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ABSTRACT: The discrepancy between the Hubble constant Hy values derived from early-time
and late-time measurements, reaching up to 40, represents the most serious challenge in
modern cosmology and astrophysics. In this work, we investigate if a similar tension exists
between only late time measurements at different redshifts. We use the latest public datasets
including Cosmic Chronometers, Megamasers, SNe la and DESI-BAO, that span from redshift
z ~ 0 up to z ~ 2.3. By dividing the data into redshift bins, we derive Hy values from each bin
separately. Our analysis reveals a phenomenological dynamic evolution in Hy across different
redshift ranges, with a significance from 1.50 and 2.30, depending on the parameterization.
Consistency of the model demands observational constancy of Hy since it is an integration
constant within the Friedmann-Lemaitre-Robertson-Walker (FLRW) metric. Thus, these
findings suggest that the observed Hubble tension might not only exist between early and
late-time measurements but also among late-time data themselves, providing new insights
into the nature of the Hubble tension.

KEYWORDS: Bayesian reasoning, cosmological parameters from LSS, baryon acoustic
oscillations, supernova type Ia - standard candles

ARX1v EPRINT: 2411.00095

© 2025 The Author(s). Published by IOP Publishing

BY Ltd on behalf of Sissa Medialab. Original content from
this work may be used under the terms of the Creative Commons htt ‘//d . /10 1088/1475—7516/202r/03/026
Attribution 4.0 licence. Any further distribution of this work must ps: 01.0rg : o

maintain attribution to the author(s) and the title of the work,
journal citation and DOI.


https://orcid.org/0009-0003-9848-4567
https://orcid.org/0000-0002-1163-3730
mailto:mauricio.lopez@cinvestav.mx
mailto:Josue.desantiago@cinvestav.mx
https://doi.org/10.48550/arXiv.2411.00095
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1088/1475-7516/2025/03/026

Contents

1 Introduction 1
2 Cosmology 2
3 Data 4
4 Fitting 5
5 Results 7
5.1 Quadratic parameterization 9
5.2 Fourier parameterization 10
5.3 Unbinned results 10
5.4 H(z) reconstruction 10
6 Summary and conclusions 13

1 Introduction

Our current understanding of the Universe relies on the ACDM model, which incorporates the
cosmological constant A and a cold dark matter component. This model is the most accepted
and successful in explaining most cosmological observations [1, 2]. One of the most important
challenges within the astrophysics and cosmology community is the discrepancy of more than
4o for the Hubble constant Hy, between local measurements using the cosmic distance ladder
and early-time measurements of the cosmic microwave background (CMB). The former was
based on direct observations of Supernovae Type Ia (SNe Ia) calibrated with Cepheids by
the SHOES team [3] and the latter was obtained by the Planck satellite, which relies on the
ACDM model [1]. This so-called Hubble tension has led to an exhaustive search for potential
explanations. A wide range of models have been used to address the Hg tension, proposing
either a dark energy (DE) component during the early evolution of the Universe [4-9], a
DE component with a time-varying equation of state [10-12], extra interactions between the
components of the Universe [13-16], or modified gravity [17-19]. However, in most solutions,
reducing the tension leads to a mismatch with other well-measured cosmological quantities
or fails to fully address the Hubble tension, so no proposal so far presents solid arguments
to claim it is better than all the others [20-29]. For a more comprehensive study about the
Hj tension and alternative proposals, see the reviews [30-32].

In the ACDM model, Hy is a constant by definition: it represents the Hubble parameter
H(z) at the present epoch Hy = H(z = 0). However, recent results have shown that H
depends on the redshift of the probes used to determine it. The first of these results, from
six gravitationally lensed quasars with measured time delays by the HOLICOW program,
indicated that Hy decreases with lens redshift [33], with no evidence suggesting that this
trend is due to unaccounted systematics [34]. Subsequent studies have found a similar feature



in different datasets [35-44], offering a new perspective on the Hubble tension due to an
apparent redshift dependence of a quantity that should, tautologically, be a constant.

Recently, the Dark Energy Spectroscopic Instrument (DESI) collaboration published its
cosmological constraints from the first year of observations. The results favor models with
a DE component whose equation of state varies with time by more than 2.60 [45] for the
baryon acoustic oscillations (BAO) measurements with similar results from the more recent
full shape analysis [46] with a significance from 2.50 up to 3.80 depending on the Supernova
data used. This challenges the paradigm of what we previously believed to be correct in the
ACDM model. This dynamical DE could be responsible for a Hy that depends on the redshift.

Ref. [35] found that splitting cosmological data in different redshift bins up to z = 0.7
gives different estimates to Hy which are in contradiction with a single constant at 2.1c
level. This leads to the conclusion that the Hubble tension is present even between late-time
measurements themselves when taken at different redshifts. Ref. [35] assumed a cosmological
constant and used BAO-BOSS data [2]. The new DESI results lead us to question whether
the new data together with a dynamical DE could solve this tension.

Clearly, there is a need for model-independent techniques to reconstruct the expansion
rate of the universe. Cosmography [47-49] is one of these approaches; since it only uses
kinematic parameters together with the assumption of homogeneity and isotropy on large
scales, it turns out to be a very useful tool to deal with degeneracies between cosmological
models beyond ACDM and to understand the kinematics of our local universe. Letting the
data constrain the Hubble rate without dealing with the problems related to the nature of
dark energy or dark matter leads to an excellent consistency test to break the assumptions
that were once established given the extremely limited data available for cosmology at that
time. Then, after reconstructing H(z) with the latest cosmological data we can ask if our
cosmological models are consistent with it.

The paper is organized as follows. In section 2, we detail the implemented methodology,
along with the theory behind the cosmological probes used in this paper. In section 3, we
mention the data used. Section 4 explains the criteria used to split the data into bins. In
section 5, we present our results on constraining the value of Hy in each of the bins. Finally,
the summary and conclusions can be found in section 6.

2 Cosmology

In light of the new discoveries for the first cosmological results from DESI [45], in this work
we use a flat Universe with a dynamical Dark Energy component, with a Chevallier-Polarski-
Linder (CPL) equation of state given by w(a) = wo + we(1 — a) [50, 51]. The Friedmann
equation is given by the following parameterization

}1/2, (2.1)

H(z) = Ho [Qn(1+2)* + (1= Q) f(2)

where
f(Z) — (1 + Z)3(1+w0+wa)€—3waz/(1+z)7 (22)

and with Hy, Q,,, wy, w, the free parameters.



Following [35], we will split different cosmological data according to their redshift in order
to estimate the Hubble constant using only data in certain redshift ranges. This method
involves binning a modern dataset that includes the new DESI data, cosmic chronometers
(CC), megamasers, and SNe Ia samples. The SNe Ia samples comprise the Pantheon+
compilation, the new Union3 compilation, and Dark Energy Survey (DES) Year 5 data release.
With these new data, we were able to expand the redshift range in the analysis to observe
in more depth the evolution of Hy with the redshift of the data.

Cosmic chronometers provide a direct estimate of the expansion rate of the Universe. This
method takes advantage of the fact that the Hubble parameter, H(z), can be directly expressed
as a function of the time differential of the Universe, dt, over a given redshift interval, dz [52]

o1 d:
14+ zdt

H(z)=

CCs evolve homogeneously as a function of cosmic time and on a timescale much longer than

(2.3)

their age difference. Given H(z), to obtain Hy from eq. (2.1) it is necessary to determine
Qp, wo, we from other observations.

The water megamasers found in the accretion disks of supermassive black holes in active
galactic nuclei (AGN) act like a laser beam in the microwave band, providing a method to
calculate extragalactic distances without relying on the cosmic distance ladder [53]. The
disk model returns an estimate of the angular diameter distance Dy to the galaxy and its
recession velocity ;. The decomposition of this velocity between its peculiar and cosmological
components 9; = Upec,i + €2z; is unknown for objects this close. Each ﬁA is related to its
expected redshift z; and the cosmological parameters by the equation

o z dZ
S 1+2zJo H(2')

Da(2) (2.4)

Following [54], we take peculiar velocities of the galaxies into account incorporating opec = 250
km s~! into the velocity uncertainties. The chi-squared used to constrain the cosmological
parameters is then given as

2 2
v,1 + Upec UD,i

=2 Lfv — 0, (Dalw/e) - ﬁi)2] : (2.5)

where the expected cosmological recession velocities are given by v; = cz;, N the number
of data, o,; is the statistical uncertainty in the velocity measurement 9;, and op; is the
standard deviation of the distance measurement lA)l We take the expected velocities v; for
megamaser host galaxies as nuisance parameters.

The SNe Ia data give the apparent magnitude my, of each SNe, which can be compared
with the predicted model given by

Dy(z)
my, = M + p(z) = M + 25 + 5logy < Mpe ) ) (2.6)

where M is the absolute magnitude for SNe Ia, and Dy, (2) is the luminosity distance, which
in the case of SNe Ia can be written, according to [55], by

DL(Z) = (1 + Zhel)(l + Zcmb)DA(zcmb)a (27)



Zhel 18 the heliocentric redshift of the SNe (or its host galaxy), and zcpy, is this redshift corrected
for the peculiar motion of the solar system with respect to the CMB. Note that the parameters
M and Hj are degenerate when analyzing SNe alone. Therefore, SNe measurements are used
to constrain other cosmological parameters, particularly the matter density .

The BAO measurements provide distances relative to the sound horizon, rq4, as a function
of redshift [2]. Along the line-of-sight direction, a measurement of the redshift interval, Az,
gives a means to measure the Hubble distance at redshift z,

(2.8)

Along the transverse direction, measuring the angle A6 subtended by the BAO feature at
z estimates the comoving angular diameter distance, Dy(z)

Du(z) = (14 2)Da(2), (2.9)

These measurements can also be summarized by a single estimate representing the spherically
averaged distance

Dy(2) = [2Du(=)Du()] "

, (2.10)
BAO measurements constrain these distances all divided by the sound horizon rq. Therefore,
Hy and rq are degenerate with each other. BAO measurements constrain the product Hyrq,
and therefore are key in the treatment of Hubble tension. This constraint implies that a
higher Hy, as that obtained by SHOES [3], requires a lower rq, which is incompatible with
the value inferred by the Planck Collaboration [1]. In this work, we will not use the CMB
prior on rq as this will imply the use of data outside our redshift bins.

3 Data

To constrain Hy, we use the following public data up to the redshift z < 2.33, including
their systematic errors and covariance matrices. These data correspond to the latest public
measurements of the observables from the previous section:

1. Distances and recession velocities from 6 megamasers in the range 0.002 < z < 0.034,
from the Megamaser Cosmology Project [53, 54, 56].

2. 32 cosmic chronometers data in the range 0.07 < z < 2, from refs. [57-65]. We estimate
the covariance matrix! between these data points following ref. [66].

3. BAO measurements in galaxy, quasar and Lyman-« forest tracers from the Year 1 data
release of DESI. These are measurements of the transverse comoving distance Dy; and
Hubble rate Dy, or their combination Dy, relative to the sound horizon rq with the
following effective redshifts zegq = 0.30,0.51,0.71,0.93,1.32,1.49, 2.33 [45].

!The detailed recipe on how to correctly estimate the covariance matrix for cosmic chronometers is given
in https://gitlab.com/mmoresco/CCcovariance.


https://gitlab.com/mmoresco/CCcovariance

4. For the superenovae type la measurements, we use any of the three latest compilations.
1,590 SNe Ia from the Pantheon+ compilation in the redshift range 0.01 < z < 2.26 [67].
Recently published results from the Year 5 data release of the Dark Energy Survey
(DES Y5) that include 1,635 new photometrically classified SNe Ia and 194 low-redshift
SNe Ia (which are also common to Pantheon+), spanning 0.025 < z < 1.3 [68].
Finally, 22 binned data points from 2087 SNe Ia from the Union3 sample in the range
0.05 < z < 2.26 [69], which has 1360 SNe in common with Pantheon+. We include
both the statistical and systematic uncertainties in the three sets. We emphasize that
these SNe Ia data are not independent of each other and therefore we cannot combine
them. However, they differ in the way they analyze systematic errors and astrophysical
parameters, making it interesting to compare the results of each of them.

Compared with the data used in ref. [35] which includes the BOSS BAO data [2] and
the Pantheon sample [70], we have the BAO data from DESI Y1, the recent supernovae
compilations Pantheon+, Union3, and DES Y5, as well as three extra measurements of CC.

Since the Pantheon+, DES, and Union3 data cannot be combined, we present each of
their results separately. The analyzes always include the megamasers+CC+DESI data, which
we will call “Base”, but differ in the SNe sample. We denote each case as Base+PantheonPlus,
Base+Union3 and Base+DES.

4 Fitting

In this section, we describe how we fit the cosmological parameters using the data specified
in the last section. The code used in this section is public at.? Our objective is to see if the
estimation of the Hubble constant Hj is consistent when using data at different redshifts. We
will split the total redshift range from our data into separate redshift bins with 2 € (22, 28 1ax)5
and we use only data coming from that bin to estimate Hy.

The redshift widths of the bins vary between each other, as we follow the strategy used
in [35] requiring that the average redshift of each bin coincides between megamasers, SNe

and BAO. We use the weighted average z given by

i zwlon)

LS on)

where N; denotes the number of data used in the bin 7 and o, denotes the error in the

: (4.1)

observable at redshift z;. For megamasers, we use o7 = O'%’k + Ugec + O'%’k. The bins
constructed in each analysis are summarized in table 1.

Not all bins contain all the data. The megamasers appear only in the first redshift
bin, while some bins lack DESI data. We only require that all bins contain either CC or
megamasers data to break the Hy-ry and Hyp-M degeneracies, mentioned in section 2. We
emphasize that the condition (4.1) leads to different binnings and different z’s depending
on the SNe’s used (PantheonPlus, Union3 and DES).

To fit the parameters, we used the Python module emcee [71]. We set flat priors for

all the parameters, in particular for Hy the prior is large enough that its fitting is mainly

2See https://github.com/MauloHdz/LUDB.
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Base+PantheonPlus

Bin Data Range z
1 Megamasers, SNe 0.01 < 2 <0.069 | 0.032
2 SNe, CC 0.069 < 2 <0.199 | 0.15
3 SNe, CC, DESI-BGS 0.199 < 2 <0425 | 0.30
4 SNe, CC, DESI-LRG1 (2 = 0.51) | 0.425 < 2 < 0.625 | 0.51
5 SNe, CC, DESI-LRG2 (z = 0.71) | 0.625 < 2z < 0.7891 | 0.71
6 SNe, CC, DESI-LRG3+ELG1 0.7891 < z < 1.13 | 0.93
7 | SNe, CC, DESI-ELG2, DESI-QSO 1.13 < 2<1.65 1.38
8 SNe, CC, DESI-Lya 165 <2<23 1.94

Base+Union3

Bin Data Range z
1 Megamasers, SNe 0< 2<0.069 0.05
2 SNe, CC 0.069 <2<0.19 | 0.12
3 SNe, CC, DESI-BGS 0.19<2<0.44 0.30
4 SNe, CC, DESI-LRG1 (z = 0.51) 0.44 < 2<0.649 | 0.51
5 SNe, CC, DESI-LRG2 (z = 0.71) 0.649 <2<0.79 | 0.71
6 SNe, CC, DESI-LRG3+ELG1 0.79<2<1.23 0.93
7 | SNe, CC, DESI-ELG2, DESI-QSO 1.23<2<1.7 1.36
8 SNe, CC, DESI-Lya 1.7<2<23 2.26

Base+DES

Bin Data Range z
1 Megamasers, SNe 0 < 2z<0.069 0.041
2 SNe, CC 0.069 <2<0.19 | 0.12
3 SNe, CC, DESI-BGS 0.19 < 2 <0401 | 0.30
4 SNe, CC, DESI-LRG1 (z = 0.51) 0.401 < 2 <0.63 | 0.51
5 SNe, CC, DESI-LRG2 (z = 0.71) 0.63<2<0.826 | 0.71
6 SNe, CC, DESI-LRG3+ELG1 0.826 < 2 <1.13 0.93

Table 1. Summary of the data, range in redshift and z in each bin for each different dataset.

influenced by the measurements
Hj € (0, 150). (4.2)

On the other hand, the data contained in a single bin lack the power to constrain the
equation of state parameters wg and w,. Therefore, the posteriors of these parameters are
mainly influenced by their priors. We considered large prior ranges

we € (—2.5,2.5), wo € (—1.5,—1/3), (4.3)
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Figure 1. Best-fit values for the Hubble constant in each bin and for each different dataset.
The Base+DES data cover the range z < 1.3, so it includes only 6 redshift bins, compared to
Base+PantheonPlus and Base+Union3, which cover a wider range. For a better visibility, we shifted
the redshift centers z; + 0.02 for Base+PantheonPlus and z; + 0.03 for Base+Union3. The centers of
the bins z; differ for each dataset due to eq. (4.1). The green horizontal band corresponds to the value
from SHOES [3] (Ho = 73.04 + 1.04 km s~ '"Mpc ') and the light red horizontal band corresponds to
the value from Planck 2018 [1] within a ACDM scenario (Hy = 67.4 4 0.5 km s~ 'Mpc™!).

to allow for enough freedom in the DE dynamics. These ranges contain both the DESI
estimation® and the cosmological constant wy = —1, w, = 0. After we fit the parameters, wy
and w, take values in their entire allowed region without preference for a particular value.
This comes from the narrow ranges in z for each bin which limit the evolution of f(z) in
equation (2.2) and therefore the possible observable effects from a dynamical Dark Energy.
In subsection 5.3 we do find limits for wy and w, using the full redshift range of the data.

Not all bins fit all parameters, since each bin may or may not contain a certain type
of data. The only parameters fitted in all bins are €2,,, Hy, wg, w,, and the absolute
magnitude of SNe Ia M.

5 Results

We show the fitted values of Hy for each bin in table 2 and illustrate them in figure 1. In
all three analyses, Hy decreases as a function of the redshift for z < 0.6, which is consistent
with [35]. In the next two bins, the value of Hy increases to a maximum of ~ 78 km s*
Mpc~! and then decreases again. Note that the scarcity and low quality of the data inflate
the errors at high-redshifts.

In figure 1 we see that the estimations in Hy seem to depend on the redshift. In order

to quantify how much this measurements deviate from a constant, we introduce different

$We recall that wo = —0.64 £ 0.11, and w, = —1.271539 for DESI+CMB+Union3 [45].



Data o [S IR!II;C]

Bin 1 Bin 2 Bin 3 Bin 4 Bin 5 Bin 6 Bin 7 Bin 8

Base+PantheonPlus  73.32¥533  67.847337  66.0873%% 56.247890  67.197332  78.8671%30 64.3271%2  64.1671552
Base+Union3 73.387542  63.35735%  66.887220  59.201726 65127380 791471038 64.0379%)  66.1111132

Base+DES 73.43+£2.97 65.6772%  63.04731] 6178758 66.367557  77.04497 — —

Table 2. Numerical values for the best-fit Hy in each bin and for each dataset. To see the redshift
range of each of the bins refer to table 1. This data is plotted in figure 1.

parameterizations

Hoy(Z,05), (5.1)

that are functions of the redshift of the measurements z and some parameters 6 for k =
1,2,--+ which allow Hy to deviate from a constant. Assuming statistical independence we
compute the total posterior as

Tmax

Piot(0r) = [] Ps (E)(%ﬁk)) ; (5.2)
i=1
where the posteriors P; result from the fits of each of the bins. With this, we fit the parameters
0. and estimate how much H; deviates from a constant.
We evaluated how statistically significant the deviation from a constant Hy is using three
different methods. First, we use the Bayesian evidence given by [72]

E— / TI(0,) (6)d0) , (5.3)

where II is the prior and £ the Likelihood of the parameters ;. We compute the integral
using the nested integration algorithm, Polychord [73, 74]. Here, a larger value means a
model with more probability. We report the Bayes factor given by

Evar

B =
Econs

(5.4)

and use it to determine if either the variable model or the constant is favored by the data.
Secondly, the Akaike Information Criterion (AIC) defined as [75, 76]

AIC = —2log Lmax + 2k, (5.5)

where L.« 1s the maximum likelihood that can be obtained within the model and k the
number of free parameters. Between the two models, variable and constant, the one with the
lowest AIC value is preferred by the data. This criterion favors the larger L£,,.x, but penalizes
too many extra parameters. In the next subsections, we report AAIC = AIC. — AICons.

Thirdly, we determine the number of standard deviations (o) from a constant. For
parameterizations with a single extra parameter, we only divide the distance to a constant
by the standard deviation of the parameter. For models with more parameters, we compute



Data o [Jem]  mldm] bl o AAlc B

Base+PantheonPlus ~ 75.187375  —65.9672030 72273163 15 167 1.59

Base+Union3 75.0673 70 —63.987299%  70.3273385 1.3 -0.70  1.30

Base+DES 74647392 —64.8973098 718373250 15 -1.52  1.72

Table 3. Constraints on the parameters ﬁo, m and b in the quadratic parameterization (5.6) for the
first 6 bins. We compared the model to a constant Hy and determine the Bayes factor B, AAIC and
o deviation. While the o values favors a dynamic Hy, the Bayes factor indicates only a barely worth
mentioning preference for the quadratic model, and the AAIC shows no preference between them, as
determined using the scale provided by [76].

the p-value of the variable model and, assuming a Gaussian distribution, we determine the
number of standard deviations associated with that p-value. This is the least rigorous of our
tests, but serves to communicate the relevance of our results as the cosmological community
is familiar with the concept that a few o’s can be the result of statistical fluctuations and
not a physical effect.

5.1 Quadratic parameterization

The first 6 bins in figure 1 seem to indicate a quadratic behaviour, therefore we propose
a quadratic parameterization of the form

Hoy(z) = Hy+mz + b22, (5.6)

with parameters Hy, m and b. For the fit, we exclude the results for bins 7 and 8 in order
to avoid biases caused by the abrupt drop in the value of Hy in bin 7, and the large error
bars in bin 8.

The results are shown in table 3 and figure 2, which shows the best fit to this quadratic
function. We also drew the 2.3, 16, 84 and 97.7 percentiles of the fitted samples as a function
of redshift to represent the 1o and 20 errors.

From table 3 we can see that the parameters m and b deviate from zero, favoring a
non-constant Hy model. However, the values of the Bayes factor and the AAIC show that
this parameterization very modestly improves the fit to the data given by the constant H.
Only accounting for a barely worth mentioning result according to the Jeffrey’s scale [77]
of the Bayes factor. And according to the AAIC scale in [76], which corresponds to no
preference between the models.

It is evident that the low values of Hy in the last two bins can lead to a fitting that is
compatible with a constant Hy (m = 0 and b = 0). This can be considered a limitation of
the quadratic parameterization, which asks for Hy to grow up to infinity at large redshifts.
As this parameterization is purely phenomenological, we replace it with one that will not
exhibit this behavior in the next subsection.



5.2 Fourier parameterization

If we consider all the bins in figure 1, we see a possible oscillatory behavior. Therefore, we
follow ref. [78] by proposing a parameterization in terms of the Fourier series

Ho(z, by, ) = Ho + Z [by, sin(2kma) + ¢ cos(2kma)], (5.7)
k
where a = 1/(1 + z) is the scale factor. After fitting different cuts of the series, we have
obtained that the second term in the cosine series co follows the oscillatory trend particularly
well. In order to simplify the parameterization we stay with

Ho(z) = Hy + Acos(4na). (5.8)

with only the two parameters Hy and A.

We now fit all the available bins showing the results in table 4. Figure 3 displays the fit
for the 8 bins in the Base+PantheonPlus and Base+Union3 samples, and for only 6 bins in
the Base+DES sample, remembering that this dataset has a reduced redshift range.

Again, table 4 includes the o, AAIC, and B values to see the robustness of this model
against a constant Hy. The parameter A is different from zero up to ~ 2.3 standard deviations,
suggesting a preference for the non-constant model. However, the scale in [76] indicates
that the difference in the AIC values is insufficient to favor any of the models. Table 4
also contains the results in each dataset for only 6 bins, confirming a general improvement
over the quadratic parameterization. On Jeffreys’ scale [77], the Bayes factor accounts for
a barely worth mentioning value, with the exception of the Base+DES sample, where we
found a substantial preference for the non-constant model. It is interesting to note that
the latest two bins in Base+PantheonPlus and Base+Union3 don’t change too much the
results in each dataset compared to 6 bins.

5.3 Unbinned results

In table 5 we show the fitted values of the cosmological parameters using the full redshift
range of the data. For the Hubble constant, we obtain an intermediate value between CMB
and SHOES of Hy ~ 70 km s~ 'Mpc™!, see figure 4. The constraints in wy and w, are in
good agreement with those found for DESI4SNe in [45]. Table 5 shows that a cosmological
constant A (corresponding to wg = —1 and w, = 0) as a source of DE is excluded at
approximately 20 with Base4+Union3 and Base+DES data, while Base+PantheonPlus excludes
it at approximately 1o. Moreover, (), agrees with the Planck value, €2, = 0.315 £ 0.007;
however, the sound horizon 74 disagrees with the Planck value, ry; = 147.09 £+ 0.26, by
approximately 1.50.

5.4 H(z) reconstruction

Finally, given this apparent variability in Hp, we wonder about deviations in the Hubble
parameter, H(z), from its theoretical prediction in the context of the CPL model. To do so,
we will treat H(z) as a free parameter to be constraint directly from the full data. Specifically,
H(z) will be determined by its values in a set of redshift nodes H(z;), defined by equally
spaced values of the scale factor a;, starting at a; = 1. This choice is motivated by the fact that

,10,
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Figure 2. The fit of the quadratic func-
tion (5.6) to the binned results for Hy in the
Base+PantheonPlus sample, Base4+Union3 sam-
ple and Base+DES sample. The dashed line repre-
sents the best fit, while the external solid lines rep-
resent the 1o and 20 errors. For this parametriza-
tion we only use the first 6 bins of each dataset.

Bin 3
Bin 4

Bin 5 4
Bin 6

Bin7
Bin 8

0.0 0.2 0.4 0.6 0.8
z

Figure 3. The fit of the Fourier parameter-
ization (5.8) to the binned results for Hy in
the Base+PantheonPlus sample, Base+Union3
sample and Base+DES sample. Recall that
Base+DES only has 6 bins. The dashed line
represents the best fit, while the external solid
lines represent the 1o and 20 errors.

most of the data are in the range z < 1, making it convenient for most nodes to be distributed

within this region. The maximum redshift node will also be determined by the maximum of

the previous bins in table 1, i.e. zpax = 2.3 for Base+PantheonPlus and Base+Union3, and
Zmax = 1.13 for Base+DES, in the latter we used only the data with z < 1.13. We used 9
nodes for Base+PantheonPlus and Base+Union3, and 7 nodes for Base+DES.

Each of the nodes H; = H(z;) is treated as a free parameter, instead of the cosmological

parameters {2, wo and w,. The Hubble parameter at any z interpolated with a cubic spline.

Figure 5 shows the reconstruction and table 6 contains the Hubble constant (first node), and

compares the fitting of this model compared with the CPL model.
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Data ﬁo[km} A[km} o AAIC B

s Mpc s Mpc
6 bins
Base+PantheonPlus  67.157332 5707382 2 —1.90 2.11
Base+Union3 67.10723% 5357508 1.8 —1.22 1.90
Base+DES 66.15123  6.537288 23 290 3.87
8 bins
Base+PantheonPlus ~ 66.637232 5597270 2 203 221
Base+Union3 66.68722% 5247297 1.8 —1.26 1.54

Table 4. Constraints on the parameters Hy and A in the Fourier parameterization (5.8). Remember
that Base+PantheonPlus and Base+Union3 reach up to z = 2.3 while Base+DES only up to z = 1.13.
We compared the model to a constant Hy and determine the Bayes factor B, AAIC and o deviation.
We see that the deviation from a constant is larger in ¢’s than for the quadratic model. The AAIC
is slightly better for the Fourier model than for a constant, although from the scale in [76] there
is no preference to either model. The Bayes factors values account for a barely worth mentioning
value according to the Jeffreys’ scale [77], with the exception of the Base+DES data, which shows a
substantial preference for the non constant model.

Base+DES 1

Base+Union3 ' o

Base+PantheonPlus A

Planck 20184 F—e—

SHOES 2022 —_——
67 68 69 70 71 72 73 74
Ho [kms~*Mpc~1]

Figure 4. Estimates of the Hubble constant Hj for the unbinned dataset Base+PantheonPlus,
Base+Union3 and Base+DES, compared to Hy estimates for SHOES [3] (Hy = 73.04 &+ 1.04 km
s~'Mpc ') and Planck 2018 team [1] (Hy = 67.4 + 0.5 km s~ 'Mpc ™).

Data Hy mew O wo Wq rq [Mpc]
Base+PantheonPlus  71.0873¢2  0.31+£0.02 —0.887007  —0.45100%% 140.95%57
Base+Union3 70.39721%  0.334+0.02 —0.68+0.13 —1.35707% 139.587731
Base+DES 70.637358  0.33+£0.02 —0.75+£0.09 —1177088 140.13%530

Table 5. Best-fit values on the parameters Hy, (., wo, w, and rq of the megamasers+CC+DESI4SNe
dataset, without binning and over the entire redshift range z < 2.33. Without the CC and megamasers
data, Hy, rqy and M cannot be determined. We see that the constraints on wg and w, resemble those
in [45], for DESI + SNe data. A cosmological constant (wy = —1 and w, = 0) is excluded by ~ 20
when the SNe data are either Union3 or DES.
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Data Ho ] o AAIC

Base4PantheonPlus  71.747215 3.0 -1.91

Base+Union3 73287332 3.5 -5.26

Base+DES 70.857232 1.2 3.04

Table 6. The Hubble constant, ¢ deviation, and AAIC values between the reconstructed and the
theoretical Hubble parameter. Base+DES favors the CPL model, probably due to the large error bars
in the last node. For Base+PantheonPlus and Base+Union3, there is a preference for the reconstructed
H(z), as indicated by the o values, which rise up to 3.50. The AAIC values show no preference for
either model from the scale in [76] for Base+PantheonPlus, but Base+Union3 shows considerable
support against the theoretical predictions.

Base+DES has large error bars in its last node, due to the quality of data in this
range. This has an immediate effect on the values of 0 and AAIC, showing a preference
for the CPL model. In contrast, using Base+PantheonPlus and Base+Union3, there is a
preference for the reconstructed Hubble parameter over the CPL model, with Base+Union3
being the most notable, reaching a statistical significance of up to 3.5¢ and a AAIC value
indicating considerable support according to the scale in [76] compared to the CPL model.
In order to interpret the results, it is important to note the impact of the interpolation
method used. Cubic splines can present overfitting in regions where the data is disperse,
generating oscillations that could be interpreted as real features of the model, but are actually
mathematical artifacts. However, the values of AAIC were not significantly affected when
we used quadratic or linear splines. This shows that the choice of the interpolation scheme
does not have a significant effect on the reconstruction of the Hubble parameter in the
range where the data lie.

Paying attention only to the inferred nodes H(z;), we observe a slight tension around
z ~ 0.5 for Base+PantheonPlus and Base+DES, whereas the others agree with its theoretical
prediction.

6 Summary and conclusions

In this work, we have studied the evolution in the value of Hy with the redshift of the data
used to determine it, finding a dynamic evolution in Hy. For that we used the latest dataset
of CC, megamaser, SNe la and BAO observations from the Year 1 data release of DESI. The
results show that the Hubble tension, referring to a phenomenologically non-constant value
in Hp, cannot be resolved by the new DESI data together with a dynamical DE.

SNe observations are chosen from one of the three most recent samples of Pantheon+-,
Union3, and DES. Pantheon+ and Union 3 share about 1360 SNe, but differ in their analysis
and treatment over systematics. DES has 1635 new SNe but shares 194 low-redshift SNe
with Pantheon+. Our three data samples share the megamasers+CC+DESI data, but differ
in the SNe data. Base+PantheonPlus and Base+Union3 formed a total of 8 bins, and 6
bins for Base+DES.
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Figure 5. Reconstructed Hubble parameter H(z) in each sample. The dashed line represents the
interpolation obtained interpolating with a cubic spline the values of H(z;) in each node, while the
external black solid lines represent the 1o and 20 errors. The orange line shows the theoretical Hubble
parameter following the CPL model, with the parameters values fixed from table 5.
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If we consider only the first six bins, we found (see figure 1), for the three samples,
that Hp decreases as a function of redshift for z < 0.5, and then increases in the region
0.5 < 2z<0.9up to~ 78 km s 'Mpc~!. In fact, if we include bins 7 and 8, the dynamic
trend becomes more robust, with Hy decreasing once again for these bins.

The results show a dynamical trend in Hy with a statistical significance up to 1.5¢0, for
the quadratic parameterization (5.6) and up to 2.30 for the Fourier parameterization (5.8),
indicating a preference for a non-constant model. However, the values in AAIC and the
Bayes factor B, which penalize the extra parameters in the dynamical models, do not provide
substantial support for the quadratic function against a constant value. From a Bayesian
point of view, both the quadratic function and a constant Hy fit the bins results equally well.
Similar conclusions are obtained for the Fourier parameterization, except for the results of
Base+DES, which have the highest AAIC and B values showing a substantial preference
for the dynamical model, according to Jeffrey’s scale.

Remarkably, the value of ];NIO(Z = 0) for both models, as shown in tables 3 and 4, is in
complete agreement with that obtained by SHOES, Hy = 73.04 & 1.04 km s~ 'Mpc~!.

We highlight that the three datasets, which use different SNe samples, show similar
behaviors even though each sample differs in its content and methodology. Because of this, we
can infer that this trend is not caused by uncountable systematic errors in the SNe parameters,
and it is more an intrinsic behavior guided by the data.

We have ignored any calibration on either r4 or M. However, if we adopt them, we find
that the bins values of Hy are completely consistent with a constant. This would require
using data outside of the redshift bin, either CMB data to determine r4 or distance leader
data to determine M. As fixing r4 or M is equivalent to fixing Hy from the beginning, which
prevents the data from speaking for itself. It is relevant to highlight that any solution to
the Hubble tension that only modifies the calibration of ry or M will not solve the tension
presented here. In the unbinned case, in subsection 5.3 we obtained a 74 that is 1.50 smaller
than the one measured by Planck.

Of course, the results for Hy may vary if one adopts a different binning strategy, but we
expect that the significance of the trend does not change significantly. This evolution in the
Hubble constant might offer a new perspective on the Hubble tension. Since we are using
the wow,CDM model with very broad priors, it seems that a dynamical DE cannot remove
this trend. It’s important to note that using a cosmological constant as the Dark Energy
component only reduces the errorbars in the estimation of Hy due to the reduced parameter
space. This may increase the significance of the non-constant models.

Some possible solutions would be either a hidden systematic error or some other assump-
tion in the model. This could even be the reason why SHOES and Planck have different values
for Hy given that they use data with different redshifts, but this needs further study, maybe
considering Hy not as an integration constant, but as a quantity dependent on the observed
region of the Universe. Unfortunately, directly corroborating that the Hubble parameter at
the present time has different values depending on the region of the Universe is difficult; due
to the finiteness of the speed of light, we observe those regions in the past. However, nothing
prevents us from thinking that just as there are perturbations to matter, these bring with
them anisotropies in the expansion rate of the Universe, with Hy being more of an average
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value and the local departure of the cosmological principle [79-90]. See [91] for a review that
surveys observational hints for deviations of the cosmological principle.

We performed a reconstruction of the Hubble parameter, H(z), as an alternative strategy
to binning the data, treating it as a free function determined by its values at specific redshift
nodes, H(z;), which were used as fitting parameters. We then interpolated these values using
cubic splines to obtain a continuous function for H(z). Our analysis of the reconstructed
Hubble parameter reveals deviations from the theoretical prediction under the CPL model,
with Base+Union3 showing the most significant preference for the reconstructed H(z),
reaching a statistical significance of up to 3.50 and a AAIC value that indicates considerable
support. Additionally, a slight tension is observed around z ~ 0.5 in Base+PantheonPlus
and Base+DES between the reconstructed model and the CPL predictions. While checking
different interpolation methods, including quadratic and linear splines, did not significantly
our results.

Our binning strategy splits the data used, reducing the available data in each bin. This,
combined with the decreasing quality in the data, produces large error bars in the inferred
parameters which get worse at large z’s. Therefore, the quadratic and Fourier fittings present
large uncertainties. We do not rule out that the constant Hy is the correct result; we need to
wait to improve the quality and number of the data to be able to reach a final conclusion.

The Hubble tension remains one of the most significant challenges in modern cosmology
and astrophysics, highlighting persistent discrepancies in Hy values derived from different
observational methods and across various redshifts. This work contributes to the present
discussion, providing further evidence that the Hubble tension is not only confined to
early- versus late-time measurements but also appears consistently within purely late-time
measurements reflecting unresolved aspect of cosmological models and data calibration.

Acknowledgments

The authors thankfully acknowledge Sebastien Fromenteau for his useful comments in the
development of this work. M. L. H. was supported by Secihti grant 806098.

References

[1] PLANCK collaboration, Planck 2018 results. VI. Cosmological parameters, Astron. Astrophys. 641
(2020) A6 [Erratum bid. 652 (2021) C4] [arXiv:1807.06209] [INSPIRE].

[2] EBOSS collaboration, Completed SDSS-IV extended Baryon Oscillation Spectroscopic Survey:
cosmological implications from two decades of spectroscopic surveys at the Apache Point
Observatory, Phys. Rev. D 103 (2021) 083533 [arXiv:2007.08991] [INSPIRE].

[3] A.G. Riess et al., A comprehensive measurement of the local value of the Hubble constant with
1km s~ Mpc—! uncertainty from the Hubble Space Telescope and the SHOES team, Astrophys. J.
Lett. 934 (2022) L7 [arXiv:2112.04510] [iNSPIRE].

[4] J. Sakstein and M. Trodden, Early dark energy from massive neutrinos as a natural resolution of
the Hubble tension, Phys. Rev. Lett. 124 (2020) 161301 [arXiv:1911.11760] INSPIRE].

[5] A. Gogoi, R.K. Sharma, P. Chanda and S. Das, Farly mass-varying neutrino dark energy: nugget
formation and Hubble anomaly, Astrophys. J. 915 (2021) 132 [arXiv:2005.11889] [INSPIRE].

,16,


https://doi.org/10.1051/0004-6361/201833910
https://doi.org/10.1051/0004-6361/201833910
https://doi.org/10.48550/arXiv.1807.06209
https://inspirehep.net/literature/1682902
https://doi.org/10.1103/PhysRevD.103.083533
https://doi.org/10.48550/arXiv.2007.08991
https://inspirehep.net/literature/1807779
https://doi.org/10.3847/2041-8213/ac5c5b
https://doi.org/10.3847/2041-8213/ac5c5b
https://doi.org/10.48550/arXiv.2112.04510
https://inspirehep.net/literature/1986964
https://doi.org/10.1103/PhysRevLett.124.161301
https://doi.org/10.48550/arXiv.1911.11760
https://inspirehep.net/literature/1767182
https://doi.org/10.3847/1538-4357/abfe5b
https://doi.org/10.48550/arXiv.2005.11889
https://inspirehep.net/literature/1797678

[6] S.X. Tian and Z.-H. Zhu, Early dark energy in k-essence, Phys. Rev. D 103 (2021) 043518
[arXiv:2102.06399] [INSPIRE].

[7] T.L. Smith, V. Poulin and M.A. Amin, Oscillating scalar fields and the Hubble tension: a
resolution with novel signatures, Phys. Rev. D 101 (2020) 063523 [arXiv:1908.06995] [INSPIRE].

[8] R. Murgia, G.F. Abellan and V. Poulin, Farly dark energy resolution to the Hubble tension in
light of weak lensing surveys and lensing anomalies, Phys. Rev. D 103 (2021) 063502
[arXiv:2009.10733] [INSPIRE].

[9] A. Chudaykin, D. Gorbunov and N. Nedelko, Combined analysis of Planck and SPTPol data
favors the early dark energy models, JCAP 08 (2020) 013 [arXiv:2004.13046] [INSPIRE].

[10] Y. Wang, L. Pogosian, G.-B. Zhao and A. Zucca, Evolution of dark energy reconstructed from the
latest observations, Astrophys. J. Lett. 869 (2018) L8 [arXiv:1807.03772] [INSPIRE].

[11] W. Yang et al., Observational constraints on one-parameter dynamical dark-energy
parametrizations and the Hy tension, Phys. Rev. D 99 (2019) 043543 [arXiv:1810.05141]
[INSPIRE].

[12] R.-Y. Guo, J.-F. Zhang and X. Zhang, Can the Hy tension be resolved in extensions to ACDM
cosmology?, JCAP 02 (2019) 054 [arXiv:1809.02340] [INSPIRE].

[13] L. Amendola, Coupled quintessence, Phys. Rev. D 62 (2000) 043511 [astro-ph/9908023]
[INSPIRE].

[14] S. Kumar, R.C. Nunes and S.K. Yadav, Cosmological bounds on dark matter-photon coupling,
Phys. Rev. D 98 (2018) 043521 [arXiv:1803.10229] [INSPIRE].

[15] W.L. Xu, C. Dvorkin and A. Chael, Probing sub-GeV dark matter-baryon scattering with
cosmological observables, Phys. Rev. D 97 (2018) 103530 [arXiv:1802.06788] [INSPIRE].

[16] C.D. Kreisch, F.-Y. Cyr-Racine and O. Doré, Neutrino puzzle: anomalies, interactions, and
cosmological tensions, Phys. Rev. D 101 (2020) 123505 [arXiv:1902.00534] [INSPIRE].

[17] R. D’Agostino and R.C. Nunes, Measurements of Hy in modified gravity theories: the role of
lensed quasars in the late-time universe, Phys. Rev. D 101 (2020) 103505 [arXiv:2002.06381]
[INSPIRE].

[18] N.M. Jiménez Cruz and C. Escamilla-Rivera, Late-time and Big Bang nucleosynthesis constraints
for generic modified gravity surveys, Eur. Phys. J. Plus 136 (2021) 51 [arXiv:2011.09623]
[INSPIRE].

[19] S. Mandal, D. Wang and P.K. Sahoo, Cosmography in f(Q) gravity, Phys. Rev. D 102 (2020)
124029 [arXiv:2011.00420] [NSPIRE].

[20] K. Jedamzik, L. Pogosian and G.-B. Zhao, Why reducing the cosmic sound horizon alone can not
fully resolve the Hubble tension, Commun. in Phys. 4 (2021) 123 [arXiv:2010.04158] [INSPIRE].

[21] S. Vagnozzi, Consistency tests of ACDM from the early integrated Sachs-Wolfe effect:
implications for early-time new physics and the Hubble tension, Phys. Rev. D 104 (2021) 063524
[arXiv:2105.10425] [INSPIRE].

[22] E. Mortsell and S. Dhawan, Does the Hubble constant tension call for new physics?, JCAP 09
(2018) 025 [arXiv:1801.07260] [NSPIRE].

[23] M.-X. Lin, M. Raveri and W. Hu, Phenomenology of modified gravity at recombination, Phys.
Rev. D 99 (2019) 043514 [arXiv:1810.02333] [INSPIRE].

[24] N. Arendse et al., Cosmic dissonance: are new physics or systematics behind a short sound
horizon?, Astron. Astrophys. 639 (2020) A57 [arXiv:1909.07986] [INSPIRE].

,17,


https://doi.org/10.1103/PhysRevD.103.043518
https://doi.org/10.48550/arXiv.2102.06399
https://inspirehep.net/literature/1846563
https://doi.org/10.1103/PhysRevD.101.063523
https://doi.org/10.48550/arXiv.1908.06995
https://inspirehep.net/literature/1750329
https://doi.org/10.1103/PhysRevD.103.063502
https://doi.org/10.48550/arXiv.2009.10733
https://inspirehep.net/literature/1818683
https://doi.org/10.1088/1475-7516/2020/08/013
https://doi.org/10.48550/arXiv.2004.13046
https://inspirehep.net/literature/1793236
https://doi.org/10.3847/2041-8213/aaf238
https://doi.org/10.48550/arXiv.1807.03772
https://inspirehep.net/literature/1681702
https://doi.org/10.1103/PhysRevD.99.043543
https://doi.org/10.48550/arXiv.1810.05141
https://inspirehep.net/literature/1698033
https://doi.org/10.1088/1475-7516/2019/02/054
https://doi.org/10.48550/arXiv.1809.02340
https://inspirehep.net/literature/1693188
https://doi.org/10.1103/PhysRevD.62.043511
https://doi.org/10.48550/arXiv.astro-ph/9908023
https://inspirehep.net/literature/505156
https://doi.org/10.1103/PhysRevD.98.043521
https://doi.org/10.48550/arXiv.1803.10229
https://inspirehep.net/literature/1664575
https://doi.org/10.1103/PhysRevD.97.103530
https://doi.org/10.48550/arXiv.1802.06788
https://inspirehep.net/literature/1656604
https://doi.org/10.1103/PhysRevD.101.123505
https://doi.org/10.48550/arXiv.1902.00534
https://inspirehep.net/literature/1718350
https://doi.org/10.1103/PhysRevD.101.103505
https://doi.org/10.48550/arXiv.2002.06381
https://inspirehep.net/literature/1780988
https://doi.org/10.1140/epjp/s13360-020-00950-3
https://doi.org/10.48550/arXiv.2011.09623
https://inspirehep.net/literature/1831388
https://doi.org/10.1103/PhysRevD.102.124029
https://doi.org/10.1103/PhysRevD.102.124029
https://doi.org/10.48550/arXiv.2011.00420
https://inspirehep.net/literature/1827510
https://doi.org/10.1038/s42005-021-00628-x
https://doi.org/10.48550/arXiv.2010.04158
https://inspirehep.net/literature/1821996
https://doi.org/10.1103/PhysRevD.104.063524
https://doi.org/10.48550/arXiv.2105.10425
https://inspirehep.net/literature/1864655
https://doi.org/10.1088/1475-7516/2018/09/025
https://doi.org/10.1088/1475-7516/2018/09/025
https://doi.org/10.48550/arXiv.1801.07260
https://inspirehep.net/literature/1649970
https://doi.org/10.1103/PhysRevD.99.043514
https://doi.org/10.1103/PhysRevD.99.043514
https://doi.org/10.48550/arXiv.1810.02333
https://inspirehep.net/literature/1696989
https://doi.org/10.1051/0004-6361/201936720
https://doi.org/10.48550/arXiv.1909.07986
https://inspirehep.net/literature/1754721

[25] L. Knox and M. Millea, Hubble constant hunter’s guide, Phys. Rev. D 101 (2020) 043533
[arXiv:1908.03663] [INSPIRE].

[26] J.L. Bernal, T.L. Smith, K.K. Boddy and M. Kamionkowski, Robustness of baryon acoustic
oscillation constraints for early-universe modifications of ACDM cosmology, Phys. Rev. D 102
(2020) 123515 [arXiv:2004.07263] [INSPIRE].

[27] G. Efstathiou, To Hy or not to Ho?, Mon. Not. Roy. Astron. Soc. 505 (2021) 3866
[arXiv:2103.08723] [INSPIRE].

[28] J. Evslin, A.A. Sen and Ruchika, Price of shifting the Hubble constant, Phys. Rev. D 97 (2018)
103511 [arXiv:1711.01051] [INSPIRE].

[29] W. Lin, X. Chen and K.J. Mack, Farly universe physics insensitive and uncalibrated cosmic
standards: constraints on Q,, and implications for the Hubble tension, Astrophys. J. 920 (2021)
159 [arXiv:2102.05701] [INSPIRE].

[30] E. Di Valentino et al., In the realm of the Hubble tension — a review of solutions, Class. Quant.
Grav. 38 (2021) 153001 [arXiv:2103.01183] INSPIRE].

[31] J.L. Cervantes-Cota, S. Galindo-Uribarri and G.F. Smoot, The unsettled number: Hubble’s
tension, Universe 9 (2023) 501 [arXiv:2311.07552] [INSPIRE].

[32] L. Perivolaropoulos and F. Skara, Challenges for ACDM: an update, New Astron. Rev. 95 (2022)
101659 [arXiv:2105.05208] [NSPIRE].

[33] HOLICOW collaboration, HOLiCOW — XIII. A 2.4 per cent measurement of Hy from lensed
quasars: 5.30 tension between early- and late-universe probes, Mon. Not. Roy. Astron. Soc. 498
(2020) 1420 [arXiv:1907.04869] [INSPIRE].

[34] M. Millon et al., TDCOSMO. I. An exploration of systematic uncertainties in the inference of
Hy from time-delay cosmography, Astron. Astrophys. 639 (2020) A101 [arXiv:1912.08027]
[INSPIRE].

[35] C. Krishnan et al., Is there an early universe solution to Hubble tension?, Phys. Rev. D 102
(2020) 103525 [arXiv:2002.06044] [INSPIRE].

136] E.O. Colgéin et al., Putting flat ACDM in the (redshift) bin, Phys. Dark Univ. 44 (2024) 101464
[arXiv:2206.11447] NSPIRE].

[37] M. Malekjani et al., On redshift evolution and negative dark energy density in Pantheon +
Supernovae, Eur. Phys. J. C 84 (2024) 317 [arXiv:2301.12725] [INSPIRE].

[38] M.G. Dainotti et al., On the Hubble constant tension in the SNe Ia Pantheon sample, Astrophys.
J. 912 (2021) 150 [arXiv:2103.02117] [INSPIRE].

[39] J.-P. Hu and F.Y. Wang, Revealing the late-time transition of Hy: relieve the Hubble crisis, Mon.
Not. Roy. Astron. Soc. 517 (2022) 576 [arXiv:2203.13037] [INSPIRE].

[40] X.D. Jia, J.P. Hu and F.Y. Wang, Evidence of a decreasing trend for the Hubble constant, Astron.
Astrophys. 674 (2023) A45 [arXiv:2212.00238] [INSPIRE].

[41] X.D. Jia, J.P. Hu, S.X. Yi and F.Y. Wang, Uncorrelated estimations of Hy redshift evolution
from DESI baryon acoustic oscillation observations, Astrophys. J. Lett. 979 (2025) L34
[arXiv:2406.02019] [INSPIRE].

[42] M.G. Dainotti et al., On the evolution of the Hubble constant with the SNe Ia Pantheon sample
and baryon acoustic oscillations: a feasibility study for GRB-cosmology in 2030, Galaxies 10
(2022) 24 [arXiv:2201.09848] [INSPIRE].

,18,


https://doi.org/10.1103/PhysRevD.101.043533
https://doi.org/10.48550/arXiv.1908.03663
https://inspirehep.net/literature/1748842
https://doi.org/10.1103/PhysRevD.102.123515
https://doi.org/10.1103/PhysRevD.102.123515
https://doi.org/10.48550/arXiv.2004.07263
https://inspirehep.net/literature/1791545
https://doi.org/10.1093/mnras/stab1588
https://doi.org/10.48550/arXiv.2103.08723
https://inspirehep.net/literature/1851957
https://doi.org/10.1103/PhysRevD.97.103511
https://doi.org/10.1103/PhysRevD.97.103511
https://doi.org/10.48550/arXiv.1711.01051
https://inspirehep.net/literature/1634410
https://doi.org/10.3847/1538-4357/ac12cf
https://doi.org/10.3847/1538-4357/ac12cf
https://doi.org/10.48550/arXiv.2102.05701
https://inspirehep.net/literature/1846075
https://doi.org/10.1088/1361-6382/ac086d
https://doi.org/10.1088/1361-6382/ac086d
https://doi.org/10.48550/arXiv.2103.01183
https://inspirehep.net/literature/1849649
https://doi.org/10.3390/universe9120501
https://doi.org/10.48550/arXiv.2311.07552
https://inspirehep.net/literature/2722760
https://doi.org/10.1016/j.newar.2022.101659
https://doi.org/10.1016/j.newar.2022.101659
https://doi.org/10.48550/arXiv.2105.05208
https://inspirehep.net/literature/1862941
https://doi.org/10.1093/mnras/stz3094
https://doi.org/10.1093/mnras/stz3094
https://doi.org/10.48550/arXiv.1907.04869
https://inspirehep.net/literature/1743643
https://doi.org/10.1051/0004-6361/201937351
https://doi.org/10.48550/arXiv.1912.08027
https://inspirehep.net/literature/1771435
https://doi.org/10.1103/PhysRevD.102.103525
https://doi.org/10.1103/PhysRevD.102.103525
https://doi.org/10.48550/arXiv.2002.06044
https://inspirehep.net/literature/1780828
https://doi.org/10.1016/j.dark.2024.101464
https://doi.org/10.48550/arXiv.2206.11447
https://inspirehep.net/literature/2100029
https://doi.org/10.1140/epjc/s10052-024-12667-z
https://doi.org/10.48550/arXiv.2301.12725
https://inspirehep.net/literature/2772256
https://doi.org/10.3847/1538-4357/abeb73
https://doi.org/10.3847/1538-4357/abeb73
https://doi.org/10.48550/arXiv.2103.02117
https://inspirehep.net/literature/1849800
https://doi.org/10.1093/mnras/stac2728
https://doi.org/10.1093/mnras/stac2728
https://doi.org/10.48550/arXiv.2203.13037
https://inspirehep.net/literature/2058106
https://doi.org/10.1051/0004-6361/202346356
https://doi.org/10.1051/0004-6361/202346356
https://doi.org/10.48550/arXiv.2212.00238
https://inspirehep.net/literature/2606620
https://doi.org/10.3847/2041-8213/ada94d
https://doi.org/10.48550/arXiv.2406.02019
https://inspirehep.net/literature/2794499
https://doi.org/10.3390/galaxies10010024
https://doi.org/10.3390/galaxies10010024
https://doi.org/10.48550/arXiv.2201.09848
https://inspirehep.net/literature/2016772

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

E.O. Colgéin et al., Revealing intrinsic flat ACDM biases with standardizable candles, Phys. Rev.
D 106 (2022) L041301 [arXiv:2203.10558] INSPIRE].

C. Krishnan, E.O. Colgain, M.M. Sheikh-Jabbari and T. Yang, Running Hubble tension and a
Hy diagnostic, Phys. Rev. D 103 (2021) 103509 [arXiv:2011.02858] [INSPIRE].

DESI collaboration, DESI 2024 VI: cosmological constraints from the measurements of baryon
acoustic oscillations, JCAP 02 (2025) 021 [arXiv:2404.03002] INSPIRE].

DESI collaboration, DEST 2024 VII: cosmological constraints from the full-shape modeling of
clustering measurements, arXiv:2411.12022 [INSPIRE].

M. Visser, Cosmography: cosmology without the Einstein equations, Gen. Rel. Grav. 37 (2005)
1541 [gr-qc/0411131] [INSPIRE].

A. Shafieloo, A.G. Kim and E.V. Linder, Gaussian process cosmography, Phys. Rev. D 85 (2012)
123530 [arXiv:1204.2272] [INSPIRE].

J. Ruiz-Zapatero et al., Model-independent constraints on Q,, and H(z) from the link between
geometry and growth, Mon. Not. Roy. Astron. Soc. 512 (2022) 1967 [arXiv:2201.07025]
[INSPIRE].

M. Chevallier and D. Polarski, Accelerating universes with scaling dark matter, Int. J. Mod.
Phys. D 10 (2001) 213 [gr-qc/0009008] [INSPIRE].

E.V. Linder, Ezploring the expansion history of the universe, Phys. Rev. Lett. 90 (2003) 091301
[astro-ph/0208512] [INSPIRE].

R. Jimenez and A. Loeb, Constraining cosmological parameters based on relative galazy ages,
Astrophys. J. 573 (2002) 37 [astro-ph/0106145] INSPIRE].

D.W. Pesce et al., The Megamaser cosmology project. XI. A geometric distance to CGCG
074-064, Astrophys. J. 890 (2020) 118.

D.W. Pesce et al., The Megamaser cosmology project. XIII. Combined hubble constant
constraints, Astrophys. J. Lett. 891 (2020) L1 [arXiv:2001.09213] [InSPIRE].

W.D.A. Kenworthy, D. Scolnic and A. Riess, The local perspective on the Hubble tension: local
structure does not impact measurement of the Hubble constant, Astrophys. J. 875 (2019) 145
[arXiv:1901.08681] [INSPIRE].

M.J. Reid, D.W. Pesce and A.G. Riess, An improved distance to NGC 4258 and its implications
for the Hubble constant, Astrophys. J. Lett. 886 (2019) L27 [arXiv:1908.05625] [INSPIRE].

C. Zhang et al., Four new observational H(z) data from luminous red galaxies in the Sloan
Digital Sky Survey data release seven, Res. Astron. Astrophys. 14 (2014) 1221
[arXiv:1207.4541] [INSPIRE].

R. Jimenez, L. Verde, T. Treu and D. Stern, Constraints on the equation of state of dark energy
and the Hubble constant from stellar ages and the CMB, Astrophys. J. 593 (2003) 622
[astro-ph/0302560] [INSPIRE].

J. Simon, L. Verde and R. Jimenez, Constraints on the redshift dependence of the dark energy
potential, Phys. Rev. D 71 (2005) 123001 [astro-ph/0412269] [INSPIRE].

M. Moresco et al., Improved constraints on the expansion rate of the universe up to z ~ 1.1 from
the spectroscopic evolution of cosmic chronometers, JCAP 08 (2012) 006 [arXiv:1201.3609]
[INSPIRE].

M. Moresco et al., A 6% measurement of the Hubble parameter at z ~ 0.45: direct evidence of
the epoch of cosmic re-acceleration, JCAP 05 (2016) 014 [arXiv:1601.01701] INSPIRE].

,19,


https://doi.org/10.1103/PhysRevD.106.L041301
https://doi.org/10.1103/PhysRevD.106.L041301
https://doi.org/10.48550/arXiv.2203.10558
https://inspirehep.net/literature/2055734
https://doi.org/10.1103/PhysRevD.103.103509
https://doi.org/10.48550/arXiv.2011.02858
https://inspirehep.net/literature/1828543
https://doi.org/10.1088/1475-7516/2025/02/021
https://doi.org/10.48550/arXiv.2404.03002
https://inspirehep.net/literature/2774167
https://doi.org/10.48550/arXiv.2411.12022
https://inspirehep.net/literature/2849999
https://doi.org/10.1007/s10714-005-0134-8
https://doi.org/10.1007/s10714-005-0134-8
https://doi.org/10.48550/arXiv.gr-qc/0411131
https://inspirehep.net/literature/665470
https://doi.org/10.1103/PhysRevD.85.123530
https://doi.org/10.1103/PhysRevD.85.123530
https://doi.org/10.48550/arXiv.1204.2272
https://inspirehep.net/literature/1108058
https://doi.org/10.1093/mnras/stac431
https://doi.org/10.48550/arXiv.2201.07025
https://inspirehep.net/literature/2013351
https://doi.org/10.1142/S0218271801000822
https://doi.org/10.1142/S0218271801000822
https://doi.org/10.48550/arXiv.gr-qc/0009008
https://inspirehep.net/literature/532836
https://doi.org/10.1103/PhysRevLett.90.091301
https://doi.org/10.48550/arXiv.astro-ph/0208512
https://inspirehep.net/literature/593871
https://doi.org/10.1086/340549
https://doi.org/10.48550/arXiv.astro-ph/0106145
https://inspirehep.net/literature/559474
https://doi.org/10.3847/1538-4357/ab6bcd
https://doi.org/10.3847/2041-8213/ab75f0
https://doi.org/10.48550/arXiv.2001.09213
https://inspirehep.net/literature/1777483
https://doi.org/10.3847/1538-4357/ab0ebf
https://doi.org/10.48550/arXiv.1901.08681
https://inspirehep.net/literature/1716823
https://doi.org/10.3847/2041-8213/ab552d
https://doi.org/10.48550/arXiv.1908.05625
https://inspirehep.net/literature/1749766
https://doi.org/10.1088/1674-4527/14/10/002
https://doi.org/10.48550/arXiv.1207.4541
https://inspirehep.net/literature/1123057
https://doi.org/10.1086/376595
https://doi.org/10.48550/arXiv.astro-ph/0302560
https://inspirehep.net/literature/614139
https://doi.org/10.1103/PhysRevD.71.123001
https://doi.org/10.48550/arXiv.astro-ph/0412269
https://inspirehep.net/literature/666840
https://doi.org/10.1088/1475-7516/2012/08/006
https://doi.org/10.48550/arXiv.1201.3609
https://inspirehep.net/literature/1085026
https://doi.org/10.1088/1475-7516/2016/05/014
https://doi.org/10.48550/arXiv.1601.01701
https://inspirehep.net/literature/1414580

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

[73]

[74]

[75]

[76]

[77]
(78]

[79]

[80]

A L. Ratsimbazafy et al., Age-dating luminous red galazies observed with the Southern African
Large Telescope, Mon. Not. Roy. Astron. Soc. 467 (2017) 3239 [arXiv:1702.00418] [INSPIRE].

D. Stern et al., Cosmic chronometers: constraining the equation of state of dark energy. 1. H(z)
measurements, JCAP 02 (2010) 008 [arXiv:0907.3149] [INSPIRE].

N. Borghi, M. Moresco and A. Cimatti, Toward a better understanding of cosmic chronometers:
a new measurement of H(z) at z ~ 0.7, Astrophys. J. Lett. 928 (2022) L4 [arXiv:2110.04304]
[INSPIRE].

M. Moresco, Raising the bar: new constraints on the Hubble parameter with cosmic chronometers
at z ~ 2, Mon. Not. Roy. Astron. Soc. 450 (2015) L16 [arXiv:1503.01116] INSPIRE].

M. Moresco et al., Setting the stage for cosmic chronometers. II. Impact of stellar population
synthesis models systematics and full covariance matrixz, Astrophys. J. 898 (2020) 82
[arXiv:2003.07362] [INSPIRE].

D. Brout et al., The Pantheon+ analysis: cosmological constraints, Astrophys. J. 938 (2022) 110
[arXiv:2202.04077] [iNSPIRE].

DES collaboration, The Dark Energy Survey: cosmology results with ~ 1500 new high-redshift
type Ia supernovae using the full 5yr data set, Astrophys. J. Lett. 973 (2024) L14
[arXiv:2401.02929] [INSPIRE].

D. Rubin et al., Union through UNITY: cosmology with 2,000 SNe using a unified Bayesian
framework, arXiv:2311.12098 [INSPIRE].

PAN-STARRSI collaboration, The complete light-curve sample of spectroscopically confirmed
SNe Ia from pan-STARRS1 and cosmological constraints from the combined pantheon sample,
Astrophys. J. 859 (2018) 101 [arXiv:1710.00845] [InSPIRE].

D. Foreman-Mackey, D.W. Hogg, D. Lang and J. Goodman, emcee: the MCMC hammer, Publ.
Astron. Soc. Pac. 125 (2013) 306 [arXiv:1202.3665] INSPIRE].

R. Trotta, Bayes in the sky: Bayesian inference and model selection in cosmology, Contemp.
Phys. 49 (2008) 71 [arXiv:0803.4089] [INSPIRE].

J. Skilling, Nested sampling for general Bayesian computation, Bayesian Anal. 1 (2006) 833
[NSPIRE].

W.J. Handley, M.P. Hobson and A.N. Lasenby, PolyChord: nested sampling for cosmology, Mon.
Not. Roy. Astron. Soc. 450 (2015) L61 [arXiv:1502.01856] [INSPIRE].

H. Akaike, A new look at the statistical model identification, IEEE Trans. Automatic Control 19
(1974) 716 [INSPIRE].

K.P. Burnham and D.R. Anderson, Multimodel inference: understanding AIC and BIC in model
selection, Sociological Meth. Res. 33 (2004) 261.

H. Jeffreys, The theory of probability, Oxford University Press, Oxford, U.K. (1939) [INSPIRE].

D. Tamayo and J.A. Vazquez, Fourier-series expansion of the dark-energy equation of state, Mon.
Not. Roy. Astron. Soc. 487 (2019) 729 [arXiv:1901.08679] [INSPIRE].

D.J. Schwarz and B. Weinhorst, (An)isotropy of the Hubble diagram: comparing hemispheres,
Astron. Astrophys. 474 (2007) 717 [arXiv:0706.0165] INSPIRE].

K. Bolejko, M.A. Nazer and D.L. Wiltshire, Differential cosmic expansion and the Hubble flow
anisotropy, JCAP 06 (2016) 035 [arXiv:1512.07364] [INSPIRE].

— 20 —


https://doi.org/10.1093/mnras/stx301
https://doi.org/10.48550/arXiv.1702.00418
https://inspirehep.net/literature/1511831
https://doi.org/10.1088/1475-7516/2010/02/008
https://doi.org/10.48550/arXiv.0907.3149
https://inspirehep.net/literature/826046
https://doi.org/10.3847/2041-8213/ac3fb2
https://doi.org/10.48550/arXiv.2110.04304
https://inspirehep.net/literature/1941374
https://doi.org/10.1093/mnrasl/slv037
https://doi.org/10.48550/arXiv.1503.01116
https://inspirehep.net/literature/1347218
https://doi.org/10.3847/1538-4357/ab9eb0
https://doi.org/10.48550/arXiv.2003.07362
https://inspirehep.net/literature/1785854
https://doi.org/10.3847/1538-4357/ac8e04
https://doi.org/10.48550/arXiv.2202.04077
https://inspirehep.net/literature/2030314
https://doi.org/10.3847/2041-8213/ad6f9f
https://doi.org/10.48550/arXiv.2401.02929
https://inspirehep.net/literature/2743691
https://doi.org/10.48550/arXiv.2311.12098
https://inspirehep.net/literature/2724969
https://doi.org/10.3847/1538-4357/aab9bb
https://doi.org/10.48550/arXiv.1710.00845
https://inspirehep.net/literature/1628366
https://doi.org/10.1086/670067
https://doi.org/10.1086/670067
https://doi.org/10.48550/arXiv.1202.3665
https://inspirehep.net/literature/1089369
https://doi.org/10.1080/00107510802066753
https://doi.org/10.1080/00107510802066753
https://doi.org/10.48550/arXiv.0803.4089
https://inspirehep.net/literature/782236
https://doi.org/10.1214/06-BA127
https://inspirehep.net/literature/1670681
https://doi.org/10.1093/mnrasl/slv047
https://doi.org/10.1093/mnrasl/slv047
https://doi.org/10.48550/arXiv.1502.01856
https://inspirehep.net/literature/1343295
https://doi.org/10.1109/TAC.1974.1100705
https://doi.org/10.1109/TAC.1974.1100705
https://inspirehep.net/literature/2736276
https://doi.org/10.1177/0049124104268644
https://inspirehep.net/literature/1420611
https://doi.org/10.1093/mnras/stz1229
https://doi.org/10.1093/mnras/stz1229
https://doi.org/10.48550/arXiv.1901.08679
https://inspirehep.net/literature/1716824
https://doi.org/10.1051/0004-6361:20077998
https://doi.org/10.48550/arXiv.0706.0165
https://inspirehep.net/literature/752113
https://doi.org/10.1088/1475-7516/2016/06/035
https://doi.org/10.48550/arXiv.1512.07364
https://inspirehep.net/literature/1411197

[81]

[82]

[83]

[84]

[85]

[36]

[87]

H. Bohringer, G. Chon and C.A. Collins, Observational evidence for a local underdensity in the
universe and its effect on the measurement of the Hubble constant, Astron. Astrophys. 633 (2020)
A19 [arXiv:1907.12402] [INSPIRE].

M. Haslbauer, I. Banik and P. Kroupa, The KBC void and Hubble tension contradict ACDM on
a Gpc scale — Milgromian dynamics as a possible solution, Mon. Not. Roy. Astron. Soc. 499
(2020) 2845 [arXiv:2009.11292] [INSPIRE].

R.-G. Cai et al., Chameleon dark energy can resolve the Hubble tension, Phys. Rev. D 103 (2021)
121302 [arXiv:2102.02020] [INSPIRE].

A. Heinesen and H.J. Macpherson, A prediction for anisotropies in the nearby Hubble flow,
JCAP 03 (2022) 057 [arXiv:2111.14423] [NSPIRE].

C. Krishnan et al., Hints of FLRW breakdown from supernovae, Phys. Rev. D 105 (2022) 063514
[arXiv:2106.02532] [INSPIRE].

7. Zhai and W.J. Percival, Sample variance for supernovae distance measurements and the
Hubble tension, Phys. Rev. D 106 (2022) 103527 [arXiv:2207.02373] InSPIRE].

R. Mc Conville and E.O. Colgéin, Anisotropic distance ladder in Pantheon+supernovae, Phys.
Rev. D 108 (2023) 123533 [arXiv:2304.02718] [INSPIRE].

J.P. Hu, X.D. Jia, J. Hu and F.Y. Wang, Hints of new physics for the Hubble tension: violation
of cosmological principle, Astrophys. J. Lett. 975 (2024) L36 [arXiv:2410.06450] [INSPIRE].

J.P. Hu, Y.Y. Wang, J. Hu and F.Y. Wang, Testing the cosmological principle with the
Pantheon+ sample and the region-fitting method, Astron. Astrophys. 681 (2024) A88
[arXiv:2310.11727] [INSPIRE].

S. Mazurenko, I. Banik, P. Kroupa and M. Haslbauer, A simultaneous solution to the Hubble
tension and observed bulk flow within 250h=' Mpc, Mon. Not. Roy. Astron. Soc. 527 (2024)
4388 [arXiv:2311.17988] [INSPIRE].

P.K. Aluri et al., Is the observable universe consistent with the cosmological principle?, Class.
Quant. Grav. 40 (2023) 094001 [arXiv:2207.05765] [INSPIRE].

— 21 —


https://doi.org/10.1051/0004-6361/201936400
https://doi.org/10.1051/0004-6361/201936400
https://doi.org/10.48550/arXiv.1907.12402
https://inspirehep.net/literature/1746679
https://doi.org/10.1093/mnras/staa2348
https://doi.org/10.1093/mnras/staa2348
https://doi.org/10.48550/arXiv.2009.11292
https://inspirehep.net/literature/1818897
https://doi.org/10.1103/PhysRevD.103.L121302
https://doi.org/10.1103/PhysRevD.103.L121302
https://doi.org/10.48550/arXiv.2102.02020
https://inspirehep.net/literature/1844588
https://doi.org/10.1088/1475-7516/2022/03/057
https://doi.org/10.48550/arXiv.2111.14423
https://inspirehep.net/literature/1979054
https://doi.org/10.1103/PhysRevD.105.063514
https://doi.org/10.48550/arXiv.2106.02532
https://inspirehep.net/literature/1867139
https://doi.org/10.1103/PhysRevD.106.103527
https://doi.org/10.48550/arXiv.2207.02373
https://inspirehep.net/literature/2106610
https://doi.org/10.1103/PhysRevD.108.123533
https://doi.org/10.1103/PhysRevD.108.123533
https://doi.org/10.48550/arXiv.2304.02718
https://inspirehep.net/literature/2649599
https://doi.org/10.3847/2041-8213/ad85cf
https://doi.org/10.48550/arXiv.2410.06450
https://inspirehep.net/literature/2838657
https://doi.org/10.1051/0004-6361/202347121
https://doi.org/10.48550/arXiv.2310.11727
https://inspirehep.net/literature/2712216
https://doi.org/10.1093/mnras/stad3357
https://doi.org/10.1093/mnras/stad3357
https://doi.org/10.48550/arXiv.2311.17988
https://inspirehep.net/literature/2728711
https://doi.org/10.1088/1361-6382/acbefc
https://doi.org/10.1088/1361-6382/acbefc
https://doi.org/10.48550/arXiv.2207.05765
https://inspirehep.net/literature/2111300

	Introduction
	Cosmology
	Data
	Fitting
	Results
	Quadratic parameterization
	Fourier parameterization
	Unbinned results
	H(z) reconstruction

	Summary and conclusions

