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We have built a renormalizable U (1)y model with a ¥ (18) x Z, symmetry, whose spontaneous
breaking yields the observed standard model (SM) fermion masses and fermionic mixing param-
eters. The tiny masses of the light active neutrinos are produced by the type I seesaw mechanism
mediated by very heavy right-handed Majorana neutrinos. To the best of our knowledge, this
model is the first implementation of the X (18) flavor symmetry in a renormalizable U(1)y
model. Our model allows a successful fit for the SM fermion masses, fermionic mixing angles,
and CP phases for both quark and lepton sectors. The obtained values for the physical observ-
ables of both quark and lepton sectors are in accordance with the experimental data. We obtain
an effective neutrino mass parameter of (m,.) = 1.51 x 1073 eV for normal ordering (NO) and
(me.) = 4.88 x 1072 eV for inverted ordering (I0), which are well consistent with the recent
experimental limits on neutrinoless double beta decay.

Subject Index B40, B52, B54, B55

1. Introduction

In recent years neutrino oscillation experiments have confirmed that the leptonic mixing angles and
neutrino mass squared differences measured with high precision require us to extend the standard
model (SM) to successfully explain the current pattern of lepton masses and mixing angles. Among
the possible extensions of the SM, the versions with an extra U(1)y gauge symmetry [1-24] are
promising scenarios since the simplest possibility is to introduce three right-handed neutrinos that
we need to incorporate the neutrino masses in the SM. In this type of model many phenomena are
explained, including neutrino masses [10—13], dark matter [13—19], the muon anomalous magnetic
moment [20], inflation [21], leptogenesis [22,23], and gravitational wave radiation [24]; however,
the most minimal versions of the U (1) y models do not include a description of SM fermion masses
and mixings.

In order to explain the pattern of fermion masses and mixings, many extensions of the SM have been
proposed with the inclusion of non-Abelian discrete groups. These have brought many outstanding
advantages; see, for instance, S3 [25-46], T’ [47-52], D4 [53-59], Q¢ [60-68], A4 [69-88], Og [89],
etc. However, there are substantial differences between our present work and others since in most
of the previous works the lepton and/or quark masses and mixings are generated (i) by the texture
zero mass matrices [25,89], (ii) via non-renormalizable terms [26-30,34-42,46—48,51,54,55,59,
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61,68-73,75-78,80-83,85,86,88], (iii) at loop levels [44,53,72,79,82], and (iv) by combining with
other gauge symmetries and/or supplementing other discrete symmetries [29,31-37,43,45,47,49,50,
52,56-58,60,74,77,84,87]. The U(1)p_1, extension of the SM based on S3, D4, and O has been
studied in Refs. [90-92], in which the fermion masses and mixings are obtained at the first order of
perturbation theory.

In this work, we propose a U(1)x renormalizable theory based on the X (18) flavor symmetry,
supplemented by the Z4 discrete group capable of reproducing the SM fermion masses and mixings
at tree level. We use the X (18) discrete group, since it is the simplest non-trivial group of the type
Y (2N?) with N = 3 which is isomorphic to (Z3 x Zy) X Zp. The £(18) discrete group has 18
elements which are divided into nine conjugacy classes and has nine irreducible representations: the
six singlets 140, 141, 142, 1o, 1_1, 12, and the three doublets 219, 220, and 251. The mathematical
properties of the ¥ (18) discrete group are discussed in detail in Ref. [93]. However, for convention,
we briefly present the tensor products of X (18) in Appendix A. The reason for adding the auxiliary
symmetry U(1)y was introduced in Ref. [94] in another, different, multi-Higgs model based on the
Ay discrete symmetry where the global U(1)x symmetry is softly broken in the scalar potential in
order to prevent the appearance of a Goldstone boson; thus, we do not further discuss this issue here.
We note that the X (18) symmetry has not been considered before in this type of model, and to the
best of our knowledge the model proposed in this work is the first implementation of the X (18)
flavor symmetry in a renormalizable U (1)y model.!

The layout of the remainder of the paper is as follows. In Sect. 2 we describe our proposed SM
extension by adding the U(1)y, X(18), and Z4 symmetries and considering an extended scalar
sector and right-handed Majorana neutrinos. In Sect. 3 we describe the implications of our model
in lepton masses and mixings. Section 4 deals with quark masses and mixings. The implications of
our model in K—K and B—B mixings are discussed in Sect. 5. The consequences of our model in
charged lepton flavor violation are analyzed in Sect. 6. We conclude in Sect. 7. A brief description
of the Clebsch—Gordan coefficients for the X (18) group is presented in Appendix A.

2. The model

The electroweak gauge group of the SM is supplemented by a X (18) x Z4 discrete symmetry and
a global symmetry U(1)y, where ¥z, Lig (i = 1,2,3) and ¢, ¢’ carry X = 1 while all other fields
have X = 0. In addition to the SM model particle content, three right-handed neutrinos (vig, Vyr)
and one SU(2); doublet ¢ with X = 0, assigned as 219, two SU(2); doublets ¢, ¢’ with X = 1,
respectively put in 1_¢ and 250 under X (18), and two SU (2) singlets x, p with X = 0, respectively
put in 219 and 14; under X (18), are introduced. The particle content of the model is summarized in
Tables 1 and 2.

The charged lepton masses can arise from the couplings of V(1 4)1./(1.)r to scalars, and the neutrino
masses are generated by the couplings of 1/_/(1,0()LV(1,0,)R and Dfl’a) V(LR to scalars; quark masses
can arise from couplings of Qs 3)Lu(s3)r and Qg 3).ds,3)r to scalars. Under G symmetry these
couplings are summarized in Table 3.

! In this model, fermion masses and mixing angles are generated from renormalizable Yukawa interactions.
The non-Abelian discrete groups S3, 77, Q4, D4, O contain one- and two-dimensional representations; however,
their singlet/doublet components are combined in different ways. Furthermore, ¥ (18) contains three two-
dimensional representations, 2,9, 229, 251, Where 2§, = 2,9 and 25, = 2, while 25, is a real representation
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Table 1. Fermion assignments under the symmetry SU(2), x U(l)y x U(1)y x X(18) x Z; = G. Here,
a=23and 8 =1,2.

Fields YL VoL Lir Lok ViR VaRr QﬂL Os; Ugr UsR dﬂR dip

SUQ2); 2 2 1 1 1 1 2 2 1 1 1 1
Uy -1 -1 -2 -2 0 0 % % ‘3—‘ ‘3—‘ —% —%
U(l)y 1 1 1 1 0 0 0 0 0 0 0 0
%(138) Lo 210 1 2y L 210 210 12 250 L 25 Lo
Z4 i i i i i i —i i —i i —i i

Table 2. Scalar assignments under G symmetry.

Fields H 10} ¢’ % ¢’ X P
SUQ2), 2 2 2 2 2 1 1
UQ)y 1 1 1 —1 —1 0 0
Uy 0 0 0 1 1 0 0
X(18) 1o 210 210 1o 250 210 1
Zy 1 1 —1 1 1 —1 —1

Table 3. List of couplings which can give masses to the fermions.

Couplings  [SU(2),, U(1)y, U(l)x, £(18),Z4]

EILZIR (2,—1,0,l+], 1)

EILZQR (2’ _19092215 1)

¥, lik (2,-1,0,25,1)

Valw  (2-1,0,1, @1, ®2,1)
Eu”m (2,1,-1,1,,,1)

ViLVar (2,1,—1,210,1)

VarVir (2’ L,-1,2, 1)

EQLUQR (2’1’_1»l+0 @1, 69221’1)
VS RViR (1,0,0,1,,,—1)

VS eVar (1,0,0,2,,,—1)

Ve RVIR (1,0, 0,221,—1)

Vo R Var (1,0, 0,1 &1 ,®2,,, 1)
QﬁLuﬁR (2’ 1,0, l+2 + 172 + 2]0’ 1)
gmuﬂ (2, 1,0,210,—1)

Q3LuﬂR (2, 1,0,210,—1)

Q5 U3 (2,1,0,l+2,1)

QﬁLdﬁR (2’ _1905l+l +lfl + 220’ 1)
04, dsr (2,-1,0,2,, —1)

Q3LdﬂR (2, —1,0,;20,—1)

O5,.d3r (2,—1,0,l+1, 1)

together with its tensor products presented in Appendix A, giving the ¥ (18) group some advantages compared
to the other discrete groups. Our proposed model is completely different from previous works.
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In order to generate all SM fermion masses, we introduce seven scalars as shown in Table 2, where
H, ¢, and ¢’ give the charged lepton and quark masses, whereas ¢, ¢’ are responsible for generating
the Dirac mass terms and x, p yield the Majorana mass terms. The Yukawa interactions for leptons
and quarks invariant under all the symmetries of the model are:?

— L = Mg + hy (Vatlar),, H + 13 (Varlar),,, ¢

220

+ % (‘/_faLVaR)l70 ©+ %‘/}IL ((p,VaR)lH) + % (JfaL(pl)lH VIR

- 2 3
+ y?(vale)lH,O + %(USRUaR)lHP* + %(VSRVaR);ZOX +Hec, (1)

—Ly = hlu(QﬁL”ﬂR)l+zﬁ + hZu(Q?)LITI)l_H)LBR + h3u(QﬁLuﬂR)gm$
+ h4u(QﬁLu3R);m$’ + hSu(Q3LU/3R);10$/
+ hld(QﬂLdﬂR)LHH + h2d(Q3LH)l+od3R + h3q(OpLdpr)2,,$
+ haa(Oprd3r) 2,9 + hsa(O31dpr)2, ¢’ + H.c. )

It is important to note that the U(1)x and X (18) symmetries forbid some Yukawa interactions,
thus giving rise to the desired textures for the lepton and quark sectors as shown in Egs. (32),
(34), and (75), and this is an interesting feature of these symmetries. For instance, for the known
scalars in Table 2, in the charged lepton sector the interactions (¥ 1;11r)¢, (V17 lar)®s (Vo1 1R,
(Wl 1lar)H, and (WaLll r)H are forbidden by the X (18) symmetry; in the neutrino sector the
interactions (1, ViR)@, (Y 1v1R)¢"s (W1var)®s W arViR)@, (W arVar)®'s VSpviR) X, (Vpvar) X,
(WS rVIR) X» (Vigvar)p, and (vgpvig)pe are forbidden by the X (18) symmetry; and in the quark
sector (Q/SLLBR)F[, (Q3Lu/3R)ﬁa (QﬁLu3R)$» (QSL“/BR)%» (Oprdsr)H, (O31dgr)H, (Oprd3r)d, and
(Q31dpr)¢ are prevented by the = (18) symmetry, whereas the interactions (¥, ; lar)@’, (Vo1 Var)®,
W1.var)bs (FurviR)®, (Oprusp)e’, and (Oprd3p)@ are prevented by the U(1)y symmetry.

In order to generate the observed pattern of SM fermion masses and mixing angles from the potential
minimization condition, we consider the following vacuum expectation value (VEV) configuration
for the scalar fields:

<H>=< 0 ) (@) = ($1) (62)), <¢,->=<3> i =1,2),

VH

no__ / / I\ 0 _ Vo
(¢7) = ((&1) (o1)), (91) = ( ¥ ) {9) —( 0 )

(@) = (e}) (91)), (o)) = ( e ) (X) =0 (x2)), x2)=vy, (p)=vp. ()

In order to prove that the scalar fields with the VEV alignments as chosen in Eq. (3) are obtained
from the minimization condition of Vi, in Appendix B, we set

—_— _/ —_— —_— —_— —_—
Vgl = Vg =V, Vgl =V =V, Vy =0, vy, = vy, 4)

* / *

* * * * *
Vi = VH, VI =VI, V3 =V, V=V, V=V, Vo =V, Vy =Vy, V=V, (5)

2 Here, 35, 5’, and H are respectively the complex conjugate fields of ¢, ¢', and H, i.e. 5 = io¢* =
(@) —p)T ~[2,—1,0,25, 11, ¢" ~ [2,—1,0,2,y, =11, H ~ [2,—1,0,1,,1].

s —+1>°
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which leads to

2 2
0 Vtotal _ ol Vtotal

8Vtotal _ aVtotal

/
8\/* 8\/‘ av*z - 8\}2 (Vj = VHavlzvzav ,V(p,v(p’,VX,Vp), (6)
J J J J
and the minimization conditions of Vi, become
3 Votal d 2 Viotal /
av :0: 8 2 > 0 (vj :VH9V17V2,V,thavzp’,vx,vp)- (7)
i Vi

J

Furthermore, for simplicity and without loss of generality, we consider the following benchmark
point of the Yukawa couplings:

M=ag ==t af = =l =7 af =g =y = ®
Wo=af =L =ax, A0 =000 =00 a0l = e, )
pHE = HET G HE 31O jHY M Z jHe oy Hy, (10)
AV A G X e e s an
0O 29 08 00 08 300 e a0 0 _ 00, (12)
k‘f‘”/ _ A?"’/ _ kgﬁw’ _ Afw/ _ k?w’ _ A?fﬂ _ AW/, (13)
S T T R Y ) 0
W0 a0 Zae, a0V 28 g 20 Sl 20— e (15)
NETET LI | ST LDy £ S VA UL LSSy LSS LA) (16)
)\’glogz}’ _ Af“’, — 2 M =80 = 39X WP =000 =)0, (17)
7 =i = = = = 09
MR = A, g =8 = e, = e 19)
)\qﬂw’ _ )gm)/ — )Hee' )\{M’X _ )éﬂbx — )Hex, )\Txp’xp _ Agw’xp — 0 (20)

The expressions of the scalar potential minimum equations in Eq. (7) thus reduce to the expressions
in Appendix C, in which the system of Egs. (C.1)—(C.8) always have the solution

. Pr = Py e
201 — v2)(2v} + viva + 2V 2(vi — v2)2vi + vivy +2v3)
)\W:—ﬁ—%a w:_ﬁ_“;’ o ,3<p’3, ,\x:_ﬁ_g, )J’:_lg—g, (22)
12v 2v(p 24v¢/ 4VX 0
L H$ B (23)

- 2(2\/‘1t + v%vz — vlvg — ng)vl_]’
where Bo (© = H, ¢, ¢, ¢0,¢’, x, p) and Bry are defined in Appendix D.
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120z Jlequisidag g| uo Jasn Mayjoljqigiesiuaz-AS3d Ad 0421 2£9/209€80/8/1 20z/el01e/deid/woo dno-ojwepeoe//:sdiy wolj pepeojumod



PTEP 2021, 083B02 V. V. Vien et al.

We will show that, with Lo and Agg in Egs. (21)—(23), there exist Yukawa couplings such that the
expressions in Eq. (7) always give the solution as chosen in Eq. (3). For instance, for the benchmark

v =100V, v, =v,=1725x 10" eV, (24)
vg =V =v, =vy = = 1.5x 10"V, (25)
WH = [y = [y = Py = [y = Jy = o = 10%eV, (26)
A — s He _ 3 He' _ 309" _ 390 _ 09" _ 509

= AP =\ = ) Hx = \Hp = ), APOxP — \HOY _ 5z (27)
APX = p B0 = )X = Z X = (P = p 0 = )P U = )PP = e =y, (28)

the expressions in Eq. (7) are always satisfied in the case of A < 0, A < 0, and A* < 0, for example
M7 e (—=1073,—107°) as shown in Fig. 1.> Therefore, the VEV alignments in Eq. (3) are the
natural solution of the potential minimum condition.

In models with more than one SU(2); Higgs doublet, as in the present model, flavor-changing
neutral current (FCNC) processes exist; however, they can be suppressed by adding discrete symme-
tries as presented in Refs. [90,95-101]. In addition, the large amount of parametric freedom allows
us to find a suitable region of parameter space where these FCNC processes can be suppressed. A
numerical analysis of the FCNC, along with other phenomenological aspects in a multi-Higgs dou-
blet model with the D4 discrete symmetry is presented in Ref. [59]. The implications of our model
for the FCNC interactions are discussed in Sect. 4.

3. Lepton masses and mixings

From the lepton Yukawa terms given by Eq. (1) and the tensor product of X (18) in Appendix A, we
can rewrite the Yukawa interactions in the lepton sector:

—LY = myiLHOR + hy (V2 Hbg + Y3 Hsg) + hs (Vardolar + ¥315r)
X1 , - - X2 /< / N /
+ > (Warvar — Y3Lv3r) @ + > (V1L@1var + Y195 V3R)
X3 /- / 7 /
+5 (V2r@ivir + ¥3L9 VIR)
Y1, ¢ Y2 ¢ -c * Y3 o _¢ -c
+ E(VlRVIR),O + ?(VZRWR + V3pv2R)p” + E(VzRXIVZR + V3rx2v3r) +H.c.  (29)

With the help of Eq. (3), we get the mass terms for leptons as follows:

mass 7 7 7 7 -
—Liep . =hivahihr + hove (brlr + BLB3R) + h3(v2laplag + vizelar)
X1Vg _ X1V _ X2V _ X2V _
+ TVZLVZR — TV3LV3R + Vi V2R + VILV3R
X3Vy _ X3V _ Y1iVp _,
+ V2LVIR + V3LVIR + Tlele
3 Here we have used the notations 82 = “Yaal 82 = PVew 52 = Ve 52 = Vo 52 = PVl
vH T e v Pt T e Y T g2 2T T g
2 — azVtotal 2 — BZtha] 2 — a2vtotal
SV(p’ - 3\/‘;, > 5")( 0y ’3"0 T
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W 65, = 12107
B & =24n10%

& &, =640x10"
B 62 =123x10%
B & =183x107
W &5 =242<107

- - 0
W&, =35x10

W&, =aTx10"

g B =ssan® B & =301x10
Bho B 6, =7.0x100 B & =380x10%
B o =atu10i W & = a19i0®
d 6% = 12107 W 5% = 15x10%®
B 6} =22.10% 52 =28x10%
| &% = 23x10® W 5L =42«10%
pr | & =4.3x10%® I W 52 =56x10"
A = . £2
W 6% =54x10% B 52 = 69x10®
2 5L =83k
I 5%, =65=10" E ‘5;' A mi
W 52 = 75x10% W 5, = 8710
1
[+ 55@) =891x10" E 5; =1.4x10%
s - 2
B 6, = 172x10 ] wa, =27x10%
s = 2
I 62, = 254x10 B 6, = 40107
> _ 2
e 62 = 336x10 B = 53x10?
D B 62 =419x10%° vgr
: oo B 62, =65x10%
] 63«, =5.01x10% Yo T
2 20
B 6 = 584xi0? W 6, =7.8x10
W57, =9.1x107
] 5§X =3.40x10" B 62 = 338x10"
W 6;, =6.54x10" W 6, =651x10"
B 6% =969x10" B 5}, =063x10"
2 _ 2
W 5% = 128x107 B 6, =128x10

B 6% = 160x10% B 5}, =159x10°

B 6% = 191x107 B 6}, =190x10%

2 _ 2
B 6%, = 223x107 W 6 =221x10

vy2 Tvp?

Fig. 1. 82,62,62,62,62 .62 .52 ,and8? vs. 2", 1, and A* with * € (—1073, —107%), & € (=107, —107),
@

and A7 € (=103, —107%).

nvy i} V3vy _
+ Tp (VERWR + ngsz) + TXV§RV3R +H.c.,

which can be written in the matrix form

< 1
_ Eiggss = Mulg + EﬁiMunL +H.c.,
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where
a 0 O
I = (i, b, )7, Ir = (hg,har, l3R)", Mag=| 0 a by |, (32)
0 b a
¢ AT 0 Mp
= 5 s M, = , 33
nr (VL VR) v ( M}; MR ) ( )

with vf = (va,ng,ng)T, vr = (Vir, V28, V3R); Mp and My are respectively the Dirac and
Majorana neutrino mass matrices,

0 bD bD ar 0 0
Mp=1| ¢p ap 0 , Mpg = 0 0 br |, (34)
cD 0 -—ap 0 br cr
and
a; = hjvy, bi=h3v; (i=1,2), (35)
ap = xivy, bp = x2vy, CD = X3Vy/,
ag = y1vp, br = y2vy, CR =Y3Vy. (36)

Let us define a Hermitian matrix as follows:

la; |? 0 0
M; = MgM}; = 0 laz|? + |b2|*  axb’ +asby |, (37)
0 (b} +asby)* lazl* + |b1)?

which can be diagonalized by U; r satisfying U L+ MiUr = diag(mg, mi, m%), where

1 0 0
U =Urp=]| 0  cosh —sinf.e”@ |, (38)
0 sinf.e® cosé;
1
my=la)>, m,, = > N Fr2), (39)

with

Y2 = \/(|b1|2 — |b212)% + 4laz|? (1b11? + |b21?) + 8laz |?|b1|b2| cosRay — 1 — Bo2),

v =2lwl? + 111>+ b2, ax=argla), pi=arg(h) (i=12), (40)
i ab} + azby i| [(a§b1 + azbi)e_i“ :|

o=—-log| ————=—|, @; = arctan . 41
2 %8 [(asz +asby)* : laz|? + |b2|? — m2 “h

Comparing the result in Eq. (39) with the experimental values of the charged lepton masses given in
Ref. [102], me ~ 0.51999 MeV, m;, >~ 105.65837 MeV, m,; = 1776.86 MeV, we obtain:

lai] = 0.510999 x 10%eV, y; =3.1684 x 1018 eV?, 1, =3.14607 x 10'8eV2.  (42)
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In the case ap = B1 = B2 and |vi| ~ |v2|, we get:

(43)

As we will see below, since the charged lepton mixing matrix Uy is non-trivial in our model it

can contribute to the final leptonic mixing matrix, defined by U = Z/{Zr U,, where U refers to the

left-handed charged-lepton mixing matrix and U, is the neutrino mixing matrix.

Regarding the neutrino sector, from Eq. (34), the light active neutrino mass matrix arises from the

type-I seesaw mechanism as follows:

bZD(CRZ_ZbR) anD(gR*bR) apbp
by b , , br ,
—1 T _
M, = -MpMp Mp = anD(CZR br) aich Z_? Z_fg) Z_?z ’
R f 2 2
apbp @ _ p D
br br aR ag

which has three exact eigenvalues,

mp =0, my3 = K1 F K2,
where
. (azD + b%))cR b%) c%) . vk
1=— = — — —, 2= ,
Zb%e ag AR Zaij‘e

2
k = b;g{4b§ [ar(d® + b3) — brcd]” — 4arbd b [ar(@d + b3) — bred] ck

+ad(d + bg)chZ},

and the corresponding mixing matrix is

VR RN (KN4
R 1 N Ny b
= 2 .
VR RN KN ’
1 1 I
VR RN (KN4

where P = diag(1, 1, i) and K, K+, and N are defined as

ap
K=—, Kt = x11 F k12,
bp
with
bp (a2, + b3)agcr
K11l = — 2 2 P} s K12
2ap | bg [(aD + bD)aR — bRCD]
(a% + b%)agcr
€ = DD €12

2bp [aR(a%) + b%)) — CszR] ’

and ap, bp, cp, ag, br, and cp as given in Eq. (36).
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Nx = €11 Fer2,

bpvk

- Zan?Q [(azD + sz)aR — CszR] ’

VK

n 2b13e [(a%) + b%))aR — c%)bR]’

(44)

(45)

(46)

(47)

(43)

(49)
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From the explicit expressions of mj 3, K, K+, and Nt in Eqgs. (45), (46), (48), and (49), the
following relations hold:

1+KK_—N_=0, I1+KKy-N;=0, I1+K.K;+N_N.=0, (50)

(N_ 4+ N, — 2)bp
ap =

K_.+K, °
(AN + 2) A% bre?,
ar = ,
[Ak + AN(AN = D] (AN = )b}, — (m2 + m3) AR br
. [2[2A% + (AN — 2)216% + A% (m2 + m3)br} Anbr 51)
R = )
[Ak + (AN —2)2] (AN +2)b,
with
Ax = K_ + K+, AN = N_ + N+. (52)
The effective neutrino mass matrix M, in Eq. (44) is diagonalized as
K K_ Ky
0o 0 0 VK42 \/KigN%H \/Ki—gl\ﬁ—i—l
1 - iNG
0 mpy O , Uy, = VK212 \/]KZ_ N4 \/Ki N for NO,
0 0 ms 1 1 i
VK42 K24N2 41 JKZ+N2 41
—Th- + T4
Z/{IMUZ/{U = K_ \/ K4 \/ iK
2 N2 2 N2 VK242
my 00 \/K,gN,H \/K+§N++1 .
_ + i
0 my O f, U= JRAN 4T RN VR for 10,
0 0 O 1 1 i
JEAN 4+ IR 4N 4 VR
(53)
where my 3 and K, K+, and Nz are respectively given in Egs. (45) and (48).
The final leptonic mixing matrix then reads:
K K_ iK+ \
K242 VEZANZ 41 \/K2++—Niﬂ
e @ sinf—cosh  cosON_+e @sinh;  i(cosONy+e '¥sinh)
VK R R AN 41 RN +1 for NO,
€' sin 0;+cos 6 cos ) —e® sin 6;N_ i(cos 6;—e'® sin O;N ;)
\/K2+2 KZ +N2 +1 KZ +N2 +1
+ —Th- + T4
VEZ+K2 +1 VK2 +K2 +1 K242
cosON_+e ™®sinf  cosNy+e @sing;  i(e”™ sin§;—cos b))
R AR 41 AR +1 VEKZ+2 for 10.
cos O;—e'® sin ;N _ cos 0;—e™® sin O;N . i(e™ sin 6;+cos 0;)
VR AR 41 AR +1 VEKZ+2
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In the three-neutrino oscillation picture, the lepton mixing matrix can be parametrized as [102]*

1)

C12€13 $12€13 s13e”
Upmns = | —s12¢23 — c12523513€°  craca3 — s12s23s13€® sa3c13 | P, (55)
512523 — C12¢23513€0  —c12823 — S12¢23513€° ea3c13

whereby 612, 653, and 63 can be defined via the elements of the leptonic mixing matrix:

2
2 U23

2
Uiz
2 2 2
s13 = U3l Ny = |7

Ui (56)

The neutrino mass spectrum is currently unknown, and it can be NO or 10 depending on the sign of
Am§2 [102], as presented in the next section.

3.1. Normal spectrum

In NO, the Jarlskog invariant Jcp which determines the magnitude of CP violation in neutrino
oscillations [102], determined from Egs. (50) and (54), takes the form

Ki(l - Ni) cos 0; sin 6; sin
[2K3 + (N — 2] (1 + K3 +N3)

JOp = Im(Up3 U5 U Usy) = (57)

Comparing Eq. (57) with its corresponding expression in the standard parametrization of the neutrino
mixing matrix given in Ref. [102], Jcp = s13c%3s12c12sz3cz3 sin §, we get:

sinsN — i K4 (1 2— N4) i i coszel sin 6 sin ‘ (58)
[2K+ + Ny —-1) ] (I + K4 + N79) s13¢73512€12523¢23
Furthermore, from Eqgs. (54) and (56), for NO we get:
2 K 2 KL (N4 + 1)?
BT Rz o2 I = 2 3 5>
+ K3 +N¢ (Ny —1D*(1 + K7 +N7)
) sin? 6; + cos? 9;N2+ + sin(26;) cos @.N ;. (59)
 cos2 6 + sin? O/N? — sin(26)) cosa. N
Combining Egs. (50) and (59) yields
x/zS13\/S23 + 12 2
K. = 22 Np=14 B (60)
c13(t12 — 513) t2 — s13
1 — 25)(s25 + £25) + 2(1 — 2sin? 6) (1 + 133)s13¢
cosa — ( 23)(S13'Z 12);‘ ( - s1n. D+ 153)513 12 61)
(573 — 1) (1 + 133) sin(26)
Next, substituting Eq. (60) into Eq. (58) yields
20 si
sin§ = —Sn@)sina (62)

sin(2923)

4 Here, § is the Dirac CP-violating phase and ¢;j = cos B, s;; = sin6; with 0,5, 6,3, and 6,3 being the solar,
atmospheric, and reactor angles, respectively. P contains two Majorana phases («,;, @3;) which play no role

L Lo
in neutrino oscillations, P = diag(l s o s e’%), and thus will be ignored.
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sin;
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Fig. 2. |Ui}\1| (i=2,3;j =1,2,3) as functions of sin 6§, with sin 6, € (0.8,0.9) for NO.

Table 4. The model parameters in the case § = 1.36r [102] for NO.

Parameters Derived values

K 2.05
K_ —0.734
K, 0.278
N_ ~0.507
N, 1.57
) 55.1°
a 73.9°

We note that the elements Uy; (i = 1, 2, 3) depend only on 85 and 813, while Up; and Us; (i = 1,2, 3)
depend on all the lepton mixing angles 6;; (ij = 12,23,13) and 6.

For NO, by taking the best-fit values of the leptonic mixing angles 0;; (i,j = 1,2,3), sin? 01 =
0.307, sin® 13 = 2.18 x 1072, and sin® 653 = 0.545 [102], we obtain U} = 0.823, Ul = —0.548,
and Ull‘; = 0.148i, and UZ}\I (i =2,3;j = 1,2,3) depend only on sin 6; as plotted in Fig. 2 with
sinf; € (0.8,0.9). In the case § = 1.36 [102], from Eq. (62) we obtain the model parameters
shown in Table 4.

The lepton mixing matrix in Eq. (54) then takes the form

0.823 —0.548 0.148;
UN=| —0.138—0.316i —0.046 —0.588; 0.419+0.598; |, (63)
0.321 +0.316:  0.513+0.298; 0.657 + 0.113i

which is unitary and consistent with the constraint on the absolute values of the entries of the lepton
mixing matrix given in Ref. [117].

Now, by using the recent best-fit values for the squared neutrino mass differences, Am%1 =
7.53 x 1073 eV? and Am3, = 2.453 x 1073 eV? for NO [102], we get a solution

K1 =295%x 1072, Kk =2.08x 1072,
m=0eV, m=2868x10"eV, m3=503x10"2eV. (64)
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The absolute neutrino mass, defined as the sum of the masses of the three neutrino mass eigenstates,
is found to be Zle m{j = 5.90 x 1072 eV. At present, the sum of the three neutrino masses has not
been precisely determined; however, the result obtained from our model is well consistent with the
strongest bound from cosmology, > m, < 0.078 eV [103].

Next, substituting explicit expressions for bp, bp, ¢p, ar, br, and cg from Eq. (36), the obtained
values of K+ and Nz in Table 4, and m» 3 in Eq. (64) into Eq. (51), we get the following relations:

V! 1
x1 =2.05( = ) xp, V1= 5 )
Vo V_p) 5 Yo} L
116 (3 2 - 0.0192 (5,) :
0.827v*y,  0.00393(v*)%y3
y3 = 2+ L2 (65)

2 .2
Vy Vi VigXs

3.2, Inverted spectrum
Similar to the NO, from Egs. (54) and (56) for IO we get a solution

N2tz 2 111,

, t=——1, cosa = — > (66)
1 + 513812 1 + 513812 sin(20) 1 + 15,

4 =

and the Jarlskog invariant Jcp determined from Eq. (54) and sin é take the form
KK (1 + N4) cos6; sin 0; sin «
(K2 +2)(K2 + N2 + 1)
1 KK (14 Ny) cos 0; sin 6; sin
(KL +2)(1 + K% + N2) si3ciysinciasazens

sin 6

(68)

With the help of Eq. (50), it is easy to show that Jgp = JéP and sin 8N = sin 6'; thus, the relations
in Eqgs. (57) and (58) are satisfied for both normal and inverted orderings, and the differences start
from Egs. (60) and (66).

Next, by taking the best-fit values of the leptonic mixing angles 6; (i,j = 1,2, 3) for 1O, 5%2 =
0.307, s3; = 0.547, and s3; = 2.18 x 1072 [102], we get U], = 0.823, U}, = —0.548, and
UII3 = 0.148i, and the other elements of U depend only on sin 6; as plotted in Fig. 3.

0.7

3)
<

” A

0.6 1 Ju,|

=23 =1,
T
|
!
BSERS]

Ul (i

0.4

[

-0.90 —-0.88 —-0.86 -0.84 -0.82 —-0.8C

sing;

Fig. 3. |U,.jI.| (i=2,3;j =1,2,3) as functions of sin 6, with sin 6, € (—0.9, —0.8) for 10.
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Table 5. The model parameters in the case 6 = 1.36r [102] for 10.

Parameters Derived values

K 0211
K_ 2.7
K, —0.848
N_ 1.57
N, 0.821
@ 84.0°

In the case where the CP-violating phase takes the best-fit values, § = 1.367 [102], we find
sin0; = —0.537 (6; = 327.5°); the other model parameters are explicitly given in Table 5.
The PMNS leptonic mixing matrix of Eq. (54) takes the form

0.823 —0.548 0.148:
U= 0387+0.163i 0.412+40.345 —0.373 —0.629i |, (69)
0.284 +0.256i 0.575+0.283;  0.373 + 0.551i

which is unitary and consistent with the constraint on the absolute values of the entries of the lepton
mixing matrix given in Ref. [117].

Now, by using the recent best-fit values for the squared neutrino mass differences [102], Am%l =
7.53 x 1075 eV? and Am3, = —2.546 x 1073 eV? for 10, we get a solution

k1 =5.01 x 1072, Ky =3.76 x 1074,
my =4.97 x 1072 eV, my =5.05x10"%eV,  m3=0eV. (70)

Using our best-fit results given above, we find that the sum of three light neutrino masses is given by
Z?:l m})i = 0.1 eV. Currently, the cosmological data set limits on the sum of light active neutrino
masses [103] are Y m, < 0.152eV in the minimal ACDM + > m, model, > m, < 0.118eV
in in the minimal ACDM + Y m,, model with high-/ polarization data, Y m, < 0.305eV in the
DDE model with TT + BAO + PAN + t0p055, > m, < 0.305eV in the DDE model with TT +
BAO + PAN + t0p055, > m, < 0.247¢V in the DDE model with TTTEEE + BAO + PAN +
R16 + 70p055, and > m, < 0.101eV in the NPDDE model with TTTEEE + BAO + PAN +
t0p055. Thus, our obtained value for the sum of the light active neutrino masses is well consistent
with the aforementioned bounds arising from cosmology.

By substituting explicit expressions for bp, bp, cp, ar, bg, and cg from Eq. (36), the obtained
values of K+ and Nz in Table 5, and m » in Eq. (70) into Eq. (51), we get the relations

0.211v,x 1 2.13v y,  0.052(v*)%)?
=2y = ; L o=y WIEERCIN
V(p 0.1 13vpx2 - 00228Vp VX VX V(p/xz
v;§x§y2 vi],x%

3.3.  Effective neutrino mass parameters

The effective neutrino mass parameters governing beta decay and neutrinoless double beta decay

are defined as mg = / Zi:l | Uy |2 mi and (mee) = Zi:l Uezkmk|, where U, (kK = 1,2,3) are the

leptonic mixing matrix elements and m; correspond to the masses of the three light neutrinos. Using
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the model parameters obtained in Sects. 3.1 and 3.2, we find the following numerical values for the
abovementioned mass parameters:

1.51 x 1073eV  for NO
o) = ’ 72
(mee) {4.88x10_2eV for 10: (72)
8.82 x 107 3eV for NO
_ ) 73
" {4.94x10_2eV for 10. (73)

The resulting effective neutrino mass parameters in Egs. (72) and (73), for both normal and inverted
orderings, are below all the upper bounds arising from present Ov88 decay experiments such as
KamLAND-Zen (me.) < 0.05+-0.16 eV [104], GERDA (m,.) < 0.12+0.26eV [105], MAJORANA
(mee) < 0.24 = 0.53eV [106], EXO (me.) < 0.17 = 0.49¢V [107-109], and CUORE (m,.) <
0.11+0.5eV [110,111]. Hence, our obtained effective neutrino mass parameter is beyond the reach
of the present and forthcoming OvB8 decay experiments.

4. Quark masses and mixings

In this section we show that our model is able to successfully reproduce the observed pattern of SM
quark masses and mixing parameters. Indeed, from the quark Yukawa terms given by Eq. (2) and the
tensor product of X (18) in Appendix A, we can rewrite the Yukawa interactions in the quark sector
in the form

—Lq = hu(Q1Husg + Qo Huig) + hou Qs Husg + by Q1161118 + Oardotiar)

+ hau(Q1.0usR + Q21 usr) + hsu(Osrdhurr + O30 ur)

+ h1q(Q1.Hd g + Q2 Hdog) + hoa Q3 Hdsg + h3q(Q11¢2d2r + Qard1d1r)

+ haq(Q12.01d3r + O2rdrdar) + hsa(Qardydir + O31d1dar) + Hee. (74)

With the VEV alignments of H and ¢ as chosen in Eq. (3), the mass Lagrangian of quarks reads
—Lg* = vy (i LuzR + U2 uiR) + hoyVHU3LU3R + hay (Vi LuiR + V3l uzR)
+ h4u(V/2*1_41Lu3R + V;*L_lZLLBR) + hSu(V;*L_GLulR + V;*flnqu)
+ higv (digdig + dordar) + haavidspdsg + h3g(vadipdag + vidardig)
+ hag(Wdipdsg + Vidordsg) + hsq(Vhdspdig + Vidsrdag) + Hee.
= (11, itor, u30) My (g, g, u3R) " + (di1, dor, d31)My(dig, dog, d3p)" + Hec.,

where the up- and down-quark mass matrices are

by aw cu aig bia cua
M,=| awu bu cuu |, Mg=| by aia cu | (75)
&u 8Slu Au 82d 8l1d a2

with

aqu = hauve, ba2u =iy, cau=hawvis, ga2u = s,

aad = hapaves  baza =haven, ca2d =haaviiays  €a2d = hsav( - (76)
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Now we turn our attention to the experimental values for the SM quark masses and Cabibbo—
Kobayashi—Maskawa (CKM) parameters [112,113]:

my, =124+022MeV, mg=2.69+0.19MeV, ms;=53.5+4.6MeV,

me =0.63+0.02GeV, m, =1729+0.4GeV, mp=2.8640.03GeV,

sin 615 = 0.2245 + 0.00044, sin 6,3 = 0.0421 +0.00076, sin6;3 = 0.00365 £ 0.00012,
J=3.18+0.15) x 107>, (77)

We look for the eigenvalue problem solutions reproducing the experimental values of the quark
masses and the CKM parameters given by Eq. (77), finding the following:

—27.6375 —62.7392i —31.3158 — 66.0758i 24.5526 — 34.1468i
M, =] —313158 —66.0758i —36.0052 — 69.6769i 25.5349 —37.6027i | GeV,
24.5526 — 34.1468i  25.5349 —37.6027i 25.9351 + 2.79953i

1.24842 1.22041 — 0.00504449:  0.37787 — 0.563654i
My =1 1.22041 + 0.00504449: 1.24842 0.368746 — 0.599054i | GeV.
0.37787 4+ 0.563654i  0.368746 4 0.599054i 0.419347

(78)

This shows that our model is consistent with and successfully accommodates the experimental values
of the physical observables of the quark sector: the six quark masses, the quark mixing angles, and
the CP-violating phase in the quark sector.

5. K-K and B-B mixings

In this section we discuss the implications of our model in the FCNC interactions in the down-type
quark sector. The FCNC Yukawa interactions in the down-type quark sector give rise to meson
oscillations. Here we focus on the K—K mixing, whose corresponding AMy parameter arises from
the following effective Hamiltonian:

(as=2)_ Ggmiy
Hat  =gn2 2 Ci (W) 0i (). (79)
4

In our analysis of the K—K mixing we follow the approach of Refs. [114,115]: the K—K mixing in
our model mainly arises from the tree-level exchange of neutral CP-even and CP-odd scalars, thus
giving rise to the following operators:

Ot = (5Ppd) GPrd),  OFF = Pgd) GPrd), O = (5Prd) GPrd),  (80)

where the corresponding Wilson coefficients are given by

2 2
oLl 1677 [ Vrised, N A0spdy | 167 CLL 81
I—Gzzzz_ZZ —Gzzl’ (81)
M \i=t " =1 Mo FMy
2 2
CRR 1672 [ Vrdside N A0sidn 167 CRR )
l_Gzzzz_Zz T 22, (82)
My \i=1 "o i=1 Mo FMy
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N N—4
CLR— 167'[2 yHl.OERdLyHiOELdR yA?ERdLyA?§LdR . 167‘[2 E'LR 33
2 T 2w Z m2 _Z ) e ’ (83)
FoW \ i=1 HY i=1 HY F'w
with
N y2 0< N*4y20—
~ILL H’spdr AYspdy
Cit=) 5= -3 5. (84)
=t Mg = My
2 2
N oo N4y
=RR H«SLdR A«SLdR
=3 ==~ (85)
i=1 "po i=1 40
N N—4
~ILR prngLprngR yAQERdLyAQELdR
C — 1 1 _ 1 1 (86)
2 m? m? '
i=1 H) i=1 A7

Here, N = 11 is the number of CP-even scalars of our model, whereas N — 4 = 7 is the number of
CP-odd scalars. We note that our model is an extended 8HDM where the scalar sector is enlarged
by the inclusion of three real gauge singlet scalars.

On the other hand, the K—K mass splitting has the form

Amg = 2Re (KO |35 | K°)

Gt B [PECH + P (CI 4+ CJ9)
= SmfincBi [PERTHR 4 U+ ) (87
Then, it follows that
Miz = 525 = Sidnci [PHCH 4 P (CH + T (38)

Using the parameters [114,115]

Amg = 3.483 x 10712 MeV, mg =497.614MeV,  fx = 160MeV,

Bx = 0.85+0.15, VBxfx = 135MeV, nk =0.57, Pl =-93

A
PR =306, M= ""K — 72048 x 10715, (89)
mg

we get the following constraint arising from K—K mixing:
PERCER 1 PLL(CH 4 CRR) < 4.41 x 10719 MeV 2. (90)

Given the large amount of parametric freedom in both the fermion and scalar sectors of our model,
such a constraint can be fulfilled. To show explicitly that the above constraint resulting from K—K
mixing is successfully fulfilled, and given the large number of parameters in our model, we consider
a simplified benchmark scenario:

yHIOERdL = yHl()ELdR = yflj()ERdL = y[‘IjOELdR = yA?ERdL = yA?ELdR =) (91)

Mo = My = 126 GeV, Mo = My, (92)
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Fig. 4. Allowed region in the my—m, plane consistent with the constraint arising from K—K mixing.

mp =ma j=230 0L 0= 12,07 (93)

Here we identified H 10 with a 126 GeV SM-like Higgs boson. We plot in Fig. 4 the allowed parameter
space in the my—m 4 plane consistent with the constraint arising from K—K mixing in the aforemen-
tioned simplified benchmark scenario of our model. Here, for the sake of simplicity we have set
y = 2 x 107>, The figure shows that our model can successfully accommodate the constraint arising
from K—K mixing in a large region of parameter space.

It is worth mentioning that we are considering a scenario where the down-type quark Yukawa
couplings have been taken to be real, which implies that the CP violation in the quark sector only
arises from the up-type quark sector. Consequently, in that scenario the stringent constraints that are
usually imposed on any possible new contribution to the K—K mixing from CP-violating processes are
not relevant in our case. Furthermore, as regards the B;—B, and B,—B, mixings, we have numerically
checked that in the aforementioned simplified benchmark scenario and the region of parameter space
described above with a flavor-violating Yukawa coupling of the order of 10~ the obtained values for
the Amp, and Amp_ parameters are about two and four orders of magnitude, respectively, below their
corresponding experimental values of Amp, = 3.337 x 1071 MeV and Amp, = 1.042 x 10~8 MeV.
On the other hand, in the simplified benchmark scenario, when the couplings of the flavor-changing
neutral Yukawa interactions responsible for the By—B; and BB mixings take values of about
2 x 10~* and 1073, respectively, the B;—By and By—B, mixings arising from these interactions reach
values close to their experimental upper bounds, thus giving rise to the allowed regions in the mg—m 4
plane consistent with these constraints and displayed in Fig. 5.

6. Charged lepton flavor violation

In this section we analyze the implications of our model in charged lepton flavor violation. From the
charged lepton Yukawa interactions it follows that the u — ey and t — ey decays are absent in our
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Fig. 5. Allowed region in the m;—m, plane consistent with the constraint arising from B,~B, (left) and B,—B,
(right) mixings. The couplings of the flavor-changing neutral Yukawa interactions have been set to be equal to
2 x 107 (left) and 103 (right).

model since there are no flavor-changing neutral (FCN) scalar interactions involving the first family
of SM charged leptons with the remaining ones. However, there are flavor-changing neutral scalar
interactions involving the tau and the muon that give rise to the t — py decay. The t — py decay
appears at one-loop level and involves the exchange of electrically neutral CP-even and CP-odd
scalars and the tau and muon leptons running in the internal lines of the loop. Its branching ratio is
given by [116]

3 (47)% apm yHOtlyHOl/L 1 m |3 m?
Br(t — py) ~ 5 5 E E ———|>+hn|—
4G2 ten2) | £

un,t i=1
2

yAOrlyAOI/L 1 my |3 mlz
L Y . 94
PR R (2 o

I=e,u i=1
To simplify our analysis we choose the benchmark scenario described in Sect. 4. We display
in Fig. 6 the allowed parameter space in the mg—m4 plane consistent with the existing T — uy
experimental constraints. Here we set the Yukawa couplings of the FCN leptonic Yukawa interactions
equal to 1072 and 5 x 1073 for the left and right plots, respectively. Consequently, our model is
highly consistent with the constraints arising from lepton flavor-violating decays for a large region of
the parameter space. Furthermore, this allows for charged lepton flavor-violating (CLFV) processes
within the reach of future experimental sensitivity.

7. Conclusions

We have built a renormalizable theory where the SM gauge symmetry is extended by the inclusion
of the global U(1)y symmetry and the X (18) x Z; discrete group, which leads to a successful
fit of SM fermion masses and mixings. The right-handed neutrinos are responsible for the gen-
eration of the tiny active neutrino masses through a type-I seesaw mechanism mediated by heavy
right-handed Majorana neutrinos. The resulting physical parameters are in accordance with the recent
experimental data. We find values for the effective neutrino mass parameters (m..) = 1.51 x 1073 eV
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Fig. 6. Allowed region in the my—m, plane consistent with the charged lepton flavor-violating constraints.
The Yukawa couplings of the FCN leptonic Yukawa interactions have been set to be equal to 102 and 5 x 1073
for the left and right plots, respectively.

for normal ordering and (m..) = 4.88 x 102 eV for inverted ordering, which are well in accor-
dance with the recent experimental limits on neutrinoless double beta decay. The proposed model
also successfully accommodates the recent experimental values of the physical observables of the
quark sector, including the six quark masses, the quark mixing angles, and the CP-violating phase in
the quark sector. Furthermore, our model can also accommodate the constraints arising from K- K,
By—Bg, and BB mixings as well as the constraints arising from charged lepton flavor violation.

Acknowledgements

This research is funded by ANID-Chile FONDECYT 1210378 and Milenio-ANID-ICN2019 044. H. N. Long
acknowledges the financial support of the International Centre of Physics at the Institute of Physics, Vietnam
Academy of Science and Technology with grant number CIP.2021.02.

Funding
Open Access funding: SCOAP3.

Appendix A. The Clebsch—Gordan coefficients of the X (18) group

3 (18) is the simplest non-trivial group of X (2N 2) with N = 3 which is isomorphic to (Z3 x Zg) XZy.
It has 18 elements, b*a™a” for k = 0,1 and m,n = 0, 1,2, where a, @, and b satisfy a®> = a”® = e,
b? = e, ad = d'a, and bab = d'. The elements of X (18) are divided into nine conjugacy classes
with 149, 141, 142, 19, 1—1, 1-2, 219, 220, and 251 as the nine irreducible representations. The

tensor products between doublets of X (18) are given by [93]:

X X
210 ! ) ® 210 ) = L1 Gy +x201) @ 11 (=x1y2 + x201) D 220 1 ,
X2 » X2)2
X X
220 ! ) ® 220 ) = Lio(e1y2 +x201) @ 12(=x1y2 + x201) D 210 1 ,
X2 2 X2)2
X1 1 X2)2
221 ) ® 271 Y = 1oz +x201) @ 1_o(—x1y2 + x201) D 221 4 ,
X2 »n X1)1
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X x
20 7' ®210 < ) = Lio(e1yr + x202) @ 1_o(x1y1 — x2)2) @ 221 ( 172 >,
X2 » X2)1
X X
271 " e210 < ) = Li2(x1y2 +x201) @ 12(—=x1y2 +x201) D 210 ( 22 >,
X2 Y2 X1
X x
21 7 ) @220 < ) = LGy +x202) @ 1o1(x1y1 — x2p2) @ 220 ( 172 >, (A.1)
b %) » X2)1
where x; and y; (i = 1,2) are the components of two different representations.
The tensor products between singlets and doublets of X (18) are [93]:
X X
l1o(x) ® 221 ) = 231 & , 111(x) ® 221 ) = 220 ( )2 ,
Y2 X)2 Y2 XY1
X X
l12(x) ® 221 T = 210 & , L1o(x) ® 220 ) = 220 ( & ,
Y2 X)2 Y2 Xy2
X X
1+1(x) ® 229 =20 P2 ). 112(x) ® 229 ) =2y < 2,
2 V1 Y2 X)1
X X
I+o(x) ® 219 T =2, P ). l11(x) ® 210 ) =2, < 1),
2 X)2 Y2 X)2
X
L @210 7' ) =220 2 (A.2)
Y2 XY1
The tensor products between singlets of 2 (18) are [93]:
Leo(x) ® lro(v) = 1yo(xy), L1 (0) ® 111 () = Ly (xy),
L) ® 1o (v) = 141(xp), L1 () ® leo(v) = 141(xp),
L) ® leo(v) = 142(xp), L) ® 1u1(v) = 140(xp),
lo(x) ® I+0(y) = 1-0(xy), I1(x0) @ 11 () = 12(xp),
l2() @ 12(0) = 11 (xp), I41(x0) @ 150(0) = 1-1(xp),
lo(x) ® 1x0(y) = 1-2(xy), L) ® 111 () = 1_o(xp). (A.3)
The rules to conjugate all the representations of X (18) are:
(™) = 1y0(x™), 1 (%) = 1), (™) = 141,
170(x™) = 1_0(x™), 17,7 =15, 17,(x") = 11 (x"), (A.4)

X7 X7 X7 X7
To(x§ >=220(x§ ) 230(;@ =210 o )
x¥ x*
2% L]1=2 1. A5
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Appendix B. Renormalizable Higgs potential invariant under G symmetry

The general renormalizable potential invariant under G symmetry is a sum of the following
cornponents:5

Vootal = V(H) + V(¢) +V(9) +V(p) + V(@) + V(X) + V(p) + V(H, $) + V(H,¢)
+V(H, ) +V(H, @) +V(H, x) + V(H, p) + V(9,¢) +V(9,9) + V(9. ¢)
+V(@, ) + V@, 0) + V(@ 0) + V(@ ¢) + V@, x) + V@', p) + V(p, ¢

+ Vg, x) + V(0. p) + V@', ) + V@', ) + V(X p) + Vinree + Viours (B.1)
where
V(H) = p3H'H + 2 HTH) L (HTH) L, (B.2)
V(@) = 13070+ 27 @710 @ D)1y + 13 @ 01 (@791 + 25092, (670211,
(B.3)
V(@) =V — ¢), Vip)=VH - ¢), V@)=V —¢), Vi) =V — x),
(B.4)
V(p) =V(H — p), (B.5)

V(H, ¢) = M HH) L 0 0)1.0 + 15 H 90y, (9T H) 2,

+ AP EHT )0y, (HT@)2y, + 1Y (@TH) 2y, (9THD 2y VH, G = VH, ¢ — ¢),

(B.6)
V(H, @) =20l HY (0T o), + M HT o) 0T HY L, (B.7)
V(H, @) = M1 HTHY L @01, + 2 H )2y (0 TH) 2y, (B.8)
V(H, x) = M HHY L O 01, + A H 02, (T, (B.9)
V(H, p) = M PHTH) L, (0T p)1 e + 25 H )1, (0T, (B.10)
Vg, ¢) =207 (070100 T 1,0 + 227 @T)1_o @ T¢)1_y + 227 762y, (¢ 02,
+ 227 0T )10 @ T D)1 + 227 (0781, (@ T)1_y + 227 (762, (8 T D)2
(B.11)
V,0) =2 @ )1, @ 0)1,0 + 222 (0T 0)20 (0T D)2y (B.12)
V(. 0) =227 (¢T)1.0 @ o) 10 + 22 @ )10 (0T o)1y + 227 (8782, (0 0,
4227 01, @ e, + 22 0T @ T, + 22 @102 (0 )2
(B.13)
V(g x) = V(¢ — x), Vd.p)=VH —> ¢.¢' — p), V@.0) =V — ¢ 0),
(B.14)
5> Here, we have used the notation V(a; — a,, b1 — b,,...) = V(ay, by, .. Iiay=az.by=by...}-
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V(@ .¢) =V —¢.¢), V@.0)=V®—> x.¢), V@.p)=VH—> ¢ ¢ — p),

(B.15)
Vip,¢) =V(p = 0.0 = ¢), V@, x)=VH — ¢,0' = x),
V(p,p) =VH — ¢,9 = p), (B.16)
Vg, x) =V@ = x.¢), V@.p)=VH— ¢, x = p), Vx,p) =VH — x,¢' = p),
(B.17)

Vinree = M (HT$) 0y, (@ T2y + 2?7 (@ H )2, (0 T2y, + 2797 (H T )2y, (0 T 02,

+ 2 BT HY 2y, (0T 02 + AT HT )20, T30 201 + 2SO @ HD 20, (T X201
(B.18)

Viour = 1 (070" 20 (x T 0)2,0 + 227 %7 (0 T 0)2,, (0" X125 (B.19)

Note that all the other renormalizable three- and four-scalar interactions are forbidden by one/some
of the model symmetries.

Appendix C. The potential minimum condition
,u%{vy + \Hoe v + vz)vé/ +2AH? v + V2)2VH + el v + V2)V,2
+ vy WOV 4+ 2202 4002 A 4 02 0Ty =0, (C

,uévl +22%y,; (2\/% + v%) + 2)»¢“’v1v§, + 3)»‘1"",\}1\/;)2 + 3)»“5“’/\/2\1;/
+ A% vlv)z( + )»HW/V;/VH + 2)»H¢v1v%{ + 2kH¢vzv12_, + 5)»"5‘1’/\/1\//2
+ a0 02 4 A0y 2 4 2002 = 0, (C2)
,uévz + 2k¢v2(2v§ + V%) + 2k¢‘pv2v§) + 3k¢‘p/v1v(2p, + 3k¢‘p/v2v(2p,
+ 28X V2v)2( + )»H(b(p/Vé,VH + 2)»H¢V1V12q + z)quvav%{ + 5)»¢¢/VZV/2
+ )»M’,vlv/z + ).H¢¢,VHV/2 + 2)\¢pvzvl20 =0, (C.3)
2,ué/ + A% (5v3 + 2v1vy 4 5v3) + 4)»¢,‘pv§, + 12A¢’,‘p/vé/ + 5A¢/Xv§
vy [XH 99" (1) + vp) + 4A ¢/V[-1] +122902 + 4972 =0, (C4)
2uZvy + 4v, [)Jp‘/’(v% +v3) + AV + 209902 4 a2 eyt 2A¢/¢’v'2]

+ 2090 Xy v v, + AR Y2 = 0, (C.5)

21 vy + vy {”‘W/(Vl +v2)? ARV 120902, 4 30002 4 12289y

+ 2vy [AH 2 (v1 + ) + 221 ¢"vH]} + ATy v v, + 40E Pyt = 0, (C.6)
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2vy [;ﬂﬁx (v% + 4v§) + Z)LWXV(% + 3k‘p/Xvé/ + 4kxv)2( + 2AHXV%1 + 5)L¢¢/Xv/2]

+ 20y 2 + 2097 1Py v, + 40KV v = 0, (C.T7)

2v, [W 0F +v3) + 29902 4 20802, 4 102 A 4 23990y ,\Pv,i]
Fvpud + Ay v, = 0, (C.8)

,U«%y +2 [AH¢(V1 + )% + )»H‘pvi, + ZAH‘p,vé, + )»Hxv)z( + 3AHv12L[ 14192 4 )»Hpvf)] > 0,
(C.9)

G+ 200 (6vF +v3) + 229902 + 34202, 429002 + 22107 4 529902 4229702 > 0, (C.10)

G+ 200 0F + 6v3) + 229902 + 3A%02, 429002 + 2210 4 529902 4229702 > 0, (C.11)

202, + 299 (V] 4 2viva + 5v3) + 4092 + 1209902, 4 529002 4 3629V + 409002

+ vy [AHW(W o)+ 4,\H¢’VH] >0, (C.12)

u2 +2 [,\W(v% +V3) 4 32 + 20802 4 a2 el £ 00 va,] > 0, (C.13)

Z,ui/ 1 32%¢ v +w)? + 4)»“"",\/3) + 36%”/\/;/ + 3)»“’,Xv)2( 11229992 4 4)»‘”7’\/%

+ vy [AHW W1 +v) + Z)LH(‘O/VH] >0, (C.14)

W2 AP (] +4v3) + 229702 430902, 120002 + 201007 45299102 123002 > 0, (C.15)

i 42 (297 OF 4 3) + AIV2 208 PG A G 4 2099002 13402 ] > 0. (C.16)
Appendix D. Explicit expressions for By, By, Bys Bys Bys Bx> Bos and Bry

B = <,u<21, + 2)»""”\/5;) vivavy — )1 +12)?

2
(/7/

+ PR (6vf + 9v‘1‘vz + 3v?v§ — 3v%v3 - 9V1V§ - 6";) 4
- (M%] +oafe gyt ZAHX) (2\/? — v%vz + v1v§ — 2v§) v121
+ 297 (207 + Tviva + 5913 — Svhg — Tvivd — 263) v

+ A%x (7\;% + 7v%v2 + 2v1v% + 2v§) vlvzvi

/ /
— 8AH9 (2\1% —vivy s — 2\/’3) vy 2

+ 21 — v2) [APPviva(v1 +v2)* — AP 2vT + vivy + 2030 ] vf,, (D.1)
By = <M§$ + 2A¢‘pvé 1+ 4292 4 ZA‘Z’pvﬁ) (v2 — v1) + A%X (4vy — ) vi, (D.2)

By =203, + 227 (5] 4+ 2vivy + 513) + 4192 + 1229702,
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+ D02 452902 1wy [,\HW(VI + )+ 4)»H¢/VH:| : (D.3)
By = vy {,ué +2 [;\W 0 +v3) + 2)»"0‘/’,\/3)/ + )»“’Xv)z( + 2HevE 4 2A¢,¢v/2]}

+ )»W/X'Ov(pvxvp + 2)»“”’\4,,1%, (D.4)
By = 4Mé/v¢,/ + Z)L‘p‘p/xpv(pvxvp + S)L‘p,pvw/vlz) + 2vy {3)\@/ (v + )2

+ 40902+ 3002 42wy [xHW 1 4 v2) + 227 V)’VH] n 12x¢/<"/v/2} . (D5
By = vy [ui +AX (1 + 43 + 2k‘vaé + SA‘p/Xvé/ + 2052 4 5)L¢¢/Xv/2]

+ k¢‘p/xpv(pv¢/vp + 2AXPVXV§, (D.6)
By = {2 +2[3970F D) + 292 £ 20900+ v ol + 220002 b,

+ A‘/""/X”v(pvw/vx, (D.7)

Brgy = (,ué + 2)L¢"/’vé)v1vz(v% —v}) — 329 (2\/11 +Vvivy — V3 — 2\/3) vé/

— MK+ 2v§)v1vai v Q2vi —vivy +vv3 — 2v§)v§]/vH
Y (2\/11 + SV?Vz — 5v1v§ — 2\/21)\//2 —\Hed' (2\/% — v%vz + vlvg — 2\/%)\/[7(\//2

+ 209y vy (V3 — v%)vf). (D.8)
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