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Abstract: We present a physics-informed Bayesian analysis of equation of state constraints
using observational data for masses, radii and tidal deformability of pulsars and a generic
class of hybrid neutron star equation of state with color superconducting quark matter
on the basis of a recently developed nonlocal chiral quark model. The nuclear matter
phase is described within a relativistic density functional model of the DD2 class and
the phase transition is obtained by a Maxwell construction. We find the region in the
two-dimensional parameter space spanned by the vector meson coupling and the scalar
diquark coupling, where three conditions are fulfilled: (1) the Maxwell construction can be
performed, (2) the maximum mass of the hybrid neutron star is not smaller than 2.0 M
and (3) the onset density of the phase transition is not below the nuclear saturation density
ng = 0.15 fm 3. The result of this study shows that the favorable neutron star equation
of state has low onset masses for the occurrence of a color superconducting quark matter
core between 0.5-0.7 M and maximum masses in the range 2.15-2.22 M. In the typical
mass range of 1.2-2.0 M, the radii of these stars are between 11.9 and 12.4 km, almost
independent of the mass. In principle, hybrid stars would allow for larger maximum
masses than provided by the hadronic reference equation of state.

Keywords: Bayesian analysis; hybrid neutron stars; color superconductivity; quark
deconfinement

1. Introduction

Exploring the phases of matter under extreme conditions, like those in heavy-ion colli-
sions [1] or within neutron stars [2], is a topic that has attracted significant attention over the
past decades [3]. We are particularly interested in studying transitions between different
phases of strongly interacting matter, like quark-gluon plasma, color superconducting
quark matter, and hadronic matter. These transitions have a big impact on astrophysi-
cal phenomena like the formation of eccentric binaries and isolated millisecond pulsars
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(MSPs) [4], binary neutron star mergers [5], and even trigger supernova explosions of
massive blue supergiant stars [6] to mention just a few recent applications.

The status of quark matter as a state of matter in the inner core of neutron stars is still
controversial. Recall its prehistory. Immediately after the introduction of the quark model
in 1964 by Gell-Mann [7] and Zweig [8], Ivanenko and Kurdgelaidze proposed the existence
of quark stars [9]. It was as early as 1968 that Gerlach suggested a gravitational instability
due to a strong phase transition, which would entail that neutron stars with quark matter
cores form a separate “third family” of compact stars [10]. When quantum chromodynam-
ics (QCD) was conceived as a nonabelian gauge field theory of strong interactions with
quarks and gluons as elementary degrees of freedom with the property that their inter-
actions weaken at high energies and momentum transfers (asymptotic freedom [11,12]),
the conjecture was prompted that superdense matter in neutron star cores shall consist of
quarks rather than neutrons [13]. While this was merely a qualitative statement about the
possibility of quark deconfinement in neutron star interiors, a quantitative estimate has
been performed by Baym and Chin [14] on the basis of the M.I.T. bag model [15-17] and the
by then typical nuclear matter equations of state (EOS), the relativistic Walecka mean field
model [18,19] and the variational approach by Pandharipande and Smith [20] exploiting the
Reid potential. The transition densities obtained by Baym and Chin were beyond tenfold
nuclear matter density and thus too large for quark deconfinement to occur in neutron
stars [14]. Baym and Chin argued against the existence of Gerlach’s third family stars. Con-
sidering the absolutely stable strange quark matter hypothesis [21,22], Haensel et al. [23]
came to the conclusion that strange quark stars with a thin nuclear crust may exist because
they found an early transition in very light stars of less than half a solar mass, even as a
third family. However, immediately after that, Bethe et al. [24] reconsidered the discussion
by including running coupling of quarks to the bag model EOS and concluded that the
transition density was too high to occur in neutron stars.

The discussion of “pro” and “con” quark matter in compact stars has continued ever
since and keeps being fueled by new observational data on masses and radii of pulsars, but
also of features revealed in the observation of neutron star mergers as GW170817 [25,26]
and its kilonova [27,28]. For recent comprehensive analyses of hybrid EOS constraints in
this context, see [29,30] and references therein. However, since the available data on masses
and radii of pulsars do not allow for a firm model-independent conclusion about a quark
deconfinement transition, it has been tried to apply agnostic Bayesian analysis methods
to check the evidence for nontrivial phase-transition related features [31], in particular
a strong phase transition [32]. In their study, the authors of [32] found evidence against
a strong first-order (deconfinement) phase transition in neutron stars. However, since
the lightest neutron star to be formed as a result of a supernova explosion according to
state-of-the-art simulations has a mass of at least 1.1 M), and there is no scenario available
that would explain the existence of a lighter neutron star, the recent measurement of a
low mass and radius for HESS J1731-347 [33] has been considered very skeptical in the
community. Also because the authors themselves could not present an idea about the origin
of a neutron star in the subsolar mass region. Therefore, direct evidence for a strong phase
transition from mass and radius measurements in the subsolar mass range is presently
lacking the observational basis.

In this situation, we want to suggest a physics-informed Bayesian analysis of modern
multi-messenger mass and radius measurements along the lines of our earlier work [34],
which can now be made with the new, presently available set of observational data. Such a
physics-informed study will be based on a class of hybrid equations of state (EOS) within
the two-phase formalism that uses separate models for hadronic and quark matter phases
joined by a phase transition construction. Given an appropriate hadronic EOS and the
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choice of the phase transition construction, there are two free parameters of the color
superconducting quark matter model to be determined which cannot be reliably fixed
with vacuum properties of hadrons. These are the couplings of the vector meson (Gy) and
diquark (Gp) currents to the corresponding mean fields. As has been shown in [35] using
the three-flavor color superconducting Nambu—Jona-Lasinio (NJL) model [36], that with
such a setting the required maximum mass Mmax ~ 2 Mg can be achieved by a sufficiently
large Gy, while an early onset of deconfinement in the range of typical or even subsolar
neutron star masses is achieved by a large value of Gp. In a first systematic study employing
this setting, in Ref. [37], the regions in the two-dimensional plane of these two coupling
strengths have been identified, where no stable hybrid stars were possible and where the
onset of deconfinement is below a certain density. In between these two limits, the lines
were shown along which the constraint on the minimal value of the maximum mass could
be fulfilled. In these early studies the Dirac-Brueckner-Hartree-Fock (DBHF) hadronic
EOS [38] was used together with a Maxwell construction for the phase transition. An
alternative study by Baym et al. [39] came to similar conclusions for the preferable region
of parameter values in the plane of vector meson and diquark coupling constants using,
however, a softer APR-like hadronic EOS and a crossover construction [40], see also the
discussion in the review [41]. Studies of quark matter based on the NJL model are limited
due to the model’s lack of confinement. This feature becomes particularly problematic in
applications to the range of finite temperatures, as in supernova explosions and binary
neutron star mergers, where it would predict deconfinement at a too low temperature of
about 50-70 MeV.

In order to overcome this problem, two main routes have been suggested: (A) a
confining density functional approach [42] as a relativistic formulation of the string-flip
model [43,44] which was recently generalized to include diquark condensation and chiral
symmetry [45,46]; and (B) density-dependent quark mass models (see, e.g., [47-54]), in
which the bag pressure is interpreted as a density-dependent scalar mean field that can
be reinterpreted as a contribution to the dynamical quark mass. The confining models of
class (A) can be mapped by a Taylor expansion of the confining density functional w.r.t. the
underlying quark bilinears up to second order onto an effective NJL model with medium
dependent masses. Equivalently, one can also fit the pressure as a thermodynamic potential
of the confining density functional approach by adding a medium dependent bag pressure
and vector meson mean field to the nonlocal NJL model [55,56]. In the present work,
we will employ the latter approach to a confining quark matter EOS as the basis for the
physics-informed Bayesian analysis to be performed.

2. Hybrid Neutron Star EOS and Fitting Results

There are two main strategies to construct hybrid neutron star EOS which would fulfill
the maximum mass constraint that requires the most massive hybrid star configuration
to have at least 2 M at a radius around 12 km. One can start with a nuclear matter EOS
that is relatively soft at supranuclear densities, like the well-known variational EOS by
Akmal, Pandharipande and Ravenhall (APR) [57] or its updated versions by Togashi and
coworkers [58-60]. Then, a crossover construction like the one by Masuda et al. [40] is
required to facilitate the transition to a stiffer quark matter EOS at high densities in a
thermodynamically consistent way. This strategy has been applied, e.g., by Baym et al. [39]
and by Ayriyan et al. [34], who realized the two-zone interpolation scheme (TZIS) that
was described in [41]. See also [46] for the extension of the TZIS to finite temperature and
multiple critical endpoints.

The alternative is to start from a stiff nuclear EOS, for which a Maxwell construction
to a sufficiently stiff quark matter EOS can be performed, so that despite a softening of
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the EOS due to the phase transition nevertheless the maximum mass constraint can be
fulfilled. As examples for such stiff hadronic EOS we mention the DBHF [38] which was
used in [35,37] and the relativistic density functional EOS with density-dependent nucleon-
meson couplings, denoted as DD2 [61] which was recently used, e.g., in [45,46,56,62—64].
This latter strategy will be applied in the present work.

2.1. Nuclear Matter Phase

The nuclear matter phase is situated in the core of a neutron star. For a purely hadronic
neutron star it extends from the center to the crust. In the case of a hybrid star configuration
it constitutes the shell between the inner core that consists of deconfined quark matter
and the crust. For its description, we employ the relativistic density functional EOS with
density-dependent couplings of the nucleons to the mesonic mean fields (DD2) for which
the parametrization is described in Ref. [61]. This EOS describes well all known nuclear
matter properties including the nuclear symmetry energy and its slope at saturation density
sat = 0.15 fm 3, as well as the properties of finite nuclei that make their appearance at
subnuclear densities defining the crust-core boundary. While in the inner crust these nuclei
are still immersed in the Fermi seas of neutrons and electrons (A-e-n phase), the neutron
drip density of about 10~# fm~3 marks the transition to the outer crust made up of nuclei
and electrons only (A-e phase).

It is customary to employ a specific EOS for the descripton of the crust of neutron stars,
like the one by Baym, Pethick and Sutherland (BPS) [65], and to match it with the EOS of
homogeneous dense nuclear matter phases at the crust-core transition, see Fortin et al. [66].
In the present work, however, we break with this transition by using the EOS table of the
generalized RDF (GRDF) which gives a consistent description based on the DD2 interaction
of nuclear matter in the density range from 10~ fm 3 to 1.0 fm 3, i.e., from the low-density
phases with nuclear clusters to homogeneous nuclear matter, including cluster dissociation.
This is described more in detail in the reviews by Oertel et al. [67] and Typel [68]. This GRDF
EOS which is denoted “DD2” throughout this work can be retrieved from the CompOSE
repository [69] using the manual [70].

2.2. Color Superconducting 25C Quark Matter

In this work, we consider the scenario of two-flavor color-superconducting quark
matter appearing in the cores of NSs at sufficiently high densities. For its description, we
employ the 3DFF nonlocal chiral quark model [56] defined by an effective Euclidean action
functional that in the case of two light flavors is given by

50 =[x {pe i+ m— o)y - E i)

+ b)) e -mb ) 0] | <1>

Here 11 = diag(my, m;) is the current quark mass matrix with the masses for u and d
quarks, which are assumed to coincide m, = my; = 2.3 MeV, whereas I = diag(py, ug) is
the diagonal matrix for the chemical potentials of # and d quarks, which are to be adjusted
so as to fulfill charge neutrality and B-equilibrium constraints relevant for neutron star
matter. As a result remains the baryon chemical potential g = 3y = 3(py + p4)/2 as
independent thermodynamic variable. The coupling strength in the scalar meson channel
is Gs = 9.92 GeV~2 and 57y = Gy /Gs (71p = Gp/Gs ) is the relative coupling in the vector
meson (scalar diquark) channel. The currents are given by nonlocal operators based on a
separable approximation to the effective one gluon exchange (OGE) model of QCD [71,72],
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where we defined ¢c(x) = 7274 7 (x) and [y = (1,iv5T), while T and A,, witha = 2,5,7,
stand for Pauli and Gell-Mann matrices acting on flavor and color spaces, respectively. The
functions g;(z),i = S, D, V, in Equation (2) are nonlocal “instantaneous” form factors (3D-
FF) characterizing the effective quark interaction, which depend on the spatial components
of the position 4-vector z only. For the nonlocality a Gaussian ansatz is employed which
after Fourier transformation to the momentum space reads

gi(P) = exp(—p*/A}), i=S5,D, (3)

with the 3-momentum vector 7 and the effective range As = Ap = 885.47 MeV fitted
to Coulomb-gauge lattice QCD data [73]. Note that following [56], in the present work
we consider the vector current in Equation (2) to be local, gy (z) = 6(z). This restriction
could be easily relaxed, see [74]. The equation of state p(T, u) = TInZ(T, ) for this model
follows from the path-integral representation of the partition function Z(T, u) which is
evaluated at the mean-field level and results in the pressure pyr(jtp) which, following [56],
is augmented by a pg-dependent bag pressure as in Ref. [55], given by the equation

B(ug) = Bo f<(ps) (4)
with

f<(ps) %ll—tanh(“}‘f) : ©)

where we use p« = 895 MeV, ' = 180 MeV and By = 35 MeV/ fm3 as the optimal values
to reproduce the astrophysical constraints from multi-messenger astronomy of pulsars. In

the present work we are interested in describing the hybrid EOS for cold compact stellar
systems. Therefore, we will take the zero-temperature limit. The resulting zero-temperature
pressure p(up) = pmr(pp) — B(up) leaves the two couplings 7y and #p as free parameters
of the 3DFF color superconducting quark matter model EOS which forms the basis of the
present work. Each EOS model of the present study can be characterized as a point in the
two-dimensional parameter space spanned by the pair (7v,7p) which will therefore play a
central role.

In order to perform a Bayesian Analysis, we fit the above introduced quark matter
EOS to the constant speed of sound (CSS) form of the EOS [75]

1+1/¢c2
M
=A —B 6
p <yx> (6)

where the y = pp/3 is the quark chemical potential and py = 1 GeV sets a scale. Before,
such a fit has been provided in [75] for the covariant nonlocal chiral quark model EOS. Here,
we present the fit (6) of the 3DFF nonlocal, color superconducting quark matter model [56]
in the form

A(p,v) = and + by +canpyy +dip + ey + f1, (7)
B(yp,nv) = aanp + banfy + canpiy + danp + ey + fo, 8)
E(np,v) = asnh +bank + canpny +danp + ey + f3, )
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Table 1. Values of the parameters of Equations (7)—(9).

The fitted parameter values are given in Table 1. The last column presents the mean
squared error (MSE) and the sum of relative squared errors (RSE).

. . MSE
i par. Units a; b; C; d; e; fi TRSE
-3
1 A MeV 88.637 1.861  —30.368 —76.654  2.891 95.324 %
P 6.87 x 10
-2
2 B MeV 19228 10180 30455 39092 28613 —100.95 %
P 1.51 x 10
7.76 x 1078
2 2 142 —0.071 : ~0.1 134 427 2T
3 2 c 0 0.0 0.066 0.166 0.3 0 105

2.3. Phase Transition Construction

We employ the Maxwell construction of the nuclear-to-quark matter phase transition.
The resulting EOS is characterized by a critical pressure P. = Py, (pic) = P;(ic) for the onset
of the transition from the hadronic phase P, () for yu < p. to the 2SC quark matter phase
Py(p) for p > pc with a jump in energy density Ae = e;(pic) — €5 (pic). In Figure 1, we show
the hybrid neutron star EOS after Maxwell construction has been performed. In the left
panel, we show the whole range of energy densities considered here, while in the right
panel a zoom into the region relevant for the phase transition is shown.

1000

I

1g 100 E

=}

(=}

(=}
T

Pressure [MeV/fms]
s 2
F—7

L
Pressure [MeV/fm

—_
=]
masm
|

200+

0200 8001200 1600 2000 2400 100 200 300 500 700
Energy density [MeV/fmS] Energy density [MeV/fm3]

Figure 1. Dependence of pressure vs. energy density, which shows the jump in energy density at

the phase transition from hadronic DD2 EOS (green solid line) to the color superconducting quark

matter EOS (grey lines)in its CSS parametrization (left panel). The (right panel) shows a closeup

of the phase transition region at lower energy densities than that for which the maximum mass

configuration of the hadronic DD2 EOS is obtained (indicated by a plus sign on the (left panel)).

For some values of the parameters (#p, 77v) there is no crossing of the hadronic and
quark-matter pressure curves so that no Maxwell construction can be performed. In
Figure 2, we show the region in the #7p—7y plane where a Maxwell construction is possible
by attributing the darkness of the grayscale to the size of the jump in the energy density
Ae = g4(pc) — en(pic)-
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Figure 2. Diagram showing the parameter region in the plane of the coupling constants 17p-7y,
where a Maxwell construction is possible. The darkness of the grayscale dots corresponds to the
size of the jump in energy density Ae at the phase transition from the hadronic DD2 to the color
superconducting 3DFF quark matter EOS. The white spots in the middle of the highlighted region
stand for parameter sets for which the transition degenerates to a crossover with Ae = 0.

3. Mass, Radius and Tidal Deformability Fom TOV Solutions

There is a one-to-one relationship between the observable mass-radius relation for
neutron stars and the EOS of neutron star matter [76] which follows from the Tolman-
Oppenheimer-Volkoff (TOV) equations [77,78] of general relativistic hydrodynamic stability
of spherically symmetric, nonrotating compact stars. These equations form the basis for
extracting information about the EOS from observations. In the following we will present
those mass and radius measurements which provide at present the most promising EOS
constraints. In addition, due to the measurement of the gravitational wave signal from
the inspiral phase of the binary neutron star merger event GW170817 by the LIGO-Virgo
Collaboration [26], there is a constraint on the tidal deformability parameter of neutron
stars, see [79-81] for the system of differential equations.

In Figure 3 we show the dependence of the neutron star mass on its central energy
density for the EOS parameterizations provided in the previous section. We note that there
are cases of hybrid star sequences which have a maximum mass exceeding that of the
hadronic DD2 reference EOS shown by the green solid line. On that figure we indicate by
a green “X” the location of the maximum mass configuration of the purely hadronic case
which has Mmax = 2.414 M, and a central energy density ™% = 1107.8 MeV /fm?.

3.0

2.5 —

Mass [MO]
oy = g
[« o)) o

o
W

L | | | | |
005550 500 750 1000 1250 1500

Central energy density [MeV/fm3]

Figure 3. Mass versus central energy density for the hybrid EOS with a phase transition from the
hadronic DD2 EOS (green line) to color superconducting quark matter described in the nonlocal
3DFF model for varying EOS parameters 1y and , 7p (grey lines). The maximum mass configuration
among all purely baryonic ones obtained with the DD2 EOS is denoted with a cross on the green line.
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In Figure 4 we show as thin black lines the mass-radius relationships that are obtained
as solutions of the TOV equations for the set of hybrid EOS introduced in the previous
section. For a comparison we show also here as a green solid line the purely hadronic
sequence of neutron star configurations that follows for the hadronic baseline EOS DD2. The
maximum mass configuration is indicated by a green cross. We like to draw the attention of
the reader to the appearance of Moiré-like structures in the set of lines in the M(R) diagram
of Figure 4 that resemble sequences of hybrid stars generated by an equidistant variation of
the quark matter EOS parameters n7p und 7s. These structures originate from crossings of
the M(R) lines that collimate in the so-called special points [82,83] that are lined up along
the “trains” [75,84]. We note that some of the hybrid star sequences (shown by thin black
lines) have maximum masses exceeding the value for the purely hadronic neutron star
case. This effect apparently contradicts the naive expectation that in the case of a first-order
phase transition, the maximum mass should generally be lowered because of the related
softening of the EOS. While this effect is observed here too, it may get reversed when the
quark-matter EOS at high densities becomes stiffer than the hadronic one.

T y | — : T
PSR J0952-0607

[ Romani et al. APJL 2022
25F

\)\  NICER Jo740+6620 |
(|Dittmann et al. APJ 2024

NICER J0030+0451_
Miller et al APJL 2019

J0348+0432
Antoniadis et al.
Scince 2013

I GW 170817 disfavored
Bauswein et al. APJL 2017

— .| mm—
S 15[ gwiros17 ]
— | Abbott et al. ]
2 | PRL2019 GW 170817 disfavored |
| Annala et al. PRL 2018
1k 4
0.5
| HESS J1731-347
| Doroshenko et al.
| Nature Astronomy 2022
0 S S B S RS
8 10 12 14 16

R [km]

Figure 4. Same as Figure 3 for the mass-radius relations as solutions of the TOV equations (solid
lines, grey is replaced by black color for better visibility). Colored regions indicate observational
constraints that are discussed in the text.

Speaking about an EOS that stiffens at high densities prompts the question whether
the limiting case of perturbative QCD (pQCD) at about 40 times the saturation density
can be reached from the highest densities that are met in the center of the maximum
mass configurations of our (hybrid) EOS without violating the minimal constraints of
causality (c? = dP/de < 1) and thermodynamic stability (dP/de > 0). This question has
been first considered by Komoltsev and Kurkela in [85] and was subsequently extended
in Refs. [86,87] with the result that some of the neutron star EOS from the CompOSE
repository [69,70,88] would not meet this pQCD constraint. We tested our set of (hy-
brid) EOS using the program provided by [89] and found that the entire set meets the
pQCD constraint.

For comparison, we show in Figure 4 also the regions of mass and radius measure-
ments that will be used to constrain the EOS within the Bayesian analysis performed in
this work. The set of data selected for the present study is similar to the choice made by
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Brandes et al. [32]. It consists of a basic set of observational constraints and additional
ones that may have a disputed status, or it may be interesting to study the effect of their
inclusion on the results of the Bayesian analysis. The basic set contains the precise mass
measurement of the high-mass pulsar PSR J0348+0432 in binary form with a white dwarf.
It provides a lower limit for the maximum mass:

() M =2.01")0; Mo for PSR J0348+0432 by Antoniadis et al. [90].

It is worth to note that a recent estimation published on arXiv [91], incorporating data
from the Canadian Hydrogen Intensity Mapping Experiment [92], suggests a lower mass,
M = 1.8061“8:82; M. However, there are indications that there is a third body present in
this system so that the analysis has to be reconsidered [93].

In addition, these simultaneous mass-radius measurements of the NICER collaboration
belong to the basic set:

() M =1.44%01] Mg and R = 13.027 ]3¢ km for PSR J0030+0451 by Miller et al. [94],

() M =2.08"057 Mg and R = 12.92*3% km for PSR J0740+6620 by Dittmann et al. [95],
which is a recent refinement of the previous NICER radius measurement by
Miller et al. [96], and

(IV) M = 14187097 M and R = 11.36 7023 km for PSR J0437-4715 by Choudhury et al. [97].

These measurements (I)-(IV) form the basic data set for the present Bayesian inference.
The tidal deformability constraint from the binary neutron star merger GW170817 is also
an important element of the Bayesian analysis

(V) A14=190"30 for GW170817 by Abbott et al. [26].

However, since we want to study the effect of its inclusion on the results of the
Bayesian analysis, we display it separately.

Additionally, there are two extreme results that belong to an extended data set:

(V) M = 2.35%017 My, for the “black widow” (BW) pulsar PSR J0952-0607 by Romani
etal. [98], and

(VI) M = 0771079 M and R = 10.04*)5¢ km for HESS J1731-347 by Doroshenko et al. [33]
for which we use the shorthand notation “HESS”.

The additional constraints that were derived from observations of the binary neu-
tron star merger GW170817 by Bauswein et al. [99] and by Annala et al. [100] pro-
vide exclusion regions shown by red rectangular bars in the M-R diagram. They are,
however, not taken into account into the Bayesian analysis of the present work. The
NICER mass-radius determinations for PSR J0740+6620 by Riley et al. [101] and for PSR
J0030+0451 by Raaijmakers et al. [102] as well as the mass measurement for PSR J0740+6620
by Fonseca et al. [103] which updated the earlier one by Cromartie et al. [104] are also not
considered in the present Bayesian analysis.

In Figure 5 we show the tidal deformability as a function of the neutron star mass for
the hadronic DD2 reference EOS (green solid line) and the hybrid star sequences (grey lines)
of the present study. The data point with error bars corresponds to the gravitational wave
analysis of the LIGO Virgo Collaboration for the inspiral phase of the binary neutron star
merger GW170817 [26]. The comparison indicates that hybrid star sequences with an early
onset of quark deconfinement at masses well below 1.4 M, lead to a softening of the EOS
at the onset energy density which entails a reduction of the value of the tidal deformability
at that mass and thus leads to a fulfillment of the tidal deformability constraint while the
DD2 EOS was slightly too stiff to match that constraint.
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Figure 5. Tidal deformability vs. mass for the set of hybrid EOS introduced in this work. The green
line highlights the result for the hadronic DD2 EOS and the green cross indicates the maximum mass
configuration of that sequence. The purple data point with error bars corresponds to the gravitational
wave analysis of the LIGO Virgo Collaboration for the inspiral phase of the binary neutron star
merger GW170817 [26].

4. Bayesian Analysis and Results for Constraining the EOS

Let us describe the Bayesian framework used to infer the posterior distribution of the
parameters (7p, 17y ) defining EOS, given observational data D. Bayes’ theorem provides
the posterior distribution of the parameters (#p, 17y ),

P((UD' 77V)|D) _ p(D|(77D/Z\(/2))>>P<77D/ UV)’ (10)

where p((17p,nv)|D) is the posterior distribution, p(D|(yp,nv)) is the full likelihood,
p(np,nv) is the prior distribution, p(D) is the evidence. The prior distribution is taken to

be equiprobable
1 1
) = e = ()
p(ﬂD 77V) |<77Dr77V)‘ N
The full likelihood is obtained by production of the likelihoods for all independent

observations D,

N
p(D|(1p,1v)) = [ [ p(Dal(np, 1v)).- (12)

The likelihood associated with the lower limit of the maximum mass is modeled using
a normal cumulative distribution function Fy,

P(D i 1010,1v)) = Ex(Munax (0, 1v); 13, 03, (13)
where ‘ug\i[) and (71(\2) are the mean and standard deviation of the constraint are taken
form [90,98].

The likelihood for mass-radius constraints is computed via integration over the central
density . with the appropriate probability density function
e ™(

1DMV) (i)

p(D iz (1D, 11v)) 2/ Mg (M(ec;1p, 1v), R(M)) pr(np, npv) dec. (14

s?’ll]’\

The probability density functions f 1(\/11)12 have been constructed using Kernel Density Es-
timation (KDE) [105] based on data obtained from the Zenodo repository for MR constraints:
PSR J0030+0451 [106], PSR J0740+6620 [107], and PSR J0437—4715 [108], and HESS J1731-
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347 [109]. For gravitational wave (GW) data, the likelihood is expressed similarly as an
integral over e,

e

1DAV)

p(Dow|(np,11v)) :/s few (A1(ec;np, v), Aa(A1)) pr(np, ipv) dec. (15)

Here, fg is built using the data for GW170817 available from [110]. The evidence
p(D) is obtained by marginalizing over all possible values of (1p, v ):

p(D) = ( Y. )P(D|(77D,77V)) p(1p,1v). (16)
pAMv

The result of the Bayesian analysis is shown in Figure 6. We observe that the
60% credible region forms a triangular shaped area closely resembling the nearly cigar-
shaped region reported in previous works (e.g., in Refs. [39,63,64]), although those results
were not derived using a Bayesian analysis. The most favorable parameter set can be
read off the peak positions for the marginalized probability distributions in the #y- and
p- directions, respectively. These peak positions are very close to the best choice values
nv = 0.5 and n7p = 1.1 that were found heuristically in [56], where the present class of
hybrid EOS was introduced.

1.00 1.05 1.10 1.15 1.20 1.25 1.30
10.0_ 1 1 1 1 1

7.5 1

5.0 1

Density (np)

1.0

0.9

0.8

r0.7

- 0.6

r0.5

60% credible region
90% credible region

T T T 0.4
1 2 3 4

Density (ny)

Figure 6. Bayesian analysis of the most likely parameter values in the 7y — #7p plane under modern
observational constraints for masses, radii and the tidal deformability of neutron stars.

In Figure 7 we show the different cases of phase transitions, with the following
color coding:

- White: No Maxwell transition,

- Gray: Maxwell transition occurs after the DD2 instability value (no stable hybrid stars),

- Orange: Maxwell transition starts before the DD2 instability value, with a jump to the
DD2 instability (no stable hybrid stars),

- Green: Maxwell transition ends before the DD2 instability value (stable hybrid
stars exist)
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- Blue: Maxwell transition ends before the DD2 instability value and satisfies the Seidov

criterion, leading to extremely light twin stars. The Seidov criterion [111] states that
for phase transitions with Ae > (eonset + 3Ponset) /2 a gravitational instability of the
compact star configuration is to be expected.

Overlaid on this classification are the credible regions of the Bayesian analysis with
confidence levels of 60% (blue dotted lines) and 90% (red dotted lines). One can read off
from this figure not only the favorable parameter region and deduce the corresponding
set of hybrid EOS, but also whether a hybrid star sequence with a color superconducting
quark core or even a mass twin solution is favorable.

1.0

- i
VJ ’h‘
0.9 383" ’
3 o U ,
& - {’I } 4
Vi /! 1
H i
0.8 7P 4 %
Ayii
> A1 1 ’ /,
7
< 0.71 i3 y A ;
- y P I
- /
Ar 4 ] /I
| , ./ N
0.6 ‘,4 | 2 /]
4 )
,‘/ ”/
- } /1
05184 b 4 Fd . .
2 ¥ 1 60% credible region
Y / . .
{ L 90% credible region
0.4 L

'1.00 1.05 1.10 1.15 1.20 1.25 1.30
No

Figure 7. Phase transition categories in the y — 57p diagram, overlaid with the 60% (blue dashed
line) and 90% (red dashed lines) credible regions of the Bayesian analysis. For details, see text.

In Figure 8 we show results of investigating the role that the choice of certain sets of
observables has for the topology of favorable regions in the parameter plane as a result
of the BA. On eight panels (a)—(h) we show the 60% and 90% confidence regions overlaid
to the four types of hybrid star sequences. Starting from panel (a) with the basic set
of constraints that excludes the tidal deformability measurement of GW170817, we see
two separate regions encircled with the blue dashed lines for the 60% credibility. One lies
entirely inside the grey domain which belongs to purely hadronic configurations where
no stable hybrid stars exist, the other one is entirely in the green domain corresponding to
standard hybrid stars with not too early onset of deconfinement (7p < 1.1) and no twin
stars. Since the stiff DD2 hadronic baseline EOS with a maximum mass of M = 2.414 M,
(case A in Table 2 reaches well beyond the high-mass constraints (I) and (III), the hybrid
star sequences safely fulfill these constraints with not too large vector meson couplings
(v < 0.6).

When the lower limit on the maximum mass is increased to by adding the black widow
pulsar constraint (VI) to the basic set, then the 60% credibility region at large #y is enlarged
and comprises all purely hadronic stars as well as hybrid stars with not too early onset of
deconfinement (p < 77p max — 0.05 for any 7y) see panel (h).
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Figure 8. Same as Figure 7 for different sets of constraints. The constraints (I), (II), (IIT), and (IV)
constitute the basic set shown in panel (a), while the full set is shown in panel (b), identical to Figure 7.
Additional constraints (V), (VI), and (VII) are denoted as GW170817, BW, and HESS, respectively, and
analysed in different combinations with the basic set in panels (c-h).
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When we add constraints to the basic set which require compactness at low mass
(GW170817 and/or HESS), we observe that the probability for the purely hadronic EOS is
suppressed and the second 60% region in the grey domain is absent on panels (c), (e) and
(g). This holds also for the full set of constraints shown on panel (b).

Adding the tidal deformability constraint (V) from GW170817 to the basic set re-
quires the onset masses to be lowered and therefore this drags the high-77p border of the
60% credibility region at lower-7y to maximally admissible #7p values, where even mass
twin sequences are possible, see panel (e). This shape is only stretched towards the corner
of highest couplings in the parameter plane when additionally the BW constraint (VI)
is included, see panel (f). Since panel (f) is very similar to panel (b) for the full set of
constraints, one can conclude that out of all additional constraints (V)—(VII), the latter is
dominated by the tidal deformability constraint.

In Figures 9 and 10, we display observables in the plane of the EOS parameters 7y
and 77p as color-bubble diagrams overlaid to the Bayesian likelihood contours for the 60%
and 90% credibility regions. In Figure 9 we show the difference in maximum mass between
hybrid stars and the DD2 hadronic reference EOS with a maximum mass of 2.4 M, (the
black solid neutrality line). The yellow bubble region indicates that no stable hybrid stars
are possible there.

We want to mention that in [39], the maximum possible mass was at 2.35 M, and
in [63,64] at 2.42 M. Thus the corresponding parameter sets of the latter works would lie
in the corner of the green region, between the 60% and 90% confidence regions, while the
present class of hybrid EOS has the paramneter sets with the largest maximum masses at
the very corner of the green region, outside even the 90% confidence region.

1.1 0.15
1.0 010
s
0.91 —~
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a
0.8 -
é 0.00 ZE
0.71 L —0.05 >
<
2 Vi ! - —0.10 é
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Figure 9. Color-bubble diagram for the difference in maximum mass between hybrid stars and the
DD2 hadronic reference EOS with a maximum mass of 2.4 M, (the black solid neutrality line) in
the 7y — p plane of EOS parameters overlaid to the Bayesian likelihood contours for the 60% and
90% credibility regions.
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Figure 10. Color-bubble diagram for the tidal deformability in the 77y — #p plane of EOS parameters
overlaid to the Bayesian likelihood contours for the 60% and 90% credibility regions. On the color
legend bar the constraint (V) from the LVC measurement of the tidal deformability for GW170817 is
indicated: 70 < Aq4 < 580.

The reason for this region of highest-mass hybrid EOS to be disfavored lies in the fact
that they predict hybrid star sequences that are not sufficiently compact in the mass region
of 1.4 M, where the tidal deformability was measured for the binary neutron star merger
GW?170817 and requires radii in the range R14 = 10.94 — 12.61 km at 90% confidence [112].
In Figure 10 we show the tidal deformability constraint: 70 < Aj4 < 580 and can observe
that the 60% credible region (blue dashed line) encloses the pairs of quark matter parameter
values for which the tidal deformability constraint is fulfilled.

In Figure 11 we show the squared speed of sound as a function of the energy density
for the hadronic DD2 reference EOS (green solid line) and the hybrid star EOS with a
Maxwell-constructed first-order phase transition to color superconducting 3DFF quark
matter fitted to c3 = const with a color code of the lines representing the probability after
Bayesian analysis as shown in the legend. In the first-order phase transition region holds
2 = 0. We would like to comment on the fact that the values of the squared speed of sound
fitted to the EOS of the color superconducting nonlocal chiral quark matter model [56] lie
in a narrow range around c? ~ 0.5. This deviation from the conformal limit value ¢ = 1/3
can be traced even analytically to the appearance of color superconductivity in quark matter.
Based on the effective EOS for color superconducting quark matter by Alford, Braby, Paris
and Reddy [113] (see also [114]), one can obtain the formula ¢ = (1+ )/ (3 + ), where
{ o« A?/u? with A being the diquark pairing gap, the order parameter signaling color
superconductivity Blaschke et al. [115]. For { = 1 follows ¢ = 1/2 and for normal quark
matter (A = 0) the conformal limit holds. For a detailed discussion of the behavior of the
squared speed of sound in the color superconducting nonlocal chiral quark matter and the
approach to the conformal limit, see [74].
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Figure 11. Squared speed of sound as a function of the energy density for the hadronic DD2 reference
EOS (green solid line), the hybrid star EOS with color superconducting 3DFF quark matter fitted to
c% = const (colored lines) with the color code shown in the legend corresponding to the posterior
probability after Bayesian analysis. In the first-order phase transition region holds c% = 0. The onset
(end) of the deconfinement phase transition is marked by vertical lines connecting the bottom of the
graph at cé = 0 with the green DD2 line (the horizontal c% = const lines). The bold vertical lines
indicate the central energy densities of the maximum mass configurations for case A: the purely
hadronic EOS (green dashed line), case C: the hybrid EOS with the highest posterior probability (blue
dashed line) and case D: the hybrid EOS with the highest maximum mass (magenta dashed line) as
well as of the onset mass configurations for case B: the hybrid EOS with the highest onset density
(blue dotted line).

The maximum energy density that can be reached in the center of a neutron star made
of DD2 matter for its maximum mass configuration is e7™ = 1108 MeV/ fm?3 (vertical green
dashed line, case A) and reduces to €™ = 998.5 MeV/ fm3 (vertical blue dotted line, case
B) when a deconfinement transition is possible but does not lead to stable hybrid stars.
The central energy density of the maximum mass configuration for the hybrid EOS with
the highest posterior probability (light blue dashed line, case C) is e = 1175 MeV/fm?
while that of the hybrid EOS with highest maximum mass (magenta dashed line, case D) is
€M = 931 MeV/fm?. The neutron star properties for cases A-D are summarized in Table 2.

Table 2. Neutron star properties for different special hybrid EOS cases: A—purely hadronic DD2;
B—highest onset energy density with a stable hybrid star branch; C—highest posterior probability;
D—highest maximum mass; E—highest maximum mass in the 90% credibility area. For details,

see text.
(p,7v)  Mmax Rmax  €cmax  Memax  Monset Ronset  €conset  Pc,onset
- My km MY Mev My  km Y Mev

A DD2 2414 11.84 1107.88 1909.04 - - - -
B (1.12,0.76) 2411 12.01 111629 1820.92 2410 12.03 99854 1810.84
C (1.08,0.44) 2195 1142 117519 1709.54  0.630 1292 23447 1017.95
D (1.19,0.99) 2568 1254 931.18 1776.96  0.323 13.84 188.38  983.82
E (1.18,091) 2521 1238 95642 1767.16  0.330 13.78 196.10  984.87
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The final result of this Bayesian analysis study for the class of hybrid EOS with the
hadronic DD2 RDF reference EOS and the nonlocal 3DFF color superconducting quark
matter EOS fitted to the CSS form of EOS is shown in Figure 12. We note that the EOS
parametrisations favored by the Bayesian analysis with the displayed set of observational
constraints listed in Section 4 provide evidence for an early onset of deconfinement below
0.7 M and maximum masses not exceeding 2.25 M. In the region of observed pulsar
masses, M ~ 1.1-2.1 M, the radii are approximately mass independent in the range of
R ~ 12 km. This feature has been discussed in Ref. [116] as an indicator for maximum
masses in the range Mmax ~ 2.3-2.4 My within a model-independent study. This is
consistent with our result shown in Figure 12.

One may raise the question whether this study can be considered realistic because it
neglects the strangeness degree of freedom in the hadronic as well as in the quark matter
phase. We expect that the main conclusions of our study, the favorability of an early onset
of deconfinement in the mass range 0.5-0.7 M and that maximum masses of the most
favorable hybrid star sequences do not exceed 2.25 M, would not be affected by the
inclusion of strangeness in the hadronic and quark matter phases. Since the onset density
for hyperons in the hadronic phase is well above the onset of deconfinement it would not
affect the early onset of deconfinement. What concerns the maximum mass of the hybrid
neutron stars with a strange quark matter core, we would expect that a readjustment of the
vector meson and diquark coupling strengths would be necessary. But within a Bayesian
analysis, they should result in basically the same favorable range of maximum masses as in
the two-flavor quark matter case.
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Figure 12. Mass-radius diagram showing the hadronic DD2 reference EOS (green solid line) and the
hybrid star sequences corresponding to the hybrid EOS Maxwell-constructed from it with the CSS
fitted form of the nonlocal 3DFF color superconducting quark matter EOS ((colored lines) with the
color code shown in the legend corresponding to the posterior probability after Bayesian analysis
with the modern mass-radius constraints (colored and labelled regions).
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5. Conclusions

In this work, we have performed for the first time a physics-informed Bayesian
analysis of the EOS constraints from modern observational data for masses, radii and the
tidal deformability of pulsars within the class of hybrid EOS with a stiff nuclear matter
phase, color superconducting (two-flavor) quark matter and a Maxwell construction for the
phase transition. The color superconducting phase of quark matter along with repulsive
vector meson interactions is essential for ensuring that the hybrid compact star model
matches observational constraints because it allows a sufficiently low threshold density
for the onset of deconfinement and a maximum mass of at least 2 M. This scheme
supersedes an earlier physics-informed Bayesian analysis study [34] that was performed
within the alternative scheme that uses a soft nuclear matter EOS together with a two-zone
interpolation scheme for the transition to color superconducting quark matter. While the
latter scheme provided hybrid EOS models in the entire rectangular-shaped section of the
two-dimensional EOS parameter space spanned by the vector-meson (1) and diquark
(7p) couplings, the impossibility to perform a Maxwell construction in the former scheme
removed the two corners at high-yy—low-#p and high-#p—-low-7y in the present work.

Inside the remaining region highlighted by colored dots in Figure 7, where the Maxwell
construction of a phase transition is possible, the following generic structures can be
delineated in the 7y — 17p plane and are highlighted on Figure 7 by dots in different colors:

®  The rightmost line of proportionality 7y o np with the early onset of deconfinement,
eventually accompanied with the mass twin phenomenon (blue dots),

e The region of stable hybrid stars (green dots),

e The upper right corner of this region, where the hybrid stars with highest maxi-
mum mass are found which are eventually disfavored because of missing compact-
ness. In the present work, this corner is at 7y = 0.99, p = 1.19, corresponding to
Mmax = 2.57 Mg at Rmax = 12.4 km.

*  Theregion parameter region, where the onset of deconfinement is before the maximum
central energy density of purely hadronic neutron stars, ¢, onset < €c, max (0Orange dots),
where there are no stable hybrid stars but due to the presence of a deconfinement tran-
sition in the EOS the maximum mass is lowered relative to the purely hadronic case,

*  The region, where the onset of deconfinement occurs after the maximum central
energy density of purely hadronic neutron stars, ¢, onset > €c, max (grey dots).

The main result of the present Bayesian analysis are constrained regions of 60% and
90% credibility in the #y — 17p plane which allow to further constrain the triangular-shaped
region that was found earlier in heuristic studies without employing Bayesian analysis
methods [37,39,63,64]. We found that EOS in the upper right corner of that triangle which
correspond to hybrid stars with maximum masses above the purely hadronic maximum
mass of 2.41 Mg are incompatible with the 60% credibility region of the Bayesian analysis!
This appears to be a consequence of the tidal deformability constraint that disfavors these
high-maximum mass hybrid star sequences because of their insufficient compactness. We
demonstrated how the choice of a set of mass-radius constraints influences the shape
of the credibility regions in the plane of EOS parameters. Small neutron star radii at or
below typical binary radio pulsar masses (e.g., R14 < 12 km) as for HESS and GW170817
2 1.1 (color

~

require an early onset of deconfinement as induced by large values of 7p
superconductivity) while the vector coupling responsible for the stiffness of the EOS and
large maximum masses can stay at moderate values of 7y < 0.5. Including the back widow
pulsar PSR J0952-0607 into the set of constraints would require EOS with a maximum mass
of at least 2.18 Mg, (the 1o level). In such a case, the Bayesian analysis results in strong
vector couplings 17y 2 0.5 for hybrid star sequences. We note that for our choice of a

~

stiff hadronic baseline EOS such as DD2, the maximum mass constraint is always fulfilled
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already without a deconfinement phase transition. This is reflected also in the Bayesian
analysis result which exhibits the parameter region with no stable hybrid stars as favorable
at 60% confidence level.

The next step in the development of this physics-informed Bayesian analysis method
is to guarantee the fulfilment of the requirement that the high-density asymptotics of the
hybrid EOS family should be compatible with the perturbative QCD benchmark at densities
n > 40 ny, see [85,86,117] by using a quark matter EOS model that obeys the conformal
limit and matches the pQCD EOS. A promising and straightforward strategy to achieve
this goal is the relaxation of the locality assumption for the vector mean field. This has
recently been demonstrated by Ivanytskyi [74]. Furthermore, the strangeness degree of
freedom should be included in both the hadronic and quark matter phases of the study.
Work in this direction is in preparation.
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