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1 .  I NTRODUCT I ON 

Over the l ast  decade remar ka b l e  progress has been made i n  understandi ng the 
strong ,  wea k and el ectromagnetic  i nteracti ons . The most  successful theory we 
have i s  quantum el ectrodynam ics , a theory for e l ectromagneti sm .  I t  has  been 
tested to great accuracy . For examp l e  the pred i ct i on for the magnet i c  moment 
of the el ectron i s  l . 00 1 1 596553 in natural uni ts and exper iment g i ves a va l ue of 
1 . 001 1 596524 , both wi th uncerta i n t i es � 0 . 0000000030. Quantum el ectrodynam ics  
i s  a gauge f i e l d  theory and  may be  deri ved from the  requ i rement that e l ectric  
charge  i s  l oca l l y  conserved . 

I t  now s eems l i kely that the theor i es for the strong and the wea k  forces 
may a l so be gauge f i e l d  theories  deri ved from the requ i rement of local  i nvari ances 
under new symmetries . For the strong i n teract ions  the symmetry group i s  S U ( 3 )  
act ing  i n  t h e  col our quantum number o f  quark s .· For the weak and e l ectromagnet i c  
i nteract ions  t he  symmetry group i s  t hat  i n troduced by G l a s how, Sa l am and Wei n berg 
namel y  S U ( 2 ) xU (l ) wh i c h  conta i ns charge cons erva t i on . Together the gauge 
fi e l d  theory bui l t  on the symmetry SU { 3 ) xSU { 2 ) xU { l )  has come to be known as the 
"standard " model and i ts pred i c t i ons  a �  ent i rely con s i s tent w i th a l l  experimental 
data . 

I f  the s tron g ,  weak and el ectromagnet i c  i n teracti ons are separa tely 
descri bed by gauge f i e l d  theor i es , it is natural to ask wheth er they are a l l  
re lated . I n  grand un i f i ed theor i es ( GUT ) th i s  i dea i s  ( real i sed by ) 
embeddi ng SU { 3 ) xSU ( 2 ) x U ( l )  i n  a s emi s i mpl e  group G ( e . g . , S U ( 5 ) )  w ith  a s i nq l e  
coupl i ng constant gGU ' The s trong , wea k and e l ectromagnet i c  i n teractions are 
then s een to be d i fferent facets of the sa�e funrlamental i n t9rac t i on based on a 
f i e l d  theory w i th l ocal gauge i nvari ance under G .  The group G i s  spontaneous ly 
broken at a sca l e  Mx to SU ( 3 ) xSU ( 2 ) xU ( l )  and the strong weak and el ectromagnetic  
coupl i ng s  are rel a ted to gGU by rad i at i ve  correct i ons . Remarkab l e the pred i c t i ons 
for these coupl i ngs  agree w i th experiment prov i ded the sca l e  MX is very l arge 
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( � 1 01 5  GeV i n  SU ( 5 ) ) ;  the reason s uch a l arge s ca l e  ari s es i s  that the radiative  

correct i ons needed to  get  agreement depend only l ogari thmi cal l y  on Mx . However 

a l arge mass scale turns out to be essenti a l  for i n  SU ( 5} ,  and i n  most GUTs , the 

new gauge bosons medi ate novel proces ses , in parti cular proton decay . To avoi d 

v i o l a t i ng the current l ower bound on the proton 1 i fetime of 0 ( 1 030 yeai-s )  the 

mass Mx of these new gauge bosons must be � 0( 1 01 5  GeV ) .  

The appearance o f  s uch a l arge sca l e  g i ves r i se  to a seri ous probl em for GUTs , 

the 'hierarchy" probl em .  I n  these theories the natural  s i ze for the weak i nter-

action crea k i ng sca l e  Mw i s  O ( Mx } yet the actual val ue needed for Mw/Mx is O ( l 0- 1 3 ) .  

To ach i eve thi s parameters i n  the theory must be tuned to an accuracy of one part 

in 1 0
1 3

, and no one has gi ven a reason why thi s shou l d  be so wi thi n the framework 

of SU ( 5 ) .  Recently there has been much i n terest i n  a general i sation of GUTs wh ich  

avoi ds th i s  probl em through the  i ntroduct i on of  a new symmetry , supersymmetry ,whi ch 

guarantees that M
W 

shou l d  be sma l l .  Grand un if ied theor i es wi th supersymmetry, 

SUSY-GUTs ,  have been constructed and provi de the f i rst sel f-consi stent GUTs . A 

part i c u l arly i nterest i ng feature of these models  i s  that they requi re a new set 

of states , supersymmetr ic  partners of the observed s tates , wh i ch must be 

rel at i vely l i ght ( O ( Mw l l  and shou l d  be observa b le  wi th the new machi nes s uch as 

LEP . 

In these l ectures I w i l l  di scuss the s tatus of GUTs and SUSY-GUTs . I n  

secti on 2 the successes and fai l ures o f  the s tandard model are revi ewed . Secti on 

3 i ntroduces GUTs and d i scusses the m i n i ma l  SU ( 5 )  vers i on .  Sect ion 4 di scusses 

the c l ass ic  predicti ons of SU ( 5 )  and gi ves a cri ti que of i ts achi evements . 

Fi na l l y  s ection  5 and 6 di scuss supersymmetri c grand uni fi cati on i n  the g l oba l l y  

supersymmetri c case { SUSY GUTs ) and i n  the l ocal ly supersymmetri c case ( SUGRA 

GUTs ). 

2 .  SUCCESSES AND FAI LURES OF THE STANDARD MODEL 

2 . 1 .  The s tandard model 

Bui l di ng on the l ocal  gauge pri nc i p l e ,  gquge theories for the wea k ,  el ectro­

magneti c  and strong i nteracti ons have been constructed . QCD ,  the theory for the 
strong i nteract i ons is based on the gauge group SU ( 3 ) ,  wh ich  transforms the 

col our quantum number carri ed by a l l  strongly  i nteracti ng part i c l es .  The 

G l ashow , Sa lam and Weinberg model of the weak and e l ec tromagnet i c  i nteracti ons 

is based on the gauge group SU ( 2 ) xU { l )  whi ch transform weak i sosp i n  and hyperc harge . 

Together the SU { 3 ) cxSU ( 2 ) xU ( l )  model , or ( 3 , 2 , 1 ) model , provi des a potent i a l l y  

compl ete descri ption o f  the s trong , weak and el ectromagnet i c  i nteractions . I t  

a l ready has much experimental evi dence i n  favour o f  i t ,  a s  di scussed i n  Professor 

Okun ' s  l ec tu res . 
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The structure of the model i s  g i ven by the Lagrang i an den s i ty 

L ( 3 , 2 ,  l )  = L k i n  + LYuk + Lscalar, 

where the ki net i c  term Lk i n • descri bes the ki net i c  energy of the gauge and matter 
fi e l ds and through the l oca l gauge pr inc i p l e  the coupl i ng of the gauge bosons . 

l: 
fermi ons 

+ 

b 
i g  v 2 µ 

( 2 . 1 )  

a b 
where .>;_ and <:'.___ represent the generators of SU( 3 )  and SU( 2 )  respecti ve ly ,  

2 2 
a nd the k i net i c  terms for the gauge bosons i nvolve the g l uon fi el d strength 

ra 
,- a Aa µv µ v 

and the W and B 

wj = a wj µv µ v 
B a B -µv µ v 

d \ 'J + g fabc A b A c 
3 µ v 

fi el d s trengths 

- a wj + j kmwkwm v µ g2E µ V 

3}µ 

Y i s  chosen to sati sfy 

Q = 
2 

a = l .  . .  8 

( 2 . 2 ) 

( 2 . 3 ) 

Fermions appear to be grouped i n  three fami l i es { the e , µ and T fami l i es )  
wi th SU ( 3 )xSU ( 2 )  content 

( 3 , 2 )  + 2 ( 3 , l )  + ( l , 2 )  + { l , l )  ( 2 . 4 )  

a s  shown i n  Fi g . 2 . 1 .  
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LYuk  descri bes the coupl i ng of matter fermi ons to sca l ars i n  the theory . I t  
i s  needed t o  i n troduce mas ses t o  the q uarks and l eptons , for the gauge i n teracti ons 
of Lk i n  preserve t h e  chi ra l i ty of quarks a nd l eptons , wh i l e  mas s  terms mi x chira l i ty .  
For the mi nima l ( 3 , 2 , l )  model i t  i s  pos s i b l e  to g i ve quarks and l eptons mas s  wi th 
a s i n g l e  dou b l et ¢ .  

l: 
q uarks 
generati ons j , k  

+ l: 
1 eptons 
generations  

'V ¢+ 
d . .  ( v . , £ . ) L ( ) 9, . h c l J l l ¢0 JR + . · 

( 2 .  5 )  

When ¢0 
devel ops a vacuum expectat ion val ue ( vev ) , <¢> , the terms i n  LYuk  

generate quark  and l epton mas ses . u ' i • dj and £j are mi xtures of mas s  ei genstates 
u i ' di and ii . I n  terms of these e igensta tes the neutral currents a l l  rema i n  
di agona l but the charged currents coupl ed to the W boson s ,  i n  eq .  ( 2 . 1 ) ,  may be 
wri tten 

L = _9_ ( u ,  c ,  t: Ji ( l -y5) u (�
b
) w� + h .c .  C . C .  212 A ( 2 . 6 )  

where t h e  Kobayash i -Maskawa mi x i ng wa trix U may be wri tten i n  the form 

u 

( 2 . 7 )  
s i n  e i and e i and o are arbi trary . 
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F i na l l y there i s  the l agrangi an densi ty descri b i ng the i nterac tion of sca lar  
fi el ds to  tri gger s pontaneous symmetry brea kdown 

Lscalar  

g i vi ng 

= -V (ct> )  = - .!_ A 2 l ct> l 4  + .!_ i l ct> l 2 2 2 ( 2 . 8 ) 

( 2 . 9 ) 

After spontaneous symmetry brea kdown , w± and Z 
11 

acqu ire ma sses wh i l e  the 

photon fi e l d  A0 rema i ns mas s l es s  

where 

3 
-B11s i n  eW + W11cos8W 

37 . 3 
s i new 

GeV 

The neutral current coupl i n g  is g i ven by 

11 

( 2. 1 0 )  

( 2 . 1 1 )  

- . 2 . + l: 'jl �Yµ ( -Q s i n  Bw)l/J� ( 2 . 1 2 )  J 
and r3 i s  the th ird component of weak i sosp in  ( T3 + ..!.) . L 2 

71 



2 . 2 .  Successes of the s tandard model 

The theory descri bed above wi th the mul t i p l et s tructure s ummari zed in fi g . 2 . 1 . 
has an impres s i ve l i s t  of succes ses . 

( 1 )  I t  i s  renorma l i sabl e and perturbati vely uni tary . As a resu l t  the 
theory may be used beyond the tree l evel to pred ict  to arbi trary accuracy ( 'l imi ted 
by the endurance of the cal cu l ator and the convergence of the perturba ti on seri es ) 
a l l  but a fi n i te number of quanti t i es - those quanti ti es bei ng the fundamental 
parameters of the theory whi ch req u i re renorma l i sa ti o n .  The perturbati ve 
uni tari ty of the theory means that an amp l i tude ca lcu lated a t  a g i ven order in 
perturbation theory has good high energy behaviour and does not v i o l a te uni tari ty 
bounds. That thi s  i s  so i s  h i gh ly  nontri v i a l  for i t  comes about as a resu l t 
of cancel l ation  of graphs whi ch s eparately are much larger than the f ina l  
ampl i tude . For exampl e  in  vv + w+w- good h igh  energy behav iour i s  arranged 
by a cancel l a ti on wi th s channel Z exchange, see Fi g . 2 . 2 ( a ) . 

( a )  

{ b )  

Fi g . 2 . 2 : Graphs contr i but i ng to H + w+w- .  

E a c h  term separately grows l i ke s i n  cross section b u t  there i s  a 
cancel l ation because the i r  contributions a re proportiona l  to ( LaLb ) ij  -

( LbLa ) i j  - i f  abcLc
i j ' and thi s term vani s hes i n  gauge theori es because the Ls 

form a L i e  a l gebra wi th  s tructure functi ons f .  However there i s  s ti l l  a 
res i due v io l ation  of uni tari ty l i ke /S whi c h  i s  only cancel l ed by the scal ar 
( H i ggs )  exchange of Fi g . 2 . 2{ b ) . 

Obv i ous ly  thi s cancel l ation wi l l  not occur unti l energi es above the H i ggs 
mass , and i f  u n i tari ty is not to be v io l ated this imposes the condi tion  on the 
H i ggs mass mH 

l TeV ( 2 .  1 3 )  

O f  course i f  thi s cond i ti on i s  not sati sfied u n i tari ty does not break down , 
but i t  i s  ach i eved only through h igher order perturbative  terms becomi ng l arge, 
i . e . , the al ternat ive is a breakdown of perturbat ion theory . 
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( 2 )  The s trong i n teracti o�s ( QCD p l us quark mass terms ) a utoma t i ca l ly 
conserve P ,  C, and s trangeness. There i s  an approxima te ch ira l  symmetry 
whi ch may be rea l i sed non l i nearl y .  T h i s  can only  occur i n  a theory wi th s trong 
forces medi ated by vector g l uons ,  an i nteraction wh ich  preserves the fermion 
chi ra l i ty .  The theory is asymptoti c a l l y  free a l l ow i ng for expl anati on of the 
observed near scal i ng i n  l a rge momentum reacti ons . 

( 3 )  The l ow-energy weak i nteracti ons a re wel l descri bed b y  the currents 
fo l l owing  from eqs .  ( 2 . 1 ) and ( 2 . 6 ) wi th a s i n g l e  parameter eW rel at i ng charged 
and neutral current phenomena 

s i n2e ( Mwl MS =  0 . 21 5 � 0 . 01 5  ( 2 . 1 4 )  

( Here s i n2e i s  corrected 
model ) .  

for the pred i cted rad i at i ve corrections of the 

The recent d i scovery of the W is cons i s tent wi th the ( radiatively  
corrected ) pred i ctions 

M = 83 . l  +3 · 1 GeV w -3 . 8 

93 . 9 +2 · 5 GeV 
- 2 . 2 

2 . 3. L imi tations of the s tandard model 

( 2 . 1 5 ) 

Al though the s tandard model has many impres s i ve s uccesses i t  fal l s  s hort 
of a compl ete theory of the s trong el ectromagnet i c  and weak i nteractions for 
several reasons . 

( l )  There are too many parameters (ma i nl y  connected with  the H i ggs 
sector) needed to descri be the s ta ndard model . The model of  eqs . ( 2. l )  - ( 2. 7 )  
has seventeen , s i x  quarks and three l epton masses , 3 mi x i ng angl es and a phase  
parameteri s i ng CP  v i ol a t i o n ,  three gauge  coupl i ngs and  two boson mas s  sca l es Mw 
and M� . There i s  a further parameter 8 wh i c h  descri bes potent ia l  s trong 
v i o l a ti on of CP whi c h ,  i t  has been rea l i sed , must be i nc l uded due to the 
anoma l y  i n  the axi a l  vector curren t .  There must be added to the ( 3 , 2 , l )  
Lagrang ian  a term 

Le 
where 

f'µv 
a 

1 
-- e Fa 
32112 QCD ]JV 

l µvp1Fa 
2 £ p1 

piv 
a ' ( 2 . 1 6 )  

( 2 .  1 7 )  
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T h i s  term v io l a tes CP and i n  order to be cons i s tent with  experiment eOCD 
must be l es s  than 1 0-9 . It is pos s i b l e  to modi fy the standard model by - * 
addi ng a further H i gg s  doubl et to replace the ¢ term i n  eq . ( 2 . 5 ) whi ch 
generates up quark masses . Then one may show OQCD i s  zero automatica l ly ,  
but the model then predi cts a l i ght pseudogoldstone s tate , the axion,  wh i ch has 
not been found experimenta l l y .  

( 2 )  There i s  n o  reason why the matter mul ti p l et structure chosen for the 
s tandard model i n  Fig . 2 . 1 s hou l d  be as it i s .  Al so there i s  no u nderstand i ng of 
the fami ly  rep l i cati on . 

( 3) Charge quanti sation i s  not exp la i ned as Y i n  eq . ( 2 . 3 } i s  arbi trary . 
The relation of quark to l epton charges i s  a l so not understood . A l so  we do 
not understand why the charged weak i n teracti ons shou l d  be l eft handed for both 
quarks and l epton s .  

( 4 )  There i s  n o  explanation o f  even the g ross features o f  the mass 
s pectrum . Why are quarks and l eptons much l i gh ter than the W and Z? Why 
are fami l i es di fferent i n  mas s ,  and what rel ates quark and l epton masses? 
Neutri nos are mass l es s  because one excl udes right handed neutri nos ,  but why 
are neutri nos di fferent i n  thi s respect? 

For many peopl e  these l imi tations s uggest that the ( 3 , 2 , l }  model i s  only 
a step towards a more fundamental theory and that at best it i s  an effecti ve 
theory val i d  u p  to a sca l e  Mx at whi ch the underlyi ng theory that wi l l  
answer the above questions appears . 

There are two ma i n  poss i b i l i ti es for thi s underlyi ng theory ,  i f  i t  exi sts . 
The first i s  that some or a l l  of the fiel ds of the standard model may be 
compos ite and there is some more fundamental l evel of s tructure . The second 
is that the fiel ds of the standard model are themsel ves fundamenta l ,  but they 
are rel ated by further symmetries , broken a t  the sca l e  Mx · The l atter approach 
l eads to grand un ified theori es ( GUT s )  and to supersymmetri c theories ( SUSY-GUTs ) ,  
and are the subject of these l ectures . I n  GUTs the addi tiona l  symmetri es are 
gauge symmetries based on l arger L i e  a l gebra than SU ( 3}xSU ( 2 } xU ( l }  whi ch may 
rel ate parti cles  of the same s pi n .  I n  the i dea l GUT a l l the fundamental fi e l ds 
of a g i ven s p i n  wi l l  bel ong to a s i ng l e  i rreduc i b l e  representation of a gauge 
group G and hence the i r  i nteracti ons wi l l  a l s o  be rel ated by the ( gauge) 
transformati ons of G.  In  SUSY-GUTs the addi ti onal symmetry is based on graded 
L i e  a l gebra which may rel ate parti cl es of di fferent sp in  and i dea l ly may rel ate 
a l l  matter part i c l es and a l l  i n teractions to the fundamental ga uge bosons and 
gauge i n teractions . How far a l ong thi s road i t  i s  poss i b l e  to proceed we wil l 
d i scuss  i n  the fol l owing secti ons . 

3 . SU ( 5} - THE PROTOTYPE GUT 

We turn now to the construction of a complete Grand Unified theory ( GUT for 
short) .  Our approach i s  to apply the rul es used i n  the bui l d i ng of the 
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s tandard SU ( 3 ) xSU ( 2 ) xU ( l )  gauge  model , but th i s  t ime for a s imp l e  group G w i th 
a un ique coupl i ng constant g .  The s teps i n  thi s program are 

( i )  Choo se a s u i ta b l e  gauge group G .  Thi s ,  through the requ i rement of 
l ocal  gauge i nvar i ance ,  spec i f i es the s p i n  one gauge bosons in the model . 

( i i )  Choose the ferm i on representati ons so that the s tandard SU( 3 ) xSU ( 2 ) xU ( l )  
l ow energy structure emerges . The coupl i ng of these fermions to the gauge 
bosons i s  now spec i f i ed by l oca l gauge i nvari ance . 

( i i i )  C hoose sca l a r representat ion s  and sca lar  coupl i ngs to g i ve a 
phenomeno log ica l l y  accepta b l e  pattern of symmetry brea k i ng of G down to 
SU ( 3 ) xSU ( 2 ) xU ( l ) .  

( i v )  Spec i fy the Y u kawa coupl i ngs  i n  the theory , ensuri ng tha t a n  
accepta b l e  pattern of ferm i on mas ses res u l ts after spontaneous breakdown . 

Applyi ng these ru l es to the s imp l es t  pos s i b l e  model g i ves the mi n i ma l  
SU ( 5 ) theory or i g i na l l y  proposed b y  Georgi and G la show . In thi s c hapter we 
wi l l  s tudy th i s  model i n  deta i l  because i t  conta i n s  muc h of the s tructure 
found in a general GUT , and because i ts phenomenol og ica l  i mpl i ca ti ons  have been 
exten s i vely stud i ed .  I ndeed i t  is on ly  in the m in imal model that such 
predi ctjons may be made prec i s e  and though there is  no � pr i or i  reason why the 
s i mple st  model shou l d  be  rea l i s t i c  the s uccess of  the very s i mpl e SU ( 3 ) xSU( 2 ) xU ( l )  
s tructure i n  descri b i ng l ow energy phenomena i s  a n  encouragement to s tudy i ts 
m i n imal Grand Un i f i ed extens i ons . 

3 .  l .  The choice o f  the gauge group G 

The s tandard model SU ( 3 ) xSU( 2 ) xU ( l ) has four d i agonal generators 
corres pond i ng to T3 and Ycof col our , T3 of weak i sospi n and Y ,  and the observed 
states carry def i n i te val ues of these quantum numbers . Any group G 
SV ( 3 ) xSU ( 2 ) xU ( l )  must be l arge enough to conta i n  these four d iagona l generators,  
i . e . , i t  must be at l east rank 4 .  We know that there are only a f i n i te number of 
groups wi th the mi n i ma l  rank 4 wh i ch i s  e i ther s i mpl e or is  the product of 
i dent ica l  s i mpl e  factors and SU ( 5 ) is  the only rank 4 group wh i c h  conta i ns 
SU ( 3 ) xSU( 2 ) xU ( l )  and can accommodate the spectrum of F i g . 2 . 1 .  

3 . 2 ·  The generators and gauge bosons of SU( 5 )  

SU ( 5 )  i s  defi ned by  i ts fundamental representat ion ,  whi c h  i s  the  group 
of 5x5 complex uni tary matri ces w ith determi nant one . There are 25  i ndependent 
real 5x5 matr i ces , i . e . , 50 i ndependent compl ex matr i ces U .  The un i tary cond i t ion  
uu+=l  and  the  unimodu lar  cond i ti on det U = 1 g i ve 25 + 1 constra i nts l eav i ng 
the 24 i ndependent matr i ces def i n i ng SU ( 5 ) . U may be wri tten i n  the form 

24 . . 

U = exp ( - i  E 81 L 1 ) 1  
j = 1 ( 3 .  1 )  
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where the 24 generators L i are Hermi t ian  ( ensuring uu+= l )  and tracel ess 
( ensuring  det U=l ) .  The transformati on of an arbi trary representat ion of 
SU( S )  may be descri bed in terms of L i and it is useful at t h i s  stage to choose 
a conven i ent bas i s  for L a l l owing us  to i dentify the 24 associ ated vector boson s ,  
v�=l . .  · 24 , o f  SU( S ) . W e  choose t h e  5x5 matri ces L such that t h e  colour group 

SU ( 3 )  acts on the first  three rows and col umn s ,  whi l e  the SU ( 2 )  group operates 
on the l a st  two rows and col umn s .  Th i s  g i ves the SU ( 3 ) xSU ( 2 )  subgroup s tructure 
of SU( S ) . Thus , for generators norma l i sed such that 

Tr[L a , Lb] = 2oab ( 3 . 2 )  

w e  have 

0 0 
\a 0 0 a = 1 . . .  8 

La 0 0 ( genera tors ( 3 .  3 )  
0 0 0 0 0 of SU ( 3 ) ) 1 

0 0 0 0 0 

where \a are the usual Gel l -Mann Zwei g matrices acti ng on the col our i nd i ces . 

va = l . . 8 are the gauge bosons of S U ( S )  wh i c h  a r e  t o  be i denti f i ed wi th the g l uon s .  11 

0 0 0 0 0 
0 0 0 0 0 ( charged 

L 9 ,  1 0  0 0 0 0 0 generators ( 3 . 4 ) 
0 0 0 of SU (  2 )  ) .  

0 0 0 01 , 2  

Here o1 , 2  are the non d i agona l Pa u l i s p i n  matr ices . Then !_( V 9� i V  1 0 ) are the 
12 

w± of the s tandard model . 
I n  add i t i on  to the two di agonal generators L 3 and L

8 of the co l our group 
S U ( 3 )  there are two further d i agonal generators of SU ( S) wh i c h  may conven i ently 
be chosen as proportional  to the t h i rd component of weak i sospi n and the weak 
hypercharge 

0 0 -2  0
1 -2  0 

L
l 2  = _l_ -2  

,j /1 5 

0 

0 

0 - 1  

( 3 . 5 )  
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v 1 1 and v 1 2 are the weak gauge bosons w3 a nd B respecti vely . F i na l ly there µ µ µ µ 
are the twel ve addi tional  H ermi ti an generators of SU( 5 )  whi ch do not 
correspond to any of the generators of SU ( 3 ) xSU( 2 ) xU ( l } .  These are represented 
by the matri ces L 1 3  . . .  L 1 8 and L 1 8 . . .  L 24, where 

0 
0 

1 
• 

0 

Ll 4  
0 

0 
0 0 
0 0 

0 0 + 0 0 0 0 ( 3 . 6 }  

0 1 

,20 {-+l 0 0 0 
0 0 

0 0 0 
1 0 0 0 i 0 0 ° 

and the others are obta i ned by putt ing 1 and !i i n  the same pattern . The 

associ a ted vector bosons va=l 3 . . .  l 3  
and va =l 9 · · · 24 are the twe l ve new gauge 

µ µ 
bosons needed i n  SU ( 5 ) . They are cal l ed X and Y boson s . 

I n  order to ca lculate the SU ( 5 )  gauge i nvariant i nteraction we wi l l  f i nd 
i t  useful to define  the 5x5 matri x Vµ by 

n 2- l 

I n  terms 

v = µ 

we have 

J.. V = J_ E Va l a 
12 µ 2 a=l µ 

of the v ector bosons i ntroduced above we have 

Gl - 2B Gl Gl -x1 -y1 
1 130 2 3 

G2 G2-

.?.fl__ 
G2 x2 y2 

1 2 130 3 

G� G3 G3- .?.fl__ x3 y 3 
1 2 3 130 

X 2 X3 
w 3 3B w+ X1 
- + -
12 130 

Y 3 w 
- w3 3B y l y 2 - .:.:_+ -

130 130 
suppressed the vector i ndi ces for c l ari ty .  
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The G11' a re the g l uons of eq . ( 2 . 1 )  fG\ ( G2 1 ) ; )- ( A1 + iA 2 )] etc., W:!: , W3 a nd B � µ µ .2 · v  - µ µ µ 
are the gauge bosons of SU ( 2 ) xU ( l ) ,  aga i n  appeari ng  i n  eq .  ( 2 . 1 ) .  The new gauge 
bosons X� ; i ; 1 , 2 , 3  transform as col our anti tri pl ets and carry charge +� . 

The new 

anti tri p l ets 

i gauge bosons Y µ ;  
a nd have charge + l.  

3 

; l ,  2 ,  3 a l so transform as colour 

They, together wi th thei r anti parti c l es xi  
µ 

and yi ma ke up the 1 2  new gauge bosons of SU ( 5 ) . 
µ 
Now the gauge i nvari ant  k inet i c  energy term genera l i s i ng eq .  ( 2 . 1 )  i s  

where 

LK i n  ; - 4 

- -4
1 Tr (F  Fµv) ,  µV 

3 . 3 . The cho i ce of fermi on representa ti ons 

( 3 . 9 )  

( 3 . 1 0 )  

A s  di scussed i n  the append i x , we may choose t o  wri te the fermi ons f i n  terms 
of ei ther thei r  1 eft and r i gh t  handed components f L and f R , or i n  terms of s tcites 
of a defi n i te hel i ci ty

_� and fC (or  fR and f�) .  Here fc i s  the charge 
conjugate spi nor fc ;cf . In constructing  a GUT the fermi ons in a 
representation of the grand uni f ied group G are a l l  of a s i ng l e  hel i c i ty a nd for 
th i s  reason i t  i s  useful to work i n  the bas i s  wi th fermi ons of defi n i te hel i c i ty .  

The simpl est representation of SU ( 5 ) i s  the five d imens i ona l fundamental 
one w5 , which may be represented by the col umn ma tri x 

W5 ( 3 . 1 l )  

The covariant  deri vat i ve of t)i5 i s  ea s i l y  wri tten down us i ng the ma tri x  
representations deri ved above 

( D
µt)i5 ) i ; [v} 

; [aµ 8} -

- � ?4 
2 E Va ( La ) �]w µ J 

j 
5 

a; l  

i_J! ( v ) 1] j 
12 µ J W5 • 
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Rememberi ng tha t the SU ( 2 )  generators operate only on rows 4 and 5 we see 
that a 1 , a 2 a nd a3 are unaffected by the operation of the generators of SU( 2 )  
a n d  are thus s i ng l ets under SU ( 2 ) . However from the defi ni t ion of the generators 
La g i ven in eq . ( 3 . 3 )  we see tnat a 1 , a2 and a 3 fonn an SU ( 3 )  tri p l et .  S imi lar ly  
we eas i l y  see that  the  l ast  two entri es a4 and a5 are  SU ( 3 ) s i ng l ets and SU (2 )  
doubl ets . Putting th is  together we  have  the  resu l t .  

5 = ( 3, 1 ) + ( 1 , 2 )  under SU( 3 ) xSU ( 2 ) .  ( 3 . 1 3 )  

If  we now refer t o  the Fi g . ( 2 . 1 ) ,  we see t ha t ,  for the fi rst fami l y ,  the ( 3 . 1 )  
can only b e  i dentified wi th quarks qi , e i ther d� o r  u� whi l e  the ( l , 2 )  must be 
i denti fi ed wi th the (v) doub l et . Usi ng  our freedom to rewri te l eft handed 
states i n  tenns of th�i� ri ght handed charge conjugate s tates we have 

'i!5 = ( 3 . 1 4 )  

The final  i deati fi ca t i on of the quark states fol l ows from the fact that i f  
SU( 2 ) xU ( l ) i s  embedded i n  SU ( 5) the photon ,  wh i ch i s  a comb i na ti on o f  the gauge 
bosons of SU( 2 ) xU ( l ) ,  is a gauge boson of SU ( 5 )  and thus the charge operator 
Q must be i dentified wi th one of the tracel ess generators of SU( 5 ) .  For the 
mul ti p l et 'i!s the tracel ess condi tion requ i res 

Tr( Q ) = 3Q + Q + Q = Q ,  q ec vc ( 3 . 1 5 )  

Here w e  have wri tten the charge o f  the quarks q i as Qq . I t  i s  the same for 
each q i s i nce they form a col our tri p l et and the charge operates commutes with 
SU { 3 )  c . Then 

1 Qq = 3 e , ( 3 .  1 6 )  

where e i s  the charge o n  the el ectron . Thus the quarks q i must be i dentified 
wi th the down q ua rks 

( 3, 1 ) + ( 1 , 2 )  of SU( 3 ) xSU { 2 ) .  ( 3 . 1 7 )  
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We may now un i q uely i denti fy the charge operator 

Q 

l 
3 

0 

l 
3 

0 

( 3 . 1 8 )  

0 

thi s bei ng the only  combi nation of generators of SU { 5 )  whi ch can g i ve the charges 
for the parti c le  ass i gnments i n  ¢5 . 

The coupl i ng of the gauge bosons to the 5 of fermions i s  gi ven by the gauge 
i nvari ant ki neti c energy term 

Al ready s ome of the beauti fu l  features of SU { 5 )  are evi dent . The charge 
is q uanti sed as expected but as a bonus we find the pred ict ion that q uarks must 
carry thi rd i ntegral charges because quarks come in 3 colours ( gi v i ng the factor 
3 on eval uati ng the trace in eq . ( 3 . 1 5 ) ) . Moreover we found that the ri ght handed 
S U ( 2 )  doubl ets of l eptons must be partnered by a right handed S U ( 2 )  s i ng l e t  of 
quarks { i f  we had tri ed to bui l d  ¢5 usi ng a l eft handed SU{ 2 )  doubl et of l eptons 
the charge cond i t i on eq� 3 .  l 5 ) woul d  have been impos s i bl e  to sati sfy wi th 
tri p l ets of quarks ) .  Thi s  means SU ( 5 ) pred icts that right handed quarks are 
SU ( 2 )  s i ng l ets in accord wi th experimen t .  

What about the ass i gnment of the rema i n i ng quarks a n d  l eptons o f  the 
s tandard model shown in F i g . ( 2 . 1 ) .  We may bui l d  further representati ons of SU ( 5) 
by ta ki ng products of the fundamental 5 .  The s i mp l est poss i bi l i ty i s  to ta ke 
the product of two 5s . Thi s gi ves 

5 x 5 = 10 + 1 5 . ( 3 . 20 )  

T h e  1 0 i s  t h e  anti symmetri c product wi j, where xi j = -;i  a iaj aja i ; i , j 1 . . .  5 

and ai aj are components of the two 
i , j = 1 , 2 , 3 ,  a i and aj transform as 
product contai ns the product of two 

( 3 . 2 1 ) 
5s i n  eq.( 3 . 1 4 ) . We have just seen for 
( 3, l )  under SU{ 3 ) xSU { 2 )  and thus thi s 
( 3 ,  l )  representati ons . The anti syn1netri c 
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product of two SU ( 3 }  tripl ets i s  a 3( 3 x 3 = 6 +3 ) . Thus xi j , i , j = 1 , 2 , 3  
transfonns a s  (3, 1 )  and must b e  i dent i fi ed with the l eft  handed u �  quark s .  

T h i s  may b e  wri tten a s  

1 , 2 , 3  ( 3 . 2 2 )  

a n d  s o  mul ti plyi ng b y  £ki ' j ' a n d  us ing t h e  properties of  t h e  tota l l y  anti symmetri c 
matri x £i j k we find 

(3  .23)  

Xj4 ( Xj5 ) represents a col our tri p l et whi ch has the thi rd component of 
weak i sospi n ! ( -� ) . being the p roduct of ( 3, l }  x ( 1 , 2 )  representati ons . Thus 
we i dent i fy 

( 3 . 24 )  

= 1 , 2 ,  3 . 

F i na l ly w4 5  i s  c l early  a s i ng l et under SU( 3 ) xSU ( 2 )  because i t  i s  the 
anti synrnetri c product of two SU ( 3 )  s i ng l ets , SU ( 2 )  doubl ets . It thus neatly 
accommodates the l a s t  rema i n i n g  state of the l owest fami l y  namely the e+

L ' 
Putting a l l  thi s together i n  matri x notati on by the ten d imens i ona l 

representation i s  ( X1 0 ) 1 - 1 xi j J -12 
0 c U3 -UC 

2 ul d 1 

c 0 c 2 ci2 -u 3 ul u 
1 UC c 0 3 d3 Xl O  = 

-

-ul u 
/2 2 ( 3. 25 )  

ul u2 u3 + 0 e 

d 1 d2 d3 + 0 -e 
L 

( 3 , 2 ) + ( 3 , 1 )  + ( 1 , 1 ) of SU ( 3) xSU ( 2 ) .  

I t  i s  now s tra i ghtforward to wri te the gauge i nvariant  ki net i c  energy term for 
the 1 0  d imen s i onal  represen tation 

10 L 
K i n  

. - µ (  i . "' ( V ) i ) xjk . = i xl Oki  Y aµ6 
j 

- i �� g µ j 1 0 ( 3 . 26} 

By constructi on of the SU ( 3 ) xS U ( 2 } xU ( l )  properties of the fermions i n  w5 
and x1 0 are i n  accord wi th the s ta ndard ass ignments of Fi g . 2 . 1 .  I t  i s  a remarkabl e  
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fact  that a s i ng l e  fami ly f its  neat l y  i nto the fi fteen states a va i l ab le  i n  the 
5 + 10 representati ons . 

F i na l ly the two rema i n i ng fami l i es of F i g . 2 . 1  are ass i gned to two cop i es 
of 5 + 1 0 representati ons . 

3. 4 .  Fermion i nteracti ons i n  SU { 5 )  

Havi ng assi gned t h e  fermi ons t o  mul t i p l ets o f  SU ( 5 )  t h e  coup l i ngs of the 
gauge bosons are defi ned a s  in eqs. ( 3 . 1 9 and 3 . 22 ) . By construction  the gauge 
coup l i ngs of the SU ( 3 ) xSU { 2 ) xU ( l )  bosons are as g i ven in eq . ( 2 . 1 ) .  

The coupl i ng of the neutra l fi e l ds W� a nd Bµ to matter i s  determi ned i n  
genera l by the covariant  deri vati ve 

( 3 .27 ) 

where T1 1  and T1 2 are the representations of the generators L 1 1  and L 1 2 for 
the matter representat i on . ( As i n  eq. ( 3 . 1 9 )  for w5 or eq . ( 3 . 26 )  for x1 0 ) .  
We may, usi ng eq . ( 2 .  1 0) , rewri te thi s i n  terms of the photon Aµ and the neutra l 
weak boson Zµ . 

D
µ = aµ-i� [ ( s i newT1 1  + cosewT1 2) Aµ 

+ ( cosewT1 1  -s i newT 1 2 ) Z� 

the charge operator i s  defi ned by eq . ( 3 . 1 8 )  

Us ing thi s i n  eq.( 3 . 24 )  g i ves 

a nd 

,3 ,3 tanew =•s ; si new 'E 

( 3  . 28 )  

( 3 . 2'.l ) 

( 3 .30 ) 

( 3 .  31) 

Such a predicti on for s i n2ew i s  expected s i nce i t  is ( cf . eq . ( 2 . 1 1 ) )  rel a ted 
to g2 and g 1 and in SU ( 5) these are both rel a ted to the s i ng l e  coupl i ng g .  
However the va l ue i s  c l early i ncons i s tent wi th the experimental resu l t .  Th is  
appeared di sastrous for the  SU ( 5 )  model unti l Georg i , Qui nn and We inberg rea l i sed 
that thi s predi cti on a ppl i es at a sca l e  Mx at wh i ch SU ( 5 ) i s  a good symmetry and 
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that i t  mus t be corrected when compa r ing  wi th ( tp � 1 0 30yrs ) i mposes a s tringent 
l i mi t on the mas s  of the baryon number v i o l at i ng X and Y bosons . As  we wi l l  
d i scuss  a proton l i fetime of 1 030 years corresponds to an  X or Y boson mass 
of O ( l o1 5  GeV ) . Thus S U { 5 )  Gra nd Un i f i ca ti on requi res the appearance of a sca l e  
for new phys i cs 1 01 3 t imes that o f  the W and Z bosons respons i b l e  for the wea k 
i nteracti ons . I n  the next sect ion we wi l l  di scuss h ow th i s  may come about as a 
res u l t  of s pontaneous symmetry brea kdown . 

3 . 5 .  S pontaneous symmetry breakdown of SU( 5 )  

I n  order t o  ach i eve a phenomeno l og i ca l l y acceptab l e  model i t  i s  necessary 
to break SU ( 5 ) i n  two s tages 

M M 
SU ( 5 ) +  X S U ( 3 ) xSU( 2 ) xU ( l )+ X SU( 3 ) xU ( l ) em · ( 3 .  3q 

Other pos s i bl e  brea k i ng s equences are pos s i b l e ,  for examp l e  SU ( 5 )  cou l d  
f irst  brea k to SU ( 4 ) xU ( l ) ,  but t h i s  does not ha ppen fo r the s i mp l e s t  choi ces o f  
s ca l ar  potent i a l s .  

W i th th i s  pattern o f  symmetry brea k i n g  a t  the fi rs t  s tage the X and Y bosons 
recei ve a ma s s  of order Mx l eav ing  the other twe l ve gauge f i e l ds

+
of SU( 3 ) xSU( 2 ) x  

U ( l )  mas s l es s . The second s tage g i ves mass of order Mw to the w- and Z bosons . 
The f i rs t  s tage of brea k i ng i s  a c h i eved through an adj o i n t  ( 24 )  of sca l a rs �� · 

The coup l i ng of gauge fi e l ds to L i s  g i ven v i a  the k i net i c  Lagrang ian  

( 3 .  33) 

where the covariant  der i va t i ve i s  

( 3 .34 ) 

a nd ( 3 .35 ) 

We may now ea s i ly di scuss  what happens when deve l ops a vacuum expecta t ion 
va l ue .  Through the k i neti c energy term Lk i n and u s i n g  e�· (  3. 1 1 )  we fi nd a mass 
matri x for the vector f i e l ds of the form 

�2Tr [v , . .  · � ] 2 
m2 vav1J , b ,  

ab •· 

where <Z> denotes the vacuum expecta t i on va l u e of Z .  

( 3 .  3 6) 

I f ,  a s  a resu l t  of [ acqu i r i ng a vev , the X and Y bosons are to rece ive  
a ma s s  wh i l e the  rema i ni ng bosons rema i n  ma s s l es s  the  form of < I >  i s  restri cted 
to be d iagona l 
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0 0 0 0 
0 1 0 0 0 

<[> 0 0 0 0 v L 1 2 . ( 3 .  37 ) v 7 
0 0 0 3 0 

2 3 0 0 0 0 
2 

Because <I> i s  chosen to be proporti onal to the un i t  matri x i n  the subspace 
of S U ( 3} ( row and col umns l to 3 )  and in  the subspace of SU { 2 ) ( row and col umns 
4 and 5 ) , i t  i s  cl ear that the only non-zero commutators of La wi th <I> are 
for La=l 3 · · · 24, and hence only X and Y get masses . 

U s i ng eq. ( 3 . 3 6) we i mmedi a tely fi nd  
2 2 25 2 2 mx = mx = 3 g v . ( 3 . 38 )  

The s econd s tep i n  bui l d i ng the s ca l ar s ector i s  to construct a poten t ia l  
for I which  l eads to  the  des i red vev . Thi s  s houl d be the most  general form of 
s ca l a r  coupl i ngs  of di mensi on <4 consi s tent w i th gauge i nvari ance and,  pos s i b l y , 
i nvari ance under addi ti ona l d i s c rete symmetri es . Al l such terms are needed to 
bui l d  a renorma l i sab le  theory .  The pos s i b l e  gauge i nvari ant quanti t i es i nvol v i ng 
the I f i e l d  are eas i ly formed by ta k i ng the trace of powers of I .  Hence 

In th i s  equa ti on we have dropped a poss i b l e  cub i c  term by i mpo s i ng a 
di s crete syrrme try under i: .. ..,; Thi s s imp l i fi es the potenti a l  and the subsequent 
analys i s  for m in ima ,  but i s  not essenti a l  i n  cons truct i ng a su i tabl e potenti a l . 

V { I )  has a uni que m i n i mum w i th l = < l > of eq . ( 3 . 37 )  prov i ded b > O ,  
µ2 > o and a >  ( - i-J b .  Assuming th i s  to be true v i s  found sol v i ng the equation 

2 µ 1 5 av2 + Z. bv2 · --z 2 
( 3 .  40) 

Thus the i ntroducti on of an adjo int  representati on I a l l ows us to break 
SU ( 5 ) to SU ( 3 ) xSU ( 2 ) xU ( l ) as  des i red . The second s tage of brea k i ng ,  the 
el ectroweak  brea k i ng of the s tandard model requi res the i ntroduction of a H i ggs 
f ie l d with components transform i ng as  a doubl et under weak S U ( 2 ) . The s i mp lest  
pos s i b i l i ty i s  to  i ntroduce a 5 of H i ggs  H .  From our  di scuss i on of s ecti on 
( 3 . 3 )  we know H has the form 

H { 3 , l )  + ( 1 , 2 )  of SU ( 3 ) xSU{ 2 ) .  ( Hl )  
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We now, i ntroduce the potenti a l  

( 3 .42 ) 

Th i s  dri ves a vacuum expecta t i on va lue  for H5 whi ch ,  for the momen t ,  we 
assume to be a l ong the neutral d i rection 

where 

< ( H ) 5 > = < -h0 >= V • 0 ( 3 .  43) 

2 
= 

'.'._ v 2 . ( 3 . 44) v 2 0 

Th i s  wi l l  i nduce the des i red pattern of SU ( 2 ) xU ( l )  break i ng wi th 

There a re ,  however , two probl ems wi th thi s  potent i a l . The fi rst i s  that, 
to O (

vo ) ,  the col our tri p l et of H i ggs f i e l ds h i rema i ns mas s l es s . I t  i s  obvi ous 
� . VO that v ( H )  can only g i ve masses O ( Mw) to h 1 and t o  0 (- ) , 

these f i e l d s  are not " eaten" by the yi gauge bosins . However , these 
tri pl et H i ggs fi e l ds have baryon number v i 6l a t i ons coupl i n gs to quarks and l e ptons 
and wi l l  medi ate proton decay far too fas t .  

The s econd prob l em i s  that w e  have not a l l owed cross terms coupl i ng the H 
and I f i e l ds . Even i f  we try to omi t  such terms they w i l l  be i nduced by 
rad i at i ve correct ions , whi ch ,  moreover,  are d i vergent .  Thus wi thout the  cros s 
terms i n  the ori g i na l  Lagrang i a n  to act as counter terms the theory has unregu l ated 
d i v ergences and i s  nonrenorma l i sab l e .  I f  we add a l l  gauge i nvar iant  cross terms 
of d imens i ons < 4 to avoid  th i s  we fi nd a potenti a l  

Actua l l y these terms g i ve a ma s s  t o  t h e  t r i p l et H i ggs  fi e l d s  

m2 . = - _!i_ sv2 
h l 2 

( 3 .46 ) 

{ 3 117 ) 

wh i ch i s  O (M2 ) and consequently reduces H i ggs med i ated proton decay to an accepta b l e  x 
l eve l . Thus the terms of eq. ( 3 . 46) so l ve both of the probl ems d i scussed a bove . 
Now eqs . ( 3 . 40 )  and ( 3 . 44 )  wh ich  determ i ne v and v0 are modi fi ed by the new terms 
of eq . ( 3 . 46 ) .  They become 

2 = -12 av2 + I bv2 + av2 + 9 Sv 2 ' 
µ 2 2 o 1IT o 

( 3  . 48) 



Note that for B-ve ( as requi red by eq . ( 3 . 47 ) )  the potentia l  now favours a 
vacuum expectation  va l ue for H a l ong the 4 , 5  di recti ons rather than a l ong the 
l ,  2, 3 di recti o n .  Thi s is as desi red and the res u l ti ng vacuum expectation 
val ue may be rotated i nto the 5 di recti on as in  .eq.( 3 . 43) .  

However a new probl em ari ses because of the cross terms i n  eq . ( 3 . 46 ) . 
When i: acqui res i ts l a rge vacuum expectat ion va l ue of order V these terms 
generate contri buti ons to the ma ss of the doub let  fie l dsvi n  H � of order V .  
I n  order that the net doubl e t  mass i s  of order v0 , wi th __Q_ .. t- .. 1 0-1 2 , so that 

. • v x the vacuum expectat i on va l ue of h can a l so be of order v0 , there must be a 
del i ca te cancel l ati on between the vari ous mass terms . Thus i n  eq (3 . 48 ) we need 

2 9 2 l 2 -24 2 y - ( l 5a+z B) v = 2 A Vo = 0 ( l 0 ) v • ( 3 49 ) 

Even if th i s  cancel l at i on cou l d  be a rranged at tree l evel , rad iat ive 
corrections di scussed above 2 wi 1 1  re- i ntroduce the prob l em 
generat ing  a mass for H5 of order4 v ;  the rel at i on eq.( 3 . 4 9) mus t be va l i d  wi th 
the renorma l i sed ( runni ng )  pa ramet�µs v, a ,  B, and v eva l uated at a sca l e  
corresponding t o  the m in imum of the potenti a l . The d i ffi cu l ty i n  expl a i n i ng the 
ori g i n  of th i s  del i ca te and unnatural cancel l ati on is known as the h ierarchy 
prob lem. We wi l l  return to a fu l l er di scussi on of it l a ter .  

I f  we  accept th i s  cance l l at i on the  terms of  <eqs( 3 AO ) ,  ( 3 . 42) and  ( 3.46 ) 
provi de a compl etely  acceptab le  potenti a l  whi ch generates the desi red pattern of 
symmetry breakdown of eq. 1 3 , 32 ) .  

3 . 6. Ferm i on masses i n  SU( 5 )  

The l eft handed fermi ons i n  SU ( 5) transform as 5 + 1 0 .  A s  di scussed ·i n 
the appendi x  , fermi on masses i nvol ve the product of two l eft handed fermion 
f ie lds ,  so the representation content of these masses is  obtai ned from the 
product (S + 1 0 )  x (� x 1 0 ) . We have 

5 x 1 0  = 5 + 45 
1 0 x 1 0 = 5 + 45 + 50 

and 5 x 5 = lo +  1 5 . ( 3 .  50) 

A mass term i n  the Lagrangian  must be gauge i nvariant  so c l ea rl y ,  as i n  the 
s tandard model , there can be no bare fermi on masses for there is no s i ng let  
component in  these products . Masses wi l l  only ar i se  v i a  spontaneous breaki ng 
through gauge i nvariant coupl i ngs of these fermi on products to Hi ggs sca l ars , and 
the form of these masses w i l l  depend on wh i ch scalars are present . Let us first 
di scus s  the pattern of masses in the mi n i ma l  model wi th only the 5 and 24 of H i ggs 
scal ars needed in section  5 . 5 to break SU ( 5 )  to SU ( lxU ( l ) em ' None of the 
products i nc l ude a 24 so the adjo i n t  I� does no t coupl e to fermi ons . As a resul t 
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the sca l e  for fermion masses i s  O (Mw ) through thei r coupl i ng to H and not O (Mxl 
whi ch wou l d  be qui te unacceptabl e .  The poss i b l e  Yukawa coupl i ngs to H a re 

( H l ) 

Here i and j a re genera ti on i ndi ces and a , S , y , 6 ,  are S U ( 5 )  i n di ces . When H devel ops 
a vacuum expectat ion val ue as i n  eq{ 3. 41 ) i t  wi l l  generate down quark and charged 
masses through the term proporti ona 1 to r1° and up quark masses through the term 
propo rti ona l to Mu . 

We may assume MD has been di agona l i sed by uni tary rotati ons i n  fl avour space 
of the fermi on fi e l ds 

( 3 .  52) 

Then we obtai n the ma sses 

D md = me = M1 1  va ,  
D ms = mµ , M22v0 , 

( 3 .  53) 

These predi cti ons mus t be corrected by rad iati ve correc ti ons and we d iscuss 
these in  the next secti on . Up quark mas ses come from the term i nvo l v i ng Mu , but  
because there are ri ght handed neutri nos , and hence no neutri no masses , there are 
no further rel a ti ons between q uark and l epton mas ses . 

3 .  7 .  Mi x ing  Ang l es i n  SU ( 5) 

The genera l  s tructure of the ferm i on mass  terms found above i s  
- u  d - t e +  LF = - uRM ul - aRM dl - eRM el +  h . c . , ( 3 .54 ) 

where for the general H i gg s  s tructure the ma s� matri ces Mu , Md and Me are arbi trary 
NgxNg matri ces . For the m i n i ma l  H i ggs s tructure wi th jus t a 5 and 24 ( or i ndeed 
for an a rb i trary number of 5 )  we saw above that M d = Me and a l so ,  s i nce X occurs 
twi ce i n  eq.(3 . S 1 )::oupl ed by the tota l l y  anti symmetri c tensor ,  Mu i s  symmetric  i n  
generation space Mu = MuT . 

As i n  the s tandard SU ( 3) xSU ( 2 ) xU ( l )  model , when these mass matri ces are 
d iagonal i sed and the theory is expressed in terms of mas s  e i gens ta tes mi xi ng angles 
and  phases appear i n  the i ntera ct i ons . I t  i s  cl early i mportan t  to estab l i sh 
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whether the mi x i ng angles  rel evant to proton decay are rel a ted to the Kobayash i ­
Mas kawa ang l es i n  the s tandard model . 

d e U d d We fi rst form di agonal ma sses  MD , MD and MD by uni tary matri ces U L ' U R ' 
Ue

l ' Ue and Uu respective ly  where R L 
( 3 .  55) 

m +m m The ma s s  e i gensta tes dl , R ' el , R and ul , R a re g i ven i n  terms of the current 
e i genstates by 

etc . ( 3 . 56 ) 

To exh i b i t  the effects of these rotat i ons on the i nteracti ons i n  the theory 
i t  i s  conveni ent to i ntroduce a shorthand no ta ti on for the fermion representati ons 
i n  wh i ch the colour i ndex is s uppres sed . Thus for the f i rs t  fami ly 

5 () 1 0 
( 3 .57 ) 

Here the SU{ 2 )  doub let partners are grouped i n  a s ubmatri x wh i l e  the s i ng l ets 
occur on thei r  own . The  X and Y bosons coup le  fermi ons i n  di fferent s ubma tri ces . 

The rotat i on of eq.( 3 . 56) now, for examp l e ,  trans form lj! 5 , the 5 representa t i on 
1 of the f i rs t  fami ly ,  as fol l ows 

{ 3 .  58) 

where now em and dm are col umn vectors i n  genera ti on s pace w i th the charged 
anti l eptons and down quarks as el ements respecti vely . For mas s l es s  neutr i nos we 

e-m may redefi ne the neutri no f i el ds ve URve etc. so that 

-m e 

-m -v e 

-t 

( 3 . 59)  

We are free to p i c k  a bas i s  U�lj!S in wh i ch e� are di agonal and def ine  new 
uni tary matri ces A� U� U� so that the representati ons i nvol v i ng ma s s  e i gens tates 
may be wri t ten 
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5 

and s imi l arly  i n  a bas i s  i n  whi ch dL .  a re di agonal  
1 

1 0 
( 3 .6 1 ) 

Now for the l ow energy SU { 3 ) xSU( 2 ) xU { l )  s tructure on ly  the entri es i nvo l v i ng 
doubl et s ta tes a re rel evant  s i nce the neutral currents a re unaffected by th i s  
rota ti on and the charged currents i nvol ve on ly  the doubl et s ta tes . Thus 
from eq�( 3 . 60 ) and ( 3 . 6 1 ) we see that on ly  A� is i nvol ved for the weak currents 
connect ing  the uL ' dL doub l et fi e l ds . 

I n  di agona l i s i ng the mas s  ma tri x eq.( 3 . 48 )  there i s  a n  a rb i t ra ri ness 
* 

correspondi ng to ijlL+ KijlL , ijlR + K  ijlR , where K i s  a di agonal ma tri x 

K ; ( 3 . 62) 

Thus by u s i ng thi s freedom for the uL and  dL quarks we can a l ways rewri te A� i n  the form 
( 3  . 63) 

We now choose Kd and K such that we remove the phases from the fi rs t  row 
L UL and  col umn of A� 

( 3 .  64) 
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The resu l t i ng matri x i s  i n  the form of the s tandard Kobayashi  Ma skawa matri x 
of eqU . 7 ) 

* u Kd ALKu - UKm L L 
and so fi na l l y the representat ions  have the form 

5 1 0  

( 3 .  65) 

�) 
( 3 . 66 ) 

w i th new uni tary ma tri ces A�+and A�+and A� . C l early now the standard model 
SU ( 3 ) xSU ( 2 ) xU ( l )  charged and neutra l gauge i nteracti on of section ( 2 )  a re 
recovered. However the new i nteractions of the X and Y bosons i nvol ve the new 

e+ u+ d matri ces AL , AR and Ae . One cou l d  even choose them so tha t ,  for exampl e ,  the u 
and d q uarks occur i n  mul ti p l ets on ly conta i n i ng the T l epton . I n  th i s  case 
proton decay coul d  not occur at tree l evel s i nce the proton is too l i ght  to decay 
to a T .  

I n  the case of the mi n ima l  model , however, we have the cons trai nts on the 
mass matrix  Md = Me , whi ch imply u�

, R = u�:R = I ( i n the bas i s  of eq( 3 . 60 D . A l so 
Mu 

= MUT imp l i es it ca n be di agona l i sed by a uni tary tra nsformat i on . Thus U� = ur up to the phase amb i g u i ty di scussed above , i . e . , Au •
R A�K�

L 

So i n  t h i s  case the  SU ( 5 ) mul t i p l ets are 

CJ. * 
me U KMUmdm )

. C'"', UL u 
5 1 0  

e ( 3 .67 ) 
e U KMu 

dm 

I n  th i s  ca se the i nteractions of the X and Y bosons w i th fermions are 
des cri bed in terms of the Kobayashi -Mas kawa matri x p l us the ( Ng - 1 )  phases , extra 
sources of CP v i o l a ti on observabl e only in nucl eon decay processes . Note 
that i n  thi s case we do not have the freedom to rotate away proton decay . 

4 .  THE CLASS I C  PREDICTIONS O F  GRAND UNI F I E D  THEORI ES 

I n  thi s  chapter we di scuss the pred i c t i on of grand uni fi ed theori es for 
gauge coupl i ngs , quarks and l epton ( i ncl udi ng  neutri no) ma sses and proton decay . 
We wi l l  concentrate on the p redi ctions of the m in ima l  SU( 5 )  model s i nce these 
have been mos t  fu l l y worked out .  Many of the qua l i tati ve features rema i n  the 
same i n  most Grand Un i fied theories .  
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4 . 1 .  Gauge coupl i ngs 

In the prev i ous sect i o2 we deri ved the rel a t i ons 
. 2 3 g l s i n  = - = T2 · 

w 8 g i+g� ( 4 .  l )  

I n  a dd i t i on we have a rel ation  for the strong and wea k  coup l i ngs g3 and g2 

( 4 . 2 )  
These resu l ts a re phenomeno l og i ca l ly unacceptab l e ,  the strong coupl i ng g3 bei ng 
much b i gger than the weak coupl i ng constant g2 and s i n 2ew = �· It  was the 
rea l i sa t i on however of Georgi , Qu i n n  and  Wei nberg that the a bove predi ctions apply 
at a sca l e  O(Mx ) a t  which SU ( 5 ) i s  a good symmetry , and that in comparing wi th 
experiment i t  is neces sary to i ncl ude rad iat ive  correcti ons to con t i n ue. the 
coupl i ng and masses to a s ca l e  0 ( 1 GeV ) at wh i ch l aboratory measurements are 
made . That th i s  is a poss i bi l i ty fol l ows from the ca l c u l a ti on of thes e rad iati ve 
correcti ons wh i ch g i ves for the eva l ua t i on of the effect coup l i ngs of the 
SU ( 3 ) xSU ( 2 ) xU ( l )  model below Mx . We know that the renorma l ised coup l i ngs depend 
on the energy s ca l e  E at wh i ch they are measured through ca l cu lab l e rad i a t i ve 
correcti ons 

l l l 
--. = 

- + t) ( 4NG- 33) 
°'3( E )  °'GU 
_ l _ = s i n�gi = _l_ 

°'2 (E ) °' lm  °'GU 

l l Mx 
+ ,, ( 4NG-22-+-) l n (-) 0 2 . E + • • .  ' ( 4 . 3 )  

+ . . .  ' 

where NG i s  the number2of genera ti on s ,  °'i 
SU ( 5 )  coupl i ng "GU = h· 4n 

and "GU i s  rel a ted to the s i ng l e  

W e  see tha t the coup l i ngs o f  SU ( 3 )  a n d  SU ( 2 )  decrease wi th i ncrea s i n g  energy 
( corresponding to the asymptoti c freedom of nonabel i an gauge groups ) wh i l e  the 
U ( l )  coupl i ng i ncreases . Moreover the nega t i ve coeffi ci ents of the l og term of 
eq.( 4 . 3 ) i s  l arger for SU ( 3) than SU( 2)  so that cx3 fa l l s  fas ter than a2 . The 
res u l t  i s  sketched i n  F i g. 4 . 1 and shows that even though a3 i s  i n i ti a l l y l a rger 
than a2 and a1 i t  wi l l  eventua l l y become equa l to them at some l a rge s ca l e  Mx · 
Eqs� 4 . 3 ) conta i n  one unknown parameter Mx whi ch may be determi ned i n  terms of 
a3 and "em v i a  a comb i nation or these three equat i ons . Then i t  may be used to 
make a predict ion  for the thi rd coup l i ng  ( or more conven i ently s i n2ew l · 

--3- =� l  n -2_ 
5a3 ( µ ) 30 µ 

M . 28 ( ) 3 ( 1 _ 109  1 x) ( 4 . 4 )  s i n  w µ = E � n - . 
µ 
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1145 

1015 Q(GeVI 
Fi g  4 . 1 . Beha v i our  of the ( 3 , 2 , l )  coup l i ngs wi th energy. 

These l ead to 

30 [ 3 3 ] Mx ll exp "2TIT 5aem(µ) - Sa3(JJ) 

2 x 1 0  l S GeV 

and s i n2 e ( µ) = 0 . 2 1 . 

The reason such a l a rge sca l e  emerges fol l ow� from the fact that the 
evol ution of eq� 4 . 3 )  is only l ogari thmi c so that 2- i s  exponenti a l ly rel ated to 
the coupl i ng constant di ffereftces . Th i s  i s  a reMarkabl e res u l t  for, as we saw 
in secti on ( 3 .4 ) it is a l so cruci a l  that thi s sca l e  shoul d  be l a rge to i nh i b i t  
proton decay med iated by X a n d  Y bosons . The agreement o f  s i n2ew( µ )  wi th 
experiment is a l so impress i ve, part icu l arly as the i ni ti a l  va l ue ·of l was i n  
c lea r  di sagreement.  These two facts , more than any others , encoura�e u s  to 
bel i eve that GUTs have somethi ng to do wi th rea l i ty .  

A more careful ana lys i s ,  i nc l udi ng thresho l d  effects and h i gher order 
correct i ons g i ves for 50MeV < � < 500 MeV ( 4 . 5 )  

M
X = 3 . 6 j �� :� x 1 01 4 GeV for Mt 20 GeV 

0 206+0 . 0 1 6  . -0 . 004 

4 . 2. Quark and l epton mas ses 

In mi n ima l SU ( 5) we deri ved th e rel ati ons 

( 4 . 6 )  

As was t h e  case for gauge coup l i ngs the masses req u i re renorma l i sation  and 
the mas s  rel ations  a pply for ma sses defi ned at scal es > Mx where SU( 5 )  is a good 
symmetry and SU( 5 )  symmetry brea k i n g  effects can be neg l ected. As was the case 
for coup l i ngs radi a t i ve corrections cause the masses to " run"  as the sca l e  cit 
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wh i ch they are measured changes . Gra phs g i v i ng  these corrections are s hown i n  
F i g . 4 . 2 .  Comput i ng these 

I( 

Fi g . 4 . 2 .  Rad iat ive correcti ons to quark and l epton ma sses . The cross 
denotes a quark or l epton mass and the curly l i ne denotes a g l uon .  

g i ves 

( 4 .  7 )  

where nq i s  the number o f  q ua rks w i t h  mas s  < µ2 . U s i ng thi s  formul a ,  a nd the 
va l ue of mt we can predi ct the b q ua rk mass . Th i s  i s  "measured" i n  e + e -
ann i h i l at i on as one ha l f  the T mass ( bb bound s tate) and i t  i s  reasona b l e  to 
i nterpret thi s  va l ue for mb as mb ( E0 ) where E0 = 2mb ( E0) = mT . From eq (4 . 7  
w i th s i x  quark fl a vours 

mb = 5-5 .  5Gev for 50 � /\/lf5 � 500 MeV • ( 4 .8 )  

I nc l udi ng threshol d and h i gher order effects th i s  estima te can  be refi ned and 
it is found 

mb 5 . 3  Gev for nq 6 for "Hs- = 300 MeV 

5 . 8 Gev nq 8 ( 4 .9 )  

6 .9 Gev nq 1 0 .  

The experi menta l val ue i s  5 . 5Gev rema rkab ly  cl ose to the predi cti on for s i x  
q uark f l a vours . I ndeed the f lavour dependence i s  s o  s trong that we may a rgue that 

m i n i ma l  SU ( 5 )  is con s i s tent wi th the b quark mas s  for not more than three fami l i es . 
The predi ct ion for the s t ra nge q uark  mas s  i s  

ms = 500 MeV for nq, = 6 .  

The experimental determi na ti on o f  ms va ri es between 1 50 MeV ( from sum rul e  
estima tes ) to 300 MeV ( from bag model estima tes ) .  These a re s ubstanti a l l y  l ower 
than the SU( 5 )  pred i c ti on . 

E�en worse a re the pred i c t i ons for md . For 
rat i o __<!_ whi ch is not renorma l i sed s ubstanti a l l y  ms 

conveni ence Me quote thi s a s  the 
rel a t i ve to m

e . Thus the 
µ 

mi n i ma l  S U ( 5 )  predi ction  i s  

Thi s i s  to be compared wi th 

md me 1 - = - = '2U7 · ms mµ 
the value obtai ned 

(4 . 1 0 )  
md 1 from current a l gebra - = "2lr ms 

Wh i l e  the d i s crepancy for the s trange �uark m ight  be ascri bed to uncerta i nti es i n  
i ts measurement ,  the d i screpancy wi th __<!_ seems i mpos s i b l e  to accep t .  ms 
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One poss i b l e  exp l anat i on of th i s  di s crepancy that grand uni f i ed s tructure 

at  a sca l e  above Mx may g i ve sma l l  addi t i onal contri buti ons to fennion mas ses . 

S i nce the d quark i s  very l i ght  ( � 1 0  Mev) i t  wi l l  be the mos t  s i gni f i cantly 

a ffected by sma l l  correcti ons and th i s  cou l d  account for the bad pred ict ion eq (4 . l q . 

A second pos s i bi l i ty ,  i s  to extend the mi nima l  H i ggs structure to i nc l ude 

a 45 d imensi onal representation .  In th i s  cas e ,  however , the m i x i ng angl es 

rel evant to proton decay do not reduce to the Kobayash i -Mas kawa ang l e s  

as i n  eq . ( 3 . 67 ) .  

4 . 3. Nuc l eon decay in SU { 5 ) 

One of the features we noted above was the fact tha t the X and Y gauge bosons 

did not conserve B and L separately but only the combi nati on { B -L ) . Guts seek to 

combi ne quarks and l eptons i n  a s i ng le  mu l ti pl et and so i t  i s  a general property of 

them that there wi l l  be gauge i nteracti ons coupl i ng l eptons and quarks . Thh 

does not mean that baryon number is vi o l ated .  For exampl e  i n  eq (4 . 1 V the  terms 

coupl i ng X and Y to the 5 a l l  have B � - -j, L = - 1 , so i f  thi s
_
was t�e only fenni on 

representation one coul d  ascribe these quantum numbers to the X and Y fi e l ds a nd B 

and L wou l d  separately be conserved . I t  i s  the combi nat ion of th i s  pl us the 

coupl i ng to the 1 0 ,  wi th quarks and anti quarks i n  the same representation,  that 

means B and L are separately v i ol ated for the tenns i nvol v i ng �
c
-

µ have UL y UA 
B = -}  L = 0 and no choi ce of B and L for X and Y wi l l  conserve B or L .  

I n  the "age of the gauge" . where a l l  ( conti nuous )  symmetri es are expected to 

be gauge symmetri es , one expects the only conserved numbers to correspond to 

mas s l ess gauge fi el ds . Apart from the photon, g l uons and the gravi ton we know of 

no ma s s l ess fiel ds so i t  seems reasonab l e  to expect there are no new abso l utely 

conserved quanti t ies s uch as B or L .  In SU { 5) ,  B and L are v i ol ated, but at  a 

very s l ow rate because of the l a rge s ca l e  of brea k i ng . What about the res i dua l 

{ B-L ) symmetry? I n  SU ( 5 ) thi s i s  an acci denta l g l oba l symmetry ( i t  i s  easy to 

check that i t  i s  preserved by the Yukawa coup l i ngs of eqp. 51 ) .  However further 

Yukawa coupl i ngs i nvol v i ng new H i ggs repres entation wi l l  v io late i t  at a rate 

depending on the mass of these new scalar s tates . A l ternatively ,  fol l owi ng our 

pri nci pl e that a l l  symmetri es shou l d  be gauge sy1T111etri es one may enlarge the gauge 

group to i ncl ude the ( B-L ) generator . Then ( B -L)  wi l l  be v io l ated at  a rate 

dependi ng on the mass of new gauge boson . 

I n  the m in ima l  SU ( 5) s cheme the X and Y i nteractions v io l ate baryon number.  

In  tenns of mass ei genstates of eq1 3 . 6 1 )  in  the mi nima l  model these are 

72" X dR y eR +dl y el + E S uCy K µ S g - a[- µ + - µ + -

] a a a y L y UL 
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At l ow energ i es ( «  Mx ) exchange of these bosons g i ves an effect ive 4- Fermi 
i nteracti on . 

As we observed i n  section ( 3 J) i n  the mi n i ma l l y  coupl ed theory there i s  no 
freedom to i nh i b i t  proton decay by choos i ng mi x i ng angl es so that i t  coup les only 
to heavy l eptons . Keepi ng only the l a rge Cabi bbo m i xi n g  between the fi rs t two 
genera tors eqi 4 . 1  � becomes 

[ -c µ - � µ 1 1 veRY d i R+vµRY s i R 
Thi s g i ves quanti tati ve 

r(N.,.µ + + non- s trange) 
r ( N+e++ non-s trange ) 

r ( N+e++ s trange) 

r ( N+µ++ s tra nge) 

+ h . c .  

predi cti ons for rel ati ve decay rates 

s i n2ec cos 2e c 

( l +cos2 ec ) 2+ 1 
s i n2eccos 2e c 

( l +s i n2oc ) 2+1 

( 4 . 1 3 ) 

These pred icti ons are spec i fi c  to the mi n ima l  S U ( 5 )  s cheme . I f ,  we i n c l ude the 

4 5  coupl i ngs  the m i x i n g  a ng l es i nvol ved i n  proton decay a re no l onger j u s t  those 

o f  the Kobaya shi -Mas kawa ma tri x and the pattern of proton decay is dependent on 
unknown parameters . 

4 . 4 .  Proton l i fe t i me 

We now try to e s t i ma te the proton l i fe t i me fol l ow i ng from the Lagrang ian  
of  eqi 4 . 1 2 ) .  G l uon correcti ons  t o  the  Born d i a g ram g i v e  r i s e  to  terms i nvol v i ng 

[ MX ] 
's l og (Hp) n These potenti a l l y  l a rge terms may conven i en t l y  be summed by the 

u s ua l operator renorma l i sa t i on g roup techn i ques . The terms of eqi4 . 1 2)  g i ve ri se 
to the comb i na t i on 2 o 1 + o2 where the opera tors o 1 , 2  a re �eg l ect i ng mi x ing  angles )  

( 4 . 1 4 )  
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The advantage i n  def i n i ng o1 and  o2 l i es i n  the fact tha t they do not mi x 

through the l ogari thmi c corrections  we are s eek i ng to i nc l ude . The a noma l ous 

d i men s i on s  in l ea d i ng order of o 1 a nd o2 comi ng from g l uon exchange 

g i ve r i s e  to the enhancement factors 

l l  -4/3Ng ( 4 . 1 5 ) 

S i m i l a r l y  one may compute the enhancement due to w± , Z and  y g i ve 

['"l (Mw ) ]  - 69 � '"2( Mw ) ] 27 a,1"9 
A21 =[�r 86-4N

9 
x 

3 3  ( 4 . 1 6 ) 

for o2 • 

These ga uge boson co rrecti ons s um the l a rge l ogs  comi n g  from perturba t i ve 

correcti ons to the fundamental processes . I n  addi t i o n  one must 

e s t i mate non-perturb a t i v e  effects in  goi ng from the quark  fi e l ds of eq (4 . 1 4 ) 

['" l ( Mw ) r 6+20Ng � 

to the proton , i . e . , we must compute the hadro n i c  mat r i c  el ements of the operators 
o 1 and o 2 . There a re two contri but ions  that have been e s t i ma ted i n  severa l ways 

to be of compa rab l e  magni tude ( c� F i g 4 .3) . 

F i g . 4 . 3 .  Operator matri x e l ements . 

The fi rst i nvol ves a spectator q uark . The second i nvol ves the meson 

emi s s i on fi rs t  fol l owed by the 3 qua rk over l a p  p robab i l i ty a t  the o r i g i n .  P, 
vari ety of e s t i mate have been made g i v i n g  the range 

30 MX 4 
t = ( O . l  to 5 )  x 1 0  yrs {--��) • 

p , n  5 x l o1 4GeV 

where a factor of 3� to 4 ha s been i nc l uded from eqs ( 4 . 1 6 ) .  

( 4 .  1 7 ) 

MX a s  we d i s cussed  i n  the p rev i ou s  s ecti on depends a l mos t  l i nearly on 

/\HS" g i v i n g  for a range ( '1 50 to 500 ) MeV for f\HS" 

a n d  

mx = ( 1  t o  6 )  x 1 0 1 4  GeV ( 4 . 1 8 )  
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The estimates of operator matri x el ements a l so predict  the decay modes expected . 

The favoured mode i s  p+e+
rro and,  wi th the range of AJ.l) used abovP 

( 4 . 1 9 )  
Baryon number v io l ati ng neutron decay i s  a l s o  generated and us i ng i sospi n ,  

reacti ons gi ves 

1 + - 1 + 0 29+ 1 . 7 
r( n+e TI ) = O lr( p+e TI ) = 2 . 2 x 1 0  - yrs . ( 4 . 20 )  

For  comparison the  mos t  recent resu l ts on experi menta l l imi ts on nroton and  neutron 

T p, n + err > 2 . 1 03 1  yrs .  I t  can be seen that these l i mi ts are a l ready 

i ncons i s tent wi th the mi nimal SU ( 5) val ues quoted above . 

4 . 5 . Neutr i no masses 

In the Append i x  we di scuss the poss i b l e  Lorentz i n vari ant forms for fermion 

ma sses . The mos t  fami l i ar one is the Di rac mas s  term i nvol v ing  the terms 

m ( �
L�R+�

R�L ) and i n  the SU ( 5 ) model , as constructed up to now, i t  i s  abs ent 

for neutri no s i mp ly  because there is  no ri ght handed neutri no s tate vR . However 

there i s  another poss i b l e  mas s  term, the Majorana mass wh i ch is of the 

form m (�L
TC�L ) .  Th i s  term v i o l a tes any symmetry under wh i ch �

L
has non-tri v ia l  

transformat i on proper ti es and  cannot, for examp l e ,  g ive  mass to  a charged parti c l e  

i f  charge conservation i s  a good symmetry . However neutri nos occupy a unique 

pl ace in  Grand Un if ied theor i es for they are the only fermi ons in  the theory 

wh i ch ca rry nei ther charge nor col our.  I t  i s  therefore qui te poss i b l e  tha t they 

shou l d  have a Majorana mas s  for wh i l e  thi s wi l l  v i o l ate l epton number, we expect 

thi s to be v io l ated at  some l evel . 

In the s tandard SU ( 3 ) xSU ( 2 ) xU ( l )  model Majorana masses d id  not ari se because 

the comb i nati on v�CLvL transforms under SU ( 2 ) as an I = l ,  I 3 = 1 object and 

there are no I = 1 H i ggs fi e l ds whi ch coul d ,  on spontaneous symmetry brea kdown , 

generate such a mass term . Equi val ently no neutri no mass terms ari se because 

we know l epton number is conserved in the s tandard model ( ess enti a l ly through the 

absence of such terms ) .  I n  m in ima l  SU ( 5) there are I =  1 H i ggs fiel ds i n  the 

adjoi nt representati on but these are not coupl ed to fermi ons so aga i n  there is no 

Majorana mass for the neutri nos . I t  i s  a l so  forbi dden by the exact ( B-L )  

symmetry of  SU( 5 ) . Thus  both i n  the  s tandard model and  i n  min imal  SU ( 5 ) 

there i s  no neutri no mass term ei ther of the D i rac  or Majorana type . 

Th i s  i s  not an enti rely conv inc ing res u l t  for the absence of vR i s  put i n  

by hand ( noth i ng prevents u s  from adding a n  SU ( 5 ) s i ng l et ) . I ndeed i n  mos t 

genera l i sati ons of SU ( 5 ) such fi e l ds appea r .  I f  i t  i s  i ncl uded SU ( 5 ) does not 

prevent a Di rac mass term vlvR ari s i ng from a gauge i nvari ant coupl i ng of the 5 

of fermi ons to the 5 of H i ggs , H and the s i ng l et vR fiel d .  The natural scale 

for such a term wou l d  be of the order of a quark or l epton mass term qui te 

unacceptably large compared wi th the experi menta l l i mi ts on neutri no masses . 
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Moreover, as we have a l ready stressed , i t  seems l i kely that the ( B - L )  
wi l l  be broken a t  some l evel s o  w e  shou l d  expect h i gher order correcti ons tc 
generate a term of the form v�Cvl H0H0 i n  wh i ch the I = � H i ggs f i e l ds comb i ne to 
supply the I = l H i ggs component needed to generate a Majorana mas s . One of 
the mos t e l egant res u l ts o f  Grand U n i f i cati on is the observat i on of Gel l -Mann , 
Ramond and S l ansky that even i f  we i nc l ude these terms we can unders tand why 
neutri nos are l i ght and di fferent from other fermi ons . L et us s ee how th i s  
works . 

If we a l l ow both vl and vR fi e l ds the mass matri x i nvol vi ng both Di rac and 
Majorana ma sses i s  of the form 

( 4 . 2 1 ) 

where,  for notationa l  conven i ence, we have denoted a Majorana mas s  term by 
mvlvl . As we have a l ready d i scussed i t  i s  reasonabl e to choose  m2 = O(mq ) on 
purely d imens i ona l  grounds . m1 comi ng  for exampl e  from a (H0vl ) 2 term wi l l  
be of order v�/Mx , where Mx , i s  the s ca l e  assoc i a ted wi th ( B -L )  v i o l a t i on 
( Mx ' > Mx ) .  

F i na l l y  what i s  the expected s i ze of m3? S i nce vR i s  an SU { S ) s i ng l et there 
is no symmetry rea son forb i dd i n g  a vRvR ma ss term. I t  i s  l i kely therefore that 
th i s  term wi l l  be of magni tude O ( Mx l ·  Putti ng a l l  t h i s  together vie need to 
di agona l i se a mas s  matri x of 

( 
m2 

q 

( Ill . vR ) HX 
mq 

the form 

�q) ( :L ) 
Mx vR 

( 4 .  22 ) 

The mas s  e i genstates are vl + cvR and vR + cvl where c = m�/M� w i th 
2 

masses - ]C  respect i v e l y .  Due to the enormous ma :� rlx �rt i c
)
u l a r  to GUTs 

the neutri Ao mas s  i s  expected to be very sma l l  0( 10 - 10 eV · 

4 . 6 .  SU ( S )  - A cri t i q ue 

I n  sect ion l we mot i va ted the need for GUTs by l i s t i ng many unsa t i sfactory 
features of the s tandard model . Let us take a l oo k  at how wel l SU { S ) answers 
these cri t i c i sms . 

{ l )  By fi tt i ng a fami l y  i n to a 5 + 1 0 the mu l t i p l et structure has 
s i mpl i f i ed and the LH structure of quarks and l eptons is bette r .  However 
there i s  no exp l a nat i on of the fam i l y  s tructure and there is no connect i on 
between the vector ,  ferm i on and sca l a r  representa t i ons . A l thou0h a norr� l i es 
cancel between the 5 and 1 0 i t  i s  uncl ear why th i s  happens . 

( 2 )  Charge i s  quanti sed and the thi rd i n tegra l nature of quark charges i s  
expl a i ned - a remarka b l e  resu l t .  The gauge coup l i ngs are a l l  rel ated and 
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the predi ct i on for s i n2ew i s  i n  good agreement wi th experi ment .  The va l ue for 

Mx i s  such that proton decay shou l d  be s een soo n .  

( 3 ) The s i tuat ion w i th Yu kawa coupl i ngs i s  not so good . There are three 

mass pred i c t i ons wh i ch have vary i ng succes s .  There i s  n o  predi c t i on for the 

Kobayashi  Mas kawa angles and there are ( Ng- 1 ) addi t ional phases wh i ch 

contri bute i n  proton decay. S im i l arly there is no i mprovement i n  the sca lar  

potent ia l  where more coupl i ngs are  needed i n  SU ( 5) than  i n  the  s tandard model . 

( 4 )  The appearance of a l arge mass sca l e  i s  a m i xed b l es s i ng .  I t  exp l a i ns 

why the proton should decay s l owly  and why neutri nos should  have a l ow mas s ,  

b u t  there i s  n o  expl anation o f  why th i s  mass shou l d  b e  s o  much greater than 

the weak i nteract i on brea k i ng sca l e .  I ndeed to accommodate these two s ca l es 

i t  i s  necessary to fi ne tune parameters i n  the s ca l e  potent ia l  to one part 

i n  1 01 3 . Al so even though Mx i s  approach ing the 

P l a nc k  mas s  gravi tati onal correcti ons have been i gnored . 

I t  i s  c l ear  that SU ( 5 ) i s  not the f i na l  theory . However many of i ts 

properti es are so pretty that many of us wou l d  be very unhappy to g i ve  them up . 

The GUT add i c t  sees SU ( 5 )  as the fi rst approximat ion and hopes that the mi ss i ng 

el ements wi l l  be supp l i ed by more compl ete theory . lvhat cou l d  th i s  theory be? 

5.  SUPERSYMMETRY 

5 . 1 .  Why supersymmetry? 

Grand Uni fi ed theori es are based on L i e  groups wh i ch ass i gn part i c l es of 

a g i ven spi n to representati ons of the �rou p .  However they do 

not connect parti c l es of di fferent spi n and so the uni fi cat ion achi eved i s  not 

compl ete . I n  parti cular there i s  no understanding of the large number of 

Yu kawa and sca lar  i nteractions ,  only the vector i nteracti ons are unique fol l owi ng 

from the l ocal gauge princi p l e .  

An obvi ous general i sat ion o f  Grand Uni fied theories i s  t o  bui l d  a symmetry 

rel ati ng di fferent spi ns . I f  th i s  i s  done i t  may be pos s i b l e  to connect the 

representati ons and i nteract i ons of scalars and fermi ons to that of the gauge 

bosons . I n  th i s  chapter we wi l l  i ntroduce a symmetry ca l l ed supersymmetry 

that can do th i s , and di scuss how supersymmetry may be used for uni f i cat ion . 

Early attempts to combi ne l oca l symmetries wi th i nternal symmetri es i n  a 

non-tr i v i a l  way sugges ted th i s  was i mposs i b l e .  The reason i s  easy to understand 

at the heuri sti c l evel and we wi l l  briefly s ketch the prob l em fol l owi ng the 

approach of Col eman and Mandu l a .  They poi nt out that to construct a scatteri ng 

amp l i tude i t  is neces sary to sati sfy the constrai nts of the l ocal symmetry 

group . I n ,  say , a two to two s catteri ng of s p i n l ess parti c l es there are 

momenta ( see • i g. 5 . 1  ) .  Energy momentum 

� F i g  5 . 1 .  Ki nemat ics  of 2 - 2 scatteri ng .  � '" j.4 
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conserva t i on reduces theseto three i ndependent momentum vectors p iµ · The 
scatteri ng amp l i tude must be a Lorentz sca l ar and so may depend only on the 
i ndependent Lorentz sca lar  quanti ti es constructed from P ; µ

· Apart from the 
parti c l e  masses p .  p Y there are three i n var i ants that may be formed from three lµ l 
vectors , usua l l y ch.osen a s  

t 

u 

However the condi t i on m4
2 = p4µp4

µ rel a tes these i nvari ants 

2 2 2 2 s+t+u = m1 +m2+m3+m4 . 

( 5 . l )  

( 5 . 2 )  

Thus the scatter i ng amp l i tude may be  descri bed by two i nvari ants,  the total 
centre of mass energy Is , and the centre of ma ss scatteri ng ang l e  e .  The 
req ui rement of Lorentz i nvari a nce has l im i ted the number of i ndependent 
vari a b l e s .  If  o n e  imposes additi onal conserva t i on l aws they wi l l  further l i mi t 
the va r i a b l es a l l ow i ng only a d i s crete set of scatteri ng angl es . S i nce the 
ampl i tude is  ana l yti c in  the sca tteri ng ang l e  the only sol u ti on is  the tri v i a l  
o n e  w i th van i sh i ng ampl i tude everywhere. For exampl e i f  there i s  a conserved 
tenso r QaS ' tracel ess and symmetri c then for a one parti c l e  state 

{ 5 . 3 )  

App l i ed to the two to two process w i th equal ma sses g i ves 

( 5 . 4 )  

Thi s i s  sat isf ied only when = 0 .  
Col eman and Mandul a proved i n  genera l that i n  a theory w i th nonzero 

scatter ing amp l i tudes in 4 d imens i ons the only pos s i b l e  conserved quanti ti es that 
transform as tensors under the Lorentz group are the generators of the Poi ncar� 
group Pµ a nd M

µv and Lorentz i nvari ant  quantum numbers Qi ' the charges of the 
i n terna l symmetri es . 

However the Col eman-Mandu l a  theorem does not forbi d cons erved charges 
transformi ng as spi no rs under the Lorentz group and i t  is th i s  poss i bi l i ty that 
is exp lo i ted in supersymmetry . I t  wi 1 1  prove to be most conveni ent to 1�ork 
wi th two-component Weyl spi nors as i ntroduced in the l\ppend i x . Let us start 
wi th the s i mp l est such s p i nor charges Qa, Qa transformi ng as ( O,U and o .o )  
respective ly ,  under the spi nor group SL( 2 , C ) . These Qs sati sfy a n t i  commutation 
rel a t i ons and, bei ng spi n �.  the i r anti commutators can be a spin l vector .  
However i f  the  Qs are conserved charges, a s  we  wou l d  l i ke, thei r anti commutator 
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must be too . The Col ema n-Mandu l a  theorem perm i ts a vector conserved quant ity 
provi ded i t  i s  formed from the generators of the Lorentz group .  Consi der the 
vector operator Pµ . To appear on the r ight  hand s i de of the anti commutator the 
Lorentz i ndex must be contracted wi th yµ ( i t  has both vector and spi nor i ndi ces 
as requi red) . I n  the Weyl bas i s  yµ i s  off di agonal 

yµ =
Gµ :

µ

) 
( 5 .  5 )  

a n d  so the a l l owed anticommutator rel at i ons are 

{Oa' Os }  = {Oa , Ol p  0 ( 5 . 6 )  

{Qa ' Os }  = 20µ p aS µ 

[oa ' p 
µ

] 
= 

[oa. P
µ

] = o .  
Thi s  i s  the s i mpl es t  s upersymmetry a l gebra . I n  wri t i ng eq� 5 . 6) we set 

the commutator of Oa_
w i th Pµ 

to zero because we have i ntroduced no conserved 
spi nor charge Oaµ

' Oaµ 
wi th vector and spi nor i ndi ces and components of spi n 

up to i· In fact the Col eman-Mandu la  theorem s ug gests i t  i s  not pos s i b l e  to 
i ntroduce s uch a charge for thei r anti commutators wou l d  have spi ns up to e and 
the Co leman-Mandu l a  theorem does not perm i t  conservat i on of a spi n 3 operator 
in an i n teracting theory . One may try to genera l i se the a l gebra of eq(5 . 6 ) 
by addi ng terms proporti onal to 0µ'1M but th i s  too i s  not pos s i b l e  for one can 

µv 
show that s uch terms do not sati sfy the Jacobi i denti ty and the a l gebra does not 
close . As we wi l l  di scuss i n  the next secti on i t  i s  pos s i b l e  to bui l d  a 
fi n i te set of di fferent supersymmetri es i nvol v i ng N s pi noral charges ( N ' 8 ) , 

the so-ca l l ed N extended supersymmetri es . The remarkab l e  thi ng i s  that these , 
together wi th the usua l s pace-time and i nternal symmetri es ,  a re the only poss i b l e  
symmetri es o f  a phys i ca l l y  reasonabl e  theory . For t h i s  reason a lone i t  i s  
worthwhi l e exp l ori ng the i mp l i cati ons o f  supersymmetry .  

5 . 2 .  Representati ons of supersymmetry 

I n  the l a s t  sect i on we i ntroduced supersymmetry, generated by the char�es 
Oa and Oa sati sfyi ng  the anti commutat ion ,  a nd commutati on rel ati ons of eq( 5 . 6) . 
Such a s tructure genera l i ses the concept of a L i e  A l gebra and i s  known as a 
Graded L i e  Al gebra . In thi s secti on we wi l l  cons truct i ts representati ons . 
S i nce the Oa' O& a re sp i nors we expect tha t operati ng on boson f ie lds they wi l l  
produce a fermi on and v i ce versa . 
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As a first s tep i n  cons tructi n g  representati ons l e t  us cons i der the mas s l es s  
cas e .  I n  th i s  case Pm i s  l i gh t- l i ke ( PmPm = 0 )  a n d  we can choose P o f  the form 

)J 
( l ,  0 ,  0 , 1 ) .  The supersymmetry a l gebra i n  th i s  case  i s  

{ Ql ' 01 } 

{ Q2 , 02 } 0 ( 5 . 7 )  
{ Q l . Q2 }  { Q2 , Q l } 0 

{ Qi ' Qi }  {Q i ' Qi } o .  

Let us start with  a mas s l es s  s ta te I i-> of a g i ven hel i c i ty !- sati sfyi n g  
the constra i nt that 

( 5 . 8}  

Note that it  is  a lways pos s i b l e  to construct s uch a s tate s i nce i f, for 
exampl e , Q1 [ ii >  i s  non-nul l then c�oose i t  a s  the i n i t i a l  s ta te . B y  the 
anti commutation rel ati ons eq(  5 . 6) , Q1 [ il ' >  = 0. S ta rti ng wi th [ !-> there i s  
only one non-nul l s tate that can b e  formed, namely  Q1 [ !-> . The other pos s i b l e  
states such a s  Q2 [ !-> ,  Q 1 Q 2 [ i1> etc. a l l have zero norm , e . g . , by eq . ( 5 . 6 )  we have 

o . ( 5 . 9 )  

Thus the mas s l ess representati ons of the su persymmetry a l gebra cons i sts o f  two 
s ta tes of hel i c i ty ii and ii+� . A parity operator can be defi ned 
by the transformation propert i es of the spi nori a l  charge Qa under s pace refl ection 

( 5 . 1 0 ) 

I f  pari ty i s  i nc l uded the representa ti ons cons i s t  of he l i ci ti es ±A , ± ( \+j ) .  
S imp l e  exampl es of mas s l es s  supersymmetri c mu l ti p l ets are "ch i ra l "  

supermu l ti p lets  wi th ii =  0 ,  and descri b i ng parti c les o f  he l i ci ti es ( 0 ,  ±! ) ,  

" vector" s u permul ti plets wi th \ = l and hel i c i ty content ( :tl .  ± 1 ) wh i ch may be 
used to partner a vector boson wi th a fermion , and the "gra v i ton" supermu l ti p l et 
wi th A = 1 and hel i c i t i es ( ±  i , ± 2 ) wh i ch can conta i n  the gravi ton responsi b l e  
for the qravi ta t i onal  force . 

Now 

I t  i s  pos s i b l e  to genera l i se the supersymmetry a l gebra by add i ng a fl avour 
to the supersymmetry generators Q + Qi =l . . .  N . Cl " 

the a 1 gebra i s  

i 
Qj

} 10 !  iij } 0 { Qa '  8 a ' s 
{ Qi Qj } 26 i joJJ p a' s as )J 

[ Q! , PJJ] = [ 01 . p 
µ ] = 0 .  
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The mas s l ess representati ons of th i s  a l gebra may be cons tructed i n  a n  
anal ogous way t o  that obtai ned above . S tarti ng  wi th the state I A>  ann i h i l ated 
by oi = 1• • 

. N  the non-n u l l s ta tes are eas i ly constructed . For exampl e  wi th  a 
N = 2 we fi nd the s ta tes 

11'  > 
l 2 01 I A> , 01 I A>  
2 1 01 01 I A> . 

( 5 . 1 2 )  

A l l  other s tates van i s h  by the anti commutat ion  rel ati ons eq ( 5 . 6) . Thus a 
N = 2 supermt.l t i p l et may be bui l t ,  s tart i ng wi th A = 0 ,  from one ( compl ex )  
s c a l a r  s tate,  two fermion s tates A = � .  and o n e  vector s ta te A =  l .  

Th i s  cou l d  be used to accommoda te the vector bosons . N = 2 matter 
supermu l ti p l ets may simi l arly  be constructed s tart i ng w i th a right  handed 
fermi o n ,  A = - � .  two ( comp l ex )  scalars and a l eft handed fermi on , A = +j . 
The appearance of mi rror fermion sta tes g i v i ng left and right handed fermion 
partners is cha racteri s t i c  of a l l  N > l s upersymmetri es and  is the ma i n  reason 
such theories have been l i tt l e  used for phenomenol ogy for, as we saw i n  F i g . 2 . 1 , 
the known ferm i ons do not have mi rror partners . However i t  i s  
conce i vab le  that such partners exi st and  current experiment only requi res that 
they be heavier  than about 20 GeV . 

For h i gher N the mu l ti pl ets conta i n  more states formed by bui l d i ng from 
the l owest non-nu l l  state . I n  Tab l e  5 . T  we l i s t the number of these s tates 
of a g i ven spi n ,  i nc l ud ing  the cha rge conjugate states . 

Ta b l e  5 . 1 .  Parti c l e  content o f  extended supergra v i ty theories  

Theory 

N=l 
N=2 
N=3 
N=4 
N= 5 
N=6 
N=7 
N =8 

S pi n=O 

2 
1 0  
30 
70 
70 

S p i n=; 

l 
4 1 1  

26 
56 
56 

Parti c l e  content 

S p i n =  T Spi n=�  Spi n=2 

l 
l 2 
3 3 
6 4 

TO  5 
1 6 6 
28 7 
28 8 

We see that there i s  a n  i n t1mate relat 1onsh 1 p  between the hel i c i ty and the 
mul t i p l i ci ty of the sta tes , g i v i n g  r i se  to the hope that these theories  may 
prov ide the bas i s  for the u l t i ma te uni fi ca t i on of l ocal and i nterna l symmetri es . 
Moreover the c lass  of these N extended supergra v i ty theories , i s  very sma l l for 
they termi nate at N = 8 i f  we requ i re tha t s p i ns no greater than two shou l d  be 
present .  I t  a ppears that thi s i s  a necessary condi t ion a s  theori es wi th N > 8 
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suffer from defects such as the appearance of ghost sta tes ( negati ve norm states ) 
whi ch make them unacceptab l e. 

Unfortuna tely,  even though the theori es for l arge N a ppear to possess a 
l a rge number of s tates , they are i nsuffi ci ent to accolllllodate the s ta tes neecled 
for the standard model . To see th i s  note from Tab l e  5 . 1  that there are 
�N { N-1 ) vector f ie lds i n  a supermu l t i p l et .  These vectors form an adjo int  
representation of  O ( N )  and  if  the syllllletry i s  made l oca l  they wi l l  be the gc1uge 
bosons of the theory . Cons i der the l a rges t N pos s i b l e ,  N = 8. I ts i nternal 
syllllletry group 0 ( 8 )  conta i ns SU ( 3 ) xU ( l ) xU { l )  but not SU { 3 ) xS U { 2 ) xU { l ) .  Thus 
even the l a rgest theory cannot accommodate the W± bosons . A check of the fermi on 
spectrum shows there a re a l so m i s s i ng  fermion s ,  for examp l e ,  there i s  no room 
for the T of the µ .  

I t  seems therefore that these theor ies cannot be used t o  genera l i se the 
standard model in a s i mp l e  way . Two poss i b l e  ways out of thi s i mpasse have been 
expl ored .  The first is that the extended supersymmetry is a symmetry rel evant 

$ 
at a more fundamenta l l evel , and that the W and the µ ,  T ,  etc.,are compos i te s tates . 
Th i s  i dea has recei ved some support from the fact that the N = 8 theory has 
g l obal symmetri es l arger than the 0 ( 8 )  symmetry of the fundamental vector fiel ds . 
I f  these g l obal  symmetries shou l d  through the dynami cs of the theory be rea l i sed 
l ocal ly ,  there wi l l  be a dd it iona l  gauge bosons whi ch ari se a s  bound states of the 
fundamental fiel ds in the theory . At present we a re unabl e to solve the theory 
i n  the non-perturbative  way necessary to show i f  thi s i dea works , but s i mp l er 
model s w i th g l obal symmetri es have been shown to behave i n  th i s  manner . 

The second possi bi l i ty i s  to g i ve up the hope that the extended supersymmetry 
mode l s  shou l d  conta i n  the spectrum of observed states i n  a s i ng l e  representation 
and to bui l d  model s  based on the di re ct product structure G x [ N·lextended 
supersymmetry] . At fi rs t s i ght  th i s  a ppears to l ose many of the potenti a 'I 
benef i ts of the supersyllllletry ,  and i ndee d i n  thi s  type of theory there s t i 'l l  
remai n  many arbi trary pa rameters . However such model s  can sol ve the h i erarchy 
prob l em colllllon to a l l  Grand Un if ied Theories , and for th i s  reason they hav1� been 
extens ively  stud ied .  If such a model proves rea l i s t i c  it does not mean we have to 
g i ve up the i dea of u l timately un ifyi ng i nteractions i n  a uni que extended 
supergravi ty theory ; i t  is 'poss i b l e  such model s resu l t as the l ow energy 
effective Lagrangi ans of the underlyi ng extended supergrav i ty theory . 

6 ,  SUPERSYMMETRI C  MODELS 

6 . 1 .  A supersymmetri c vers i on of the s tandard model -mul t i pl et structure 

The s imples t  supersyllllletri c model whi ch can be constructed is the di rect 
product of the i nternal symmetry g roup w i th a ( N=l )  supersymmetry group . 
The bas i c  bui l di ng b l ocks  for such a model are the mass l ess supersymmetry 
mul t i p l ets ei ther chi ral or vector supermu l t i p l ets as shown i n  Tabl e  6 . 1  
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We wi l l  fi rst construct a supersymmetr i c  vers i on of the standard S U ( 3 ) xSU ( 2 )  
xU ( I )  model with  the parti c l e  content o f  Fi g . 2 . 1 .  One o f  the reasons for 
s tudy i ng supersymmetry i s  the hope that the compl i ca ted mul t i p l et s tructure 
shown there wi l l  be s imp l i fi ed by assi gni ng fermion and boson s tates to the 
same supermu l ti pl et .  

Tab l e  6 . 1 . Fundamenta l  s upermu l ti p l ets i n  N= l supersymmetry 

Name Part i c l e  Content 

� 2 component ( l eft handed ) Weyl fermion 
C h i ra l , ¢  

¢ 2 rea l s ca l a r  fi e l ds A ; B ( ¢  = A+B )  

v 2 component vector  µ 
Vector, v 

A 2 component ( l eft handed Weyl fermion 

However thi s proves to be i mpos s i bl e for the simple N=l supersymmetr i c  model s .  
We know vector bosons bel ong to the adj o i n t  representation of the gauge group 
whi l e ,  as can be seen from Fi g . 2 . 1 , the known fermi ons be l ong to fundamenta l 
representati ons of SU ( 3 ) xSU( 2 ) xU { l )  { c f  eq (2 . 4 ) ) .  Therefore when we a s s i gn 
the gauge bosons of the standard model to a vector mul t i p l et v� transformi ng as 
the adjoi n t  we cannot i dentify the fermions Aa i n  that supermu l ti p l et wi th the 
k nown fermi ons because the Aa a re in the same SU { 3 ) xSU { 2 ) xU ( l )  representat ion 
as the i r  vector boson partners . These new s tates are cal l ed " gaugi nos " , see 
Tab l e 6 . 2 .  

We sti l l  have the probl em of ass i gni ng the fermions to supermul ti pl ets . If  
we  want  to  bui l d  a renorma l i sab l e  theory a l l  vector fi e l ds in  our  theory must  be 
gauge vector f ie lds . Thus , wi thout en l a rgi ng the gauge g roups,  the fermions 
cannot be a ss i gned to vector supermu l t i p l ets and mus t bel ong to ch i ra l  super­
mu l ti pl ets . Once aga i n  we are forced to doub l e  the number of sta tes i ntroduci ng 
( compl ex )  sca l a r  f i e l ds to partner the known fermions in chi ral supermul ti pl ets . 
These f i e l ds are i n  the same SU ( 3) xSU { 2 ) xU { l )  representations as thei r fermi on 
brothers . 
Tabl e 6 . 2 .  

They are known a s  squarks ( for sca l ar quarks)  and  s l eptons , see 

F i na l l y  we must ass i gn  the H i ggs sca l a rs of F i g . 2 . 1  to ch i ra l  super­
mu l ti p l ets . Our ori g i na l  hope i n  constructi ng  a supersymmetr i c  theory was that 
the H i ggs sector wou l d  be simpl i fi ed by as s i gn i ng the Hi ggs sca l a rs to the same 
supermu l ti pl ets as the known fermi ons . An obvi ous pos s i b i l i ty i s  to a ss i gn  the 
H i ggs SU ( 2 )  doub l et to partner a l epton doub l et .  However th i s  i s  not pos s i b l e  
for such an  ass i gnment i f  supersymmetry does n o t  g i ve a n  a cceptabl e  pattern o f  

1 05 



fermion ma sses . The reason i s  that s upersymmetry restri cts the pos s i b l e  forms 
of Yukawa coupl i ngs and (wi th the above ass i gnment )  the coupl i ngs necess ary to 
g i ve down quarks and charge l eptons a mas s  ( eq (l.5 ) )  are not presen t .  To see 
th i s  we need to know the al l owed form of the Yukawa coup l i ngs and the s ca l a r 
coup l i ngs wh i ch ,  through supersymmetry, are re l ated to them . Th i s  i s  most 
simply expressed by descri b i ng these coupl i ngs in terms of a superpotent i a l  
P .  P i s  a gauge i nvari ant functi on of dimens i on � 3 constructed from the 
chi ra l  superfi e l ds of the model { but not the i r  compl ex conj ugates ) .  Then the 
Yukawa and sca l a r  coupl i ngs are g i ven i n  terms of P by 

Yukawa = l: i , j ( 6 .  l )  

scalar  = ( 6 . Z ) 

H ere l)i,q, refer to the ( LH )  fermi on and sca l a r  components of the ch i ra l  super­
mu l ti p l ets respecti vely and the sums over i , j run over a l l  the ch i ra l  super­
mu l ti pl ets . The F i are the auxi l i ary f ie lds .  

To reproduce eq( 1.5 ) for the Y ukawa coupl i ngs needed to g i ve a l l  charged 
fermi ons a mass we need a superpotenti a l  of the form 

( 6 . 3 )  

where H l a a nd Hza are chi ra l  supermu l t i p l ets transform i ng a s  doubl ets under 
SU { Z )  but wi th U { l )  cha rge ± �  respec ti vely so that thei r charge s tates are 

a nd are fami ly i ndi ces andm( �) m\ u )  
l J ,  l J 

are the ma ss matri ces for the up and down quark masses . The l e pton doub l et s ,  
( l )  l)i i , B ' have the correct charges to be i dent i fied wi th H8 . In the non-s uper-

symmetri c s tandard model Hzs = EBY H�1 but i n  the supersymmetri c case the rules 
for wri ti ng H state that P can only  be formed usi ng products of ( l eft 
handed) ch i ra l  s upermu l t i p l ets and not thei r ( ri ght handed ch i ra l ) conj ugates . 
Thus i n  eq( 6 . 3) H z  must be i denti fied with  a compl etely new chi ra l  s upermu l t i p l et . 
In a ddi tion more states a re needed for Hz conta i ns new, charged , Weyl fermi ons and 
we must a dd further charged fermi ons a l l ow i ng the constructi on of D i rac masses 
for them to ensure the f ina l  theo ry has no mas s l ess cha rged s tates ( remember that 
we cannot g i ve charged fermi ons a Majorana mass wi thout v io l ati ng charge 
conjugation - see Append{x The s imp lest  sol ution is to i ntroduce another 
new SU { Z )  doubl et chi ral s uperfi e l d  whi ch i s  usua l ly i dent if ied wi th H 6 . 
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In constructing  s imple  g rand uni fi ed genera l i sat i ons of the s tandard model thi s ,  
i n  fact , i s  the only poss i bi l i ty for i f  H 8  i s  i dent i fi ed wi th  a l e pton doubl et 
proton decay proceeds too fast. 

Thus the final  mul t i p l e t  s tructure for a supersymmetri c versi on of the 
s tandard model i nc l udes two new c h i ra l  s upermu l t i p l ets whose sca l ar partners are 
to be i denti f i ed wi th the H i gg s  sca l a rs need to break the SU ( 3) xSU( 2 ) xU ( l )  to 
SU ( 3) xU { l l em and to g i ve a l l  charged fermions a mas s .  The ful l mul ti pl e t  
s tructure i s  g i ven i n  Tabl e 6 . 2 .  

Al though the SU ( 3) xSU{ 2 ) xU ( l ) x  �=l supersymmetry] s tructure fa i l s  to 
s i mpl i fy the mul t i p l et structure of the ori g i na l  model ( i ndeed i t  more than 
doubl es the s pectrum '. )  i t  does have a redeemi ng property that has caused it to be 
studied i ntensively recen tly as a poss i b l e  theory for the s trong,  weak and 
el ectromagnet i c  i n teracti ons rel evant a t  rel ati vel y l ow energy sca l es - i t  
sol ves the h i erarchy prob l em .  I n  the next sect i on we wi l l  construct the 
Lagrang i an for th i s  theory and show how thi s  sol ution is achi eved . 

6 . 2 .  The SU { 3 ) xSU ( 2 ) xU ( l )  s upersymme tric Lagrang i a n  

Once the transforma t ion properties o f  t h e  supermu l ti pl ets under the gauge 
group a re spec i fi ed a nd the superpotenti a l  is g i ven the Lagra ng i an densi ty may 
be immed i a tely constructed us i ng the resu l ts of secti on { 6 .  l ) .  As usual we 
wri te the Lagrang ian  as the s um of the two parts 

( 6 . 4 )  

L k i n  i s  t h e  supersymmetri c form o f  t h e  l oca l ly gauge i nvari ant k i net i c  energy . 
The requi rements of l ocal gauge i nvari ance uni quely s peci fy how the gauge fie l ds 
coupl e  and the requi rements of s upersymmetry rel a te these gauge fi e l d  coupl i ngs 
to ga ugi no coup l i ngs 

1 µv m -Lk i n  - 4Tr{W Wµv }  - i Tr{ \a Om\ }  
+ i Z: 0 iji .(imljJ . 

j m J J 
i a- * a a --;72 z: ( A .T  ljJ J. -AJ.T ljJJ· ) A  

j , a J 

2 + z: ga ·a 
Z: A'.� A .  2 

J J 

( 6  . 5 ) 

I n  thi s the trace impl i es a s um over a l l  the gauge i ndi ces a of S U ( 3 ) xSU ( 2 ) x  
U { l ) and the s um over j i s  over a l l  the chi ra l  superf i el d s  of Tabl e 6 . 2 .  
Om are the usua l gauge covari an t  der i vati ves . For conveni ence we spl i t  L� i n  
up i nto the usual ( non-supersymmetri c )  k i neti c energy term L ki n  , a term L Yuk  

1 07 



Tab l e  6 . 2 .  Mul t i p l et s tructure for the m i n imal 
supersymmetr i c  SU { 3 ) xSU { 2 ) xU ( l )  theory 

V ector Supermu l t i p l ets S p i n  J 

VG 
ga=l  . . .  8 G 1 uons l 
ga= l  . . . 8 G l u i nos l 2 

+ w-' z W , Z bosons 1 

�w 
w± ,  z Wi nos , Z i na � 

A Photon 1 Vy µ 

A Phot i no  l 2 

hi ra l  Supermu l t i p l ets Spi n J 

qL ,qR Quarks l 2 

�q .s q-
- -

qL , qR Sca l a r  quarks 0 

£L , £R Leptons � 
S£ , S9: 

-
£L '  £R Sca l a r  l eptons 0 

� -
H l ,H 2 Fermi on ic  H i ggs l 2 

S , T  
H l ,H2 H i ggs doubl ets 0 

I 

descr i b i ng the new Yukawa i nterac ti ons i nduced by the supersymmetr ic  form of the 
gauge i nteractions and LO the sca l ar i nteractions obta i ned 
by el imi na t i ng the D a ux i l iary f ie lds  and common ly  ca l l ed the "D" term. 

( 6 . 6 )  

Apart from the terms o f  the s tandard model thi s g i ves the fol l owi ng H i g�1 s i no 
l epton i c  coupl i ngs ( quark coupl i ng s  are omi tted for the i r  SU ( 2 ) xU { l )  coupl i ng s  
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are identical to the correspondi ng l epton ic  coupl i ngs and the g l u i no coupl i ngs 
are eas i l y  generated ) .  _ 

L ' k i n  ; ( e/cos¢wli Bµ( H1 +� µHl + + H1 0 crµH1 0 

.-.. � -* ,_ + v W+e- + e_ W _v}  + h . c .  
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The Y ukawa coup l i ngs may be read i mmediately from the superpotenti a l  us i ng 
the form of eq(6. l ) . They a re of the form g i ven i n  the s tandard model , but , 
wi th H 1 coupl i ng to the ri ght handed up quarks a nd H z  coup l i ng to the r ight  handed 
down q uarks a nd l eptons . The sca l a r  i nteracti ons of Hi a nd H z fol l ow from P us i ng 
eq . ( 6  . Z ) . 

The two-component i n teracti ons used here are s impl y rel a ted to the more 
fami l ia r  four component form by noti ng ,  i n  the Weyl bas i s ,  that 

where \ and w are Z component Weyl s pinors rel a ted ( see Append i x )  to the 
u sua l four component Di rac spi nors /\ and w by 

where 

. ( :J , � CJ 
We may a l so wri te thi s  vertex i n  the form 

w '  

For sca l ar coup l i ngs  \w wX so 

6 . 3 .  A SUSY-GUT S upersymmetri c SU( 5 )  

( 6 . 9 ) 

( 6 . 1 0 )  

( 6 . 1 1 ) 

We are now i n  a pos i ti on to construct the mi nima l  ( N = l )  supersymmetri c 
exten s i on of SU( 5) . The first  s tep i s  to ass i gn SU ( 5) mul ti p lets to super­
symmetric  mu l t i p l ets . The gauge fields  mus t be ass i gned to an adjo int  ( 24 )  
vector s upermu l t i p l et wi th gaugi no partners a l so i n  the adjo i n t  representa t i on . 
The q uarks and l epto�s are a s s i gned to ( l eft handed ) chi ra l  supermu l t i p l ets 
transformi ng as  NGx ( 5 + 1 0 )  under SU ( 3 ) . In order to g i ve them mas s  it i s  
neces sary t o  choose a s upermu l t i p l et o f  the form 

( 6 . 1 2 )  

where H 1 and H 2 a re ( l eft handed) ch i ra l  s uperfi e lds trans formi ng as  5 and 5 
respecti vely under S U ( 5 ) . The norma l i sat ion  i s  chosen so that the X fermi on 
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k i net i c  term i s  correctly normal i sed , i . e . , x1 5 = v{ dl L , etc . , as i n  sec t i on ( 3 . 3 ) . 
As we di scussed i n  sect i on ( 0 )  i t  i s  necessary that H1 and H2 be d i s ti nct ch i ra l  
s upermul ti p l ets , a n d  n o t  hermi t ian  conj uga tes for the rul es of section ( 6 . 1 ) 
do not a l l ow us to bu i l d  the s uperpotent i a l  w i t� a chi ral s uperfi e l d  and i ts 
conj ugate. I t  i s  a l s o  i mposs i b l e  to i dent i fy H tra n s fo rm i ng as a 5 w i th one of 
the 5s i ntroduced to des cri be the quark and l epton s ector . The reason i s  tha t 
the col our tri p l et  components of H 2 med i ate proton decay ( see sec t i on (1. 2 ) )  
a nd must have very l a rge mass ( )- 0 ( l o 1 0 Gev ) i f  the proton i s  not to decay too 
q u i c k l y .  I f  we i denti !Y the doub l e t  compo nents o f  H2 w i th the s neutri nos , 
se l ectron members of a 5 then the tri p l et compo�ents wi l l  be partners of the 
down a nt i quarks . S i nce , a s  d i scussed be l ow,  s upermul t i p l ets spl i tt i ng  i n  a 
ga uge nons i ng l e t  representa t i ve i s  < 0 ( 1  Tev2 � )  the tri p l et components wi l l  a . 
med i a te proton decay for too fas t  ( c f  of sec t i on (+.2 ) )  . Cons equently we mus t - -
choose new ch i ra l  s upermul t i p l ets H and H transform i n g  as a 5 and 5 to 
a ccommodate the H i ggs s ca l ars . We must a l so ensure tha t the H a nd H spl i t  
so tha t the i r tri pl et components a re heavy ( �  l o1 0Gev) wh i l e l eav i n9 the 
doub l ets l i ght < O ( lTeV ) .  

I t  i s  necessary to add an adjo i nt ch i ra l  s upermu l ti pl et,  L ,  to accommodate 
the adj o i n t  o f  H iggs sca l ars necessary to brea k SU ( 5)  to SU ( 3 ) xSU ( 2) xU ( l ) .  

The f i na l  mu l ti pl et choi ce for our SU ( 5 ) x  N= l  s upersymmetry model i s  
g i ven i n  Tab l e  6 . 3 .  

Tabl e 6 . 3 .  Ch i ra l  supermu l t i p l ets used i n  SU ( 5 )  S l lSY  GUT 

IRo l e  Nota t i o n  SU (  5 )  Representat ion Conte� 

Matter a NG x ( � + 1 0 )  ' 'a , x  ct6 

H lrt ' H" 
2 ( ? + ? l 

k i ggs "' �. 24 I L ,, -
-

The i n teract i on La gra ng ian  i s  g i ven by eqs ( 6 . 1 )  and ( 6 . 2 )  where the 
superpotenti a l  i s  as  chosen in eq ( 6 . 1 2 ) .  To th i s  mus t be added a superroten t i a l  
wh i ch wi l l  g i ve the sca l a r  components of the adj o i nt ch i ra l  s upermu l ti pl et a 
va cuum exptcta t ion  va l ue to brea k S U ( 5)  to SU ( 3) xSU( 2 ) xU ( l ) ,  and a l so the 
under lyi ng supersymmetry to g i ve the new supersymmetric  states a ma ss . Obvi ous ly  
s upersymmetry must  be broken fo r we  have not seen , for  examp l e ,  a sca l a r  e l ectron 
( sel ectron ) degenerate w i th the e l ectron . I f  the se l ectron has a mas s  � 1 5  GeV 
i t  wou l d  have escaped detecti on so far) . 
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There i s  considerabl e amb i gu i ty i n  these symmetry break ing me­
chani sms and we wi l l  not describe them here . Instead �1e wi l l  treat 
the ma sses of the new states as arbitrary up to the constrai nts im­
posed by  the  requi rement that  supersymmetry shou l d  sol ve the  h i erar­
chy probl em . Th is  requi res the new gauge nons i ng l et supersymmetr i c  
partners shou l d  have a mass ;: 0 ( 1 TeV ) . W e  a l so  assume H� a n d  H� 
acqu i re vevs v 1 and vz brea k i n9 SU ( 2 ) xU ( l )  to U ( l ) em· 

6 . 4  The h i erarchy probl em 
I n  S U ( 5) we met the probl em that the H iggs  sca l a r  mass i s  

natura l l y  c l os e  to Mx , but i t  must be < O ( l Tev) i n  order to generate· 
el ectroweak breaki n g .  Al though th i s  can be arranged a t  tree l evel 
through the unna tural cancel l at i on of eq ( 3 . 49 )  a l arge mas s  for the 
doub l ets reappears in h i gher order through radi at ive correcti ons 
i nvol v i ng s uperheavy v i rtual states a s  in F i g . 6 . l ( a ) . Calcul ation 
of these graphs g i ves for the effective H i ggs doub l et mass a t  
l aboratory energi e�f'-

M 2( µ) = M2 (Mx ) + l: C ·  a . M z 
i i 1 Xi 1 ( 6 . 1 3) 

where c .  a nd a . are the coeffi ci ents and coupl i ngs resul t i ng fnom l l 2 the graphs i n  Fi g . 6 . l ( a ) . Thus the natural sca l e  for M (µ) 

)( .t. 
� - · .... -� - -o--lf_ 

(&.J -�- -�-.:� - !' ti lb; 
-�-o-!! 

II 
F i g  6 . 1 .  Graphs contributing to the H iggs sca lar  mass . 

i s  O (ai M� ) .  I n  supersymmetry however there are addi ti onal contri b­
utions comi ng from the gaugi nos and H i gg i nos as in  F i g . 6 . l ( b )  with  
coup l i ngs re l a ted to  those in  F i g .  6 . l a  Due  to  the  - s i gn coming 
from a fermion l oop these graphs  cancel  exactly the contri bution of 
eq( 6 . l 3) .  Of course s upersymmetry must be broken l eav ing a res i dual 
contri buti on M2 (µ) = M2( Mx ) + � ciai 6M� ( 6 .  1 4 )  
where 6m� i s  t h e  mass sp l i tt i ng  between s upersyllllletri c partners . 
S i nce M2 (rl� O ( lTev) , thi s mass s p l i tting shou l d  be bounded by 

6M2 < O(Q Tev) 2 ) ( 6 . 1 5 )  L ai 
Th i s  constra i nt has i mportant phenomeno l og i ca l  imp l i cat ions for i t  
means the new supersymmetri c s tates cannot have mass much di fferent 
from the i r  conventi onal partners and the l i ght s ta tes of Tab l e  6 . 2  
shoul d  b e  p roduced a t  energ i es access i b l e  i n  the l aboratory. 
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I t  i s  for thi s reason that the h i erarchy prob l em has been s tressed so much . 
The s tandard SU ( 3 ) xSU ( 2 ) xU ( l )  model i s  unnatural a t  sca l es much l arger than 
l Tev a nd a ny resol ut ion of th i s  requ i res new physi cs at these sca l e s ;  in th i s  
case the  new supersymmetri c s ta tes . 

7. PHENOMENOLOGY OF SUPERSYMMETRY 

7 . 1 . Mass a nd coup l i ng constant  renorma l i sation 

Because a SUSY -GUT i nvol ves new l i gh t  s upersymmetric  parti c l es i t  i s  
necessary to comp.ute the va l ues for the grand uni ficat ion mass and s i n2ew -
The i n i t i a l  rat i os of the coupl i ngs and hence s i n2ew a re unchanged i n  goi ng to 
a SUSY -GUT because we s ti l l  have the same ass i gnment of s ta tes to a GUT 
representat ion . However the rad iati ve correcti ons wi l l  di ffer for now we must 
i ncl ude l oops conta i ni n g  the new s tates , the gaugi nos , the squarks, etc . It i s  
easy t o  compute t h e  expected s i ze of the correc ti ons a t  one l oo p  assumi ng al l 
heavy part i c l es have a mass�  Mx . The SU ( 3) xSU ( 2) xU ( l )  effect i ve coupl i ngs 
depend on Mx v i a  

Cl; ( µ ) 

Then 

l ,  2, 3 . ( 7 .  l )  

The va l ues of b ; are eas i l y  cal c u l a ted us i ng the i r  defi n i t i ons i n  eq{ 7 . l )  . 
The resu l ts for the s ta ndard model of sect ion ( 6) are b3 = 27-4NG , b2 = 1 8-4N�, 
b0 = -4NG g i v i n g ,  for a va l ue of A = 1 50 Mev , s i n2ew = 0 . 23 a nd Mx = 4xlo1 6 Gev . 
( For compa ri son the SU ( 5 ) bi were b3 = 33 -4NG , b2 = 22-4NG , b0 = -4NG ) .  The 
res u l t  fo r Mx is about 20 ti mes the SU ( 5) va l ue .  The reason for th i s  i s  
pri nc i pa l l y  due to the decrease i n  b3 compared t o  the SU ( 5 ) val ue whi ch comes 
about ma i n ly because the supersymmetric  theory requi res an SU ( 3 )  adj o i n t  of 
fermi ons , the g l ui nos . Due to thei r l arge charge they contri bute s i gn i f i cantly 
to the S functi on and beca use they are fermi ons they contri bute a negati ve amount 
to s3 ma k i ng the theory l ess asymptoti ca l l y  free . The va l ue of Mx i s ,  very 
rough ly ,  the sca l e  a t  wh i ch a3 equa l s  a2 ( cf . F i g . 4 . 1 ) .  S i nce s3 i s  reduced , 
a3 vari es more s l ow ly ;  and thus i t  takes l onger for th i s  equa l i ty to be ach i e ved . 

Hence Mx i s  i ncreased. Thi s can be compensated by s peedi ng up the rate 
of evo l ut ion of � so the va lue  of Mx depends on the number of l i ght  H i ggs 
parti c l es i nc l uded . For exampl e  adding the l i ght  H i ggs SU ( 2 )  s i ngl ets to 
mimic a l epton fami l y  bri ngs Mx back to the usual  SU ( 5) val ue and l owers 
s i n2ew by 0 . 0 1 5 .  
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I nc l ud i ng the two l oop correcti ons g i ves the best val ues for s i n2ew 
and Mx i n  the m in ima l  supersymmetric  extens i on of S U ( 5 )  for �MS = 1 60 Mev. 

7. 7 x l D 1 5 Gev , 

( 7 .  3 )  
0 . 236 . 

One might  t h i n k  tha t s uch a l arge va lue  for Mx wi l l  render proton 
decay unobservab le  but ,  due to the presence of the new d i agram mediat i ng 
proton decay i n  F i g . 7 . 1 , thi s i s  not necessari l y  so ( see next section ) . 

The renorma l i sati on of quark and l epton ma sses i s  a l so sens i t i ve to 
the change i n  the u n i f i cati on sca l e .  I t  a l so requi res eva l uation o f  a n  
addi ti ona l contri bution to the anoma l ous dimensi on comi ng from gaugi no 
contributi ons to the  wave function  renorma l i sat ion . These g i ve 

8 
9 

( 7 . 4 )  

wh i ch when compared t o  t h e  SU( 5 )  predi ctions o f  eq . ( 4 . 7 )  g i ves ( keep i ng 
the dom i nant SU ( 3 )  correcti ons only)  

"3( µ) t ] 
a3(My) SUSY 

x ----��--� 
( 7 .  5 )  

mi n ima l  SU ( 5)] j 
I n  eva l ua t i ng th i s  equa tion there a re two compet i ng correct ions . S i nce  
a3( µ) (SUSY) varies  more s l owl y than  a3( µ) (mi nimal SU ( 5)) we expect 
a sma l l er enhancement of mb . On the o ther hand the add i ti ona l contr i but ion  
to  the  anoma l ous  d imens i on i n  supersymmetry enhances the  change i n  mb . 
Tog ether , remarkably, the change i n  the SU ( 5 ) pred i ct ion i s  very sma l l , 
l ess than 1 0%.  

7 . 2 .  Nucl eon decay in  the min ima l  SU( 5) SUSY -GUT 

The fact that Mx i s  a pproxima tely 20 times the va l ue obtai ned i n  

convent ional SU ( 5) a t  fi rst s i ght suggests proton decay wi l l  b e  s o  s l ow 
a s  to be i nv i s i b l e .  However th i s  i s  not the case for the mi nima l  s uper­
symmetric SU ( 5 ) theory for there are new contr i butions to proton decay com ing 
from the graph of F i g . 7 . l ( a )  i nvol v i n g  squarks and s l epton s . The reason these 
contributions domina te i s  because the dom i nant contr i but ion comes from a 
Born graph wi th a superheavy fermion exchanged and not ,  as was the case i n  
ordi nary SU ( 5 ) ,  through a boson exchang e .  T h e  fermion propaga tor ha s the 
form ( p+m) / ( p2+m2 ) a nd the dom i nant term comes from the p i ece proporti ona l 
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to m i n  the numera tor. As a res u l t th i s  contr i bution  i s  proporti ona l 

to � a nd not � 2 i n  amp l i tude .  I n  Fi g . 7 . 1  we s how the rel evant graph 

in tAe m i n ima l �odel  where the term propor t i o n a l  to m is s hown as a ma ss  

i n sert i o n .  I n  Fi g . 7 . 1  we s h ow that th i s  contr i bution  comes from the 

exchange of the col oured ferm i o n s  in  the H i gg s  mul ti pl ets , wi th the mass  

i ns erti on connecti ng H 1 and H 2 . Because  the Higgs  coupl e preferenti a l l y 

to heavy s ta tes the dom i na nt decay modes a re ( depend i ng on the m i x i ng angl e 

of the top quark)  e i ther to ( v  + s trange) or ( v  + s trange ) . C harged 
µ p 

l epton decay modes are s uppressed 

B ( v
µ 

s trange) 

B { µ+ + s tra nge)  

. 2 mcs r n  8 2 
= ( ---) � 1 uo 

m n 

( 7 . 6 )  

Non-strange modes are suppressed too , but by a sma l l er fac tor 

B ( vµ or Tnon-strange)  

O ( s i n2e o (l..) ) 0 ( 7 .  7 )  B ( v
µ T stra nge) 1 0 

or 

T h e  expected rate for p + 
- + \I K IJ i s  ( us i ng SU ( 6 )  for the s p i n-f l a vour wa ve 

( 7 . 8 )  

where b0 i s  determi ned by t h e  l oo p  i ntegra l i n  F i g . 7 . l ( b )  wh i c h  thro ' 1·1i no 

exchange turns 

where 

squarks and s l eptons i nto q uarks  and l eptons 
2 2 g2 mW (�) [ f ( mq, 

mq, 
mw- ) + f ( mq, me, mi:; )] • ( 7 . 9 )  

( 7  . 1 0 )  

Here mW i s  t h e  W i no Maj ora na ma s s  ( i t  a l s o  h a s  a D i rac ma s s  Mw ) ,  and 

MHx is the H i ggs t r i p l et ma s s . '"w is unknown . I n  some model s there 

is a symmetry wh i c h  ens ures mW = 0 , but i n  th i s  ca s e  the g l u i nos  and 

the phot i no are mas s l es s  wh i c h  may a l ready be rul ed out . I n  s upergra v i ty 

mode l s  the gauginos  can acqu i re a ma s s  a t  tree l evel  a nd for them the 

na tura l ma gni tude for mw i s  > O ( Mw ) .  I n  eq ( 7  s ) ,  A i s  the enhancement 

factor com i ng from summ i n g  the l arge l ogar i thmi c correc t i ons  from gauge 

l oop correc t i o n s  
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A 
a3( l Gev )  

----) a3 ( mc ) 

a3 (mt) 
) 2/7 ( a3(Mw) 

A i s ,,, 1 5  wi th the parameters chosen as i n  sect ion ( 4 . 1 ) .  For 
MH = Mx and 'P � 1 031 years cons i stency wi th eq( 7 . 8 )  requ i res that 

x 
bo � i x 10-8Gev-l ( 7  . 1 2 )  

b0 i s  g� ven i n  eq( 7 . 9) and for mq , m1 > >  mw means 

mw 5 l < 1 0- Gev -;;-2 
q 

wi th the natural choice for "W 
l im i t  m > 3 Tev q 

( 7  . 1 3 ) 

O {Mw ) ,  'p > 1 0 1 1 years i mpl i es the 

(7 . 1 4 ) 

The current experi mental l im i t  on p � v K+ or n � vK0 i s  Tp> 0 . 6x l o31 

years . 

7 . 3 . The spectrum of new s tates 

The most di rect test of supersymmetry is to observe d irectly one of 
the many new s ta tes pred i c ted by the theory . I n  section ( 6 . 1 ) we i ntroduced 
the mul t i p l ets needed to bui l d  the bas i c  ( SU ( 3 ) xSU( 2 ) xU ( l ) ) x ( N=l  s upersyrnnetry) 
model . The vari ous Grand Un if ied versions of the theory a l l  have thi s l ow 
energy s tructure, wi th the pos s i b l e  addi t ion of a l i ght  s i ng l et fi el d .  I n  

fact most o f  the supersymmetri c model s  that have been consi dered, whether 
g l obal or l oca l ,  have the same l ow energy spectrum. Wha t  di ffers between 
various model s  i s  the pattern of masses . I n  mos t model s there i s  a 
mu lt i p l i cative  R pari ty conserved , where R i s  + l for conventi onal hadrons 
and -1  for the new supersymmetri c s ta tes . Thus these s ta tes may only  be 
produced in pa i rs and once produced a new supersymmetric s ta te wi l l  u l tim,3 te ly  
decay i nto the  l i ghtest such  s tate .  Thei r decay patterns wi  1 1  thus  depend 
sensi ti vely on the i denti ty of the l i ghtes t state . I n  th i s  section we wi l l  
try to di scuss the pos s i b l e  mass s pectra and characteri st ic  s i gna l s  for the 
new s tates for a genera l class of possi b l e  model . 

The s ta tes of Tab l e  6 . 2  i n  add i t i on to the usual  ones of the s tandard 
model , nave squarks and s l eptons , the sca l a r  supersymmetric  partners of 
q uarks and l eptons 1 gaug i nos , the fermion partners of the gauqe bosons and 
H i gg s i nos , the fermion partners of the H i ggs sca l ars . Al so there is non-mi nimal 
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H i ggs  structu re so there wi l l  be , after s pontaneous symmetry breakdown , two 
res i dual charged H i ggs  and th ree neutra l  H i ggs scal ars . I n  addi t i on mode l s  
of s pontaneous l y  broken g l obal s upersymmetry neces sari ly have a mas s l es s  
ferm i on ,  t h e  gol dst<ino , ari s i ng from t h e  ana l ogous mechan i sm t o  the Gol dstone 
theorem for brea k i ng ord i na ry conti nuous symmetri es . 

I ts  coupl i ng eq t� other fi e l ds i s  determi ned by the brea k i ng sca l e  
o f  s upersymmetry ASUSY 

where 
L\rn2 = ( sca l a r  mas s ) 2 - ( fermion mas s ) 2 

( 7 . 1 5 ) 

a nd the - and + refers to LH or RH fermi ons respecti ve l y .  
I f  the g l obal s upersymme try i s  made l oca l then the gol s t i no becomes 

the : � components of the s p i n  4 grav i ti no ,  wh i ch devel ons a mass;  
2 

A SUSY • 

P-1 P l anck 
The squarks and s l eptons 

Squarks and s l eptons have the same quantum numbers as thei r fermion 
partners . Thei r SU ( 2 ) xU ( l )  i nteractions  both w i th the gauge bosons and 
gaug i nos are g i ven expl i ci tl y  in eqs ( 6 . 7 )  and ( 6 . 8 ) , and the SU ( 3) c 
i nteractions a re stra i ghtforward genera l i sations of th i s .  

The mos t di rec t way to l oo k  for these new scalar  s tates i s  to pai r 

produce them v i a  thei r el ectromagnet i c  i �terac t ion .  They have been 
l oo ked for in the process e+e-

+ q� or 11 . Each real scalar has one degree 
of freedom compared to the four for a D i rac s p i nor  so the resu l t of thi s 
ca l cu l a ti on i s  that a cha rged ( compl ex )  sca l a r  s tate contri butes � that of 
i ts fermion partner . The s l eptons a re expected to decay v i a  

l + x + 1 • ( 7 .  1 7) 

where X may be the phot i n o ,  gravi t i no or h i g gs i no .  Thus the genera l 
process i s  

e+e- -+ i+l- ( 7 . 18) 
+ l +l - + 2)( . 

The current experimental bound on th i s  process p l aces a l ower l i mi t on the 
s l epton mas s  of about 1 3  Gev if the s tate )iC is mas s l es s  or nearl y  s o .  

The squarks decay v i a  

q + x + q ( 7 . 1 9) 
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where X wi l l  be predom i nantly a g l u i no i f  i t  i s  l i gh t ,  otherwi s e  a photi no ,, 

grav i ti no or h i ggs ino .  I n  the former case the  g l u i no wi l l  subsequentl y  

decay t o  a g l uon pl us a photino ,  gravi t ino  o r  h i ggs ino . Beca use thi s 

process i s  not so c l ear  the bounds obtai ned for the squark mass are not so 

s tri ngent , mq � 1 0  Gev . 

There are many other processes sens i t i ve to squarks tha t have been 

i nvesti gated for any process i nvol v i ng quarks wi l l  have i ts anal ogue 

i nvol v i ng squarks . For exampl e  in deep i nel asti c s catteri ng squarks and 

g l u i nos wi l l  be produced by a vi rtual photon or W boson i f  k i nemati ca l ly 

poss i b l e .  Est imates of th i s  process show tha t the squark contri bution to 

el ectroproducti on wi l l  be 1 6% of the tota l c ross secti on at very h i gh 

momentum transfers . Another potenti a l l y  i nteresti ng process i s  

W -+ ev, Z -+ ee . We w i  1 1  not attempt a revi ew o f  these vari DUS predi cti ons 

here but refer the i nterested reader to the revi ews in the B i b l i ography . 

What i s  the expectat ion for squark and s l epton masses? One pri nc i pa l  

mot i vat ion for supersymmetry was as a sol uti on t o  t h e  h i erarchy prob l em 

whi ch bas i ca l l y  i s  that the natural mass sca l e  for s ca l a r  sta tes i s  tha t of 

the heaviest state i n  the theory .  Supersymmetry provi des a reason why there 

shou l d  be l i ght scalar s tates but once s upersyITTTietry is broken the natura l  

sca l e  for the mass o f  the scal ars i s  as l arge as pos s i bl e , i . e . ,of the order of 

the supersymmetry brea k i ng sca l e .  (..,< l  Tev) I n  model s wi th a l a rge s ca l e  

of supersymmetry brea k i ng gravi ty coup l es uni versal ly t o  a l l  scal ars a n d  gi ves 

them a tree l evel mass of O (m31 2 � 1 Tev ) . Rad iat ive correct ions from gauge 

coupl i ngs i ncrease thi s ma ss so squarks are heavier than sl eptons . Mode l s  

wi th a l ower sca l e  o f  supersymmetry brea k i ng rely o n  gauge a n d  Y ukawa 

coupl i ngs to transfer the symmetry brea k i ng to the l i ght sector .  I n  th i s  

case to the squarks are usua l l y  heavier as they coupl e  v ia  the s trong 

i nteractions . The s l eptons ca n be qu ite l i ght .  Mode l s  wi th a l ow sca l e  

of s upersymmetry brea k i ng may i nduce only sma l l  radiati ve mas ses for squarks 

and s l eptons , but in the m in ima l  model the ma ss spectrum is unacceptab le  

and  requi res addi ti onal Abel i an factors i n  the  gauge group . 

Ga ugi nos and H i ggsi nos 

The new J=� fermi on s tates in the theory are the gauge bosons partners , 

the gaugi nos and the fermi on partners of the H i ggs s ca lars ,  the H i ggs i nos . 

These a re expected to conta i n  the l i ghtest new supersyITTTietri c states , but 

di fferent mode l s  have di fferent states as the l i ghtest ones . 

The charged states are w�. H�L ' WL , HzL · They wi l l  mi x wi th the mos t 

genera l form of the mass matri x 

( 7 .  20 ) 
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M2 i s  a Maj orana gaug i n o  mass which  may be anyth i ng i n  the range 
< 0 ( 1 Tev ) . E i s  a H i ggsi no ma ss wh ich  i n  many mode l s  i s  expected 
to be very sma l l .  The mass ma tri x i s  di agonal i s ed w i th ma ss ei gensta tes 
x:!: 

1 , 2  
� + w+ case+ 

�+ s i ne x,  H 1 + 
�+ X2 

N
+ -tW s i n  �+ e+ + H l cose+ 

,, _  i:t ,.,_ 

( 7 .  2 1 ) X 1 cos e H 2 s i ne 

x2 +W s i ne + 

-
H2 case 

In the l i mi t M2 , c +O ,  then 8
+

=0 , 8_= .;! and the ma ss __ eigenstates are 
.... + ,..,

-Di rac fermi ons ie they a re the states (w , h2 ) and 
..J _  ,.... + ( W  , H 1 ) wi th ma sses g2v2 and g2v1 respecti ve l y .  

.....+ 
_, _ 

I n  the l i mi t M2 l arge , E2 0 ,  the mass ei gens tates are (W , W ) and 
(J _ "+ . g2 v v H 2 , H 1 ) wi th masses M2 , __ l _2 respect ive ly .  

M2 
I n  both ca ses and for most ranges of parameters we have a new charged 

fermi on  x± wi th ma ss mx ±< mw 
The neutral sector i s  even more compl i cated for there are four neutral 

s upersymmetr i c  fermions whi ch  can mi x .  Thi s mass matri x i s  

0 

0 5 al 
3 rt�2 

-g2v1 g i' "1 
2 2 

g2y2 g 1 v1 
2 2 

Aga i n  thi s must be d i agona l i zed .  
the mass ei gens tates are 

-' 3  --' o g 1 W +g2B 

g2
1 

2 
+ g2 

1 19 

I n  the 

m� ; 
"( 

-g2v'1 
2 

g l yl --z 

0 

l imi t M2 , r.-> O 

8 
3 

2 g l 
g2+g2 1 2 

m<:o - m t+ - t0 

g 2112 W-3 
2 

g l V2 80 ,-

Ho 
1 

0 -o H 2 
( 7 .  2z) 
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50 
" o  __,o 2v1 V2 V2H 1 +>/1H 2 m50 --z- c ' 

v v 

where �o �o 
·P,o v l H l -v2H 2 ( 7 . 23 )  

-
v 

a nd v 
vi+� 

I n  the l i mi t M2 l arge , c  sma l l  A0 and S0 are mas s  e i gensta tes together wi th 
w5 and B 0 .  

I n  genera l the two l i ghtest neutral fermions are l i gh ter than the 
l i ghtest charged fermi on .  

Thus  the  expecta t i on i s  tha t there shou l d  be new fermion  s ta tes 
X±:x0 , X 'O wi th mass l es s ,  and  often much l ess than the W boson . Th is  l eads 
to i nteres t i ng new decay poss i b i l i ti es for the W boson wh i ch may be used to 
l ook for these sta tes 

w± - x ± + X° 
L XO+ ( 7 . 24) 

w± + x� + x ' 0 
x0+ ( vv , £

+
£- or qq )  

x0+ ( ev , µv , Tv or qq ) .  

The rate for these events depends on the unknown pa rameters i n  the mass 
matri ces eq . ( 7 . 20 )  and ( 7 . 22 ) .  For a l arge range of these parameters the 
rate is cl ose to that for w±+ e$ decays . 

These events have character i s t i c  patterns and can be d i st i ngui shed 
from heavy l epton production by forward backward asymmetry mea surement . 

S imi lar ly  there are new decay modes for the � .  eg 

� - xo 'xo '  
�x0 + ( vv . £

+
£- o r  qq )  

x0 + ( vv , £
+

£- or  qq ) . 

( 7 . 2 5) 

We do not have t ime to di scuss i n  fu l l  these and other poss i b l e  s i gna l s  for 
these new fermoni c s ta tes . They shou l d  be readi ly produced and observpd 
once the threshol d  for the i r  producti on is passed and the l i kl i hood i s  that 
th i s  thresho l d  shou l d  be l ess than Mw . 
H i ggs scal ars 

A l though H i ggs scal ars are a l s o expected i n  non-supersymmetri c model s ,  
a s  we saw i n  secti on ( 6 . 1 ) ,  supersymmetry requ i res a t  l east two doubl et�. of 
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H i ggs sca l ars . As a res u l t  there shou l d  be,  after spontaneous symmetry 

breakdown, two res i dua l charged H i ggs and three neutra l  H i ggs sca l ars , a 

much ri cher structure than i n  the standard model . These are g i ven i n  

Tabl e  7 . 1  wi th the i r  expected masses and characteri sti c coup l i ngs . 

Note there i s  expected a very l i ght neutral  pseudosca l a r  H i ggs , a , coup l i ng 

more to charge - { quarks . As s hown i n  Tab l e  7 . 1  a i s  made up of the 

" uneaten " pseudosca lar  components n 1 and n2 of H 1 and H2 . 

Tab l e  7 . 1 . H i ggs scalar states . \ i s  a Yukawa coupl i ng expected to be much 

sma l l er than g2 . 

s ca l a r  state Mass Characteri sti cs 
------------------------ - --- ------

( a )  

F i g .  7 .  1 .  

2 2 4\ v2 + . . .  

2 2 2 ( l / 2 ) { g2+g1 ) v  + . . .  

few Gev? 

( l / 2 ) g2v2+ . . .  
2 

I = l / 2 ,ma i nly  coupl ed to 
charge - 1 / 3 quarks 

l = l / 2 ,  ma i n ly coupl ed to 
charge + 2/3 quarks 

pseudosca lar  coupl i n g ,  l arger 
for charge- 1 / 3  quarks 

conventi onal charged H i ggs 
boson 

��_vL 
I 

� :  
I 

� �Cf_  
( b) 

( a )  Leadi n g  baryon number graph i n  mi ni ma l  s upersynmetri c SU ( 5)  

{ b )  Gaug i no exchange l eadi ng to baryon number four fermion operator 

from the Born graph of F i g . 7 . l ( a ) .  

Appendi x  

Fermi ons i n  Grand Un i f i ed Theories  are most conven i ently descr i bed i n  

terms o f  hel i c i ty states. Under the Lorentz group � trans form as  

(Al ) 

where 

{A2 )  
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S i nce oµv commutes wi th y5 thi s transformation  does not mi x s ta tes of 
di fferent hel i c i ty .  Def i ne l eft ( r i g h t )  handed hel i c i ty s ta te •Jt( R) 

tJ!L =W -Y5 )tJ! (A3 )  
tJ!R =W+Y5 ) tJ! . 

Then lj!L ( R )  transform i ndependently under a Lorentz tra ns formation .  
It  i s  mos t  conveni ent when deal i ng wi th hel i c i ty s ta tes to  use the 

chi ral (Weyl ) representat ion for y ma tri ces 

Y o = (_� -
:) , � =(_o� �J 

where are the 2x2 Pau l i ma tri ces, 

( A4 )  

They obey 

(A5 ) 

Now 1)1_ and � are two component s p i nors corres pondi ng to the upper two a nd 
l ower two i nd i ces of the D i rac s p i norlj! ( ijJ= (� L ) ) .  These are Weyl s p i nors 
and we wi l l  fi nd them useful in bui l di ng un i f�ed theor i e s .  For rotat i ons 
in thi s representati on eq ( P l )  g i ves 

i.Z· w 
\ ( R )  e 

Boosts i n  t h i s  bas i s  are 

\ ( R )  
Charge conj ugation 

(A6) 

(A7) 

2 * transforms as Under a Lorentz trans forma ti on the comb i nat ion o ljJ 
2 * 2 * * L 

: 1  ·rL _, � \ v ·L 

2 * 2 2 * \ c er l/JL 
2 * 

= SR '1 lj!L ' ( AB )  

where the  star denotes comp l ex conj ugat ion  and we  have  used the  property of  
Paul i ma tri ces 

to s how 

2 i 2 n (''i ,; ::: i * 

' t* -> 
o 2 S a 2 

= e --2- . (W- i ;Ji 
L * Eq . ( AS )  s hows thato21j!L trans forms a s  ( 0 , � ) , 

S i mi l arly o21j!; transforms a s  ( � .O ) a s  a l eft 
group S L ( 2 , 6 J . 

(A9)  

( Al O )  

i . e . ,  as  a r i ght handed s p i no r .  
handed s p i  nor under the Lorentz 

Thus when wri t i ng the sta tes in our theory we may use the l eft and right 
handed components of  a mas s i ve ferm1on or we may use the above trans forma ti ons 
to expres s a l l  components as l eft handed or ri ght handed . T h i s  we wi l l  fi nd 
useful i n  constructi ng Grand Uni fi ed Theori es . We wi l l  adopt the usual  nota tion 
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( A.l l )  

where l)Jc i s  the charge conj ugate s p i n o r  a n d  eq . ( A� l )  defi nes the opera t i o n  of 
c h a rge conj uga t i on . 

Ferm i on Masses 

I t  is  now easy to bu i l d  i n va r i a n t s  u s i ng these represen t a t i ons of the 
Lorentz g ro u p .  For examp l e  if XL and ljJL a r e  two s p i nors transfo rm i ng as  
( � , O )  then under a Lorentz transfo rma t i o n  the q u a n t i ty XL

T
o

2 
l)JL i s  i nva r i a n t 

T 2 T T 2 
XL a ljJL +xL \ a \ ljJL 

T 2 2 T 2 =xL a 0 S L 0 S L ljJL 

T 2 =xL 0 1)J2 ' 

where we have used eq. ( A . 1 0 ) a nd the hermi t i c i ty of the P a u l i 
2 * th " . . . " ( * ) T 2 . T 

XL =o ljJR i s  i n vari a n t  i s  i Oz ljJR a ljJL - i ljJR ljJL . 

I n 4  component nota t i o n  th i s  i s  the fami l i a r  D i rac ma ss term 

l)!R + l)JL +ljJL + l)JR = 1jJ + yo
ljJ °' 41 0' • 

( A . 1 2 ) 

r· atri ces . 
( A . 1 3 )  

( A . 1 4 )  

W i t h 

However eq.( A . 1 2 )  shows us there i s  a further pos s i b i l i ty fo r a mass term for 
. f  h t h  L t . . t t " t  T 2 c i XL = ljJL we ave e oren z i nv a r i a n  quan i y . ljJL a l)JL = l)JL l)JL" ( A . 1 5 ) 

T h i s  i s  known as a Majorana mass term . I t  i s  not i n v a r i a n t  under a n  
U ( l )  transforma t i on ljJL-> e i "111L a n d  s o  a ny quan tum number ca rri ed by ljJL , 
s u c h  as charge,  l epton numb e r ,  i s  broken i f  �L has a Majorana mas s .  
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