and by employing results from arXiv:1410.8682 and arXiv:2302.14295. Our
analysis is based on using a standard Weyl multiplet of conformal supergravity coupled to a vector
and a linear multiplet compensator to engineer off-shell Poincaré supergravity. We compute all the
descendants of the composite linear multiplets that describe gauged supergravity together with the three
independent four-derivative invariants. These are the building blocks of the locally superconformal
invariant actions. A derivation of the primary equations of motion for minimal gauged off-shell
supergravity deformed by an arbitrary combination of these three locally superconformal invariants,
is then provided. Finally, all the covariant descendants in the multiplets of equations of motion are
obtained by applying a series of Q-supersymmetry transformations, equivalent to successively applying

superspace spinor derivatives to the primary equations of motion.

3.1 Introduction

Even though the first (two-derivative) supergravity was constructed (for N = 1 supersymmetry in
four dimensions) almost five decades ago [21}/145] (see also [[146-155] and the pedagogical reviews
[34-377,40]), higher-order locally supersymmetric invariants are still largely unknown. However, in
an effective field theory approach, quantum corrections in string theory take the form of an infinite
series of (supersymmetric) higher-derivative terms; see, e. g., [156-160] and references therein. Many
open problems in string theory, for example its vacua structure, are unresolved due to the lack of
information about the full quantum corrected supergravity effective action. More complexity arises
due to the fact that the purely gravitational higher-curvature terms are related by supersymmetry to

contributions depending on p-forms, which describe part of the string spectrum. These terms, which
39
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have not yet been fully understood, play an important role in studying, for example, the moduli space
in compactified string theory and the low-energy description of string dualities. Even the first o
corrections, associated with curvature-squared terms, have not been completely understood to date.
Our paper represents an important step forward in this direction.

A remarkable success of supergravity in the last 25 years has been its role in the development of
holographic correspondences such as the AdS/CFT [45,46./48]] (see also the classic reviews [47.[161]).
The amount of evidence that planar (large-N, at first order in the 1/N expansion) field theory can
be described by a dual theory of (two-derivative) gravity, and vice versa, is absolutely outstanding.
These results have revolutionised our understanding of both quantum field and gravity theories and
have shed new light in several fields of research such as black hole physics, condensed matter and
integrable systems, and quantum information theory, just to mention a few. One aspect to stress is
that most of these developments were based on the leading-order effective field theory description of
string theory. It is of fundamental importance for holography to advance to higher orders so that we
may assess the validity of the correspondence. In fact, precision tests beyond the leading order have
become increasingly important in the last few years. The reason is that, on the field theory side, a series
of breakthroughs based on integrability and localisation techniques has allowed several observables
in superconformal field theories (SCFT) to be computed exactly. Higher-order (in 1/N) corrections
in quantum field theories translate into higher-curvature terms on the gravity side, calling for new
supergravity higher-derivative analyses.

When off-shell techniques are available for supergravityﬂ systematic approaches exist to construct
locally supersymmetric higher-derivative invariants. In D < 6 space-time dimensions, off-shell tech-
niques are now thoroughly developed and understood for up to eight real supercharges — see [34-40]
for reviews. By using these approaches, exact, off-shell higher-derivative supergravity models have
been constructed, see for example, the following list of references [2,6L28L[29,31,[32,|51L[55576]. These
results have recently enabled new pioneering works towards obtaining precision, higher-order, tests in
AdS/CFT from the gravity side — see for example [2,77-86] and references therein. We underline, by
extending results obtained in [29] and more recently in [|6], that in [2] and in the current paper, the
construction of a complete basis to study (minimal) gauged supergravity in five dimensions modified
by the three possible curvature-squared terms has been completed. As such, we have control of all first
o/ correction of a universal sector of string compactifications to five dimensions preserving at least
eight real supercharges. This then allows inspection from the gravity side of new first order tests of the
AdSs5/CFT4 correspondence.

The playground of our paper is minimal five-dimensional (5D) supergravity. On-shell, this was
introduced four decades ago in [162,|163]], and the first off-shell description was given in [164]
by the use of superspace techniques. The matter couplings in 5D minimal supergravity have since
been extensively studied at the component level, both by using on-shell [165-168]] and off-shell
approaches [90, 169H177]. The superspace approach to general off-shell 5D N = 1 supergravity-matter
systems was then developed in [29}/124-126,|178]]. In our paper we will employ an interplay between

1Off-shell means that the symmetry algebra closes without using equations of motion; see, e.g., [34H437].
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component techniques based on the superconformal tensor calculus and superspace — see [37-40]
for reviews — the merging of which goes under the name of conformal superspace. Conformal
superspace was originally introduced by D. Butter for 4D N = 1 supergravity in a seminal work [25]]
and then extended to other space-time dimensions 2 < D < 6 for various amount of supersymmetry
in [[26427,[29,31,(32,/142]] — see [39,/40] for recent reviews.

In superconformal approaches to supergravity, the key idea is to enlarge the supergravity gauge
group to be described by local superconformal transformations and, potentially, internal symmetries.
Local Poincaré supersymmetry is then recovered by making appropriate choices of gauge fixing
conditions for the non-physical symmetries within the conformal algebra implemented through the
use of compensating multiplets. The extra symmetries make some of the local supersymmetry of
the gravitational sector (both the transformations and symmetry algebra) more manageable and
allow for increased freedom to appropriately fix gauges and frame choices in the final steps of
various analyses — see [37-40] for pedagogical reviews. To achieve minimal 5D supergravity off-
shell from superconformal techniques one can couple the standard Weyl multiplet of 5D conformal
supergravity to two off-shell conformal compensators: a vector multiplet and a linear multiplet
[29,0904]124-126.169-177]]. These will be the off-shell multiplets employed in our paper.

Within the framework of these superconformal approaches, the minimal five dimensional two-
derivative (gauged) supergravity theory is obtained by the combination of the locally superconformal
two-derivative theories for the vector and linear multiplets together with a BF coupling of the two
superconformal compensators that leads to a supersymmetric cosmological constant. Using this setup,
locally supersymmetric completions of the Weyl tensor squared and the scalar curvature squared were

constructed for the first time, respectively, in [55] and [64] by using component field techniques.

The third independent, locally superconformal invariant, which includes a Ricci tensor-squared
term, was constructed in superspace in [29]] by using a 5D analog of the “Log multiplet” construction
in 4D N = 2 supergravity of [61]. However, due to the computational complexity associated to the
construction of this invariant, it took almost 10 years to obtain the results starting from the very simple
building block in superspace. For example, one must compute up to eight local Q-supersymmetry
transformations on the logarithm of the primary field W of the vector multiplet compensator to obtain
the component action of the 5D Log invariant. In our paper we present for the first time the component
structure of this invariant in a standard Weyl multiplet background. See [2] for the bosonic terms based
on using a dilaton Weyl multiplet instead of the standard Weyl multiplet of conformal supergravity.
Moreover, by employing the techniques mentioned above, and by a substantial use of the computer
algebra program Cadabra [87,,88]], in our work we have also obtained all the fermionic contributions
for all the three curvature-squared invariant for the first time. The reader who is only interested in the
bosonic results of all the curvature squared actions in a standard Weyl background can look directly
to section [3.5]of our paper, specifically: equations (3.5.2)) and (3.5.7) for the Weyl squared invariant;
equations (3.5.12)) and (3.5.20)) for the Log invariant; and equations (3.5.22)) and (3.5.23)) for the scalar

curvature-squared invariant. Due to the size of the fermionic structures arising for the building blocks

of the invariants, much of the fermionic contributions are given in the (more than 200 pages long)
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supplementary file accompanying our paper [/1].

Having obtained all the building blocks for minimal gauged supergravity with the addition of the
three curvature-squared invariants, we are in the position to obtain for the first time the multiplets
of equations of motions (EOMs) for this five-parameter class of theories. Because these models are
obtained within a superconformal tensor calculus approach, all the EOMs turn out to be organised in
terms of superconformal multiplets described by three main primary (super)fields: a scalar primary
supercurrent operator J which arises from the variation of the fields of the standard Weyl multiplet;
a composite vector multiplet of equations of motion which arises from the variation of the linear
multiplet compensator; and a composite linear multiplet of equations of motion which arises from
the variation of the vector multiplet compensator. The primary (super)fields associated with these
three multiplets of EOMs were presented in [6]]. In this paper we will present a derivation of the
primary EOMs based on an interplay of superspace and component techniques together with all their
superconformal descendants. An advantage in obtaining the equations of motion by this approach is
that covariance will be manifest in every result, which is nontrivial because the various component
actions have Chern-Simons terms and naked gravitini terms. Similar to the other building blocks of the
curvature-squared invariants, the equations of motion have remarkable length and complexity. For this
reason, once more, we have decided to relegate most of the complete fermionic results of the EOM
analysis in the supplementary file associated to this paper. It is our hope that these results will be later
used to advance our understanding of the on-shell structure of these models.

Our paper is organised as follows. In section [3.2] we review the structure of the 5D, N = 1
superconformal matter multiplets that will be used in this work. We do present results both in
conformal superspace and in components in the so called traceless frame employed in [29]. It is useful
to mention that our notation and conventions correspond to that of [29] (see also [3], where some
typos from [29] were fixed). In section [3.3| we review the definition of the BF action principle which is
the building block for all the invariants studied in this paper. We then review the construction of all
the two-derivative invariants that define minimal gauged supergravity in five dimensions. In section
elaborating on the results of [6]], we describe the component structure of all these composite
primary multiplets (including the fermionic terms that can be found in the supplementary file) which
are used to construct the three independent four-derivative invariants studied in our paper. By using
all the building blocks of sections in section we present the bosonic part of the three
curvature-squared invariants, including the “Log invariant” which is presented for the first time in
subsection in a standard Weyl basisE| Sections 3.6/ and |3.7| are respectively devoted to firstly
provide a derivation of the primary equations of motion which first appeared in [[6], and secondly to
analyse all the descendants of the equations of motion. We conclude our paper in section [3.8| where we
comment on possible developments and applications of our results. We accompany our paper with two
appendices and a 200-page supplementary file. This supplementary file gives all the results including
fermions, and can be found in [[1]. Appendix |B|collects results about conformal superspace in the

traceless frame of [329] and explains how to map our notations and conventions to the ones of some

’The Log invariant in the gauged dilaton Weyl basis has been obtained recently in [2]).
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other groups.

3.2 Superconformal multiplets

This section is devoted to a review of several superconformal matter multiplets in five dimensions.
Along with the standard Weyl multiplet discussed in subsections [2.2.2]and [2.2.3] they are the building

blocks for the various supersymmetric curvature-squared invariants discussed in this paper. We will

first describe the off-shell Abelian vector multiplet and then move on to the off-shell linear multiplet.
For each of the previously mentioned multiplets, we will present their formulations in both superspace
and components for completeness. Our analysis follows the superspace and components notation and
results of [3,6,29]E]

3.2.1 The Abelian vector multiplet

Following the presentation and conventions of [3,/6], let us turn to the description of an off-shell

Abelian vector multiplet.

The Abelian vector multiplet in superspace

To describe the Abelian vector multiplet [[181}/182] in conformal superspace [29]], we introduce a

real primary superfield W of dimension 1,
W) =w, KW =0, DW=Ww. (3.2.1a)
The superfield W is subject to the Bianchi identity
viviw = Leavriviw 3.2.1b
Acting with spinor covariant derivatives on W gives the following descendants:
i i ij . loaivi) 1 Caiy i)
Ay = —iV W, XY .= ZV VoW = _ZV Ay - (3.2.2a)

These superfields, along with

Fop = —%V’gavﬁ)kw — WopW = %V’gaxﬁ)k —WypW , (3.2.2b)
satisfy the identities:
ViAg = =267 (Fup +WogW) —eap X" — VoW, (3.2.3a)
Vi = iV (g~ ieupVyy A — 3 Wy~ Way W
+ %Wa(ﬁ/l;) - %isa(ﬁwy)%g : (3.2.3b)

3For various discussions on off-shell multiplets in five dimensions, see also other works based on superspace,
e.g., [123H126},164,|/164L|179-H181]], and component approaches, e.g., [90L[165-177].
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Vi x 7k = 2iglli (vaﬁz[’? - % AP + %X{?W) . (3.2.3¢)

Due to (3.2.1b), a dimension-2 superfield of a vector multiplet in the traceless frame obeys the

following Bianchi identity:
1w
V(O/Fﬁ)y = E)L” Wopyk - (3.2.4)
It is useful to note that the S-supersymmetry generator acts on the descendants as
SuA] = —2ieqpe' W, ShFg,=deqphl,  Shx =262, (3.2.5)
while all the superfields are annihilated by K.

It is worth noting that there exists a prepotential formulation for the Abelian vector multiplet
which was developed in [29], see also [[123,/125,/126,|179] for related works in other superspaces. The
formulation of [29] is based on a real primary superfield V;; of dimension —2, i.e., DV;; = —2V;;. Here
V;; transforms as an isovector under SU (2)r transformations and is the 5D analogue of Mezincescu’s

prepotential [[183H185]] for the 4D N = 2 Abelian vector multiplet. This then allows us to represent the
field strength W as

3
W= _ﬁvi ARy (3.2.6)

where we have defined the operators

N 1 o 1 .. N
AlK _%gaﬁyﬁvgvévﬁvg — _ﬁv(uv’d) = AUk (3.2.7a)
Vil = velvd) (3.2.7b)

Let us also point out that V;; in (3.2.6)) is defined modulo gauge transformations of the form
Vi =Vorup,  A%p =A%y (3.2.8)
with the gauge parameter A%, being a dimension —5/2 primary superfield,

. 5
SAP =0,  DAPy = —EAﬁ - (3.2.9)

The Abelian vector multiplet in components

The component structure of the vector multiplet follows directly from the superfield definitions
(3:2.2)). It contains a real scalar field W := W |, gaugini A/, := A/,|, a triplet of auxiliary fields X/ := X%/,
and a real Abelian gauge connection v, := V,,| or, equivalently, its real field strength f,,, := F,| =
28[mvn}. The field strength f,,, may be expressed in terms of the covariant field strength F, := F_,|

via the relation

Fap = fup +i(Ta) P wb]gzngrEw[a,Zw,,]’;W o fa=ed"e fom - (3.2.10)

The dilatation weights of the vector multiplet fields are summarised in Table
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(W Ay [XY ] Fup | v ]
(D] 1]3/2[2]2]0]

Table 3.1: Dilatation weights of the Abelian vector multiplet.

The transformations of the component fields in a standard Weyl multiplet background can be

obtained from the corresponding superfields. They read

SW = &AM+ ApW (3.2.11a)
8y = —(ZPEN)aFup— (EPE)aWapW + Ea ;X7 + (T96") g VaW
1 . . .3 ) .
+§A“b(zab1’)a + AL+ 57%/1& +2ing'W (3.2.11b)
SXU = —2i§(irﬂvalf)—%é(iz‘lbﬂ)wﬂb—16i(§(ixj))W
22U x K —2npd) 422X (3.2.11¢)
v = i(EW )W —i(ETpA) 4 OmAy (3.2.11d)
where
VW = @aW—%%W, (3.2.12a)

. . 1 . 1 ..
Vodl = DAL+ E(Ebc"’al)“ (Fbc + WbCW> 3 Vaa, X"
1

—E(rbq/ai)av,,w —i0ua'W . (3.2.12b)
For completeness, we include
: . i, 1 3 .
VX = DX iy, %l (vaﬁxl’? — S WaphP + ZIX[?W) 2R 32.120)

i i S1i 3 i . i
VaFgy = Dalpy+ Q‘Vaf'x (Va(ﬁly) +&q(gVy) ' A5+ QWBMa —iWup, W
! i3 59 i
_EWa(ﬁﬂ’}’) + Eea(BWY) A5> +2¢a(ﬁ)“y)i . (3.2.12d)

Note that we have also included in (3.2.11d) the gauge field transformation parametrised by the local

real parameter Ay .

3.2.2 The linear multiplet

We now turn to the discussion of the off-shell linear multiplet coupled to conformal supergravity.

The linear multiplet in superspace

The linear multiplet [117,/118L|138-140,186-191]], or O(2) multiplet, can be described in terms of

the dimension three primary superfield G/ = G/* with the properties

vigikh — o, (3.2.13a)
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K.G7 = 0, DGY =3GY (3.2.13b)

where G/ is assumed to be real, (G¥)* = gy & ﬂle .
The following tower of descending identities is useful to elaborate on the component structure of
the superfield G'/:

Vi Gk =26iligl) | (3.2.14a)
V;qolg; = —%eifsaBF+%sifﬂfa,3 +iVeGY (3.2.14b)

ViF = =2V of —3Wep0P - %Xa G| (3.2.14c¢)
VoHa=4(Zaw)a” Vo — %(Fa)aﬁwﬁw -~ %(Fa)yﬁwﬁarp” : (3.2.14d)

with the independent descendant superfields being defined as

1

ol = §VOU~G’7 , (3.2.15a)
Fi= éwfvfy'cij — —ivy"goyk : (3.2.15b)
Hpped = égabcde(re)“ﬁvgvg Gij = EapedeH° . (3.2.15¢)
Here JH{“ obeys the differential condition
V,H =0 gga .= _ L gabedeq (3.2.16)
a — Y T bede - oL

The descendants (3.2.15)) are all annihilated by K,. Under the action of S-supersymmetry, they

transform as follows:
L} = —6€4pG”,  SLF =6ig),  Sh30,=—8i(T})o  f . (3.2.17)

We refer the reader to [29] for a superform description of the linear multiplet.
There exists a prepotential formulation for the linear multiplet in superspace [29]. The constraints

(3:2.13)) may be solved in terms of an arbitrary primary real dimensionless scalar prepotential Q,

SEQ=0, DQ=0, (3.2.18)
which leads to
G/ = 3 piiky (3.2.19)
40 kisé . L.

An important property of G'/ defined by (3.2.19) is that it is invariant under gauge transformations of
Q of the form

5O — _%(ra)“ﬁvﬁxvgzam- ;s (3.2.20)

where the gauge parameter is assumed to have the properties

Baij - Baﬂ ) SixBa]k = 0 I ID)Baij = _Baij ) (3221)
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and is otherwise arbitrary.
It is useful to note that given a system of n Abelian vector multiplets W/, with I = 1,2,...n, all

satisfying (3.2.1]), we can construct the following composite linear multiplet and its descendants [29]:
HI = CJK{ oW/ xiK _jp o g DK } , (3.2.22a)
o, = CJK{ XIS —2iFy g APTK — %X&WJWK —2iWV g AP
—i(VogW!)APK — 3iw, oW’ 2 PIK } : (3.2.22b)
F = CJK{ XK — p FE 1 aw/owk 1 2(vew? ) v, Wk
+20(VoP AF )25 — 6w Fy, Wk — %W“bwabwf wk
+§YWJ WK £ 6X% AL WK = 3iW, 5 %Y APK } : (3.2.22¢)

1 3
H, = CJK{ - EeabcdeF’”fFf’e’( 14V (WJF,,’Z + inaWJ wk )

+2i(2ba)“ﬁvb@gx[§)} : (3.2.22d)

where O := VV, and Cjx = Cyi) is a constant symmetric in J and K. Equation (3.2.22) is the
superspace analogue of the composite linear multiplet constructed for the first time in [90]. Note that
it is possible to create a composite linear multiplet from a single Abelian vector multiplet by setting

Cjk =1 when J = K = 1 and zero otherwise. This case will play an important role.

The linear multiplet in components

The components of the linear multiplet follows directly from the superfield description: an SU(2)g
triplet of Lorentz scalar fields GV = G%|; a spinor field @q; = @q;|; a scalar field F = F|; and a
covariant closed anti-symmetric four-form field strength Hpeq := Hypea|- The latter is equivalent to a
conserved dual vector H* := —1/4! gabede ﬂ{bcde It holds that

BGii . (3.2.23)

a a a i ! abcde
H=h +2(2 b)OCBszq(Pﬁ - 58 bed (Zbc)aBWd?Wej

The covariant conservation equation for I, is
ViH, = 0. (3.2.24)

The constraint implies that there exists a gauge three-form potential, b, and its exterior derivative,

such that fy,pg == 48[mb with by 1= Biunp|.

npql>
The local superconformal transformations of the covariant fields can be derived using (3.2.14)) and

(3.2.17), which give

6Gij = _Zé(i(l)j) - Zl(iij)k +3ApGij , (3.2.25a)

4The Levi-Civita tensor with world indices is defined as ™P4" ;= gdbcdeg Mo, e Pe de," such that €4, and £7b¢d¢
are normalised as €y1o34 = —€9123% = 1.
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1 i ) . .
0¢oi = —5Cail = SHa(l"G))a —i(I67)aVaGij +6Ma’ Gij
1 . 7
+§/1“”(Zab¢i>a ~ 4/ @ja+ 5 20 ai (3.2.25b)

. 3 . .
SF = 2§T”‘Va(p,-—i(é’Z“bq)i)Wab—F16i(§’xf)G,~j

+6in'Q; +4ApF | (3.2.25¢)
§H, = —4E',V0ei— %(5 T @) Wap, + %SabcdeWbc(éiZde(Pi)
+ 2" Hp + 42p Hy — 8iN'To; (3.2.25d)
where
VaGij = DuGij+ Vu(i®)) - (3.2.26a)
VaPui = Duuit VaaiF + +(CVia)adly - (Y )aViGiy — 300Gy . (3226b)

For completeness, we also have
VoF = DoF — (CpYui) V' 9™ + %wa,ﬁwaﬁ O — 8iGY Yo * Yiee + 310 Pl , (3.2.26¢)
VaHy = DaHp—2(ZpeWai)a VO * + %(Fbll’ai>awaﬁ (Pzg + iWaiBWaﬁ (Trp")*
+4i(Tpui) 0 @™ . (3.2.26d)
The locally superconformal transformations of by, are
Sbump = 2Eapcaeem”en’ ey (EXY Q") — 12i(W, Ty E)Gij 4 30l (3.2.27)

where we have also included the gauge transformation 0;bm,p = 38[mlnp} leaving hyppg and H¢

invariant. The dilatation weights of the O(2) multiplet are summarised in Table

| Gij | 9ai | F | 3a | buwp |
(D3 [72]4][4] 0 |

Table 3.2: Dilatation weights of the off-shell O(2) multiplet.

3.3 Superconformal actions

In this section we review a main action principle that has played an important role in constructing
various locally superconformal invariants including the two-derivative gauged supergravity action. The

reader should refer to [29] for a more complete analysis.

3.3.1 BF action

Consider a full superspace integral

S[L]:/dSSZEL, S = d5xd®0,  E:=Ber(Ey?) (33.1)
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where the Lagrangian £ is a conformal primary superfield of dimension +1, i.e, DL = £. The
above action is locally superconformal, that is, invariant under the supergravity gauge transformations
(2.2.77).

One of the main building blocks for the construction of general supergravity-matter couplings
[90,172-177]] and higher-derivative invariants in [29] is the so-called BF action principle. It is based on
an appropriate product of a linear multiplet with an Abelian vector multiplet, which may be described

by the following form in superspace
SpF = /d58zEQW = /d58zEG"f'v,-j . (3.3.2a)

As shown above, the BF action can be written in different ways, see [29] for even more variants. In
the first form in (3.3.2a)), it involves the field strength of the vector multiplet, W, and the prepotential
of the linear multiplet, Q2. Equivalently, the BF action can be written in terms of the Mezincescu’s
prepotential V;; and the field strength G of the linear multiplet described by the right-hand side of
(3:3.24). In addition, the functionals [ d°®zE QW and [ d°®z E G'/V;; are, respectively, invariant under
the gauge transformations (3.2.20) and (3.2.8)), thanks to the defining differential constraints satisfied

by W and G, (3.2.1b) and (3:2.13a).

In components, and in our notation, the BF action takes the form [29]]

Spr = —/dsxe(vaﬂ{“+WF+XijGij—|—2/'L“k(pak
— (T )stﬁ — Y (TP A G+ 1wl (2)oP v WGH)  (33.2b)
= / xe( ecde f 1 bege + WF +X;;GY + 2% Qo
V() o QW — 1w (D) aP A G+ it ()P g WG | (3.3.20)

where it should be noted that sometimes we associate the same symbol for the covariant component

fields and the corresponding superfields, when the interpretation is clear from the context.

3.3.2 Vector multiplet compensator

The two-derivative action for the vector multiplet compensator can be constructed via the BF
action principle (3.3.2a)), with the linear multiplet being a composite superfield. We denote by H{fM
the composite linear multiplet (3.2.22)),

Hhy = i(veOw) Vw4 wveevlw
= A% +2WXY (3.3.3)
One can then check that H JM is a primary superfield, S¥ Hy\, = 0 and has dimension 3. Thanks to the
Bianchi identity (3.2.1b), it also satisfies the analyticity constraint

Vi =0. (3.3.4)



50 CHAPTER 3. CURVATURE-SQUARED INVARIANTS

The vector multiplet action may then be written as an integral over the full superspace,
1 .
S = g / PBZEVHY,, . (3.3.5)

This invariant also admits another representation, which can be obtained by applying once

more
1 [ 58
Svir =4 [dBEQuW (3.3.60)
where we have introduced the primary superfield [29]
Quy = % (WVIIVy = 2(VV) VAW =2V, VW ) (3.3.6b)

It can be shown that, by making use of (3.2.6), (3.2.19), (3.3.6), and integration by parts, we obtain

the following relation

1 . 1
3 / &BzEV,; SHY,, = 3 / dBZE SWQyy (3.3.7a)
1, 3i 5
- 5(-4-8) / &2 E Qupy VA 5V (3.3.7b)
L[58 ij
= 3 / &BZE SV, HY,, . (3.3.7¢)

Making use of the representations (3.3.3) and (3.3.6)), it is seen that the variation of Sy, induced by

an arbitrary variation of the Mezincescu’s prepotential V;; reads

3 i
5w = 3 / &5z E 8V HY,, (3.3.8)

The above variation vanishes when 8V;; is a gauge transformation (3.2.8). This implies that
/ SBEA%VEHT) =0, (3.3.9)

that is, VgH\JZj& = 0. This result holds for any dynamical system involving an Abelian vector multiplet
[29]. The variation with respect to the prepotential V;; couples to a composite linear multiplet which
depends on the specific form of the associated action principle — let us call this, in general, H” which
satisfies by construction the constraints (3.2.13)). The equation of motion (EOM) for a vector multiplet
is then HY = 0. In the case of eq. (3.3.3)), the EOM for the vector multiplet compensator is H{,’M =0.

Let us now work out the component form of Syy;. The bosonic part of such an action takes the

form
1 if
Svmy = —Z/dsxe{vaﬂ'faVM—I—WFVM-i-XinVJM}~ (3.3.10)

This amounts to taking the bosonic SeCtOIE] of the bar projection of egs. (3.2.22)) for a single Abelian

vector multiplet:

Hiylbosonic = 2WX" (3.3.11a)

>Here and in what follows, whenever we only explicitly present the bosonic sectors, any supercovariant field strength
(which contains fermionic terms) can also be replaced with its purely bosonic analogue, e.g., H* with h,, F,; with f,; and
so0 on, as this will only modify the suppressed fermionic terms.
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FVM|bosonic = Xinij - fabfab + 4WVaVaW + Z(VaW)VaW
39

—6W WL, — : ZWWPW,, — 16W2D , (3.3.11b)
1 e 3
g{aVM|bosonic = _Egabcdefb fd =+ 4Vb (Wfba + EWsza) ) (331 IC)

and plugging (3.3.11)) back into (3.3.10). This procedure results in

3. . 1
SVM — /dsxe{ VaW)VaW—WZVaVaw—ZWXUXij“f‘ggabcdevafbcfde
b 9 2 ab 39 3 ab 3
+= Wf Jav +4W W o +32W W*W,p, +4W>D (3.3.12)

The expression (3.3.12]) can be written in terms of the degauged covariant derivative D, as defined
n (2.2.32). The term “degauging” refers to the process of reducing part of the local symmetry of the
theory. To obtain the supergravity action from a superconformal invariant action, one must degauge
the superconformal covariant derivative down to the Poincaré covariant derivative. Throughout the
main body of this paper, whenever the degauging procedure is applied, we effectively replace the

superconformal vector covariant derivative V, using the following relation
Vo=Dy—fLKp (3.3.13)

focusing only on the bosonic part. For now, the dilatation and R-symmetry components remain gauged
but can be degauged separately if required. For results including fermionic terms, we refer to the

supplementary file of our paper [1]. As such, we have that
1
ViV W =DYD,W + gWﬂl . (3.3.14)
After performing integration by parts, one then arrives at

1 3 3 . 1
Svy = /d5xe { — gW3SR + EW(D“W)%,W - ZWX”XU + §8abcdevafbcfde

3 9 39
+5W P fup+ szwabfab + 3—2W3W“bWab + 4W3D} . (3.3.15)

Upon gauge fixing dilatation by imposing W = 1, the first term gives a scalar curvature term, R.
The gauge fixing W = 1 can be achieved by requiring W # 0 meaning that the vector multiplet is a

conformal compensator.

3.3.3 Linear multiplet compensator

Within the BF action principle (3.3.2a)), the dynamical part of the linear multiplet action is described
by a vector multiplet built out of the linear multiplet. We denote by W the composite vector multiplet
field strength:

Gy 1
W= 16GV°"V1(G2> 1FG 1——G,Jg0 0LG (3.3.16)
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/1 ..
G:= EGUGU (3.3.17)

being nowhere vanishing, G # 0. At the component level, the vector multiplet (3.3.16]) was first derived
by Zucker [192] as a 5D analogue of the improved 4D N = 2 tensor multiplet [191]]. The field strength
W obeys the constraints (3.2.1).

The component fields of the above composite vector multiplet in our notation have been worked

with

out in [6], see [192] for the first analysis in components. They consist of the 8 = 0 projection of
— 1va(y))W| and F,, =

W, along with the descendant components of W: )\,i = —iVi,
( ab) %P Vk A )il —WapW| . Their explicit expressions are

i - i i, 3l i ij
+G3 —iFGijgo ._iGijg-( ﬁ+iG~ Bkyy Gij_|_l Biv! 0., :
3 aj " g ocﬁ(Pj 4 kP of 4§D (Pﬁq)a]
_ 3 i
+G 5{—§G1Gk1(pﬁk(p;3(paj}, (3.3.18a)

. 3 j
Xi — G- G’J+64W“”WabG”+2DG”+8X (<p{x)}

+G~

1
2
U anr qij o Yara ki o1 a k(i i)l
HOHGY 4+ 2 HOGHV, G — G (VG V.G

12ij
EFG 16

~4GUGux ™l — Fo gl + WP Glgk gy,
()P ( Tl qo; +8GH0 (Vaol]) opi+ 204 (VaG) g }

3 .

3 i /

+2 2 GHigl) 9% of gp - $Go lollop ‘Pﬁl}

7 15 z] [ ﬁm n
+G~ 32 7570 leGmn(P (pa(P (pﬁ ) (3.3.18b)

1 .
Fg = G 1{ Vi Hy + 5 G,,@ab '+ 4Wabal(Pia}
1 i i\ nJ

+G~ 3{ ~Gyj3y, v,,]Gf—ZGl,(V[aG )Vb]ij+2Glj(F[) P(Viol) o)

_g [ aﬁ(vb} zj)(Pa(Pﬁ}
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+G5{ - %G"iG’ i) (V4 Gr) <p&<pé } . (3.3.18¢)
The action for the linear multiplet compensator may be expressed as
Sp = /d5|8zEQW : (3.3.19)
Varying the prepotential € leads to
5S. = /d58zE SQOW . (3.3.20)

The previous form holds for the first-order variation of a matter system which includes a linear
multiplet with respect to its prepotential Q. In particular, the variation must vanish if 6Q is given
by (3.2.20). This holds provided W satisfies the Bianchi identity (3.2.1b). In general, any dynamical
system involving a linear multiplet possesses a composite vector multiplet W. The EOM for the linear
multiplet is W = 0, and for the linear multiplet action of eq. (3.3.19), this is given by W defined in
(3.3.16).

In components, the linear multiplet action, Sy, is obtained by making use of the component BF

action (3.3.2c), with the fields of the vector multiplet now being composite. That is, we substitute the
expressions (3.3.18)) into (3.3.2c). After degauging (3.3.13)), the bosonic part of Sy, is given by [29]

3 1 3 1 .
5 2 b -1
SL = /d xe{ - ngR—4DG— _8GF — —32W“ WG + ZG (DaG") DGy

1 1 e 1 - .
_g(;*l HAH, + ﬂgab‘d%cde <§G’3(DaG,~k)(®bG MG+ G, G J-) } . (33.21)

3.3.4 Gauged supergravity action

An off-shell formulation for 5D minimal supergravity can be constructed by coupling the standard
Weyl multiplet to two off-shell compensators: vector and linear multiplets [29,90,169-177]. The

complete (gauged) supergravity action, Sgsg, is given by the following two-derivative action [29]:
1 i .
Sesc = Sy +SL+KSpr = /d5|8zE {ZVUH\{M FOW+ KVUG”} (3.3.22a)
1 ii
= /d5|8zE{ZV,~jHVJM—|—QW+ KQW} : (3.3.22b)

The BF action kSgr describes a supersymmetric cosmological term. The k¥ = 0 case corresponds to
Poincaré supergravity, while k # 0 leads to gauged or anti-de Sitter supergravity. In components, it

reads
KSBr = —K/dsxe {WF —|—XijGij +va5{“} + fermions . (3.3.23)

Upon gauge fixing dilatation and superconformal symmetries (dilatation, S and K) and integrating out
the various auxiliary fields, one obtains the on-shell Poincare supergravity action of [[162,|]163]]. The

contributions from the scalar curvature terms in (3.3.13) and (3.3.21)) combine to give the normalised

Einstein-Hilbert term —%iR plus a cosmological constant, see, e.g., [29] for details.
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3.4 Curvature-squared multiplets in components

In [29]], three independent curvature-squared invariants [29}55,/58.63},64]] were defined in super-
space in the standard Weyl multiplet background. The full expressions of all the composite primary
superfields generating these invariants were presented recently in [6]. In this section we describe the
component structure of all these composite primary multiplets (including the fermionic terms which

can be found in the supplementary file [1]]), thus elaborating the results of [6].

3.4.1 Weyl-squared

In superspace, a supersymrnetric completion of a Weyl-squared term can be generated using a

composite linear multiplet H, built out of the super Weyl tensor and its descendants [29]. The

Weyl
appropriate composite linear multiplet is described by the primary superfield

H\i?{;eyl — —EWaﬁina/Syj + EWaﬁXocﬁ ij _ ZXO"'X({; . (3.4.1)

Here H\i,{}eyl satisfies the constraints (3.2.13)), and corresponds to the composite linear multiplet which
was first constructed in components by Hanaki, Ohashi, and Tachikawa in [S55].

With the aid of relations (2.2.74), along with the definition of the Weyl multiplet components
given in (2.2.82] m the components of Hy, ¢ oy are straightforward to compute. They include the 6 =0

projection of H together with the descendant components:

Weyl’
Q%L = IV“H”eyl| (3.4.2a)
FWeyz:EV"‘Va, Weyl| (3.4.2b)
Hieys = 12(F")“ﬁVme Hyge| - (3.4.2¢)

The bosonic part of the descendants (3.4.2)) was given in [55]], while its complete structure including
fermions is given for the first time in this paper and can be found in the supplementary file [1]]. Below

we have omitted the fermionic contributions in the expressions for Fy,; and Hy, eyl

2561

Hio = —3W W, =W, + =2y i (3.4.32)
. 3 3 -
(p&Weyl _ aﬁﬂwﬁ?’ += W upW. Awﬁ?’ __WB szaﬁwﬂ

3 ; . 328 . 3
+ZWO¢[3;L VﬁyW/L —CIDﬁYJWaBW __q)(xﬁ J}(B _EWY Vaﬁng A

.3 .
—8iWP W, 1t — s AVPIWar M — 8iW,, Vo Ty + 8iW, s VPP 1
128i

—TD)(’ — 1204V oWy, + 4 VPP Wop (3.4.3b)
128 2 1 15
Rugt = D"+ 8WPWopD — 20Dy + 1 CCapea + - C“ W Wea
81 . . 33 .
+§W“bWbCW AW 0 — 3WegV VWP — i "W, WEIW,,
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3 3 9
+§V“W“VCWM - Evawcevawce + Eg””’“lewabwcdvf Wer (3.4.3¢)
1 1 . -
Hiyeys = gs“bcdecbc “2C e ey — ge“bcdecbbc U®yeij+ VT (3.4.3d)
where
- 3 3 9
g_(\a;eyl — 8WabD + ECadech + EdeWCdch _ ZWachdeb
9 3
—L—tg”lb“dewcel VW, — Ee“b“’ewce, VW, . (3.4.3¢)
Here the Weyl tensor C4 1s defined through
i 1 1
Cabcd = %(M)abcd = _ZWabcd - EWachd - gna[cnd]bwefwef
1
5 WaeWap = Welals)eWa) - (3.4.4)
We also note the relation
VaVpWea = ‘Dangcd - 2fachd + 4fa[ch]b - 4fafnb[ch]f +ee (3.4.5)
with
o = R+ R + S (346)
ab — 6 ab 48nab EERNE) a — 16 EEENE) <.

and the ellipsis corresponding to omitted fermionic contributions. Having obtained the full component
expressions, the first non-trivial check we have done is to show that the divergence of Hg, eyl vanishes
up to fermions, that is V,JH, eyl = 0. One can show that this holds with the use of the Bianchi identities
on Cypeq and P4, along with the fact that VaVbﬂiC%f,’ oyl = 0 up to fermions as JN{%{,’ eyl is a K-invariant,
SU (2)-singlet, antisymmetric tensor. In addition, we have checked explicitly that all the component
fields described in (3.4.3)) are K-primary.

34.2 Log

As an extension of the higher-derivative chiral invariant in 4D N = 2 supergravity [61], Ref. [29]]
proposed a composite linear superfield which describes a supersymmetric Ricci tensor-squared term.
This primary superfield, Hfé o makes use of the standard Weyl multiplet coupled to the off-shell vector
multiplet compensator. It is given byﬁ

H = —EAU"ZVH logW = iVUJ'V"’)VM logW . (3.4.7)

& 40 1280
Due to the complexity in computing the action of up to eight spinor derivatives on the “log multiplet”,
the component structure of H]’gg has just been studied recently. With the aid of the Cadabra software
[87,88]], the full expression of Hllég in its expanded form in terms of the descendants of W and W5

appeared for the first time in [6]. Its lowest component, Hllgg|, is given by

§ 1 i 2720
Hlég - EWabq)a V- 3 1% X

®Note the overall minus sign difference between the definition of the log W invariant in this paper and the one of [29].
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. 1 o1 .9 . 1 P
+W1{ —6XD+ EFabcp“blf — 50X — aX’JW“bWab + ZW“bWab“(’M,)

+8i(T) Py Vah] - 8i(rﬂ)“ﬁxg"vaxg)}

1 1 1 P
+W2{ SXUOW 4 (VW) VX + ZF“bWab“(’lé) . %/1“0 oAl

anq o gabede i j 3i a inJyoc
VAV — e, BW ALV AL — () BRIV W

~2iDAYAG — 4i(Za) PFU RaAg + 5 218'W“bwab/1 %3
9‘ / i ..
-+ 2516 gabcde (Fa)aﬁ Wchdel&Aé 4 4inJxak)Vak }

1_.. 1 .. 1 ..
+W ‘3{ gX”F“bFab — gxlfx’dxkl — ZX” (VW) VW

—éeabcde(zab)aﬁFdexgvczg’ = %(W)“ﬁFablnglé)
—%(ra)aﬁ/v AIVEF, + %(rﬂ)aﬁxmkv Agi + i(rﬂ)aﬁxwﬁvaaﬁk
;(ra)aﬁﬂ (VX)) 25, + NWDW+1 (VW) A%V,
%(rﬂ)aﬁw AAJVIW + 33;
)XW

i a )
5 (Ea) P (VW) 247725 -
+69—;sab6de(r )P Wi Fae oA —

—4x A AP g — 4%06’%13%5' zak}

abFablai)Lé

+W—4{ - Exa%é; (VW) VW — %(W)“BX"("lé)lﬁkVaW

3i .

i 81 (l—'a)aBFb/ll /léVbW—F ;zFabF )LOCI;LJ 64 abcde(ra)aﬁFchde)L(lxlé

3i 31 ;i 3i
ijykly o

16 16" X A A 35

15

9 o
— S (092 AATV Ay — E(W)“ﬁxgzmugvaxpk
15

5

y b)aﬁXlJFab;Lklﬁk Xle AOCL)L]

(TP AV, A~ o ! (ra)“ﬁzp%ukv Agi

32
9 i 9 dbn Din i
+3—2(zab)aﬁwabaéw>xgzpk + 6—4(zab)°‘ﬁw by.p xgxgxﬁk}

+W—5{ g(ra)“ﬁ AGAPDAE A VW + g(zab)“ﬁwbm%gxgxﬁk

+§X’%°‘ Agc/lfzﬁ,}



3.4. CURVATURE-SQUARED MULTIPLETS IN COMPONENTS 57

+W 6{ i MAPEALA Ay + oA lglﬁ%él,z’/lﬂ} . (3.4.82)

The full expressions of the descendant component fields of Hligg, including the fermionic terms, are
very involved and can be found in the supplementary file [1]. In this subsection, we will only present

the bosonic sectors. The component Fioe = ﬁVZ‘-XV(x jHllgg| takes the form

1 8 368 1.
Fiog = —5W“WCapeq + 3D° +40D + == WhWopD — @Iy
1 39 1005
+2W,,VV, W — 5 ' Va VW EchDW“’ — mW“bWabW“’ch
9 3 33 9
_ZvaWabchbc _ ZvaWbCVbWac + EvaWbCVaWbc + 1_68ab6deWchderWaf

1 . 3 .
+w! { — F VeV W — 3 aVa VW 4 S Fed aOwWed +2W,,VEV F

1 . 1 .
+§chch£1 —4DOW — OOW —4V*WV,D — ZW“bFLdCabcd
: 3
—%Wa‘ HVAVIW 4 gwcdvawvcwad T VW VEWed
9 3 3
+§chvcwvawad — 3—2WCdchDW — EV“FabVCWbC

3 9
+§VancVaWbc + 1_68abcde (ZchFerfWab + WchderFaf> }
75

bed — ﬁwabWabF “F.

1 1
+W—2{ — FF,D— chdDF“[ + ZF”bFCdCa

9 3 3
+ZW“bWchCdFda — EchVaWV“WCd — Echvawvawl

3
—EW‘dFCdDW +2DV*WV W +2VWV,OW + OWOW

1 . 1 .. 1 .
+§VaVbWVaVbW + 3XIJX,']'D + EXZJ 0Xi; + ZVaXlJVaXij

9 3 1

+1Waf »VEWVPW + 6—4WCdWCdV“WVaW — Zvancvanc
1. 9 .. 3

—EX’JF“bCIDabi it g XX WPW,, + ge“”cdewche VIE,
3

_ g Sabcderche VfWaf }

3 3 , .
+W3{ — ZW“bFCdFachd + EW“Z’F“fF,,CF,,d — FCF,VOVPw

‘ : 1.
+F VWV F 4 F VWV, F 4 ZF‘dFCd aow
3 3
+§W“1chvawvaw — EV“anw aOw — VW VWV, V,w

3 .. 3 .. 1
—ZX’JX,- JOW — EX”V"WV,IXi = gs"”“’erJ«;,er F, f}
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3 3 ‘ 3
+W4{ — ﬁF“bla,bF“’ch + gFabF,,CF‘dFda + EFaC s VW VPW
3 3. 3
—§F“’chV“WVdW — Ex’-/x,- JFPF 4 g(V“WVaW)Z

9 .. 3 .
—|—§X”X,- VWV, W+ 3—2X”X,~ XM X, }
+fermions . (3.4.8b)

The initial expression for the top component, J{,, = ﬁ(l““)“ﬁ VaiVe jHllgg|, obtained from the
computer algebra program Cadabra, is quite extensive and contains 261 terms in the bosonic part
alone. For completeness, this expression is given in the supplementary file. However, there are
ample opportunities for simplification by utilising the algebra of commutators (B.2.4), symmetry
properties of the Weyl tensor and the Bianchi identities (2.2.73), (3.2.4). Additionally, many terms in
the expression can be further combined as they exhibit similar structures and are linearly dependent,
see supplementary file [[1].

The ultimate goal is to express H? in terms of total derivatives as much as possible, that is,

log
ﬂ{f’og = Vbﬂtff’é’g + .... The reason is that, once coupled to the vector potential v, in the component BF
action (3.3.2b)), this term will be proportional to Fabff{fé’g upon integration by parts. This task, however,

proves to be challenging, as determining the most suitable combinations of terms to combine into total
derivatives is not obvious beforehand. Despite these difficulties, the expression provided by Cadabra
remains approachable, and progress has been made by manually combining terms to reach a final

expression of the form

1 . 3 .
ftog — Egadeeq)hc qu)deij - gvbcadech
d W, CPA 4V, T fermi 3.4.8
_§W »C cd T VpIog +1ermions (3.4.8¢)
where J:Cﬁf’g 1s antisymmetric and is given by
- 9 3 3
Je, = —4WD+ Zsabcdewcdvf Wer+ Ze“bchchvf Wy — 3—2W“bWCdWCd
9 3 3
_EWaCchwbd _ EcadeWCd + EDWab

3 e 3 e 3 e
—I—W_l { 4FabD + Zgadechfvade + EgadeeFderch + EgadeererFcf
3 abcde f 9 cdef[byyal cyzlb vwd]
+ZS Wer FCd+§8 V Wchng+3V W CV W
+6VIWLVew 43w ow + OFe + ;_;chchFab

1 e 1 abe 3 aba
+W_2{ ZgabcdeFCfoFde 4+ EeahcdchdeFef N gSathechFerfW

3 3 1
+§s“bﬂd€WCdeevf W+ gs‘d"f W, F,  VIIW — EF“bDW
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1 relavbly w o viewy phle 2W“‘bvcwv W +3weleE,  Fbld

1 1
+W 3 { T OFGF VW + SFOVWV W
1 1 ..
+ZF“chchd + FF F 1 XX jFab} : (3.4.8d)

We also note the following useful relations (up to fermions)

VoW = DeDpW —2§ W + ... | (3.4.92)

V. VpX = D,DpXT —4f XU+ ..., (3.4.9b)

VaViFea = DaDpFea—HavFea +HaicFap = 4aMoicFay +--- (3.4.9¢)

V,OW = DDy DW — 2D, (§,°W) 4 2§ DPW + ... | (3.4.9d)
DOW = D DD D*W —2D,D(§,°W) + 4§, D*D*W

+2D%, DPW — 6§,9Dp DPW — 45, W + 12F,°5,°W +...,  (3.4.9¢)

VoVyD = DyDpD—4f D+ ... . (3.4.9f)

It is useful to express the component field J—Cfog in terms of the degauged covariant derivative
D,. Degauging all the covariant derivative V, in but not those implicit in ff{fg’g results in the

following expression:

1 bed i c
g = 122° e i Jq)d@‘l+®bj_clog focK J{log
3 3
—ngC“b“’ch - gW’IDbC"”‘chd . (3.4.10a)

This can equivalently be written as

1

f‘og = 5 abcdecp qu;deU + Db(ﬂ{log + leog) (3.4.10b)
where ﬂ-(f’(f’g is antisymmetric and is explicitly defined as
~ 5 5
Ry = TeRW 4 RUW 4 ZREPW 4 RAFT W, (3.4.100)

In order to derive (3.4.10b), we have made use of the following Riemann tensor properties

cabed . qabed 4 gpclaghld _ gpdlasble (3.4.11a)
DRz = 0. (3.4.11b)
D Rbed —  _pplaghle (3.4.11¢)
D,RP — Lpbg (3.4.11d)

2



60 CHAPTER 3. CURVATURE-SQUARED INVARIANTS

Having obtained the full component expressions, the first non-trivial check we have done is to show

that the divergence of Hj, " vanishes up to fermions, that is V,Hj, .= 0. Unlike the Weyl case, H:Cﬁf’g is

not K-invariant. Therefore,

Tra 1 c Tra
VVpIie, = ~5R(K)ap KFG2,
3
= =V’Cuea (V“WCd Fwlveped _ W’ZFCdV“W> . (3.4.12)

The above identity, along with the following relation

V,V,c%d = (3.4.13)
V[ﬂ’bc]ij =0, (3.4.14)

a
log

descendant components of H,), including fermions.

implies V,H{ = 0. In addition, we have checked explicitly the K-invariance of all the composite

3.4.3 Scalar curvature squared

Following the component field construction of [64], given a composite vector multiplet (3.3.16)
and its corresponding descendants (3.3.18)), one can then use (3.2.22) to construct a composite primary

superfield based on a single composite vector multiplet [29]

Hi

= HI W] = i(va<iW)vQW+%WV“<"va

= —iA%A) +2WXY . (3.4.15)

Its component structure can be compactly described in terms of (3.3.18). They read

HY = 2WXY —ia%ia]) (3.4.16a)
¢ o = iXUdqj—2iF AP+ 16iW2yl — 2iWV AP
APV W — 3iW, s WAPT (3.4.16b)

Fro = XUX;;—FPF+ 4WVOV, W+ 2(VW) (VW) — 2i(V,5APHAY
l

39 : ~
—6WF ,, W — gwabwabwz — 16DW? + 64ix* AL W — 31Waﬁ).°“1? , (3.4.16¢)

1 . .
;2 — _Egabcderche_vb (4WFab+6W“bW2+2i(Zab)aﬁllalﬁl’) ) (3.4.16d)

In addition to egs. (3.2.26), the following identities are useful in which fermiong’|are suppressed at

two or more covariant vector derivatives:

V.V,GY = D,DpG7 —6Gy, , (3.4.17a)
V.Vo,F = D DyF —8Ffy, , (3.4.17b)
VoVHe = DaDpHe —8Hcfup — 2Hpfae + 2MpeHafa (3.4.17¢)

7See the supplementary file [1]] for the results including fermions.
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V,0G7 = DD,D’GY —6D4(},°GY) — 6§, DGV . (3.4.17d)

The composite multiplet will be used in section to describe the supersymmetric comple-
tion of the scalar curvature-squared invariant.

Having obtained the full component expressions, the first non-trivial check we have done is to show
that the divergence of H7%, vanishes up to fermions, that is, V33, = 0. Another consistency check is
the K-invariance for the component fields (3.4.16). Both of these can be shown in a straighforward

way because the composite vector multiplet fields are all primary.

3.5 Curvature-squared actions in a standard Weyl background

Within the superconformal approach, supersymmetric completions of the Weyl tensor squared
and the scalar curvature squared were constructed for the first time, respectively in [55] and [64]
by using component field techniques. The third independent invariant necessary to obtain all the
curvature-squared models in five dimensions includes the Ricci tensor-squared term. In the standard
Weyl multiplet background, this invariant was defined in superspace in [29].

In section [3.4] we have presented the bosonic component structure (and their fermionic counterparts
in the supplementary file [1]]) of all the composite primary linear multiplets generating the three
curvature-squared terms for 5D minimal supergravity based on the standard Weyl multiplet: Weyl,
Ricci tensor, and scalar curvature squared. In this section we will use these multiplets and the BF
action principle to reproduce the results of [55] and [64]. In particular, by exploiting the computer
algebra program Cadabra [87,88]], the full bosonic part of the new “Log invariant” will be presented
for the first time in subsection &

3.5.1 Weyl-squared

The off-shell Weyl-squared action in the standard Weyl multiplet background was first constructed

in [[55]]. In our notation, such an invariant can be constructed using the BF action principle

Sweyl = / &CBLEVHY,,, (3.5.1a)
= / d>xe Lwey » (3.5.1b)
where
LWeyl - <V“J{%V€yl + WFW@)’I +Xin\l7\j/eyl B 21(1)(6 (pl?Weyl

—YAT) P Oy oy W — WS T P Ag Y +1WE(ED) o ufgbjWHééey,) . (3.5.1¢)

Note that the fields of the linear multiplet are composed in terms of the super Weyl tensor and its
descendants. Upon plugging the composite expressions (3.4.3)) into (3.5.1c) and disregarding total

8The Log invariant in the gauged dilaton Weyl basis has been obtained recently in [2]].
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derivatives, the bosonic part of the invariant reads

1 abc 1 abc ij 3 abc
’CWeyl = _gg b deVaCbcfngefg + 88 b devaq)bc Jq)deij - 4FabWabD - ZFabC b dch

3 9 9

— 3 Fab YJWPWAW. 4 8FabW“Cchde + SsabcdeFachfvdWef
3 9 128

+Ze“bcdeFa,,chvf Wy — 1—6We“bcdewa,,wcdvf W,f— TWD2 — 8WWW,,D
2 y 1 3 81

+§W<I>“b”<l>ab,- - 4wcabcdcabcd —~ chabcdwabwcd — ﬁWW‘”’W WW,,
33 3

+E8WW“bWabW“’ W,y + 3WW,yVEV, WP — EWV“W“VCWM
3 . -

+SWVIWEV W +X; WD, (3.5.2)

In obtaining (3.5.2)), we have performed integration by parts on v, dependent terms. It is useful to look

at these terms more closely. Substituting and turning off the fermions, we get

1
/ BxevHyy = / dsxeva{ £ Cy 4 Cyopy — “bcdeq>bclfq>de,,+vbﬂfWey,}, (3.5.3)

with
Trab ab 3 abcd 3 abyyrcd 9 ac db
iHWeyl = 8W¥D+ EC Wea + EW WEW,q — ZW W.aW
9 . 3 .
— Ze“”‘dewc VWS — Ee“”‘d‘eWC VW, . (3.5.4)

Writing the superconformally covariant vector derivative V, in terms of the degauged covariant

derivative D, gives
ng—cWeyl = Db-{f{%\?eyz - beKcﬂiC%eyl -+ gravitini terms . (3.5.5)

One can explicitly check that Kcﬂ oyl = =0and beH Weyl = @bf]{%\, oyl T fermions. Thus,

1 1
/dsxeva-?fi’yeyl /d5xe{ abcdevacbcfgcdefg < abcdevacbbc dee,j-i— 2F b‘{HWeyl} (3.5.6)

Finally, in order to extract the K-connections, which encode the Ricci tensor contributions, we
degauge the action (3.3.6). Making use of (2.2.36) and (3.4.9), and setting W = 1, the bosonic part of
the Weyl-squared Lagrangian reads

1 abcd e abcde

1 N
[JWeyl = Vajzbc :Rdefg + 68 Vo Py qu)deij
3
3_2FabWabWCdch

128
D
3

3 1
—4F,, WD — ZFabﬂ%“dech — ngFabW“b — FRle whle —

9 9 3
o Fas W WeaW ™ + gs“”cdeF sWerDaWe! + 4s“bcdeF sWer D/ We —
2 abii 1
_8WabWabD + gq)abqu)abij . _:Rade:Rabcd + g:Rabjzab . ﬁfRz o giRadeWachd
81

3 3

—3—2W“bWbCW“’Wda +3W,.;DEDWhe — 2fRabWde“d + 1—69%W“bWab
33 . 3 . 3

+ﬁWabWabW°dch - Egawce‘DCWae —|— EDawceﬂaWC,e
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9 N
—EsadeeWachdeWef +XijWabCI)abl] . (3.5.7)

Note that we have also used

1 2 2
Caved = Rabea + gﬂc[a"?h]djz - gnc[a:Rb]d + §nd[ajzb]c : (3.5.8)

The action (3.5.7)), up to a change of notations, coincides with the result of [55].

3.5.2 Log

Making use of the BF action principle, egs. (3.3.2a)) and (3.3.2b)), the primary superfield H{gg can be

used to define the following locally superconformal invariant in a standard Weyl multiplet background

Siog = / B2 EV;H, (3.5.92)
= - /dee (vaﬂ'fﬁ)g +WFgg +Xin1igg + 215 Pr1og
Wil QlogW — 1Yl A HY, + i Z jWH;({g> : (3.5.9b)

As can be seen from the expressions of the descendants of Hllgg given in (3.4.8) and the supplemen-
tary file [I]] for fermionic counterpart, the component form of (3.5.9b) is fairly involved. Let us now
focus on the bosonic sector of (3.5.9b):

Liog = — (Valeaog +WHog +Xi,~H{;{g) : (3.5.10)

The relevant term in the Lagrangian can then be integrated by parts:

1 y . - y
Llog = _Evasadeeq)bc qu)deij - Va‘Db(Hfébg + Hfébg) - WFlog — Xinlgg
1 abcde ij 1 ya agl i j
= Ve bedeqp, 11y, — 5Fa,,(Hk,’; +H{5) — W Fiog — XijHy,. (3.5.11)
Inserting the composite expressions (3.4.8)) and (3.4.10b)) into the above action yields
Liog = Ligg +Llog > (3.5.12a)
where we have defined
3 8 23 |
o = W{ anbcdwabwcd — §D2 40D + §W“bWabD + gcb“b’fcpabi !
3 39 1005
__W VCV Wad _ _W \:‘WCd _WachdW W
2 cd a 16 cd + 2048 ab"Ved
9 3 33
—Zvcwc.dvawad + Zvcwad VW.y— Evavvcd V Wy

9
_ E 861de€ Wab ch VfWef }

1 y 1. 5
‘I'{ . E(c:abcdevacl)bc Uq)deij _ EXZ]Wabq)abij + ZCadeFachd + 2WabFabD
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3 abyyscd 9 ab r-cd 9 abcde f
+aW w Wachd+ZW F Wachd—§8 WapFeaV' Wep

3 9 3
—ggadeeWabechWdé - CdDWCd + 5FCQ,VCVaWad

, 1 ,
—2W,gVEV Fe — EWCdDF‘d +4DOW +4VWV,D

9 9 3
+§W"CW0dVanW — 5chvawvcwad +1¢ VWV wed

9 3 3

~ WeaVWVW o+ ZW AW GOW — 2V Fo VW
3 a-cd 9 abcdexy f

~SVOF IV Weg = S8V (WapWeaFep) +00OW

| 1 , .
+w! { — EX‘JFabcp“’?,- i+ anb‘dFachd +3XYX;;D — F*F,D
9 Lii 75 9
_i_ﬁxl]X”WabWab _ @WﬂbWabFCchd + ZWabWaCFCded
3 3 3
_ geadeeFachfoWde _ ggadeeFachdeWef _ ZgadeeWachdeFef

3 - 3 -
_ ggab()deWathch Fde _ ggadeEWahFchf ng

9 3
+Ee“b“’ewabwche PVIW — > dVaW*VIw

: 3 g 3 .
—3F, VW, VAW + EchV“WVaW‘d + 5chvaWVaF“’

1 yoii 9
—2DVWVW — VXTIV X+ ZWMW"dVCWVdW
3

1
—awcdwcdvawvaw + ZV”‘F“’ V F.; —2V ,WV‘OW

1
—Owaow — Evavbwvavbw}

3 3 1
+W—2{ — §W“bFCdFachd + ZWabF“Cdech — gt»sam’EFach VI Ey,

1 3

— ge“‘m’eE,wa,Vf Fop— 1—68““‘”% rFpcFg VW
1 1 . 3

+§FabecV“V‘W -3 VWV Fed — ZW‘dFCdV“WVaW
3 3

— ZFCdV"WVaF‘d + EVaWV“W OwW + VWVWV,V W

1. y
+ZXZJXZ']‘DW —l—Xl]VaWVaX,‘j}

1 1 1.
+W 3{ — ﬁF“bFCdFachd + gF“bFCdFachd — EX’JX,- JFFy,

1. 1
+§X”X,~ XM X — geadeeFachdFe VW

1 3
+§F“’chV“WVaW + EFQCF“dVCWVd w
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7 . 3
— XX VWV W gvawvawvcwvcw} : (3.5.12b)
5 1 5 1 B
Llog = —3—29%W“”Fab+59%abW“dF”d —3—2RF“”FabW ‘+§J%abF“dedW I (3.5.12¢)

/ . .
Here, Llog emerges from (3.4.10c]) and can be expressed in a superconformal covariant form as

V4X, up to total derivative terms, i.e.,
Llog = VX4 — DXy = —f"Ky X, | (3.5.13)

where, inside the integral, DX, vanishes. Therefore, we are seeking an X, such that —f“beXa

coincides with L{Og, and consequently allows the action to be expressed as:

Liog = L{% + VX, . (3.5.14)

We proceed by writing the most general ansatz for X, that generates the desired curvature terms:

Xyo = x\WpVaF + xoWo o Vi FP + x3F,V WP + x4 Fye VWP + x5 FPV Wy
+xW IV WEF, WP 4 x;W IV W, WP + xgW IV, WFPW,,

+xoW IV o (Fp e FP€) 4+ x10W ~ 1V (Foe FP) | (3.5.15)
and demand that
ab 5 ab 1 ac bd
—fYKp Xy = —3—szW Fab+§fRabn cal
5 1
_3_2RFabFabW*1 _i_ijzabnaCdechW*l ,
K“Llog = 0. (3.5.16)

The second constraint ensures the K-invariance of the Log action. Although these constraints result in
five linearly independent equations, they are insufficient to uniquely fix X,. One interesting choice of

solution that we opted for in this case is

3 3 3
X, = EVa(vvbcﬂ’C)—Evl,(FaCWbC)JrEW YV W)W, Fbe
3 3 3
—EW‘l (VW) F, WP + 1—6W_1Va(FbCFbC) — EW_IV,,(FC,CFI’C) . (3.5.17)

which then leads to the final expression

. 3 3 3
Llog = fgg + Va{ Eva(Wchbc) - Evb(FachC) + EW l(vaW)Wchbc

3 .3 3
—EW’I(VbW)Fach‘ + Evv*lva(za,chﬂ’) — Eleb(EwW)} . (3.5.18)

Note that the resulting component action (3.5.18)) includes, for example, a (OOW) term, which upon

using the degauge identity ((3.4.9), gives rise to a Ricci tensor squared combination.
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Unlike the Weyl-squared case, manually degauging the Log action (3.5.18)) proves to be technically
involved, primarily due to its considerable length. Consequently, we made use of Cadabra to carry
out the degauging procedure and then applied various simplification techniques to refine the initial
expression. These include integration by parts, symmetries of the Riemann tensor, and degauged
Bianchi identities D, =0 ’D[“q);?jc] = 0 (up to fermions). Furthermore, the following identity is

also useful for simplification at final stages
, |
gbedeyy W DI Fy, = —Ee“bcdewa,,wcd@f F. (3.5.19)
Setting W = 1, the bosonic sector of the Log invariant reads

1 y 1 1
Llog - _ Eeadeevaq)bc Uq)deij + Z:Rabcd (Fachd + Wachd) + Z:Rab (4WachC _ 3Wachc)

1 y
———R(24F“ F + 8OW P Fpp + 2TW W, + 128D — 8X"/X;)

256
1 b, 23 00 8 5 1 iiiab b
—gﬂzabﬁa + @R - §D - EXU (Wa q)abij+Fa q)abij)

1 ..
+mX’JX,- J(OW W, — 8F Py +4X M Xy

1 .
+gD (16WFyy, — 8F“ Fyp + 23WW,, + 24X X; )
9 75 9 3 3 )

3
+webped (6—4Wabwcd t+ WaeWha = TogWavFed + { WacFoa = S FapFed + 3 FacFba

1 1005 1 g
_ﬁFabFCd (Fachd — 4Fachd> + MWQbWCdWachd + gq)ab l]q)abij

3
- Esabm (DI Wap) (AW Fye + FoeFge + 3WocWae)

1 abcae
“16¢ bede(DIE, 1) (6WpeFue + FoeFae + 3WpWae)

3 cdmya 3 ac d 1 avyij 1 arbe
—SWDID Wy = SFDDWog = 2 (DX DX,y + 3 (DF*) Doy . (35.20)
Note that the degauged action (3.5.20) contains both the supersymmetric Ricci tensor and Ricci scalar

terms.

3.5.3 Scalar curvature squared

We now construct an action describing the supersymmetric completion of the Ricci scalar squared
in the standard Weyl multiplet. It is obtained by plugging the composite linear multiplet (3.4.16)) into
the following BF action

Spr = / &Sz EVHY, (3.5.21a)
= - / d%e(va}c;gz +W Fga + XijHy — 2% 9L o
V(0o @) oW = 1l (D)o A sHi + iy (5)aP v WHLY ) . (35.21)
The bosonic part of such an action reads

1
SRZ - _ /dsxe ( _ EeabcdeVanCFde _ vavb (4WFab + 6WabW2)
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+WXYX;; — WFF , + 4WWVV, W 4 2W (VW) (V, W)
39 .
—6WWF, W — §WW“”Wabw2 — 16WDW? +2X; jWXU) , (3.5.22a)

which, upon integrating by parts, gives

1 .
S = / dxe <§sabcdev”Fb°Fde + F (2WF  + 3W,, W?)

~WXX;; +WFPF,, — AWWVV,W —2W (V'W)V,W
39 .
+6WWF,, W + gwwabwabwz + 16DWW? — 2X; jWXU) . (3.5.22b)
Here we note that the composite expressions for the vector multiplet are given explicitly in (3.3.16)
and (3.3.18). After degauging and omitting the fermionic terms, the composite vector multiplet now

takes the form

1
W = -FG ', (3.5.23a)
4
g 1 3 3 y .
ij _ —1) “qa ij | > ij | > yyab ij ij
X G {21) D,G +1692G + W WG +2DG }
1 . 1 o] ) .
-3) 2 p2m~ij L qra i = qgpa k(i J)
F>GY j D
+G { e F7GY = e HLGY + G DGy
1 . .
—ZGk,(D“Gk(’)DaG/)Z} , (3.5.23b)
1 3i y
Fop = Gl _D[aj_cb]__Ginabl]
2 8
1 1 . .
+G3{ 7GiiHaDey G — 1 Gii (D,G™*) Dy ka} . (3.5.23¢)

Inserting the above expressions into (3.5.22b) and imposing the gauge fixing condition W = 1 leads to
the supersymmetric extension of the Ricci scalar squared action [64]].

Let us point out that while the component actions presented in this section do not include fermionic
terms, we can, in principle, construct the complete actions for all the three invariants, using the
composite expressions given in the supplementary file [[1]. In the remainder of this paper, we will

require some of these fermionic terms to derive multiplet of EOMs.

3.6 Derivation of superconformal equations of motion

The goal of this section is to obtain superconformal primary equations of motion in superspace
that describe minimal 5D gauged supergravity based on a standard Weyl multiplet and deformed by an

arbitrary combination of the three curvature-squared invariants described by the action
SHD = Sg56 + A Swey + B Stog +VSg2 (3.6.1)

where the three independent curvature-squared invariants are described by eqgs. (3.5.1), (3.5.9), and
(3.5.21b). The results in this section were first presented in [6] but with no derivation.
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In principle, one can obtain these equations of motion by varying the superspace action (3.6.1))
with respect to the superfield prepotentials of the standard Weyl multiplet (L[), the vector multiplet
compensator (V;;), and the linear multiplet compensator (£2). These variations lead to the supercurrent
superfield g, the linear multiplet of the EOM of V;;, and the vector multiplet of the EOM of Q,
respectively. The result would be manifestly covariant, as is well known from the very well developed
results for theories with four supercharges, see [35/[36]. Alternatively, we can reduce (3.6.1)) to
components and vary it with respect to the highest dimension independent component fields (D, X;;,
and F) of the corresponding multiplets. Because the prepotential formulation of the five-dimensional
standard Weyl multiplet in superspace has not been developed to date, we will use mostly a component
approach, in particular to obtain J. We also stress that we are interested in obtaining the full equations
of motions, including all the potential fermionic terms.

It is worth pointing out that in superspace the equations of motion derived by varying prepotentials
would be manifestly covariant. Hence, one expects the same to be true once the superspace results are
reduced to component fields. However, in the component approach of finding the EOMs, the component
action computed from (3.6.1)) includes thousands of terms when fermions are considered, and it is not
manifestly covariant due to the presence of naked gravitini and Chern-Simons terms. Although the
action lacks manifest covariance, it has recently been explicitly demonstrated in components that for
any supergravity theory, there exist covariant equations of motion that are equivalent to the regular
field equations [[193,/194]]. These covariant equations are obtained by covariantising the regular field
equations, resulting in a multiplet of field equations [[193,(194].

Adopting this approach, in this section we derive the covariant field equations for the Weyl
multiplet, linear multiplet, and vector multiplet for the minimal 5D gauged supergravity deformed by
an arbitrary combination of the three curvature-squared invariants described by the action Syp. The
above argument suggests that to obtain these equations of motion, it is sufficient to initially vary the
gravitini-independent part (or by setting gravitini to zero), in a degauged action, to derive the regular

field equations. Hence, we begin with
Spr = — / dsxe<va9{“ +WF +X;,GH + 2/1“k<pak> : (3.6.2)

which, by suitably choosing primary composite linear or vector multiplets (e.g., eqs. (3.3.18)), (3.4.3),
and (3.4.8)), becomes the building block in finding EOMs for various two- and four-derivative
invariants. Subsequently, we vary the degauged action with respect to the highest dimension auxiliary
fields D, X;;, and F to derive the regular field equations for Weyl, vector, and linear multiplets,
respectively. To obtain covariant EOMs, we then appropriately replace the degauged derivative to the
conformal covariant derivative and translate component fields into superfields. This uplifting process
effectively eliminates the curvature terms present in the degauged EOMs. The resulting covariant
EOMs then describe the primary fields, i.e., the top components of the multiplets of the equations
of motion that arise from the variation of the full superfields. It is then straightforward to reinterpret
them as the locally superconformal multiplet of field equations. Once this result is obtained, it is

then possible to systematically produce the entire multiplet of equations of motion by the successive
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action of superspace spinor derivatives (equivalently Q-supersymmetry transformations) on the primary
EOMs. Once again, it is important to emphasise that in our analysis, we can carefully disregard the
influence of gravitini in both the degauging process and the subsequent transformation of regular
EOMs into superconformally covariant EOMs. We then run several consistency checks to ensure the

results are correct.

3.6.1 Two-derivative EOMs

The on-shell structure of the two-derivative gauged supergravity action, Sgsi, has been discussed
in [29]. Recall that

Sesc = Svm+SL+KkSpr = / B E {%Vi JHY + QW + kV;,GY } (3.6.3a)
= / d5|8zE{;l\/in<,Jh+QW+ kQW | . (3.6.3b)
Also, the BF action is
Spr = —/dsxe(vaﬂ-(“ FWF 4 XG4 20 % gy
Y (TP OhW — iy (T)oP A5G + iy (2) o wip ,-WG”’) . (3.64)

Here we elaborate more on the derivation of the EOMs using the component form of Sgs5. While only
the bosonic part of the component actions (3.3.13), (3.3.21)), and for the gauged supergravity
are provided, it is possible to derive the full expressions including fermionic terms, by directly
examining the composite fields (3.2.22)) and (3.3.18) from which the action is derived.

Standard Weyl multiplet

The conformal supergravity equation of motion is obtained by varying the superspace form of Sy5c
with respect to the standard Weyl multiplet prepotential superfield 4l or equivalently the component
form of Sg5c with respect to the auxiliary field D. To derive the equation of motion for the Weyl
multiplet from the component action, the D-dependencies arise from the composite fields and
(3.3.18b). Consequently, the equation of motion can be expressed as follows (note that no fermions
are involved):
ij
0=Jgy = 4W*-G). (3.6.5)

Note that here and in what follows, we have neglected the gravitini-dependent terms throughout
because of the argument given in the beginning of this section. It can be proven explicitly that their
contribution either cancels out or adds up to make some of the fields in the equations of motion

manifestly superconformally covariant.

Vector multiplet
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For the two-derivative gauged supergravity action (3.3.22a)), the EOM for the vector multiplet was
given in [29]. In superspace, it was obtained by varying Sy with respect to the Mezincescu’s

superfield prepotential V;;. An arbitrary variation of V;; leads to
0Ses6 = OSvm +KOSpr
= 3 / P1BE [av,- iH, VijéH(}M] + K / &B2E8V;;GY . (3.6.6)

Making use of the relation (3.3.8), and various integration by parts of spinor covariant derivatives | the
total variation of Sy5: induced by an arbitrary variation of the vector multiplet prepotential V;; is given
by

3 - y
8Ses6 = 1 / &B2E 8ViHY,, + x / &R E8V;GY (3.6.7)
and, hence,
Bws6 o = 3piwGi=0 (3.6.8)
8V;; 4vM ‘ o

To obtain the EOM for the vector multiplet from the component action, we begin by taking the
variation of the component gauged supergravity action with respect to the auxiliary field X’/. Upon
examining the composite fields (3.2.22) and (3.3.18) for their dependence on X'/, the resulting EOM

can be expressed as follows:

1 8Fyy 1 ;i 1 SH&. 1. ., 80uvu -
0 = —— W ——HY — —Xjy—M ok Z T8 Gl
4" SXU 4 VMT g tMTsxi Tt Texiu KU
3 iy
= 0 = —ZHV]M—KG”, (3.6.9)

where we have neglected the gravitini-dependent terms in our analysis. This, as expected, corresponds
to the lowest component of the superfield EOM (3.6.8)). Note the relative sign difference between the
superspace equation (3.6.8)) and the component equation (3.6.9). This relative sign arises when consid-
ering the variation of the action with respect to either the superfield prepotential or its corresponding
auxiliary field. A similar relative sign difference between the superspace and component EOMs will

also exist for other EOMs.

Linear multiplet

Lastly, we consider the EOM for the linear multiplet compensator. In the superspace approach, this
can be done by varying with respect to the superfield prepotential €2; hence, at the two-derivative level,
from (3.3.22b) we find that

W+kW=0. (3.6.10)

From the component action side, the linear multiplet EOM is obtained by varying the action with
respect to auxiliary field F. As no composite fields in (3.2.22)) and (3.3.18)) have dependence on F, the

9See comments in [29], and also the recent reviews [39,40], for subtleties in performing (5D) conformal superspace
integration by parts.
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EOM is given by:
0 =—W—xW, (3.6.11)

where we have neglected the gravitini dependent terms in our analysis for the EOM.

3.6.2 Four-derivative: Standard Weyl multiplet EOMs

We now proceed in examining the D-dependent terms in each curvature-squared invariant.

Weyl-squared

As can be seen from the explicit expressions (3.4.3)), each of the descendant components of the

composite H\i{,' eyl CAITY D-dependence. Suppressing the explicit gravitini terms, the D-dependent terms
of the Weyl-squared Lagrangian are

Cwatn = = (VP eyt + W Fves — 24 Pyer (3.6.12)
ab 128 2 ab a 128
—  8u,D,(DW )—W( D+ 8W WabD> oA (—Tlpg@ (3.6.12b)
128 |
= —WD? —8WWW,,D —8v,D, (DW“b> _ Tilﬁ‘ XD (3.6.12¢)

Upon integrating by parts, an arbitrary variation of D leads to the following EOM

d 256
5o Wl =—"-WD— SWW W,y — AF W, + 0 A“’xm =0. (3.6.13)
We can uplift the above EOM to superspace [193,|194]], by promoting every component field to
superfield. This amounts to replacing D — — 128Y and Yo — 321Xa, while all other fields should now

be understood as superfields. The covariant superconformal primary EOM is then

3 3 3
0=Jwos = —— WY+ —WW»W_, + —F, W% — —AO‘X‘ 3.6.14
Weyl 64 + 16 ab T 32 ab 167 ( )

Note the extra factor of — 128 in the above equation. This arises when we replace D with Y on the
left-hand side of (3.6.13]).

Log

Next, we examine the Log invariant and explicitly write out the D-dependent contributions.
Suppressing the gravitini terms, upon substituting the composite fields (3.4.8) (of which their explicit
fermionic dependence given in subsection 2.2 of the supplementary file [1]) into the BF Lagrangian

(3.6.2)), the relevant D-dependent terms are given by

Llog,D - _vaj_flaog - WFiog X Hl]

log +22‘ia(p(ix log » (3.6.15)

— 21,D, <2W“bD —2W T FeD W2 (590) B A A iD)

8 23
—W{§D2 3 “WOW,,D — W 2 FF D + 3W 2X VX, ;D
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—4iW (D) P AL (DaAg;)D — 4W ' DDD W + 2W 2D(DW) D, W
+20W 3 (ZP) P AL gD + 4iW X UAT Ag ;D
3

—EW—“A"”Ag;Af Ag;D— AW~ (D,W)DD +4D*D,D + %RD}

—X; j{ —6W XD —2iw 2 “%({;D}

mf‘{ — SHD +4(T) W (DPAPI)D — 22 F APID

+21W 2X Y AgiD + 2i(T) s AP/ D (W' D) —W—ngxﬁ,p} . (3.6.16)

Upon integrating by parts, an arbitrary variation of D leads to the following EOM:

oL 16 23 1
= —alODg’D = —?WD + ?WabWabW - 4‘:Da‘DaW - EIRW + 2FabWab -

—FE, W 43X X W — 4i(T) P W IAL DA,
—2WH(DW)DW +i(Z) P F Al AgW 2

161 .

0
3

y 1o ainBai
F2AX A A jW 2 + 5’10”%-/3 RalgiW ™ . G.6.17)

We can uplift this EOM to superspace to get the covariant superconformal primary EOM

3 69 3.3 g |
“1028"Y  gaa"W W W 35 VaV W = G Fa W — 5 X
3 I o
T 1ggFFaW ! = X XW T 4+ ()W AoVl
3 3i |
+aW_1(VaW>VaW — ﬁ(zab)aﬁFabl(lxiﬁiW_z
3i
64

where, in the uplifting process the curvature term has been incorporated into the degauged d’ Alembertian

O:Jlog =

. B 3w . B
XU R W = 5o A 2dag W (3.6.18)

operator making it superconformal, i.e., D*D,W — V4V, W . All the fields should now be understood

as superfields. Note the additional factor of —% in the above equation as a result of replacing D with

Y on the left-hand side of (3.6.17).

Scalar curvature squared

As shown in subsection [3.3.3] the scalar curvature-squared action can be expressed more compactly
in terms of the composite vector multiplet fields (3.3.18)). From (3.3.18)) we also see that only X;; has
a D-dependent term, S%Xij =2G~1GY. As such, to derive the EOM for D, the relevant terms in the
Lagrangian are given by

Lop = —valh —WFp —XjH + 2250 4
= —WXYX;;+ 16WDW? —2X;; WX +-2i1%X" A . (3.6.19)

In the above we have neglected the gravitini-dependent terms due to a similar reasoning as in the
previous subsections. An arbitrary variation with respect to D leads to the following EOM:
dL R2.D
0="p

= 16WW2 4G~ (WGX;j + X, WG —i28GTAq;) . (3.620)
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We can uplift this EOM to superspace. Once again recall the overall factor of —1378 as we replace D
with Y on the left-hand side of (3.6.20). The covariant superconformal primary EOM for Y then reads

3 3 ’ y y
0=Jp = —SWW 4G (WGXyj+GIXyW ~iG A Ag;) . (3.621)

3.6.3 Four-derivative: Vector multiplet EOMs

In the Weyl-squared case, the composite primary superfield (3.4.1))

N ' . .3 N TR
o 1= =W Wop, 4+ SW X = ZX X (3.6.22)

and subsequently its descendants (3.4.3) are constructed solely out of the Weyl multiplet. Therefore,

SSWeyl . ij

85 ’
Vol _ mil = —Hy,, (3.6.23)

§vy — Wel” 85X

and then the component equation of motion is simply given by
ijo
—Hy =0 (3.6.24)
Similar arguments hold for the scalar curvature-squared invariant. Here the generating primary
superfield H Ilejz is given by

HY = —iA%A% +2WXY | (3.6.25)
and subsequently its descendants (3.3.18]) are constructed solely out of the linear multiplet. This again

implies that

= =—H 3.6.26
5‘/; R2 5le R2 ( )

and then the component equation of motion is simply
~H,=0. (3.6.27)

As for the Log invariant, it requires more explanations on the variation of the primary superfield

Hfg o with respect to the V; prepotential. For this we recall that
3i .
W= —Rl)vijAlf“vk, . DVyj=-2Vi;, SIVj=0. (3.6.28)
while
HI = _ LAl logw (3.6.29)
log 20 k1108 . .0.

The BF action can then be written as

Siog = / & EVH (3.6.30)
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If we vary with respect to Vj; the above we obtain

§S1og = / &2 { 3VH, +ViiSH, (3.6.31)
and then
8Siog = / dBE {5V,- JHY, 4 Vij [ - %Aiiklvklw—lsw} } . (3.6.32)
After integration by parts of the last term, it follows
8S10g = / 4B E {5Vl~ JH+ aw} — / 4B E {avi jH{gg} . (3.6.33)

Here we have used the fact that the full conformal superspace integral of a vector multiplet is (expected
to be) zero as a total derivative. This is clearly true in flat superspace. Moreover, we know the
same holds for a tensor multiplet in 6D N = (1,0) and a vector multiplet in 4D N = 2 conformal
superspace [311,32,195]], and we expect the same in 5SD. We can prove it by using the A-action principle
in 5D conformal superspace, a result that we plan to present elsewhere.

To obtain the EOM from the component action, we begin by taking the variation of the Log
supergravity action with respect to the auxiliary field X”/. As can be seen from the explicit expressions
(3.4.8), each of the descendant components of the composite Hllgg carry X/ dependence. The resulting
EOM is given by:

. OHY SF SHHM S
ij log log log ak © Poklog
_Hlog — Vg sxi "V sxi — Xu SXi —-2A TSXU =0. (3.6.34)

Next, we will demonstrate that the bosonic contribution arising from the X/ dependencies found in

HY

log and its descendants does indeed sum up to zero within the EOM, i.e.,

ki
v Sj{flog . 5Flog . 6Hlog
Y GRS TR O

(3.6.35)

(at least explicitly up to fermions) vanishes. We expect that this will hold even when we extend our
analysis to include fermionic terms. This aligns with the expectations derived from the superspace
argument that the full superspace integral of a vector multiplet is zero as a total derivative. To see it

explicitly, note that

SH!

X Xl"Jg = —11—6W131X1~,- —6W'X;;D — %D“@a(wlx,-j) = %Wlxijwabwab
—I—%Xi W2DYD, (W) — %% (W=2X;;(DW)) + %Xi W3FPE,
—%X,- XM x,W 3 — %Xi W3 (DW)DW (3.6.362)
% = 11—6W_131X,~j +6W X, ;D + %W‘lﬂ"DQXij + %@“Da(W—lx,-j)
—%D“(W‘lﬂaxi ) — %W_IF“”QJQI,,- i+ 69—4W_1Xl~ TWW,,
3 3

3
—5X W 2DAD (W) — EW’ZD“WDC,X,- i+ EDQ(W*% iDW)
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3 9 3
—gW’3X,- JFOF,, + ZW’3XZ~ iDWD,W gW*3X,- XMX, (3.6.36b)
O 1
- b -3 b
V“5Ti(;g VJD[,(W ch)a ij+§W XijFa ) ,
1 1
= EW_IFabCID‘lbij + ZW_3X,-jFabFab +total derivative . (3.6.36¢)

Substituting the above expressions in (3.6.35) all terms cancel out implying that it holds

a ki
Sﬁlog . W5Flog _X 6Hlog 0.

— — = = = 3.6.37
VS xii sxii M sl ( )
The vector multiplet EOM for the Log-invariant then reads
~H! =0. (3.6.38)

log

3.6.4 Four-derivative: Linear multiplet EOMs

Both the Weyl-squared and Log component actions do not have F-dependent terms, so we only

have to vary the scalar curvature-squared action (3.5.21b]). The relevant terms are given by

Lpop = — <Vaj{?32 + W Fpa + Xy HE, — 2),l~0‘(pfo2> . (3.6.39)
After substituting H;é, (p("x 2 Fre, and 33, according to (3.4.16) and performing integration by parts,
we find that

y 1
Lppp = F%(2WFq,+3W,,W?) — WXYX;; — 4AWWDD,W — E:RWW2
3

—2W(DW)D,W + 6WWF,,, W + gwwabwabw2 + 16DWW?

—2X; ;WX +i(Z) P Fpdigdp; — 2iW (DaP Ag)A T +64W y * A oW

—|—3iWWaﬁlaillﬁ + iXijlaiA.é

+28 (iXT Ay~ 2iF g AP 4 1617, W2 — 2iWD g AP (D W)AP!

3l WAP) (3.6.39b)

Since the above is expressed in terms of the composite vector multiplet fields, we make use of (3.3.18)

to work out the F-dependence. Specifically,

) 1

7V = ZG’I, (3.6.40a)
5 . i .

st = —%G_3G”(paj7 (3.6.40D)
O xii = _Loapgi —iG—3<p0“'<p j+£G_5Giijl(p“(p (3.6.40c)
SF 8 8 * 16 % val - "

Varying Ly  with respect to F yields
1. 1
0 = —G! EX”X,-j—EF“bFab+WD“DaW+WD“DaW+(D“W)DaW
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1 3 39
+ 7 RWW — SDWW — 2W‘”’( FpW+Fy,W) — EW“I’Wabww
i

—l—ilai@aﬁlﬁi—l—%lmDaﬁlﬁi— 16ixai(Wlai+Wlai> — %Waﬁl&lﬁi
3 1 af af 1 i af af
1 .. 1 ..
—EG”(pai(F“ﬁlﬁj+F“ﬁ7Lﬁj) — ZGUF(WXU‘—FWXU)
—ZG”W(Xﬁ Poi (W)Lﬁj‘f‘WAvﬁj) -+ iFGll}LiaA'aj —|—8Gl’jxal(p(]xWW
1 o . i
+—Gijfpal(X]ka'ock+Xjk7Lak)_Z(qu)éc(xijw‘f‘xijw) <P ‘0 A,
3i
—G‘S{ SIG’kal(pk Qo (X W+ X)W — Aﬁaﬁ])} . (3.6.41)

After covariantising the previous result, one obtains the following superconformal primary EOM [6]]:

0=—Wp, (3.6.42)
with
1. 1
We = G—llEX’/Xij—EF“bFab+WDW+WDW+(V“W)VaW
3 3w 39 .
Y WW—Sw (FabW+FabW)—1—6W W, WW

1, . 1aaqi 3 ai i
+5 AVl A+ S ANV oP A+ DX U (Wi + W hai) EW“ﬁl Api
1 . 1 .
+G3 { ZGU(pB,-(/la VOPW 4+ Ao ;VEPW) + EG’Jqoﬁ,-(WV“Bla WY a,))
1

. 1.
~5G"9ai(F*PAg;+ FP A ) — 2 GUF (WX + WX;j)

3 .. i hy 3i o
—ZG’JW‘w 0oi(Wagj+WAg;) + iFG’%f‘la i+ ZIG,- XY oy WW

1 o . 1 . i .
G0 (X Aok + X Aak) — 70 02 (Xi W + X)W — iaPAg))

5[ 31y .
+G 5[§G1le(p,f‘(pal (Xijw+xijW—1xiﬁ;Lﬁ J)} . (3.6.43)

3.6.5 Consistency checks

This subsection is devoted to the various consistency checks that have been performed on the
vector, linear, and Weyl multiplet EOMs. As we will comment more in detail soon, and as expected,
these EOMs are primary superfields. Furthermore, it has been checked that the vector multiplet EOMs
satisfy the linear multiplet constraint (3.2.13), while the linear multiplet EOM adheres to the vector
multiplet constraint (3.2.T)). The Weyl multiplet EOM is found to satisfy the conformal supercurrent
conservation equation [181]], which we will elaborate further.

The vector multiplet EOM for the higher-derivative action Syp is

3 iy
0= ZH{,/M + kG" + aH\’,{,eyl +BH, +

Y (3.6.44)
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Here the first two terms correspond to the EOM for the vector multiplet in the two-derivative super-
gravity theory Sg5c while the remaining three terms describe the contribution coming from the three
independent curvature-squared invariants. It is clear that, as expected, the right-hand side of (3.6.44) is
a primary superfield satisfying the linear multiplet constraint (3.2.13).

Next, the resulting linear multiplet EOM in the higher-derivative action Syp reads

0=W+H+ kW +yWg . (3.6.45)

It is possible to check from the explicit form (3.6.43) that Wy, is primary, Si,Wg> = 0. Here we have
made use of the relations (3.2.5]) and (3.2.17) as well as the analogous identities for the bold superfields

Sl’aag = 2iggpe W , (3.6.46a)

S&Fﬁy = 480{([32'7/)17 (3.6.46b)

SExK = _2igilipk) (3.6.46¢)
SLVETA), = SiegpX' +2i€"F o5 —ie 'V g W, (3.6.46d)

. 9 . .

SaOW = —WopAl' +2V,52 7. (3.6.46e)

Alternatively, it is useful to note that Wy can be expressed as

i

Wie = 35GVi SR (3.6.47a)
where
. B T
RY = G2 (6,;5,1 —~ 2—G2G’1le) " (3.6.47b)
and
/
" =2WXM L oWxK 229 (3.6.47¢)

This remarkably simple form of (3.6.47) guarantees that the right-hand side of eq. (3.6.45)), and
in particular (3.6.43), is a primary superfield satisfying the vector multiplet constraints (3.2.1)), as
expected.

Finally, the Weyl multiplet EOM for the higher-derivative action is

0 = J=Jea+aIwey +Bog + Vg2 (3.6.48a)
with
3 3
Jen = 35(G-W), (3.6.48b)
_ 3 3 ab 3 ab 3 Aa i 4
eyt = = WY+ S WWEWop + S Fp W — 147X, (3.6.48¢)
3 69 3 3 3 :
Jiog = ——— WY — —WPW, W+ —0OW — —F,,W® - _—_1%x/
log 1024 1024 W+ 35 64" 256 7 @

3 b —1 9 ij —1 3i —119i
g P FapW ! — o XX W +§(F“)°‘ﬁW ALV ag,
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3i 3i

3 . )
+6_4W_] (VIW)V W — l—zg(zab)aBFab%lﬁiW_z - 6—4X”/1,~a/lajW‘2
_22_6’1%‘%&%“’3 ) (3.6.48d)

3 3 y ) )
o = —WW G <WG”X,~ i+ GUX; W —iGUA% A g j> : (3.6.48¢)

Here Jgy is the EOM from the two-derivative gauged supergravity action, Sgsg, which does not have
any contribution from the cosmological constant term x.

Let us comment on the Weyl multiplet EOM (3.6.48). As previously explained in [6,29]], the 5D
Weyl multiplet may be described by a single unconstrained real prepotential L, in complete analogy
with the case of 4D N = 2 supergravity [196]. Given a system of matter superfields ¢’, a Noether

coupling between l and the matter supercurrent J can be constructed

Sle'] = /d5|8zEu3 = /dee (DJ+~--> : (3.6.49)
where J = J|. The Weyl multiplet EOM (3.6.48)) is obtained by varying the supergravity action with
respect to Ll

5S[¢']
——=7=0. 3.6.50
5l d ( )

In five dimensions, the N = 1 and N = 2 supercurrent multiplets were introduced by Howe and
Lindstrom [181], see also [[164]. The conformal supercurrent, J, is a dimension-3 primary real scalar

superfield which satisfies the conservation equation [197]
Vig=o0, (3.6.51)

provided the dynamical matter superfields obey their EOMs, 8S[¢']/8¢’ = 0. Hence, we shall prove
that the expression J in (3.6.48) satisfies the conservation constraint (3.6.51). It has been shown
in [29] that this constraint holds for Jgg. For each invariant, it has indeed been verified in [6] that the
corresponding J is a primary superfield of dimension 3. Furthermore, a very non-trivial consistency

check of (3.6.48b)—(3.6.48¢) is to verify that V//J = 0, provided the vector and linear multiplets

equations of motion of eqgs. (3.6.44) and (3.6.43)), respectively, are imposed. Using Cadabra an explicit

calculation shows that, off-shell, it holds

iy 3i y

Vidwer = TWH,, (3.6.52a)
N 3

Vihog = TWH,. (3.6.52b)
N 3i 3

Vij, = ZIWH;Q—ZIG’JWRz. (3.6.52¢)

The right-hand sides of (3.6.52) are all proportional to the composite vector and linear multiplets

appearing in (3.6.44)) and (3.6.45). Consequently, the supercurrent conservation equation (3.6.51) is
satisfied once the EOMs for the compensators are used.
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3.7 EOM descendants

In section [3.6] we derived the manifestly covariant superconformal primary superfield equations of
motions (EOMs) for the vector, linear, and Weyl multiplet. In this section, we will find the descendants
of these EOMs, which are obtained by successive applications of superspace spinor derivatives or,
equivalently, successive application of Q-supersymmetry transformations. Computing the descendants
is of importance. It suffices to mention that the EOM resulting from the variaton of the vielbein in
components is at the bottom of the multiplet of EOMs. One advantage of deriving all the EOMs as
descendants of the primary ones is that covariance is manifest at every stage. This fact would be very
non-trivial if one attempted to obtain the EOMs directly by varying the component actions, including
all fermions.

The component structure of the vector multiplet compensator EOM is straightforward to obtain,
as it naturally forms a (composite) linear multiplet. More specifically, in the two-derivative gauge
supergravity Sgsi, the EOM leads to a combination of G/ and H{,j , whose descendants can be
found using (3.2.15)) and (3.2.22). In the four-derivative case, the EOMs in the Weyl-squared, Log,
o> Fiog
corresponding descendants have already been presented in eqs. (3.4.3), (3.4.8)), and (3.4.16).

The component structure of the linear multiplet compensator EOM is straightforward to obtain, as
it naturally forms a (composite) vector multiplet. More specifically, in Sg5i, the EOM leads
to a combination of W and W, whose descendants can be found using (3.2.2)) and (3.3.18)). In the

four-derivative case, since both the Weyl-squared and Log invariants do not have any dependence on

and scalar curvature-squared invariants are described by Hy, and Hy), respectively. Their

the linear multiplet (e.g., there are no F'-dependent terms), the only contribution to the EOM comes
from the scalar curvature-squared invariant which leads to the non-trivial structure Wy, eq. (3.6.43).
We will present its new component structure in subsection [3.7.5]

To our knowledge, the component structure for the Weyl multiplet EOM, specifically the supercur-
rent, was not known before. Hence, it is the subject of the next subsection to derive the independent
components of the supercurrent multiplet and use them to compute its descendants for all two and

four-derivative invariants.

3.7.1 Component structure of the conformal supercurrent

The 5D N = 1 conformal supercurrent is described by a real primary scalar superfield J of

dimension 3, which obeys the conservation equation

Vi =0, (3.7.1a)
where we have deﬁne
1
Vi= EV(,.V j) - (3.7.1b)

10Note that in this section, our Vizj = %Vi ;. We insert the superscript “2” to easily keep track the number of spinor
derivatives acting on J.
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To define the independent components of the conformal supercurrent J, one can systematically act

with spinor derivatives on J. At dim-%, we introduce
JY =V . (3.7.2)

At dim-4, we start by applying two spinor derivatives on J. A generic two-spinor-derivative

combination can be expanded as

: 1 1 1
VaiVp; = igj(T%)opVa— Ee,,-(zab)oc,gvﬁb + Es,wv?j + E(r‘l)(mv2 +1d., (3.7.3)

aij

where [.d. contains terms related to lower-dimensional supercurrent descendants and Weyl multiplet.

Furthermore, the irreducible V?2 operators are defined as

1 1_.
Vzij = EV(iFan) , and ng = EV’ZabVi . (3.7.4)

It follows from the constraint (3.7.1) that the independent descendants at dim-4 are

J2,=V20, J2.=V2.J. (3.7.5)

aij aij
Note that, given the superconformal primary supercurrent J, dim—% and dim-4 descendants prove to be

K-primary.

At dim—%, following the discussion of [[198]], there exist three irreducible V3 operators, specifically

V?xi:{V{Xaszj ; Vgai:{véhvzij}v v, :{Voc(iaV?k)} = zva(iV?k), (3.7.6)

a aijk

where we have omitted writing /.d. and = means that the equality holds only up to /.d. terms. It is
easy to verify that a generic object with three spinor derivatives can be expanded in terms of these
three irreducible V3 operators (3.7.6), since

1 1 1
VVV«VVZ:E{V,V2}+E[V,V2] o 5{V,V2}, (3.7.7)

where the anticommutator can be expanded in (3.7.6)) according to eq. (A.13) of [198]. However, it is
important to note that eq. (A.13) there was given in flat space. When uplifted to curved space, one then
picks up additional contributions to /.d. terms. Furthermore, when acting on J, the following two V3

operators do not lead to independent components as a result of the conservation constraint (3.7.1):

Vol = 2VeiVid =0, (3.7.8a)
Void = {V&Vil =ViVid =V, Vil < Valgi+1d. . (3.7.8b)

Therefore, the only independent component at dim—% is VgalJ . Now, using the fact that

(M)ePVig = Vi, (3.7.9)
this implies that the gamma trace part of VgalJ is a total derivative, i.e.,

(0P V3gid = —ViJ o< —Valy, . (3.7.10)
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Hence, we can subtract the trace by modifying the above as follows
1
V3 il + g(ra)aﬁ (C")p?V3,d - (3.7.11)
Lastly, we modify the descendant to make it K-primary. This amounts to adding a total derivative term

to obtain the dim-% component

1

Jgai = <5562x/+ 5

()P (1) By) (vng - 3ivbJ;,.) . (3.7.12)

Next, we move on to dim-5 descendants. All the independent components at this level will come

from

3 k w2 2wk
VeiVaaid = 2VgiVoVaird +VgilVai Vald

aik>
= (250 V2 V20— (T)pa V2 VAT (3.7.13)
Let us consider the X trace part:
V(B(ivfa\a)]‘)] = (ZCd>ﬁaV3dV§ijJ
= —V’gavﬁ)kvgijj
= _%V]((a{vﬁ)kvvgij}‘]_ %V]fa [Vﬁ)bviij]']
= %V(a(ivil g1 - (3.7.14)

The above equation implies that the X-trace part is a /.d. term and hence, does not give any independent

component. We are only left with the I'-trace part, which is given by:
~ k
V[ﬁjvza]ij >~ —(I)paVeuVail
2
3

12

1
3 ky73
V[ﬁjvaa}ithgeﬁv[ﬁ Vaa}k‘]‘ (3.7.15)

The symmetric part in (ij) of the above equation implies that Vig( ij’l a]l.)J is again a [.d. term, while the

3 .,

antisymmetric part is unfixed. Therefore, the only independent part left of Vg ; V.

J is the following:

3 ~ 2 2 k
VisiVaa! = —T)paViyjw Vag /
1
= () Ba€iiV Vo - (3.7.16)
The independent component is thus V%Ckl VZ) - Once again the 1)-trace part of this component is a

total derivative and can be removed as follows
1
Vi Vil = 5Map V>V (3.7.17)

Lastly, we modify the descendant to make it K-primary. This amounts to adding a total derivative term

to the above descendant to obtain the dim-5 component

1
Jap = (6@6,,) - grlabrlCd> (VA3 ~ 6V V4l ) (3.7.18)
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In summary, we have derived the independent components of the conformal supercurrent multiplet

J. They are defined as follows:

dim-3 J, (3.7.19a)
7
dim-> JY =V, (3.7.19b)
dim-4 In=Vol,  Tn=Vail, (3.7.19¢)
9 1
dim-3 L= (55535 - g(Fa)aﬁ (") By) (vgﬁj - 3iV,,J;,.> : (3.7.19d)
1
dim-5  Jg= (%% - gnabn“’> (VE’dVE,,dJ— 6VCVdJ) . (3.7.19%)

The component fields in the supercurrent multiplet will be defined by using the same names as the
superfields, i.e., J := J|, Jéﬁ = Jé“-|, and so forth. As previously discussed by Howe and Lindstrom
in [[164,/181]], associated to each component of the above current multiplet, we may then identify a
corresponding field in the Weyl multiplet whose variation leads to the various Js in eq. (3.7.19)). This

is summarised in Table [3.3]|below:

| Current multiplet | J | Jg,; | Joy | T2 | Jogi | Jap |
| Fields D] x| W, | Vil | 0 | 8n |

Table 3.3: Current multiplet and the corresponding fields to which they couple via a Noether coupling. With §;,% and
8mn we denote the gamma traceless part of the gravitini and the traceless part of the metric, respectively.

3.7.2 Einstein—Hilbert

In this subsection we derive the EOM descendants of the Weyl multiplet in the two-derivative

gauged supergravity action, Sgs. The descendants of the vector compensator EOM can be readily
obtained from (3.2.13) and (3.2.22)). To compute the descendants of the linear compensator EOM, the

relevant equations are given in (3.2.2) and (3.3.18).
Recall the Weyl multiplet EOM for the action S5 given in subsection [3.6.1}

3
Jen =35 (G- w3 . (3.7.20)

We present here the results for each component descendants of Jgy based on the structures found in

eqs. (3.7.19):

Joign = 33_2Gij¢ch_l — 39—217%5 : (3.7.21a)
Jvkn = %'Fabwz + %iwabw3 - ;—Z(Zab)aﬁ 0L PG — %(Zab)“ﬁ MidgW .,  (3.7.21b)
Jajen = 63—4(Fa)aﬁ ‘PiOC(PJ[-SG_1 + 33—213{54(;1'1'6_1 - %iG_le(ivan)k

+63—4(Fa)°"3 GG ;iG> Py @y — %(Fu)aﬁwli“lf 7 (3.7.21¢c)
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_ 1 1 3 ;
Jowign = G {20 (5b5ﬁ 5 ab)aﬁ) (EvbGij(Pl]g_iGiij(P[]g_:Hb(Piﬁ)
91 e C j
35 (Eatede(E%)aP + 310 (L) ) GiW? <Pfa}

27 1 .

+G~ {801GUG/€1 (3 3[3 5( )ocﬁ) vkal(P[J;
A 2 .

i {16 (50‘ (Ca)?” sgﬁp( a)a )%Miﬁ%}

27 de beq B 27 b <P 1 b
* W{40 <8ab6de(2 )(xﬁ + 3nab(1—‘c>0‘ﬁ) F A‘i - % (6a 6(1 — E(Za )(xﬁ l,-ﬁVbW

189 ‘
+W2{ (eabcde(zde)aﬁ + 3nab(rc>aﬁ> whepP

320
20 (5b5ﬁ - %( )aﬁ> Vbliﬁ} , (3.7.21d)
JoeH = (5(2551) - —naand) X {
G{ 287W ere}
+G_1{ B 126% Ha = 392VCG"J'V‘1GU * %G’chvd@j - %i(r PVa0l o
- 19—; (Z) P Wae 0l 015 }

L 27 9
+G 3{ <1GiiGuVe GIV,GM + + 3517 G,,(Fd)“ﬁq)a(pﬁ

9 o
4G T Y46 clof
271 B ;

27 27 27i
+ W{——F Fpp — =V WV W + 161(

eyof i
4 3 Z:c ) Wdeltalﬁ

271 -
PR )

27 27
2 e
—ZW.°F,+ V.V
+W { > W.Fy. +— 6 dW}
27
+w3 {— Ichwde} ] . (3.7.21e)

Note that, we have proven each to be explicitly K-primary.

3.7.3 Weyl-squared

As previously discussed, the Weyl-squared invariant does not contribute to the linear multiplet

EOM, while the descendants of the vector multiplet EOM have been described earlier in eq. (3.4.3).
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Thus, in this subsection we are mainly focusing on deriving the descendants of the Weyl multiplet
EOM.

In superspace, the Weyl multiplet EOM was presented in subsection [3.6.2] It defines a conformal
supercurrent multiplet

3
—_F W — —AO‘X’ (3.7.22)

3 3
Iyt = — WY +—WWPW,, + — %

Y 16 32

We present here the results for one- and two-derivative descendants of Jy,,; based on the structures
found in egs. . Note that, we have explicitly proven each to be K-primary. In subsection 4.2 of

the supplementary file [[1]], the reader can find the complete expressions of J> along with the

aai,Weyl’
degauged, gauged fixed (W = 1), bosonic part of J%, Weyi- 1t holds that

9
ﬁwwabwabm-

9 9 3
+ﬁ8ab6d6(re)aﬁwwabwcdﬁi_ 3_2(Zac)aﬁWWachbB1+ @F "Wabai

3 3 3
2 €O T) o P Wi — o3 (5°)aP Fi Wongi + o (g PP

3. 3 3.
Joiwes = —@ﬂmz‘a - g(ra)aﬁ WVeXip + ﬁlWabWab;Lia -

)X VW, (3.7.232)

3
. 3 3
() g A VW — =X XG4 —
3. .
aijWeyl = TT1g —i(Ta)qgW dch“(i)Lp
32 @) 32 64

256
. 1. 3.

+El(ra>aﬁwabvbzf + giPai J(Z0)aP AL+ ﬁls“bm(zab)aﬁxf VWey
: (
32 16 16
1 1

2 be gy d b
J lgabcdeF b e,j — EIV (Wq)asz) 64 7)

9 9 3

55 (Ta) WX axh (Fb)oc/sWabX(a/l )t = — Eapcae W (W W
3 3. ‘
1_61W[ Wb]ca(i(rb)aplj)p + mlgabcdewbcwdea(ilg

3. 3.
—al(zab)aﬁEdeefWCdWefa (zlﬁ — ﬁlgabcde (Ede)alefWCfa(i/lf;
3. 3, 3.
— 51V’ (XiWa) - §1<Zab>aﬁvb<k{§‘X§> = 31V Wapa(iA]) (3.7.23b)
5 3. 9 . 1. 9. a3 ed
J bWeyl — —lFabY + —IWWabY + —lq)ah,'jX J— —IWCabch — —ICabch

4 128 128 4 16 16

81 45 9
3—21WWC[aWb]dWCd + ESIWWabWCdch + 161W la Fb]dWCd

9. 3 3.
+§1Wc[aWb]dF - ﬁlFabWCdch + 1618abcdeWe(foFd)c

9. 3. 3
+6_418abcdeFCdeer + 6_418abcdchfvade + 3—21£Cdef[aFCdeWb]e

3 15 3

16186d6f[anF Wb] lecdef[ Fb}CVfW — Elecdef[ Vth]CWde

9. 27, 9
—6—418abcdeWch Ve — 6—418abcdeWWderWCf + 35 i€ede WV (WWy7)

9 : 9 3
—aigabcdewcdwef VW = it F1aWe WVIW — SV Wy

3 3 3 3
WYV Wy = SV Wy = ZiV W Wy = ZiW,( VOV W

9 .
~~1Wap )L(lxXia

3o e B 15
—ZIVLWV Wab - ZIWVLV Wab + iWab aXiaW + 32
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3 coi 9. c 3 c
+16W[ * Wb]cociW"i"ﬁlvV[a Wy * Ay — El( cla) “Pyyed Wb]doalﬁ
3 : c i 3 c 3 c i
+1—1(Ec[a)“BWb]dW kg + £ D PW, 1 Wjacidf +o (zab)aﬂw Wea il
3. o 3. cd i
+a1(zcd)°‘ﬁw Wapaidg + a1()26.d)0‘ﬁwabw 4 aidg
3. c de i 3. C de i
_Eglgabcde (Ff)aﬁW fW ailﬁ + 6_418cdef[a (F )aﬁW Wb]faiﬂ‘ﬁ
3. e 3 cd eqi 3. i
_1_61€abcdella (2 ) BV Xﬁ 618abcdeX (Z )aBV lﬁ - 1_611106 (r[a)aBVb]XB
3

3 cqi 3. i
—Elea(F[ )a‘BVb]).B — —lWab ,-(Fc)aﬁV QLﬁ +3—21W6[aa (Fc)m‘ﬁvb]liﬁ

3. ; 3. -
_3_21Wc[a O”(Fb} )aBVC)Liﬁ T 6_16abcdeWCd * i(zef)OCﬁVf)L[l3

3. .9 39 . -
_ﬁlgcdef[awb] (Zde) BVfQLB — ﬁlSabcdeWCd o Vell 12818abcd67tiaveWCdal

3 3 ,
6 418abcde7L (Z) PV e +—18cdef[a/1ia(2de)|a|ﬁ VIWy g

3_2i7tia (FC)aBV[aWb]Cﬁ l + 3_21/11'06 (F[a)OCBVCWb]Cﬁ i

3. c i
—6—417Li“(rc)al3v Wap' - (3.7.23c)

374 Log

The Log invariant does not contribute to the linear multiplet EOM and the descendants of the
vector multiplet EOM have been described in ( . Our main focus in this subsection is thus to
derive the descendants of the Weyl multiplet EOM.

The Weyl multiplet EOM in superspace was derived in subsection [3.6.2] It takes the following

form
3 69 3 3
Jge = —— WY — —Wow W aw — — W“b——/l“XJ
log 1024 1024 W+ 33 64" b 256"
+iF“bF w! —iX”Xl w3t — (T Pw=IAL VA
128 1287 Y 32 Bi
3 31 cab 2 3 -2
W VW)V W — — 5 )P E A AgiW ™ XA AW
3 L
— 5 (0)°F A w2V W ﬁxauﬁzézﬁ W (3.7.24)

We present here the results for one and two-derivative descendants of Jj,, based on the structures
found in . Note that, we have proven each to be explicitly K-primary. Due to their size, only

the bosonic parts of J2, and ng Jog are provided below. In subsection 4.3 of the supplementary

aij,log
file [1]], the reader can find the complete expressions of J>, aijlog? Jﬁb log® J3 actiJog? along with the degauged,
gauged fixed (W = 1), bosonic part of J%, log- 1t holds:
J]. _ 1174 3 de( a) WbCWdeﬁ'—{—i(Zab) W.€ bﬁ._inWab .
ailog 756 “abcde of T35 oafWa YWeb i 128 "¢ o

81 W bxﬁ 3 v xP
- a. a !
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1 ; 231 3
—i(X, (I)ab,"l]ﬁ — iY A — 'WabWa A —i0A;
* {161( »)ap iy 2048 71T 2048" phio 351 ia
27 beyyrd B 3 B
2048 eabcde(r“)aﬁw w e/l 256 (Fa)aﬁXl- V.W
3. 9
+ﬁleabcde(zab)aﬁ Aig VW 4 Togi€abade (%) WiV,
21 Byb 3 by B
+@1(W)a5&. \% Wab—3—21(F‘”)a5WabV Ai
3 3 3
_ﬁgabcde(ra)aﬁFbCWdeBi_ 128F Wabaz 32 (Zab)aﬁFaCWCbﬁi
15 abB 51 J
-1 3 abcde 27 . By be de
+W o i€ (Zab)aﬁchV )u + 51218abcde(l—‘a)a W™ F )’iﬁ

27 3. 9. j
—ﬁlwabFablia — El(Fa)aﬁXijV“lé + 6—41%#&#3)(&

3. 3.

+E1(Zab)aﬁ Va‘/vvbliﬁ + 6_418abcde (Zab)aﬁliﬁ VCFde

3. Byob 27 3 Jva
—i—il(r‘a)aﬁl V Fab—‘-ﬁl(r‘a)aﬁwﬂlbl V W— ﬁl( ) ), V Xl]

3 Byayb . By
_llzaDW‘*' 16 ( ab)aﬁli Vav W+3_2M‘X(I%)Xé}
W 2{ T i XX = = (Ca)PP hiahipViAS — ZidiaVaW VW
43 3
64
3

a 9 a .
a2 T P Aiahg Ve hip + 522 () WA jaiphs
3

: bepdey B 3 by J
— g abede(T")ap FPF A, +—41(zab)aﬁx,~jpa A

3 3
+1281‘€abcd6(2 ) ﬁFCdﬂ, VeW_al(W)aBFabliﬁvbW

3 arj 3 3. a
27 Ta)a PAPAjpVa)+ 35 XX A+ 3 i(Ta)a Xy ALV W

zab)aﬁwab/lf’/lfx,;}

) .
(CadapAy APV Nip + 2 (Ea) PP W Dia i A

_|_

9
256
(3 . 3 3 . :
+W 3{ 1 p)PPF® oA igAs — 5 Xjthiah! ﬁ/lﬁ+ (Sap)apFAL AL A

3 3 -
XA PAf + a)aﬁxi”/lfx,-;v W}

+W_4{ﬁilia/lﬁj7tflglkp} : (3.7.252)

1, ! L 3
J2 - _glwqu)abij Slq)abljv W+ deeq)dEl]FbC + 171X VbWab

aij,log 32 16

3 b 3. —1ybd 3 Iygb
+E1WabV —|—E1FabW A% Xij+ 161XZJW A% Fab

3 3
X W VaX = S iXi FapW VP - fermions , (3.7.25b)
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3 9 117 3 .
2 i d : . d ed
JabJog = 4 {Elcahcdwc — 2561WabY + ﬁlWach ch — EIW Wc[aWb]d
3. cd 27. cd ef 9. cdyref
+E1Wc[aWb}dW — algabcdew VfW — ﬁlgcdef[awb} Vew
9. 9. 3.
- 6_418abcdeWCfoWde + 3_218cdef [aWCdVeWb}f - EIDWab}

3. 3. L. 3.
+ {ElcabchCd — %lFabY — glq)aleXij + ﬁlFabWCdWCd

3. 21, 9.
——IWachdWCd — EIWC[an]dWCd — EIWc[aWb]dFCd

32
3. 3. 9.
+3—21WachdFCd + Elwc[an}dW“’ — 6—41£abcdeWCdW€f VW
9 . 3. 3, .
— 35 1€cdes1aWs wieviw — E1VCWVCWa,, = VWV Wy
3 9 3
+ZIVCWV[(IWHL — 3—2i8abcdeFCdeWef - Eiscdef[andeWef

3. 3. 9.
— 3—2180bcdeWCfoFde + 1_618Cdef[aWCdVer]f + ngc[aVCVb}W
3. 3. 3.
— Zch[avb] VW — El&‘abcdeWCdeFef + glecdef[aWb}cvdFef
3. 3. 3. 9.
_3_2 SabcdeFCfoWde + Blgcdef[aFCdveWb]f - EIDFab - EIWabDW}

9. 9. 3.
+W 1{ - ngC[an]dFCd — 3—21WachdF“’ — 6—418abcdeFCf VF

3. 9. 9.
+3—218Cdef[aFCdVer]f — algabcdeFCdeFef + ﬁlgcdef[an]CvdFef
9 . cd pef 3 3 c 3 . c
+3—21€abcdeW F VfW - glFabDW —+ glFC[aV Vb]W — Zch[aVb]V W
3. 3. 3.
+E1VCWVCFab — ZIV[aWVCFb]C + ZIVCWV[an}C
3 9
+§ieabcdeVCWVdVeW — giWC[avb]WVCW}

3 3 3
+W2{ — AFpFegF ! — A FyaF ! + —i€apcacF/FIV (W

32 16 32
3. 3.
+E1£cdef[an} cherW + gch[aVb}WVCW
3
—}—EiFabVCWVCW} + fermions . (3.7.25¢)

3.7.5 Scalar curvature squared

In this subsection, we will first describe the descendants of the supercurrent multiplet associated
to the scalar curvature squared Jz2. Unlike the Weyl-squared and Log invariants, the EOM for the
linear multiplet compensator presented in subsection [3.6.4]leads to new nontrivial descendants which
we will compute in subsection The EOM for the vector multiplet compensator gives rise to the

composite linear multiplet superfield H,, whose descendants have been given earlier in eq. (3:4.16).

R
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Standard Weyl multiplet

The Weyl multiplet EOM for the curvature-squared invariant was given in [3.6.2] It defines a

conformal supercurrent multiplet

3 3 ’ ’ )
Je = —gWWZ—i—ﬁG_l(WG”X,-j+G”X,~jW—iG”ll-°‘),aj>
3 y o
- 26 H(GIWXj+ GIXW ~iGA A~ WWF)
3i o
+2 4G SWWG;; 0" ¢p, . (3.7.26)

We present here the results for one and two-derivative descendants of Jz based on the structures found
in egs. (3.7.19). Note that, we have proven each to be explicitly K-primary. Due to their size, only the

bosonic parts of J°, 2 R and J 2b 2 are provided below. In subsection 4.4 of the supplementary file [1]],

the reader can find the complete expressions of J2 R Jazb R Jaa R along with the degauged, gauged
fixed (W = 1), bosonic part of Jab. g2 1t holds that
3 9 27 ;
J11R2 = G { ww ( 16( a)aﬁva(piﬁ + a(zab)aﬁwab%ﬁ - aGtJX({c)
3 3 ik jk
—SiF (Wi +Whia) + 55iGi (x i + X l,a>
3 3 - -
2 (WX +WX;) 9+ ~iGyy(Ta) o (wvea)+wvea))
9. b N 3.(,8 B
+ G (Zap)o W (waj+waj) - i (APa5+4825) 0
3 , . 3 : .
+53iGij(Eap)a? (F“’%i3 +F“bké> ~ G (X,JA’;, +X,~m§)
3
+53iGij(Ta)a ()LJV“WH.J V“W) }

3
W hio W dia) 9P 9 + —iWW 0 )00

. 3 3
+G 3{ 64FGUWW(pa o G (

3 3 .
B _ 2 B J ok
~ MG (T)PWW o) — =G (Ta) o WW VGl g
3 3
_32Glekl (WXkl +WXkl) QDég + 321GUlel ﬁlﬁ(p }
9 .
+G—5{ - iGi GuWW ol o' qof;} : (3.7.272)
3 3.
Jc%z] RZ — G { ng{ (WXij + WXij) - 3_2180 deeGiijche

9. 3,
—351Gi VO (WWW,) + 3l (WXgi+ WXy ;) VaG )"

3 3.
—glGiij (WFap +WEy) — gle(iva (WX i+ WXi) }
3
-|-G_3{ - 3—21HaGiijl (WXkl + WXkl)

3
— Gl (WX + WX'™) Gyi¥,G) "} + fermions (3.7.27b)
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_ 3. 9. 3.
ng,Rz = G! { EIF (WFab + WFab) + ElFWWWab + ngWV[afHH

3 .
+51Pai GIwwG! }

16
+fermions . (3.7.27¢)

+G_3{ TGV WHEV, G — TG WW VGV, GJ"}

Linear multiplet

Recall that the EOM for the auxiliary field F for the curvature-squared invariant was given in
subsection[3.6.4] It leads to the expression Wy, eq. (3.6.43), which defines a composite vector multiplet.
We present here, for the first time, the results for the bosonic parts of the component descendants of
W2 based on the structures defined in eqgs. (3.2.2)). Note that, we have proven the bosons for each to be
explicitly K-primary. Due to their size, the entire component results with fermions of Xlié and F;, g2 as
well as the fermionic descendant A o g2 are given in subsection 4.4 of the corresponding supplementary
file [1]]. It holds: |

X!

R2

- ¢! { O(WXY + WX1F) + 332 (WeWay — ¥ ) (WX 4 Wx) }

1 . . . .
+G_3{ (E%aGk(l . leVaG(ll> Vll (X‘/)kW _|_Xj)kw>

1 N . .
+ (E%QGU _ GMiv,G) k) [Vb(WF“b) LV, (WF®) 13V, (WWW“”)

1 3 . . :
+Zeab6derch61 + gFGk(l (XJ)lel —I—Xj)lel)

1 p 3 .
—SFGY (WOW+WOW) + S FGW,, <WF“b +WF“”>

3 ' 1 o
5 (13W"Wap =Y ) FGIWW — 2 (F? 4-36,5¢7) (WXY + Wx')

3
+276" GH(y — W“bWab)] (WX + WXy

5 N N 1 . . .
—2FGH (XX + XIX) + 5%, (WX"(’ n ka<’) VG,

1 .. 1 .. 5 .
+ZFG’JF“bFab — EFG’JV“WVaW + ZFleX(’kXJ) ,}
3 . .3 g
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1 _

1 e

—EV[a<G *GU3) (WXij+ W) )

+G_3V[a <G,’k (XijW —{-XijW) Vb] ij>
G3 , ,

- (WXY + WX V,G#*V,G i

3 , ,
+ZG_5G,- JGM (WXY + WX V,G"V, Gy

+fermions . (3.7.28b)

Having described in detail all the descendants of the EOMs for the Weyl multiplet and compensators,
let us end this section by commenting on the physical relevance of our results; in particular, how
these might be useful for understanding higher-order corrections to Einstein’s field equations. Recall
that, after gauge fixing, the Poincaré supergravity multiplet contains the metric g, gravitini .,
graviphoton A,,, along with the matter fields D, x/,, and W,;. As indicated in Table 3 and looking at
the descendants of the Weyl multiplet EOM, the component current J,fm =ep’ enb‘]ﬁb is associated to
the variation of the traceless part of the metric, 84,,,. Hence, to compute higher-order corrections to
the traceless part of Einstein’s equations, one essentially needs to consider Jib from all the three four-

e e . 4 4
derivative invariants: J b Weyl> J

b log’ and th z2- The latter are given in the auxiliary file, specifically

in subsections 4.2.5, 4.3.5 and 4.4.5, respectively. On the other hand, the trace part of Einstein’s
equations comes from taking a linear combination of the components Fy,,; (3.4.3) and F,, (3.4.).
The component current Jgai
Oy, ¥, while the variation with respect to the trace part is given by the fermionic descendant of the
vector compensator EOM (3.6.44). The composite field I, coming from (3.6.44) is associated to the
variation of graviphoton of the Poincaré supergravity multiplet. Finally, the composite field strength
F,;, coming from (see also (3.7.28D)) is associated to the variation of the Hodge dual of the

three-form potential by, .

is associated to variation of the gamma-traceless part of the gravitini,

3.8 Conclusion

By using an interplay between superspace and superconformal tensor calculus techniques, in our
paper we have presented for the first time a comprehensive description of the component structure
of the supersymmetric completions for all curvature-squared invariants of five-dimensional, off-shell
(gauged) minimal supergravity. Our results include both bosonic as well as fermionic contributions for

the five-parameter family of theories described by the action
Sup = SgSG—i-(XSweyl—FﬁSlog-l-’}’SRz , (3.8.1)

where S5 describes the supersymmetric two-derivative (gauged) minimal Poincar€ supergravity with
a cosmological constant, while the three independent curvature-squared invariants are described by
egs. (3.5.1)), (3.5.9), (3.5.21b)), and further results in section[3.5] As a first application of our results,
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we have also analysed the structure of the multiplets of equations of motion for the theory defined by
(3.8.1)). It did take more than fifteen years from the first papers on curvature-squared supergravity in
five dimensions [29,/55,(63,,64] to complete the detailed construction of these invariants. We expect
that the results in our paper will find several developments and applications. We comment here on a

few directions.

A key motivation of our analysis was the recent developments of [[78-86] studying o corrected
gravity for precision tests of the AdS/CFT correspondence. In [[81,85,86]] the formulation of minimal
gauged supergravity in 5D based on the standard Weyl multiplet was used, as in our paper. Only the
Weyl-squared and scalar curvature-squared invariants were employed in these works, since the Log
(Ricci squared) invariant had not been constructed by using component fields. As far as the first o’
corrections were concerned, arguments were given to justify why only two invariants might suffice
to compute (BPS) on-shell observables (as for example the entropy of five-dimensional black holes).
However, it remains an open question to understand to which extent only a subset of curvature squared
invariants suffice for a general analysis. For example, the on-shell analysis employs a set of field
redefinitions up to order o', but it remains an open question whether higher-order corrections in the
solutions of the auxiliary fields equations of motions would still admit on-shell simplifications found
at the first order. In view of this, and other open questions, we expect that our results about the three
curvature-squared invariants could play an important role in the analysis of various observables in

quantum corrected minimal gauged supergravity.

In [82] three invariants were considered in a dilaton Weyl background to engineer Poincaré
supergravity. However, this analysis did assume that the gauged two-derivative supergravity could
be added to the three ungauged curvature-squared invariants of [58}/64] to obtain a five-parameter
family of locally supersymmetric invariants. A description of the invariants in a gauged dilaton Weyl
background was given in [2]], see also [2] for an extended upcoming analysis. We have discussed
off-shell formulations based on the standard Weyl multiplet and the dilaton Weyl multiplet. The
dilaton Weyl multiplet mentioned above is the one first introduced in [90,/174] and extended in [[199]
to a version suitable for gauged supergravity. This is defined as an on-shell vector multiplet coupled
to the standard Weyl multiplet — for this reason we will denote it as vector-dilaton Weyl multiplet.
Recently, it was noticed in [3,4] that there exist even more variant versions of Weyl multiplets. In
fact, by considering an on-shell hypermultiplet in a standard Weyl multiplet background one can
obtain another variant Weyl multiplet of off-shell conformal supergravity which was referred to as
hyper-dilaton Weyl. Thanks to the results in our paper, we can straightforwardly obtain a basis of
independent curvature-squared invariants in all the dilaton Weyl backgrounds. The vector-dilaton Weyl
multiplet has been largely used to engineer general matter couplings in Poincaré supergravity [90L/174],
including the recent curvature-squared analysis in [2,2]]. By using another new independent off-shell
scalar curvature-squared invariant that we constructed in [6]], it would be possible to engineer general
off-shell supergravities based on the hyper-dilaton Weyl multiplet of [3,4]]. An interesting feature of
this formulation, once coupled to a system of vector multiplets, is how it is straightforward to describe

general gaugings off-shell. It is in fact a natural avenue of future investigations to extend the results



92 CHAPTER 3. CURVATURE-SQUARED INVARIANTS

in this paper to general off-shell matter-coupled supergravity, at least for arbitrary couplings with
physical vector multiplets. These models would be important for applications involving o corrected
string compactifications to five dimensions where physical scalar multiples would describe coordinates
of the internal geometry and their moduli.

Another natural question concerning curvature-squared invariants is how the results we have
obtained here and in [2,2]] connects with the known invariants in lower and higher dimensions. In [200]
an off-shell dimensional reduction approach was developed. There it was noticed how the Weyl-
squared invariant in 5D, once reduced to 4D , leads to a linear combination of the 4D Weyl squared
and the 4D Log invariants. It would be interesting to extend this analysis by using all the independent
5D invariants that are now available from this year. Knowing the precise connection between 4D and
5D might help to answer questions in AdS/CFT realising the roles that half BPS (e.g., 4D F-term) and
D-term invariants can generally have in both dimensions. The classification of all curvature-squared
invariants for six-dimensional N = (1,0) minimal Poincaré supergravity was obtained six years ago
in [68,69]]. One could develop an off-shell 5D/6D map and identify how the invariants in different
dimensions are related — see [58] for the 5D/6D Riemann squared based on a dilaton Weyl multiplet.
One wonders if understanding off-shell relations between higher-derivative invariants in different
dimensions might shed some light to better understand higher-derivative supergravities in dimensions
higher than six where superconformal techniques are not (directly) applicable.

It is known that among all the curvature-squared terms one predominant role is played by the
Gauss-Bonnet combination. This is a topological term in four dimensions. In D > 4 supersymmetric
Gauss-Bonnet invariants are expected to play a key role in the description of the first o’ corrections to
compactified string theory [201.,[202]. A reason being that, though higher derivative, the Gauss-Bonnet

combination,
1 abcd ab 1 2
Lo = —ZIR Raveda + R Rap — ZIR , (3.8.2)

leads to the same physical degrees of freedom as standard massless gravity with a cosmological
constant when studying fluctuations around maximally symmetric backgrounds. In five dimensions,
one remarkable property of o corrected minimal gauged supergravity is that, up to perturbatively
integrating out auxiliary fields and making curvature dependent field redefinitions, the complicated

Lagrangian in (3.8.1]) simplifies to the following one [2]

e ' Log149 = agR+ a1k + ar f fup + a3 vy fie fao + QLA S (3.8.3)

Here, the various constants a; are functions of the five independent constants in (3.8.1), and L% /!

is an appropriate linear combination of (3.8.2) and the following terms: f abf abs Cabed f abf “, and
e@cdey R/ 8Rye 43 see [2] for more detail

"'Note that the result obtained in [2] is based on the gauged dilaton Weyl multiplet. However, the on-shell action
obtained by perturbatively integrating out auxiliary fields and performing field redefinitions would agree with the one
obtained by starting from the standard Weyl multiplet invariants of our current paper. We also underline that the result in
equation (3.8:3) in a standard Weyl multiplet and in gauged supergravity was first obtained in [86] — see also [81][85] — by
using only the Weyl-squared and the scalar curvature-squared invariants.



3.8. CONCLUSION 93

One might ask what is an off-shell extension of £gp|onsheri- By looking only at the curvature-
squared invariants that we constructed in this paper, it is straightforward to realise that combinations of
the independent curvature-squared invariants with proper coefficients leads to off-shell supersymmetric
completions of the Gauss-Bonnet combination. One can show that this can be obtained by using just

two curvature-squared invariants: the Weyl squared and Log. It is simple to show that the combination

—shell
LT = Loyt — 4L1og (3.8.4)
is such that the kinetic terms for the SU(2)g connection ¢,,"/ cancel between the Weyl squared (3.5.7)
and the Log (3.5.20) invariants. These observations indicate that there is no massive graviton nor
dynamical massive vector generated by (3.8.4)), as expected from a Gauss-Bonnet invariant. The

equation of motion for the field D are algebraic, as it is clear from the D dependent terms in the bosonic

part of L&l
LN = 32D 4 2RD — 12F, W™D + 4DFF,,
39 g
_TDWabWab— 12DXUXI‘J' . (385)

It is then possible to eliminate D by substituting its equation of motion in the action. One can easily
check that the final result is Lgp plus terms that leads to a supersymmetric completions. Moreover,
one can prove that in an ungauged vector-dilaton Weyl background, the combination above leads to
the off-shell Gauss-Bonnet invariant first constructed in [|63}/64]. The simplifications arising with the
5D Gauss-Bonnet invariant make easier the study of solutions of gauged supergravity modified with
four-derivative terms, which are known to be difficult to analyse in general. One might now construct
new classes of solutions and prove if and how solutions of the two-derivative theory are modified.

So far we have commented mostly on four-derivative corrections. However, the building blocks
of our paper allow to construct invariants with arbitrary high orders in o’. For example, now that we
have obtained all the information about the three independent composite linear multiplets associated
to the Weyl squared, Log, and scalar curvature-squared invariants, we might construct an arbitrary
(appropriately constrained) function of these invariants as for the system of linear multiplets engineered
in [74] To be more precise, we label G;j = (G"j,H{‘{M,H\i,{}eyl,Hl’gg,Hg) with 1 =0,1,2,3,4 as the
different linear multiplets used in our paper, the compensator, and the various composite ones. Then,
in a covariant projective superspace approach one can formulate a half BPS invariant built out of the

linear multiplets with the projective superspace Lagrangian given by

L(z) = gz)”f’ [ng)] , G}z) = V,’VjGéj . (3.8.6)

2The results of [74] extend to five dimension the four dimensional construction of [73]]. See [185], and [29] in 5D, for
their superspace formulation and for other (infinite series of) higher-derivative terms.

I3We refer the reader to [291|185]], and the recent review [39] and references therein, for detail about the covariant
projective formalism and its application to higher derivative supergravity. More in general, projective superspace [[117-
119], together with the related harmonic superspace [[116}/121]], are powerful techniques to formulate general off-shell
matter couplings in supersymmetric models with eight real supercharges in D < 6 dimensions where infinite number
of auxiliary/matter fields might be necessary. See [294/39,(120,(123-H128|130-133]] for further references in the curved
(supergravity) case.



94 CHAPTER 3. CURVATURE-SQUARED INVARIANTS

Here v; are constant isotwistor (twistor-like) coordinates describing an auxiliary CP! manifold which
is used to engineer a 5D locally supersymmetric invariant associated to the projective Lagrangian £(2),

see [29]. The functions J7 [ng)] are only required to be homogeneous of degree zero in their argument:

(297G}

G ~0. (3.8.7)
a6

(2)  which is

One could also consider a single function F[ng)] homogenous of degree one in G
locally equivalent to the description above. The details are not important here, but what we want
to stress is the existence of a function that can lead to arbitrarily high curvature corrections in 5D
minimal supergravity. In four dimensions, it is known how for a large class of observables and
applications to AdS/CFT an F-term constructed out of an holomorphic function with arguments
given by the composite vector multiplets describing the 4D curvature squared invariants of N = 2
supergravity [51,57,/61,66,(75,(76]] suffices to computing observables based on the on-shell action
as for example the entropy of (supersymmetric) black holes — see [83,/84]], and references therein,
for inspiring recent results in the four dimensional case. Along this line, it would be interesting to
investigate if and how the model described by encodes enough information to study general

higher-derivative correction in minimal supergravity in the AdS/CFT context.
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Chapter 4

All Gauged Curvature Squared Supergravities

in Five Dimensions

We present a complete basis to study gauged curvature-squared supergravity in five dimensions.
We replace the conventional ungauged Riemann-squared action with the Log-invariant discussed in
chapter 3, offering a comprehensive framework for all gauged curvature-squared supergravities. Our
findings address long-standing challenges and have implications for precision tests in the AdS/CFT

correspona’ence.

4.1 Introduction

Twenty-six years after its discovery, the AdS/CFT correspondence has entered a new era in which
precision tests beyond the leading order have become increasingly important, owing to developments
in both field theory and gravity. On the one hand, integrability and localization techniques allow one
to compute the observables in superconformal field theories (SCFT) exactly at finite couplings. On
the other hand, the development of superconformal tensor calculus and superspace techniques — see
the reviews [37-40] — in conjunction with the computational capabilities offered by computer algebra
programs, has significantly advanced the construction of exact, off-shell higher-derivative supergravity
models.

In this letter, we present all gauged curvature-squared supergravity invariants in five dimensions
based on the off-shell dilaton Weyl multiplet. After going on-shell, our invariants describe the most
general four-derivative corrections to the five-dimensional minimal gauged supergravity, which is a
universal sector to all string compactifications preserving at least eight supercharges. The gauged
aspect is necessary to accommodate a supersymmetric anti-de Sitter (AdS) solution, and thus is of
broad interest in holography. In particular, due to recent advancements in AdS black hole microstate
counting [203-210] using the dual CFT, a precise matching between the gravity and CFT results at the
next to leading order clearly requires the knowledge of the complete curvature-squared supergravity

actions. Previous works have made attempts to compute four-derivative corrections based on partial
97
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results in the literature, and certain assumptions were made. Using our full results, it can be shown that,
in fact, some of the assumptions are invalid, thus finally furnishing the stage for new, next-to-leading
order analyses on the gravity side of the AdS/CFT correspondence.

The construction of gauged curvature-squared invariants is notoriously hard, as opposed to their
ungauged counterparts, which have been fully known for more than a decade [58,|63,/64]. The
primary difficulty stems from the absence of a straightforward transition from ungauged to gauged
theories. In fact, the complete basis of invariants must be constructed from completely different
starting points. For instance, certain ungauged curvature-squared models are attainable through the
application of superconformal tensor calculus, utilizing the dilaton Weyl multiplet. In contrast, their
gauged counterparts necessitate the use of a modified version of the same multiplet [199]], which has an
entirely different field content and transformation rules. Furthermore, the deformation necessary for the
construction of gauged supergravity models renders certain established higher-derivative supergravity
building techniques impractical, thus further complicating the task. In fact, it takes an interplay
between superconformal tensor calculus [199] and superspace techniques [29], together with a series
of new, daunting computations finalized only in the results presented here and in chapter 3, to yield the
complete set of gauged curvature-squared invariants.

This letter aims to explicitly show that the past challenges can be overcome by changing the basis
of curvature-squared supergravities, which previously employed the Weyl tensor squared, Riemann
tensor squared, and Ricci scalar squared as fundamental building blocks. We demonstrate that by
replacing the Riemann-squared action with the Log-invariant, which is discussed in detail in chapter
3 where the leading term involves the Ricci tensor squared, it is possible to explicitly establish all
gauged curvature-squared supergravities in five dimensions. The outcomes presented in our letter
mark a significant advancement, paving the way to a complete study of physical results beyond the
leading supergravity approximation in five dimensions. This development holds particular promise for
precision tests of the AdSs/CFT4 correspondence. In this context, we derive the anomaly coefficients

in the dual SCFTy, which apparently depend on all curvature-squared couplings.

4.2 Construction of the invariants

We start by introducing the field content of the standard Weyl multiplet of conformal supergravity
in five dimensions [90]. The notation and conventions used in this chapter follow those of [90]. These
differ from the notation and conventions used in the previous chapter, which adhere to [29]. For
clarity, Table B.T| provides a concise translation scheme between the different conventions employed
in [90,|174,211], all of which contributed to the development of superconformal tensor calculus in five
dimensions. We denote the spacetime indices by u, Vv, ---, Lorentz indices by a, b, ---, SU(2) indices
by i, j,---, and spinor indices by «, 3, --. The multiplet is described by a set of independent gauge
fields: the vielbein e,?, the gravitino v}, the SU(2) gauge fields V,,"/, and a dilatation gauge field
by. The other gauge fields associated with the remaining symmetries, including the spin connection

a)u“b , the S-supersymmetry connection ‘puix’ and the special conformal connection f},“, are composite
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fields, i.e., they are determined in terms of the other fields by imposing certain curvature constraints.
The standard Weyl multiplet also contains a set of matter fields: a real antisymmetric tensor Ta a
fermion )/, and a real scalar D. A more detailed discussion of the superconformal transformations of
the various fields can be found, e.g., in [90L|199].

Below we will make use of a variant multiplet of conformal supergravity, known as the gauged
vector-dilaton Weyl multiplet [[199]. For this multiplet, the independent gauge fields remain the same as
the standard Weyl multiplet, but the matter content is replaced with {o,Cy,Byv,Lij, Euvp, N, l[/i, (pi}.
This is obtained by coupling the standard Weyl multiplet to on-shell vector and linear multiplets.
The vector multiplet consists of a scalar field o, the gaugino v, an abelian gauge vector Cy with
field strength G,y = 29),Cy), and an SU(2) triplet of auxiliary fields Y =y ). The linear multiplet
contains an SU(2) triplet of scalars L'/ = L), a gauge three-form Eyp, a scalar N, and an SU(2)
doublet ¢},. The bosonic matter fields of the vector and the standard Weyl multiplet are then expressed
as follows [[199]

G g —1rif

YV = —$o'LV+fr.,

Ty = 56 'Gup+ 150 *eapeacH ™ + 1.,

D = lo7'V*V,0+ 40 3(V90)V.0 — 4R
_1_16672GabGab - (23_6Tab - 2071Gab)Tab

+80 2N+ Lo L2 Et. “2.1)

where “f.t” stands for omitted fermionic terms and Hgp, = e,* )" e Hyvp denotes the three-form field

strength Hy,yp := 38[”va} + %C[u Gyp + %gEuvp. In the above, the covariant derivative is denoted by
Vo = e (I — 0y My — byD -V, U;;) | (4.2.2)

with M, D, and U;; being the Lorentz, dilatation, and SU(2) generators, respectively. The dilatation
connection by, is pure gauge and will be set to zero throughout. The mapping allows us to
easily convert every invariant involving a coupling to the standard Weyl multiplet to that written in
terms of the gauged dilaton Weyl multiplet. The ungauged map and the models can simply be obtained
by setting g = 0 in (4.2.1)). In this case, the fields of the linear multiplet decouple from the map (@.2.1),
and the multiplet reduces to the ungauged dilaton Weyl multiplet with 32 + 32 off-shell degrees of
freedom [90,(174].

In the superconformal tensor calculus, the so-called BF action principle plays a fundamental role
in the construction of general supergravity-matter couplings, see [29,90L/173H177] for the 5D case. It

is based on an appropriate product of a linear multiplet with an Abelian vector multiplet:
e ' Lpp = AJE“+pN +Y; ;LY +-11. . (4.2.3)

Here we use {p,Ayu, Yij, Al } to denote the field content in an arbitrary vector multiplet, and the bosonic

part of the constrained vector E,, is related to the three-form gauge field £ via E;, = — l_lzgabcdevi cde

'In the previous chapter, we used W, instead of T, to denote the antisymmetric tensor, reflecting a difference in
p P y g
conventions. Specifically, the two are related by W, = %Tab. For a complete comparison of the notation, see Table
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In any construction that involves composite expressions for the fields of the linear multiplet in terms
of the vector multiplet, the BF-action yields a vector-coupled action in the (gauged) dilaton Weyl
background. Using the off-shell map given in [63]], a vector multiplet can be identified with fields in
the gauged dilaton Weyl multiplet as

. 1 o y
H’fﬁzic‘ly‘/‘yﬂ—ga“w, p—o0,
Ay —Cy, A=yt (4.2.4)

which gives rise to off-shell models that are purely expressed in terms of the fields of the (gauged)
dilaton Weyl multiplet. By appropriately choosing primary composite linear multiplets, eq.
becomes the building block for constructing various curvature-squared invariants.

In the superconformal approach, the off-shell formulation of minimal 5D supergravity can be
achieved by coupling the standard Weyl multiplet to two off-shell conformal compensators: a vector
multiplet and a linear multiplet. Within this setup, supersymmetric completions of the Weyl tensor
squared and Ricci scalar squared were constructed in [55] and [[64], respectively. The Weyl tensor-
squared invariant is based on a composite linear multiplet comprised solely of standard Weyl multiplet
fields. To construct the Ricci scalar-squared invariant, one starts by defining a composite vector
multiplet in terms of a linear multiplet. This composite vector multiplet is then substituted into the
vector multiplet action obtained using (4.2.3)).

While the Weyl tensor-squared and Ricci scalar-squared actions based on the dilaton Weyl multiplet
were presented as ungauged models [[64], they can simply be gauged by using the maps (4.2.1)) and
(@.2.4). 1t is worthwhile to mention at this point that the on-shell results for these gauged actions differ
from those presented by [82]]. The reason is that Ref. [82] assumes that the map between the standard
Weyl and the dilaton Weyl multiplet is not modified in the gauged case. However, as shown in [199]
and presented as in eq. (4.2.1), these expressions are indeed deformed. For completeness, we present
the bosonic sectors of the off-shell Weyl-squared and scalar curvature-squared invariants in the gauged
dilaton Weyl background. These results can be obtained by starting from the invariants written in a
standard Weyl multiplet background, then applying the map of fields, eq. (4.2.1)), which defines the
gauged dilaton Weyl multiplet. For the purpose of this letter, it is enough to present their bosonic
sector in the dilaton Weyl background in the gauge

c=1, by =0, vi=0. (4.2.5)

The bosonic sector of the gauged Weyl-squared invariant in the gauged dilaton Weyl background,
eq. (@.2.1), and in the gauge eq. (4.2.5)), is given by:

ol Ly = — % gabedec RpesoRae i é gabede vy, i jvdeij 4 %Vabi jVabij
_ % Rpeg R + % R,R — é jrm % Ruped( G Ged _ oppabpped _ 3 ppab ch)
—gRabH“CGbC + ?R“beb + %RHabG"b — gRHZ —4(H?*)?> —8H*
_13_6H2Hchcd _ 43—0H3dH“CGCd + §H2G2 + %HabHchachd 1 %<G2)2
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16 4 1
— _H§b G2(1b _ § abHcd Gac de _ §Hab G(le2 + 2G2abGCbHca

3
1 a bc 8 a bc 1 4 4 abcde f
—g(v Gbc)vaG +§(V Hbc>VaH — EG +§8 HabHch Gef
2 1
_zgabcdeHbf(Vchf)Gde _ §EadeeHab(Vchf)Gde _ ﬂeabcde(VfGaf)GbCGde
4 4 4 .. 2 . 2
—g (—gNHabG“b + §NG2 —8NH? + 3 Var''Li JH — 3 Var''Li G — §RN)
1 1 8 1
+g° | =L’ HG, — ~L*G* +2L*H* — ~N? + —RL?
3 3 3 6
4500 1 44
——g ' NL*— —g"L" | (4.2.6)
3 6
where we have used the following notations: H = — Ll 4, H> = HH,,, G* = GGy,

H? := H,°Hy, G2, := G,°Gpe, G* = G*®* G2, and H* = H***H?, .
The bosonic sector of the gauged scalar curvature-squared invariant in the gauged dilaton Weyl

background, eq. (4.2.1)), and in the gauge eq. (4.2.5)), is given by:

e L = YVY;—2VYNL YV, (NL™")
1

_ geabcdeCaGchde + NL— 1 GabGab _ NZL—ZGabGab

1
+4AN’L2H* G, — ZG“bGab —4NL"'H,,G%

1 .. 1 1 5 1 1
+g2 (ZLljvaVaLij _ ZRLZ _H2L2 + §G2L2 . ENZ _ EEaEa _ EVaLVaL>
1
—4gN’L™* + 1—684L4 ) (4.2.7a)

where,

Guy = 4Vi(L"Ey) +2L7 "' Lij (V') = 2L Lij (VilL*) Vi L/ |
Y = 2 L' (4v*V, LY —2RLY — 8H?LY + G*LV)

The third invariant necessary to obtain all the curvature-squared models in five dimensions was
constructed as the Riemann-squared invariant in the ungauged dilaton Weyl basis in [58]]. However,
this model does not refer to the standard Weyl multiplet; hence, the prescription to obtain gauged
models cannot be applied. Furthermore, the construction methodology cannot be extended to the
gauged dilaton Weyl multiplet.

Alternatively, a third independent, locally superconformal invariant containing the Ricci tensor-
squared term can be constructed [6,[29]], which provides the correct basis to study gauged curvature-
squared supergravity, as we shall discuss momentarily. In this case, the lowest component of the
composite linear multiplet is given by the field L}f og" This is obtained by making use of the standard

Weyl multiplet and by acting with six Q-supersymmetry transformations on the field logp, with p
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being the lowest component of a compensating vector multipletﬂ The rest of the composite “Log
ij

multiplet” is then obtained by acting with up to two more Q-supersymmetry transformations on L’ .

Due to the complexity of computing up to eight supersymmetry transformations, the explicit form of
the Log multiplet, including all fermionic terms, has been obtained only recently with the aid of the
Cadabra software [87,88]]. These lengthy results were published in [[1,/6] and discussed in chapter
3. Inserting the resulting composite multiplet into (4.2.3) yields the explicit form of a new “Log
invariant”, which is presented in chapter 3 in eq. (3.5.20)) within the standard Weyl basis. Then, the
Log invariant in the gauged dilaton Weyl background can be obtained by employing the map

and (4.2.4).

The gauged Log invariant, which includes a Ricci-squared term, reads

e ' Liog = —tRpR®+ LR + LR GE, + ARH G — 3R ,H* G’ — 1RH?
— 15 &P C Ve Weij + VP Vapij — 2(H?)? + 2H, H* G . — SH*Hyp G
+3HypHeq (GG = 2G“GM) + 3H*G* — $H* G, — YHWy G G?
+GH G — 45(G*)? = $1G* — {V.G“V"G,,
2V Hy VIOHY 4 L e®edey ] G, ((4H,y, — Gup) (4Hea — Gea)
+& <RN — ANH3,G™ — 2NG* + VL (G + 4H®) + 12NH? — 6V“VaN)
_£ (2RL2 _[2(G? — 4G H,y, — 24H) + 4N? + 6VOLIV,L; j)
+3INL*g + 3 L%%g" (4.2.9)

where V' = 20,,V;)"/ — 2V},*1V},,)). Furthermore, we have used the notations defined after equation

@.2.6).
Note that the supersymmetric Riemann-squared invariant can be obtained by taking the following

linear combination of the ungauged Weyl-squared invariant presented in [S8] and setting g = 0 in the

Log invariant (4.2.9)
'C’Riem2 = 'C’Weyl2 + 2LL08|820 . (4210)

The resulting action is identical to the one presented in [58] up to total derivatives.

4.3 Going on shell and dual CFT

Now let us study a certain linear combination of the Einstein-Hilbert and all three curvature-squared

invariants
(167'L'G)£:2(9+43 =Lgy + AlLWeylz + }Qﬁ]_ﬂg + Z3LR2 . 4.3.1)
%In superspace the primary superfield LE) o associated with the Log multiplet is
Lijog = 3 VUVAIV, logW (4.2.8)

with W being the superfield describing the primary field strength of a compensating vector multiplet. In (3.4.7) V¥ =
V“<iV{Z) , and Vi, is the conformal superspace spinor derivative. The primary component fields are then obtained by

projection to their lowest components, 6 = W|g_¢ and Lijog = Lijog|9:0 — see [6,29] for detail.
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where G is Newton’s constant and all the invariants are given in the gauged dilaton Weyl multiplet
background. Lyy,,2 and Ly respectively denote the Weyl tensor squared and Ricci scalar squared
actions which are obtained by employing the maps (4.2.1)) and (4.2.4)) in the standard Weyl multiplet
results of [64]. Their explicit form is not crucial here, but they are given in the Supplemental Material
for the reader’s convenience. The two-derivative Lagrangian Lgy is obtained by using the linear
multiplet action in the standard Weyl multiplet basis [63,199] and the sequential use of the maps
(#.2.7)) and (@.2.4). Note that, in this section, we rescaled the Lagrangians such that the coefficient of

their leading curvature-squared term is normalized to unity. To go on-shell, we fix the gauge according
to (4.2.5) and break SU(2) down to U(1) by choosing

Li=-L6&L, Vi =vi4 18ty . (4.3.2)

i =5

Consequently, the two-derivative Lagrangian becomes

e 'Ley = L(R—1GpG™ +4H,H® +2V, V%)
+L7'9,L0°L — 2L ' E,EC — 22 E,V4 — 2N L™}
~4gC,E* —2gNL—4gN — 1¢°1° +2¢°L* . (4.3.3)

From the total Lagrangian (4.3.1]), several auxiliary fields can be solved from their field equations up

to O(A)

N = —1el(2+L)+0(%),
E, = OA), V.i=0W). (4.3.4)

To arrive at the five-dimensional gauged minimal supergravity, we first dualize By to a new 1-form
gauge field éu following the procedure in [63,/199]. We then truncate the model consistently by
imposing

L=1+0A), C,=Ci+0N). (4.3.5)

Following (4.3.5), the field equation of E,,. now implies

V,= —%gCa +0(N) . (4.3.6)

Plugging (4.3.4)-(4.3.6)) back to the total Lagrangian (4.3.1]), one obtains the on-shell theory up to first
order in A;. It is important to note that in the procedure outlined above, the O(A;) terms arising from
substituting (4.3.4)—(#.3.6) to the two-derivative action either vanish (proportional to the leading order
equations of motion of auxiliary fields) or can be removed by field redefinitions [212]]. To recover
the standard convention of minimal supergravity, we rescale the graviphoton and the U(1) coupling
according to C,; — %Cm g — V2 g. To conclude, following [213], the resulting Lagrangian can be
further simplified by redefining the metric and the U(1) gauge field. Eventually, the on-shell model is

recast in the form below

(167G)e 'Loy49 = coR+12c18" — 1e2GypG™
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+35 \/ 38 Co GG e + A L GBlonshelt » (4.3.7a)
where the various coefficients are
co = 1+ (2 —201—-423)g%,
ci = 1 —l—(%o/l — %124—53—213)g ,
c = 1+ (%411 — 93—23, — E/lg)gz ,
c3 = 1-12(4+30L+ 313)g , (4.3.7b)

and the on-shell Gauss-Bonnet invariant is given by

LBlonsher = RapcaR"* —4RpR™ + R* + §G*

—3Wabcd G G + 5= €U CaRy T Ryeg (4.3.7¢)

where W, is the Weyl tensor. This on-shell action is consistent with the generic result presented
in [86] for the proper choice of parameters. Based on the on-shell model (4.3.7) we find that the AdS5

radius receives corrections from the higher-derivative terms and is given by

C=g (1484 — 2% 2 — g% A3) . (4.3.8)
The effective Newton’s constant from eq. is then

Gepr =G+ G(—Z8A +201, +423)g” . (4.3.9)

The AdSs vacuum preserves maximal eight supercharges [214,215] and the dual field theory should
bea D =4, N =1 CFT. Utilizing (4.3.8) and (4.3.9) the a and ¢ Weyl anomaly coefficients of the dual

CFT can be obtained via the standard holographic renormalization procedure [216,217]

T 9m(Ay + A3)

@ = 8¢3G  2¢G ’
T 71'(22,1 — 9),2 — 92,3)
= 4.3.10
8g3G + 28G ’ ( )

using which one finds the results above are consistent with R-symmetry anomaly whose coefficients

are related to those of the Weyl anomaly via [[134,|135]

A
Sa—3c= 3 4= 43.11)
453G G

4.4 Conclusions and outlook

In this letter, we provide the correct and complete basis to study curvature-squared gauged su-
pergravity in five dimensions. Our new results show explicitly that in the ungauged case, only the
Weyl-squared invariant is relevant in computing physical quantities as the rest can be redefined away,

generalizing the non-renormalization theorems for D =4, N =2 [/6]. Based on the new results,
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we successfully computed the anomaly coefficients governing dual four-dimensional SCFTs. As
four-dimensional SCFTs are characterized by two anomaly coefficients, one would naturally anticipate
the emergence of only two independent linear combinations among the three four-derivative couplings.
Indeed, our analysis confirms this expectation, with A, and A3 consistently appearing together in the
anomaly coefficients as the combination A, + A3. However, when examining the on-shell action (4.3.7),
it becomes evident that A, and A3 do not share this combination. Indeed, it can be shown that the Log
invariant and the Ricci scalar invariant both contribute to the thermodynamics of general non-BPS AdS
black holes, and the 4, A3 dependence cannot be arranged into the combinaiton A; + A3 [218,219] as
in some (BPS) quantities [77,81,[85,86].

We can also generalize the results by coupling multiple vector multiplets which also enjoy an
off-shell formulation. Given the simple form the 6D ungauged Gauss-Bonnet invariant [68./69, 160]
and the relation between dilaton Weyl multiplets in these two dimensions [58], it may be feasible
to reformulate the 5D Gauss-Bonnet invariant into a more elegant expression that facilitates the
construction of intriguing solutions. For instance, the non-existence of supersymmetric AdSs black
ring solutions in the two-derivative theory [220] raises the intriguing question of whether this situation
changes in the presence of higher-derivative interactions. Our new invariants enable the computation of
corrections to the entropy of %—BPS black holes [214,[215,[221-223|], thereby extending the precision
test of black hole microstate counting to the next to leading order. It is also interesting to extend the

recently proposed equivariant localization [224,225]] beyond the leading two-derivative cases.

Acknowledgements:

The work of G.G., J.H., S.K., and G.T.-M. was supported by the Australian Research Council
(ARC) Future Fellowship FT180100353, and by the Capacity Building Package of the University
of Queensland. G.G. and S.K. are supported by the postgraduate scholarships at the University of
Queensland. G.T.-M. thank the MATRIX Institute in Creswick for hospitality and support during
part of this project. M.O. is supported in part by TUBITAK grant 121F064. M.O. acknowledges
the support by the Distinguished Young Scientist Award BAGEP of the Science Academy. M.O.
also acknowledges the support by the Outstanding Young Scientist Award of the Turkish Academy
of Sciences (TUBA-GEBIP). The work of Y.P. is supported in part by National Natural Science
Foundation of China (NSFC) under grant No. 12175164. Y.P. also acknowledges support by the
National Key Research and Development Program under grant No. 2022YFE0134300.



The following publication has been incorporated as Chapter [3

1. Gregory Gold, Saurish Khandelwal, William Kitchin, Gabriele Tartaglino-Mazzucchelli,
Hyper-dilaton Weyl multiplet of 4D, N = 2 conformal supergravity, JHEP 09 (2022) 016 [2203.12203]
[4].

Contributor Statement of Contribution | %
Gregory Gold Writing of text 10
Proof-reading 30
Theoretical derivations 20
Initial concept 10
Saurish Khandelwal Writing of text 20
Proof-reading 30
Theoretical derivations 20
Initial concept 10
William Kitchen Writing of text 35
Proof-reading 20
Theoretical derivations 50
Initial concept 20
Gabriele Tartaglino-Mazzucchelli | Writing of text 35
Proof-reading 20
Theoretical derivations 10
Initial concept 60
Supervision and guidance | 100

Table 4.1: Contributions of each author to the work


https://link.springer.com/article/10.1007/JHEP09(2022)016

Chapter 5

Hyper-Dilaton Weyl Multiplet of 4D , N =2

Conformal Supergravity

We define a new dilaton Weyl multiplet of N = 2 conformal supergravity in four dimensions. This
is constructed by reinterpreting the equations of motion of an on-shell hypermultiplet as constraints
that render some of the fields of the standard Weyl multiplet composite. The independent bosonic
components include four scalar fields and a triplet of gauge two-forms. The resulting, so-called, hyper-
dilaton Weyl multiplet defines a 24 + 24 off-shell representation of the local N = 2 superconformal
algebra. By coupling the hyper-dilaton Weyl multiplet to an off-shell vector multiplet compensator, we
obtain one of the two minimal 32 + 32 off-shell multiplets of N = 2 Poincaré supergravity constructed
by Miiller in 1986. On-shell, this contains the minimal N = 2 Poincaré supergravity multiplet together
with a hypermultiplet where one of its physical scalars plays the role of a dilaton, while its three other
scalars are dualised to a triplet of real gauge two-forms. Interestingly, a BF -coupling induces a scalar

potential for the dilaton without a standard gauging.

5.1 Introduction

Conformal supergravity has played an important role in several research avenues in the last five
decades — we refer the reader to a few books for reviews and a more detailed list of references [[35-38]].
The main aim of our paper is to revise some of the ingredients of the superconformal tensor calculus
for matter-coupled Poincaré supergravity focusing on the four-dimensional (4D), N = 2 case, and more
generally on theories with eight real supercharges. For instance, we will show how to define a new
off-shell 24 424 Weyl multiplet of N = 2 conformal supergravity.

After the seminal papers on 4D , N = 1 supergravity [22-24,226]], the superconformal tensor
calculus for the 4D , N = 2 case was first constructed in the 80s in [[137H141] and also extended to the
cases of 6D, N = (1,0) in [89]; 5D, N = 1 in [90}/172}|/174-177]; and more recently to three space-time
dimensions in [27,[28]]. Similar to superspace approaches (see [35,36] for introductory reviews and,

e.g., [26,41,116,(121},127,{128,,131-133,227-230] and references therein, for the 4D , N =2 case) a
107
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main advantage of the superconformal tensor calculus is to provide an off-shell description of general
supergravity-matter couplings. This allows one to formulate general supergravity-matter couplings
where supersymmetry is engineered in a completely model independent way. The approach has
been very successful in helping to decipher many of the intricate geometrical structures associated
to (two-derivatives) sigma-models in supergravity-matter systems with eight real supercharges, see
e. g., [38,42,231-234]. The off-shell nature of the formalism has been a central ingredient in its
employment to the study of supersymmetric localisation and supersymmetric quantum field theories
on curved space-times — see [235]] for a recent extensive review. Moreover, off-shell supersymmetry
has also been a crucial ingredient when using the superconformal tensor calculus to construct higher-
derivative supergravity invariants [28,29,31,32,51,55-57,59-72]. These play an important role, e. g.,
in the study of black-hole entropy in next to leading order AdS/CFT — see the recent works [79-81]]
and references therein.

Within the superconformal tensor calculus, general supergravity-matter couplings are engineered
by a few ingredients. First of all, one needs a conformal supergravity multiplet — named the Weyl
multiplet — which forms an off-shell representation of the local superconformal algebra and contains
the vielbein as one of its independent fields. This multiplet defines the geometry (soft algebra)
associated with the gauging of the superconformal space-time symmetry. Next, one identifies off-shell
matter multiplets with local superconformal transformation rules in a Weyl multiplet background.
These two ingredients provide the kinematic data of a specific supergravity-matter system. Finally,
one engineers locally superconformal invariant action principles constructed out of these multiplets to
obtained well-defined supergravity theoriesE]

Assuming the matter multiplets contain enough “compensating” degrees of freedom, one can suit-
ably gauge fix part of the superconformal group, specifically dilatations, special conformal transforma-
tions, S-supersymmetry, and R-symmetry, to obtain supergravity models where only the super-Poincaré
symmetry survives and is gauged. For instance, pure 4D , N = 2 Poincaré supergravity can arise
by the coupling of the standard Weyl multiplet [[137H141]] to two compensating multiplets. There is
significant freedom in doing so. Typically, one uses a vector multiplet and a hypermultiplet (e. g., a
linear, non-linear, or hypermultiplet with or without a central charge) as compensators — see [38]] for
a recent review. Note that, in this endeavour, for forty years the first step has predominantly been the
same (standard Weyl multiplet), while most of the freedom that has been used concerned the matter
(compensators) side of this story. However, it is natural to ask whether it is possible to use alternative
Weyl multiplets and if it is useful to do so. These are the types of questions that led to our paper.

Answers to these questions are already known. For instance, if one considers the superconformal
tensor calculus for 6D, N = (1,0) supergravity, it has been known since 1986 [89] that there can be
more than one Weyl multiplet. In 6D, the existence of a variant dilaton Weyl multiplet engineered as a

standard Weyl multiplet coupled to an on-shell tensor multiplet has been a key ingredient to obtain 6D,

IThese tasks can be simplified by manifestly gauging the superconformal algebra in superspace through the so-called
conformal superspace. Conformal superspace was first introduced for 4D , N = 1,2 supergravity in [25[26] (see also the
seminal work [236]]) and it was then developed for 3D, N-extended supergravity [27], 5D, N = 1 supergravity [29]], and
recently 6D, N = (1,0) supergravity [31}/32].
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N = (1,0) Poincaré supergravity by using superconformal techniques. Similar ideas were employed
to construct a variant dilaton Weyl multiplet for 5D, N = 1 conformal supergravity as the standard
Weyl multiplet coupled to an on-shell vector multiplet [90]. Among interesting applications of these
variant Weyl multiplets, it is worth mentioning that both in 5D and 6D the use of the dilaton Weyl
multiplet allowed the construction of the component actions for the supersymmetric extensions of all
curvature squared combinations — Riemann-squared, Ricci-squared, and scalar-curvature-squared —
in Poincaré supergravities, see (29,56, 59,60./63-635.68./69].

For the 4D , N = 2 case the existence of a variant representation of the Weyl multiplet of conformal
supergravity was argued in [91] and was explicitly constructed only recently in [92]. For reasons that
will soon be clear, we will refer to this multiplet as the vector-dilaton Weyl multiplet. Its construction
closely mimics the 5D case [90]. More specifically, in [92] the system described by a 4D, N =2
on-shell vector multiplet in a standard Weyl multiplet background was interpreted as a new 24 424
multiplet of conformal supergravity. Using the equations of motion for the vector multiplet, the existing
covariant matter fields of the standard Weyl multiplet, i.e., the real antisymmetric tensor, T, the real
scalar field, D, and the spinor field, xi, together with the U(1)g symmetry connection, were traded
for fields of the on-shell vector multiplet [92]. The complex scalar field, X, of the vector multiplet
then becomes an independent physical field whose real part plays the role of a dilaton in a Poincaré
supergravity constructed in this framework. This Poincaré supergravity was constructed by coupling
the vector-dilaton Weyl multiplet to a 8 4 8 linear multiplet compensator [72,/92]]. Upon gauge fixing
dilatation, special conformal transformations, S-supersymmetry, and U(1)g x SU(2)g R-symmetry (up
to a residual U(1)g), the resulting 32 + 32 Poincaré supergravity multiplet comprises the following set
of fields

{ema7 Wm;qv Wmix;amw;naA(;?ZiaacatmnWmatylnnaMabaij} . (5.1.1)

Here, {en", Yin®, W', am} are the fields of the N = 2 on-shell supergravity multiplet, respectively:
the vielbein, the gravitino and its conjugate, and the real graviphoton gauge vector field. The fields
{Vm,t,., M b, }, that are respectively a real vector, a real antisymmetric gauge two-form, a real scalar,
and a triplet of real vectors, are all auxiliary fields. The remaining fields, {a,,, A, 2%,C tyn }, are
physical and describe an on-shell vector multiplet where the imaginary part of the complex scalar field
X has been traded for a dual antisymmetric real gauge two-form, z,,,.

The previous 32+ 32 off-shell Poincaré supergravity turned out to coincide with the one engineered
in 1986 by Miiller in [237] — we will refer to this as the vector-Miiller supergravity. It is useful to
compare Miiller’s supergravity to the well-known 40 440 off-shell supergravity of [[137,238-240].
One initial feature is that, from the point of view of off-shell supersymmetry, Miiller’s multiplet is
irreducible while the 40 4+ 40 multiplet is not. In fact, the vector-Miiller multiplet arises from a 24 + 24
conformal supergravity multiplet coupled to a single 8 4- 8 off-shell compensator, while the 40 + 40
multiplet requires two 8 + 8 compensating multiplets. The on-shell theories are however different. The
40 + 40 off-shell supergravity leads to a dynamical system containing only the irreducible on-shell

N = 2 supergravity while Miiller’s 32 4 32 off-shell supergravity comes with an extra physical on-shell
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“dilaton” vector multiplet.

Interestingly, in 1986 Miiller constructed another minimal 32 + 32 off-shell N = 2 Poincaré
supergravity [241]. We will refer to this as the hyper-dilaton Poincaré supergravity. The multiplet
of [241]] comprises the following fields

{em 7Wml ;Wmowam’C tmn 7pa7pa|XlJ Wabab } (512)

Besides the fields of minimal N =2 on-shell supergravity, {e,", Y%, W', am }, the fields {X, W,p, b, }
are respectively a real SU(2) triplet of Lorentz scalars, a real antisymmetric tensor, and a real vector.
These three are auxiliary fields [241]. The remaining fields, {C,t,", pi,, ﬁio‘}, are physical and de-
scribe an on-shell hypermultiplet where three of the four hypermultiplet’s scalar fields have been traded
for an SU(2) triplet of dual antisymmetric real gauge two-forms, t,,,,"/ = t,,/' = —t,,"/. Precisely as for
the vector-Miiller supergravity, even though off-shell the hyper-dilaton Poincaré multiplet is irreducible
with 32 + 32 degrees of freedom, the on-shell theory contains an extra 4 + 4 dilaton multiplet which,
in this case, is described by a variant version of a hypermultiplet where C plays the role of a dilaton
field. Considering the recent superconformal description of the vector-Miiller supergravity [72,92],
it is natural to ask if and how one can engineer the hyper-dilaton Poincaré supergravity by using the
superconformal tensor calculus. The main aim of our paper is to show how this can be done by using a
24 4 24 variant representation of the N = 2 conformal supergravity multiplet that we will refer to as
the hyper-dilaton Weyl multiplet.

The definition of the hyper-dilaton Weyl multiplet is fairly simple. In fact, it closely mimics
the description of vector-dilaton Weyl multiplets with the crucial difference that one starts with an
on-shell hypermultiplet [186,[242] in a standard Weyl multiplet background [138-141},232]], rather
than with an on-shell vector multiplet. The constraints that arise by requiring the algebra of local
superconformal transformations to close on the fields of the hypermultiplet can then be interpreted as
algebraic equations for some of the fields of the standard Weyl multiplet. More precisely, in the hyper-
dilaton Weyl multiplet, the standard Weyl multiplet’s matter fields (X*,%4;) and D, together with
the SU(2)g symmetry connection ¢,/ become composite fields. On the other hand, the four bosonic
g and four fermionic (pa,p, ) fields of the hypermultiplet, together with an emerging triplet of real
gauge two-forms BynL = byl = —bpmiL, are independent and not subject to any equations of motion.
By then coupling the 24 4- 24 hyper-dilaton Weyl multiplet to a single 8 + 8 off-shell vector multiplet
compensator, upon gauge fixing dilatation, special conformal transformations, S-supersymmetry,
and the whole U(1)g x SU(2)g R-symmetry, one readily obtains the 32 4 32 hyper-dilaton Poincaré
supergravity with the field content described in (5.1.2)).

To the best of our knowledge, despite their simplicity, the reinterpretation that we advocate in
this paper for the on-shell hypermultiplet as the hyper-dilaton Weyl multiplet and their connection
to Miiller’s supergravity in a superconformal framework has never explicitly appeared before in the
literature. The advantage of our novel superconformal formulation compared to the original work of
Miiller [241] is the potentially straightforward extension to more general matter couplings. As a simple

example, in our paper we show this by extending Miiller’s Poincaré supergravity action by including
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a new invariant that leads to a non-trivial potential for the dilaton field. Intriguingly, such a scalar
potential is generated without a standard gauging which, in an N = 2 standard Weyl multiplet setting,
is associated to integrating out an independent auxiliary field given by the SU(2)g gauge connection.

This paper is organised as follows. In section we first review the definition of the standard
Weyl multiplet of off-shell N = 2 conformal supergravity and, by using our notation, present results
we need for the rest of the paper. We then describe the structure of an on-shell hypermultiplet in a
standard Weyl multiplet background and explain how such a system can be reinterpreted as a variant
hyper-dilaton Weyl multiplet of off-shell N = 2 conformal supergravity. Section |5.3|is devoted to first
prove how the off-shell Poincaré supergravity theory constructed by Miiller in [241]] can be engineered
as the hyper-dilaton Weyl multiplet coupled to an off-shell vector multiplet conformal compensator.
We then extend the results of [241] by adding a new BF-coupling which induces a scalar potential for
the dilaton without a standard R-symmetry gauging. Section includes a final discussion and an

outline of some future directions based on the results of our paper.

5.2 The hyper-dilaton Weyl multiplet

The aim of this section is to construct the 24 4 24 hyper-dilaton Weyl multiplet of off-shell N = 2
conformal supergravity. Subsections [2.2.2]and [2.2.3|reviews well-known results about the standard

Weyl multiplet and serves to introduce the notation that we employ. Subsection [5.2.1] describes the
on-shell hypermultiplet in a standard Weyl multiplet background and the resulting interpretation of

this system as an independent multiplet of conformal supergravity.

5.2.1 On-shell hypermultiplet and hyper-dilaton Weyl multiplet

A single on-shell hypermultiplet comprises 4 + 4 degrees of freedom described by a Lorentz scalar
field ¢ and spinor fields (pk ,p) — see [[138-141,(186,242] together with [37,38,232] and references
therein for superconformal approaches to systems of on-shell hypermultiplets. The index i = 1,2 is an

SU(2) flavour index and the fields satisty the following reality conditions
(6" =qis  (Pa)" = Pai (5:2.1)
together with the following dilatation and chiral weight identities
i i i 3 _ 3_
Dg"=q", Dpa = ZpPa, DPai=7Pai, (5.2.2a)
Yqi=0, Ypg = pa, YPai=—Pai. (5.2.2b)

The multiplet, which has the field g% as its superconformal primary, is characterised by the following

local superconformal transformations [37,38}, 13814 1}232]
ji Ly lgig i ki i
6qll — Eélpi_iélp,_f_lquf_i_lﬂ)q—, (5.2.33)

; . aE i 1 ab i . i 3 i i
8pa = —4(08)aVad" + S Aar(0“" PN e +iAyPa + S ADPa +8Mgait ,  (5.2.3b)
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5P = 4i(6°ENIV qu+ xab( Ppi)® —idypl + mpl 8nfq',  (5.230)
where
ii i 1o 1
Viq" =Daq" — 4_1% p-+ 4_1% p-. 5.2.4)

In contrast with the standard Weyl multiplet described in the previous subsection, the algebra of the
local transformations (5.2.3) closes only when equations of motion for the fields are imposed, see for

example [38,[232] for a detailed analysis. In our notations, the covariant equations of motion of ¢’ and

(k. P{*) are:

: i S

(Vapto®), = E(ﬁLGCd)aWCd—I—@Z(xqul, (5.2.5a)

(Vapi6*)" = =5 (pio™) Wi +6iZqy (5.2.5b)
. 3.

Og" = —EDqll ,  O0:=Viv,. (5.2.5¢)

The expressions for V,pb, V.py, and (g™ in terms of the derivatives D, are given by

. S 1 T :
Vape = Dape+2i(67War), (quk’— LV P+ Zwbkp’) +40ugpq™ | (5.2.6a)
~6 ~6 Ca ; 1 1_ _ .
Vap? = Dapd—2i(6"y")" (@h% — 3 VokPi Z‘kapi) — 46, " gy , (5.2.6b)
i ; L A I Sy B
Oq" = D*Dag"— 2faa " p£®a‘/’a + _Pl®a‘//a - _‘//a Dap*+ _‘//a Dap*

3i —1 ~a i
__¢a6 P + ¢a6 p "" Wal b‘/’k Dbqk + (Wa ) ll Z(Wac Zl)ql’

——<wao GCdp’)WCZ—E(WaGGCde — (V'9“D)d" + (W' 91"

LTS () + (w0 P () (5.2.60)

It is important to stress that equations are typically read as equations of motion for the
hypermultiplet fields, see e. g., [37, 38, 138-141,232]. They certainly are dynamical equations for
g and (pfx , ﬁf‘) in a flat background (with no central charges as in our case) where all conformal
supergravity fields are set to zero [[186,[242]. For this reason, the multiplet is typically referred to as
the on-shell hypermultiplet. However, such an interpretation is not necessary in a curved background
described by the standard Weyl multiplet. In fact, the equations (5.2.5]) can be interpreted as algebraic
equations for the standard Weyl multiplet that determine the fields (X%, ;) and D in terms of ¢* and
(pé ,ﬁf‘) together with the other independent fields of the standard Weyl multiplet. If we assume that

g' is an invertible matrix, which is equivalent to imposing
7 = q"qi = €ij€ijq"q” = 2detq" #0, (5.2.7)

then the following relations hold

Zai — 2q72qll

i . 1 1
—2(@ i 6% + (9, 6P 6%)* (Diji_Zijpi+Zijpi>
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2 i —  ~{ Ci j
+§(‘Pab 5% (pl oW+ g(wajo c d)“quWCZ] : (5.2.82)
s a2 | L ity (5P . (Dradi— Luioi o Lgisi
Yoi = 29 “qi 2( aP'0)o — (W.;670") s | Dug AV Pt WP
2 @ j~ab = cd _] a ~ Cd i — 528b
-3 (Par’67) 44" ——(p W+ (wa 0“6 aq, Wy (5.2.8b)
-2 a il 1 il — | ~a cd Al + i I <a=I 1 i i
D = g 7gi|D ga‘]’“f‘gRQ’ (I//ac o P)ch—§¢a0 p’_EP’DaV’d
i i iraj i 3i i a‘ o
-y DaP"FZ(Wa‘P])C]j"*'E(V’aG ) (‘Vaj Zj)
1 _ i~ ii 1 a - ] i i —j)a i
€ (5,6,Dp ¥ )" + W P (W W) g+ i (W' oP) Dyg i
L b oD@\ (yp o
—E(l//a o’y (ypipt) | +c.c.. (5.2.8¢c)

In the expression for D, eq. (5.2.8¢), remember that (X, %;) and (¢‘,¢;), together with the spin
connection ®,,“¢, are composite fields. Note that so far we have only used one of the four equations
that are equivalent to to solve for D in eq. (5.2.8¢). It is simple to show that the remaining

independent three equations are equivalent to the following
Vg iV,q:))=0. (5.2.9)

As we are going to explain in detail below, this equation is solved by turning the SU(2)r connection
¢,,*' into a composite field.

As a next step in the construction of the hyper-dilaton Weyl multiplet, we note that, accompanied
to an on-shell hypermultiplet there is always a triplet of composite linear multiplets [[138-140, 186].
An N = 2 off-shell linear multiplet [[117,|118/139}187-191]] comprises the following covariant fields:
an SU(2) triplet of Lorentz scalar fields G/ subject to the reality condition (GY)* = G; j> spinor
fields (xai, 7*); a complex scalar field (F, F); and a covariant real closed anti-symmetric three-form
H ., which is equivalent to a conserved dual vector H¢ := 6 gcdp, .. Their local superconformal

transformations in a standard Weyl multiplet background are given by [139]

5G,~j = 25(1%1-) + Zé(i)_fj) — Zl(iij)k +2AID>Gij , (5.2.10a)
Sxoi = —EaiF —4iH,(0°E)q +i(09E) g VuGii+4niG i
1 . 5 .

+§)L“b(oabx,~)a — A Xja+ Elﬁpxcxi +iAy Xai (5.2.10b)
57% = —EUF 4 4iH,(6°E) % +1(69E) V.G +47 4G

+§7L“b(€;abz’)“ + ALY+ §/1D;z“’ —ilyg®, (5.2.10c)

SF = —2iE'6V, i+ (E'6“3)W, —6(E'ENG;j+4n'y;
+3ApF + 2iAyF | (5.2.10d)

SF = —2i&0°V g — (& W L 6(E T)Gij+4nx’
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+37LDF 21/lyF (5.2.10e)
5Ha = élcabv X __(516(1 )W_ 3 (étca )GU

_ T Fix Vb_'—— iz ~cd +__ J
2& Ouapb Y Xi 16(§ 040 Xt)ch (g )

5 L 3. .
A Hy + 3ApH, — Zlnloa;zi n ZI""G" X, (5.2.10f)
where
VaGij = DaGij— VYaiXj) — Va(Zj) » (5.2.11a)
1 R I .
VaXai = DaXai+t _llfa(xiF + 21(GbWai)aHb - E(Gbllfa'])aVbGij — 2(])aé,Gij , (5.2.11b)

Vg% = D% += 1// UE_2i(6°y,") o H) — E(c; Vaj)*VpGY —26,5G7 . (5.2.11c)
The covariant conservation equation for H,, is
ary 3 i 3 =1
VYH, = gz Xi+ gE,)( . (5212)
The constraint implies the existence of a gauge two-form potential, b,,, = —b,,, and its exterior

derivative fiymp := 30|,,b,,,. The solution of (5.2.12) is

- 1 3i 31 .. _ 3 P
H, = 68ab0d (hbcd - Zl//bigcdxl - Zl//blo-chi - Z(‘I/blﬁcllfdj)Gij> ; (5.2.13)

where hgp. = e, ep" P hyynp. The locally superconformal transformations of by, are

i i1 )
Obm, = EgiGmnx’—{—Eélﬁmn%i‘l‘ ( n]éj ]lj[m g)Gij+28[mln]7 (5.2.14)

where we have also included the vector gauge transformation &;b,,, = 28[mln] that leaves 5, and H¢
invariant. For convenience, we have summarised the dilatation and chiral weights of the fields of the
linear multiplet in Table

L Gy [t [ 2 [F [ F [H | by
D] 2 [5/2]5/2]3]3 ]3] 0
Y| o1 |-1]2|-=2]01]0

Table 5.1: Summary of the dilatation and chiral weights in the off-shell linear multiplet.

Now that we have reviewed the structure of a locally superconformal linear multiplet, a straightfor-
ward analysis shows that, assuming g% and (pfx ,ﬁf‘) describe an on-shell hypermultiplet in a standard
Weyl multiplet background with transformation rules (5.2.3)), the following composite fields define a
triplet of linear multiplets [[141]

y | 1. . e

tall = Jad . 2=—3d.  (a) =Ty (5:2.156)
ij [N, - 1 ij\¥ _ 7

Fi = gp(,pi) . Fj= by - (FY)* =Fy, (5.2.15¢)
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o 1 .. . i . o -
A = —2qVqd) + platpl), (A = A% . (5.2.15d)

These fields all transform according to (5.2.10]) and each of the previous fields is symmetric in i and

J- Within the previous composite fields, the field H4 is particularly interesting. In fact, equation

together with (5.2.13)) represent the solution to the constraint (5.2.9) and can be used to

express the SU(2)g connection ¢,,"/ as a composite field. By introducing the derivative

1. 3
D, = e <am - Ea),,;ndd —iA,Y — bm]D) = Dy+e," O Jij , (5.2.16)

and by using (5.2.4), eq. (5.2.15d) can be rearranged for the SU(2)g gauge connection as follows

- PN R T R T T
07 = 497" 4" ;| 4" Dagil = 14" (arp?) + 34" (Parp?) — gploap+ 4l | (52.17)

where H,Y is given by (5.2.13).

This concludes the definition of the hyper-dilaton Weyl multiplet. The final result of our analysis is
that we have identified a new representation of the off-shell local 4D, N = 2 superconformal algebra in
terms of the following independent fields: e,%, by, Am, Wap, G, by, (Wi, Wn'), and (pt, pi). The
multiplet has precisely the same number of off-shell degrees of freedom as the standard Weyl multiplet,
24 +24. Table [5.2] summarises the counting of degrees of freedom, underlining the symmetries

acting on the fields. Note that with the ingredients provided so far, it is a straightforward exercise

en” wmab b fma ¢mij Am Yini (pmi Wap Pi qii -
16B 0 4B 0 0 4B  32F 0 6B 8F 4B 18B
P, My, D K, JY Y 0 S Al -sym
—4B —6B —1B —4B —-3B —1B —8F —8F —9B
Result: 24 + 24 degrees of freedom

Table 5.2: Degrees of freedom and symmetries of the hyper-dilaton Weyl multiplet. Row one gives all the fields in the
multiplet. Row two gives the number of independent components of these fields — composite connections are counted
with zero degrees of freedom. Row three gives the gauge symmetries. Note that the parameter A, describes the vector
symmetry associated with the gauge two-forms b,,,” with field strength three-forms ,,, ,,Q and A, Row four gives the
number of gauge degrees of freedom to be subtracted when counting the total degrees of freedom. Row five gives the
resulting number of degrees of freedom.

to obtain the locally superconformal transformations of the fundamental fields of the hyper-dilaton
Weyl multiplet written only in terms of fundamental fields. These are given by (2.2.24a)—(2.2.24¢),

(2.2.24e)—([2.2.24g), (5.2.14), and (5.2.3a)—(5.2.3¢) after using the appropriate identities for all the
composite fields @, fmar O’y (mis On')s (E*, L), and D respectively given by egs. (2.2.19),

(.2.17), 2.2.16). and (5.2.8).

It is important to underline that the local gauge transformations of the hyper-dilaton Weyl multiplet

form an algebra that closes off-shell on a local extension of SU(2,2/2). In fact, by construction
the resulting algebra is identical to the one of the standard Weyl multiplet transformations (2.2.2)
(see [137] and [26,/41]] for detail on the local algebra), with the only important subtlety being that the

structure functions will have more composite fields.
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5.3 Gauge fixing and Miiller’s Poincaré supergravity

As explained in the introduction, one of the motivations of our analysis was to show that the
32 + 32 off-shell multiplet of 4D, N = 2 Poincaré supergravity constructed by Miiller in [241] could be
derived by superconformal techniques starting from the hyper-dilaton Weyl multiplet. In this section
we explain how this goes. We first focus on the structure of the multiplet and then explain how to
construct the Poincaré supergravity action derived in [241]. At the end of this section we also extend
the results of [241]] by adding a new BF-coupling which induces a scalar potential for the dilaton

without a standard R-symmetry gauging.

5.3.1 Hyper-Dilaton Poincaré supergravity multiplet

To recover a multiplet of Poincaré supergravity, compensating multiplets must be coupled to the
off-shell conformal supergravity multiplet to fix some of the local superconformal symmetries —
see [37,38] for reviews. Below we will describe how to recover the multiplet described in [241] which
we denote as the hyper-dilaton Poincaré multiplet. The construction is straightforward. We simply
need to couple the hyper-dilaton Weyl multiplet to a single off-shell vector multiplet compensator and
then appropriately gauge fix to eliminate all symmetries except local supersymmetry, Lorentz, and the
vector gauge symmetry of the gauge two-forms bmng.

It is straightforward to define an off-shell 4D, N = 2 Abelian vector multiplet in a hyper-dilaton
Weyl multiplet background. As a first step consider an Abelian vector multiplet [242,243|] in a standard
Weyl multiplet background [42,137,/141,231]]. This is described by a complex scalar field ¢ and its
conjugate ¢ = (¢)*, gaugini (A, A%) such that (A)* = Ag;, a triplet of auxiliary fields X"/ = X/t
satisfying the reality condition (X*/)* = X; j» and a real Abelian gauge connection vy, or, equivalently,

its covariant real field strength F,;, given by
m,_ n i 1k 1 k 1 ky | k.
Fab = €4 € fmn_illl[akab])L +§l//[a Gb])'k_ E(Wak‘//b )¢+§(Wa ‘l/bk)(]) > (531)
where f,,, = 28[mvn]. By construction Fy, satisfies the Bianchi identity
1 I
V[anc] = _ER(Q)[abch})LJ + ER(Q)[abJGC])Lj ) (5.3.2)

that is solved by (5.3.1). The non-trivial dilatation and chiral weights of the vector multiplet fields are

summarised in Table[5.3]

L o [0] A, [A* [XY ] Fu | vm]
D] 1 [1]3/2]3/2] 2] 210
Y| —22/=1]1]0]0]o0

Table 5.3: Summary of the dilatation and chiral weights in the off-shell Abelian vector multiplet.

The transformation rules of the vector multiplet fields in a standard Weyl multiplet background are

8¢ = EA+Apd —2ilyo (5.3.3a)
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8¢ = EN+Apd+2iAy 9, (5.3.3b)
. . . | o aE
6hgq = Z(G“bé’)aFaH(G“bé’)aWJ;;q’—§5an”+21(6 &aVad
1 . .3 . . ,
+§7L“b(cabl’)a +AAL+ EADA& —iAy AL +4nLo (5.3.3¢)
70 ~ab £ \0 ~ab £ \0 — lzg; s &a ) Iy
SAY = —2(8E)%Fy— (6E)*W 0 — Eéo‘fxiﬁzl(a E)OV,.0
+%A“b(aabi,~)“ —AIAF + %/IDZ,O‘ +iy A +47%¢ (5.3.3d)
8XU = —4itligov 1)) — 4iEligev A + 220 Xk 42X (5.3.3¢)
. 2k k\ 5 1 k — k
8Fyy, = | =160, VA" +2(ER(Q)as )¢—§(§kl W+ 20" Oapi +c.c.
+2ApFu, — 24, Fy, (5.3.30)
Svm = (&wn)0 — (E*Pri) 9 + O (5.3.39)
where
Vi = Da¢—%%,~m, (5.3.4a)
Vip = Daé—%lﬁai/_li, (5.3.4b)
. . . 1 _ 1 .
Vakly = Dk = (0w )a (Ff+3Wii) + 7 Vo X7
~i(6"Wa')a Vs — 20459 (5.3.4¢)
. - cede il L |
Valia = @alia + (G dl[/a,')a (ch + EWqu)) + ZWanXij
—i(6"Wui) " Vi — 20419, (5.3.4d)

and we have also included in (5.3.3g) the gauge field transformation parametrised by the local real
parameter Ay . The transformations of the vector multiplet in a hyper-dilaton Weyl multiplet background
are precisely the same with the only subtlety that one has to interpret several standard Weyl multiplet
fields as composite of g, (pé, p), and by, .

The compensating vector muitiplet contains 8 + 8 off-shell degrees of freedom. Once added to the
hyper-dilaton Weyl multiplet we obtain the right number of off-shell degrees of freedom, 32 + 32, of
the hyper-dilaton Poincaré multiplet [24 1] but in a manifestly superconformal setting. We can then
obtain the structure of the Poincaré multiplet, including its local transformation rules, after gauge
fixing.

The first set of gauge fixing conditions are

p=1, ¢=1, (5.3.5a)
by =0. (5.3.5b)

The condition ((5.3.54) fixes dilatation and U(1)g symmetries, while (5.3.5b) fixes special conformal

K¢ symmetry. Next we impose

Al=0, A*=0, (5.3.5¢)
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which gauge fixes S-supersymmetry. A characterising feature of the hyper-dilaton Weyl multiplet is

that it contains an SU(2) compensator, the ¢ fields. As a last gauge fixing condition we then impose

qii =—¢gle”V — qii = 5;671] — q,i =5V — qii = 8@_er , (5.3.5d)

1

which breaks SU(2)g. After imposing the previous gauge fixing conditions, the remaining fundamental
fields in the multiplet match those of the hyper-dilaton Poincaré supergravity multiplet [241] as

summarised in table The fundamental fields are the vielbein e,,“, the gravitini (y;,”, ll_/mix), areal

em” O Ap (Wm?a‘f’mix) Wab (Péz»p,% U buw'l XU v,

16B 0 4B 32F 6B 8F 1B 18B 3B 4B
P, My 0 (An') (Av)
—4B —6B —8F —9B —1B

Result: 32 + 32 degrees of freedom

Table 5.4: Hyper-Dilaton Poincaré multiplet. Row 1 gives all fields in the multiplet. Row two gives the number of
independent components of these fields. Row three gives the surviving gauge symmetries. Row four gives the number
of gauge degrees of freedom to be subtracted when counting the total degrees of freedom. Row five gives the resulting
degrees of freedom. The parameter A,,". describes the vector symmetry associated with the triplet of gauge two-form b,,,,*.
The gauge parameter Ay describes the scalar symmetry of v,,.

vector field A,,, a real antisymmetric tensor Wy, a real scalar field that plays the role of a dilaton U, a
real triplet of scalar fields X%/, a triplet of gauge two forms b, a gauge field v, that plays the role of
the graviphoton, and spinor fields (pa, p; %). The residual gauge transformations of the multiplet are
described by covariant general coordinate transformations (%), local Lorentz transformations (A,,),
local supersymmetry (%, E&), and Abelian scalar (Ay) and vector (A,,%) gauge transformations. Note
that we have kept the distinction of SU(2)g and SU(2) flavour indices. However, thanks to the second
gauge condition in (5.3.5d), after gauge fixing the two indices can be identified.

The transformation rules of the resulting Poincaré supergravity multiplet [241] are those that
preserve the previous gauge conditions (5.3.5)). To preserve the gauge condition (5.3.5a) we need to
impose Ap = 0 and Ay = 0. Since Q-supersymmetry do not preserve the gauge, it is necessary to
accompany these transformations with appropriate S-supersymmetry, special conformal, and SU(2)g
compensating transformations. To preserve the gauge condition (5.3.5¢), by examining the transforma-
tions and (5.3.3d), it is straightforward to show that any Q-supersymmetry transformation has

to be accompanied by a compensating S-supersymmetry transformation with parameter
. 1 _.
M®) = (0 S (F 5 W) a0 at. (5360
¢ 1 g NG
n&) = ( A ( 1+ sz) + = & IXji—(69€)%A, . (5.3.6b)

A similar analysis shows that to preserve the gauge condition b,, = 0 one needs to enforce nontrivial
compensating special conformal K-transformations with a parameter A%(&). However, since all the
other supergravity fields are conformal (not necessarily superconformal) primaries, not transforming
under special conformal boosts, in practice we will never have to worry about inserting the compensat-

ing A%(&) parameter (whose expression is quite involved) in any Poincaré supergravity transformations.
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The last gauge fixing condition which is not preserved is (5.3.3d). It is straightforward to check that we
can consistently have §¢() = 0 by implementing in (5.2.3a) a compensating SU(2)g transformation

with the following parameter
29(&) = e |glip — E0pT)] (53.7)

where p’ = §/p* and p; = 8 pi.

At this stage, one has all the ingredients to obtain the transformation rules of any matter multiplet
in the gauge fixed, Poincaré supergravity frame, by appropriately implementing the previous compen-
sating gauge parameters in the superconformal transformation rules. The resulting local transformation
rules of the hyper-dilaton Poincaré multiplet form an algebra that closes off-shell on a local extension of
the N = 2 super-Poincaré algebra with no residual R-symmetry. The structure of the algebra coincides,
up to notation, with results in [241]]. A detailed presentation of the hyper-dilaton Poincaré multiplet
and its coupling to matter in the superconformal framework of this section will be given elsewhere as it
is not necessary for the rest of our paper. It is worth underlining that, as explained by Miiller in [241]],
the resulting 32 + 32 multiplet describes an irreducible off-shell representation. This differs from the
case of the standard 40 + 40 multiplet of off-shell N = 2 Poincaré supergravity [[137,238-240] which,
for example, can arise by coupling the standard Weyl multiplet to two compensators given by an

off-shell vector and a hypermultiplet (the simplest of which is probably an off-shell linear multiplet).

5.3.2 Hyper-Dilaton Poincaré supergravity action

With the hyper-dilaton Poincaré’s multiplet recovered using a superconformal approach, we can
now describe how to obtain the Poincaré supergravity action first constructed in [241]. Once more,
the construction is straightforward. In fact, the action derives from the kinetic action of the vector
multiplet compensator in a hyper-dilaton Weyl multiplet background after imposing the gauge fixing
conditions (5.3.5). We will describe this construction by focusing only on the bosonic fields.

As a starting point we consider the bosonic sector of the chiral density formula for a system of
vector multiplets possessing scalar fields ¢’ with prepotential F(¢) in a standard Weyl multiplet

background [41,42,|141,[231]. This supersymmetric invariant has the following bosonic Lagrangian

_ . S i Lo e
¢ Llosonic = FIOG! +3519' Dt S FuX" XY = T f 1 f ) - SFW W,
ab o - 1 -
—FIW Ly = T WL — 2T W IW e, (538)

oF 2%F
aq(;?) and ¥y = aq,z,%;-

the previous Lagrangian. In our case, we have only one vector multiplet and the only possible function

where I =

We refer the reader to equation (3.30) of [41] for a derivation of

JF we can choose which leads to a locally superconformal invariant is given by

F(9) = —idﬂ . (5.3.9)

Here the overall factor is chosen for later convenience. Once we insert (5.3.9) into (5.3.8)) and take

into consideration that we are working with a hyper-dilaton Weyl multiplet rather than a standard Weyl
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multiplet (meaning that (5.2.8c)) has to be used), we obtain the following
-1 1 2 ’¢|2 a ii a 1 ij +ab
€ L‘bosonic = __’¢| R_7ta‘D @ (P@ D (P— X ij+ f
+= ¢W R R ¢W+“b b+ = ¢> WeW ¢2W+“bw+b +c.c.. (5.3.10)

Note that in the previous Lagrangian there is a dependence upon the triplet of gauge two-forms b,,,"
which is still hidden in the SU(2)g connection inside the D, derivatives, see eq. (5.2.17).

The final step to obtain the bosonic sector of the Poincaré supergravity of [241]] is to impose
the gauge fixing conditions (5.3.5). Upon implementing these conditions, the resulting Poincaré

supergravity Lagrangian turns out to be

_ 1 1 1
e ! L ’bosonic - _ER + Efabfab + Wabfab + ZWabWab - 2(amU>amU
o 1 ..
+16e* R yh ! — X Xij+HAA%A, (5.3.11)

Note that here b,,,"! = 6" 61bmnkl and i, = 5" 51 h X since we have stopped distinguishing between
underlined and non-underlined SU(2) indices after gauge fixing.

The structure of our and Miiller’s Lagrangian in [241]] coincide up to change of notation. It is a
straightforward exercise to derive the fermionic extension of the previous Lagrangian. This result
will be presented elsewhere together with a discussion of more general supergravity-matter couplings
based on the hyper-dilaton Weyl multiplet and the associated hyper-dilaton Poincaré supergravity.

To conclude let us analyse the on-shell structure of (5.3.11)). It is clear that W, X iJ and A, are

auxiliary fields that can be algebraically integrated out by using the equations of motion
Wap = —2fm, X7=0, A,=0. (5.3.12)

Once the previous equations are used in (5.3.11)), one obtains the on-shell Lagrangian

e Llposonic = —lR - f’"” fon —2(3U0)0™U +16*V W™k, (5.3.13)
The first two terms describe the standard kinetic terms for minimal on-shell N = 2 Poincaré supergravity
with a dynamical graviton and graviphoton. The last two terms describe a dilaton and a triplet of
dynamical gauge two-forms which are not part of the minimal on-shell N = 2 Poincaré supergravity
multiplet. In fact, these fields describe the bosonic sector of an on-shell hypermultiplet where three
of the scalars have been dualised into real gauge two-forms [241]]. The same holds by including the

fermionic sector.

5.3.3 BF-coupling and dilaton potential

To conclude this section we consider an extension of the original result of Miiller from [241]] and
show how to construct by using superconformal techniques a new off-shell supersymmetric invariant

that, e. g., leads to a non-trivial scalar potential for the dilaton.
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Given a vector multiplet and a linear multiplet, we consider the local supersymmetric extension of
a BF -action in a standard Weyl multiplet background [138]]. We refer the reader to [41] for a derivation
of the locally superconformal invariant, including fermionic terms, in the notation used in our paper.

The bosonic part of such an invariant is
— Py 1 [ ] mn
e 1fCBF|1)osom'c = F¢ +F¢ + ZGinlJ —2e™ qumnqu ) (5.3.14a)
R | .. -
= F¢ +F¢+ZG,~J-X’J—8hmvm. (5.3.14b)

By construction, the supersymmetric BF -action is also well defined as an invariant in a hyper-dilaton
Weyl background. We can readily construct an invariant of this form by considering the off-shell vector

multiplet compensator used in this section and an off-shell linear multiplet given by

Geij = égGijQ y Xeai = éil%aig ; ng = ﬁilj_caig , (5.3.15a)
Fe:=&FY, Fr=E8YF;, bemn:=C&jbm", He*=§;HY. (5.3.15b)

Here G; jil, xaiil, X ‘j‘ii i F il, Fil’ bmnil, and H9% are fields of the composite triplet of linear multiplets
(5.2.15) constructed in terms of fundamental fields of the hyper-dilaton Weyl multiplet, while

ij=¢ji, (&) =¢84, (5.3.16)

is a real triplet of (structure group invariant) constants. The bosonic part of the resulting Lagrangian is
B 1 ... » 1 . . .

e Lelbosonic = &ij (Zq#q X1 pgmnrap, i qu> —&; (Zq,iq X — 8hm4vm) . (5.3.17)

After imposing the gauge fixing conditions (5.3.5), and adding the previous term into (5.3.11)), we

obtain the following Lagrangian

_ 11 1
e 'L |bosonic = _§R+ Efabfab + Wabfab + ZWabWab —2(9,U)0™U +4A%A,
~ o~ . 1 .. 1 .
+16e U i h" — 2E;; €™ by frg — XX+ & e 2UXY | (5.3.18)

where, after gauge fixing, we have used &;; = 5;5%5,2 and b,,," = 5;5} byt As for the undeformed
Lagrangian (5.3.11), W,;,, X/, and A,, are auxiliary fields that can be algebraically integrated out. With

the &-deformation turned on, the equations of motion obtained from (5.3.18)) are
Wap = —2fu, XU =—4EUe™2V A, =0. (5.3.19)

Once these equations are used in (5.3.18)), we obtain the on-shell Lagrangian

- | I . S
e Llposonic = =5R= 2™ fom = 2(0nU)0"U + 16 "l
+E2e™ W L 28 €M by £y (5.3.20)

where 1
52 - Eéijgij >0. (5.3.21)



122 CHAPTER 5. HYPER-DILATON WEYL MULTIPLET

The first line coincides with the on-shell hyper-dilaton Poincaré supergravity containing the
standard minimal on-shell N = 2 Poincaré supergravity coupled to a dilaton and a triplet of dynamical
real gauge two-forms. Interestingly, the &-deformation induces a scalar potential for the dilaton
together with a BF-coupling between the graviphoton and one of the three gauge two-forms of the
hyper-dilaton Poincaré multiplet (the component by, = i j b parallel to the &; ; direction). We
now conclude by commenting the results obtained in this subsection.

By considering a flat limit with e, — &7, bun2 — 0, U — 0, and g;% — 5}, and by keeping
dynamical the vector multiplet with auxiliary field X"/, the Lagrangian turns into

1 i,
L8 bosonic = 7&K (5:322)

This is a standard (electric) Fayet—Iliopoulos (FI) term for an N = 2 vector multiplet [242,[244]].
The invariant can be considered as a curved extension of a FI term in a hyper-dilaton Weyl
multiplet background. If one were to choose a different gauge fixing to Poincaré supergravity where
q'i= 65 (a condition that would lead to the same model but in a string frame), the dependence upon
the dilaton would disappear from the term linear in X”/. This straightforwardly shows that if one
restricts to a sector with constant dilaton, the &-deformation leads to a negative cosmological constant
A = —&2 < 0. Hence, the deformed model admits an AdS4 vacuum with constant negative

curvature proportional to 2.

Another interesting aspect to comment about is how the SU (2), symmetry plays a sharply different
role for the FI terms in off-shell N = 2 supergravity based on the standard Weyl multiplet compared
to the hyper-dilaton Weyl multiplet case and the &-deformed Miiller supergravity described above.
When working with the standard Weyl multiplet (and even vector-dilaton Weyl multiplets), there is
a close interplay between the SU(2), symmetry, the gauging of isometries of scalar field manifolds,
and the emergence of non-trivial scalar potentials. Within the superconformal tensor calculus, this
was already noticed in early investigations of systems of Abelian vector multiplets [141,231]], and
then extended to general hypermultiplet sigma-models [233, 234] By working with the standard
Weyl multiplet, the SU(2), connection is an auxiliary field. In the presence of FI terms, its equations
of motion identify the R-symmetries of the theory with the symmetries gauged by the N = 2 vector
multiplets. This leads to non-trivial scalar potentials together with charges and masses for the gravitini
— see [38,250] for reviews. The simplest case is the one of the standard Weyl multiplet coupled to a
single vector multiplet and a single hypermultiplet compensator. In this case, the scalar potential is a
simple negative cosmological constant and an FI term identifies on-shell the R-symmetry connection
with the graviphoton. In contrast, by using the hyper-dilaton Weyl multiplet, the SU(2), connection is
a composite field. After gauge fixing, on-shell the R-symmetry is completely broken, its connection is
identified with the field strength of a dynamical gauge two-form and the &-deformation introduces

a dynamical BF-coupling. As a result, one has an alternative procedure to obtain non-trivial scalar

2See also [245-249] for discussions concerning gauging and scalar potentials by using alternative on-shell supergravity
approaches.
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potentials compared to a setting based on gaugings in an N = 2 standard Weyl multipletE] It will be
worth exploring this mechanism for more general off-shell matter systems coupled to a hyper-dilaton

Weyl multiplet, potentially including more physical hypermultiplets.

5.4 Conclusion and future directions

In our paper we have defined a new 24 + 24 so-called hyper-dilaton Weyl multiplet of N = 2
conformal supergravity in four dimensions. The construction is based on reinterpreting the equations
of motion for an on-shell hypermultiplet as constraints that render some of the fields of the standard
Weyl multiplet composite. By coupling the hyper-dilaton Weyl multiplet to an off-shell vector multiplet
compensator, we have obtained a minimal 32 + 32 off-shell multiplet of N = 2 Poincaré supergravity
that was constructed by Miiller in [241] and then, by using superconformal techniques, we have
shown how to reproduce the supergravity action of [241]]. This contains the minimal on-shell N = 2
Poincaré supergravity coupled to a hypermultiplet where one of its physical scalars plays the role
of a dilaton while its three other scalars are dualised to a triplet of real gauge two-forms. We have
then described how a superconformal BF'-coupling induces a scalar potential for the dilaton without a
standard gauging. There are several future directions that our work is opening up. In the following we
are going to mention a few.

As mentioned in the introduction, vector-dilaton Weyl multiplets were used in the past to study
off-shell supergravity in five and six space-time dimensions, see [89,90] for descriptions in terms
of component fields and also [29,31,/69,126]] for analyses in superspace. We are currently working
towards extending our construction for hyper-dilaton Weyl multiplets in other D < 6 space-time
dimensions. Note also that much of the results obtained in our paper were obtained by using the
conformal superspace approach to N = 2 conformal supergravity described in [26,41]. We will present
superspace analyses together with more detailed derivations of our results, and extensions to D < 6
dimensions in the near future.

One of the main motivations of our work was to explore alternative, yet simple, off-shell engineering
of non-trivial scalar potentials in 4D, N = 2 supergravity. The results in subsection are a first
step in this direction. While we have only presented in this paper an off-shell Poincaré supergravity
based on the hyper-dilaton Weyl multiplet coupled to a single off-shell vector multiplet compensator,
a straightforward generalisation, part of a current work in progress, is to look at generic systems of
(Abelian) vector multiplets. It is well known that for these systems, non-trivial scalar potentials in 4D,
N = 2 supergravity are associated to Fayet-Iliopoulos (FI) terms. These couplings are known to take
two forms, either electric or magnetic FI terms. The electric and magnetic nomenclature arise from the
role that extensions of electro-magnetic duality of Maxwell theory play in 4D, N = 2 supersymmetry.
In the case of global supersymmetry, electric and magnetic FI terms are well understood both on-shell

and off-shell, see [93,95,252-256]. They play an important role in the description of spontaneous

3Tf one considers higher-derivative interactions, it is possible to construct very general scalar potentials without gauged
R-symmetry by using a standard Weyl multiplet and new types of N = 2 FI terms, see [251]].
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full and partial breaking of supersymmetry. They are also key ingredients in supergravity descriptions
of compactified string theories with fluxes and various patterns of supersymmetry breaking, see
e. g., [257] and references therein. In supergravity, the off-shell description of 4D, N = 2 magnetic FI
terms (and magnetic gaugings) has not been developed in full generality yet, though they are expected
to play an important role in engineering scalar potentials in supergravity models possessing vacua with
both positive and negative cosmological constant — see for instance the recent discussion of magnetic
4D, N =1 Fl terms [112]. The curved superspace constraints for off-shell magnetic FI terms were
introduced in [258,259]] and in depth supergravity analyses in components (though not fully off-shell)
were presented earlier in [260,261]]. By using a hyper-dilaton Weyl multiplet it is straightforward to
engineer generic electric and magnetic FI-type terms by means of composite linear multiplets. We
have already described how supergravity extensions of electric -deformations can be obtained by
using the BF-coupling in terms of the composite linear multiplet (5.3.15]). Off-shell magnetic
FI-type deformations in a hyper-dilaton Weyl multiplet background can easily be engineered in terms
of the same composite linear multiplet. This would, for example, appear as an imaginary deformation
of the X/-auxiliary real field of a vector multiplet. Such deformations would be parametrised by the
composite field G¢;j = ; iqitq ;L with & = Cji, (&;;)* = ¢Y constants that generalise the magnetic
FI terms of global supers;/mmetry. Givén a siysterril of n+ 1 vector multiplets with scalar fields ¢’

(with I =0,1,---,n) coupled to the off-shell hyper-dilaton Weyl multiplet, it is then straightforward to

1
ij

magnetic deformation. These induce non-trivial scalar potentials and vacuum structures. We plan to

introduce 3(n+ 1) off-shell deformations each associated to either a é;J* electric deformation or a

report in the near future on work in progress based on this direction and to extend these analyses also
by including more physical hypermultiplets.

Up until now, dilaton Weyl multiplets for 4D N = 2 conformal supergravity have been constructed
by coupling the standard Weyl multiplet to either an on-shell vector multiplet [92] or an on-shell
hypermultiplet (the latter in our current paper). It is quite clear that other variant dilaton Weyl multiplets
might exist. A natural possibility is to couple the standard Weyl multiplet to either an on-shell linear
(tensor) multiplet or an on-shell vector-tensor multiplet — see, e.g., [41,190,262-267] for references on
the vector-tensor multiplet including its coupling to conformal supergravity. It would be interesting to
make these constructions explicitly and explore the peculiarities of these possible other dilaton Weyl
multiplets in the study of off-shell 4D, N = 2 Poincaré supergravity.

Another natural direction for future research is the construction of higher-derivative actions based
on the hyper-dilaton Weyl and the hyper-dilaton Poincaré multiplets. Higher-derivative supergravity
naturally arise in the low-energy description of string theory but, despite its importance, it is still poorly
understood. Vector-dilaton Weyl multiplets have been successfully used to construct several off-shell
higher-derivative supergravities in 4 < D < 6 dimensions, see [29,/56,,59,60,/63-65,68.,69,72]. It is
natural to look at this problem starting from a hyper-dilaton Weyl multiplet coupled to systems of
vector multiplets with electric and magnetic FI-type terms. We expect to be able to overcome some of

the other Weyl multiplet’s restrictions to engineer off-shell gauged supergravity.
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Chapter 6

Hyper-Dilaton Weyl Multiplets of 5D and 6D

Minimal Conformal Supergravity

By extending the recent analysis of arXiv:2203.12203 for N = 2 conformal supergravity in four
dimensions, which is discussed in detail in chapter 5, we define new hyper-dilaton Weyl multiplets
for five-dimensional N = 1, and six-dimensional N = (1,0) conformal supergravities. These are con-
structed by coupling the five- and six-dimensional standard Weyl multiplets to on-shell hypermultiplets
and reinterpreting the systems as new multiplets of conformal supergravity. In the five-dimensional
case, we also construct a new hyper-dilaton Poincaré supergravity by coupling to an off-shell vector
multiplet compensator. As in four dimensions, a BF -coupling induces a non-trivial scalar potential for

the five-dimensional dilaton that admits AdSs vacua.

6.1 Introduction

A key ingredient to efficiently engineer off-shell supergravity-matter couplings is the fact that
Poincaré gravity can be formulated as conformal gravity coupled to a compensating scalar field
[268,269]]. This approach plays an equally important role both in the superconformal tensor calculus
and in superspace supergravity formalisms — see [37,38] and [35,36]] for reviews and references.
In the supersymmetric case, conformal gravity is turned into an off-shell representation of the local
superconformal algebra containing the vielbein as one of its independent fields. Such multiplet is
referred to as the Weyl multiplet of conformal supergravity. The scalar compensator is also lifted to an
off-shell locally superconformal multiplet. Depending on the amount of supersymmetry, due to the
existence of several possible choices of compensating multiplets, it is possible to obtain several different
off-shell Poincaré supergravity theories. Moreover, the fact that the Weyl multiplets themselves are in
general not unique adds to the richness of the off-shell representations.

The first instance where variant representations of the Weyl multiplets were presented is six-
dimensional (6D) minimal N = (1,0) supergravity [89] — see also [31}32,/59,60,/65,69,129,/130]

for further references on 6D conformal supergravity. In this case, it was noted that the so-called
127
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standard Weyl multiplet could be turned into a dilaton Weyl multiplet by reinterpreting the system
described by an on-shell tensor multiplet in a standard Weyl multiplet background as a new conformal
supergravity multiplet. Such a tensor-dilaton Weyl multiplet plays an important role since, once
coupled to a second off-shell conformal compensating multiplet, is the one used to construct the
simplest versions of two-derivatives Poincaré supergravity theories. Extending the idea of [89], dilaton
Weyl multiplets have been discovered also for five-dimensional (5D) N = 1 [90] and, more recently,

for four-dimensional (4D) N = 2 conformal supergravities in [92]] and [4]].

In 5D N =1 supergravity the known dilaton Weyl multiplet is constructed by coupling an on-shell
vector multiplet to the standard Weyl multiplet [90]. See [29,/126,|172,174-177] for more discussions
of 5D conformal supergravity and its matter couplings. The 4D N = 2 analogue of this type of vector-
dilaton Weyl multiplet was constructed in [92]. It is natural to expect that different on-shell multiplets
containing a scalar field playing the role of a dilaton could be used to engineer other multiplets of
conformal supergravity. In fact, as discussed in chapter 5 for the 4D N = 2 case and based on our
work in [4], a so-called hyper-dilaton Weyl multiplet was constructed using an on-shell hypermultiplet.
The scope of this chapter is to present the extension of the analysis of chapter 5 to 5D N = 1 and 6D
N = (1,0) supergravities.

Besides a mathematically oriented interest in classifying variant Weyl multiplets, it is worth to
explore new options to define off-shell Poincaré supergravities with an eye on their broad range
of applications. For example, in our opinion, for theories with eight supercharges it remains an
open problem to have a simple, though general, off-shell approach for gauged supergravities with
no physical matter hypermultiplets. In the presence of physical charged hypermultiplets (with no
central charge) one will need to use representations containing an infinite number of auxiliary/matter
fields [29,|116-133]], but with only physical vector multiplets it might be beneficial to use simpler
approaches, if possible. Exploring options to address this gap was one of the primary motivations

behind the construction of the 4D N = 2 hyper-dilaton Weyl multiplet [4]], as discussed in chapter 5.

Interesting applications of off-shell approaches to (gauged) supergravity includes the construction
of locally supersymmetric higher-derivative invariants [28,29}31,(32,/51,55H57,59-72]. This topic
has recently attracted a renewed attention due to advances in the study of black-hole entropy and next
to leading order AdS/CFT calculations — see the very recent works [79-81,84-86[] and references
therein. Vector-dilaton Weyl multiplets have been a main ingredient to construct off-shell higher-
derivative supergravities in five and six dimensions, see [29,56,/59,/60,63H65,/68. 69, 72]. We hope
new hyper-dilaton Weyl multiplets might play an interesting role to extend some of these results to
gauged supergravity. The construction of alternative Weyl multiplets could also play an interesting
role to develop alternative approaches to localisation of quantum field theories on curved space-times
— see [235] for a recent extensive review. In this context, off-shell supersymmetry has been a central
ingredient for localisation and new Weyl multiplets could offer alternative starting points.

This paper is organised as follows. In section [6.2] we use the conformal superspace approach
to 5D N = 1 supergravity [29]] to review the locally superconformal multiplets used in our analysis.

Specifically, we introduce the 5D standard Weyl multiplet and its geometric superspace construction,
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the on-shell hypermultiplet, the linear (or O(2)) multiplet, and the Abelian vector multiplet. Section
[6.3] describes the construction of the new 32+32 5D N = 1 hyper-dilaton Weyl multiplet. In section
[6.4] we couple the hyper-dilaton Weyl multiplet to a vector multiplet compensator to recover a new
40+40 Poincaré supergravity. This can be thought of as a 5D analogue of the 4D off-shell N = 2
supergravity introduced by Miiller in 1986 [241]] and redefined by using superconformal techniques
in [4]. A distinctive feature of the dilaton Poincaré supergravity is the fact that the off-shell multiplet
is irreducible, while the two-derivative supergravity action leads to the minimal on-shell Poincaré
supergravity multiplet coupled to an extra physical matter multiplet containing the dilaton. Interestingly,
as in the 4D analysis of chapter 5, in subsection |6.4.2| we show how it is possible to engineer a non-
trivial scalar potential for the dilaton and obtain an AdSs vacua in a framework different than standard
gauged supergravity. In sections[6.5] and [6.6] we closely repeat the 5D analysis of sections [6.2] and [6.3]
in the case of 6D N = (1,0) conformal supergravity. The paper also contains two technical appendices,

and[C| where we collect conformal superspace identities from [29] and [31}/32] used in our paper.

6.2 Superconformal multiplets in 5D N = 1 superspace

This section reviews the salient details of several superconformal matter multiplets pertinent
to this work. Along with the standard Weyl multiplet discussed in subsections [2.2.2] and [2.2.3]

they serve as the building blocks for the invariants of 5D conformal supergravity discussed in this

paper. Here we make use of the formulation and results of [29]. We also refer the reader to the
following list of papers for other work on flat and curved superspace and off-shell multiplets in five
dimensions [[123-126}/164,/179-181]).

6.2.1 The on-shell hypermultiplet

The on-shell realisation for the hypermultiplet contains 4 + 4 degrees of freedom, exactly as in
the four-dimensional case [186,[242]. In conformal superspace, it is described by a Lorentz scalar

superfield ¢ subject to the constraint
vighi—o, (6.2.1)
which is equivalent to
Vi = —%efkpé , Pa=Vigi. (6.2.2)

Here, the index i = 1,2 denotes an SU(2) flavour index. The superfield q’i is a Lorentz scalar and

superconformal primary,
Mupdi=0, Kigh=0,  Jkgt=glUghti, (6.2.3)

Eqgs. (6:2.1), (6:2.3), and the relation (B22-TK) tell us that Dg'l = 34.
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The independent descendants of ¢ are obtained by acting on it with spinor derivatives. We obtain

several implications of the (anti-)commutation relations (B.2.2), (B.2.3), along with the constraints

(62.2), and (6.2.3):

Vﬁxvgq} = vgpé=—4ivaﬁq’i, (6.2.4a)
V¥pl = 0, (6.2.4b)

with Vg := (I'*) 43 V4. Next, we shall consider
(Ve VpitpPt = 4iVappP —2iWaP pg + 18ixf g/, (6.2.5)
where we have made use of and the S-supersymmetry transformation
Saipy = 120pqt = Kapy=0. (6.2.6)
On the other hand, by virtue of (6.2.4)), we also have that
(VA VedpPl = 4iVPV,5qh = 4i[VP V ,51qM — 4iV 45 pP. (6.2.7)

Applying the commutation relation (B.2.3), we can then equate (6.2.5) and (6.2.7) to obtain

. 3 . 3 ;
(Vap' T = —2(p'Z") Wye — SX gt (6.2.8)

We can then hit both sides of (6.2.8)) with V%, and make use of (6.2.4), (B-2.3), and the identity ([2.2.73).

This results in the equation

Ogt = f—éx"p"+ 634 (Y —WWy) ", 0:= Ve, . (6.2.9)

Both (6.2.8)) and (6.2.9) describe on-shell conditions for the hypermultiplet’s fields when W,;, = 0.

However, as we will discuss in more detail later, in a non-trivial curved background these equations
can be reinterpreted as conditions linking ¢ and pfx with fields of the standard Weyl multiplet.

By restricting to £ = 0, the local superconformal § = ¢ + &4 transformations of the covariant

superfields ¢" and pfx can be derived using the relations (6.2.2)), (6.2.4), and (6.2.6). This leads to

y 1. . . .3
8q" = &'+ N+ Joq", (6.2.10a)
6py = —4i([7E)aVaq" + EAab(Zapr)a +20p5 — 120449 - (6.2.10b)

As we will describe later, these will lead to the analogue transformations of the component fields in

the hypermultiplet.

6.2.2 The O(2) multiplet

The linear multiplet [[117,[118}/138-140.186-191], or O(2) multiplet, can be described in 5D N = 1
conformal superspace [29] in terms of the superfield G = G/%, with (G"/)* = g;.€ lekl and satisfies

the defining constraint

vigiHh 0. 6.2.11)
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Here G/ is a superconformal primary dimension-3 superfield,
KsG7 =0, DGY=3G". (6.2.12)

To elaborate on the component structure of the superfield G/, we list the following useful identities:

Vi G =26l pl) | (6.2.13a)
Vix(p[é = —%e"fsa,gFJr%e"fﬂ{aﬁ +iVepGY (6.2.13b)

Vi F = =2V of — 6Wop0P —9X4;GY (6.2.13¢)
Vi = )PV G — 2 (L) Wy — L (L) Wy (6.2.13d)

where we have defined the independent descendant superfields

1

@, = §Va G, (6.2.14a)
Fo— Lyivig, — Ly 6.2.14b
-—E ’)/lj__Z (Pyk7 ( )

i L
j{abcd = ESabcde(Fe)aﬁVlaV;} Gl'j = Sabcdej'fe . (6.2.140)

It can be checked that H{“ obeys the differential condition

1
Vaj‘ca = O , g'fa = —Egadeebecde . (6.215)

The descendants (6.2.14) prove to be annihilated by K, and to satisfy

Sfx(pé = 645G, (6.2.16a)
S.F = 6i¢l, (6.2.16b)
e = —8i(Ty) o’ @f . (6.2.16¢)

We refer the reader to [29] for a superform description of the O(2) multiplet.

6.2.3 The Abelian vector multiplet

In conformal superspace [29]], an Abelian vector multiplet is described by a superfield W, which is
superconformal primary of dimension 1, K4W = 0 and DW = W. Moreover, it is real, (W)* = W, and

obeys the Bianchi identity

VaViW = ieaﬁvy(ivﬁw . (6.2.17)

It is useful to introduce the following descendant superfields constructed from spinor derivatives of
W:

A= iViw, XUi= ivaﬁv{}w - —ZV“@A({) . (6.2.182)
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These superfields, along with

Fop = —%V’(‘avﬁ)kw — WogW = %v’gazﬁ)k — WopW | (6.2.18b)
satisfy the following identities:
Vo) = =267 (Fop +WopW) —eapX" — VoW , (6.2.19a)
VaT gy =—iVa(phy —i€apVy A5 — %Wm% ~Wapy W
+ %Wa(ﬁx;) - %iea(ﬁwy)%g : (6.2.19b)
Vi X7k = 2jgili (Vaﬁlg) _ %Waﬁxﬁ’@ + %X@W) . (6.2.19¢)

We also note the relation F5 = %(Zab e g Fap- The S-supersymmetry generator acts on these descen-

dants as
ShAL = —2ieqpe W | SLTp, =degphl,  SiX = —26UAg) (6.2.20)

while all the fields are annihilated by the K, generators.
For the construction of Poincaré supergravity models later in subsection[6.4.2] it is important to
note that given a system of n Abelian vector multiplets W/, with I = 1,2, ...n, we can construct the

following composite O(2) multiplet and its descendant superfields [29]:
G/ = Cuk (2WJXUK _ia (%({?K) , (6.2.212)
Oh = Cuxk (ixiﬂxgj — 2iF] gAPK — %X&WJWK —2iW'V 5 APIK
—iV W/ APK — 3iWa[3WJ7LﬁiK) : (6.2.21b)
F = Cyx (X"J'JX{; — g gK L aw/vev wK L o(vew!yv, wk
+2(VoPAF )22 —ew T, Wk — %W“bwabwf W+ gwa wk

HEXHALWE — 3iWo g A% 2P K) : (6.221¢)

1 3
Hy = Cpk ( — Egabcde?bcj FleK 1 avb (WK + EWbaWJ wk)

+2i(Zp0) VO (Y Aéi)) : (6.2.21d)

where Cjjx = C(yyk) 1s a completely symmetric constant. These are the superspace analogue of the

composite linear multiplets constructed in [90].

6.3 The hyper-dilaton Weyl multiplet in 5D

The aim of this section is to construct a new 32 + 32 hyper-dilaton Weyl multiplet of off-shell
N =1 conformal supergravity in five dimensions. The analysis closely follows the 4D N = 2 case
of [4].
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In constructing such a hyper-dilaton Weyl multiplet, our starting point is the component structure
of the on-shell hypermultiplet. This can be readily extracted from the previous superspace realisation
(see subsection[6.2.1)) via the bar projection. As was shown before, taking successive spinor derivatives
of ¢" leads to pé or the vector derivatives of ¢ and pfx. Hence, the independent components of the
on-shell hypermultiplet are simply the Lorentz scalar field ¢’| which is superconformal primary, and
the spinor field p5|.

In what follows, we will associate the same symbol for the covariant component fields and the
corresponding superfields, when the interpretation is clear from the context. The superfields ¢ and pfx
are all annihilated by K“; hence, all their bar projections are K-primary fields. The local superconformal

transformations of the component fields follow directly from the projections of (6.2.10]), which give

3" = %é’p’# Mg+ %/IM” : (6.3.12)
Sp = —4(I"E)aVaq" + %/lab(E“"p")a +22pg — 1204'qi (6.3.1b)

where
Vaq" = Daug" — f—lwa"p" : (6.3.2)

The algebra of the local transformations (6.3.1)) closes only when the following equations of motion

for the fields ¢ and pé are imposed:

. 3 . .
(Vap'T)* = —2(p" ") wpe+16i 2%’ (6.3.3a)
gt = 24Pt 2Dgl - Sw g, 0=V, (6.3.3b)

64

The above equations are obtained by bar-projecting (6.2.8)), (6.2.9), and using the definitions (2.2.73).
The expressions for V,p%* and Og" in terms of the derivatives D, are given by

‘ . 1 . ‘
Vapal = ®apa£ + 2i(l//akrb)a (.qukz - Zkapl> + 6¢aakaL ’ (6.3.48.)
) ) 1. 1. .
" = D'Dug" 3"~ LDy — Sy Dp!
1 1 j T i
+Z¢alr“PL+ 5 (W "TO YN ) Dy 4+ 4i (w, T 1) g

1 . . 3 . .1 . .
WP S (W 0u)d — STV (wph) . (6.3.4b)

Equations (6.3.3) can then be interpreted as algebraic equations for the standard Weyl multiplet
that determine the auxiliary fields ¥* and D in terms of ¢’ and pé, together with the other independent

fields of the standard Weyl multiplet. Assuming that g is an invertible matrix,
¢ = q'qi = €i€1j4"¢’L = 2detg" £ 0, (6.3.5)
then the following relations hold

] i ii a 3 c
= gq 2q,[_(vapir )a_zwcd(piz d)oc]’ (6.3.62)
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1 _ .. 1 B 3 ; 3
D = —3q *qi0q"+ 5 7| = (VapiT")" = wea(pZ) | poc = g wapw™ - (6.3.6b)

Note that so far, we have only used one of the four equations that are equivalent to to
solve for D in eq. (6.3.6b). It is simple to show that the remaining independent three equations are
equivalent to the following

V(¢ Vagid) =0. (6.3.7)

As in the 4D N = 2 case [4], this equation is solved by turning the SU(2)z connection ¢,,X into a
composite field. Let us describe how.

Following the analysis of the N = 2 hyper-dilaton Weyl multiplet in 4D [4], here we also note
that, associated to an on-shell hypermultiplet, there is always a triplet of composite linear multiplets
[138-140,/186]]. The covariant component fields of the 5D N = 1 off-shell linear (or O(2)) multiplet are
defined in terms of the bar projections of (6.2.14): an SU(2) triplet of Lorentz scalar fields G¥ = G/| ;
;ascalar field F = F
strength Hpeq := Hapea|- The latter is equivalent to a conserved dual vector H := —1/4! E“deeHbcdeﬂ

a spinor field @g; = Qg ; and a covariant closed anti-symmetric four-form field

At the component level it holds that

He = K 42y, =% 0! 4 %e“bcde YpiZea Ve G 6.3.8)
The covariant conservation equation for H,, is
V‘H, = 0. (6.3.9)

The constraint implies the existence of a gauge three-form potential, b, and its exterior derivative
hinpg = 48[mbnpq], With bynp := Biunp|.

In the standard Weyl multiplet background, the local superconformal transformations of the
covariant fields can be derived using the relations and (6.2.16)), which lead to

§Gij = —2&,9;—2A;"G+32pGi; , (6.3.10a)
i i . . .
0¢ai = —58aif — SH.(I"G)a —i(I"67)aVaGij+ 64’ Gij
1 : 7
+§lab(zab¢i)a Al Qja+ EAD%U , (6.3.10b)

6F = 2§iF“VagDi—%(éi):“b(pi)wab—k16i(<§ixj)Gl~j

+6in'@; +4ApF | (6.3.10c)
SH, = —4&'%,VPei+ %(5irb¢i)wab + %&zbcdewa(giZde(Pi)
+ A’ Hy +4Ap H, — 8in'T,¢; (6.3.10d)
where
ViGij = DuGij+ %wa(igz)j) : (6.3.11a)

IThe Levi-Civita tensor with world indices is defined as P4’ ;= gabcdeg Mg, ne Pe de,” such that €04, and e2cde
are normalised as €y1o34 = —€9123% = 1.
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i i i : :
VaQai = DaPai = 7 Vaail” — Z(FbWai)aHb + E(Fbll/aj)avbGij — 3040’ Gij . (6.3.11b)
The locally superconformal transformations of b, are
abmnp = 28abcdeemaenbepc(§izde(pi) - 12i(lV[mian]€j)Gij + Sa[mlnp] ) (6.3.12)

where we have also included the gauge transformation Slbmnp = 38[,"1,1 o] leaving A, pq and H invariant.
For convenience, we have summarised the dilatation weights of the fields of the O(2) multiplet in
Table

| 1 Gii | @ai [ F [ Ha [ by |
(D 3 [7/2[4]4] 0 |

Table 6.1: Dilatation weights of the off-shell O(2) multiplet.

Given that ¢" and pé describe an on-shell hypermultiplet in a standard Weyl multiplet background
with transformation rules (6.3.1), it can be verified that the following composite fields define a triplet
of O(2) multiplets

G = qiq)t=qiq? (6.3.13a)
outl = —3aipl. (6.3.13b)
Fi = ép(ipj), (6.3.13¢)
HY = 2qi(iVaq,-j)—ép(il"“pj). (6.3.13d)

These fields all transform according to (6.3.10) and each of the previous fields is symmetric in i and .
The field H*Y can be used to express the SU(2)g connection ¢,,"/ as a composite field. To see this, we

introduce a new covariant derivative
1 ,
D, = ¢, <8m — Ea)mCndd — bm]D)> =D,+ eam(pm”Jij , (6.3.14)

which then allows us to rearrange eq. (6.3.13d) for the SU(2)g gauge connection:

0. = 4qqlig" j

_ 1 , 1 A R
ki ki i i
D,gil — =g (Wpl) — —pT,pl ——HMY | . 6.3.15
4 Dagi=— 749 (Vakp?) 6P LaP ™5 ] ( )

Our analysis demonstrates that the hyper-dilaton Weyl multiplet defines a new representation
of the off-shell local 5D N = 1 superconformal algebra. The multiplet comprises of the following
independent fields: e,,%, by, Wap, q’i, byn pil, Wi, and pi. It also possesses the same number of off-shell
degrees of freedom as the standard Weyl multiplet, 32 4 32. Table summarises the counting of
degrees of freedom, underlining the symmetries acting on the fields.

Note that with the ingredients provided so far, it is a straightforward exercise to obtain the locally
superconformal transformations of the fields of the hyper-dilaton Weyl multiplet written only in terms

of the independent fields and they are given as follows:

Sep = (&) — Apen’ 4+ A%en” (6.3.16a)
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en” wmab bm fm (bmij Yini ¢mi Wab pi qli bmnpil
25B 0 5B 0 0 40F 0 10B 8F 4B 30B
P, My, D K, JY 0 S AL -sym
—-5B —-10B —1B —-5B —-3B —8F —8F —18B
Result: 32 + 32 degrees of freedom

Table 6.2: Degrees of freedom and symmetries of the hyper-dilaton Weyl multiplet. Row one gives all the component
fields. Row two gives the number of independent components of these fields — composite connections are counted with
zero degrees of freedom. Row three gives the gauge symmetries. Note that A, = —A,,,,% corresponds to the symmetry
associated with the gauge three-forms bm,,pg with field strength four-forms #,,, quQ and H* . Row four gives the number

of gauge degrees of freedom to be subtracted when counting the total degrees of freedom.

Sll’mi)c = 2Dm<§& + 89_4q(iéqj)1

1 . j

— e ((Cn= )l = 3(T) o ) 6 4+ 21 (T
1 : 1 )

"‘Elab(zablylnl)(x +Alj llfm{x - EAD Wmla 9

Sbn = Ouho+ 34 0 (ETW) ((VaPiT e + e (PEE)a]

_gi(l)mi - l/fmini — 2
. 4 il C 3 Ci
Sy = 20ER(Q)wy + 24 2GUEZ ) [(Vepi T 8)a+zwcd(p£-z‘, “€)al
—Z)L[acwb}c‘f’lﬂ))wab )
1. . . .. 3 .
5q" = 55195+7le6]k1+§3@qq»
; . i1 ab i i ii
SpL, = —4l(r‘a§i)aan’+§)~ab(Z *pYa+ 24P — 1214'qi"

6bmnp = 2gabcdeemaenbepc(gizde(pi) - lzi(‘l/[miznp]gj)Gij + 3a[mlnp] )

1
leQk*_ n (l//mkp ) - —P 1—‘mpj - _HmJ* éaj

(6.3.16b)

(6.3.16¢)

(6.3.16d)
(6.3.16¢)

(6.3.16f)
(6.3.16g)

It would be useful to have (6.3.4)) expressions in terms of the derivative D, instead of D, which has

an implicit dependence on this new composite field ¢,/. It holds that

Vig" = %Daq""—%%’;p—q q'jq"Dagil +iq 4 jd" (Wap?)
+%6]2qij(P(i P +q ’q' Hy
Vap® = Dup® +2i(yul”)* Vi + 60, i
O¢ = D'Vug" - 3§¢"
+(Vaaid) | 24 2q" DN — 2444l ig" jH —%q q";(y"“p
—%q“‘q("iq") pTp!
_— Y(W'Tap") + 4 (W' T %) 4" w‘” Pt~ %’F“ :

8

where the composite connection ¢,,’ and f,” are now given in terms of D, by:

s 2 1 i 1 cd i cd i
ion' = F(TP8,7+ T, {D[p‘m g (BT Wy =T yy)

(6.3.17a)
(6.3.17b)

j

(6.3.17¢)
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_ i i i 1 i i 1 i
+4q7*9"ia”) 1{ 4"Dpai = 2d" (Wipup?) — TP Typp? = SH, Y by ] (6.3.182)

1 1 j '
fab - _ECR(w)ach + —Sabm(w)chd a EWcjr[bR(Q)aC]] N EWC]'FGR(Q)bC]

1 =2 i b\« i § yed
+12 (Walr) [(Vapgrag)a_f—étwcd(plz 8) i|

1 . .
+§W[aj2bd¢d]j - ﬁéab(WchCd(pd]) Wa]ll/c]wbc+ (Wa}r Yy ) phde
_ R ~cde
150 [20wepva W = (e Tewa )i (6.3.18b)

Note that the expression of f,” has explicit as well as implicit dependence on the composite connection
0.’ via V, pi» which can now be substituted from (6.3.18a)). For later use, it is convenient to have the

bosonic expression of Og’, which, by also using that D*H,% = 0 up to fermions, is given by:

S 3 o 1 o
Og" = SDDag"+ 747 ¢" (D°¢“)Dugu — 44’ jd"DDuge? + 547" ; (D) Dagy
o ol 3
+q *quq’ lq’q(D“qll)Daqkl—Eq 4q’1H“lkHal~k+ ] 6Rq”+fermlons (6.3.19)

6.4 Recovering Poincaré supergravity in 5D

The goal of this section is to explicitly show that our hyper-dilaton Weyl multiplet constructed
in the previous section can be used to derive a 40 + 40 off-shell multiplet of 5D N = 1 Poincaré
supergravity, by making use of superconformal approaches. We first elaborate on the structure of
the multiplet and then explain how to construct a Poincaré supergravity action, pointing out some
peculiarities which do not hold in the 4D N = 2 supergravity case [4]. As an extension of the results
of [4]], we describe a new type of BF -coupling which induces a scalar potential for the dilaton without

a standard R-symmetry gauging that admits AdSs vacua.

6.4.1 Hyper-dilaton multiplet of Poincaré supergravity

To recover a multiplet of Poincaré supergravity, compensating multiplets must be coupled to an
off-shell conformal supergravity multiplet to gauge fix some of the local superconformal symmetries.
As will be discussed below, from the symmetry point of view, it suffices to use the components of the
new hyper-dilaton Weyl multiplet alone to appropriately gauge fix and eliminate all symmetries except
local supersymmetry, Lorentz, and the gauge symmetry of the gauge three-forms b,,,, pil. This peculiar
feature is different from the construction of the 4D N = 2 hyper-dilaton Poincaré multiplet [4]. In the
latter case, we are required to gauge fix the scalar field of the compensating vector multiplet in order to
fix the extra U(1)g symmetry. In the 5D case, the only purpose to couple to a compensator is simply to
obtain the Einstein-Hilbert kinetic term in a Poincaré supergravity action. The simplest choice is to
couple our hyper-dilaton Weyl multiplet to a single off-shell, Abelian vector multiplet compensator.
The scalar field in the compensator is assumed to be nowhere vanishing.

Let us first define an off-shell 5D N = 1 Abelian vector multiplet in a standard Weyl multiplet
background. Its component structure follows directly from the superfield definitions (6.2.18). The
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multiplet contains a real scalar field ¢ := W|, gaugini A, := A/ |, a triplet of auxiliary fields X"/ := X"/|,
and a real Abelian gauge connection v,, := V| or, equivalently, its real field strength f,,, := F,| =
28[mv,4. The field strength f,,,, may be expressed in terms of the bar-projected, covariant field strength

Fup := Fp| via the relation

Fap = fab +i(r[a) Yok A,B +5 Wakll/b y¢ ) fab = ed"ep" finn - (6.4.1)

The dilatation weights of the vector multiplet fields are summarised in Table[6.3]

| 19| Ao [ XY | Fap | v ]
(D]1]32]2][2]0]

Table 6.3: Dilatation weights of the Abelian vector multiplet.

The transformation rules of the vector multiplet fields in a standard Weyl multiplet background can

be obtained from the corresponding superfields. They read

§¢ = iEA+Apo, (6.4.2a)

8Ay = —(EPENaFup— (EPEawapd + Ea X" + (T8 g Vad
+1/1“b(zab/1")a +ALAL éADA(; +2in4'e | (6.4.2b)

8x = —2ilrev ) 4 = glz“bm wap — 16i(Ex))
+2. x Dk —2n(/lf)+2?LDX”, (6.4.2¢)
v = (W) —i(ETRA) + dmdy (6.4.2d)
where

Vap = Da(P_lll/ai)Liy (6.4.3a)

. 1 N
VAL = Do+ (2’“%) (Fbc+wbccp>—§waajxw

1 .
_E(F %’)avbgb —10u0'0 . (6.4.3b)

Note that we have also included in (6.4.2d) the gauge field transformation parametrised by the local
real parameter Ay. The transformations of the vector multiplet in a hyper-dilaton Weyl multiplet
background are precisely the same as above. The only subtlety is that one has to interpret several
standard Weyl multiplet fields as composites of ¢, pé and by, It should be emphasised that, being
a compensator, one may require that the lowest component of the vector multiplet is non-zero and

positive, ¢ > 0.

Gauge fixing in a string frame

We now describe the structure of the supergravity multiplet by imposing several gauge fixing

constraints. In a string frame, we choose the gauge fixing condition

gi=—¢l = ¢;=8 = q¢i=-8 = qi=¢. (6.4.4a)
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This condition fixes dilatation and SU(2)g symmetries. By imposing
bm =0, (6.4.4b)

the special conformal K¢ symmetry is now fixed. In order to fix S-supersymmetry, we impose the

constraint
pL=0. (6.4.4¢)

The compensating vector multiplet contains 8 + 8 off-shell degrees of freedom. Once added to the
remaining fundamental fields in the hyper-dilaton Weyl multiplet, we obtain 40 + 40 off-shell degrees

of freedom of a Poincaré supergravity multiplet, as shown in Table The fundamental fields are

em” a)mab lllmla Wab bmnpli () )L(lﬁc X' Vi

25B 0 40F 10B  30B 1B 8F 3B 5B
P, Mab Q (Amng) (AV)

—5B —-10B —8F —18B —1B

Result: 40 + 40 degrees of freedom

Table 6.4: A Poincaré supergravity multiplet. Row one gives all fields in the multiplet. Row two gives the number of
independent components of these fields. Row three gives the surviving gauge symmetries. Row four gives the number of
gauge degrees of freedom to be subtracted when counting the total degrees of freedom. The parameter A, describes the
symmetry associated with the triplet of gauge three-form bmnpil. The gauge parameter Ay describes the scalar symmetry of
Vin.

the vielbein e,,%, the gravitino y,,,*, a real antisymmetric tensor wy, a real scalar field that plays the
role of a dilaton ¢, a real triplet of scalar fields X'/, a triplet of gauge three forms bmnpil, a gauge field
v that plays the role of the graviphoton, and a spinor field lé. Note that we kept the distinction of
SU(2)g and SU(2) flavour indices. However, the gauge condition (6.4.4a) implies that the two indices
can be identified, after gauge fixing.

The transformation rules of the resulting Poincaré supergravity multiplet are those that preserve
the previous set of gauge conditions (6.4.4). Since we fix pL =0, to preserve (6.4.44d), we require
Ap = AY = 0. To preserve (6.4.4d), it can be shown that any Q-supersymmetry transformation must

be accompanied by a compensating S-supersymmetry transformation with the following parameter

No'(§) = —3("&)adi’ . (6.4.5)

A similar analysis shows that to preserve the condition b,, = 0 one needs to enforce nontrivial com-
pensating special conformal K-transformations with a parameter A¢ (). However, since all the other
supergravity fields are conformal (not necessarily superconformal) primaries, not transforming under
special conformal boosts, in practice we will never have to worry about inserting the compensating

A¢ (&) parameter (whose expression is quite involved) in any Poincaré supergravity transformations.

Gauge fixing in the Einstein frame

It is possible to choose a different gauge fixing to Poincaré supergravity, where we also impose

constraints on some of the fields of the compensating vector multiplet. This gauge fixing choice, which
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is analogous to that in the 4D N = 2 case [4], corresponds to the Einstein frame and leads to a different
Poincaré supergravity multiplet.

We now adopt the gauge where

o=1, (6.4.6a)
by =0. (6.4.6b)

Condition fixes dilatation symmetry, while fixes special conformal K¢ symmetry. In

order to fix S-supersymmetry, we impose
Al =0. (6.4.6¢)

A characterising feature of the hyper-dilaton Weyl multiplet is that it contains an SU(2)g compensator,

the ¢ fields. By imposing

i.—U

gi= gV qii _ 556_
we break the SU(2)g symmetry. The resulting Poincaré supergravity multiplet is shown in Table[6.5]

The fundamental fields are the vielbein ¢,,“, the gravitini I//mf‘, a real antisymmetric tensor w,, a real

em” wmab l//m:x Wapb P (Lx U b mnpil X' Vm

25B 0 40F 10B 8F 1B 30B 3B 5B
Pa Mab Q ()anll) (AV)

—5B —10B —8F —18B —1B

Result: 40 +40 degrees of freedom

Table 6.5: A variant Poincaré supergravity multiplet. Row one gives all the fields in the multiplet. Row two gives the
number of independent components. Row three gives the surviving gauge symmetries. Row four gives the number of gauge

degrees of freedom to be subtracted when counting the total degrees of freedom. The parameter A,,," corresponds to the
symmetry associated with the triplet of gauge three-form b,,,,".. The gauge parameter Ay describes the scalar symmetry of
Vi

scalar field that plays the role of a dilaton U, a real triplet of scalar fields X%/, a triplet of gauge three
forms bmnpil, a gauge field v, that plays the role of the graviphoton, and a spinor field pfx.

The transformation rules of the resulting Poincaré supergravity multiplet are those preserving
(6.4.6). To preserve (6.4.6a), we require Ap = 0. Since Q-supersymmetry does not preserve the
gauge fixing conditions, it is necessary to accompany these transformations with appropriate S-
supersymmetry, special conformal, and SU(2)r compensating transformations. To preserve (6.4.6¢)),
it can be shown that any Q-supersymmetry transformation must be accompanied by a compensating

S-supersymmetry transformation with the following parameter
; i , i .
Na'(6) = —5(EYEa(Fuptwa) +5EaX" . (64.7)
A similar analysis shows that to preserve the condition b,, = 0, one needs to enforce nontrivial com-
pensating special conformal K-transformations with a parameter A¢ (). However, since all the other

supergravity fields are conformal (not necessarily superconformal) primaries, not transforming under
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special conformal boosts, in practice we will never have to worry about inserting the compensating
A£ (&) parameter (whose expression is quite involved) in any Poincaré supergravity transformations.
Finally, we can easily check that the requirement 8¢ = 0 is satisfied by implementing in (6.3.1a) a

compensating SU(2)g transformation with the parameter
» 1 o
A(E) = —5evElp?, (6.4.8)

where p’ = §/p".

6.4.2 Hyper-dilaton Poincaré supergravity action and dilaton potential

We turn to deriving a Poincaré supergravity action by considering the two-derivative action of the
vector multiplet compensator [29] in a hyper-dilaton Weyl multiplet background and then imposing
appropriate gauge fixing conditions leading to the two frames described above. As shown in [29], the

component form of such a vector multiplet action may be derived from the bosonic part of the BF

Lagrangian
—1 1 ij 1 abcde
e LBFlbosonic = _Z <F¢ + Gin - Eg fabbcde>
1 .
- -3 <F¢ +GyXU vaha> , (6.4.9)

with the fields of the O(2) multiplet being composite. More precisely, this amounts to taking the
bosonic sector of the bar projection of eqs. (6.2.21):

GY|posonic = 20X, (6.4.10a)
Flposonic = XUXij— ffup +40VV 0 +2(V)V,0
39
—60 W fy, — g(])zw“bwab —169°D , (6.4.10b)
1 3
ha|bosonic — _Egabcdefbcfde +4vb(¢fba + §¢2Wba) 9 (64100)

and plugging (6.4.10) back into (6.4.9). This procedure results in
_ 1 3 .. 1
e 1LBFlbosonic - _E(P(Vaq))vaq) - ¢2vava¢ - Z‘PXI]Xij + geabcdevafbcfde
3 9 39
+305 fan+ 0w fap+ 59 W wap +46°D (64.11)

The expression (6.4.11) can be written in terms of the degauged covariant derivative D,, where we

note the following relation
1
ViV =DD,¢ + §¢ R. (6.4.12)
After performing integration by parts, one then arrives at the following bosonic Lagrangian

_ 1 3 3. .. 1
e : 'CBF|bosonic = _§¢3R+ §¢(®a¢)®a¢ - Z(pXUXij + geﬂdeevafbcfde

3 9 39
+Z¢fabfab + quzw“b Fup + ﬁ<¢>3w“bwah 14¢%D . (6.4.13)
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The action (6.4.13) is given in the standard Weyl multiplet background. When working with a
hyper-dilaton Weyl multiplet, we need to take into account that the auxiliary field D is composite (and
that (6.3.6b) has to be used). The algebraic expression for D takes the following form

3 1
D= _532 ~ 12" T e q,,D“Daq + fermionic terms . (6.4.14)

Upon substituting this, one obtains
-1 1 3 2 3 a ii 3 a 3 ij
e L’bosonic = __(P :R__ij qz’iD Daqf_l'_(P(D (P)Da(P_Z‘pX Xij

1 C
+ 8£abcdev fb fde + - ¢fabfab +— ¢2 abfab +3 ¢3wabwab (6415)
In eq. (6.4.15), there is still a dependence upon the triplet of gauge three-forms bmnp"l, which is
hidden in the SU(2)g connection inside the D, derivatives. It is straightforward to obtain the analogue
expressions in terms of D,,.

As a direct generalisation, coupling to n vector multiplets leads to the following action
e Ll = Cuk( — 590°0 - 00K DD g+ 30! (D)D"
%gabcdevalfbcjfdel{ + %‘Plfabjfali
4201w + 2l ¢Kw“bwab) . (6.4.16)

3 ..
_Z(PIXIJJXI'I;—i_

The final step to obtain the bosonic sector of the Poincaré supergravity action is to impose the set
of gauge fixing conditions on (6.4.15]) or appropriate generalisations when physical matter multiplets
are included. Here we give the gauge-fixed supergravity action in both the string and Einstein frames.
The difference between the Poincaré supergravity multiplets in these two frames comes from the
specific gauge-fixing choices used in each. If the gauge-fixing is undone and the theory is viewed
within a conformal supergravity framework, one can see that the two frames are linked by supergravity
gauge transformations, including superconformal ones. This means the two frames are related by a

supersymmetric version of a Weyl transformation.

String frame

Upon implementing the constraints (6.4.4])), the resulting BF action turns out to be
671L|b0s(}nic = __(p :R—i_ 8abcdev fbcfde+ ¢fabfab+ ¢2 abfa + 5 ¢3wabwa
1
+§¢(8m¢)8m¢+zh“ijha’/— Z(PXUXZ']' . (6.4.17)

Here h,"/ = 6} 5} h, since we have stopped distinguishing between underlined and non-underlined
SU(2) indices after gauge fixing. We also stress that ¢ > 0 as the compensator is nowhere vanishing.
We can further analyse the on-shell structure of (6.4.17). It is clear that w,;, and X%/ are auxiliary

fields that can be algebraically integrated out by using the equations of motion

far+owa =0, XV=0. (6.4.18)



6.4. RECOVERING POINCARE SUPERGRAVITY IN 5D 143

The on-shell Lagrangian then reads

_ 1 1 3
e ! L |b0s0nic - _§¢3R+ gsabcdevafbcfde - gq)fabfab

3 1 .
+§¢(am¢)am¢ + Zhaijha” - (6.4.19)

The first three terms are kinetic terms for minimal on-shell N = 1 Poincaré supergravity with a
dynamical graviton and graviphoton, described in a string frame. The last two terms describe a dilaton
and a triplet of dynamical gauge three-forms which are not part of the minimal on-shell N = 1 Poincaré
supergravity multiplet.

By construction, the supersymmetric BF-action (3.3.10)) is also well defined as an invariant in a
hyper-dilaton Weyl background. We can readily construct an invariant of this form by considering the

off-shell vector multiplet compensator used in this section and an off-shell linear multiplet given by
— 1 ij a
e~ Lelhosonic = =7 (q) Fr +GriyX' +vah ) , (6.4.20a)
where we have defined

Geij = ﬁngj’i y Qeai = ﬁg(Paiil ,
Fe:=&iFY, bemnp:=C&ijbmmpL, he® =& h" . (6.4.20b)

Here G; jll, (paiil, FY. by pil, and h%Y are fields of the composite triplet of linear multiplets (6.3.13))
constructed in terms of fundamental fields of the hyper-dilaton Weyl multiplet, while éLl = ji 1s a real

triplet of (structure group invariant) constants. The bosonic part of the resulting Lagrangian is given by
_ 1 P | .
e IL§ ’bosonic = _Z‘Sg (%’LleXU - Egmnpqrbmnpgfqr)
1 S .
= 3% <q,-£q AX 4 h’"llvm> . (6.4.21)

Upon imposing the gauge fixing (6.4.4)) and adding (6.4.21)) into (6.4.17)), we get

¢ l L |b050’lic = _§¢3:R + ggabcdevafbcfde + Z¢fabfab + Z¢2Wabfab + §¢3Wabwab
3 1 3
+_¢<am¢)am¢ + _haijhal] - —(])XUXZ'J'
2 4 4
1 .. 1 y
+&§ij8mnpqrbmnpufqr - ngin” ) (6422)

where, after gauge fixing, we have used &; = 5}5}*&! and b,,,, pij = 51" 52 bmnpil. We can then integrate
wap, and X%/ out as they are auxiliary fields. With the &-deformation turned on, the equations of motion
obtained from (6.4.22)) become

o1
Jab+Owap =0, ¢X”+6§”:O. (6.4.23)
This leads to the on-shell Lagrangian

~ 1 1 3 3 1,
e 1L|bos0nic = _§¢3:R+§£mnpqrvmfnpfqr_§¢fnnfmn+§¢(am¢)am¢+zh klhmkl
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1., 1 y
3205 a5 b fur (6.4.24)

where
1 ...
& =288 >0. (6.4.25)
As a result, we have obtained a non-trivial, negatively defined, potential for the dilaton. The previous

Lagrangian admits a constant dilaton, AdSs vacua.

Einstein frame

If we instead adopt the gauge fixing conditions (6.4.6)) to (6.4.15)), we obtain the following Poincaré

supergravity action

n 1 1 c 3 9 9
¢ : L |bosonic = —5R+ _Sabcdevafb fde + _fabfab =+ _Wabfab + —WabWab
2778 4 4 8
1 3
—2(0"U) U + Ze4Uhaijhal] — ZX”X,']' ) (6.4.26)

We can further analyse the on-shell structure of (6.4.26). It is clear that w,;, and X%/ are auxiliary

fields that can be algebraically integrated out by using the equations of motion
Wab = —fab , X" =0, (6.4.27)

The on-shell Lagrangian then reads

_ 1 1 3
e : L |b0sonic = _E:R + ggabcdevafbcfde - gfabfab
1 ..
—2(0"U) U + Ze4U hiiha' . (6.4.28)

The first three terms describe the standard kinetic terms for minimal on-shell N = 1 Poincaré supergrav-
ity with a dynamical graviton and graviphoton. The last two terms describe a dilaton and a triplet of
dynamical gauge three-forms which are not part of the minimal on-shell N = 1 Poincaré supergravity
multiplet. This is a standard feature of dilaton multiplets, where on-shell a physical dilaton multiplet
adds to the degrees of freedom of the multiplet. In the case of hyper-dilaton Poincaré supergravity, the
extra multiplet is a hypermultiplet where three of the scalars have been dualised to a triplet of gauge
three forms in complete analogy to the 4D N = 2 case of [4,241].
Let us now add the second supersymmetric invariant (6.4.21]) to the action (6.4.13). Upon imposing
the gauge fixing conditions (6.4.6), we arrive at
e Llposonic = —%fR + égabcdevafbcfde + %fabfab + ;Wabfab + gwabwab
—2(3"U) U + %e““ e ihg' — ZXUXI- j
+%§,~ €M o fy — %@ e 2Uxi (6.4.29)

We can then integrate w,;, and X'/ out as they are auxiliary fields. With the &-deformation turned on,

the equations of motion obtained from (6.4.29) become

. 1._..
Wab = _fab ’ XY= —ggz]efZU : (6.4.30)
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This leads to the on-shell Lagrangian

1 1 3 1
eil L ‘bosonic = _ESR + ggmnpqrvmfnpfqr - gfmnfmn - 2(amU)amU + Ze4Ul’Lmklhmk1
1 1 -
+ﬁe_4U £+ 155" by for - (6.4.31)

6.5 Superconformal multiplets in 6D N = (1,0) superspace

The following section reviews the relevant details of various superconformal matter multiplets
required in this work. Along with the standard Weyl multiplet discussed in subsections 2.2.2]and 2.2.3]
they serve as the building blocks for the invariants of 6D conformal supergravity discussed in this paper.
Here we make use of the conformal superspace formulation in the traceless frame [32] and results
from [69]]. We also refer the reader to the following list of papers for other work on flat superspace
and multiplets in six dimensions [270-276] while see also [129}/130,277-283|| for alternative curved

superspace approaches to describe supergravity multiplets in six dimensions.

6.5.1 The on-shell hypermultiplet

Analogously to the 5D case, our starting point is the on-shell realisation for the 6D N = (1,0)
hypermultiplet with 4 + 4 degrees of freedom. In conformal superspace, it is described by a Lorentz

scalar superfield ¢ subject to the constraint
vighi—o. (6.5.1)

Here, the index i = 1,2 denotes an SU(2) flavour index. The superfield ¢” is a Lorentz scalar

superconformal primary,
Mapg™=0,  S%qi=K,q"=0,  Jgi=¢lght. (6.5.2)

Egs. (6.5.1), (6.5.2), and the relation (C.I.11)) tell us that Dg’ = 24". The only independent descent
superfield of ¢" is a dimension 5/2 spinor superfield

& :
Pa = Viai. (6.5.3)
Equation (6.5.1)) can now equivalently be written in terms of this spinor superfield

. 1 .
Vi gt = —Es’kpg . (6.5.4)

Applying spinor derivatives on these independent fields leads to several implications of the (anti-

ycommutation relations (C.1.13), (C.1.14), along with the constraints (6.5.2)), and (6.5.4):

ViV = Vipp=—4iVepq", (6.5.5)

with Vg := (¥*) o Va- Next, we shall consider

V0P IVE Vi dps = 8iVIPpL —24iw?Ppl 288X Yl (6.5.6)
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here VB .= (#)®PV, and we have made use of and the S-supersymmetry transformation

S,Yp;'3 = 168}q) — K pé =0. (6.5.7)
On the other hand, by virtue of (6.5.5]), we also have that

PPV Vplps = 16i(7)V,Vagi
= 16i(7)*7[V,, Vgt + 161(7*) ¥V et . (6.5.8)

Applying the commutation relation (C.1.14)), we can then equate (6.5.6) and (6.5.8) to obtain

(PVaph)* = —WPpp—4ixgl. (6.5.9)

We can then hit both sides of with Vi, and make use of (6.5.5), (C.1.14), and the identity
(C.1.1°7). This results in the equation

} 1.1 .
Dqll — EleL_ Equl , O = Vava . (6.5.10)

The local superconformal 8 = 8p + &4 transformations (except translation, i.e. £ = 0) of the

covariant superfields ¢ and p can be derived using (2.2.93) and the relations (6:3.4), (6:3.3), and
(6.5.7). This leads to

8¢" = J&pt+Nig"+20q" (6.5.11a)
; ‘ 1 . 5 . o
Sl = (&P )aVad" — S AP+ Soph+16nial . (6511

6.5.2 The O(2) multiplet

The 6D linear multiplet, or O(2) multiplet can be described in terms of an SU(2 ) triplet of Lorentz

scalar superfields LY, with (Lij ) =¢€pe ﬂLkl and satisfies the defining constraint
virik —o. (6.5.12)
Here LV is a superconformal primary dimension-4 superfield,
SILV =KL =0, DLV =41V  JigH = ply gllipik (6.5.13)

The tower of component fields of the superfield L/ is given by the following set of useful identities:

Vi Lk = —2¢ilipl) | (6.5.142)
Vi) = —%eifHaﬁ — VgL (6.5.14b)

VEH 5 = —8V.1, 0k —2V z0k+2 WP gk 6.5.14
yHop = Mo Pp) ap Py T 2€apysV " Pp (6.5.14¢)

where we have defined the independent descendant superfields

. 1 ,
Oy = _gvale] , (6.5.15a)



6.6. THE HYPER-DILATON WEYL MULTIPLET IN 6D 147

1,
Ho=—7 (%) Vaop,  Hap:=(V)apHa- (6.5.150)

We will be using these results later when analysing the component structure of the multiplet. Further,
it can be checked that H* obeys the differential condition
1
VH =0, H:= geabcdff Hpecdef - (6.5.16)
The descendants (6.5.13) prove to be annihilated by K, and to satisfy

S =885 LY, (6.5.17a)
SiHup = —40i8] gy - (6.5.17b)

We refer the reader to [69] for a superform description of the O(2) multiplet.

6.6 The hyper-dilaton Weyl multiplet in 6D

The aim of this section is to construct the 40 + 40 hyper-dilaton Weyl multiplet of off-shell
N = (1,0) conformal supergravity in six dimensions. The construction mimics the 5D N = 1 case
elaborated earlier in our paper and the 4D N = 2 case of [4].

We begin with the component structure of the on-shell hypermultiplet. This can be readily extracted
from the previous superspace realisation via the bar projection. The independent components of the
on-shell hypermultiplet are simply: the Lorentz scalar field ¢2| which is a superconformal primary,
and the spinor field pé|, which account for 4 + 4 on-shell degrees of freedom. All other descendants
are derivatives of these two fields.

In what follows, we will associate the same symbol for the covariant component fields and the
corresponding superfields, when the interpretation is clear from the context. The local superconformal

transformations of the component fields follow directly from the projections of (6.5.11]), which give

5qi — %giPiMiquiJrMini’ (6.6.1a)
5py = —H(EY)aVad"— %/’lab(if’bpi)a + glmpfx +16M44i" (6.6.1b)

where
Vag' = Dag— Jvipt (6.6.2)

Unlike the standard Weyl multiplet, the algebra of the local transformations (6.6.1]) closes only when
the equations of motion for the fields ¢ and pé are imposed. These equations of motion can be
obtained by taking the bar projection of (6.5.9) and (6.5.10). Specifically, in the traceless frame, the

lowest component of the descendants V, V% g;!| and Og'| leads to the following two constraints:

- | . i
(Vap' 7" = — 5 (P 7) Tyt s 2™ e (6630

y 1 .. 1 y
0g' = =P -zDgt, D=V, (6.6.3b)
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The expressions for Vapa and Og" in terms of the derivatives D, are given by
Vapo = ®ap&+zi<wam‘>a( cqf——wc ) 80ucidr’ (6.6.42)
Og" = D'Dag" —4fa"q" - Da(w“"p’d——%ffﬂpi
V[ DD~ 2 Y VDo + 5 (O T
Y ad ;<w,~f>awp +80%a] (6.6.40)

15

Equations (6.6.3) can then be interpreted as algebraic equations for the standard Weyl multiplet that
determine the auxiliary fields ¥* and D in terms of ¢* and pé, together with the other independent
fields of the standard Weyl multiplet. It can be noted that in the traceless frame equations and
do not depend on the fields y* and D respectively making it trivial to find these auxiliary

fields. If we assume that ¢ is an invertible matrix, which is equivalent to imposing

q* = q"qi; = &;€jq" ¢’ = 2detq" £ 0, (6.6.5)

then the following relations hold

151 i .
xla = Tq q” (Vap7)/)a (p /J/lb ) abC:| Y (6'6‘6a)
-2 i 151 J 1 J sabc
D = —15¢ CI*DCM‘F? Vapl¥'p;+ ( PP Tope | - (6.6.6b)

Once more, we stress that the right-hand side of equation (6.6.6a) does not have any dependence on
field y, thus making it a composite field. Similarly, the right-hand side of equation (6.6.6b) does not
depend on D, however it has an implicit dependence on ) through the special conformal connection
fab» €Q. and see (6.6.4b)), that is hidden in the expression of Og™. It is straightforward to pull
out the explicit dependence upon y and then use (6.6.6a). As a result, both )y and D are composite.
As a next step in the construction of the hyper-dilaton Weyl multiplet, we note that associated to an
on-shell hypermultiplet one can construct a triplet of linear multiplets, exactly as in the 4D N = 2 and
5D N = 1 cases. The component fields of the N = 1 off-shell linear (or O(2)) multiplet are defined
in terms of the bar projections of (6.5.13)): an SU(2) triplet of Lorentz scalar fields L/ = L/ | ;

spinor field ¢!, = @/, | ; and a closed anti-symmetric five-form field strength Winnpgr = H,

is equivalent to a conserved dual vector h* := %8“"’"”‘]’ hynpqr. Defining H* = H¢|, at the component
level it holds that

] .
Hy = ha— WY 9' — Ellfbn’abcllfcjﬂj : (6.6.7)
The covariant conservation equation of H, is
V‘H, = 0. (6.6.8)

The constraint implies the existence of a gauge four-form potential, b4, and its exterior derivative

Wnnpgr == 53[mb The local superconformal transformations of the linear multiplet in a standard

npqr]:
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Weyl multiplet background are given by

SL = &%y +2)L<ikL/>’<+4/1DLU (6.6.92)
So, = —éﬁ’Hﬁa—léﬁ VﬁaL”+ A (0T erpaﬁ??tmﬂp&%néi/, (6.6.9b)
0H, = 2(&Yap) Vb(Pﬁ+ (EY? 9:)Tyog + A" Hy + SApH,
—10in'7,¢; (6.6.9¢)
where
VL = DL —y,ligl) (6.6.10a)
Vep' = Dup’ — nH Ly VLI 4 gL (6:6.10b)

The locally superconformal transformations of by, are

abmnpq = - 8mnpqef(§iyefq)i> + 81(1//[mt%lpq] éj)Lij + 4a[mlnpq] ) (6.6.11)

where we have also included the gauge transformation 0;bmnpq = 48[m npq) 1€aving Ayypgr and HY
invariant. For convenience, we have summarised the dilatation weights of the fields of the O(2)
multiplet in Table [6.6]

L U Lij | @ai | Ha | bunpg |
(D4 ]92[5] 0 |

Table 6.6: Summary of the dilatation weights in the off-shell O(2) multiplet.

Now that we have reviewed the structure of a locally superconformal O(2) multiplet, we return
to constructing a triplet of linear multiplets from an on-shell hypermultiplet. Given that ¢ and pét
describe an on-shell hypermultiplet in a standard Weyl multiplet background with transformation rules

(6.6.1)), it can be shown that the following composite fields define a triplet of O(2) multiplets

L = qiqyl=q'q? (6.6.12a)
N 1 ..

vai’ = Sai'pa’ . (6.6.12b)

H'Y = 240veq)) — cpliyp)). (6.6.12c)

These fields all transform according to (6.6.9) and each of the previous fields is symmetric in i and ;.
The field H*Y, in particular, is interesting as it can be used to express the SU(2)g connection ¢,," as a
composite field. To see this, we introduce a new covariant derivative

1
D, = e <8m—§mendd—me> Do+ ea" OV} | (6.6.13)

which then allows us to rearrange eq. for the SU(2)g gauge connection:

i — 4g%ql.g0) .
dq q9 997 16

1 1
qlean* (Wakp ) - _P '}/ap] - _Hal]] . (6~6-14)
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This concludes the definition of the hyper-dilaton Weyl multiplet. Our analysis demonstrates that
the hyper-dilaton Weyl multiplet defines a new representation of the off-shell local 6D, N = (1,0)
superconformal algebra. The multiplet comprises the following independent fields: e;,", by, T, ., g,
bmn pq:, Wi, and p. It also possesses the same number of off-shell degrees of freedom as the standard
Weyl multiplet, 40 + 40. Table summarises the counting of degrees of freedom, underlining the

symmetries acting on the fields. Note that with the ingredients provided so far, it is a straightforward

ema wmab b fma ¢mij Vi q)mi Ta;c. Pi q i bmnpqu
36 0 6B 0 0 48F 0 10B 8F 4B 45B
p, My, D K, JV Q S Anp™-sym
—6B —15B —1B —6B —-3B —8F —8F —30B
Result: 40+ 40 degrees of freedom

Table 6.7: Degrees of freedom and symmetries of the hyper-dilaton Weyl multiplet. Row one gives all the fields in the
multiplet. Row two gives the number of independent components of these fields — composite connections are counted with
zero degrees of freedom. Row three gives the gauge symmetries. Note that the parameter A, pil describes the symmetry
associated with the gauge four-forms by, ,,q’i with field strength five-forms £, pq,il and E“4. Row four gives the number
of gauge degrees of freedom to be subtracted when counting the total degrees of freedom.

exercise to obtain the locally superconformal transformations of the fields of the hyper-dilaton Weyl

multiplet written only in terms of the independent fields and they are given as follows:

Sen = —igi;ﬂwmi+xabemb Anem’ (6.6.152)
Syt = 2D — T (G A (Yitin) — AT
A Yl = 2T (6:6.15b)
b = 40 auE e | P T (V)]
+&i0n' + OmAp — Yin'Mi — 20 (6.6.15¢)
O = —E 7 YunR(Qer
502 )| PPN T (7Vup!)]
32Ty, + An T (6.6.15d)
8qt = %éjipl+zlkq’<f+2xmqii, (6.6.15¢)
Spl = —H(EP)aVed + a0 )at Snplt160bal, (661D
8bunpg = — Emnpger&T @ +81<w[m,-ynpq}5j>v'f +49lupg) - (6.6.15g)

For completeness, here we present the expressions relevant to the transformation in terms of this new
covariant derivative D, instead of D,, which has an implicit dependence on the composite SU (2)g

connection ¢,".

.. 1 1
Vag" = zDaq*——WaP*—q 41 d" Dagit +39 24 d" (Warp®)
+—q’ q’@(P(%pD)Jrq’zq"gHa@, (6.6.16a)

8
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VPl = Dapl+2i(War?)aVed" — 80k il (6.6.16b)
ini _ Davaq 4f a ii

o . 1 1 1 -
+4q q(lkq])L(VQle) |:qkkDanl - EHaﬁ - quk(llfaka)EPKYapL

L gio i i
. wa }’aYde i de+ (llfa 7’“% ) B ZWawVapa _ Z(Z)a ')/“p—, (6.6.16¢)

where the composite connection ¢’ and §,” are now given in terms of D, by:
kK _ L ,},bc _§ ,yﬁc D k—l—iT_ Tﬂ'ef k
¢m = 16 Y 5 Y [b ll’c] 12 def 'y[b I//c]

_ N[ 1 1, i
+8¢ 4q(";q’)j{ kD[bCIk*_EH[b*_Z 7 (o’ )—E(pnbp’)}wc]j} , (6.6.17a)

1 1 1 S 1
o’ = R (@) g5 GR(0) + W WaR(Q)™ + o yie Y R(Q)a

1 P 1 .

Lo, %,m[ (7Y T, <yfvcp>“]+—w[a,-a/” o

_@5£‘V0j7’cd¢dj+EWaj%llfdjT - 605 ALY (6.6.17b)

Note that the expression of f,” has an explicit as well as implicit dependence on the composite
connection ¢, via V,p’, which can now be substituted from (6.6.174). It is also convenient to provide

the bosonic part of Og”. By using that D*H,% = 0 up to fermions, it holds:

} 1 -3 1
Og* = ED“Daq”—}—“- -2 ”(Da kk)Daqkk—q qjqk’DaDanj+2q 2qija UDko’
|
+4" qud' jg" (D¢ )Dagi — 54~ ¢ "H " Hyj + Sﬁq”+fel‘m10ns (6.6.18)

In analogy to the 5D N = 1 hyper-dilaton Weyl multiplet, we will end this subsection by underlining
the following two remarks about the 6D N = (1,0) hyper-dilaton Weyl multiplet:

1. From a symmetry point of view, the hyper-dilaton Weyl multiplet contains all the fields that
are required to gauge fix the extra symmetries of the superconformal group, i.e., it contains a
triplet of scalar field ¢", which can be used to gauge fix dilatation and SU(2)g symmetry; the
spinor field pé and the dilatation connection b,, can be used to fix S-supersymmetry and special

conformal symmetry, respectively. An example of such a gauge choice is as follows:

P (6.6.19a)
p(l;x =0, (6.6.19b)
by, =0. (6.6.19¢)

This indicates that in the gauge fixed version we would obtain an off-shell irreducible multiplet

of Poincaré supergravity.

2. The second point would be to obtain a supersymmetric completion of the Einstein-Hilbert term

by using an appropriate compensating multiplet. In 4D N =2 and 5D N = 1 this was achieved
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by using an off-shell vector multiplet compensator. In 6D the N = (1,0) vector multiplet has no
scalar fields [270,271] that can be used for this purpose. The natural choice would be a tensor
multiplet. However, known versions of an off-shell tensor multiplet involve infinite number
of auxiliary fields [129,/130]. One might wonder whether it suffices to use an off-shell linear
multiplet. The action for an improved linear multiplet in a standard Weyl multiplet background
take the form of the following BF Lagrangian [69,89]

2 1 1 .
-1 —_ a a sl a
L osonic — T 3R+D)L— —H“H,— —H JL,"—D DL
1 y | .
2 (DL ) Dalij = grzb™ L (nL) duLji (6.6.20)

When working with a hyper-dilaton Weyl multiplet, we need to take into account that the
auxiliary field D and the SU(2)g connection are composite fields (and that (6.6.6b) and (6.6.14))

have to be used). The combination (3R + D) turns out to not depend on the scalar curvature R,

3R+D = —15¢7° {qﬁDaD“q"i + (Dg"\Dagii — 44" ¢"L(Dagii)D"q;;

2
Clearly, by plugging this into (6.6.20)), the result is independent of R and fails to be a good

starting point to engineer a supersymmetric extension of the Einstein-Hilbert term to obtain a

—lquain“’J} : (6.6.21)

two-derivative Poincaré’ supergravity Lagrangian.

It is worth mentioning that coupling the hyper-Dilaton Weyl multiplet to any number of linear
multiplet will encounter the same problem. This is not too surprising since the linear multiplet is
on-shell equivalent to the on-shell hypermultiplet up to trading a scalar field with a gauge four-
form. We expect that the same would be true by using other variant off-shell hypermultiplets,
such as the off-shell charged hypermultiplet, coupled to conformal supergravity [129,|130]. We
will come back in the future to engineer 6D N = (1,0) off-shell Poincaré supergravity theories,
and their matter couplings, by using our new hyper-dilaton Weyl multiplet in a superconformal

setting.
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Chapter 7

On 4D, N = 2 deformed vector multiplets and
partial supersymmetry breaking in off-shell

supergravity

Electric and magnetic Fayet-Ilioupulous (FI) terms are used to engineer partial breaking of N =2
global supersymmetry for systems of vector multiplets. The magnetic FI term induces a deformation
of the off-shell field transformations associated with an imaginary constant shift of the triplet of
auxiliary fields of the vector multiplet. In this paper, we elaborate on the deformation of off-shell
vector multiplets in supergravity, both in components and superspace. In a superconformal framework,
the deformations are associated with (composite) linear multiplets. We engineer an off-shell model
that exhibits partial local supersymmetry breaking with a zero cosmological constant. This is based
on the hyper-dilaton Weyl multiplet introduced in arXiv:2203.12203, coupled to the SU(1,1)/U(1)
special-Kdhler sigma model in a symplectic frame admitting a holomorphic prepotential, with one

compensating and one physical vector multiplet, the latter magnetically deformed.

7.1 Introduction

Partial supersymmetry (SUSY) breaking is a fascinating subject that has been studied for several
decades. It has witnessed no-go theorems [17,96]] and their eventual disproof [93,98H100,284]], and
to date, still remains a subject with various interesting open questions. In the case of four space-
time dimensions (4D), which is the subject of this work, partial breaking of global N =2 - N =1
supersymmetry requires the deformation of supersymmetry transformations [[93-95,(252,253],255.256|
2835]]. This can be engineered with off-shell supersymmetry, meaning that the algebra of supersymmetry
transformations closes without the aid of any equations of motion. In particular, possibly the simplest
model exhibiting spontaneous global supersymmetry breaking is the one introduced by Antoniadis-
Partouche-Taylor (APT) in 1995 [93] where a single N = 2 vector multiplet deformed by both electric

and a magnetic Fayet-Iliopoulos (FI) terms suffices to engineer the N =2 — N = 1 supersymmetry
155
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breaking. A motivation for our work is to look for APT-type models in supergravity engineered with

manifest off-shell local supersymmetry.

An alternative way to construct partial supersymmetry breaking models employs non-linear real-
ization techniques, including nilpotent Goldstone multiplet analyses, where only one supersymmetry
is manifestly preserved and linearly realized [95]254-256,259,286-292]. The non-linear realiza-
tion of partial supersymmetry breaking also naturally takes place in theories with supersymmetric
extended objects (like membranes), which lead to supersymmetric Dirac-Born-Infeld (DBI) type
actions [254,289,293,294]. Moreover, understanding the mechanisms of partial supersymmetry
breaking is also motivated by phenomenology as it would be welcome to have feasible mechanisms to
control the breaking of extended supersymmetries in some high-energy scale while allowing a single

N =1 supersymmetry at low energy, see, e.g., [295]] and references therein.

Returning to the APT-type model, it is worth mentioning that electric and magnetic FI terms
are related to each other under the electric-magnetic duality of the associated vector multiplets
[93,252,253]]. However, the two possess different features in the context of supersymmetry. The
electric FI term is a supersymmetric deformation of an N = 2 Lagrangian that on shell can induce a
vev for the triplet of real auxiliary fields of a vector multiplet. The magnetic FI term is a deformation
of the supersymmetry algebra that results from a constant imaginary shift of the same vector multiplet,
resulting in an inherited deformation of the supersymmetric constraint off shell. The possibility of
turning on both types of FI terms in an off-shell setting and tuning them appropriately allows for the
simple engineering of general matter systems with global spontaneous supersymmetry breaking. To
the best of our knowledge, one of the remaining open questions on the subject is to explicitly engineer
fully off-shell models that lead to local partial supersymmetry breaking in the supergravity context. In

our paper, we revisit this question and propose a solution to this problem.

Local partial supersymmetry breaking in supergravity is a subject that has obtained substantial
attention with a non-geodesic history. A limited set of references on the subject can be found
here [[38,96-98,(100-102,/ 107,109} 110,257,[257,296-298]]. In line with the early result of [|17], in
1984 Cecotti-Girardello-Porrati did prove a no-go theorem for local partial supersymmetry breaking in
supergravity [96]. These were based on a clever analysis of the general aspects of local supersymmetry
algebras with different field content and the employment of superconformal techniques [37,38,42,
140,/141,[231]. The next year, it was realised by the same authors that local partial supersymmetry
breaking with a zero cosmological constant can be realised if one lifts the technical assumption of
the existence of a holomorphic prepotential for the special-Kihler geometry of the vector multiplets
[98]]. The resulting model has one physical vector multiplet parametrising a SU(1,1)/U(1) special-
Kihler sigma model together with a hypermultiplet parametrising a SO(4,1)/SO(4) quaternion-
Kéhler manifold and a set of (electric) gaugings. This set-up has seen several generalisations, see,
e.g., [38,101,/102,|107,{109,|110, 257,297, 298], however two common features are: (i) these local
partial supersymmetry breaking models include physical vector multiplets and at least one physical

hypermultiplet; (ii) due to the presence of the hypermultiplet, which in the component superconformal
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tensor calculus with a finite number of auxiliary fields is on shell [38],|1_-I the resulting models have local
supersymmetry that only closes on shell. We will see in our work that the second restriction can be
lifted for an off-shell model of supergravity that has partial supersymmetry breaking and, in fact, is
closely related to the original set-up of [98]. However, for the model in our paper, we will employ an
off-shell magnetically deformed vector multiplet, together with a compensating vector multiplet in a
hyper-dilaton Weyl multiplet background (which we will comment about shortly) with no other matter
multiplets. The structure resembles the APT model with both electric and magnetic FI terms, and the
resulting construction is fully off shell, due to the modification of one of the building blocks in the

superconformal tensor calculus approach that leads to a new spectrum of fields.

Other than the examples mentioned above, it is worth reminding the reader that conformal
supergravity has played an important role in several research avenues in the last five decades —
we refer the reader to a few books and reviews for a more detailed discussion and list of refer-
ences [35-40]. Similar to superspace approaches (see [35,36,39,/40] for introductory reviews and,
e.g., [4,26,41,[116-119, 121,127,128, 131H133,1227-230.299,300] and references therein, for the
4D, N = 2 case) a main advantage of the superconformal tensor calculus is to provide an off-shell
description of potentially general supergravity-matter couplings. This allows one to formulate models
where local supersymmetry is engineered in a completely model-independent way. The approach has
been very successful in helping to decipher many of the intricate geometrical structures associated
to (two-derivative) sigma models in supergravity-matter systems with eight real supercharges, see,
e.g., [38,/42,231-234]. The off-shell nature of the formalism has been a central ingredient in its
employment in the study of supersymmetric localisation and supersymmetric quantum field theories on
curved space-times — see [235] for a recent extensive review. Moreover, off-shell supersymmetry has
also been a crucial ingredient when using superconformal tensor calculus to construct higher-derivative
supergravity invariants [1,2,647,28,29,31,32,51L55-57,59-72.{185,301,302]]. These play an important
role, e.g., in the study of black-hole entropy and other applications in next to leading order AdS/CFT —
see the recent works [2,/79-82,/84.,/86,219,(303-305]] and references therein.

Within the superconformal tensor calculus, general supergravity-matter couplings are engineered by
a few ingredients. First, one needs a multiplet of conformal supergravity — named the Weyl multiplet
— which forms an off-shell representation of the local superconformal algebra and contains the vielbein
as one of its independent fields. This multiplet defines the geometry (soft algebra) associated with the
gauging of the superconformal space-time symmetry. Next, one identifies off-shell matter multiplets
with local superconformal transformation rules in a Weyl multiplet background. These two ingredients
provide the kinematic data of a specific supergravity-matter system. Finally, one engineers locally

superconformal invariant action principles constructed out of these multiplets to obtain well-defined

One way to overcome this difficulty is to employ multiplets with gauged central charges, see for example [[141], but,
to the best of our knowledge, it remains an open question whether most general supergravity-matter couplings can be
engineered this way, see also the discussion in [38]].
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supergravity theoriesE]

Assuming the matter multiplets contain enough “compensating” degrees of freedom, one can
suitably gauge fix part of the superconformal group, specifically dilatations, special conformal trans-
formations, S-supersymmetry, and R-symmetry, to obtain supergravity models where only the super-
Poincaré symmetry survives and is gauged. For instance, pure 4D, N = 2 Poincaré supergravity can
arise by the coupling of the standard Weyl multiplet [|137-141] to two compensating multiplets. There
is significant freedom in doing so. Typically, one uses a vector multiplet and a hypermultiplet (the
hyper can take several forms, e.g., a linear, non-linear, or hypermultiplet with or without a central
charge) as compensators — see [38,[39] for recent reviews. Note that, in this approach, historically
the first step has predominantly been the same (standard Weyl multiplet), while most of the freedom
that has been used concerned the matter (compensators) side of this story. However, it is known that
variant Weyl multiplets exist and can be used to engineer theories of Poincaré supergravity. These go
by the name of dilaton Weyl multiplets.

The first example of a dilaton Weyl multiplet was introduced for 6D, N = (1,0) supergravity
in 1986 [[89]], and similar ideas were then employed to construct a variant dilaton Weyl multiplet
for 5D, N = 1 conformal supergravity [90,/199]. For the 4D, N = 2 case, the existence of a variant
representation of the Weyl multiplet of conformal supergravity was argued in [91] and was explicitly
constructed only recently in [92] by coupling an on-shell vector multiplet to a standard Weyl multiplet
— for this reason, we sometimes refer to this as the vector-dilaton Weyl multiplet. Two years ago, we did
show the existence of a so-called hyper-dilaton Weyl multiplet for 4D, N = 2 conformal supergravity
engineered by coupling an on-shell hypermultiplet to the standard Weyl multiplet and by reinterpreting
the resulting system as a variant off-shell Weyl multiplet [4]]. This is the Weyl multiplet that we will
use to engineer an off-shell model for local partial supersymmetry breaking. A similar analysis was
then performed to define hyper-dilaton Weyl multiplets also in five and six dimensions [3]]. It is also
worth mentioning that new dilaton Weyl multiplets were recently engineered for maximal conformal
supergravity in four and five space-time dimensions [306,307].

Considering the role played by the hyper-dilaton Weyl multiplet in our paper, let us now review
some of its key features. The off-shell standard Weyl multiplet of 4D, N = 2 conformal supergravity
comprises 24 + 24 independent fields. Besides the vielbein, gravitini, U(1)g x SU(2)g, and dilatation
symmetry connections, the multiplet comprises a set of covariant matter (auxiliary) fields: a real
antisymmetric tensor, W, the real scalar field, D, and the spinor fields that we denote by (2%, £4;).
The presence of the matter fields is key to obtaining a set of local superconformal field transformations
that close off shell. To define the hyper-dilaton Weyl multiplet one starts with an on-shell hypermultiplet
[186L242] in a standard Weyl multiplet background [[138H141,232]]. The constraints that arise by
requiring the algebra of local superconformal transformations to close on the fields of the hypermultiplet

can then be interpreted as algebraic equations for some of the fields of the standard Weyl multiplet.

These tasks can be simplified by manifestly gauging the superconformal algebra in superspace through so-called
conformal superspace. Conformal superspace was first introduced for 4D, N = 1,2 supergravity in [25,26] (see also the
seminal work [236]]) and it was then developed for 3D, N-extended supergravity [27], 5D, N = 1 supergravity [29]], 6D,
N = (1,0) supergravity [31,[32]], and recently 4D N = 3 supergravity [33] — see [39,40] for recent reviews.
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More precisely, the standard Weyl multiplet’s matter fields (X%, %4,) and D, together with the SU (2)z
symmetry connection ¢,,"/ become composite fields. On the other hand, the four bosonic ¢ and
four fermionic (pé{, ﬁf‘) fields of the hypermultiplet, together with an emerging triplet of real gauge
two-forms bmnil =b nli = —bn,nil, are independent and not subject to any equations of motion. In turn,
the new set of independent fields describes another 24 + 24 representation of the local superconformal
algebra that closes off shell. An interesting feature of the hyper-dilaton Weyl multiplet is that not only

dilatation but also SU(2)g becomes pure gauge, while a triplet of one-form symmetry takes place.

To construct a multiplet of N = 2 Poincaré supergravity, where only local Lorentz symmetry and
local Q-supersymmetry are unbroken, it then suffices to couple the hyper-dilaton Weyl multiplet to
a single compensating vector multiplet. The result is an off-shell 32 + 32 hyper-dilaton Poincaré
supergravity multiplet, which was originally constructed by Miiller in [241]] with a different approach.
Even though the off-shell field content is minimal, the on-shell theory is non-minimal and comprises
the N = 2 Poincaré supergravity multiplet with a vielbein, gravitini, and a graviphoton together with an
on-shell hypermultiplet where three of the real scalar field are dualised to a triplet of gauge two-forms
and one of the scalars plays the role of a dilaton. This is precisely the Poincaré supergravity that we
will use to engineer an off-shell model that comprises an extra physical vector multiplet (similar to the

one of the APT model) where local partial supersymmetry breaking easily takes place.

An interesting feature of Miiller’s supergravity, and our implementation in terms of the hyper-
dilaton Weyl multiplet, is the alternative way with which it is possible to generate scalar field potentials
with a mechanism different than that of gauging the R-symmetry. It is well known that in the standard
engineering of general supergravity-matter couplings in 4D, extended (N = 2) supergravity, scalar
potentials are associated with moment maps of the embedding of the scalar fields sigma model gauged
isometries in the SU(2)g group. In a superconformal setting based on the N = 2 standard Weyl
multiplet, this emerges by integrating out the SU(2)g gauge connection, which in a two-derivative
theory is an auxiliary field — see [38]] for review. In the hyper-dilaton Weyl and Miiller multiplets,
SU(2)g can be fixed without the aid of a compensating multiplet as, in fact, its gauge field is a
composite field that turns into the Hodge dual of the field strength of a triplet of gauge two-forms
bmn'L. The result is a coupling of the supergravity multiplet to new two-form physical fields and
not a mechanism that makes fields (as, for example, the gravitini) charged under the physical gauge
group. This was explained in [4], and it generalises to generic couplings with vector multiplets. The
result is an alternative, yet simple, off-shell engineering of non-trivial scalar potentials in 4D, N =2
supergravity.

In our work, we will focus on off-shell Poincaré supergravity based on the hyper-dilaton Weyl
multiplet coupled to a system of off-shell Abelian vector multiplets, one of which is a conformal
compensator. We will not add other matter fields in the system, in particular, no hypermultiplets other
than the on-shell one which defines the hyper-dilaton Weyl multiplet. It is well known that, by using
the standard Weyl multiplet, for pure systems of physical vector multiplets, non-trivial scalar potentials
in 4D, N = 2 supergravity are engineered through gauging by local FI terms. As in the rigid case,

FI terms are either electric or magnetic. To the best of our knowledge, in supergravity, the off-shell
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description of 4D, N = 2 magnetic FI terms (and magnetic gaugings) has not been developed in full
generality yet, though they are expected to play an important role in engineering scalar potentials in
supergravity models possessing vacua with both positive and negative cosmological constants — see,
for instance the recent discussion of magnetic 4D, N = 1 FI terms [[112]. Part of our work is to extend
this analysis to the 4D, N = 2 case and elaborate on off-shell magnetically deformed vector multiplets.

The curved superspace constraints for off-shell magnetic FI-type terms were introduced in [258,
259] and in depth supergravity analyses in components (though not fully off shell) were presented
earlier in [73,260,261]]. By using a hyper-dilaton Weyl multiplet it is straightforward to engineer
generic electric and magnetic FI-type terms by means of composite linear multiplets. The result is
similar to the global case, where the two types of deformations induce a real or imaginary shift of the
vector multiplets. The supergravity extensions of electric FI terms, which we will parameterize with &,
can be obtained by using the BF-coupling between a vector and a linear multiplet. In a hyper-dilaton
Weyl background, one can construct composite linear multiplets by using a quadratic combination of
the fields of the on-shell hypermultiplet. In the case of a &-deformation, the bottom component of such
a composite linear multiplet is given by Gg;; = &i lq,lq jl. We will see that off-shell magnetic FI-type
deformations in a hyper-dilaton Weyl multiplet background can easily be engineered in terms of the
same type of composite linear multiplet. This would, for example, appear as an imaginary deformation
of the X"/-auxiliary real field of a vector multiplet. These deformations are parametrised by the
composite field G¢ij = §; lq,lq jl with §;j = i, (Gij)* = ¢Y constants that generalise the magnetic
FI terms of global supersymmetry. Given a system of n+ 1 vector multiplets with scalar fields ¢’

(with =0,1,---,n) coupled to the off-shell hyper-dilaton Weyl multiplet, it is then straightforward to

1.

introduce 3(n+ 1) off-shell deformations each associated to either a 5,”* electric deformation or a ¢

magnetic deformation. These in general induce non-trivial scalar potentials and vacuum structures.
Remarkably, due to the fact that each of the & and { deformations can take three SU(2) directions
independently, there is enough freedom to obtain local partial supersymmetry breaking. We will prove
this by considering a very simple model given by one physical and one compensating vector multiplets,
the first magnetically deformed, the second having an electric deformation turned on. By taking a
special-K#hler holomorphic prepotential of the form F = c¢ ¢ (the reader can look at [37-40] for
reviews on structures of general Lagrangians for off-shell vector multiplets), with ¢ a nonzero real
constant while ¢ being the complex scalar field of the compensating vector multiplet and ¢ the same

for the physical vector multiplets, and by choosing the determinant of the matrix
2 .
Myj = ——cij iy , (7.1.1)

to be zero, detM = 0, we find local partial supersymmetry breaking in a Minkowski vacua. A zero
determinant condition of a matrix given by a linear combination of an electric and a magnetic FI term,
is precisely the one for partial breaking in the global APT model. In fact, in the local model that we
consider, the mechanism is very similar, since all shift symmetry terms in the supersymmetry variation
of the fermions, together with the fermionic mass matrices, are all parametrized by the matrix M;;

given above. A difference, however, is the fact that here, one FI term belongs to the physical multiplet
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and the other to the compensator. Still, the simplicity of the construction is inspiring, also because
at all steps supersymmetry is off shell, allowing one to potentially add other couplings to the model,

including higher-derivative ones, in a fairly straightforward way.

Before moving to the technical part of our paper, we would like to comment on the form of the
special-K#hler potential, ' = c¢ ¢, that we have chosen for the example that we discuss in detail
in this paper. This is a natural choice. In fact, as mentioned, e.g., in footnote four of [[100], this
holomorphic prepotential is precisely the one of the SU(1, 1) /U (1) special-Kéhler sigma model which
was employed in the seminal work on local partial supersymmetry breaking [98] but in a symplectic
frame, obtained after an electric-magnetic duality, where a holomorphic potential actually exists. From
the point of view of the special-Kéhler geometry, our exemplary model is inspired by the one of [98]]
after a duality transformation, where, however, the hypermultiplet sector in our case becomes part
of the conformal supergravity multiplet with three scalar fields turned into gauge two-forms. The
emergence of a magnetically deformed vector multiplet is then expected. However, the absence of
gauging in our setup, as well as the new spectrum of the on-shell theory, are intriguing features of

working with hyper-dilaton supergravity.

This paper is organised as follows. In Section [/.2] we introduce the relevant superconformal
multiplets in superspace and components. This includes the standard Weyl multiplet, the abelian vector
multiplet, the linear multiplet (often referred to tensor multiplet), and the hyper-dilaton Weyl multiplet
(constructed by an on-shell hypermultiplet). The reader familiar with these results can skip this review
section, but note that this section does review a wealth of results in our notations. In Section
we introduce the deformed abelian vector multiplet with which we induce the previously mentioned
magnetic deformation. In Section we give the component actions used in this paper being the
Abelian deformed vector multiplet action and the standard FI term by a linear multiplet action. In
this section, the linear multiplet is considered as a general one (not necessarily composite), whereas
in the successive sections of the paper, all deformations will be parametrised by linear multiplets
that are composite of a hypermultiplet. The general off-shell action for deformed N = 2 conformal
supergravity in a hyper-dilaton Weyl multiplet background is then given in Section [/.5|followed by the
covariant equations of motion for this general model’s auxiliary fields. In Section we then proceed
with a specific choice being the SU(1,1)/U(1) special-Kihler sigma model and give the corresponding
off-shell action. This is followed by a process of gauge fixing and integrating out auxiliary fields
resulting in an on-shell supergravity model with partial supersymmetry breaking. Finally, in Section
we collect concluding comments and an outlook for our paper. We also present a few technical
appendices in Appendices [A]l This first includes our notations and conventions and details on 4D,
N = 2 conformal superspace. For the reader’s convenience, we then give the S-supersymmetry and
local superconformal transformations of various multiplet fields seen throughout this paper. Lastly, we
accompany our paper with a supplementary file where we give the fermionic counterparts to various
component actions, the bosonic parts of which are given in Sections and of this paper. This

supplementary file can be found in [5]].
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7.2 Superconformal multiplets in 4D, N =2

This section is devoted to a review of several superconformal matter multiplets in 4D, N = 2 theory.
Along with the standard Weyl multiplet discussed in subsections [2.2.2] and [2.2.3] they serve as the

building blocks for the invariants of 4D, N = 2 conformal supergravity discussed in this paper.

7.2.1 The abelian vector multiplet
One-form geometry of the abelian vector multiplet and its descendents

The field strength two-form F of an Abelian vector multiplet is given in terms of its one-form
potential V = dzMVy, = EAV, by F = dV = %EB A EAFyp, or equivalently,

Fpp =2V 4V — Tag“Ve - (7.2.1)
Due to the existence of the one-form potential the field strength must satisfy the Bianchi identity
dF =0 = VuFpcy — Tug"Fipcy = 0. (7.2.2)
At mass dimension-1 we impose the constraints
Fih = ~2eUeqW . FB —oe e%bw  Fif —o, (7.2.3)
where W is a primary superfield with dimension 1 and U(1)g weight —2,

KsW=0, DW=W, YW=-2W. (7.2.4)

Then the Bianchi identities may be solved giving

i

. . : i ,

Fip =3 (g™ W . Bl = =5 (0, VW (7.2
I o I

Fup == 5 (0 )op (VPW +-4WPW) £ (6up) o (VW + aw*Pwy . (7.2.5b)

The Bianchi identities also require W to be a reduced chiral superfield,
VEW =0, Viw = Viw . (7.2.6)
Note that we have introduced the notation
Vi=viivy) | V=V veb o viekyl) gk gk (7.2.7)
Acting with spinor covariant derivatives on W gives the following independent descendants:
AL =Viw, A¥:=V'W, XV.=ViW=ViW, (7.2.8a)
Fp = —%(aab)aﬁ(vaﬁw +4W W) + é(&ab) aB(WBWMW“BW) , (7.2.8b)
1

1 —
FO‘B = E(Gab)aﬁFab = —g(VaﬁW+4WaﬁW) , (7.2.8¢)
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_ 0 > 1 - — &L
FOP = =2 (6) P Fy = — (VW AW Pwy . (7.2.8d)

These superfields satisfy the following tower relations that are particularly useful in analysing the

structure of invariants:

Voly = %saﬁxif' +4€" Fyp + 26T WogW | (7.2.9a)
ViAL = —2i5iVpiw . VEAP = 2isiv W (7.2.9b)
TeAb — %e“ﬁx,- i+ de FOP 4 2e, WPW (7.2.9¢)
Vi Xk = —4igliv 03l | Vexk = 4isliv,aahe (7.2.9d)
ViFap = &aZp W — %Waﬁ;W+ %isy(avﬁ)%g : (7.2.9¢)
ViFup = %V(amﬁ)k —% by (7.2.91)
V;Faﬁ = %Vﬂiﬁ')k — %WO‘BM‘ , (7.2.99)
VIFaB — _gieghly %WOCBZW + %ieﬂavaﬁu,? . (7.2.9h)

These descendant superfields transform under S-supersymmetry as given in the Appendix [A]of our
work.
The abelian vector multiplet in components

We define the component fields of the abelian vector multiplet as follows
o:=W|, AL :=A|=ViW|, XV:=XU|=VIW|, Fy:=Fyl. (7.2.10)

See [42,/137.|141,231,242,[243] for seminal works on the N = 2 vector multiplet. The reality of X"/
follows from the Bianchi identity. The remaining component field being the gauge connection vy, is
given by the lowest component of the corresponding superspace connection, v, = V,,|. It is worth

underlining that the following definition for F;, from can be directly projected to components
Fy = —%(oab)aﬁ (VW + 4w *PW)| + %(%)aﬁ (VOB +4WPw) . (7211
The component two-form field strength is constructed from a projection of the superspace two-form,
S = Fun| = 20,V | = 20V, - (7.2.12)

Making use of the identity

Fpn = E E,PFyp(—), (7.2.13)

and projecting to its lowest component, we may solve for F;| to give

i

o i . _ 3 .
Fap := Fap| = ed"ep" frn — E(G[a)aa‘/’b}l?lgz‘l‘ 2(G[a)aal§‘//b}l?
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A A U A . 7.2.14
ZWakay¢+2Wakay¢ . (7.2.14)

In the superconformal tensor calculus’ language, F, is referred to as the supercovariant field strength
(as it transforms covariantly under any local superconformal transformations) whereas f,,,, = 28[mvn}
is the conventional field strength. By construction Fy;, satisfies the Bianchi identity

i

T
ViaFbe) = =5 R(Q)japj0a A’ + SR(Q)jar' G A; - (7.2.15)

The local superconformal transformations of the fundamental fields of the vector multiplet fields in a

standard Weyl multiplet background are given in Appendix [5.3.3]

7.2.2 The linear multiplet
Two-form geometry of the linear multiplet

The field strength three-form H is given in terms of its two-form gauge potential B = %E BANEABAg
by

1
H=dB= §EC NEP NE*Hapc,  Hage =3VuBgcy — 3Tiup"Bipicy - (7.2.16)

The field strength remains invariant under gauge transformations 8B = dV with V a one-form gauge

parameter. The existence of the gauge potential requires that the Bianchi identity

3

dH — 0 — V[AHBCD} - ET[ABEH‘E‘CD} — 0 , (7217)

be satisfied. As with the gauge one-form, we must impose constraints to reduce the multiplet. At mass

dimension—% they consist of

ijk _ gqoBy _ ggii v _ gqoPk
Haéy—Hi“jk—Ha;}k—Hi“”—O. (7.2.18)

The Bianchi identities for H can then be solved. The solution is

Hagp =0, Ha?‘f =0, Huyf = E(Ga)a“S‘,- , (7.2.19a)
S , A S
Have = ¢(Ou)aP VES's, Hav' = (6w Vi S (7.2.19b)
i o
Habc = 9_6£abcd(6d)a[3 [Vl(x; V?]gji = 8abcdl_ld 5 (72190)

where G/ is a real symmetric conformally primary dimension-2 superfield, i.e.,
KaGY =0, DGY=2G6Y, v§'=0, (SY)" =G =exes3". (7.2.20)
The superfield G also obeys the constraint

vggﬂc) _ Vggﬂc) —0, (7.2.21)
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which defines the N = 2 linear multiplet. By acting with spinor covariant derivatives on G/ gives the

following descendants:

Xoi = lvé&j : X% = %vagj (7.2.22a)
F:= —V’ G F .= EWQU , (7.2.22b)
Hpe := 9i6eabcd(c )4V VRIS, = eupeatt? (7.2.220)
H, = %(oa)“ 3V ?f]gfi = éeabcde“l . (7.2.22d)

These superfields satisfy the following tower relations and are particularly useful in analysing the

structure of invariants:

Vi, Gk = —2e'Uyg) | VIS = —2e 7L (7.2.23a)
Vioxp; = 8i€apF . Vixp; = —4i€ijHi(0%)p% —iVp*Gij (7.2.23b)
VerPi = §/eF | Vigp¥ = —dieijHa(0")p" — V5" (7.2.23¢)
ViF=0, VY =2V%y®— 2wz —6z¥G;; | (7.2.23d)
VéF =0, ViF= ZiVaa T+ 2Wayx ' — 6ZLG' (7.2.23¢)
: 1

ViHa = 5(0u)a PV~ (oa)aﬁ [Wﬁyxy—k 325 Gl’] , (7.2.23f)

_ 1
Vaitla = =5 (3w) o V"2 + 5 (8 WPV + 327Gy (7.2.23g)

These descendant superfields transform under S-supersymmetry as given in the Appendix |A| of our
work.
It is possible to construct a superfield which automatically obeys the above constraints (7.2.21) by

imposing constraints on the two-form Byp itself. It holds that

Bt =—2eeq®, B =266%w, B =0, (7.2.24)

where W is a chiral superfield, vf’“}’ = 0, of dimension 1 and U(1)g weight -2, but otherwise arbitrary

KaWY=0, D¥Y=Y¥Y, Y¥Y=-2Y. (7.2.25)

Constraints of this kind are quite natural since the gauge transformation 6B = dV = F amounts to

S =W, (7.2.26)

with W a generic vector multiplet chiral field strength satisfying the Bianchi identities of eq. (7.2.6).
We can then proceed to solve for the full two-form B:

g L . i ‘
Bag = E(Ga)aavlaly ) Balq = —E(Ga)aan“P ) (7.2.27a)

1 _ 1 e Y-
Bap = =5 (0) P (Vag® + 4Wop ) + £ (Gup) o (VAU 47 Pp) (7.2.27b)
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Inserting this solution into the definition of H leads to an expression for the linear multiplet in terms of
an unconstrained chiral prepotential
Gil — —% (VW — Vi) = Im[VIW] | VW — Vi = 2i Gl | (7.2.28)

One can check that G/ indeed obeys (7.2.20) and (7.2.21)) and is invariant under (7.2.26).

Linear multiplet in components

The components of the linear multiplet are defined as follows — see [[117,/118L/138-140, 186191,
262| for seminal works. The linear multiplet is described by a real primary superfield G/ of dimension
2 satisfying the constraint (7.2.21)). The corresponding 3-form field strength H in superspace
is given by and (7.2.19). Within the superfield G/ are the matter components of the linear

multiplet: a real isotriplet field G/, a fermion ¥, and a complex scalar F:

G = G| (7.2.292)
1. IV D
Xai ‘= §V{X9lj| ’ %O“ = §V§X91J| ) (7229b)
| _ |
=—=VYG;; = —=VYGl, it
F=13 Gl Fi=5597, (7.2.29¢)
l . - o .
Habe 1= %gabcd(cd)aﬁ[%avf]yﬂ = eapeaH’ | (7.2.29d)
i P c
H, = 9—6(6a)“B[Va,Vf]9’i! = ggabcde <. (7.2.2%)

The remaining component field, the two-form, is given by by, := B,;,|. Owing to the superspace

identity
o 1 ) )
VoV = —ceap gikellivrag, | (7.2.30)
there are no other independent component fields. The local superconformal transformations of the

fundamental fields of the linear multiplet in a standard Weyl multiplet background are given in

The covariant conservation equation for H,, is

3 . 3_ .
VeH, = gz% + §2,-Z’ . (7.2.31)
The constraint locally implies the existence of a gauge two-form potential, b,,, = —by,,,, and its exterior

derivative Ay = 38[mbnp]. The solution of ((7.2.31) is

1 3i ;3 3
H, = ggade (hbcd - le/biccdxl - Z‘Vblccd%i - Z(‘I’bchde)Gij> ’ (7.2.32)

where hp. = e, ep" eP hyynp. The local superconformal transformations of by, are
i A R I . S
Obmn = z&icmnxl + zélgmn%i + ) (W[mlgn]é] - W[mlcn]§]> Gij+ 28[mln] 5 (7.2.33)
where we have also included the vector gauge transformation &;b,,;,, = 28[mln] that leaves Ay, and

H¢ invariant. In constructing the superspace three-form H,,,, = 38[mBnp] we can make use of the

superspace identity

Hynp = En EPE,CHppo(—) 0 Hacthe (7.2.34)
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Projecting this equation to the lowest component, and defining

hm"l’ ::Hmnpl = 3a[mbnp} s habe 1= eamebnecphmnp ) (7.2.35)
it is easy to show that
Ty = EmmpgHead + 1 By Gyl 4 Sim o i oB
mnp = EmnpgH’|eq +4(0'[mn>a l//p“xﬁ—i—él(szgma[mn) 5V
3 o
_Z(G[m)aalljnwllfp]ajGij : (7.2.36)
or, equivalently,
1
HY — Ha|:68abcdecd|
1 ubea 3i Booak N~ e kB3 By o |~k
= &€ (hbcd_Z(ch)a kaXﬁ_Z(ch) p Ve Xy ‘I‘Z(Gb)a Ver \I/dBGl) . (7.2.37)

In the paper, we will denote the Hodge dual of a three-form component field /.. with

h = és“bc‘lhbcd . (7.2.38)
We also keep using the same notation for the superfield H* and the covariant component field H¢|, but
we hope the reader will understand what we refer to depending on the context.

We have emphasized that the construction of the two-form multiplet is completely geometrical,
but it is worth noting that, as discussed in Subsection the two-form multiplet can be encoded in
a chiral superfield ¥. By making use of the gauge transformations (7.2.26), one can choose for the
components of Bap that Byg| = BO‘B| =0and B,g| = E“B\ = 0 while B,p| remains unconstrained by

imposing the component constraint
¥ =0, Vi¥|=0, V¥ =-Viy|, (7.2.39)

One may easily construct by, using b, = emaeanabL As usual, the supersymmetry transformation

laws of the component fields may be derived by using the constraints.

7.2.3 On-shell hypermultiplet and hyper-dilaton Weyl multiplet

In this subsection, we review the construction of the 4D, N = 2 hyper-dilaton Weyl multiplet of [4].
This plays a central work in our work.

A single on-shell hypermultiplet is comprised of 4 4-4 degrees of freedom described by a Lorentz
scalar field ¢ and spinor fields (p, ,pY) — see [138-141,/186,242] together with [37,38,232] and
references therein for superconformal approaches to systems of on-shell hypermultiplets. The index

i=1,21s a SU(2) flavour index, and the fields satisfy the following reality conditions

(¢ = g, (Pé)* = Pai - (7.2.40)

3The third constraint is not actually necessary to eliminate the other components of the two-form, but it does
substantially simplify the component evaluation later.
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They also satisfy the following dilatation and chiral weight identities

i i ' 3 i ) 3
Dg"=q", Dpa = 5Pa, Dpoi=5Pai (7.2.41a)
Y¢'=0, Yp, = pa, YPui = —Pai - (7.2.41b)

The multiplet, which has the field ¢ as its superconformal primary, is characterised by the following

local superconformal transformations [37,[38}, 13814 11232]

y 1., . 1o . o ,
8¢l = Eélpz_ Eélﬁl-l-?tlqul-i- Apg™ (7.2.42a)
. o 1 . .3 . .
6Pl = —4i(0°E)aVad " + S A (0P )+ idrpl+ S hnpl+8nkail,  (7.2.42b)
. . 1 A .3 . .
513;1 = 41(6“5")“%%- + Elab(éabﬁi)a — ilyﬁia + El]])ﬁia — Sﬁ,f‘qk; ) (7.2.42¢)
where
ii i Lo Lo
Vag" = Dag" = 7 Va'p'+ 7 Wa'P" (7.2.43)

In conformal superspace, the multiplet is described by a dimension one primary superfield Q",

neutral under U(1)R, and satisfying the following analyticity constraint
Va0l =Vi0)i (7.2.44)

The transformation rules in (7.2.42) simply derive from the equation above together with self-
consistency of the conformal superspace algebra of covariant derivatives and the following definition

of the component fields
q"= 0", pu=VeQil, p5=YaQil. (7.2.45)

In contrast with the standard Weyl multiplet described in a previous subsection, the algebra of the
local superconformal transformations closes only when equations of motion for the fields are
imposed, see for example [38,[232]] for a detailed analysis. In our notations, the covariant equations of

motion of ¢ and (pé, p¥) are:

j Lo — -5 i
(Vapto?), = E(;yc; YW +6iZeng™ (7.2.46a)
. i :
(Vapi 69" = —E(piO'Cd)aW;}+612aqui, (7.2.46b)
N 3
O¢" = —IDg", O:=VV,. (7.2.46c¢)

The expressions for Vapfx, Vapf‘, and (g" in terms of the derivatives D, are given by

i i . _ | A .
Vapa = Dapo+2i(0"Var) (quk’ — W'+ Zwb"p’) +40aqud" (7.247a)

. Y 1 T
Vi = Dapf—2i(8"y )" (Dkai — Vit Z‘I/bkpi) — 46, % g , (7.2.47b)
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) ) 1 1 R T R
Og" = DD, ”—Zfa“ ”——PLDaII/mﬂL—ﬁLDaII_/m——ll/alDaplﬂL—leDaﬁL
——¢a P4~ %G pl+i(w, Ut ) Dyg,l + (llfa c“%))q" + (‘I’a %)q"

L (et Wl — (ot 5, — (9% + (%iq;ak)qki

16 16(
— (v (yiup!) + Z(w“oct/‘f")“)(v‘fckpi)- (7.2.47¢)

It is important to stress that egs. are typically read as equations of motion for the hyper-
multiplet fields, see for example, [37,38,/138-141,[232]]. They certainly are dynamical equations for
g and (pé , ﬁi‘)‘) in a flat background (with no central charges as in our case) where all conformal
supergravity ﬁelds are set to zero [[186}242]]. For this reason, the multiplet is typically referred to as
the on-shell hypermultiplet. However, such an interpretation is not necessary in a curved background
described by the standard Weyl multiplet. In fact, the eqs. can be interpreted as algebraic
equations for the standard Weyl multiplet that determine the fields (2%, ;) and D in terms of ¢" and
(pfx ,pf‘) together with the other independent fields of the standard Weyl multiplet. If we assume that

¢'' is an invertible matrix, which is equivalent to imposing

0" = q"qi = &;&;9"q"L =2detg" £ 0, (7.2.48)

then the following relations hold

~ P i o - 1 1_
¥ = 277" = 5(Dapi5)* +(ya/ 0" 6%)" <@bqj'i—zllfbjpi+zllfbjpi)
2 i, - :
+§(‘I’ab16“b) (p, Cd)“W g(lllajszgmaaGCd)aqfiWcZ] . (7.2.49a)
_ P o R D B
Loi = 29 “qi —E@aplﬁa)a—(%jffbff“)a (@bqﬂ—zllfb’P’ﬂLlefb’Pl)
2—j.~ ab i 1_,'.~ cd — 1 joa.: = cd i
—g(q’ab sigma )aqu—é—t(pfszgma )aWCd+6(l;/a o’sigma ) qq;*W(] 2.49b)
B o T I ;
D = g qi| D*Daq’+ ZRq" 3 (50 oW, — 5 0d 0Pt — S p' Dy

i i ipaj i 3i i <Ay ji i axjy it
YD+ 2W 0+ 5 (WO ) + 5 (V0T

1 S N i s (i bz )a i
W (W, ) g i (v "o P Dyg i

1 o }
e (G D Yo ) S

i j —j)a i
—E(Wa(lﬁb‘/ﬂ) )(wpip*) | +cc.. (7.2.49¢)

In the expression for D, eq. (7.2.49¢)), remember that (X,%;) and (¢, ;), together with the spin

connection ®,,“¢

that are equivalent to to solve for D in eq. (7.2.49¢)). It is simple to show that the remaining

, are composite fields. Note that so far we have only used one of the four equations

independent three equations are equivalent to the following

Vg Vgl =0. (7.2.50)
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As we are going to explain in detail below, this equation is solved by turning the SU(2)z connection
¢, into a composite field.

As a next step in the construction of the hyper-dilaton Weyl multiplet, we note that, accompanied
to an on-shell hypermultiplet there is always a triplet of composite linear multiplets [138-140,/186].
The following composite fields define a triplet of linear multiplets [[141]

Gl = qiapl= T (Gij)" = GYy; | (7.2.51a)
ta = zaled . 2Uy=-3dwf. ) =Ty (7.251b)

P %p(ipn Ry= %p(lpj) , (Fi)* = Fy, (7.2.51¢)
A i 70vegd) 1 3lz,o(ic;apf') , (HOl)* = HO; (7.2.51d)

These fields all transform according to linear multiplet transformation (5.2.10)) and each of the previous
fields is symmetric in i and j. Within the previous composite fields, the field H aij s particularly
interesting. In fact, eq. together with represent the solution to the constraint
and can be used to express the SU(2)g connection ¢,," as a composite field. By introducing the
derivative

1

D, = e/" (am — E“””CdM“’ — bm]D) =Dy +e" O Jij +iAnY (7.2.52)

and by using eq. (7.2.43)), eq. (7.2.51d) can be rearranged for the SU(2)g gauge connection as follows

¢aij = 46] q(lq )j

1 | SN §
7 Dagi’ — 4" (Warp?) + q’@(%kpi)—gpfoapi+4H f] , (7.2.53)
with
Haij:ilaij‘f’lgb-d(—ﬁ(c )aﬁwbaxku v gtk %/34+ aﬁwcav-/dz_leg)
6 abe 4 kAB 4 ﬁ o k B ;
(7.2.54)

which plugged back into along with (7.2.51) gives

0% = 247240 D%/ 1//“‘“ —2g) lpa——'l/“gq_zqmﬁf‘ +16q ¢ iq’ ;i

1 abcd a
7€ (0s)

+q (0P g’ ipe+a H(6) o WP ) P (7.2.55)

1. i— )6
—51( “V*aq” iql iq )JPaP] all’cgcll’dj)a

The existence of the linear multiplets (/.2.51)) is crucial in the analysis of deformations of vector
multiplets that we will perform in our paper. Note that in terms of superfields, the composite linear

multiplet is defined by
5 = 040)l=00), Vs, =Vi5M; =0, (7.2.56)

where all component fields in ( arise from the equations (7.2.29) together with (7.2.44) and
(7.2.45).
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This concludes the definition of the hyper-dilaton Weyl multiplet. The result of the analysis is
a representation of the off-shell local 4D, N = 2 superconformal algebra in terms of the following
independent fields: e, by, Am, Wap, G, B, (Wi, W), and (pt, p;). The multiplet has precisely
the same number of off-shell degrees of freedom as the standard Weyl multiplet, 24 4 24. Table
[7.1] summarises the counting of degrees of freedom, underlining the symmetries acting on the fields.

Note that with the ingredients provided so far, it is a straightforward exercise to obtain the locally

en” wmah b fma (Pmij Am Yni (pmi Wap Pi qli [—
16B 0 4B 0 0 4B  32F 0 6B 8F 4B 18B
P, My, D K, JV Y 0 S A -sym
—-4B —-6B —1B —4B —-3B —1B —8F —8F —9B
Result: 24 + 24 degrees of freedom

Table 7.1: Degrees of freedom and symmetries of the hyper-dilaton Weyl multiplet. Row one gives all the fields in the
multiplet. Row two gives the number of independent components of these fields — composite connections are counted
with zero degrees of freedom. Row three gives the gauge symmetries. Note that the parameter A, describes the vector
symmetry associated with the gauge two-forms bm,fi with field strength three-forms hm,,p’i and H . Row four gives the
number of gauge degrees of freedom to be subtracted when counting the total degrees of freedom. Row five gives the
resulting number of degrees of freedom.

superconformal transformations of the fundamental fields of the hyper-dilaton Weyl multiplet written
only in terms of fundamental fields. These are given by (2.2.24a)—(2.2.24c), (2.2.24¢)—([2.2.24g),
(7.2.33), and (7.2.42a)—(7.2.42¢)) after using the appropriate identities for all the composite fields
O, Fmas Oy (Omis On')s (2%, Z4:), and D respectively given by egs. 2.2.19), (7.2.53), .2.16),
and (7.2.49).

It is important to underline that the local gauge transformations of the hyper-dilaton Weyl multiplet

form an algebra that closes off-shell on a local extension of SU(2,2|2), the 4D N = 2 superconformal
group. In fact, by construction the resulting algebra is identical to the one of the standard Weyl
multiplet transformations (2.2.2)) (see [[137]] and [26}/41] for detail on the local algebra), with the only
important subtlety being that the structure functions will have more composite fields. We also stress
that the existence of the triplet of composite linear multiplets in eqs. is a key ingredient to

engineer FI-type terms in supergravity-matter couplings based on the hyper-dilaton Weyl multiplet.

Transformation check

As a side, here we comment more on the consistency of the composite linear multiplet constructed

out of the on-shell hypermultiplet.

It is necessary to use the on-shell condition on the hypermultiplet to prove that the composite
multiplet with its lowest component being G; jil is a linear multiplet. It is straightforward to show that
its descendant fields yqiZ, ¥ ‘j‘ii i F Y. and F;; transform correctly as linear multiplet fields using only
the hypermultiplet supersymmetry transformation rules. No equations of motion are needed. However,

for the composite three-form field, one does need to use an equation of motion.
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The local supersymmetry transformation of the composite three-form of the linear multiplet in flat

spacelﬂ is given by

y 1. .. A . i . . i .
aij _ _ ~ §4iliyag. i) _ ~ iligya,.J) (igapd) 59857
6H 104" Via — 74" 6Vq + 5 8ptopl + o platsp
_ %gaiqi(ivaptfx) + %(Gab)ayéﬁpa(iqulj) +c.c.. (1.2.57)

We use the on-shell hypermultiplet equation of motion to bring the first term into the desired form. In

flat space, it is as follows
(Vap'o%) =0 = Vipg =2(6")qsVipPL.

Inserting this back into the transformation rule we have

O™ = Z(Gab)aﬁém(vbl)%qz’l}+Pﬁ(£Vb61il))+C-C-

1
= Egicabva%Jrc.c. : (7.2.58)

as required. Besides working as a consistency check, the previous calculation indicates that we must
interpret the on-shell hypermultiplet as matter fields of the hyper-dilaton Weyl multiplet when using
the composite linear multiplet to construct supersymmetric invariants and deformations. This will be

used in following sections.

7.3 The deformed abelian vector multiplet

In this section, we first revisit how the electric-magnetic duality is implemented in superspace
for 4D, N = 2 vector multiplets and how deformed off-shell abelian vector multiplets arise from this

duality in the presence of an (electric) Fayet-Iliopoulos term.

7.3.1 EM duality in N = 2 superspace

The purpose of this subsection is to review and motivate the magnetic deformations of vector
multiplets, which we will study in more detail in the next subsection. We refer the reader to [252,253]]
for a more extensive discussion of the duality in flat superspace.

We start from a gauge invariant N = 2 superfield strength W which is chiral
D,W =0, (7.3.1)

and satisfies the additional constraint

DW—-D'W =0,  DY:=D"D}, Dj=DgD?, (7.3.2)

“4For simplicity we restrict to a flat geometry where the derivatives should be V, — d,, but it is straightforward to
extend this analysis to a Weyl multiplet background.
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where

Di

. s I T
0= 5 T1(07)630"0 . DY = o= +i(6")* 05,0 . (7.3.3)

26!

o
are the flat N = 2 superspace spinor covariant derivatives. The constraints on W can be solved through

the Mezincescu prepotential [[183]]

1- ..
W= ZADIV;; (7.3.4)

where V;; satisfies V;j = Vj;, (V;j)* = Vi while

_ 1 _.._ 1 .5 - _ _
e PP — - pop ) . k
is the N = 2 chiral projecting operator such that
/ d'xd*0d*0 £ = / dxd*0 AL = / dxd*0 AL (7.3.6)

The dynamics of a free abelian vector multiplet are described by the superspace Lagrangian

. .
SO = —Im —/d4xd491'W2 . Ti= 4D, (7.3.7)
2 g2

In the case of a self-interacting theory, the previous model can be lifted to

S, = —Im[ / d4xd48F(W)} , (7.3.8)

where F (W) is an arbitrary function of W which is the special-Kéhler geometry holomorphic prepo-
tential. An N = 2 (electric) FI term is defined by

Spr = / d*xd*0d*6 EVv;; (7.3.9)

with £V being a triplet of real constants. The theory described by S, = S, + Sg; is referred to as
electrically deformed [93,[252,[253]].

The magnetic dual of S, is described in terms of the Lagrangian
S = —Im[ / d4xd49F(W)] , (7.3.10a)
where, however, the superfield W satisfies a modified reduced chiral constraint as follows
DYW — DVW = 2i{V (7.3.10b)

with £/ being a real triplet of constants [252,253]. Here, we have used a hat to denote the function of
the deformed vector multiplet as it can be proven to be related by a duality transformation to F (W) of

the electric S, action. The duality between S, and S, can be implemented through the action

Sauatity = —1Im { / d4xd49F(T)} — % / d*xd*0d*o U;; | DY — DY —2i¢Y| | (7.3.11)
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where U;; is an unconstrained real (U;;)* = U" superfield and T is an arbitrary (and long) chiral
superfield. T can be represented by using the chiral projecting operator and an arbitrary complex

prepotential superfield as
T=AY. (7.3.12)

When integrating out U;; and renaming Y = W in the previous action, one obtains the N = 2 vector

multiplet action deformed by a magnetic FI term in eq. (7.3.10). After integration by parts and using
(7.3.6) one can rewrite ((7.3.11)) as

. | -
Sowatiy = —Im { / d*xd*e (F(Y)—YWUﬂ - / dxd*0d*6 UL, (7.3.13a)

with
Wy = ZADIU (7.3.14)

The variation of the previous action with respect to Y, after using (7.3.12) and integrating by parts, is

OSduality = /d4 d*0d*6 5T(ag§. ) —Wu> , (7.3.15)

implying that on shell it holds

IF(Y) 1o .
_ _ Ypiiy. 73.16
8Y WU 9 WU 4 Ulj ’ ( )
which turns into
- 1.
S, = —Tm Ud“xd“eF Wy 1 /d4xd49d46§”U,] o Bi=—ogi, (7.3.17)

This is equivalent to (7.3.8) plus a standard FI term if we define

IF (Wy)

F(Wy) = FXW)] =X(Wo)Wo - =5

_— (7.3.18)

This is a usual Legendre transform of the special-Kéhler holomorphic prepotential F and its dual F,

( )

and Y(Wy ) is an implicit solution (which we assume to exist) of = Wy satisfying

ag(vz;l]) - [a;;/ﬂ_l = [t~ =-T(Wy) , (7.3.19)
where
(YY) o 9PF(Wy)
T(T) - (8T)2 ’ T(WU) = W (7.3.20)

These are standard results for the EM duality of a vector multiplet. They show that electric and
magnetic FI terms are interchanged with the duality. The same arguments are well known to generalise

to several (abelian) vector multiplets. An important comment is that for flat supersymmetry one
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can consider a vector multiplet that has both electric and magnetic deformations while still having

preserved off-shell supersymmetry [93,252,[253]]
S=—Im U d4xd49F(W)} + /d4xd49d4é EVVij (7.3.21a)
.. I .. 1- .. i ..
DIW —DIW =2i¢" . W = ZADV;;+ %9,- i (7.3.21b)

where 6;; := 6% 6. The presence of both an electric and a magnetic deformation is the key to obtaining
partial supersymmetry breaking in flat superspace with a single physical vector multiplet [93]]. We
stress that this is a feature of the globally supersymmetric case.

Note that the previous derivation can straightforwardly be lifted to conformal supergravity defined
in conformal superspace. The key ingredient is to realise that the electric and magnetic deformations
will turn into linear multiplets. This is potentially straightforward, though there will be various
subtleties related to the choices of a conformal supergravity background and compensators which we
will discuss in the coming sections. For instance, given a set of vector multiplets in a hyper-dilaton
Weyl background, an electric FI-type deformation will be associated to the following full conformal

superspace invariant
/d4xd49d4éE95;jVi§-, Geyl = g,ilQQ-Qf'l, (7.3.22)

where Q" is the on-shell hypermultiplet in conformal superspace, while 5;1 = 5111 is a triplet of real
constant.
Let us now proceed by introducing the modification of the magnetic deformation of an abelian

vector multiplet in a conformal supergravity background.

7.3.2 Deformed abelian vector multiplet in conformal superspace
Consider the following deformation of abelian vector multiplets [258}259]
ViIW — VIW = 2iG" | (7.3.23)

where W is only required to be covariantly chiral. The constraint now holds in conformal supergravity
where the V4 derivatives are the conformal superspace ones that we introduced before. This multiplet

can be thought of as a deformation of a standard vector multiplet described by W by means of the shift
W=W+V¥, (7.3.24)

where W is the prepotential of GiJ and is a chiral superfield, ?l‘?“l‘ =0, of dimension 1 and U(1)g
weight -2, but otherwise arbitrary — see eqs. (7.2.24)—(7.2.28).
It is straightforward to deduce that

ViIW — VW = Vil _ i — 2iGi (7.3.25)
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where G¥ is the linear multiplet superfield. Acting with spinor covariant derivatives on W gives the

following independent descendants:

AL, =VIW, A_.;x =ViW , (7.3.26a)
N o N P o
XV = S (VIW L VIW) | g = _%(v”w —ViW) | (7.3.26b)
F..— 1 (xﬁ 1 06[3 O‘ﬁ
b =g (0) P (Vo W+ AW W) + 2 (8up) o5 (VP W +4W W) (7.3.26¢)
1 1
Fop = E(Gab)aﬁFab _ —g(vaﬁw+4WaﬁW)v (7.3.26d)
_ &0 1 A | —af
_E((yab)aﬁFab — —g(V“ﬁW—|—4WaﬁW) , (7.3.26¢)
1. ai Llegaii
Xoi = gV{xgij 7 X §V?9” : (7.3.26f)
1 1
F= —V’ G, F= —V’ G/ ) (7.3.262)
1 -
Hape = %gabcd(cd)aﬁ[vlwvj ]911' = 8abcdl'ld > (7.3.26h)
1 =B 1 .
Ha = 52(00) "5V V5197 = ceapcal™ . (7.3.26i)

These superfields satisfy the following tower relations that are particularly useful in analyzing the

structure of invariants:

Vi AL :1eaﬁx + eaﬁgu +4€R g + 26T W, W, (7.3.27a)
VEAS = —2i8/V5OW (7.3.27b)
viAh — —21511Va3v'v : (7.3.27¢)
vealh = Leapxii_ 280‘39’7 1 4e, T 1 0e, WHPW (7.3.27d)
Vi XK = 2ieilUyh) _4igiliv, @2t (7.3.27¢)
VX i = 2iei 2 — 4igi Vo " A5 (7.3.27f)
ViFop = &xaZfyW - 1W(WWJF 1ley(axﬁ) 1187,( V) aql (7.3.27g)
VIFop = %V(amﬁ)k - lWaﬁ).k , (7.3.27h)
viEe - %V,,(O‘ZB - iw"‘ﬁx" (7.3.27i)
IR = _gragPyy 5W"‘Mw Ligntagh | 2187 ‘v PIag. (7.3.27))

The tower of S-supersymmetry transformations is identical to the cases of a standard vector multiplet
and a linear multiplet, up to appropriately renaming some descendant with bold symbols. As a result,
the local superconformal transformation of the fundamental component fields of the deformed vector

multiplet fields in a standard Weyl multiplet background are

850 = EA+Apd —2ilyo (7.3.28a)
50 = EAXi+Apd+2idy ¢, (7.3.28b)
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i ab gi ab gi - 1 ij i ij S ~AEd
BNy = 20 NaFu + (08 )W~ 5 Ea X JEaiG 4 2i(0°E )V,

1 i a3 ai g ai i
+§A“b(oab1 Jat A A+ S Apho —idyAg +47169 (7.3.28¢)
SAY = —2(6"E)%F - (6°&) W, 0 — %Eajxij + %éajGij +2i(6)*Vad
+%7L“b(aabi,~)"" — AT+ %AD)Z?‘ vigAY 1 4n%y (7.3.28d)

oG XK 2ppX (7.3.28¢)

. . —k 1 - 1 _
SF® — — &0, VA + <§k6ab2k— Eézg(%b)MWaﬁyk>¢ - §<5klk)Wab

i
+§§k6abxk +2n oA tc.c.| +2ApF 4 — 244, Fy. (7.3.28f)

while all the transformations of the descendants of W and W associated to G'/ are exactly the same

transformations as the linear multiplet component fields GV, yq;, %, F, and F given in (5.2.10).
Note that, in a hyper-dilaton Weyl background, thanks to the existence of the composite triplet of

linear multiplets, see, e.g., eq. (7.2.56), it is natural to consider the deformations of a set of vector

multiplets associated to the following deformed constraints
Viiw! — Viiw! — 2547, G = glotol (7.3.29)
1

Ji
constants which plays a similar role to the global magnetic FI terms. This will be one of the ingredients

where Q' is the on-shell hypermultiplet in conformal superspace, while CL = (¢ 1s a triplet of real

that we use in the coming sections.
We proceed next with the definition of several locally superconformal action principles both in

superspace and components.

7.4 Superconformal actions

In this section, we review the local superconformal action principles that we use to engineer the
supergravity-matter systems studied in the rest of the paper. This includes the abelian vector multiplet

action and the linear multiplet action with magnetic and electric deformations, respectively.

7.4.1 Chiral action principle

We introduce here the chiral action involving an integral over the chiral subspace
S=Sc+ce., S :/dgzazc, d¥z:=d*xd*e , (7.4.1)

where £ is covariantly chiral, ?f’%c =0, and € is a suitably chosen chiral measure [26,308-310].

The Lagrangian £, must be a conformally primary Lorentz and SU (2)g chiral scalar with conformal
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dimension two and U(1)g weight —4:
DL.=2L,, YLe=—4L., J'L.=MyL.=K,Le=8,L,=8%C.=0. (7.4.2)

Any action involving an integral over the full superspace may be converted to one over the chiral
subspace by the rule [26]]
_ o 1 —.._
/d”zEL = /d8z8 Vi, d'%z:=d*xd*ed*e, V*.= &V’JVU . (7.4.3)

The chiral action in components [26]], and in our notation that follow the ones of [41], takes the

form of the following density formula

1 i 1 N 1_ —ad 0B
e e A s R

1, s 1 . s af
+ Zl//cl;-,l//dg <(G“’)7’5Vkl — Eeyéekl(GCd)ﬁyVm = 48758k1(0Cd)dBWaﬁ)

U abed;m \Bar o ko ] U abed o i e joo B
i (ca)’”%;3 Uy WalVaj— 1€ Ve Wi Ve vl | £l (7.4.4)
Efficient ways to obtain this result make use of either a normal coordinate expansion in superspace,
see [310]], or alternatively by using the superform approach to constructing supersymmetric invariants,
see [311,[312]. We stress that the component action is the primary building block for the
superconformal invariant actions considered throughout this work wherein a consistent choice for £,

in conformal superspace satisfying the above properties determines its structure.

7.4.2 Deformed abelian vector multiplet action

Let us now consider the general, superconformal chiral action £, = F(W!) of n deformed abelian

vector multiplets W/. Note that F (WI ) must be homogeneous of degree two in W,

0
1 _ 1
with
ViW! — ViiW' = 2igli | (7.4.6)

Recall that the above follows from the fact that the deformed abelian vector multiplet can be defined
by the shift
W =w! 9! (7.4.7)

where W/ are the prepotential for the linear multiplets G//
Gl = —% (Virg! — Vi) | (7.4.8)

Here we do not specify whether the linear multiplets are composite (as for the hyper-dilaton Weyl
case that we will study later on) or fundamental. The model is manifestly invariant under the gauge

transformation
OW =0, (7.4.9)
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which is apparent from

oW =w!, owl=-w, (7.4.10)
for a vector multiplet field strength W/ satisfying

= il il _ i

Viwi =0, VYW =V'W . (7.4.11)

By the component action principle of eq. (7.4.4), this action in components was generated com-
putationally by the computer algebra software, Cadabra [87,88,313]]. Note that a specific code
repository [[7] has been developed in parallel to this work that automatically generates 4D, N = 2
actions in components. It has been directly applied here and to all further results in this paper. After
further cleaning up by hand, we obtain the following result in components

S = /d4xe

L L
Fi09 25 W e®' T — W ;W 351D + ST AL

i ; ~Ja 1 .
~ 5 TUA IV aadi" + 5 TyMIIMY, — 257, F PRy

-7 1 1] 1 in Ji
2518 WPy — 2T 8 W P Wop + — T (A4 ) ME
1 1 -]

+ E?IJKAIakliﬁFgﬁ + Z%JK‘P lmklfﬁWaﬁ

1
48
1 L i ) _roam\ &

— gff]] (I[/,%Gmllj) MZJ] — 19711 <l[/r]:16m> lzﬁF(Jxﬁ

iLai 1 - 14
+ —FrkLA” ’LAQKA?’Jlgj — 5?1 <l//,{10' ob)avaﬁ

i 201k am\% 478 ! i =mqylj\ (279K
—§?IJ¢ <l[/,]§l(7 ) A’k Waﬁ_ﬁngJK (l//mG A j) <A,IA,J>
Lo i g <b\f 1 i <mn, j
+5?1WZ7WBY(Gb)ﬁalé¢j—Z%(‘Vmc ) M

1 Tl <IN 7] T T mn

— 790 (7,6 %,) (MM) + 37 (P W) (6™) P FL g

1 A PR mn 1 PR mn
+§§1¢I(men) (o )aﬁWaﬁ‘f’gfo(WmWH) (A'Ikc li)

- - ~mn\ QP 77 1 mn - - i
=T () (6" P W g + 2 F1E" (1) (90,01

1

- Zﬁrgmnpq (I/_/m‘/_/n) (ll_/plpq)

i 1 i ol o, J 1 ) &Ml
+ 55 + 55 (AJ xj)+§3f,( "G xj)] : (7.4.12)

where we have introduced the following complex triplet of scalar fields

. ~—=I .
M}, =X}, +iG];, M;;=X],—iG};. (7.4.13)

Note that the effect of the deformation is simply a shift by an imaginary unit times a linear multiplet and
that the final line in (7.4.12)) is comprised of terms that originated from the deformation. Otherwise,

this action is equivalent to the chiral component action of the abelian vector multiplets without
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deformations, £. = F(W/), as found in previous literature, see, e.g., [41], up to making various fields
appropriately bold through the shift by a linear multiplet. It is useful to use the following properties in
components in the action ((7.4.12)

I L N R _ . .
Vid; =DpA; —20,5¢ +Z%“"Mjk+%yj(ZF”“JrWV“«p’)

. syzl 1 sy, 7 lk
— Wy (9‘%1 +5(0) % (Perd )) : (7.4.14a)
i -7 1 _palky 1 o =] 1 —aBalj
06 = DD’ + S Dp(WA )+ 5 (gb,{p”lj) 5 (Yo" W P2
3i P DR _7
=5 (Wnjo"S) 8" — SWVA; — 29 (7.4.14b)
As a final note, we underline that after covariant vector derivatives are degauged as seen above, due to
the component gauge fixing conditions (7.2.39)), the bold, “deformed” fields of this vector multiplet
may be thought of as equal to their non-bold, “non-deformed” counterparts in components with one

exception being
Fop| = Fap| +Bgy| - (7.4.15)

though one should keep in mind that the triplet of scalar auxiliary fields receives an imaginary shift.
Before we proceed, it is useful to make a comment on the effect that the deformation has on the
theory’s scalar potential. A relevant term is given by %3" Ml MlJ j+c.c. from (7.4.12). The quadratic
term in Xl.Ij is the one that, if the auxiliary fields acquire a vev (typically through an electric gauging by
a standard FI term), could ubiquitously lead to a contribution to the vacuum energy. Now, the effect
of the “magnetic” deformation is similar, but leads to different signs due to the imaginary unit. the
difference is that the contribution is already in the Lagrangian without having to integrate out any
auxiliary field. Depending on the structure of the model and its holomorphic prepotential, potentially

the deformation can lead to Minkowski, anti de Sitter (AdS) or even de Sitter (dS) vacua.

7.4.3 Standard BF action/electric FI term

Let us now consider the supersymmetric BF action [41,{185]]

Sstandard FI = —2i/d8Z8‘PIWI+C.C. = /d]ZZE G;JVJ ’ (7.4.16)
where
ii i . . _ .. 1- ..
Gl = =5 (V79 = V) wh= ZAVUV;. . (7.4.17)

This is defined as a locally superconformal completion of a BF term and emerges as an appropriate
product of a linear and a (undeformed) vector multiplet. Here we do not specify whether the linear
multiplets, nor vector multiplets are composite. In all cases the previous action proves to be locally
superconformal invariant.

The component action for Sgndard F1 can be obtained by using eq. in the first definition in
(7.4.16). The result is

. 1
Fl(pl + %iall(lxl + _Gl]inIj - 8mnqumnlf£q

4
Sstandard F1 = / d’xe 3
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—%%Q(&")S“ [2xau¢’ + G A + lpc’;npdg(acd)ﬁc;k,,gb’ tece.,  (7.4.18a)
or equivalently
Sstandard FI = / d*xe | Fr¢! + x* A+ éG;inlj + gem"pqhmnplvfl
—%Wfis (69)% [2xau¢’ +Grgi Al } P (6 PGy 9! | +ec..  (7.4.18b)

Notably, and consistently, the previous action is invariant under the defining shift symmetry of the

linear multiplet prepotentials by vector multiplets,
S =W . (7.4.19)
This is manifestly an invariance, assuming that SW! =0 and
VeW, =0, ViIW,=Viw,. (7.4.20)

Here we have used the symbol W; to distinguish the closed, super two-form field strength vector
multiplet gauge parameter from the physical vector multiplet W/. The invariance can be trivially seen
when looking at the second equation in and by noticing that G;j is identically zero if ¥y is
replaced with the vector multiplet, W;, in (7.4.17)). Moreover, the action (7.4.16) is also invariant under

the following gauge transformations of the vector multiplets prepotentials

AV = VRN 4 Vg R - AT = AIGY - RIE = (AToiky (7.4.21)
for a set of complex gauge parameter superfields A’ ixjk being arbitrary up to the algebraic and reality
conditions stated above. This transformation leaves the field strengths W!in (7.4.17) invariant and,
after superspace integration by parts and using VgG{k) =0, ng{k) =0, one can directly show the
invariance of the second form of (7.4.16). The invariances under 5 and 8, manifest themselves in
the component action by the fact that the only term transforming would be €""*"9b,,, féq,
equivalent to €""P4h,,,, IV{], which transform as total derivatives under the § and O variations.

We did stress that in the global case, it is possible to simultaneously turn on an electric and
a magnetic FI term preserving (and deforming) supersymmetry off shell [93,252,253]]. This is a
fundamental ingredient in engineering global partial supersymmetry breaking by the use of vector
multiplets. It is natural to ask whether the same is possible in the local off-shell superconformal setting
that we have described above. In contrast to the global case, due to the gauge symmetries of the linear
multiplets involved in the two types of deformations, in the local case, it does not seem possible to

have the two FI-type deformations turned on at the same time. Let us comment more on this.

Suppose that we consider magnetically deformed vector multiplets

W =w! 9l | viiw! _ VW' = 2iglij (7.4.22)
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which possess the gauge transformation

A

SWi=0, ¥ =w Sw=-Ww, (7.4.23)
for a vector multiplet field strength W/ satisfying
ViWl =0, VWl = VW (7.4.24)

We do use 6 to distinguish from 5 and also to distinguish W/ from W/ and W’. Assuming ¥/ and ¥;

are unrelated, the possible candidates for an electric FI-type deformation would be

1
—21/d8z8‘PIWI+cc —/d” EG’JV’ w!h.= ZAVUV’

o o (7.4.25)

which, is invariant under the 5‘1’1 = W transformation, but, with S‘PI = (), it is not invariant under 5

transformations, and
—2i / dBzew,W +cec., (7.4.26)

which, is invariant under the & transformation but not 8. Note that the previous no-go argument holds
also in cases where the electric and magnetic deformations are defined in terms of the same W building
block. This is for instance the case of the hyper-dilaton Weyl composite linear multiplet G; fi that leads
to G 5? = 5#9‘7 ij and SICU = CE-IJ-SUQ. In this case, assuming the existence of a potential Wi for 9’7’1,
the d and 6 transformations would coincide with a single one generated by 0W* = W for a triplet of
vector multiplets with field strengths W%. The reader can check that by choosing Wer = 5;1‘1’,- j and
‘PI = C WU together with W/ = W/ + WL, both (74.23)) and (7.4.26) are in general not invariant
under o transformations. Given the discussion above, in this paper, we will consider the existence
of off-shell “electric” and “magnetic” deformations as mutually exclusive. Despite this difference
compared to the off-shell global case, we will see that, also due to the presence of the compensating
vector multiplet in supergravity, there is still enough freedom to obtain an off-shell model exhibiting

local partial supersymmetry breaking.

7.5 Deformed N = 2 supergravity in a hyper-dilaton Weyl back-

ground

The action for a deformed abelian vector multiplet in a hyper-dilaton Weyl multiplet background

can be derived by substituting the expressions and ((7.2.53) into (7.4.12)). Because the special
conformal f,, and S-supersymmetry (L, %) connections depend on D and (X% ;) and because

the SU(2)g connection ¢,/ is composite in the hyper-dilaton Weyl background, we degauge the
derivative V, to D, as defined in eq. (7.2.52)). Also, note that the linear multiplet fields are composite of
hypermultiplet fields, eq. (7.2.31) and G /' = ¢/, Gyl = U%a,”,x“” CI @itj and F! = CIFJ
With this in mind, the bosonic part of the action followsﬂ

) — 1. 1 1. 1
'cc,bosons = EFIW R+ EI?IFQZ + Zwabwab - glgeabchGbWCd - E?IWabFab]

>In the discussion in this section, we should use ¢I rather than W/ since we are projecting to components several
supersymmetric invariants. However, since we will obtain covariant superfields equations of motions, we continue to use
W/ with the hope that it will be clear from the context whether we denote the superfield or its lowest component field.
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ijJ

1. 1 1. 1
+1197[8abchabFCdI — EEFIJFab IFab] — Zlff[]eabchabIFCdJ — —?[JGgleGC

32
3%:%, JXi; X 4+ FDDW' — 45, W AA” %?,Wabwabwf
+%i?18ahchabWCdW1 — %fﬂJWahWIF“bJ - %i?IJSahchabW[FCdJ
+%i&f,,x,- G- éff, W WEW W — %i?,,eabcdwabwch’WJ
—4iFIADW — 2iF W DA — 64F W' ¢~ Hyy HY

+

+FW g2 <2qzzDaD“q’i +Dug"Dqii —2q > qiiq, zDuq’iD“q’i) : (7.5.1)

Note that implicit fermions exist here and can be seen by converting H aj Fab and F to R,
£ and f°°, respectively, by eqs. (7.2.37), (7-2.38)), and (7.2.14)). This notably includes the coupling

of 1 to two gravitini. Otherwise, the fermionic counterpart of the action is given in Section II of

the supplementary file. The component action for Sgiandard F1 10 the hyper-dilaton Weyl background
will remain the same as in the standard Weyl multiplet background (7.4.18), as it does not depend on
the composite fields D, (X% Z¢;), and ¢,,"/. Keep also in mind that some of the fields in the previous
bosonic Lagrangian are composite and include fermions. For example, F C[ in a hyper-dilaton Weyl
background is purely quadratic in fermions while the D, derivative is defined in terms of @, which

contains the torsion quadratic in gravitini.

7.5.1 Equations of motion

The goal of this section is to obtain superconformal primary equations of motion that describe
gauged N = 2 deformed supergravity based on a hyper-dilaton Weyl multiplet and defined by the

action

8 =38, +c.c. + Sgandard FI - (7.5.2)

2

In all the expressions in this section, we will formally allow for arbitrary “electric” (957 ) and “magnetic
(95{ j) deformations but, as discussed before, the reader should keep in mind that we consider them to
be mutually exclusive. Given a fixed value of the index /, we allow for either of the two to be turned
on, but not both at the same time.

We obtain the equations of motion by the variation of the action in components with respect
to the auxiliary fields, i.e., the highest dimension independent fields, of each multiplet. The resulting
equations of motion then describe the primary fields, i.e., the bottom components, of the multiplets of
the equations of motion that arise from the variation of the full superfields. It is then straightforward to
reinterpret them as the primary superfields of the equations of motion. See [1,|6] for a recent analysis
in a five-dimensional setting.

In components, the EOM for the vector multiplet is obtained by varying the action with respect to

the auxiliary field X'/, The X"/-dependent terms in the action are

1 ala)  w  q0lad \ ik, | I ~ijJ
Ly = E(?]u{li A'ocj_‘rfUK)"i ).aj)Xf —l—ﬁNIJXinJ
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i@ xiGe + Leix (7.5.3)

16 1J 1) 2ij9Ie 4 EI ij» e
where Gigjl and G¢ lI’ are the magnetic and electric deformations, respectively. Thus the equations of

motion follow (one for each selection of 7):
0= (fﬂ ALK 4T, ]Kifﬁif”() +NUXY, 4+ (51— F1) Gl +4G i1 (7.5.4)
where we have defined the special Kédhler metric
Ny =% +F . (7.5.5)

Next, we find the Euler-Lagrange equations of motion for the auxiliary fields W5 and w1t
is worth pointing out that in superspace the equations of motion derived by varying prepotentials are
manifestly covariant. Hence, one expects the same to be true once the superspace results are reduced
to component fields. However, in the component approach of finding the EOMs, the component
action computed from eq. includes hundreds of terms when fermions are considered, and it is
not manifestly covariant due to the presence of naked gravitini. Although the action lacks manifest
covariance, it has recently been explicitly demonstrated in components that for any supergravity theory,
there exist covariant equations of motion that are equivalent to the regular field equations [[193,/194]].
These covariant equations are obtained by covariantising the regular field equations, resulting in a
multiplet of field equations [193}/194].

To find the covariant equations of motion for W, Wob , we can directly use the above action as
degauging is already completed. Collecting all terms up to all orders in fermions with W5 and Wob ,

we have
— 1 — 1 . .
Ly, = —2FWe WF/ - E?UWMW‘MWIW] +;Fuxe W WA 2 IAK
ool aiag ih -2, | ool Lio ih —
+FWer W qid'* pt g2 + 171EWar W pepitq?
+§P1Wal)' ailqiipliq_z - 2§IWQAFO‘AI — gTWOMWO‘l +c.c..
The Euler-Lagrange equations of motion for the auxiliary fields Wy, Wb follow
— _ 1 . .
NyWPW'W = N, WF 4 STk JW AUk
= ol ai o, 1 ool i P
+(F1 = Fi)W A" Mg 4 2516 W plpPig 2 (75.6)
together with its complex conjugate. Note that the EOM for W5 and WP are manifestly covariant
and do not depend on the gravitini as expected.
Next, to prove that the equation of motion for A,, is covariant, we need to perform integration by
parts, which makes it essential to degauge the covariant derivative D, with respect to M, in the above
action and insert the composite expression for the spin connection ®,,%? in terms of a)(e)m"b together

with bilinear terms in gravitini, eq. (2.2.15]). Once these steps are carried out, the terms involving

Ay, = e, A, in the Lagrangian take the following form:

L4, =—iF1P ey, WAL Ay — F1,6%P &, 5611(04) "W A g p, P A%~
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+ %?Ijsaﬁeaﬁ (oa)a%glew +i&r18aﬁsijlp“f‘xflAa
+Fe%Pey g6 (60) AP gipi pAq T+ %fﬂe“ﬁ £4(0a)a "W plgp,PAcq~?
— 4iF A%, Iy W' — 4F /W A%A, — 1F /W' e, IA® +c.c. . (7.5.7)
The Euler-Lagrange equation of the auxiliary fields A* give:
8NAw = —iF1y Wy W AL — 511(04) oW A gip g7 + %?U CART R W
+13~,1,7a?I;1 + ?I(Ga)aaxiaqﬁpiaqu
%%(%)aaw’pi“ﬁiaq—z —21F W/ DLW +2iF ;W DWW/ +cc.,  (7.58)
where we have defined

N = NyW'W | (7.5.9)

and the covariant derivative D/, contains only the Lorentz connection (without gravitini torsion) and

the inverse vielbein, i.e.,
1
D! = e, (am — S0 (M, ) . (7.5.10)

Finally, we uplift the derivative to the superconformal covariant derivative. This will absorb leftover

gravitini terms to get the covariant equation of motion for A“

Nij(0a)a® (W lqu io +W17Liapia> q'q >+ ENIJ(Ga)ocaa'lala' i

1 . _ —
+5N(00)a P Pigq 2N W' VW +2INyW VW =0 . (7.5.11)

With these covariant equations of motion computed, we are in a position to integrate out the
auxiliary fields prerequisite to going on shell. This is explored in the following section in the context of
a SU(1,1)/U(1) model leading to partial supersymmetry breaking. We leave for future work a general
analysis of the on-shell action for the model described by in a hyper-dilaton Weyl setup.

7.6 Off-shell model with on-shell partial-susy breaking

In this section, we move to present a new off-shell model for partial supersymmetry breaking
engineered by using off-shell deformed vector multiplets in a hyper-dilaton Weyl background. Before
presenting the details of the construction, it is worth stressing some of the key features of local
supersymmetry breaking that guide our analysis.

For simplicity, we seek for a model of local partial supersymmetry breaking on a Minkowski
vacuum. Hence, once auxiliary fields are integrated out, we want an on-shell theory possessing a
Minkowski solution and no (effective) cosmological constant. Partial supersymmetry breaking emerges
once the on-shell transformations of the fermions, which we collectively denote here as f, all possess

a shift symmetric term schematically of the form

Sef =ME+--- . (7.6.1)
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Here & = (£7, ‘g'_(’x) refers to the supersymmetry transformation parameters and M is a (field dependent)
matrix. If M is degenerate, det M = 0, but non-trivial, then part of local supersymmetry is spontaneously
broken. As a consequence of this fact, the fermionic mass terms are all parametrised in terms of M,
hence with part of the spectrum remaining massless. For instance, in the case of local N =2 —+ N =1
susy breaking, one gravitino acquires a mass-like term while one remains massless.

As reviewed in the introduction, finding models based on vector multiplets, potentially coupled to
appropriate hypermultiplets, that possess local partial supersymmetry breaking is a non-trivial task —
see, for example, [38,96-98,/100-102, 107, 109,{110,1257.,257,296-298|]. Three of the features of our
new construction given in this section for supergravity with partial supersymmetry breaking are: (i) our
model is manifestly off shell, which, to the best of our knowledge, is a first explicit example; (ii) the
spectrum of the on-shell theory, which includes a triplet of gauged two-forms, differs from previous
examples described in the literature; (ii1) though based on electric and magnetic deformations of vector
multiplets, our model is not based on a standard gauging procedure, and in fact the fermions, e.g. the
gravitini, are not charged under any of the U(1) symmetries of the vector multiplets (a generic feature
of working with an hyper-dilaton multiplet). Let us now move to the description of our construction to

see these properties unfolding.

7.6.1 SU(1,1)/U(1) model

We consider two vector multiplets, and the holomorphic prepotential
F=coo, (7.6.2)

where ¢ is a compensator, @ is a deformed physical vector multiplet, and c is a real, nonzero constant
which we decide to leave as a free normalisation parameter. This model is directly inspired by the
well-known SU(1,1)/U(1) special Kdhler sigma model, which, in a different set up, is known to lead to
partial supersymmetry breaking. In particular, as described in the introduction, arises from the
SU(1,1)/U(1) special-Kihler sigma model after performing a duality transformation in the geometry
used in [98}/100] ending up into a symplectic frame where a holomorphic prepotential exists and is
given by (7.6.2).

As shown in [98}100], within the context of N = 2 supergravity in the standard Weyl multiplet back-
ground, the minimal matter content required for partial supersymmetry breaking includes a physical vec-
tor multiplet and a hypermultiplet. In this scenario, the vector multiplet parametrizes the SU(1,1)/U(1)
special Kahler manifold, while the physical hypermultiplet parametrizes the SO(4,1)/SO(4) quater-
nionic manifold. This model was further generalized in [[102] by coupling the standard Weyl multiplet
to n+ 1 vector multiplets and m hypermultiplets in a set-up that inherently has supersymmetry closing
(partially) on shell.

Considering the minimal field content mentioned above, it is natural to argue that in a hyper-
dilaton Weyl multiplet background, only a single physical vector multiplet plus a compensator, which
would parametrize the special Kdhler manifold SU(1,1)/U(1), might be sufficient to achieve partial
supersymmetry breaking. In fact, the hypermultiplet is already a part of the hyper-dilaton Weyl
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multiplet itself, though in an off-shell setting, and in a new type of matter content. We will see in this
section that this intuition is correct.

Note that instead of using numbered indices for the vector multiplets, we employ a bold symbol to
denote the physical “1” multiplet, while the unbold symbol represents the compensating “0” multiplet,
which, after taking derivatives of the holomorphic prepotential and using egs. and (7.5.9),

implies

Fo=co, Fi=cp, Foo=0, Fio=Fp1=¢, F11 =0,
Noo =0, Nig=Noi =2c, Njj =0, N=2c(0d+¢9). (7.6.3)

We also choose the electric and magnetic deformations to be G (g 9"’2,0) and G/ 7= (0,Gijgi'q ),
respectively. This means that the compensator is “electrically deformed”, which generically induces

a negative contribution to the vacuum energy, while the physical vector multiplet is “magnetically”
deformed, which generically induces a positive contribution to the vacuum energy. By tuning appropri-
ately &; j and Gi j we will find zero vacuum energy and partial supersymmetry breaking.

For simplicity, we consider the case where ¢ # 0 is real. The off-shell component action for the
SU(1,1)/U(1) model can be obtained by first substituting eq. and its derivatives into the general,
deformed off-shell action of egs. and the results given in the supplementary file (for bosons and
fermions, respectively) along with their complex conjugates, and then adding the standard FI action of
eq. (7.4.18). The bosonic part of the action takes the following form:

N 1 .
Lposons = ER - 2CFabFab + gCXinU —4NA, A

_ _ 1. _ _
—c(QF + R )Wap — SicEupca (PF ™ + GF )W

1
—c(QF + OF)Wap + SicEapca (9F ™ + 9F )W
+c¢D, DY + cdD,D ) + coD D¢ + c)D D¢

— %CWabWab (W‘f’ ¢¢) - %icgabcdwabWCd (W_ ¢¢)

—4ic(¢ — 9)A, DY — 4ic(p — $)A, D9
—64Nq *HojH + Nqg *Dagq;iDq" + 2Ng *¢;D.D"q"
—2Ngq *qiiqjDagD"q"

1 . .4 »
+ 1 6idi'a XY+ 3 G v (7.6.4)

Note that, once again, implicit fermions exist from the conversion of H aij pab and F to h%, f ab
and £°°, respectively, by eqs. (7.2.37), (7.2.38), and (7.2.14). Otherwise, the fermionic counterpart to
this action can be found in Section III of the supplementary file. The Euler-Lagrange equations of

motion for the vector multiplet auxiliary fields X*/ and X/ can be obtained by substituting (7.6.2)) into

the general equation of motion ([7.5.4)) and are given by the following two equations

X,'J' =0 N (7.6.53)
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Xij = —_&ij9iq;" - (7.6.5b)
The second equation leads to the following expression for the shifted auxiliary field of eq. (7.4.13)

2 , o
M;; = (—;&jﬂéj) qi'q;’ - (7.6.5¢)

The Euler-Lagrange equations of motion for the remaining auxiliary fields Wy, Wb ,and A,
can once again be obtained by substituting (7.6.2) into the general equations of motion for (7.5.6), its
complex conjugate, and ((7.5.8)), respectively. They are all given by the following:

4GP = Zc(9+50)apl PP~ 4c(FFP 1+ P, (7.6.60)
—af 3 - - PP o — &l
4copW = —Zc(08+69)q 2p!p)) —4c(9F? + 9F*F) (7.6.6b)

8NA, = 4ic (9D, ¢ +9D,0—9¢D,¢—¢D,9)
eyl (AL + PAL) + 2ic Wl (DA + X 5)
+(00)a (A %A i+ A" Xie) +¢(0)a* (99 + §9)p™ P >
+2¢(62)a“(PA* + A ) giip g >
+2¢(02)a (9Aia + OAie) g plq 2 . (7.6.6¢)

Note that from the action in eq. we see that the scalar potential

1 . _ 1
Spotential = /d4xe 1_6CXU (Mij +Mij) + Zéij%ié}jix” =0, (7.6.7)

is zero on the vacuum where X/ = 0. Hence, we have zero cosmological constant. By analysing in
the following subsection the supersymmetry variation of the fermions, we will see that the condition
detM = 0, together with the assumption that the rank of the matrix M is one, will ensure local partial

supersymmetry breaking in Minkowski space-time, for any scalar fields configurations.

7.6.2 Gauge fixing and fermion shifts

In this section, we give the explicit expressions for the gauge fixing that lead to Poincaré supergrav-
ity. In particular, we will gauge fix all superconformal structure group transformations except local
Q-supersymmetry and Lorentz. For the dilatations, we aim to have a standard kinetic term for gravity.
Hence, we collect the terms with the scalar curvature and obtain the following gauge condition for

dilatation

D-gauge: (09 +d9) = —% : (7.6.8a)
The S-gauge can be obtained by simply taking the Q-supersymmetry transformation of the [D-gauge

S-gauge: AL +PAL =0. (7.6.8b)
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With this choice, the D-gauge is invariant under Q-supersymmetry. Next, the consistent gauge choice
for the U(1)g symmetry [38] is

U(1)-gauge: O=0=y, (7.6.8¢)

which clearly imposes the compensating vector multiplet field to be real. A characterising feature of
the hyper-dilaton Weyl multiplet is that it contains an SU (2)z compensator being the g;; fields. We

then impose
SU(2)-gauge : qi = €Y, (7.6.8d)
which gauge fixes SU(2)g. Lastly, we take the standard choice of gauge fixing condition
K-gauge : bn,=0, (7.6.8e)

to fix special conformal symmetry.

The transformation rules of the resulting Poincaré supergravity multiplet [241] are those that
preserve the previous gauge conditions of eqgs. (7.6.8). To preserve the gauge condition we
need to impose Ap = 0. Because Q-supersymmetry does not preserve the gauge, it is necessary to
accompany these transformations with appropriate S-supersymmetry, U(1)g, special conformal, and
SU(2)g compensating transformations. To preserve (7.6.8b]), by examining the transformations of
egs. (5.3.3) and (7.3.28)), it is straightforward to show that any Q-supersymmetry transformation has to

be accompanied by a compensating S-supersymmetry transformation with the following parameter

i ¢

Ma= 3 (2(oab§i)a(Fab‘l_> + @F ) +2(0EN W (G9) — %éaj(xiqu + oMY
H2U(0"E)a(Va0§ -+ 0Vad) + 24 E/A) +(ED)Ae) (7.6.9)

To preserve the gauge condition (7.6.8¢)), by examining the transformations of eqgs. (5.3.3)) and (7.3.28),

it is straightforward to show that any Q-supersymmetry transformation has to be accompanied by a

compensating U(1)g-symmetry transformation with parameter
by = (6T €. (7.6.10)
y

A similar analysis shows that to preserve the gauge condition ([7.6.8€]) one needs to enforce non-trivial
compensating special conformal K-transformations with a parameter 1%(&). However, because all the
other supergravity fields are conformal primaries (though not necessarily superconformal primaries)
that do not transform under special conformal boosts, in practice, we will never have to worry about
inserting the compensating A%(£) parameter (whose expression is quite involved) in any Poincaré
supergravity transformations. The last gauge fixing condition that is not preserved is (7.6.8d). It is
straightforward to check that we can consistently have 8¢ = 0 by implementing a compensating

SU (2)g transformation with the following parameter

U
LI (E) = _%[5<z‘pj>_g(ip.i) : (7.6.11)
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where p’ = §/p* and p; = 5 pi.

The local super-Poincaré transformations of the fermionic fields after gauge fixing are given by:

SAL

OYimi

op

i

1

o

26 E) g Fop + (0™ E) W, —éa]X”Jr M%m
_— U el -— .
+2i(0E") o (D, +2iA0¢ — %?Aﬁ) 5 (E0p) &1 ma,——(w E )AL,

202007 a(Fupd + 6Fup) + 2(0E oW (59 >——éa,< ffq‘>+q5M”">]¢

+2c 2i(o“§i)a((®;¢+2ma¢ wa, )¢ ¢ (D¢ +2iA. 0 — %ZAB))M

+2¢ [AL(EIA;) + (Ef'?l,-)).;] 0 (7.6.12a)
(200 + 0" (E10u0) " + 200 5+ 21An & + bmé“> — 2 (EB0)W

1 u _ 1 o
— A (Wi Gap)* — e—(i iPj) — EiPj)) Wm™ — —@w —&'A) W

2

—ie(On) |~ 2(GVE)NH(OF s + Fu +W09) — 640X, + 0V

+2(B°E)" (0D, ~20Aef 3 DAL + (D45 —2iAuf — S AP)9)

HEADA] + A% (EA )}, (7.6.12b)
—4i(0“<§k)aVaqki+§7La (6" p")a + (ﬁili—éiii)l)fx

+4¢|2(0"E ) a(Fupd + GF ) +2(o“”€f>awa:(<z3¢> - 1éaj<x”'«i> + M)
+2i(0“") o (D9 + 2140 — %,Aﬁ>¢+¢<®’¢+zm¢ —%,am)

FAL(EA5) + (EA)AG )i (7.6.120)

together with their complex conjugates. Note that we have only given the transformation of A}, since

the S-supersymmetry gauge condition implies that the other gaugino is not independent. In

principle, we should substitute all the auxiliary fields equations of motion and gauge conditions, but

we are mainly interested in the shift terms (where we ignore higher fermionic terms and tensorial

structures, as, for example, F,;,, W, etc.) as these are the ones to investigate the supersymmetry

breaking pattern in the model. The resulting equations are

5)»& _ —C:szijéaj‘f’"‘ , (7.6.13a)
Syn? = %)I(Gm>aamij5aj+”' ? (7.6.13b)
Spl = —2cyg™EL+ - . (7.6.13¢c)

We see immediately that all these terms are proportional to a single complex matrix, M;;. To achieve

partial supersymmetry breaking and zero vacuum energy, we impose a vanishing determinant of this

matrix, M;;. This implies the following expression is zero

1 T i
MUMI > éué’ _ chcg _ Eléz(:Ll =0, (7.6.14)
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thereby giving the two independent conditions on the magnetic and electric deformation parameters
4 . .
C—zfgig—@ Y=0, (7.6.152)
&Y =0. (7.6.15b)
It follows that for generic solutions of the previous equations, detM = 0 while the rank of the matrix
M is one. This is irrespective of the values of the scalars in the model. In this case, we have

one supersymmetry preserved and one broken on a Minkowski vacuum, as only one of the two

supersymmetry transformations has a local shift term.

7.6.3 On-shell theory and fermionic mass matrix

The on-shell component action for the SU(1,1)/U(1) model can be derived by substituting the
equations of motion for all auxiliary fields as given in eqs. (7.6.5) and (7.6.6) into the off-shell action
of eq. (7.6.4). This is followed by the imposition of gauge-fixing conditions as seen in egs. (7.6.8) of

the previous subsection. We give here some details of this process.

After imposing the U(1)r gauge condition, the D-gauge simplifies to the following:

y(@+9) :_%, (7.6.16)

This implies that the real part of @ is nonzero being a unique characteristic of this sigma model in the
symplectic frame chosen. We should also then interpret this condition as requiring y to be a function of
the real part of the physical vector multiplet field while its imaginary part remains independent. That

18,
1

1
0+6)  4cRep’
One should therefore interpret y as in eq. (7.6.17) in all equations that follow. Next, one algebraically
solve for W, g and W,, 4 in terms of the other independent fields by using (7.6.6a) and (7.6.6b)). After

imposing the U(1)r gauge condition, we will have the inverse vector multiplet field and its conjugate,

(7.6.17)

y::y(¢7$> = _2(,’<

¢_1 and Jfl, in our action as a direct result of integrating out these auxiliary fields. Remember that
eq. requires the real part of @ to be nonzero, so their presence is not problematic. These
condition both on the compensator and physical fields are a feature of the SU(1,1)/U(1) target space
sigma model in the symplectic frame that we have chosen which admits the holomorphic prepotential
(7.6.2)). 1t is also straightforward to obtain the algebraic expression for A, in terms of the independent
component fields by solving after imposing all the gauge fixings. Finally, also note that the

S-gauge can be applied in the following way
Ao=—y"04,, (7.6.18)

thereby removing lix from the final result. At the end of all these substitutions, the bosonic part of the

on-shell action is

1 1 - 1. _ - 1 -
Lbosons - ER + Ecy 1¢fabfab + Zlcy 18abcd¢fabf6d + 50y¢ fabfab
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b yi0Eud T S 0 S — Jier e

+ %C)"P_]fabfab — %icygabcd‘P_lfﬂbfw +cyD, D" (¢ + @)

+c*y’ D D¢ —2c%’ D, 9D +*y* D D9

+ 16 1 hy; — 2D, U DU 42D, DU + gsmnf’qg-,- vy - (7.6.19)

Note that the Lagrangian has no scalar potential, as in the analogue model described in [98,|100]. The
rest of the Lagrangian, including all fermionic terms, is given in Section IV of the supplementary file.
Here we only present the fermionic mass terms, meaning quadratic terms in the fermions that do not

have any derivative coupling or coupling to fields other than scalars. These terms take the form

I (TS
[errmions mass terms — ECyMijezup Olp] o ECyM ]ezupidpj *
1 _ L 1 L
+ZceUMijQL]ap’a—FZceUM”ﬂtjapia
1. S 1. — P
—ZICMij(Ga)aal//a{Xlla—ZlCM,‘j(Ga)aal[/ajalla

1 R T o
+ <ieye" Myj(04) * o Wap'® + Sicye"Mij(0,)* o §%p'

4 4
1 oy b —ij PPN
— S Mij(0u) Py Gy — S M (6un) o WV (7.6.20)

They are all proportional to either M;; or its complex conjugate M". This is expected from the analysis
in subsection where we did show that in the on-shell theory, for any scalar field configurations,
half of the local supersymmetry is spontaneously broken while half is preserved. Imposing the zero
determinant (but rank one) condition that we discussed in the previous subsections implies that half of
the fermions remain massless, in agreement with local partial supersymmetry breaking in a Minkowski
vacuum.

We repeat that the complete action up to all orders in fermions is given in Section IV of the
supplementary file accompanying our paper. This notably includes the coupling between two gravitini
and the three-form fields /. that appear through their Hodge duals, ,%. Remember that, roughly,
in the hyper-dilaton Weyl multiplet &, takes the place of the SU (2)g connection ¢,/ which within
the supergravity-matter systems engineered in terms of the standard Weyl multiplet (where matter
fields have ubiquitous couplings with ¢,'/) becomes a linear combination of the vector multiplet gauge
connections together with terms arising from the hypermultiplet moment map of the quaternion-Kihler
geometry. In the hyper-dilaton Weyl case, there is no gauging and only the coupling with 7, appears
in place of FI-type terms. It would be interesting in the future to explore in more detail such property

of this off-shell engineering of 4D N = 2 supergravity-matter systems.

7.7 Conclusion and outlook

In this paper, we have elaborated on the deformation of off-shell vector multiplets in supergravity,

both in components and superspace. In a superconformal framework, the deformations are associated
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with (composite) linear multiplets. Analogue to the globally supersymmetric case where an interplay
of electric and magnetic deformations can lead to (partial) breaking of N = 2 global supersymmetry for
systems of vector multiplets [93,242,244,252,|253]], the aim of our work was to explore the off-shell
engineering of local partial supersymmetry breaking. To construct new off-shell models, we made
use of superconformal tensor calculus techniques where the multiplet of conformal supergravity was
chosen to be the hyper-dilaton Weyl multiplet introduced in 2022 in [4], while general off-shell vector
multiplets were deformed with what proves to be local analogous to global electric and magnetic FI
terms. The hyper-dilaton Weyl multiplet was chosen since it naturally contains a triplet of composite
linear multiples, and one can easily engineer non-parallel deformations, a prerequisite to obtaining
partial supersymmetry breaking, in a fashion very similar to the global case of [93,252,253]]. As a proof
of concept, in this work, we did show that by considering the SU(1,1)/U(1) special-Kihler sigma model,
originally employed in [98,|100], however working in a symplectic frame which admits a holomorphic
prepotential given by (7.6.2), and with both electric and magnetic deformations appropriately turned

on, we obtain local partial supersymmetry breaking.

It is inspiring that an off-shell model with partial supersymmetry breaking can be engineered by the
hyper-dilaton Weyl multiplet and off-shell deformations, as there is potential in extending this simple
example to more complicate supergravity-matter couplings. Our set-up is related to the off-shell work
of Miiller from 1986 [241]] that has not been appreciated so far. We expect our results can be extended

in various directions.

First of all, it would be interesting to extend the analysis of Section[7.6|to general special-Kéhler
target spaces leading to scalar potentials and also with more physical vector multiplets. In principle,
one could revisit all the analyses performed in the past, see, e.g., [100-102.|107,(109,110,257,257], by
employing the off-shell setting offered by vector multiplets in a hyper-dilaton Weyl background. This
might provide a new description of sectors of compactified string theories with fluxes and their various

patterns of supersymmetry breaking, see, e.g., [257] and references therein.

Several features of our analysis resemble the global partial supersymmetry breaking APT model. It
is natural to expect that one can obtain this theory as the global limit of our construction, as it was done
with a different setting in [[101]] and more recently revisited in [[110] for the case of a single physical

vector multiplet. We aim to look at the global limit of our construction in the future.

It would also be intriguing to understand if and how the dilaton and triplet of gauge two-forms sector
of our models, and Miiller’s Poincaré supergravity, is mapped to the quaternion-Kéhler hypermultiplet
target spaces that characterise the work in [100-102,/110]. For example, at least at the level of the
on-shell Lagrangians, the SO(4,1)/SO(4) hypermultiplet sector could arise by taking our model and
dualising the triplet of physical gauge two-forms into scalars which could then organise with the
dilaton to parametrise the conventional target space with two isometries. For general models based on
the hyper-dilaton Weyl multiplet, it also remains unclear how various fermions would become charged
in accordance with the standard gauging in N = 2 supergravity, see, e.g., [38,245-250]]. It is certainly
an interesting option to further analyse, in N = 2 supergravity, this and the surprising and intriguing

mechanism that leads to scalar potentials without gauging the SU (2)g symmetry in the hyper-dilaton
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and Miiller frameworks. Moreover, perhaps similar, so far missed, structures might be found also in
N > 2 extended supergravities.

As repeatedly mentioned, the fact that we have an off-shell construction allows us to straightfor-
wardly extend our model without changing the local transformations of the multiplets. For example, it
would be possible to add higher-derivative actions to these models based on the hyper-dilaton Weyl and
the hyper-dilaton Poincaré multiplets. Higher-derivative supergravity naturally arise in the low-energy
description of string theory but, despite its importance, is still poorly understood. Other types of dilaton
Weyl multiplets have been key to the construction of several off-shell higher-derivative supergravities
in 4 <D < 6 dimensions, see, e.g., [29,56,59,60,63-H65,/68,/69,(72]. One can look at this problem
starting from a hyper-dilaton Weyl multiplet coupled to systems of vector multiplets with electric and
magnetic FlI-type terms. Among higher-derivative couplings, it would also be interesting to study the
interplay between the FI-type terms used in our paper and the new N = 2 FI term introduced in [251].

To conclude, it would be interesting to engineer other off-shell constructions for local partial
supersymmetry breaking. In fact, though we do value the simplicity of the deformations in our hyper-
dilaton Weyl set-up (which works well for constructions with vector multiplets but no arbitrary sector
for physical charged hypermultiplets), an approach based on the standard Weyl multiplet and different
types of off-shell matter multiplets would be welcome. In our paper, we have avoided the option
of admitting the (composite) linear multiplets to be charged under central charge transformations,
see for example [141]]. It would be interesting to understand in detail if and how off-shell magnetic
deformations could be implemented when charged under the action of a gauged central charge in
a standard Weyl multiplet background. It is also worth mentioning that the most general N = 2
supergravity-matter couplings are expected to be engineered off shell by coupling the standard Weyl
multiplet to matter multiplets defined by harmonic or projective superfields [26,41,116-119,]121}/127,
128, 13141331229, 2301299, 300]], which can include an infinite number of auxiliary fields. Though in
this setup the electric gauging has been studied, to the best of our knowledge, the off-shell magnetic
one has not. If one wanted to construct some composite multiplet similar to the linear ones but
quadratic in a hypermultiplet with an infinite number of auxiliary fields, then an off-shell “magnetic”
deformation would be associated with an extended vector multiplet field strength that should also have
an infinite amount of component fields. This might lead to some new extended vector multiplet, and
possibly new implementations of a central charge in the supergravity algebra. If understood, all these
off-shell extensions might lead to new mechanisms of partial supersymmetry breaking, possibly even
engineered with only (extended) vector multiplets and no physical hypers, in line with some of the

on-shell results obtained in [314,315]]. We hope to come back to these various questions in the future.
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Chapter 8

Conclusion and Outlook

All the results presented across chapters 5 [6]and [7] of this thesis include a dedicated conclusion
and outlook section with the exception of chapter[] Chapter [0]is an extension of chapter[5] and thus,
the conclusions drawn in chapter [5|largely apply to chapter[6]as well. The purpose of this final chapter
is to provide a broad perspective on future directions and the potential impact of this thesis in the field

of supergravity and related areas.

In this thesis, we have addressed several gaps present in the literature on supergravity theory by
utilizing off-shell superconformal methods, superconformal tensor calculus and conformal superspaces.
We successfully classified all three curvature-squared invariant terms of the minimal five-dimensional
off-shell gauged supergravity, resolving a problem that had persisted for two decades. This was
achieved by developing a computer algebra program to algorithmically implement the off-shell
techniques used for constructing supergravity theories. We explained how to obtain the superconformal
primary equations of motion by varying the action with respect to either the superfield prepotential
or its corresponding auxiliary field of the standard Weyl multiplet, the vector multiplet compensator,
and the linear multiplet compensator. The component structure for the Weyl multiplet equations of
motion, specifically the supercurrent, was not known before. Therefore, we derived the independent
components of the supercurrent multiplet and used them to compute its descendants for all two and

four-derivative invariants.

In analyzing the on-shell supergravity action deformed by curvature-squared invariant terms, we
observed that an alternative representation of the conformal supergravity multiplet significantly simpli-
fies calculations. This observation led us to define the hyper-dilaton Weyl multiplet for supergravity
theories with 8 supercharges, they include 4D N =2, 5D N =1, and 6D N = (1,0). These newly
defined hyper-dilaton Weyl multiplets, reduce the dependence on the standard Weyl multiplet for con-
structing supergravity theories. By coupling this multiplet to an off-shell vector multiplet compensator
and employing superconformal techniques, we demonstrated how to reproduce the supergravity action

of [241] for 4D N = 2 theory and subsequently generalized it for SD N = 1 theory.

Furthermore, the hyper-dilaton Weyl multiplet of N = 2 conformal supergravity in four dimensions

enabled us to construct, for the first time, an off-shell model of partial supersymmetry breaking in
197
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Minkowski spacetime. This was achieved by coupling the hyper-dilaton Weyl multiplet to magnetically
and electrically deformed off-shell vector and tensor multiplets. We presented a general off-shell
gauged N = 2 supergravity deformed by an arbitrary number of deformed vector and tensor multiplets,
and derived primary equations of motion for this general theory. We then focused on a detailed
analysis of a specific SU(1,1)/U (1) model, engineered fully off-shell, which exhibited on-shell partial
supersymmetry breaking in Minkowski spacetime.

Outlined below are some potential future directions that stem directly from our work, with further

elaboration in the subsequent discussion.

* Extending the results presented here on gauged curvature-squared invariant terms to general

matter-coupled 5D supergravity.
» Exploring alternative dilaton-Weyl multiplets for various supergravity theories.

* Classifying all four-derivative invariant terms, including curvature-squared invariant terms,
and other terms that are independent of these curvature-squared terms, such as FOF, (F 2)2 =
(FaF ab )2, and F* = FF, .FUF,,, in both standard Weyl and various dilaton-Weyl multiplet

backgrounds.

* Investigating higher-order corrections beyond the leading four-derivative terms, such as eight-

derivative corrections.

* Understanding how these invariant terms affect the physics by calculating other physical quanti-

ties, such as the mass and entropy of black holes.

* Determining missing invariant terms (if any) by analyzing the off-shell reduction of the log

invariant from 5 to 4 dimensions.

* Exploring models of partial supersymmetry breaking in spacetimes with positive, zero, or

negative cosmological constants.

We now elaborate on the impact of the results presented in this thesis and potential future directions.
Recent advances in gauge field theory, driven by integrability, supersymmetric localization, and other
computational techniques, have initiated a new era in the study of higher-derivative supergravity
theories within the context of gauge/gravity correspondence. While progress on the gravity side has
lagged behind, this work on gauged curvature-squared supergravity in five dimensions partly addresses
this gap. Although the structure of the on-shell gauged supergravity deformed by the three curvature-
squared invariant terms agrees with those in [82]] and [[86]], our results provide a complete and extended
dependence on all constants associated with the five-parameter family of gauged curvature-squared
supergravities (4.3.7). As far as the first @’ corrections were concerned, arguments were given to
justify why only two invariants might suffice to compute (BPS) on-shell observables (as for example
the entropy of five-dimensional black holes). However, it remains an open question to understand to

which extent only a subset of curvature squared invariants suffice for a general analysis. In the future,
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we plan to explore how all five parameters in the theory play a non-trivial role in the calculation of
non-BPS observables.

The focus here on the gauged sector is pivotal for obtaining (asymptotically) AdS solutions,
which play a central role in holography, both with and without supersymmetry. As an example, we
computed the a and ¢ Weyl anomaly coefficients for the dual CFT through holographic renormalization.
Previous studies have addressed these coefficients using only two curvature-squared invariant terms,
however, here we take into account all three invariants. While our results align with previous studies,
incorporating the third invariant provides additional confidence in the findings.

This work has already gained significant attention [218],301},303,[304,]306.316-318]] highlighting
its importance and impact in the supergravity literature. Although we have constructed the curvature-
squared invariant terms for 5D gauged supergravity, they are without matter coupling. The off-shell
construction of arbitrary supergravity-matter couplings, even up to curvature-squared terms, remains
an open problem. In the future, we plan to extend these results on gauged curvature-squared invariant
terms to general matter-coupled 5D supergravity.

Equipped with our computer algebra program for supergravity calculations, we are well-positioned
to extend the current work and tackle several open problems in supergravity, as listed in the potential
future directions above. We aim to explore higher-derivative corrections, starting by classifying all
independent four-derivative invariant terms, including terms such as FOF, (F 2)2, and F*, which are
independent of curvature-squared terms. A key question is whether these additional invariant terms
can be constructed and, if so, how they will impact the on-shell theory and contribute to physical
quantities.

Apart from AdS solutions, there exist other backgrounds of interest for minimal gauged supergrav-
ity, such as the Godel spacetime. While Godel spacetime backgrounds are well understood for 4D
minimal gauged supergravity [76]], a parallel 5D analysis could shed light on which higher derivative
invariants in 5D correspond to those in 4D. This is possible due to a precise off-shell map between
4D and 5D Lagrangians [[76]]. By including only the curvature-squared correction terms to the known
two-derivative action, we can understand the leading higher derivative corrections. If these leading
corrections prove useful for the 4D/5D connection and for predicting other backgrounds such as black
holes and black strings, this would provide further motivation to go beyond the leading four-derivative
corrections to supergravity theory.

Furthermore, the newly defined hyper-dilaton Weyl multiplet of N = 2 conformal supergravity in
four dimensions enabled us to obtain an off-shell partial supersymmetry breaking model in Minkowski
spacetime. There are several interesting extensions of this work. We aim to systematically generalize
these models to study partial supersymmetry breaking in spacetimes with positive, zero, or negative
cosmological constants. Another direction, which we addressed in chapter|[6] is to define the hyper-
dilaton Weyl multiplet for other supergravity theories. We plan to explore other dilaton-Weyl multiplets
as well. A natural possibility is to couple the standard Weyl multiplet to an on-shell vector-tensor
multiplet—see [41,/190,262-267] for references on the vector-tensor multiplet and its coupling to

conformal supergravity. Furthermore, we intend to analyze the on-shell model corresponding to
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the general gauged supergravity deformed by an arbitrary number of deformed vectors and tensor
multiplets. Finally, since higher-order invariant terms are crucial for understanding the effective field
theory description of string theory, we aim to investigate these terms beyond four-derivatives by using
various possible off-shell approaches.

The results presented in this thesis significantly advance our conceptual understanding of supergrav-
ity theories, while the computer algebra program available on GitHub [8]] enhances our computational
capabilities. These developments will be instrumental in carrying out the outlined projects on super-
gravity and holographic dualities, with valuable applications in quantum gravity, black holes, and

cosmology.
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Appendix A

4D N = 2 Conformal superspace

In this appendix, we collect results about 4D N = 2 conformal superspace focusing on the ingredi-
ents relevant to our discussion in Chapter 2] [S|and [7] The conventions we use here differ in numerous

ways from those used originally in [26]. For the most part, we adhere to the notation and conventions
of [36] and [127.]128]].

A.1 Notations and conventions

Our notations and conventions follow mostly those in [36]. We briefly summarize them here.
We use two-component notation where dotted and undotted spinor indices are raised and lowered

by € tensors
Vo =eaqp¥’ . 1% =74, (A.1.1)

obeying

€op = ~Epa > 8aﬁ3By: 8%, SQB&‘Mz 53: . g?=1.

Similarly SU(2) indices are raised and lowered by &;; and €' having the same properties as Eup-

Spinor indices are contracted as
VL=V, V= Val” (A.12)
For spinors which are also isospinors, we define
VA=V VA= VX (A.13)
The metric is 1y, = diag(—1,1,1, 1). The sigma matrices are defined as
(6Ygs=(1,8), (6% = SQBE“B(G“)BB =(1,—-0), (A.1.4)
and have the properties

(Ga)aﬁ(ab)ﬁﬁ = _rlab5£ _2<Gab)OCB 9 (A15)
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(G-a)aﬁ(cb) 3 — _nabS(‘x - 2(6-ab)a 3 (A.1.6)
BB B B
together with the following useful identities

(0%)aa(0a)gs = —2€apEyyp »

(Cab) ap (0% ys = —2€4ap)5 -
<6ah)aﬁ(6ab)73 = _287/(058[3)5 s
(Gab)aﬂ(éab)ys =0,

U’(Gachd) = (Gab)aﬁ(ccd)ﬁ —Na[cNap — Sabcd )

tr(6up6ea) = (6ab)aﬁ(6cd)3a —NalcNap + Egabcd ;
(6“)a*(Ow) gy = €a(p (b)) *
(0% a(gab)ﬁff - ga(ﬁ(cb>a7) ’

i
(01a) s (Obe] ) ys = ggabcdga(y(cd)g)g 7
Sadega’b’c’d’ = —4| 6[(1’ Sb,5c5 &)
(Gach)Oca = (Gab)ocB(Gc)ﬁa = _nc[a(cb]) gabcd( d)aa )

2
~ ] N ; i .
(o-abcc)a(x = (o-ab)a[;(o-c)aﬁ = _nc[a(G ]) + zgabcd( d)aa )
€abcd (0 ap = —2i(Cuwp)ap s €abcd(6) g = 2i(Gab) o -

The antisymmetric tensor is

80123 =—&3 =1 s (A.1.8)

and (anti-)symmetrization includes a normalization factor, for example

1 1
Vi) = i(vab ~Voa) s Wap) = 5(%53 + Wpa) - (A.1.9)
For superform indices, we introduce graded antisymmetrization, e.g.,
1
Viag) = 5;(Vas — (=)"Via) - (A.1.10)

When an index is not included, we separate it with vertical bars, e.g.,

1
Tiag” Fipicy = <TAB Fpc — (=) TpaPFpc + (=) “ T TeaP Fop

_ (_)CbTACDFDB + (_)ab+acTBcDFDA _ (_)ab-}—ac-l-chCBDFDA) ) (A.l.l 1)

A vector V, can be rewritten with spinor indices as

1 o
VocB = (Ga)aBVa , Va= _E(Ga)BaVaB : (A.1.12)
A real antisymmetric tensor, F,;, = —Fp, is converted to spinor indices as
1 ab i 1 ~ab af ~ ‘OCB
Faﬁ - E(G )(xﬁFab , FO‘B = _E(G )dBFab , Fup= (Gab) Faﬁ — <Gab)dBF . (A.1.13)
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A.2 4D N =2 Conformal superspace identities
The Lorentz generators obey
[Map, Mea] = 2N e(aMpja — 2NgaMpje s [Mab, Vel = 2004V
My Vi) = (0u)oP Vi, [Ma, V] = (606)% V7 (A2.1)
The SU(2)g, U(1)g and dilatation generators obey
i Jia] = — &l 1y — €19 jyi » [J,-j,V’fx] =—8Vaj, Vi Vi =—&qVY,

[Y7 Vix] - Vix ) [Y Va] = - ’

1 S
D,V =Va, [D,Vel=5V, [DVH=5V¢. (A2.2)

The special superconformal generators K4 transform in the obvious way under Lorentz and SU (2)g

rotations,

(Map, Ke) = 201Ky, [Map, S]] = —(Ca)p?Sl . (M, Si] = —(6)P St .

Vijs S = —&STy Vi S = =85y » (A.2.3)
while their transformation under U(1)g and dilatations is opposite that of V 4:
[Yszq] = _Sia ) [Yagix] = Six )
1 . 1.
D,K,] =—-K,, [D,S¥ = —ES,‘” , DSy = _ESZ‘ . (A.2.4)
Among themselves, the generators K4 obey the algebra
S% §I1 = 2i8/ (69) 4K, . (A2.5)
i o 1
Finally, the algebra of K4 with Vp is given by
[Ka Vb] = 265]])+2Mab ,
ST, Vi) =28/ 55D — 48/ M5 — /85 +4857/
B~ % B B
(s, vﬁ} = 2558 D+ 45iM P + 5i58y — 48Py |
[Ka7V;3]: i(o >ﬁﬁS;3’ [Ka,ﬁf]: i(c )Bﬁsﬁ’
(S, V] :i(O'b)OCBV,[i . 86 Vil =1(0,)aP Vi (A.2.6)

where all other (anti-)commutations vanish.

The covariant derivatives obey (anti-)commutation relations of the form

1 .
[Va,Vp} =Tag"Ve+ ERABLndd +Rag Iy

+iRAB(Y)Y—|—RAB(D)D +RABCKC , (A.2.7)
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where T g€ is the torsion, and Ry, Ryg"’, Rap(Y), Ryp(ID) and RyC are the curvatures. Some of
the components of the torsion and curvature must be constrained. Following [26]], the spinor derivative

torsions and curvatures are chosen to obey
(Vi Vi} = —2eeg W, (VY TPy —2eePw, (Vi VP = 2isiveP, (A28

where W is some operator valued in the superconformal algebra. In [26], it was shown how to constrain
W entirely in terms of a superfield W5 so that the component structure reproduces N = 2 conformal

supergravity. In our notation, the constraints lead to

. . .. — — 1 .. N 1 .. —$ .
(Vo Vi) =2eTeqpW sM™° + S eV W'S§ — S eeqpV s W 3K, (A.2.92)
. s 1 A 1 e
(Ve VP} = —26,,PW oM 5 + 56 EPVIW, 58P — SEi €PVIIW, K, (A.2.9b)
Vi, 9P} = —2i5iveP | (A.2.9¢)

i o T i1 Spiv 1 Spinr o OBwr i
Vad, V] = —ieasW o5 VP - Egaﬁvﬁ WepD— Zgaﬁvﬁ WopY +i€apViWopl”

- igaﬁvgwmﬁm e VI St S VW 5,

+ saﬁVl vk . (A.2.9d)
Vo VP = 18P WogVP + 2 aﬁvﬁ WepD — —SﬁVﬁWaﬁY +i6EVBIW, 50,

+16§V?W7aMﬁy+ Zéa BY i VPiwgYsy; - 55(jc BYB WeS!

+ %55 ViV W kBT (A2.9¢)

The complex superfield W5 = Wp,, and its complex conjugate Wa pi= Wqp are superconformally

primary, KaWy g = 0, and obey the additional constraints

ViWgy =0,  VagW =V4W, . (A2.10)
where we introduce the notation
Vap 1= ViV, V= VITPK (A2.11)

Despite the appearance of the S-supersymmetry and special conformal K, generators, the algebra of

covariant derivatives (A.2.9) is significantly simpler to work with than the corresponding algebras of
U(2) [127,319] or U(2) superspace [128,227,228].

The S—supersymmetry transformation of the descendant superfields of the super-Weyl tensor is

given as follows:
SkWyg,' = 8e¥es o Way ,  SOWp, =0 A2.12
sWapy = O€ Es(aVpy) > k aﬁy =Y, (A.2.12a)
SSWOPY = geed et | skw P — ¢ (A.2.12b)
. 4 .. _.
k i ki i
SaZﬁ = —§6 Wap S,?ZB =0, (A.2.12¢)
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sosh — gsk,w""ﬁ , sksh—o, (A.2.12d)

St Wapys = 2461 aWpys) s SiWeapys =0, (A.2.12¢)

SHOPT — p4ehlaqghi®) - gkighIS ¢ (A2.12)

.28 ... N . 3 »

Sk ot = ?s"@q(azg) + gek(’ wpi’ s StZapU =0, (A.2.12¢)

A 28 SR 4 —A o

SHEoP,; = ?ek(,-s““zf)) - gsk(,-Waﬁ . SiE=o0, (A.2.12h)
32, 4 _; .

ShTop = 3 € oZf) — Wapr®, SiZap =0, (A.2.120)

a 32 o

Shsob — e ehogh 4 3 bt skgeb — g (A.2.12))

SS\D=0, S‘szo, (A.2.12Kk)

2 i
SaZapy = 3€ Wapy +3€" 2 (aZpy — 1262(aZpy " St Tapt =0,  (A2.121)
N 2 - s s .

Shsobr, — —gelkW“W +3ey e OEPT) _ 120 §LEeBT, — 0 (A2.12m)

The S—supersymmetry transformation of the descendants of the abelian vector multiplet is given

as follows:
SEAS = 455‘ s'w, §AL=0, SUA%=o0, § /lﬁ 45851 W, (A.2.13)
_ oy 1 ia pe
STF,p = Es{gaﬁ)i, SuFap =0, SIFF =0, SF* =5 AP, (A2.14)
S¢xK =0, SixM=o0. (A.2.15)

The S—supersymmetry transformation of the descendants of the tensor multiplet is given as follows:

S¢xp; = 488G, SuaP=485GY, SPRPI=0, Sixs;=0, (A.2.16)

SF = —4y® S F=—-4y,, S*F=0, S,F=0, (A2.17)

S?‘ﬁazé(ca)“-;zﬁ SiA, :—E(a VePxh . (A.2.18)
4 BAi > atla 4 ajo AB






Appendix B

5D N = 1 conformal superspace

In this appendix we collect results about 5D N = 1 conformal superspace in the traceless frame
of [29] focusing on the ingredients relevant to our discussion in Chapter 2} 3] 4] and [6| We adhere to
the notations and conventions of [29] with the exception of using the notation of [90] in chapter 4] The

reader should also look at [3]], where some typos from [29] were fixed.

B.1 Different 5SD N = 1 notation and conventions

Table B.1]| provides a brief translation scheme between our conventions and other groups [90}[174,
211]] that worked on the superconformal tensor calculus in five dimensions.

It is important to note that the definitions of supersymmetry are different between the various groups.
Here the differences amount to not only to normalisations, but also to additional field-dependent S
and K transformations in the definition of 8. That is, given a transformation 8¢y + &5 + Ok in our
conventions with respective parameters &/, 1, and A%, we will find a transformation 5’Q + 8+ Ok
with new parameters €', ', and A% given in Table

We also emphasise that each group uses the same vector derivative D,, corresponding to our V,
modulo differing overall normalisations of the superconformal generators. The additional gravitino-
dependent terms in the S-supersymmetry and special conformal connections in Table[B.|cancel against
additional terms found within 6Q, so that the vector derivative is unchanged.

For completeness, we also give in Table the relation between our conventions for the vector

multiplet and the other groups. The conventions for the linear multiplet can be found in Table [B.4]
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APPENDIX B. 5D N =1 CONFORMAL SUPERSPACE

Our conventions de Wit and Katmadas

Bergshoeff et al. Fujita et al.
nab nab nab _nab
r iy iy 7
Zab %,yab %,yab _%,yab
gabcde —i 8abcde - gabcde 8abcde
7 vy’ v 2y
V' —3Vuj' —Vi'j Vi's
wmab a)uab - w‘uab o w'uab
i (Pui _(Pui‘f'%Tab?’abllfui 2¢ui_ %Vab'}’abll/ui
fu —fu® 4 J v X —fu+ JW Y —fu WP
Wab _4Tab %6Tab %vab
X X X % X
D D D (D =81y,
R(Q)a’ JR(Q)w’ FR(Q)w’ R(Q)a'
R(M) ¢4 R(M) 4 —R(M) ¢ —R(M) ¢
R()ap'j —3R(V) ap’ —R(V)ab', R(U)w'j
iR(S)abi %R(S)abi _%R(S)abi + %Tcd/de(Q)abi R(S)a i %Vcd’de(Q)abi
R(K)abc _R(K)abc + %R(Q)abiycxi _R(K)abc + %R(Q)abi’ycXi _R(K)abc + iR(Q)abi'}'CXi
Table B.1: Conventions for Weyl multiplet
de Wit and Katmadas Bergshoeft et al. Fujita et al.
gl =2 ¢ gl =2 ¢ gl = Ei
n" =2in’ "= -2in"+ 3Ty e N =in'+ jva e

AR =—Ne+ 2570 NE=—AL+3EV 0 AP =—As+5EY'

Table B.2: Conventions for 8y + 85 + 6k

Our conventions de Wit and Katmadas Bergshoeff et al. Fujita et al.
w o o M
A o) _y _20i
X 2v' 2Y 2v'
Vi Wy —Ay Wy
Smn F uv —F uv F, uv

Table B.3: Conventions for vector multiplet
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Our conventions de Wit and Katmadas Bergshoeff et al. Fujita et al.

Gl %Ll’/’ %UJ’ %LU

o' —5¢' —5¢' —5¢'

F N N IN
n 1

HY L _E¢ TE®

Table B.4: Conventions for linear multiplet

B.2 5D N =1 conformal superspace identities

The Lorentz generators act on the superspace covariant derivatives V4 = (V,, V%) in the following

way
(M Mca) = 2M(aMpja — 2N a1aMp)c » (B.2.1a)
[Map, Vel =204V 5 (B.2.1b)
[Maﬁ,vgf] = Sy(aV;}) ) (B.2.1¢)

where Myg =1/ 2(x4b )apMap- The SU(2)g and dilatation generators satisfy
[, JM] = kgl glligidk | (71 k] = ghliv]) (B.2.1d)
: 1_.
D,V =Va, [D,Vi] =5V} (B.2.le)

The Lorentz and SU (2)g generators act on the special conformal generators Ky = (Kj,Sqi) according

to the rules
My Ke) = 20010Kpy Mo, Si) = €40ty [17,55] = eklis]) (B.2.1f)

while the dilatation generator acts on K4 as

1
D,K,| =—K;, [D,Sqi] = _Esai . (B.2.1g)

Among themselves, the generators K4 obey the only nontrivial anti-commutation relation
{St,Sh} = —2i€"(I)gpKc . (B.2.1h)

The algebra of K4 with V4 is given by

[Ka, Vo] = 2MapD + 2Map (B.2.1i)

[Ka, Vo] = i(Ta)a’ S (B.2.1j)

{Sai, V{a} =2¢qp 6ij]D) - 48ijMaﬁ + 68aﬁjij ’ (B.2.1k)
. 1 i i

[SpisVa] =1(Ta)p*Vai— ZWab(rb) p”Sai+ g(Far”) 37 XyiKp — ZWabﬁlK” : (B.2.11)
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The anticommutator of two spinor derivatives, {V’, Vé }, has the following non-zero torsion and

curvatures
yoific _ ZISU(FC)aﬁ ’ (B.2.2a)
B(M)iyh = 2ie e gW +ie" (Ty)qgW" (B.2.2b)
3i L
%(S)ixijyk 1 gljgaﬁXYk —|—181]6[7;X§] , (BZZC)
BK) g = =5 eap V"W + 567 (1) g VIWa - 3%8’7 (T)apY
+ 1&g W W+ 567 () oy (WaaW ! = =W Wpad, ) (B.2.2d)

The non-vanishing torsion and curvatures in the spinor-vector commutator [V;, V1] are:

Tl = 181 (30 PWgT Wb (1)) (B.2.3a)
R(D)pp, = —%(Fb)aVX;' , (B.2.3b)
R ()b = —Z(F »)aelxy) (B.2.3¢)
R(M),E = —(rb)O/W“”y—}1 cdefyy, ¢t + = 5[C(1“d]) X} (B.2.3d)
R(S)pL YV = % ! (T, — 212 oY
- %8” ViWea) () o? — éSij VW (Zep)a”
+ %s"f VW, 8% — ge"f VWl (Tg)o?
+ %8’7 W Wy (Zep)a” — %EU Whae W 557
+ %s” WypaWA ()oY — g’—is”’ WW,.a(T) e (B.2.3¢)

: 1 ; 1 | . 1 5
A (K)po“ = E(Fc)aﬁVdeblﬁ + E(Fb)aﬁvdwdcb + gvaﬁWbcb - ﬁedeefvdWefla

1 1 .
+3 (TP Vx5 + 6—Wde(3rbzderc — 2 ToT)aP X}

1 1 c i
- _Wbde(r ) BWdeﬁ + _519 Wderea
48
1 1 .
ﬁ de de By c i
13 i1 o 13 .
+ = WpgWL + Wyt W — (T o P Wyl W€ B.2.3

The commutator of two vector derivatives [V, V;] has the following non-zero torsion and curvatures:

Tabi = —%Wab?‘ , (B.2.4a)

Ry = —% ' (B.2.4b)
‘ 1 A ,

%(M)abcd — _Z(Zab)aﬁ (ch)75 <1Waﬁ7/5 —+ 3W(a[3W}/5)> , (B24C)

] 1 ] 1 c i
<%(S)aboc = _EVOCBWabB - E( [a)(xﬁv Wb]cﬁ
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1 | .3 .
- gW(xﬁWabﬁl + E(Eab)aﬁWCdchﬁl + gWC[aWb}cal ) (B.2.4d)
L1 i gy i i
+ %Wad,‘-" ()P W g . (B.2.4¢)

The S—supersymmetry transformation of the descendant superfields X/,, W,, ﬁyi, Wapys> Xa ﬁij , and

Y of the super-Weyl tensor is given as follows:

SaiWpys' = 65 €a(gWys),  SciXj =48/ Wop ,
SaiWﬁySp = 24806([3W}/5p)i , SaiY = 81Xy, ,

SaiXpy'* = —48 WY +48eq(pX)) (B.2.5)






Appendix C

6D N = (1,0) conformal superspace

In this appendix we collect results about 6D N = (1,0) conformal superspace [31] in the traceless

frame of [32,/69]] focusing on the ingredients relevant to our discussion in Chapter[6] We adhere to the

notations and conventions of [|69].

C.1 6D N = (1,0) conformal superspace identities

The Lorentz generators act on the superspace covariant derivatives V4 = (V,, Vi) as
[Map, Mca] = 20 e(aMpja — 2Ma1aMp)c ,
[Map, Vel = 2014V »
Mo ) =~ 8+ 166V
where M,P = —}1('}/"’ )aBMab. The SU(2)g and dilatation generators satisfy
[Jiijz] — gkligt 4 glli ik : [Jijy/&] _ gk(ivé)
1

D,V ]=V,, [D,V,]= Evg .

The Lorentz and SU(2), generators act on the special conformal generators K4 = (K¢, S%) a

My, K] = 280Ky, [MoP S]] = 51sP — 3555,2 L ST = 6lism)

while the dilatation generator acts on K4 as
1
DK = —-K*, [D,S¥] = —ES? .

Among themselves, the generators K4 obey the only nontrivial anti-commutation relation

{s%,87} = —2iei;(7.) Pk .

The algebra of K4 with V4 is given by

[Kaavb] = 2T’ab]D)‘f—zjuab s
237

(C.1.1)
(C.1.2)

(C.1.3)

(C.1.4)

(C.1.5)

(C.1.6)

(C.1.7)

(C.1.8)

(C.1.9)
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The anticommutator of two spinor derivatives, {V,

curvatures

APPENDIX C. 6D N = (1,0) CONFORMAL SUPERSPACE

K, V] —i(¥)apSP,
{SF,Vh} = 2858 D—48/Mp" 485577
. 1 . 1
ST, V] —I(Yb)aﬁvﬁi+ —Wbcd(fd)aysg/_ ZXiaKb
1 C
+ Z(?’ be) ﬁXﬁ+ (ch>ByXyzﬁ ]K .

Tahe = 2E(F)ap .

%(M)l Jcd _ 4i€ij(ya)aﬁwacd 7

B

iJ 3 i
%(S)a;};{/ = _58 JSaBySXSk )

i J ol 1 e
AV = 167 (F)ap G0 =T W W Wy )

J

The non-zero torsion and curvatures in the commutator [V, V /3] are:

%Z = _%(Va)ﬁ6wsy5/ga
D)) = —mpX?
A = 18 ()X — () XA + 21 (%) (F )P XA |
aékl = 2i(%)py xVkehi
aby = ——(Ya)ﬁ6Y75] + (Ya) y6¥p® _i(ya)ﬁSVpr6p8jk
| (Ya)yévﬁpwspsjk - %(Ya)gg EBPWW‘S”W”gJ"
e = (%)ﬁyv X1 — (Yacd)}ﬁvdxéy +3 (7a)ﬁ5('}’cd) rvix]oP

Si
(ya)ﬁy(%)5pwy ij + (Ya)ﬁp<'}/c)ygwy ij8

+Z<ya>yp<yc>ﬁgW75XgP€ - §<ya)yp<yc)5£w75xépe .

(C.1.10)
(C.1.11)

(C.1.12)

Vé }. has the following non-zero torsion and

(C.1.13a)
(C.1.13b)

(C.1.13¢)

(C.1.13d)

(C.1.14a)

(C.1.14b)

(C.1.14¢)
(C.1.144d)

(C.1.14e)

(C.1.14f)

The commutator of two vector derivatives, [V, Vj], has the following non-vanishing torsion and

curvatures:

Taby

(Yab) g “XarP?
1
Y = Z(Yab)ya(fd)sﬁl’aﬁya :

1
E(Vab)éyy M —Yu

(C.1.152)
(C.1.15b)

(C.1.15c¢)

i C
— (Yab) 5 VX5 P 6(Yabc)aﬁv X “ﬁ—geyﬁgp(yab) PwoBxkoe (C.1.15d)

1

ZVdYabcd + §X§BYXﬁka6(Yabc)y6 + i(?’ab)sa(%)ﬁx(];ﬁyxﬁksg
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1
+ XX () (W) s - (C.115¢)

Recall the descendant superfields X%, XoiP1, Y, Yo PH Yop 78 (and equivalently Y,;,°?), were defined
in (2.2.90) and (2.2.91)). They transform under S-supersymmetry as [31]]

SoxPi %SijW“ﬁ L SExgY = 5] sgw + %5;' 6[§YW5>°‘ ,  (C.1.16a)
ST P = g (16Xg27/3 _28Bx7) +85§Xﬁf>> : (C.1.16b)
1
P s _ P ) (ry 8 _
SYup? = 24 (6(axﬁ)/ —390Xp)J ”’) , SPY =—4x”. (C.1.16¢)

By using (2.2.89) and the previous definitions, one can derive spinor covariant derivative acting on
these descendants of the super-Weyl tensor and can be found in [32,/69] in the traceless frame. Here

we only provide the relations which are useful for our analysis, which are

Vixhi = —gyaﬁlf—gglfvaywyﬂ—is”égy, (C.1.17a)
P 1 | o1 1 ..
VtaXé}/S _ ES(ECYYﬁS)U_ESI(}YYOCS)U_ESUYO(BYS_ZSUVOC,BWY6
3 . 1 ..
55 85V apW P — 25V WO (C.1.17b)
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