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Abstract: This review is devoted to summarizing recent developments of the linear sigma

model (LSM) in cold and dense two-color QCD (QC2D), in which lattice simulations

are straightforwardly applicable thanks to the disappearance of the sign problem. In

QC2D, both theoretical and numerical studies derive the presence of the so-called baryon

superfluid phase at a sufficiently large chemical potential (µq), where diquark condensates

govern the ground state. The hadron mass spectrum simulated in this phase shows that the

mass of an iso-singlet (I = 0) and 0− state is remarkably reduced, but such a mode cannot

be described by the chiral perturbation theory. Motivated by this fact, I have invented

a LSM constructed upon the linear representation of chiral symmetry, more precisely

Pauli–Gürsey symmetry. It is shown that my LSM successfully reproduces the low-lying

hadron mass spectrum in a broad range of µq simulated on the lattice. As applications of the

LSM, topological susceptibility and sound velocity in cold and dense QC2D are evaluated

to compare with the lattice results. Additionally, the generalized Gell–Mann–Oakes–Renner

relation and hardon mass spectrum in the presence of a diquark source are analyzed. I also

introduce an extended version of the LSM incorporating spin-1 hadrons.

Keywords: two-color QCD; linear sigma model; chiral effective model; lattice QCD simulation;

cold and dense QCD; baryon superfluid phase

1. Introduction

In recent years, the elucidation of quantum chromodynamics (QCD) in cold and

dense systems has gathered much attention, motivated by the progress of neutron star

observations [1]. In these dense system, quarks confined inside hadrons begin to overlap

as the density increases, and finally, quark degrees of freedom govern the matter. Due to

the complexity stemming from the strong coupling and nonperturbative nature of QCD,

however, it is not easy to unveil this transition in detail.

One of the most powerful tools to shed light on the QCD problem is the first-principles

lattice QCD simulation. However, lattice simulations with a chemical potential at a lower

temperature are not straightforward due to the so-called sign problem of the Monte Carlo

computation [2,3]. Additionally, considering the current difficulty of accelerator experi-

ments, cold and dense QCD can be regarded as a frontier of quark–hadron physics.

The sign problem of lattice simulations occurs when the path integral yields complex

values. Hence, when we focus on two-color QCD (QC2D) where the gluodynamics is gov-

erned by the SU(2)c gauge theory possessing pseudoreality, the troublesome sign problem

disappears. This advantage enables us to apply the lattice simulation straightforwardly

even in a cold and dense system. Indeed, thus far, lattice simulations in QC2D with a

baryon-number (or a quark-number) chemical potential have been conducted by several

Symmetry 2025, 17, 124 https://doi.org/10.3390/sym17010124

https://doi.org/10.3390/sym17010124
https://doi.org/10.3390/sym17010124
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/symmetry
https://www.mdpi.com
https://orcid.org/0000-0002-6928-4123
https://doi.org/10.3390/sym17010124
https://www.mdpi.com/article/10.3390/sym17010124?type=check_update&version=2


Symmetry 2025, 17, 124 2 of 45

groups to explore the phase diagram with order parameters, hadron masses, thermody-

namic properties, gluondynamics, transport coefficients, and so on [4–34].

In the QC2D world, the pseudoreal nature of the SU(2)c gauge theory allows us to

treat a quark and an antiquark belonging to 2 and 2∗ representations on an equal footing.

As a result, at a hadronic level, for instance, certain mesons and diquarks share the same

properties. In terms of the flavor representation, this is reflected by the enlargement of chiral

symmetry; SU(N f )L × SU(N f )R chiral symmetry is extended to the so-called Pauli–Gürsey

SU(2N f ) symmetry in QC2D [35,36].

Since (anti)diquarks are bosonic in QC2D, obeying Bose–Einstein statistics similarly to

mesons, they start to exhibit Bose–Einstein condensations (BECs) at an adequately large

chemical potential µq. This condensed phase is referred to simply as the diquark condensed

phase, or the baryon superfluid phase to stress the U(1) baryon-number violation with no

breakdown of color symmetry. Meanwhile, the calm phase connected to the vacuum (zero

temperature and zero chemical potential) is called the hadronic phase.

A schematic picture of a QC2D phase diagram is depicted in Figure 1. In this figure,

the Bardeen–Cooper–Schrieffer (BCS) regime in the baryon superfluid phase is defined

by which the quark density nq is consistent with the Stefan–Boltzmann-limit value of free

quarks nSB
q : nq/nSB

q ≈ 1. Accordingly, in the BEC regime, nq/nSB
q < 1.

quark-gluon plasma

BEC BCS

baryon superfluid phasehadronic phase

deconfined

confined
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Figure 1. A schematic phase diagram of QC2D.

In order to gain qualitative and predictive insights into the numerical experiments of

cold and dense QC2D performed on lattice, it is inevitable to translate the numerical results

in terms of appropriate effective degrees of freedom. In the low-energy regime of QC2D

where the system is governed by highly nonperturbative dynamics, such excitations are

brought about by light hadrons. Hence, hadron effective models can be regarded as useful

tools there. The lattice results predict sufficiently suppressed Polyakov loops even in

the dense regime [22,34], indicating that hadronic and quark matters are connected by

crossover. Therefore, hadron effective models would be able to explore the deeper regime

of dense QC2D.

The spirit of hadron effective models is expressed by the following matching equal-

ity [37,38],

ZQC2D = Zeff. model , (1)

where the left-hand side (LHS) and right-hand side (RHS) stand for the generating func-

tionals of underlying QC2D and of an effective model, respectively. That is, (maybe concise)
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quantum theory developed in hadron effective models must match that of the nonperturba-

tive QC2D model at low energy. More practically, we make use of

ΓQC2D = Γeff. model (2)

as the matching condition, with the corresponding effective action Γ = −ilnZ. This Γ can

be regarded as an action incorporating quantum corrections, so that symmetry properties

inhabiting QC2D at a quantum level must be mimicked by the effective model properties.

Those matching properties are the essential points when adopting hadron effective models.

The (approximate) Pauli–Gürsey SU(2N f ) symmetry is spontaneously broken due to

the emergence of chiral condensates ⟨ψ̄ψ⟩ in the vacuum, the breaking pattern of which

is SU(2N f ) → Sp(2N f ) for identical quark masses [39,40]. Accordingly, the Nambu–

Goldstone (NG) bosons dominate over the low-energy dynamics of QC2D. Due to the equal

treatment of certain mesons and diquarks, those NG bosons are played by N2
f − 1 pions

and N2
f − N f flavor-singlet scalar (anti)diquarks.

When describing those NG boson dynamics, the chiral perturbation theory (ChPT)

framework is useful thanks to its systematic low-energy expansion; it was developed

in Refs. [39,40]. Indeed, this effective model successfully reproduces, e.g., hadron

masses [11,41] and sound velocity [30,34] measured on the lattice for N f = 2, in the

vicinity of the phase transition to the baryon superfluid phase. However, since the ChPT

is based on the low-energy expansion for only the NG bosons where other excitations are

integrated out [42,43], it is unclear whether the ChPT framework still works at larger µq.

Moreover, the recent lattice results in Ref. [41] indicate that the next-lightest excitation in

the superfluid phase is an iso-singlet mode carrying a negative parity (I = 0, 0−), which

cannot be handled by the ChPT, as depicted in Figure 2. These facts require us to extend

the ChPT to describe other hadrons including the I = 0, 0− mode for which the low-energy

spectrum of dense QC2D is appropriately delineated.

hadronic baryon superfluid

the lowest

the second-lowest

hadronic baryon superfluid

Figure 2. µq dependences of the spin-0 hadron masses at a low temperature, which were computed

in Ref. [41]. The second-lowest state (I = 0, 0−) in the superfluid phase cannot be described in the

ChPT framework.

Motivated by this fact, I invented a linear sigma model (LSM) as an extension of the

ChPT based on the linear representation of the Pauli–Gürsey symmetry for N f = 2 [44].

This effective model allows us to describe not only the NG bosons such as the pions and 0+

diquarks but also the scalar mesons and 0− diquarks collectively, although the systematics

is rather obscure. The latter hadrons are referred to as the parity partners or chiral partners

to the NG bosons, which are predicted to degenerate with the NG bosons at the chiral

restoration point. Additionally, the linear representation of the LSM implies its validity at

a rather high µq, where the nonlinearly realized ChPT framework cannot affect it, since

chiral symmetry is restored at a sufficiently large µq.
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In addition to the ChPT and LSM approaches, other effective models containing quark–

gluon degrees of freedom such as the Nambu–Jona–Lasinio (NJL) and massive gluon model

were employed to theoretically examine cold and dense QC2D properties [39,40,44–74].

In this review, I summarize the main points of Refs. [44,70–72] achieved within the LSM

framework. Since effective models such as the LSM must obey QC2D-inspired symmetry

properties due to the matching condition of Equation (1) or Equation (2), first in Section 2,

I explain the Ward–Takahashi identities (WTIs) related to the spontaneous breakdown

of the Pauli–Gürsey symmetry from the underlying QC2D theory. Next, in Section 3, I

show a derivation of the ChPT based on the Maurer–Cartan 1-form and summarize its

predictions. Then, in Section 4, I construct the LSM and review our works accomplished in

Refs. [44,70,72], comparing them with the ChPT results. Section 5 is devoted to presenting

an extended version of the LSM where, additionally, spin-1 hadrons are incorporated,

which is referred to as the extended linear sigma model (eLSM) [71]. Finally, in Section 6,

the present article is concluded.

2. QC2D Lagrangian for Quarks

2.1. Pauli–Gürsey SU(2N f ) Symmetry

The flavor structure, i.e., chiral symmetry, of QC2D is extended due to the pseudo-

reality of the SU(2)c gauge group, which plays an essential role in describing hadronic

excitations in the low-energy region of QC2D. In this subsection, we explain how such

enlarged symmetry emerges by rewriting the QC2D Lagrangian for quarks.

The Lagrangian for N f massless quarks interacting with the SU(2)c gluons is of

the form

Lkin
QC2D = ψ̄i /Dψ , (3)

where ψ = (u, d, · · · ) is an N f -components quark field, and the covariant derivative reads

Dµψ = (∂µ − igs Aµ)ψ with the SU(2)c gauge field Aµ = Aa
µτa

c /2 (τa
c is the Pauli matrix)

and the gauge coupling gs. To see the chiral structures of the quarks, it is useful to introduce

the left-handed and right-handed quark fields, ψR and ψL, which are eigenstates of the

chirality operator γ5. When employing the Weyl representation, those fields are expressed

as ψR = 1+γ5
2 ψ = (ψ̂R, 0)T and ψL = 1−γ5

2 ψ = (0, ψ̂L)
T . Hence, Lagrangian (3) is rewritten

in terms of the two-component spinors ψ̂R and ψ̂L as

Lkin
QC2D = ψ̂†

Riσµ(∂µ − igs Aµ)ψ̂R + ψ̂†
Liσ̄µ(∂µ − igs Aµ)ψ̂L , (4)

where σµ = (1, σi) and σ̄µ = (1,−σi) (σi is the Pauli matrix inhabiting the spinor space).

The form of Equation (4) is universal for any number of colors. The characteristic

feature of the SU(2)c gauge theory appears when making use of the pseudoreality of the

Pauli matrix, τa
c = −τ2

c (τ
a
c )

Tτ2
c (and σi = −σ2(σi)Tσ2). In fact, these relations enable us to

reduce Equation (4) to the following simple form:

Lkin
QC2D = Ψ†iσµ∂µΨ + gsΨ†σµ AµΨ . (5)

In this equation, the extended 2N f -component quark labeled Ψ is defined by

Ψ ≡ (ψ̂R, ˜̂ψL)
T = (ûR, d̂L, · · · , ˜̂uL, ˜̂dL, · · · )T , (6)
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with ˜̂ψR = σ2τ2
c ψ̂∗

R and ˜̂ψL = σ2τ2
c ψ̂∗

L being the “conjugate fields” played by the complex

conjugate of ψ̂L. The QC2D Lagrangian expressed in terms of Ψ in Equation (5) clearly

shows a global symmetry under an SU(2N f ) transformation, generated by

Ψ → gΨ with g ∈ G = SU(2N f ) . (7)

Since Ψ is a 2Nf -component column vector in the (enlarged) flavor space from Equation (6),

the symmetry determined by Equation (7) is regarded as an extended version of the

SU(Nf )L × SU(Nf )R chiral symmetry. This is sometimes referred to as Pauli–Gürsey

SU(2Nf ) symmetry [35,36]. Intuitively speaking, the extension of chiral symmetry reflects

the blindness of SU(2)c gluons; quarks and antiquarks belong to 2 and 2∗ representations

of SU(2)c. However, due to the pseudoreality 2 ≃ 2∗, gluons cannot discriminate quarks

and antiquarks. As a result, these states can be treated on an equal footing in a single

multiplet, and the flavor structure, i.e., chiral symmetry, is enlarged.

From the above argument, QC2D with massless quarks has been found to possess an

SU(2N f ) symmetry generated by Equation (7). Meanwhile, the quark mass term reads

Lmass
QC2D = −1

2

(

ΨTσ2τ2
c MqΨ + H.c.

)

= −ψ̄Mqψ , (8)

where the quark mass matrix in terms of the extended quark multiplet (6) takes the form of

the following 2N f × 2N f matrix:

Mq =

(

0 −Mq

Mq 0

)

(9)

with Mq = diag.(mu, md, · · · ). This mass term obviously breaks the SU(2N f ) symmetry,

similarly to the (explicit) chiral symmetry breaking in three-color QCD. In particular, when

all the quark masses are identical, mq ≡ mu = md = · · · , the mass term (8) is reduced to

Lmass
QC2D = −mq

2

(

ΨTσ2τ2
c ETΨ + H.c.

)

= −mqψ̄ψ , (10)

where E is a 2N f × 2N f symplectic matrix

E =

(

0 1

−1 0

)

. (11)

The operator ΨTσ2τ2
c ETΨ is not generally invariant under g ∈ G (= SU(2N f )), but it is

only invariant under h ∈ H belonging to a subgroup of G, which satisfies

hTEh = E . (12)

This relation is nothing but the definition of an Sp(2N f ) group. Therefore, H = Sp(2N f ),

and the symmetry breaking pattern reads SU(2N f ) → Sp(2N f ) in this particular case.

The number of generators of SU(2N f ) and Sp(2N f ) are 4N2
f − 1 and N f (2N f + 1), respec-

tively; thus, the number of NG bosons associated with the breaking of SU(2N f ) → Sp(2N f )

is

4N2
f − 1 − N f (2N f + 1) = 2N2

f − N f − 1 . (13)

As in three-color QCD, N2
f − 1 pseudoscalar mesons are responsible for the NG bosons,

which cannot cover the whole number of Equation (13). That is, in QC2D, N2
f − N f = 2 N f

C2
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NG bosons emerge in addition to the pseudoscalar mesons. These additional NG bosons

are played by the flavor-antisymmetric and scalar (anti)diquarks which are in the lightest

(anti)baryonic modes, as can be indeed understood by the combination factor 2 N f
C2.

The simultaneous emergence of mesonic and (anti)baryonic NG modes also stems from the

“blindness” of SU(2)c gluons.

The U(1) baryon-number and U(1) axial transformations of Ψ are easily understood

from definition (6). That is, the upper and lower N f components of Ψ carry opposite

baryon charges and identical axial charges. Thus, when we assign quark-number +1

(baryon-number +1/2) for ψ̂, the resultant U(1)B transformation law of Ψ reads

Ψ
U(1)B→ e−iθB JΨ with J =

(

1 0

0 −1

)

. (14)

Similarly,

Ψ
U(1)A→ e−iθA Ψ , (15)

under the U(1) axial transformation. It should be noted that the U(1) baryon-number

transformation (14) belongs to a subgroup of SU(2N f ). Meanwhile, the U(1)A rotation

simply changes the overall phase of Ψ, which is not generated by any of the SU(2N f ) values.

In the following, we restrict ourselves into two-flavor (N f = 2) with an exact isospin

symmetry, mq ≡ mu = md, which corresponds to the often-used lattice simulation

setup [33], otherwise stated. In this particular case, the symmetry breaking pattern is

SU(4) → Sp(4).

2.2. Algebra of SU(4) and Sp(4)

For N f = 2 with isospin symmetry, the Pauli–Gürsey symmetry turns out to be

G = SU(4), which contains 15 generators. Since the symmetry breaking pattern is SU(4) →
Sp(4), it is convenient to separate the 15 generators into those belonging to the algebra of

H = Sp(4) and G/H = SU(4)/Sp(4): Si ∈ H (i = 1 − 10) and Xa ∈ G −H (a = 1 − 5).

In this paper, we employ

Si=1−4 =
1

2
√

2

(

τi
f 0

0 −(τi
f )

T

)

, Si=5−10 =
1

2
√

2

(

0 Bi
f

(Bi
f )

† 0

)

, (16)

and

Xa=1−3 =
1

2
√

2

(

τa
f 0

0 (τa
f )

T

)

, Xa=4,5 =
1

2
√

2

(

0 Da
f

(Da
f )

† 0

)

, (17)

to parametrize them, in which τ4
f = 1, B5

f = 1, B6
f = i1, B7

f = τ3
f , B8

f = iτ3
f , B9 = τ1

f ,

B10 = iτ1
f , D4 = τ2

f , and D5 = iτ2
f , with τ1,2,3

f being the Pauli matrices acting on the flavor

space. The generators belonging to the algebra of the unbroken Sp(4) satisfy

SiE = −E(Si)T (Si ∈ H) (18)

from Equation (12). Accordingly, the broken generators Xa obey

XaE = E(Xa)T (Xa ∈ G −H) . (19)

The above bases are convenient since mesonic and baryonic modes can be properly sepa-

rated once an effective Lagrangian is constructed.
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For later convenience, we further define

Xa=0 =
1

2
√

2

(

1 0

0 1

)

(20)

to parametrize the trivial algebra.

2.3. Spurion Fields

Since QC2D with massless quarks preserves the Pauli–Güsey SU(4) symmetry when

N f = 2, it is convenient to regard, e.g., quark masses as an external-source contribution

breaking the SU(4) symmetry properly. In this subsection, we introduce the so-called

spurion fields so as to formulate such a systematic inclusion of the breaking effects [37,38].

The source term of QC2D takes the form of

Lsource
QC2D = −ΨTσ2τ2

c ζ†Ψ − Ψ†σ2τ2
c ζΨ∗ + Ψ†σµζµΨ , (21)

where the spurion fields ζ (= −ζT) and ζµ (= ζ†
µ) transform under local SU(4) transforma-

tion as

ζ → gζgT , ζµ → gζg† − i∂µgg† . (22)

In this way, the whole QC2D Lagrangian

Lq
QC2D = Lkin

QC2D + Lsource
QC2D (23)

preserves the local SU(4) symmetry. We note that the spin-1 spurion ζµ is introduced as if

to be a gauge field with respect to G = SU(4) symmetry. The spurions can be decomposed

into real fields sa, pa, Vi
µ, and V′a

µ as

ζ =
√

2
5

∑
a=0

(sa − ipa)XaE , ζµ = 2
√

2

(

10

∑
i=1

vi
µSi −

5

∑
a=0

v′aµ Xa

)

. (24)

In the source contribution (21), by replacing the scalar field sa=0 with their vacuum

expectation value (VEV) as ⟨sa=0⟩ = mq and setting all other fields to be vanishing, one

can obtain

Lsource
QC2D

∣

∣

∣

⟨s0⟩=mq

= −mq

2

(

ΨTσ2τ2
c ETΨ + H.c.

)

= −mqψ̄ψ . (25)

This form is, indeed, identical to the mass term in Equation (10). Similarly, a quark chemical

potential µq can be introduced by choosing the VEV of spin-1 spurions as ⟨va=4
µ=0⟩ = µq.

Moreover, a diquark source term which leads to condensations of the isospin-singlet and

color-singlet scalar diquarks breaking U(1)B symmetry can also be realized by ⟨pa=5⟩ = j.

To summarize, within basis (24), when taking the following VEVs,

⟨sa=0⟩ = mq , ⟨pa=5⟩ = j , ⟨vi=4
µ=0⟩ = µq , (26)

the source term (21) is reduced to

Lsource
QC2D

∣

∣

∣

⟨ζ⟩,⟨ζµ⟩
= −

√
2mq

(

ΨTσ2τ2
c ETX0Ψ + h.c.

)

−
√

2j
(

iΨTσ2τ2
c ETX5Ψ + h.c.

)

+2
√

2µqΨ†S4Ψ

= −mqψ̄ψ − j

(

− i

2
ψTCγ5τ2

c τ2
f ψ + h.c.

)

+ µqψ̄γ0ψ , (27)
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which, indeed, correctly reproduces the quark mass, diquark source, and chemical poten-

tial terms.

In addition to the systematic inclusion of the physical parameters as in Equation (27),

our spurion-field treatment plays a key role in matching QC2D and low-energy effective

models. For instance, taking a functional derivative of ΓQC2D with respect to s0 and p5 and

imposing the VEVs (26), one can easily obtain formulas

⟨ψ̄ψ⟩ = δΓQC2D

−δs0

∣

∣

∣

⟨ζ⟩,⟨ζµ⟩
, ⟨ψψ⟩ = δΓQC2D

−δp0

∣

∣

∣

⟨ζ⟩,⟨ζµ⟩
, (28)

respectively, with a shorthand notation of

ψψ ≡ − i

2
ψTCγ5τ2

c τ2
f ψ + h.c. . (29)

Therefore, making use of matching condition (2), the condensates are found to be evaluated

within effective models as

⟨ψ̄ψ⟩ = δΓeff. model

−δs0

∣

∣

∣

⟨ζ⟩,⟨ζµ⟩
, ⟨ψψ⟩ = δΓeff. model

−δp0

∣

∣

∣

⟨ζ⟩,⟨ζµ⟩
. (30)

In the same way, any n-point functions of underlying QC2D can be matched with those of

the low-energy effective models.

2.4. Ward–Takahashi Identities

Here, we derive the WTIs from symmetry properties of the SU(4) which also play a

central role when matching QC2D and the effective models. Here, we only focus on the

WTIs connecting spin-0 operators.

Let us define the following spin-0 composite operators:

Oa
X ≡ ΨTσ2τ2

c EXaΨ (a = 0 − 5) . (31)

Under the infinitesimal transformation driven by the broken generators Xa, Ψ → e−iθaXa
Ψ,

those operators are transformed as

Oa
X

G/H→ Oa
X − iθbΨTσ2τ2

c

(

(Xb)TEXa + EXaXb
)

Ψ

= Oa
X − i√

2
θaO0

X (a = 1 − 5) , (32)

and

O0
X

G/H→ O0
X − iθaΨTσ2τ2

c

[

(Xa)TE + EXa
]

X0Ψ

= O0
X − i√

2
θaOa

X (a = 1 − 5) , (33)

where the algebras in Equation (19) and {Xa, Xb} = δabE/4 (a, b = 1− 5) are used. Similarly,

under U(1)B transformation Ψ → e−iθB JΨ, one can see

Oa
X

U(1)B→ Oa
X − iθBΨTσ2τ2

c {J, EXa}Ψ =











Oa
X (a = 0 − 3)

O4
X + 2θBO5

X (a = 4)

O5
X − 2θBO4

X (a = 5)

. (34)
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Although the composite operators (31) exhibit concise transformation properties, they

include positive-parity and negative-parity states collectively and are not useful as building

blocks of the physical states. For this reason, we also define

Oσ ≡ ψ̄ψ = −
√

2O0
X −

√
2O†0

X ,

Oa
a0

≡ ψ̄τa
f ψ = −

√
2Oa

X −
√

2O†a
X (a = 1 − 3) ,

Oη ≡ ψ̄iγ5ψ = −
√

2iO0
X +

√
2iO†0

X ,

Oa
π ≡ ψ̄iγ5τa

f ψ = −
√

2iOa
X +

√
2iO†a

X (a = 1 − 3) , (35)

for mesonic operators, and

OB4
≡ 1

2
ψTCγ5τ2

c τ2
f ψ + h.c. = −

√
2iO4

X +
√

2iO†4
X ,

OB5
≡ − i

2
ψTCγ5τ2

c τ2
f ψ + h.c. = −

√
2iO5

X +
√

2iO†5
X ,

OB′
4

≡ − i

2
ψTCτ2

c τ2
f ψ + h.c. = −

√
2O4

X −
√

2O†4
X ,

OB′
5

≡ −1

2
ψTCτ2

c τ2
f ψ + h.c. = −

√
2O5

X −
√

2O†5
X , (36)

for baryonic ones. Their transformation laws are easily seen from Equations (32)–(34).

Inserting the VEVs (26) of the spurion fields, the QC2D Lagrangian (23) now takes the

form of

Lq
QC2D = Ψ†iσµDµΨ +

√
2mq

(

O0
X +O0†

X

)

+
√

2j
(

iO5
X − iO5†

X

)

, (37)

with DµΨ = (∂µ − igs Aµ − iµq J)Ψ and the composite operators being defined by

Equation (31). Under the local transformation generated by Xa ∈ G − H (a = 1 − 5),

this Lagrangian transforms as

Lq
QC2D

G/H→ Lq
QC2D − θa

[

Dµ j
µa
X − mq

(

iOa
X − iOa†

X

)

+ jaδ5a
(

O0
X +O0†

X

)]

, (38)

in which we have made use of the integration by parts to collectively treat the corrections.

The broken current j
µa
X is given by

j
µa
X = Ψ†σµXaΨ , (39)

with the covariant derivative of the form

Dµ j
µa
X = ∂µ ja

X − iµqδµ0Ψ†[Xa, J] =











∂µ j
µa
X (a = 1 − 3)

∂µ j
µ4
X + 2µqδµ0 j

µ5
X (a = 4)

∂µ j
µ5
X − 2µqδµ0 j

µ4
X (a = 5)

. (40)

Here, let us focus on an arbitrary functional which takes the form of

I [Ô(y)] ≡
∫

[dψ̄dψ][dA]Ô(y)e
i
∫

d4xLq
QC2D . (41)

Assuming that the G/H transformation law of the operator Ô reads Ô G/H→ Ô+ θaδaÔ, the

invariance of the functional I [Ô(y)] yields the following identity for Green’s functions:

〈

δaÔ
〉

δabδ(x) = i
〈

T∗
[

∂µ j
µb
X + mq

(

iOb
X − iOb†

X

)

+
j√
2

δb5Oσ

]

(x)Ô(0)
〉

. (42)



Symmetry 2025, 17, 124 10 of 45

In this identity, we have set y = 0, and the symbol T∗ stands for the time-ordering operator

but commutes with any derivatives that maintain the explicit Lorentz covariance of the path-

integral formulation. Therefore, choosing Oa
π , OB4

, OB5
, and Oσ for Ô, from Equation (42),

we arrive at the following WTIs:

⟨Oσ⟩δabδ(x) =
√

2⟨T∗i∂x
µ j

µb
X (x)Oa

π(0)⟩ − imq⟨TOb
π(x)Oa

π(0)⟩ (a, b = 1 − 3) , (43)

⟨Oσ⟩δ(x) =
√

2⟨T∗iDx
µ j

µ4
X (x)OB4

(0)⟩ − imq⟨TOB4
(x)OB4

(0)⟩ , (44)

⟨Oσ⟩δ(x) =
√

2⟨T∗iDx
µ j

µ5
X (x)OB5

(0)⟩ − imq⟨TOB5
(x)OB5

(0)⟩+ ij⟨TOσ(x)OB5
(0)⟩ , (45)

and

−⟨OB5
⟩δ(x) =

√
2⟨T∗iDx

µ j
µ5
X (x)Oσ(0)⟩ − imq⟨TOB5

(x)Oσ(0)⟩+ ij⟨TOσ(x)Oσ(0)⟩ , (46)

respectively, with the help of the transformation laws presented in Equations (32) and (33).

Likewise, the local U(1)B transformation law of the Lagrangian (37) reads

Lq
QC2D

U(1)B→ Lq
QC2D − θB

[

∂µ j
µ
B + 2

√
2j(iO4

X − iO†4
X )
]

(47)

from Ψ → e−iθB JΨ, with j
µ
B = Ψ†σµ JΨ being the baryon-number current. Hence, tracing

the same procedure below Equation (41),

〈

δBÔ
〉

δ(x) = i
〈

T∗
[

∂µ j
µ
B − 2jOB4

]

(x)Ô(0)
〉

(48)

is derived, where the transformed part, δBÔ, has been defined through Ô U(1)B→ Ô + θBδBÔ.

Taking OB4
for Ô in this identity, one can find the following WTI in terms of

U(1)B symmetry:

2⟨OB5
⟩δ(x) = i∂x

µ⟨Tj
µ
B(x)OB4

(0)⟩ − 2ij⟨TOB4
(x)OB4

(0)⟩ . (49)

It should be noted that all the WTIs derived in this subsection are valid at any temper-

ature and density since only the symmetry properties of the functional (41) are utilized in

the derivations.

2.5. Gell–Mann–Oakes–Renner Relationships with the Diquark Source

In Section 2.4, the WTIs connecting the chiral and diquark condensates to the particular

two-point functions were derived from the appropriate invariance of the path-integral

formalism. Here, based on the identities, we present the so-called Gell–Mann–Oakes–

Renner (GOR) relationships [75] in the presence of the diquark source j, which is valid as

long as we stick to low-energy QC2D.

First, we focus on the pion sector (43) that is separated from the baryonic sectors and

explicit chemical potential effects. By inserting only a pion one-particle state

∫

d3 p

(2π)32Eπ
|πc(p)⟩⟨πc(p)| (50)
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as a part of the complete set (Eπ is a pion dispersion relation), the first term in the RHS of

Equation (43) can be simplified to be (T is the ordinary time-ordering operator)

⟨T∗i∂x
µ j

µb
X (x)Oa

π(0)⟩ ∼ T
∫

d3 p

(2π)32Eπ
i fπ p2Aππe−ipπ ·x , (51)

where we assume that the amplitude can be evaluated as

⟨0|jµb
X (x)|πa(p)⟩ = i fπ pµδabe−ipπ ·x ,

⟨0|Ob
π(x)|πa(p)⟩ = Aππδabe−ipπ ·x , (52)

with a pion decay constant fπ and a p-independent matrix element Aππ . The momentum

p
µ
π is defined by p

µ
π = (Eπ , p). Thus, the matrix element (51) is reduced to

⟨T∗i∂x
µ j

µb
X (x)Oa

π(0)⟩ ∼ −
∫

d4 p

(2π)4

fπ p2Aππ

p2
0 − E2

π
e−ip·x . (53)

In a similar way, the second term of the RHS of Equation (43) reads

⟨TOb
π(x)Oa

π(0)⟩ ∼ T
∫

d3 p

(2π)32Eπ
|Aππ |2e−ipπ ·x =

∫

d4 p

(2π)4

i|Aππ |2
p2

0 − E2
π

e−ip·x , (54)

and, hence, one can arrive at (A∗
ππ = Aππ)

⟨Oσ⟩ = −
√

2 fπ p2Aππ

p2
0 − E2

π
+

mqA2
ππ

p2
0 − E2

π
. (55)

When taking p0 → 0 and p0 → Eπ after choosing the rest frame p = 0, two equations,

⟨Oσ⟩ = − mq

m2
π
A2

ππ , 0 = −
√

2 fπm2
πAππ + mqA2

ππ , (56)

are obtained, with mπ ≡ Eπ |p=0 being the pion mass. Therefore, eliminating the matrix

element Aππ , we finally find

f 2
πm2

π = −mq⟨Oσ⟩
2

, (57)

which is nothing but the familiar GOR relation. The factor 1/2 in the RHS is due to the

normalization of fπ in QC2D, as will be explained in Section 2.6. It should be noted that

this relationship holds at any density as long as the one-pion saturation of the complete set

and momentum independence of Aππ are reasonably satisfied.

Next, we move on to the baryonic sector. The µq independence of the GOR relationship

for the pion sector is due to decouplings from the baryonic sector; meanwhile, the baryonic

WTIs are easily affected by µq and contaminations from Oσ due to the U(1)B violation

too. In order to reduce these difficulties, here, we restrict ourselves to µq = 0. In this

case, the WTI for OB4
, Equation (44), coincides with the pion’s. Additionally, due to the

charge-conjugation symmetry, OB4
is always separated from OB5

and Oσ. (Only OB4
carries

C = −1, while OB5
and Oσ carry C = +1.) Thus, the GOR relation from Equation (44) coin-

cides with that of Equation (57), from which the mass of B4 is equal to the pion mass. On the

other hand, the WTI for OB5
is still complicated due to mixings from Oσ, stemming from the

U(1)B violation.
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The WTIs for OB5
and Oσ are combined into a single relationship, as shown below.

By defining the mass eigenoperators OB̃5
and Oσ̃ through

(

OB̃5

Oσ̃

)

=

(

cos θ − sin θ

sin θ cos θ

)(

OB5

Oσ

)

, (58)

overlaps of the operators OB5
and Oσ between the B̃5 state and the vacuum can be evaluated

to be

⟨0|OB5
|B̃5(p)⟩ = cos θ⟨0|OB̃5

|B̃5(p)⟩ = AB̃5 B̃5
cos θ ,

⟨0|Oσ|B̃5(p)⟩ = − sin θ⟨0|OB̃5
|B̃5(p)⟩ = −AB̃5 B̃5

sin θ , (59)

where AB̃5 B̃5
has been defined similarly to Equation (52). Then, introducing the decay

constant f5 by

⟨0|jµ5
X (0)|B̃5(p)⟩ = i f5 pµ , (60)

from Equations (45) and (46), one can derive

⟨Oσ⟩ = −
√

2 f5 p2AB̃5 B̃5
cos θ

p2
0 − E2

B̃5

+
mqA2

B̃5 B̃5
cos2 θ

p2
0 − E2

B̃5

+
jA2

B̃5 B̃5
sin θ cos θ

p2
0 − E2

B̃5

,

⟨OB5
⟩ = −

√
2AB̃5 B̃5

f5 p2 sin θ

p2
0 − E2

B̃5

+
mqA2

B̃5 B̃5
sin θ cos θ

p2
0 − E2

B̃5

+
jA2

B̃5 B̃5
sin2 θ

p2
0 − E2

B̃5

, (61)

as siblings of Equation (55). We note that all transitions to |σ̃(p)⟩ have been omitted in the

derivation since only the (approximate) NG bosons are assumed to saturate the low-energy

physics of QC2D. Taking p0 → 0 and p0 → mπ at the rest frame p = 0 (the mass of B̃5 is

identical to the pion mass) in Equation (61),

AB̃5 B̃5
= − ⟨Oσ⟩√

2 f5 cos θ
= − ⟨OB5

⟩√
2 f5 sin θ

(62)

is found; so, inserting this relation into either part of Equation (61) at p → 0 yields

f 2
5 m2

π = −mq⟨Oσ⟩
2

− j⟨OB5
⟩

2
. (63)

Finally, the WTI (49) related to U(1)B symmetry is easily derived to be

(

fB

2
√

2

)2

m2
π = − j⟨OB5

⟩
2

, (64)

where the decay constant associated with the baryon-number current fB has been defined

through

⟨0|jµB(0)|B4(p)⟩ = i fB pµ . (65)
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In summary, the GOR relation with respect to the broken current j
µa
X and the U(1)

baryon-number current j
µ
B are obtained as

f 2
πm2

π = −mq⟨ψ̄ψ⟩
2

(at any µq) , (66)

f 2
5 m2

π = −mq⟨ψ̄ψ⟩
2

− j⟨ψψ⟩
2

(only at µq = 0) , (67)

(

fB

2
√

2

)2

m2
π = − j⟨ψψ⟩

2
(only at µq = 0) , (68)

where the decay constants are introduced from Equations (52), (60), and (65). Additionally,

we have used Oσ = ψ̄ψ and shorthand notation for the diquark operator OB5
= ψψ.

2.6. Comment on the Decay Constant fπ

In Section 2.5, the pion decay constant fπ was introduced through matrix element (52)

associated with the broken current j
µa
X and one-pion state |πa(p)⟩. The broken current for

the pion sector can be expressed in terms of the ordinary quark field ψ as

j
µa
X = Ψ†σµXaΨ =

1√
2

ψ̄γµγ5Ta
f ψ = j

µa
5 (a = 1 − 3) , (69)

where Ta
f = τa

f /2 and the familiar axial current j
µa
5 ≡ ψ̄γµγ5Ta

f ψ have been defined. Then,

the matrix element is rewritten into

⟨0|jµa
X (x)|πb(p)⟩ = 1√

2
⟨0|jµa

5 (x)|πb(p)⟩ . (70)

The decay constant in three-color QCD, f Nc=3
π = 93 MeV, is introduced with respect

to the familiar broken current j
µa
5 though

⟨0|jµa
5 (x)|πb(p)⟩ = i f Nc=3

π pµδabe−ipπ ·x . (71)

Hence, Equation (70) can be expressed in terms of f Nc=3
π as

⟨0|jµa
X (x)|πb(p)⟩ = i√

2
f Nc=3
π pµδabe−ipπ ·x , (72)

and comparing this equation with the QC2D definition in Equation (52), one can find

fπ =
1√
2

f Nc=3
π . (73)

Equation (73) implies that the decay constant in QC2D is different from the three-color

QCD one by a factor 1/
√

2. Within chiral effective models such as the ChPT, LSM, and

NJL model in QC2D, the decay constant is, of course, defined through the broken current

associated with the generator Xa, which corresponds not to f Nc=3
π but fπ .

3. Chiral Perturbation Theory

3.1. Model Construction Based on the Maurer–Cartan 1-Form

Among hadron effective models, the ChPT which treats NG bosons in association with

a certain symmetry breaking is one of the most powerful and standard models due to its

systematic low-energy expansion. Thus, in this subsection, we explain derivation of the

ChPT in QC2D in terms of the so-called Maurer–Cartan 1-form [76].
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Let us introduce the following representative which parametrizes the coset space

G/H = SU(4)/Sp(4),

ξ = exp(iπaXa/ f0) , (74)

where the πas can be regarded as the NG bosons: three pions, a diquark, and an antidiquark.

Additionally, f0 is a parameter with a mass dimension of +1, which corresponds to the

pion decay constant in the lowest order of ChPT, at a vanishing µq.

From the properties of the coset and representative, one can choose that the ξ defined

in Equation (74) be transformed under the global SU(4) transformation as [76]

ξ → gξh†(g, π) . (75)

We note that h(g, π) must be a function of g and π for which the representative ξ correctly

transforms. Here, for later convenience, we introduce the Maurer–Cartan 1-form

αµ ≡ i−1∂µξ†ξ . (76)

This 1-form is indeed useful to construct a Lagrangian from the viewpoint of low-energy ex-

pansion since it includes one derivative, and the G-transformation law is simply generated

by h(g, π):

αµ → h(g, π)αµh†(g, π)− i∂µh(g, π)h†(g, π) . (77)

The 1-form (76) generally belongs to the algebra of both H and G −H, so we try to separate

them. The decomposition is performed by introducing a sibling of ξ as

ξ̃ ≡ ETξ∗E . (78)

In fact, when defining

α⊥,µ =
1

2i
(∂µξ†ξ − ∂µ ξ̃† ξ̃) ,

α∥,µ =
1

2i
(∂µξ†ξ + ∂µ ξ̃† ξ̃) , (79)

so as to satisfy aµ = a⊥,µ + a∥,µ, those are expanded as

α⊥,µ = −∂µπa

f0
Xa + · · · , α∥,µ =

∂µπaπb

2i f 2
0

[Xa, Xb] + · · · . (80)

Here, [Xa, Xb]E = −E[Xa, Xb]T follows from Equation (19); then, the commutator [Xa, Xb]

is understood to belong to the algebra H from definition (18). In this way, we can conclude

that

α⊥,µ ∈ G −H while α∥,µ ∈ H . (81)

Additionally, the transformation laws of α⊥,µ and α∥,µ under G = SU(4) read

α⊥,µ → h(g, π)α⊥,µh†(g, π) ,

α∥,µ → h(g, π)α∥,µh†(g, π)− i∂µh(g, π)h†(g, π) , (82)
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respectively, with the help of the following property:

ξ̃ → ET g∗ξ∗hT(g, π)E = ET g∗Eξ̃h†(g, π) (83)

following from the algebras in Equations (18) and (19).

Based on the above building blocks, the SU(4)-invariant ChPT Lagrangian of O(p2)

is constructed as

LO(p2)
ChPT = f 2

0 tr[α⊥,µα
µ
⊥] + f 2

0 tr[ζ̂ + ζ̂†] , (84)

where we have defined

ζ̂ = B0ξ†ζET ξ̃ (85)

with B0 being a constant with the mass dimension +1, the SU(4) transformation law of

which is

ζ̂ → h(g, π)ζ̂h†(g, π) . (86)

The field ζ in Equation (85) is the spin-0 spurion field, which is replaced by its VEV to

incorporate, e.g., the quark mass mq effect in the end, as explained in Section 2.3.

Our main aim to employ the ChPT is to explore the low-energy physics of cold

and dense QC2D, so we need to incorporate a quark chemical potential. The chemical

potential is introduced systematically by gauging Equation (84) with respect to SU(4) to

incorporate the spin-1 spurion field ζµ, and replacing it by the VEV with ⟨vi=4
µ=0⟩ = µq from

Equations (24) and (26). Then, in the following analysis, we will use

α⊥,µ =
1

2i
(Dµξ†ξ − Dµ ξ̃† ξ̃) (87)

as the 1-form, where the covariant derivative reads

Dµξ† ≡ ∂µξ† + iξ†ζµ , Dµ ξ̃† ≡ ∂µ ξ̃† − iξ̃†ETζT
µ E , (88)

with ζµ → ⟨ζµ⟩ = µqδµ0 J, from the transformation properties (75) and (83). On the other

hand, for a while, we ignore the diquark source j.

3.2. ChPT in the Hadronic Phase

In Section 3.1, we constructed the ChPT Lagrangian of O(p2) in terms of the Maurer–

Cartan 1-form in Equation (84). Defining U = ξETξT , the Lagrangian is rewritten to

LO(p2)
ChPT =

f 2
0

4
tr[DµU†DµU] + tr[Uζ† + U†ζ] , (89)

which is, indeed, identical to the Lagrangian invented by Kogut et. al. [39,40]. In this

equation, the covariant derivative reads

DµU = ∂µU − iζµU − iUζT
µ . (90)

Setting ⟨πa⟩ = 0, or ⟨ξ⟩ = 1, one finds ⟨U⟩ = ET from its definition. This VEV must

be associated with the ground-state configuration of low-energy QC2D, i.e., the chiral

condensate ⟨ψ̄ψ⟩ in the hadronic phase, as long as the diquark source j is switched off

and µq is adequately small. In other words, conceptionally, the VEV takes the form of

⟨U⟩ ∝ ⟨ψ̄ψ⟩ET for which the remaining Sp(4) symmetry of QC2D is properly built in.
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To gain more insights into this structure, we introduce a quark bilinear Φij with flavor

indices uncontracted as

Φij ≡ ΨT
j σ2τ2

c Ψi . (91)

Using definition (6), one can easily show that the VEV of a scalar operator ⟨ψ̄ψ⟩ can be

embedded into ⟨Φ⟩ as ⟨Φ⟩ = −(1/4)⟨ψ̄ψ⟩ET , and hence, the VEV of Φ corresponds to the

correct ground-state configuration of ⟨U⟩: ⟨U⟩ ∝ ⟨Φ⟩. This fact implies that when U is

expanded up to O(π), its quark-bilinear representation is identical to the linear operator Φ.

In this linearization U reads

U ≈ ET +
i√
2 f0











0 π5 − iπ4 −π3 −(π1 − iπ2)

−(π5 − iπ4) 0 −(π1 + iπ2) π3

π3 π1 + iπ2 0 π5 + iπ4

π1 − iπ2 −π3 −(π5 + iπ4) 0











. (92)

Meanwhile, pionic and baryonic bilinear operators (τ±
f = τ1

f ± iτ2
f )

π± ∼ 1√
2

ψ̄iγ5τ∓
f ψ , π0 ∼ ψ̄iγ5τ3

f ψ ,

B ∼ − i√
2

ψTCγ5τ2τ2
f ψ , B̄ ∼ − i√

2
ψ†Cγ5τ2τ2

f ψ∗ , (93)

are involved in Φ as (regardless of the normalization)

Φ ∼











0
√

2iB −iπ0 −
√

2iπ+

−
√

2iB 0 −
√

2iπ− iπ0

iπ0
√

2iπ− 0
√

2iB̄√
2iπ+ −iπ0 −

√
2iB̄ 0











, (94)

from Equation (91). Therefore, comparing the second term of Equations (92) and (94)

enables us to identify pions and (anti)diquarks as

π± =
π1 ∓ iπ2

√
2

, π0 = π3 , B =
π5 − iπ4

√
2

, B̄ =
π5 + iπ4

√
2

, (95)

by choosing normalizations appropriately. We note that the ET part in Equation (92) simply

denotes the vacuum configuration in the hadronic phase: ⟨U⟩ = ET .

By reading off the quadratic term of πa (a = 1–3) in the ChPT Lagrangian (89), the pion

masses are derived to be

(

m
(H)
π

)2
= 2B0mq ; (96)

meanwhile, the diquark and antidiquark masses read

m
(H)
B = m

(H)
π − 2µq , m

(H)
B̄

= m
(H)
π + 2µq . (97)

In these equations, the superscript (H) has been attached to emphasize that the mass

formulas are valid only in the hadronic phase.

3.3. ChPT in the Baryon Superfluid Phase

The ground-state configuration ⟨U⟩ = ET corresponding to the hadronic phase is in-

deed realized as a stationary point of the effective potential V
O(p2)
ChPT ≡ −

〈

LO(p2)
ChPT

〉

, unless the
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chemical potential is sufficiently large (or j ̸= 0). On the other hand, this configuration

is altered for µq > m
(H)
π /2 due to the emergence of diquark condensates, resulting in the

baryon superfluid phase. This phase transition is also signaled by the diquark mass; when

µq > m
(H)
π /2, the diquark mass turns to negative, as seen from Equation (97). In this

subsection, we explain how the ChPT Lagrangian is modified in the superfluid phase.

In the baryon superfluid phase, the VEV of ⟨U⟩ is rotated from ET to

Uα ≡ VαETVT
α = V2

α ET with V2
α = eiαX̄ . (98)

Here, following Refs. [39,40], we employ X̄ = −2
√

2X5 as the rotation axis in such a way

that Equation (98) at a sufficiently large µq approaches Ud ≡ diag(τ2
f , τ2

f ) and the diquark

condensates dominate over the ground state. Thus, deviation from α = 0 denotes the

beginning of the chiral restoration and emergence of superfluidity. In association with the

rotation of the ground-state configuration (98), it is useful to rotate subgroup H so as to

keep parametrizing πa as the representative of G/H appropriately. When we define the

rotated generators

Si
α = VαSiV†

α , Xa
α = VαXaV†

α , (99)

one can easily show that they satisfy the following algebras of H and G −H correctly,

Si
αUα = −Uα(S

i)T , XaUα = Uα(Xa)T , (100)

similarly to Equations (18) and (19). Thus, adopting these generators, the representative of

rotated-G/H is provided by

ξα ≡ eiπaXa
α = VαξV†

α

(

ξα
G→ gξah†

α with hα ∈ H
)

, (101)

with ξ being Equation (74). Similarly, the other important building block in constructing

the ChPT Lagrangian is provided by

ξ̃α ≡ Uαξ∗αU†
α

(

ξ̃α
G→ Uαg∗U†

α ξ̃αh†
α

)

, (102)

like Equation (78). With these quantities, following the same procedure as in Section 3.1,

one can finally arrive at (the rotated field ζ̂α would be given by ζ̂α = B0ξ†
αζΣαξα, the G-

transformation low of which is ζα → hαζαh†
α)

LO(p2)
ChPT =

f 2
0

4
tr[DµU†

α DµUα] + tr[Uαζ†
α + U†

αζα] . (103)

We note that the structure of G is not modified even in the superfluid phase, whereas sub-

group H is rotated, and thus the covariant derivative associated with the gauge symmetry

of G takes the same form as Equation (90).

The value of angle α fixing the ground-state configuration is determined by a stationary

condition of the potential within the mean-field approximation:

V
O(p2)
ChPT ≡ −

〈

LO(p2)
ChPT

〉

= 2 f 2
0

[

µ2
q(1 − cos 2α) +

(

m
(H)
π

)2
cos α

]

, (104)

namely,

2µ2
q sin 2α =

(

m
(H)
π

)2
sin α , (105)
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which yields (µcr ≡ m
(H)
π /2)

• for µq < µcr : α = 0 ,

• for µcr ≤ µq : cos α =

(

m
(H)
π

)2

4µ2
q

. (106)

The former and latter solutions represent the hadronic and baryon superfluid phases,

respectively. Upon this ground state, the ChPT Lagrangian is expanded to be

LO(p2)
ChPT =

1

2
∂µπa∂µπa + 2µq cos α (∂0π4π5 − π4∂0π5)

− ∑
a=1,2,3

m2
π

2
πaπa − m2

4

2
π4π4 − m2

5

2
π5π5 + · · · , (107)

in which we have defined

m2
π =

(

m
(H)
π

)2
cos α − 2µ2

q(cos 2α − 1) = 4µ2
q ,

m2
4 =

(

m
(H)
π

)2
cos α − 2µ2

q(cos 2α + 1) = 0 ,

m2
5 =

(

m
(H)
π

)2
cos α − 4µ2

q cos 2α = 4µ2
q −

(

m
(H)
π

)4

4µ2
q

. (108)

Therefore, the pion mass is found to be simply given by 2µq in the superfluid phase.

In this phase, the U(1) baryon-number violation leads to a rotated kinetic mixing with

cos α accompanied for diquark and antidiquark states, as shown in the second term in

Equation (107).

Based on the derived mass formulas of pions and (anti)diquarks, we can depict µq

dependences of the masses predicted by the O(p2) ChPT with a vanishing diquark source,

shown in the left panel of Figure 3. In the hadronic phase, the hadron masses exhibit

stable µq dependences, as analytically evaluated in Equations (96) and (97). In the baryon

superfluid phase, in addition to the monotonic pion mass increment with formula (108),

the diquark mass is found to be always zero, indicating that this state is responsible for the

NG boson associated with the breakdown of U(1) baryon-number symmetry [39,40].

Figure 3. µq dependences of the hadron masses evaluated by the O(p2) ChPT with j = 0 (left) and

j = 0.2mq (right).

3.4. ChPT with a Diquark Source j

In order to achieve the baryon superfluid phase appropriately on the lattice, it is

necessary to incorporate a diquark source j; then, we take, or extrapolate, the j → 0 limit at

its end. Sometimes, this extrapolation is not easily achieved, and the diquark source effects

remain in the actual lattice simulation. Then, in order to gain insights into the source effect

based on effective models, here, we keep j finite.
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As demonstrated in Section 2.3, the diquark source j is introduced by replacing the

spin-0 spurion field as p5 → ⟨p5⟩ = j. Proceeding with this treatment within the ChPT

framework, as gathered from Equation (103), the phase of the bare-mass term is modified as

cos α → cos(α− ϕ) with tan ϕ = j/mq. Hence, in the presence of j, the phase α is not simply

fixed by Equation (106), but is determined by the following modified stationary condition:

2µ2
q sin 2α =

(

m
(H)
π

)2
sin(α − ϕ) . (109)

This equation implies that α is nonzero when j ̸= 0 even in the vacuum (µq = 0); that is,

the superfluidity always governs the system due to the explicit U(1)B symmetry breaking.

With a finite j, the NG boson masses read

m2
π = m̄2

π cos(α − ϕ)− 2µ2
q(cos 2α − 1) =

cos ϕ

cos α
m̄2

π ,

m2
4 = m̄2

π cos(α − ϕ)− 2µ2
q(cos 2α + 1) =

sin ϕ

sin α
m̄2

π ,

m2
5 = m̄2

π cos(α − ϕ)− 4µ2
q cos 2α =

(

cos2 α

sin α
sin ϕ +

sin2 α

cos α
cos ϕ

)

m̄2
π , (110)

where m̄2
π ≡ 2B0

√

m2
q + j2 is the vacuum pion mass. In these equations, we made use of

the corrected stationary condition (109) to find the right-most expressions. When we take

j = 0.2mq as a demonstration, the hadron mass spectra at finite µq are obtained, as depicted

in the right panel of Figure 3, where µq dependences are slightly modified. In particular,

the NG mode disappears, reflecting the explicit U(1)B symmetry violation.

From the matching (30), the chiral and diquark condensates can be evaluated within

the ChPT as

⟨ψ̄ψ⟩ =
∂LO(p2)

ChPT

−∂s0

∣

∣

∣

⟨ζ⟩,⟨ζµ⟩
= −4G f 2

0 cos α ,

⟨ψψ⟩ =
∂LO(p2)

ChPT

−∂p0

∣

∣

∣

⟨ζ⟩,⟨ζµ⟩
= −4G f 2

0 sin α , (111)

respectively. This expression is universal to any value of µq.

The broken current within the ChPT is evaluated by taking a derivative of LO(p2)
ChPT with

respect to ζ
µa
X ≡ −2

√
2V′a

µ and setting Equation (26), resulting in

ja
Xµ = − f0 cos α ∂µπa + · · · (for a = 1 − 3) ,

j4Xµ = − f0 cos α∂µπ4 − 2 f0µqδµ0 cos 2α π5 + · · · (for a = 4) ,

j5Xµ = − f0∂µπ5 + 2 f0µqδµ0 cos α π4 + · · · (for a = 5) . (112)

Similarly the U(1)B current is calculated to be

jBµ = −2
√

2 fπ sin α∂µπ4 − 4
√

2 fπµqδµ0 sin 2α π5 + · · · , (113)

by taking a derivative with respect to ζ
µ
B ≡ Vµ,i=4. From the pionic sector in Equation (112),

one can easily see

fπ = f0 cos α (114)
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at any µq, from the argument in Section 2.5. Thus, utilizing the pion mass formula in

Equation (110) together with the chiral condensate (111), the GOR relation (66) is read-

ily confirmed.

As for the baryonic sector, when taking µq = 0 so as to eliminate difficulties due to

the mixings, the decay constants associated with the baryonic broken current and U(1)B

current read

f5 = f0 (a = 5) , (115)

and

fB = 2
√

2 fπ sin α , (116)

respectively. Thus, using mass formulas (110) and decay constants (115) and (116), we can

easily verify that GOR relations (67) and (68) certainly hold within the ChPT. (It seems that
(

fB

2
√

2

)2
m2

4 = − ⟨ψψ⟩
2 holds at any µq.)

3.5. Thermodynamic Properties

The ChPT Lagrangian in the hadronic and superfluid phases was derived in Section 3.2

and Section 3.3, respectively, and thus we are now ready to evaluate thermodynamic

properties such as pressure, energy density, and sound velocity. Here, we exhibit µq

dependences of those quantities with a vanishing j [10,77].

From Lagrangians (89) and (103), the pressure p = ⟨L⟩ in the hadronic and superfluid

phases is evaluated to be

p
(H)
ChPT = 2 f 2

0

(

m
(H)
π

)2
,

p
(BS)
ChPT = f 2

0

(

m
(H)
π

)2
(

µ̄2 +
1

µ̄2

)

, (117)

respectively, where µ̄ = µq/µcr = 2µq/m
(H)
π . The stability of the vacuum (µq = 0) requires

that the vacuum pressure be zero, and thus the correct pressure in the superfluid phase is

the following subtracted one:

psub
ChPT ≡ p

(BS)
ChPT − p

(H)
ChPT = f 2

0

(

m
(H)
π

)2
(

µ̄ − 1

µ̄

)2

. (118)

With this subtracted pressure, the baryon-number density and baryon susceptibility are

derived to be

nChPT =
∂psub

ChPT

∂µq
=

2 f 2
0

(

m
(H)
π

)2

µq

(

µ̄2 − 1

µ̄2

)

,

χChPT =
∂2 psub

ChPT

∂µ2
q

= 8 f 2
0

(

1 +
3

µ̄4

)

, (119)

respectively. Moreover, the (subtracted) energy density is also straightforwardly evalu-

ated as

ϵsub
ChPT = −psub

ChPT + µqnChPT = f 2
0

(

m
(H)
π

)2 (µ̄2 + 3)(µ̄2 − 1)

µ̄2
. (120)
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Another significant quantity which characterizes a dense matter is the (squared) sound

velocity c2
s = ∂p/∂ϵ defined along the isentropic trajectory. As long as we stick to zero

temperature, the trajectory is identical to the T = 0 line and the sound velocity is simply

evaluated using

c2
s =

n

µqχ
. (121)

Hence, from Equation (119), one can find

(

cChPT
s

)2
=

nChPT

µqχChPT
=

1 − 1/µ̄4

1 + 3/µ̄4
. (122)

This formula will be used in Section 4.6 to see a difference between the ChPT and LSM

results, focusing on the bulk structure of dense QC2D.

3.6. Hidden Local Symmetry

The ChPT is capable of describing NG boson dynamics based on a systematic low-

energy expansion since the theory is constructed upon the Maurer–Cartan 1-form (76)

including a derivative. However, the expansion cannot converge as the energy scale is

increased due to the appearance of other hadronic modes. Among them, spin-1 hadrons

such as ρ mesons and axialvector diquarks can also be treated in the systematic-expansion

scheme as an extension of the ChPT, by regarding them as gauge bosons associated with

subgroup H. This systematic treatment of the spin-1 hadrons is called the hidden local

symmetry (HLS) technique [78]. In this subsection, we briefly review how the HLS extension

is achieved in the ChPT of QC2D. For a detailed argument, please see Ref. [52].

In the decomposition of Σ = ξETξT , one can find redundant degrees of freedom, σi,

incorporated via

ξ = ξ(π)ξ(σ) with ξ(π) = eiπaXa/ fπ and ξ(σ) = eiσiSi/ fσ , (123)

which is hidden in Σ because of Equation (18). These secret fields can be identified as

NG bosons of the spontaneous breakdown of Hlocal = [Sp(4)]local. In other words, now,

the whole symmetry is extended from SU(4) to SU(4)× [Sp(4)]local, and ξ(π) and ξ(σ)

transform as

ξ(π) → gξ(π)h†(x) , ξ(σ) → h(x)ξ(σ)h†(x) , (124)

respectively. Accordingly, the gauge bosons associated with Hlocal = [Sp(4)]local, Vµ, which

transform as

Vµ → h(x)Vµh†(x)− i∂µh(x)h†(x) , (125)

join the low-energy spectrum. This Vµ belongs to the algebra of H containing 10 degrees of

freedom: Vµ = Vi
µSi. They correspond to three ρ mesons, one ω meson, three axialvector

diquark baryons, and three axialvector antidiquark baryons.

With transformation laws (124), we only need to change h(g, π) to h(x) in Formulas (75)

and (83). Therefore, when we define

α̂⊥,µ ≡ 1

2i
(Dµξ†ξ −Dµ ξ̃† ξ̃) ,

α̂∥,µ ≡ 1

2i
(Dµξ†ξ +Dµ ξ̃† ξ̃) , (126)
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as extensions of Equation (88) with the covariant derivatives

Dµξ† = ∂µξ† − iVµξ† + iξ†ζµ ,

Dµ ξ̃† ≡ ∂µ ξ̃† − iVµ ξ̃† − iξ̃†ETζT
µ E , (127)

one can easily check

α̂⊥,µ → h(x)α̂⊥,µh†(x) , α̂∥,µ → h(x)α̂∥,µh†(x) , (128)

and the HLS Lagrangian is readily constructed as

LO(p2)
HLS = − 1

2g2
ρ

tr[VµνVµν] + f 2
πtr[α̂⊥,µα̂

µ
⊥] + f 2

σ tr[α̂∥,µα̂
µ

∥ ] + f 2
πtr[ζ̂ + ζ̂†] . (129)

In this Lagrangian, the (dressed) spurion field transforms as ζ̂ → h(x)ζ̂h†(x), and we

incorporate the kinetic term of the vector bosons from their field strength

Vµν = ∂µVν − ∂νVµ − i[Vµ, Vν] , (130)

with an HLS-gauge coupling gρ. Within the unitary gauge, the NG bosons are simply

absorbed by the longitudinal modes of the vector bosons, leading to σi = 0.

The HLS Lagrangian (129) only includes O(p2) contributions. The O(p4) terms are

listed in Ref. [52] and their contributions to spin-1 hadron masses at finite µq are also

explored in the literature.

4. Linear Sigma Model

The ChPT which describes five NG bosons—three pions, a diquark, and an

antidiquark—is reviewed in Section 3, as the low-energy effective model of QC2D. One way

to extend the model to incorporate spin-1 bosons systematically based on the HLS technique

is also briefly explained in Section 3.6. Although those frameworks are powerful thanks to

their systematic expansion with the power counting, we know that QC2D involves other

light excitations, e.g., the scalar mesons and negative-parity diquark baryons that cannot

be treated by those models. Lattice simulations have been, indeed, used to measure those

hadrons. In particular, the recent lattice simulation claims that in the superfluid phase,

there exists an iso-singlet 0− mode as the second-lightest hadron, which is lighter than the

pions [41]. This fact implies that the ChPT is no longer a correct low-energy effective model

of dense QC2D, so it is inevitable to construct another effective model which is capable of

describing such hadrons as well based on the Pauli–Gürsey SU(4) symmetry. Thus, in this

section, we introduce the LSM pursuant to the linear representation of the SU(4) symmetry

treating 0± mesons and diquark baryons comprehensively.

4.1. Model Construction

In Equation (91), the following 4 × 4-matrix bilinear operator made of Ψ,

Φij = ΨT
j σ2τ2

c Ψi , (131)

is introduced to understand the bilinear representation of NG boson πas, which are in-

corporated nonlinearly within the ChPT framework. Meanwhile, the bilinear operator

Φ contains 12 degrees of freedom as real numbers since Φ = −ΦT , implying that we
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can assign 12 hadronic states to parametrize Φ maximumly when employing the linear

representation of Pauli–Gürsey SU(4) symmetry. Thus, the following 12 hadron fields,

η ∼ ψ̄iγ5ψ , π± ∼ 1√
2

ψ̄iγ5τ∓
f ψ , π0 ∼ ψ̄iγ5τ3

f ψ , σ ∼ ψ̄ψ , a±0 ∼ 1√
2

ψ̄τ∓
f ψ ,

a0
0 ∼ ψ̄τ3

f ψ , B ∼ − i√
2

ψTCγ5τ2τ2
f ψ , B̄ ∼ − i√

2
ψ†Cγ5τ2τ2

f ψ∗ ,

B′ ∼ − 1√
2

ψTCτ2τ2
f ψ , B̄′ ∼ 1√

2
ψ†Cτ2τ2

f ψ∗ , (132)

can be embedded into Φ as

Φ ∼ Σ ≡ 1

2

















0 −B′ + iB
σ−iη+a0

0−iπ0
√

2
a+0 − iπ+

B′ − iB 0 a−0 − iπ− σ−iη−a0
0+iπ0

√
2

− σ−iη+a0
0−iπ0

√
2

−a−0 + iπ− 0 −B̄′ + iB̄

−a+0 + iπ+ − σ−iη−a0
0+iπ0

√
2

B̄′ − iB̄ 0

















. (133)

In this equation, Σ is defined as a mass-dimension +1 matrix with a normalization factor

of 1/2, chosen for later convenience. Matrix (133) is expressed concisely in terms of the

generator Xa together with the symplectic matrix E as

Σ = (S a − iP a)XaE , (134)

where the S as and P as (a = 0–5) are related to the hadron fields by

η = P0 , π± =
P1 ∓ iP2

√
2

, π0 = P3 , B =
P5 − iP4

√
2

, B̄ =
P5 + iP4

√
2

,

σ = S0 , a±0 =
S1 ∓ iS2

√
2

, a0
0 = S3 , B′ =

S5 − iS4

√
2

, B̄′ =
S5 + iS4

√
2

. (135)

Quantum numbers of these spin-0 hadrons are tabulated in Table 1.

Table 1. Quantum numbers of the hadrons in Equation (135).

Hadron Spin and Parity (JP) Quark Number Isospin

η 0− 0 0
π 0− 0 1
σ 0+ 0 0
a0 0+ 0 1

B (B̄) 0+ +2 (−2) 0
B′ (B̄′) 0− +2 (−2) 0

From interpolating field (131), the SU(4) transformation law of Σ is readily understood

to be

Σ → gΣgT with g ∈ SU(4) . (136)

Thus, one can construct an LSM Lagrangian preserving the SU(4) symmetry as [44]

LLSM = tr[DµΣ†DµΣ]− m2
0tr[Σ†Σ]− λ1

(

tr[Σ†Σ]
)2 − λ2tr[(Σ†Σ)2]

+c̄ tr[ζ†Σ + Σ†ζ] + Lanom. , (137)
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where Lanom. is responsible for the U(1)A anomaly of QC2D, which generally takes the

form of

Lanom. =
a

2
tr[Σ̃Σ + Σ̃†Σ†] +

c1

4

(

tr[Σ̃Σ + Σ̃†Σ†]
)2

+
c2

2
tr[Σ†Σ]tr[Σ̃Σ + Σ̃†Σ†] , (138)

with Σ̃ij =
1
2 ϵijklΣkl . These terms indeed break U(1)A symmetry, with which the U(1)A

transformation of Σ is simply generated by Σ → e−iθA Σe−iθA = e−2iθA Σ. In Equation (137),

the covariant derivative is defined by

DµΣ = ∂µΣ − iζµΣ − iΣζT
µ , (139)

and the spurion fields ζ and ζµ exhibit transformation laws of

ζ → gζgT , ζµ → gζµg† − i∂µgg† , (140)

which are, of course, the same as the ones introduced in the QC2D Lagrangian in

Equation (21). In the end, we replace them with the VEVs in Equation (26) using

Equation (24) to take into account the quark mass, diquark source, and chemical potential

effects. We note that the detΣ + detΣ† term for the anomaly effects adopted in Ref. [44] is

obtained from the c1 term with the help of the following identity:

(

tr[Σ̃Σ + Σ̃†Σ†]
)2

= −8tr[(Σ†Σ)2] + 4
(

tr[Σ†Σ]
)2

+ 16(detΣ + detΣ†) . (141)

The latest lattice result where disconnected diagrams are also included seems to imply

that m
(H)
η /m

(H)
π is close to unity, and the U(1)A anomaly effects may be suppressed, at

least in the vacuum [79]. Hence, in the following arguments, we will ignore the anomalous

contributions, a = c1 = c2 = 0, otherwise stated.

4.2. Phase Structure from the LSM

As in the ChPT analysis, the current LSM undergoes a phase transition to the baryon

superfluid phase, driven by the emergence of diquark condensates. Unlike the ChPT,

within the LSM based on linear representation, such effects can be represented directly by a

mean field of the positive-parity diquark baryon. Hence, here, we consider

σ0 ≡ ⟨σ⟩ , ∆ ≡ ⟨P5⟩ , (142)

for the chiral condensate and diquark condensate. From formula (30) matching the under-

lying QC2D, diquark condensates within the LSM are evaluated to be

⟨ψ̄ψ⟩ =
∂LLSM

−∂s0

∣

∣

∣

⟨ζ⟩,⟨ζµ⟩
= −

√
2c̄σ0 ,

⟨ψψ⟩ =
∂LLSM

−∂p0

∣

∣

∣

⟨ζ⟩,⟨ζµ⟩
= −

√
2c̄∆ . (143)

At the mean-field level, the effective potential takes the form of

Veff
LSM = −2µ2

q∆2 +
m2

0

2
(∆2 + σ2

0 ) +
λ̃

4
(σ2

0 + ∆2)2 −
√

2c̄(mqσ0 + j∆) , (144)
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where λ̃ = (4λ1 + λ2)/4. The phase structures, i.e., µq dependences of σ0 and ∆, are

determined by finding stationary points of this potential with respect to these mean fields,

(

m2
π −

√
2c̄mq

σ0

)

σ0 = 0 ,

(

m2
π − 4µ2

q −
√

2c̄j

∆

)

∆ = 0 , (145)

from which the pion mass at any µq reads

m2
π = m2

0 + λ̃(σ2
0 + ∆2) (146)

by expanding Lagrangian (137) upon σ0 and ∆. Here, we take j = 0 to exclude the diquark

condensates in the vacuum. In this case, solving the gap equations yields

• for µq < µcr : σ0 = σ
(H)
0 = (constant) , ∆ = 0 .

• for µcr ≤ µq : σ0 =
mq c̄

2
√

2
µ−2

q , ∆ =
[

(

σ
(H)
0

)2 − σ2
0 + 1

λ̃

(

4µ2
q −

(

m
(H)
π

)2
)]1/2

,

(147)

where m
(H)
π =

√
2mq c̄/σ

(H)
0 is the pion mass in the hadronic phase. Thus, the critical

chemical potential µcr = m
(H)
π /2 separating the hadronic and baryon superfluid phases

is identical to that found in the ChPT framework. It should be noted that the NJL model

analysis also derives the same µcr [47].

The µq dependences of σ0 and ∆ with j = 0, j = 0.2mq, and j = 0.5mq are depicted

in Figure 4. In plotting this figure, we used large-Nc suppression [80] for the parameters,

i.e., λ1 = 0, and adopted

m
(H)
π = 738 MeV , m

(H)
B′(B̄′) = 1611 MeV , (148)

as inputs from the measured hadron masses on the lattice [41]. In addition,

σ
(H)
0 = 250 MeV (149)

was employed as a typical value for the chiral condensate in order to fix the remaining

parameter. The figure indicates that when j is finite, ∆ always acquires nonzero values

leading to the superfluid phase, whereas the hadronic and superfluid phases are well

separated for j = 0, as analytically found in Equation (147). As long as j is not sufficiently

large, the prominent chiral restoration and evolution of ∆ start at µq ≈ m
(H)
π /2.
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Figure 4. µq dependences of the mean fields σ0 and ∆ with j = 0 (solid), j = 0.2mq (dashed), and

j = 0.5mq (dot–dashed). The vertical gray line represents µq/m
(H)
π = 1/2.
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4.3. Hadron Mass Spectrum at Finite µq

In this subsection, we restrict ourselves to a vanishing diquark source, j = 0. In this

limit, the parameters are fixed to be

λ1 = 0 , λ2 = 65.6 , m2
0 = −(693 MeV)2 , mq c̄ = (456 MeV)3 , (150)

where λ1 = 0 stems from the large-Nc expansion [80]. With these parameters, we are

ready to numerically explore the hadron masses in cold and dense QC2D matter with the

LSM. The pion mass formula is provided in Equation (146). The other hadron masses are

evaluated by reading off the quadratic terms of each field in Equation (137), which reads

m2
a0
= m2

π +
λ2

2
(σ2

0 + ∆2) , m2
P4 = m2

π − 4µ2
q , m2

P5 = m2
π − 4µ2

q + 2λ̃∆2 ,

m2
σ = m2

π + 2λ̃σ2
0 , m2

P5σ = 2λ̃σ0∆ , (151)

m2
S4 = m2

π − 4µ2
q +

λ2

2
(σ2

0 + ∆2) , m2
S5 = m2

π − 4µ2
q +

λ2

2
σ2

0 ,

m2
η = m2

π +
λ2

2
∆2 , m2

S5η =
λ2

2
σ0∆ . (152)

We note that (P4,P5, σ) and (S4,S5, η) exhibit state mixings due to the baryon-number vio-

lation, leading to the following 3 × 3 propagator-inverse matrices in the momentum space:

iD−1
P4P5σ

(p) =







p2 − m2
P4 2iµq p0 0

−2iµq p0 p2 − m2
P5 −m2

P5σ

0 −m2
P5σ

p2 − m2
σ






, (153)

iD−1
S4S5η

(p) =







p2 − m2
S4 2iµq p0 0

−2iµq p0 p2 − m2
S5 −m2

S5η

0 −m2
S5η

p2 − m2
η






. (154)

The former hadrons share I = 0 and 0+, while the latter share I = 0 and 0−.

Depicted in Figure 5 are the µq dependences of the mass of the 0+ hadrons (left) and

0− hadrons (right) with parameter set (150). Both figures indicate the stable µq dependences

of the hadron masses in the hadronic phase, reflecting the so-called Silver–Braze property.

In the baryon superfluid phase, meanwhile, notable behaviors are found. For instance,

σ, B, and B̄ mix, while η, B′, and B̄′ do not, due to the U(1)B violation. Among the

σ-B-B̄ mixed states, a massless mode is obtained, which corresponds to the NG boson

accompanied by the U(1)B breaking. Additionally, the nonlinear mass suppression of the

lightest mode of the η-B′-B̄′ mixed state which was observed by the lattice simulation [41]

is successfully reproduced, in contrast to the ChPT framework. From this reproduction, one

can conclude that the present LSM is regarded as a plausible effective model which correctly

describes the low-energy hadron spectrum in cold and dense QC2D. For comparison, we

exhibit the simulated mass spectra of iso-singlet 0± hadrons at a finite µq in Figure 6,

although some artifacts originating from a finite diquark source j contaminate the spectra.

On the lattice, the mixings are indicated by the mass degeneracies. We note that the

pion mass is analytically evaluated to be mπ = 2µq, which is consistent with the lattice

simulations [41].
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Set (I) Set (I)

Figure 5. Mass spectra of 0+ (left) and 0− (right) hadrons evaluated within the present LSM.

The masses are scaled by m
(H)
π . The figures are taken from Ref. [44] and legends are slightly modified.

Figure 6. Mass spectra of 0+ (left) and 0− (right) iso-singlet hadrons measured on the lattice.

The figures are taken from Ref. [41].

Quantitatively, the nonlinear suppression of the mass of the lightest η-B′-B̄′ mixed

state measured on the lattice is rather mild, while the present LSM result, in the absence of

a U(1)A anomaly effect, exhibits a substantial mass reduction, as shown in Figures 5 and 6.

In Ref. [44], it was demonstrated that as the U(1)A anomaly effects are enhanced within

the LSM analysis, and the suppression is weakened so as to approach the correct behavior

measured on the lattice. This observation suggests that the anomaly effects for hadrons

are enhanced in the superfluid phase, while in the vacuum, the effects seem to be signifi-

cantly suppressed. A similar anomaly enhancement at a finite density was also discussed

with respect to three-color QCD by means of the functional renormalization group (FRG)

method [81,82].

In Figure 7, we depict the mass spectrum of 0+ and 0− hadrons collectively for

which mass degeneracies of the parity partners are clearly seen. At a sufficiently large

µq, the mass degeneracies hold for the pairs (π, σ), (η, a0), (B, B′), and (B̄, B̄′), where the

mixings disappear.

Set (I)

Figure 7. µq dependences of 0± hadron masses. The figure is taken from Ref. [44], and legends are

slightly modified.
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4.4. LSM with a Diquark Source j

The inclusion of the diquark source j has no influence on the hadron mass formu-

las directly, but it modifies their effective potential, since j couples to ∆ linearly, as in

Equation (144). As a result, µq dependences of σ0 and ∆ are altered, as demonstrated in

Figure 4, and accordingly, the hadron mass spectrum is changed.

Figure 8 exhibits the µq dependences of the hadron mass with j = 0.2mq. For a

finite j, ∆ is always non-vanishing and σ-B-B̄ mixing and η-B′-B̄′ mixing occur at any µq.

Additionally, the NG mode does not emerge since U(1)B symmetry is explicitly broken.

The figure shows that the mass degeneracies between the chiral partners are clearly realized

for a large µq.

Figure 8. µq dependences of 0± hadron masses with j = 0.2mq.

In the following, we check the GOR relation analytically presented in Section 2.5

within the LSM. The broken current within the LSM is obtained by taking a derivative of

Leff
LSM with respect to ζa

Xµ ≡ −2
√

2V′a
µ , as shown in Section 3.4, which yields

ja
Xµ =

σ0√
2

∂µπa + · · · (for a = 1 − 3) ,

j4Xµ =
σ0√

2
∂µP4 +

√
2µqσ0δµ0P5 + · · · (for a = 4) ,

j5Xµ =
σ0√

2
∂µP5 − ∆√

2
∂µσ −

√
2µqσ0δµ0P4 + · · · (for a = 5) . (155)

Similarly, the U(1)B current is derived to be

j
µ
B = 2∆∂µP4 + 8µq∆δµ0P5 + · · · , (156)

by taking a derivative of the Lagrangian with respect to ζ
µ
B ≡ Vµ,i=4. From the pion sector,

immediately,

fπ =
σ0√

2
(157)

is found by virtue of the definition of decay constant (52), regardless of its trivial sign. Thus,

we can easily check the GOR relation for pions in Equation (66), from which the pion mass

and chiral condensate are denoted by m2
π =

√
2c̄mq/σ0 and Equation (143), respectively.

As for the baryonic sector, again, we take µq = 0 to achieve concise relations. In the

LSM framework, even in the vacuum, P5 and σ mix due to the baryon-number violation
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that was absent in the ChPT analysis, as explicitly shown in Equation (153). The mixing is

solved by introducing mass eigenstates P̃5 and σ̃0 via

(

P̃5

σ̃

)

=

(

cos ϑ − sin ϑ

sin ϑ cos ϑ

)(

P5

σ

)

, (158)

where the mixing angle ϑ is determined to satisfy tan ϑ = ∆/σ0 from Equation (153).

The corresponding mass eigenvalues read

m2
P̃5 = m2

π , m2
σ̃ = m2

π + 2λ̃(σ2
0 + ∆2) . (159)

Inverting mixing matrix (158), P5 and σ are expressed as a function of P̃5, and the current

j5Xµ in the vacuum in Equation (155) can be rewritten into

j5Xµ =
σ0 cos θ + ∆ sin θ√

2
∂µP̃5 + · · · =

√

σ2
0 + ∆2

2
∂µP̃5 + · · · , (160)

resulting in

f5 =

√

σ2
0 + ∆2

2
. (161)

Using m2
π =

√
2c̄mq/σ0 =

√
2c̄j/∆ at µq = 0 and Equation (143), the GOR relation for the

baryon in this limit, Equation (67), can be verified.

Finally, from Equation (156), the decay constant fB is evaluated to be

fB = 2∆ (162)

within the LSM. Meanwhile, m2
π =

√
2jc̄/∆ at µq = 0. Hence, using these equations

together with Equation (143), one can confirm that the GOR relation associated with U(1)B

symmetry (68) is certainly satisfied. (At a finite µq,
(

fB

2
√

2

)2
m2

B4
= − j⟨ψψ⟩

2 seems to hold,

similarly to the ChPT framework).

4.5. Topological Susceptibility

The hadron mass spectrum from the LSM was presented in Section 4.3, indicating that

the U(1)A anomaly effects in the superfluid phase are enhanced from the behavior of the

lowest mode of the η-B′-B̄′ mixed state. One of the useful quantities to explore within the

U(1)A anomaly is the topological susceptibility, which is defined by

χtop ≡ −i
∫

d4x
δ2ΓQC2D

δθ(x)δθ(0)

∣

∣

∣

∣

∣

θ=0

= −i
∫

d4x⟨0|T∗Q(x)Q(0)|0⟩ , (163)

since Q = g2
s /(64π2)ϵµνρσGa

µνGa
ρσ (Ga

µν = ∂µ Aa
ν − ∂ν Aa

µ + gs Aa
µ Ab

ν is the gluon field

strength) is nothing but the topological charge responsible for the anomaly. Regarding the

lattice, two groups, a Japanese group and a Russian group, have simulated the topological

susceptibility at a finite µq [25,34,83]. However, those results seem to be inconsistent even

on a qualitative level; the latter result indicates a suppression of χtop at a large µq, while

the former result exhibits a constant behavior. Thus, in this subsection, we investigate

the topological susceptibility at a finite µq within the LSM to present useful information

from a model study, and discuss the fate of the U(1)A anomaly effects in cold and dense

QC2D [70].
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The QC2D Lagrangian with the θ term is given by

LQC2D = Lq
QC2D − 1

4
Ga

µνGµνa + θ
g2

s

64π2
ϵµνρσGa

µνGa
ρσ , (164)

where the quark part Lq
QC2D is defined by Equation (23). After a U(1)A transformation of

ψ → exp[(iθ/4)γ5]ψ, Fujikawa’s method [84] yields a modified Lagrangian as

Lθ
QC2D = ψ̄i /Dψ − mqψ̄exp[(iθ/2)γ5]ψ − 1

4
Ga

µνGµνa , (165)

whose θ dependence is now absorbed into the fermion mass term. Therefore, the topological

susceptibility is evaluated to be

χtop = −i
∫

d4x
δ2Γθ

QC2D

δθ(x)δθ(0)

∣

∣

∣

∣

∣

θ=0

= −1

4

[

mq⟨ψ̄ψ⟩+ im2
qχη

]

=
im2

q

4
(χπ − χη) , (166)

with Γθ
QC2D = −ilnZθ

QC2D being the effective action generated by the rotated QC2D La-

grangian (165). In this equation, the meson susceptibilities are defined by

χη =
∫

d4x⟨0|TOη(x)Oη(0)|0⟩ ,

χπδab =
∫

d4x⟨0|TOa
π(x)Ob

π(0)|0⟩ , (167)

and the composite operators are defined in Equation (35). Additionally, in obtaining

Equation (166), we have made use of

⟨ψ̄ψ⟩ = −imqχπ , (168)

which is nothing but the first identity in Equation (56). Equation (166) indicates that

the finite topological susceptibility is induced only when χη deviates from χπ . These

susceptibility functions are two-point functions of the corresponding composite operators

with vanishing momentum. Thus, unless state mixings occur, they are essentially denoted

by χπ ∝ −i/m2
π and χη ∝ −i/m2

η , where mπ and mη are the pion and η meson masses.

The difference between η mass and pion mass is generated by the U(1)A anomaly effect,

so one can understand that the finite topological susceptibility is induced by the anomaly

effect together with the current quark mass mq [70].

The functions χπ and χη are evaluated within the present LSM by virtue of matching

condition (2). That is,

χη =
1

i

∫

d4x
δ2ΓQC2D

δp0(x)δp0(0)

∣

∣

∣

∣

∣

⟨ζ⟩,⟨ζµ⟩
=

1

i

∫

d4x
δ2ΓLSM

δp0(x)δp0(0)

∣

∣

∣

∣

∣

⟨ζ⟩,⟨ζµ⟩
= 2c̄2Dη(0) , (169)

and

χπδab =
1

i

∫

d4x
δ2ΓQC2D

δpa(x)δpb(0)

∣

∣

∣

∣

∣

⟨ζ⟩,⟨ζµ⟩
=

1

i

∫

d4x
δ2ΓLSM

δpa(x)δpb(0)

∣

∣

∣

∣

∣

⟨ζ⟩,⟨ζµ⟩
= 2δab c̄2Dπ(0)(170)
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(a, b = 1 − 3), respectively, for which the spurious pa were introduced in Section 2.3.

In these equations, Dη(p) and Dπ(p) are propagators of η and pion, respectively. Using

these effective-model expressions, the topological susceptibility can be evaluated to be

χtop =
i

4

(

m
(H)
π

)2(
σ
(H)
0

)2
(

Dπ(0)− Dη(0)
)

. (171)

In the hadronic phase, these propagators are simply given by

Dη(p) =
i

p2 −
(

m
(H)
η

)2
, Dπ(p) =

i

p2 −
(

m
(H)
π

)2
. (172)

On the other hand, in the superfluid phase, Dη(p) is contaminated by mixings among the

η-B′-B̄ (or η-S4-S5) modes due to the U(1) baryon-number violation, but it is straightfor-

wardly evaluated by picking up a Dη component by inverting the 3 × 3 matrix (154).

The resultant µq dependences of the topological susceptibility with a vanishing di-

quark source j are depicted in the left panel of Figure 9. For this figure, we chose

m
(H)
η /m

(H)
π = 1.0, 1.05, 1.2, 1.5 to take a closer look at the anomaly effect, where the anomaly

effects are incorporated through the detΣ + detΣ† term following Ref. [70]. The figure im-

plies that the topological susceptibility is always vanishing when the anomaly effect is

absent. When the anomaly effect is switched on, in the hadronic phase, a constant χtop is

induced, the magnitude of which is enhanced as we impose a stronger effect.

Figure 9. µq dependences of the topological susceptibility χtop normalized by
(

m
(H)
π

)4
.

The left and right panels show m
(H)
η /m

(H)
π dependences with j = 0 and j dependences with

m
(H)
η /m

(H)
π = 1.5, respectively.

The left panel of Figure 9 exhibits suppression of the topological susceptibility at

a large µq, particularly for a larger m
(H)
η /m

(H)
π . To explore this behavior in detail, we

rewrite Equation (166) in terms of the low-energy quantities. That is, with the help of GOR

relationship (66), we can express the topological susceptibility (166) as

χtop =
f 2
πm2

π

2
δm with δm = 1 − χη

χπ
. (173)

In this equation, fπ and mπ are the pion decay constant and pion mass in the superfluid

phase, which read fπ = σ0/
√

2 and mπ = 2µq within the present LSM, respectively. Using

the asymptotic value of χη/χπ ∼ 1/3 [44] and an identity f 2
πm4

π =
(

f
(H)
π

)2(
m

(H)
π

)4
, one

can approximate χtop for a sufficiently large µq as

χtop ∼
(

f
(H)
π

)2(
m

(H)
π

)4

3m2
π

=

(

f
(H)
π

)2(
m

(H)
π

)4

12
µ−2

q . (174)
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In the left panel of Figure 9, the black curve corresponds to this analytic solution, which is in

good agreement with the numerical behaviors. Therefore, we conclude that the asymptotic

suppression of the topological susceptibility is accompanied by an increment in pion mass,

mπ = 2µq in the superfluid phase, i.e., chiral restoration.

In the actual lattice simulation, it is not so easy to take a zero limit of the diquark

source, so it is worth studying the effects from the diquark source j within the LSM analysis.

These effects are incorporated by ⟨p0⟩ = j for the spurion field, leading to

χ
w/j
top = χtop + δχtop , (175)

in which χtop is defined in Equation (166) and the corrections driven by the diquark

source read

δχtop =
i

2
mq jχB′

5η +
i

4
j2(χB4

− χB′
5
) . (176)

The first contribution represents a mixed effect from the baryonic and mesonic sectors

proportional to mq j, while the second one shows a pure baryonic effect proportional to j2,

with the susceptibilities defined by

χB′
5η =

∫

d4x⟨0|TOη(x)OB′
5
(0)|0⟩ ,

χB4
=

∫

d4x⟨0|TOB4
(x)OB4

(0)|0⟩ ,

χB′
5

=
∫

d4x⟨0|TOB′
5
(x)OB′

5
(0)|0⟩ . (177)

Here, we define the following composite operator of the negative-parity diquark:

OB′
5
= −1

2
ψTCτ2

c τ2
f ψ + H.c. . (178)

Susceptibility functions (177) can be evaluated within the LSM framework similarly to

Equations (169) and (170).

The resultant topological susceptibilities with j/mq = 0, 0.05, 0.1, 0.18 and

m
(H)
η /m

(H)
π = 1.5 are exhibited in the right panel of Figure 9. As j increases, the sup-

pression of χtop diminishes. In particular, when j/mq = 0.18, the topological susceptibility

is approximately constant in a range of 0 < µq ≲ 1.2m
(H)
π .

4.6. Sound Velocity

Recently, the sound velocity at a low temperature was simulated on the lattice [30,34],

as exhibited in Figure 10, indicating that the sound velocity exceeds the conformal limit

c̄2
s = 1/3 for µq ≳ 0.7m

(H)
π . Meanwhile, we know that, finally, it must converge on the limit-

ing value c̄2
s from the following simple dimensional analysis. When the chemical potential

is sufficiently large, µq ≫ ΛQC2D, the pressure p takes the form of (α is some constant)

p ∼ αµ4
q , (179)

since the system is dominated by only µq. Hence, the number density and its susceptibility

are derived to be n = 4αµ3
q and χ = 12αµ2

q, resulting in

c2
s ∼

4αµ3
q

µq × 12αµ2
q
=

1

3
, (180)
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with the help of formula (121). Therefore, the lattice result implies the existence of peak

structures of c2
s at some µq.

 0
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T=40MeV

Figure 10. The lattice result on the sound velocity at a finite chemical potential. This figure is taken

from Ref. [34].

As investigated in Section 3.5, the sound velocity evaluated within the ChPT exceeds

the conformal value c̄2
s = 1/3 but monotonically approaches c2

s ∼ 1 at a large µq without

exhibiting any peaks [10,77]. This behavior contradicts the above simple dimensional

analysis. This contradiction emerges because the ChPT framework is constructed upon

the manifold of G/H, which requires a definite energy scale to break certain symmetries.

In fact, pressure (118) is always proportional to the decay constant f0. On the other hand,

the LSM is based on a linear representation of the Pauli–Gürsey SU(4) symmetry which

naturally allows us to enter the symmetry restored phase. Thus, there is no intrinsic energy

scale to characterize the symmetry breaking, and the correct asymptotic behavior of the

sound velocity is expected to be reproduced. Keeping this expectation in mind, here, we

examine the sound velocity within the LSM, particularly focusing on the influence from

the chiral partner structure, as an extended model of the ChPT.

From the effective potential (144), the appropriately subtracted pressure derived within

the LSM is evaluated to be [72]

psub
LSM = psub

ChPT + δp , (181)

where psub
ChPT is the subtracted pressure from the ChPT (118). The additional contribution

δp is (µ̄ = µq/µcr = 2µq/m
(H)
π )

δp =
(

f
(H)
π

)2(
m

(H)
π

)2

[

4

δm̄2
σ−π

(µ̄2 − 1)2

]

, (182)

with

δm̄2
σ−π =

(

m
(H)
σ

)2 −
(

m
(H)
π

)2

µ2
cr

, (183)

and f
(H)
π = σ

(H)
0 /

√
2. In this equation,

(

m
(H)
π

)2
= m2

0 + λ̃
(

σ
(H)
0

)2
,

(

m
(H)
σ

)2
= m2

0 + 3λ̃
(

σ
(H)
0

)2
, (184)
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are the masses of the pion and sigma meson in the hadronic phase, so that

δm̄2
σ−π =

2λ̃
(

σ
(H)
0

)2

µ2
cr

. (185)

Thus, in a limit of µq → ∞, we can see δp → µ4
q/λ̃, which dominates over the ChPT result

psub
ChPT, and

psub
LSM → 1

λ̃
µ4

q . (186)

This scaling is indeed consistent with the simple dimensional analysis (179). Notably,

the correction (182) is proportional to the inverse of the chiral partner mass difference

δm̄2
σ−π . In a limit of m

(H)
σ → ∞, δp vanishes and the pressure is reduced to psub

ChPT, which is

consistent with a fact that integrating out the σ meson from the LSM derives the ChPT.

From the pressure (181) and the energy density, the number density and its suscepti-

bility are readily obtained in the following forms,

ϵsub
LSM = ϵsub

ChPT + δϵ ,

nsub
LSM = nsub

ChPT + δn ,

χsub
LSM = χsub

ChPT + δχ , (187)

with the corrections evaluated as

δϵ =
(

f
(H)
π

)2(
m

(H)
π

)2

[

4

δm̄2
σ−π

(3µ̄2 + 1)(µ̄2 − 1)

]

,

δn =
2
(

f
(H)
π

)2(
m

(H)
π

)2

µq

[

8

δm̄2
σ−π

(µ̄4 − µ̄2)

]

,

δχ = 8
(

f
(H)
π

)2

[

8

δm̄2
σ−π

(3µ̄2 − 1)

]

. (188)

All these corrections vanish when taking mσ → ∞ to reproduce the corresponding ChPT

results. The resultant sound velocity is given by

(

cLSM
s

)2
=

nChPT + δn

µq(χChPT + δχ)
=

(

1 − 1/µ̄4
)

+ 8
(

µ̄2 − 1
)

/δm̄2
σ−π

(1 + 3/µ̄4) + 8(3µ̄2 − 1)/δm̄2
σ−π

. (189)

Depicted in Figure 11 is the µq dependence of the sound velocity (189), with

m
(H)
σ /m

(H)
π = 2, 5, 20 and ∞. The gray dashed line is an analytic solution expanded in

the vicinity of µq ≈ µcr in Equation (189), c2
s ≈ µ̄ − 1, which is independent of m

(H)
σ . This

figure shows that the sound velocity peak is successfully reproduced within the present

LSM, where the chiral partner contribution proportional to 1/δm̄2
σ−π is incorporated [72].

Thus, from this reproduction, one can conclude that the LSM is capable of accessing a more

dense region of QC2D, where the ChPT cannot be applied. For quantitative comparisons, it

is inevitable to include fluctuations and spin-1-hadron contributions.
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Figure 11. µ̄ (= µq/µcr = 2µq/m
(H)
π ) dependences of the sound velocity c2

s with

m
(H)
σ /m

(H)
π = 2, 5, 20, ∞. The dashed gray line denotes c2

s = µ̄ − 1, evaluated analytically. This

figure is taken from Ref. [72].

5. Extended Linear Sigma Model (eLSM)

5.1. Model Construction

In Section 4.3, the mass spectra of negative-parity and positive-parity spin-0 hadrons

in cold and dense QC2D were explored within the LSM framework, and µq dependences of

the hadron masses were elucidated from a symmetry viewpoint. Meanwhile, the lattice

simulation indicates the flipping of the mass ordering, where the pion becomes heavier than

the ρ meson in the superfluid phase [11,41]. This behavior implies that a model analysis

including spin-1 hadrons is inevitable to further correctly explore the low-energy physics

of dense QC2D. Thus, here, we invent the eLSM, describing spin-0 and spin-1 hadrons in a

unified way based on the linear representation of the Pauli–Gürsey SU(4) symmetry [71].

(The eLSM in three-color QCD was invented by the Frankfurt group [85,86]).

Employing the linear representation, the interpolating fields of the low-lying spin-1

mesons and baryons are given by

ωµ ∼ ψ̄γµψ , f
µ
1 ∼ ψ̄γ5γµψ , ρ0,µ ∼ ψ̄τ3

f γµψ ,

ρ±,µ ∼ 1√
2

ψ̄τ∓
f γµψ , a

0,µ
1 ∼ ψ̄τ3

f γ5γµψ , a
±,µ
1 ∼ 1√

2
ψ̄τ∓

f γ5γµψ , (190)

and

B
Iz=0,µ
S ∼ − i√

2
ψTCγµτ2

c τ1
f ψ , B

Iz=±1,µ
S ∼ − i

2
ψTCγµτ2

c (1 f ± τ3
f )ψ ,

B
µ
AS ∼ − 1√

2
ψTCγ5γµτ2

c τ2
f ψ , B̄

Iz=0,±1,µ
S = (B

Iz=0,±1,µ
S )† , B̄

µ
AS = (B

µ
AS)

† , (191)

respectively, the quantum numbers of which are summarized in Table 2. Thus, a useful

4 × 4 matrix describing the quark bilinear fields of the spin-1 hadrons is introduced as

Φ
µ
ij ∼ Ψ†

j σµΨi , (192)



Symmetry 2025, 17, 124 36 of 45

as a sibling of Σ in Equation (133), for which the hadron fields can be embedded in the

following manner,

Φµ =
1

2

















ω+ρ0−( f1+a0
1)√

2
ρ+ − a+1

√
2BIz=+1

S BIz=0
S − BAS

ρ− − a−1
ω−ρ0−( f1−a0

1)√
2

BIz=0
S + BAS

√
2BIz=−1

S√
2B̄Iz=−1

S B̄Iz=0
S + B̄AS −ω+ρ0+ f1+a0

1√
2

−(ρ− + a−1 )

B̄Iz=0
S − B̄AS

√
2B̄Iz=+1

S −(ρ+ + a+1 ) −ω−ρ0+ f1−a0
1√

2

















µ

, (193)

from Equations (190) and (191). This matrix is reduced to

Φµ =

(

10

∑
i=1

ViSi −
5

∑
a=0

V′aXa

)µ

(194)

such that symmetry properties of the spin-1 hadrons become clear when assigning the

hadron fields as

ω = V0 , ρ± =
V1 ∓ iV2

√
2

, ρ0 = V3 , f1 = V′0 , a±1 =
V′1 ∓ iV′2

√
2

, a0
1 = V′3 ,

BIz=0
S =

V9 + iV10

√
2

, B̄Iz=0
S =

V9 − iV10

√
2

, BIz=±1
S =

(V5 + iV6)± (V7 + iV8)

2
,

B̄Iz=±1
S =

(V5 − iV6)∓ (V7 − iV8)

2
, BAS =

V′5 − iV′4
√

2
, B̄AS =

V′5 + iV′4
√

2
. (195)

The Pauli–Gürsey SU(4) transformation law of Φµ is

Φµ → gΦµg† with g ∈ SU(4) , (196)

from Equation (192).

Table 2. Quantum numbers of the spin-1 hadrons.

Hadron Spin and Parity (JP) Quark Number Isospin

ω 1− 0 0
ρ 1− 0 1
f1 1+ 0 0
a1 1+ 0 1

BS (B̄S) 1+ +2 (−2) 1
BAS (B̄AS) 1− +2 (−2) 0

From transformation laws (136) and (196), an effective Lagrangian describing the

low-lying spin-0 and spin-1 hadrons of QC2D comprehensively, i.e., the eLSM Lagrangian,

is readily obtained as [71]

LeLSM = tr[DµΣ†DµΣ]− m2
0tr[Σ†Σ]− λ1

(

tr[Σ†Σ]
)2 − λ2tr[(Σ†Σ)2]

+c̄tr[ζ†Σ + Σ†ζ] + Lanom. −
1

2
tr[ΦµνΦµν] + m2

1tr[ΦµΦµ]

+ig3tr
[

Φµν[Φ
µ, Φν]

]

+ h1tr[Σ†Σ]tr[ΦµΦµ] + h2tr[ΣΣ†ΦµΦµ]

+h3tr[ΦT
µ Σ†ΦµΣ] + g4tr[ΦµΦνΦµΦν] + g5tr[ΦµΦµΦνΦν]

+g6tr[ΦµΦµ]tr[ΦνΦν] + g7tr[ΦµΦν]tr[Φ
µΦν] . (197)
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In this Lagrangian,

Φµν ≡ DµΦν − DνΦµ (198)

is a field strength for the spin-1 hadrons, and the covariant derivatives for Σ and Φ take the

forms of

DµΣ ≡ ∂µΣ − iζµΣ − iΣζT
µ − ig1ΦµΣ − ig2ΣΦT

µ ,

DµΦν ≡ ∂µΦν − i[ζµ, Φν] , (199)

respectively, with the spurion field ζµ. It should be noted that

tr[DµΣ†DµΣ] + h2tr[ΣΣ†ΦµΦµ] + h3tr[ΦT
µ Σ†ΦµΣ]

= tr[∂µΣ†∂µΣ] + (g1 + g2)tr[ΣΣ†{Φµ, ζµ}] + 2(g1 + g2)tr[Φ
T
µ Σ†ζµΣ]

+ i(g1 + g2)tr[Φµ(∂
µΣΣ† − Σ∂µΣ†)] + (g2

1 + g2
2 + h2)tr[ΣΣ†ΦµΦµ]

+ (2g1g2 + h3)tr[Φ
T
µ Σ†ΦµΣ] (200)

holds, from which ΣT = −Σ, implying that the four parameters g1, g2, h2, and h3 can be

rearranged into the following three:

C1 ≡ g1 + g2 ,

C2 ≡ g2
1 + g2

2 + h2 ,

C3 ≡ 2g1g2 + h3 . (201)

The eLSM Lagrangian (197) effectively contains 14 parameters, regardless of the

anomalous contributions, which are hard to be completely fixed due to the current limited

lattice results. Here, to pick up only the leading contributions, first, we assume the large

Nc limit that would be also supported by the so-called Zweig rule for spin-1 sectors. Thus,

λ1 = h1 = g6 = g7 = 0. Also, we again ignore the anomaly effects. Next, we assume

C ≡ C1 = C2 since those parameters essentially play the same role, controlling the mixings

between the spin-0 and spin-1 hadrons. Then, as for the couplings among spin-1 hadrons,

we employ the following relations,

g3 = gΦ , g4 = −g5 = g2
Φ , (202)

which can be inferred by the O(p2) contributions of the HLS formalism [52]. After those

reductions, seven free parameters are left.

5.2. Hadron Mass Spectrum

In this subsection, we investigate the µq dependences of the spin-1 hadron masses

predicted by our eLSM.

To delineate the hadron mass spectrum, we need to take into account the mean

field contributions appropriately. In the present analysis, we assume the following four

mean fields:

σ0 = ⟨σ⟩ , ∆ = ⟨B5⟩ , ω̄ = ⟨ωµ=0⟩ , V̄ = ⟨V′4
µ=0⟩ . (203)

The spin-0 mean fields σ0 and ∆ correspond to the chiral and diquark condensates, respec-

tively, similarly to the analysis in Section 4.3. The third one, ω̄, is a mean field of the ω

meson modifying the chemical potential effects. The last one, V̄, is responsible for a mean

field of the iso-singlet and vector diquark, which is allowed due to the U(1)B violation
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in the baryon superfund phase. The configuration of those mean fields is determined by

solving each the stationary condition. The resultant gap equations are rather complicated,

so we leave their concrete forms to Ref. [71].

In the following numerical analysis, we adopt

m
(H)
ρ = 908 MeV , m

(H)
a1

= 1614 MeV , (204)

as inputs associated with the spin-1 hadron masses simulated on the lattice [41,79], in ad-

dition to inputs (148) and (149). Hence, there remain only two free parameters, C and gΦ.

When choosing C = 12, the µq dependences of the mean fields (203) can be determined as

exhibited in Figure 12, regardless of the value of gΦ.

Figure 12. µq dependences of the four mean fields: σ0, ∆, ω̄, and V̄. The figure is taken from Ref. [71].

Figure 12 indicates that only σ0 is finite in the hadronic phase, whereas the remaining

mean fields are always vanishing there. In the superfluid phase induced by a nonzero

∆, the spin-1 mean fields ω̄ and V̄ also acquire non-vanishing values. In particular, ω̄

grows linearly with respect to µq. Meanwhile, the gap ∆ converges on a certain value at a

sufficiently large µq, which is indicated by the arrow in this figure. The remaining mean

fields σ0 and V̄ asymptotically vanish for µq → ∞. It should be noted that the critical

chemical potential to enter the baryon superfluid phase is again given by µcr = m
(H)
π /2, as

the other chiral effective models predict, as long as we take into account the additional two

spin-1 meson fields correctly.

We are now ready to examine the hadron mass spectra of the spin-1 hadrons at a finite

µq, since their mass formulas are straightforwardly obtained by reading off the quadratic

terms from the reduced eLSM Lagrangian. The resulting formulas are complicated due

to considerable mixings, so we do not present those here. (For details, please see the

Appendices of Ref. [71]).

Depicted in Figures 13 and 14 are the spin-1 hadron mass spectra with (gΦ, C) = (10, 12)

and (gΦ, C) = (10, 8), respectively, where the parameters are tuned to reproduce the mass

reduction of the ρ meson in the superfluid phase measured on the lattice. The figures

indicate that all the spin-1 hadron masses are constant or just linearly corrected with µq

in the hadronic phase, similarly to the spin-0 meson masses. In the superfluid phase,

meanwhile, several nonlinear behaviors are obtained due to state mixings from the U(1)B

violation; the three pink curves in the left panels denote the ω-BAS-B̄AS mixed stats, while

the green ones in the right panels denote the a1-BS-B̄S mixed stats. In Figure 14, the colored

area represents the axialvector condensed phase triggered by the mass of the lowest state

of the a1-BS-B̄S mixed mode, which converges on zero. The possibility of the (axial)vector

condensations was also predicted in Ref. [45], although the gap equation to determine the
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ground-state configuration was not solved consistently. Thus, it would be challenging to

seek for such SO(3)-violating phases in future lattice simulations.

Figure 13. µq dependences of the 1− (left) and 1+ (right) hadron masses with gΦ = 10 and C = 12.

The figures are taken from Ref. [71].

Figure 14. µq dependences of the 1− (left) and 1+ (right) hadron masses with gΦ = 10 and C = 8.

The figures are taken from Ref. [71].

The mass degeneracies between the parity partners, i.e., chiral partners, are realized

among the spin-1 hadrons, similarly to the spin-0 hadrons. To see this behavior, we show

the µq dependences of the masses of all 1± hadrons in Figure 15. For this figure, we adopted

(gΦ, C) = (10, 16) to clearly confirm the mass degeneracies and plotted them up to µq = 2.5.

This figure indicates that the degeneracies hold for (BS, BAS), (ρ, a1), (ω, f1), and (B̄S, B̄AS).

Figure 15. µq dependences of all the spin-1 hadron masses. We employed (gΦ, C) = (10, 16) to see

the mass degeneracies of the chiral partners clearly. This figure is taken from Ref. [71].

6. Conclusions

In this review, I summarized the main points of recent works on cold and dense QC2D

by means of the LSM, which is capable of describing the low-energy hadron spectrum in

the baryon superfluid phase correctly [44,70–72], as an extension of the ChPT.
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As for the spin-0 hadron mass spectrum, in the baryon superfluid phase, the LSM

yielded a massless (the lowest) mode in the iso-singlet 0+ system, which can be regarded

as the NG boson of U(1)B symmetry breaking. Additionally, a nonlinearly suppressed

second-lowest mode was found in the iso-singlet 0− system. Those lowest-lying behaviors

are qualitatively consistent with the lattice results. From a quantitative comparison of the

latter nonlinear mass suppression, an enhancement of the U(1)A anomaly effects on the

hadrons was predicted. The mass spectrum of 0± hadrons and some GOR relationships in

the presence of the diquark source were also newly evaluated.

As for the spin-1 hadron mass spectrum, we found several parameter sets for which

the ρ meson mass reduction in the superfluid phase observed by the lattice simulation

is reproduced. Then, a possibility of the (axial)vector condensations violating the SO(3)

rotational symmetry was discussed. For both the spin-0 and spin-1 hadrons, mass degen-

eracies between the parity partners, i.e., the chiral partner structure, at higher densities

were predicted.

Our WTI-based LSM analysis implies that topological susceptibility in cold and dense

QC2D is suppressed, followed by chiral symmetry restoration. If the U(1)A anomaly effect

is assumed to be enhanced in such dense system, however, the suppression is weakened.

Thus, the fate of the topological susceptibility largely depends on the behavior of the U(1)A

anomaly on a hadronic level.

We also observed that the peak structure of a (squared) sound velocity in the su-

perfluid phase can be successfully reproduced within our LSM framework, whereas the

ChPT analysis cannot. This fact, in addition to the reproduction of the low-energy hadron

spectrum in the superfluid phase, implies that the LSM constructed upon the linear repre-

sentation of quark fields is applicable in the deeper region of the crossover from hadronic

to quark matter.

In the following, I will present some topics related to the QC2D study. Similarly to

QC2D, the isospin QCD (QCDI) where the isospin chemical potential is included, can also be

regarded as a useful testing ground aiming toward the elucidation of cold and dense QCD,

thanks to disappearance of the sign problem in lattice simulations [77,87–93]. The present

LSM is easily translated into the QCDI language; hence, dense QCDI is another field helpful

in checking the results harvested from the LSM analysis in QC2D. Examinations in these

systems are expected to provide useful information on the equations of the state of dense

matter, which are crucial to explain the observation data of neutron stars [94,95].

QC2D is not only useful for delineating cold and dense QCD but also related to dark

matter candidates, such as strongly interacting massive particles [96–102]. In this regard, it

would be intriguing whether the present LSM is capable of contributing to those beyond

standard analyses.

QC2D has the advantage that (anti)diquarks are counted as color-singlet hadrons,

while in three-color QCD, they cannot be directly observed. In the latter real-life application,

diquark properties play an important role in determining the chiral dynamics of singly

heavy baryons (SHBs) made of a heavy quark and a diquark, by virtue of the heavy quark

effective theory [103]. Thus, the examination of diquarks in QC2D through both theoretical

and lattice studies is expected to provide useful information on SHB spectroscopy, e.g., the

so-called “inverse mass hierarchy” induced by the U(1)A anomaly for the unobserved

chiral partner SHBs [104–106]. As long as we stick to zero chemical potential, lattice

simulations with 2 + 1 flavors are straightforward for any number of color. (In three-

color QCD, lattice studies on diquarks by means of, e.g., gauge-fixing treatment, potential

problems, and static color-source methods, are being conducted [107–112].) In this regard,

lattice simulations focusing on diquarks in QC2D with N f = 2 + 1 are a challenging issue
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toward the elucidation of SHB properties in our world, considering chiral symmetry and

the U(1)A anomaly.

Those applications imply that, although QC2D is a “virtual” theory affected by QCD-

like quarks and gluons, plenty of benefits are expected broadly, not to mention the numerical

experiments in cold and dense media.
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The following abbreviations are used in this manuscript:

BCS Bardeen–Cooper–Schrieffer

BEC Bose–Einstein condensation

ChPT Chiral perturbation theory

ELSM Extended linear sigma model

GOR Gell–Mann–Oakes–Renner

LHS Left-hand side

LSM Linear sigma model

NG Nambu–Goldstone

QCD Quantum chromodynamics

QC2D Two-color QCD

QCDI Isospin QCD

RHS Right-hand side

SHB Singly heavy baryon

VEV Vacuum expectation value

WTI Ward–Takahashi identity
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