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Abstract

In the quest to unite quantum mechanics and Einstein’s theory of gravity, two leading candidates

have emerged: string theory and supergravity. This thesis explores various aspects of supergravity

theories with eight real supersymmetry generators (supercharges), focusing on 4D N = 2, 5D N = 1,

and 6D N = (1,0) supergravity theories. Here, N refers to the number of copies of supersymmetry.

The research investigates quantum corrections in the form of higher-derivative deformations, as well

as the mechanisms of partial supersymmetry breaking within supersymmetric gravity, as predicted by

string theory. Additionally, the thesis aims to construct new multiplets of conformal supergravity and

demonstrates how these multiplets facilitate the analysis of the on-shell supergravity action.

In this thesis, we review minimal (N=1) off-shell two-derivative gauged supergravity in five

dimensions and investigate three independent four-derivative superspace invariant terms, with the

aim to improve our understanding of higher-derivative corrections and their consequences on the

AdS/CFT correspondence. These invariants give rise to various locally supersymmetric extensions of

fundamental gravitational terms, such as the Einstein-Hilbert term (R), a cosmological constant (Λ), a

Riemann tensor squared (RabcdRabcd), a Ricci tensor squared (RabRab), and a scalar curvature squared

(R2). The study employs off-shell techniques and symbolic computational tools, such as Cadabra, to

derive, for the first time, the component fields’ actions and primary equations of motion for the three

gauged curvature-squared invariant terms in standard Weyl multiplet background and uplift them in

vector-dilaton Weyl multiplet background. The gauged aspect is crucial for obtaining supersymmetric

AdS solutions, which play an important role in holography. This facilitated the computation of the

Weyl anomaly coefficient for the dual conformal field theory through holographic renormalization.

This computation serves as a precision test of the AdS/CFT correspondence at next-to-leading order,

providing critical insights into the correspondence’s validity and applications.

Additionally, we also explore alternate dilaton Weyl multiplets of conformal supergravity. Our

analysis reveals that the vector-dilaton Weyl multiplet significantly simplifies calculations when

dealing with curvature-squared invariant terms and streamlines the construction of these terms in

the on-shell supergravity action. This thesis introduces the hyper-dilaton Weyl multiplet, a novel

representation of the conformal supergravity multiplet for the aforementioned supergravity theories

with eight supercharges. We successfully coupled the hyper-dilaton Weyl multiplet to an off-shell

vector multiplet compensator and employed superconformal techniques to reproduce the established 4D

N = 2 supergravity action and extend it to the 5D N = 1 theory. Furthermore, the hyper-dilaton Weyl

multiplet enabled us to construct an off-shell model demonstrating partial supersymmetry breaking in

Minkowski spacetime. This was achieved by coupling the hyper-dilaton Weyl multiplet to deformed

off-shell vector and tensor multiplets.

We present a general off-shell gauged 4D N = 2 supergravity model, deformed by an arbitrary

number of vector and tensor multiplets, and derive the primary equations of motion for this general

theory. A detailed analysis of a specific SU(1,1)/U(1) model, engineered fully off-shell, is provided,

showcasing on-shell partial supersymmetry breaking in Minkowski spacetime. These findings offer a



robust foundation for further exploration of supergravity theories and their applications in high-energy

physics.
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6.4 A Poincaré supergravity multiplet. Row one gives all fields in the multiplet. Row two gives the number of

independent components of these fields. Row three gives the surviving gauge symmetries. Row four gives

the number of gauge degrees of freedom to be subtracted when counting the total degrees of freedom. The

parameter λmn
i j describes the symmetry associated with the triplet of gauge three-form bmnp

i j. The gauge

parameter λV describes the scalar symmetry of vm. . . . . . . . . . . . . . . . . . . . . . . . . . 139
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Chapter 1

Introduction

The Standard Model (SM) has been remarkably successful in describing three of the four funda-

mental forces, the strong nuclear force, the weak nuclear force, and the electromagnetic force, and

accurately accounting for the properties of elementary particles. However, it has several limitations that

suggest the need for a more comprehensive theoretical framework. The SM fails to explain phenomena

such as dark matter, the origin of neutrino masses, and the matter-antimatter asymmetry in the universe,

all of which have been experimentally confirmed. Moreover, the SM cannot incorporate gravity, the

fourth fundamental force described by Einstein’s theory of general relativity, making it an incomplete

description of the fundamental interactions. Additionally, it struggles to address the hierarchy problem,

which refers to the large discrepancy between the theoretical Planck scale (approximately 1019 GeV)

and the observed electroweak scale (around 100 GeV) values of the Higgs boson mass.

Symmetries play a fundamental role in physics. They are essential in describing particles and

the interactions between them. The SM describes a universe invariant under the global Poincaré

algebra, which are the symmetries of special relativity, and an internal gauge symmetry Lie group

that accounts for the three fundamental forces: the strong nuclear force, the weak nuclear force, and

the electromagnetic force. According to the Coleman-Mandula theorem [9], under some reasonable

assumptions for a quantum field theory (QFT) with massive fields, the only possible Lie group

symmetry is the direct product of the Poincaré group and an internal compact Lie group of Lorentz

scalars. In other words, all generators of the Poincaré group will commute with the generators of

internal symmetries, e.g., gauge symmetries in the SM. Supersymmetry introduces new symmetries

by relaxing one assumption of the Coleman-Mandula theorem. It extends the Poincaré algebra by

allowing for anticommutators in addition to commutators, resulting in a graded Lie algebra structure.

The Haag, Lopuszanski-Sohnius (HLS) [10] theorem proves that the only graded Lie algebra consistent

with QFT with massive fields is the so-called supersymmetry algebra.

Thus supersymmetry is a theoretical framework in particle physics that extends the SM by introduc-

ing a new type of symmetry between two fundamental classes of particles: bosons, which have integer

spin, and fermions, which have half-integer spin. This symmetry was first proposed in the early 1970s

by Golfand and Likhtman [11], followed by Volkov and Akulov [12, 13] in the context of non-linear
1
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realization of supersymmetry, and by Wess and Zumino [14, 15] as a symmetry of the worldsheet in

the context of string theory. In its early days, it gained attention as a potential solution to the hierarchy

problem [16, 17] and provided a potential dark matter candidate in the form of a supersymmetric

particle [18, 19]. However, despite extensive experimental efforts, such as those at the Large Hadron

Collider (LHC) and in dark matter detection experiments, no evidence of supersymmetric particles

has been found so far. This lack of detection has pushed the energy scale at which supersymmetry

might be realized to higher values, making it less accessible to current experiments. Despite this,

supersymmetry remains an important theoretical framework, particularly due to its essential role in

string theory, where it is necessary to ensure the mathematical consistency of the theory. Recently, it

has been suggested that supersymmetry could be crucial for the AdS/CFT correspondence [20] that

connects a QFT to a gravity theory. Additionally, supersymmetry offers a framework for unifying

gravity with the other fundamental forces. When supersymmetry is gauged by promoting the global

supersymmetry transformations to local transformations that depend on the spacetime coordinates,

it leads to supergravity, a theory that integrates general relativity with supersymmetry [14, 15, 21].

Supergravity serves as a low-energy effective approximation of string theory. Its role in bridging string

theory with low-energy physics makes it an indispensable tool in exploring the nature of quantum

gravity and the unification of the fundamental interactions.

Beyond theoretical limitations, the SM also poses challenges in mathematical physics, particularly

in establishing a rigorous framework for QFT and its extensions to quantum gravity. Conformal field

theories (CFTs) have been instrumental in these efforts, in two as well as higher dimensions. The

Coleman-Mandula theorem again dictates that in a QFT with only massless fields, the maximal possible

spacetime symmetry is the conformal algebra, and its supersymmetric extension is the superconformal

algebra, as given by the HLS theorem. This superconformal algebra is useful in systematically

studying (matter-coupled) supergravity through superconformal methods like superconformal tensor

calculus [22–24] and conformal superspaces [25–33]. See also the reviews on superconformal tensor

calculus [34–38] and conformal superspace [39, 40]. In [29, 32, 41], the connection between the two

approaches has been discussed in detail.

Historically, supergravity theories were constructed by writing a super-Poincaré invariant action

composed of fields that make up on-shell irreducible representations of the supersymmetry algebra [21].

This procedure, however, leads to the realization of supersymmetry only on-shell, that is the symmetry

algebra closes by using equations of motion. Additionally, this approach requires one to make an

educated guess for an action invariant under super-Poincaré transformations, making it cumbersome

and unsystematic, especially for matter-coupled supergravity theories.

The two methods, superconformal tensor calculus and conformal superspaces provide a more

systematic approach to studying supergravity. In these methods, theories with super-Poincaré symmetry

are derived as theories with broken superconformal symmetry. As a result of a larger superconformal

symmetry group, various aspects of the theory gain a clearer picture. For example, they lead to off-shell

approaches to supergravity, where auxiliary fields are introduced to obtain off-shell representations of

the supersymmetry algebra with model-independent transformation rules. This is in contrast with the
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traditional on-shell approach. These techniques are discussed in detail in Chapter 2.

In this thesis, we focus on theories with 8 supersymmetry generators, specifically 4D N = 2,

5D N = 1, and 6D N = (1,0). Here, N refers to the number of copies of supersymmetry. For example,

in 4D, each spinor has 4 real degrees of freedom, so 4D N = 2 has two copies of the spinor generator,

resulting in 8 real supersymmetry generators. These theories hold significant importance in theoretical

physics for several reasons. Firstly, they have the highest number of supersymmetry generators that

still allow for interesting geometric structures. Unlike theories with higher (≥ 16) supersymmetry

generators, where geometry gets completely determined by the number of matter multiplets, these

theories include functions of matter multiplets that allow for the deformation of the manifold’s metric,

leading to ‘special Kähler manifolds’ geometry [42]. Although theories with lesser supersymmetries

(≤ 4) allow for more interesting geometries to appear, such as ‘general Kähler manifolds’, those

with 8 supersymmetries impose just enough constraints on interactions to allow for exact solutions in

certain cases. For instance, 8 supercharges were necessary to find a solution to the Seiberg-Witten

model [43, 44]. Secondly, these theories are excellent candidates for exploring string theory, black

hole physics, and dualities, like the AdS/CFT correspondence.

Since its discovery, the AdS/CFT correspondence has been at the forefront of theoretical physics.

Supergravity, the leading-order (two-derivative) low-energy effective field theory description of string

theory, has played a crucial role in improving our understanding of this correspondence [45–49].

However, string theory predicts an infinite series of higher-derivative corrections to supergravity,

making it important for holography to consider higher-derivative corrections to assess the validity of

the correspondence. In particular, four-derivative curvature-squared invariant terms are needed for

the next-to-leading order precision test of the correspondence. These terms also play a crucial role

in matching the microscopic and macroscopic descriptions of the black hole entropy [50–52]. The

microscopic entropy is related to quantum gravity theories and involves counting the quantum states of

the system, whereas the macroscopic entropy is derived from general relativity and is related to the area

of the black hole event horizon. The black hole entropy calculations can be extended by Wald’s entropy

formalism beyond Einstein’s theory to a wide range of diffeomorphism-invariant theories, including

those with higher-derivative terms [53,54]. By utilizing the on-shell action for general gravity theories,

this method allows us to systematically analyze entropy with higher-curvature corrections and general

gravitational interactions, providing a robust foundation for exploring black hole thermodynamics in

generalized gravity theories.

Historically, dealing with these higher-derivative terms was very challenging as each additional

derivative rapidly increases the number of terms in the action and traditional on-shell methods become

inefficient. With the off-shell techniques, technical challenges have been addressed and since then

significant progress has been made in the direction of higher derivative supergravity [28, 29, 31, 32, 51,

55–86]. Despite this progress, the computational challenges arising from the large number of terms

in the action remain inadequately addressed. Consequently, even the classification of four-derivative

correction terms in supergravity, which are only the next-to-leading terms, remains incomplete.

However, recent advancements in the off-shell techniques, which allow supersymmetry to be studied
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in a model-independent way, can be implemented algorithmically with the help of computer algebra

programs. In 2007, Kasper Peeters developed a symbolic computer algebra program called Cadabra

that is suited for performing field theoretical calculations [87, 88]. We use Cadabra to address a

long-standing problem in 5D gauged supergravity, specifically computing all three four-derivative

curvature-squared invariant terms. Besides developing the algorithm to implement the off-shell

techniques, we further optimize several core algorithms along the way. All these algorithms can

be found on the GitHub repository [8]. This helps us compute all three curvature-squared invariant

terms for 5D minimal gauged supergravity [1, 6] in a standard Weyl multiplet background, an off-shell

conformal supergravity multiplet. Here, gauged supergravity refers to supergravity theories where Anti-

de Sitter (AdS) solutions exist, as opposed to the ungauged supergravity that can only accommodate

asymptotically flat solutions.

The conformal supergravity multiplets form an off-shell representation of the local superconformal

algebra and are essential for constructing supergravity theory. They include the vielbein and its

supersymmetric partners as their field content. It has been known since 1986 that variants of the

Weyl multiplets, other than the standard Weyl multiplet, exist. This was shown by Bergshoeff et al.

in [89], when they constructed a tensor-dilaton Weyl multiplet for minimal 6D supergravity. This

was achieved by reinterpreting the on-shell equations of motion of the tensor multiplet as algebraic

equations, which allowed some auxiliary fields of the standard Weyl multiplet to be replaced by fields

of the tensor multiplet. Since then, progress in this direction has been slow. It took decades to construct

the vector-dilaton Weyl multiplet for minimal 5D [90] and 4D N = 2 [91, 92] conformal supergravity.

These variants of dilaton Weyl multiplet made it possible to construct all curvature-squared invariants

for 5D and 6D ungauged supergravity [28,29,31,32,51,55–57,59–72]. We extend this by uplifting the

three curvature-squared invariants that we construct in [1, 6] for minimal 5D gauged supergravity to

the vector-dilaton Weyl multiplet background in [2]. As the gauged aspect leads to a supersymmetric

Anti-de-Sitter (AdS) solution on the gravity side, we perform a next-to-leading order precision test of

the AdS/CFT correspondence by computing the Weyl anomaly coefficient of the dual CFT [2].

In the ungauged limit, the on-shell theory only receives corrections from one out of the three

invariant terms, generalizing the non-renormalization theorem of 4D N = 2 ungauged supergravity

theory [76] for minimal 5D ungauged supergravity. According to this theorem, certain classes of

actions and their first derivatives with respect to fields or coupling constants must vanish in a fully

supersymmetric background, implying they will not contribute to BPS black hole entropy or to the

field equations in supersymmetric configurations. In other words, physics remains independent of

these actions.

We extend the algorithms for use in 4D N = 2 supergravity, and they have also been made available

on the GitHub repository [8]. These computer algebra approaches are highly effective and can be

used to investigate various unexplored territories in higher derivative supergravity theories, such as to

classify matter-coupled supergravity theories up to four-derivative curvature-squared invariant terms

and beyond.

As these variants of the Weyl multiplet present a significant opportunity to construct new conformal
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supergravity theories and their applications in exploring higher-derivative correction terms, this makes it

important to look for new multiplets of conformal supergravity. In [4], we develop a new hyper-dilaton

Weyl multiplet for 4D N = 2 conformal supergravity and further extend this construction to minimal

5D and 6D conformal supergravity [3]. This was obtained by coupling an on-shell hypermultiplet to a

standard Weyl multiplet and then reinterpreting the on-shell equations of motion as algebraic equations

to replace auxiliary fields of the standard Weyl multiplet with fields from the hypermultiplet. These

variant conformal supergravity multiplets allow us to explore new off-shell supergravity models and

open up avenues for research in supergravity.

Since supersymmetry has not yet been observed, it is crucial to study the conditions under which

supersymmetry can be spontaneously broken and examined in a model-independent manner. One key

condition for supersymmetry breaking is that the theory must have a fermionic field that transforms

nonlinearly under supersymmetry, and these transformations cannot come from the background values

of auxiliary fields [93–95]. In string theory, compactifications naturally give rise to scenarios where

supersymmetry is partially broken, meaning that only part of the initial supersymmetry is broken while

others remain intact [12, 13, 17, 96–110]. This motivates the investigation of partial supersymmetry

breaking models in supergravity, which has remained an elusive subject for decades, with theorems

and counter theorems produced on this subject [93, 101, 111].

Despite its significance, partial supersymmetry breaking in supergravity has been engineered only

through on-shell models [112–115]. As mentioned earlier, it is often desirable to study supergravity

theory in an off-shell setting. One reason for the existence of only on-shell partial supersymmetry

breaking models can be traced to the choice of the conformal gravity multiplet (Weyl multiplet) used

so far. Previously, only the standard Weyl multiplet was employed, which requires either central

charges or multiplets with an infinite number of auxiliary fields to potentially lead to off-shell partial

supersymmetry breaking [29, 116–133]. These requirements are overcome with the new hyper-dilaton

Weyl multiplet of conformal supergravity [4], enabling us to construct off-shell models of partial

supersymmetry breaking in a systematic and simple manner.

The rest of the thesis is organized as follows:

Chapter 2 introduces the essential background theory and mathematical techniques necessary for

this thesis. We begin by exploring supersymmetry and its local counterpart, supergravity. Following

this, we will delve into supersymmetric multiplets and superfields in superspace, which provide

equivalent representations of the underlying supersymmetry algebra. We will then proceed to discuss

superconformal methods, which offer off-shell techniques to study supergravity theories and are central

to this thesis.

In Chapter 3, we explore the higher-derivative correction to supergravity. We start by reviewing

the definition of minimal off-shell two-derivative gauged supergravity in five dimensions. We further

present the three independent four-derivative curvature-squared invariant terms for gauged supergravity

in a standard Weyl multiplet background. We then present the derivation of the superconformal

primary equations of motion of all the curvature-squared terms for the minimal 5D gauged off-shell

supergravity based on the standard Weyl multiplet. Finally, we analyze all the descendants of these
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equations of motion.

In Chapter 4, we analyze the on-shell 5D minimal gauged supergravity theory deformed by the

three curvature-squared invariant terms found in Chapter 3. This analysis is conducted in the vector-

dilaton Weyl multiplet background. Contrary to expectations, we will see that the on-shell theory gets

deformed by all three invariants. Given that the on-shell theory has an AdS5 solution, we use these

results to compute the Weyl anomaly coefficient of the dual CFT [2] and verify it against existing

literature [134, 135].

In Chapter 5, we discuss the dilaton Weyl multiplet of conformal gravity and construct a new

multiplet of 4D N = 2 conformal supergravity, the hyper-dilaton Weyl multiplet. These multiplets

allow us to construct 4D N = 2 Poincaré supergravity by coupling the new hyper-dilaton Weyl multiplet

to an off-shell compensating vector multiplet. Using this hyper-dilaton Weyl multiplet, we explore

partial supersymmetry breaking in extended supergravity theory. Chapter 6 extends the construction

of the hyper-dilaton Weyl multiplet to other conformal supergravity theories with 8 supercharges,

specifically 5D N = 1 and 6D N = (1,0). In the five-dimensional case, we also construct a minimal 5D

Poincaré supergravity by coupling the new hyper-dilaton Weyl multiplet to an off-shell compensating

vector multiplet.

Using these new conformal supergravity multiplets, in Chapter 7, we engineer an off-shell model

that exhibits partial supersymmetry breaking from N = 2 to N = 1 in 4D supergravity with a zero

cosmological constant. This is based on the hyper-dilaton Weyl multiplet introduced in Chapter 5,

coupled to the SU(1,1)/U(1) special-Kähler sigma model in a symplectic frame admitting a holomorphic

prepotential, with one compensating and one physical vector multiplet, the latter magnetically deformed.

The chapter concludes by analyzing the on-shell theory. As a result of this breaking, some fermions in

the theory gain mass while others remain massless, indicating that only part of the supersymmetry is

broken.

In Chapter 8, we discuss the outcome of our work and highlight how they can be used in the study

of higher-derivative supergravity, gauge/gravity duality, and partial supersymmetry breaking. We

further comment on how this work can be generalized for various matter-coupled supergravity.
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Chapter 2

Background theory

In this chapter, we will introduce the necessary background theory pertinent to this thesis, including

the two superconformal methods for studying supergravity theory: the conformal superspace and the

superconformal tensor calculus. Readers already familiar with these approaches can skip this chapter

and proceed directly to Chapter 3. To avoid redundancy amongst the papers incorporated as Chapters

3, 4, 5, 6, and 7 in this thesis, some background content from those papers [1–4, 6] has been included

in this chapter, with the necessary modifications made to those papers.

2.1 Supersymmetry & Supergravity

The standard model of particle physics describes a universe invariant under the global Poincaré

algebra coupled to an internal Lie group. Supersymmetry is a theoretical framework that extends

the standard model by introducing a new type of fermionic symmetry between bosons and fermions.

This adds to the Poincaré algebra a set of new spinor generators, Qr. These generators, known as

supercharges, transform bosonic fields into fermionic fields and vice versa, thus uniting them and

viewing them as a single object: a supersymmetric multiplet.

The anti-commutator of two supercharges generates a translation (Pa) in spacetime, as expressed in

the following relation:

{Qr,Qs} ∝ (σa)rsPa . (2.1.1)

Here σa are the matrices that generate the Clifford algebra C(D− 1,1), where D is the dimension

of spacetime. The precise representation of the supercharge Qr depends on the dimension D of the

spacetime, as the spinor representation changes with the dimension. Chapter 3 of [37] provides a

detailed summary of spinor representations in different dimensions. For example, in 4 dimensions, the

supercharges are represented by Majorana spinors (Qα , Q̄α̇), and when combined with the Poincaré

algebra, it forms a closed supersymmetry algebra:

9
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[Mab,Pc] = 2η
c[aPb] , [Mab,Mcd] = 2η

c[aMb]d −2η
d[aMb]c,

{Qα , Q̄β̇
}=−2i(σa)

αβ̇
Pa,

[Mab,Qα ] = (σab)α

β
Qβ , [Mab, Q̄α̇ ] = (σ̃ab)

α̇β̇
Q̄β̇ , (2.1.2)

where all other commutators vanish and the spinor indices α, α̇ = 1,2. Therefore, we have four

supersymmetry generators Qα ,Qα̇ , which form a single spinor representation in 4D. This is the

4D, N = 1 supersymmetry algebra. In principle, there can be multiple copies of supersymmetry

generators; for instance, N-extended 4D supersymmetry will have 4N supersymmetry generators.

Supersymmetry, like most other symmetries in physics, can be global or local. Under a global

symmetry, the transformation remains the same across all points in spacetime, whereas a local

symmetry transformation can vary from point to point. Extending a global symmetry to a local one is

known as “gauging,” where a gauge field (connection) is introduced for each symmetry, propagating

the information of these transformations from one spacetime point to another. This local symmetry is

called gauged symmetry.

In Einstein’s theory of general relativity, we have a gauge field associated with each gauged

symmetry generator of the Poincaré algebra: the vielbein em
a for translations and the spin connection

ωm
ab for Lorentz transformations. The index m denotes the curved space index, while a is the local

Lorentz flat spacetime index. A tensor Ψ is said to be covariant if it transforms under local Lorentz

transformations without any derivative acting on the transformation parameter λ ab(x), according to:

δΨ = λ
ab(x)MabΨ. (2.1.3)

Now, consider taking a derivative of this covariant tensor Ψ. Since λ ab(x) is a local parameter, it’s

clear that ∂aΨ does not transform covariantly under local Lorentz transformations. To ensure that

derivatives of covariant tensors also transform covariantly, we must introduce a covariant derivative.

The covariant derivative is defined as:

Da = ea
mDm =ea

m
(

∂m − 1
2

ωm
cdMcd

)
. (2.1.4)

With this definition, one can show that the tensor ∇aΨ transforms covariantly, without any derivatives

acting on the local Lorentz transformation parameter λ ab(x). The covariant derivative ensures that

tensors are parallelly transported along curves in spacetime, preserving their transformation properties

under both general coordinate transformations and local Lorentz transformations. The covariant

derivatives satisfy the algebra

[Da,Db] = −R(P)ab
cDc −

1
2

R(M)ab
cdMcd . (2.1.5)

where R(P)ab
c and R(M)ab

cd are the curvature tensors associated with the translation and Lorentz

generators of the Poincaré algebra. In principle, the spin connection can be treated as an independent
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gauge field, however, it gets integrated out using its field equations, or equivalently, it can be fixed

from the start by imposing the torsion-free constraint:

R(P)ab
c = 0. (2.1.6)

Such a constraint is called a ‘conventional’ constraint, and it can be used to express the torsion-free

spin connection as a composite field in terms of the vielbein, as follows:

ω(e)abc =−1
2
(Cabc +Ccab −Cbca) (2.1.7)

where Cab
c = ea

meb
nCmn

c are coefficients given by Cmn
c := 2∂[men]

c. Thus, in general relativity, only

the vielbein is an independent field.

When supersymmetry is gauged, the resulting theory naturally contains gauge fields for supersym-

metry transformations, called the gravitini, and for spacetime translations, the vielbein, due to the

underlying supersymmetry algebra (2.1.1). This leads to an extension of general relativity, known as

supergravity, where bosonic fields like the vielbein are accompanied by a fermionic superpartner, the

gravitini. The vielbein and its superpartners form a multiplet, a representation of the supersymmetry

algebra.

In supersymmetric theories, elementary particles are generally organized into these multiplets,

which contain bosonic and fermionic particles as superpartners. This unique structure allows for the

cancellation of quadratic divergences, addresses the hierarchy problem, and provides a potential dark

matter candidate in the form of the supersymmetric particle. We will explore the details of these

supersymmetric multiplets in the next subsection.

2.1.1 Supersymmetric multiplets

A supersymmetric multiplet is a collection of fields that transform into one another under super-

symmetry transformations. The following operator defines these transformations:

δξ =
1
2

ξ Q+
1
2

ξ̄ Q̄ , (2.1.8)

where ξ , ξ̄ is the supersymmetry transformation parameter. As a consequence of the underlying

supersymmetry algebra (2.1.1), these local supersymmetry transformations close as follows :

[δξ ,δη ] = (ξ σ
a
η̄ −ησ

a
ξ̄ )Pa . (2.1.9)

The supersymmetric multiplets form representations of the supersymmetry algebra and can be

classified as either on-shell or off-shell. On-shell multiplets contain the minimal number of physical

fields required to represent a given supersymmetry representation, with the fields satisfying their

respective equations of motion. Off-shell multiplets, on the other hand, include additional auxiliary

fields that do not have dynamics of their own but serve to close the supersymmetry algebra without

imposing the equations of motion.

To understand the distinction between on-shell and off-shell multiplets, let’s consider the example

of the 4D N = 1 chiral multiplet. This multiplet consists of a complex scalar field φ , and a Weyl
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fermion ψ in the on-shell representation. The supersymmetry transformations for this multiplet are

given by:

δξ φ =
√

2 ξ ψ , δξ ψ =
√

2 iσa
ξ̄ ∂aφ . (2.1.10)

In the on-shell formulation, the fields φ and ψ must satisfy the following equations of motion:

∂
a
∂aφ = 0 , iσ̄a

∂aψ = 0 . (2.1.11)

These on-shell equations of motion are necessary to close the supersymmetry algebra, as expressed

in 2.1.9. As all the fields involved are physical, the on-shell representation provides a more concise

description of the supersymmetry algebra, but the construction of supersymmetric actions is more

involved, as one must ensure the closure of the algebra on-shell.

On the other hand, the off-shell chiral multiplet includes an additional complex auxiliary field F ,

which does not have its own dynamics but serves to close the supersymmetry algebra without imposing

the equations of motion on the physical fields φ and ψ . The supersymmetry transformations for the

off-shell chiral multiplet are:

δξ φ =
√

2 ξ ψ , δξ ψ =
√

2 iσa
ξ̄ ∂aφ +

√
2 ξ F , δξ F =

√
2 iξ̄ σ̄

a
∂aψ . (2.1.12)

The advantage of off-shell multiplets is that they provide a more convenient framework for

constructing supersymmetric Lagrangians and simplify calculations, as the auxiliary fields allow the

supersymmetry transformations to close without restricting the fields to satisfy their equations of

motion. This off-shell formulation is useful in the context of supergravity, where the auxiliary fields

play a crucial role in the supersymmetric completion of the usual Einstein-Hilbert scalar curvature term

(general relativity) and higher derivative curvature square correction terms. This off-shell approach to

supergravity will be used throughout the thesis.

Finally, we distinguish between the multiplet containing the graviton and its supersymmetric

partner and those containing matter fields. The multiplet that includes the graviton is called the

supergravity multiplet, while the others with matter fields are called matter multiplet.

2.1.2 Superspace and superfields

Having a formulation where symmetries are manifestly realized is advantageous as it ensures that

the symmetry is preserved at all stages. To construct a theory where supersymmetry is manifest, one

needs to extend the Minkowski spacetime by including fermionic (anticommuting) coordinates, thereby

creating a new mathematical space called superspace. This is analogous to electrodynamics where

Lorentz invariance is made manifest by extending the 3D Euclidean space to include the time direction,

creating the 4D Minkowski spacetime. This superspace approach with its manifest supersymmetry,

was first introduced by Salam and Strathdee [136].

Superspace is a generalization of the ordinary spacetime by incorporating fermionic degrees of

freedom. The idea behind superspace is to expand the standard bosonic spacetime RD by introducing
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one additional fermionic coordinate for each supersymmetry generator, creating a superspace RD|T.

Here, D denotes the number of bosonic dimensions and T denotes the number of fermionic dimensions.

As the structure of spinor representations depends on the dimension of spacetime, T depends on the

bosonic dimension D of the spacetime and the number of copies of supersymmetry.

Superspace is parametrized by local bosonic coordinates xm and fermionic (Grassmann) coordinates

θ i, collectively denoted as zM = (xm,θ i), where m = 0,1, . . . ,D−1 and i = 1,2, . . . ,T. The fermionic

coordinates θ i satisfy the anti-commutation relation {θ i,θ j}= 0 due to their Grassmann-odd nature.

In the superspace formulation, the representations of the supersymmetry algebra can be compactly

expressed using special objects called superfields. A superfield Φ(z) is an operator-valued function

defined on this superspace. Since θ is an anti-commuting Grassmann coordinate that satisfies θ 2 = 0,

any superfield Φ(z) can be expanded in a finite power series in θi:

Φ(z) = φ(x)+
N

∏
k=1

θ
i1 . . .θ ikφi1...ik(x) (2.1.13)

where φ(x), φi(x), φi j(x), and so on are the local component fields over Minkowski space that make

up a supersymmetric multiplet. Thus a superfield is a short way to denote a finite multiplet of fields.

The connection between a superfield and a multiplet can be made by applying the supersymmetry

generators Qi to the superfield and then taking the θ = 0 projection. This allows one to extract the

component fields of the supermultiplet from the superfield. Specifically, the component fields are given

by:

φ = Φ|θ=0 , φi = QiΦ|θ=0 , φi j = QiQ jΦ|θ=0 . (2.1.14)

Thus, the superfield and the multiplet are two equivalent representations of the supersymmetry algebra,

and the component fields of the multiplet can be obtained by applying the appropriate number of

supersymmetry derivatives to the superfield. This connection between superfields and component

fields forms the basis for establishing a connection between the two superconformal methods described

in the next section, where the superfields from the conformal superspace get mapped to the component

fields of the superconformal tensor calculus via projection.

2.2 Superconformal methods

Superconformal methods are powerful tools for studying Poincaré and matter-coupled Poincaré

supergravity, where the gravitational sector is coupled to matter fields. Although we aim to formulate

theories that respect the Poincaré symmetry, which are the symmetries of our observable universe, we

begin with a larger symmetry group, the superconformal group. While this approach might seem like

a detour from the desired Poincaré symmetry, this larger symmetry provides better control over the

system and provides a deeper understanding of the final Poincaré supergravity theory.

The superconformal method starts by formulating gauge theories of the superconformal algebra.

These theories include extra fields that are important in the formulation but are later eliminated to obtain
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the gauge theories of the Poincaré supersymmetry subalgebra. Some of these fields are eliminated

using curvature constraints, similar to the constraints in ordinary general relativity, which express the

Lorentz connection in terms of the vielbein. Other unwanted fields, known as compensating fields, are

eliminated through gauge fixing, a process that removes the extra symmetries. The resulting theories

are the desired matter-coupled supergravity theories with local Poincaré supersymmetry, while the

other symmetries are removed and no longer visible in the final result.

A good starting point to understand superconformal methods is the gauge equivalence principle. To

illustrate this concept, we consider an example where Poincaré gravity is constructed from a conformal

gravity theory invariant under a larger conformal symmetry group.

2.2.1 Gauge Equivalence Principle

Conformal gravity is a theory with the conformal group as its local symmetry group. The symme-

tries of the conformal group consist of translation, Lorentz, dilatation, and special conformal, generated

by Pa, Mab, D, and Ka respectively. The gauge fields for the conformal algebra are em
a, ωm

ab, bm, and

fm
a . The following table lists the generators, the corresponding gauge fields, and the gauge parameters.

Generator Pa Mab D Ka

Gauge Fields em
a ωm

ab bm fm
a

Parameters ξ a λ ab λD λ a
K

Table 2.1: Generators, their corresponding gauge fields, and parameters of the gauged conformal algebra.

The local conformal transformation except for local translation (covariant general coordinate

transformations) is defined by the following operator

δ =
1
2

λ
abMab +λDD+λ

a
KKa . (2.2.1)

The local conformal transformation of the gauge connection fields is given by

δem
a = −λDem

a +λ
a

bem
b , (2.2.2a)

δbm = ∂mλD−2λmK , (2.2.2b)

δωm
ab = ∂mλ

ab +2ωmc
[a

λ
b]c −4λ

[a
K em

b] , (2.2.2c)

δ fm
a = ∂mλ

a
K −bmλ

a
K +ωm

ab
λbK −λ

abfmb +λDfm
a . (2.2.2d)

However, similar to the case of general relativity, not all the gauge fields here describe new physical

degrees of freedom. Specifically, the spin connection and the special conformal connection can be

determined by imposing the following conventional constraints on the curvature.

R(P)ab
c = 0 , R(M)ab

cb = 0 . (2.2.3)

These constraints can be algebraically solved to give:

ωabc = ω(e)abc −2ηa[bbc] , (2.2.4a)
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fa
b =− 1

2(D−2)
R(ω)ac

bc +
1

4(D−2)(D−1)
δa

bR(ω)cd
cd , (2.2.4b)

where ω(e)abc is the torsion-free spin connection given by (2.1.7) and the curvature is given by:

Rab
cd(ω) = ea

meb
n
(

2∂[mωn]
cd −2ω[m

ce
ωn]e

d
)
. (2.2.5a)

Using a scalar field φ that transforms under local conformal transformation as,

δφ = λDφ , (2.2.6)

one can write down the following action which is invariant under local conformal transformation

S =
∫

d4xeφ∇
a
∇aφ . (2.2.7)

Where we have introduced the conformal covariant derivative (∇a)

∇a = ea
m

∂m − 1
2

ωa
bcMbc −baD− fa

bKb , (2.2.8)

to ensure that the action transforms covariantly under conformal transformations. We choose the

gauge φ = 1 and bm = 0 to fix dilatation and special conformal symmetry. To preserve these gauge

conditions, the transformations (2.2.6) and (2.2.2b) imply that λD ≡ 0 and λ K
m ≡ 0, thus breaking the

dilatation and special conformal symmetry. As the matter field φ is required to compensate for the

dilatation symmetry, it is known as the compensator field. The gauge fixed action becomes

S =
∫

d4xeφ∇
a
∇aφ

Gauge fix φ=1−−−−−−−−→
bm = 0

S ∝

∫
d4xeR , (2.2.9)

which is the usual Einstein-Hilbert action for gravity and is invariant under the leftover local translations

and Lorentz transformation. Thus we have constructed a Poincaré gravity theory as a broken conformal

gravity theory.

We are now ready to generalize the gauge equivalence principle to construct the action for super-

gravity. We start with superconformal gravity, which by definition is a theory with the superconformal

group as its local symmetry group. The symmetries of the superconformal group consist of translation,

Lorentz, Supersymmetry, dilatation, R-symmetry, S-supersymmetry, and special conformal, generated

by Pa, Mab, Q, D, JR, S, and Ka respectively. Among these, R-symmetry is an internal symmetry

that commutes with Lorentz transformations and translations but not with the supersymmetry gen-

erators, and it organizes the supersymmetry generators into representations of the symmetry group.

S-supersymmetry, which can be thought of as the supersymmetric counterpart of special conformal

transformations, complements the ordinary supersymmetry transformations. Both these symmetries

are required to close the superconformal algebra. Through gauging, we can promote these symmetries

to become local. A direct approach that has been used since the 1990s is to gauge these symmetries

in ordinary spacetime, leading to the Superconformal tensor calculus methods, also known as the

component approach to supergravity.

A newer approach is to gauge the superconformal symmetries in superspace, thereby creating a

conformal superspace formulation. This conformal superspace method is particularly advantageous
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because it manifestly preserves superconformal covariance. However, it has some limitations, such

as it lacks a prepotential formulation for the supercurrent multiplet in certain supergravity theories.

Therefore, it is essential to have both the superconformal tensor calculus and the conformal superspace

techniques available.

In the following subsections, we provide a broad overview of both the methods for general

supergravity theories followed by some specific examples and demonstrate their equivalence.

2.2.2 Superconformal tensor calculus

As previously mentioned, the superconformal method begins by formulating gauge theories of the

superconformal algebra. In the superconformal tensor calculus approach to supergravity, we construct

superconformal gravity by gauging the superconformal algebra in ordinary spacetime. The following

table lists the generators of the superconformal algebra, along with their corresponding gauge fields

and parameters:

Generators Pa Mab D Ka Q S JR

Gauge Fields em
a ωm

ab bm fm
a ψm φm φm

R

Parameters ξ a λ ab λD Λa
K ξ η λR

Table 2.2: Generators, their corresponding gauge fields, and parameters of the gauged superconformal algebra.

Here, Pa, Mab, D, and Ka are the generators of the conformal group, while Q and S are the supersym-

metry generators. The inclusion of the S supersymmetry generator is necessary to close the algebra.

JR is the R-symmetry generator. The precise representation of Q, S, and JR generator depends on the

dimension of the spacetime. The collection of gauge fields associated with gauging the superconformal

algebra includes the vielbein and its supersymmetric partner, thus forming a supersymmetric multi-

plet of superconformal gravity. The gauge connections then describe the covariant superconformal

derivative:

∇a = ea
m

∇m = ea
m
(

∂m − 1
2ψmQ− 1

2ωm
cdMcd −φm

RJR −bmD− 1
2φmS− fm

cKc

)
. (2.2.10)

Just like general relativity not all of these gauge fields describe new physical degrees of freedom. The

spin connection, the S− supersymmetry connections, and the special conformal connection are all

composite connections and can be algebraically determined by imposing the conventional constraints

on the curvature.

It is easy to see that this gauge connection multiplet has an unequal number of bosonic and fermionic

degrees of freedom, which is not allowed in a supersymmetric theory. We will demonstrate an explicit

mismatch in the counting of degrees of freedom when considering some particular examples in the

coming sections. One way to resolve this mismatch is by imposing equations of motion to eliminate

some of the gauge freedoms, leading to an on-shell gauging of the superconformal group. However,

the obvious disadvantage of this type of gauging is that the action becomes constrained, as it must

reproduce these equations of motion. Another way to tackle this mismatch is by introducing auxiliary
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degrees of freedom, which balance out the mismatch and allow the algebra of the transformations

to close off-shell. These new fields are called auxiliary because they do not have a kinetic term

contribution to the action and, therefore, are non-propagating. This approach results in an off-shell

gauging of the superconformal group, and its representation forms an off-shell conformal supergravity

multiplet, known as the Weyl multiplet. One particular such representation is known as the standard

Weyl mulitplet.

Finally, before we move on to specific superconformal gravity theories, let us discuss how Poincaré

supergravity can be constructed as a broken superconformal gravity theory. Recall that to build

Poincaré gravity, we coupled the conformal gravity theory with a compensator field to gauge fix

the dilatation symmetry. Similarly, to construct Poincaré supergravity, we couple the standard Weyl

multiplet to compensating matter multiplets. Assuming these multiplets have enough degrees of

freedom, they are used to gauge fix the dilatation, S−supersymmetry, and R−symmetries. The special

conformal symmetry is always fixed by setting the dilatation gauge field bm = 0. This leads to an

off-shell Poincaré supergravity theory which after the elimination of auxiliary fields results in on-shell

Poincaré supergravity.

We will now explore specific examples of gauging the superconformal algebra in spacetime,

focusing on 4D N = 2, 5D N = 1, and 6D N = (1,0) supergravity theories that have eight real

supercharges.

4D N = 2 standard Weyl multiplet

The standard Weyl multiplet of 4D N = 2 conformal supergravity is associated with the local

off-shell gauging in space-time of the superconformal group SU(2,2|2) [137], see also [138–141]

and [37, 38] for reviews. Our notations and conventions follow those in [36] and are summarized in

appendix A. The following table lists the generators of the superconformal group SU(2,2|2), their

corresponding gauge fields, and parameters.

Generators Pa Mab D Ka Qi
α , Q̄

α̇
i Si

α , S̄
α̇
i Y Ji j

Gauge Fields em
a ωm

ab bm fm
a ψm

α
i , ψ̄m

i
α̇

φm
α
i , φ̄m

i
α̇

Am φm
i j

Parameters ξ a λ ab λD λ a
K ξ α

i , ξ̄ i
α̇

ηα
i , η̄

i
α̇

λY λ i j

Table 2.3: Generators of the 4D N = 2 superconformal algebra, their corresponding gauge fields, and parameters.

The gauge connections then describe the locally superconformal covariant derivative:

∇a = ea
m

∇m =ea
m
(

∂m − 1
2

ψm
α
i Qi

α − 1
2

ψ̄m
i
α̇Q̄α̇

i − 1
2

ωm
cdMcd −φm

i jJi j

−bmD− iAmY − 1
2

φm
α
i Si

α − 1
2

φ̄m
i
α̇ S̄α̇

i − fm
cKc

)
. (2.2.11)

The covariant derivatives satisfy the algebra

[∇a,∇b] = −R(P)ab
c
∇c −R(Q)ab

α
i Qi

α −R(Q̄)ab
i
α̇Q̄α̇

i − 1
2

R(M)ab
cdMcd −R(D)abD

−iR(Y )abY −R(J)ab
klJkl −R(S)ab

i
αSα

i −R(S̄)ab
α̇
i S̄i

α̇ −R(K)abcKc . (2.2.12)
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As previously mentioned, just like general relativity not all of these gauge fields describe new

physical degrees of freedom. The only independent gauge connections now consist of the vielbein em
a;

a dilatation connection bm; the gravitino (ψm
α
i , ψ̄m

i
α̇
), associated with the gauging of Q-supersymmetry;

a U(1)R gauge field Am; and SU(2)R gauge fields φm
i j = φm

ji. By a simple counting argument, see table

2.4, one can see that these independent gauge connections contribute 17+16 degrees of freedom to

the multiplet. Having an unequal number of bosonic and fermionic degrees of freedom is not allowed

in a supersymmetric theory. To resolve this issue, together with the independent gauge connections,

the standard Weyl multiplet includes a set of covariant matter fields that are necessary to close the local

superconformal algebra off-shell: an anti-symmetric real tensor Wab =W+
ab +W−

ab, which decomposes

into its imaginary-(anti-)self-dual components W±
ab; a real scalar field D; and fermions (Σαi, Σ̄α̇i).

Together with these matter fields, the gauge connections make a 24+24 standard Weyl multiplet

of conformal gravity. Table 2.4 summarises the counting of degrees of freedom, underlining the

symmetries acting on the fields.

em
a ωm

ab bm fm
a φm

i j Am ψm
α
i , ψ̄m

i
α̇

φm
α
i , φ̄m

i
α̇

Wab Σαi, Σ̄α̇i D
16B 0 4B 0 12B 4B 32F 0 6B 8F 1B
Pa Mab D Ka Ji j Y Qi

α , Q̄
α̇
i Si

α , S̄
α̇
i

−4B −6B −1B −4B −3B −1B −8F −8F
Result: 17+16 dof 7+8 dof

Table 2.4: Degrees of freedom and symmetries of the 4D N = 2 standard Weyl multiplet. Row one gives all the fields in
the multiplet. Row two gives the number of independent components of these fields – composite connections are counted
with zero degrees of freedom. Row three gives the gauge symmetries. Row four gives the number of gauge degrees of
freedom to be subtracted when counting the total degrees of freedom. Row five gives the resulting number of degrees of
freedom.

It is also useful to list the non-trivial conjugation properties

(ψm
α
i )

∗ = ψ̄m
α̇i , (φm

i
α)

∗ = φ̄mα̇i , (φm
i j)∗ = φmi j , (Σαi)∗ = Σ̄α̇

i , (2.2.13a)

(R(Q)ab
α
i )

∗ = R(Q̄)ab
α̇i , (R(S)ab

i
α)

∗ = R(S̄)abα̇i , (R(J)ab
kl)∗ = R(J)abkl , (2.2.13b)

while all the other fields and curvatures are real.

The spin connection, the S− supersymmetry connections, and the special conformal connection are

all composite connections and can be algebraically determined by imposing the following conventional

constraints on the curvature. There is a large freedom in the choice of conventional constraints, here

we adopt the conventional constraints used in [26] adapted to our conventions. They are given by

R(P)ab
c = 0 , (2.2.14a)

R(Q)ab jσ
b = −3

4
Σ jσa , R(Q̄)ab

j
σ̃

b =
3
4

Σ̄
j
σ̃a , (2.2.14b)

R(M)c
acb = R(D)ab +3ηabD−η

cdW−
acW+

bd , (2.2.14c)

where the spinor indices are suppressed and follow the convention defined in eq. (A.1.2): undotted

indices obey the up-down contraction convention, while dotted indices obey the down-up contraction

convention.
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The composite Lorentz and S-supersymmetry connections are respectively

ωabc = ω(e)abc −2ηa[bbc]−
i
2
(
ψa jσ[bψ̄c]

j +ψ[b jσc]ψ̄a
j +ψ[b jσ|a|ψ̄c]

j) , (2.2.15)

and

φm
j
β

=
i
4

(
σ

bc
σm − 1

3
σmσ̃

bc
)

ββ̇

Ψbc
β̇ j +

1
3

W−
mbψ

b j
β
− 1

3
W−

mb(σ
bc

ψc
j)β +

i
4
(σmΣ̄

j)β ,(2.2.16a)

φ̄m
β̇

j =
i
4

(
σ̃

bc
σ̃m − 1

3
σ̃mσ

bc
)β̇β

Ψbcβ j −
1
3

W+
mbψ̄

bβ̇

j +
1
3

W+
mb(σ̃

bc
ψ̄c j)

β̇ − i
4
(σ̃mΣ j)

β̇ .(2.2.16b)

The field ω(e)abc is the torsion-free Lorentz connection given by (2.1.7), while the fields
(
Ψab

γ

k, Ψab
k
γ̇

)
are the gravitini field strengths

Ψab
γ

k = 2ea
meb

nD[mψn]
γ

k , Ψab
k
γ̇ = 2ea

meb
nD[mψ̄n]

k
γ̇ , (2.2.17)

where we have introduced the spin, dilatation, and R−symmetry covariant derivative Da

Da = ea
mDm = ea

m
(

∂m − 1
2

ωm
cdMcd −φm

i jJi j − iAmY −bmD
)
. (2.2.18)

Note that
(
R(Q)ab

γ

k, R(Q̄)ab
k
γ̇

)
are the Q-supersymmetry curvatures and satisfy

R(Q)ab
γ

k =
1
2

Ψab
γ

k − i(φ̄[ak σ̃b])
γ +

i
4
(ψ̄[a kσ̃b]σ

cd)γW+
cd , (2.2.19a)

R(Q̄)ab
k
γ̇ =

1
2

Ψab
k
γ̇ − i(φ[a

k
σb])γ̇ −

i
4
(ψ[a

k
σb]σ̃

cd)γ̇W−
cd , (2.2.19b)

while R(Y )ab and R(J)ab
kl are

R(Y )ab = 2ea
meb

n
∂[mAn]−

i
2

ψ[a jφb]
j +

i
2

ψ̄[a
j
φ̄b] j +

3
8

ψ[a jσb]Σ̄
j +

3
8

ψ̄[a
j
σ̃b]Σ j , (2.2.20a)

R(J)ab
kl = 2ea

meb
n
∂[mφn]

kl −2φa
(k

pφb
l)p +2ψ[a

(k
φb]

l)−2ψ̄[a
(k

φ̄b]
l)

−3i
2

ψ[a
(k

σb]Σ̄
l)− 3i

2
ψ̄[a

(k
σ̃b]Σ

l) . (2.2.20b)

Note that, here we have provided only the relevant curvatures, however, for more details on supercon-

formal curvatures, we refer the reader to [26, 41, 137]. Although, we do not present the expression for

the composite special conformal connection fma, the trace is given by

fa
a = ea

mfm
a = − 1

12
R+D− 1

24
ε

mnpq(ψ̄ j
mσ̃nDpψq j)+

1
24

ε
mnpq(ψm jσnDpψ̄q

j)

− i
8

ψa jσ
a
Σ̄

j +
i
8

ψ̄a
j
σ̃

a
Σ j −

1
12

W ab+(ψ̄a
j
ψ̄b j)+

1
12

W ab−(ψa jψb
j) ,(2.2.21)

where R = ea
meb

nRmn
ab is the scalar curvature constructed from the Lorentz curvature

Rmn
cd = 2∂[mωn]

cd −2ω[m
ce

ωn]e
d . (2.2.22)

Also, recall that the spin connection ωm
cd is a composite field of the vielbein, the gravitini, and the

dilatation connection, eq. (2.2.15).



20 CHAPTER 2. BACKGROUND THEORY

In presenting the multiplet we restrict to all local superconformal transformations except local

translations (covariant general coordinate transformations). Such transformations are identified by δ

and defined by the following operator

δ = ξ
α
i Qi

α + ξ̄
i
α̇Q̄α̇

i +
1
2

λ
abMab +λ

i jJi j +λDD+ iλYY +λaKa +η
i
αSα

i + η̄
α̇
i S̄i

α̇ . (2.2.23)

The local superconformal transformation of the fundamental fields of the standard Weyl multiplet are

then given by

δem
a = iξiσ

a
ψ̄m

i + i ξ̄
i
σ̃

a
ψmi −λDem

a +λ
a

bem
b , (2.2.24a)

δψm
α
i =

(
2∂mξ

α
i +ωm

ab(ξiσab)
α +2φmi

j
ξ

α
j +2iAmξ

α
i +bmξ

α
i

)
− i

2
(ξ̄iσ̃mσ

cd)αW+
cd

−1
2

λ
ab(ψmiσab)

α −λi
j
ψm

α
j − iλY ψm

α
i − 1

2
λDψm

α
i +2i(η̄iσ̃m)

α , (2.2.24b)

δψ̄m
i
α̇ =

(
2∂mξ̄

i
α̇ +ωm

ab(ξ̄ i
σ̃ab)α̇ −2φm

i
jξ̄

j
α̇
−2iAmξ̄

i
α̇ +bmξ̄

i
α̇

)
+

i
2
(ξ i

σmσ̃
cd)α̇W−

cd

−1
2

λ
ab(ψ̄m

i
σ̃ab)α̇ +λ

i
j ψ̄m

j
α̇
+ iλY ψ̄m

i
α̇ − 1

2
λ
D

ψ̄m
i
α̇ +2i(η i

σm)α̇ , (2.2.24c)

δφm
i j =

(
∂mλ

i j −2φm
(i

kλ
j)k
)
+

3i
2

ξ
(i

σmΣ̄
j)+

3i
2

ξ̄
(i

σ̃mΣ
j)−φm

(i
ξ

j)+ φ̄m
(i

ξ̄
j)

+2ψm
(i

η
j)−2ψ̄m

(i
η̄

j) , (2.2.24d)

δAm = ∂mλY − 3
8

ξiσmΣ̄
i − 3

8
ξ̄

i
σ̃mΣi +

i
2

ξiφm
i − i

2
ξ̄

i
φ̄mi −

i
2

ψmiη
i +

i
2

ψ̄m
i
η̄i , (2.2.24e)

δbm = ∂mλD− 3i
4

ξiσmΣ̄
i +

3i
4

ξ̄
i
σ̃mΣi +ξiφm

i + ξ̄
i
φ̄mi −ψmiη

i − ψ̄m
i
η̄i −2λmK , (2.2.24f)

δWab = −4ξkR(Q)ab
k −4ξ̄

kR(Q̄)abk −2λ[a
cWb]c +λDWab −2iλYW+

ab +2iλYW−
ab , (2.2.24g)

δD = −iξ k
σ

a
∇aΣ̄k − iξ̄kσ̃

a
∇aΣ

k +2λDD , (2.2.24h)

δΣ
αi = ξ

αiD+
4i
3
(ξ i

σ
ab)αR(Y )ab +

2
3
(ξ jσ

ab)αR(J)ab
ji − i

3
(ξ̄ i

σ̃
a
σ

cd)α
∇aW+

cd

−1
2

λ
ab(Σi

σab)
α +λ

i
jΣ

α j +
3
2

λDΣ
αi − iλY Σ

αi +
2
3
(η i

σ
cd)αW+

cd , (2.2.24i)

δ Σ̄α̇i = −ξ̄α̇iD+
4i
3
(ξ̄iσ̃

ab)α̇R(Y )ab +
2
3
(ξ̄ j

σ̃
ab)α̇R(J)ab ji −

i
3
(ξiσ

a
σ̃

cd)α̇∇aW−
cd

−1
2

λ
ab(Σ̄iσ̃ab)α̇ −λi

j
Σ̄α̇ j +

3
2

λDΣ̄α̇i + iλY Σ̄α̇i +
2
3
(η̄iσ̃

cd)α̇W−
cd , (2.2.24j)

where

∇aWbc = DaWbc +2ψakR(Q)bc
k +2ψ̄a

kR(Q̄)bck , (2.2.25a)

∇aΣ
αi = DaΣ

αi − 1
2

ψa
αiD− 2i

3
(ψa

i
σ

cd)αR(Y )cd −
1
3
(ψa jσ

cd)αR(J)cd
ji

+
i
6
(ψ̄a

i
σ̃

b
σ

cd)α
∇bW+

cd +(φa
i
σ

cd)α W+
cd , (2.2.25b)

∇aΣ̄α̇i = DaΣ̄α̇i +
1
2

ψ̄aα̇iD− 2i
3
(ψ̄aiσ̃

cd)α̇R(Y )cd −
1
3
(ψ̄a

j
σ̃

cd)α̇R(J)cd ji

+
i
6
(ψaiσ

b
σ̃

cd)α̇∇bW−
cd +(φ̄aiσ̃

cd)α̇ W−
cd , (2.2.25c)

where the spinor indices are suppressed following the convention defined in eq. (A.1.2).
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We stress that the transformations (2.2.24) form an algebra that closes off-shell on a local extension

of SU(2,2|2). We will not need the explicit form of the algebra here, though it can be straightforwardly

derived from results of [137] and [26, 41]. To conclude this subsection, for convenience, we include

Table 2.5 which summarises the non-trivial chiral and dilatation weights of the fields and local gauge

parameters of the standard Weyl multiplet.

em
a ψmi, ξi ψ̄m

i, ξ̄ i φm
i, η i φ̄mi, η̄i fmc W+

ab W−
ab Σi Σ̄i D

D −1 −1/2 −1/2 1/2 1/2 1 1 1 3/2 3/2 2
Y 0 −1 1 1 −1 0 −2 2 −1 1 0

Table 2.5: Summary of the non-trivial dilatation and chiral weights in the standard Weyl multiplet.

5D N = 1 standard Weyl multiplet

The standard Weyl multiplet of 5D, N = 1 conformal supergravity is associated with the local off-

shell gauging in space-time of the superconformal group F2(4). Our notations and conventions follow

those in [3, 29], see also appendix B. The following table lists the generators of the superconformal

group F2(4), their corresponding gauge fields, and parameters.

Generators Pa Mab D Ka Qi
α Si

α Ji j

Gauge Fields em
a ωm

ab bm fm
a ψm

α
i φm

α
i φm

i j

Parameters ξ a λ ab λD λ a
K ξ α

i ηα
i λ i j

Table 2.6: Generators of the 5D N = 1 superconformal algebra, their corresponding gauge fields, and parameters.

The gauge connections then describe the locally superconformal covariant derivative:

∇a = ea
m

∇m =ea
m
(

∂m − 1
2

ψm
α
i Qi

α − 1
2

ωm
cdMcd −φm

i jJi j −bmD− 1
2

φm
α
i Si

α − fm
cKc .

)
(2.2.26)

The covariant derivatives satisfy the algebra

[∇a,∇b] = −R(P)ab
c
∇c −R(Q)ab

α
i Qi

α − 1
2

R(M)ab
cdMcd −R(D)abD

−R(J)ab
klJkl −R(S)ab

i
αSα

i −R(K)abcKc . (2.2.27)

Similar to the previous case the off-shell gauging of the 5D N = 1 superconformal algebra leads

to a 32+32 standard Weyl multiplet. The following table 2.7 summarises the counting of degrees of

freedom, underlining the symmetries acting on the fields.

em
a ωm

ab bm fm
a φm

i j ψmi φm
i Wab χ i D

25B 0 5B 0 15B 40F 0 10B 8F 1B
Pa Mab D Ka Ji j Q S
−5B −10B −1B −5B −3B −8F −8F

Result: 21+24 dof 11+8 dof

Table 2.7: Degrees of freedom and symmetries of the 5D N = 1 standard Weyl multiplet.



22 CHAPTER 2. BACKGROUND THEORY

The component curvatures turn out to obey “traceless” conventional constraints [29]

R(P)ab
c = 0 , (Γa)α

β R(Q)ab
i
β
= 0 , R(M)ab

cb = 0 , (2.2.28)

which allow us to solve for the composite connections as follows:

ωabc = ω(e)abc +
i
4
(ψakΓcψb

k +ψckΓbψa
k −ψbkΓaψc

k)+2b[bηc]a , (2.2.29a)

iφm
i =

2
3
(Γ[p

δm
q]+

1
4

ΓmΣ
pq)
(
D[pψq]

i +
1
8

Wcd
(
3Σ

cd
Γ[pψq]

i −Γ[pΣ
cd

ψq]
i)) , (2.2.29b)

fa
b =−1

6
R(ω)ac

bc +
1

48
δa

bR(ω)cd
cd − i

6
ψc jΓ

[bR(Q)a
c] j − i

12
ψc jΓaR(Q)bc j

+
1
3

ψ[a jΣ
bd

φd]
j − 1

24
δa

b(ψc jΣ
cd

φd
j)− 2i

3
(ψa jΓ

b
χ

j)

− i
12

ψa jψc
jW bc +

i
24

(ψa jΓeψd
j)W̃ bde

+
i

192
δa

b
(

2(ψc jψd
j)W cd − (ψc jΓeψd

j)W̃ cde
)
, (2.2.29c)

where ω(e)abc is the torsion-free spin connection. The spinor indices are suppressed, and in 5D, we fol-

low the up-down contraction convention for spinor indices. For example, ψakΓcψb
k := ψα

ak(Γc)α
β ψb

k
β

.

We have also defined

W̃abc =
1
2

εabcdeW de . (2.2.30)

Note that the curvatures now satisfy

R(P)ab
c = 2ea

meb
nD[men]

c − i
2

ψa jΓ
c
ψb

j , (2.2.31a)

R(Q)ab
i
α = ea

meb
nD[mψn]

i
α + i(Γ[aφb]

i)α

+
1
8

Wcd

(
3(Σcd

Γ[a)α
β − (Γ[aΣ

cd)α
β

)
ψb]

i
β
, (2.2.31b)

R(M)ab
cd = R(ω)ab

cd +8δ[a
[cfb]

d]−2ψ[a jΣ
cd

φb]
j

+
16i
3

δ[a
[c

ψb]iΓ
d]

χ
i − iψ[ai

(
Γb]R(Q)cdi +2Γ

[cR(Q)b]
d]i
)

+
i
2

ψa jψb
jW cd − i

4
(ψa jΓeψb

j)W̃ cde , (2.2.31c)

R(J)ab
i j = R(φ)ab

i j −3ψ
(i
[aφb]

j)−8iψ
(i
[aΓb]χ

j) , (2.2.31d)

R(D)ab = 2ea
meb

n
∂[mbn]+4 f[ab]+ψ[a jφb]

j +
8i
3

ψ[a jΓb]χ
j . (2.2.31e)

In the above we have introduced the spin, dilatation, and SU(2)R covariant derivative

Dm = ∂m − 1
2

ωm
bcMbc −bmD−φm

i jJi j , Da = ea
mDm , (2.2.32)

along with the curvatures

R(ω)ab
cd := 2ea

meb
n
(

∂[mωn]
cd −2ω[m

ce
ωn]e

d
)
, (2.2.33a)

R(φ)ab
i j := 2ea

meb
n
(

∂[mφn]
i j +φ[m

k(i
φ

j)
n]k

)
. (2.2.33b)
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The curvature R(D)ab now vanishes due to eqs. (2.2.29). We stress that in the traceless frame φm
i has

no dependence upon the matter field χ i and fa
b has no dependence upon D. This choice minimises the

dependence of the covariant derivatives upon some matter “auxiliary” fields and will simplify part of

the analysis in the coming sections.

The local superconformal transformations except for local translations (covariant general coordinate

transformations) are defined by the following operator

δ = ξ
α
i Qi

α +
1
2

λ
abMab +λ

i jJi j +λDD+λ
aKa +η

αiSαi . (2.2.34)

The local superconformal transformations of the independent connection fields of the standard Weyl

multiplet are given by [29]

δem
a = i(ξiΓ

a
ψm

i)−λDem
a +λ

a
bem

b , (2.2.35a)

δψm
i
α = 2Dmξ

i
α − 1

4
Wcd

(
(ΓmΣ

cd)α
β −3(Σcd

Γm)α
β

)
ξ

i
β
+2i(Γmη

i)α

+
1
2

λ
ab(Σabψm

i)α +λ
i
j ψm

j
α − 1

2
λDψm

i
α , (2.2.35b)

δφm
i j = ∂mλ

i j −2φm
(i

kλ
j)k +3ξ

(i
φm

j)−3η
(i

ψm
j)+8iξ (i

Γmχ
j) , (2.2.35c)

δbm = ∂mλD− 8i
3

ξiΓmχ
i −ξiφm

i −ψm
i
ηi −2λmK . (2.2.35d)

In like fashion, one can derive the transformations δωm
ab,δφmα

i, and δ fma, which we omit since these

fields are composite. For the covariant matter fields, the transformations are given by [29]

δWab = 2iξiR(Q)ab
i − 32i

3
ξiΣabχ

i −2λ[a
cWb]c +λDWab , (2.2.35e)

δ χ
αi =

1
2

ξ
αiD− 1

16
(ξ jΣ

ab)αR(J)ab
i j − 3

128
(∇aWbc)

(
3(ξ i

Γ
a
Σ

bc)α +(ξ i
Σ

bc
Γ

a)α

)
+

3
256

WabWcdε
abcde(ξ i

Γe)
α +

3i
16

(η i
Σ

ab)αWab

−1
2

λ
ab(χ i

Σab)
α +λ

i
jχ

α j +
3
2

λDχ
αi , (2.2.35f)

δD = 2iξiΓ
a
∇aχ

i + iWab(ξiΣ
ab

χ
i)+2ηiχ

i +2λDD , (2.2.35g)

where

∇aWbc = DaWbc − iψaiR(Q)bc
i +

16i
3

ψaiΣbcχ
i , (2.2.36a)

∇aχ
αi = Daχ

αi − 1
4

ψa
αiD− 3i

32
(φa

i
Σ

bc)αWbc +
1

32
(ψa jΣ

bc)αR(J)bc
i j

+
3

256
(∇bWcd)

(
3(ψa

i
Γ

b
Σ

cd)α +(ψa
i
Σ

cd
Γ

b)α

)
− 3

512
WbcWdeε

bcde f (ψa
i
Γ f )

α .(2.2.36b)

We stress that the transformations (2.2.35) form an algebra that closes off-shell on a local extension

of F2(4). We will not need the explicit form of the algebra here, though it can be straightforwardly

derived from results of [137] and [26, 41]. To conclude this subsection, for convenience, we include

Table 2.8 which summarises the non-trivial dilatation weights of the fields and local gauge parameters

of the standard Weyl multiplet.
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em
a ψmi, ξi φm

i, η i fmc Wab χ i D
D −1 −1/2 1/2 1 1 3/2 2

Table 2.8: Summary of the non-trivial dilatation and chiral weights in the standard Weyl multiplet.

6D N = (1,0) standard Weyl multiplet

The standard Weyl multiplet of 6D N = (1,0) conformal supergravity [89] contains 40+ 40

physical components, and is associated with the gauging of the superconformal algebra OSp(6,2|1).
Our notations and conventions follow those in [69], see also appendix C. The following table lists the

generators of the superconformal group OSp(6,2|1), their corresponding gauge fields, and parameters.

Generators Pa Mab D Ka Qi
α Si

α Ji j

Gauge Fields em
a ωm

ab bm fm
a ψm

α
i φm

α
i φm

i j

Parameters ξ a λ ab λD λ a
K ξ α

i ηα
i λ i j

Table 2.9: Generators of the 5D N = 1 superconformal algebra, their corresponding gauge fields, and parameters.

The component gauge connections can now be used to define the locally superconformal covariant

derivative ∇a

∇a = ea
m

∇m =ea
m(

∂m − 1
2

ψm
α
i ∇

i
α − 1

2
ωm

cdMcd −φm
i jJi j −bmD− 1

2
φm

i
αSα

i − fmaKa) . (2.2.37)

This satisfies the algebra

[∇a,∇b] = −R(P)ab
c
∇c −R(Q)ab

α
i Qi

α − 1
2

R(M)ab
cdMcd −R(J)ab

klJkl

−R(D)abD−R(S)ab
i
γSγ

i −R(K)ab
cKc . (2.2.38)

Similar to the previous case the off-shell gauging of the 6D N = (1,0) superconformal algebra leads

to a 40+40 standard Weyl multiplet. The following table 2.10 summarises the counting of degrees of

freedom, underlining the symmetries acting on the fields.

em
a ωm

ab bm fm
a φm

i j ψmi φm
i T−

abc χ i D
36 0 6B 0 18B 48F 0 10B 8F 1B
Pa Mab D Ka Ji j Q S
−6B −15B −1B −6B −3B −8F −8F

Result: 29+32 dof 11+8 dof

Table 2.10: Degrees of freedom and symmetries of the 6D N = (1,0) standard Weyl multiplet.

The component curvatures turn out to obey “traceless” conventional constraints [32]

R(P)ab
c =0 , γ

bR(Q)abi = 0 , R(M)ab
cb = 0 . (2.2.39)

The constraints (2.2.39) can be solved for the composite connections as follows:

ωabc = ω(e)abc −2ηa[bbc]−
i
4

ψb
k
γaψck −

i
2

ψa
k
γ[bψc]k , (2.2.40a)
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φm
k =

i
16

(
γ

bc
γm − 3

5
γmγ̃

bc
)(

Ψbc
k +

1
12

T−
de f γ̃

de f
γ[bψc]

k
)
, (2.2.40b)

fa
b = −1

8
Ra

b(ω)+
1

80
δ

b
a R(ω)+

1
8

ψ[a jγ
bc

φc]
j − 1

80
δ

b
a ψc jγ

cd
φd

j

+
i

16
ψc jγaR(Q)bc j +

i
8

ψc jγ
[bR(Q)a

c] j +
i

60
ψa jγ

b
χ

j

+
i

16
ψa

j
γcψd j T−bcd − i

160
δ

b
a ψc

j
γdψe j T−cde . (2.2.40c)

where R(ω) := Rab
ab(ω) is the scalar curvature and Ra

b(ω) := Rac
bc(ω) is the Ricci curvature. The

spinor indices are suppressed, and obey the contraction convention as defined in [69]. The field ω(e)abc

is the torsion-free Lorentz connection, while the field Ψab
γ

k is the gravitini field strengths

Ψab
γ

k = 2ea
meb

nD[mψn]
γ

k , (2.2.41)

where Dm is the spin, dilatation, and SU(2)R covariant derivative

Dm = ∂m − 1
2

ωm
bcMbc −bmD−φm

i jJi j , Da = ea
mDm , (2.2.42)

It is important to emphasise that in the traceless frame the composite connection φm
k does neither

depend on χ and nor on D, however, the composite connection fa
b has a dependence on χ .

Note that the curvatures now satisfy

R(P)ab
c = 2ea

meb
nD[men]

c +
i
2

ψ[a jγ
c
ψb]

j , (2.2.43a)

R(Q)abk =
1
2

Ψabk + iγ̃[aφb]k +
1
24

T−
cdeγ̃

cde
γ[aψb]k , (2.2.43b)

R(D)ab = 2ea
meb

n
∂[mbn]+4f[ab]+ψ[a

i
φb]i +

i
15

ψ[a
j
γb]χ j , (2.2.43c)

R(M)ab
cd = Rab

cd(ω)+8δ
[c
[a fb]

d]+ iψ[a jγb]R(Q)cd j +2iψ[a jγ
[cR(Q)b]

d] j

−ψ[a jγ
cd

φb]
j − 2i

15
δ
[c
[a ψb] jγ

d]
χ

j +
i
2

ψ[a
j
γ

e
ψb] j T−

e
cd , (2.2.43d)

R(J)ab
kl = Rab

kl(φ)+4ψ[a
(k

φb]
l)+

4i
15

ψ[a
(k

γb]χ
l) , (2.2.43e)

where the curvature

Rab
cd := Rab

cd(ω) = ea
meb

n
(

2∂[mωn]
cd −2ω[m

ce
ωn]e

d
)
, (2.2.44a)

Rab
kl := Rab

kl(φ) = ea
meb

n
(

2∂[mφn]
kl +2φ[m

p(k
φn]p

l)
)
. (2.2.44b)

In components, the local superconformal transformations, except covariant general coordinate

transformations, are identified by the following operator δ

δ = ξ
α
i Qi

α +
1
2

λ
abMab +λ

i jJi j +λDD+λaKa +η
i
αSα

i . (2.2.45)

The local superconformal transformations of the independent fields of the standard Weyl multiplet are

given by

δem
a = −iξiγ

a
ψm

i +λ
a

bem
b −λDem

a , (2.2.46a)
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δψm
α
i = 2Dmξ

α
i − 1

12
(ξiγmγ̃

abc)αT−
abc +

1
4

λ
ab(ψmiγab)

α

−λi
j
ψm

α
j −

1
2

λDψm
α
i −2i(ηiγ̃m)

α , (2.2.46b)

δφm
kl = −4ξ

(k
φm

l)− 4i
15

ξ
(k

γmχ
l)+∂mλ

kl −2φm
(k

iλ
l)i −4η

(k
ψm

l) , (2.2.46c)

δbm =
i

15
ξiγmχ

i +ξiφm
i +∂mλD−ψm

i
ηi −2λmK , (2.2.46d)

δT−
abc = − i

8
ξ

k
γ

e f
γabcR(Q)e f k −

2i
15

ξiγabcχ
i −3λ

e
[aT−

bc]e +λDT−
abc , (2.2.46e)

δ χ
αi =

1
2

ξ
αiD+

3
4

R(J)ab
i j(ξ jγ

ab)α − 1
4
(ξ i

γ
a
γ̃

bcd)α
∇aT−

bcd +
1
4

λ
cd(χ i

γcd)
α

+λ
i
jχ

α j +
3
2

λDχ
αi + i(η i

γ̃
abc)αT−

abc , (2.2.46f)

δD = −2iξiγ
a
∇aχ

i +2λDD−4χ
i
ηi , (2.2.46g)

where

∇dT−
abc = DaT−

abc +
i

15
ψdkγabcχ

k +
i
2

ψdk(γabc)αβ Xkαβ , (2.2.47a)

∇aχ
β j = Daχ

β j − 3
8
(ψaiγ

bc)β R(J)bc
i j − 1

8
(ψa

j
γ

e
γ̃

bcd)β
∇eT−

bcd

+
1
4

ψa
β jD+

i
2

T−
bcd(φa

j
γ̃

bcd)β , (2.2.47b)

and we have defined Xkαβ

γ := −1
8(γ

ab)γ
αR(Q)ab

βk. Note that the transformations (2.2.46) form an

algebra that closes off-shell on a local extension of OSp(6,2|1). To conclude this subsection, for

convenience, we include Table 2.11 which summarises the non-trivial dilatation weights of the fields

and local gauge parameters of the standard Weyl multiplet.

em
a ψmi, ξi φm

i, η i fmc T−
abc χ i D

D −1 −1/2 1/2 1 1 3/2 2

Table 2.11: Summary of the non-trivial dilatation weights in the standard Weyl multiplet.

2.2.3 Conformal superspace

Conformal superspace is conceptually similar to superconformal tensor calculus (see [37] for a

review and references) and is associated with the off-shell gauging of the superconformal algebra

in superspace. This approach combines both component and superfield approaches in supergravity,

providing compact and simple building blocks for locally supersymmetric invariants [25, 39, 40].

Despite its advantages, converting these invariants to component forms remains crucial for many

applications. For example, analyzing the physical sector of a matter-coupled Poincaré supergravity

constructed in conformal superspace involves generating locally superconformal actions in superspace,

reducing them to component multiplets, removing non-physical symmetries through gauge fixing, and

finally integrating out auxiliary fields. This process allows to derive physically relevant results from

the initial superspace formulation.
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By definition, conformal superspace is a supermanifold MD|... having the superconformal group

as its local structure group. To implement the gauging, one introduces covariant derivatives ∇A =

(∇a,∇α), which have the following form:

∇A = EA −ωA
bXb = EA −

1
2

ΩA
abMab −ΦA

RJR −BAD−FA
BKB , (2.2.48a)

= EA −
1
2

ΩA
abMab −ΦA

RJR −BAD−FA
αSα −FA

aKa . (2.2.48b)

Here EA = EA
M∂M is the inverse super-vielbein, Mab are the Lorentz generators, JR are generators of

the R-symmetry group, D is the dilatation generator, and KA = (Ka,Sα) are the special superconformal

generators. The super-vielbein one-form is EA = dzMEM
A with EM

AEA
N = δ N

M and EA
MEM

B = δ B
A .

Associated with each generator Xa = (Mab,JR,D,Sα ,Ka) is the connection super one-form ωa =

(Ωab,ΦR,B,Fα ,Fa) = dzMωM
a = EAωA

a and gauge parameter ga = (λ ab,λ R,λD,η ,λ a). The local

gauge transformation is given by the operator:

δ = gaXa =
1
2

λ
abMab +λ

RJR +λDD+λaKa +ηαSα . (2.2.49)

Note that as a consequence of gauging the algebra in superspace, we had to uplift both the translation

generator and the supersymmetry generator to covariant derivative. The reason behind this is as follows:

A covariant superfield Ψ is defined by the property that it transforms under gauge transformations H

without any derivative on the parameter ga,

δHΨ = gaXaΨ. (2.2.50)

Because the parameter ga is a local superfield, both ∂aΨ and QαΨ do not transform covariantly. We

must introduce instead the covariant derivative

∇AΨ ≡ EA
M

∂MΨ−EA
M

ωM
aXaΨ. (2.2.51)

The superfield ∇AΨ is also covariant; one can show that it transforms as

δH(∇AΨ) = gb
∇AXbΨ−gb fbA

C
∇CΨ−gb fbA

cXcΨ (2.2.52)

without any derivatives of g.

The algebra of covariant derivatives

[∇A,∇B}=−TAB
C

∇C − 1
2
R(M)AB

cdMcd −R(J)AB
RJR

−R(D)ABD−R(S)AB
γkSγk −R(K)AB

cKc , (2.2.53)

is constrained to be expressed in terms of a single primary superfield, the super-Weyl tensor (or by

Cotton tensor in 3d). In equation (2.2.53), TAB
C represents the torsion, while R(M)AB

cd , R(J)AB
R,

R(D)AB, R(S)AB
γk, and R(K)AB

c are the curvatures associated with Lorentz, R-symmetry, dilatation,

S-supersymmetry, and special conformal boosts, respectively. These curvatures can all be expressed in

terms of the super-Weyl tensor.
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Conformal Superspace Super-Weyl Tensor Superfield Dimension
4D, N = 1 Wαβγ 3/2
4D, N = 2 Wαβ 1
4D, N = 3 Wα 1/2
3D, N = 1 Wαβγ 5/2
3D, N = 2 Wαβ 2
5D, N = 1 Wαβ 1

6D, N = (1,0) Wαβ 1

Table 2.12: Summary of known conformal superspaces, their corresponding super-Weyl tensor superfields, and the
conformal dimensions of these super-Weyl tensors .

By projecting, it is easy to transition between the conformal superspace approach and the supercon-

formal tensor calculus, as the component and superspace approaches are equivalent. This connection

between the two approaches can be seen by identifying the various component fields of the standard

Weyl multiplet from superspace. The one-form connections are related to the lowest component of the

corresponding superform connection. For example, ea = dxmem
a = Ea|| and ψ i

α = dxmψm
i
α = 2E i

α ||,
where the double-bar denotes setting θ = dθ = 0. The other connections are mapped similarly. The

auxiliary matter fields introduced by hand in the superconformal tensor calculus correspond to the

super-Weyl tensor and its descendants in the superspace approach. However, the super-Weyl tensor also

contains additional descendants that do not have counterparts in the superconformal tensor calculus.

One way to eliminate these extra fields is by imposing curvature constraints, which are the same

constraints that lead to the elimination of spin connections, supersymmetry connections, and special

conformal connections.

The necessity of these curvature constraints is further highlighted by the requirement that conformal

superspace must be reduced to Poincaré superspace upon breaking conformal symmetry. Without these

constraints, the number of independent fields would include both the one-form connection superfields

and the fields of the super-Weyl tensor, resulting in an excessive number of degrees of freedom.

The following table 2.12 summarizes all known conformal superspaces [25–33], their corresponding

super-Weyl tensors, and the conformal dimensions of these super-Weyl tensors. Similar conformal

space construction exists for 3D N-extended [30] and 2D (p,q)-extended [142].

4D N = 2 conformal superspace

The 4D N = 2 conformal superspace M4|8 is parametrised by local bosonic (xm) and fermionic

(θ
µ

i , θ̄
i
µ̇
) coordinates zM = (xm,θ

µ

i , θ̄
i
µ̇
), where m = 0,1,2,3, µ = 1,2, µ̇ = 1,2, and i = 1,2. The

Grassmann variables θ
µ

i and θ̄ i
µ̇

are related to each other by complex conjugation: θ
µ

i = θ̄ µ̇i. To gauge

the superconformal algebra in superspace, one introduces covariant derivatives ∇A = (∇a,∇
i
α , ∇̄

α̇
i )

which have the form

∇A = EA −ωA
bXb = EA −

1
2

ΩA
abMab − iΦAY −ΦA

i jJi j −BAD−FA
BKB . (2.2.54)
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Here EA = EA
M∂M is the inverse super-vielbein, with ∂M = ∂/∂ zM, Mab are the Lorentz generators, Y

is the generator of the chiral rotation group U(1)R, Ji j are generators of the SU(2)R R-symmetry

group, D is the dilatation generator, and KA = (Ka,Sα
i , S̄

i
α̇
) are the special superconformal gen-

erators1. The super-vielbein one-form is EA = dzMEM
A with EM

AEA
N = δ N

M and EA
MEM

B = δ B
A .

Associated with each generator Xa = (Mab,Y,Ji j,D,Ka,Sα
i , S̄

i
α̇
) is the connection super one-form

ωa = (Ωab,Φ,Φi j,B,FA) = (Ωab,Φ,Φi j,B,Fa,F
i
α , F̄

α̇
i ) = dzMωM

a = EAωA
a. The conventions we

use here differ in numerous ways from those used originally in [26]. For the most part, they follow the

conventions of [36] and [127, 128] and are summarized in appendix A.

The algebra of covariant derivatives

[∇A,∇B}=−TAB
C

∇C − 1
2
R(M)AB

cdMcd −R(J)AB
klJkl −R(D)ABD

− iR(Y )ABY−R(S)AB
i
αSα

i −R(S̄)AB
α̇
i Si

α̇ −R(K)AB
cKc , (2.2.55)

is constrained to be expressed in terms of a single primary superfield, the super-Weyl tensor (Wαβ ,W
α̇β̇

),

which has the following properties

Wαβ =Wβα , KAWαβ = 0 , DWαβ =Wαβ , YWαβ =−2Wαβ , (2.2.56)

W α̇β̇
=W β̇ α̇

, KAW α̇β̇
= 0 , DW α̇β̇

=W α̇β̇
, YW α̇β̇

= 2W α̇β̇
. (2.2.57)

and obey the additional constraints

∇̄
α̇
i Wβγ = 0 , ∇αβW αβ = ∇̄

α̇β̇W
α̇β̇

, (2.2.58)

where we introduce the notation

∇αβ := ∇
k
(α∇β )k , ∇̄

α̇β̇ := ∇̄
(α̇
k ∇̄

β̇ )k . (2.2.59)

In (2.2.55), TAB
C is the torsion, while R(M)AB

cd , R(J)AB
kl , R(D)AB, R(Y )AB, R(S)AB

i
α , R(S̄)AB

α̇
i ,

and R(K)AB
c are the curvatures associated with Lorentz, SU(2)R, dilatation, U(1)R, S-supersymmetry,

and special conformal boosts, respectively. The relevant algebra of covariant derivatives (2.2.55)

(including the explicit expressions for the torsion and curvature tensors) are given in Appendix A.

Let us introduce the dimension-3/2 superfields

Wαβγ
k := ∇

k
(αWβγ) , Σ

αi :=
1
3

∇
i
β
W αβ , (2.2.60a)

W α̇β̇ γ̇

k := ∇̄
(α̇
k W β̇ γ̇)

, Σ̄α̇i :=−1
3

∇̄
β̇

i W
α̇β̇

, (2.2.60b)

dimension-2 descendant superfields

Wαβγδ := ∇
k
(αWβγδ )k , Σαβ

i j := ∇
(i
(α

Σ
j)
β )

, Σαβ := ∇
i
(αΣβ )i , (2.2.60c)

W α̇β̇ γ̇ δ̇ := ∇̄
(α̇
k W β̇ γ̇ δ̇ )k

, Σ̄
α̇β̇

i j := ∇̄
(α̇
(i Σ̄

β̇ )
j) , Σ̄

α̇β̇ := ∇
(α̇
i Σ̄

β̇ )i , (2.2.60d)
1Following common usage, we will refer to Ka as the special conformal generator and Sα

i as the S-supersymmetry
generator.
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D :=
1

12
∇

αβWαβ =
1
12

∇̄
α̇β̇

W α̇β̇
=

1
4

∇
k
αΣ

α
k =−1

4
∇̄

α̇
k Σ̄

k
α̇ , (2.2.60e)

and the following dimension-5/2 descendant superfields

Σαβγ
k = ∇

k
(αΣβγ) , Σ̄

α̇β̇ γ̇
k = ∇̄

(α̇
k Σ

β̇ γ̇) . (2.2.60f)

It can be checked that only the superfields (2.2.60) and their vector derivatives appear upon taking

successive spinor derivatives of Wαβ . The independent descendant superfields of (Wαβ ,W α̇β̇ ) are all

annihilated by Ka. The independent descendant superfields of (Wαβ ,W α̇β̇ ) are all annihilated by Ka.

However, under S-supersymmetry, they transform nontrivially, as given in the appendix A.

The gauge group of conformal supergravity is denoted by G. It is generated by covariant general

coordinate transformations, δcgct , associated with a local superdiffeomorphism parameter ξ A and

standard superconformal transformations, δH, associated with the local superfield parameters: the

dilatation σ , Lorentz Λab =−Λba, SU(2)R Λi j = Λ ji, U(1)R Λ, and special conformal (bosonic and

fermionic) transformations ΛA = (η i
α , η̄

α̇
i ,Λ

a
K). The covariant derivatives transform as

δG∇A = [K,∇A] , (2.2.61a)

with

K= ξ
C

∇C +
1
2

Λ
abMab +Λ

i jJi j +σD+ΛY +Λ
AKA . (2.2.61b)

A covariant (or tensor) superfield U transforms as

δGU = (δcgct +δH)U =KU . (2.2.62)

The superfield U is said to be superconformal primary of dimension ∆ and U(1)R charge qR if KAU = 0

(it suffices to require that Sα
i U = S̄i

α̇
U = 0), DU = ∆U , and YU = qRU .

Let us now explain how to systematically obtain various component fields of the standard Weyl

multiplet from the superspace geometry described above. The vielbein (em
a) and gravitini (ψm

α
i , ψ̄m

i
α̇

)

appear as the θ = 0 projections of the coefficients of dxm in the supervielbein EA one-form,

ea = dxmem
a = Ea|| , ψ

α
i = dxm

ψm
α
i = 2Eα

i || , ψ̄
i
α̇ = dxm

ψ̄m
i
α̇ = 2E i

α̇ || . (2.2.63)

Here we have defined the double bar projection of a superform as Ω|| ≡ Ω||
θ=dθ=0. On the other

hand, a single bar next to a superfield denotes the usual bar projection X | ≡ X |θ=0. The remaining

component one-forms are defined as

A := Φ|| , φ kl := Φkl|| , b := B|| , ωcd := Ωcd|| , (2.2.64)

φ k
γ := 2Fk

γ || , φ̄
γ̇

k := 2Fγ̇

k|| , fc := Fc|| . (2.2.65)

The covariant matter fields Wab, D, and (Σαi, Σ̄α̇i) (we denote these component fields with the same

symbols as the super-Weyl superfield and its descendants) arise as some of the components of the

multiplet described by the super-Weyl tensor. In particular, it holds that

Wab(x) := Wab(z)| , D =
1

12
∇

αβWαβ |=
1

12
∇̄

α̇β̇W̄
α̇β̇

| , (2.2.66a)
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Σ
αi =

1
3

∇
i
β
W αβ | , Σ̄α̇i =−1

3
∇̄

β̇

i W̄
α̇β̇

| . (2.2.66b)

The other components of the super Weyl tensor are given by Wαβγ
i :=Wαβγ

i|, Σαβ = Σαβ |, Σαβ
i j :=

Σαβ
i j|, Wαβγδ := Wαβγδ |, and Σαβγ

k := Σαβγ
k| along with their complex conjugates.2 The local

superconformal transformations of the gauge fields listed above can be straightforwardly derived

by taking the θ = 0 projection of the superspace transformations (2.2.24). The transformations of

Wab, D, and (Σαi, Σ̄α̇i) can be obtained by applying the transformation rule for covariant superfields,

eq. (2.2.24), and the definition of the descendant fields in eq. (2.2.66).

By taking the double bar projection of the superspace covariant derivative one-form ∇, eq. (2.2.54),

∇ = EA∇A, the component vector covariant derivative ∇a is defined to coincide with the projection of

the superspace derivative ∇a|,

em
a
∇a =∂m − 1

2
ψm

α
i ∇

i
α |−

1
2

ψ̄m
i
α̇∇̄

α̇
i |−

1
2

ωm
abMab −bmD

−AmY −φm
i jJi j −

1
2

φm
αiSαi −

1
2

φ̄mα̇iS̄α̇i − fm
aKa . (2.2.67)

Here, the projected spinor covariant derivative ∇i
α | corresponds to the generator of Q-supersymmetry.

It is defined such that if U = U |, then Qi
αU := ∇i

α |U := (∇i
αU)|. For the other generators, e.g.,

MabU= (MabU)|, there is no ambiguity in identifying the bar projection; hence, local diffeomorphisms,

Q-supersymmetry transformations, and so forth descend naturally from their corresponding rule in

superspace. With these reduction rules, the algebra of component covariant derivatives acting on

a covariant field is also completely determined by the geometry of conformal superspace. All the

component torsions and curvatures are simply the θ = 0 projections of the superspace ones.

The component supercovariant curvature tensors are given by

[∇a,∇b] =−R(P)ab
c
∇c −R(Q)ab

α
i ∇

i
α |−R(Q̄)ab

i
α̇∇̄

α̇
i |−

1
2

R(M)ab
cdMcd −R(J)ab

i jJi j

−R(D)abD−R(Y )abY −R(S)ab
γkSγk −R(S̄)abλ̇kS̄λ̇k −R(K)ab

cKc . (2.2.68)

We have introduced R(P)ab
c = Tab

c| and R(Q)ab
i
α = Tab

i
α |. R(M)ab

cd , R(J)ab
i j, R(D)ab, R(S)ab

γk,

and R(K)ab
c coincide with the lowest components of the corresponding superspace curvature tensors.

5D N = 1 conformal superspace

The N = 1 conformal superspace is parametrised by local bosonic (xm) and fermionic (θi) coordi-

nates zM = (xm,θ
µ

i ), where m = 0,1,2,3,4, µ = 1, · · · ,4, and i = 1,2. To gauge the superconformal

algebra, one introduces covariant derivatives ∇A = (∇a,∇
i
α) which have the form

∇A = EA −ωA
bXb = EA −

1
2

ΩA
abMab −ΦA

i jJi j −BAD−FA
BKB , (2.2.69a)

= EA −
1
2

ΩA
abMab −ΦA

i jJi j −BAD−FA
αiSαi −FA

aKa . (2.2.69b)

2In the case of Wαβ , Wab
i
α , Φab

i j, and Wαβγδ , unless specified, it should be clear from the context if we refer to the
superfields or their component projections.
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Here EA = EA
M∂M is the inverse super-vielbein, Mab are the Lorentz generators, Ji j are generators

of the SU(2)R R-symmetry group, D is the dilatation generator, and KA = (Ka,Sαi) are the special

superconformal generators. The super-vielbein one-form is EA = dzMEM
A with EM

AEA
N = δ N

M and

EA
MEM

B = δ B
A . Associated with each generator Xa = (Mab,Ji j,D,Sαi,Ka) is the connection super

one-form ωa = (Ωab,Φi j,B,Fαi,Fa) = dzMωM
a = EAωA

a.

The algebra of covariant derivatives

[∇A,∇B}=−TAB
C

∇C − 1
2
R(M)AB

cdMcd −R(J)AB
klJkl

−R(D)ABD−R(S)AB
γkSγk −R(K)AB

cKc , (2.2.70)

is constrained to be expressed in terms of a single primary superfield, the super-Weyl tensor Wαβ ,

which has the following properties

Wαβ =Wβα , KAWαβ = 0 , DWαβ =Wαβ , (2.2.71)

and satisfies the Bianchi identity

∇
k
γWαβ = ∇

k
(αWβγ)+

2
5

εγ(α∇
δkWβ )δ . (2.2.72)

In (2.2.70), TAB
C is the torsion, while R(M)AB

cd , R(J)AB
kl , R(D)AB, R(S)AB

γk, and R(K)AB
c are

the curvatures associated with Lorentz, SU(2)R, dilatation, S-supersymmetry, and special conformal

boosts, respectively.

In this paper we make use of the “traceless” frame conventional constraints for the conformal

superspace algebra employed in appendix C of [29] as well as in [3]. The full algebra of covariant

derivatives (2.2.70) (including the explicit expressions for the torsion and curvature tensors) are given

in appendix B of our paper.

Let us introduce the dimension-3/2 superfields

Wαβγ
k := ∇

k
(αWβγ) , X i

α :=
2
5

∇
β iWβα , (2.2.73a)

and the following dimension-2 descendant superfields

Wαβγδ := ∇
k
(αWβγδ )k , Xαβ

i j := ∇
(i
(α

X j)
β )

, Y := i∇γkXγk . (2.2.73b)

It can be checked that only the superfields (2.2.73) and their vector derivatives appear upon taking

successive spinor derivatives of Wαβ . Specific relations that connect the various descendant fields

which we will need later are given below:

∇
k
γWαβ = Wαβγ

k + εγ(αXk
β ) , (2.2.74a)

∇
i
αX j

β
= Xαβ

i j +
i
8

ε
i j

εαβY − 3i
2

ε
i j(Γa)α

ρ
∇aWβρ −2iε i jWα

ρWβρ

+
i
2

ε
i j

εαβW γδWγδ −
i
2

ε
i j(Γa)β

ρ
∇aWαρ , (2.2.74b)

∇
i
αWβγλ

j = −1
2

ε
i j
(

Wαβγλ +3i(Γa)α(β ∇
aWγλ )+3iεα(β (Γa)γ

τ
∇

aWλ )τ

)
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−3
2

εα(β Xγλ )
i j , (2.2.74c)

∇
i
αWβγλρ = −4i(Γa)α(β ∇

aWγλρ)
i −6iWα(βγ

iWλρ)+6iWα(βWγλρ)
i

+6iεα(β

(
Wγλ X i

ρ)−2(Γa)γ
τ
∇

aWλρ)τ
i −Wγ

τWλρ)τ
i
)
, (2.2.74d)

∇
i
αXβγ

jk = iε i( j
(
−3W(β

λWγ)αλ
k)− εα(βW ρτWγ)ρτ

k)−WαλWβγ
k)λ − 3

2
WβγXk)

α

+
1
2

Wα(β Xk)
γ)
+

3
2

εα(βWγ)λ Xk)λ +2(Γa)α
ρ

∇aWβγρ
k)

+2(Γa)(β
ρ

∇aWγ)αρ
k)− (Γa)α(β ∇aXk)

γ)
+ εα(β (Γ

a)γ)λ ∇aXk)λ
)
, (2.2.74e)

∇
i
αY = 8(Γa)α

β
∇aX i

β
+8Wα

β X i
β
. (2.2.74f)

As implied by (2.2.72), the dimension-2 superfields Xαβ
i j and Wαβγδ obey the following Bianchi

identities in the traceless frame:

∇(α
γXβ )γ

i j = −1
2

X γ(iWαβγ
j) , (2.2.75a)

∇(α
λWβγτ)λ = 3i∇(α

λ

(
WβγWτ)λ

)
. (2.2.75b)

The independent descendant superfields of Wαβ , specifically Wαβγ
k, X i

α ,Wαβγδ , Xαβ
i j, Y , are all

annihilated by Ka. However, under S-supersymmetry, they transform nontrivially, as given in the

appendix B. We also stress that in the paper, we will often use the following notation:

Φab
i j := R(J)ab

i j =−3i
4

Xab
i j . (2.2.76)

The gauge group of conformal supergravity is denoted by G. It is generated by covariant general

coordinate transformations, δcgct , associated with a local superdiffeomorphism parameter ξ A and

standard superconformal transformations, δH, associated with the local superfield parameters: the

dilatation σ , Lorentz Λab =−Λba, SU(2)R Λi j = Λ ji, and special conformal (bosonic and fermionic)

transformations ΛA = (ηαi,Λa
K). The covariant derivatives transform as

δG∇A = [K,∇A] , (2.2.77a)

with

K= ξ
C

∇C +
1
2

Λ
abMab +Λ

i jJi j +σD+Λ
AKA . (2.2.77b)

A covariant (or tensor) superfield U transforms as

δGU = (δcgct +δH)U =KU . (2.2.78)

The superfield U is said to be superconformal primary of dimension ∆ if KAU = 0 (it suffices to require

that SαiU = 0) and DU = ∆U .

Let us now explain how to systematically obtain various component fields of the standard Weyl

multiplet from the superspace geometry described above. The vielbein (em
a) and gravitini (ψm

i
α)

appear as the coefficients of dxm of the super-vielbein EA = (Ea,Eα
i ) = dzM EM

A,

em
a(x) := Em

a(z)| , ψm
i
α(x) := 2Em

i
α(z)| , (2.2.79)
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where a single vertical line next to a superfield denotes the usual component projection to θ = 0, i.e.,

V (z)| :=V (z)|θ=0. This operation can be written in a coordinate-independent way using the so-called

double-bar projection [143, 144]

ea = dxmem
a = Ea|| , ψ

i
α = dxm

ψm
i
α = 2E i

α || , (2.2.80)

where the double-bar denotes setting θ = dθ = 0. The remaining fundamental and composite one-

forms are also obtained by taking the projections of the corresponding superspace one-forms,

φ
i j := Φ

i j|| , b := B|| , ω
ab := Ω

ab|| , φ
αi := 2Fαi|| , fa := Fa|| . (2.2.81)

The covariant matter fields are contained within the super-Weyl tensor Wαβ and its independent

descendants,

Wαβ := Wαβ | , (2.2.82a)

χ
i
α :=

3i
32

X i
α |=

3i
80

∇
β iWβα | , (2.2.82b)

D := − 3
128

Y |=− 3i
320

∇
k
α∇βkW

αβ | . (2.2.82c)

The other components of the super Weyl tensor are given by Wab
i
α :=Wab

i
α |, Wαβγδ :=Wαβγδ | and

Φab
i j := Φab

i j|=−3i
4 Xab

i j|=−3i
4 (Σab)

αβ Xαβ
i j|.3 These will turn out to be composite and expressed

in terms of the component curvatures.

Taking the double-bar projection of ∇ = EA∇A, the component vector covariant derivative ∇a is

defined to coincide with the projection of the superspace derivative ∇a|,

em
a
∇a = ∂m − 1

2
ψm

α
i ∇

i
α |−

1
2

ωm
abMab −bmD−φm

i jJi j −
1
2

φm
αiSαi − fm

aKa . (2.2.83)

Here, the projected spinor covariant derivative ∇i
α | corresponds to the generator of Q-supersymmetry.

It is defined such that if U = U |, then Qi
αU := ∇i

α |U := (∇i
αU)|. For the other generators, e.g.,

MabU= (MabU)|, there is no ambiguity in identifying the bar projection; hence, local diffeomorphisms,

Q-supersymmetry transformations, and so forth descend naturally from their corresponding rule in

superspace.

The component supercovariant curvature tensors are given by

[∇a,∇b] =−R(P)ab
c
∇c −R(Q)ab

α
i ∇

i
α |−

1
2

R(M)ab
cdMcd −R(J)ab

i jJi j

−R(D)abD−R(S)ab
γkSγk −R(K)ab

cKc . (2.2.84)

We have introduced R(P)ab
c = Tab

c| and R(Q)ab
i
α = Tab

i
α |. R(M)ab

cd , R(J)ab
i j, R(D)ab, R(S)ab

γk,

and R(K)ab
c coincide with the lowest components of the corresponding superspace curvature tensors

given in appendix B.

3In the case of Wαβ , Wab
i
α , Φab

i j, and Wαβγδ , unless specified, it should be clear from the context if we refer to the
superfields or their component projections.
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6D N = (1,0) conformal superspace

The 6D N = (1,0) conformal superspace is parametrised by local bosonic (xm) and fermionic (θ µ

i )

coordinates zM = (xm,θ
µ

i ), where m = 0,1,2,3,4,5, µ = 1,2,3,4 and i = 1,2. By gauging the full 6D

N = (1,0) superconformal algebra in superspace, we introduce covariant derivatives ∇A = (∇a,∇
i
α)

which take the form

∇A = EA −ωA
bXb = EA −

1
2

ΩA
abMab −ΦA

i jJi j −BAD−FABKB , (2.2.85)

= EA −
1
2

ΩA
abMab −ΦA

i jJi j −BAD−FA
i
αSα

i −FA
aKa . (2.2.86)

Here EA = EA
M∂M is the inverse super-vielbein (which plays a role of a connection for local super-

translations), Mab are the Lorentz generators, Ji j are generators of the SU(2)R R-symmetry group, D
is the dilatation generator and KA = (Ka,Sα

i ) are the special superconformal generators.4 The super-

vielbein one-form is given by EA = dzMEM
A and satisfies EM

AEA
N = δ N

M , EA
MEM

B = δ B
A . Associated

with each structure group generator Xa = (Mab,Ji j,D,Sα
i ,Ka) there is a connection superfield one-form

given by ωa = (Ωab,Φi j,B,Fi
α ,F

a) = dzMωM
a = EAωA

a.

To describe the standard 6D N = (1,0) Weyl multiplet in conformal superspace, the algebra of

covariant derivatives

[∇A,∇B}=−TAB
C

∇C − 1
2
R(M)AB

cdMcd −R(J)AB
klJkl

−R(D)ABD−R(S)AB
k
γSγ

k −R(K)AB
cKc , (2.2.87)

is constrained to be completely determined in terms of the symmetric super-Weyl tensor superfield

W αβ , which is a superconformal primary with conformal dimension one

W αβ =W βα , KAW αβ = 0 , DW αβ =W αβ , (2.2.88)

obeying the Bianchi identities

∇
(i
α∇

j)
β

W γδ = −δ
(γ
[α

∇
(i
β ]

∇
j)
ρ W δ )ρ , (2.2.89a)

∇
k
α∇γkW βγ − 1

4
δ

β

α ∇
k
γ∇δkW

γδ = 8i∇αγW γβ . (2.2.89b)

The relation W αβ = 1/6(γ̃abc)αβWabc means that the super-Weyl tensor W αβ is equivalent to an

anti-self-dual rank-3 tensor superfield Wabc. In (2.2.87) TAB
C is the torsion curvature, and R(M)AB

cd ,

R(J)AB
kl , R(D)AB, R(S)AB

k
γ , and R(K)AB

c are the curvatures associated with Lorentz, SU(2)R,

dilatation, S-supersymmetry, and special conformal boosts, respectively.

Their expressions in terms of the super-Weyl tensor W αβ and its descendant superfields of dimen-

sion 3/2

Xαi :=− i
10

∇
i
β
W αβ , Xk

γ
αβ :=− i

4
∇

k
γW αβ −δ

(α
γ Xβ )k , (2.2.90)

4Note here the change in the SU(2)R index structure of the 6D S-supersymmetry generator, Sα
i , relative to the 5D case

where we it was originally introduced as Sαi. Though this difference might seem unnatural, and introduce minus signs in
similar expressions in 5D and 6D, we decided to keep adhering to the notations used in [29, 69].
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and of dimension 2

Yα
β i j :=−5

2

(
∇
(i
αXβ j)− 1

4
δ

β

α ∇
(i
γ X γ j)

)
=−5

2
∇
(i
αXβ j) , (2.2.91a)

Y :=
1
4

∇
k
γX γ

k , (2.2.91b)

Yαβ
γδ := ∇

k
(αXβ )k

γδ − 1
6

δ
(γ
β

∇
k
ρXαk

δ )ρ − 1
6

δ
(γ
α ∇

k
ρXβk

δ )ρ , (2.2.91c)

are given in appendix C. Just like the 5D case, we consider the superspace and component structures

for 6D corresponding to the “traceless” choice of conventional constraints, which was first considered

in [32]. The full algebra of covariant derivatives (2.2.87) (including the explicit expressions for the

torsion and curvature tensors) are given in appendix C.

The superfields Xαi, Xk
γ

αβ , Yα
β i j, Y , and Yαβ

γδ are the only independent descendants of W αβ .

All the other higher dimension descendants obtained by the action of spinor derivatives on W αβ are

vector derivatives of these independent fields as a result of the non-trivial Bianchi identities (2.2.89).

Eq. (C.1.16) gives the action of the S-generators on these independent descendants that prove to all be

annihilated by Ka.

The conformal supergravity gauge group G is generated by covariant general coordinate transforma-

tions, δcgct , associated with a local superdiffeomorphism parameter ξ A and standard superconformal

transformations, δH, associated with the following local superfield parameters: the dilatation σ ,

Lorentz Λab =−Λba, SU(2)R Λi j = Λ ji, , and special conformal transformations ΛA = (η i
α ,Λa). The

covariant derivatives transform as

δG∇A = [K,∇A] , (2.2.92)

where K denotes the first-order differential operator

K= ξ
C

∇C +
1
2

Λ
abMab +Λ

i jJi j +σD+ΛAKA . (2.2.93)

A covariant (or tensor) superfield U transforms as

δGU = (δcgct +δH)U =KU . (2.2.94)

The superfield U is said to be superconformal primary and of dimension ∆ if KAU = 0 and DU = ∆U .

Similar to the 5D case, we begin by identifying the various component fields of the 6D N = (1,0)

standard Weyl multiplet [89] within the geometry of conformal superspace. The vielbein (em
a) and

gravitino (ψm
α
i ) are identified with the coefficients of dxm of the super-vielbein EA = (Ea,Eα

i ) =

dzM EM
A,

em
a(x) := Em

a(z)| , ψm
i
α(x) := 2Em

i
α(z)| . (2.2.95)

In a local coordinate independent way they are given by

ea = dxmem
a = Ea|| , ψ

α
i = dxm

ψm
α
i = 2Eα

i || . (2.2.96)
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Similar to the 5D case, look at (2.2.79) and (2.2.80), the single bar denotes setting θ = 0 and the

double-bar denotes setting θ = dθ = 0. Analogously, the remaining fundamental and composite

one-forms correspond to double-bar projections of superspace one-forms,

φ
kl := Φ

kl|| , b := B|| , ω
cd := Ω

cd|| , φ
k
γ := 2Fk

γ || , fc := Fc|| . (2.2.97)

The covariant matter fields are contained within the super-Weyl tensor Wabc and its independent

descendants,

T−
abc := −2Wabc| , (2.2.98a)

χ
αi :=

15
2

Xαi|=−3i
4

∇
i
β
W αβ | , (2.2.98b)

D :=
15
2

Y |=− 3i
16

∇
k
α∇βkW

αβ | . (2.2.98c)

The lowest components of the other nontrivial descendants of W αβ , specifically X i
α

βγ |, Yα
β kl| and

Yαβ
γδ |, prove to be directly related to component curvatures and hence are composite fields.

The component gauge connections can now be used to define the locally superconformal covariant

derivative ∇a, which coincide with the bar projection of the conformal superspace covariant derivative

∇a|

em
a
∇a = ∂m − 1

2
ψm

α
i ∇

i
α |−

1
2

ωm
cdMcd −φm

i jJi j −bmD− 1
2

φm
i
αSα

i − fmaKa . (2.2.99)

This satisfies the algebra

[∇a,∇b] = −R(P)ab
c
∇c −R(Q)ab

α
i Qi

α − 1
2

R(M)ab
cdMcd −R(J)ab

klJkl

−R(D)abD−R(S)ab
i
γSγ

i −R(K)ab
cKc . (2.2.100)

where we identified R(P)ab
c = Tab

c|, R(Q)ab
i
α = Tab

i
α |, while R(M)ab

cd , R(J)ab
i j, R(D)ab, R(S)ab

k
γ ,

and R(K)ab
c are coinciding with the lowest components of the corresponding superspace curvature

tensors given in appendix C.
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Chapter 3

Components of curvature-squared invariants
of minimal supergravity in five dimensions

We present for the first time the component structure of the supersymmetric completions for all

curvature-squared invariants of five-dimensional, off-shell (gauged) minimal supergravity, including

all fermions. This is achieved by using an interplay between superspace and superconformal tensor

calculus techniques, and by employing results from arXiv:1410.8682 and arXiv:2302.14295. Our

analysis is based on using a standard Weyl multiplet of conformal supergravity coupled to a vector

and a linear multiplet compensator to engineer off-shell Poincaré supergravity. We compute all the

descendants of the composite linear multiplets that describe gauged supergravity together with the three

independent four-derivative invariants. These are the building blocks of the locally superconformal

invariant actions. A derivation of the primary equations of motion for minimal gauged off-shell

supergravity deformed by an arbitrary combination of these three locally superconformal invariants,

is then provided. Finally, all the covariant descendants in the multiplets of equations of motion are

obtained by applying a series of Q-supersymmetry transformations, equivalent to successively applying

superspace spinor derivatives to the primary equations of motion.

3.1 Introduction

Even though the first (two-derivative) supergravity was constructed (for N = 1 supersymmetry in

four dimensions) almost five decades ago [21, 145] (see also [146–155] and the pedagogical reviews

[34–37, 40]), higher-order locally supersymmetric invariants are still largely unknown. However, in

an effective field theory approach, quantum corrections in string theory take the form of an infinite

series of (supersymmetric) higher-derivative terms; see, e. g., [156–160] and references therein. Many

open problems in string theory, for example its vacua structure, are unresolved due to the lack of

information about the full quantum corrected supergravity effective action. More complexity arises

due to the fact that the purely gravitational higher-curvature terms are related by supersymmetry to

contributions depending on p-forms, which describe part of the string spectrum. These terms, which
39
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have not yet been fully understood, play an important role in studying, for example, the moduli space

in compactified string theory and the low-energy description of string dualities. Even the first α ′

corrections, associated with curvature-squared terms, have not been completely understood to date.

Our paper represents an important step forward in this direction.

A remarkable success of supergravity in the last 25 years has been its role in the development of

holographic correspondences such as the AdS/CFT [45, 46, 48] (see also the classic reviews [47, 161]).

The amount of evidence that planar (large-N, at first order in the 1/N expansion) field theory can

be described by a dual theory of (two-derivative) gravity, and vice versa, is absolutely outstanding.

These results have revolutionised our understanding of both quantum field and gravity theories and

have shed new light in several fields of research such as black hole physics, condensed matter and

integrable systems, and quantum information theory, just to mention a few. One aspect to stress is

that most of these developments were based on the leading-order effective field theory description of

string theory. It is of fundamental importance for holography to advance to higher orders so that we

may assess the validity of the correspondence. In fact, precision tests beyond the leading order have

become increasingly important in the last few years. The reason is that, on the field theory side, a series

of breakthroughs based on integrability and localisation techniques has allowed several observables

in superconformal field theories (SCFT) to be computed exactly. Higher-order (in 1/N) corrections

in quantum field theories translate into higher-curvature terms on the gravity side, calling for new

supergravity higher-derivative analyses.

When off-shell techniques are available for supergravity,1 systematic approaches exist to construct

locally supersymmetric higher-derivative invariants. In D ≤ 6 space-time dimensions, off-shell tech-

niques are now thoroughly developed and understood for up to eight real supercharges – see [34–40]

for reviews. By using these approaches, exact, off-shell higher-derivative supergravity models have

been constructed, see for example, the following list of references [2,6,28,29,31,32,51,55–76]. These

results have recently enabled new pioneering works towards obtaining precision, higher-order, tests in

AdS/CFT from the gravity side – see for example [2, 77–86] and references therein. We underline, by

extending results obtained in [29] and more recently in [6], that in [2] and in the current paper, the

construction of a complete basis to study (minimal) gauged supergravity in five dimensions modified

by the three possible curvature-squared terms has been completed. As such, we have control of all first

α ′ correction of a universal sector of string compactifications to five dimensions preserving at least

eight real supercharges. This then allows inspection from the gravity side of new first order tests of the

AdS5/CFT4 correspondence.

The playground of our paper is minimal five-dimensional (5D) supergravity. On-shell, this was

introduced four decades ago in [162, 163], and the first off-shell description was given in [164]

by the use of superspace techniques. The matter couplings in 5D minimal supergravity have since

been extensively studied at the component level, both by using on-shell [165–168] and off-shell

approaches [90,169–177]. The superspace approach to general off-shell 5D N = 1 supergravity-matter

systems was then developed in [29, 124–126, 178]. In our paper we will employ an interplay between

1Off-shell means that the symmetry algebra closes without using equations of motion; see, e.g., [34–37].
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component techniques based on the superconformal tensor calculus and superspace – see [37–40]

for reviews – the merging of which goes under the name of conformal superspace. Conformal

superspace was originally introduced by D. Butter for 4D N = 1 supergravity in a seminal work [25]

and then extended to other space-time dimensions 2 ≤ D ≤ 6 for various amount of supersymmetry

in [26, 27, 29, 31, 32, 142] – see [39, 40] for recent reviews.

In superconformal approaches to supergravity, the key idea is to enlarge the supergravity gauge

group to be described by local superconformal transformations and, potentially, internal symmetries.

Local Poincaré supersymmetry is then recovered by making appropriate choices of gauge fixing

conditions for the non-physical symmetries within the conformal algebra implemented through the

use of compensating multiplets. The extra symmetries make some of the local supersymmetry of

the gravitational sector (both the transformations and symmetry algebra) more manageable and

allow for increased freedom to appropriately fix gauges and frame choices in the final steps of

various analyses – see [37–40] for pedagogical reviews. To achieve minimal 5D supergravity off-

shell from superconformal techniques one can couple the standard Weyl multiplet of 5D conformal

supergravity to two off-shell conformal compensators: a vector multiplet and a linear multiplet

[29, 90, 124–126, 169–177]. These will be the off-shell multiplets employed in our paper.

Within the framework of these superconformal approaches, the minimal five dimensional two-

derivative (gauged) supergravity theory is obtained by the combination of the locally superconformal

two-derivative theories for the vector and linear multiplets together with a BF coupling of the two

superconformal compensators that leads to a supersymmetric cosmological constant. Using this setup,

locally supersymmetric completions of the Weyl tensor squared and the scalar curvature squared were

constructed for the first time, respectively, in [55] and [64] by using component field techniques.

The third independent, locally superconformal invariant, which includes a Ricci tensor-squared

term, was constructed in superspace in [29] by using a 5D analog of the “Log multiplet” construction

in 4D N = 2 supergravity of [61]. However, due to the computational complexity associated to the

construction of this invariant, it took almost 10 years to obtain the results starting from the very simple

building block in superspace. For example, one must compute up to eight local Q-supersymmetry

transformations on the logarithm of the primary field W of the vector multiplet compensator to obtain

the component action of the 5D Log invariant. In our paper we present for the first time the component

structure of this invariant in a standard Weyl multiplet background. See [2] for the bosonic terms based

on using a dilaton Weyl multiplet instead of the standard Weyl multiplet of conformal supergravity.

Moreover, by employing the techniques mentioned above, and by a substantial use of the computer

algebra program Cadabra [87, 88], in our work we have also obtained all the fermionic contributions

for all the three curvature-squared invariant for the first time. The reader who is only interested in the

bosonic results of all the curvature squared actions in a standard Weyl background can look directly

to section 3.5 of our paper, specifically: equations (3.5.2) and (3.5.7) for the Weyl squared invariant;

equations (3.5.12) and (3.5.20) for the Log invariant; and equations (3.5.22) and (3.5.23) for the scalar

curvature-squared invariant. Due to the size of the fermionic structures arising for the building blocks

of the invariants, much of the fermionic contributions are given in the (more than 200 pages long)
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supplementary file accompanying our paper [1].

Having obtained all the building blocks for minimal gauged supergravity with the addition of the

three curvature-squared invariants, we are in the position to obtain for the first time the multiplets

of equations of motions (EOMs) for this five-parameter class of theories. Because these models are

obtained within a superconformal tensor calculus approach, all the EOMs turn out to be organised in

terms of superconformal multiplets described by three main primary (super)fields: a scalar primary

supercurrent operator J which arises from the variation of the fields of the standard Weyl multiplet;

a composite vector multiplet of equations of motion which arises from the variation of the linear

multiplet compensator; and a composite linear multiplet of equations of motion which arises from

the variation of the vector multiplet compensator. The primary (super)fields associated with these

three multiplets of EOMs were presented in [6]. In this paper we will present a derivation of the

primary EOMs based on an interplay of superspace and component techniques together with all their

superconformal descendants. An advantage in obtaining the equations of motion by this approach is

that covariance will be manifest in every result, which is nontrivial because the various component

actions have Chern-Simons terms and naked gravitini terms. Similar to the other building blocks of the

curvature-squared invariants, the equations of motion have remarkable length and complexity. For this

reason, once more, we have decided to relegate most of the complete fermionic results of the EOM

analysis in the supplementary file associated to this paper. It is our hope that these results will be later

used to advance our understanding of the on-shell structure of these models.

Our paper is organised as follows. In section 3.2 we review the structure of the 5D, N = 1

superconformal matter multiplets that will be used in this work. We do present results both in

conformal superspace and in components in the so called traceless frame employed in [29]. It is useful

to mention that our notation and conventions correspond to that of [29] (see also [3], where some

typos from [29] were fixed). In section 3.3 we review the definition of the BF action principle which is

the building block for all the invariants studied in this paper. We then review the construction of all

the two-derivative invariants that define minimal gauged supergravity in five dimensions. In section

3.4, elaborating on the results of [6], we describe the component structure of all these composite

primary multiplets (including the fermionic terms that can be found in the supplementary file) which

are used to construct the three independent four-derivative invariants studied in our paper. By using

all the building blocks of sections 3.2–3.4, in section 3.5 we present the bosonic part of the three

curvature-squared invariants, including the “Log invariant” which is presented for the first time in

subsection 3.5.2 in a standard Weyl basis.2 Sections 3.6 and 3.7 are respectively devoted to firstly

provide a derivation of the primary equations of motion which first appeared in [6], and secondly to

analyse all the descendants of the equations of motion. We conclude our paper in section 3.8 where we

comment on possible developments and applications of our results. We accompany our paper with two

appendices and a 200-page supplementary file. This supplementary file gives all the results including

fermions, and can be found in [1]. Appendix B collects results about conformal superspace in the

traceless frame of [3, 29] and explains how to map our notations and conventions to the ones of some

2The Log invariant in the gauged dilaton Weyl basis has been obtained recently in [2].
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other groups.

3.2 Superconformal multiplets

This section is devoted to a review of several superconformal matter multiplets in five dimensions.

Along with the standard Weyl multiplet discussed in subsections 2.2.2 and 2.2.3, they are the building

blocks for the various supersymmetric curvature-squared invariants discussed in this paper. We will

first describe the off-shell Abelian vector multiplet and then move on to the off-shell linear multiplet.

For each of the previously mentioned multiplets, we will present their formulations in both superspace

and components for completeness. Our analysis follows the superspace and components notation and

results of [3, 6, 29].3

3.2.1 The Abelian vector multiplet

Following the presentation and conventions of [3, 6], let us turn to the description of an off-shell

Abelian vector multiplet.

The Abelian vector multiplet in superspace

To describe the Abelian vector multiplet [181, 182] in conformal superspace [29], we introduce a

real primary superfield W of dimension 1,

(W )∗ =W , KAW = 0 , DW =W . (3.2.1a)

The superfield W is subject to the Bianchi identity

∇
(i
α∇

j)
β

W =
1
4

εαβ ∇
γ(i

∇
j)
γ W . (3.2.1b)

Acting with spinor covariant derivatives on W gives the following descendants:

λ
i
α :=−i∇i

αW , X i j :=
i
4

∇
α(i

∇
j)
α W =−1

4
∇

α(i
λ

j)
α . (3.2.2a)

These superfields, along with

Fαβ :=− i
4

∇
k
(α∇β )kW −WαβW =

1
4

∇
k
(αλβ )k −WαβW , (3.2.2b)

satisfy the identities:

∇
i
αλ

j
β
=−2ε

i j(Fαβ +WαβW
)
− εαβ X i j − ε

i j
∇αβW , (3.2.3a)

∇
i
αFβγ =−i∇α(β λ

i
γ)− iεα(β ∇γ)

δ
λ

i
δ
− 3i

2
Wβγλ

i
α −Wαβγ

iW

+
i
2

Wα(β λ
i
γ)−

3i
2

εα(βWγ)
δ

λ
i
δ
, (3.2.3b)

3For various discussions on off-shell multiplets in five dimensions, see also other works based on superspace,
e.g., [123–126, 164, 164, 179–181], and component approaches, e.g., [90, 165–177].
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∇
i
αX jk = 2iε i( j

(
∇α

β
λ

k)
β
− 1

2
Wαβ λ

βk)+
3i
4

Xk)
α W

)
. (3.2.3c)

Due to (3.2.1b), a dimension-2 superfield of a vector multiplet in the traceless frame obeys the

following Bianchi identity:

∇(α
γFβ )γ =

1
2

λ
γkWαβγk . (3.2.4)

It is useful to note that the S-supersymmetry generator acts on the descendants as

Si
αλ

j
β
=−2iεαβ ε

i jW , Si
αFβγ = 4εα(β λ

i
γ) , Si

αX jk =−2ε
i( j

λ
k)
α , (3.2.5)

while all the superfields are annihilated by Ka.

It is worth noting that there exists a prepotential formulation for the Abelian vector multiplet

which was developed in [29], see also [123, 125, 126, 179] for related works in other superspaces. The

formulation of [29] is based on a real primary superfield Vi j of dimension −2, i.e., DVi j =−2Vi j. Here

Vi j transforms as an isovector under SU(2)R transformations and is the 5D analogue of Mezincescu’s

prepotential [183–185] for the 4D N = 2 Abelian vector multiplet. This then allows us to represent the

field strength W as

W =− 3i
40

∇i j∆
i jklVkl , (3.2.6)

where we have defined the operators

∆
i jkl := − 1

96
ε

αβγδ
∇
(i
α∇

j
β

∇
k
γ∇

l)
δ
=− 1

32
∇
(i j

∇
kl) = ∆

(i jkl) , (3.2.7a)

∇
i j := ∇

α(i
∇

j)
α . (3.2.7b)

Let us also point out that Vi j in (3.2.6) is defined modulo gauge transformations of the form

δVkl = ∇
p
αΛ

α
kl p , Λ

α
kl p = Λ

α
(kl p) , (3.2.8)

with the gauge parameter Λα
kl p being a dimension −5/2 primary superfield,

Si
αΛ

β
jkl = 0 , DΛ

β
jkl =−5

2
Λ

β
jkl . (3.2.9)

The Abelian vector multiplet in components

The component structure of the vector multiplet follows directly from the superfield definitions

(3.2.2). It contains a real scalar field W :=W |, gaugini λ i
α := λ i

α |, a triplet of auxiliary fields X i j :=X i j|,
and a real Abelian gauge connection vm :=Vm| or, equivalently, its real field strength fmn := Fmn|=
2∂[mvn]. The field strength fmn may be expressed in terms of the covariant field strength Fab := Fab|
via the relation

Fab = fab + i(Γ[a)α
β

ψb]
α
k λ

k
β
+

i
2

ψ[a
γ

kψb]
k
γW , fab := ea

meb
n fmn . (3.2.10)

The dilatation weights of the vector multiplet fields are summarised in Table 3.1.
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W λ i
α X i j Fab vm

D 1 3/2 2 2 0

Table 3.1: Dilatation weights of the Abelian vector multiplet.

The transformations of the component fields in a standard Weyl multiplet background can be

obtained from the corresponding superfields. They read

δW = iξiλ
i +λDW , (3.2.11a)

δλ
i
α = −(Σab

ξ
i)αFab − (Σab

ξ
i)αWabW +ξα jX i j +(Γa

ξ
i)α∇aW

+
1
2

λ
ab(Σabλ

i)α +λ
i
jλ

j
α +

3
2

λDλ
i
α +2iηα

iW , (3.2.11b)

δX i j = −2iξ (i
Γ

a
∇aλ

j)− i
2

ξ
(i

Σ
ab

λ
j)Wab −16i(ξ (i

χ
j))W

+2λ
(i

kX j)k −2η
(i

λ
j)+2λDX i j , (3.2.11c)

δvm = i(ξ i
ψmi)W − i(ξ i

Γmλi)+∂mλV , (3.2.11d)

where

∇aW = DaW − i
2

ψaiλ
i , (3.2.12a)

∇aλ
i
α = Daλ

i
α +

1
2
(Σbc

ψa
i)α

(
Fbc +WbcW

)
− 1

2
ψaα jX i j

−1
2
(Γb

ψa
i)α∇bW − iφaα

iW . (3.2.12b)

For completeness, we include

∇aX jk = DaX jk + iψa
α
i ε

i( j
(

∇α
β

λ
k)
β
− 1

2
Wαβ λ

βk)+
3i
4

Xk)
α W

)
+φ

α( j
a λ

k)
α , (3.2.12c)

∇aFβγ = DaFβγ +
i
2

ψa
α
i

(
∇α(β λ

i
γ)+ εα(β ∇γ)

δ
λ

i
δ
+

3
2

Wβγλ
i
α − iWαβγ

iW

−1
2

Wα(β λ
i
γ)+

3
2

εα(βWγ)
δ

λ
i
δ

)
+2φa

i
(β λγ)i . (3.2.12d)

Note that we have also included in (3.2.11d) the gauge field transformation parametrised by the local

real parameter λV .

3.2.2 The linear multiplet

We now turn to the discussion of the off-shell linear multiplet coupled to conformal supergravity.

The linear multiplet in superspace

The linear multiplet [117, 118, 138–140, 186–191], or O(2) multiplet, can be described in terms of

the dimension three primary superfield Gi j = G ji with the properties

∇
(i
αG jk) = 0 , (3.2.13a)
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KAGi j = 0 , DGi j = 3Gi j , (3.2.13b)

where Gi j is assumed to be real, (Gi j)∗ = εikε jlGkl .

The following tower of descending identities is useful to elaborate on the component structure of

the superfield Gi j:

∇
i
αG jk = 2ε

i( j
ϕ

k)
α , (3.2.14a)

∇
i
αϕ

j
β
=− i

2
ε

i j
εαβ F +

i
2

ε
i jHαβ + i∇αβ Gi j , (3.2.14b)

∇
i
αF =−2∇α

β
ϕ

i
β
−3Wαβ ϕ

β i − 3
2

Xα jGi j , (3.2.14c)

∇
i
αHa = 4(Σab)α

β
∇

b
ϕ

i
β
− 3

2
(Γa)α

βWβγϕ
γi − 1

2
(Γa)γ

βWβαϕ
γi , (3.2.14d)

with the independent descendant superfields being defined as

ϕ
i
α :=

1
3

∇α jGi j , (3.2.15a)

F :=
i

12
∇

γi
∇

j
γGi j =− i

4
∇

γk
ϕγk , (3.2.15b)

Habcd :=
i

12
εabcde(Γ

e)αβ
∇

i
α∇

j
β

Gi j ≡ εabcdeH
e . (3.2.15c)

Here Ha obeys the differential condition

∇aH
a = 0 , Ha :=− 1

4!
ε

abcdeHbcde . (3.2.16)

The descendants (3.2.15) are all annihilated by Ka. Under the action of S-supersymmetry, they

transform as follows:

Si
αϕ

j
β
=−6εαβ Gi j , Si

αF = 6iϕ i
α , Si

αHb =−8i(Γb)α
β

ϕ
i
β
. (3.2.17)

We refer the reader to [29] for a superform description of the linear multiplet.

There exists a prepotential formulation for the linear multiplet in superspace [29]. The constraints

(3.2.13) may be solved in terms of an arbitrary primary real dimensionless scalar prepotential Ω,

Si
αΩ = 0 , DΩ = 0 , (3.2.18)

which leads to

Gi j = − 3i
40

∆
i jkl

∇klΩ . (3.2.19)

An important property of Gi j defined by (3.2.19) is that it is invariant under gauge transformations of

Ω of the form

δΩ =− i
2
(Γa)αβ

∇
i
α∇

j
β

Bai j , (3.2.20)

where the gauge parameter is assumed to have the properties

Ba
i j = Ba

ji , Si
αBa

jk = 0 , DBa
i j =−Ba

i j , (3.2.21)
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and is otherwise arbitrary.

It is useful to note that given a system of n Abelian vector multiplets W I , with I = 1,2, . . .n, all

satisfying (3.2.1), we can construct the following composite linear multiplet and its descendants [29]:

H i j = CJK

{
2W JX i j K − iλ αJ (i

λ
j)K

α

}
, (3.2.22a)

ϕ
i
α = CJK

{
iX i j J

λ
K
α j −2iFJ

αβ
λ

β iK − 3
2

X i
αW JW K −2iW J

∇αβ λ
β iK

−i(∇αβW J)λ β iK −3iWαβW J
λ

β iK
}
, (3.2.22b)

F = CJK

{
X i jJXK

i j −FabJFK
ab +4W J2W K +2(∇aW J)∇aW K

+2i(∇α
β

λ
iJ
β
)λ αK

i −6W abFJ
abW K − 39

8
W abWabW JW K

+
3
8

YW JW K +6Xαi
λ

J
αiW

K −3iWαβ λ
αiJ

λ
βK
i

}
, (3.2.22c)

Ha = CJK

{
− 1

2
εabcdeFbcJFdeK +4∇

b
(

W JFK
ba +

3
2

WbaW JW K
)

+2i(Σba)
αβ

∇
b(λ iJ

α λ
K
β i)

}
, (3.2.22d)

where 2 := ∇a∇a and CJK = C(JK) is a constant symmetric in J and K. Equation (3.2.22) is the

superspace analogue of the composite linear multiplet constructed for the first time in [90]. Note that

it is possible to create a composite linear multiplet from a single Abelian vector multiplet by setting

CJK = 1 when J = K = 1 and zero otherwise. This case will play an important role.

The linear multiplet in components

The components of the linear multiplet follows directly from the superfield description: an SU(2)R

triplet of Lorentz scalar fields Gi j = Gi j| ; a spinor field ϕαi = ϕαi| ; a scalar field F = F |; and a

covariant closed anti-symmetric four-form field strength Habcd :=Habcd|. The latter is equivalent to a

conserved dual vector Ha :=−1/4!εabcdeHbcde.4 It holds that

Ha = ha +2(Σab)α
β

ψb
α
i ϕ

i
β
− i

2
ε

abcde(Σbc)αβ ψd
α
i ψe

β

j Gi j . (3.2.23)

The covariant conservation equation for Ha is

∇
aHa = 0 . (3.2.24)

The constraint implies that there exists a gauge three-form potential, bmnp, and its exterior derivative,

such that hmnpq := 4∂[mbnpq], with bmnp :=Bmnp|.
The local superconformal transformations of the covariant fields can be derived using (3.2.14) and

(3.2.17), which give

δGi j = −2ξ(iϕ j)−2λ(i
kG j)k +3λDGi j , (3.2.25a)

4The Levi-Civita tensor with world indices is defined as εmnpqr := εabcdeea
meb

nec
ped

qee
r, such that εabcde and εabcde

are normalised as ε01234 =−ε01234 = 1.
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δϕαi = − i
2

ξαiF − i
2
Ha(Γ

a
ξi)α − i(Γa

ξ
j)α∇aGi j +6ηα

jGi j

+
1
2

λ
ab(Σabϕi)α −λi

j
ϕ jα +

7
2

λDϕαi , (3.2.25b)

δF = 2ξ
i
Γ

a
∇aϕi −

3
2
(ξ i

Σ
ab

ϕi)Wab +16i(ξ i
χ

j)Gi j

+6iη
i
ϕi +4λDF , (3.2.25c)

δHa = −4ξ
i
Σab∇

b
ϕi −

1
2
(ξ i

Γ
b
ϕi)Wab +

1
2

εabcdeW bc(ξ i
Σ

de
ϕi)

+λa
bHb +4λDHa −8iη i

Γaϕi , (3.2.25d)

where

∇aGi j = DaGi j +ψa(iϕ j) , (3.2.26a)

∇aϕαi = Daϕαi +
i
4

ψaαiF +
i
4
(Γb

ψai)αHb +
i
2
(Γb

ψa
j)α∇bGi j −3φaα

jGi j . (3.2.26b)

For completeness, we also have

∇aF = DaF − (Γbψai)α∇
b
ϕ

iα +
3
2

ψai
βWαβ ϕ

iα −8iGi j
ψa j

α
χiα +3iφai

α
ϕ

i
α , (3.2.26c)

∇aHb = DaHb −2(Σbcψai)α∇
c
ϕ

iα +
3
4
(Γbψai)αW αβ

ϕ
i
β
+

1
4

ψai
βWαβ (Γbϕ

i)α

+4i(Γbφai)αϕ
iα . (3.2.26d)

The locally superconformal transformations of bmnp are

δbmnp = 2εabcdeem
aen

bep
c(ξiΣ

de
ϕ

i)−12i(ψ[m
i
Σnp]ξ

j)Gi j +3∂[mlnp] , (3.2.27)

where we have also included the gauge transformation δlbmnp = 3∂[mlnp] leaving hmnpq and Ha

invariant. The dilatation weights of the O(2) multiplet are summarised in Table 3.2.

Gi j ϕαi F Ha bmnp

D 3 7/2 4 4 0

Table 3.2: Dilatation weights of the off-shell O(2) multiplet.

3.3 Superconformal actions

In this section we review a main action principle that has played an important role in constructing

various locally superconformal invariants including the two-derivative gauged supergravity action. The

reader should refer to [29] for a more complete analysis.

3.3.1 BF action

Consider a full superspace integral

S[L] =
∫

d5|8zEL , d5|8z := d5xd8
θ , E := Ber(EM

A) , (3.3.1)
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where the Lagrangian L is a conformal primary superfield of dimension +1, i.e, DL = L. The

above action is locally superconformal, that is, invariant under the supergravity gauge transformations

(2.2.77).

One of the main building blocks for the construction of general supergravity-matter couplings

[90,172–177] and higher-derivative invariants in [29] is the so-called BF action principle. It is based on

an appropriate product of a linear multiplet with an Abelian vector multiplet, which may be described

by the following form in superspace

SBF =
∫

d5|8zE ΩW =
∫

d5|8zE Gi jVi j . (3.3.2a)

As shown above, the BF action can be written in different ways, see [29] for even more variants. In

the first form in (3.3.2a), it involves the field strength of the vector multiplet, W , and the prepotential

of the linear multiplet, Ω. Equivalently, the BF action can be written in terms of the Mezincescu’s

prepotential Vi j and the field strength Gi j of the linear multiplet described by the right-hand side of

(3.3.2a). In addition, the functionals
∫

d5|8zE ΩW and
∫

d5|8zE Gi jVi j are, respectively, invariant under

the gauge transformations (3.2.20) and (3.2.8), thanks to the defining differential constraints satisfied

by W and Gi j, (3.2.1b) and (3.2.13a).

In components, and in our notation, the BF action takes the form [29]

SBF = −
∫

d5xe
(

vaH
a +WF +Xi jGi j +2λ

αk
ϕαk

−ψa
α
i (Γ

a)α
β

ϕ
i
β
W − iψa

α
i (Γ

a)α
β

λβ jG
i j + iψa

α
i (Σ

ab)α
β

ψbβ jWGi j
)

(3.3.2b)

= −
∫

d5xe
(
− 1

12
ε

abcde fabbcde +WF +Xi jGi j +2λ
αk

ϕαk

−ψa
α
i (Γ

a)α
β

ϕ
i
β
W − iψa

α
i (Γ

a)α
β

λβ jG
i j + iψa

α
i (Σ

ab)α
β

ψbβ jWGi j
)
, (3.3.2c)

where it should be noted that sometimes we associate the same symbol for the covariant component

fields and the corresponding superfields, when the interpretation is clear from the context.

3.3.2 Vector multiplet compensator

The two-derivative action for the vector multiplet compensator can be constructed via the BF

action principle (3.3.2a), with the linear multiplet being a composite superfield. We denote by H i j
VM

the composite linear multiplet (3.2.22),

H i j
VM = i(∇α(iW )∇

j)
α W +

i
2

W∇
α(i

∇
j)
α W

= −iλ αi
λ

j
α +2WX i j . (3.3.3)

One can then check that H i j
VM is a primary superfield, Sk

αH i j
VM = 0 and has dimension 3. Thanks to the

Bianchi identity (3.2.1b), it also satisfies the analyticity constraint

∇
(i
αH jk)

VM = 0 . (3.3.4)
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The vector multiplet action may then be written as an integral over the full superspace,

SVM =
1
4

∫
d5|8zE Vi jH

i j
VM . (3.3.5)

This invariant also admits another representation, which can be obtained by applying (3.3.2a) once

more

SVM =
1
4

∫
d5|8zE ΩΩΩVMW , (3.3.6a)

where we have introduced the primary superfield [29]

ΩΩΩVM =
i
4

(
W∇

i jVi j −2(∇αiVi j)∇
j
αW −2Vi j∇

i jW
)
. (3.3.6b)

It can be shown that, by making use of (3.2.6), (3.2.19), (3.3.6), and integration by parts, we obtain

the following relation

1
4

∫
d5|8zE Vi j δH i j

VM =
1
2

∫
d5|8zE δWΩΩΩVM (3.3.7a)

=
1
2

(
− 3i

40

)∫
d5|8zE ΩΩΩVM∇i j∆

i jkl
δVkl (3.3.7b)

=
1
2

∫
d5|8zE δVi jH

i j
VM . (3.3.7c)

Making use of the representations (3.3.5) and (3.3.6), it is seen that the variation of SVM, induced by

an arbitrary variation of the Mezincescu’s prepotential Vi j reads

δSVM =
3
4

∫
d5|8zE δVi jH

i j
VM . (3.3.8)

The above variation vanishes when δVi j is a gauge transformation (3.2.8). This implies that∫
d5|8zE Λ

α
i jk∇

(k
α H i j)

VM = 0 , (3.3.9)

that is, ∇
(i
αH jk)

VM = 0. This result holds for any dynamical system involving an Abelian vector multiplet

[29]. The variation with respect to the prepotential Vi j couples to a composite linear multiplet which

depends on the specific form of the associated action principle – let us call this, in general, Hi j which

satisfies by construction the constraints (3.2.13). The equation of motion (EOM) for a vector multiplet

is then Hi j = 0. In the case of eq. (3.3.5), the EOM for the vector multiplet compensator is H i j
VM = 0.

Let us now work out the component form of SVM. The bosonic part of such an action takes the

form

SVM = −1
4

∫
d5xe

{
vaHaVM +WFVM +Xi jH

i j
VM

}
. (3.3.10)

This amounts to taking the bosonic sector5 of the bar projection of eqs. (3.2.22) for a single Abelian

vector multiplet:

H i j
VM|bosonic = 2WX i j , (3.3.11a)

5Here and in what follows, whenever we only explicitly present the bosonic sectors, any supercovariant field strength
(which contains fermionic terms) can also be replaced with its purely bosonic analogue, e.g., Ha with ha, Fab with fab and
so on, as this will only modify the suppressed fermionic terms.
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FVM|bosonic = X i jXi j − f ab fab +4W∇
a
∇aW +2(∇aW )∇aW

−6W W ab fab −
39
8

W 2W abWab −16W 2D , (3.3.11b)

HaVM|bosonic = −1
2

εabcde f bc f de +4∇
b(W fba +

3
2

W 2Wba) , (3.3.11c)

and plugging (3.3.11) back into (3.3.10). This procedure results in

SVM =
∫

d5xe
{
− 1

2
W (∇aW )∇aW −W 2

∇
a
∇aW − 3

4
WX i jXi j +

1
8

εabcdeva f bc f de

+
3
4

W f ab fab +
9
4

W 2W ab fab +
39
32

W 3W abWab +4W 3D
}
. (3.3.12)

The expression (3.3.12) can be written in terms of the degauged covariant derivative Da, as defined

in (2.2.32). The term “degauging” refers to the process of reducing part of the local symmetry of the

theory. To obtain the supergravity action from a superconformal invariant action, one must degauge

the superconformal covariant derivative down to the Poincaré covariant derivative. Throughout the

main body of this paper, whenever the degauging procedure is applied, we effectively replace the

superconformal vector covariant derivative ∇a using the following relation

∇a =Da − fa
bKb , (3.3.13)

focusing only on the bosonic part. For now, the dilatation and R-symmetry components remain gauged

but can be degauged separately if required. For results including fermionic terms, we refer to the

supplementary file of our paper [1]. As such, we have that

∇
a
∇aW =DaDaW +

1
8

WR . (3.3.14)

After performing integration by parts, one then arrives at

SVM =
∫

d5xe
{
− 1

8
W 3R+

3
2

W (DaW )DaW − 3
4

WX i jXi j +
1
8

εabcdeva f bc f de

+
3
4

W f ab fab +
9
4

W 2W ab fab +
39
32

W 3W abWab +4W 3D
}
. (3.3.15)

Upon gauge fixing dilatation by imposing W = 1, the first term gives a scalar curvature term, R.

The gauge fixing W = 1 can be achieved by requiring W ̸= 0 meaning that the vector multiplet is a

conformal compensator.

3.3.3 Linear multiplet compensator

Within the BF action principle (3.3.2a), the dynamical part of the linear multiplet action is described

by a vector multiplet built out of the linear multiplet. We denote by W the composite vector multiplet

field strength:

W :=
i

16
G∇

αi
∇

j
α

(Gi j

G2

)
=

1
4

FG−1 − i
8

Gi jϕ
iα

ϕ
j

αG−3 , (3.3.16)
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with

G :=

√
1
2

Gi jGi j (3.3.17)

being nowhere vanishing, G ̸= 0. At the component level, the vector multiplet (3.3.16) was first derived

by Zucker [192] as a 5D analogue of the improved 4D N = 2 tensor multiplet [191]. The field strength

W obeys the constraints (3.2.1).

The component fields of the above composite vector multiplet in our notation have been worked

out in [6], see [192] for the first analysis in components. They consist of the θ = 0 projection of

W, along with the descendant components of W: λλλ
i
α = −i∇i

αW|, Xi j = i
4∇α(i∇

j)
α W| and Fab =

1
4(Σab)

αβ ∇k
(αλλλ β )k|−WabW| . Their explicit expressions are

λλλ
i
α = G−1

{
− i

2
∇αβ ϕ

β i +
3i
4

Wαβ ϕ
β i +4Gi j

χα j

}

+G−3

{
− i

8
FGi j

ϕα j −
i
8

Gi jHαβ ϕ
β

j +
i
4

G jkϕ
βk

∇αβ Gi j +
1
4

ϕ
β i

ϕ
j

β
ϕα j

}

+G−5

{
− 3

8
Gi jGklϕ

βk
ϕ

l
β

ϕα j

}
, (3.3.18a)

Xi j = G−1

{
1
2
2Gi j +

3
64

W abWabGi j +2DGi j +8χ
α(i

ϕ
j)

α

}

+G−3

{
− 1

16
F2Gi j − 1

16
HaHaGi j +

1
4
HaGk(i

∇aGk
j)− 1

4
Gkl
(
∇

aGk(i)
∇aG j)l

−4Gi jGklχ
αk

ϕ
l
α − i

8
Fϕ

α(i
ϕ

j)
α +

3i
8

W αβ Gi j
ϕ

k
αϕβk

+
i

16
(Γa)αβ

(
Haϕ

(i
α ϕ

j)
β
+8Gk(i(

∇aϕ
j)

α

)
ϕβk +2ϕ

(i
α

(
∇aG j)k)

ϕβk

)}

+G−5

{
3i
16

FGi jGklϕ
αk

ϕ
l
α +

3i
16

Gk(iG j)l(Γa)αβHaϕ
α
k ϕ

β

l − 3i
8

GmnGk(i(
∇αβ Gm

j))
ϕ

α
k ϕ

β
n

+
3
8

Gk(i
ϕ

j)
α ϕ

αl
ϕ

β

k ϕβ l −
3
8

Gkl
ϕ

α(i
ϕ

j)
α ϕ

β

k ϕβ l

}

+G−7

{
15
32

Gi jGklGmnϕ
αk

ϕ
l
αϕ

βm
ϕ

n
β

}
, (3.3.18b)

Fab = G−1

{
1
2

∇[aHb]+
1
2

Gi jΦab
i j +

i
4

Wabα
i
ϕ

α
i

}

+G−3

{
1
4

Gi jH[a∇b]G
i j − 1

4
Gi j
(
∇[aGik)

∇b]Gk
j +

i
2

Gi j(Γ[a)
αβ (∇b]ϕ

i
α)ϕ

j
β

− i
8
(Γ[a)

αβ
(
∇b]Gi j

)
ϕ

i
αϕ

j
β

}
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+G−5

{
− 3i

8
Gk

iGl
j(Γ[a)

αβ
(
∇b]Gkl

)
ϕ

i
αϕ

j
β

}
. (3.3.18c)

The action for the linear multiplet compensator may be expressed as

SL =
∫

d5|8zE ΩW . (3.3.19)

Varying the prepotential Ω leads to

δSL =
∫

d5|8zE δΩW . (3.3.20)

The previous form holds for the first-order variation of a matter system which includes a linear

multiplet with respect to its prepotential Ω. In particular, the variation must vanish if δΩ is given

by (3.2.20). This holds provided W satisfies the Bianchi identity (3.2.1b). In general, any dynamical

system involving a linear multiplet possesses a composite vector multiplet W. The EOM for the linear

multiplet is W = 0, and for the linear multiplet action of eq. (3.3.19), this is given by W defined in

(3.3.16).

In components, the linear multiplet action, SL, is obtained by making use of the component BF

action (3.3.2c), with the fields of the vector multiplet now being composite. That is, we substitute the

expressions (3.3.18) into (3.3.2c). After degauging (3.3.13), the bosonic part of SL is given by [29]

SL =
∫

d5xe
{
− 3

8
GR−4DG− 1

8G
F2 − 3

32
W abWabG+

1
4

G−1(DaGi j)DaGi j

−1
8

G−1HaHa +
1

24
ε

abcdebcde

(1
2

G−3(DaGik)(DbG j
k)Gi j +G−1

Φab
i jGi j

)}
. (3.3.21)

3.3.4 Gauged supergravity action

An off-shell formulation for 5D minimal supergravity can be constructed by coupling the standard

Weyl multiplet to two off-shell compensators: vector and linear multiplets [29, 90, 169–177]. The

complete (gauged) supergravity action, SgSG, is given by the following two-derivative action [29]:

SgSG = SVM +SL +κ SBF =
∫

d5|8zE
{1

4
Vi jH

i j
VM +ΩW+κVi jGi j

}
(3.3.22a)

=
∫

d5|8zE
{1

4
Vi jH

i j
VM +ΩW+κΩW

}
. (3.3.22b)

The BF action κSBF describes a supersymmetric cosmological term. The κ = 0 case corresponds to

Poincaré supergravity, while κ ̸= 0 leads to gauged or anti-de Sitter supergravity. In components, it

reads

κSBF =−κ

∫
d5xe

{
WF +X i jGi j + vaH

a
}
+ fermions . (3.3.23)

Upon gauge fixing dilatation and superconformal symmetries (dilatation, S and K) and integrating out

the various auxiliary fields, one obtains the on-shell Poincare supergravity action of [162, 163]. The

contributions from the scalar curvature terms in (3.3.15) and (3.3.21) combine to give the normalised

Einstein-Hilbert term −1
2R plus a cosmological constant, see, e.g., [29] for details.
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3.4 Curvature-squared multiplets in components

In [29], three independent curvature-squared invariants [29, 55, 58, 63, 64] were defined in super-

space in the standard Weyl multiplet background. The full expressions of all the composite primary

superfields generating these invariants were presented recently in [6]. In this section we describe the

component structure of all these composite primary multiplets (including the fermionic terms which

can be found in the supplementary file [1]), thus elaborating the results of [6].

3.4.1 Weyl-squared

In superspace, a supersymmetric completion of a Weyl-squared term can be generated using a

composite linear multiplet H i j
Weyl built out of the super Weyl tensor and its descendants [29]. The

appropriate composite linear multiplet is described by the primary superfield

H i j
Weyl :=− i

2
W αβγiWαβγ

j +
3i
2

W αβ Xαβ
i j − 3i

4
XαiX j

α . (3.4.1)

Here H i j
Weyl satisfies the constraints (3.2.13), and corresponds to the composite linear multiplet which

was first constructed in components by Hanaki, Ohashi, and Tachikawa in [55].

With the aid of relations (2.2.74), along with the definition of the Weyl multiplet components

given in (2.2.82), the components of H i j
Weyl are straightforward to compute. They include the θ = 0

projection of H i j
Weyl , together with the descendant components:

ϕ
α i
Weyl =

1
3

∇
α
j H i j

Weyl| , (3.4.2a)

FWeyl =
i

12
∇

α
i ∇α jH

i j
Weyl| , (3.4.2b)

Ha
Weyl =

i
12

(Γa)αβ
∇αi∇β jH

i j
Weyl| . (3.4.2c)

The bosonic part of the descendants (3.4.2) was given in [55], while its complete structure including

fermions is given for the first time in this paper and can be found in the supplementary file [1]. Below

we have omitted the fermionic contributions in the expressions for FWeyl and Ha
Weyl .

H i j
Weyl = − i

2
W αβγiWαβγ

j −W ab
Φab

i j +
256i

3
χ

αi
χ

j
α , (3.4.3a)

ϕ
i
α Weyl = CαβγλW βγλ i +

3
4

WαβWγλW βγλ i − 3
4

Wβγλ
i
∇α

βW γλ

+
3
4

Wαβλ
i
∇

βγWγ
λ −Φ

βγi jWαβγ j −
32i
3

Φαβ
i j

χ
β

j −
3
2

W γλ
∇α

βWβγλ
i

−8iW βγWβγ χ
i
α − 3

2
Wβλ ∇

βγWαγ
λ i −8iWγλ ∇α

γ
χ

λ i +8iWαβ ∇
βρ

χ
i
ρ

−128i
3

Dχ
i
α −12iχλ i

∇α
γWγλ +4iχ i

β
∇

βρWαρ , (3.4.3b)

FWeyl =
128

3
D2 +8W abWabD− 2

3
Φ

abi j
Φabi j +

1
4

CabcdCabcd +
15
8

CabcdWabWcd

+
81
32

W abWbcW cdWda −3Wcd∇b∇
cW bd − 33

128
W abWabW cdWcd
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+
3
2

∇
aW ce

∇cWae −
3
2

∇
aW ce

∇aWce +
9
16

ε
abcdeWabWcd∇

fWe f , (3.4.3c)

Ha
Weyl =

1
8

ε
abcdeCbc

e1e2Cdee1e2 −
1
6

ε
abcde

Φbc
i j

Φdei j +∇bH̃
ab
Weyl , (3.4.3d)

where

H̃ab
Weyl = 8W abD+

3
2

CabcdWcd +
3

16
W abW cdWcd −

9
4

W acWcdW db

−9
4

ε
abcdeWce1∇dWe

e1 − 3
2

ε
abcdeWce1∇

e1Wde . (3.4.3e)

Here the Weyl tensor Cabcd is defined through

Cabcd := R(M)abcd = − i
4

Wabcd −
1
2

WabWcd −
1
8

ηa[cηd]bW e fWe f

+
1
2

Wa[cWd]b −We[aηb][cW
e
d] . (3.4.4)

We also note the relation

∇a∇bWcd = DaDbWcd −2fabWcd +4fa[cWd]b −4fa f ηb[cWd]
f + · · · , (3.4.5)

with

fab =−1
6
Rab +

1
48

ηabR+ . . . , fa
a =− 1

16
R+ . . . , (3.4.6)

and the ellipsis corresponding to omitted fermionic contributions. Having obtained the full component

expressions, the first non-trivial check we have done is to show that the divergence of Ha
Weyl vanishes

up to fermions, that is ∇aH
a
Weyl = 0. One can show that this holds with the use of the Bianchi identities

on Cabcd and Φab
i j, along with the fact that ∇a∇bH̃

ab
Weyl = 0 up to fermions as H̃ab

Weyl is a K-invariant,

SU(2)-singlet, antisymmetric tensor. In addition, we have checked explicitly that all the component

fields described in (3.4.3) are K-primary.

3.4.2 Log

As an extension of the higher-derivative chiral invariant in 4D N = 2 supergravity [61], Ref. [29]

proposed a composite linear superfield which describes a supersymmetric Ricci tensor-squared term.

This primary superfield, H i j
log, makes use of the standard Weyl multiplet coupled to the off-shell vector

multiplet compensator. It is given by6

H i j
log =− 3i

40
∆

i jkl
∇kl logW =

3i
1280

∇
(i j

∇
kl)

∇kl logW . (3.4.7)

Due to the complexity in computing the action of up to eight spinor derivatives on the “log multiplet”,

the component structure of H i j
log has just been studied recently. With the aid of the Cadabra software

[87, 88], the full expression of H i j
log in its expanded form in terms of the descendants of W and Wαβ

appeared for the first time in [6]. Its lowest component, H i j
log|, is given by

H i j
log =

1
2

WabΦ
abi j − 272i

3
χ

αi
χ

j
α

6Note the overall minus sign difference between the definition of the logW invariant in this paper and the one of [29].
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+W−1

{
−6X i jD+

1
2

FabΦ
abi j − 1

2
2X i j − 9

64
X i jW abWab +

1
4

W abWab
α(i

λ
j)

α

+8i(Γa)αβ
χ
(i
α ∇aλ

j)
β
−8i(Γa)αβ

λ
(i
α ∇aχ

j)
β

}

+W−2

{
1
2

X i j2W +
1
2
(
∇

aW
)
∇aX i j +

1
4

FabWab
α(i

λ
j)

α − i
2

λ
α( j2λ

i)
α

− i
4
(
∇

a
λ

αi)
∇aλ

j
α − 3i

16
ε

abcde(Σab)
αβWdeλ

(i
α ∇cλ

j)
β
− 3i

8
(Γa)αβ

λ
i
αλ

j
β

∇
cWac

−2iDλ
αi

λ
j

α −4i(Σab)
αβ Fab

χ
(i
α λ

j)
β
+

3i
128

W abWabλ
αi

λ
j

α

+
9i

256
ε

abcde(Γa)
αβWbcWdeλ

i
αλ

j
β
+4iX i j

χ
αk

λαk

}

+W−3

{
1
8

X i jFabFab −
1
8

X i jXklXkl −
1
4

X i j(
∇

aW
)
∇aW

− i
8

ε
abcde(Σab)

αβ Fdeλ
(i
α ∇cλ

j)
β
− i

4
(Γa)αβ Fabλ

(i
α ∇

b
λ

j)
β

− i
4
(Γa)αβ

λ
i
αλ

j
β

∇
cFac +

i
4
(Γa)αβ X i j

λ
k
α∇aλβk +

i
4
(Γa)αβ Xk(i

λ
j)

α ∇aλβk

− i
4
(Γa)αβ

λ
(i
α

(
∇aX j)l)

λβ l +
i
4

λ
αi

λ
j

α2W +
3i
4
(
∇

aW
)
λ

α(i
∇aλ

j)
α

− i
2
(Σab)

αβ
(
∇

aW
)
λ
(i
α ∇

b
λ

j)
β
− 3i

16
(Γa)αβWabλ

i
αλ

j
β

∇
bW +

3i
32

WabFab
λ

αi
λ

j
α

+
9i
64

ε
abcde(Γa)

αβWbcFdeλ
i
αλ

j
β
− 3i

32
(Σab)

αβ X i jW ab
λ

k
αλβk

−4χ
αk

λ
(i
α λ

β j)
λβk −4χ

αk
λ

β i
λ

j
β

λαk

}

+W−4

{
− 3i

16
λ

αi
λ

j
α

(
∇

aW
)
∇aW − 3i

8
(Γa)αβ Xk(i

λ
j)

α λβk∇aW

+
3i
8
(Γa)αβ Fabλ

i
αλ

j
β

∇
bW +

3i
32

FabFabλ
αi

λ
j

α +
3i
64

ε
abcde(Γa)

αβ FbcFdeλ
i
αλ

j
β

− 3i
16

(Σab)
αβ X i jFab

λ
k
αλβk −

3i
16

X i jXkl
λ

α
k λαl −

3i
32

XklXklλ
αi

λ
j

α

−15
64

(Γa)αβ
λ

i
αλ

j
β

λ
γk

∇aλγk −
9

32
(Γa)αβ

λ
(i
α λ

ρ j)
λ

k
β

∇aλρk

−15
32

(Γa)αβ
λ
(i
α λ

ρ j)
λ

k
ρ∇aλβk −

15
64

(Γa)αβ
λ

ρi
λ

j
ρλ

k
α∇aλβk

+
9

32
(Σab)

αβW ab
λ
(i
α λ

ρ j)
λ

k
β

λρk +
9

64
(Σab)

αβW ab
λ

ρi
λ

j
ρλ

k
αλβk

}

+W−5

{
3
8
(Γa)αβ

λ
(i
α λ

ρ j)
λ

k
β

λρk∇aW +
3
8
(Σab)

αβ Fab
λ

ρi
λ

j
ρλ

k
αλβk

+
3
8

Xkl
λ

αi
λ

j
αλ

β

k λβ l

}
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+W−6

{
3i
32

λ
αi

λ
j

αλ
βk

λ
l
β

λ
γ

k λγl +
3i
16

λ
αi

λ
k
αλ

β j
λ

l
β

λ
γ

k λγl

}
. (3.4.8a)

The full expressions of the descendant component fields of H i j
log, including the fermionic terms, are

very involved and can be found in the supplementary file [1]. In this subsection, we will only present

the bosonic sectors. The component Flog =
i

12∇α
i ∇α jH

i j
log| takes the form

Flog = −1
2

W abW cdCabcd +
8
3

D2 +42D+
368
3

W abWabD− 1
6

Φ
abi j

Φabi j

+2Wcd∇
c
∇aW ad − 1

2
Wcd∇a∇

cW ad +
39
16

Wcd2W cd − 1005
2048

W abWabW cdWcd

−9
4

∇
aWab∇cW bc − 3

4
∇

aW bc
∇bWac +

33
16

∇
aW bc

∇aWbc +
9

16
ε

abcdeWbcWde∇
fWa f

+W−1

{
−Fcd∇

c
∇aW ad − 1

2
Fcd∇a∇

cW ad +
3
2

Fcd2W cd +2Wcd∇
c
∇aFad

+
1
2

Wcd2Fcd −4D2W −22W −4∇
aW∇aD− 1

4
W abFcdCabcd

−9
2

Wa
cWcb∇

a
∇

bW +
9
2

Wcd∇aW∇
cW ad − 3

16
Wcd∇aW∇

aW cd

+
9
2

Wcd∇
cW∇aW ad − 3

32
W cdWcd2W − 3

2
∇

aFab∇cW bc

+
3
2

∇
aFbc

∇aWbc +
9

16
ε

abcde
(

2WcdFe f ∇
fWab +WbcWde∇

f Fa f

)}

+W−2

{
−FabFabD− 1

2
Fcd2Fcd +

1
4

FabFcdCabcd −
75

128
W abWabFcdFcd

+
9
4

W abWbcFcdFda −
3
2

Fcd∇aW∇
aW cd − 3

2
Wcd∇aW∇

aFcd

−3
2

W cdFcd2W +2D∇
aW∇aW +2∇

aW∇a2W +2W2W

+
1
2

∇
a
∇

bW∇a∇bW +3X i jXi jD+
1
2

X i j2Xi j +
1
4

∇
aX i j

∇aXi j

+
9
4

Wa
cWcb∇

aW∇
bW +

3
64

W cdWcd∇
aW∇aW − 1

4
∇

aFbc
∇aFbc

−1
2

X i jFab
Φabi j +

9
128

X i jXi jW abWab +
3
8

ε
abcdeWcdFe f ∇

f Fab

−3
8

ε
abcdeFbcFde∇

fWa f

}

+W−3

{
− 3

4
W abFcdFabFcd +

3
2

W abFcdFacFbd −Fa
cFcb∇

a
∇

bW

+Fcd∇
aW∇aFcd +Fcd∇

cW∇aFad +
1
4

FcdFcd2W

+
3
2

W cdFcd∇
aW∇aW − 3

2
∇

aW∇aW2W −∇
aW∇

bW∇a∇bW

−3
4

X i jXi j2W − 3
2

X i j
∇

aW∇aXi j −
1
8

ε
abcdeFbcFde∇

f Fa f

}
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+W−4

{
− 3

32
FabFabFcdFcd +

3
8

FabFbcFcdFda +
3
2

Fa
cFcb∇

aW∇
bW

−3
8

FcdFcd∇
aW∇aW − 3

16
X i jXi jFabFab +

3
8
(∇aW∇aW )2

+
9
8

X i jXi j∇
aW∇aW +

3
32

X i jXi jXklXkl

}
+ fermions . (3.4.8b)

The initial expression for the top component, Ha
log =

i
12(Γ

a)αβ ∇αi∇β jH
i j
log|, obtained from the

computer algebra program Cadabra, is quite extensive and contains 261 terms in the bosonic part

alone. For completeness, this expression is given in the supplementary file. However, there are

ample opportunities for simplification by utilising the algebra of commutators (B.2.4), symmetry

properties of the Weyl tensor and the Bianchi identities (2.2.75), (3.2.4). Additionally, many terms in

the expression can be further combined as they exhibit similar structures and are linearly dependent,

see supplementary file [1].

The ultimate goal is to express Ha
log in terms of total derivatives as much as possible, that is,

Ha
log = ∇bH̃

ab
log + . . . . The reason is that, once coupled to the vector potential va in the component BF

action (3.3.2b), this term will be proportional to FabH̃
ab
log upon integration by parts. This task, however,

proves to be challenging, as determining the most suitable combinations of terms to combine into total

derivatives is not obvious beforehand. Despite these difficulties, the expression provided by Cadabra

remains approachable, and progress has been made by manually combining terms to reach a final

expression of the form

Ha
log =

1
12

ε
abcde

Φbc
i j

Φdei j −
3
8

∇bCabcdWcd

−3
8

W−1
∇bCabcdFcd +∇bH̃

ab
log + fermions , (3.4.8c)

where H̃ab
log is antisymmetric and is given by

H̃ab
log = −4W abD+

9
4

ε
abcdeWcd∇

fWe f +
3
4

ε
abcdeWc f ∇

fWde −
3

32
W abW cdWcd

−9
2

W acWcdW bd − 3
2

CabcdWcd +
3
2
2W ab

+W−1

{
4FabD+

3
4

ε
abcdeFc f ∇

fWde +
3
2

ε
abcdeFde∇

fWc f +
3
2

ε
abcdeWde∇

f Fc f

+
3
4

ε
abcdeWe f ∇

f Fcd +
9
8

ε
cde f [b

∇
a]WWcdWe f +3∇

cW [b
c∇

a]W

+6∇
[aWc

b]
∇

cW +3W ab2W +2Fab +
75
32

W cdWcdFab

+9W c[aWcdFb]d +Φ
ab

i jX i j −CabcdFcd

}

+W−2

{
1
4

ε
abcdeFc f ∇

f Fde +
1
2

ε
abcdeFcd∇

f Fe f −
3
8

ε
abcdeWcdFe f ∇

fW

+
3
8

ε
abcdeWc f Fde∇

fW +
3
8

ε
cde f [aWcdFe f ∇

b]W − 1
2

Fab2W
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+Fc[a
∇

b]
∇cW +∇

[aW∇cFb]c − 3
2

W ab
∇

cW∇cW +3W c[aFcdFb]d

+
3
4

W abFcdFcd +
3
2

Fc[aWcdFb]d − 1
2

∇
cW∇cFab +

3
2

FabW cdFcd

}

+W−3

{
1
4

ε
cde f [aFcdFe f ∇

b]W +
1
2

Fab
∇

cW∇cW

+
1
4

FabFcdFcd +FacFcdFdb +
1
4

X i jXi jFab

}
. (3.4.8d)

We also note the following useful relations (up to fermions)

∇a∇bW = DaDbW −2fabW + . . . , (3.4.9a)

∇a∇bX i j = DaDbX i j −4fabX i j + . . . , (3.4.9b)

∇a∇bFcd = DaDbFcd −4fabFcd +4fa[cFd]b −4fa f ηb[cFd]
f + . . . , (3.4.9c)

∇a2W = DaDbD
bW −2Da(fb

bW )+2fabD
bW + . . . , (3.4.9d)

22W = DaD
aDbD

bW −2DaD
a(fb

bW )+4fabD
aDbW

+2DafabD
bW −6faaDbD

bW −4fabf
abW +12faafb

bW + . . . , (3.4.9e)

∇a∇bD = DaDbD−4fabD+ . . . . (3.4.9f)

It is useful to express the component field Ha
log in terms of the degauged covariant derivative

Da. Degauging all the covariant derivative ∇a in (3.4.8c) but not those implicit in H̃ab
log results in the

following expression:

Ha
log =

1
12

ε
abcde

Φbc
i j

Φdei j +DbH̃
ab
log − fbcKcH̃ab

log

−3
8
DbCabcdWcd −

3
8

W−1DbCabcdFcd . (3.4.10a)

This can equivalently be written as

Ha
log =

1
12

ε
abcde

Φbc
i j

Φdei j +Db(H̃
ab
log + Ĥab

log) , (3.4.10b)

where Ĥab
log is antisymmetric and is explicitly defined as

Ĥab
log =

5
16

RW ab +Rc[aW b]
c +

5
16

RFabW−1 +Rc[aFb]
cW−1. (3.4.10c)

In order to derive (3.4.10b), we have made use of the following Riemann tensor properties

Cabcd = Rabcd +4η
c[afb]d −4η

d[afb]c , (3.4.11a)

D[aRbc]de = 0 , (3.4.11b)

DdR
abcd = −2D[aRb]c , (3.4.11c)

DaR
ab =

1
2
DbR . (3.4.11d)
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Having obtained the full component expressions, the first non-trivial check we have done is to show

that the divergence of Ha
log vanishes up to fermions, that is ∇aH

a
log = 0. Unlike the Weyl case, H̃ab

log is

not K-invariant. Therefore,

∇a∇bH̃
ab
log = −1

2
R(K)ab

cKcH̃
ab
log

=
3
8

∇
bCabcd

(
∇

aW cd +W−1
∇

aFcd −W−2Fcd
∇

aW
)
. (3.4.12)

The above identity, along with the following relation

∇a∇bCabcd = 0 , (3.4.13)

∇[aΦbc]
i j = 0 , (3.4.14)

implies ∇aH
a
log = 0. In addition, we have checked explicitly the K-invariance of all the composite

descendant components of H i j
log including fermions.

3.4.3 Scalar curvature squared

Following the component field construction of [64], given a composite vector multiplet (3.3.16)

and its corresponding descendants (3.3.18), one can then use (3.2.22) to construct a composite primary

superfield based on a single composite vector multiplet [29]

H i j
R2 := H i j

VM[W] = i(∇α(iW)∇
j)
α W+

i
2

W∇
α(i

∇
j)
α W

= −iλλλ αi
λλλ

j
α +2WXi j . (3.4.15)

Its component structure can be compactly described in terms of (3.3.18). They read

H i j
R2 = 2WXi j − iλλλ α(i

λλλ
j)
α , (3.4.16a)

ϕ
i
αR2 = iXi j

λλλ α j −2iFαβ λλλ
β i +16iW2

χ
i
α −2iW∇αβ λλλ

β i

−iλλλ β i
∇αβ W−3iWαβ Wλλλ

β i , (3.4.16b)

FR2 = Xi jXi j −FabFab +4W∇
a
∇aW+2(∇aW)(∇aW)−2i(∇αβ λλλ

β i)λλλ α

i

−6W abFabW− 39
8

W abWabW2 −16DW2 +64iχα
i λλλ

i
αW−3iWαβ λλλ

αi
λλλ

β

i , (3.4.16c)

Ha
R2 = −1

2
ε

abcdeFbcFde −∇b

(
4WFab +6W abW2 +2i(Σab)αβ

λλλ
i
αλλλ β i

)
. (3.4.16d)

In addition to eqs. (3.2.26), the following identities are useful in which fermions7 are suppressed at

two or more covariant vector derivatives:

∇a∇bGi j = DaDbGi j −6Gi jfab , (3.4.17a)

∇a∇bF = DaDbF −8Ffab , (3.4.17b)

∇a∇bHc = DaDbHc −8Hcfab −2Hbfac +2ηbcHdfa
d , (3.4.17c)

7See the supplementary file [1] for the results including fermions.
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∇a2Gi j = DaDbD
bGi j −6Da(fb

bGi j)−6fabD
bGi j . (3.4.17d)

The composite multiplet (3.4.16) will be used in section 3.5.3 to describe the supersymmetric comple-

tion of the scalar curvature-squared invariant.

Having obtained the full component expressions, the first non-trivial check we have done is to show

that the divergence of Ha
R2 vanishes up to fermions, that is, ∇aH

a
R2 = 0. Another consistency check is

the K-invariance for the component fields (3.4.16). Both of these can be shown in a straighforward

way because the composite vector multiplet fields are all primary.

3.5 Curvature-squared actions in a standard Weyl background

Within the superconformal approach, supersymmetric completions of the Weyl tensor squared

and the scalar curvature squared were constructed for the first time, respectively in [55] and [64]

by using component field techniques. The third independent invariant necessary to obtain all the

curvature-squared models in five dimensions includes the Ricci tensor-squared term. In the standard

Weyl multiplet background, this invariant was defined in superspace in [29].

In section 3.4, we have presented the bosonic component structure (and their fermionic counterparts

in the supplementary file [1]) of all the composite primary linear multiplets generating the three

curvature-squared terms for 5D minimal supergravity based on the standard Weyl multiplet: Weyl,

Ricci tensor, and scalar curvature squared. In this section we will use these multiplets and the BF

action principle to reproduce the results of [55] and [64]. In particular, by exploiting the computer

algebra program Cadabra [87, 88], the full bosonic part of the new “Log invariant” will be presented

for the first time in subsection 3.5.2.8

3.5.1 Weyl-squared

The off-shell Weyl-squared action in the standard Weyl multiplet background was first constructed

in [55]. In our notation, such an invariant can be constructed using the BF action principle

SWeyl =
∫

d5|8zE Vi jH
i j
Weyl (3.5.1a)

=
∫

d5xeLWeyl , (3.5.1b)

where

LWeyl = −
(

vaH
a
Weyl +WFWeyl +Xi jH

i j
Weyl −2λ

k
αϕ

α
k Weyl

−ψ
α
ai(Γ

a)α
β

ϕ
i
β WeylW − iψα

ai(Γ
a)α

β
λβ jH

i j
Weyl + iψα

ai(Σ
ab)α

β
ψβb jWH i j

Weyl

)
. (3.5.1c)

Note that the fields of the linear multiplet are composed in terms of the super Weyl tensor and its

descendants. Upon plugging the composite expressions (3.4.3) into (3.5.1c) and disregarding total

8The Log invariant in the gauged dilaton Weyl basis has been obtained recently in [2].
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derivatives, the bosonic part of the invariant reads

LWeyl = −1
8

ε
abcdevaCbc

f gCde f g +
1
6

ε
abcdevaΦbc

i j
Φdei j −4FabW abD− 3

4
FabCabcdWcd

− 3
32

FabW abW cdWcd +
9
8

FabW acWcdW db +
9
8

ε
abcdeFabWc f ∇dWe

f

+
3
4

ε
abcdeFabWc f ∇

fWde −
9

16
Wε

abcdeWabWcd∇
fWe f −

128
3

WD2 −8WW abWabD

+
2
3

WΦ
abi j

Φabi j −
1
4

WCabcdCabcd −
3
8

WCabcdWabWcd −
81
32

WW abWbcW cdWda

+
33
128

WW abWabW cdWcd +3WWcd∇
c
∇bW bd − 3

2
W∇

aW ce
∇cWae

+
3
2

W∇
aW ce

∇aWce +Xi jW ab
Φab

i j . (3.5.2)

In obtaining (3.5.2), we have performed integration by parts on va dependent terms. It is useful to look

at these terms more closely. Substituting (3.4.3e) and turning off the fermions, we get∫
d5xevaH

a
Weyl =

∫
d5xeva

{
1
8

ε
abcdeCbc

f gCde f g −
1
6

ε
abcde

Φbc
i j

Φdei j +∇bH̃
ab
Weyl

}
, (3.5.3)

with

H̃ab
Weyl = 8W abD+

3
2

CabcdWcd +
3

16
W abW cdWcd −

9
4

W acWcdW db

−9
4

ε
abcdeWc f ∇dWe

f − 3
2

ε
abcdeWc f ∇

fWde . (3.5.4)

Writing the superconformally covariant vector derivative ∇a in terms of the degauged covariant

derivative Da gives

∇bH̃
ab
Weyl = DbH̃

ab
Weyl − fb

cKcH̃
ab
Weyl +gravitini terms . (3.5.5)

One can explicitly check that KcH̃
ab
Weyl = 0 and ∇bH̃

ab
Weyl =DbH̃

ab
Weyl + fermions. Thus,∫

d5xevaH
a
Weyl =

∫
d5xe

{
1
8

ε
abcdevaCbc

f gCde f g −
1
6

ε
abcdevaΦbc

i j
Φdei j +

1
2

FabH̃
ab
Weyl

}
.(3.5.6)

Finally, in order to extract the K-connections, which encode the Ricci tensor contributions, we

degauge the action (3.5.6). Making use of (2.2.36) and (3.4.9), and setting W = 1, the bosonic part of

the Weyl-squared Lagrangian reads

LWeyl = −1
8

ε
abcdevaRbc

f gRde f g +
1
6

ε
abcdevaΦbc

i j
Φdei j

−4FabW abD− 3
4

FabR
abcdWcd −

1
8
RFabW ab −FabR

[a
cW b]c − 3

32
FabW abW cdWcd

+
9
8

FabW acWcdW db +
9
8

ε
abcdeFabWc fDdWe

f +
3
4

ε
abcdeFabWc fD

fWde −
128
3

D2

−8W abWabD+
2
3

Φ
abi j

Φabi j −
1
4
RabcdRabcd +

1
3
RabR

ab − 1
24

R2 − 3
8
RabcdWabWcd

−81
32

W abWbcW cdWda +3WcdD
cDbW bd − 3

2
RabW bdW a

d +
3

16
RW abWab

+
33

128
W abWabW cdWcd −

3
2
DaW ceDcWae +

3
2
DaW ceDaWce
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− 9
16

ε
abcdeWabWcdD

fWe f +Xi jW ab
Φab

i j . (3.5.7)

Note that we have also used

Cabcd = Rabcd +
1
6

ηc[aηb]dR− 2
3

ηc[aRb]d +
2
3

ηd[aRb]c . (3.5.8)

The action (3.5.7), up to a change of notations, coincides with the result of [55].

3.5.2 Log

Making use of the BF action principle, eqs. (3.3.2a) and (3.3.2b), the primary superfield H i j
log can be

used to define the following locally superconformal invariant in a standard Weyl multiplet background

Slog =
∫

d5|8zE Vi jH
i j
log (3.5.9a)

= −
∫

d5xe
(

vaH
a
log +WFlog +Xi jH

i j
log +2λ

k
ϕk log

−ψaiΓ
a
ϕ

i
logW − iψaiΓ

a
λ jH

i j
log + iψaiΣ

ab
ψb jWH i j

log

)
. (3.5.9b)

As can be seen from the expressions of the descendants of H i j
log given in (3.4.8) and the supplemen-

tary file [1] for fermionic counterpart, the component form of (3.5.9b) is fairly involved. Let us now

focus on the bosonic sector of (3.5.9b):

Llog =−
(

vaH
a
log +WFlog +Xi jH

i j
log

)
. (3.5.10)

The relevant term in the Lagrangian can then be integrated by parts:

Llog = − 1
12

vaε
abcde

Φbc
i j

Φdei j − vaDb(Ĥab
log + H̃ab

log)−WFlog −Xi jH
i j
log

= − 1
12

vaε
abcde

Φbc
i j

Φdei j −
1
2

Fab(Ĥab
log + H̃ab

log)−WFlog −Xi jH
i j
log. (3.5.11)

Inserting the composite expressions (3.4.8) and (3.4.10b) into the above action yields

Llog = Lcov
log +L′

log , (3.5.12a)

where we have defined

Lcov
log = W

{
3
4

CabcdW abW cd − 8
3

D2 −42D+
23
8

W abWabD+
1
6

Φ
abi j

Φabi j

−3
2

Wcd∇
c
∇aW ad − 39

16
Wcd2W cd +

1005
2048

W abW cdWabWcd

−9
4

∇
cWcd∇aW ad +

3
4

∇
cW ad

∇aWcd −
33
16

∇
aW cd

∇aWcd

− 9
16

ε
abcdeWabWcd∇

fWe f

}

+

{
− 1

12
ε

abcdevaΦbc
i j

Φdei j −
1
2

X i jWabΦ
ab

i j +
5
4

CabcdFabWcd +2W abFabD
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+
3

64
W abW cdWabFcd +

9
4

W abFcdWacWbd −
9
8

ε
abcdeWabFcd∇

fWe f

−3
8

ε
abcdeWa f Fbc∇

fWde −
9
4

Fcd2W cd +
3
2

Fcd∇
c
∇aW ad

−2Wcd∇
c
∇aFad − 1

2
Wcd2Fcd +4D2W +4∇

aW∇aD

+
9
2

W acWcd∇a∇
dW − 9

2
Wcd∇aW∇

cW ad +
3

16
Wcd∇

aW∇aW cd

−9
2

Wcd∇
cW∇aW ad +

3
32

W cdWcd2W − 3
2

∇
cFcd∇aW ad

−3
2

∇
aFcd

∇aWcd −
9
16

ε
abcde

∇
f (WabWcdFe f

)
+22W

}

+W−1

{
− 1

2
X i jFabΦ

ab
i j +

1
4

CabcdFabFcd +3X i jXi jD−FabFabD

+
9

128
X i jXi jW abWab −

75
128

W abWabFcdFcd +
9
4

W abWacFcdFbd

−3
8

ε
abcdeFabFc f ∇

fWde −
3
8

ε
abcdeFabFcd∇

fWe f −
3
4

ε
abcdeWabFcd∇

f Fe f

−3
8

ε
abcdeWa f Fbc∇

f Fde −
3
8

ε
abcdeWabFc f ∇

f Fde

+
9

16
ε

abcdeWabWcdFe f ∇
fW − 3

2
Fcd∇aW ac

∇
dW

−3Fac∇
cW a

d∇
dW +

3
2

Fcd∇
aW∇aW cd +

3
2

Wcd∇
aW∇aFcd

−2D∇
aW∇aW − 1

4
∇

aX i j
∇aXi j +

9
4

WacW a
d∇

cW∇
dW

− 3
64

W cdWcd∇
aW∇aW +

1
4

∇
aFcd

∇aFcd −2∇aW∇
a2W

−2W2W − 1
2

∇a∇bW∇
a
∇

bW

}

+W−2

{
− 3

8
W abFcdFabFcd +

3
4

WabFacFbdFcd −
1
8

ε
abcdeFabFc f ∇

f Fde

−1
8

ε
abcdeFabFcd∇

f Fe f −
3

16
ε

abcdeWa f FbcFde∇
fW

+
1
2

Fa
bFbc∇

a
∇

cW − 1
2

Fcd∇
cW∇aFad − 3

4
W cdFcd∇

aW∇aW

−3
4

Fcd∇
aW∇aFcd +

3
2

∇
aW∇aW2W +∇

aW∇
cW∇a∇cW

+
1
4

X i jXi j2W +X i j
∇

aW∇aXi j

}

+W−3

{
− 1

32
FabFcdFabFcd +

1
8

FabFcdFacFbd −
1

16
X i jXi jFabFab

+
1

32
X i jXi jXklXkl −

1
8

ε
abcdeFabFcdFe f ∇

fW

+
1
8

FcdFcd∇
aW∇aW +

3
2

FacFa
d∇

cW∇
dW
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−7
8

X i jXi j∇
aW∇aW − 3

8
∇

aW∇aW∇
cW∇cW

}
, (3.5.12b)

L′
log = − 5

32
RW abFab +

1
2
RabW a

dFbd − 5
32

RFabFabW−1 +
1
2
RabFa

dFbdW−1 . (3.5.12c)

Here, L′
log emerges from (3.4.10c) and can be expressed in a superconformal covariant form as

∇aXa up to total derivative terms, i.e.,

L′
log = ∇

aXa −DaXa =−fabKbXa , (3.5.13)

where, inside the integral, DaXa vanishes. Therefore, we are seeking an Xa such that −fabKbXa

coincides with L′
log, and consequently allows the action to be expressed as:

Llog = Lcov
log +∇

aXa . (3.5.14)

We proceed by writing the most general ansatz for Xa that generates the desired curvature terms:

Xa = x1Wbc∇aFbc + x2Wac∇bFbc + x3Fbc∇aW bc + x4Fac∇bW bc + x5Fbc
∇bWac

+x6W−1
∇aWFbcW bc + x7W−1

∇bWFacW bc + x8W−1
∇bWFbcWac

+x9W−1
∇a(FbcFbc)+ x10W−1

∇b(FacFbc) , (3.5.15)

and demand that

−fabKbXa = − 5
32

RW abFab +
1
2
Rabη

acWcdFbd

− 5
32

RFabFabW−1 +
1
2
Rabη

acFbdFcdW−1 ,

KaLlog = 0 . (3.5.16)

The second constraint ensures the K-invariance of the Log action. Although these constraints result in

five linearly independent equations, they are insufficient to uniquely fix Xa. One interesting choice of

solution that we opted for in this case is

Xa =
3

16
∇a(WbcFbc)− 3

2
∇b(FacW bc)+

3
16

W−1(∇aW )WbcFbc

−3
2

W−1(∇bW )FacW bc +
3

16
W−1

∇a(FbcFbc)− 3
2

W−1
∇b(FacFbc) , (3.5.17)

which then leads to the final expression

Llog = Lcov
log +∇

a

{
3

16
∇a(WbcFbc)− 3

2
∇b(FacW bc)+

3
16

W−1(∇aW )WbcFbc

−3
2

W−1(∇bW )FacW bc +
3

16
W−1

∇a(FbcFbc)− 3
2

W−1
∇b(FacFbc)

}
. (3.5.18)

Note that the resulting component action (3.5.18) includes, for example, a (22W ) term, which upon

using the degauge identity (3.4.9), gives rise to a Ricci tensor squared combination.
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Unlike the Weyl-squared case, manually degauging the Log action (3.5.18) proves to be technically

involved, primarily due to its considerable length. Consequently, we made use of Cadabra to carry

out the degauging procedure and then applied various simplification techniques to refine the initial

expression. These include integration by parts, symmetries of the Riemann tensor, and degauged

Bianchi identities D[aFbc] = 0 ,D[aΦ
i j
bc] = 0 (up to fermions). Furthermore, the following identity is

also useful for simplification at final stages

ε
abcdeWabWc fD

f Fde =−1
2

ε
abcdeWabWcdD

f Fe f . (3.5.19)

Setting W = 1, the bosonic sector of the Log invariant reads

Llog = − 1
12

ε
abcdevaΦbc

i j
Φdei j +

1
4
Rabcd

(
FabFcd +W abW cd)+ 1

4
Rab
(
4W acFb

c −3W acW b
c
)

− 1
256

R
(
24FabFab +80W abFab +27W abWab +128D−8X i jXi j

)
−1

6
RabR

ab +
23

384
R2 − 8

3
D2 − 1

2
X i j(W ab

Φabi j +Fab
Φabi j

)
+

1
128

X i jXi j
(
9W abWab −8FabFab +4XklXkl

)
+

1
8

D
(
16W abFab −8FabFab +23W abWab +24X i jXi j

)
+W abFcd

(
3
64

WabWcd +
9
4

WacWbd −
75
128

WabFcd +
9
4

WacFbd −
3
8

FabFcd +
3
4

FacFbd

)
− 1

32
FabFcd(FabFcd −4FacFbd

)
+

1005
2048

W abW cdWabWcd +
1
6

Φab
i j

Φ
ab

i j

− 3
16

ε
abcde(D fWa f )

(
4WbcFde +FbcFde +3WbcWde

)
− 1

16
ε

abcde(D f Fa f )
(
6WbcFde +FbcFde +3WbcWde

)
−3

8
W cdDaDaWcd −

3
2

FacDcD
dWad −

1
4
(DaX i j)DaXi j +

1
4
(DaFbc)DaFbc . (3.5.20)

Note that the degauged action (3.5.20) contains both the supersymmetric Ricci tensor and Ricci scalar

terms.

3.5.3 Scalar curvature squared

We now construct an action describing the supersymmetric completion of the Ricci scalar squared

in the standard Weyl multiplet. It is obtained by plugging the composite linear multiplet (3.4.16) into

the following BF action

SR2 =
∫

d5|8zE Vi jH
i j
R2 (3.5.21a)

= −
∫

d5xe
(

vaH
a
R2 +WFR2 +Xi jH

i j
R2 −2λ

α
i ϕ

i
α R2

−ψa
α
i (Γ

a)α
β

ϕ
i
β R2W − iψa

α
i (Γ

a)α
β

λβ jH
i j
R2 + iψa

α
i (Σ

ab)α
β

ψbβ jWH i j
R2

)
. (3.5.21b)

The bosonic part of such an action reads

SR2 = −
∫

d5xe
(
− 1

2
εabcdevaFbcFde − va

∇
b (4WFab +6WabW2)
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+WXi jXi j −WFabFab +4WW∇
a
∇aW+2W (∇aW)(∇aW)

−6WW abFabW− 39
8

WW abWabW2 −16WDW2 +2Xi jWXi j
)
, (3.5.22a)

which, upon integrating by parts, gives

SR2 =
∫

d5xe
(

1
2

εabcdevaFbcFde +Fab (2WFab +3WabW2)
−WXi jXi j +WFabFab −4WW∇

a
∇aW−2W (∇aW)∇aW

+6WW abFabW+
39
8

WW abWabW2 +16DWW2 −2Xi jWXi j
)
. (3.5.22b)

Here we note that the composite expressions for the vector multiplet are given explicitly in (3.3.16)

and (3.3.18). After degauging and omitting the fermionic terms, the composite vector multiplet now

takes the form

W =
1
4

FG−1 , (3.5.23a)

Xi j = G−1
{

1
2
DaDaGi j +

3
16

RGi j +
3

64
W abWabGi j +2DGi j

}
+G−3

{
− 1

16
F2Gi j − 1

16
HaHaGi j +

1
4
HaGk(iDaGk

j)

−1
4

Gkl
(
DaGk(i)DaG j)l

}
, (3.5.23b)

Fab = G−1

{
1
2
D[aHb]−

3i
8

Gi jXab
i j

}

+G−3

{
1
4

Gi jH[aDb]G
i j − 1

4
Gi j
(
D[aGik)Db]Gk

j

}
. (3.5.23c)

Inserting the above expressions into (3.5.22b) and imposing the gauge fixing condition W = 1 leads to

the supersymmetric extension of the Ricci scalar squared action [64].

Let us point out that while the component actions presented in this section do not include fermionic

terms, we can, in principle, construct the complete actions for all the three invariants, using the

composite expressions given in the supplementary file [1]. In the remainder of this paper, we will

require some of these fermionic terms to derive multiplet of EOMs.

3.6 Derivation of superconformal equations of motion

The goal of this section is to obtain superconformal primary equations of motion in superspace

that describe minimal 5D gauged supergravity based on a standard Weyl multiplet and deformed by an

arbitrary combination of the three curvature-squared invariants described by the action

SHD = SgSG +α SWeyl +β Slog + γ SR2 , (3.6.1)

where the three independent curvature-squared invariants are described by eqs. (3.5.1), (3.5.9), and

(3.5.21b). The results in this section were first presented in [6] but with no derivation.
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In principle, one can obtain these equations of motion by varying the superspace action (3.6.1)

with respect to the superfield prepotentials of the standard Weyl multiplet (U), the vector multiplet

compensator (Vi j), and the linear multiplet compensator (Ω). These variations lead to the supercurrent

superfield J, the linear multiplet of the EOM of Vi j, and the vector multiplet of the EOM of Ω,

respectively. The result would be manifestly covariant, as is well known from the very well developed

results for theories with four supercharges, see [35, 36]. Alternatively, we can reduce (3.6.1) to

components and vary it with respect to the highest dimension independent component fields (D, Xi j,

and F) of the corresponding multiplets. Because the prepotential formulation of the five-dimensional

standard Weyl multiplet in superspace has not been developed to date, we will use mostly a component

approach, in particular to obtain J. We also stress that we are interested in obtaining the full equations

of motions, including all the potential fermionic terms.

It is worth pointing out that in superspace the equations of motion derived by varying prepotentials

would be manifestly covariant. Hence, one expects the same to be true once the superspace results are

reduced to component fields. However, in the component approach of finding the EOMs, the component

action computed from (3.6.1) includes thousands of terms when fermions are considered, and it is not

manifestly covariant due to the presence of naked gravitini and Chern-Simons terms. Although the

action lacks manifest covariance, it has recently been explicitly demonstrated in components that for

any supergravity theory, there exist covariant equations of motion that are equivalent to the regular

field equations [193, 194]. These covariant equations are obtained by covariantising the regular field

equations, resulting in a multiplet of field equations [193, 194].

Adopting this approach, in this section we derive the covariant field equations for the Weyl

multiplet, linear multiplet, and vector multiplet for the minimal 5D gauged supergravity deformed by

an arbitrary combination of the three curvature-squared invariants described by the action SHD. The

above argument suggests that to obtain these equations of motion, it is sufficient to initially vary the

gravitini-independent part (or by setting gravitini to zero), in a degauged action, to derive the regular

field equations. Hence, we begin with

SBF = −
∫

d5xe
(

vaH
a +WF +Xi jGi j +2λ

αk
ϕαk

)
, (3.6.2)

which, by suitably choosing primary composite linear or vector multiplets (e.g., eqs. (3.3.18), (3.4.3),

and (3.4.8)), becomes the building block in finding EOMs for various two- and four-derivative

invariants. Subsequently, we vary the degauged action with respect to the highest dimension auxiliary

fields D, Xi j, and F to derive the regular field equations for Weyl, vector, and linear multiplets,

respectively. To obtain covariant EOMs, we then appropriately replace the degauged derivative to the

conformal covariant derivative and translate component fields into superfields. This uplifting process

effectively eliminates the curvature terms present in the degauged EOMs. The resulting covariant

EOMs then describe the primary fields, i.e., the top components of the multiplets of the equations

of motion that arise from the variation of the full superfields. It is then straightforward to reinterpret

them as the locally superconformal multiplet of field equations. Once this result is obtained, it is

then possible to systematically produce the entire multiplet of equations of motion by the successive
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action of superspace spinor derivatives (equivalently Q-supersymmetry transformations) on the primary

EOMs. Once again, it is important to emphasise that in our analysis, we can carefully disregard the

influence of gravitini in both the degauging process and the subsequent transformation of regular

EOMs into superconformally covariant EOMs. We then run several consistency checks to ensure the

results are correct.

3.6.1 Two-derivative EOMs

The on-shell structure of the two-derivative gauged supergravity action, SgSG, has been discussed

in [29]. Recall that

SgSG = SVM +SL +κ SBF =
∫

d5|8zE
{1

4
Vi jH

i j
VM +ΩW+κVi jGi j

}
(3.6.3a)

=
∫

d5|8zE
{1

4
Vi jH

i j
VM +ΩW+κΩW

}
. (3.6.3b)

Also, the BF action is

SBF = −
∫

d5xe
(

vaH
a +WF +Xi jGi j +2λ

αk
ϕαk

−ψa
α
i (Γ

a)α
β

ϕ
i
β
W − iψa

α
i (Γ

a)α
β

λβ jG
i j + iψa

α
i (Σ

ab)α
β

ψbβ jWGi j
)
. (3.6.4)

Here we elaborate more on the derivation of the EOMs using the component form of SgSG. While only

the bosonic part of the component actions (3.3.15), (3.3.21), and (3.3.23) for the gauged supergravity

(3.6.3a) are provided, it is possible to derive the full expressions including fermionic terms, by directly

examining the composite fields (3.2.22) and (3.3.18) from which the action is derived.

Standard Weyl multiplet

The conformal supergravity equation of motion is obtained by varying the superspace form of SgSG

with respect to the standard Weyl multiplet prepotential superfield U or equivalently the component

form of SgSG with respect to the auxiliary field D. To derive the equation of motion for the Weyl

multiplet from the component action, the D-dependencies arise from the composite fields (3.2.22c) and

(3.3.18b). Consequently, the equation of motion can be expressed as follows (note that no fermions

are involved):

0 = JEH = −1
4

W
δFVM

δD
− δXi j

δD
Gi j ,

0 = JEH = 4(W 3 −G) . (3.6.5)

Note that here and in what follows, we have neglected the gravitini-dependent terms throughout

because of the argument given in the beginning of this section. It can be proven explicitly that their

contribution either cancels out or adds up to make some of the fields in the equations of motion

manifestly superconformally covariant.

Vector multiplet
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For the two-derivative gauged supergravity action (3.3.22a), the EOM for the vector multiplet was

given in [29]. In superspace, it was obtained by varying SgSG with respect to the Mezincescu’s

superfield prepotential Vi j. An arbitrary variation of Vi j leads to

δSgSG = δSVM +κ δSBF

=
1
4

∫
d5|8zE

[
δVi jH

i j
VM +Vi jδH i j

VM

]
+κ

∫
d5|8zE δVi jGi j . (3.6.6)

Making use of the relation (3.3.8), and various integration by parts of spinor covariant derivatives,9 the

total variation of SgSG induced by an arbitrary variation of the vector multiplet prepotential Vi j is given

by

δSgSG =
3
4

∫
d5|8zE δVi jH

i j
VM +κ

∫
d5|8zE δVi jGi j , (3.6.7)

and, hence,

δSgSG

δVi j
= 0 =⇒ 3

4
H i j

VM +κGi j = 0 . (3.6.8)

To obtain the EOM for the vector multiplet from the component action, we begin by taking the

variation of the component gauged supergravity action with respect to the auxiliary field X i j. Upon

examining the composite fields (3.2.22) and (3.3.18) for their dependence on X i j, the resulting EOM

can be expressed as follows:

0 = −1
4

W
δFVM

δX i j − 1
4

H i j
VM − 1

4
Xkl

δHkl
VM

δX i j − 1
2

λ
αk δϕαkVM

δX i j −κGi j ,

=⇒ 0 = −3
4

H i j
VM −κGi j , (3.6.9)

where we have neglected the gravitini-dependent terms in our analysis. This, as expected, corresponds

to the lowest component of the superfield EOM (3.6.8). Note the relative sign difference between the

superspace equation (3.6.8) and the component equation (3.6.9). This relative sign arises when consid-

ering the variation of the action with respect to either the superfield prepotential or its corresponding

auxiliary field. A similar relative sign difference between the superspace and component EOMs will

also exist for other EOMs.

Linear multiplet

Lastly, we consider the EOM for the linear multiplet compensator. In the superspace approach, this

can be done by varying with respect to the superfield prepotential Ω; hence, at the two-derivative level,

from (3.3.22b) we find that

W+κW = 0 . (3.6.10)

From the component action side, the linear multiplet EOM is obtained by varying the action with

respect to auxiliary field F . As no composite fields in (3.2.22) and (3.3.18) have dependence on F , the
9See comments in [29], and also the recent reviews [39, 40], for subtleties in performing (5D) conformal superspace

integration by parts.
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EOM is given by:

0 =−W−κW , (3.6.11)

where we have neglected the gravitini dependent terms in our analysis for the EOM.

3.6.2 Four-derivative: Standard Weyl multiplet EOMs

We now proceed in examining the D-dependent terms in each curvature-squared invariant.

Weyl-squared

As can be seen from the explicit expressions (3.4.3), each of the descendant components of the

composite H i j
Weyl carry D-dependence. Suppressing the explicit gravitini terms, the D-dependent terms

of the Weyl-squared Lagrangian (3.5.1c) are

LWeyl,D = −
(

vaH
a
Weyl +WFWeyl −2λ

α
i ϕ

i
α Weyl

)
(3.6.12a)

= −8vaDb(DW ab)−W
(128

3
D2 +8W abWabD

)
+2λ

α
i

(
− 128

3
iDχ

i
α

)
(3.6.12b)

= −128
3

WD2 −8WW abWabD−8vaDb

(
DW ab

)
− 256

3
iλ α

i χ
i
αD . (3.6.12c)

Upon integrating by parts, an arbitrary variation of D leads to the following EOM

∂

∂D
LWeyl,D =−256

3
WD−8WW abWab −4FabWab +

256
3

iλ αi
χαi = 0 . (3.6.13)

We can uplift the above EOM to superspace [193, 194], by promoting every component field to

superfield. This amounts to replacing D →− 3
128Y and χαi → 3

32 iXαi while all other fields should now

be understood as superfields. The covariant superconformal primary EOM is then

0 = JWeyl =− 3
64

WY +
3

16
WW abWab +

3
32

FabW ab − 3
16

λ
α
i X i

α . (3.6.14)

Note the extra factor of − 3
128 in the above equation. This arises when we replace D with Y on the

left-hand side of (3.6.13).

Log

Next, we examine the Log invariant and explicitly write out the D-dependent contributions.

Suppressing the gravitini terms, upon substituting the composite fields (3.4.8) (of which their explicit

fermionic dependence given in subsection 2.2 of the supplementary file [1]) into the BF Lagrangian

(3.6.2), the relevant D-dependent terms are given by

Llog,D = −vaH
a
log −WFlog −Xi jH

i j
log +2λ

α
i ϕ

i
α log , (3.6.15)

= 2vaDb

(
2W abD−2W−1FabD+ iW−2(Σab)αβ

λ
i
αλβ iD

)
−W

{
8
3

D2 − 23
8

W abWabD−W−2FabFabD+3W−2X i jXi jD
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−4iW−2(Γa)αβ
λ

i
α(Daλβ i)D−4W−1DDaDaW +2W−2D(DaW )DaW

+2iW−3(Σab)αβ Fabλ
i
αλβ iD+4iW−3X i j

λ
α
i λα jD

−3
2

W−4
λ

αi
λ

j
αλ

β

i λβ jD−4W−1(DaW )DaD+4DaDaD+
1
2
RD
}

−Xi j

{
−6W−1X i jD−2iW−2

λ
αi

λ
j

αD
}

+2λ
α
j

{
− 8

3
iχ j

αD+4i(Γb)αβW−1(Db
λ

β j)D− iW−2(Σab)αβ Fabλ
β jD

+2iW−2X i j
λαiD+2i(Γb)αβ λ

β jDb(W−1D)−W−3
λ

β j
λ

i
αλβ iD

}
. (3.6.16)

Upon integrating by parts, an arbitrary variation of D leads to the following EOM:

0 =
∂Llog,D

∂D
= −16

3
WD+

23
8

W abWabW −4DaD
aW − 1

2
RW +2FabW ab − 16i

3
χ

αi
λαi

−FabFabW−1 +3X i jXi jW−1 −4i(Γa)αβW−1
λ

i
αDaλβ i

−2W−1(DaW )DaW + i(Σab)αβ Fabλ
i
αλβ iW

−2

+2iX i j
λ

α
i λα jW−2 +

1
2

λ
αi

λ
β

i λ
j

αλβ jW
−3 . (3.6.17)

We can uplift this EOM to superspace to get the covariant superconformal primary EOM

0 = Jlog = − 3
1024

WY − 69
1024

W abWabW +
3

32
∇a∇

aW − 3
64

FabW ab − 3
256

λ
α
j X j

α

+
3

128
FabFabW−1 − 9

128
X i jXi jW−1 +

3i
32

(Γa)αβW−1
λ

i
α∇aλβ i

+
3

64
W−1(∇aW )∇aW − 3i

128
(Σab)αβ Fabλ

i
αλβ iW

−2

− 3i
64

X i j
λ

α
i λα jW−2 − 3

256
λ

αi
λ

β

i λ
j

αλβ jW
−3 , (3.6.18)

where, in the uplifting process the curvature term has been incorporated into the degauged d’Alembertian

operator making it superconformal, i.e., DaDaW → ∇a∇aW . All the fields should now be understood

as superfields. Note the additional factor of − 3
128 in the above equation as a result of replacing D with

Y on the left-hand side of (3.6.17).

Scalar curvature squared

As shown in subsection 3.3.3, the scalar curvature-squared action can be expressed more compactly

in terms of the composite vector multiplet fields (3.3.18). From (3.3.18) we also see that only Xi j has

a D-dependent term, δ

δDXi j = 2G−1Gi j. As such, to derive the EOM for D, the relevant terms in the

Lagrangian are given by

LR2,D = −vaH
a
R2 −WFR2 −Xi jH

i j
R2 +2λ

α
i ϕ

i
αR2

= −WXi jXi j +16WDW2 −2Xi jWXi j +2iλ α
i Xi j

λα j . (3.6.19)

In the above we have neglected the gravitini-dependent terms due to a similar reasoning as in the

previous subsections. An arbitrary variation with respect to D leads to the following EOM:

0 =
∂LR2,D

∂D
= 16WW2 −4G−1

(
WGi jXi j +Xi jWGi j − iλ α

i Gi j
λα j

)
. (3.6.20)
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We can uplift this EOM to superspace. Once again recall the overall factor of − 3
128 as we replace D

with Y on the left-hand side of (3.6.20). The covariant superconformal primary EOM for Y then reads

0 = JR2 = −3
8

WW2 +
3

32
G−1

(
WGi jXi j +Gi jXi jW− iGi j

λ
α
i λλλ α j

)
. (3.6.21)

3.6.3 Four-derivative: Vector multiplet EOMs

In the Weyl-squared case, the composite primary superfield (3.4.1)

H i j
Weyl :=− i

2
W αβγiWαβγ

j +
3i
2

W αβ Xαβ
i j − 3i

4
XαiX j

α , (3.6.22)

and subsequently its descendants (3.4.3) are constructed solely out of the Weyl multiplet. Therefore,

δSWeyl

δVi j
= H i j

Weyl ,
δSWeyl

δXi j
=−H i j

Weyl (3.6.23)

and then the component equation of motion is simply given by

−H i j
Weyl = 0 . (3.6.24)

Similar arguments hold for the scalar curvature-squared invariant. Here the generating primary

superfield H i j
R2 is given by (3.4.15)

H i j
R2 = −iλλλ αi

λλλ
j
α +2WXi j , (3.6.25)

and subsequently its descendants (3.3.18) are constructed solely out of the linear multiplet. This again

implies that

δSR2

δVi j
= H i j

R2 ,
δSR2

δXi j
=−H i j

R2 , (3.6.26)

and then the component equation of motion is simply

−H i j
R2 = 0 . (3.6.27)

As for the Log invariant, it requires more explanations on the variation of the primary superfield

H i j
log with respect to the Vkl prepotential. For this we recall that

W =− 3i
40

∇i j∆
i jklVkl , DVi j =−2Vi j , Sγ

kVi j = 0 . (3.6.28)

while

H i j
log =− 3i

40
∆

i jkl
∇kl logW . (3.6.29)

The BF action can then be written as

Slog =
∫

d5|8zE Vi jH
i j
log . (3.6.30)
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If we vary with respect to Vkl the above we obtain

δSlog =
∫

d5|8zE
{

δVi jH
i j
log +Vi jδH i j

log

}
, (3.6.31)

and then

δSlog =
∫

d5|8zE
{

δVi jH
i j
log +Vi j

[
− 3i

40
∆

i jkl
∇klW−1

δW
]}

. (3.6.32)

After integration by parts of the last term, it follows

δSlog =
∫

d5|8zE
{

δVi jH
i j
log +δW

}
=
∫

d5|8zE
{

δVi jH
i j
log

}
. (3.6.33)

Here we have used the fact that the full conformal superspace integral of a vector multiplet is (expected

to be) zero as a total derivative. This is clearly true in flat superspace. Moreover, we know the

same holds for a tensor multiplet in 6D N = (1,0) and a vector multiplet in 4D N = 2 conformal

superspace [31,32,195], and we expect the same in 5D. We can prove it by using the A-action principle

in 5D conformal superspace, a result that we plan to present elsewhere.

To obtain the EOM from the component action, we begin by taking the variation of the Log

supergravity action with respect to the auxiliary field X i j. As can be seen from the explicit expressions

(3.4.8), each of the descendant components of the composite H i j
log carry X i j dependence. The resulting

EOM is given by:

−H i j
log − va

δHa
log

δX i j −W
δFlog

δX i j −Xkl
δHkl

log

δX i j −2λ
αk δϕαk log

δX i j = 0 . (3.6.34)

Next, we will demonstrate that the bosonic contribution arising from the X i j dependencies found in

H i j
log and its descendants does indeed sum up to zero within the EOM, i.e.,

−va
δHa

log

δX i j −W
δFlog

δX i j −Xkl
δHkl

log

δX i j (3.6.35)

(at least explicitly up to fermions) vanishes. We expect that this will hold even when we extend our

analysis to include fermionic terms. This aligns with the expectations derived from the superspace

argument that the full superspace integral of a vector multiplet is zero as a total derivative. To see it

explicitly, note that

Xkl
δHkl

log

δX i j = − 1
16

W−1RXi j −6W−1Xi jD− 1
2
DaDa(W−1Xi j)−

9
64

W−1Xi jW abWab

+
1
2

Xi jW−2DaDa(W )− 1
2
Da
(
W−2Xi j(D

aW )
)
+

1
8

Xi jW−3FabFab

−3
8

Xi jXklXklW−3 − 1
4

Xi jW−3(DaW
)
DaW , (3.6.36a)

W
δFlog

δX i j =
1

16
W−1RXi j +6W−1Xi jD+

1
2

W−1DaDaXi j +
1
2
DaDa(W−1Xi j)

−1
2
Da(W−1DaXi j)−

1
2

W−1Fab
Φabi j +

9
64

W−1Xi jW abWab

−3
2

Xi jW−2DaDa(W )− 3
2

W−2DaWDaXi j +
3
2
Da(W−2Xi jD

aW )
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−3
8

W−3Xi jFabFab +
9
4

W−3Xi jD
aWDaW +

3
8

W−3Xi jXklXkl , (3.6.36b)

va
δHa

log

δX i j = vaDb(W−1
Φ

ab
i j +

1
2

W−3Xi jFab) ,

=
1
2

W−1FabΦ
ab

i j +
1
4

W−3Xi jFabFab + total derivative . (3.6.36c)

Substituting the above expressions in (3.6.35) all terms cancel out implying that it holds

−va
δHa

log

δX i j −W
δFlog

δX i j −Xkl
δHkl

log

δX i j = 0 . (3.6.37)

The vector multiplet EOM for the Log-invariant then reads

−H i j
log = 0 . (3.6.38)

3.6.4 Four-derivative: Linear multiplet EOMs

Both the Weyl-squared and Log component actions do not have F-dependent terms, so we only

have to vary the scalar curvature-squared action (3.5.21b). The relevant terms are given by

LR2,F = −
(

vaH
a
R2 +WFR2 +Xi jH

i j
R2 −2λ

α
i ϕ

i
αR2

)
. (3.6.39a)

After substituting H i j
R2,ϕ

i
αR2 ,FR2 , and Ha

R2 according to (3.4.16) and performing integration by parts,

we find that

LR2,F = Fab (2WFab +3WabW2)−WXi jXi j −4WWDaDaW− 1
2
RWW2

−2W (DaW)DaW+6WW abFabW+
39
8

WW abWabW2 +16DWW2

−2Xi jWXi j + i(Σab)αβ Fabλλλ
i
αλλλ β i −2iW (Dα

β
λλλ

i
β )λλλ

α

i +64W χ
αi

λλλ αiW

+3iWWαβ λλλ
αi

λλλ
β

i + iXi jλλλ
αi

λλλ
j
α

+2λ
α
i

(
iXi j

λλλ α j −2iFαβ λλλ
β i +16iχ i

αW2 −2iWDαβ λλλ
β i − i(Dαβ W)λλλ β i

−3iWαβ Wλλλ
β i
)
. (3.6.39b)

Since the above is expressed in terms of the composite vector multiplet fields, we make use of (3.3.18)

to work out the F-dependence. Specifically,

δ

δF
W =

1
4

G−1 , (3.6.40a)

δ

δF
λλλ

i
α = − i

8
G−3Gi j

ϕα j , (3.6.40b)

δ

δF
Xi j = −1

8
G−3FGi j − i

8
G−3

ϕ
αi

ϕα
j +

3i
16

G−5Gi jGkl
ϕ

α
k ϕαl . (3.6.40c)

Varying LR2,F with respect to F yields

0 = −G−1
[

1
2

X i jXi j −
1
2

FabFab +WDaDaW+WDaDaW +
(
DaW

)
DaW
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+
1
4
RWW−8DWW− 3

2
W ab(FabW+FabW

)
− 39

16
W abWabWW

+
i
2

λ
αiDα

β
λλλ β i +

i
2

λλλ
αi
Dα

β
λβ i −16iχαi(Wλλλ αi +WWWλαi

)
− 3i

2
W αβ

λ
i
αλλλ β i

]
−G−3

[
1
4

Gi j
ϕβ i
(
λα jD

αβ W+λλλ α jD
αβW

)
+

1
2

Gi j
ϕβ i
(
WDαβ

λλλ α j +WDαβ
λα j
)

−1
2

Gi j
ϕαi
(
Fαβ

λλλ β j +Fαβ
λβ j
)
− 1

4
Gi jF

(
WXi j +WXi j

)
−3

4
Gi jW αβ

ϕαi
(
Wλβ j +Wλλλ β j

)
+

i
4

FGi j
λ

α
i λλλ α j +8Gi jχ

αi
ϕ

j
αWW

+
1
4

Gi jϕ
αi(X jk

λλλ αk +X jk
λαk
)
− i

4
ϕ

αi
ϕ

j
α

(
Xi jW+Xi jW

)
− 1

4
ϕ

αi
ϕ

j
αλ

β

i λλλ β j

]
−G−5

[
3i
8

Gi jGkl
ϕ

α
k ϕαl

(
Xi jW+Xi jW − iλ β

i λλλ β j

)]
. (3.6.41)

After covariantising the previous result, one obtains the following superconformal primary EOM [6]:

0 =−WR2 , (3.6.42)

with

WR2 = G−1
[

1
2

X i jXi j −
1
2

FabFab +W2W+W2W +
(
∇

aW
)
∇aW

+
3
16

YWW− 3
2

W ab(FabW+FabW
)
− 39

16
W abWabWW

+
i
2

λ
αi

∇α
β

λλλ β i +
i
2

λλλ
αi

∇α
β

λβ i +
3
2

Xαi(Wλλλ αi +WWWλαi
)
− 3i

2
W αβ

λ
i
αλλλ β i

]
+G−3

[
1
4

Gi j
ϕβ i
(
λα j∇

αβ W+λλλ α j∇
αβW

)
+

1
2

Gi j
ϕβ i
(
W∇

αβ
λλλ α j +W∇

αβ
λα j
)

−1
2

Gi j
ϕαi
(
Fαβ

λλλ β j +Fαβ
λβ j
)
− 1

4
Gi jF

(
WXi j +WXi j

)
−3

4
Gi jW αβ

ϕαi
(
Wλβ j +Wλλλ β j

)
+

i
4

FGi j
λ

α
i λλλ α j +

3i
4

Gi jXαi
ϕ

j
αWW

+
1
4

Gi jϕ
αi(X jk

λλλ αk +X jk
λαk
)
− i

4
ϕ

αi
ϕ

j
α

(
Xi jW+Xi jW − iλ β

i λλλ β j
)]

+G−5
[

3i
8

Gi jGkl
ϕ

α
k ϕαl

(
Xi jW+Xi jW − iλ β

i λλλ β j

)]
. (3.6.43)

3.6.5 Consistency checks

This subsection is devoted to the various consistency checks that have been performed on the

vector, linear, and Weyl multiplet EOMs. As we will comment more in detail soon, and as expected,

these EOMs are primary superfields. Furthermore, it has been checked that the vector multiplet EOMs

satisfy the linear multiplet constraint (3.2.13), while the linear multiplet EOM adheres to the vector

multiplet constraint (3.2.1). The Weyl multiplet EOM is found to satisfy the conformal supercurrent

conservation equation [181], which we will elaborate further.

The vector multiplet EOM for the higher-derivative action SHD (3.6.1) is

0 =
3
4

H i j
VM +κGi j +αH i j

Weyl +βH i j
log + γH i j

R2 . (3.6.44)
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Here the first two terms correspond to the EOM for the vector multiplet in the two-derivative super-

gravity theory SgSG while the remaining three terms describe the contribution coming from the three

independent curvature-squared invariants. It is clear that, as expected, the right-hand side of (3.6.44) is

a primary superfield satisfying the linear multiplet constraint (3.2.13).

Next, the resulting linear multiplet EOM in the higher-derivative action SHD (3.6.1) reads

0 = W+κW + γWR2 . (3.6.45)

It is possible to check from the explicit form (3.6.43) that WR2 is primary, Si
αWR2 = 0. Here we have

made use of the relations (3.2.5) and (3.2.17) as well as the analogous identities for the bold superfields

Si
αλλλ

j
β

= −2iεαβ ε
i jWWW , (3.6.46a)

Si
αFFFβγ = 4εα(β λλλ γ)

i , (3.6.46b)

Si
αXXX jk = −2iε i( j

λλλ
k)
α , (3.6.46c)

Si
α∇β

γ
λλλ

j
γ = 5iεαβ XXX i j +2iε i jFFFαβ − iε i j

∇αβWWW , (3.6.46d)

Si
α2WWW = −9

2
Wαβ λλλ

β i +2∇αβ λλλ
β i . (3.6.46e)

Alternatively, it is useful to note that WR2 can be expressed as

WR2 =
i

32
G∇i jR

i j
1 , (3.6.47a)

where

R
i j
1 = G−2

(
δ

i
kδ

j
l −

1
2G2 Gi jGkl

)
Hkl

bilinear , (3.6.47b)

and

Hkl
bilinear = 2WXkl +2WXkl −2λ

αk
λλλ

l
α . (3.6.47c)

This remarkably simple form of (3.6.47) guarantees that the right-hand side of eq. (3.6.45), and

in particular (3.6.43), is a primary superfield satisfying the vector multiplet constraints (3.2.1), as

expected.

Finally, the Weyl multiplet EOM for the higher-derivative action is

0 = J= JEH +αJWeyl +βJlog + γJR2 , (3.6.48a)

with

JEH =
3

32
(G−W 3) , (3.6.48b)

JWeyl = − 3
64

WY +
3

16
WW abWab +

3
32

FabW ab − 3
16

λ
α
i X i

α , (3.6.48c)

Jlog = − 3
1024

WY − 69
1024

W abWabW +
3

32
2W − 3

64
FabW ab − 3

256
λ

α
j X j

α

+
3

128
FabFabW−1 − 9

128
X i jXi jW−1 +

3i
32

(Γa)αβW−1
λ

i
α∇aλβ i
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+
3

64
W−1(∇aW )∇aW − 3i

128
(Σab)αβ Fabλ

i
αλβ iW

−2 − 3i
64

X i j
λ

α
i λα jW−2

− 3
256

λ
αi

λ
β

i λ
j

αλβ jW
−3 , (3.6.48d)

JR2 = −3
8

WW2 +
3

32
G−1

(
WGi jXi j +Gi jXi jW− iGi j

λ
α
i λλλ α j

)
. (3.6.48e)

Here JEH is the EOM from the two-derivative gauged supergravity action, SgSG, which does not have

any contribution from the cosmological constant term κ .

Let us comment on the Weyl multiplet EOM (3.6.48). As previously explained in [6, 29], the 5D

Weyl multiplet may be described by a single unconstrained real prepotential U, in complete analogy

with the case of 4D N = 2 supergravity [196]. Given a system of matter superfields ϕ i, a Noether

coupling between U and the matter supercurrent J can be constructed

S[ϕ i] =
∫

d5|8zEUJ=
∫

d5xe
(

DJ+ · · ·
)
, (3.6.49)

where J = J|. The Weyl multiplet EOM (3.6.48) is obtained by varying the supergravity action with

respect to U

δS[ϕ i]

δU
= J= 0 . (3.6.50)

In five dimensions, the N = 1 and N = 2 supercurrent multiplets were introduced by Howe and

Lindström [181], see also [164]. The conformal supercurrent, J, is a dimension-3 primary real scalar

superfield which satisfies the conservation equation [197]

∇
i jJ= 0 , (3.6.51)

provided the dynamical matter superfields obey their EOMs, δS[ϕ i]/δϕ i = 0. Hence, we shall prove

that the expression J in (3.6.48) satisfies the conservation constraint (3.6.51). It has been shown

in [29] that this constraint holds for JEH . For each invariant, it has indeed been verified in [6] that the

corresponding J is a primary superfield of dimension 3. Furthermore, a very non-trivial consistency

check of (3.6.48b)–(3.6.48e) is to verify that ∇i jJ = 0, provided the vector and linear multiplets

equations of motion of eqs. (3.6.44) and (3.6.45), respectively, are imposed. Using Cadabra an explicit

calculation shows that, off-shell, it holds

∇
i jJWeyl =

3i
4

WH i j
Weyl , (3.6.52a)

∇
i jJlog =

3i
4

WH i j
log , (3.6.52b)

∇
i jJR2 =

3i
4

WH i j
R2 −

3i
4

Gi jWR2 . (3.6.52c)

The right-hand sides of (3.6.52) are all proportional to the composite vector and linear multiplets

appearing in (3.6.44) and (3.6.45). Consequently, the supercurrent conservation equation (3.6.51) is

satisfied once the EOMs for the compensators are used.
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3.7 EOM descendants

In section 3.6, we derived the manifestly covariant superconformal primary superfield equations of

motions (EOMs) for the vector, linear, and Weyl multiplet. In this section, we will find the descendants

of these EOMs, which are obtained by successive applications of superspace spinor derivatives or,

equivalently, successive application of Q-supersymmetry transformations. Computing the descendants

is of importance. It suffices to mention that the EOM resulting from the variaton of the vielbein in

components is at the bottom of the multiplet of EOMs. One advantage of deriving all the EOMs as

descendants of the primary ones is that covariance is manifest at every stage. This fact would be very

non-trivial if one attempted to obtain the EOMs directly by varying the component actions, including

all fermions.

The component structure of the vector multiplet compensator EOM is straightforward to obtain,

as it naturally forms a (composite) linear multiplet. More specifically, in the two-derivative gauge

supergravity SgSG, the EOM (3.6.8) leads to a combination of Gi j and H i j
VM, whose descendants can be

found using (3.2.15) and (3.2.22). In the four-derivative case, the EOMs in the Weyl-squared, Log,

and scalar curvature-squared invariants are described by H i j
Weyl , H i j

log, and H i j
R2 , respectively. Their

corresponding descendants have already been presented in eqs. (3.4.3), (3.4.8), and (3.4.16).

The component structure of the linear multiplet compensator EOM is straightforward to obtain, as

it naturally forms a (composite) vector multiplet. More specifically, in SgSG, the EOM (3.6.10) leads

to a combination of W and W, whose descendants can be found using (3.2.2) and (3.3.18). In the

four-derivative case, since both the Weyl-squared and Log invariants do not have any dependence on

the linear multiplet (e.g., there are no F-dependent terms), the only contribution to the EOM comes

from the scalar curvature-squared invariant which leads to the non-trivial structure WR2 , eq. (3.6.43).

We will present its new component structure in subsection 3.7.5.

To our knowledge, the component structure for the Weyl multiplet EOM, specifically the supercur-

rent, was not known before. Hence, it is the subject of the next subsection to derive the independent

components of the supercurrent multiplet and use them to compute its descendants for all two and

four-derivative invariants.

3.7.1 Component structure of the conformal supercurrent

The 5D N = 1 conformal supercurrent is described by a real primary scalar superfield J of

dimension 3, which obeys the conservation equation

∇
2
i jJ = 0 , (3.7.1a)

where we have defined10

∇
2
i j =

1
2

∇(i∇ j) . (3.7.1b)

10Note that in this section, our ∇2
i j =

1
2 ∇i j. We insert the superscript “2” to easily keep track the number of spinor

derivatives acting on J.
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To define the independent components of the conformal supercurrent J, one can systematically act

with spinor derivatives on J. At dim-7
2 , we introduce

J1
αi = ∇αiJ . (3.7.2)

At dim-4, we start by applying two spinor derivatives on J. A generic two-spinor-derivative

combination can be expanded as

∇αi∇β j = iεi j(Γ
a)αβ ∇a −

1
2

εi j(Σ
ab)αβ ∇

2
ab +

1
2

εαβ ∇
2
i j +

1
2
(Γa)αβ ∇

2
ai j + l.d. , (3.7.3)

where l.d. contains terms related to lower-dimensional supercurrent descendants and Weyl multiplet.

Furthermore, the irreducible ∇2 operators are defined as

∇
2
ai j =

1
2

∇(iΓa∇ j) , and ∇
2
ab =

1
2

∇
i
Σab∇i . (3.7.4)

It follows from the constraint (3.7.1) that the independent descendants at dim-4 are

J2
ab = ∇

2
abJ , J2

ai j = ∇
2
ai jJ . (3.7.5)

Note that, given the superconformal primary supercurrent J, dim-7
2 and dim-4 descendants prove to be

K-primary.

At dim-9
2 , following the discussion of [198], there exist three irreducible ∇3 operators, specifically

∇
3
αi = {∇

j
α ,∇

2
i j} , ∇

3
aαi = {∇

j
α ,∇

2
ai j} , ∇

3
αi jk = {∇α(i,∇

2
jk)} ∼= 2∇α(i∇

2
jk) , (3.7.6)

where we have omitted writing l.d. and ∼= means that the equality holds only up to l.d. terms. It is

easy to verify that a generic object with three spinor derivatives can be expanded in terms of these

three irreducible ∇3 operators (3.7.6), since

∇∇∇ ∝ ∇∇
2 =

1
2
{∇,∇2}+ 1

2
[∇,∇2] ∼=

1
2
{∇,∇2} , (3.7.7)

where the anticommutator can be expanded in (3.7.6) according to eq. (A.13) of [198]. However, it is

important to note that eq. (A.13) there was given in flat space. When uplifted to curved space, one then

picks up additional contributions to l.d. terms. Furthermore, when acting on J, the following two ∇3

operators do not lead to independent components as a result of the conservation constraint (3.7.1):

∇
3
αi jkJ ∼= 2∇α(i∇

2
jk)J = 0 , (3.7.8a)

∇
3
αiJ = {∇

j
α ,∇

2
i j}J = ∇

2
i j∇

j
αJ = [∇2

i j,∇
j
α ]J ∝ ∇aJ1

αi + l.d. . (3.7.8b)

Therefore, the only independent component at dim-9
2 is ∇3

aαiJ. Now, using the fact that

(Γa)α
β

∇
3
aβ i =−∇

3
αi , (3.7.9)

this implies that the gamma trace part of ∇3
aαiJ is a total derivative, i.e.,

(Γa)α
β

∇
3
aβ iJ =−∇

3
αiJ ∝ −∇aJ1

αi . (3.7.10)
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Hence, we can subtract the trace by modifying the above as follows

∇
3
aαiJ+

1
5
(Γa)α

β (Γb)β
γ
∇

3
bγiJ . (3.7.11)

Lastly, we modify the descendant to make it K-primary. This amounts to adding a total derivative term

to obtain the dim-9
2 component

J3
aαi =

(
δ

b
a δ

γ

α +
1
5
(Γa)α

β (Γb)β
γ

)(
∇

3
bγiJ−3i∇bJ1

γi

)
. (3.7.12)

Next, we move on to dim-5 descendants. All the independent components at this level will come

from

∇β j∇
3
aαiJ = 2∇β j∇

k
α∇

2
aikJ+∇β j[∇

2
aik,∇

k
α ]J

∼= (Σcd)βα∇
2
cd∇

2
ai jJ− (Γc)βα∇

2
c jk∇

2
ai

kJ . (3.7.13)

Let us consider the Σ trace part:

∇(β (i∇
3
|a|α) j)J = (Σcd)βα∇

2
cd∇

2
ai jJ

= −∇
k
(α∇β )k∇

2
ai jJ

= −1
2

∇
k
(α{∇β )k,∇

2
ai j}J− 1

2
∇

k
(α [∇β )k,∇

2
ai j]J

∼=
1
3

∇(α(i∇
3
|a|β ) j)J . (3.7.14)

The above equation implies that the Σ-trace part is a l.d. term and hence, does not give any independent

component. We are only left with the Γ-trace part, which is given by:

∇[β j∇
3
aα]iJ

∼= −(Γc)βα∇
2
c jk∇

2
ai

kJ

∼=
2
3

∇[β j∇
3
aα]iJ+

1
6

ε ji∇[β
k
∇

3
aα]kJ . (3.7.15)

The symmetric part in (i j) of the above equation implies that ∇[β ( j∇
3
aα]i)J is again a l.d. term, while the

antisymmetric part is unfixed. Therefore, the only independent part left of ∇β j∇
3
aαiJ is the following:

∇[β [ j∇
3
aα]i]J

∼= −(Γc)βα∇
2
c[ j|k|∇

2
ai]

kJ

∼=
1
2
(Γc)βαε ji∇

2
(c

kl
∇

2
a)klJ . (3.7.16)

The independent component is thus ∇2
(c

kl∇2
a)klJ. Once again the η-trace part of this component is a

total derivative and can be removed as follows

∇
2
(a

kl
∇

2
b)klJ−

1
5

ηab∇
2ckl

∇
2
cklJ . (3.7.17)

Lastly, we modify the descendant to make it K-primary. This amounts to adding a total derivative term

to the above descendant to obtain the dim-5 component

J4
ab =

(
δ

c
(aδ

d
b)−

1
5

ηabη
cd
)(

∇
2
c

kl
∇

2
dklJ−6∇c∇dJ

)
. (3.7.18)
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In summary, we have derived the independent components of the conformal supercurrent multiplet

J. They are defined as follows:

dim-3 J , (3.7.19a)

dim-
7
2

J1
αi = ∇αiJ , (3.7.19b)

dim-4 J2
ab = ∇

2
abJ , J2

ai j = ∇
2
ai jJ , (3.7.19c)

dim-
9
2

J3
aαi =

(
δ

b
a δ

γ

α +
1
5
(Γa)α

β (Γb)β
γ

)(
∇

3
bγiJ−3i∇bJ1

γi

)
, (3.7.19d)

dim-5 J4
ab =

(
δ

c
(aδ

d
b)−

1
5

ηabη
cd
)(

∇
2
c

kl
∇

2
dklJ−6∇c∇dJ

)
. (3.7.19e)

The component fields in the supercurrent multiplet will be defined by using the same names as the

superfields, i.e., J := J|, J1
αi := J1

αi|, and so forth. As previously discussed by Howe and Lindström

in [164, 181], associated to each component of the above current multiplet, we may then identify a

corresponding field in the Weyl multiplet whose variation leads to the various Js in eq. (3.7.19). This

is summarised in Table 3.3 below:

Current multiplet J J1
αi J2

ab J2
ai j J3

aαi J4
ab

Fields D χαi Wab V i j
m ψ̂m

α
i ĝmn

Table 3.3: Current multiplet and the corresponding fields to which they couple via a Noether coupling. With ψ̂m
α
i and

ĝmn we denote the gamma traceless part of the gravitini and the traceless part of the metric, respectively.

3.7.2 Einstein–Hilbert

In this subsection we derive the EOM descendants of the Weyl multiplet in the two-derivative

gauged supergravity action, SgSG. The descendants of the vector compensator EOM can be readily

obtained from (3.2.15) and (3.2.22). To compute the descendants of the linear compensator EOM, the

relevant equations are given in (3.2.2) and (3.3.18).

Recall the Weyl multiplet EOM for the action SgSG given in subsection 3.6.1:

JEH =
3

32
(
G−W 3) . (3.7.20)

We present here the results for each component descendants of JEH based on the structures found in

eqs. (3.7.19):

J1
αi,EH =

3
32

Gi jϕ
j

αG−1 − 9
32

iλiα , (3.7.21a)

J2
ab,EH =

9
16

iFabW 2 +
9

16
iWabW 3 − 3

32
(Σab)

αβ
ϕ

i
αϕiβ G−1 − 9

32
(Σab)

αβ
λ

i
αλiβW , (3.7.21b)

J2
ai j,EH =

3
64

(Γa)αβ ϕ
α
i ϕ

β

j G−1 +
3
32

iHaGi jG−1 − 3
16

iG−1Gk
(i∇aG j)k

+
3

64
(Γa)

αβ GikG jlG−3
ϕ

k
αϕ

l
β
− 9

32
(Γa)αβWλ

α
i λ

β

j , (3.7.21c)
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J3
aαi,EH = G−1

{
9

20
i
(

δ
b
a δ

β

α − 1
2
(Σa

b)α
β

)(
1
2

∇bGi jϕ
j

β
− 3

2
Gi j∇bϕ

j
β
−Hbϕiβ

)
− 9i

320

(
εabcde(Σ

de)α
β +3ηab(Γc)α

β

)
Gi jW bc

ϕ
j

β

}
+G−3

{
27
80

iGi jGkl

(
δ

b
a δ

β

α − 1
2
(Σa

b)α
β

)
∇bGkl

ϕ
j

β

+
3

16

(
δ

λ
α (Γa)

βρ − 1
5

ε
βρ(Γa)α

λ

)
Gi jϕ

k
λ

ϕ
j

β
ϕkρ

}
+

{
9i
16

(
δ

λ
α (Γa)

βρ − 1
5

ε
βρ(Γa)α

λ

)
λ jλ λiβ λ

j
ρ

}
+ W

{
27
40

(
εabcde(Σ

de)αβ +3ηab(Γc)αβ

)
Fbc

λ
β

i − 27
20

(
δ

b
a δ

β

α − 1
2
(Σa

b)α
β

)
λiβ ∇bW

}
+W 2

{
189
320

(
εabcde(Σ

de)αβ +3ηab(Γc)αβ

)
W bc

λ
β

i

+
27
40

(
δ

b
a δ

β

α − 1
2
(Σa

b)α
β

)
∇bλiβ

}
, (3.7.21d)

J4
ab,EH =

(
δ

c
(aδ

d
b)−

1
5

ηabη
cd
)
×
[

G
{

27
8

Wc
eWde

}
+G−1

{
− 9

16
HcHd −

9
32

∇cGi j∇dGi j +
27
32

Gi j∇c∇dGi j − 9i
8
(Γc)

αβ
∇dϕ

i
αϕiβ

− 9i
16

(Σc
e)αβWdeϕ

i
αϕiβ

}
+G−3

{
− 27

64
Gi jGkl∇cGi j

∇dGkl +
9

32
iHcGi j(Γd)

αβ
ϕ

i
αϕ

j
β

− 9
16

iGi j(Γc)
αβ

∇dGi
kϕ

j
αϕ

k
β

}
+

{
27i
8
(Σce)

αβ Fd
e
λiαλ

i
β

}
+ W

{
− 27

4
Fc

eFde −
27
8

∇cW∇dW +
27i
16

(Σc
e)αβWdeλiαλ

i
β

+
27i
8
(Γc)

αβ
λiα∇dλ

i
β

}
+W 2

{
− 27

2
Wc

eFde +
27
16

∇c∇dW
}

+W 3
{
− 27

4
Wc

eWde

} ]
. (3.7.21e)

Note that, we have proven each to be explicitly K-primary.

3.7.3 Weyl-squared

As previously discussed, the Weyl-squared invariant does not contribute to the linear multiplet

EOM, while the descendants of the vector multiplet EOM have been described earlier in eq. (3.4.3).
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Thus, in this subsection we are mainly focusing on deriving the descendants of the Weyl multiplet

EOM.

In superspace, the Weyl multiplet EOM was presented in subsection 3.6.2. It defines a conformal

supercurrent multiplet

JWeyl =− 3
64

WY +
3

16
WW abWab +

3
32

FabW ab − 3
16

λ
α
i X i

α . (3.7.22)

We present here the results for one- and two-derivative descendants of JWeyl based on the structures

found in eqs. (3.7.19). Note that, we have explicitly proven each to be K-primary. In subsection 4.2 of

the supplementary file [1], the reader can find the complete expressions of J3
aαi,Weyl , along with the

degauged, gauged fixed (W = 1), bosonic part of J4
ab,Weyl . It holds that

J1
αi,Weyl = − 3

128
iY λiα − 3

8
(Γa)α

βW∇
aXiβ +

3
32

iWabW ab
λiα +

9
128

WWabW ab
αi

+
9

256
ε

abcde(Γe)α
βWWabWcdβ i −

9
32

(Σac)α
βWWa

bWcbβ i +
3

128
FabWabαi

+
3

256
ε

abcde(Γe)α
β FabWcdβ i −

3
32

(Σac)α
β Fa

bWcbβ i +
3

32
(Σab)αβ FabXβ

i

+
3

16
i(Γa)αβWab∇

b
λ

β

i +
1
8

iΦab i j(Σ
ab)α

β
λ

j
β
+

3
32

iεabcde(Σab)αβ λ
β

i ∇eWcd

+
3

32
i(Γa)αβ λ

β

i ∇
bWab −

3
16

Xi jX
j

α +
3

16
(Γa)αβ Xβ

i ∇aW , (3.7.23a)

J2
ai j,Weyl = − 1

16
iεabcdeFbc

Φ
de

i j −
1
2

i∇b(WΦabi j)−
3

64
i(Γa)αβW cdWcd

α
(iλ

β

j)

+
9

32
(Γa)αβWXα

(i Xβ

j)−
9

32
i(Γb)αβWabXα

(i λ
β

j)+
3

64
εabcdeW bc

α(iW
deα

j)W

+
3

16
iW[a

cWb]cα(i(Γ
b)αρ

λ j)ρ +
3

128
iεabcdeW bcW de

α(iλ
α

j)

− 3
64

i(Σab)αβ ε
bcde fWcdWe f

α
(iλ

β

j)−
3

32
iεabcde(Σ

de)α
λW b fW c

f α(iλ
λ

j)

−3
8

i∇b(Xi jWab)−
3
8

i(Σab)αβ ∇
b(λ α

(i Xβ

j))−
3
8

i∇b(Wabα(iλ
α

j)) , (3.7.23b)

J2
ab,Weyl =

3
128

iFabY +
9

128
iWWabY +

1
4

iΦabi jX i j − 9
16

iWCabcdW cd − 3
16

iCabcdFcd

+
81
32

iWWc[aWb]dW cd +
45

128
iWWabW cdWcd +

9
16

iWc[aFb]dW cd

+
9

32
iWc[aWb]dFcd − 3

128
iFabW cdWcd +

3
16

iεabcdeW e( f
∇ f Fd)c

+
9

64
iεabcdeFcd

∇ fW f e +
3

64
iεabcdeFc f

∇ fW de +
3

32
iεcde f [aFcd

∇
fWb]

e

− 3
16

iεcde f [a∇
f FcdWb]

e − 15
32

iεcde f [aFb]
c
∇

fW de − 3
16

iεcde f [a∇
f Fb]

cW de

− 9
64

iεabcdeWW c f
∇ fW de − 27

64
iεabcdeWW de

∇ fW c f +
9

32
iεcde f [aW∇

c(W deWb]
f )

− 9
64

iεabcdeW cdW e f
∇ fW − 9

32
iεcde f [aWb]

cW de
∇

fW − 3
2

iW∇
c
∇[aWb]c

−3
4

iW∇[a∇
cWb]c −

3
2

i∇cW∇[aWb]c −
3
4

i∇[aW∇
cWb]c −

3
4

iWc[a∇
c
∇b]W

−3
4

i∇cW∇
cWab −

3
4

iW∇c∇
cWab +

15
32

Wab
i
αXα

i W +
9

32
iWabλ

i
αXα

i



3.7. EOM DESCENDANTS 85

+
3

16
W[a

cαiWb]cαiW +
9

32
iW[a

cWb]c
α

iλ
i
α − 3

16
i(Σc[a)

αβW cdWb]dαiλ
i
β

+
3

16
i(Σc[a)

αβWb]dW cd
αiλ

i
β
+

3
16

i(Σcd)αβWc[aWb]dαiλ
i
β
+

3
64

i(Σab)
αβW cdWcd αiλ

i
β

+
3

64
i(Σcd)

αβW cdWabαiλ
i
β
+

3
64

i(Σcd)
αβWabW cd

αiλ
i
β

− 3
128

iεabcde(Γ f )
αβW c fW de

αiλ
i
β
+

3
64

iεcde f [a(Γ
c)αβW deWb]

f
αiλ

i
β

− 3
16

iεabcdeλ
α
i (Σcd)α

β
∇

eX i
β
− 3

16
iεabcdeXα

i (Σcd)α
β

∇
e
λ

i
β
− 3

16
iλiα(Γ[a)

αβ
∇b]X

i
β

− 3
16

iXiα(Γ[a)
αβ

∇b]λ
i
β
− 3

64
iWab

α
i(Γc)α

β
∇

c
λ

i
β
+

3
32

iWc[a
αi(Γc)|α|

β
∇b]λiβ

− 3
32

iWc[a
αi(Γb])α

β
∇

c
λiβ +

3
64

iεabcdeW cd α
i(Σ

e f )α
β

∇ f λ
i
β

− 3
32

iεcde f [aWb]
cα

i(Σ
de)α

β
∇

f
λ

i
β
− 9

128
iεabcdeW cd α

i∇
e
λ

i
α +

39
128

iεabcdeλ
α
i ∇

eW cd
α

i

− 3
64

iεabcdeλ
α
i (Σe f )α

β
∇ fW cd

β
i +

3
32

iεcde f [aλ
α
i (Σde)|α|

β
∇

fWb]
c
β

i

− 3
32

iλ α
i (Γc)α

β
∇[aWb]cβ

i +
3

32
iλ α

i (Γ[a)α
β

∇
cWb]cβ

i

− 3
64

iλ α
i (Γc)α

β
∇

cWabβ
i . (3.7.23c)

3.7.4 Log

The Log invariant does not contribute to the linear multiplet EOM and the descendants of the

vector multiplet EOM have been described in (3.4.8). Our main focus in this subsection is thus to

derive the descendants of the Weyl multiplet EOM.

The Weyl multiplet EOM in superspace was derived in subsection 3.6.2. It takes the following

form

Jlog = − 3
1024

WY − 69
1024

W abWabW +
3

32
2W − 3

64
FabW ab − 3

256
λ

α
j X j

α

+
3

128
FabFabW−1 − 9

128
X i jXi jW−1 +

3i
32

(Γa)αβW−1
λ

i
α∇aλβ i

+
3

64
W−1(∇aW )∇aW − 3i

128
(Σab)αβ Fabλ

i
αλβ iW

−2 − 3i
64

X i j
λ

α
i λα jW−2

− 3i
32

(Γb)
αβ

λ
j

αλβ jW
−2

∇
bW − 3

256
λ

αi
λ

β

i λ
j

αλβ jW
−3 . (3.7.24)

We present here the results for one and two-derivative descendants of Jlog based on the structures

found in (3.7.19). Note that, we have proven each to be explicitly K-primary. Due to their size, only

the bosonic parts of J2
ai j,log and J2

ab,log are provided below. In subsection 4.3 of the supplementary

file [1], the reader can find the complete expressions of J2
ai j,log, J2

ab,log, J3
aαi,log, along with the degauged,

gauged fixed (W = 1), bosonic part of J4
ab,log. It holds:

J1
αi,log = W

{
3

256
εabcde(Γ

a)αβW bcW deβ
i +

3
32

(Σab)αβWa
cWcb

β
i −

3
128

WabW ab
αi

+
81
512

(Σab)αβW abXβ

i +
3

128
(Γa)αβ ∇aXβ

i

}
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+

{
1

16
i(Σab)αβ Φ

ab
i jλ

jβ − 3
2048

iY λiα − 231
2048

iW abWabλiα +
3

32
i2λiα

− 27
2048

iεabcde(Γ
a)αβW bcW de

λ
β

i +
3

256
(Γa)αβ Xβ

i ∇aW

+
3

256
iεabcde(Σ

ab)α
β

λiβ ∇
cW de +

9
128

iεabcde(Σ
ab)αβW cd

∇
e
λ

β

i

+
21
128

i(Γa)αβ λ
β

i ∇
bWab −

3
32

i(Γa)αβWab∇
b
λ

β

i
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εabcde(Γ
a)α

β FbcW de
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3
128
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3
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(Σab)α

β FacWc
b

β i

+
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(Σab)αβ FabXβ

i +
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Xi jX
j

α

}
+W−1

{
3
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β
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512
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a
λ

j
β
+

9
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iλ β

i λ jβ X j
α

+
3
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b
λ

β

i +
3
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iεabcde(Σ
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β

λiβ ∇
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3
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i ∇
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i(Γa)αβWabλ
β

i ∇
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β
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j
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∇
aXi j

+
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∇
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β
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βρ
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a
λ

j
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3
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3
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β

j λ
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∇
a
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9
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∇
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9
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j

ρ
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λ
β

i +
3

64
i(Σab)α
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λ
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β
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128
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λiβ ∇
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i ∇
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+
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i λ jρ∇
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β
+

3
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iXi jX j
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k
α +
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i(Γa)α
β Xi jλ
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∇
aW

+
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256
(Σab)αβW ab

λ
ρ

i λ
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j λ
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ρ
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64
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λiαλ jβ λ
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ρ −

3
32

X jkλiαλ
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λ
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+

3
64

(Σab)αβ Fab
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j λ
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ρ

+
3
64

Xi jλkαλ
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λ
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64
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9
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β j
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}
, (3.7.25a)

J2
ai j,log = −1

8
iW∇

b
Φabi j −

1
8

iΦabi j∇
bW +

1
32

iεa
bcde

Φdei jFbc +
3

16
iXi j∇

bWab

+
3

16
iWab∇

bXi j +
3
16

iFabW−1
∇

bXi j +
3

16
iXi jW−1

∇
bFab

+
3

16
iX(i

kW−1
∇aX j)k −

3
16

iXi jFabW−2
∇

bW + fermions , (3.7.25b)
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J2
ab,log = W

{
3

16
iCabcdW cd − 9

256
iWabY +
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iWabW cdWcd −
3
16

iW cdWc[aWb]d
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3
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iWc[aWb]dW cd − 27
64
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dW e f

− 9
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9
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∇
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i2Wab
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{
3
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iCabcdFcd − 3

256
iFabY − 1

8
iΦab

i jXi j +
3
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iFabWcdW cd
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iWabFcdW cd − 21
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+
3
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3
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64

iεabcdeW cdW e f
∇ fW
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cW de

∇
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i∇cW∇
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3
4
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4
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9
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9
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4
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cW − 3

16
iεabcdeW cd

∇ f Fe f +
3
8
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c
∇

dFe f
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32

iεabcdeFc f
∇ fW de +

3
16

iεcde f [aFcd
∇

eWb]
f − 3

16
i2Fab −

9
16

iWab2W
}

+W−1
{
− 9

8
iWc[aFb]dFcd − 9

32
iWabFcdFcd − 3

64
iεabcdeFc f

∇ f Fde

+
3
32

iεcde f [aFcd
∇

eFb]
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∇ f Fe f +
9

32
iεcde f [aFb]
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dFe f

+
9
32
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8
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3
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∇b]W − 3

4
iFc[a∇b]∇

cW

+
3
16

i∇cW∇
cFab −

3
4

i∇[aW∇
cFb]c +

3
4

i∇cW∇[aFb]c

+
3
8

iεabcde∇
cW∇

d
∇

eW − 9
8

iWc[a∇b]W∇
cW
}

+W−2
{
− 3

32
iFabFcdFcd − 3

16
iFc[aFb]dFcd +

3
32

iεabcdeFcdFe f
∇ fW

+
3
16

iεcde f [aFb]
cFde

∇
fW +

3
8

iFc[a∇b]W∇
cW

+
3
16

iFab∇cW∇
cW
}
+ fermions . (3.7.25c)

3.7.5 Scalar curvature squared

In this subsection, we will first describe the descendants of the supercurrent multiplet associated

to the scalar curvature squared JR2 . Unlike the Weyl-squared and Log invariants, the EOM for the

linear multiplet compensator presented in subsection 3.6.4 leads to new nontrivial descendants which

we will compute in subsection 3.7.5. The EOM for the vector multiplet compensator gives rise to the

composite linear multiplet superfield H i j
R2 , whose descendants have been given earlier in eq. (3.4.16).
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Standard Weyl multiplet

The Weyl multiplet EOM for the curvature-squared invariant was given in 3.6.2. It defines a

conformal supercurrent multiplet

JR2 = −3
8

WW2 +
3

32
G−1

(
WGi jXi j +Gi jXi jW− iGi j

λ
α
i λλλ α j

)
=

3
32

G−1
(

Gi jWXi j +Gi jXi jW− iGi j
λ

α
i λλλ α j −WWF

)
+

3i
64

G−3WWGi jϕ
iα

ϕ
j

α . (3.7.26)

We present here the results for one and two-derivative descendants of JR2 based on the structures found

in eqs. (3.7.19). Note that, we have proven each to be explicitly K-primary. Due to their size, only the

bosonic parts of J2
ai j,R2 and J2

ab,R2 are provided below. In subsection 4.4 of the supplementary file [1],

the reader can find the complete expressions of J2
ai j,R2 , J2

ab,R2 , J3
aαi,R2 , along with the degauged, gauged

fixed (W = 1), bosonic part of J4
ab,R2 . It holds that

J1
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{
WWWW
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β
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3
32

iG jk

(
X jk

λiα +X jk
λλλ iα

)
+
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(
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+
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∇
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∇
aW
)}

+G−3
{

3
64

FGi jWWWWϕ
j

α − 3
64

G jk (WWWλiα +Wλλλ iα)ϕ
jβ

ϕ
k
β
+

3
32

iWWWWϕ
β
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, (3.7.27a)

J2
ai j,R2 = G−1

{
3
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iHa

(
WXi j +WWWXi j

)
− 3

32
iεa

bcdeGi jFbcFde

−9
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b (WWWWWab)+

3
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3
8

iGk
(i∇a
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(
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)
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k
}
+ fermions , (3.7.27b)
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J2
ab,R2 = G−1

{
3

16
iF (WWWFab +WFab)+

9
16

iFWWWWWab +
3
8

iWWWW∇[aHb]

+
3
8

iΦabi jGi jWWWWG−1
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{

3
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∇b]G
j
k

}
+fermions . (3.7.27c)

Linear multiplet

Recall that the EOM for the auxiliary field F for the curvature-squared invariant was given in

subsection 3.6.4. It leads to the expression WR2 , eq. (3.6.43), which defines a composite vector multiplet.

We present here, for the first time, the results for the bosonic parts of the component descendants of

WR2 based on the structures defined in eqs. (3.2.2). Note that, we have proven the bosons for each to be

explicitly K-primary. Due to their size, the entire component results with fermions of X i j
R2 and Fab,R2 as

well as the fermionic descendant λ i
α,R2 are given in subsection 4.4 of the corresponding supplementary

file [1]. It holds:

X i j
R2 = G−1

{
2(WXi j +WX i j)+

3
32

(
W abWab −Y

)(
WXi j +WX i j)}

+G−3
{(

1
2
HaGk(i −Gkl

∇aG(i
l

)
∇

a
(

X j)
kW +X j)

kW
)

+

(
1
2
HaGi j −Gk(i

∇aG j)
k

)[
∇b(WFab)+∇b(WFab)+3∇b

(
WWW ab

)
+

1
4

ε
abcdeFbcFde

]
+

3
8

FGk(i
(

X j)lXkl +X j)lXkl

)
−1

2
FGi j (W2W+W2W )+

3
4

FGi jWab

(
WFab +WFab

)
+

3
32

(
13W abWab −Y

)
FGi jWW− 1

8
(
F2 +HaH

a)(WXi j +WX i j)
+

[
− 1

2
∇

aGki
∇aG jl − 1

2
Gkl2Gi j

+
3
64

Gi jGkl(Y −W abWab)

]
(WXkl +WXkl)

−5
8

FGkl (X i jXkl +Xi jXkl
)
+

1
2
Ha

(
WXk(i +WXk(i

)
∇

aG j)
k

+
1
4

FGi jFabFab −
1
2

FGi j
∇

aW∇aW+
5
4

FGklX (i
kX j)

l

}
+G−5

{[
3
4

Gkl∇
aGik

∇aG jl +
3

16
(
HaH

a +F2)Gi j

−3
4
HaGk(i

∇
aG j)

k

]
(WXmnGmn +WXmnGmn)

}
+fermions , (3.7.28a)

Fab,R2 = 6∇[b

(
G−1Wa]

d (W∇dW+W∇dW )
)
+2∇[b

(
G−1

∇
e (WFa]e +WFa]e

))
−6∇[a

(
G−1WW∇

eWb]e
)
− 1

4
εabcde∇ f

(
G−1

(
FcdFe f +FcdFe f

))
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−1
2

εcde f [a∇
f
(

G−1
(

Fb]
cFde +Fb]

cFde
))

−1
2

∇[a

(
G−3Gi jHb]

(
WXi j +WXi j

))
+G−3

∇[a

(
Gi

k (Xi jW +X i jW
)

∇b]G jk

)
−G−3

2
(
WXi j +WX i j)

∇aGi
k
∇bG jk

+
3
4

G−5Gi jGkl (WXi j +WX i j)
∇aGk

m
∇bGlm

+fermions . (3.7.28b)

Having described in detail all the descendants of the EOMs for the Weyl multiplet and compensators,

let us end this section by commenting on the physical relevance of our results; in particular, how

these might be useful for understanding higher-order corrections to Einstein’s field equations. Recall

that, after gauge fixing, the Poincaré supergravity multiplet contains the metric gmn, gravitini ψm
i
α ,

graviphoton Am, along with the matter fields D, χ i
α , and Wab. As indicated in Table 3 and looking at

the descendants of the Weyl multiplet EOM, the component current J4
mn = em

a en
bJ4

ab is associated to

the variation of the traceless part of the metric, δ ĝmn. Hence, to compute higher-order corrections to

the traceless part of Einstein’s equations, one essentially needs to consider J4
ab from all the three four-

derivative invariants: J4
ab,Weyl , J4

ab,log, and J4
ab,R2 . The latter are given in the auxiliary file, specifically

in subsections 4.2.5, 4.3.5 and 4.4.5, respectively. On the other hand, the trace part of Einstein’s

equations comes from taking a linear combination of the components FWeyl (3.4.3) and Flog (3.4.8).

The component current J3
aαi is associated to variation of the gamma-traceless part of the gravitini,

δψ̂m
α
i , while the variation with respect to the trace part is given by the fermionic descendant of the

vector compensator EOM (3.6.44). The composite field Ha coming from (3.6.44) is associated to the

variation of graviphoton of the Poincaré supergravity multiplet. Finally, the composite field strength

Fab coming from (3.6.45) (see also (3.7.28b)) is associated to the variation of the Hodge dual of the

three-form potential bmnp.

3.8 Conclusion

By using an interplay between superspace and superconformal tensor calculus techniques, in our

paper we have presented for the first time a comprehensive description of the component structure

of the supersymmetric completions for all curvature-squared invariants of five-dimensional, off-shell

(gauged) minimal supergravity. Our results include both bosonic as well as fermionic contributions for

the five-parameter family of theories described by the action

SHD = SgSG +α SWeyl +β Slog + γ SR2 , (3.8.1)

where SgSG describes the supersymmetric two-derivative (gauged) minimal Poincaré supergravity with

a cosmological constant, while the three independent curvature-squared invariants are described by

eqs. (3.5.1), (3.5.9), (3.5.21b), and further results in section 3.5. As a first application of our results,
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we have also analysed the structure of the multiplets of equations of motion for the theory defined by

(3.8.1). It did take more than fifteen years from the first papers on curvature-squared supergravity in

five dimensions [29, 55, 63, 64] to complete the detailed construction of these invariants. We expect

that the results in our paper will find several developments and applications. We comment here on a

few directions.

A key motivation of our analysis was the recent developments of [78–86] studying α ′ corrected

gravity for precision tests of the AdS/CFT correspondence. In [81, 85, 86] the formulation of minimal

gauged supergravity in 5D based on the standard Weyl multiplet was used, as in our paper. Only the

Weyl-squared and scalar curvature-squared invariants were employed in these works, since the Log

(Ricci squared) invariant had not been constructed by using component fields. As far as the first α ′

corrections were concerned, arguments were given to justify why only two invariants might suffice

to compute (BPS) on-shell observables (as for example the entropy of five-dimensional black holes).

However, it remains an open question to understand to which extent only a subset of curvature squared

invariants suffice for a general analysis. For example, the on-shell analysis employs a set of field

redefinitions up to order α ′, but it remains an open question whether higher-order corrections in the

solutions of the auxiliary fields equations of motions would still admit on-shell simplifications found

at the first order. In view of this, and other open questions, we expect that our results about the three

curvature-squared invariants could play an important role in the analysis of various observables in

quantum corrected minimal gauged supergravity.

In [82] three invariants were considered in a dilaton Weyl background to engineer Poincaré

supergravity. However, this analysis did assume that the gauged two-derivative supergravity could

be added to the three ungauged curvature-squared invariants of [58, 64] to obtain a five-parameter

family of locally supersymmetric invariants. A description of the invariants in a gauged dilaton Weyl

background was given in [2], see also [2] for an extended upcoming analysis. We have discussed

off-shell formulations based on the standard Weyl multiplet and the dilaton Weyl multiplet. The

dilaton Weyl multiplet mentioned above is the one first introduced in [90, 174] and extended in [199]

to a version suitable for gauged supergravity. This is defined as an on-shell vector multiplet coupled

to the standard Weyl multiplet – for this reason we will denote it as vector-dilaton Weyl multiplet.

Recently, it was noticed in [3, 4] that there exist even more variant versions of Weyl multiplets. In

fact, by considering an on-shell hypermultiplet in a standard Weyl multiplet background one can

obtain another variant Weyl multiplet of off-shell conformal supergravity which was referred to as

hyper-dilaton Weyl. Thanks to the results in our paper, we can straightforwardly obtain a basis of

independent curvature-squared invariants in all the dilaton Weyl backgrounds. The vector-dilaton Weyl

multiplet has been largely used to engineer general matter couplings in Poincaré supergravity [90,174],

including the recent curvature-squared analysis in [2, 2]. By using another new independent off-shell

scalar curvature-squared invariant that we constructed in [6], it would be possible to engineer general

off-shell supergravities based on the hyper-dilaton Weyl multiplet of [3, 4]. An interesting feature of

this formulation, once coupled to a system of vector multiplets, is how it is straightforward to describe

general gaugings off-shell. It is in fact a natural avenue of future investigations to extend the results
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in this paper to general off-shell matter-coupled supergravity, at least for arbitrary couplings with

physical vector multiplets. These models would be important for applications involving α ′ corrected

string compactifications to five dimensions where physical scalar multiples would describe coordinates

of the internal geometry and their moduli.

Another natural question concerning curvature-squared invariants is how the results we have

obtained here and in [2,2] connects with the known invariants in lower and higher dimensions. In [200]

an off-shell dimensional reduction approach was developed. There it was noticed how the Weyl-

squared invariant in 5D, once reduced to 4D , leads to a linear combination of the 4D Weyl squared

and the 4D Log invariants. It would be interesting to extend this analysis by using all the independent

5D invariants that are now available from this year. Knowing the precise connection between 4D and

5D might help to answer questions in AdS/CFT realising the roles that half BPS (e.g., 4D F-term) and

D-term invariants can generally have in both dimensions. The classification of all curvature-squared

invariants for six-dimensional N = (1,0) minimal Poincaré supergravity was obtained six years ago

in [68, 69]. One could develop an off-shell 5D/6D map and identify how the invariants in different

dimensions are related – see [58] for the 5D/6D Riemann squared based on a dilaton Weyl multiplet.

One wonders if understanding off-shell relations between higher-derivative invariants in different

dimensions might shed some light to better understand higher-derivative supergravities in dimensions

higher than six where superconformal techniques are not (directly) applicable.

It is known that among all the curvature-squared terms one predominant role is played by the

Gauss-Bonnet combination. This is a topological term in four dimensions. In D > 4 supersymmetric

Gauss-Bonnet invariants are expected to play a key role in the description of the first α ′ corrections to

compactified string theory [201, 202]. A reason being that, though higher derivative, the Gauss-Bonnet

combination,

LGB = −1
4
RabcdRabcd +RabRab −

1
4
R2 , (3.8.2)

leads to the same physical degrees of freedom as standard massless gravity with a cosmological

constant when studying fluctuations around maximally symmetric backgrounds. In five dimensions,

one remarkable property of α ′ corrected minimal gauged supergravity is that, up to perturbatively

integrating out auxiliary fields and making curvature dependent field redefinitions, the complicated

Lagrangian in (3.8.1) simplifies to the following one [2]

e−1L2∂+4∂ = a0R+a1κ
2 +a2 f ab fab +a3ε

abcdeva fbc fde +αLon−shell
GB . (3.8.3)

Here, the various constants ai are functions of the five independent constants in (3.8.1), and Lon−shell
GB

is an appropriate linear combination of (3.8.2) and the following terms: f ab fab, Cabcd f ab f cd , and

εabcdevaRbc
f gRde f g; see [2] for more detail.11

11Note that the result obtained in [2] is based on the gauged dilaton Weyl multiplet. However, the on-shell action
obtained by perturbatively integrating out auxiliary fields and performing field redefinitions would agree with the one
obtained by starting from the standard Weyl multiplet invariants of our current paper. We also underline that the result in
equation (3.8.3) in a standard Weyl multiplet and in gauged supergravity was first obtained in [86] – see also [81, 85] – by
using only the Weyl-squared and the scalar curvature-squared invariants.
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One might ask what is an off-shell extension of LGB|onshell . By looking only at the curvature-

squared invariants that we constructed in this paper, it is straightforward to realise that combinations of

the independent curvature-squared invariants with proper coefficients leads to off-shell supersymmetric

completions of the Gauss-Bonnet combination. One can show that this can be obtained by using just

two curvature-squared invariants: the Weyl squared and Log. It is simple to show that the combination

L
o f f−shell
GB = LWeyl −4Llog , (3.8.4)

is such that the kinetic terms for the SU(2)R connection φm
i j cancel between the Weyl squared (3.5.7)

and the Log (3.5.20) invariants. These observations indicate that there is no massive graviton nor

dynamical massive vector generated by (3.8.4), as expected from a Gauss-Bonnet invariant. The

equation of motion for the field D are algebraic, as it is clear from the D dependent terms in the bosonic

part of Lo f f−shell
GB ,

L
o f f−shell
GB,D = −32D2 +2RD−12FabW abD+4DFabFab

−39
2

DW abWab −12DX i jXi j . (3.8.5)

It is then possible to eliminate D by substituting its equation of motion in the action. One can easily

check that the final result is LGB plus terms that leads to a supersymmetric completions. Moreover,

one can prove that in an ungauged vector-dilaton Weyl background, the combination above leads to

the off-shell Gauss-Bonnet invariant first constructed in [63, 64]. The simplifications arising with the

5D Gauss-Bonnet invariant make easier the study of solutions of gauged supergravity modified with

four-derivative terms, which are known to be difficult to analyse in general. One might now construct

new classes of solutions and prove if and how solutions of the two-derivative theory are modified.

So far we have commented mostly on four-derivative corrections. However, the building blocks

of our paper allow to construct invariants with arbitrary high orders in α ′. For example, now that we

have obtained all the information about the three independent composite linear multiplets associated

to the Weyl squared, Log, and scalar curvature-squared invariants, we might construct an arbitrary

(appropriately constrained) function of these invariants as for the system of linear multiplets engineered

in [74].12 To be more precise, we label Gi j
I = (Gi j,H i j

VM,H i j
Weyl,H

i j
log,H

i j
R2) with I = 0,1,2,3,4 as the

different linear multiplets used in our paper, the compensator, and the various composite ones. Then,

in a covariant projective superspace approach,13 one can formulate a half BPS invariant built out of the

linear multiplets with the projective superspace Lagrangian given by

L(2) = G(2)
I FI[G(2)

J ] , G(2)
I = viv jG

i j
I . (3.8.6)

12The results of [74] extend to five dimension the four dimensional construction of [73]. See [185], and [29] in 5D, for
their superspace formulation and for other (infinite series of) higher-derivative terms.

13We refer the reader to [29, 185], and the recent review [39] and references therein, for detail about the covariant
projective formalism and its application to higher derivative supergravity. More in general, projective superspace [117–
119], together with the related harmonic superspace [116, 121], are powerful techniques to formulate general off-shell
matter couplings in supersymmetric models with eight real supercharges in D ≤ 6 dimensions where infinite number
of auxiliary/matter fields might be necessary. See [29, 39, 120, 123–128, 130–133] for further references in the curved
(supergravity) case.
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Here vi are constant isotwistor (twistor-like) coordinates describing an auxiliary CP1 manifold which

is used to engineer a 5D locally supersymmetric invariant associated to the projective Lagrangian L(2),

see [29]. The functions FI[G(2)
J ] are only required to be homogeneous of degree zero in their argument:

G(2)
K

∂FI[G(2)
J ]

∂G(2)
K

= 0 . (3.8.7)

One could also consider a single function F[G(2)
I ] homogenous of degree one in G(2)

I , which is

locally equivalent to the description above. The details are not important here, but what we want

to stress is the existence of a function that can lead to arbitrarily high curvature corrections in 5D

minimal supergravity. In four dimensions, it is known how for a large class of observables and

applications to AdS/CFT an F-term constructed out of an holomorphic function with arguments

given by the composite vector multiplets describing the 4D curvature squared invariants of N = 2

supergravity [51, 57, 61, 66, 75, 76] suffices to computing observables based on the on-shell action

as for example the entropy of (supersymmetric) black holes – see [83, 84], and references therein,

for inspiring recent results in the four dimensional case. Along this line, it would be interesting to

investigate if and how the model described by (3.8.6) encodes enough information to study general

higher-derivative correction in minimal supergravity in the AdS/CFT context.
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Chapter 4

All Gauged Curvature Squared Supergravities
in Five Dimensions

We present a complete basis to study gauged curvature-squared supergravity in five dimensions.

We replace the conventional ungauged Riemann-squared action with the Log-invariant discussed in

chapter 3, offering a comprehensive framework for all gauged curvature-squared supergravities. Our

findings address long-standing challenges and have implications for precision tests in the AdS/CFT

correspondence.

4.1 Introduction

Twenty-six years after its discovery, the AdS/CFT correspondence has entered a new era in which

precision tests beyond the leading order have become increasingly important, owing to developments

in both field theory and gravity. On the one hand, integrability and localization techniques allow one

to compute the observables in superconformal field theories (SCFT) exactly at finite couplings. On

the other hand, the development of superconformal tensor calculus and superspace techniques – see

the reviews [37–40] – in conjunction with the computational capabilities offered by computer algebra

programs, has significantly advanced the construction of exact, off-shell higher-derivative supergravity

models.

In this letter, we present all gauged curvature-squared supergravity invariants in five dimensions

based on the off-shell dilaton Weyl multiplet. After going on-shell, our invariants describe the most

general four-derivative corrections to the five-dimensional minimal gauged supergravity, which is a

universal sector to all string compactifications preserving at least eight supercharges. The gauged

aspect is necessary to accommodate a supersymmetric anti-de Sitter (AdS) solution, and thus is of

broad interest in holography. In particular, due to recent advancements in AdS black hole microstate

counting [203–210] using the dual CFT, a precise matching between the gravity and CFT results at the

next to leading order clearly requires the knowledge of the complete curvature-squared supergravity

actions. Previous works have made attempts to compute four-derivative corrections based on partial
97
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results in the literature, and certain assumptions were made. Using our full results, it can be shown that,

in fact, some of the assumptions are invalid, thus finally furnishing the stage for new, next-to-leading

order analyses on the gravity side of the AdS/CFT correspondence.

The construction of gauged curvature-squared invariants is notoriously hard, as opposed to their

ungauged counterparts, which have been fully known for more than a decade [58, 63, 64]. The

primary difficulty stems from the absence of a straightforward transition from ungauged to gauged

theories. In fact, the complete basis of invariants must be constructed from completely different

starting points. For instance, certain ungauged curvature-squared models are attainable through the

application of superconformal tensor calculus, utilizing the dilaton Weyl multiplet. In contrast, their

gauged counterparts necessitate the use of a modified version of the same multiplet [199], which has an

entirely different field content and transformation rules. Furthermore, the deformation necessary for the

construction of gauged supergravity models renders certain established higher-derivative supergravity

building techniques impractical, thus further complicating the task. In fact, it takes an interplay

between superconformal tensor calculus [199] and superspace techniques [29], together with a series

of new, daunting computations finalized only in the results presented here and in chapter 3, to yield the

complete set of gauged curvature-squared invariants.

This letter aims to explicitly show that the past challenges can be overcome by changing the basis

of curvature-squared supergravities, which previously employed the Weyl tensor squared, Riemann

tensor squared, and Ricci scalar squared as fundamental building blocks. We demonstrate that by

replacing the Riemann-squared action with the Log-invariant, which is discussed in detail in chapter

3 where the leading term involves the Ricci tensor squared, it is possible to explicitly establish all

gauged curvature-squared supergravities in five dimensions. The outcomes presented in our letter

mark a significant advancement, paving the way to a complete study of physical results beyond the

leading supergravity approximation in five dimensions. This development holds particular promise for

precision tests of the AdS5/CFT4 correspondence. In this context, we derive the anomaly coefficients

in the dual SCFT4, which apparently depend on all curvature-squared couplings.

4.2 Construction of the invariants

We start by introducing the field content of the standard Weyl multiplet of conformal supergravity

in five dimensions [90]. The notation and conventions used in this chapter follow those of [90]. These

differ from the notation and conventions used in the previous chapter, which adhere to [29]. For

clarity, Table B.1 provides a concise translation scheme between the different conventions employed

in [90, 174, 211], all of which contributed to the development of superconformal tensor calculus in five

dimensions. We denote the spacetime indices by µ,ν , · · · , Lorentz indices by a,b, · · · , SU(2) indices

by i, j, · · · , and spinor indices by α,β , · · · . The multiplet is described by a set of independent gauge

fields: the vielbein eµ
a, the gravitino ψµ

i
α , the SU(2) gauge fields Vµ

i j, and a dilatation gauge field

bµ . The other gauge fields associated with the remaining symmetries, including the spin connection

ωµ
ab, the S-supersymmetry connection φµ

i
α , and the special conformal connection fµ

a, are composite
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fields, i.e., they are determined in terms of the other fields by imposing certain curvature constraints.

The standard Weyl multiplet also contains a set of matter fields: a real antisymmetric tensor Tab
1, a

fermion χ i
α , and a real scalar D. A more detailed discussion of the superconformal transformations of

the various fields can be found, e.g., in [90, 199].

Below we will make use of a variant multiplet of conformal supergravity, known as the gauged

vector-dilaton Weyl multiplet [199]. For this multiplet, the independent gauge fields remain the same as

the standard Weyl multiplet, but the matter content is replaced with {σ ,Cµ ,Bµν ,Li j,Eµνρ ,N,ψ i,ϕ i}.

This is obtained by coupling the standard Weyl multiplet to on-shell vector and linear multiplets.

The vector multiplet consists of a scalar field σ , the gaugino ψ i
α , an abelian gauge vector Cµ with

field strength Gµν = 2∂[µCν ], and an SU(2) triplet of auxiliary fields Y i j = Y (i j). The linear multiplet

contains an SU(2) triplet of scalars Li j = L(i j), a gauge three-form Eµνρ , a scalar N, and an SU(2)

doublet ϕ i
α . The bosonic matter fields of the vector and the standard Weyl multiplet are then expressed

as follows [199]

Y i j = −g
2σ

−1Li j + f.t. ,

Tab = 1
8σ

−1Gab +
1
48σ

−2
εabcdeHcde + f.t. ,

D = 1
4σ

−1
∇

a
∇aσ + 1

8σ
−2(∇a

σ)∇aσ − 1
32R

− 1
16σ

−2GabGab − (26
3 T ab −2σ

−1Gab)Tab

+g
4σ

−2N + g2

16σ
−4L2 + f.t. , (4.2.1)

where “f.t.” stands for omitted fermionic terms and Habc = ea
µeb

νec
ρHµνρ denotes the three-form field

strength Hµνρ := 3∂[µBνρ]+
3
2C[µGνρ]+

1
2gEµνρ . In the above, the covariant derivative is denoted by

∇a = ea
µ
(
∂µ −ωµ

bcMbc −bµD−Vµ
i jUi j

)
, (4.2.2)

with Mab, D, and Ui j being the Lorentz, dilatation, and SU(2) generators, respectively. The dilatation

connection bµ is pure gauge and will be set to zero throughout. The mapping (4.2.1) allows us to

easily convert every invariant involving a coupling to the standard Weyl multiplet to that written in

terms of the gauged dilaton Weyl multiplet. The ungauged map and the models can simply be obtained

by setting g = 0 in (4.2.1). In this case, the fields of the linear multiplet decouple from the map (4.2.1),

and the multiplet reduces to the ungauged dilaton Weyl multiplet with 32+32 off-shell degrees of

freedom [90, 174].

In the superconformal tensor calculus, the so-called BF action principle plays a fundamental role

in the construction of general supergravity-matter couplings, see [29, 90, 173–177] for the 5D case. It

is based on an appropriate product of a linear multiplet with an Abelian vector multiplet:

e−1LBF = AaEa +ρN +Yi jLi j + f.t. . (4.2.3)

Here we use {ρ,Aµ ,Yi j,λ
i
α} to denote the field content in an arbitrary vector multiplet, and the bosonic

part of the constrained vector Ea is related to the three-form gauge field Eabc via Ea =− 1
12εabcde∇bEcde.

1In the previous chapter, we used Wab instead of Tab to denote the antisymmetric tensor, reflecting a difference in
conventions. Specifically, the two are related by Wab =

16
3 Tab. For a complete comparison of the notation, see Table B.1.
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In any construction that involves composite expressions for the fields of the linear multiplet in terms

of the vector multiplet, the BF-action yields a vector-coupled action in the (gauged) dilaton Weyl

background. Using the off-shell map given in [63], a vector multiplet can be identified with fields in

the gauged dilaton Weyl multiplet as

Yi j → 1
4

iσ−1
ψ̄

i
ψ

j − g
2

σ
−1Li j , ρ → σ ,

Aµ →Cµ , λ
i → ψ

i , (4.2.4)

which gives rise to off-shell models that are purely expressed in terms of the fields of the (gauged)

dilaton Weyl multiplet. By appropriately choosing primary composite linear multiplets, eq. (4.2.3)

becomes the building block for constructing various curvature-squared invariants.

In the superconformal approach, the off-shell formulation of minimal 5D supergravity can be

achieved by coupling the standard Weyl multiplet to two off-shell conformal compensators: a vector

multiplet and a linear multiplet. Within this setup, supersymmetric completions of the Weyl tensor

squared and Ricci scalar squared were constructed in [55] and [64], respectively. The Weyl tensor-

squared invariant is based on a composite linear multiplet comprised solely of standard Weyl multiplet

fields. To construct the Ricci scalar-squared invariant, one starts by defining a composite vector

multiplet in terms of a linear multiplet. This composite vector multiplet is then substituted into the

vector multiplet action obtained using (4.2.3).

While the Weyl tensor-squared and Ricci scalar-squared actions based on the dilaton Weyl multiplet

were presented as ungauged models [64], they can simply be gauged by using the maps (4.2.1) and

(4.2.4). It is worthwhile to mention at this point that the on-shell results for these gauged actions differ

from those presented by [82]. The reason is that Ref. [82] assumes that the map between the standard

Weyl and the dilaton Weyl multiplet is not modified in the gauged case. However, as shown in [199]

and presented as in eq. (4.2.1), these expressions are indeed deformed. For completeness, we present

the bosonic sectors of the off-shell Weyl-squared and scalar curvature-squared invariants in the gauged

dilaton Weyl background. These results can be obtained by starting from the invariants written in a

standard Weyl multiplet background, then applying the map of fields, eq. (4.2.1), which defines the

gauged dilaton Weyl multiplet. For the purpose of this letter, it is enough to present their bosonic

sector in the dilaton Weyl background in the gauge

σ = 1 , bµ = 0 , ψ
i = 0 . (4.2.5)

The bosonic sector of the gauged Weyl-squared invariant in the gauged dilaton Weyl background,

eq. (4.2.1), and in the gauge eq. (4.2.5), is given by:

e−1LWeyl2 = −1
8

ε
abcdeCaRbc f gRde

f g +
1
6

ε
abcdeCaVbc

i jVdei j +
2
3

V abi jVabi j

−1
4

RabcdRabcd +
1
3

RabRab − 1
12

R2 +
1
3

Rabcd(GabGcd −2HabHcd −3HabGcd)

−4
3

RabHacGb
c +

16
3

RabH2
ab +

1
3

RHabGab − 4
3

RH2 −4(H2)2 −8H4

−16
3

H2HcdGcd − 40
3

H2
adHa

cGcd +
8
3

H2G2 +
2
3

HabHcdGabGcd +
1
12

(G2)2
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−16
3

H2
abG2ab − 4

3
HabHcdGacGbd − 1

3
HabGabG2 +2G2abGc

bHca

−1
3
(∇aGbc)∇aGbc +

8
3
(∇aHbc)∇aHbc − 1

2
G4 +

4
3

ε
abcdeHabHcd∇

f Ge f

−2ε
abcdeHb f (∇aHc

f )Gde −
2
3

ε
abcdeHab(∇

f Gc f )Gde −
1

24
ε

abcde(∇ f Ga f )GbcGde

−g
(
−4

3
NHabGab +

4
3

NG2 −8NH2 +
4
3

Vab
i jLi jHab − 2

3
Vab

i jLi jGab − 2
3

RN
)

+g2
(

1
3

L2HabGab −
1
3

L2G2 +2L2H2 − 8
3

N2 +
1
6

RL2
)

−4
3

g3NL2 − 1
6

g4L4 , (4.2.6)

where we have used the following notations: Hab = − 1
12εabcdeHcde, H2 = HabHab, G2 = GabGab,

H2
ab := Ha

cHbc, G2
ab := Ga

cGbc, G4 = G2abG2
ab, and H4 = H2abH2

ab.

The bosonic sector of the gauged scalar curvature-squared invariant in the gauged dilaton Weyl

background, eq. (4.2.1), and in the gauge eq. (4.2.5), is given by:

e−1LR2 = Yi jYi j −2∇
a(NL−1)∇a(NL−1)

−1
8

εabcdeCaGbcGde +NL−1GabGab −N2L−2GabGab

+4N2L−2HabGab −
1
4

GabGab −4NL−1HabGab

+g2
(1

4
Li j

∇
a
∇aLi j −

1
4

RL2 −H2L2 +
1
8

G2L2 − 5
2

N2 − 1
2

EaEa −
1
2

∇
aL∇aL

)
−4gN3L−2 +

1
16

g4L4 , (4.2.7a)

where,

Gab = 4∇[a(L
−1Eb])+2L−1Li j(Vab

i j)−2L−3Li j
(
∇[aLik)

∇b]Lk
j ,

Yi j =
1
4

L−1 (4∇
a
∇aLi j −2RLi j −8H2Li j +G2Li j)

+L−3
(
−N2Li j −EaEaLi j −2EaLk(i

∇aLk
j)−Lkl∇

aLk(i
∇aL j)l

)
. (4.2.7b)

The third invariant necessary to obtain all the curvature-squared models in five dimensions was

constructed as the Riemann-squared invariant in the ungauged dilaton Weyl basis in [58]. However,

this model does not refer to the standard Weyl multiplet; hence, the prescription to obtain gauged

models cannot be applied. Furthermore, the construction methodology cannot be extended to the

gauged dilaton Weyl multiplet.

Alternatively, a third independent, locally superconformal invariant containing the Ricci tensor-

squared term can be constructed [6, 29], which provides the correct basis to study gauged curvature-

squared supergravity, as we shall discuss momentarily. In this case, the lowest component of the

composite linear multiplet is given by the field Li j
Log. This is obtained by making use of the standard

Weyl multiplet and by acting with six Q-supersymmetry transformations on the field logρ , with ρ
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being the lowest component of a compensating vector multiplet2. The rest of the composite “Log

multiplet” is then obtained by acting with up to two more Q-supersymmetry transformations on Li j
Log.

Due to the complexity of computing up to eight supersymmetry transformations, the explicit form of

the Log multiplet, including all fermionic terms, has been obtained only recently with the aid of the

Cadabra software [87, 88]. These lengthy results were published in [1, 6] and discussed in chapter

3. Inserting the resulting composite multiplet into (4.2.3) yields the explicit form of a new “Log

invariant”, which is presented in chapter 3 in eq. (3.5.20) within the standard Weyl basis. Then, the

Log invariant in the gauged dilaton Weyl background can be obtained by employing the map (4.2.1)

and (4.2.4).

The gauged Log invariant, which includes a Ricci-squared term, reads

e−1LLog = −1
6RabRab + 1

24R2 + 1
6RabG2

ab +
1
3RHabGab − 4

3RabHacGb
c − 1

3RH2

− 1
12ε

abcdeCaVbc
i jVdei j +

1
6V abi jVabi j −2(H2)2 + 16

3 H2
abHacGb

c − 4
3H2HabGab

+2
3HabHcd

(
GabGcd −2GacGbd)+ 2

3H2G2 − 4
3H2abG2

ab − 1
3HabGabG2

+G2
abHacGb

c − 1
48(G

2)2 − 1
24G4 − 1

6∇cGac
∇

bGab

+2∇aHbc∇
[aHbc]+ 1

48ε
abcde

∇
f Ge f (4Hab −Gab)(4Hcd −Gcd)

+g
6

(
RN −4NHabGab −2NG2 +Vab

i jLi j(Gab +4Hab)+12NH2 −6∇
a
∇aN

)
− g2

24

(
2RL2 −L2(G2 −4GabHab −24H2)+4N2 +6∇

aLi j
∇aLi j

)
+2

3NL2g3 + 5
24L4g4 , (4.2.9)

where Vab
i j = 2∂[aVb]

i j −2V[a
k(iVb]k

j). Furthermore, we have used the notations defined after equation

(4.2.6).

Note that the supersymmetric Riemann-squared invariant can be obtained by taking the following

linear combination of the ungauged Weyl-squared invariant presented in [58] and setting g = 0 in the

Log invariant (4.2.9)

LRiem2 = LWeyl2 +2LLog|g=0 . (4.2.10)

The resulting action is identical to the one presented in [58] up to total derivatives.

4.3 Going on shell and dual CFT

Now let us study a certain linear combination of the Einstein-Hilbert and all three curvature-squared

invariants

(16πG)L2∂+4∂ = LEH +λ1LWeyl2 +λ2LLog +λ3LR2 . (4.3.1)
2In superspace the primary superfield L

i j
Log associated with the Log multiplet is

L
i j
Log =

3i
1280 ∇

(i j
∇

kl)
∇kl logW , (4.2.8)

with W being the superfield describing the primary field strength of a compensating vector multiplet. In (3.4.7) ∇i j =

∇α(i∇
j)
α , and ∇i

α is the conformal superspace spinor derivative. The primary component fields are then obtained by
projection to their lowest components, σ =W|θ=0 and Li j

Log = L
i j
Log|θ=0 – see [6, 29] for detail.
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where G is Newton’s constant and all the invariants are given in the gauged dilaton Weyl multiplet

background. LWeyl2 and LR2 respectively denote the Weyl tensor squared and Ricci scalar squared

actions which are obtained by employing the maps (4.2.1) and (4.2.4) in the standard Weyl multiplet

results of [64]. Their explicit form is not crucial here, but they are given in the Supplemental Material

for the reader’s convenience. The two-derivative Lagrangian LEH is obtained by using the linear

multiplet action in the standard Weyl multiplet basis [63, 199] and the sequential use of the maps

(4.2.1) and (4.2.4). Note that, in this section, we rescaled the Lagrangians such that the coefficient of

their leading curvature-squared term is normalized to unity. To go on-shell, we fix the gauge according

to (4.2.5) and break SU(2) down to U(1) by choosing

Li j =
1√
2

δi jL , V i j
a =V

′i j
a + 1

2δ
i jVa . (4.3.2)

Consequently, the two-derivative Lagrangian becomes

e−1LEH = L(R− 1
2GabGab +4HabHab +2V

′i j
a V

′a
i j )

+L−1
∂aL∂

aL−2L−1EaEa −2
√

2 EaV a −2N2L−1

−4gCaEa −2gNL−4gN − 1
2g2L3 +2g2L2 . (4.3.3)

From the total Lagrangian (4.3.1), several auxiliary fields can be solved from their field equations up

to O(λi)

N = −1
2gL(2+L)+O(λi) ,

Ea = O(λi) , V
′i j
a = O(λi) . (4.3.4)

To arrive at the five-dimensional gauged minimal supergravity, we first dualize Bµν to a new 1-form

gauge field C̃µ following the procedure in [63, 199]. We then truncate the model consistently by

imposing

L = 1+O(λi) , C̃a =Ca +O(λi) . (4.3.5)

Following (4.3.5), the field equation of Eabc now implies

Va =− 3√
2

gCa +O(λi) . (4.3.6)

Plugging (4.3.4)–(4.3.6) back to the total Lagrangian (4.3.1), one obtains the on-shell theory up to first

order in λi. It is important to note that in the procedure outlined above, the O(λi) terms arising from

substituting (4.3.4)–(4.3.6) to the two-derivative action either vanish (proportional to the leading order

equations of motion of auxiliary fields) or can be removed by field redefinitions [212]. To recover

the standard convention of minimal supergravity, we rescale the graviphoton and the U(1) coupling

according to Ca → 1√
3

Ca, g →
√

2 g. To conclude, following [213], the resulting Lagrangian can be

further simplified by redefining the metric and the U(1) gauge field. Eventually, the on-shell model is

recast in the form below

(16πG)e−1L2∂+4∂ = c0R+12c1g2 − 1
4c2GabGab
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+ 1
12

√
3

c3ε
abcdeCaGbcGde +λ1LGB|onshell , (4.3.7a)

where the various coefficients are

c0 = 1+(28
3 λ1 −20λ2 −4λ3)g2 ,

c1 = 1+(50
9 λ1 − 28

3 λ2 +
52
3 λ3)g2 ,

c2 = 1+(64
9 λ1 − 92

3 λ2 − 76
3 λ3)g2 ,

c3 = 1−12(λ1 +3λ2 +3λ3)g2 , (4.3.7b)

and the on-shell Gauss-Bonnet invariant is given by

LGB|onshell = RabcdRabcd −4RabRab +R2 + 1
8G4

−1
2WabcdGabGcd + 1

2
√

3
ε

abcdeCaRbc
f gRde f g , (4.3.7c)

where Wabcd is the Weyl tensor. This on-shell action is consistent with the generic result presented

in [86] for the proper choice of parameters. Based on the on-shell model (4.3.7) we find that the AdS5

radius receives corrections from the higher-derivative terms and is given by

ℓ= g−1(1+ 8
9g2

λ1 − 16
3 g2

λ2 − 32
3 g2

λ3) . (4.3.8)

The effective Newton’s constant from eq. (4.3.7) is then

Ge f f = G+G(−28
3 λ1 +20λ2 +4λ3)g2 . (4.3.9)

The AdS5 vacuum preserves maximal eight supercharges [214, 215] and the dual field theory should

be a D = 4, N = 1 CFT. Utilizing (4.3.8) and (4.3.9) the a and c Weyl anomaly coefficients of the dual

CFT can be obtained via the standard holographic renormalization procedure [216, 217]

a =
π

8g3G
− 9π(λ2 +λ3)

2gG
,

c =
π

8g3G
+

π(2λ1 −9λ2 −9λ3)

2gG
, (4.3.10)

using which one finds the results above are consistent with R-symmetry anomaly whose coefficients

are related to those of the Weyl anomaly via [134, 135]

5a−3c =
πc3

4g3G
, a− c =−πλ1

gG
. (4.3.11)

4.4 Conclusions and outlook

In this letter, we provide the correct and complete basis to study curvature-squared gauged su-

pergravity in five dimensions. Our new results show explicitly that in the ungauged case, only the

Weyl-squared invariant is relevant in computing physical quantities as the rest can be redefined away,

generalizing the non-renormalization theorems for D = 4, N = 2 [76]. Based on the new results,
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we successfully computed the anomaly coefficients governing dual four-dimensional SCFTs. As

four-dimensional SCFTs are characterized by two anomaly coefficients, one would naturally anticipate

the emergence of only two independent linear combinations among the three four-derivative couplings.

Indeed, our analysis confirms this expectation, with λ2 and λ3 consistently appearing together in the

anomaly coefficients as the combination λ2+λ3. However, when examining the on-shell action (4.3.7),

it becomes evident that λ2 and λ3 do not share this combination. Indeed, it can be shown that the Log

invariant and the Ricci scalar invariant both contribute to the thermodynamics of general non-BPS AdS

black holes, and the λ2,λ3 dependence cannot be arranged into the combinaiton λ2 +λ3 [218, 219] as

in some (BPS) quantities [77, 81, 85, 86].

We can also generalize the results by coupling multiple vector multiplets which also enjoy an

off-shell formulation. Given the simple form the 6D ungauged Gauss-Bonnet invariant [68, 69, 160]

and the relation between dilaton Weyl multiplets in these two dimensions [58], it may be feasible

to reformulate the 5D Gauss-Bonnet invariant into a more elegant expression that facilitates the

construction of intriguing solutions. For instance, the non-existence of supersymmetric AdS5 black

ring solutions in the two-derivative theory [220] raises the intriguing question of whether this situation

changes in the presence of higher-derivative interactions. Our new invariants enable the computation of

corrections to the entropy of 1
16 -BPS black holes [214, 215, 221–223], thereby extending the precision

test of black hole microstate counting to the next to leading order. It is also interesting to extend the

recently proposed equivariant localization [224, 225] beyond the leading two-derivative cases.
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Chapter 5

Hyper-Dilaton Weyl Multiplet of 4D , N = 2

Conformal Supergravity

We define a new dilaton Weyl multiplet of N = 2 conformal supergravity in four dimensions. This

is constructed by reinterpreting the equations of motion of an on-shell hypermultiplet as constraints

that render some of the fields of the standard Weyl multiplet composite. The independent bosonic

components include four scalar fields and a triplet of gauge two-forms. The resulting, so-called, hyper-

dilaton Weyl multiplet defines a 24+24 off-shell representation of the local N = 2 superconformal

algebra. By coupling the hyper-dilaton Weyl multiplet to an off-shell vector multiplet compensator, we

obtain one of the two minimal 32+32 off-shell multiplets of N = 2 Poincaré supergravity constructed

by Müller in 1986. On-shell, this contains the minimal N = 2 Poincaré supergravity multiplet together

with a hypermultiplet where one of its physical scalars plays the role of a dilaton, while its three other

scalars are dualised to a triplet of real gauge two-forms. Interestingly, a BF-coupling induces a scalar

potential for the dilaton without a standard gauging.

5.1 Introduction

Conformal supergravity has played an important role in several research avenues in the last five

decades — we refer the reader to a few books for reviews and a more detailed list of references [35–38].

The main aim of our paper is to revise some of the ingredients of the superconformal tensor calculus

for matter-coupled Poincaré supergravity focusing on the four-dimensional (4D), N = 2 case, and more

generally on theories with eight real supercharges. For instance, we will show how to define a new

off-shell 24+24 Weyl multiplet of N = 2 conformal supergravity.

After the seminal papers on 4D , N = 1 supergravity [22–24, 226], the superconformal tensor

calculus for the 4D , N = 2 case was first constructed in the 80s in [137–141] and also extended to the

cases of 6D, N = (1,0) in [89]; 5D, N = 1 in [90,172,174–177]; and more recently to three space-time

dimensions in [27, 28]. Similar to superspace approaches (see [35, 36] for introductory reviews and,

e. g., [26, 41, 116, 121, 127, 128, 131–133, 227–230] and references therein, for the 4D , N = 2 case) a
107
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main advantage of the superconformal tensor calculus is to provide an off-shell description of general

supergravity-matter couplings. This allows one to formulate general supergravity-matter couplings

where supersymmetry is engineered in a completely model independent way. The approach has

been very successful in helping to decipher many of the intricate geometrical structures associated

to (two-derivatives) sigma-models in supergravity-matter systems with eight real supercharges, see

e. g., [38, 42, 231–234]. The off-shell nature of the formalism has been a central ingredient in its

employment to the study of supersymmetric localisation and supersymmetric quantum field theories

on curved space-times — see [235] for a recent extensive review. Moreover, off-shell supersymmetry

has also been a crucial ingredient when using the superconformal tensor calculus to construct higher-

derivative supergravity invariants [28, 29, 31, 32, 51, 55–57, 59–72]. These play an important role, e. g.,

in the study of black-hole entropy in next to leading order AdS/CFT — see the recent works [79–81]

and references therein.

Within the superconformal tensor calculus, general supergravity-matter couplings are engineered

by a few ingredients. First of all, one needs a conformal supergravity multiplet — named the Weyl

multiplet — which forms an off-shell representation of the local superconformal algebra and contains

the vielbein as one of its independent fields. This multiplet defines the geometry (soft algebra)

associated with the gauging of the superconformal space-time symmetry. Next, one identifies off-shell

matter multiplets with local superconformal transformation rules in a Weyl multiplet background.

These two ingredients provide the kinematic data of a specific supergravity-matter system. Finally,

one engineers locally superconformal invariant action principles constructed out of these multiplets to

obtained well-defined supergravity theories.1

Assuming the matter multiplets contain enough “compensating” degrees of freedom, one can suit-

ably gauge fix part of the superconformal group, specifically dilatations, special conformal transforma-

tions, S-supersymmetry, and R-symmetry, to obtain supergravity models where only the super-Poincaré

symmetry survives and is gauged. For instance, pure 4D , N = 2 Poincaré supergravity can arise

by the coupling of the standard Weyl multiplet [137–141] to two compensating multiplets. There is

significant freedom in doing so. Typically, one uses a vector multiplet and a hypermultiplet (e. g., a

linear, non-linear, or hypermultiplet with or without a central charge) as compensators — see [38] for

a recent review. Note that, in this endeavour, for forty years the first step has predominantly been the

same (standard Weyl multiplet), while most of the freedom that has been used concerned the matter

(compensators) side of this story. However, it is natural to ask whether it is possible to use alternative

Weyl multiplets and if it is useful to do so. These are the types of questions that led to our paper.

Answers to these questions are already known. For instance, if one considers the superconformal

tensor calculus for 6D, N = (1,0) supergravity, it has been known since 1986 [89] that there can be

more than one Weyl multiplet. In 6D, the existence of a variant dilaton Weyl multiplet engineered as a

standard Weyl multiplet coupled to an on-shell tensor multiplet has been a key ingredient to obtain 6D,

1These tasks can be simplified by manifestly gauging the superconformal algebra in superspace through the so-called
conformal superspace. Conformal superspace was first introduced for 4D , N = 1,2 supergravity in [25, 26] (see also the
seminal work [236]) and it was then developed for 3D, N-extended supergravity [27], 5D, N = 1 supergravity [29], and
recently 6D, N = (1,0) supergravity [31, 32].
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N = (1,0) Poincaré supergravity by using superconformal techniques. Similar ideas were employed

to construct a variant dilaton Weyl multiplet for 5D, N = 1 conformal supergravity as the standard

Weyl multiplet coupled to an on-shell vector multiplet [90]. Among interesting applications of these

variant Weyl multiplets, it is worth mentioning that both in 5D and 6D the use of the dilaton Weyl

multiplet allowed the construction of the component actions for the supersymmetric extensions of all

curvature squared combinations — Riemann-squared, Ricci-squared, and scalar-curvature-squared —

in Poincaré supergravities, see [29, 56, 59, 60, 63–65, 68, 69].

For the 4D , N = 2 case the existence of a variant representation of the Weyl multiplet of conformal

supergravity was argued in [91] and was explicitly constructed only recently in [92]. For reasons that

will soon be clear, we will refer to this multiplet as the vector-dilaton Weyl multiplet. Its construction

closely mimics the 5D case [90]. More specifically, in [92] the system described by a 4D, N = 2

on-shell vector multiplet in a standard Weyl multiplet background was interpreted as a new 24+24

multiplet of conformal supergravity. Using the equations of motion for the vector multiplet, the existing

covariant matter fields of the standard Weyl multiplet, i.e., the real antisymmetric tensor, Tab
i j, the real

scalar field, D, and the spinor field, χ i, together with the U(1)R symmetry connection, were traded

for fields of the on-shell vector multiplet [92]. The complex scalar field, X , of the vector multiplet

then becomes an independent physical field whose real part plays the role of a dilaton in a Poincaré

supergravity constructed in this framework. This Poincaré supergravity was constructed by coupling

the vector-dilaton Weyl multiplet to a 8+8 linear multiplet compensator [72, 92]. Upon gauge fixing

dilatation, special conformal transformations, S-supersymmetry, and U(1)R×SU(2)R R-symmetry (up

to a residual U(1)R), the resulting 32+32 Poincaré supergravity multiplet comprises the following set

of fields

{em
a,ψm

α
i , ψ̄m

i
α̇ ,am|a′m,λ i

α , λ̄
α̇
i ,C, tmn|vm, t ′mn,M,ba

i j} . (5.1.1)

Here, {em
a,ψm

α
i , ψ̄m

i
α̇
,am} are the fields of the N = 2 on-shell supergravity multiplet, respectively:

the vielbein, the gravitino and its conjugate, and the real graviphoton gauge vector field. The fields

{vm, t ′mn,M,ba
i j}, that are respectively a real vector, a real antisymmetric gauge two-form, a real scalar,

and a triplet of real vectors, are all auxiliary fields. The remaining fields, {a
′
m,λ

i
α , λ̄

α̇
i ,C, tmn}, are

physical and describe an on-shell vector multiplet where the imaginary part of the complex scalar field

X has been traded for a dual antisymmetric real gauge two-form, tmn.

The previous 32+32 off-shell Poincaré supergravity turned out to coincide with the one engineered

in 1986 by Müller in [237] — we will refer to this as the vector-Müller supergravity. It is useful to

compare Müller’s supergravity to the well-known 40+40 off-shell supergravity of [137, 238–240].

One initial feature is that, from the point of view of off-shell supersymmetry, Müller’s multiplet is

irreducible while the 40+40 multiplet is not. In fact, the vector-Müller multiplet arises from a 24+24

conformal supergravity multiplet coupled to a single 8+8 off-shell compensator, while the 40+40

multiplet requires two 8+8 compensating multiplets. The on-shell theories are however different. The

40+40 off-shell supergravity leads to a dynamical system containing only the irreducible on-shell

N = 2 supergravity while Müller’s 32+32 off-shell supergravity comes with an extra physical on-shell
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“dilaton” vector multiplet.

Interestingly, in 1986 Müller constructed another minimal 32 + 32 off-shell N = 2 Poincaré

supergravity [241]. We will refer to this as the hyper-dilaton Poincaré supergravity. The multiplet

of [241] comprises the following fields

{em
a,ψm

α
i , ψ̄m

i
α̇ ,am|C, tmn

i j,ρ i
α , ρ̄

α̇
i |X i j,Wab,ba} . (5.1.2)

Besides the fields of minimal N = 2 on-shell supergravity, {em
a,ψm

α
i , ψ̄m

i
α̇
,am}, the fields {X i j,Wab,ba}

are respectively a real SU(2) triplet of Lorentz scalars, a real antisymmetric tensor, and a real vector.

These three are auxiliary fields [241]. The remaining fields, {C, tmn
i j,ρ i

α , ρ̄
α̇
i }, are physical and de-

scribe an on-shell hypermultiplet where three of the four hypermultiplet’s scalar fields have been traded

for an SU(2) triplet of dual antisymmetric real gauge two-forms, tmn
i j = tmn

ji =−tnm
i j. Precisely as for

the vector-Müller supergravity, even though off-shell the hyper-dilaton Poincaré multiplet is irreducible

with 32+32 degrees of freedom, the on-shell theory contains an extra 4+4 dilaton multiplet which,

in this case, is described by a variant version of a hypermultiplet where C plays the role of a dilaton

field. Considering the recent superconformal description of the vector-Müller supergravity [72, 92],

it is natural to ask if and how one can engineer the hyper-dilaton Poincaré supergravity by using the

superconformal tensor calculus. The main aim of our paper is to show how this can be done by using a

24+24 variant representation of the N = 2 conformal supergravity multiplet that we will refer to as

the hyper-dilaton Weyl multiplet.

The definition of the hyper-dilaton Weyl multiplet is fairly simple. In fact, it closely mimics

the description of vector-dilaton Weyl multiplets with the crucial difference that one starts with an

on-shell hypermultiplet [186, 242] in a standard Weyl multiplet background [138–141, 232], rather

than with an on-shell vector multiplet. The constraints that arise by requiring the algebra of local

superconformal transformations to close on the fields of the hypermultiplet can then be interpreted as

algebraic equations for some of the fields of the standard Weyl multiplet. More precisely, in the hyper-

dilaton Weyl multiplet, the standard Weyl multiplet’s matter fields (Σαi, Σ̄α̇i) and D, together with

the SU(2)R symmetry connection φm
i j become composite fields. On the other hand, the four bosonic

qii and four fermionic (ρ
i
α , ρ̄

α̇
i ) fields of the hypermultiplet, together with an emerging triplet of real

gauge two-forms bmn
i j = bmn

ji =−bnm
i j, are independent and not subject to any equations of motion.

By then coupling the 24+24 hyper-dilaton Weyl multiplet to a single 8+8 off-shell vector multiplet

compensator, upon gauge fixing dilatation, special conformal transformations, S-supersymmetry,

and the whole U(1)R ×SU(2)R R-symmetry, one readily obtains the 32+32 hyper-dilaton Poincaré

supergravity with the field content described in (5.1.2).

To the best of our knowledge, despite their simplicity, the reinterpretation that we advocate in

this paper for the on-shell hypermultiplet as the hyper-dilaton Weyl multiplet and their connection

to Müller’s supergravity in a superconformal framework has never explicitly appeared before in the

literature. The advantage of our novel superconformal formulation compared to the original work of

Müller [241] is the potentially straightforward extension to more general matter couplings. As a simple

example, in our paper we show this by extending Müller’s Poincaré supergravity action by including
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a new invariant that leads to a non-trivial potential for the dilaton field. Intriguingly, such a scalar

potential is generated without a standard gauging which, in an N = 2 standard Weyl multiplet setting,

is associated to integrating out an independent auxiliary field given by the SU(2)R gauge connection.

This paper is organised as follows. In section 5.2 we first review the definition of the standard

Weyl multiplet of off-shell N = 2 conformal supergravity and, by using our notation, present results

we need for the rest of the paper. We then describe the structure of an on-shell hypermultiplet in a

standard Weyl multiplet background and explain how such a system can be reinterpreted as a variant

hyper-dilaton Weyl multiplet of off-shell N = 2 conformal supergravity. Section 5.3 is devoted to first

prove how the off-shell Poincaré supergravity theory constructed by Müller in [241] can be engineered

as the hyper-dilaton Weyl multiplet coupled to an off-shell vector multiplet conformal compensator.

We then extend the results of [241] by adding a new BF-coupling which induces a scalar potential for

the dilaton without a standard R-symmetry gauging. Section 5.4 includes a final discussion and an

outline of some future directions based on the results of our paper.

5.2 The hyper-dilaton Weyl multiplet

The aim of this section is to construct the 24+24 hyper-dilaton Weyl multiplet of off-shell N = 2

conformal supergravity. Subsections 2.2.2 and 2.2.3 reviews well-known results about the standard

Weyl multiplet and serves to introduce the notation that we employ. Subsection 5.2.1 describes the

on-shell hypermultiplet in a standard Weyl multiplet background and the resulting interpretation of

this system as an independent multiplet of conformal supergravity.

5.2.1 On-shell hypermultiplet and hyper-dilaton Weyl multiplet

A single on-shell hypermultiplet comprises 4+4 degrees of freedom described by a Lorentz scalar

field qii and spinor fields (ρ i
α , ρ̄ α̇

i ) — see [138–141,186,242] together with [37,38,232] and references

therein for superconformal approaches to systems of on-shell hypermultiplets. The index i = 1,2 is an

SU(2) flavour index and the fields satisfy the following reality conditions

(qii)∗ = qii , (ρ
i
α)

∗ = ρ̄α̇i , (5.2.1)

together with the following dilatation and chiral weight identities

Dqii = qii , Dρ
i
α =

3
2

ρ
i
α , Dρ̄α̇i =

3
2

ρ̄α̇i , (5.2.2a)

Y qii = 0 , Y ρ
i
α = ρ

i
α , Y ρ̄α̇i =−ρ̄α̇i . (5.2.2b)

The multiplet, which has the field qii as its superconformal primary, is characterised by the following

local superconformal transformations [37, 38, 138–141, 232]

δqii =
1
2

ξ
i
ρ

i − 1
2

ξ̄
i
ρ̄

i +λ
i
kqki +λDqii , (5.2.3a)

δρ
i
α = −4i(σa

ξ̄k)α∇aqki +
1
2

λab(σ
ab

ρ
i)α + iλY ρ

i
α +

3
2

λDρ
i
α +8η

k
αqk

i , (5.2.3b)
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δ ρ̄
α̇
i = 4i(σ̃a

ξ
k)α̇

∇aqki +
1
2

λab(σ̃
ab

ρ̄i)
α̇ − iλY ρ̄

α̇
i +

3
2

λDρ̄
α̇
i −8η̄

α̇
k qk

i , (5.2.3c)

where

∇aqii =Daqii − 1
4

ψa
i
ρ

i +
1
4

ψ̄a
i
ρ̄

i . (5.2.4)

In contrast with the standard Weyl multiplet described in the previous subsection, the algebra of the

local transformations (5.2.3) closes only when equations of motion for the fields are imposed, see for

example [38, 232] for a detailed analysis. In our notations, the covariant equations of motion of qii and

(ρ
i
α , ρ̄ α̇

i ) are: (
∇aρ

i
σ

a)
α̇

=
i
2
(ρ̄ i

σ̃
cd)α̇W−

cd +6iΣ̄α̇kqki , (5.2.5a)(
∇aρ̄i σ̃

a)α
= − i

2
(ρi σ

cd)αW+
cd +6iΣαkqki , (5.2.5b)

2qii = −3
2

Dqii , 2 := ∇
a
∇a . (5.2.5c)

The expressions for ∇aρ
i
α , ∇aρ̄ α̇

i , and □qii in terms of the derivatives Da are given by

∇aρ
i
α = Daρ

i
α +2i(σb

ψ̄ak)α

(
Dbqki − 1

4
ψb

k
ρ

i +
1
4

ψ̄b
k
ρ̄

i
)
+4φaαkqki , (5.2.6a)

∇aρ̄
α̇
i = Daρ̄

α̇
i −2i(σ̃b

ψa
k)

α̇

(
Dbqki −

1
4

ψbkρi +
1
4

ψ̄bkρ̄i

)
−4φ̄a

α̇kqki , (5.2.6b)

□qii = DaDaqii −2faaqii − 1
4

ρ
iDaψ

ai +
1
4

ρ̄
iDaψ̄

ai − 1
2

ψ
aiDaρ

i +
1
2

ψ̄
aiDaρ̄

i

− i
4

φa
i
σ

a
ρ̄

i +
i
4

φ̄
i
aσ̃

a
ρ

i + i(ψa
(i

σ
b
ψ̄

k)a)Dbqk
i +

3i
4
(ψa

i
σ

a
Σ̄l)qli +

3i
4
(ψ̄ i

aσ̃
a
Σl)qli

− i
16

(ψ̄a
i
σ̃

a
σ

cd
ρ

i)W+
cd −

i
16

(ψa
i
σ

a
σ̃

cd
ρ̄

i)W−
cd − (ψa

i
φ

a
k)qki +(ψ̄a

i
φ̄

a
k)qki

− i
4
(ψa

(i
σ

b
ψ̄

k)a)(ψbkρ
i)+

i
4
(ψa

(i
σ

c
ψ̄

k)a)(ψ̄ckρ̄
i) . (5.2.6c)

It is important to stress that equations (5.2.5) are typically read as equations of motion for the

hypermultiplet fields, see e. g., [37, 38, 138–141, 232]. They certainly are dynamical equations for

qii and (ρ
i
α , ρ̄ α̇

i ) in a flat background (with no central charges as in our case) where all conformal

supergravity fields are set to zero [186, 242]. For this reason, the multiplet is typically referred to as

the on-shell hypermultiplet. However, such an interpretation is not necessary in a curved background

described by the standard Weyl multiplet. In fact, the equations (5.2.5) can be interpreted as algebraic

equations for the standard Weyl multiplet that determine the fields (Σαi, Σ̄α̇i) and D in terms of qii and

(ρ
i
α , ρ̄ α̇

i ) together with the other independent fields of the standard Weyl multiplet. If we assume that

qii is an invertible matrix, which is equivalent to imposing

q2 := qiiqii = εi jεi jqiiq j j = 2detqii ̸= 0 , (5.2.7)

then the following relations hold

Σ
αi = 2q−2qii

[
− i

2
(Daρ̄i σ̃

a)α +(ψa
j
σ

b
σ̃

a)α

(
Dbq ji −

1
4

ψb jρi +
1
4

ψ̄b jρ̄i

)
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+
2
3
(
Ψab jσ

ab)αq j
i +

1
4
(ρiσ

cd)αW+
cd +

i
6
(ψ̄a jσ̃

a
σ

cd)αq j
iW+

cd

]
, (5.2.8a)

Σ̄α̇i = 2q−2qii

[
− i

2
(Daρ

i
σ

a)α̇ − (ψ̄a jσ̃
b
σ

a)α̇

(
Dbq ji − 1

4
ψb

j
ρ

i +
1
4

ψ̄b
j
ρ̄

i
)

−2
3
(
Ψab

j
σ̃

ab)
α̇

q j
i − 1

4
(ρ̄ i

σ̃
cd)α̇W−

cd +
i
6
(ψa

j
σ

a
σ̃

cd)α̇q j
iW−

cd

]
, (5.2.8b)

D = q−2qii

[
DaDaqii +

1
6

Rqii − i
8
(ψ̄a

i
σ̃

a
σ

cd
ρ

i)W+
cd −

i
2

φa
i
σ

a
ρ̄

i − 1
2

ρ
iDaψ

ai

−ψ
aiDaρ

i +2(ψa
i
φ

a j)q j
i +

3i
2
(ψa

i
σ

a
Σ̄ j)q ji +

i
2
(ψa jσ

a
Σ̄

j)qii

+
1
6

ε
mnpq(ψ̄ j

mσ̃nDpψq j)qii +
1
3

W ab+(ψ̄ j
aψ̄b j)qii + i(ψa

(i
σ

b
ψ̄

j)a)Dbq j
i

− i
2
(ψa

(i
σ

b
ψ̄

j)a)(ψb jρ
i)

]
+ c.c. . (5.2.8c)

In the expression for D, eq. (5.2.8c), remember that (Σi, Σ̄i) and (φ i, φ̄i), together with the spin

connection ωm
cd , are composite fields. Note that so far we have only used one of the four equations

that are equivalent to (5.2.5c) to solve for D in eq. (5.2.8c). It is simple to show that the remaining

independent three equations are equivalent to the following

∇
a(qi(i

∇aqi
j)) = 0 . (5.2.9)

As we are going to explain in detail below, this equation is solved by turning the SU(2)R connection

φm
kl into a composite field.

As a next step in the construction of the hyper-dilaton Weyl multiplet, we note that, accompanied

to an on-shell hypermultiplet there is always a triplet of composite linear multiplets [138–140, 186].

An N = 2 off-shell linear multiplet [117, 118, 139, 187–191] comprises the following covariant fields:

an SU(2)R triplet of Lorentz scalar fields Gi j subject to the reality condition (Gi j)∗ = Gi j; spinor

fields (χαi, χ̄ α̇i); a complex scalar field (F, F̄); and a covariant real closed anti-symmetric three-form

Habc, which is equivalent to a conserved dual vector H̃a := 1
6εabcdHbcd . Their local superconformal

transformations in a standard Weyl multiplet background are given by [139]

δGi j = 2ξ(iχ j)+2ξ̄(iχ̄ j)−2λ(i
kG j)k +2λDGi j , (5.2.10a)

δ χαi = −ξαiF −4iH̃a(σ
a
ξ̄i)α + i(σa

ξ̄
j)α∇aGi j +4η

j
αG ji

+
1
2

λ
ab(σabχi)α −λi

j
χ jα +

5
2

λDχαi + iλY χαi , (5.2.10b)

δ χ̄
α̇i = −ξ̄

α̇iF̄ +4iH̃a(σ̃
a
ξ

i)α̇ + i(σ̃a
ξ j)

α̇
∇aGi j +4η̄

α̇
j G ji

+
1
2

λ
ab(σ̃abχ̄

i)α̇ +λ
i
j χ̄

jα̇ +
5
2

λDχ̄
α̇i − iλY χ̄

α̇i , (5.2.10c)

δF = −2iξ̄ i
σ̃

a
∇aχi +(ξ̄ i

σ̃
cd

χ̄i)W−
cd −6(ξ̄ i

Σ̄
j)Gi j +4η

i
χi

+3λDF +2iλY F , (5.2.10d)

δ F̄ = −2iξiσ
a
∇aχ̄

i − (ξiσ
cd

χ
i)W+

cd +6(ξ i
Σ

j)Gi j +4η̄iχ̄
i
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+3λDF̄ −2iλY F̄ , (5.2.10e)

δ H̃a =
1
2

ξiσab∇
b
χ

i − i
16

(ξiσaσ̃
cd

χ̄
i)W−

cd −
3i
8
(ξiσaΣ̄ j)Gi j

−1
2

ξ̄
i
σ̃ab∇

b
χ̄i −

i
16

(ξ̄ i
σ̃aσ

cd
χi)W+

cd −
3i
8
(ξ̄ i

σ̃aΣ
j)Gi j

+λa
bH̃b +3λDH̃a −

3i
4

η
i
σaχ̄i +

3i
4

η̄iσ̃aχ
i , (5.2.10f)

where

∇aGi j = DaGi j −ψa(iχ j)− ψ̄a(iχ̄ j) , (5.2.11a)

∇aχαi = Daχαi +
1
2

ψaαiF +2i(σb
ψ̄ai)αH̃b −

i
2
(σb

ψ̄a
j)α∇bGi j −2φa

j
αGi j , (5.2.11b)

∇aχ̄
α̇i = Daχ̄

α̇i +
1
2

ψ̄a
α̇iF̄ −2i(σ̃b

ψa
i)αH̃b −

i
2
(σ̃b

ψa j)
α̇

∇bGi j −2φ̄a
α̇
j Gi j . (5.2.11c)

The covariant conservation equation for H̃a is

∇
aH̃a =

3
8

Σ
i
χi +

3
8

Σ̄iχ̄
i . (5.2.12)

The constraint implies the existence of a gauge two-form potential, bmn = −bnm, and its exterior

derivative hmnp := 3∂[mbnp]. The solution of (5.2.12) is

H̃a =
1
6

εa
bcd
(

hbcd −
3i
4

ψbiσcdχ
i − 3i

4
ψ̄b

i
σ̃cd χ̄i −

3
4
(ψb

i
σcψ̄d

j)Gi j

)
, (5.2.13)

where habc = ea
meb

nec
phmnp. The locally superconformal transformations of bmn are

δbmn =
i
2

ξiσmnχ
i +

i
2

ξ̄
i
σ̃mnχ̄i +

1
2

(
ψ̄[m

i
σn]ξ

j −ψ[m
i
σn]ξ̄

j
)

Gi j +2∂[mln] , (5.2.14)

where we have also included the vector gauge transformation δlbmn = 2∂[mln] that leaves hmnp and H̃a

invariant. For convenience, we have summarised the dilatation and chiral weights of the fields of the

linear multiplet in Table 5.1.

Gi j χαi χ̄ α̇i F F̄ H̃a bmn

D 2 5/2 5/2 3 3 3 0
Y 0 1 −1 2 −2 0 0

Table 5.1: Summary of the dilatation and chiral weights in the off-shell linear multiplet.

Now that we have reviewed the structure of a locally superconformal linear multiplet, a straightfor-

ward analysis shows that, assuming qii and (ρ
i
α , ρ̄ α̇

i ) describe an on-shell hypermultiplet in a standard

Weyl multiplet background with transformation rules (5.2.3), the following composite fields define a

triplet of linear multiplets [141]

Gi j
i j = q(i

iq j)
j = qi

(iq j
j) , (Gi j

i j)∗ = Gi j
i j , (5.2.15a)

χαi
i j =

1
2

qi
(i

ρ
j)

α , χ̄
α̇i

i j =−1
2

qi
(iρ̄

α̇

j) , (χαi
i j)∗ = χ̄

i
α̇ i j , (5.2.15b)

F i j =
1
8

ρ
(i

ρ
j) , F̄i j =

1
8

ρ̄(iρ̄ j) , (F i j)∗ = F̄i j , (5.2.15c)
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H̃ai j = −1
4

qi(i
∇

aqi
j)+

i
32

ρ
(i

σ
a
ρ̄

j) , (H̃ai j)∗ = H̃a
i j . (5.2.15d)

These fields all transform according to (5.2.10) and each of the previous fields is symmetric in i and

j. Within the previous composite fields, the field H̃ai j is particularly interesting. In fact, equation

(5.2.15d) together with (5.2.13) represent the solution to the constraint (5.2.9) and can be used to

express the SU(2)R connection φm
i j as a composite field. By introducing the derivative

Da = ea
m
(

∂m − 1
2

ωm
cdMcd − iAmY −bmD

)
=Da + ea

m
φm

i jJi j , (5.2.16)

and by using (5.2.4), eq. (5.2.15d) can be rearranged for the SU(2)R gauge connection as follows

φa
i j = 4q−4q(iiq j)

j

[
qkiDaqk

j − 1
4

qki(ψakρ
j)+

1
4

qki(ψ̄akρ̄
j)− i

8
ρ

i
σaρ̄

j +4H̃a
i j

]
, (5.2.17)

where H̃a
i j is given by (5.2.13).

This concludes the definition of the hyper-dilaton Weyl multiplet. The final result of our analysis is

that we have identified a new representation of the off-shell local 4D, N = 2 superconformal algebra in

terms of the following independent fields: em
a, bm, Am, Wab, qii, bmn

i j, (ψmi, ψ̄m
i), and (ρ i, ρ̄i). The

multiplet has precisely the same number of off-shell degrees of freedom as the standard Weyl multiplet,

24+ 24. Table 5.2 summarises the counting of degrees of freedom, underlining the symmetries

acting on the fields. Note that with the ingredients provided so far, it is a straightforward exercise

em
a ωm

ab bm fma φm
i j Am ψmi φm

i Wab ρ i qii bmn
i j

16B 0 4B 0 0 4B 32F 0 6B 8F 4B 18B
Pa Mab D Ka Ji j Y Q S λm

i j-sym
−4B −6B −1B −4B −3B −1B −8F −8F −9B

Result: 24+24 degrees of freedom

Table 5.2: Degrees of freedom and symmetries of the hyper-dilaton Weyl multiplet. Row one gives all the fields in the
multiplet. Row two gives the number of independent components of these fields – composite connections are counted
with zero degrees of freedom. Row three gives the gauge symmetries. Note that the parameter λm

i j describes the vector
symmetry associated with the gauge two-forms bmn

i j with field strength three-forms hmnp
i j and H̃ai j. Row four gives the

number of gauge degrees of freedom to be subtracted when counting the total degrees of freedom. Row five gives the
resulting number of degrees of freedom.

to obtain the locally superconformal transformations of the fundamental fields of the hyper-dilaton

Weyl multiplet written only in terms of fundamental fields. These are given by (2.2.24a)–(2.2.24c),

(2.2.24e)–(2.2.24g), (5.2.14), and (5.2.3a)–(5.2.3c) after using the appropriate identities for all the

composite fields ωm
cd , fma, φm

i j, (φmi, φ̄m
i), (Σαi, Σ̄α̇i), and D respectively given by eqs. (2.2.15),

(5.2.17), (2.2.16), and (5.2.8).

It is important to underline that the local gauge transformations of the hyper-dilaton Weyl multiplet

form an algebra that closes off-shell on a local extension of SU(2,2|2). In fact, by construction

the resulting algebra is identical to the one of the standard Weyl multiplet transformations (2.2.2)

(see [137] and [26, 41] for detail on the local algebra), with the only important subtlety being that the

structure functions will have more composite fields.
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5.3 Gauge fixing and Müller’s Poincaré supergravity

As explained in the introduction, one of the motivations of our analysis was to show that the

32+32 off-shell multiplet of 4D, N = 2 Poincaré supergravity constructed by Müller in [241] could be

derived by superconformal techniques starting from the hyper-dilaton Weyl multiplet. In this section

we explain how this goes. We first focus on the structure of the multiplet and then explain how to

construct the Poincaré supergravity action derived in [241]. At the end of this section we also extend

the results of [241] by adding a new BF-coupling which induces a scalar potential for the dilaton

without a standard R-symmetry gauging.

5.3.1 Hyper-Dilaton Poincaré supergravity multiplet

To recover a multiplet of Poincaré supergravity, compensating multiplets must be coupled to the

off-shell conformal supergravity multiplet to fix some of the local superconformal symmetries —

see [37, 38] for reviews. Below we will describe how to recover the multiplet described in [241] which

we denote as the hyper-dilaton Poincaré multiplet. The construction is straightforward. We simply

need to couple the hyper-dilaton Weyl multiplet to a single off-shell vector multiplet compensator and

then appropriately gauge fix to eliminate all symmetries except local supersymmetry, Lorentz, and the

vector gauge symmetry of the gauge two-forms bmn
i j.

It is straightforward to define an off-shell 4D, N = 2 Abelian vector multiplet in a hyper-dilaton

Weyl multiplet background. As a first step consider an Abelian vector multiplet [242,243] in a standard

Weyl multiplet background [42, 137, 141, 231]. This is described by a complex scalar field φ and its

conjugate φ̄ = (φ)∗, gaugini (λ i
α , λ̄

α̇
i ) such that (λ i

α)
∗ = λ̄α̇i, a triplet of auxiliary fields X i j = X ji

satisfying the reality condition (X i j)∗ = Xi j, and a real Abelian gauge connection vm or, equivalently,

its covariant real field strength Fab given by

Fab = ea
meb

n fmn −
i
2

ψ[akσb]λ̄
k +

i
2

ψ̄[a
k
σ̃b]λk −

1
2
(ψakψb

k)φ̄ +
1
2
(ψ̄a

k
ψ̄bk)φ , (5.3.1)

where fmn = 2∂[mvn]. By construction Fab satisfies the Bianchi identity

∇[aFbc] =− i
2

R(Q)[ab jσc]λ̄
j +

i
2

R(Q̄)[ab
j
σ̃c]λ j , (5.3.2)

that is solved by (5.3.1). The non-trivial dilatation and chiral weights of the vector multiplet fields are

summarised in Table 5.3.

φ φ̄ λ i
α λ̄ α̇

i X i j Fab vm

D 1 1 3/2 3/2 2 2 0
Y −2 2 −1 1 0 0 0

Table 5.3: Summary of the dilatation and chiral weights in the off-shell Abelian vector multiplet.

The transformation rules of the vector multiplet fields in a standard Weyl multiplet background are

δφ = ξiλ
i +λDφ −2iλY φ , (5.3.3a)
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δ φ̄ = ξ̄
i
λ̄i +λDφ̄ +2iλY φ̄ , (5.3.3b)

δλ
i
α = 2(σab

ξ
i)αFab +(σab

ξ
i)αW+

abφ̄ − 1
2

ξα jX i j +2i(σa
ξ̄

i)α∇aφ

+
1
2

λ
ab(σabλ

i)α +λ
i
jλ

j
α +

3
2

λDλ
i
α − iλY λ

i
α +4η

i
αφ , (5.3.3c)

δ λ̄
α̇
i = −2(σ̃ab

ξ̄i)
α̇Fab − (σ̃ab

ξ̄i)
α̇W−

abφ − 1
2

ξ̄
α̇ jXi j +2i(σ̃a

ξi)
α̇

∇aφ̄

+
1
2

λ
ab(σ̃abλ̄i)

α̇ −λi
j
λ̄

α̇
j +

3
2

λDλ̄
α̇
i + iλY λ̄

α̇
i +4η̄

α̇
i φ̄ , (5.3.3d)

δX i j = −4iξ (i
σ

a
∇aλ̄

j)−4iξ̄ (i
σ̃

a
∇aλ

j)+2λ
(i

kX j)k +2λDX i j , (5.3.3e)

δFab =

[
− iξkσ[a∇b]λ̄

k +2
(
ξkR(Q)ab

k)
φ̄ − 1

2
(ξkλ

k)W−
ab +2η

k
σabλk + c.c.

]
+2λDFab −2λ[a

cFb]c , (5.3.3f)

δvm = (ξkψm
k)φ̄ − (ξ̄ k

ψ̄mk)φ +∂mλV , (5.3.3g)

where

∇aφ = Daφ − 1
2

ψaiλ
i , (5.3.4a)

∇aφ̄ = Daφ̄ − 1
2

ψ̄a
i
λ̄i , (5.3.4b)

∇aλ
i
α = Daλ

i
α − (σ cd

ψa
i)α

(
F+

cd +
1
2

W+
cd φ̄

)
+

1
4

ψaα jX i j

−i(σb
ψ̄a

i)α∇bφ −2φa
i
αφ , (5.3.4c)

∇aλ̄
α̇
i = Daλ̄

α̇
i +(σ̃ cd

ψ̄ai)
α̇

(
F−

cd +
1
2

W−
cdφ

)
+

1
4

ψ̄a
α̇ jXi j

−i(σ̃b
ψai)

α̇
∇bφ̄ −2φ̄a

α̇
i φ̄ , (5.3.4d)

and we have also included in (5.3.3g) the gauge field transformation parametrised by the local real

parameter λV . The transformations of the vector multiplet in a hyper-dilaton Weyl multiplet background

are precisely the same with the only subtlety that one has to interpret several standard Weyl multiplet

fields as composite of qii, (ρ i
α , ρ̄ α̇

i ), and bmn
i j.

The compensating vector multiplet contains 8+8 off-shell degrees of freedom. Once added to the

hyper-dilaton Weyl multiplet we obtain the right number of off-shell degrees of freedom, 32+32, of

the hyper-dilaton Poincaré multiplet [241] but in a manifestly superconformal setting. We can then

obtain the structure of the Poincaré multiplet, including its local transformation rules, after gauge

fixing.

The first set of gauge fixing conditions are

φ = 1 , φ̄ = 1 , (5.3.5a)

bm = 0 . (5.3.5b)

The condition (5.3.5a) fixes dilatation and U(1)R symmetries, while (5.3.5b) fixes special conformal

Ka symmetry. Next we impose

λ
i
α = 0 , λ̄

α̇
i = 0 , (5.3.5c)
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which gauge fixes S-supersymmetry. A characterising feature of the hyper-dilaton Weyl multiplet is

that it contains an SU(2)R compensator, the qii fields. As a last gauge fixing condition we then impose

qii =−ε
iie−U ⇐⇒ qi

i = δ
i
i e−U ⇐⇒ qi

i =−δ
i
i e−U ⇐⇒ qii = εiie−U , (5.3.5d)

which breaks SU(2)R. After imposing the previous gauge fixing conditions, the remaining fundamental

fields in the multiplet match those of the hyper-dilaton Poincaré supergravity multiplet [241] as

summarised in table 5.4. The fundamental fields are the vielbein em
a, the gravitini (ψm

α
i , ψ̄m

i
α̇
), a real

em
a ωm

cd Am (ψm
α
i , ψ̄m

i
α̇
) Wab (ρ

i
α , ρ̄

α̇
i ) U bmn

i j X i j vm

16B 0 4B 32F 6B 8F 1B 18B 3B 4B
Pa Mab Q (λm

i j) (λV )
−4B −6B −8F −9B −1B

Result: 32+32 degrees of freedom

Table 5.4: Hyper-Dilaton Poincaré multiplet. Row 1 gives all fields in the multiplet. Row two gives the number of
independent components of these fields. Row three gives the surviving gauge symmetries. Row four gives the number
of gauge degrees of freedom to be subtracted when counting the total degrees of freedom. Row five gives the resulting
degrees of freedom. The parameter λm

i j describes the vector symmetry associated with the triplet of gauge two-form bmn
i j.

The gauge parameter λV describes the scalar symmetry of vm.

vector field Am, a real antisymmetric tensor Wab, a real scalar field that plays the role of a dilaton U , a

real triplet of scalar fields X i j, a triplet of gauge two forms bmn
i j, a gauge field vm that plays the role of

the graviphoton, and spinor fields (ρ i
α , ρ̄

α̇
i ). The residual gauge transformations of the multiplet are

described by covariant general coordinate transformations (ξ a), local Lorentz transformations (λab),

local supersymmetry (ξ α
i , ξ̄ i

α̇
), and Abelian scalar (λV ) and vector (λm

i j) gauge transformations. Note

that we have kept the distinction of SU(2)R and SU(2) flavour indices. However, thanks to the second

gauge condition in (5.3.5d), after gauge fixing the two indices can be identified.

The transformation rules of the resulting Poincaré supergravity multiplet [241] are those that

preserve the previous gauge conditions (5.3.5). To preserve the gauge condition (5.3.5a) we need to

impose λD ≡ 0 and λY ≡ 0. Since Q-supersymmetry do not preserve the gauge, it is necessary to

accompany these transformations with appropriate S-supersymmetry, special conformal, and SU(2)R

compensating transformations. To preserve the gauge condition (5.3.5c), by examining the transforma-

tions (5.3.3c) and (5.3.3d), it is straightforward to show that any Q-supersymmetry transformation has

to be accompanied by a compensating S-supersymmetry transformation with parameter

η
i
α(ξ ) = −1

2
(σ cd

ξ
i)α

(
F+

cd +
1
2

W+
cd

)
+

1
8

ξα jX ji +(σa
ξ̄

i)αAa , (5.3.6a)

η̄
α̇
i (ξ ) =

1
2
(σ̃ cd

ξ̄i)
α̇

(
F−

cd +
1
2

W−
cd

)
+

1
8

ξ̄
α̇ jX ji − (σ̃a

ξi)
α̇Aa . (5.3.6b)

A similar analysis shows that to preserve the gauge condition bm = 0 one needs to enforce nontrivial

compensating special conformal K-transformations with a parameter λ a(ξ ). However, since all the

other supergravity fields are conformal (not necessarily superconformal) primaries, not transforming

under special conformal boosts, in practice we will never have to worry about inserting the compensat-

ing λ a(ξ ) parameter (whose expression is quite involved) in any Poincaré supergravity transformations.
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The last gauge fixing condition which is not preserved is (5.3.5d). It is straightforward to check that we

can consistently have δq(ii) = 0 by implementing in (5.2.3a) a compensating SU(2)R transformation

with the following parameter

λ
i j(ξ ) =−eU

[
ξ
(i

ρ
j)− ξ̄

(i
ρ̄

j)
]
, (5.3.7)

where ρ i = δ i
i ρ i and ρ̄i = δ

i
i ρ̄i.

At this stage, one has all the ingredients to obtain the transformation rules of any matter multiplet

in the gauge fixed, Poincaré supergravity frame, by appropriately implementing the previous compen-

sating gauge parameters in the superconformal transformation rules. The resulting local transformation

rules of the hyper-dilaton Poincaré multiplet form an algebra that closes off-shell on a local extension of

the N = 2 super-Poincaré algebra with no residual R-symmetry. The structure of the algebra coincides,

up to notation, with results in [241]. A detailed presentation of the hyper-dilaton Poincaré multiplet

and its coupling to matter in the superconformal framework of this section will be given elsewhere as it

is not necessary for the rest of our paper. It is worth underlining that, as explained by Müller in [241],

the resulting 32+32 multiplet describes an irreducible off-shell representation. This differs from the

case of the standard 40+40 multiplet of off-shell N = 2 Poincaré supergravity [137, 238–240] which,

for example, can arise by coupling the standard Weyl multiplet to two compensators given by an

off-shell vector and a hypermultiplet (the simplest of which is probably an off-shell linear multiplet).

5.3.2 Hyper-Dilaton Poincaré supergravity action

With the hyper-dilaton Poincaré’s multiplet recovered using a superconformal approach, we can

now describe how to obtain the Poincaré supergravity action first constructed in [241]. Once more,

the construction is straightforward. In fact, the action derives from the kinetic action of the vector

multiplet compensator in a hyper-dilaton Weyl multiplet background after imposing the gauge fixing

conditions (5.3.5). We will describe this construction by focusing only on the bosonic fields.

As a starting point we consider the bosonic sector of the chiral density formula for a system of

vector multiplets possessing scalar fields φ I with prepotential F(φ I) in a standard Weyl multiplet

background [41, 42, 141, 231]. This supersymmetric invariant has the following bosonic Lagrangian

e−1L|bosonic = FI□φ̄
I +3FI φ̄

ID+
1

32
FIJX Ii jXJ

i j −FIJ f+Iab f+J
ab − 1

2
FW−abW−

ab

−FIW−ab f−I
ab −FIJφ̄

IW+ab f+J
ab − 1

4
FIJφ̄

I
φ̄

JW+abW+
ab + c.c. , (5.3.8)

where FI =
∂F(φ)

∂φ I and FIJ =
∂ 2F(φ)
∂φ I∂φ J . We refer the reader to equation (3.30) of [41] for a derivation of

the previous Lagrangian. In our case, we have only one vector multiplet and the only possible function

F we can choose which leads to a locally superconformal invariant is given by

F(φ) =−1
4

φ
2 . (5.3.9)

Here the overall factor is chosen for later convenience. Once we insert (5.3.9) into (5.3.8) and take

into consideration that we are working with a hyper-dilaton Weyl multiplet rather than a standard Weyl
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multiplet (meaning that (5.2.8c) has to be used), we obtain the following

e−1L|bosonic = −1
4
|φ |2R− |φ |2

q2 qiiD
aDaqii − 1

2
φDaDaφ̄ − 1

64
X i jXi j +

1
2

f+ab f+ab

+
1
2

φW−ab f−ab +
1
2

φ̄W+ab f+ab +
1
8

φ
2W−abW−

ab +
1
8

φ̄
2W+abW+

ab + c.c. . (5.3.10)

Note that in the previous Lagrangian there is a dependence upon the triplet of gauge two-forms bmn
i j

which is still hidden in the SU(2)R connection inside the Da derivatives, see eq. (5.2.17).

The final step to obtain the bosonic sector of the Poincaré supergravity of [241] is to impose

the gauge fixing conditions (5.3.5). Upon implementing these conditions, the resulting Poincaré

supergravity Lagrangian turns out to be

e−1L|bosonic = −1
2

R+
1
2

f ab fab +W ab fab +
1
4

W abWab −2(∂mU)∂ mU

+16e4U h̃a
kl h̃a

kl − 1
32

X i jXi j +4AaAa . (5.3.11)

Note that here bmn
kl = δ k

k δ l
l bmn

kl and h̃a
kl = δ k

k δ l
l h̃a

kl since we have stopped distinguishing between

underlined and non-underlined SU(2) indices after gauge fixing.

The structure of our and Müller’s Lagrangian in [241] coincide up to change of notation. It is a

straightforward exercise to derive the fermionic extension of the previous Lagrangian. This result

will be presented elsewhere together with a discussion of more general supergravity-matter couplings

based on the hyper-dilaton Weyl multiplet and the associated hyper-dilaton Poincaré supergravity.

To conclude let us analyse the on-shell structure of (5.3.11). It is clear that Wab, X i j, and Aa are

auxiliary fields that can be algebraically integrated out by using the equations of motion

Wab =−2 fab , X i j = 0 , Aa = 0 . (5.3.12)

Once the previous equations are used in (5.3.11), one obtains the on-shell Lagrangian

e−1L|bosonic = −1
2

R− 1
2

f mn fmn −2(∂mU)∂ mU +16e4U h̃m
kl h̃m

kl . (5.3.13)

The first two terms describe the standard kinetic terms for minimal on-shell N = 2 Poincaré supergravity

with a dynamical graviton and graviphoton. The last two terms describe a dilaton and a triplet of

dynamical gauge two-forms which are not part of the minimal on-shell N = 2 Poincaré supergravity

multiplet. In fact, these fields describe the bosonic sector of an on-shell hypermultiplet where three

of the scalars have been dualised into real gauge two-forms [241]. The same holds by including the

fermionic sector.

5.3.3 BF-coupling and dilaton potential

To conclude this section we consider an extension of the original result of Müller from [241] and

show how to construct by using superconformal techniques a new off-shell supersymmetric invariant

that, e. g., leads to a non-trivial scalar potential for the dilaton.
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Given a vector multiplet and a linear multiplet, we consider the local supersymmetric extension of

a BF-action in a standard Weyl multiplet background [138]. We refer the reader to [41] for a derivation

of the locally superconformal invariant, including fermionic terms, in the notation used in our paper.

The bosonic part of such an invariant is

e−1LBF |bosonic = Fφ + F̄ φ̄ +
1
4

Gi jX i j −2ε
mnpqbmn fpq , (5.3.14a)

= Fφ + F̄ φ̄ +
1
4

Gi jX i j −8h̃mvm . (5.3.14b)

By construction, the supersymmetric BF-action is also well defined as an invariant in a hyper-dilaton

Weyl background. We can readily construct an invariant of this form by considering the off-shell vector

multiplet compensator used in this section and an off-shell linear multiplet given by

Gξ i j := ξi j Gi j
i j , χξ αi := ξi j χαi

i j , χ̄ξ
α̇i = ξ

i j
χ̄ α̇i

i j , (5.3.15a)

Fξ := ξi j F i j , F̄ξ = ξ
i j F̄i j , bξ mn := ξi j bmn

i j , H̃ξ
a = ξi j H̃ai j . (5.3.15b)

Here Gi j
i j, χαi

i j, χ̄ α̇i
i j, F i j, F̄i j, bmn

i j, and H̃ai j are fields of the composite triplet of linear multiplets

(5.2.15) constructed in terms of fundamental fields of the hyper-dilaton Weyl multiplet, while

ξi j = ξ ji , (ξi j)
∗ = ξ

i j , (5.3.16)

is a real triplet of (structure group invariant) constants. The bosonic part of the resulting Lagrangian is

e−1Lξ |bosonic = ξi j

(1
4

qi
iq j

jX i j −2ε
mnpqbmn

i j fpq

)
= ξi j

(1
4

qi
iq j

jX i j −8h̃mi jvm

)
. (5.3.17)

After imposing the gauge fixing conditions (5.3.5), and adding the previous term into (5.3.11), we

obtain the following Lagrangian

e−1L|bosonic = −1
2

R+
1
2

f ab fab +W ab fab +
1
4

W abWab −2(∂mU)∂ mU +4AaAa

+16e4U h̃a
kl h̃a

kl −2ξi j ε
mnpqbmn

i j fpq −
1

32
X i jXi j +

1
4

ξi j e−2U X i j , (5.3.18)

where, after gauge fixing, we have used ξi j = δ
i
i δ

j
j ξi j and bmn

i j = δ i
i δ

j
j bmn

i j. As for the undeformed

Lagrangian (5.3.11), Wab, X i j, and Aa are auxiliary fields that can be algebraically integrated out. With

the ξ -deformation turned on, the equations of motion obtained from (5.3.18) are

Wab =−2 fab , X i j =−4ξ
i je−2U , Aa = 0 . (5.3.19)

Once these equations are used in (5.3.18), we obtain the on-shell Lagrangian

e−1L|bosonic = −1
2

R− 1
2

f mn fmn −2(∂mU)∂ mU +16e4U h̃m
kl h̃m

kl

+ξ
2 e−4U +2ξi j ε

mnpqbmn
i j fpq , (5.3.20)

where

ξ
2 :=

1
2

ξ
i j

ξi j ≥ 0 . (5.3.21)
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The first line coincides with the on-shell hyper-dilaton Poincaré supergravity (5.3.13) containing the

standard minimal on-shell N = 2 Poincaré supergravity coupled to a dilaton and a triplet of dynamical

real gauge two-forms. Interestingly, the ξ -deformation induces a scalar potential for the dilaton

together with a BF-coupling between the graviphoton and one of the three gauge two-forms of the

hyper-dilaton Poincaré multiplet (the component bξ mn = ξi j bmn
i j parallel to the ξi j direction). We

now conclude by commenting the results obtained in this subsection.

By considering a flat limit with em
a → δ a

m, bmn
i j → 0, U → 0, and qi

i → δ
i
i , and by keeping

dynamical the vector multiplet with auxiliary field X i j, the Lagrangian (5.3.17) turns into

Lflat
ξ

|bosonic =
1
4

ξi jX i j . (5.3.22)

This is a standard (electric) Fayet–Iliopoulos (FI) term for an N = 2 vector multiplet [242, 244].

The invariant (5.3.17) can be considered as a curved extension of a FI term in a hyper-dilaton Weyl

multiplet background. If one were to choose a different gauge fixing to Poincaré supergravity where

qi
i = δ i

i (a condition that would lead to the same model but in a string frame), the dependence upon

the dilaton would disappear from the term linear in X i j. This straightforwardly shows that if one

restricts to a sector with constant dilaton, the ξ -deformation leads to a negative cosmological constant

Λ =−ξ 2 ≤ 0. Hence, the deformed model (5.3.20) admits an AdS4 vacuum with constant negative

curvature proportional to ξ 2.

Another interesting aspect to comment about is how the SU(2)R symmetry plays a sharply different

role for the FI terms in off-shell N = 2 supergravity based on the standard Weyl multiplet compared

to the hyper-dilaton Weyl multiplet case and the ξ -deformed Müller supergravity described above.

When working with the standard Weyl multiplet (and even vector-dilaton Weyl multiplets), there is

a close interplay between the SU(2)R symmetry, the gauging of isometries of scalar field manifolds,

and the emergence of non-trivial scalar potentials. Within the superconformal tensor calculus, this

was already noticed in early investigations of systems of Abelian vector multiplets [141, 231], and

then extended to general hypermultiplet sigma-models [233, 234].2 By working with the standard

Weyl multiplet, the SU(2)R connection is an auxiliary field. In the presence of FI terms, its equations

of motion identify the R-symmetries of the theory with the symmetries gauged by the N = 2 vector

multiplets. This leads to non-trivial scalar potentials together with charges and masses for the gravitini

— see [38, 250] for reviews. The simplest case is the one of the standard Weyl multiplet coupled to a

single vector multiplet and a single hypermultiplet compensator. In this case, the scalar potential is a

simple negative cosmological constant and an FI term identifies on-shell the R-symmetry connection

with the graviphoton. In contrast, by using the hyper-dilaton Weyl multiplet, the SU(2)R connection is

a composite field. After gauge fixing, on-shell the R-symmetry is completely broken, its connection is

identified with the field strength of a dynamical gauge two-form and the ξ -deformation introduces

a dynamical BF-coupling. As a result, one has an alternative procedure to obtain non-trivial scalar

2See also [245–249] for discussions concerning gauging and scalar potentials by using alternative on-shell supergravity
approaches.
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potentials compared to a setting based on gaugings in an N = 2 standard Weyl multiplet.3 It will be

worth exploring this mechanism for more general off-shell matter systems coupled to a hyper-dilaton

Weyl multiplet, potentially including more physical hypermultiplets.

5.4 Conclusion and future directions

In our paper we have defined a new 24+ 24 so-called hyper-dilaton Weyl multiplet of N = 2

conformal supergravity in four dimensions. The construction is based on reinterpreting the equations

of motion for an on-shell hypermultiplet as constraints that render some of the fields of the standard

Weyl multiplet composite. By coupling the hyper-dilaton Weyl multiplet to an off-shell vector multiplet

compensator, we have obtained a minimal 32+32 off-shell multiplet of N = 2 Poincaré supergravity

that was constructed by Müller in [241] and then, by using superconformal techniques, we have

shown how to reproduce the supergravity action of [241]. This contains the minimal on-shell N = 2

Poincaré supergravity coupled to a hypermultiplet where one of its physical scalars plays the role

of a dilaton while its three other scalars are dualised to a triplet of real gauge two-forms. We have

then described how a superconformal BF-coupling induces a scalar potential for the dilaton without a

standard gauging. There are several future directions that our work is opening up. In the following we

are going to mention a few.

As mentioned in the introduction, vector-dilaton Weyl multiplets were used in the past to study

off-shell supergravity in five and six space-time dimensions, see [89, 90] for descriptions in terms

of component fields and also [29, 31, 69, 126] for analyses in superspace. We are currently working

towards extending our construction for hyper-dilaton Weyl multiplets in other D ≤ 6 space-time

dimensions. Note also that much of the results obtained in our paper were obtained by using the

conformal superspace approach to N = 2 conformal supergravity described in [26,41]. We will present

superspace analyses together with more detailed derivations of our results, and extensions to D ≤ 6

dimensions in the near future.

One of the main motivations of our work was to explore alternative, yet simple, off-shell engineering

of non-trivial scalar potentials in 4D, N = 2 supergravity. The results in subsection 5.3.3 are a first

step in this direction. While we have only presented in this paper an off-shell Poincaré supergravity

based on the hyper-dilaton Weyl multiplet coupled to a single off-shell vector multiplet compensator,

a straightforward generalisation, part of a current work in progress, is to look at generic systems of

(Abelian) vector multiplets. It is well known that for these systems, non-trivial scalar potentials in 4D,

N = 2 supergravity are associated to Fayet-Iliopoulos (FI) terms. These couplings are known to take

two forms, either electric or magnetic FI terms. The electric and magnetic nomenclature arise from the

role that extensions of electro-magnetic duality of Maxwell theory play in 4D, N = 2 supersymmetry.

In the case of global supersymmetry, electric and magnetic FI terms are well understood both on-shell

and off-shell, see [93, 95, 252–256]. They play an important role in the description of spontaneous

3If one considers higher-derivative interactions, it is possible to construct very general scalar potentials without gauged
R-symmetry by using a standard Weyl multiplet and new types of N = 2 FI terms, see [251].
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full and partial breaking of supersymmetry. They are also key ingredients in supergravity descriptions

of compactified string theories with fluxes and various patterns of supersymmetry breaking, see

e. g., [257] and references therein. In supergravity, the off-shell description of 4D, N = 2 magnetic FI

terms (and magnetic gaugings) has not been developed in full generality yet, though they are expected

to play an important role in engineering scalar potentials in supergravity models possessing vacua with

both positive and negative cosmological constant – see for instance the recent discussion of magnetic

4D, N = 1 FI terms [112]. The curved superspace constraints for off-shell magnetic FI terms were

introduced in [258, 259] and in depth supergravity analyses in components (though not fully off-shell)

were presented earlier in [260, 261]. By using a hyper-dilaton Weyl multiplet it is straightforward to

engineer generic electric and magnetic FI-type terms by means of composite linear multiplets. We

have already described how supergravity extensions of electric ξ -deformations can be obtained by

using the BF-coupling (5.3.14) in terms of the composite linear multiplet (5.3.15). Off-shell magnetic

FI-type deformations in a hyper-dilaton Weyl multiplet background can easily be engineered in terms

of the same composite linear multiplet. This would, for example, appear as an imaginary deformation

of the X i j-auxiliary real field of a vector multiplet. Such deformations would be parametrised by the

composite field Gζ i j = ζi jqi
iq j

j with ζi j = ζ ji, (ζi j)
∗ = ζ

i j constants that generalise the magnetic

FI terms of global supersymmetry. Given a system of n+ 1 vector multiplets with scalar fields φ I

(with I = 0,1, · · · ,n) coupled to the off-shell hyper-dilaton Weyl multiplet, it is then straightforward to

introduce 3(n+1) off-shell deformations each associated to either a ξ
i j
I electric deformation or a ζ I

i j

magnetic deformation. These induce non-trivial scalar potentials and vacuum structures. We plan to

report in the near future on work in progress based on this direction and to extend these analyses also

by including more physical hypermultiplets.

Up until now, dilaton Weyl multiplets for 4D N = 2 conformal supergravity have been constructed

by coupling the standard Weyl multiplet to either an on-shell vector multiplet [92] or an on-shell

hypermultiplet (the latter in our current paper). It is quite clear that other variant dilaton Weyl multiplets

might exist. A natural possibility is to couple the standard Weyl multiplet to either an on-shell linear

(tensor) multiplet or an on-shell vector-tensor multiplet – see, e.g., [41,190,262–267] for references on

the vector-tensor multiplet including its coupling to conformal supergravity. It would be interesting to

make these constructions explicitly and explore the peculiarities of these possible other dilaton Weyl

multiplets in the study of off-shell 4D, N = 2 Poincaré supergravity.

Another natural direction for future research is the construction of higher-derivative actions based

on the hyper-dilaton Weyl and the hyper-dilaton Poincaré multiplets. Higher-derivative supergravity

naturally arise in the low-energy description of string theory but, despite its importance, it is still poorly

understood. Vector-dilaton Weyl multiplets have been successfully used to construct several off-shell

higher-derivative supergravities in 4 ≤ D ≤ 6 dimensions, see [29, 56, 59, 60, 63–65, 68, 69, 72]. It is

natural to look at this problem starting from a hyper-dilaton Weyl multiplet coupled to systems of

vector multiplets with electric and magnetic FI-type terms. We expect to be able to overcome some of

the other Weyl multiplet’s restrictions to engineer off-shell gauged supergravity.
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Chapter 6

Hyper-Dilaton Weyl Multiplets of 5D and 6D
Minimal Conformal Supergravity

By extending the recent analysis of arXiv:2203.12203 for N = 2 conformal supergravity in four

dimensions, which is discussed in detail in chapter 5, we define new hyper-dilaton Weyl multiplets

for five-dimensional N = 1, and six-dimensional N = (1,0) conformal supergravities. These are con-

structed by coupling the five- and six-dimensional standard Weyl multiplets to on-shell hypermultiplets

and reinterpreting the systems as new multiplets of conformal supergravity. In the five-dimensional

case, we also construct a new hyper-dilaton Poincaré supergravity by coupling to an off-shell vector

multiplet compensator. As in four dimensions, a BF-coupling induces a non-trivial scalar potential for

the five-dimensional dilaton that admits AdS5 vacua.

6.1 Introduction

A key ingredient to efficiently engineer off-shell supergravity-matter couplings is the fact that

Poincaré gravity can be formulated as conformal gravity coupled to a compensating scalar field

[268, 269]. This approach plays an equally important role both in the superconformal tensor calculus

and in superspace supergravity formalisms — see [37, 38] and [35, 36] for reviews and references.

In the supersymmetric case, conformal gravity is turned into an off-shell representation of the local

superconformal algebra containing the vielbein as one of its independent fields. Such multiplet is

referred to as the Weyl multiplet of conformal supergravity. The scalar compensator is also lifted to an

off-shell locally superconformal multiplet. Depending on the amount of supersymmetry, due to the

existence of several possible choices of compensating multiplets, it is possible to obtain several different

off-shell Poincaré supergravity theories. Moreover, the fact that the Weyl multiplets themselves are in

general not unique adds to the richness of the off-shell representations.

The first instance where variant representations of the Weyl multiplets were presented is six-

dimensional (6D) minimal N = (1,0) supergravity [89] — see also [31, 32, 59, 60, 65, 69, 129, 130]

for further references on 6D conformal supergravity. In this case, it was noted that the so-called
127
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standard Weyl multiplet could be turned into a dilaton Weyl multiplet by reinterpreting the system

described by an on-shell tensor multiplet in a standard Weyl multiplet background as a new conformal

supergravity multiplet. Such a tensor-dilaton Weyl multiplet plays an important role since, once

coupled to a second off-shell conformal compensating multiplet, is the one used to construct the

simplest versions of two-derivatives Poincaré supergravity theories. Extending the idea of [89], dilaton

Weyl multiplets have been discovered also for five-dimensional (5D) N = 1 [90] and, more recently,

for four-dimensional (4D) N = 2 conformal supergravities in [92] and [4].

In 5D N = 1 supergravity the known dilaton Weyl multiplet is constructed by coupling an on-shell

vector multiplet to the standard Weyl multiplet [90]. See [29, 126, 172, 174–177] for more discussions

of 5D conformal supergravity and its matter couplings. The 4D N = 2 analogue of this type of vector-

dilaton Weyl multiplet was constructed in [92]. It is natural to expect that different on-shell multiplets

containing a scalar field playing the role of a dilaton could be used to engineer other multiplets of

conformal supergravity. In fact, as discussed in chapter 5 for the 4D N = 2 case and based on our

work in [4], a so-called hyper-dilaton Weyl multiplet was constructed using an on-shell hypermultiplet.

The scope of this chapter is to present the extension of the analysis of chapter 5 to 5D N = 1 and 6D

N = (1,0) supergravities.

Besides a mathematically oriented interest in classifying variant Weyl multiplets, it is worth to

explore new options to define off-shell Poincaré supergravities with an eye on their broad range

of applications. For example, in our opinion, for theories with eight supercharges it remains an

open problem to have a simple, though general, off-shell approach for gauged supergravities with

no physical matter hypermultiplets. In the presence of physical charged hypermultiplets (with no

central charge) one will need to use representations containing an infinite number of auxiliary/matter

fields [29, 116–133], but with only physical vector multiplets it might be beneficial to use simpler

approaches, if possible. Exploring options to address this gap was one of the primary motivations

behind the construction of the 4D N = 2 hyper-dilaton Weyl multiplet [4], as discussed in chapter 5.

Interesting applications of off-shell approaches to (gauged) supergravity includes the construction

of locally supersymmetric higher-derivative invariants [28, 29, 31, 32, 51, 55–57, 59–72]. This topic

has recently attracted a renewed attention due to advances in the study of black-hole entropy and next

to leading order AdS/CFT calculations — see the very recent works [79–81, 84–86] and references

therein. Vector-dilaton Weyl multiplets have been a main ingredient to construct off-shell higher-

derivative supergravities in five and six dimensions, see [29, 56, 59, 60, 63–65, 68, 69, 72]. We hope

new hyper-dilaton Weyl multiplets might play an interesting role to extend some of these results to

gauged supergravity. The construction of alternative Weyl multiplets could also play an interesting

role to develop alternative approaches to localisation of quantum field theories on curved space-times

— see [235] for a recent extensive review. In this context, off-shell supersymmetry has been a central

ingredient for localisation and new Weyl multiplets could offer alternative starting points.

This paper is organised as follows. In section 6.2 we use the conformal superspace approach

to 5D N = 1 supergravity [29] to review the locally superconformal multiplets used in our analysis.

Specifically, we introduce the 5D standard Weyl multiplet and its geometric superspace construction,
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the on-shell hypermultiplet, the linear (or O(2)) multiplet, and the Abelian vector multiplet. Section

6.3 describes the construction of the new 32+32 5D N = 1 hyper-dilaton Weyl multiplet. In section

6.4, we couple the hyper-dilaton Weyl multiplet to a vector multiplet compensator to recover a new

40+40 Poincaré supergravity. This can be thought of as a 5D analogue of the 4D off-shell N = 2

supergravity introduced by Müller in 1986 [241] and redefined by using superconformal techniques

in [4]. A distinctive feature of the dilaton Poincaré supergravity is the fact that the off-shell multiplet

is irreducible, while the two-derivative supergravity action leads to the minimal on-shell Poincaré

supergravity multiplet coupled to an extra physical matter multiplet containing the dilaton. Interestingly,

as in the 4D analysis of chapter 5, in subsection 6.4.2 we show how it is possible to engineer a non-

trivial scalar potential for the dilaton and obtain an AdS5 vacua in a framework different than standard

gauged supergravity. In sections 6.5, and 6.6 we closely repeat the 5D analysis of sections 6.2, and 6.3

in the case of 6D N = (1,0) conformal supergravity. The paper also contains two technical appendices,

B and C, where we collect conformal superspace identities from [29] and [31, 32] used in our paper.

6.2 Superconformal multiplets in 5D N = 1 superspace

This section reviews the salient details of several superconformal matter multiplets pertinent

to this work. Along with the standard Weyl multiplet discussed in subsections 2.2.2 and 2.2.3,

they serve as the building blocks for the invariants of 5D conformal supergravity discussed in this

paper. Here we make use of the formulation and results of [29]. We also refer the reader to the

following list of papers for other work on flat and curved superspace and off-shell multiplets in five

dimensions [123–126, 164, 179–181].

6.2.1 The on-shell hypermultiplet

The on-shell realisation for the hypermultiplet contains 4+4 degrees of freedom, exactly as in

the four-dimensional case [186, 242]. In conformal superspace, it is described by a Lorentz scalar

superfield qii subject to the constraint

∇
(i
αq j) j = 0 , (6.2.1)

which is equivalent to

∇
i
αqkk =−1

2
ε

ik
ρ

k
α , ρ

k
α := ∇

j
αq j

k . (6.2.2)

Here, the index i = 1,2 denotes an SU(2) flavour index. The superfield qii is a Lorentz scalar and

superconformal primary,

Mabqii = 0 , KAqii = 0 , J jkqii = ε
i( jqk)i . (6.2.3)

Eqs. (6.2.1), (6.2.3), and the relation (B.2.1k) tell us that Dqii = 3
2qii.
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The independent descendants of qii are obtained by acting on it with spinor derivatives. We obtain

several implications of the (anti-)commutation relations (B.2.2), (B.2.3), along with the constraints

(6.2.2), and (6.2.3):

∇
i
α∇

j
β

q j
i = ∇

i
αρ

i
β
=−4i∇αβ qii , (6.2.4a)

∇
αi

ρ
i
α = 0 , (6.2.4b)

with ∇αβ := (Γa)αβ ∇a. Next, we shall consider

{∇
k
α ,∇βk}ρ

β i = 4i∇αβ ρ
β i −2iWα

β
ρ

i
β
+18iXk

α qk
i , (6.2.5)

where we have made use of (B.2.2) and the S-supersymmetry transformation

Sαiρ
i
β
= 12εαβ qi

i =⇒ Ka ρ
i
β
= 0 . (6.2.6)

On the other hand, by virtue of (6.2.4), we also have that

{∇
k
α ,∇βk}ρ

β i = 4i∇β

k ∇αβ qki = 4i [∇β

k ,∇αβ ]q
ki −4i∇αβ ρ

β i . (6.2.7)

Applying the commutation relation (B.2.3), we can then equate (6.2.5) and (6.2.7) to obtain

(∇aρ
i
Γ

a)α = −3
4
(ρ i

Σ
bc)αWbc −

3
2

Xαkqk
i . (6.2.8)

We can then hit both sides of (6.2.8) with ∇i
α and make use of (6.2.4), (B.2.3), and the identity (2.2.73).

This results in the equation

2qii =
3i
16

X i
ρ

i +
3

64
(
Y −W abWab

)
qii , 2 := ∇

a
∇a . (6.2.9)

Both (6.2.8) and (6.2.9) describe on-shell conditions for the hypermultiplet’s fields when Wab = 0.

However, as we will discuss in more detail later, in a non-trivial curved background these equations

can be reinterpreted as conditions linking qii and ρ
i
α with fields of the standard Weyl multiplet.

By restricting to ξ a ≡ 0, the local superconformal δ = δQ +δH transformations of the covariant

superfields qii and ρ
i
α can be derived using the relations (6.2.2), (6.2.4), and (6.2.6). This leads to

δqii =
1
2

ξ
i
ρ

i +Λ
i
kqki +

3
2

σqii , (6.2.10a)

δρ
i
α = −4i(Γa

ξi)α∇aqii +
1
2

Λab(Σ
ab

ρ
i)α +2σρ

i
α −12η

i
αqi

i . (6.2.10b)

As we will describe later, these will lead to the analogue transformations of the component fields in

the hypermultiplet.

6.2.2 The O(2) multiplet

The linear multiplet [117,118,138–140,186–191], or O(2) multiplet, can be described in 5D N = 1

conformal superspace [29] in terms of the superfield Gi j = G ji, with (Gi j)∗ = εikε jlGkl and satisfies

the defining constraint

∇
(i
αG jk) = 0 . (6.2.11)
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Here Gi j is a superconformal primary dimension-3 superfield,

KAGi j = 0 , DGi j = 3Gi j . (6.2.12)

To elaborate on the component structure of the superfield Gi j, we list the following useful identities:

∇
i
αG jk = 2ε

i( j
ϕ

k)
α , (6.2.13a)

∇
i
αϕ

j
β
=− i

2
ε

i j
εαβ F +

i
2

ε
i jHαβ + i∇αβ Gi j , (6.2.13b)

∇
i
αF =−2∇α

β
ϕ

i
β
−6Wαβ ϕ

β i −9Xα jGi j , (6.2.13c)

∇
i
αHa = 4(Σab)α

β
∇

b
ϕ

i
β
− 3

2
(Γa)α

βWβγϕ
γi − 1

2
(Γa)γ

βWβαϕ
γi , (6.2.13d)

where we have defined the independent descendant superfields

ϕ
i
α :=

1
3

∇α jGi j , (6.2.14a)

F :=
i

12
∇

γi
∇

j
γGi j =− i

4
∇

γk
ϕγk , (6.2.14b)

Habcd :=
i

12
εabcde(Γ

e)αβ
∇

i
α∇

j
β

Gi j ≡ εabcdeH
e . (6.2.14c)

It can be checked that Ha obeys the differential condition

∇aH
a = 0 , Ha :=− 1

4!
ε

abcdeHbcde . (6.2.15)

The descendants (6.2.14) prove to be annihilated by Ka and to satisfy

Si
αϕ

j
β
=−6εαβ Gi j , (6.2.16a)

Si
αF = 6iϕ i

α , (6.2.16b)

Si
αHb =−8i(Γb)α

β
ϕ

i
β
. (6.2.16c)

We refer the reader to [29] for a superform description of the O(2) multiplet.

6.2.3 The Abelian vector multiplet

In conformal superspace [29], an Abelian vector multiplet is described by a superfield W , which is

superconformal primary of dimension 1, KAW = 0 and DW =W . Moreover, it is real, (W )∗ =W , and

obeys the Bianchi identity

∇
(i
α∇

j)
β

W =
1
4

εαβ ∇
γ(i

∇
j)
γ W . (6.2.17)

It is useful to introduce the following descendant superfields constructed from spinor derivatives of

W :

λ
i
α :=−i∇i

αW , X i j :=
i
4

∇
α(i

∇
j)
α W =−1

4
∇

α(i
λ

j)
α . (6.2.18a)
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These superfields, along with

Fαβ :=− i
4

∇
k
(α∇β )kW −WαβW =

1
4

∇
k
(αλβ )k −WαβW , (6.2.18b)

satisfy the following identities:

∇
i
αλ

j
β
=−2ε

i j(Fαβ +WαβW
)
− εαβ X i j − ε

i j
∇αβW , (6.2.19a)

∇
i
αFβγ =−i∇α(β λ

i
γ)− iεα(β ∇γ)

δ
λ

i
δ
− 3i

2
Wβγλ

i
α −Wαβγ

iW

+
i
2

Wα(β λ
i
γ)−

3i
2

εα(βWγ)
δ

λ
i
δ
, (6.2.19b)

∇
i
αX jk = 2iε i( j

(
∇α

β
λ

k)
β
− 1

2
Wαβ λ

βk)+
3i
4

Xk)
α W

)
. (6.2.19c)

We also note the relation Fαβ = 1
2(Σ

ab)αβ Fab. The S-supersymmetry generator acts on these descen-

dants as

Si
αλ

j
β
=−2iεαβ ε

i jW , Si
αFβγ = 4εα(β λ

i
γ) , Si

αX jk =−2ε
i( j

λ
k)
α , (6.2.20)

while all the fields are annihilated by the Ka generators.

For the construction of Poincaré supergravity models later in subsection 6.4.2, it is important to

note that given a system of n Abelian vector multiplets W I , with I = 1,2, . . .n, we can construct the

following composite O(2) multiplet and its descendant superfields [29]:

Gi j
I = CIJK

(
2W JX i j K − iλ αJ (i

λ
j)K

α

)
, (6.2.21a)

ϕ
i
α I = CIJK

(
iX i j J

λ
K
α j −2iFJ

αβ
λ

β iK − 3
2

X i
αW JW K −2iW J

∇αβ λ
β iK

−i∇αβW J
λ

β iK −3iWαβW J
λ

β iK
)
, (6.2.21b)

FI = CIJK

(
X i jJXK

i j −FabJFK
ab +4W J

∇
a
∇aW K +2(∇aW J)∇aW K

+2i(∇α
β

λ
iJ
β
)λ αK

i −6W abFJ
abW K − 39

8
W abWabW JW K +

3
8

YW JW K

+6Xαi
λ

J
αiW

K −3iWαβ λ
αiJ

λ
βK
i

)
, (6.2.21c)

HaI = CIJK

(
− 1

2
εabcdeF

bcJFdeK +4∇
b(W JFK

ba +
3
2

WbaW JW K)
+2i(Σba)

αβ
∇

b(λ iJ
α λ

K
β i)

)
, (6.2.21d)

where CIJK =C(IJK) is a completely symmetric constant. These are the superspace analogue of the

composite linear multiplets constructed in [90].

6.3 The hyper-dilaton Weyl multiplet in 5D

The aim of this section is to construct a new 32+ 32 hyper-dilaton Weyl multiplet of off-shell

N = 1 conformal supergravity in five dimensions. The analysis closely follows the 4D N = 2 case

of [4].
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In constructing such a hyper-dilaton Weyl multiplet, our starting point is the component structure

of the on-shell hypermultiplet. This can be readily extracted from the previous superspace realisation

(see subsection 6.2.1) via the bar projection. As was shown before, taking successive spinor derivatives

of qii leads to ρ
i
α or the vector derivatives of qii and ρ

i
α . Hence, the independent components of the

on-shell hypermultiplet are simply the Lorentz scalar field qii| which is superconformal primary, and

the spinor field ρ
i
α |.

In what follows, we will associate the same symbol for the covariant component fields and the

corresponding superfields, when the interpretation is clear from the context. The superfields qii and ρ
i
α

are all annihilated by Ka; hence, all their bar projections are K-primary fields. The local superconformal

transformations of the component fields follow directly from the projections of (6.2.10), which give

δqii =
1
2

ξ
i
ρ

i +λ
i
kqki +

3
2

λDqii , (6.3.1a)

δρ
i
α = −4i(Γa

ξi)α∇aqii +
1
2

λab(Σ
ab

ρ
i)α +2λDρ

i
α −12ηα

iqi
i , (6.3.1b)

where

∇aqii =Daqii − 1
4

ψa
i
ρ

i . (6.3.2)

The algebra of the local transformations (6.3.1) closes only when the following equations of motion

for the fields qii and ρ
i
α are imposed:

(∇aρ
i
Γ

a)α = −3
4
(ρ i

Σ
bc)αwbc +16i χ

αkqk
i , (6.3.3a)

2qii = 2χ
i
ρ

i −2Dqii − 3
64

wabwabqii , 2 := ∇
a
∇a . (6.3.3b)

The above equations are obtained by bar-projecting (6.2.8), (6.2.9), and using the definitions (2.2.73).

The expressions for ∇aραi and 2qii in terms of the derivatives Da are given by

∇aρ
αi = Daρ

αi +2i(ψakΓ
b)α

(
Dbqki − 1

4
ψb

k
ρ

i
)
+6φa

αkqk
i , (6.3.4a)

2qii = DaDaqii −3faaqii − 1
4

ρ
iDaψ

ai − 1
2

ψ
aiDaρ

i

+
i
4

φa
i
Γ

a
ρ

i +
i
2
(ψa

(i
Γ

b
ψ

k)a)Dbqk
i +4i(ψa

i
Γ

a
χk)qki

−1
8

wcd(ψc
i
Γdρ

i)+
3
2
(ψai

φak)qki − i
8
(ψa

(i
Γ

b
ψ

k)a)(ψbkρ
i) . (6.3.4b)

Equations (6.3.3) can then be interpreted as algebraic equations for the standard Weyl multiplet

that determine the auxiliary fields χαi and D in terms of qii and ρ
i
α , together with the other independent

fields of the standard Weyl multiplet. Assuming that qii is an invertible matrix,

q2 := qiiqii = εi jεi jqiiq j j = 2detqii ̸= 0 , (6.3.5)

then the following relations hold

χ
αi =

i
8

q−2qii
[
− (∇aρi Γ

a)α − 3
4

wcd(ρiΣ
cd)α

]
, (6.3.6a)
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D = −1
2

q−2qii2qii +
i

16
q−2
[
− (∇aρi Γ

a)α − 3
4

wcd(ρiΣ
cd)α

]
ρ

i
α − 3

128
wabwab . (6.3.6b)

Note that so far, we have only used one of the four equations that are equivalent to (6.3.3b) to

solve for D in eq. (6.3.6b). It is simple to show that the remaining independent three equations are

equivalent to the following

∇
a(qi(i

∇aqi
j)) = 0 . (6.3.7)

As in the 4D N = 2 case [4], this equation is solved by turning the SU(2)R connection φm
kl into a

composite field. Let us describe how.

Following the analysis of the N = 2 hyper-dilaton Weyl multiplet in 4D [4], here we also note

that, associated to an on-shell hypermultiplet, there is always a triplet of composite linear multiplets

[138–140,186]. The covariant component fields of the 5D N = 1 off-shell linear (or O(2)) multiplet are

defined in terms of the bar projections of (6.2.14): an SU(2)R triplet of Lorentz scalar fields Gi j = Gi j| ;

a spinor field ϕαi = ϕαi| ; a scalar field F = F |; and a covariant closed anti-symmetric four-form field

strength Habcd :=Habcd|. The latter is equivalent to a conserved dual vector Ha :=−1/4!εabcdeHbcde.1

At the component level it holds that

Ha = ha +2ψbiΣ
ab

ϕ
i +

i
2

ε
abcde

ψbiΣcdψe jGi j . (6.3.8)

The covariant conservation equation for Ha is

∇
aHa = 0 . (6.3.9)

The constraint implies the existence of a gauge three-form potential, bmnp, and its exterior derivative

hmnpq := 4∂[mbnpq], with bmnp :=Bmnp|.
In the standard Weyl multiplet background, the local superconformal transformations of the

covariant fields can be derived using the relations (6.2.13) and (6.2.16), which lead to

δGi j = −2ξ(iϕ j)−2λ(i
kG j)k +3λDGi j , (6.3.10a)

δϕαi = − i
2

ξαiF − i
2

Ha(Γ
a
ξi)α − i(Γa

ξ
j)α∇aGi j +6ηα

jGi j

+
1
2

λ
ab(Σabϕi)α −λi

j
ϕ jα +

7
2

λDϕαi , (6.3.10b)

δF = 2ξ
i
Γ

a
∇aϕi −

3
2
(ξ i

Σ
ab

ϕi)wab +16i(ξ i
χ

j)Gi j

+6iη
i
ϕi +4λDF , (6.3.10c)

δHa = −4ξ
i
Σab∇

b
ϕi +

3
2
(ξ i

Γ
b
ϕi)wab +

1
2

εabcdewbc(ξ i
Σ

de
ϕi)

+λa
b Hb +4λDHa −8iη i

Γaϕi , (6.3.10d)

where

∇aGi j = DaGi j +
3
4

ψa(iφ j) , (6.3.11a)

1The Levi-Civita tensor with world indices is defined as εmnpqr := εabcdeea
meb

nec
ped

qee
r, such that εabcde and εabcde

are normalised as ε01234 =−ε01234 = 1.
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∇aϕαi = Daϕαi −
i
4

ψaαiF − i
4
(Γb

ψai)αHb +
i
2
(Γb

ψa
j)α∇bGi j −3φaα

jGi j . (6.3.11b)

The locally superconformal transformations of bmnp are

δbmnp = 2εabcdeem
aen

bep
c(ξiΣ

de
ϕ

i)−12i(ψ[m
i
Σnp]ξ

j)Gi j +3∂[mlnp] , (6.3.12)

where we have also included the gauge transformation δlbmnp = 3∂[mlnp] leaving hmnpq and Ha invariant.

For convenience, we have summarised the dilatation weights of the fields of the O(2) multiplet in

Table 6.1.

Gi j ϕαi F Ha bmnp

D 3 7/2 4 4 0

Table 6.1: Dilatation weights of the off-shell O(2) multiplet.

Given that qii and ρ
i
α describe an on-shell hypermultiplet in a standard Weyl multiplet background

with transformation rules (6.3.1), it can be verified that the following composite fields define a triplet

of O(2) multiplets

Gi j
i j = q(i

iq j)
j = qi

(iq j
j) , (6.3.13a)

ϕαi
i j = −1

2
qi

(i
ρ

j)
α , (6.3.13b)

F i j =
i
8

ρ
(i

ρ
j) , (6.3.13c)

Hai j = 2qi(i
∇

aqi
j)− i

8
ρ
(i

Γ
a
ρ

j) . (6.3.13d)

These fields all transform according to (6.3.10) and each of the previous fields is symmetric in i and j.

The field Hai j can be used to express the SU(2)R connection φm
i j as a composite field. To see this, we

introduce a new covariant derivative

Da = ea
m
(

∂m − 1
2

ωm
cdMcd −bmD

)
=Da + ea

m
φm

i jJi j , (6.3.14)

which then allows us to rearrange eq. (6.3.13d) for the SU(2)R gauge connection:

φa
i j = 4q−4q(iiq j)

j

[
qkiDaqk

j − 1
4

qki(ψakρ
j)− i

16
ρ

i
Γaρ

j − 1
2

Ha
i j

]
. (6.3.15)

Our analysis demonstrates that the hyper-dilaton Weyl multiplet defines a new representation

of the off-shell local 5D N = 1 superconformal algebra. The multiplet comprises of the following

independent fields: em
a, bm, wab, qii, bmnp

i j, ψmi, and ρ i. It also possesses the same number of off-shell

degrees of freedom as the standard Weyl multiplet, 32+32. Table 6.2 summarises the counting of

degrees of freedom, underlining the symmetries acting on the fields.

Note that with the ingredients provided so far, it is a straightforward exercise to obtain the locally

superconformal transformations of the fields of the hyper-dilaton Weyl multiplet written only in terms

of the independent fields and they are given as follows:

δem
a = i(ξiΓ

a
ψm

i)−λDem
a +λ

a
bem

b , (6.3.16a)
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em
a ωm

ab bm fm
a φm

i j ψmi φm
i wab ρ i qii bmnp

i j

25B 0 5B 0 0 40F 0 10B 8F 4B 30B
Pa Mab D Ka Ji j Q S λmn

i j-sym
−5B −10B −1B −5B −3B −8F −8F −18B

Result: 32+32 degrees of freedom

Table 6.2: Degrees of freedom and symmetries of the hyper-dilaton Weyl multiplet. Row one gives all the component
fields. Row two gives the number of independent components of these fields — composite connections are counted with
zero degrees of freedom. Row three gives the gauge symmetries. Note that λmn

i j =−λnm
i j corresponds to the symmetry

associated with the gauge three-forms bmnp
i j with field strength four-forms hmnpq

i j and Hai j. Row four gives the number
of gauge degrees of freedom to be subtracted when counting the total degrees of freedom.

δψm
i
α = 2Dmξ

i
α +8q−4q(iiq j)

j

[
qkiDmqk

j − 1
4

qki(ψmkρ
j)− i

16
ρ

i
Γmρ

j − 1
2

Hm
i j

]
ξα j

−1
4

wcd

(
(ΓmΣ

cd)α
β −3(Σcd

Γm)α
β

)
ξ

i
β
+2i(Γmη

i)α

+
1
2

λ
ab(Σabψm

i)α +λ
i
j ψm

j
α − 1

2
λDψm

i
α , (6.3.16b)

δbm = ∂mλD+
1
3

q−2qii(ξiΓm)
α [(∇aρi Γ

a
ε)α +

3
4

wcd(ρiΣ
cd

ε)α ]

−ξiφm
i −ψm

i
ηi −2λm , (6.3.16c)

δwab = 2iξiR(Q)ab
i +

4
3

q−2qii(ξiΣab)
α [(∇cρi Γ

c
ε)α +

3
4

wcd(ρiΣ
cd

ε)α ]

−2λ[a
cwb]c +λDwab , (6.3.16d)

δqii =
1
2

ξ
i
ρ

i +λ
i
kqki +

3
2

λDqii , (6.3.16e)

δρ
i
α = −4i(Γa

ξi)α∇aqii +
1
2

λab(Σ
ab

ρ
i)α +2λDρ

i
α −12ηα

iqi
i , (6.3.16f)

δbmnp = 2εabcdeem
aen

bep
c(ξiΣ

de
ϕ

i)−12i(ψ[m
i
Σnp]ξ

j)Gi j +3∂[mlnp] , (6.3.16g)

It would be useful to have (6.3.4) expressions in terms of the derivative Da instead of Da, which has

an implicit dependence on this new composite field φa
i j. It holds that

∇aqii =
1
2

Daqii − 1
8

ψ
i
aρ

i −q−2qi
jqkiDaqk

j +
1
4

q−2qi
jqki(ψakρ

j)

+
i
8

q−2qi
j(ρ

(i
Γaρ

j))+q−2qi
jHa

i j (6.3.17a)

∇aρ
αi = Daρ

αi +2i(ψakΓ
b)α

∇bqki +6φa
αkqk

i , (6.3.17b)

2qii = Da
∇aqii −3faaqii

+(∇aqk
i)
[

2q−2q(i jDaqk) j −2q−4q(iiqk)
jHai j − 1

2
q−2q(i j(ψ

ak)
ρ

j)

− i
4

q−4q(iiqk)
jρ

i
Γ

a
ρ

j
]

−1
8

wcd(ψc
i
Γdρ

i)+4i(ψa
i
Γ

a
χk)qki − 1

4
ψ

ai
∇aρ

i +
i
4

φa
i
Γ

a
ρ

i . (6.3.17c)

where the composite connection φm
i and fa

b are now given in terms of Da by:

iφm
i =

2
3
(Γ[p

δm
q]+

1
4

ΓmΣ
pq)

[
D[pψq]

i +
1
8

wcd
(
3Σ

cd
Γ[pψq]

i −Γ[pΣ
cd

ψq]
i)
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+4q−4q(iiq j)
j

{
qkiD[pqk

j − 1
4

qki(ψ[pkρ
j)− i

16
ρ

i
Γ[pρ

j − 1
2

H[p
i j
}

ψq] j

]
, (6.3.18a)

fa
b = −1

6
R(ω)ac

bc +
1

48
δa

bR(ω)cd
cd − i

6
ψc jΓ

[bR(Q)a
c] j − i

12
ψc jΓaR(Q)bc j

+
1

12
q−2qii(ψaiΓ

b)α

[
(∇aρi Γ

a
ε)α +

3
4

wcd(ρiΣ
cd

ε)α

]
+

1
3

ψ[a jΣ
bd

φd]
j − 1

24
δa

b(ψc jΣ
cd

φd
j)− i

12
ψa jψc

jwbc +
i

24
(ψa jΓeψd

j)w̃bde

+
i

192
δa

b
[
2(ψc jψd

j)wcd − (ψc jΓeψd
j)w̃cde

]
. (6.3.18b)

Note that the expression of fab has explicit as well as implicit dependence on the composite connection

φa
i via ∇aρi, which can now be substituted from (6.3.18a). For later use, it is convenient to have the

bosonic expression of 2qii, which, by also using that DaHa
i j = 0 up to fermions, is given by:

2qii =
1
2

DaDaqii +
3
4

q−2qii(Daqkk)Daqkk −q−2qi
jqkiDaDaqk

j +
1
2

q−2qk
j(Daqi j)Daqk

i

+q−4qllqi
jqki(Daqll)Daqk

j − 1
2

q−4qiiHa jkHa jk +
3

16
Rqii + fermions . (6.3.19)

6.4 Recovering Poincaré supergravity in 5D

The goal of this section is to explicitly show that our hyper-dilaton Weyl multiplet constructed

in the previous section can be used to derive a 40+ 40 off-shell multiplet of 5D N = 1 Poincaré

supergravity, by making use of superconformal approaches. We first elaborate on the structure of

the multiplet and then explain how to construct a Poincaré supergravity action, pointing out some

peculiarities which do not hold in the 4D N = 2 supergravity case [4]. As an extension of the results

of [4], we describe a new type of BF-coupling which induces a scalar potential for the dilaton without

a standard R-symmetry gauging that admits AdS5 vacua.

6.4.1 Hyper-dilaton multiplet of Poincaré supergravity

To recover a multiplet of Poincaré supergravity, compensating multiplets must be coupled to an

off-shell conformal supergravity multiplet to gauge fix some of the local superconformal symmetries.

As will be discussed below, from the symmetry point of view, it suffices to use the components of the

new hyper-dilaton Weyl multiplet alone to appropriately gauge fix and eliminate all symmetries except

local supersymmetry, Lorentz, and the gauge symmetry of the gauge three-forms bmnp
i j. This peculiar

feature is different from the construction of the 4D N = 2 hyper-dilaton Poincaré multiplet [4]. In the

latter case, we are required to gauge fix the scalar field of the compensating vector multiplet in order to

fix the extra U(1)R symmetry. In the 5D case, the only purpose to couple to a compensator is simply to

obtain the Einstein-Hilbert kinetic term in a Poincaré supergravity action. The simplest choice is to

couple our hyper-dilaton Weyl multiplet to a single off-shell, Abelian vector multiplet compensator.

The scalar field in the compensator is assumed to be nowhere vanishing.

Let us first define an off-shell 5D N = 1 Abelian vector multiplet in a standard Weyl multiplet

background. Its component structure follows directly from the superfield definitions (6.2.18). The
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multiplet contains a real scalar field φ :=W |, gaugini λ i
α := λ i

α |, a triplet of auxiliary fields X i j := X i j|,
and a real Abelian gauge connection vm := Vm| or, equivalently, its real field strength fmn := Fmn|=
2∂[mvn]. The field strength fmn may be expressed in terms of the bar-projected, covariant field strength

Fab := Fab| via the relation

Fab = fab + i(Γ[a)α
β

ψb]
α
k λ

k
β
+

i
2

ψ[a
γ

kψb]
k
γφ , fab := ea

meb
n fmn . (6.4.1)

The dilatation weights of the vector multiplet fields are summarised in Table 6.3.

φ λ i
α X i j Fab vm

D 1 3/2 2 2 0

Table 6.3: Dilatation weights of the Abelian vector multiplet.

The transformation rules of the vector multiplet fields in a standard Weyl multiplet background can

be obtained from the corresponding superfields. They read

δφ = iξiλ
i +λDφ , (6.4.2a)

δλ
i
α = −(Σab

ξ
i)αFab − (Σab

ξ
i)αwabφ +ξα jX i j +(Γa

ξ
i)α∇aφ

+
1
2

λ
ab(Σabλ

i)α +λ
i
jλ

j
α +

3
2

λDλ
i
α +2iηα

i
φ , (6.4.2b)

δX i j = −2iξ (i
Γ

a
∇aλ

j)+
3i
2

ξ
(i

Σ
ab

λ
j)wab −16i(ξ (i

χ
j))φ

+2λ
(i

kX j)k −2η
(i

λ
j)+2λDX i j , (6.4.2c)

δvm = i(ξ i
ψmi)φ − i(ξ i

Γmλi)+∂mλV , (6.4.2d)

where

∇aφ = Daφ − i
2

ψaiλ
i , (6.4.3a)

∇aλ
i
α = Daλ

i
α +

1
2
(Σbc

ψa
i)α

(
Fbc +wbcφ

)
− 1

2
ψaα jX i j

−1
2
(Γb

ψa
i)α∇bφ − iφaα

i
φ . (6.4.3b)

Note that we have also included in (6.4.2d) the gauge field transformation parametrised by the local

real parameter λV . The transformations of the vector multiplet in a hyper-dilaton Weyl multiplet

background are precisely the same as above. The only subtlety is that one has to interpret several

standard Weyl multiplet fields as composites of qii, ρ
i
α and bmnp

i j. It should be emphasised that, being

a compensator, one may require that the lowest component of the vector multiplet is non-zero and

positive, φ > 0.

Gauge fixing in a string frame

We now describe the structure of the supergravity multiplet by imposing several gauge fixing

constraints. In a string frame, we choose the gauge fixing condition

qii =−ε ii ⇐⇒ qi
i = δ i

i ⇐⇒ qi
i =−δ

i
i ⇐⇒ qii = εii . (6.4.4a)
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This condition fixes dilatation and SU(2)R symmetries. By imposing

bm = 0 , (6.4.4b)

the special conformal Ka symmetry is now fixed. In order to fix S-supersymmetry, we impose the

constraint

ρ
i
α = 0 . (6.4.4c)

The compensating vector multiplet contains 8+8 off-shell degrees of freedom. Once added to the

remaining fundamental fields in the hyper-dilaton Weyl multiplet, we obtain 40+40 off-shell degrees

of freedom of a Poincaré supergravity multiplet, as shown in Table 6.4. The fundamental fields are

em
a ωm

ab ψm
α
i wab bmnp

i j
φ λ

i
α X i j vm

25B 0 40F 10B 30B 1B 8F 3B 5B
Pa Mab Q (λmn

i j) (λV )
−5B −10B −8F −18B −1B

Result: 40+40 degrees of freedom

Table 6.4: A Poincaré supergravity multiplet. Row one gives all fields in the multiplet. Row two gives the number of
independent components of these fields. Row three gives the surviving gauge symmetries. Row four gives the number of
gauge degrees of freedom to be subtracted when counting the total degrees of freedom. The parameter λmn

i j describes the
symmetry associated with the triplet of gauge three-form bmnp

i j. The gauge parameter λV describes the scalar symmetry of
vm.

the vielbein em
a, the gravitino ψm

α
i , a real antisymmetric tensor wab, a real scalar field that plays the

role of a dilaton φ , a real triplet of scalar fields X i j, a triplet of gauge three forms bmnp
i j, a gauge field

vm that plays the role of the graviphoton, and a spinor field λ
i
α . Note that we kept the distinction of

SU(2)R and SU(2) flavour indices. However, the gauge condition (6.4.4a) implies that the two indices

can be identified, after gauge fixing.

The transformation rules of the resulting Poincaré supergravity multiplet are those that preserve

the previous set of gauge conditions (6.4.4). Since we fix ρ
i
α = 0, to preserve (6.4.4a), we require

λD = λ i j = 0. To preserve (6.4.4c), it can be shown that any Q-supersymmetry transformation must

be accompanied by a compensating S-supersymmetry transformation with the following parameter

ηα
i(ξ ) = − i

3
(Γa

ξi)α φa
i j , (6.4.5)

A similar analysis shows that to preserve the condition bm = 0 one needs to enforce nontrivial com-

pensating special conformal K-transformations with a parameter λ a
K(ξ ). However, since all the other

supergravity fields are conformal (not necessarily superconformal) primaries, not transforming under

special conformal boosts, in practice we will never have to worry about inserting the compensating

λ a
K(ξ ) parameter (whose expression is quite involved) in any Poincaré supergravity transformations.

Gauge fixing in the Einstein frame

It is possible to choose a different gauge fixing to Poincaré supergravity, where we also impose

constraints on some of the fields of the compensating vector multiplet. This gauge fixing choice, which
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is analogous to that in the 4D N = 2 case [4], corresponds to the Einstein frame and leads to a different

Poincaré supergravity multiplet.

We now adopt the gauge where

φ = 1 , (6.4.6a)

bm = 0 . (6.4.6b)

Condition (6.4.6a) fixes dilatation symmetry, while (6.4.6b) fixes special conformal Ka symmetry. In

order to fix S-supersymmetry, we impose

λ
i
α = 0 . (6.4.6c)

A characterising feature of the hyper-dilaton Weyl multiplet is that it contains an SU(2)R compensator,

the qii fields. By imposing

qii =−ε
iie−U ⇐⇒ qi

i = δ
i
i e−U ⇐⇒ qi

i =−δ
i
i e−U ⇐⇒ qii = εiie−U , (6.4.6d)

we break the SU(2)R symmetry. The resulting Poincaré supergravity multiplet is shown in Table 6.5.

The fundamental fields are the vielbein em
a, the gravitini ψm

α
i , a real antisymmetric tensor wab, a real

em
a ωm

ab ψm
α
i wab ρ

i
α U bmnp

i j X i j vm
25B 0 40F 10B 8F 1B 30B 3B 5B
Pa Mab Q (λmn

i j) (λV )
−5B −10B −8F −18B −1B

Result: 40+40 degrees of freedom

Table 6.5: A variant Poincaré supergravity multiplet. Row one gives all the fields in the multiplet. Row two gives the
number of independent components. Row three gives the surviving gauge symmetries. Row four gives the number of gauge
degrees of freedom to be subtracted when counting the total degrees of freedom. The parameter λmn

i j corresponds to the
symmetry associated with the triplet of gauge three-form bmnp

i j. The gauge parameter λV describes the scalar symmetry of
vm.

scalar field that plays the role of a dilaton U , a real triplet of scalar fields X i j, a triplet of gauge three

forms bmnp
i j, a gauge field vm that plays the role of the graviphoton, and a spinor field ρ

i
α .

The transformation rules of the resulting Poincaré supergravity multiplet are those preserving

(6.4.6). To preserve (6.4.6a), we require λD ≡ 0. Since Q-supersymmetry does not preserve the

gauge fixing conditions, it is necessary to accompany these transformations with appropriate S-

supersymmetry, special conformal, and SU(2)R compensating transformations. To preserve (6.4.6c),

it can be shown that any Q-supersymmetry transformation must be accompanied by a compensating

S-supersymmetry transformation with the following parameter

ηα
i(ξ ) = − i

2
(Σab

ξ
i)α

(
Fab +wab

)
+

i
2

ξα jX i j . (6.4.7)

A similar analysis shows that to preserve the condition bm = 0, one needs to enforce nontrivial com-

pensating special conformal K-transformations with a parameter λ a
K(ξ ). However, since all the other

supergravity fields are conformal (not necessarily superconformal) primaries, not transforming under
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special conformal boosts, in practice we will never have to worry about inserting the compensating

λ a
K(ξ ) parameter (whose expression is quite involved) in any Poincaré supergravity transformations.

Finally, we can easily check that the requirement δq(ii) = 0 is satisfied by implementing in (6.3.1a) a

compensating SU(2)R transformation with the parameter

λ
i j(ξ ) =−1

2
eU

ξ
(i

ρ
j) , (6.4.8)

where ρ i = δ i
i ρ i.

6.4.2 Hyper-dilaton Poincaré supergravity action and dilaton potential

We turn to deriving a Poincaré supergravity action by considering the two-derivative action of the

vector multiplet compensator [29] in a hyper-dilaton Weyl multiplet background and then imposing

appropriate gauge fixing conditions leading to the two frames described above. As shown in [29], the

component form of such a vector multiplet action may be derived from the bosonic part of the BF

Lagrangian

e−1LBF |bosonic = −1
4

(
Fφ +Gi jX i j − 1

12
ε

abcde fabbcde

)
= −1

4

(
Fφ +Gi jX i j + vaha

)
, (6.4.9)

with the fields of the O(2) multiplet being composite. More precisely, this amounts to taking the

bosonic sector of the bar projection of eqs. (6.2.21):

Gi j|bosonic = 2φX i j , (6.4.10a)

F |bosonic = X i jXi j − f ab fab +4φ∇
a
∇aφ +2(∇a

φ)∇aφ

−6φ wab fab −
39
8

φ
2wabwab −16φ

2D , (6.4.10b)

ha|bosonic = −1
2

εabcde f bc f de +4∇
b(φ fba +

3
2

φ
2wba) , (6.4.10c)

and plugging (6.4.10) back into (6.4.9). This procedure results in

e−1LBF |bosonic = −1
2

φ(∇a
φ)∇aφ −φ

2
∇

a
∇aφ − 3

4
φX i jXi j +

1
8

εabcdeva f bc f de

+
3
4

φ f ab fab +
9
4

φ
2wab fab +

39
32

φ
3wabwab +4φ

3D . (6.4.11)

The expression (6.4.11) can be written in terms of the degauged covariant derivative Da, where we

note the following relation

∇
a
∇aφ =DaDaφ +

1
8

φ R . (6.4.12)

After performing integration by parts, one then arrives at the following bosonic Lagrangian

e−1LBF |bosonic = −1
8

φ
3R+

3
2

φ(Da
φ)Daφ − 3

4
φX i jXi j +

1
8

εabcdeva f bc f de

+
3
4

φ f ab fab +
9
4

φ
2wab fab +

39
32

φ
3wabwab +4φ

3D . (6.4.13)
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The action (6.4.13) is given in the standard Weyl multiplet background. When working with a

hyper-dilaton Weyl multiplet, we need to take into account that the auxiliary field D is composite (and

that (6.3.6b) has to be used). The algebraic expression for D takes the following form

D =− 3
32

R− 3
128

wabwab −
1

2q2 qiiD
aDaqii + fermionic terms . (6.4.14)

Upon substituting this, one obtains

e−1L|bosonic = −1
2

φ
3R− 2

q2 φ
3qiiD

aDaqii +
3
2

φ(Da
φ)Daφ − 3

4
φX i jXi j

+
1
8

εabcdeva f bc f de +
3
4

φ f ab fab +
9
4

φ
2wab fab +

9
8

φ
3wabwab . (6.4.15)

In eq. (6.4.15), there is still a dependence upon the triplet of gauge three-forms bmnp
i j, which is

hidden in the SU(2)R connection inside the Da derivatives. It is straightforward to obtain the analogue

expressions in terms of Da.

As a direct generalisation, coupling to n vector multiplets leads to the following action

e−1L|bosonic = CIJK

(
− 1

2
φ

I
φ

J
φ

KR− 2
q2 φ

I
φ

J
φ

KqiiD
aDaqii +

3
2

φ
I(Da

φ
J)Daφ

K

−3
4

φ
IX i j JXK

i j +
1
8

εabcdevaI f bcJ f deK +
3
4

φ
I f abJ f K

ab

+
9
4

φ
I
φ

Jwab f K
ab +

9
8

φ
I
φ

J
φ

Kwabwab

)
. (6.4.16)

The final step to obtain the bosonic sector of the Poincaré supergravity action is to impose the set

of gauge fixing conditions on (6.4.15) or appropriate generalisations when physical matter multiplets

are included. Here we give the gauge-fixed supergravity action in both the string and Einstein frames.

The difference between the Poincaré supergravity multiplets in these two frames comes from the

specific gauge-fixing choices used in each. If the gauge-fixing is undone and the theory is viewed

within a conformal supergravity framework, one can see that the two frames are linked by supergravity

gauge transformations, including superconformal ones. This means the two frames are related by a

supersymmetric version of a Weyl transformation.

String frame

Upon implementing the constraints (6.4.4), the resulting BF action turns out to be

e−1L|bosonic = −1
2

φ
3R+

1
8

εabcdeva f bc f de +
3
4

φ f ab fab +
9
4

φ
2wab fab +

9
8

φ
3wabwab

+
3
2

φ(∂ m
φ)∂mφ +

1
4

ha
i jha

i j − 3
4

φX i jXi j . (6.4.17)

Here ha
i j = δ i

i δ
j
j ha

i j since we have stopped distinguishing between underlined and non-underlined

SU(2) indices after gauge fixing. We also stress that φ > 0 as the compensator is nowhere vanishing.

We can further analyse the on-shell structure of (6.4.17). It is clear that wab and X i j are auxiliary

fields that can be algebraically integrated out by using the equations of motion

fab +φ wab = 0 , X i j = 0 . (6.4.18)
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The on-shell Lagrangian then reads

e−1L|bosonic = −1
2

φ
3R+

1
8

εabcdeva f bc f de − 3
8

φ f ab fab

+
3
2

φ(∂ m
φ)∂mφ +

1
4

ha
i jha

i j . (6.4.19)

The first three terms are kinetic terms for minimal on-shell N = 1 Poincaré supergravity with a

dynamical graviton and graviphoton, described in a string frame. The last two terms describe a dilaton

and a triplet of dynamical gauge three-forms which are not part of the minimal on-shell N = 1 Poincaré

supergravity multiplet.

By construction, the supersymmetric BF-action (3.3.10) is also well defined as an invariant in a

hyper-dilaton Weyl background. We can readily construct an invariant of this form by considering the

off-shell vector multiplet compensator used in this section and an off-shell linear multiplet given by

e−1Lξ |bosonic =−1
4

(
φ Fξ +Gξ i jX i j + vahξ

a
)
, (6.4.20a)

where we have defined

Gξ i j := ξi j Gi j
i j , ϕξ αi := ξi j ϕαi

i j ,

Fξ := ξi j F i j , bξ mnp := ξi j bmnp
i j , hξ

a = ξi j hai j . (6.4.20b)

Here Gi j
i j, ϕαi

i j, F i j, bmnp
i j, and hai j are fields of the composite triplet of linear multiplets (6.3.13)

constructed in terms of fundamental fields of the hyper-dilaton Weyl multiplet, while ξi j = ξ ji is a real

triplet of (structure group invariant) constants. The bosonic part of the resulting Lagrangian is given by

e−1Lξ |bosonic = −1
4

ξi j

(
qi

iq j
jX i j − 1

12
ε

mnpqrbmnp
i j fqr

)
= −1

4
ξi j

(
qi

iq j
jX i j +hmi jvm

)
. (6.4.21)

Upon imposing the gauge fixing (6.4.4) and adding (6.4.21) into (6.4.17), we get

e−1L|bosonic = −1
2

φ
3R+

1
8

εabcdeva f bc f de +
3
4

φ f ab fab +
9
4

φ
2wab fab +

9
8

φ
3wabwab

+
3
2

φ(∂ m
φ)∂mφ +

1
4

ha
i jha

i j − 3
4

φX i jXi j

+
1

48
ξi jε

mnpqrbmnp
i j fqr −

1
4

ξi jX i j , (6.4.22)

where, after gauge fixing, we have used ξi j = δ
i
i δ

j
j ξi j and bmnp

i j = δ i
i δ

j
j bmnp

i j. We can then integrate

wab and X i j out as they are auxiliary fields. With the ξ -deformation turned on, the equations of motion

obtained from (6.4.22) become

fab +φ wab = 0 , φ X i j +
1
6

ξ
i j = 0 . (6.4.23)

This leads to the on-shell Lagrangian

e−1L|bosonic = −1
2

φ
3R+

1
8

εmnpqrvm f np f qr − 3
8

φ f mn fmn +
3
2

φ(∂ m
φ)∂mφ +

1
4

hm
klhm

kl
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+
1

24φ
ξ

2 +
1
48

ξi jε
mnpqrbmnp

i j fqr , (6.4.24)

where

ξ
2 :=

1
2

ξ
i j

ξi j ≥ 0 . (6.4.25)

As a result, we have obtained a non-trivial, negatively defined, potential for the dilaton. The previous

Lagrangian admits a constant dilaton, AdS5 vacua.

Einstein frame

If we instead adopt the gauge fixing conditions (6.4.6) to (6.4.15), we obtain the following Poincaré

supergravity action

e−1L|bosonic = −1
2
R+

1
8

εabcdeva f bc f de +
3
4

f ab fab +
9
4

wab fab +
9
8

wabwab

−2(∂ mU)∂mU +
1
4

e4U ha
i jha

i j − 3
4

X i jXi j . (6.4.26)

We can further analyse the on-shell structure of (6.4.26). It is clear that wab and X i j are auxiliary

fields that can be algebraically integrated out by using the equations of motion

wab =− fab , X i j = 0 . (6.4.27)

The on-shell Lagrangian then reads

e−1L|bosonic = −1
2
R+

1
8

εabcdeva f bc f de − 3
8

f ab fab

−2(∂ mU)∂mU +
1
4

e4U ha
i jha

i j . (6.4.28)

The first three terms describe the standard kinetic terms for minimal on-shell N = 1 Poincaré supergrav-

ity with a dynamical graviton and graviphoton. The last two terms describe a dilaton and a triplet of

dynamical gauge three-forms which are not part of the minimal on-shell N = 1 Poincaré supergravity

multiplet. This is a standard feature of dilaton multiplets, where on-shell a physical dilaton multiplet

adds to the degrees of freedom of the multiplet. In the case of hyper-dilaton Poincaré supergravity, the

extra multiplet is a hypermultiplet where three of the scalars have been dualised to a triplet of gauge

three forms in complete analogy to the 4D N = 2 case of [4, 241].

Let us now add the second supersymmetric invariant (6.4.21) to the action (6.4.15). Upon imposing

the gauge fixing conditions (6.4.6), we arrive at

e−1L|bosonic = −1
2
R+

1
8

εabcdeva f bc f de +
3
4

f ab fab +
9
4

wab fab +
9
8

wabwab

−2(∂ mU)∂mU +
1
4

e4U ha
i jha

i j − 3
4

X i jXi j

+
1

48
ξi jε

mnpqrbmnp
i j fqr −

1
4

ξi je−2U X i j . (6.4.29)

We can then integrate wab and X i j out as they are auxiliary fields. With the ξ -deformation turned on,

the equations of motion obtained from (6.4.29) become

wab =− fab , X i j =−1
6

ξ
i je−2U . (6.4.30)
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This leads to the on-shell Lagrangian

e−1L|bosonic = −1
2
R+

1
8

εmnpqrvm f np f qr − 3
8

f mn fmn −2(∂ mU)∂mU +
1
4

e4U hm
klhm

kl

+
1

24
e−4U

ξ
2 +

1
48

ξi jε
mnpqrbmnp

i j fqr . (6.4.31)

6.5 Superconformal multiplets in 6D N = (1,0) superspace

The following section reviews the relevant details of various superconformal matter multiplets

required in this work. Along with the standard Weyl multiplet discussed in subsections 2.2.2 and 2.2.3,

they serve as the building blocks for the invariants of 6D conformal supergravity discussed in this paper.

Here we make use of the conformal superspace formulation in the traceless frame [32] and results

from [69]. We also refer the reader to the following list of papers for other work on flat superspace

and multiplets in six dimensions [270–276] while see also [129, 130, 277–283] for alternative curved

superspace approaches to describe supergravity multiplets in six dimensions.

6.5.1 The on-shell hypermultiplet

Analogously to the 5D case, our starting point is the on-shell realisation for the 6D N = (1,0)

hypermultiplet with 4+4 degrees of freedom. In conformal superspace, it is described by a Lorentz

scalar superfield qii subject to the constraint

∇
(i
αq j) j = 0 . (6.5.1)

Here, the index i = 1,2 denotes an SU(2) flavour index. The superfield qii is a Lorentz scalar

superconformal primary,

Mabqii = 0 , Sα
j qii = Kaqii = 0 , Jklqii = ε

i(kql)i . (6.5.2)

Eqs. (6.5.1), (6.5.2), and the relation (C.1.11) tell us that Dqii = 2qii. The only independent descent

superfield of qii is a dimension 5/2 spinor superfield

ρ
k
α := ∇

j
αq j

k . (6.5.3)

Equation (6.5.1) can now equivalently be written in terms of this spinor superfield

∇
i
αqkk =−1

2
ε

ik
ρ

k
α . (6.5.4)

Applying spinor derivatives on these independent fields leads to several implications of the (anti-

)commutation relations (C.1.13), (C.1.14), along with the constraints (6.5.2), and (6.5.4):

∇
i
α∇

j
β

q j
i = ∇

i
αρ

i
β
=−4i∇αβ qii , (6.5.5)

with ∇αβ := (γa)αβ ∇a. Next, we shall consider

ε
γδαβ{∇

k
α ,∇βk}ρ

i
δ

= 8i∇̃γδ
ρ

i
δ
−24iW γδ

ρ
i
δ
+288X γkqk

i , (6.5.6)
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here ∇̃αβ := (γ̃a)αβ ∇a and we have made use of (C.1.13) and the S-supersymmetry transformation

Sγ

i ρ
i
β
= 16δ

γ

β
qi

i =⇒ Ka ρ
i
β
= 0 . (6.5.7)

On the other hand, by virtue of (6.5.5), we also have that

ε
γδαβ{∇

k
α ,∇βk}ρ

i
δ

= 16i(γ̃α)αγ
∇

i
α∇aqi

i

= 16i(γ̃α)αγ [∇i
α ,∇a]qi

i +16i(γ̃α)αγ
∇aρα

i . (6.5.8)

Applying the commutation relation (C.1.14), we can then equate (6.5.6) and (6.5.8) to obtain

(γ̃a
∇aρ

i )α = −W αβ
ρ

i
β
−4iXαkqk

i . (6.5.9)

We can then hit both sides of (6.5.9) with ∇i
α and make use of (6.5.5), (C.1.14), and the identity

(C.1.17). This results in the equation

2qii =
1
2

X i
ρ

i − 1
2

Y qii , 2 := ∇
a
∇a . (6.5.10)

The local superconformal δ = δQ + δH transformations (except translation, i.e. ξ a = 0) of the

covariant superfields qii and ρ
i
α can be derived using (2.2.93) and the relations (6.5.4), (6.5.5), and

(6.5.7). This leads to

δqii =
1
2

ξ
i
ρ

i +Λ
i
kqki +2σqii , (6.5.11a)

δρ
i
α = −4i(ξiγ

a)α∇aqii − 1
4

Λab(γ
ab

ρ
i)α +

5
2

σρ
i
α +16η

i
αqi

i . (6.5.11b)

6.5.2 The O(2) multiplet

The 6D linear multiplet, or O(2) multiplet can be described in terms of an SU(2)R triplet of Lorentz

scalar superfields Li j, with (Li j)∗ = εikε jlLkl and satisfies the defining constraint

∇
(i
αL jk) = 0 . (6.5.12)

Here Li j is a superconformal primary dimension-4 superfield,

Sγ

kLi j = KaLi j = 0 , DLi j = 4Li j , Ji jLkl = ε
k(iL j)l + ε

l(iL j)k . (6.5.13)

The tower of component fields of the superfield Li j is given by the following set of useful identities:

∇
i
αL jk =−2ε

i( j
ϕ

k)
α , (6.5.14a)

∇
i
αϕ

j
β
=− i

2
ε

i jHαβ − i∇αβ Li j , (6.5.14b)

∇
k
γHαβ =−8∇γ[αϕ

k
β ]−2∇αβ ϕ

k
γ +2εαβγδW δρ

ϕ
k
ρ , (6.5.14c)

where we have defined the independent descendant superfields

ϕ
i
α :=−1

3
∇α jLi j , (6.5.15a)
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Ha :=− i
4
(γ̃a)

αβ
∇

k
αϕβk , Hαβ := (γa)αβ Ha . (6.5.15b)

We will be using these results later when analysing the component structure of the multiplet. Further,

it can be checked that Ha obeys the differential condition

∇aHa = 0 , Ha :=
1
5!

ε
abcde f Hbcde f . (6.5.16)

The descendants (6.5.15) prove to be annihilated by Ka and to satisfy

Sα
i ϕ

j
β
= 8δ

α

β
Li j , (6.5.17a)

Sγ

kHαβ =−40iδ γ

[α
ϕβ ]k . (6.5.17b)

We refer the reader to [69] for a superform description of the O(2) multiplet.

6.6 The hyper-dilaton Weyl multiplet in 6D

The aim of this section is to construct the 40+ 40 hyper-dilaton Weyl multiplet of off-shell

N = (1,0) conformal supergravity in six dimensions. The construction mimics the 5D N = 1 case

elaborated earlier in our paper and the 4D N = 2 case of [4].

We begin with the component structure of the on-shell hypermultiplet. This can be readily extracted

from the previous superspace realisation via the bar projection. The independent components of the

on-shell hypermultiplet are simply: the Lorentz scalar field qii| which is a superconformal primary,

and the spinor field ρ
i
α |, which account for 4+4 on-shell degrees of freedom. All other descendants

are derivatives of these two fields.

In what follows, we will associate the same symbol for the covariant component fields and the

corresponding superfields, when the interpretation is clear from the context. The local superconformal

transformations of the component fields follow directly from the projections of (6.5.11), which give

δqii =
1
2

ξ
i
ρ

i +λ
i
kqki +2λDqii , (6.6.1a)

δρ
i
α = −4i(ξiγ

a)α∇aqii − 1
4

λab(γ
ab

ρ
i)α +

5
2

λDρ
i
α +16η

i
αqi

i , (6.6.1b)

where

∇aqii =Daqii − 1
4

ψa
i
ρ

i . (6.6.2)

Unlike the standard Weyl multiplet, the algebra of the local transformations (6.6.1) closes only when

the equations of motion for the fields qii and ρ
i
α are imposed. These equations of motion can be

obtained by taking the bar projection of (6.5.9) and (6.5.10). Specifically, in the traceless frame, the

lowest component of the descendants ∇a∇i
αqi

i| and 2qii| leads to the following two constraints:

(∇aρ
i
γ̃

a)α = − 1
12

(ρ i
γ̃

abc)αT−
abc +

8i
15

χ
αkqk

i , (6.6.3a)

2qii =
1

15
χ

i
ρ

i − 1
15

Dqii , 2 := ∇
a
∇a . (6.6.3b)
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The expressions for ∇aρ
i
α and 2qii in terms of the derivatives Da are given by

∇aρ
i
α = Daρ

i
α +2i(ψakγ

c)α

(
Dcqki − 1

4
ψc

k
ρ

i
)
−8φa

k
αqk

i , (6.6.4a)

2qii = DaDaqii −4faaqii − 1
4
Da(ψ

ai
ρ

i)− i
4

φa
i
γ̃

a
ρ

i

+
1
4

ψa
αi
[
−Da

ρ
i
α −2i(ψa

jγ
c)αDcq ji +

1
24

(ρ i
γ̃

bcd
γ

a)αT−
bcd

− 8i
15

(χk
γ

a)αqi
k +

i
2
(ψa

jγ
c)αψc

j
ρ

i +8φ
a j

αq j
i
]
. (6.6.4b)

Equations (6.6.3) can then be interpreted as algebraic equations for the standard Weyl multiplet that

determine the auxiliary fields χαi and D in terms of qii and ρ
i
α , together with the other independent

fields of the standard Weyl multiplet. It can be noted that in the traceless frame equations (6.6.4a) and

(6.6.4b) do not depend on the fields χαi and D respectively making it trivial to find these auxiliary

fields. If we assume that qii is an invertible matrix, which is equivalent to imposing

q2 := qiiqii = εi jεi jqiiq j j = 2detqii ̸= 0 , (6.6.5)

then the following relations hold

χ
α
i =

15i
4

q−2qii

[
(∇aρ

i
γ̃ )α +

1
12

(ρ i
γ̃

abc)αT−
abc

]
, (6.6.6a)

D = −15q−2qii2qii +
15i
8

q−2
[

∇aρ
j
γ̃

a
ρ j +

1
12

(ρ j
γ̃

abc
ρ j)T−

abc

]
. (6.6.6b)

Once more, we stress that the right-hand side of equation (6.6.6a) does not have any dependence on

field χ , thus making it a composite field. Similarly, the right-hand side of equation (6.6.6b) does not

depend on D, however it has an implicit dependence on χ through the special conformal connection

fab, eq. (2.2.40c) and see (6.6.4b), that is hidden in the expression of 2qii. It is straightforward to pull

out the explicit dependence upon χ and then use (6.6.6a). As a result, both χ and D are composite.

As a next step in the construction of the hyper-dilaton Weyl multiplet, we note that associated to an

on-shell hypermultiplet one can construct a triplet of linear multiplets, exactly as in the 4D N = 2 and

5D N = 1 cases. The component fields of the N = 1 off-shell linear (or O(2)) multiplet are defined

in terms of the bar projections of (6.5.15): an SU(2)R triplet of Lorentz scalar fields Li j = Li j| ; a

spinor field ϕ i
α = ϕ i

α | ; and a closed anti-symmetric five-form field strength hmnpqr := Hmnpqr| , which

is equivalent to a conserved dual vector ha := 1
5!ε

amnpqrhmnpqr. Defining Ha = Ha|, at the component

level it holds that

Ha = ha −ψbiγ
ab

ϕ
i − i

2
ψbiγ

abc
ψc jLi j . (6.6.7)

The covariant conservation equation of Ha is

∇
aHa = 0 . (6.6.8)

The constraint implies the existence of a gauge four-form potential, bmnpq, and its exterior derivative

hmnpqr := 5∂[mbnpqr]. The local superconformal transformations of the linear multiplet in a standard
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Weyl multiplet background are given by

δLi j = 2ξ
α(i

ϕ
j)

α +2λ
(i

kL j)k +4λDLi j , (6.6.9a)

δϕ
i
α =

i
2

ξ
β iHβα − iξ β

j ∇βαLi j +
1
4

λ
ab(ϕ i

γ̃ab)α −λ
i j

ϕα j +
9
2

λDϕ
i
α +8η

j
αL j

i , (6.6.9b)

δHa = 2(ξiγab)
β

∇
b
ϕ

i
β
+

1
12

(ξ i
γaγ̃

bcd
ϕi)T−

bcd +λa
dHd +5λDHa

−10iη i
γ̃aϕi , (6.6.9c)

where

∇aLi j = DaLi j −ψa
(i

ϕ
j) , (6.6.10a)

∇aϕ
i = Daϕ

i − i
4

ψa
i
γbHb − i

2
ψa j /∇Li j +4φa jLi j . (6.6.10b)

The locally superconformal transformations of bmnpq are

δbmnpq = −εmnpqe f (ξiγ
e f

ϕ
i)+8i(ψ[miγnpq]ξ j)Li j +4∂[mlnpq] , (6.6.11)

where we have also included the gauge transformation δlbmnpq = 4∂[mlnpq] leaving hmnpqr and Ha

invariant. For convenience, we have summarised the dilatation weights of the fields of the O(2)

multiplet in Table 6.6.

Li j ϕαi Ha bmnpq

D 4 9/2 5 0

Table 6.6: Summary of the dilatation weights in the off-shell O(2) multiplet.

Now that we have reviewed the structure of a locally superconformal O(2) multiplet, we return

to constructing a triplet of linear multiplets from an on-shell hypermultiplet. Given that qii and ρ
i
α

describe an on-shell hypermultiplet in a standard Weyl multiplet background with transformation rules

(6.6.1), it can be shown that the following composite fields define a triplet of O(2) multiplets

Li j
i j = q(i

iq j)
j = qi

(iq j
j) , (6.6.12a)

ϕαi
i j =

1
2

qi
(i

ρα
j) , (6.6.12b)

Hai j = 2qi(i
∇

aqi
j)− i

8
ρ
(i

γ̃
a
ρ

j) . (6.6.12c)

These fields all transform according to (6.6.9) and each of the previous fields is symmetric in i and j.

The field Hai j, in particular, is interesting as it can be used to express the SU(2)R connection φm
i j as a

composite field. To see this, we introduce a new covariant derivative

Da = ea
m
(

∂m − 1
2

ωm
cdMcd −bmD

)
=Da + ea

m
φm

i jJi j , (6.6.13)

which then allows us to rearrange eq. (6.6.12c) for the SU(2)R gauge connection:

φa
i j = 4q−4q(iiq j)

j

[
qkiDaqk

j − 1
4

qki(ψakρ
j)− i

16
ρ

i
γ̃aρ

j − 1
2

Ha
i j

]
. (6.6.14)
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This concludes the definition of the hyper-dilaton Weyl multiplet. Our analysis demonstrates that

the hyper-dilaton Weyl multiplet defines a new representation of the off-shell local 6D, N = (1,0)

superconformal algebra. The multiplet comprises the following independent fields: em
a, bm, T−

abc, qii,

bmnpq
i j, ψmi, and ρ i. It also possesses the same number of off-shell degrees of freedom as the standard

Weyl multiplet, 40+40. Table 6.7 summarises the counting of degrees of freedom, underlining the

symmetries acting on the fields. Note that with the ingredients provided so far, it is a straightforward

em
a ωm

ab bm fm
a φm

i j ψmi φm
i T−

abc ρ i qii bmnpq
i j

36 0 6B 0 0 48F 0 10B 8F 4B 45B
Pa Mab D Ka Ji j Q S λmnp

i j-sym
−6B −15B −1B −6B −3B −8F −8F −30B

Result: 40+40 degrees of freedom

Table 6.7: Degrees of freedom and symmetries of the hyper-dilaton Weyl multiplet. Row one gives all the fields in the
multiplet. Row two gives the number of independent components of these fields — composite connections are counted with
zero degrees of freedom. Row three gives the gauge symmetries. Note that the parameter λmnp

i j describes the symmetry
associated with the gauge four-forms bmnpq

i j with field strength five-forms hmnpqr
i j and Eai j. Row four gives the number

of gauge degrees of freedom to be subtracted when counting the total degrees of freedom.

exercise to obtain the locally superconformal transformations of the fields of the hyper-dilaton Weyl

multiplet written only in terms of the independent fields and they are given as follows:

δem
a = −iξiγ

a
ψm

i +λ
a

bem
b −λDem

a , (6.6.15a)

δψm
α
i = 2Dmξ

α
i − 1

12
T−

abc(ξiγmγ̃
abc)α +

1
4

λ
ab(ψmiγab)

α −λi
j
ψm

α
j

−1
2

λDψm
α
i −2i(ηiγ̃m)

α , (6.6.15b)

δbm =
1
4

q−2qii(ξ
i
γm)α

[
1
12

(ρ i
γ̃

abc)αT−
abc − (γ̃a

∇aρ
i)α

]
+ξiφm

i +∂mλD−ψm
i
ηi −2λm , (6.6.15c)

δT−
abc = − i

8
ξ

k
γ

e f
γabcR(Q)e f k

−1
2

q−2qii(ξ
i
γabc)α

[
1

12
(ρ i

γ̃
abc)αT−

abc − (γ̃a
∇aρ

i )α

]
−3λ

e
[aT−

bc]e +λDT−
abc , (6.6.15d)

δqii =
1
2

ξ
i
ρ

i +λ
i
kqki +2λDqii , (6.6.15e)

δρ
i
α = −4i(ξiγ

c)α∇cqii +
1
4

λab(ρ
i
γ̃

ab)α +
5
2

λDρ
i
α +16η

k
αqk

i , (6.6.15f)

δbmnpq = −εmnpqe f ξiγ
e f

ϕ
i +8i(ψ[miγnpq]ξ j)Li j +4∂[mlnpq] . (6.6.15g)

For completeness, here we present the expressions relevant to the transformation in terms of this new

covariant derivative Da instead of Da, which has an implicit dependence on the composite SU(2)R

connection φa
i j.

∇aqii =
1
2

Daqii − 1
8

ψa
i
ρ

i −q−2qi
kqkiDaqk

k +
1
4

q−2qi
kqki(ψakρ

k)

+
i
8

q−2qi
k(ρ

(k
γ̃aρ

i))+q−2qi
kHa

ki , (6.6.16a)
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∇aρ
i
α = Daρ

i
α +2i(ψakγ

c)α∇cqki −8φa
k
αqk

i , (6.6.16b)

2qii = Da∇
aqii −4faaqii

+4q−4q(ikq j)
l(∇

aq j
i)

[
qkkDaqk

l − 1
2

Ha
kl − 1

4
qkk(ψakρ

l)
i

16
ρ

k
γ̃aρ

l
]

− 1
96

(ψa
i
γ

a
γ̃

bcd
ρ

i)T−
bcd +

2i
15

(ψa
i
γ

a
χ

k)qi
k −

1
4

ψa
αi

∇aρ
i
α − i

4
φa

i
γ̃

a
ρ

i , (6.6.16c)

where the composite connection φm
i and fa

b are now given in terms of Da by:

φm
k =

i
16

(
γ

bc
γm − 3

5
γmγ̃

bc
)[

2D[bψc]
k +

1
12

T−
de f γ̃

de f
γ[bψc]

k

+8q−4q(kiq j)
j

{
qkiD[bqk

j − 1
2

H[b
i j − 1

4
qki(ψ[bkρ

j)− i
16

(ρ i
γ̃[bρ

j)
}

ψc] j

]
, (6.6.17a)

fa
b = −1

8
Ra

b(ω)+
1

80
δ

b
aR(ω)+

i
16

ψc jγaR(Q)bc j +
i
8

ψc jγ
[bR(Q)a

c] j

− 1
16

q−2q j
i(ψa jγ

b)α

[
1

12
(ρ i

γ̃
cde)αT−

cde − (γ̃c
∇cρ

i )α

]
+

1
8

ψ[a jγ
bc

φc]
j

− 1
80

δ
b
a ψc jγ

cd
φd

j +
i

16
ψa

j
γcψd j T−bcd − i

160
δ

b
a ψc

j
γdψe j T−cde . (6.6.17b)

Note that the expression of fa
b has an explicit as well as implicit dependence on the composite

connection φa
i via ∇aρ i, which can now be substituted from (6.6.17a). It is also convenient to provide

the bosonic part of 2qii. By using that DaHa
i j = 0 up to fermions, it holds:

2qii =
1
2

DaDaqii +
3
4

q−2qii(Daqkk)Daqkk −q−2qi
jqkiDaDaqk

j +
1
2

q−2qk
jDaqi jDaqk

i

+q−4qllqi
jqki(Daqll)Daqk

j − 1
2

q−4qiiHa jkHa jk +
1
5
Rqii + fermions . (6.6.18)

In analogy to the 5D N = 1 hyper-dilaton Weyl multiplet, we will end this subsection by underlining

the following two remarks about the 6D N = (1,0) hyper-dilaton Weyl multiplet:

1. From a symmetry point of view, the hyper-dilaton Weyl multiplet contains all the fields that

are required to gauge fix the extra symmetries of the superconformal group, i.e., it contains a

triplet of scalar field qii, which can be used to gauge fix dilatation and SU(2)R symmetry; the

spinor field ρ
i
α and the dilatation connection bm can be used to fix S-supersymmetry and special

conformal symmetry, respectively. An example of such a gauge choice is as follows:

qii =−ε ii , (6.6.19a)

ρ
i
α = 0 , (6.6.19b)

bm = 0 . (6.6.19c)

This indicates that in the gauge fixed version we would obtain an off-shell irreducible multiplet

of Poincaré supergravity.

2. The second point would be to obtain a supersymmetric completion of the Einstein-Hilbert term

by using an appropriate compensating multiplet. In 4D N = 2 and 5D N = 1 this was achieved
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by using an off-shell vector multiplet compensator. In 6D the N = (1,0) vector multiplet has no

scalar fields [270, 271] that can be used for this purpose. The natural choice would be a tensor

multiplet. However, known versions of an off-shell tensor multiplet involve infinite number

of auxiliary fields [129, 130]. One might wonder whether it suffices to use an off-shell linear

multiplet. The action for an improved linear multiplet in a standard Weyl multiplet background

take the form of the following BF Lagrangian [69, 89]

e−1L|bosonic = − 2
15
(
3R+D

)
L− 1

8L
HaHa −

1
2L

Ha
φ

i j
a Li j −DaDaL

+
1

4L
(DaLi j)DaLi j −

1
8L3 b̃mnLi

j(∂mLki)∂nL jk . (6.6.20)

When working with a hyper-dilaton Weyl multiplet, we need to take into account that the

auxiliary field D and the SU(2)R connection are composite fields (and that (6.6.6b) and (6.6.14)

have to be used). The combination (3R+D) turns out to not depend on the scalar curvature R,

3R+D = −15q−2

{
qiiDaDaqii +(Daqii)Daqii −q−2qiiq j j(Daqii)Daq j j

−1
2

q−2Hai jHai j

}
. (6.6.21)

Clearly, by plugging this into (6.6.20), the result is independent of R and fails to be a good

starting point to engineer a supersymmetric extension of the Einstein-Hilbert term to obtain a

two-derivative Poincaré’ supergravity Lagrangian.

It is worth mentioning that coupling the hyper-Dilaton Weyl multiplet to any number of linear

multiplet will encounter the same problem. This is not too surprising since the linear multiplet is

on-shell equivalent to the on-shell hypermultiplet up to trading a scalar field with a gauge four-

form. We expect that the same would be true by using other variant off-shell hypermultiplets,

such as the off-shell charged hypermultiplet, coupled to conformal supergravity [129, 130]. We

will come back in the future to engineer 6D N = (1,0) off-shell Poincaré supergravity theories,

and their matter couplings, by using our new hyper-dilaton Weyl multiplet in a superconformal

setting.
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Chapter 7

On 4D, N = 2 deformed vector multiplets and
partial supersymmetry breaking in off-shell
supergravity

Electric and magnetic Fayet-Ilioupulous (FI) terms are used to engineer partial breaking of N = 2

global supersymmetry for systems of vector multiplets. The magnetic FI term induces a deformation

of the off-shell field transformations associated with an imaginary constant shift of the triplet of

auxiliary fields of the vector multiplet. In this paper, we elaborate on the deformation of off-shell

vector multiplets in supergravity, both in components and superspace. In a superconformal framework,

the deformations are associated with (composite) linear multiplets. We engineer an off-shell model

that exhibits partial local supersymmetry breaking with a zero cosmological constant. This is based

on the hyper-dilaton Weyl multiplet introduced in arXiv:2203.12203, coupled to the SU(1,1)/U(1)

special-Kähler sigma model in a symplectic frame admitting a holomorphic prepotential, with one

compensating and one physical vector multiplet, the latter magnetically deformed.

7.1 Introduction

Partial supersymmetry (SUSY) breaking is a fascinating subject that has been studied for several

decades. It has witnessed no-go theorems [17, 96] and their eventual disproof [93, 98–100, 284], and

to date, still remains a subject with various interesting open questions. In the case of four space-

time dimensions (4D), which is the subject of this work, partial breaking of global N = 2 → N = 1

supersymmetry requires the deformation of supersymmetry transformations [93–95, 252, 253, 255, 256,

285]. This can be engineered with off-shell supersymmetry, meaning that the algebra of supersymmetry

transformations closes without the aid of any equations of motion. In particular, possibly the simplest

model exhibiting spontaneous global supersymmetry breaking is the one introduced by Antoniadis-

Partouche-Taylor (APT) in 1995 [93] where a single N = 2 vector multiplet deformed by both electric

and a magnetic Fayet-Iliopoulos (FI) terms suffices to engineer the N = 2 → N = 1 supersymmetry
155
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breaking. A motivation for our work is to look for APT-type models in supergravity engineered with

manifest off-shell local supersymmetry.

An alternative way to construct partial supersymmetry breaking models employs non-linear real-

ization techniques, including nilpotent Goldstone multiplet analyses, where only one supersymmetry

is manifestly preserved and linearly realized [95, 254–256, 259, 286–292]. The non-linear realiza-

tion of partial supersymmetry breaking also naturally takes place in theories with supersymmetric

extended objects (like membranes), which lead to supersymmetric Dirac-Born-Infeld (DBI) type

actions [254, 289, 293, 294]. Moreover, understanding the mechanisms of partial supersymmetry

breaking is also motivated by phenomenology as it would be welcome to have feasible mechanisms to

control the breaking of extended supersymmetries in some high-energy scale while allowing a single

N = 1 supersymmetry at low energy, see, e.g., [295] and references therein.

Returning to the APT-type model, it is worth mentioning that electric and magnetic FI terms

are related to each other under the electric-magnetic duality of the associated vector multiplets

[93, 252, 253]. However, the two possess different features in the context of supersymmetry. The

electric FI term is a supersymmetric deformation of an N = 2 Lagrangian that on shell can induce a

vev for the triplet of real auxiliary fields of a vector multiplet. The magnetic FI term is a deformation

of the supersymmetry algebra that results from a constant imaginary shift of the same vector multiplet,

resulting in an inherited deformation of the supersymmetric constraint off shell. The possibility of

turning on both types of FI terms in an off-shell setting and tuning them appropriately allows for the

simple engineering of general matter systems with global spontaneous supersymmetry breaking. To

the best of our knowledge, one of the remaining open questions on the subject is to explicitly engineer

fully off-shell models that lead to local partial supersymmetry breaking in the supergravity context. In

our paper, we revisit this question and propose a solution to this problem.

Local partial supersymmetry breaking in supergravity is a subject that has obtained substantial

attention with a non-geodesic history. A limited set of references on the subject can be found

here [38, 96–98, 100–102, 107, 109, 110, 257, 257, 296–298]. In line with the early result of [17], in

1984 Cecotti-Girardello-Porrati did prove a no-go theorem for local partial supersymmetry breaking in

supergravity [96]. These were based on a clever analysis of the general aspects of local supersymmetry

algebras with different field content and the employment of superconformal techniques [37, 38, 42,

140, 141, 231]. The next year, it was realised by the same authors that local partial supersymmetry

breaking with a zero cosmological constant can be realised if one lifts the technical assumption of

the existence of a holomorphic prepotential for the special-Kähler geometry of the vector multiplets

[98]. The resulting model has one physical vector multiplet parametrising a SU(1,1)/U(1) special-

Kähler sigma model together with a hypermultiplet parametrising a SO(4,1)/SO(4) quaternion-

Kähler manifold and a set of (electric) gaugings. This set-up has seen several generalisations, see,

e.g., [38, 101, 102, 107, 109, 110, 257, 297, 298], however two common features are: (i) these local

partial supersymmetry breaking models include physical vector multiplets and at least one physical

hypermultiplet; (ii) due to the presence of the hypermultiplet, which in the component superconformal
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tensor calculus with a finite number of auxiliary fields is on shell [38],1 the resulting models have local

supersymmetry that only closes on shell. We will see in our work that the second restriction can be

lifted for an off-shell model of supergravity that has partial supersymmetry breaking and, in fact, is

closely related to the original set-up of [98]. However, for the model in our paper, we will employ an

off-shell magnetically deformed vector multiplet, together with a compensating vector multiplet in a

hyper-dilaton Weyl multiplet background (which we will comment about shortly) with no other matter

multiplets. The structure resembles the APT model with both electric and magnetic FI terms, and the

resulting construction is fully off shell, due to the modification of one of the building blocks in the

superconformal tensor calculus approach that leads to a new spectrum of fields.

Other than the examples mentioned above, it is worth reminding the reader that conformal

supergravity has played an important role in several research avenues in the last five decades —

we refer the reader to a few books and reviews for a more detailed discussion and list of refer-

ences [35–40]. Similar to superspace approaches (see [35, 36, 39, 40] for introductory reviews and,

e.g., [4, 26, 41, 116–119, 121, 127, 128, 131–133, 227–230, 299, 300] and references therein, for the

4D, N = 2 case) a main advantage of the superconformal tensor calculus is to provide an off-shell

description of potentially general supergravity-matter couplings. This allows one to formulate models

where local supersymmetry is engineered in a completely model-independent way. The approach has

been very successful in helping to decipher many of the intricate geometrical structures associated

to (two-derivative) sigma models in supergravity-matter systems with eight real supercharges, see,

e.g., [38, 42, 231–234]. The off-shell nature of the formalism has been a central ingredient in its

employment in the study of supersymmetric localisation and supersymmetric quantum field theories on

curved space-times — see [235] for a recent extensive review. Moreover, off-shell supersymmetry has

also been a crucial ingredient when using superconformal tensor calculus to construct higher-derivative

supergravity invariants [1,2,6,7,28,29,31,32,51,55–57,59–72,185,301,302]. These play an important

role, e.g., in the study of black-hole entropy and other applications in next to leading order AdS/CFT —

see the recent works [2, 79–82, 84, 86, 219, 303–305] and references therein.

Within the superconformal tensor calculus, general supergravity-matter couplings are engineered by

a few ingredients. First, one needs a multiplet of conformal supergravity — named the Weyl multiplet

— which forms an off-shell representation of the local superconformal algebra and contains the vielbein

as one of its independent fields. This multiplet defines the geometry (soft algebra) associated with the

gauging of the superconformal space-time symmetry. Next, one identifies off-shell matter multiplets

with local superconformal transformation rules in a Weyl multiplet background. These two ingredients

provide the kinematic data of a specific supergravity-matter system. Finally, one engineers locally

superconformal invariant action principles constructed out of these multiplets to obtain well-defined

1One way to overcome this difficulty is to employ multiplets with gauged central charges, see for example [141], but,
to the best of our knowledge, it remains an open question whether most general supergravity-matter couplings can be
engineered this way, see also the discussion in [38].
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supergravity theories.2

Assuming the matter multiplets contain enough “compensating” degrees of freedom, one can

suitably gauge fix part of the superconformal group, specifically dilatations, special conformal trans-

formations, S-supersymmetry, and R-symmetry, to obtain supergravity models where only the super-

Poincaré symmetry survives and is gauged. For instance, pure 4D, N = 2 Poincaré supergravity can

arise by the coupling of the standard Weyl multiplet [137–141] to two compensating multiplets. There

is significant freedom in doing so. Typically, one uses a vector multiplet and a hypermultiplet (the

hyper can take several forms, e.g., a linear, non-linear, or hypermultiplet with or without a central

charge) as compensators — see [38, 39] for recent reviews. Note that, in this approach, historically

the first step has predominantly been the same (standard Weyl multiplet), while most of the freedom

that has been used concerned the matter (compensators) side of this story. However, it is known that

variant Weyl multiplets exist and can be used to engineer theories of Poincaré supergravity. These go

by the name of dilaton Weyl multiplets.

The first example of a dilaton Weyl multiplet was introduced for 6D, N = (1,0) supergravity

in 1986 [89], and similar ideas were then employed to construct a variant dilaton Weyl multiplet

for 5D, N = 1 conformal supergravity [90, 199]. For the 4D, N = 2 case, the existence of a variant

representation of the Weyl multiplet of conformal supergravity was argued in [91] and was explicitly

constructed only recently in [92] by coupling an on-shell vector multiplet to a standard Weyl multiplet

— for this reason, we sometimes refer to this as the vector-dilaton Weyl multiplet. Two years ago, we did

show the existence of a so-called hyper-dilaton Weyl multiplet for 4D, N = 2 conformal supergravity

engineered by coupling an on-shell hypermultiplet to the standard Weyl multiplet and by reinterpreting

the resulting system as a variant off-shell Weyl multiplet [4]. This is the Weyl multiplet that we will

use to engineer an off-shell model for local partial supersymmetry breaking. A similar analysis was

then performed to define hyper-dilaton Weyl multiplets also in five and six dimensions [3]. It is also

worth mentioning that new dilaton Weyl multiplets were recently engineered for maximal conformal

supergravity in four and five space-time dimensions [306, 307].

Considering the role played by the hyper-dilaton Weyl multiplet in our paper, let us now review

some of its key features. The off-shell standard Weyl multiplet of 4D, N = 2 conformal supergravity

comprises 24+24 independent fields. Besides the vielbein, gravitini, U(1)R ×SU(2)R, and dilatation

symmetry connections, the multiplet comprises a set of covariant matter (auxiliary) fields: a real

antisymmetric tensor, Wab, the real scalar field, D, and the spinor fields that we denote by (Σαi, Σ̄α̇i).

The presence of the matter fields is key to obtaining a set of local superconformal field transformations

that close off shell. To define the hyper-dilaton Weyl multiplet one starts with an on-shell hypermultiplet

[186, 242] in a standard Weyl multiplet background [138–141, 232]. The constraints that arise by

requiring the algebra of local superconformal transformations to close on the fields of the hypermultiplet

can then be interpreted as algebraic equations for some of the fields of the standard Weyl multiplet.

2These tasks can be simplified by manifestly gauging the superconformal algebra in superspace through so-called
conformal superspace. Conformal superspace was first introduced for 4D, N = 1,2 supergravity in [25, 26] (see also the
seminal work [236]) and it was then developed for 3D, N-extended supergravity [27], 5D, N = 1 supergravity [29], 6D,
N = (1,0) supergravity [31, 32], and recently 4D N = 3 supergravity [33] — see [39, 40] for recent reviews.
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More precisely, the standard Weyl multiplet’s matter fields (Σαi, Σ̄α̇i) and D, together with the SU(2)R

symmetry connection φm
i j become composite fields. On the other hand, the four bosonic qii and

four fermionic (ρ
i
α , ρ̄

α̇
i ) fields of the hypermultiplet, together with an emerging triplet of real gauge

two-forms bmn
i j = bmn

ji =−bnm
i j, are independent and not subject to any equations of motion. In turn,

the new set of independent fields describes another 24+24 representation of the local superconformal

algebra that closes off shell. An interesting feature of the hyper-dilaton Weyl multiplet is that not only

dilatation but also SU(2)R becomes pure gauge, while a triplet of one-form symmetry takes place.

To construct a multiplet of N = 2 Poincaré supergravity, where only local Lorentz symmetry and

local Q-supersymmetry are unbroken, it then suffices to couple the hyper-dilaton Weyl multiplet to

a single compensating vector multiplet. The result is an off-shell 32+ 32 hyper-dilaton Poincaré

supergravity multiplet, which was originally constructed by Müller in [241] with a different approach.

Even though the off-shell field content is minimal, the on-shell theory is non-minimal and comprises

the N = 2 Poincaré supergravity multiplet with a vielbein, gravitini, and a graviphoton together with an

on-shell hypermultiplet where three of the real scalar field are dualised to a triplet of gauge two-forms

and one of the scalars plays the role of a dilaton. This is precisely the Poincaré supergravity that we

will use to engineer an off-shell model that comprises an extra physical vector multiplet (similar to the

one of the APT model) where local partial supersymmetry breaking easily takes place.

An interesting feature of Müller’s supergravity, and our implementation in terms of the hyper-

dilaton Weyl multiplet, is the alternative way with which it is possible to generate scalar field potentials

with a mechanism different than that of gauging the R-symmetry. It is well known that in the standard

engineering of general supergravity-matter couplings in 4D, extended (N = 2) supergravity, scalar

potentials are associated with moment maps of the embedding of the scalar fields sigma model gauged

isometries in the SU(2)R group. In a superconformal setting based on the N = 2 standard Weyl

multiplet, this emerges by integrating out the SU(2)R gauge connection, which in a two-derivative

theory is an auxiliary field — see [38] for review. In the hyper-dilaton Weyl and Müller multiplets,

SU(2)R can be fixed without the aid of a compensating multiplet as, in fact, its gauge field is a

composite field that turns into the Hodge dual of the field strength of a triplet of gauge two-forms

bmn
i j. The result is a coupling of the supergravity multiplet to new two-form physical fields and

not a mechanism that makes fields (as, for example, the gravitini) charged under the physical gauge

group. This was explained in [4], and it generalises to generic couplings with vector multiplets. The

result is an alternative, yet simple, off-shell engineering of non-trivial scalar potentials in 4D, N = 2

supergravity.

In our work, we will focus on off-shell Poincaré supergravity based on the hyper-dilaton Weyl

multiplet coupled to a system of off-shell Abelian vector multiplets, one of which is a conformal

compensator. We will not add other matter fields in the system, in particular, no hypermultiplets other

than the on-shell one which defines the hyper-dilaton Weyl multiplet. It is well known that, by using

the standard Weyl multiplet, for pure systems of physical vector multiplets, non-trivial scalar potentials

in 4D, N = 2 supergravity are engineered through gauging by local FI terms. As in the rigid case,

FI terms are either electric or magnetic. To the best of our knowledge, in supergravity, the off-shell
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description of 4D, N = 2 magnetic FI terms (and magnetic gaugings) has not been developed in full

generality yet, though they are expected to play an important role in engineering scalar potentials in

supergravity models possessing vacua with both positive and negative cosmological constants – see,

for instance the recent discussion of magnetic 4D, N = 1 FI terms [112]. Part of our work is to extend

this analysis to the 4D, N = 2 case and elaborate on off-shell magnetically deformed vector multiplets.

The curved superspace constraints for off-shell magnetic FI-type terms were introduced in [258,

259] and in depth supergravity analyses in components (though not fully off shell) were presented

earlier in [73, 260, 261]. By using a hyper-dilaton Weyl multiplet it is straightforward to engineer

generic electric and magnetic FI-type terms by means of composite linear multiplets. The result is

similar to the global case, where the two types of deformations induce a real or imaginary shift of the

vector multiplets. The supergravity extensions of electric FI terms, which we will parameterize with ξ ,

can be obtained by using the BF-coupling between a vector and a linear multiplet. In a hyper-dilaton

Weyl background, one can construct composite linear multiplets by using a quadratic combination of

the fields of the on-shell hypermultiplet. In the case of a ξ -deformation, the bottom component of such

a composite linear multiplet is given by Gξ i j = ξi jqi
iq j

j. We will see that off-shell magnetic FI-type

deformations in a hyper-dilaton Weyl multiplet background can easily be engineered in terms of the

same type of composite linear multiplet. This would, for example, appear as an imaginary deformation

of the X i j-auxiliary real field of a vector multiplet. These deformations are parametrised by the

composite field Gζ i j = ζi jqi
iq j

j with ζi j = ζ ji, (ζi j)
∗ = ζ

i j constants that generalise the magnetic

FI terms of global supersymmetry. Given a system of n+ 1 vector multiplets with scalar fields φ I

(with I = 0,1, · · · ,n) coupled to the off-shell hyper-dilaton Weyl multiplet, it is then straightforward to

introduce 3(n+1) off-shell deformations each associated to either a ξ
i j
I electric deformation or a ζ I

i j

magnetic deformation. These in general induce non-trivial scalar potentials and vacuum structures.

Remarkably, due to the fact that each of the ξ and ζ deformations can take three SU(2) directions

independently, there is enough freedom to obtain local partial supersymmetry breaking. We will prove

this by considering a very simple model given by one physical and one compensating vector multiplets,

the first magnetically deformed, the second having an electric deformation turned on. By taking a

special-Kähler holomorphic prepotential of the form F = cφφφφ (the reader can look at [37–40] for

reviews on structures of general Lagrangians for off-shell vector multiplets), with c a nonzero real

constant while φ being the complex scalar field of the compensating vector multiplet and φφφ the same

for the physical vector multiplets, and by choosing the determinant of the matrix

Mi j =−2
c

ξi j + iζi j , (7.1.1)

to be zero, detM = 0, we find local partial supersymmetry breaking in a Minkowski vacua. A zero

determinant condition of a matrix given by a linear combination of an electric and a magnetic FI term,

is precisely the one for partial breaking in the global APT model. In fact, in the local model that we

consider, the mechanism is very similar, since all shift symmetry terms in the supersymmetry variation

of the fermions, together with the fermionic mass matrices, are all parametrized by the matrix Mi j

given above. A difference, however, is the fact that here, one FI term belongs to the physical multiplet
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and the other to the compensator. Still, the simplicity of the construction is inspiring, also because

at all steps supersymmetry is off shell, allowing one to potentially add other couplings to the model,

including higher-derivative ones, in a fairly straightforward way.

Before moving to the technical part of our paper, we would like to comment on the form of the

special-Kähler potential, F = cφφφφ , that we have chosen for the example that we discuss in detail

in this paper. This is a natural choice. In fact, as mentioned, e.g., in footnote four of [100], this

holomorphic prepotential is precisely the one of the SU(1,1)/U(1) special-Kähler sigma model which

was employed in the seminal work on local partial supersymmetry breaking [98] but in a symplectic

frame, obtained after an electric-magnetic duality, where a holomorphic potential actually exists. From

the point of view of the special-Kähler geometry, our exemplary model is inspired by the one of [98]

after a duality transformation, where, however, the hypermultiplet sector in our case becomes part

of the conformal supergravity multiplet with three scalar fields turned into gauge two-forms. The

emergence of a magnetically deformed vector multiplet is then expected. However, the absence of

gauging in our setup, as well as the new spectrum of the on-shell theory, are intriguing features of

working with hyper-dilaton supergravity.

This paper is organised as follows. In Section 7.2, we introduce the relevant superconformal

multiplets in superspace and components. This includes the standard Weyl multiplet, the abelian vector

multiplet, the linear multiplet (often referred to tensor multiplet), and the hyper-dilaton Weyl multiplet

(constructed by an on-shell hypermultiplet). The reader familiar with these results can skip this review

section, but note that this section does review a wealth of results in our notations. In Section 7.3,

we introduce the deformed abelian vector multiplet with which we induce the previously mentioned

magnetic deformation. In Section 7.4, we give the component actions used in this paper being the

Abelian deformed vector multiplet action and the standard FI term by a linear multiplet action. In

this section, the linear multiplet is considered as a general one (not necessarily composite), whereas

in the successive sections of the paper, all deformations will be parametrised by linear multiplets

that are composite of a hypermultiplet. The general off-shell action for deformed N = 2 conformal

supergravity in a hyper-dilaton Weyl multiplet background is then given in Section 7.5 followed by the

covariant equations of motion for this general model’s auxiliary fields. In Section 7.6, we then proceed

with a specific choice being the SU(1,1)/U(1) special-Kähler sigma model and give the corresponding

off-shell action. This is followed by a process of gauge fixing and integrating out auxiliary fields

resulting in an on-shell supergravity model with partial supersymmetry breaking. Finally, in Section

7.7, we collect concluding comments and an outlook for our paper. We also present a few technical

appendices in Appendices A. This first includes our notations and conventions and details on 4D,

N = 2 conformal superspace. For the reader’s convenience, we then give the S-supersymmetry and

local superconformal transformations of various multiplet fields seen throughout this paper. Lastly, we

accompany our paper with a supplementary file where we give the fermionic counterparts to various

component actions, the bosonic parts of which are given in Sections 7.5 and 7.6 of this paper. This

supplementary file can be found in [5].
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7.2 Superconformal multiplets in 4D, N = 2

This section is devoted to a review of several superconformal matter multiplets in 4D, N = 2 theory.

Along with the standard Weyl multiplet discussed in subsections 2.2.2 and 2.2.3, they serve as the

building blocks for the invariants of 4D, N = 2 conformal supergravity discussed in this paper.

7.2.1 The abelian vector multiplet

One-form geometry of the abelian vector multiplet and its descendents

The field strength two-form F of an Abelian vector multiplet is given in terms of its one-form

potential V = dzMVM = EAVA by F = dV = 1
2EB ∧EAFAB, or equivalently,

FAB = 2∇[AVB}−TAB
CVC . (7.2.1)

Due to the existence of the one-form potential the field strength must satisfy the Bianchi identity

dF = 0 =⇒ ∇[AFBC}−T[AB
DF|D|C} = 0 . (7.2.2)

At mass dimension-1 we impose the constraints

F i
α

j
β
=−2ε

i j
εαβW , F α̇

i
β̇

j = 2εi jε
α̇β̇W , F i

α

β̇

j = 0 , (7.2.3)

where W is a primary superfield with dimension 1 and U(1)R weight −2,

KAW = 0 , DW =W , YW =−2W . (7.2.4)

Then the Bianchi identities may be solved giving

Fa
j
β
=

i
2
(σa)β

γ̇
∇̄

j
γ̇
W , Fa

β̇

j =− i
2
(σa)γ

β̇
∇

γ

jW , (7.2.5a)

Fab =− 1
8
(σab)αβ (∇

αβW +4W αβW )+
1
8
(σ̃ab)α̇β̇

(∇̄α̇β̇W +4W α̇β̇W ) . (7.2.5b)

The Bianchi identities also require W to be a reduced chiral superfield,

∇̄
i
α̇W = 0 , ∇

i jW = ∇̄
i jW . (7.2.6)

Note that we have introduced the notation

∇
i j := ∇

γ(i
∇

j)
γ , ∇̄

i j := ∇̄
(i
γ̇

∇̄
γ̇ j) , ∇

αβ := ∇
(αk

∇
β )
k , ∇̄

α̇β̇ := ∇̄
(α̇
k ∇̄

β̇ )k . (7.2.7)

Acting with spinor covariant derivatives on W gives the following independent descendants:

λ
i
α := ∇

i
αW , λ̄

α̇
i := ∇̄

α̇
i W , X i j := ∇

i jW = ∇̄
i jW , (7.2.8a)

Fab :=−1
8
(σab)αβ (∇

αβW +4W αβW )+
1
8
(σ̃ab)α̇β̇

(∇̄α̇β̇W +4W α̇β̇W ) , (7.2.8b)

Fαβ :=
1
2
(σab)αβ Fab =−1

8
(∇αβW +4WαβW ) , (7.2.8c)



7.2. SUPERCONFORMAL MULTIPLETS IN 4D, N = 2 163

F̄ α̇β̇ :=−1
2
(σ̃ab)α̇β̇ Fab =−1

8
(∇̄α̇β̇W +4W α̇β̇W ) . (7.2.8d)

These superfields satisfy the following tower relations that are particularly useful in analysing the

structure of invariants:

∇
i
αλ

j
β
=

1
2

εαβ X i j +4ε
i jFαβ +2ε

i jWαβW , (7.2.9a)

∇̄
α̇
i λ

j
β
=−2iδ j

i ∇β
α̇W , ∇

i
α λ̄

β̇

j =−2iδ i
j∇α

β̇W , (7.2.9b)

∇̄
α̇
i λ̄

β̇

j =
1
2

ε
α̇β̇ Xi j +4εi jF̄ α̇β̇ +2εi jW

α̇β̇W , (7.2.9c)

∇
i
αX jk =−4iε i( j

∇α
α̇

λ̄
k)
α̇

, ∇̄
α̇
i X jk = 4iδ ( j

i ∇α
α̇

λ
k)α , (7.2.9d)

∇
i
γFαβ = εγ(αΣ

i
β )W − 1

2
Wαβ

i
γW +

1
2

iεγ(α∇β )
α̇

λ̄
i
α̇ , (7.2.9e)

∇̄
γ̇

kFαβ =
i
2

∇(α
γ̇
λβ )k −

1
2

Wαβ λ̄
γ̇

k , (7.2.9f)

∇
i
γ F̄ α̇β̇ =

i
2

∇γ
(α̇

λ̄
β̇ )k − 1

2
W α̇β̇

λ
k
γ , (7.2.9g)

∇̄
γ̇

kF̄ α̇β̇ =−ε
γ̇(α̇

Σ̄
β̇ )
k W − 1

2
W α̇β̇ γ̇

kW +
1
2

iε γ̇(α̇
∇α

β̇ )
λ

α
k . (7.2.9h)

These descendant superfields transform under S-supersymmetry as given in the Appendix A of our

work.

The abelian vector multiplet in components

We define the component fields of the abelian vector multiplet as follows

φ :=W | , λ
i
α := λ

i
α |= ∇

i
αW | , X i j := X i j|= ∇

i jW | , Fab := Fab| . (7.2.10)

See [42, 137, 141, 231, 242, 243] for seminal works on the N = 2 vector multiplet. The reality of X i j

follows from the Bianchi identity. The remaining component field being the gauge connection vm is

given by the lowest component of the corresponding superspace connection, vm = Vm|. It is worth

underlining that the following definition for Fab from (7.2.8b) can be directly projected to components

Fab = −1
8
(σab)αβ (∇

αβW +4W αβW )|+ 1
8
(σ̃ab)α̇β̇

(∇̄α̇β̇W +4W α̇β̇W )| . (7.2.11)

The component two-form field strength is constructed from a projection of the superspace two-form,

fmn = Fmn|= 2∂[mVn]|= 2∂[mvn] . (7.2.12)

Making use of the identity

Fmn = Em
AEn

BFAB(−)ab, (7.2.13)

and projecting to its lowest component, we may solve for Fab| to give

Fab := Fab|= ea
meb

n fmn −
i
2
(σ[a)α

α̇
ψb]

α
k λ̄

k
α̇ +

i
2
(σ̃[a)α̇

α
λ

k
α ψ̄b]

α̇
k
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− 1
2

ψa
γ

kψb
k
γ φ̄ +

1
2

ψ̄a
γ̇

kψ̄b
k
γ̇φ . (7.2.14)

In the superconformal tensor calculus’ language, Fab is referred to as the supercovariant field strength

(as it transforms covariantly under any local superconformal transformations) whereas fmn = 2∂[mvn]

is the conventional field strength. By construction Fab satisfies the Bianchi identity

∇[aFbc] =− i
2

R(Q)[ab jσc]λ̄
j +

i
2

R(Q̄)[ab
j
σ̃c]λ j . (7.2.15)

The local superconformal transformations of the fundamental fields of the vector multiplet fields in a

standard Weyl multiplet background are given in Appendix 5.3.3.

7.2.2 The linear multiplet

Two-form geometry of the linear multiplet

The field strength three-form H is given in terms of its two-form gauge potential B = 1
2EB∧EABAB

by

H = dB =
1
3!

EC ∧EB ∧EAHABC , HABC = 3∇[ABBC}−3T[AB
DB|D|C} . (7.2.16)

The field strength remains invariant under gauge transformations δB = dV with V a one-form gauge

parameter. The existence of the gauge potential requires that the Bianchi identity

dH = 0 =⇒ ∇[AHBCD}−
3
2

T[AB
EH|E|CD} = 0 , (7.2.17)

be satisfied. As with the gauge one-form, we must impose constraints to reduce the multiplet. At mass

dimension-3
2 they consist of

H i
α

j
β

k
γ = Hα̇

i
β̇

j
γ̇

k = H i
α

j
β

γ̇

k = Hα̇
i

β̇

j
k
γ = 0 . (7.2.18)

The Bianchi identities for H can then be solved. The solution is

Ha
i
α

j
β
= 0 , Ha

α̇
i

β̇

j = 0 , Ha
i
α

α̇
j =

1
2
(σa)α

α̇Gi
j , (7.2.19a)

Hab
i
α =

i
6
(σab)α

β
∇

k
β
Gi

k , Hab
α̇
i =

i
6
(σ̃ab)

α̇

β̇
∇̄

β̇

k G
k

i , (7.2.19b)

Habc =
i

96
εabcd(σ

d)α

β̇
[∇i

α , ∇̄
β̇

j ]G
j
i = εabcdHd , (7.2.19c)

where Gi j is a real symmetric conformally primary dimension-2 superfield, i.e.,

KAG
i j = 0 , DGi j = 2Gi j , YGi j = 0 , (Gi j)∗ = Gi j = εikε jlG

kl . (7.2.20)

The superfield Gi j also obeys the constraint

∇̄
(i
α̇
G jk) = ∇

(i
αG

jk) = 0 , (7.2.21)
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which defines the N = 2 linear multiplet. By acting with spinor covariant derivatives on Gi j gives the

following descendants:

χαi :=
1
3

∇
j
αGi j , χ̄

α̇i :=
1
3

∇̄
α̇
j G

i j , (7.2.22a)

F :=
1
12

∇
i jGi j , F̄ :=

1
12

∇̄
i jGi j , (7.2.22b)

Habc :=
i

96
εabcd(σ

d)α

β̇
[∇i

α , ∇̄
β̇

j ]G
j
i = εabcdHd , (7.2.22c)

Ha =
i

96
(σa)

α

β̇
[∇i

α , ∇̄
β̇

j ]G
j
i =

1
6

εabcdHbcd . (7.2.22d)

These superfields satisfy the following tower relations and are particularly useful in analysing the

structure of invariants:

∇
i
αG

jk =−2ε
i( j

χ
k)
α , ∇̄

α̇
i G jk =−2εi( j χ̄

α̇

k) , (7.2.23a)

∇
i
α χβ j = δ

i
jεαβ F , ∇̄

α̇
i χβ j =−4iεi jHa(σ

a)β
α̇ − i∇β

α̇Gi j , (7.2.23b)

∇̄
α̇
i χ̄

β̇ j = δ
j

i ε
α̇β̇ F̄ , ∇iβ χ̄

α̇
j =−4iεi jHa(σ

a)β
α̇ − i∇β

α̇Gi j , (7.2.23c)

∇
i
αF = 0 , ∇̄

α̇
i F = 2i∇α

α̇
χ

α
i −2W α̇

γ̇ χ̄
γ̇

i −6Σ
α̇ jGi j , (7.2.23d)

∇̄
α̇
i F̄ = 0 , ∇

i
α F̄ = 2i∇α

α̇
χ̄

i
α̇ +2Wαγ χ

γi −6Σ
j
αGi

j , (7.2.23e)

∇
i
αHa =

1
2
(σab)α

β
∇

b
χ

i
β
− i

8
(σa)αβ̇

[
W β̇ γ̇

χ̄
i
γ̇ +3Σ

β̇

l Gli
]
, (7.2.23f)

∇̄α̇iHa =−1
2
(σ̃ab)α̇β̇

∇
b
χ̄

β̇

i +
i
8
(σ̃a)α̇β

[
W βγ

χγi +3Σ
β lGli

]
. (7.2.23g)

These descendant superfields transform under S-supersymmetry as given in the Appendix A of our

work.

It is possible to construct a superfield which automatically obeys the above constraints (7.2.21) by

imposing constraints on the two-form BAB itself. It holds that

Bi
α

j
β
=−2ε

i j
εαβ Ψ̄ , Bα̇

i
β̇

j = 2εi jε
α̇β̇

Ψ , Bi
α

β̇

j = 0 , (7.2.24)

where Ψ is a chiral superfield, ∇̄α̇
i Ψ = 0, of dimension 1 and U(1)R weight -2, but otherwise arbitrary

KAΨ = 0 , DΨ = Ψ , Y Ψ =−2Ψ . (7.2.25)

Constraints of this kind are quite natural since the gauge transformation δB = dṼ = F̃ amounts to

δΨ = W̃ , (7.2.26)

with W̃ a generic vector multiplet chiral field strength satisfying the Bianchi identities of eq. (7.2.6).

We can then proceed to solve (7.2.16) for the full two-form B:

Ba
i
α =

i
2
(σa)α

α̇
∇̄

i
α̇Ψ̄ , Ba

α̇
i =− i

2
(σa)α

α̇
∇

α
i Ψ , (7.2.27a)

Bab =−1
8
(σab)

αβ (∇αβ Ψ+4Wαβ Ψ̄)+
1
8
(σ̃ab)α̇β̇

(∇̄α̇β̇
Ψ̄+4W α̇β̇

Ψ) . (7.2.27b)
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Inserting this solution into the definition of H leads to an expression for the linear multiplet in terms of

an unconstrained chiral prepotential

Gi j =− i
2
(
∇

i j
Ψ− ∇̄

i j
Ψ̄
)
= Im[∇i j

Ψ] , ∇
i j

Ψ− ∇̄
i j

Ψ̄ = 2iGi j . (7.2.28)

One can check that Gi j indeed obeys (7.2.20) and (7.2.21) and is invariant under (7.2.26).

Linear multiplet in components

The components of the linear multiplet are defined as follows — see [117, 118, 138–140, 186–191,

262] for seminal works. The linear multiplet is described by a real primary superfield Gi j of dimension

2 (7.2.20) satisfying the constraint (7.2.21). The corresponding 3-form field strength H in superspace

is given by (7.2.18) and (7.2.19). Within the superfield Gi j are the matter components of the linear

multiplet: a real isotriplet field Gi j, a fermion χαi, and a complex scalar F :

Gi j := Gi j| , (7.2.29a)

χαi :=
1
3

∇
j
αGi j| , χ̄

α̇i :=
1
3

∇̄
α̇
j G

i j| , (7.2.29b)

F :=
1

12
∇

i jGi j| , F̄ :=
1

12
∇̄

i jGi j| , (7.2.29c)

Habc :=
i

96
εabcd(σ

d)α

β̇
[∇i

α , ∇̄
β̇

j ]G
j
i|= εabcdHd , (7.2.29d)

Ha =
i

96
(σa)

α

β̇
[∇i

α , ∇̄
β̇

j ]G
j
i|=

1
6

εabcdHbcd . (7.2.29e)

The remaining component field, the two-form, is given by bmn := Bmn|. Owing to the superspace

identity

∇
i
α∇

j
β
Gkl =−1

6
εαβ ε

i(k
ε

l) j
∇

pqGpq , (7.2.30)

there are no other independent component fields. The local superconformal transformations of the

fundamental fields of the linear multiplet in a standard Weyl multiplet background are given in 5.2.10.

The covariant conservation equation for Ha is

∇
aHa =

3
8

Σ
i
χi +

3
8

Σ̄iχ̄
i . (7.2.31)

The constraint locally implies the existence of a gauge two-form potential, bmn =−bnm, and its exterior

derivative hmnp := 3∂[mbnp]. The solution of (7.2.31) is

Ha =
1
6

εa
bcd
(

hbcd −
3i
4

ψbiσcdχ
i − 3i

4
ψ̄b

i
σ̃cd χ̄i −

3
4
(ψb

i
σcψ̄d

j)Gi j

)
, (7.2.32)

where habc = ea
meb

nec
phmnp. The local superconformal transformations of bmn are

δbmn =
i
2

ξiσmnχ
i +

i
2

ξ̄
i
σ̃mnχ̄i +

1
2

(
ψ̄[m

i
σn]ξ

j −ψ[m
i
σn]ξ̄

j
)

Gi j +2∂[mln] , (7.2.33)

where we have also included the vector gauge transformation δlbmn = 2∂[mln] that leaves hmnp and

Ha invariant. In constructing the superspace three-form Hmnp = 3∂[mBnp] we can make use of the

superspace identity

Hmnp = Em
AEn

BEp
CHABC(−)ab+ac+bc . (7.2.34)
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Projecting this equation to the lowest component, and defining

hmnp := Hmnp|= 3∂[mbnp] , habc := ea
meb

nec
phmnp , (7.2.35)

it is easy to show that

hmnp = εmnpqHa|ea
q +

3i
4
(σ[mn)α

β
ψp]

α
j χ

j
β
+

3i
4
( ˜sigma[mn)

α̇

β̇
ψ̄p]

j
α̇

χ̄
β̇

j

−3
4
(σ[m)αα̇ψn

αi
ψ̄p]

α̇ jGi j , (7.2.36)

or, equivalently,

Ha := Ha|= 1
6

ε
abcdHbcd|

=
1
6

ε
abcd
(

hbcd −
3i
4
(σcd)α

β
ψb

α
k χ

k
β
− 3i

4
(σ̃cd)

α̇

β̇
ψ̄b

k
α̇ χ̄

β̇

k +
3
4
(σb)α

β̇
ψc

α
k ψ̄d

l
β̇

Gk
l

)
. (7.2.37)

In the paper, we will denote the Hodge dual of a three-form component field habc with

h̃a =
1
6

ε
abcdhbcd . (7.2.38)

We also keep using the same notation for the superfield Ha and the covariant component field Ha|, but

we hope the reader will understand what we refer to depending on the context.

We have emphasized that the construction of the two-form multiplet is completely geometrical,

but it is worth noting that, as discussed in Subsection 7.2.2, the two-form multiplet can be encoded in

a chiral superfield Ψ. By making use of the gauge transformations (7.2.26), one can choose for the

components of BAB that Bαβ |= B̄α̇β̇ |= 0 and Baβ |= B̄aβ̇ |= 0 while Bab| remains unconstrained by

imposing the component constraints3

Ψ|= 0 , ∇
i
αΨ|= 0 , ∇

i j
Ψ|=−∇̄

i j
Ψ̄| . (7.2.39)

One may easily construct bmn using bmn = em
aen

bBab|. As usual, the supersymmetry transformation

laws of the component fields may be derived by using the constraints.

7.2.3 On-shell hypermultiplet and hyper-dilaton Weyl multiplet

In this subsection, we review the construction of the 4D, N = 2 hyper-dilaton Weyl multiplet of [4].

This plays a central work in our work.

A single on-shell hypermultiplet is comprised of 4+4 degrees of freedom described by a Lorentz

scalar field qii and spinor fields (ρ i
α , ρ̄ α̇

i ) — see [138–141, 186, 242] together with [37, 38, 232] and

references therein for superconformal approaches to systems of on-shell hypermultiplets. The index

i = 1,2 is a SU(2) flavour index, and the fields satisfy the following reality conditions

(qii)∗ = qii , (ρ
i
α)

∗ = ρ̄α̇i . (7.2.40)
3The third constraint is not actually necessary to eliminate the other components of the two-form, but it does

substantially simplify the component evaluation later.
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They also satisfy the following dilatation and chiral weight identities

Dqii = qii , Dρ
i
α =

3
2

ρ
i
α , Dρ̄α̇i =

3
2

ρ̄α̇i , (7.2.41a)

Y qii = 0 , Y ρ
i
α = ρ

i
α , Y ρ̄α̇i =−ρ̄α̇i . (7.2.41b)

The multiplet, which has the field qii as its superconformal primary, is characterised by the following

local superconformal transformations [37, 38, 138–141, 232]

δqii =
1
2

ξ
i
ρ

i − 1
2

ξ̄
i
ρ̄

i +λ
i
kqki +λDqii , (7.2.42a)

δρ
i
α = −4i(σa

ξ̄k)α∇aqki +
1
2

λab(σ
ab

ρ
i)α + iλY ρ

i
α +

3
2

λDρ
i
α +8η

k
αqk

i , (7.2.42b)

δ ρ̄
α̇
i = 4i(σ̃a

ξ
k)α̇

∇aqki +
1
2

λab(σ̃
ab

ρ̄i)
α̇ − iλY ρ̄

α̇
i +

3
2

λDρ̄
α̇
i −8η̄

α̇
k qk

i , (7.2.42c)

where

∇aqii =Daqii − 1
4

ψa
i
ρ

i +
1
4

ψ̄a
i
ρ̄

i . (7.2.43)

In conformal superspace, the multiplet is described by a dimension one primary superfield Qii,

neutral under U(1)R, and satisfying the following analyticity constraint

∇
(i
αQ j) j = ∇̄

(i
α̇

Q j) j . (7.2.44)

The transformation rules in (7.2.42) simply derive from the equation above together with self-

consistency of the conformal superspace algebra of covariant derivatives and the following definition

of the component fields

qii := Qii| , ρ
i
α := ∇

i
αQi

i| , ρ̄
i
α̇
= ∇̄

i
α̇Qi

i| . (7.2.45)

In contrast with the standard Weyl multiplet described in a previous subsection, the algebra of the

local superconformal transformations (7.2.42) closes only when equations of motion for the fields are

imposed, see for example [38, 232] for a detailed analysis. In our notations, the covariant equations of

motion of qii and (ρ
i
α , ρ̄ α̇

i ) are:

(
∇aρ

i
σ

a)
α̇

=
i
2
(ρ̄ i

σ̃
cd)α̇W−

cd +6iΣ̄α̇kqki , (7.2.46a)(
∇aρ̄i σ̃

a)α
= − i

2
(ρi σ

cd)αW+
cd +6iΣαkqki , (7.2.46b)

2qii = −3
2

Dqii , 2 := ∇
a
∇a . (7.2.46c)

The expressions for ∇aρ
i
α , ∇aρ̄ α̇

i , and □qii in terms of the derivatives Da are given by

∇aρ
i
α = Daρ

i
α +2i(σb

ψ̄ak)α

(
Dbqki − 1

4
ψb

k
ρ

i +
1
4

ψ̄b
k
ρ̄

i
)
+4φaαkqki , (7.2.47a)

∇aρ̄
α̇
i = Daρ̄

α̇
i −2i(σ̃b

ψa
k)

α̇

(
Dbqki −

1
4

ψbkρi +
1
4

ψ̄bkρ̄i

)
−4φ̄a

α̇kqki , (7.2.47b)
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□qii = DaDaqii −2faaqii − 1
4

ρ
iDaψ

ai +
1
4

ρ̄
iDaψ̄

ai − 1
2

ψ
aiDaρ

i +
1
2

ψ̄
aiDaρ̄

i

− i
4

φa
i
σ

a
ρ̄

i +
i
4

φ̄
i
aσ̃

a
ρ

i + i(ψa
(i

σ
b
ψ̄

k)a)Dbqk
i +

3i
4
(ψa

i
σ

a
Σ̄l)qli +

3i
4
(ψ̄ i

aσ̃
a
Σl)qli

− i
16

(ψ̄a
i
σ̃

a
σ

cd
ρ

i)W+
cd −

i
16

(ψa
i
σ

a
σ̃

cd
ρ̄

i)W−
cd − (ψa

i
φ

a
k)qki +(ψ̄a

i
φ̄

a
k)qki

− i
4
(ψa

(i
σ

b
ψ̄

k)a)(ψbkρ
i)+

i
4
(ψa

(i
σ

c
ψ̄

k)a)(ψ̄ckρ̄
i) . (7.2.47c)

It is important to stress that eqs. (7.2.46) are typically read as equations of motion for the hyper-

multiplet fields, see for example, [37, 38, 138–141, 232]. They certainly are dynamical equations for

qii and (ρ
i
α , ρ̄ α̇

i ) in a flat background (with no central charges as in our case) where all conformal

supergravity fields are set to zero [186, 242]. For this reason, the multiplet is typically referred to as

the on-shell hypermultiplet. However, such an interpretation is not necessary in a curved background

described by the standard Weyl multiplet. In fact, the eqs. (7.2.46) can be interpreted as algebraic

equations for the standard Weyl multiplet that determine the fields (Σαi, Σ̄α̇i) and D in terms of qii and

(ρ
i
α , ρ̄ α̇

i ) together with the other independent fields of the standard Weyl multiplet. If we assume that

qii is an invertible matrix, which is equivalent to imposing

q2 := qiiqii = εi jεi jqiiq j j = 2detqii ̸= 0 , (7.2.48)

then the following relations hold

Σ
αi = 2q−2qii

[
− i

2
(Daρ̄i σ̃

a)α +(ψa
j
σ

b
σ̃

a)α

(
Dbq ji −

1
4

ψb jρi +
1
4

ψ̄b jρ̄i

)

+
2
3
(
Ψab jσ

ab)αq j
i +

1
4
(ρiσ

cd)αW+
cd +

i
6
(ψ̄a j ˜sigmaa

σ
cd)αq j

iW+
cd

]
, (7.2.49a)

Σ̄α̇i = 2q−2qii

[
− i

2
(Daρ

i
σ

a)α̇ − (ψ̄a jσ̃
b
σ

a)α̇

(
Dbq ji − 1

4
ψb

j
ρ

i +
1
4

ψ̄b
j
ρ̄

i
)

−2
3
(
Ψab

j ˜sigmaab)
α̇

q j
i − 1

4
(ρ̄ i ˜sigmacd

)α̇W−
cd +

i
6
(ψa

j
σ

a ˜sigmacd
)α̇q j

iW−
cd

]
,(7.2.49b)

D = q−2qii

[
DaDaqii +

1
6

Rqii − i
8
(ψ̄a

i
σ̃

a
σ

cd
ρ

i)W+
cd −

i
2

φa
i
σ

a
ρ̄

i − 1
2

ρ
iDaψ

ai

−ψ
aiDaρ

i +2(ψa
i
φ

a j)q j
i +

3i
2
(ψa

i
σ

a
Σ̄ j)q ji +

i
2
(ψa jσ

a
Σ̄

j)qii

+
1
6

ε
mnpq(ψ̄ j

mσ̃nDpψq j)qii +
1
3

W ab+(ψ̄ j
aψ̄b j)qii + i(ψa

(i
σ

b
ψ̄

j)a)Dbq j
i

− i
2
(ψa

(i
σ

b
ψ̄

j)a)(ψb jρ
i)

]
+ c.c. . (7.2.49c)

In the expression for D, eq. (7.2.49c), remember that (Σi, Σ̄i) and (φ i, φ̄i), together with the spin

connection ωm
cd , are composite fields. Note that so far we have only used one of the four equations

that are equivalent to (7.2.46c) to solve for D in eq. (7.2.49c). It is simple to show that the remaining

independent three equations are equivalent to the following

∇
a(qi(i

∇aqi
j)) = 0 . (7.2.50)
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As we are going to explain in detail below, this equation is solved by turning the SU(2)R connection

φm
kl into a composite field.

As a next step in the construction of the hyper-dilaton Weyl multiplet, we note that, accompanied

to an on-shell hypermultiplet there is always a triplet of composite linear multiplets [138–140, 186].

The following composite fields define a triplet of linear multiplets [141]

Gi j
i j = q(i

iq j)
j = qi

(iq j
j) , (Gi j

i j)∗ = Gi j
i j , (7.2.51a)

χαi
i j =

1
2

qi
(i

ρ
j)

α , χ̄
α̇i

i j =−1
2

qi
(iρ̄

α̇

j) , (χαi
i j)∗ = χ̄

i
α̇ i j , (7.2.51b)

F i j =
1
8

ρ
(i

ρ
j) , F̄i j =

1
8

ρ̄(iρ̄ j) , (F i j)∗ = F̄i j , (7.2.51c)

Hai j = −1
4

qi(i
∇

aqi
j)+

i
32

ρ
(i

σ
a
ρ̄

j) , (Hai j)∗ = Ha
i j . (7.2.51d)

These fields all transform according to linear multiplet transformation (5.2.10) and each of the previous

fields is symmetric in i and j. Within the previous composite fields, the field Hai j is particularly

interesting. In fact, eq. (7.2.51d) together with (7.2.32) represent the solution to the constraint (7.2.50)

and can be used to express the SU(2)R connection φm
i j as a composite field. By introducing the

derivative

Da = ea
m
(

∂m − 1
2

ωm
cdMcd −bmD

)
=Da + ea

m
φm

i jJi j + iAmY , (7.2.52)

and by using eq. (7.2.43), eq. (7.2.51d) can be rearranged for the SU(2)R gauge connection as follows

φa
i j = 4q−4q(iiq j)

j

[
qkiDaqk

j − 1
4

qki(ψakρ
j)+

1
4

qki(ψ̄akρ̄
j)− i

8
ρ

i
σaρ̄

j +4Ha
i j

]
, (7.2.53)

with

Ha
i j = h̃a

i j +
1
6

εabcd

(
− 3i

4
(σ cd)α

β
ψ

bα
k χ

k
β

i j − 3i
4
(σ̃ cd)α̇

β̇
ψ̄

bk
α̇ χ̄

β̇

k
i j +

3
4
(σb)α

β̇
ψ

cα
k ψ̄

dl
β̇

Gk
l
i j
)
,

(7.2.54)

which plugged back into (7.2.53) along with (7.2.51) gives

φ
ai j = 2q−2q(i iDaq j)i − 1

2
ψ

aα(iq−2q j)
iρ

i
α − 1

2
ψ

a(i
α̇

q−2q j)i
ρ

α̇
i +16q−4qi

iq j
jh̃ai j

−1
2

i(σa)α
α̇q−4q(i iq j) j

ρ
i
αρ

α̇
j −

1
2

ε
abcd(σb)

α
α̇ψc

(i
αψd

j)α̇

+q−2(σab)βα
ψb

i
β

q j
iρ

i
α +q−2(σ̃ab)

β̇ α̇
ψb

β̇ (iq j)i
ρ iα̇ . (7.2.55)

The existence of the linear multiplets (7.2.51) is crucial in the analysis of deformations of vector

multiplets that we will perform in our paper. Note that in terms of superfields, the composite linear

multiplet is defined by

Gi j
i j = Q(i

iQ j)
j = Qi

(iQ j
j) , ∇

(i
αG

jk)
i j = ∇̄

(i
α̇
G jk)

i j = 0 , (7.2.56)

where all component fields in (7.2.51) arise from the equations (7.2.29) together with (7.2.44) and

(7.2.45).
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This concludes the definition of the hyper-dilaton Weyl multiplet. The result of the analysis is

a representation of the off-shell local 4D, N = 2 superconformal algebra in terms of the following

independent fields: em
a, bm, Am, Wab, qii, bmn

i j, (ψmi, ψ̄m
i), and (ρ i, ρ̄i). The multiplet has precisely

the same number of off-shell degrees of freedom as the standard Weyl multiplet, 24+ 24. Table

7.1 summarises the counting of degrees of freedom, underlining the symmetries acting on the fields.

Note that with the ingredients provided so far, it is a straightforward exercise to obtain the locally

em
a ωm

ab bm fma φm
i j Am ψmi φm

i Wab ρ i qii bmn
i j

16B 0 4B 0 0 4B 32F 0 6B 8F 4B 18B
Pa Mab D Ka Ji j Y Q S λm

i j-sym
−4B −6B −1B −4B −3B −1B −8F −8F −9B

Result: 24+24 degrees of freedom

Table 7.1: Degrees of freedom and symmetries of the hyper-dilaton Weyl multiplet. Row one gives all the fields in the
multiplet. Row two gives the number of independent components of these fields – composite connections are counted
with zero degrees of freedom. Row three gives the gauge symmetries. Note that the parameter λm

i j describes the vector
symmetry associated with the gauge two-forms bmn

i j with field strength three-forms hmnp
i j and Hai j. Row four gives the

number of gauge degrees of freedom to be subtracted when counting the total degrees of freedom. Row five gives the
resulting number of degrees of freedom.

superconformal transformations of the fundamental fields of the hyper-dilaton Weyl multiplet written

only in terms of fundamental fields. These are given by (2.2.24a)–(2.2.24c), (2.2.24e)–(2.2.24g),

(7.2.33), and (7.2.42a)–(7.2.42c) after using the appropriate identities for all the composite fields

ωm
cd , fma, φm

i j, (φmi, φ̄m
i), (Σαi, Σ̄α̇i), and D respectively given by eqs. (2.2.15), (7.2.53), (2.2.16),

and (7.2.49).

It is important to underline that the local gauge transformations of the hyper-dilaton Weyl multiplet

form an algebra that closes off-shell on a local extension of SU(2,2|2), the 4D N = 2 superconformal

group. In fact, by construction the resulting algebra is identical to the one of the standard Weyl

multiplet transformations (2.2.2) (see [137] and [26, 41] for detail on the local algebra), with the only

important subtlety being that the structure functions will have more composite fields. We also stress

that the existence of the triplet of composite linear multiplets in eqs. (7.2.51) is a key ingredient to

engineer FI-type terms in supergravity-matter couplings based on the hyper-dilaton Weyl multiplet.

Transformation check

As a side, here we comment more on the consistency of the composite linear multiplet constructed

out of the on-shell hypermultiplet.

It is necessary to use the on-shell condition on the hypermultiplet to prove that the composite

multiplet with its lowest component being Gi j
i j is a linear multiplet. It is straightforward to show that

its descendant fields χαi
i j, χ̄ α̇i

i j, F i j, and F̄i j transform correctly as linear multiplet fields using only

the hypermultiplet supersymmetry transformation rules. No equations of motion are needed. However,

for the composite three-form field, one does need to use an equation of motion.
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The local supersymmetry transformation of the composite three-form of the linear multiplet in flat

space4 is given by

δHai j =−1
4

δqi(i
∇

aqi
j)− 1

4
qi(i

δ∇
aqi

j)+
i

32
δρ

(i
σ

a
ρ̄

j)+
i

32
ρ
(i

σ
a
δ ρ̄

j)

=
1
8

ξ
αiqi

(i
∇

a
ρ

j)
α +

1
4
(σab)αγξ

γi
ρ

α(i
∇bqi

j)+ c.c. . (7.2.57)

We use the on-shell hypermultiplet equation of motion to bring the first term into the desired form. In

flat space, it is as follows

(
∇aρ

i
σ

a)
α̇
= 0 =⇒ ∇

a
ρ

i
α = 2(σab)αβ ∇bρ

β i .

Inserting this back into the transformation rule we have

δHai j =
1
4
(σab)αβ ξ

αi(∇bρ
β (iqi

j)+ρ
β (i

∇bqi
j))+ c.c.

=
1
2

ξiσab∇
b
χ

ii j + c.c. , (7.2.58)

as required. Besides working as a consistency check, the previous calculation indicates that we must

interpret the on-shell hypermultiplet as matter fields of the hyper-dilaton Weyl multiplet when using

the composite linear multiplet to construct supersymmetric invariants and deformations. This will be

used in following sections.

7.3 The deformed abelian vector multiplet

In this section, we first revisit how the electric-magnetic duality is implemented in superspace

for 4D, N = 2 vector multiplets and how deformed off-shell abelian vector multiplets arise from this

duality in the presence of an (electric) Fayet-Iliopoulos term.

7.3.1 EM duality in N = 2 superspace

The purpose of this subsection is to review and motivate the magnetic deformations of vector

multiplets, which we will study in more detail in the next subsection. We refer the reader to [252, 253]

for a more extensive discussion of the duality in flat superspace.

We start from a gauge invariant N = 2 superfield strength W which is chiral

Di
α̇W = 0 , (7.3.1)

and satisfies the additional constraint

Di jW − D̄i jW = 0 , Di j := DαiD j
α , D̄i j = D̄α̇iD̄α̇

j , (7.3.2)

4For simplicity we restrict to a flat geometry where the derivatives should be ∇a → ∂a, but it is straightforward to
extend this analysis to a Weyl multiplet background.
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where

Di
α =

∂

∂θ α
i
+ i(σb)

αβ̇
θ̄

β̇ i
∂b , D̄α̇

i =
∂

∂ θ̄ i
α̇

+ i(σ̃b)α̇β
θβ i∂b , (7.3.3)

are the flat N = 2 superspace spinor covariant derivatives. The constraints on W can be solved through

the Mezincescu prepotential [183]

W =
1
4

∆̄Di jVi j , (7.3.4)

where Vi j satisfies Vi j =Vji, (Vi j)
∗ =V i j, while

∆̄ :=
1

48
D̄i jD̄i j =− 1

48
D̄α̇β̇ D̄

α̇β̇
, D̄

α̇β̇
= D̄α̇kD̄k

β̇
, (7.3.5)

is the N = 2 chiral projecting operator such that∫
d4xd4

θd4
θ̄ L=

∫
d4xd4

θ ∆̄L=
∫

d4xd4
θ̄ ∆L . (7.3.6)

The dynamics of a free abelian vector multiplet are described by the superspace Lagrangian

S0
v =−Im

[
1
2

∫
d4xd4

θτW 2
]
, τ :=

i
g2 +ϑ . (7.3.7)

In the case of a self-interacting theory, the previous model can be lifted to

Sv =−Im
[∫

d4xd4
θF(W )

]
, (7.3.8)

where F(W ) is an arbitrary function of W which is the special-Kähler geometry holomorphic prepo-

tential. An N = 2 (electric) FI term is defined by

SFI =
∫

d4xd4
θd4

θ̄ ξ
i jVi j , (7.3.9)

with ξ i j being a triplet of real constants. The theory described by Se = Sv + SFI is referred to as

electrically deformed [93, 252, 253].

The magnetic dual of Se is described in terms of the Lagrangian

Sm =−Im
[∫

d4xd4
θ F̂(W)

]
, (7.3.10a)

where, however, the superfield W satisfies a modified reduced chiral constraint as follows

Di jW− D̄i jW = 2iζ i j , (7.3.10b)

with ζ i j being a real triplet of constants [252, 253]. Here, we have used a hat to denote the function of

the deformed vector multiplet as it can be proven to be related by a duality transformation to F(W ) of

the electric Se action. The duality between Se and Sm can be implemented through the action

Sduality =−Im
[∫

d4xd4
θ F̂(ϒ)

]
− i

8

∫
d4xd4

θd4
θ̄ Ui j

[
Di j

ϒ− D̄i j
ϒ−2iζ i j

]
, (7.3.11)
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where Ui j is an unconstrained real (Ui j)
∗ = U i j superfield and ϒ is an arbitrary (and long) chiral

superfield. ϒ can be represented by using the chiral projecting operator and an arbitrary complex

prepotential superfield as

ϒ = ∆̄Ψ . (7.3.12)

When integrating out Ui j and renaming ϒ = W in the previous action, one obtains the N = 2 vector

multiplet action deformed by a magnetic FI term in eq. (7.3.10). After integration by parts and using

(7.3.6) one can rewrite (7.3.11) as

Sduality = −Im
[∫

d4xd4
θ

(
F̂(ϒ)−ϒWU

)]
− 1

4

∫
d4xd4

θd4
θ̄ ζ

i jUi j , (7.3.13a)

with

WU =
1
4

∆̄Di jUi j . (7.3.14)

The variation of the previous action with respect to ϒ, after using (7.3.12) and integrating by parts, is

δSduality =
i
2

∫
d4xd4

θd4
θ̄ δΨ

(
∂ F̂(ϒ)

∂ϒ
−WU

)
, (7.3.15)

implying that on shell it holds

∂ F̂(ϒ)

∂ϒ
=WU , WU =

1
4

∆̄Di jUi j , (7.3.16)

which turns (7.3.13a) into

Se =−Im
[∫

d4xd4
θ F(WU)

]
+
∫

d4xd4
θd4

θ̄ ξ̃
i jUi j , ξ̃

i j =−1
4

ζ
i j . (7.3.17)

This is equivalent to (7.3.8) plus a standard FI term if we define

F(WU) := F̂ [ϒ(WU)]−ϒ(WU)WU ,
∂F(WU)

∂WU
=−Ψ . (7.3.18)

This is a usual Legendre transform of the special-Kähler holomorphic prepotential F and its dual F̂ ,

and ϒ(WU) is an implicit solution (which we assume to exist) of ∂ F̂(ϒ)
∂ϒ

=WU satisfying

∂ϒ(WU)

∂WU
=
[

∂WU

∂ϒ

]−1
= [τ(ϒ)]−1 ≡−τ̃(WU) , (7.3.19)

where

τ(ϒ) =
∂ 2F̂(ϒ)

(∂ϒ)2 , τ̃(WU) =
∂ 2F̂(WU)

(∂WU)2 . (7.3.20)

These are standard results for the EM duality of a vector multiplet. They show that electric and

magnetic FI terms are interchanged with the duality. The same arguments are well known to generalise

to several (abelian) vector multiplets. An important comment is that for flat supersymmetry one
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can consider a vector multiplet that has both electric and magnetic deformations while still having

preserved off-shell supersymmetry [93, 252, 253]

S =−Im
[∫

d4xd4
θ F(W)

]
+
∫

d4xd4
θd4

θ̄ ξ
i jVi j , (7.3.21a)

Di jW− D̄i jW = 2iζ i j , W =
1
4

∆̄Di jVi j +
i
2

θi jζ
i j , (7.3.21b)

where θi j := θ α
i θα j. The presence of both an electric and a magnetic deformation is the key to obtaining

partial supersymmetry breaking in flat superspace with a single physical vector multiplet [93]. We

stress that this is a feature of the globally supersymmetric case.

Note that the previous derivation can straightforwardly be lifted to conformal supergravity defined

in conformal superspace. The key ingredient is to realise that the electric and magnetic deformations

will turn into linear multiplets. This is potentially straightforward, though there will be various

subtleties related to the choices of a conformal supergravity background and compensators which we

will discuss in the coming sections. For instance, given a set of vector multiplets in a hyper-dilaton

Weyl background, an electric FI-type deformation will be associated to the following full conformal

superspace invariant ∫
d4xd4

θd4
θ̄ E Gξ

i j
I V I

i j , Gξ

i j
I := ξ

i j
I Qi

iQ j
j , (7.3.22)

where Qii is the on-shell hypermultiplet in conformal superspace, while ξ
i j
I = ξ

ji
I is a triplet of real

constant.

Let us now proceed by introducing the modification of the magnetic deformation of an abelian

vector multiplet in a conformal supergravity background.

7.3.2 Deformed abelian vector multiplet in conformal superspace

Consider the following deformation of abelian vector multiplets [258, 259]

∇
i jW− ∇̄

i jW = 2iGi j , (7.3.23)

where W is only required to be covariantly chiral. The constraint now holds in conformal supergravity

where the ∇A derivatives are the conformal superspace ones that we introduced before. This multiplet

can be thought of as a deformation of a standard vector multiplet described by W by means of the shift

W =W +Ψ , (7.3.24)

where Ψ is the prepotential of Gi j and is a chiral superfield, ∇̄α̇
i Ψ = 0, of dimension 1 and U(1)R

weight -2, but otherwise arbitrary — see eqs. (7.2.24)–(7.2.28).

It is straightforward to deduce that

∇
i jW− ∇̄

i jW̄ = ∇
i j

Ψ− ∇̄
i j

Ψ̄ = 2iGi j , (7.3.25)
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where Gi j is the linear multiplet superfield. Acting with spinor covariant derivatives on W gives the

following independent descendants:

λλλ
i
α = ∇

i
αW , λ̄λλ

α̇

i = ∇̄
α̇
i W̄ , (7.3.26a)

Xi j =
1
2
(∇i jW+ ∇̄

i jW̄) , Gi j =− i
2
(∇i jW− ∇̄

i jW) , (7.3.26b)

Fab =−1
8
(σab)

αβ (∇αβ W+4Wαβ W̄)+
1
8
(σ̃ab)α̇β̇

(∇̄α̇β̇ W̄+4W α̇β̇ W) , (7.3.26c)

Fαβ =
1
2
(σab)αβ Fab =−1

8
(∇αβ W+4Wαβ W̄), (7.3.26d)

F̄α̇β̇
=−1

2
(σ̃ab)α̇β̇ Fab =−1

8
(∇̄α̇β̇ W̄+4W α̇β̇ W) , (7.3.26e)

χαi =
1
3

∇
j
αGi j , χ̄

α̇i =
1
3

∇̄
α̇
j G

i j , (7.3.26f)

F =
1

12
∇

i jGi j , F̄ =
1

12
∇̄

i jGi j , (7.3.26g)

Habc =
i

96
εabcd(σ

d)α

β̇
[∇i

α , ∇̄
β̇

j ]G
j
i = εabcdHd , (7.3.26h)

Ha =
i

96
(σa)

α

β̇
[∇i

α , ∇̄
β̇

j ]G
j
i =

1
6

εabcdHbcd . (7.3.26i)

These superfields satisfy the following tower relations that are particularly useful in analyzing the

structure of invariants:

∇
i
αλλλ

j
β
=

1
2

εαβ Xi j +
i
2

εαβG
i j +4ε

i jFαβ +2ε
i jWαβ W̄ , (7.3.27a)

∇̄
α̇
i λλλ

j
β
=−2iδ j

i ∇β
α̇W , (7.3.27b)

∇
i
α λ̄λλ

β̇

j =−2iδ i
j∇α

β̇ W̄ , (7.3.27c)

∇̄
α̇
i λ̄λλ

β̇

j =
1
2

ε
α̇β̇ Xi j − i

2
ε

α̇β̇Gi j +4εi jF̄
α̇β̇

+2εi jW
α̇β̇ W , (7.3.27d)

∇
i
αX jk =−2iε i( j

χ
k)
α −4iε i( j

∇α
α̇

λ̄λλ
k)
α̇ , (7.3.27e)

∇̄
α̇
i X jk = 2iεi( j χ̄

α̇

k)−4iεi( j∇α
α̇

λλλ
α

k) , (7.3.27f)

∇
i
γFαβ = εγ(αΣ

i
β )W̄− 1

2
Wαβ

i
γW̄+

1
2

iεγ(α χ
i
β )+

1
2

iεγ(α∇β )
α̇

λ̄λλ
i
α̇ , (7.3.27g)

∇̄
γ̇

kFαβ =
i
2

∇(α
γ̇
λλλ β )k −

1
2

Wαβ λ̄λλ
γ̇

k , (7.3.27h)

∇
i
γ F̄α̇β̇

=
i
2

∇γ
(α̇

λ̄λλ
β̇ )k − 1

2
W α̇β̇

λλλ
k
γ , (7.3.27i)

∇̄
γ̇

kF̄α̇β̇
=−ε

γ̇(α̇
Σ̄

β̇ )
k W− 1

2
W α̇β̇ γ̇

kW− 1
2

iε γ̇(α̇
χ̄

β̇ )
k +

1
2

iε γ̇(α̇
∇α

β̇ )
λλλ

α

k . (7.3.27j)

The tower of S-supersymmetry transformations is identical to the cases of a standard vector multiplet

and a linear multiplet, up to appropriately renaming some descendant with bold symbols. As a result,

the local superconformal transformation of the fundamental component fields of the deformed vector

multiplet fields in a standard Weyl multiplet background are

δφφφ = ξiλλλ
i +λDφφφ −2iλY φφφ , (7.3.28a)

δφφφ = ξ̄
i
λ̄λλ i +λDφφφ +2iλY φφφ , (7.3.28b)
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δλλλ
i
α = 2(σab

ξ
i)αFab +(σab

ξ
i)αW+

abφφφ − 1
2

ξα jXi j − i
2

ξα jGi j +2i(σa
ξ̄

i)α∇aφφφ

+
1
2

λ
ab(σabλλλ

i)α +λ
i
jλλλ

j
α +

3
2

λDλλλ
i
α − iλY λλλ

i
α +4η

i
αφφφ , (7.3.28c)

δ λ̄λλ
α̇

i = −2(σ̃ab
ξ̄i)

α̇Fab − (σ̃ab
ξ̄i)

α̇W−
abφφφ − 1

2
ξ̄

α̇ jXi j +
i
2

ξ̄
α̇ jGi j +2i(σ̃a

ξi)
α̇

∇aφφφ

+
1
2

λ
ab(σ̃abλ̄λλ i)

α̇ −λi
j
λ̄λλ

α̇

j +
3
2

λDλ̄λλ
α̇

i + iλY λ̄λλ
α̇

i +4η̄
α̇
i φφφ , (7.3.28d)

δXXX i j = 2iξ α(i
χ

j)
α +4iξ α(i

∇α
α̇

λ̄λλ
j)
α̇ −2iξ̄ (i

α̇
χ̄

α̇ j)+4iξ̄ (i
α̇

∇α
α̇

λλλ
j)α

+2λ
(i

kXXX j)k +2λDXXX i j , (7.3.28e)

δFFFab =

[
− iξkσ[a∇b]λ̄λλ

k
+
(

ξkσabΣ
k − 1

2
ξ

α
k (σab)

βγWαβγ
k
)

φ̄φφ − 1
2
(ξkλλλ

k)W−
ab

+
i
2

ξkσabχ
k +2η

k
σabλλλ k + c.c.

]
+2λDFFFab −2λ[a

cFFFb]c , (7.3.28f)

while all the transformations of the descendants of W and W̄ associated to Gi j are exactly the same

transformations as the linear multiplet component fields Gi j, χαi, χ̄ α̇i, F , and F̄ given in (5.2.10).

Note that, in a hyper-dilaton Weyl background, thanks to the existence of the composite triplet of

linear multiplets, see, e.g., eq. (7.2.56), it is natural to consider the deformations of a set of vector

multiplets associated to the following deformed constraints

∇
i jWI − ∇̄

i jWI
= 2iGI

ζ

i j , GI
ζ

i j := ζ
I
i jQ

iiQ j j , (7.3.29)

where Qii is the on-shell hypermultiplet in conformal superspace, while ζ I
i j = ζ I

ji is a triplet of real

constants which plays a similar role to the global magnetic FI terms. This will be one of the ingredients

that we use in the coming sections.

We proceed next with the definition of several locally superconformal action principles both in

superspace and components.

7.4 Superconformal actions

In this section, we review the local superconformal action principles that we use to engineer the

supergravity-matter systems studied in the rest of the paper. This includes the abelian vector multiplet

action and the linear multiplet action with magnetic and electric deformations, respectively.

7.4.1 Chiral action principle

We introduce here the chiral action involving an integral over the chiral subspace

S = Sc + c.c. , Sc =
∫

d8zELc , d8z := d4xd4
θ , (7.4.1)

where Lc is covariantly chiral, ∇̄α̇
i Lc = 0, and E is a suitably chosen chiral measure [26, 308–310].

The Lagrangian Lc must be a conformally primary Lorentz and SU(2)R chiral scalar with conformal
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dimension two and U(1)R weight −4:

DLc = 2Lc , YLc =−4Lc , Ji jLc = MabLc = KaLc = Si
αLc = S̄α̇

i Lc = 0 . (7.4.2)

Any action involving an integral over the full superspace may be converted to one over the chiral

subspace by the rule [26]∫
d12zEL=

∫
d8zE ∇̄

4L , d12z := d4xd4
θ d4

θ̄ , ∇̄
4 :=

1
48

∇̄
i j

∇̄i j . (7.4.3)

The chiral action in components [26], and in our notation that follow the ones of [41], takes the

form of the following density formula

Sc =
∫

d4xe

(
1
48

∇
i j

∇i j −
i

12
ψ̄d

l
δ̇
(σ̃d)δ̇α

∇
q
α∇lq +

i
2

ψ̄d
l
δ̇
(σd)αα̇W α̇δ̇

∇
α
l +W α̇β̇W

α̇β̇

+
1
4

ψ̄c
k
γ̇ ψ̄d

l
δ̇

(
(σ̃ cd)γ̇ δ̇

∇kl −
1
2

ε
γ̇ δ̇

εkl(σ
cd)βγ∇

βγ −4ε
γ̇ δ̇

εkl(σ̃
cd)

α̇β̇
W α̇β̇

)
− 1

4
ε

abcd(σ̃a)
β̇α

ψ̄b
j
β̇

ψ̄c
k
γ̇ ψ̄d

γ̇

k∇α j −
i
4

ε
abcd

ψ̄a
i
α̇ ψ̄b

α̇
i ψ̄c

j
β̇

ψ̄d
β̇

j

)
Lc| . (7.4.4)

Efficient ways to obtain this result make use of either a normal coordinate expansion in superspace,

see [310], or alternatively by using the superform approach to constructing supersymmetric invariants,

see [311, 312]. We stress that the component action (7.4.4) is the primary building block for the

superconformal invariant actions considered throughout this work wherein a consistent choice for Lc

in conformal superspace satisfying the above properties determines its structure.

7.4.2 Deformed abelian vector multiplet action

Let us now consider the general, superconformal chiral action Lc = F(WI) of n deformed abelian

vector multiplets WI . Note that F(WI) must be homogeneous of degree two in WI ,

WIFI ≡ WI ∂

∂WI F = 2F , (7.4.5)

with

∇
i jWI − ∇̄

i jWI
= 2iGI,i j . (7.4.6)

Recall that the above follows from the fact that the deformed abelian vector multiplet can be defined

by the shift

WI =W I +Ψ
I , (7.4.7)

where ΨI are the prepotential for the linear multiplets GI,i j

GI,i j =− i
2
(
∇

i j
Ψ

I − ∇̄
i j

Ψ
I)

. (7.4.8)

Here we do not specify whether the linear multiplets are composite (as for the hyper-dilaton Weyl

case that we will study later on) or fundamental. The model is manifestly invariant under the gauge

transformation

δ̂WI = 0 , (7.4.9)
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which is apparent from

δ̂Ψ
I = Ŵ I , δ̂W I =−Ŵ I , (7.4.10)

for a vector multiplet field strength Ŵ I satisfying

∇̄
α̇
i Ŵ I = 0 , ∇

i jŴ I = ∇̄
i jŴ

I
. (7.4.11)

By the component action principle of eq. (7.4.4), this action in components was generated com-

putationally by the computer algebra software, Cadabra [87, 88, 313]. Note that a specific code

repository [7] has been developed in parallel to this work that automatically generates 4D, N = 2

actions in components. It has been directly applied here and to all further results in this paper. After

further cleaning up by hand, we obtain the following result in components

Sc =
∫

d4xe

[
FI2φ̄φφ

I −2FIW α̇ γ̇ F̄Iα̇ γ̇ −FW
α̇β̇

W α̇β̇
+3FIDφ̄

I +
3
2
FIΣ̄

k
α̇ λ̄λλ

α̇

k

− i
2
FIJλλλ

Iα j
∇αα̇ λ̄λλ

Jα̇

j +
1

32
FIJMIi jMJ

i j −2FIJFIαβ FJ
αβ

−2FIJφ̄φφ
IW αβ FJ

αβ
− 1

2
FIJφ̄φφ

I
φ̄φφ

JW αβWαβ +
1

16
FIJK

(
λλλ

Ii
λλλ

J j
)

MK
i j

+
1
2
FIJKλλλ

Iαk
λλλ

Jβ

k FK
αβ

+
1
4
FIJK φ̄φφ

I
λλλ

Jαk
λλλ

Kβ

k Wαβ

+
1
48

FIJKLλλλ
αi,L

λλλ
j,K
α λλλ

β ,J
i λλλ

K
β j −

1
2
FI

(
ψ̄

j
mσ̃

m
σ

b
)

α̇
∇bλ̄λλ

Iα̇

j

− i
8
FIJ

(
ψ̄

i
mσ̃

m
λλλ

I j
)

MJ
i j − iFIJ

(
ψ̄

k
mσ̃

m
)α

λλλ
Iβ

k FJ
αβ

− i
2
FIJφ̄φφ

I
(

ψ̄
k
mσ̃

m
)α

λλλ
Jβ

k Wαβ − i
12

FIJK

(
ψ̄

i
mσ̃

m
λλλ

I j
)(

λλλ
J
i λλλ

K
j

)
+

i
2
FIψ̄

j
bγ̇

W
β̇

γ̇(σ̃b)β̇α
λλλ

I
α j −

1
4
FI
(
ψ̄

i
mσ̃

mn
ψ̄

j
n
)

MI
i j

− 1
4
FIJ
(
ψ̄

i
mσ̃

mn
ψ̄

j
n
)(

λλλ
I
i λλλ

J
j

)
+FI (ψ̄mψ̄n)(σ

mn)αβ FI
αβ

+
1
2
FI φ̄φφ

I
(ψ̄mψ̄n)(σ

mn)αβ Wαβ +
1
8
FIJ (ψ̄mψ̄n)

(
λλλ

Ik
σ

mn
λλλ

J
k

)
−F (ψ̄mψ̄n)(σ̃

mn)α̇β̇ W
α̇β̇

+
1
4
FIε

mnpq (ψ̄mψ̄n)
(

ψ̄
i
pσ̃qλλλ

I
i

)
− i

4
Fε

mnpq (ψ̄mψ̄n)
(
ψ̄pψ̄q

)
+

i
2
FIF I +

i
2
FIJ

(
λλλ

j,I
χ

J
j

)
+

1
2
FI
(
ψ̄

j
mσ̃

m
χ

I
j
)]

, (7.4.12)

where we have introduced the following complex triplet of scalar fields

MI
i j = XI

i j + iGI
i j , MI

i j = XI
i j − iGI

i j . (7.4.13)

Note that the effect of the deformation is simply a shift by an imaginary unit times a linear multiplet and

that the final line in (7.4.12) is comprised of terms that originated from the deformation. Otherwise,

this action is equivalent to the chiral component action of the abelian vector multiplets without
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deformations, Lc = F(W I), as found in previous literature, see, e.g., [41], up to making various fields

appropriately bold through the shift by a linear multiplet. It is useful to use the following properties in

components in the action (7.4.12)

∇bλ̄λλ
Iα̇

j =Dbλ̄λλ
Iα̇

j −2φ̄b
α̇
j φ̄φφ

I
+

1
4

ψ̄a
α̇kMI

jk + ψ̄aγ̇ j(2FIγ̇ α̇ +W γ̇ α̇
φφφ

I)

− iψaγ j

(
Dα̇γ

φ̄φφ
I
+

1
2
(σ c)α̇γ(ψ̄ckλ̄λλ

Ik
)
)
, (7.4.14a)

□φ̄φφ
I
=DaDaφ̄φφ

I
+

1
2
Db(ψ̄

b
k λ̄λλ

Ik
)+

i
2

(
φ

j
mσ

m
λ̄λλ

I
j

)
+

i
4
(
ψm jσ

m)
α̇

W α̇β̇
λ̄λλ

I j
β̇

− 3i
4
(
ψm jσ

m
Σ̄

j)
φ̄φφ

I − 1
2

ψ̄
j

a∇
a
λ̄λλ

I
j −2faa

φ̄φφ
I
. (7.4.14b)

As a final note, we underline that after covariant vector derivatives are degauged as seen above, due to

the component gauge fixing conditions (7.2.39), the bold, “deformed” fields of this vector multiplet

may be thought of as equal to their non-bold, “non-deformed” counterparts in components with one

exception being

FI
ab|= F I

ab|+BI
ab| , (7.4.15)

though one should keep in mind that the triplet of scalar auxiliary fields receives an imaginary shift.

Before we proceed, it is useful to make a comment on the effect that the deformation has on the

theory’s scalar potential. A relevant term is given by 1
32FIJMIi jMJ

i j +c.c. from (7.4.12). The quadratic

term in X I
i j is the one that, if the auxiliary fields acquire a vev (typically through an electric gauging by

a standard FI term), could ubiquitously lead to a contribution to the vacuum energy. Now, the effect

of the “magnetic” deformation is similar, but leads to different signs due to the imaginary unit. the

difference is that the contribution is already in the Lagrangian without having to integrate out any

auxiliary field. Depending on the structure of the model and its holomorphic prepotential, potentially

the deformation can lead to Minkowski, anti de Sitter (AdS) or even de Sitter (dS) vacua.

7.4.3 Standard BF action/electric FI term

Let us now consider the supersymmetric BF action [41, 185]

Sstandard FI =−2i
∫

d8zEΨIW I + c.c. =
∫

d12zE Gi j
I V I

i j , (7.4.16)

where

Gi j
I :=− i

2
(
∇

i j
ΨI − ∇̄

i j
Ψ̄I
)
, W I :=

1
4

∆̄∇
i jV I

i j . (7.4.17)

This is defined as a locally superconformal completion of a BF term and emerges as an appropriate

product of a linear and a (undeformed) vector multiplet. Here we do not specify whether the linear

multiplets, nor vector multiplets are composite. In all cases the previous action proves to be locally

superconformal invariant.

The component action for Sstandard FI can be obtained by using eq. (7.4.4) in the first definition in

(7.4.16). The result is

Sstandard FI =
∫

d4xe

[
FIφ

I +χ
α
i Iλ

iI
α +

1
8

Gi j
I X I

i j − ε
mnpqbmnI f I

pq
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− i
2

ψ̄d
l
δ̇
(σ̃d)δ̇α

[
2χαl Iφ

I +GlqIλ
qI
α

]
+ ψ̄c

k
γ̇ ψ̄d

l
δ̇
(σ̃ cd)γ̇ δ̇ Gkl Iφ

I

]
+ c.c. , (7.4.18a)

or equivalently

Sstandard FI =
∫

d4xe

[
FIφ

I +χ
α
i Iλ

iI
α +

1
8

Gi j
I X I

i j +
2
3

ε
mnpqhmnpIvI

q

− i
2

ψ̄
l
dδ̇
(σ̃d)δ̇α

[
2χαl Iφ

I +GlqIλ
qI
α

]
+ ψ̄

k
cγ̇ ψ̄

l
dδ̇
(σ̃ cd)γ̇ δ̇ Gkl Iφ

I

]
+ c.c. . (7.4.18b)

Notably, and consistently, the previous action is invariant under the defining shift symmetry of the

linear multiplet prepotentials by vector multiplets,

δ̃ΨI = W̃I . (7.4.19)

This is manifestly an invariance, assuming that δ̃W I = 0 and

∇̄
α̇
i W̃I = 0 , ∇

i jW̃I = ∇̄
i jW̃ I . (7.4.20)

Here we have used the symbol W̃I to distinguish the closed, super two-form field strength vector

multiplet gauge parameter from the physical vector multiplet W I . The invariance can be trivially seen

when looking at the second equation in (7.4.16) and by noticing that Gi j
I is identically zero if ΨI is

replaced with the vector multiplet, W̃I , in (7.4.17). Moreover, the action (7.4.16) is also invariant under

the following gauge transformations of the vector multiplets prepotentials

δΛV I
i j = ∇

α
k Λ

I i jk
α + ∇̄α̇kΛ̄

I α̇ i jk , Λ
I i jk
α = Λ

I(i jk)
α , Λ̄

I α̇
i jk = (ΛIα i jk)∗ , (7.4.21)

for a set of complex gauge parameter superfields ΛI i jk
α being arbitrary up to the algebraic and reality

conditions stated above. This transformation leaves the field strengths W I in (7.4.17) invariant and,

after superspace integration by parts and using ∇
(i
αG jk)

I = 0, ∇̄
(i
α̇

G jk)
I = 0, one can directly show the

invariance of the second form of (7.4.16). The invariances under δ̃ and δΛ manifest themselves in

the component action (7.4.18) by the fact that the only term transforming would be εmnpqbmnI f I
pq,

equivalent to εmnpqhmnpIvI
q, which transform as total derivatives under the δ̃ and δΛ variations.

We did stress that in the global case, it is possible to simultaneously turn on an electric and

a magnetic FI term preserving (and deforming) supersymmetry off shell [93, 252, 253]. This is a

fundamental ingredient in engineering global partial supersymmetry breaking by the use of vector

multiplets. It is natural to ask whether the same is possible in the local off-shell superconformal setting

that we have described above. In contrast to the global case, due to the gauge symmetries of the linear

multiplets involved in the two types of deformations, in the local case, it does not seem possible to

have the two FI-type deformations turned on at the same time. Let us comment more on this.

Suppose that we consider magnetically deformed vector multiplets

WI =W I +Ψ
I , ∇

i jWI − ∇̄
i jWI

= 2iGI i j , (7.4.22)
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which possess the gauge transformation

δ̂WI = 0 , δ̂Ψ
I = Ŵ I , δ̂W I =−Ŵ I , (7.4.23)

for a vector multiplet field strength Ŵ I satisfying

∇̄
α̇
i Ŵ I = 0 , ∇

i jŴ I = ∇̄
i jŴ

I
. (7.4.24)

We do use δ̂ to distinguish from δ̃ and also to distinguish Ŵ I from W̃ I and W I . Assuming ΨI and ΨI

are unrelated, the possible candidates for an electric FI-type deformation would be

−2i
∫

d8zEΨIW I + c.c. =
∫

d12zE Gi j
I V I

i j , W I :=
1
4

∆̄∇
i jV I

i j , (7.4.25)

which, is invariant under the δ̃ΨI = W̃I transformation, but, with δ̂ΨI = 0, it is not invariant under δ̂

transformations, and

−2i
∫

d8zEΨIWI + c.c. , (7.4.26)

which, is invariant under the δ̂ transformation but not δ̃ . Note that the previous no-go argument holds

also in cases where the electric and magnetic deformations are defined in terms of the same Ψ building

block. This is for instance the case of the hyper-dilaton Weyl composite linear multiplet Gi j
i j that leads

to Gξ

i j
I = ξ

i j
I Gi j

i j and GI
ζ

i j = ζ I
i jG

i ji j. In this case, assuming the existence of a potential Ψ
i j for Gi ji j,

the δ̃ and δ̂ transformations would coincide with a single one generated by δΨ
i j =W i j for a triplet of

vector multiplets with field strengths W i j. The reader can check that by choosing Ψξ I := ξ
i j
I Ψi j and

ΨI
ζ

:= ζ I
i jΨ

i j, together with WI = W I +ΨI
ζ
, both (7.4.25) and (7.4.26) are in general not invariant

under δ transformations. Given the discussion above, in this paper, we will consider the existence

of off-shell “electric” and “magnetic” deformations as mutually exclusive. Despite this difference

compared to the off-shell global case, we will see that, also due to the presence of the compensating

vector multiplet in supergravity, there is still enough freedom to obtain an off-shell model exhibiting

local partial supersymmetry breaking.

7.5 Deformed N = 2 supergravity in a hyper-dilaton Weyl back-

ground

The action for a deformed abelian vector multiplet in a hyper-dilaton Weyl multiplet background

can be derived by substituting the expressions (7.2.49) and (7.2.53) into (7.4.12). Because the special

conformal fmc and S-supersymmetry (φm
i
α , φ̄m

α̇
i ) connections depend on D and (Σαi, Σ̄α̇i) and because

the SU(2)R connection φm
i j is composite in the hyper-dilaton Weyl background, we degauge the

derivative ∇a to Da as defined in eq. (7.2.52). Also, note that the linear multiplet fields are composite of

hypermultiplet fields, eq. (7.2.51) and Gζ
i jI = ζ I

i jG
i ji j, χ I

αi = ζ I
i jχαi

i j, χ̄ α̇iI = ζ I
i j χ̄

α̇ii j, and F I = ζ I
i jF

i j.

With this in mind, the bosonic part of the action follows:5

Lc,bosons =
1
2
FIW

IR+
1
2

iFIF I
ζ
+

1
4
FWabW ab − 1

8
iFεabcdW abW cd − 1

2
FIWabFabI

5In the discussion in this section, we should use φφφ
I rather than WI since we are projecting to components several

supersymmetric invariants. However, since we will obtain covariant superfields equations of motions, we continue to use
WI with the hope that it will be clear from the context whether we denote the superfield or its lowest component field.
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+
1
4

iFIεabcdW abFcdI − 1
2
FIJFab

IFabJ − 1
4

iFIJεabcdFabIFcdJ − 1
32

FIJGζ
I
i jG

i jJ
ζ

+
1

32
FIJXi j

IXi jJ +FIDaDaWI −4FIW
IAaAa − 1

4
FIWabW abWI

+
1
8

iFIεabcdW abW cdWI − 1
2
FIJWabWIFabJ − 1

4
iFIJεabcdW abWIFcdJ

+
1

16
iFJIXi j

JGi jI
ζ

− 1
8
FIJWabW abWIWJ − 1

16
iFIJεabcdW abW cdWIWJ

−4iFIAaDaWI −2iFIW
IDaAa −64FIW

Iq−4Hai jHai j

+FIW
Iq−2

(
2qiiDaDaqii +DaqiiDaqii −2q−2qiiq j jDaqi jDaq ji

)
. (7.5.1)

Note that implicit fermions exist here and can be seen by converting Hai j, Fab, and Fab to h̃ai j,

f ab, and fab, respectively, by eqs. (7.2.37), (7.2.38), and (7.2.14). This notably includes the coupling

of h̃ai j to two gravitini. Otherwise, the fermionic counterpart of the action is given in Section II of

the supplementary file. The component action for Sstandard FI in the hyper-dilaton Weyl background

will remain the same as in the standard Weyl multiplet background (7.4.18), as it does not depend on

the composite fields D, (Σαi, Σ̄α̇i), and φm
i j. Keep also in mind that some of the fields in the previous

bosonic Lagrangian are composite and include fermions. For example, F I
ζ

in a hyper-dilaton Weyl

background is purely quadratic in fermions while the Da derivative is defined in terms of ωm
cd which

contains the torsion quadratic in gravitini.

7.5.1 Equations of motion

The goal of this section is to obtain superconformal primary equations of motion that describe

gauged N = 2 deformed supergravity based on a hyper-dilaton Weyl multiplet and defined by the

action

S= Sc + c.c.+Sstandard FI . (7.5.2)

In all the expressions in this section, we will formally allow for arbitrary “electric” (Gξ

i j
I ) and “magnetic”

(Gζ
I
i j) deformations but, as discussed before, the reader should keep in mind that we consider them to

be mutually exclusive. Given a fixed value of the index I, we allow for either of the two to be turned

on, but not both at the same time.

We obtain the equations of motion by the variation of the action (7.5.2) in components with respect

to the auxiliary fields, i.e., the highest dimension independent fields, of each multiplet. The resulting

equations of motion then describe the primary fields, i.e., the bottom components, of the multiplets of

the equations of motion that arise from the variation of the full superfields. It is then straightforward to

reinterpret them as the primary superfields of the equations of motion. See [1, 6] for a recent analysis

in a five-dimensional setting.

In components, the EOM for the vector multiplet is obtained by varying the action with respect to

the auxiliary field Xi jI . The Xi jI-dependent terms in the action are

LX =
1

16

(
FIJKλλλ

αI
i λλλ

J
α j −FIJK λ̄λλ

α̇I
i λ̄λλ

J
α̇ j

)
Xi jK +

1
32

NIJXI
i jX

i jJ
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+
1

16
i
(
FIJ − F̄IJ

)
XI

i jG
i jJ
ζ

+
1
4

Gξ

i j
I XI

i j , (7.5.3)

where Gi jI
ζ

and Gξ

i j
I are the magnetic and electric deformations, respectively. Thus the equations of

motion follow (one for each selection of I):

0 =
(
FIJKλλλ

αJ
i λλλ

K
α j +FIJK λ̄λλ

J
α̇iλ̄λλ

α̇K
j

)
+NIJXJ

i j + i
(
FIJ − F̄IJ

)
Gζ

J
i j +4Gξ i jI , (7.5.4)

where we have defined the special Kähler metric

NIJ = FIJ + F̄IJ . (7.5.5)

Next, we find the Euler-Lagrange equations of motion for the auxiliary fields Wαβ and W α̇β̇ . It

is worth pointing out that in superspace the equations of motion derived by varying prepotentials are

manifestly covariant. Hence, one expects the same to be true once the superspace results are reduced

to component fields. However, in the component approach of finding the EOMs, the component

action computed from eq. (7.4.4) includes hundreds of terms when fermions are considered, and it is

not manifestly covariant due to the presence of naked gravitini. Although the action lacks manifest

covariance, it has recently been explicitly demonstrated in components that for any supergravity theory,

there exist covariant equations of motion that are equivalent to the regular field equations [193, 194].

These covariant equations are obtained by covariantising the regular field equations, resulting in a

multiplet of field equations [193, 194].

To find the covariant equations of motion for Wαβ , W̄ α̇β̇ , we can directly use the above action as

degauging is already completed. Collecting all terms up to all orders in fermions with Wαβ and W̄ α̇β̇ ,

we have

LWαλ
= −2FIJWαλ WIFαλ J − 1

2
FIJWαλW αλ WIWJ

+
1
4
FIJKεi jWαλ WI

λλλ
iα J

λλλ
jλ K

+FIJWαλ WIqiiλλλ
iα J

ρ
iλ q−2 +

1
4
FIεi jWαλ WI

ρ
iα

ρ
jλ q−2

+F̄IWαλ λλλ
αiIqiiρ

λ iq−2 −2F̄IWαλ Fαλ I − F̄WαλW αλ + c.c. .

The Euler-Lagrange equations of motion for the auxiliary fields Wαβ , W̄ α̇β̇ follow

NIJW αλ WIWJ
= −2NIJWIFαλ J +

1
4
FIJKεi jW

I
λλλ

iJ(α
λλλ

λ ) jK

+(F̄IJ −FIJ)W
Iqiiλλλ

iJ(α
ρ

λ )iq−2 +
1
4
FIεi jW

I
ρ

i(α
ρ

λ ) jq−2 , (7.5.6)

together with its complex conjugate. Note that the EOM for Wαβ and W̄ α̇β̇ are manifestly covariant

and do not depend on the gravitini as expected.

Next, to prove that the equation of motion for Am is covariant, we need to perform integration by

parts, which makes it essential to degauge the covariant derivative Da with respect to Mab in the above

action and insert the composite expression for the spin connection ωm
ab in terms of ω(e)m

ab together

with bilinear terms in gravitini, eq. (2.2.15). Once these steps are carried out, the terms involving

Aa = ea
mAm in the Lagrangian take the following form:

LAa =− iFIJε
αβ

εi jψ
ai

αWI
λλλ

j
β

JAa −FIJε
αβ

ε
α̇β̇

εi j(σa)α
α̇WI

λλλ
i
β

Jq ji
ρ i

β̇ Aaq−2
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+
1
2
FIJε

αβ
ε

α̇β̇
(σa)α

α̇
λλλ

i
β

I
λλλ

β̇

i
JAa + iFIεα̇β̇

ε
i j

ψ̄
aα̇

i λλλ
β̇

j
IAa

+FIε
αβ

ε
α̇β̇

εi j(σa)α
α̇

λλλ
β̇

i
Iqii

ρ
j

β Aaq−2 +
1
2
FIε

αβ
ε

α̇β̇
(σa)α

α̇WI
ρ

i
β ρ i

β̇ Aaq−2

−4iFIAaea
m

∂mWI −4FIW
IAaAa −2iFIW

Iea
m

∂mAa + c.c. . (7.5.7)

The Euler-Lagrange equation of the auxiliary fields Aa give:

8NAa = −iFIJψa
i
αWI

λλλ
α

i
J −FIJ(σa)α

α̇WI
λλλ

iαJqi
i
ρ iα̇q−2 +

1
2
FIJ(σa)α

α̇
λλλ

iα I
λλλ

J
iα̇

+iFIψ̄a
α̇
i λλλ

i
α̇

I +FI(σa)α
α̇

λλλ
I
iα̇qii

ρ
α
i q−2

+
1
2
FI(σa)α

α̇WI
ρ

iα
ρ iα̇q−2 −2iFIJWJD′

aWI
+2iFIJWI

D′
aWJ + c.c. , (7.5.8)

where we have defined

N = NIJWIWJ
, (7.5.9)

and the covariant derivative D′
a contains only the Lorentz connection (without gravitini torsion) and

the inverse vielbein, i.e.,

D′
a = ea

m
(

∂m − 1
2

ωm
cd(e)Mcd

)
. (7.5.10)

Finally, we uplift the derivative to the superconformal covariant derivative. This will absorb leftover

gravitini terms to get the covariant equation of motion for Aa

NIJ(σa)α
α̇

(
WI

λλλ
αJ
i ρ iα̇ +WI

λλλ
J
iα̇ρ

α
i

)
qiiq−2 +

1
2

NIJ(σa)α
α̇

λλλ
iα I

λλλ
J
iα̇

+
1
2

N(σa)α
α̇

ρ
iα

ρ iα̇q−2 −2iNIJWI
∇

aWJ
+2iNIJWI

∇aWJ = 0 . (7.5.11)

With these covariant equations of motion computed, we are in a position to integrate out the

auxiliary fields prerequisite to going on shell. This is explored in the following section in the context of

a SU(1,1)/U(1) model leading to partial supersymmetry breaking. We leave for future work a general

analysis of the on-shell action for the model described by (7.5.2) in a hyper-dilaton Weyl setup.

7.6 Off-shell model with on-shell partial-susy breaking

In this section, we move to present a new off-shell model for partial supersymmetry breaking

engineered by using off-shell deformed vector multiplets in a hyper-dilaton Weyl background. Before

presenting the details of the construction, it is worth stressing some of the key features of local

supersymmetry breaking that guide our analysis.

For simplicity, we seek for a model of local partial supersymmetry breaking on a Minkowski

vacuum. Hence, once auxiliary fields are integrated out, we want an on-shell theory possessing a

Minkowski solution and no (effective) cosmological constant. Partial supersymmetry breaking emerges

once the on-shell transformations of the fermions, which we collectively denote here as f , all possess

a shift symmetric term schematically of the form

δξ f = Mξ + · · · . (7.6.1)
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Here ξ = (ξ α
i , ξ̄ i

α̇
) refers to the supersymmetry transformation parameters and M is a (field dependent)

matrix. If M is degenerate, detM= 0, but non-trivial, then part of local supersymmetry is spontaneously

broken. As a consequence of this fact, the fermionic mass terms are all parametrised in terms of M,

hence with part of the spectrum remaining massless. For instance, in the case of local N = 2 → N = 1

susy breaking, one gravitino acquires a mass-like term while one remains massless.

As reviewed in the introduction, finding models based on vector multiplets, potentially coupled to

appropriate hypermultiplets, that possess local partial supersymmetry breaking is a non-trivial task —

see, for example, [38, 96–98, 100–102, 107, 109, 110, 257, 257, 296–298]. Three of the features of our

new construction given in this section for supergravity with partial supersymmetry breaking are: (i) our

model is manifestly off shell, which, to the best of our knowledge, is a first explicit example; (ii) the

spectrum of the on-shell theory, which includes a triplet of gauged two-forms, differs from previous

examples described in the literature; (iii) though based on electric and magnetic deformations of vector

multiplets, our model is not based on a standard gauging procedure, and in fact the fermions, e.g. the

gravitini, are not charged under any of the U(1) symmetries of the vector multiplets (a generic feature

of working with an hyper-dilaton multiplet). Let us now move to the description of our construction to

see these properties unfolding.

7.6.1 SU(1,1)/U(1) model

We consider two vector multiplets, and the holomorphic prepotential

F = cφφφφ , (7.6.2)

where φ is a compensator, φφφ is a deformed physical vector multiplet, and c is a real, nonzero constant

which we decide to leave as a free normalisation parameter. This model is directly inspired by the

well-known SU(1,1)/U(1) special Kähler sigma model, which, in a different set up, is known to lead to

partial supersymmetry breaking. In particular, as described in the introduction, (7.6.2) arises from the

SU(1,1)/U(1) special-Kähler sigma model after performing a duality transformation in the geometry

used in [98, 100] ending up into a symplectic frame where a holomorphic prepotential exists and is

given by (7.6.2).

As shown in [98,100], within the context of N = 2 supergravity in the standard Weyl multiplet back-

ground, the minimal matter content required for partial supersymmetry breaking includes a physical vec-

tor multiplet and a hypermultiplet. In this scenario, the vector multiplet parametrizes the SU(1,1)/U(1)

special Kähler manifold, while the physical hypermultiplet parametrizes the SO(4,1)/SO(4) quater-

nionic manifold. This model was further generalized in [102] by coupling the standard Weyl multiplet

to n+1 vector multiplets and m hypermultiplets in a set-up that inherently has supersymmetry closing

(partially) on shell.

Considering the minimal field content mentioned above, it is natural to argue that in a hyper-

dilaton Weyl multiplet background, only a single physical vector multiplet plus a compensator, which

would parametrize the special Kähler manifold SU(1,1)/U(1), might be sufficient to achieve partial

supersymmetry breaking. In fact, the hypermultiplet is already a part of the hyper-dilaton Weyl
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multiplet itself, though in an off-shell setting, and in a new type of matter content. We will see in this

section that this intuition is correct.

Note that instead of using numbered indices for the vector multiplets, we employ a bold symbol to

denote the physical “1” multiplet, while the unbold symbol represents the compensating “0” multiplet,

which, after taking derivatives of the holomorphic prepotential and using eqs. (7.5.5) and (7.5.9),

implies

F0 = cφφφ , F1 = cφ , F00 = 0, F10 = F01 = c, F11 = 0 ,

N00 = 0, N10 = N01 = 2c, N11 = 0, N = 2c(φφ̄φφ +φφφφ̄) . (7.6.3)

We also choose the electric and magnetic deformations to be Gξ

i j
I =(ξi jqiiq j j,0) and Gζ

I
i j =(0,ζi jqi

iq j
j),

respectively. This means that the compensator is “electrically deformed”, which generically induces

a negative contribution to the vacuum energy, while the physical vector multiplet is “magnetically”

deformed, which generically induces a positive contribution to the vacuum energy. By tuning appropri-

ately ξi j and ζi j we will find zero vacuum energy and partial supersymmetry breaking.

For simplicity, we consider the case where c ̸= 0 is real. The off-shell component action for the

SU(1,1)/U(1) model can be obtained by first substituting eq. (7.6.2) and its derivatives into the general,

deformed off-shell action of eqs. (7.5.1) and the results given in the supplementary file (for bosons and

fermions, respectively) along with their complex conjugates, and then adding the standard FI action of

eq. (7.4.18). The bosonic part of the action takes the following form:

Lbosons =
N
2

R−2cFabFab +
1
8

cXi jXi j −4NAaAa

− c(φφφFab +φFab)Wab −
1
2

icεabcd(φφφFab +φFab)W cd

− c(φφφFab +φFab)Wab +
1
2

icεabcd(φφφFab +φFab)W cd

+ cφφφDaDa
φ + cφφφDaDa

φ + cφDaDa
φφφ + cφDaDa

φφφ

− 1
2

cWabW ab(φφφφ +φφφφ)− 1
4

icεabcdW abW cd(φφφφ −φφφφ)

−4ic(φφφ −φφφ)AaDa
φ −4ic(φ −φ)AaDa

φφφ

−64Nq−4Hai jHai j +Nq−2DaqiiDaqii +2Nq−2qiiDaDaqii

−2Nq−4qiiq j jDaqi jDaq ji

+
1
4

ξi jqi
iq j

jX i j +
4
3

ξi jε
mnpqhmnp

i jvq . (7.6.4)

Note that, once again, implicit fermions exist from the conversion of Hai j, Fab, and Fab to h̃ai j, f ab,

and fab, respectively, by eqs. (7.2.37), (7.2.38), and (7.2.14). Otherwise, the fermionic counterpart to

this action can be found in Section III of the supplementary file. The Euler-Lagrange equations of

motion for the vector multiplet auxiliary fields X i j and Xi j can be obtained by substituting (7.6.2) into

the general equation of motion (7.5.4) and are given by the following two equations

Xi j = 0 , (7.6.5a)
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Xi j =−2
c

ξi jqi
iq j

j . (7.6.5b)

The second equation leads to the following expression for the shifted auxiliary field of eq. (7.4.13)

Mi j :=
(
−2

c
ξi j + iζi j

)
qi

iq j
j . (7.6.5c)

The Euler-Lagrange equations of motion for the remaining auxiliary fields Wαβ , W̄ α̇β̇ , and Aa

can once again be obtained by substituting (7.6.2) into the general equations of motion for (7.5.6), its

complex conjugate, and (7.5.8), respectively. They are all given by the following:

4cφ̄ φ̄φφW αβ = −3
2

c(φφ̄φφ + φ̄φφφ)q−2
ρ
(α
j ρ

β ) j −4c(φ̄Fαβ + φ̄φφFαβ ) , (7.6.6a)

4cφφφφW α̇β̇
= −3

2
c(φφ̄φφ + φ̄φφφ)q−2

ρ̄
j(α̇

ρ̄
β̇ )
j −4c(φ F̄α̇β̇

+φφφ F̄ α̇β̇ ) , (7.6.6b)

8NAa = 4ic
(
φ̄D′

aφφφ + φ̄φφD′
aφ −φD′

aφ̄φφ −φφφD′
aφ̄
)

−2icψa
i
α(φ̄λλλ

α

i + φ̄φφλ
α
i )+2icψ̄a

α̇
i (φλλλ

i
α̇ +φφφλ

i
α̇)

+c(σa)α
α̇(λ iα

λλλ iα̇ +λλλ
iα

λ iα̇)+ c(σa)α
α̇(φφ̄φφ + φ̄φφφ)ρ iα

ρ iα̇q−2

+2c(σa)α
α̇(φ̄λλλ

iα + φ̄φφλ
iα)qiiρ

i
α̇

q−2

+2c(σa)α
α̇(φλλλ iα̇ +φφφλ iα̇)qii

ρ
α
i q−2 . (7.6.6c)

Note that from the action in eq. (7.6.4) we see that the scalar potential

Spotential =
∫

d4xe

[
1

16
cX i j(Mi j +Mi j)+

1
4

ξi jqi
iq j

jX i j

]
= 0 , (7.6.7)

is zero on the vacuum where X i j = 0. Hence, we have zero cosmological constant. By analysing in

the following subsection the supersymmetry variation of the fermions, we will see that the condition

detM = 0, together with the assumption that the rank of the matrix M is one, will ensure local partial

supersymmetry breaking in Minkowski space-time, for any scalar fields configurations.

7.6.2 Gauge fixing and fermion shifts

In this section, we give the explicit expressions for the gauge fixing that lead to Poincaré supergrav-

ity. In particular, we will gauge fix all superconformal structure group transformations except local

Q-supersymmetry and Lorentz. For the dilatations, we aim to have a standard kinetic term for gravity.

Hence, we collect the terms with the scalar curvature and obtain the following gauge condition for

dilatation

D-gauge: (φφ̄φφ + φ̄φφφ) =− 1
2c . (7.6.8a)

The S-gauge can be obtained by simply taking the Q-supersymmetry transformation of the D-gauge

S-gauge: λ i
α φ̄φφ + φ̄λλλ

i
α = 0 . (7.6.8b)
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With this choice, the D-gauge is invariant under Q-supersymmetry. Next, the consistent gauge choice

for the U(1)R symmetry [38] is

U(1)-gauge: φ = φ̄ = y , (7.6.8c)

which clearly imposes the compensating vector multiplet field to be real. A characterising feature of

the hyper-dilaton Weyl multiplet is that it contains an SU(2)R compensator being the qii fields. We

then impose

SU(2)-gauge : qii = εiie−U , (7.6.8d)

which gauge fixes SU(2)R. Lastly, we take the standard choice of gauge fixing condition

K-gauge : bm = 0 , (7.6.8e)

to fix special conformal symmetry.

The transformation rules of the resulting Poincaré supergravity multiplet [241] are those that

preserve the previous gauge conditions of eqs. (7.6.8). To preserve the gauge condition (7.6.8a) we

need to impose λD ≡ 0. Because Q-supersymmetry does not preserve the gauge, it is necessary to

accompany these transformations with appropriate S-supersymmetry, U(1)R, special conformal, and

SU(2)R compensating transformations. To preserve (7.6.8b), by examining the transformations of

eqs. (5.3.3) and (7.3.28), it is straightforward to show that any Q-supersymmetry transformation has to

be accompanied by a compensating S-supersymmetry transformation with the following parameter

η
i
α =

c
2

(
2(σab

ξ
i)α(Fabφ̄φφ + φ̄Fab)+2(σab

ξ
i)αW+

ab(φ̄ φ̄φφ)− 1
2

ξα j(X i j
φ̄φφ + φ̄Mi j)

+2i(σa
ξ̄

i)α(∇aφφ̄φφ + φ̄∇aφφφ)+λ
i
α(ξ̄

j
λ̄λλ j)+(ξ̄ j

λ̄ j)λλλ
i
α

)
. (7.6.9)

To preserve the gauge condition (7.6.8c), by examining the transformations of eqs. (5.3.3) and (7.3.28),

it is straightforward to show that any Q-supersymmetry transformation has to be accompanied by a

compensating U(1)R-symmetry transformation with parameter

λY =− i
4y

(ξiλ
i − ξ̄

i
λ̄i) . (7.6.10)

A similar analysis shows that to preserve the gauge condition (7.6.8e) one needs to enforce non-trivial

compensating special conformal K-transformations with a parameter λ a(ξ ). However, because all the

other supergravity fields are conformal primaries (though not necessarily superconformal primaries)

that do not transform under special conformal boosts, in practice, we will never have to worry about

inserting the compensating λ a(ξ ) parameter (whose expression is quite involved) in any Poincaré

supergravity transformations. The last gauge fixing condition that is not preserved is (7.6.8d). It is

straightforward to check that we can consistently have δq(ii) = 0 by implementing a compensating

SU(2)R transformation with the following parameter

λ
i j(ξ ) =− eU

2

[
ξ
(i

ρ
j)− ξ̄

(i
ρ̄

j)
]
, (7.6.11)
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where ρ i = δ i
i ρ i and ρ̄i = δ

i
i ρ̄i.

The local super-Poincaré transformations of the fermionic fields after gauge fixing are given by:

δλ
i
α = 2(σab

ξ
i)αFab +(σab

ξ
i)αW+

abφ̄ − 1
2

ξα jX i j +
1
2

λ
ab(σabλ

i)α

+2i(σa
ξ̄

i)α(D
′
aφ +2iAaφ − 1

2
ψa

β

i λ
i
β
)+

eU

2
(ξ (i

ρ
j)− ξ̄

(i
ρ̄

j))λα j −
1
4y

(ξkλ
k − ξ̄

k
λ̄k)λ

i
α

+2c
[

2(σab
ξ

i)α(Fabφ̄φφ + φ̄Fab)+2(σab
ξ

i)αW+
ab(φ̄ φ̄φφ)− 1

2
ξα j(X i j

φ̄φφ + φ̄Mi j)

]
φ

+2c
[

2i(σa
ξ̄

i)α

((
D′

aφ +2iAaφ − 1
2

ψa
β

i λ
i
β

)
φ̄φφ + φ̄

(
D′

aφφφ +2iAaφφφ − 1
2

ψa
β

i λλλ
i
β

))]
φ

+2c
[
λ

i
α(ξ̄

j
λ̄λλ j)+(ξ̄ j

λ̄ j)λλλ
i
α

]
φ , (7.6.12a)

δψm
α
i =

(
2∂mξ

α
i +ωm

ab(ξiσab)
α +2φmi

j
ξ

α
j +2iAmξ

α
i +bmξ

α
i

)
− i

2
(ξ̄iσ̃mσ

cd)αW+
cd

−1
2

λ
ab(ψmiσab)

α − eU

2
(ξ(iρ j)− ξ̄(iρ̄ j))ψm

α j − 1
4y

(ξiλ
i − ξ̄

i
λ̄i)ψm

α
i

−ic(σm)
α

α̇

[
−2(σ̃ab

ξ̄i)
α̇(φFab +Fabφφφ +W−

abφφφφ)− 1
2

ξ̄
α̇ j(Xi jφφφ +φMi j)

+2i(σ̃a
ξi)

α̇
(
(φ(D′

aφ̄φφ −2iAaφ̄φφ − 1
2

ψ̄a
i
β̇

λ̄λλ
β̇

i )+(D′
aφ̄ −2iAaφ̄ − 1

2
ψ̄a

i
β̇

λ̄
β̇

i )φφφ
)

+(ξiλ
i)λ̄λλ

α̇

i + λ̄
α̇
i (ξiλλλ

i)
]
, (7.6.12b)

δρ
i
α = −4i(σa

ξ̄k)α∇aqki +
1
2

λab(σ
ab

ρ
i)α +

1
4y

(ξiλ
i − ξ̄

i
λ̄i)ρ

i
α

+4c
[
2(σab

ξ
i)α(Fabφ̄φφ + φ̄Fab)+2(σab

ξ
i)αW+

ab(φ̄ φ̄φφ)− 1
2

ξα j(X i j
φ̄φφ + φ̄Mi j)

+2i(σa
ξ̄

i)α

(
(D′

aφ +2iAaφ − 1
2

ψa
β

i λ
i
β
)φ̄φφ + φ̄(D′

aφφφ +2iAaφφφ − 1
2

ψa
β

i λλλ
i
β )
)

+λ
i
α(ξ̄

j
λ̄λλ j)+(ξ̄ j

λ̄ j)λλλ
i
α

]
qi

i , (7.6.12c)

together with their complex conjugates. Note that we have only given the transformation of λ i
α since

the S-supersymmetry gauge condition (7.6.8b) implies that the other gaugino is not independent. In

principle, we should substitute all the auxiliary fields equations of motion and gauge conditions, but

we are mainly interested in the shift terms (where we ignore higher fermionic terms and tensorial

structures, as, for example, Fab, Wab, etc.) as these are the ones to investigate the supersymmetry

breaking pattern in the model. The resulting equations are

δλ
i
α = −cy2Mi j

ξα j + · · · , (7.6.13a)

δψm
α
i =

cyi
2
(σm)

α
α̇Mi jξ̄

α̇ j + · · · , (7.6.13b)

δρ
i
α = −2cyqiiMi jξ

j
α + · · · . (7.6.13c)

We see immediately that all these terms are proportional to a single complex matrix, Mi j. To achieve

partial supersymmetry breaking and zero vacuum energy, we impose a vanishing determinant of this

matrix, Mi j. This implies the following expression is zero

Mi jMi j =
1
c2 ξi jξ

i j − 1
4

ζi jζ
i j − 1

c
iξi jζ

i j = 0 , (7.6.14)
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thereby giving the two independent conditions on the magnetic and electric deformation parameters

4
c2 ξi jξ

i j −ζi jζ
i j = 0 , (7.6.15a)

ξi jζ
i j = 0 . (7.6.15b)

It follows that for generic solutions of the previous equations, detM = 0 while the rank of the matrix

M is one. This is irrespective of the values of the scalars in the model. In this case, we have

one supersymmetry preserved and one broken on a Minkowski vacuum, as only one of the two

supersymmetry transformations has a local shift term.

7.6.3 On-shell theory and fermionic mass matrix

The on-shell component action for the SU(1,1)/U(1) model can be derived by substituting the

equations of motion for all auxiliary fields as given in eqs. (7.6.5) and (7.6.6) into the off-shell action

of eq. (7.6.4). This is followed by the imposition of gauge-fixing conditions as seen in eqs. (7.6.8) of

the previous subsection. We give here some details of this process.

After imposing the U(1)R gauge condition, the D-gauge simplifies to the following:

y(φ̄φφ +φφφ) =− 1
2c

. (7.6.16)

This implies that the real part of φφφ is nonzero being a unique characteristic of this sigma model in the

symplectic frame chosen. We should also then interpret this condition as requiring y to be a function of

the real part of the physical vector multiplet field while its imaginary part remains independent. That

is,

y := y(φφφ , φ̄φφ) =− 1
2c
(
φφφ + φ̄φφ

) =− 1
4cReφφφ

. (7.6.17)

One should therefore interpret y as in eq. (7.6.17) in all equations that follow. Next, one algebraically

solve for Wαβ and W̄
α̇β̇

in terms of the other independent fields by using (7.6.6a) and (7.6.6b). After

imposing the U(1)R gauge condition, we will have the inverse vector multiplet field and its conjugate,

φφφ
−1 and φ̄φφ

−1, in our action as a direct result of integrating out these auxiliary fields. Remember that

eq. (7.6.16) requires the real part of φφφ to be nonzero, so their presence is not problematic. These

condition both on the compensator and physical fields are a feature of the SU(1,1)/U(1) target space

sigma model in the symplectic frame that we have chosen which admits the holomorphic prepotential

(7.6.2). It is also straightforward to obtain the algebraic expression for Aa in terms of the independent

component fields by solving (7.6.6c) after imposing all the gauge fixings. Finally, also note that the

S-gauge (7.6.8b) can be applied in the following way

λλλ
iii
ααα =−y−1

φ̄φφλ
i
α , (7.6.18)

thereby removing λλλ
i
α from the final result. At the end of all these substitutions, the bosonic part of the

on-shell action is

Lbosons =− 1
2

R+
1
2

cy−1
φ̄φφ fab f ab +

1
4

icy−1
εabcd φ̄φφ f ab f cd +

1
2

cyφ̄φφ
−1fabfab
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+
1
4

icyεabcd φ̄φφ
−1fabfcd +

1
2

cy−1
φφφ fab f ab − 1

4
icy−1

εabcdφφφ f ab f cd

+
1
2

cyφφφ
−1fabfab − 1

4
icyεabcdφφφ

−1fabfcd + cyD′
aD

′a (
φφφ + φ̄φφ

)
+ c2y2D′

aφ̄φφD′a
φ̄φφ −2c2y2D′

aφφφD′a
φ̄φφ + c2y2D′

aφφφD′a
φφφ

+16e4U h̃ai jh̃ai j −2D′
aUD′aU +2D′

aD
′aU +

4
3

ε
mnpq

ξi jhmnp
i jvq . (7.6.19)

Note that the Lagrangian has no scalar potential, as in the analogue model described in [98, 100]. The

rest of the Lagrangian, including all fermionic terms, is given in Section IV of the supplementary file.

Here we only present the fermionic mass terms, meaning quadratic terms in the fermions that do not

have any derivative coupling or coupling to fields other than scalars. These terms take the form

Lfermions mass terms =− 1
16

cyMi je2U
ρ

iα
ρ

j
α − 1

16
cyMi je2U

ρ iα̇ρ j
α̇

+
1
4

ceU Mi jλ
jα

ρ
i
α +

1
4

ceU Mi j
λ̄ jα̇ρ i

α̇

− 1
4

icMi j(σa)
α

α̇ψ
a j

α λ̄
iα̇ − 1

4
icMi j(σa)

α
α̇ ψ̄

a jα̇
λ

i
α

+
1
4

icyeU Mi j(σa)
α

α̇ψ
a j

αρ
iα̇ +

1
4

icyeU Mi j(σa)
α

α̇ ψ̄
a jα̇

ρ
i
α

− 1
2

cyMi j(σab)
αβ

ψ
ai

αψ
b j

β
− 1

2
cyMi j

(σ̃ab)α̇β̇
ψ̄

aα̇
i ψ̄

bβ̇

j . (7.6.20)

They are all proportional to either Mi j or its complex conjugate Mi j. This is expected from the analysis

in subsection 7.6.2, where we did show that in the on-shell theory, for any scalar field configurations,

half of the local supersymmetry is spontaneously broken while half is preserved. Imposing the zero

determinant (but rank one) condition that we discussed in the previous subsections implies that half of

the fermions remain massless, in agreement with local partial supersymmetry breaking in a Minkowski

vacuum.

We repeat that the complete action up to all orders in fermions is given in Section IV of the

supplementary file accompanying our paper. This notably includes the coupling between two gravitini

and the three-form fields habc
i j that appear through their Hodge duals, h̃a

i j. Remember that, roughly,

in the hyper-dilaton Weyl multiplet h̃a
i j takes the place of the SU(2)R connection φa

i j which within

the supergravity-matter systems engineered in terms of the standard Weyl multiplet (where matter

fields have ubiquitous couplings with φa
i j) becomes a linear combination of the vector multiplet gauge

connections together with terms arising from the hypermultiplet moment map of the quaternion-Kähler

geometry. In the hyper-dilaton Weyl case, there is no gauging and only the coupling with h̃a
i j appears

in place of FI-type terms. It would be interesting in the future to explore in more detail such property

of this off-shell engineering of 4D N = 2 supergravity-matter systems.

7.7 Conclusion and outlook

In this paper, we have elaborated on the deformation of off-shell vector multiplets in supergravity,

both in components and superspace. In a superconformal framework, the deformations are associated
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with (composite) linear multiplets. Analogue to the globally supersymmetric case where an interplay

of electric and magnetic deformations can lead to (partial) breaking of N = 2 global supersymmetry for

systems of vector multiplets [93, 242, 244, 252, 253], the aim of our work was to explore the off-shell

engineering of local partial supersymmetry breaking. To construct new off-shell models, we made

use of superconformal tensor calculus techniques where the multiplet of conformal supergravity was

chosen to be the hyper-dilaton Weyl multiplet introduced in 2022 in [4], while general off-shell vector

multiplets were deformed with what proves to be local analogous to global electric and magnetic FI

terms. The hyper-dilaton Weyl multiplet was chosen since it naturally contains a triplet of composite

linear multiples, and one can easily engineer non-parallel deformations, a prerequisite to obtaining

partial supersymmetry breaking, in a fashion very similar to the global case of [93,252,253]. As a proof

of concept, in this work, we did show that by considering the SU(1,1)/U(1) special-Kähler sigma model,

originally employed in [98, 100], however working in a symplectic frame which admits a holomorphic

prepotential given by (7.6.2), and with both electric and magnetic deformations appropriately turned

on, we obtain local partial supersymmetry breaking.

It is inspiring that an off-shell model with partial supersymmetry breaking can be engineered by the

hyper-dilaton Weyl multiplet and off-shell deformations, as there is potential in extending this simple

example to more complicate supergravity-matter couplings. Our set-up is related to the off-shell work

of Müller from 1986 [241] that has not been appreciated so far. We expect our results can be extended

in various directions.

First of all, it would be interesting to extend the analysis of Section 7.6 to general special-Kähler

target spaces leading to scalar potentials and also with more physical vector multiplets. In principle,

one could revisit all the analyses performed in the past, see, e.g., [100–102, 107, 109, 110, 257, 257], by

employing the off-shell setting offered by vector multiplets in a hyper-dilaton Weyl background. This

might provide a new description of sectors of compactified string theories with fluxes and their various

patterns of supersymmetry breaking, see, e.g., [257] and references therein.

Several features of our analysis resemble the global partial supersymmetry breaking APT model. It

is natural to expect that one can obtain this theory as the global limit of our construction, as it was done

with a different setting in [101] and more recently revisited in [110] for the case of a single physical

vector multiplet. We aim to look at the global limit of our construction in the future.

It would also be intriguing to understand if and how the dilaton and triplet of gauge two-forms sector

of our models, and Müller’s Poincaré supergravity, is mapped to the quaternion-Kähler hypermultiplet

target spaces that characterise the work in [100–102, 110]. For example, at least at the level of the

on-shell Lagrangians, the SO(4,1)/SO(4) hypermultiplet sector could arise by taking our model and

dualising the triplet of physical gauge two-forms into scalars which could then organise with the

dilaton to parametrise the conventional target space with two isometries. For general models based on

the hyper-dilaton Weyl multiplet, it also remains unclear how various fermions would become charged

in accordance with the standard gauging in N = 2 supergravity, see, e.g., [38, 245–250]. It is certainly

an interesting option to further analyse, in N = 2 supergravity, this and the surprising and intriguing

mechanism that leads to scalar potentials without gauging the SU(2)R symmetry in the hyper-dilaton
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and Müller frameworks. Moreover, perhaps similar, so far missed, structures might be found also in

N > 2 extended supergravities.

As repeatedly mentioned, the fact that we have an off-shell construction allows us to straightfor-

wardly extend our model without changing the local transformations of the multiplets. For example, it

would be possible to add higher-derivative actions to these models based on the hyper-dilaton Weyl and

the hyper-dilaton Poincaré multiplets. Higher-derivative supergravity naturally arise in the low-energy

description of string theory but, despite its importance, is still poorly understood. Other types of dilaton

Weyl multiplets have been key to the construction of several off-shell higher-derivative supergravities

in 4 ≤ D ≤ 6 dimensions, see, e.g., [29, 56, 59, 60, 63–65, 68, 69, 72]. One can look at this problem

starting from a hyper-dilaton Weyl multiplet coupled to systems of vector multiplets with electric and

magnetic FI-type terms. Among higher-derivative couplings, it would also be interesting to study the

interplay between the FI-type terms used in our paper and the new N = 2 FI term introduced in [251].

To conclude, it would be interesting to engineer other off-shell constructions for local partial

supersymmetry breaking. In fact, though we do value the simplicity of the deformations in our hyper-

dilaton Weyl set-up (which works well for constructions with vector multiplets but no arbitrary sector

for physical charged hypermultiplets), an approach based on the standard Weyl multiplet and different

types of off-shell matter multiplets would be welcome. In our paper, we have avoided the option

of admitting the (composite) linear multiplets to be charged under central charge transformations,

see for example [141]. It would be interesting to understand in detail if and how off-shell magnetic

deformations could be implemented when charged under the action of a gauged central charge in

a standard Weyl multiplet background. It is also worth mentioning that the most general N = 2

supergravity-matter couplings are expected to be engineered off shell by coupling the standard Weyl

multiplet to matter multiplets defined by harmonic or projective superfields [26, 41, 116–119, 121, 127,

128, 131–133, 229, 230, 299, 300], which can include an infinite number of auxiliary fields. Though in

this setup the electric gauging has been studied, to the best of our knowledge, the off-shell magnetic

one has not. If one wanted to construct some composite multiplet similar to the linear ones but

quadratic in a hypermultiplet with an infinite number of auxiliary fields, then an off-shell “magnetic”

deformation would be associated with an extended vector multiplet field strength that should also have

an infinite amount of component fields. This might lead to some new extended vector multiplet, and

possibly new implementations of a central charge in the supergravity algebra. If understood, all these

off-shell extensions might lead to new mechanisms of partial supersymmetry breaking, possibly even

engineered with only (extended) vector multiplets and no physical hypers, in line with some of the

on-shell results obtained in [314, 315]. We hope to come back to these various questions in the future.
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Chapter 8

Conclusion and Outlook

All the results presented across chapters 3, 4, 5, 6 and 7 of this thesis include a dedicated conclusion

and outlook section with the exception of chapter 6. Chapter 6 is an extension of chapter 5, and thus,

the conclusions drawn in chapter 5 largely apply to chapter 6 as well. The purpose of this final chapter

is to provide a broad perspective on future directions and the potential impact of this thesis in the field

of supergravity and related areas.

In this thesis, we have addressed several gaps present in the literature on supergravity theory by

utilizing off-shell superconformal methods, superconformal tensor calculus and conformal superspaces.

We successfully classified all three curvature-squared invariant terms of the minimal five-dimensional

off-shell gauged supergravity, resolving a problem that had persisted for two decades. This was

achieved by developing a computer algebra program to algorithmically implement the off-shell

techniques used for constructing supergravity theories. We explained how to obtain the superconformal

primary equations of motion by varying the action with respect to either the superfield prepotential

or its corresponding auxiliary field of the standard Weyl multiplet, the vector multiplet compensator,

and the linear multiplet compensator. The component structure for the Weyl multiplet equations of

motion, specifically the supercurrent, was not known before. Therefore, we derived the independent

components of the supercurrent multiplet and used them to compute its descendants for all two and

four-derivative invariants.

In analyzing the on-shell supergravity action deformed by curvature-squared invariant terms, we

observed that an alternative representation of the conformal supergravity multiplet significantly simpli-

fies calculations. This observation led us to define the hyper-dilaton Weyl multiplet for supergravity

theories with 8 supercharges, they include 4D N = 2, 5D N = 1, and 6D N = (1,0). These newly

defined hyper-dilaton Weyl multiplets, reduce the dependence on the standard Weyl multiplet for con-

structing supergravity theories. By coupling this multiplet to an off-shell vector multiplet compensator

and employing superconformal techniques, we demonstrated how to reproduce the supergravity action

of [241] for 4D N = 2 theory and subsequently generalized it for 5D N = 1 theory.

Furthermore, the hyper-dilaton Weyl multiplet of N = 2 conformal supergravity in four dimensions

enabled us to construct, for the first time, an off-shell model of partial supersymmetry breaking in
197



198 CHAPTER 8. CONCLUSION

Minkowski spacetime. This was achieved by coupling the hyper-dilaton Weyl multiplet to magnetically

and electrically deformed off-shell vector and tensor multiplets. We presented a general off-shell

gauged N = 2 supergravity deformed by an arbitrary number of deformed vector and tensor multiplets,

and derived primary equations of motion for this general theory. We then focused on a detailed

analysis of a specific SU(1,1)/U(1) model, engineered fully off-shell, which exhibited on-shell partial

supersymmetry breaking in Minkowski spacetime.

Outlined below are some potential future directions that stem directly from our work, with further

elaboration in the subsequent discussion.

• Extending the results presented here on gauged curvature-squared invariant terms to general

matter-coupled 5D supergravity.

• Exploring alternative dilaton-Weyl multiplets for various supergravity theories.

• Classifying all four-derivative invariant terms, including curvature-squared invariant terms,

and other terms that are independent of these curvature-squared terms, such as F2F , (F2)2 =

(FabFab)2, and F4 = FabFbcFcdFda, in both standard Weyl and various dilaton-Weyl multiplet

backgrounds.

• Investigating higher-order corrections beyond the leading four-derivative terms, such as eight-

derivative corrections.

• Understanding how these invariant terms affect the physics by calculating other physical quanti-

ties, such as the mass and entropy of black holes.

• Determining missing invariant terms (if any) by analyzing the off-shell reduction of the log

invariant from 5 to 4 dimensions.

• Exploring models of partial supersymmetry breaking in spacetimes with positive, zero, or

negative cosmological constants.

We now elaborate on the impact of the results presented in this thesis and potential future directions.

Recent advances in gauge field theory, driven by integrability, supersymmetric localization, and other

computational techniques, have initiated a new era in the study of higher-derivative supergravity

theories within the context of gauge/gravity correspondence. While progress on the gravity side has

lagged behind, this work on gauged curvature-squared supergravity in five dimensions partly addresses

this gap. Although the structure of the on-shell gauged supergravity deformed by the three curvature-

squared invariant terms agrees with those in [82] and [86], our results provide a complete and extended

dependence on all constants associated with the five-parameter family of gauged curvature-squared

supergravities (4.3.7). As far as the first α ′ corrections were concerned, arguments were given to

justify why only two invariants might suffice to compute (BPS) on-shell observables (as for example

the entropy of five-dimensional black holes). However, it remains an open question to understand to

which extent only a subset of curvature squared invariants suffice for a general analysis. In the future,
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we plan to explore how all five parameters in the theory play a non-trivial role in the calculation of

non-BPS observables.

The focus here on the gauged sector is pivotal for obtaining (asymptotically) AdS solutions,

which play a central role in holography, both with and without supersymmetry. As an example, we

computed the a and c Weyl anomaly coefficients for the dual CFT through holographic renormalization.

Previous studies have addressed these coefficients using only two curvature-squared invariant terms,

however, here we take into account all three invariants. While our results align with previous studies,

incorporating the third invariant provides additional confidence in the findings.

This work has already gained significant attention [218, 301, 303, 304, 306, 316–318] highlighting

its importance and impact in the supergravity literature. Although we have constructed the curvature-

squared invariant terms for 5D gauged supergravity, they are without matter coupling. The off-shell

construction of arbitrary supergravity-matter couplings, even up to curvature-squared terms, remains

an open problem. In the future, we plan to extend these results on gauged curvature-squared invariant

terms to general matter-coupled 5D supergravity.

Equipped with our computer algebra program for supergravity calculations, we are well-positioned

to extend the current work and tackle several open problems in supergravity, as listed in the potential

future directions above. We aim to explore higher-derivative corrections, starting by classifying all

independent four-derivative invariant terms, including terms such as F2F , (F2)2, and F4, which are

independent of curvature-squared terms. A key question is whether these additional invariant terms

can be constructed and, if so, how they will impact the on-shell theory and contribute to physical

quantities.

Apart from AdS solutions, there exist other backgrounds of interest for minimal gauged supergrav-

ity, such as the Gödel spacetime. While Gödel spacetime backgrounds are well understood for 4D

minimal gauged supergravity [76], a parallel 5D analysis could shed light on which higher derivative

invariants in 5D correspond to those in 4D. This is possible due to a precise off-shell map between

4D and 5D Lagrangians [76]. By including only the curvature-squared correction terms to the known

two-derivative action, we can understand the leading higher derivative corrections. If these leading

corrections prove useful for the 4D/5D connection and for predicting other backgrounds such as black

holes and black strings, this would provide further motivation to go beyond the leading four-derivative

corrections to supergravity theory.

Furthermore, the newly defined hyper-dilaton Weyl multiplet of N = 2 conformal supergravity in

four dimensions enabled us to obtain an off-shell partial supersymmetry breaking model in Minkowski

spacetime. There are several interesting extensions of this work. We aim to systematically generalize

these models to study partial supersymmetry breaking in spacetimes with positive, zero, or negative

cosmological constants. Another direction, which we addressed in chapter 6, is to define the hyper-

dilaton Weyl multiplet for other supergravity theories. We plan to explore other dilaton-Weyl multiplets

as well. A natural possibility is to couple the standard Weyl multiplet to an on-shell vector-tensor

multiplet—see [41, 190, 262–267] for references on the vector-tensor multiplet and its coupling to

conformal supergravity. Furthermore, we intend to analyze the on-shell model corresponding to
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the general gauged supergravity deformed by an arbitrary number of deformed vectors and tensor

multiplets. Finally, since higher-order invariant terms are crucial for understanding the effective field

theory description of string theory, we aim to investigate these terms beyond four-derivatives by using

various possible off-shell approaches.

The results presented in this thesis significantly advance our conceptual understanding of supergrav-

ity theories, while the computer algebra program available on GitHub [8] enhances our computational

capabilities. These developments will be instrumental in carrying out the outlined projects on super-

gravity and holographic dualities, with valuable applications in quantum gravity, black holes, and

cosmology.
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Appendix A

4D N = 2 Conformal superspace

In this appendix, we collect results about 4D N = 2 conformal superspace focusing on the ingredi-

ents relevant to our discussion in Chapter 2, 5 and 7. The conventions we use here differ in numerous

ways from those used originally in [26]. For the most part, we adhere to the notation and conventions

of [36] and [127, 128].

A.1 Notations and conventions

Our notations and conventions follow mostly those in [36]. We briefly summarize them here.

We use two-component notation where dotted and undotted spinor indices are raised and lowered

by ε tensors

ψα = εαβ ψ
β , χ̄

α̇ = ε
α̇β̇

χ̄
β̇
, (A.1.1)

obeying

εαβ =−εβα , εαβ ε
βγ = δ

γ

α , ε
α̇β̇

ε
β̇ γ̇ = δ

γ̇

α̇
, ε

12 = 1 .

Similarly SU(2) indices are raised and lowered by εi j and ε i j having the same properties as εαβ .

Spinor indices are contracted as

ψχ := ψ
α

χα , ψ̄ χ̄ = ψ̄α̇ χ̄
α̇ . (A.1.2)

For spinors which are also isospinors, we define

ψχ = ψ
α
i χ

i
α , ψ̄ χ̄ = ψ̄

i
α̇ χ̄

α̇
i . (A.1.3)

The metric is ηab = diag(−1,1,1,1). The sigma matrices are defined as

(σa)αα̇ = (1, σ⃗) , (σ̃a)α̇α = ε
α̇β̇

ε
αβ (σa)

ββ̇
= (1,−σ⃗) , (A.1.4)

and have the properties

(σa)αβ̇
(σ̃b)

β̇β =−ηabδ
β

α −2(σab)α
β , (A.1.5)
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(σ̃a)
α̇β (σb)ββ̇

=−ηabδ
α̇

β̇
−2(σ̃ab)

α̇

β̇
, (A.1.6)

together with the following useful identities

(σa)αα̇(σa)ββ̇
=−2εαβ ε

α̇β̇
,

(σab)αβ (σ
ab)γδ =−2εγ(αεβ )δ ,

(σ̃ab)α̇β̇
(σ̃ab)

γ̇ δ̇
=−2εγ̇(α̇ε

β̇ )δ̇ ,

(σab)αβ (σ̃
ab)

γ̇ δ̇
= 0 ,

tr(σabσcd) = (σab)α
β (σcd)β

α =−ηa[cηd]b −
i
2

εabcd ,

tr(σ̃abσ̃cd) = (σ̃ab)α̇
β̇ (σ̃cd)β̇

α̇ =−ηa[cηd]b +
i
2

εabcd ,

(σa)α
α̇(σab)βγ = εα(β (σb)γ)

α̇ ,

(σa)α
α̇(σ̃ab)

β̇ γ̇ = ε
α̇(β̇ (σb)α

γ̇) ,

(σ[a)αβ̇
(σbc])γδ =

i
3

εabcdεα(γ(σ
d)

δ )β̇ ,

ε
abcd

εa′b′c′d′ =−4!δ a
[a′δ

b
b′δ

c
c′δ

d
d′] ,

(σabσc)α
α̇ = (σab)α

β (σc)β
α̇ =−ηc[a(σb])α

α̇ − i
2

εabcd(σ
d)α

α̇ ,

(σ̃abσc)
α̇

α = (σ̃ab)
α̇

β̇
(σc)α

β̇ =−ηc[a(σb])α
α̇ +

i
2

εabcd(σ
d)α

α̇ ,

εabcd(σ
cd)αβ =−2i(σab)αβ , εabcd(σ̃

cd)
α̇β̇

= 2i(σ̃ab)α̇β̇
.

The antisymmetric tensor is

ε
0123 =−ε0123 = 1 , (A.1.8)

and (anti-)symmetrization includes a normalization factor, for example

V[ab] =
1
2!
(Vab −Vba) , ψ(αβ ) =

1
2!
(ψαβ +ψβα) . (A.1.9)

For superform indices, we introduce graded antisymmetrization, e.g.,

V[AB} =
1
2!
(VAB − (−)abVBA) . (A.1.10)

When an index is not included, we separate it with vertical bars, e.g.,

T[AB
DF|D|C} =

1
3!

(
TAB

DFDC − (−)abTBA
DFDC +(−)ca+cbTCA

DFDB

− (−)cbTAC
DFDB +(−)ab+acTBC

DFDA − (−)ab+ac+cbTCB
DFDA

)
. (A.1.11)

A vector Va can be rewritten with spinor indices as

V
αβ̇

= (σa)
αβ̇

Va , Va =−1
2
(σ̃a)

β̇αV
αβ̇

. (A.1.12)

A real antisymmetric tensor, Fab =−Fba is converted to spinor indices as

Fαβ =
1
2
(σab)αβ Fab , F̄

α̇β̇
=−1

2
(σ̃ab)

α̇β̇
Fab , Fab = (σab)

αβ Fαβ − (σ̃ab)α̇β̇
F̄ α̇β̇ . (A.1.13)
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A.2 4D N = 2 Conformal superspace identities

The Lorentz generators obey

[Mab,Mcd] = 2ηc[aMb]d −2ηd[aMb]c , [Mab,∇c] = 2ηc[a∇b] ,

[Mab,∇
i
α ] = (σab)α

β
∇

i
β
, [Mab, ∇̄

α̇
i ] = (σ̃ab)

α̇

β̇
∇̄

β̇

i . (A.2.1)

The SU(2)R, U(1)R and dilatation generators obey

[Ji j,Jkl] =−εk(iJ j)l − εl(iJ j)k , [Ji j,∇
k
α ] =−δ

k
(i∇α j) , [Ji j, ∇̄

α̇
k ] =−εk(i∇̄

α̇

j) ,

[Y,∇i
α ] = ∇

i
α , [Y, ∇̄α̇

i ] =−∇̄
α̇
i ,

[D,∇a] = ∇a , [D,∇i
α ] =

1
2

∇
i
α , [D, ∇̄α̇

i ] =
1
2

∇̄
α̇
i . (A.2.2)

The special superconformal generators KA transform in the obvious way under Lorentz and SU(2)R

rotations,

[Mab,Kc] = 2ηc[aKb] , [Mab,S
γ

i ] =−(σab)β
γSβ

i , [Mab, S̄i
γ̇ ] =−(σ̃ab)

β̇
γ̇ S̄i

β̇
,

[Ji j,S
γ

k ] =−εk(iS
γ

j) , [Ji j, S̄k
γ̇ ] =−δ

k
(iS̄γ̇ j) , (A.2.3)

while their transformation under U(1)R and dilatations is opposite that of ∇A:

[Y,Sα
i ] =−Sα

i , [Y, S̄i
α̇ ] = S̄i

α̇ ,

[D,Ka] =−Ka , [D,Sα
i ] =−1

2
Sα

i , [D, S̄i
α̇ ] =−1

2
S̄i

α̇ . (A.2.4)

Among themselves, the generators KA obey the algebra

{Sα
i , S̄

j
α̇
}= 2iδ j

i (σ
a)α

α̇Ka . (A.2.5)

Finally, the algebra of KA with ∇B is given by

[Ka,∇b] = 2δ
a
bD+2Ma

b ,

{Sα
i ,∇

j
β
}= 2δ

j
i δ

α

β
D−4δ

j
i Mα

β −δ
j

i δ
α

β
Y +4δ

α

β
Ji

j ,

{S̄i
α̇ , ∇̄

β̇

j }= 2δ
i
jδ

β̇

α̇
D+4δ

i
jMα̇

β̇ +δ
i
jδ

β̇

α̇
Y −4δ

β̇

α̇
Ji

j ,

[Ka,∇
j
β
] =−i(σa)β

β̇ S̄ j
β̇
, [Ka, ∇̄

β̇

j ] =−i(σa)β̇
β Sβ

j ,

[Sα
i ,∇b] = i(σb)

α

β̇
∇̄

β̇

i , [S̄i
α̇ ,∇b] = i(σb)α̇

β
∇

i
β
, (A.2.6)

where all other (anti-)commutations vanish.

The covariant derivatives obey (anti-)commutation relations of the form

[∇A,∇B}= TAB
C

∇C +
1
2

RAB
cdMcd +RAB

klJkl

+ iRAB(Y )Y +RAB(D)D+RAB
CKC , (A.2.7)
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where TAB
C is the torsion, and RAB

cd , RAB
kl , RAB(Y ), RAB(D) and RAB

C are the curvatures. Some of

the components of the torsion and curvature must be constrained. Following [26], the spinor derivative

torsions and curvatures are chosen to obey

{∇
i
α ,∇

j
β
}=−2ε

i j
εαβW̄ , {∇̄

α̇
i , ∇̄

β̇

j }= 2εi jε
α̇β̇W , {∇

i
α , ∇̄

β̇

j }=−2iδ i
j∇α

β̇ , (A.2.8)

where W is some operator valued in the superconformal algebra. In [26], it was shown how to constrain

W entirely in terms of a superfield Wαβ so that the component structure reproduces N = 2 conformal

supergravity. In our notation, the constraints lead to

{∇
i
α ,∇

j
β
}= 2ε

i j
εαβW

γ̇ δ̇
Mγ̇ δ̇

+
1
2

ε
i j

εαβ ∇̄γ̇kW
γ̇ δ̇ S̄k

δ̇
− 1

2
ε

i j
εαβ ∇

γδ̇
W δ̇

γ̇Kγγ̇ , (A.2.9a)

{∇̄
α̇
i , ∇̄

β̇

j }=−2εi jε
α̇β̇W γδ Mγδ +

1
2

εi jε
α̇β̇

∇
γkWγδ Sδ

k −
1
2

εi jε
α̇β̇

∇
γγ̇Wγ

δ Kδ γ̇ , (A.2.9b)

{∇
i
α , ∇̄

β̇

j }=−2iδ i
j∇α

β̇ , (A.2.9c)

[∇αα̇ ,∇
i
β
] =−iεαβW

α̇β̇
∇̄

β̇ i − i
2

εαβ ∇̄
β̇ iW

α̇β̇
D− i

4
εαβ ∇̄

β̇ iW
α̇β̇

Y + iεαβ ∇̄
β̇

j W
α̇β̇

Ji j

− iεαβ ∇̄
i
β̇
W γ̇ α̇Mβ̇ γ̇ − i

4
εαβ ∇̄

i
α̇∇̄

β̇

k W
β̇ γ̇

S̄γ̇k +
1
2

εαβ ∇
γβ̇W

α̇β̇
Si

γ

+
i
4

εαβ ∇̄
i
α̇∇

γ
γ̇W γ̇ β̇ K

γβ̇
, (A.2.9d)

[∇αα̇ , ∇̄
β̇

i ] = iδ β̇

α̇
Wαβ ∇

β

i +
i
2

δ
β̇

α̇
∇

β

i WαβD− i
4

δ
β̇

α̇
∇

β

i WαβY + iδ β̇

α̇
∇

β jWαβ Ji j

+ iδ β̇

α̇
∇

β

i W γ
αMβγ +

i
4

δ
β̇

α̇
∇αi∇

β jWβ
γSγ j −

1
2

δ
β̇

α̇
∇

β
γ̇Wαβ S̄γ̇

i

+
i
4

δ
β̇

α̇
∇αi∇

γ
γ̇WβγKβ γ̇ . (A.2.9e)

The complex superfield Wαβ =Wβα and its complex conjugate W
α̇β̇

:=Wαβ are superconformally

primary, KAWαβ = 0, and obey the additional constraints

∇̄
α̇
i Wβγ = 0 , ∇αβW αβ = ∇̄

α̇β̇W
α̇β̇

, (A.2.10)

where we introduce the notation

∇αβ := ∇
k
(α∇β )k , ∇̄

α̇β̇ := ∇̄
(α̇
k ∇̄

β̇ )k . (A.2.11)

Despite the appearance of the S-supersymmetry and special conformal Ka generators, the algebra of

covariant derivatives (A.2.9) is significantly simpler to work with than the corresponding algebras of

SU(2) [127, 319] or U(2) superspace [128, 227, 228].

The S−supersymmetry transformation of the descendant superfields of the super-Weyl tensor is

given as follows:

Sk
δ
Wαβγ

i = 8ε
ki

εδ (αWβγ) , S̄δ̇
k Wαβγ

i = 0 , (A.2.12a)

S̄δ̇
k W α̇β̇ γ̇

i = 8εkiε
δ̇ (α̇W β̇ γ̇)

, Sk
δ
W α̇β̇ γ̇

i = 0 , (A.2.12b)

Sk
αΣ

i
β
=−4

3
ε

kiWαβ , S̄α̇
k Σ

i
β
= 0 , (A.2.12c)
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S̄α̇
k Σ̄

β̇

i =
4
3

εkiW
α̇β̇

, Sk
α Σ̄

β̇

i = 0 , (A.2.12d)

Sk
λ
Wαβγδ = 24ελ (αWβγδ )

k , S̄λ̇
k Wαβγδ = 0 , (A.2.12e)

S̄λ̇
k W α̇β̇ γ̇ δ̇

= 24ε
λ̇ (α̇W β̇ γ̇ δ̇ )

k , Sk
λ
W α̇β̇ γ̇ δ̇

= 0 , (A.2.12f)

Sk
λ

Σαβ
i j =

28
3

ε
k(i

ελ (αΣ
j)
β )
+

4
3

ε
k(iWαβλ

j) , S̄λ̇
k Σαβ

i j = 0 , (A.2.12g)

S̄λ̇
k Σ̄

α̇β̇
i j =

28
3

εk(iε
λ̇ (α̇

Σ̄
β̇ )
j) −

4
3

εk(iW
α̇β̇ λ̇

j) , Sk
λ

Σ̄
α̇β̇

i j = 0 , (A.2.12h)

Sk
λ

Σαβ =
32
3

ελ (αΣ
k
β )−

4
3

Wαβλ
k , S̄λ̇

k Σαβ = 0 , (A.2.12i)

S̄λ̇
k Σ̄

α̇β̇ =
32
3

ε
λ̇ (α̇

Σ̄
β̇ )
k +

4
3

W α̇β̇ λ̇

k , Sk
λ

Σ̄
α̇β̇ = 0 , (A.2.12j)

Sk
λ

D = 0 , S̄λ̇
k D = 0 , (A.2.12k)

Sl
λ

Σαβγ
k =

2
3

ε
lkWαβγλ +3ε

lk
ελ (αΣβγ)−12ελ (αΣβγ)

lk , S̄λ̇
l Σαβγ

k = 0 , (A.2.12l)

S̄λ̇
l Σ̄

α̇β̇ γ̇
k =−2

3
εlkW

α̇β̇ γ̇ λ̇
+3εlkε

λ̇ (α̇
Σ̄

β̇ γ̇)−12ε
λ̇ (α̇

Σ̄
β̇ γ̇)

lk , Sl
λ

Σ̄
α̇β̇ γ̇

k = 0 .(A.2.12m)

The S−supersymmetry transformation of the descendants of the abelian vector multiplet is given

as follows:

Sα
i λ

j
β
= 4δ

α

β
δ

j
i W, S̄i

α̇λ
j

α = 0, Sα
i λ̄

α̇
i = 0, S̄i

α̇ λ̄
β̇

j = 4δ
β̇

α̇
δ

i
jW , (A.2.13)

Sγ

i Fαβ =
1
2

δ
γ

(α
λβ )i, S̄i

α̇Fαβ = 0 , Sγ

i F̄ α̇β̇ = 0, S̄i
γ̇ F̄ α̇β̇ =

1
2

δ
(α̇
γ̇

λ
β̇ )i , (A.2.14)

Sα
i Xkl = 0, S̄i

α̇Xkl = 0 . (A.2.15)

The S−supersymmetry transformation of the descendants of the tensor multiplet is given as follows:

Sα
i χβ j = 4δ

α

β
Gi j , S̄i

α̇ χ̄
β̇ j = 4δ

β̇

α̇
Gi j , Sα

i χ̄
β̇ j = 0 , S̄i

α̇ χβ j = 0 , (A.2.16)

Sα
i F =−4χ

α
i , S̄i

α̇ F̄ =−4χ̄
i
α̇ , Sα

i F̄ = 0 , S̄i
α̇F = 0 , (A.2.17)

Sα
i Ĥa =

3i
4
(σa)

α

β̇
χ̄

β̇

i , S̄i
α̇Ĥa =−3i

4
(σ̄a)α̇

β
χ

i
β
. (A.2.18)





Appendix B

5D N = 1 conformal superspace

In this appendix we collect results about 5D N = 1 conformal superspace in the traceless frame

of [29] focusing on the ingredients relevant to our discussion in Chapter 2, 3, 4, and 6. We adhere to

the notations and conventions of [29] with the exception of using the notation of [90] in chapter 4. The

reader should also look at [3], where some typos from [29] were fixed.

B.1 Different 5D N = 1 notation and conventions

Table B.1 provides a brief translation scheme between our conventions and other groups [90, 174,

211] that worked on the superconformal tensor calculus in five dimensions.

It is important to note that the definitions of supersymmetry are different between the various groups.

Here the differences amount to not only to normalisations, but also to additional field-dependent S

and K transformations in the definition of δQ. That is, given a transformation δQ + δS + δK in our

conventions with respective parameters ξ i
α , η i

α , and Λa
K , we will find a transformation δ ′

Q +δ ′
S +δ ′

K

with new parameters ε i, η ′i, and Λ′a
K given in Table B.2.

We also emphasise that each group uses the same vector derivative Da, corresponding to our ∇a,

modulo differing overall normalisations of the superconformal generators. The additional gravitino-

dependent terms in the S-supersymmetry and special conformal connections in Table B.1 cancel against

additional terms found within δQ, so that the vector derivative is unchanged.

For completeness, we also give in Table B.3 the relation between our conventions for the vector

multiplet and the other groups. The conventions for the linear multiplet can be found in Table B.4.

231
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Our conventions de Wit and Katmadas Bergshoeff et al. Fujita et al.

ηab ηab ηab −ηab

Γa −iγa iγa γa

Σab 1
2γab 1

2γab −1
2γab

εabcde −iεabcde −εabcde εabcde

ψm
i ψµ

i ψµ
i 2ψµ

i

Vm
i
j −1

2Vµ j
i −Vµ

i
j Vµ

i
j

ωm
ab ωµ

ab −ωµ
ab −ωµ

ab

iφm
i φµ

i −φµ
i + 1

3Tabγabψµ
i 2φµ

i − 2
3vabγabψµ

i

fm
a − fµ

a + 1
3ψµiγ

aχ i − fµ
a + 1

3ψµ
iγaχi − fµ

a + i
24ψµ

iγaχi

W ab −4T ab 16
3 T ab 4

3vab

χ i χ i χ i 1
32 χ i

D D D 1
16(D− 8

3vabvab)

R(Q)ab
i 1

2R(Q)ab
i 1

2R(Q)ab
i R(Q)ab

i

R(M)ab
cd R(M)ab

cd −R(M)ab
cd −R(M)ab

cd

R(J)ab
i
j −1

2R(V)ab j
i −R(V )ab

i
j R(U)ab

i
j

iR(S)ab
i 1

2R(S)ab
i −1

2R(S)ab
i + 1

6TcdγcdR(Q)ab
i R(S)ab

i − 1
3vcdγcdR(Q)ab

i

R(K)ab
c −R(K)ab

c + 1
3R(Q)abiγ

cχ i −R(K)ab
c + 1

3R(Q)ab
iγcχi −R(K)ab

c + i
24R(Q)ab

iγcχi

Table B.1: Conventions for Weyl multiplet

de Wit and Katmadas Bergshoeff et al. Fujita et al.

ε i = 2ξ i ε i = 2ξ i ε i = ξ i

η ′i = 2iη i η ′i =−2iη i + 2
3Tabγabξ i η ′i = iη i + 1

3vabγabξ i

Λ′a
K =−Λa

K + 2
3ξiγ

aχ i Λ′a
K =−Λa

K + 2
3ξ iγaχi Λ′a

K =−Λa
K + i

24ξ iγaχi

Table B.2: Conventions for δQ +δS +δK

Our conventions de Wit and Katmadas Bergshoeff et al. Fujita et al.

W σ σ M

λ i Ωi −ψ i −2Ωi

X i j 2Y i j 2Y i j 2Y i j

vm Wµ −Aµ Wµ

fmn Fµν −Fµν Fµν

Table B.3: Conventions for vector multiplet
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Our conventions de Wit and Katmadas Bergshoeff et al. Fujita et al.

Gi j 1
2Li j 1

2Li j 1
2Li j

ϕ i − i
2ϕ i − i

2ϕ i − i
2ϕ i

F N N 1
2N

Ha Êa −Ea 1
2Ea

Table B.4: Conventions for linear multiplet

B.2 5D N = 1 conformal superspace identities

The Lorentz generators act on the superspace covariant derivatives ∇A = (∇a,∇
i
α) in the following

way

[Mab,Mcd] = 2ηc[aMb]d −2ηd[aMb]c , (B.2.1a)

[Mab,∇c] = 2ηc[a∇b] , (B.2.1b)

[Mαβ ,∇
i
γ ] = εγ(α∇

i
β ) , (B.2.1c)

where Mαβ = 1/2(Σab)αβ Mab. The SU(2)R and dilatation generators satisfy

[Ji j,Jkl] = ε
k(iJ j)l + ε

l(iJ j)k , [Ji j,∇k
α ] = ε

k(i
∇

j)
α (B.2.1d)

[D,∇a] = ∇a , [D,∇i
α ] =

1
2

∇
i
α . (B.2.1e)

The Lorentz and SU(2)R generators act on the special conformal generators KA = (Ka,Sαi) according

to the rules

[Mab,Kc] = 2ηc[aKb] , [Mαβ ,S
i
γ ] = εγ(αSi

β ) [Ji j,Sk
α ] = ε

k(iS j)
α , (B.2.1f)

while the dilatation generator acts on KA as

[D,Ka] =−Ka , [D,Sαi] =−1
2

Sαi . (B.2.1g)

Among themselves, the generators KA obey the only nontrivial anti-commutation relation

{Si
α ,S

j
β
}=−2iε

i j(Γc)αβ Kc . (B.2.1h)

The algebra of KA with ∇A is given by

[Ka,∇b] = 2ηabD+2Mab , (B.2.1i)

[Ka,∇
i
α ] = i(Γa)α

β Si
β
, (B.2.1j)

{Sαi,∇
j
β
}= 2εαβ δ

j
i D−4δ

j
i Mαβ +6εαβ Ji

j , (B.2.1k)

[Sβ i,∇a] = i(Γa)β
α

∇αi −
1
4

Wa
b(Γb)β

αSαi +
i
8
(ΓaΓ

b)β
γXγiKb −

i
4

Wabβ iK
b . (B.2.1l)



234 APPENDIX B. 5D N = 1 CONFORMAL SUPERSPACE

The anticommutator of two spinor derivatives, {∇i
α ,∇

j
β
}, has the following non-zero torsion and

curvatures

T i
α

j
β

c = 2iε i j(Γc)αβ , (B.2.2a)

R(M)i
α

j
β

cd = 2iε i j
εαβW cd + iε i j(Γb)αβW̃ bcd , (B.2.2b)

R(S)i
α

j
β

γk =
3i
4

ε
i j

εαβ X γk + iε i j
δ

γ

[α
Xk

β ] , (B.2.2c)

R(K)i
α

j
β

c =− i
2

ε
i j

εαβ ∇
bWb

c +
i
2

ε
i j(Γa)αβ ∇

dW̃da
c − i

32
ε

i j(Γc)αβY

+
i
4

ε
i j

εαβW̃c
deWde +

i
2

ε
i j(Γa)αβ

(
WadW cd − 3

16
W bdWbdδa

c
)
. (B.2.2d)

The non-vanishing torsion and curvatures in the spinor-vector commutator [∇b,∇
i
α ] are:

Tb
i
α

γ

k =
1
4

δ
i
k

(
3(Γb)α

βWβ
γ −Wα

β (Γb)β
γ

)
, (B.2.3a)

R(D)b
i
α =−1

4
(Γb)α

γX i
γ , (B.2.3b)

R(J)b
i
α

jk =−3
4
(Γb)α

γ
ε

i( jXk)
γ , (B.2.3c)

R(M)b
i
α

cd =−(Γb)α
γW cdi

γ −
1
4

εb
cde fWe f

i
α +

1
2

δ
[c
b (Γd])α

γX i
γ , (B.2.3d)

R(S)b
i
α

γ j =
1

16
Xcd

i j(Σcd
Γb −2ΓbΣ

cd)α
γ

− 3i
8

ε
i j

∇[bWcd](Σ
cd)α

γ − i
8

ε
i j

∇dW dc(Σcb)α
γ

+
3i
16

ε
i j

∇
dWdb δ

γ

α − i
8

ε
i j

∇
cW̃cb

d(Γd)α
γ

+
i

16
ε

i jW̃ cdeWde(Σcb)α
γ − 3i

32
ε

i jW̃bdeW de
δα

γ

+
i
4

ε
i j WbdW cd(Γc)α

γ − 3i
64

ε
i j W cdWcd(Γb)α

γ , (B.2.3e)

R(K)b
i
α

c =
1
6
(Γc)α

β
∇

dWdb
i
β
+

1
12

(Γb)α
β

∇
dW d

ci
β
+

1
6

∇α
βWb

ci
β
− 1

24
εb

cde f̂
∇dWe f̂

i
α

+
1
8
(Γc)α

β
∇bX i

β
+

1
64

W de(3ΓbΣdeΓ
c −ΣdeΓbΓ

c)α
β X i

β

− 1
48

W̃bde(Γ
c)α

βW dei
β
+

1
8

δb
cW deWde

i
α

+
1

12
(Σb

c)α
βWde

i
β
W de − 1

12
W de(Σde)α

βWb
c
β

i

+
13
48

WbdW dci
α +

11
48

Wbd
i
αW dc − 13

96
(Γb)α

βWde
i
β

W̃ dec . (B.2.3f)

The commutator of two vector derivatives [∇a,∇b] has the following non-zero torsion and curvatures:

Tab
α
i =− i

2
Wab

α
i , (B.2.4a)

R(J)ab
i j =−3i

4
Xab

i j , (B.2.4b)

R(M)ab
cd =−1

4
(Σab)

αβ (Σcd)γδ

(
iWαβγδ +3W(αβWγδ )

)
, (B.2.4c)

R(S)ab
i
α =−1

2
∇α

βWabβ
i − 1

2
(Γ[a)α

β
∇

cWb]cβ
i
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− 1
8

Wα
βWabβ

i +
1

16
(Σab)α

βW cdWcdβ
i +

3
8

W c
[aWb]cα

i , (B.2.4d)

R(K)ab
c =

1
4

∇dR(M)ab
cd − i

16
Wab

α
j (Γ

c)α
β X j

β
− i

8
Wd[a

α
j (Γb])α

βW cd
β

j

+
i
8

Wad
α
i (Γ

c)α
βWb

d
β

i . (B.2.4e)

The S−supersymmetry transformation of the descendant superfields X i
α , Wαβγ

i, Wαβγδ , Xαβ
i j, and

Y of the super-Weyl tensor is given as follows:

SαiWβγδ
j = 6δ

j
i εα(βWγδ ) , SαiX

j
β
= 4δ

j
i Wαβ ,

SαiWβγδρ = 24εα(βWγδρ)i , SαiY = 8iXαi ,

SαiXβγ
jk =−4δ

( j
i Wαβγ

k)+4δ
( j
i εα(β Xk)

γ)
. (B.2.5)





Appendix C

6D N = (1,0) conformal superspace

In this appendix we collect results about 6D N = (1,0) conformal superspace [31] in the traceless

frame of [32, 69] focusing on the ingredients relevant to our discussion in Chapter 6. We adhere to the

notations and conventions of [69].

C.1 6D N = (1,0) conformal superspace identities

The Lorentz generators act on the superspace covariant derivatives ∇A = (∇a,∇
i
α) as

[Mab,Mcd] = 2ηc[aMb]d −2ηd[aMb]c , (C.1.1)

[Mab,∇c] = 2ηc[a∇b] , (C.1.2)

[Mα
β ,∇k

γ ] =−δ
β

γ ∇
k
α +

1
4

δ
β

α ∇
k
γ , (C.1.3)

where Mα
β =−1

4(γ
ab)α

β Mab. The SU(2)R and dilatation generators satisfy

[Ji j,Jkl] = ε
k(iJ j)l + ε

l(iJ j)k , [Ji j,∇k
α ] = ε

k(i
∇

j)
α , (C.1.4)

[D,∇a] = ∇a , [D,∇i
α ] =

1
2

∇
i
α . (C.1.5)

The Lorentz and SU(2)R generators act on the special conformal generators KA = (Ka,Sα
i ) as

[Mab,Kc] = 2δ
c
[aKb] , [Mα

β ,Sγ

k ] = δ
γ

αSβ

k − 1
4

δ
β

α Sγ

k , [Ji j,Sγ

k ] = δ
(i
k Sγ j) , (C.1.6)

while the dilatation generator acts on KA as

[D,Ka] =−Ka , [D,Sα
i ] =−1

2
Sα

i . (C.1.7)

Among themselves, the generators KA obey the only nontrivial anti-commutation relation

{Sα
i ,S

β

j }=−2iεi j(γ̃c)
αβ Kc . (C.1.8)

The algebra of KA with ∇A is given by

[Ka,∇b] = 2ηabD+2Mab , (C.1.9)
237
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[Ka,∇i
α ] = −i(γa)αβ Sβ i , (C.1.10)

{Sα
i ,∇

j
β
} = 2δ

α

β
δ

j
i D−4δ

j
i Mβ

α +8δ
α

β
Ji

j , (C.1.11)

[Sα
i ,∇b] = −i(γ̃b)

αβ
∇β i +

1
10

Wbcd(γ̃
cd)α

γSγ

i −
1
4

Xα
i Kb

+
[1

4
(γ̃bc)

α
β Xβ

i +
1
2
(γbc)β

γXγi
βα

]
Kc . (C.1.12)

The anticommutator of two spinor derivatives, {∇i
α ,∇

j
β
}, has the following non-zero torsion and

curvatures

T i
α

j
β

c = 2iε i j(γc)αβ , (C.1.13a)

R(M)i
α

j
β

cd = 4iε i j(γa)αβW acd , (C.1.13b)

R(S)i
α

j
β

k
γ = −3

2
ε

i j
εαβγδ Xδk , (C.1.13c)

R(K)i
α

j
β c = iε i j(γa)αβ

(
1
4

ηacY −∇
bWabc +Wa

e fWce f

)
. (C.1.13d)

The non-zero torsion and curvatures in the commutator [∇a,∇
j
β
] are:

Ta
j
β

γ

k = −1
2
(γa)βδW δγ

δ
j

k , (C.1.14a)

R(D)a
j
β

= − i
2
(γa)βγX γ j , (C.1.14b)

R(M)a
j
β

cd = iδ [c
a (γd])βγX γ j − i(γa

cd)γδ X j
β

γδ +2i(γa)βγ(γ
cd)δ

ρX j
ρ

γδ , (C.1.14c)

R(J)a
j
β

kl = 2i(γa)βγX γ(k
ε

l) j , (C.1.14d)

R(S)a
j
β

k
γ = − i

4
(γa)βδ Yγ

δ jk +
3i
20

(γa)γδYβ
δ jk − i

8
(γa)βδ ∇γρW δρ

ε
jk

+
i

40
(γa)γδ ∇βρW δρ

ε
jk − i

8
(γa)δε εβρτγ W δρW ετ

ε
jk , (C.1.14e)

R(K)a
j
β c =

i
4
(γc)βγ∇aX γ j − i

4
(γacd)γδ ∇

dX j
β

γδ +
i
3
(γa)βδ (γcd)ρ

γ
∇

dX j
γ

δρ

− i
8
(γa)βγ(γc)δρW γδ Xρ j +

5i
12

(γa)βρ(γc)γεW γδ X j
δ

ρε

+
i
4
(γa)γρ(γc)βεW γδ X j

δ

ρε − i
2
(γa)γρ(γc)δεW γδ X j

β

ρε . (C.1.14f)

The commutator of two vector derivatives, [∇a,∇b], has the following non-vanishing torsion and

curvatures:

Tab
γ

k = (γab)β
αXαk

βγ , (C.1.15a)

R(M)ab
cd = Yab

cd =
1
4
(γab)γ

α(γcd)δ
βYαβ

γδ , (C.1.15b)

R(J)ab
kl =

1
2
(γab)δ

γYγ
δ kl = Yab

kl , (C.1.15c)

R(S)ab
k
γ = − i

3
(γab)δ

α
∇γβ Xk

α
βδ − i

6
(γabc)αβ ∇

cXk
γ

αβ − i
6

εγβερ(γab)δ
ρW αβ Xk

α
δε , (C.1.15d)

R(K)abc =
1
4

∇
dYabcd +

i
3

Xk
α

βγXβk
αδ (γabc)γδ + i(γab)ε

α(γc)γδ Xk
α

βγXβk
δε
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+
i
4

XαkXβk
γδ (γab)γ

β (γc)αδ . (C.1.15e)

Recall the descendant superfields Xαi, Xαi
βγ , Y , Yα

β kl , Yαβ
γδ (and equivalently Yab

cd), were defined

in (2.2.90) and (2.2.91). They transform under S-supersymmetry as [31]

Sα
i Xβ j =

8i
5

δ
j

i W αβ , Sα
i X j

β

γδ =−iδ j
i δ

α

β
W γδ +

2i
5

δ
j

i δ
(γ
β

W δ )α , (C.1.16a)

Sγ

kYα
β i j = −δ

(i
k

(
16X j)

α
γβ −2δ

β

α X γ j)+8δ
γ

αXβ j)
)
, (C.1.16b)

Sρ

j Yαβ
γδ = 24

(
δ

ρ

(α
Xβ ) j

γδ − 1
3

δ
(γ
(α

Xβ ) j
δ )ρ

)
, Sα

i Y =−4Xα
i . (C.1.16c)

By using (2.2.89) and the previous definitions, one can derive spinor covariant derivative acting on

these descendants of the super-Weyl tensor and can be found in [32, 69] in the traceless frame. Here

we only provide the relations which are useful for our analysis, which are

∇
i
αXβ j = −2

5
Yα

β i j − 2
5

ε
i j

∇αγW γβ − 1
2

ε
i j

δ
β

α Y , (C.1.17a)

∇
i
αX j

β

γδ =
1
2

δ
(γ
α Yβ

δ )i j − 1
10

δ
(γ
β

Yα
δ )i j − 1

2
ε

i jYαβ
γδ − 1

4
ε

i j
∇αβW γδ

+
3
20

ε
i j

δ
(γ
β

∇αρW δ )ρ − 1
4

ε
i j

δ
(γ
α ∇βρW δ )ρ . (C.1.17b)
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