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ABSTRACT A cost-effective global quantum Internet may be developed using the existing communica-
tion infrastructure. This article examines the quantum version of three conventional wavelength-division-
multiplexing and multiple-access (WDM) communication systems and networks. They are Lambdanet-
based broadcast WDM networks, quantum routers based on a waveguide grating router, and fiber-to-
the-quantum nodes that are fed by two opposing and extreme quantum light signals, namely the co-
herent (Glauber) and number (Fock) states. Using the coherent states, we identify the classical behav-
ior of the quantum WDM (QWDM) networks. Furthermore, employing quantum single-photon sources
and exclusive quantum results, such as quantum correlations occurring in the receivers’s states, are
studied in these WDM communication systems and networks. Finally, we provide secure-key rate esti-
mation for Lambdanet- and waveguide grating router (WGR)-based quantum key distribution networks
leveraging the developed QWDM. As compared to Lambdanet, WGR obtains a higher rate of secure
keys.

INDEX TERMS All-quantum network, fiber-to-the-quantum nodes (FTTQ), quantum key distribution
(QKD), quantum Lambdanet, quantum WDM (QWDM), quantum arrayed waveguide grating, quantum
communications, quantum fiber-to-the-home (FTTH), quantum Internet, quantum network, wavelength-
division-multiplexing and multiple-access (WDM), wavelength-division multiple-access, wavelength-
division multiplexing.

I. INTRODUCTION
Due to the unprecedented amount of information and high-
speed communications, communication networks require
more strict security measures. The conventional utilized net-
work security is based on computational complexity facing
the constant threat of hacking. An unconditional-secured
quantum communication network can overcome this weak-
ness once and forever [1]. Furthermore, the advanced forms
of upcoming quantum technologies, such as quantum com-
munications [2], [3], [4], quantum computations [5], [6],
quantum teleportations [7], [8], and quantummetrologies [9]
require quantum networks that pave the way for a futuristic
quantum Internet [10], [11], [12].

In present-day communication systems, using wave-
length-division-multiplexing and multiple-access (WDM)
techniques results in an all-optical network technology in
which the wavelength of each channel is used to switch,
route, or distribute each channel to its desired location. As
a result, we recently examined quantum multiaccess WDM
communication systems (QWDM) [13]. For this purpose, a
systematic approach to the generic quantum signals evolv-
ing from WDM instruments was developed. Moreover, the
quantum operations of transmitters, passive wavelength dis-
tributors, and receivers in a general WDM quantum com-
munication system were analyzed. Employing the general
results of [13], we rigorously examine some popular passive
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wavelength distributors in a fully quantum context in this
article.
In conventional WDM networks, broadcast-and-select

(B&S) networks and wavelength-routed networks (WRN)
are the two most commonly used types of WDM architec-
tures [14], [15]. One of the well-known examples of single-
hop B&S networks is the Lambdanet network [16]. The
Lambdanet utilizes a star coupler as a passive node to dis-
tribute a signal equally to all the links. Since the network uti-
lizes the passive node, it becomes reliable and cost-effective
compared with its active counterparts. However, this scheme
has drawbacks, such as the lack of wavelength reuse and
power splitting loss. The loss problem in the Lambdanet can
be solved by substituting the star coupler with a waveguide
grating router (WGR) employed in WRN-based topologies.
In addition, WRN architectures allow reusing wavelengths
in WDM networks. Note that different topologies can be
employed depending on communication distances and the
number of network users. For instance, in short distances,
an optical access network connects a service provider (cen-
tral office) to local clients (subscribers). A so-called fiber-
to-the-home (FTTH) topology is typical for transmitting
signals from the central office (hub) to the remote node
and individual end-users via wavelength multiplexing and
demultiplexing.
Modern optical networks enable high-speed data transmis-

sion over long distances using key components, such as op-
tical fibers, transmitters and receivers, wavelength-division
multiplexers (WDM), optical amplifiers, and switches.While
classical networks rely on optical amplifiers to boost signals
over long distances, the no-cloning theorem prevents amplifi-
cation in quantum networks, and amplifiers introduce excess
noise to quantum signals. As a result, one strategy for inte-
grating quantum communication is bypassing amplifiers and
optimizing loss management. This work provides a mathe-
matical quantum model of all passive WDM components,
where fiber losses are modeled using beam splitters (BS) to
accurately characterize quantum signal evolution in hybrid
quantum-classical networks.
Since future networking relies on the quantum properties

of light, several attempts have already been conducted to
investigate the quantum version of the WDM networks, as
mentioned above. Currently, a significant part of these ef-
forts has been concentrated on the quantum key distribution
(QKD) application in a WDM network [17], [18], [19], [20],
[21], [22] and the consolidation of classical and quantum
signals in the existing infrastructures [23], [24], [25], [26],
[27], [28], [29], [30]. Recent advancements have focused on
integrating QKD with existing wavelength-division multi-
plexing (WDM) infrastructures to facilitate the copropaga-
tion of quantum and classical signals. A notable study [31]
investigates the viability of transmitting weak quantum sig-
nals alongside strong classical data traffic within the same
optical fiber. The research highlights that crosstalk primar-
ily affects channels adjacent to the classical signal, suggest-
ing that WDM is inherently robust for integrating quantum

links into classical networks. For instance [32] and [33] have
shown, by an optimum opting of channel spacing, band-
width filtering, and classical light launch power, the advert
effect of classical signals on weak quantum signals will be
diminished. Thus, QWDM networks can be studied in a rel-
atively good approximation by examining isolated quantum
light signals through the network. Generally, a point-to-point
QKD protocol is categorized into two classes, i.e., prepare
& measure and entanglement-based protocols. Accordingly,
wide, metropolitan, and local area WDM networks for QKD
have been demonstrated for both classes [34], [35], [36].
This article builds upon the foundational work presented

in [13], where a general QWDMdistributor was investigated.
We extend this analysis by exemplifying three well-known
WDM network architectures—Lambdanet, WGR-based,
and FTTH—within a quantum framework. Specifically,
we present a detailed mathematical quantum model for
these architectures, enabling the study of quantum signal
evolution in realistic network settings. In particular, for the
first time, we provide a quantum mathematical model for
FTTH, referred to as fiber to the quantum (FTTQ), in this
work. Furthermore, our results offer a practical framework
for characterizing key WDM component parameters, which
is essential for optimizing their performance in quantum
networks. Through these three specific communication
systems, we study the evolution of coherent signals as the
output of conventional laser sources and single-photon
signals as purely quantum sources. While challenges in
scaling and integrating quantum single-photon sources per-
sist, recent advancements offer optimism. Notably, coupling
single-photon emitters with designer nanostructures has
significantly enhanced emission performance, a crucial step
toward the practical implementation of large-scale quantum
networks [37]. Developing photonic quantum chips made
from glass has also led to more efficient and environmentally
friendly quantum systems operating effectively at room
temperature [38]. These innovations suggest that practical,
large-scale quantum photonic networks may be achievable
in the near future. Finally, as a benchmark application of
QWDM networks, QKD networks based on the Lambdanet
and WGR schemes are compared. Managing and optimizing
the performance of complex QWDM networks necessitates
substantial research, development, and practical experimen-
tation. This process involves addressing challenges, such as
signal loss, crosstalk, and the integration of quantum and
classical channels. This work contributes to this endeavor by
offering a mathematical model that aids in understanding and
mitigating these complexities. We hope this model serves
as a foundation for future research aimed at enhancing the
performance and scalability of QWDM networks.
The rest of this article is organized as follows. We review

the main results of the previous work on generic QWDM
systems [13] used in this article, in Section II. Section III
is dedicated to exploring a quantum version of the Lamb-
danet WDM network fed by coherent or single-photon sig-
nals. In Section IV, we utilize a wavelength grating router to

4101027 VOLUME 6, 2025



Bathaee et al.: QWDM COMMUNICATION SYSTEMS AND NETWORKS: ADVANCED APPLICATIONS Engineeringuantum
Transactions onIEEE

FIGURE 1. Schematic configuration of a generic Quantum Wavelength
Division Multiplexing Network. Depending on the chosen network

topology, the unitary operator Ĝ
†

will be replaced by a star coupler (B), a
combination of multiplexer/fiber/demultiplexer (M), or a wavelength
grating router (WGR) (S). Quantum transmitters (QTx) can be narrow
and/or broadband lasers or single-photon sources. Input signals can be
either weak-coherent or single-photon pulses. Quantum receivers (QRx),
depending on a particular choice of G, are a demultiplexer and/or a
single frequency filter. Quantum detectors (QDj) holds L photodetectors,
i.e., PDjl, l = 1, . . . , L.

investigate a low-loss, fully connected QWDM network.
Section V specifically studies the quantum version of the
essential and well-known FTTH WDM topology (FTTQ),
where senders emit coherent and single-photon signals. The
secure key rate achieved in the polarization-based BB84
QKD protocol [39] is scrutinized via two topologies based on
the star coupler andWGR in Section VI. Finally, Section VII
concludes this article.

II. ALL-QUANTUM GENERIC QWDM SYSTEM
A generic WDM communication system comprises N trans-
mitters and N receivers, where signals carrying informa-
tion are distributed to the network via wavelength distrib-
utors. Accordingly, as depicted in Fig. 1, generic quantum
WDM communication systems and networks introduce three
main stages for quantum signals transmitting from N quan-
tum transmitters (QTx) to N quantum receivers (QRx) [13].
Fig. 1 illustrates the evolution of the quantum light state at
each stage of a generic QWDM network before entering the
next stage. The encoding strategies followed by this article
are based on state preparation and measurement. Therefore,
no entanglement source is assumed to be used by trans-
mitters. Since different quantum sources can be employed
in the QWDM, quantum input light signals are defined as

source-specified functions of the creation operators â†i,ζi =∫
dωζi(ω)â

†
i (ω) with wave-packet ζi(ω) relating to the ith

quantum source. Thus, the tensor product of the pure input
state signal emitted by the user’s transmitters in stage (1) is
expressed as

|ψ〉(1) =
N∏
i=1

|ψζi〉(1) =
N∏
i=1

fi(â
†(1)
i,ζi

)|0〉(1) (1)

where fi(â
†(1)
i,ζi

)|0〉 = ∑∞
n=0

cn√
n!
â†(1)

n

i,ζi
|0〉 and fi is a normal-

ized analytical function. The signal |ψ〉(1) evolves through
the following quantum operators: first, a global wavelength

distributor Ĝ
†
(i.e., |ψ〉(2) = Ĝ

†|ψ〉(1)) and then the product

of local QRx operators, i.e., Q̂R
† = ∏N

j=1 Q̂R
†
j (|ψ〉(3) =

Q̂R
†|ψ〉(2)). As a result, the final state becomes

|ψ〉(3) = Q̂R
†|ψ〉(2) = Q̂R

†
Ĝ
†|ψ〉(1)

=
N∏
i=1

fi(Q̂R
†
Ĝ
†
â†(1)i,ζi

ĜQ̂R)|0〉(3)

=
N∏
i=1

fi

⎛
⎝ N∑

j=1

L∑
l=1

Nls jiâ
†(3)
j,l,γls ji

⎞
⎠ |0〉(3). (2)

In the last line of (2), we utilize the input–output mode re-

lation [13], [40] due to the unitary evolution Q̂R
†
Ĝ
†
, where

Nls ji = G ji(ζi)QR j,ls(η ji) (3)

η ji(ω) = ζi(ω)G ji(ω)/G ji(ζi) (4)

γls ji(ω) = η ji(ω)QR j,ls(ω)/QR j,ls(η ji) (5)

â†(3)j,l,γls ji
=
∫
dωγls ji(ω)â

†(3)
j,l (ω) (6)

and L is the number of QRx input/output ports, as shown
in Fig. 1. In (3), G ji(ζi) is the norm of the weighted wave-
packet ζi(ω)G ji(ω) = G ji(ζi)η ji(ω) produced after signals

pass through Ĝ
†
, and QR j,ls(η ji) is the norm of the weighted

wave-packet η ji(ω)QR j,ls(ω) = QR j,ls(η ji)γls ji(ω) gener-

ated after signal evolution by Q̂R
†
j . In other words, in (4) and

(5), η ji(ω) and γls ji(ω) are the normalized wave packets of

signals after evolution by the global operator Ĝ
†
and the local

operators Q̂R
†
j . Therefore, the probability amplitude that the

signal with the wave-packet ζi(ω) arrives at the lth output
port of the jth receiver, indicated by the photodetector PD jl

in Fig. 1, becomes

γ̄ls ji(ω) = Nls jiγls ji(ω) = QR j,ls(ω)G ji(ω)ζi(ω). (7)

The QRx are usually demultiplexers, mathematically mod-
eled by N × N unitary operators where only one input is fed
by received signals. The passing frequency from input port s
to output port l of the QRx is indicated by ωls. The quantum
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network topologies presented in this article consider single-
photon and coherent states as input signals. As a result, the
essential results corresponding to these two input states are
summarized in the following subsections. For more detailed
information see [13, Sec. IV].

A. COHERENT STATE INPUTS
The functionality of fi on the creation operator presented in
(1), for coherent state inputs, is

fi(â
†(1)
i,ζi

)|0〉 = D̂(αiζi)|0〉 (8)

where D̂(αiζi) = exp(αiâ
†(1)
i,ζi

− α∗
i â

(1)
i,ζi

) is the displacement
operator and αi is the amplitude of the ith coherent light
source (laser).
Using (2) and (8), if all input signals are coherent states,

the state at stage (3) becomes a separable state as

|ψ〉(3)C =
N,N,L∏
i, j,l=1

D̂(αiγ̄ls ji)|0〉(3) (9)

where γ̄ls ji is introduced in (7). The spectral intensity of
photon at an arbitrary frequency ω acquired by use of the
photodetector PD jl (at the lth output of the jth receiver) is

I jl (ω) = (3)
C, jl〈ψ |â†(3)j,l (ω)â(3)j,l (ω)|ψ〉(3)C, jl

=
∣∣∣∣∣
N∑
i=1

αiQR j,ls(ω)G ji(ω)ζi(ω)

∣∣∣∣∣
2

. (10)

Note that the output state (9) is a separable (unentangled)
state, thus the state at output port jl becomes the coherent
state as

|ψ〉(3)C, jl = D̂

(
N∑
i=1

αiγ̄ls ji

)
|0〉(3). (11)

Note that

D̂

(
N∑
i=1

αiγ̄ls ji

)
= exp

(
N∑
i=1

αiNls jiâ
†(1)
j,l,γls ji

− h.c

)
. (12)

B. SINGLE-PHOTON STATE INPUTS
For single-photon state inputs, fi is obtained as

fi(â
†(1)
i,ζi

)|0〉 = â†(1)i,ζi
|0〉. (13)

Using (2) and (13), the state at stage (3) is written as

|ψ〉(3)S =
N∏
i=1

⎛
⎝ N∑

j=1

L∑
l=1

Nls jiâ
†(3)
j,l,γls ji

⎞
⎠ |0〉(3)

=
N∏
i=1

⎛
⎝ N∑

j=1

L∑
l=1

∫
γ̄ls ji(ω)â

†(3)
j,l (ω)

⎞
⎠ |0〉(3) (14)

where, in the last line, (6) and (7) is used. A projective mea-
surement on the potentially entangled state (14) can give us
helpful information. It is essential to mention that although

the practical implementation of a nondemolishing projective
measurement is challenging, detecting a photon after pass-
ing through the narrowband filter of the output of the QRx
via an existing single-photon detector can be conceived as
a demolishing projective measurement. In the demolishing
projective measurement, the detected photon is absorbed.
Nevertheless, the collapsed state related to other receivers
before the measurement is the same as what is obtained in
a nondemolishing projective measurement.
The projective operator performed on the output port

corresponding to index j̃l̃ at frequency ωl̃s is defined by

P̂j̃l̃ (ωl̃s) = |1 j̃l̃ (ωl̃s)〉(3) (3)〈1 j̃l̃ (ωl̃s)|
= â†(3)

j̃,l̃
(ωl̃s)|0 j̃l̃ (ωl̃s)〉(3) (3)〈0 j̃l̃ (ωl̃s)|â(3)j̃,l̃ (ωl̃s).

(15)

Therefore, the collapsed state of (14) after this projective
measurement becomes (see [13, Appendix E])

P̂j̃l̃ (ωl̃s)|ψ〉(3)S = |1 j̃l̃ (ωl̃s)〉(3)

⊗
N∑
i′=1

γ̄l̃s j̃i′ (ωl̃s)

⎧⎪⎪⎨
⎪⎪⎩

N∏
i=1
i 	=i′

N,L∑
j=1,l=1

( j,l)	=( j̃,l̃)

Nls jiâ
†(3)
j,l,γls ji

⎫⎪⎪⎬
⎪⎪⎭ |0〉(3). (16)

In the following sections, first, we study the Lambdanet net-
work that consists of a star coupler (B) as a wavelength
distributor (G = B in Fig. 1) and wavelength demultiplex-
ers (A j) as QRx (QR j = A j). Next, a quantum router-based
WDM network is studied where its wavelength distributor
is mathematically modeled as a lossy arrayed-waveguide
grating indicated by S (G = S in Fig. 1). Finally, for the
last topology, the FTTQ QWDM network, a wavelength dis-
tributor (G = M) is the cascade of wavelength multiplexer,
fiber link, and wavelength demultiplexer. Note that in all the
following network topologies, we assume the received signal
enters port s=1 of QRx j (see Fig. 1) unless otherwise stated
without loss of generality (see [13, Appendix D] for more
details).

III. LAMBDANET BROADCASTING-BASED
QWDM NETWORK
Networks that allow direct communication between users
without a central office or third party enhance network se-
curity. Using a star coupler as a wavelength distributor, the
Lambdanet topology [16] enables users to communicate with
each other without relying on a third user. Foundational
architectures like Lambdanet have significantly influenced
the development of contemporary quantum communication
systems. Notably, experimental realizations have demon-
strated the feasibility of such architectures. For instance,
Townsend’s 1997 work [41] can be considered an evolu-
tion of the Lambdanet concept, as it implemented a mul-
tiuser quantum cryptography network using optical fibers.
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FIGURE 2. Stage (1) four-user quantum Lambdanet network fed by
single-photon or coherent state sources.

This study demonstrated the practicality of such architec-
tures in real-world scenarios. In the Lambdanet network de-
picted in Fig. 2, transmitters’ signals are broadcast among

all receivers via a star coupler indicated by B̂
†
(|ψ〉(1) B̂

†

−→
|ψ〉(2) = B̂

†|ψ〉(1), where Ĝ† = B̂
†
in (2), (for mathematical

modeling of star coupler see Appendix A). Each transmit-
ter, i, transmits the desired information through a quantum
state of light composed of narrow frequency band photons
expressible as wave-packet ζi(ω), usually addressed by its
central frequency ωi or wavelength λi. A QRx in each re-
ceiver’s site separates received signals from all transmit-
ters based on their frequency contents employing a wave-
length demultiplexer. Assume demultiplexers are arrayed
waveguide gratings (AWG) with the linear transfer matrix A
(see Appendix B). Therefore, the star coupler output signals
evolve from stage 2 to stage 3 based on the global unitary

operator
∏N

j=1 Â
†
j , where Â

†
j is the local unitary operator

related to the jth QRx, i.e., Q̂R j = Â j in (2) (|ψ〉(2)
∏N

j=1 Â
†
j−−−−−→

|ψ〉(3) = ∏N
j=1 Â

†
j |ψ〉(2)). The wavelength demultiplexers

must at least possess L output ports equal to the number of
users (N),N = L, to decode any desired sender’s information
from the received signals. In the Lambdanet topology, every
user has a transmitter and a receiver at their disposal. For a
frequency-independent star coupler, the state of the QWDM
system at stage (3) is acquired by substituting B ji in (2) in
place of G ji(ω). As illustrated in Fig. 2 for a Lambdanet
network withN = 4, themathematical models of wavelength
demultiplexers as the QRx have N − 1 = 3 input ports fed
by vacuum states. The symbol s indicates the input ports of
the wavelength demultiplexer. As discussed in [13, Appendix
D], without loss of generality, the nonvacuum-state fed input
port for all the receivers can be labeled by the same s. So, for
all j, â(2)j ≡ â(2)j,s . In addition, for the Lambdanet topology
QR j,ls(ω) is replaced by A j,ls(ω) in (2)–(7). Fig. 2 illustrates
the guided frequency ωls = ωl−s+1modN by a demultiplexer
from its input s = 1 to its output l which is denoted by the
central wavelength λl = 2πc/ωl of the lth transmitted sig-
nal. The Lambdanet network is investigated in the following
subsections for two kinds of mainstream inputs: 1) coherent
states and 2) single-photon states.

A. COHERENT SIGNALS AS INPUTS
Consider that all transmitters emit coherent states. Hence,
according to (7) and (10), the spectral intensity detected at
the lth output of the jth receiver becomes

I jl (ωls) = (3)
jl,C〈ψ |â†(3)j,l (ωls)â

(3)
j,l (ωls)|ψ〉(3)C, jl

=
∣∣∣∣∣
N∑
i=1

αiA j,ls(ωls)B jiζi(ωls)

∣∣∣∣∣
2

=
∣∣∣∣∣
N∑
i=1

αiγ̄ls ji(ωls)

∣∣∣∣∣
2

.

(17)

Since the transmitters utilize the narrow-bandwidth sources
well separated from each other with respect to their
central wavelengths, one can apply the approximation
A j,l1(ωl1)ζi(ωl1) ≈ δilA j,l1(ωl )ζi(ωl ) (where s = 1, ωl1 =
ωl) in (17) to get the result

I jl (ωl1) ≈ |αlB jlA j,l1(ωl )ζl (ωl )|2 ∀ j, l ∈ {1, . . . ,N}.
(18)

Moreover, according to (11), the state at the output port num-
ber l of the jth demultiplexer becomes

|ψ〉(3)C, jl ≈ D̂(αl γ̄l1 jl )|0〉(3). (19)

Since only the signal of the lth transmitter indicated by
ζl (ωl ) contributes to the spectral intensity I jl (ωl1), every re-
ceiver has access to each transmitted signal individually at
its related receiver’s output (see for instance path i = 3 →
j = 4 → s = 1 → l = 3 in Fig. 2). For weak input coherent
states, |αi|2 � 1, receivers’ single-photon detectors (SPD)
click with the probability proportional to I jl (ωls) in line with
the Kelley–Kleiner formula [42]. Apart from the vacuum
state existing in the coherent state, the weak coherent source
emits a single photon with a higher probability than multi-
photon states. So the probability that two different receivers
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simultaneously receive the same input signal due to a mul-
tiphoton state contribution in the coherent state prepared by
the same transmitter is not significant [41]. As a result, se-
cure communication between each pair becomes possible by
omitting unsecured data related to these multiphoton signals,
e.g., by discarding data resulting from multiphoton states in
the postprocessing procedure of decoy state-assisted QKD
protocols [43]. Alternatively, one can use an ideal single-
photon source to prevent the security issues corresponding to
the multiphoton existing in the coherent signals, for instance,
in QKD protocols. The operation of Lambdanet topology
based on ideal single-photon sources is studied in the sequel.

B. SINGLE-PHOTON SIGNALS AS INPUTS
In contrast to coherent states, transmitting single-photon sig-
nals in the network can create an entangled correlated state
between receivers. To better understand the operation of the
quantum Lambdanet network fed by single-photon sources,
the four-user network illustrated in Fig. 2 is considered.
The transmitted carrier frequencies dedicated to each trans-
mitter are (ω1, ω2, ω3, ω4) = 2πc(1/λ1, 1/λ2, 1/λ3, 1/λ4).
Each output of the star coupler distributor is inserted into the
input port number s = 1 of the demultiplexers. The guided
frequency corresponding to each demultiplexer output port l
is adjusted to ωl1 = ωl .
Since ζi(ω) is a narrowband function around the cen-

tral frequency ωi and the dominant contribution of A j,l1(ω)
is around the central frequency ωl , the approximation
A j,l1(ω)ζi(ω) ≈ δilA j,l1(ωl )ζl (ω) is applied to (14), and it
is simplified to

|ψ〉(3)S =
4∏
l=1

⎛
⎝ 4∑

j=1

B jlA j,l1(ωl )â
†(3)
j,l,ζl

⎞
⎠ |0〉(3). (20)

Assume the first receiver performs quantum nondemolition
projective measurement

P̂11(ω1) = |111(ω1)〉(3) (3)〈111(ω1)|
where |111(ω1)〉(3) = â†(3)1,1 (ω1)|0〉(3). Hence, according to
(16), (20) transforms to

P̂11(ω1))|ψ〉(3)S = γ̄1111(ω1)|111(ω1)〉(3)

×
4∏
l=2

⎛
⎝ 4∑

j=1

B jlA j,l1(ωl )â
†(3)
j,l,ζl

⎞
⎠ |0〉(3)

(21)

where γ̄1111(ω1) = B11A1,11(ω1)ζ1(ω1) and â†(3)j,l,ζl
=∫

dωζl (ω)â
†(3)
j,l (ω). As is clear from (21), whenever the

first receiver’s quantum detector PD11 fires, which is related
to the signal with the wave-packet ζ1(ω), other receivers
never see any detection in the corresponding photodetectors,
i.e., PD j1∀ j ∈ {2, . . . ,L}. The success probability of the
projective measurement leading to (21) is proportional
to |γ̄1111(ω1)|2. In the Lambdanet topology, using the
balanced star coupler distribution factor |B ji|2 = 1/N, the

received signal decreases inversely proportional to the
number of users N. This architecture-induced intensity loss
is more significant than the photon loss in network devices,
such as optical fibers and star couplers. Therefore, we
ignored the device photon losses in the above mathematical
modeling. However, for completeness, the lossy star coupler
is presented in Appendix A, which should replace the ideal
BS B̂ operator above to include the photon loss in the
Lambdanet QWDM network. The main drawback of the
Lambdanet topology in the quantum domain is that due to
the no-cloning theorem, perfect quantum amplifiers cannot
be implemented in the quantum communication channel to
compensate for the architecture-induced intensity loss [44].
In Section IV, we investigate an alternative topology
utilizing the WGR that can overcome the disadvantages of
architecture-induced intensity loss.

IV. ROUTER-BASED QWDM NETWORK
As discussed in Section III, adding users decreases the in-
tensity (or probability) of a received signal of the Lambdanet
network. However, increasing the user number does not have
a noticeable impact on the rate of a received signal of a
WGR-based network. Since weak coherent or single-photon
pulse sources are often used in secure quantum networks,
such as QKD networks, designing network components with
minimum loss is essential. Therefore, studying the network
that employs a WGR instead of a star coupler is also help-
ful, which has been done in this section. In the WGR-based
topology, comparing Fig. 3 with Fig. 1, a WGR (S) is substi-
tuted for a general wavelength distributor (G). A lossy AWG
can play the role of the WGR in a real-world WGR-based
communication topology. Unlike Lambdanet in WGR-based
topology, transmitters can transmit a signal with a broad
spectrum of wavelengths to communicate with different re-
ceivers simultaneously. The signal passing from the ith input
port to the jth output port ofWGR is specified by the narrow-
band signal with the central guided frequencyω ji. TheWGR-
based communication system corresponding to N users can
guide N possible narrowband signals with different central
wavelengths λ1, . . . , λN related to the guided frequency ω ji

of the router as ω ji = ω j−i+1modN = 2πc/λ j−i+1modN . For
instance, in the four-user WGR-based network depicted in
Fig. 3, the narrowband signal with the central wavelength
λ2 included in a broadband signal transmitted by the QTx 2
(i = 2) appears at PD32 (l = 2) of QRx 3 ( j = 3).

For comparing a WGR-based network with a star coupler-
based network, it is convenient to examine a lossy WGR
modeled by a unitary transfer matrix S(ω) studied in [45]
and revisited in Appendix B. Appendix B demonstrates
that a lossy WGR can be modeled by adding a frequency-
dependent BS in each output port of a lossless WGR (for
example, see Fig. 13). More precisely, a lossy N × N WGR
is mathematically modeled by a unitary 2N × 2N transfer
matrix S [see (106)]. In this modeling, N extra added input
ports are in vacuum states, and N ancillary output ports are
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FIGURE 3. Schematic of quantum WDM network based on an 8 × 8 lossy
WGR indicated by Ŝ.

blocked. For instance, Fig. 3 shows a 4 × 4 lossy WGR-
based network modeled by a 8 × 8 unitary transfer matrix S.
In conclusion, in the WGR structure, operator S plays

the role of the generic distributor G (see Section II and

Fig. 1). Therefore, the input states |ψ〉(1) is evolved by Ŝ
†

as |ψ〉(1) Ŝ
†

−→ |ψ〉(2) = Ŝ
†|ψ〉(1). Subsequently, QRx (wave-

length demultiplexers) separate the received signals accord-
ing to their wavelength contents. Here, we assume demulti-
plexers are lossless AWGs because photon loss in receiver
sites is ignorable compared to the transmission line. Thus,

like the Lambdanet structure, the local unitary operator Â
†
j

evolves the state passing the jth QRx. Therefore, the global
state at stage (3) becomes

|ψ〉(2)
∏N

j=1 Â
†
j−−−−−→ |ψ〉(3) =

N∏
j=1

Â
†
j |ψ〉(2) =

N∏
j=1

Â
†
j Ŝ

†|ψ〉(1).

In the upcoming subsections, the WGR-based QWDM
communication system and network are studied when they
are fed by coherent and single-photon signals as inputs,
respectively.

A. COHERENT SIGNALS AS INPUTS
Assume all transmitters emit coherent states with broadband
spectrums containing N narrowband signals with the central
frequency ω ∈ {ω1, . . . , ωN}. According to (10), the spectral
intensity at the output port jl becomes

I jl (ωls) = (3)
C, jl〈ψ |â†(3)j,l (ωls)â

(3)
j,l (ωls)|ψ〉(3)C, jl

=
∣∣∣∣
2N∑
i=1

αiA j,ls(ωls)S ji(ωls)ζi(ωls)

∣∣∣∣
2

(22)

where αi = 0 ∀i ∈ {N + 1, . . . , 2N} due to their related vac-
uum state inputs. Again, without loss of generality, we as-
sume the received signal enters into port s = 1 of the QRx
j, QRx j (see Fig. 3). In line with (96), (105), and (106),
since the matrix element S ji(ω) for all i, j ∈ {1, . . . ,N}
has a nonzero value around the central frequency ω ji =
ω j−i+1modN with a narrow bandwidth �ωA, it is approx-
imated as S ji(ωl1) ≈ S ji(ωl1)δl,( j−i+1)modN (neglecting the
crosstalk effects). Thus, (22) is estimated as

I jl (ωl1) ≈ |αīA j,l1(ωl1)S jī(ωl1)ζī(ωl1)|2

= |αīγ̄l1 jī(ωl1)|2 (23)

where ī = ( j − l + 1)modN,ω jī = ωl1 = ωl , and (7) is used
to derive the second line of (23). Moreover, the output state
related to this receiver port according to (11) is approximated
as

|ψ〉(3)C, jl ≈ D̂(αīγ̄l1 jī)|0〉(3). (24)

Equations (23) and (24) show that only the encoded infor-
mation by the īth transmitter reaches the output l of the
jth receiver. Note that each variable l ∈ {1, . . . ,N} is joined
to distinguished transmitter ī ∈ {1, . . . ,N}. Therefore, if all
transmitters’ spectrum contains all WGR-guided frequen-
cies, each receiver becomes independently connected to all
the transmitters with a particular wavelength. The critical
result of (23) is that although |S jī(ωl1)|2 < 1 lowers the
output spectral intensity, this degradation does not signifi-
cantly change by increasing N compared to the frequency-
independent term |B jl |2 ≈ 1/N in (18) for the Lambdanet
network. As a result, the lossy WGR network outperforms
an ideal lossless Lambdanet network.

B. SINGLE-PHOTON SIGNALS AS INPUTS
Fig. 3 depicts a four-user communication system. Like the
Lambdanet quantum network, one may assume each user
holds a transmitter and a receiver device. The related uni-
tary evolution of a 4 × 4 lossy WGR is modeled by a uni-

tary operator Ŝ
†
with eight inputs/outputs. We study two

kinds of spectrally broadband sources of single photons,
which senders may use. First, a broadband single-photon
wave packet, and second, multiplexing a few narrowband
single-photon sources with different central frequencies (see
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Appendix B). In this subsection, a wave packet with a broad-
band spectrum is indicated by the symbol ζ , whereas a
narrowband wave packet is shown by ξ .

1) BROADBAND SINGLE-PHOTON WAVE PACKET
Each transmitter transmits a broadband single-photon state
as

|ψζi〉(1)S = â†(1)i,ζi
|0〉(1) =

∫
dωζi(ω)â

†(1)
i (ω)|0〉(1) (25)

where ζi(ω) is a single-photon wave-packet profile. We
assume this broadband single-photon state is in a super-
position of all carrier frequencies {ω1, ω2, ω3, ω4}, where
ωn = 2πc/λn n ∈ {1, . . . , 4}.

AppendixA, studies a single-photon signal with the broad-
band spectrum ζi(ω) passing through an ideal demultiplexer.
It introduces new wave packets with narrowband spectrums
ξi,n(ω) and carrier frequenciesωn. Here, we analyze a system
where all users utilize broadband single-photon sources. At
the same time, the quantum wavelength distributor, the pas-
sive quantum router, is a lossy AWG (generally speaking, a
lossy WGR).
Note that vacuum states feed auxiliary input ports of the

lossy WGR model (S) ∀i ∈ {5, . . . , 8}. Thus, the global state
at the receiver site according to (14) becomes

|ψ〉(3)S =
4∏
i=1

⎛
⎝ 8∑

j=1

4∑
l=1

Nl1 jiâ
†(3)
j,l,γl1 ji

⎞
⎠ |0〉(3). (26)

Using (6) and (7), we expand the argument of (26) as
follows:

Nl1 jiâ
†(3)
j,l,γl1 ji

=
∫

A j,l1(ω)S ji(ω)ζi(ω)â
†(3)
j,l (ω)dω

≈
∫

A j,l1(ω)S ji(ω)
4∑

l′=1

cl′ξi,l′ (ω)â
†(3)
j,l (ω)dω

≈ A j,l1(ωl1)S ji(ωl1)cl

∫
ξi,l (ω)â

†(3)
j,l (ω)dω

≈ A j,l1(ωl1)S ji(ωl1)cl â
†(3)
j,l,ξi,l

(27)

where we use two estimations as follows. First, due to the fact
that both WGR and receivers have narrow bandwidth output
signals around the guided frequencies ωl′ ∈ {ω1, . . . , ω4},
one can decompose the photon wave packet of the ith
sender as ζi(ω) = ∑4

l′=1 cl′ξi,l′ (ω), where
∑4

l′=1 |cl′ |2 = 1
and ξi,l′ (ω) is a narrow bandwidth wave packet around the
frequency ωl′ such that

∫
ξ∗
i,l′ (ω)ξi,l (ω)dω = δl,l′ (see Ap-

pendix A). Second, since the lth port of the jth receiver indi-
cated by index jl guides a signal with the central frequency
ωl1 = ωl , in the two last lines of (27) we apply the estimation
A j,l1(ω)ξi,l′ (ω) ≈ δl,l′A j,l1(ωl1)ξi,l (ω).

The signal at the output port jl of the demultiplexer
A j,l1(ω) is dominant around the frequencyωl1 and the guided
frequency of WGR, S ji(ω), from input port i to output port j
is ω ji = ω j−i+1mod4. Therefore, one can estimate S ji(ωl1) ≈

S ji(ωl1)δl,l̄ where l̄ = ( j − i+ 1)mod4 ∀i, j ∈ {1, . . . , 4}
and l̄ = ( j − 4 − i+ 1)mod4 ∀i ∈ {1, . . . , 4} and ∀ j ∈
{5, . . . , 8}. Hence, (27) becomes

Nl1 jiâ
†(3)
j,l,γl1 ji

≈ δl,l̄A j,l1(ωl1)S ji(ωl1)cl â
†(3)
j,l,ξi,l

= δl,l̄Cl1 jiâ
†(3)
j,l,ξi,l

(28)

where Cl1 ji = A j,l1(ωl1)S ji(ωl1)cl . As a result, (26)
becomes

|ψ〉(3)S =
4∏
i=1

⎛
⎝ 4∑

j=1

Cl̄1 jiâ
†(3)
j,l̄,ξi,l̄

+
8∑
j=5

Cl̄1 jiâ
†(3)
j,l̄,ξi,l̄

⎞
⎠ |0〉(3).

(29)

Note that receivers with index j > 4 are related to the auxil-
iary port of the lossy WGR distributor whose QRx â†(3)

j,l̄,ξi,l̄
are virtual, allowing us to use the generic formalism ex-
plained in Section II. Therefore, the second term on the
right-hand side of (29) is related to the ancillary blocked
receivers (see output ports of WGR in Fig. 3 indicated by
â(2)j where j ∈ {5, . . . , 8}), which degrades the system per-
formance by consuming single photons. The presence of
the creation mode â†(3)

j,l̄,ξi,l̄
in (29) restates that the ith trans-

mitter is connected to the real (virtual) jth receiver with
the specific frequency ωl̄1 = ωl̄ where l̄ = j − i+ 1mod4
(l̄ = j − 4 − i+ 1mod4).

As a concrete example, given that the j̃th receiver performs
the projective measurement by applying the local projective
operator P̂j̃l̃ (ωl̃ ) = |1 j̃l̃ (ωl̃ )〉(3) (3)〈1 j̃l̃ (ωl̃ )| on (29), where in-
dex j̃l̃ indicates the l̃th output port of the j̃th receiver. Using
the same procedure as in (28), for j = j̃ and l = l̃ (7) gives

γ̄l̃s j̃i′ (ωl̃1) = δl̃,l̄Cl̃s j̃i′ξi′,l̃ (ωl̃1) = δi′,īCl̃s j̃i′ξi′,l̃ (ωl̃1) (30)

where, for example for receiver j̃ = 1, l̄ = ( j̃ − i′ +
1)mod4 = (2 − i′)mod4, and equivalently, ī = (2 − l̃)mod4.
We apply (30) on (16), assuming j̃ = 1, and s = 1. Fur-
thermore, according to (28), we substitute Nl1 jiâ

†(3)
j,l,γl1 ji

with

δll̄Cl1 jiâ
†(3)
j,l,ξi,l

in (16). As a result, the collapsed state of (29)

after projective measurement P̂1l̃ (ωl̃ ) becomes

P̂1l̃ (ωl̃ )|ψ〉(3)S = γ̄l̃11ī(ωl̃ )|11l̃ (ωl̃ )〉(3)

×
4∏
i=1
i 	=ī

⎛
⎝ 8∑

j=1

Cl̄1 jiâ
†(3)
j,l̄,ξi,l̄

⎞
⎠ |0〉(3) (31)

where γ̄l̃11ī(ωl̃ ) = Cl̃11īξī,l̃ (ωl̃ ). Using approximation
ζī(ωl̃ ) ≈ clξī,l̃ (ωl̃ ), one can realize γ̄l̃11ī(ωl̃ ) has the same
form as (7). Note that in (31), the index l̄ is a variable that
varies depending on the values of j and i. On the other hand,
ī and l̃ are fixed parameters and related to each other as
ī = 2 − l̃mod4. Equation (31) clarifies that the first receiver
( j̃ = 1) will receive the encoded information by the īth
transmitter (ī = (2 − l̃)mod4) on the carrier frequency ωl̃
with the probability proportional to |γ̄l̃11ī(ωl̃ )|2. The photon
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detection by the first receiver’s quantum detector (PD1l̃)
contains the information of transmitter QTx ī. After this
detection, there is no chance of detection by other receivers’
detectors, which can detect the broadband single-photon
signal prepared by the īth transmitter even in different
frequencies ωl 	= ωl̃ .

2) MULTIPLEXED NARROWBAND SINGLE-PHOTON
SOURCES
In this case, each user transmits four spectrally distinguished
photons

|ψ〉(1)i =
4∏

n=1

∫
dωξi,n(ω)â

†(1)
i (ω)|0〉(1) (32)

where ξi,n(ω) is the nth narrowband spectrum prepared by
the ith transmitter (i ∈ {1, . . . , 4}) with the central frequency
match to the guided frequency of WGR from its nth input
toward its first output as ω1n = ωn ∀n ∈ {1, . . . , 4} such that∫
ξ∗
i,n(ω)ξi,n′ (ω)dω ≈ δn,n′ . To better understand the mean-

ing of (32), consider ξ1,n(ω) as a wave packet of a photon
with the horizontal polarization around the frequency ωn
transmitted by the first transmitter. In contrast, the wave-
packet ξ2,n′ (ω) can correspond to a vertically polarized pho-
ton with central frequency ωn′ transmitted by the second
transmitter. Generally speaking, the other transmitted pho-
tons from each transmitter may carry different polarizations.
Note that additional degrees of freedom, such as time-bins
or orbital angular momentums, could be information carri-
ers to transmit encoded data from senders to receivers in
a router-based QWDM network. The following shows how
each encoded wave-packet ξi,n(ω) independently goes to a
specific receiver. The practical usage of this topology in a
QKD network will be discussed in Section VI-B.
Since the auxiliary input ports of S as a 8 × 8 unitary

operator are in the vacuum state, the product sum on the
input states in the following equation is up to i = 4 instead
of i = 8. Therefore, in line with (32), the total state emitted
by all transmitters becomes

|ψ〉(1) =
4∏
i=1

|ψ〉(1)i

=
4∏
i=1

4∏
n=1

∫
dωξi,n(ω)â

†(1)
i (ω)|0〉(1)

=
4∏
i=1

4∏
n=1

â†(1)i,ξi,n
|0〉(1). (33)

According to (14), the evolution of (33) to stage (3) becomes

|ψ〉(3)S =
4∏
i=1

4∏
n=1

⎛
⎝ 8∑

j=1

4∑
l=1

Nl1 ji,nâ
†(3)
j,l,γl1 ji,n

⎞
⎠ |0〉(3) (34)

where Nl1 ji,n and γl1 ji,n(ω) are acquired by substituting
ξi,n(ω) in place of ζi(ω) in (3)–(5). Note that since each user

emits a tensor product of single-photon states, all the related
results in Section II require the above modification.
Because the central frequency of ξi,n is fixed to ωn = ω1n

for all transmitters, the dominant part of the single-photon
wave-packet γl1 ji,n(ω), for the operator â†(3)j,l,γl1 ji,n

in (34),
occurs when ω ≈ ωn = ωl1 = ω ji, leading to n = l = ( j −
i+ 1)mod4. Remind that ωl1 is the guided frequency of the
demultiplexer at receiver site from its first input to its lth
output. Besides, ω ji is the guided frequency of WGR from
its ith input toward the jth output for i, j ∈ {1, 2, 3, 4}. Sub-
sequently, similar to (27), ∀ i, j ∈ {1, . . . , 4}, the following
approximation holds:

Nl1 ji,nâ
†(3)
j,l,γl1 ji,n

=
∫

A j,l1(ω)S ji(ω)ξi,n(ω)â
†(3)
j,l (ω)dω

≈ δlnδ j j′A j,l1(ωn)S ji(ωn)â
†(3)
j,l,ξi,n

(35)

where j′ = (n+ i− 1)mod4. Furthermore, for all
i ∈ {1, . . . , 4} and virtual ports j ∈ {5, . . . , 8}

Nl1 ji,nâ
†(3)
j,l,γl1 ji,n

=
∫

A j,l1(ω)S ji(ω)ξi,n(ω)â
†(3)
j,l (ω)dω

≈ δlnδ j j′′A j,l1(ωn)S ji(ωn)â
†(3)
j,l,ξi,n

(36)

where j′′ = ((n+ i− 1)mod4) + 4. Substituting (35) and
(36) to (34) gives rise to

|ψ〉(3)S =
4∏
i=1

4∏
n=1

(A j′,n1(ωn)S j′i(ωn)â
†(3)
j′,n,ξi,n

+ A j′′,n1(ωn)S j′′i(ωn)â
†(3)
j′′,n,ξi,n )|0〉

(3). (37)

According to (37), at the nth demultiplexer’s output port
of receiver j′ = (n+ i− 1)mod 4, the distinguished signal
of sender i with the central frequency ωn (indicated by the
creation operator â†(3)j′,n,ξi,n) is delivered. Hence, all the trans-
mitters are simultaneously connected to all the receivers and
function independently. Note that the correlation in (37) is
due to the introduced BSs as a loss model. For an ideal, loss-
less WGR (S j′′i(ω) = 0 and |A j′,n1(ωn)| = |S j′i(ωn)| = 1),
the final state at stage (3) becomes separable as follows:

|ψ〉(3)S =
4∏
i=1

4∏
n=1

A j′,n1(ωn)S j′i(ωn)â
†(3)
j′,n,ξi,n . (38)

V. FIBER-TO-THE-QUANTUM NODE QWDM NETWORK
For the last but not least example of a conventional network
in the quantum domain, we study the quantum version of one
of the most used WDM local access networks, which uti-
lizes the fiber optic capacity, i.e., FTTH. This topology con-
nects local users to a remote node via separate fiber optics.
A remote node is a wavelength multiplexer/demultiplexer
connected to the central office via a single optical fiber.
The central office hub demultiplexes the received signals
and multiplexes the transmitting signals to the remote node
destination. The number of receivers and transmitters in the
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FIGURE 4. FTTQ. The fiber link is modeled by a BS. Mux and DeMux are abbreviations of wavelength division multiplexer and demultiplexer.

hub equals users’ sites. Consequently, multiplexing and de-
multiplexing of signals form a passive photonic loop. Here,
we mathematically model this topology, assuming all the
receivers are in the users’ sites while all the transmitters are
in the central office. This is similar to the long-haul point-to-
point WDM networks, as shown in Fig. 4.

Fig. 4 illustrates a quantum mathematical model for con-
ventional passive photopic loop and long-haul point-to-point
WDM networks, which we name FTTQ node (quantum
transmitter and receiver) [13], [15]. This figure shows that
an optical fiber link connects N transmitters and N receivers
via wavelength multiplexing and demultiplexing the sig-

nals. The quantum operator M̂
†
models the combination

of multiplexer-fiber-demultiplexer, which plays the role of

wavelength distributors indicated in Fig. 1, i.e., Ĝ
† = M̂

†
.

Although in the classical world, multiplexers and demul-
tiplexers are N × 1 and 1 × N devices, in quantum me-
chanics, they are modeled by N × N transfer matrix, where
multiplexers have N − 1 auxiliary blocked output ports, and
demultiplexers have N − 1 auxiliary vacuum input ports.
Furthermore, a BS models a lossy optical fiber link with a
transmission coefficient that equals the fiber transmittance.
We label the BS’s extra input and output ports of the fiber

link as the 2Nth input and output ports of the operator M̂
†

(see Fig. 4). Suppose all transmitters use narrow-bandwidth
sources in the FTTQ topology, and receivers utilize narrow
bandpass filters. For simplicity, it is also assumed that the de-
multiplexer’s output bandwidth is much less than the filter’s
bandwidth; therefore, one can estimate the quantum unitary
transforms of the filters as identity operators. Thereby, as
shown in Fig. 4, the narrowband signals emitted by the QTx
are first combined by the wavelength multiplexer (Mux) to
the output mode indicated by â′

m. Then, after passing through
the virtual BS as a model of a lossy optical fiber link, the
N combined signals are separated by the wavelength de-
multiplexer (DeMux) to N spatially different ports, reaching
different receivers.
Wavelength multiplexers and demultiplexers used in

FTTQ networks can be implemented by a N × N arrayed
waveguide grating (AWG) whose quantum model Â is
briefly explained in Appendix B according to the materials
of [45] and [46]. It may be wise to think of a demultiplexer
evolution operator as an inverse (transpose conjugate) of a
multiplexer evolution operator. By proper rearrangement of
input labels, the AWG as aMux or a Demux treats symmetri-

cally, i.e., Â
† = Â. Thus, the unitary operators corresponding
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to the evolution of signals through the wavelength
multiplexer and the wavelength demultiplexer are described
by the same quantum operator Â. This means that the guided
frequency from the ith input toward the jth output of
the AWG equals the jth input toward the ith output, i.e.,
ω ji = ωi j [15]. As illustrated in Fig. 4 and according to

(95b), the Mux transforms the input mode (â(1)i (ω)) to
output mode (â′

j(ω)) as

â(1)i (ω) =
N∑
j=1

A∗
ji(ω)â

′
j(ω) (39)

and the input mode (â′′
i (ω))-output mode (â(2)j (ω)) relation

for Demux is given by

â′′
i (ω) =

N∑
j=1

A∗
ji(ω)â

(2)
j (ω). (40)

The BS as a 2 × 2 unbalanced star coupler (see Appendix A)
leads to the connection between Mux output mode (â′

m(ω))
and DeMux input mode (â′′

m(ω)) as

â′
m(ω) = B∗ f

11 â
(3)
2N,l (ω) + B∗ f

21 â
′′
m(ω) (41)

where superscript f presented on the BS coefficients (B∗ f
11

and B∗ f
21 ) signifies that the BS is an optical fiber link model.

Assume that F̂ j = I; therefore, the mode in stage (2) equals
stage (3), and the received modes in stage (3) are written
as â(3)j,l = â(2)j , where the quantum model of the filter can
be viewed as a virtual N × N AWG in which only one
of its output ports denoted by l is used, and others are
blocked. The used output port l related to the jth receiver
of this virtual AWG model is fixed to the port, which allows
passing wavelength λ j. For instance, it is assumed in the
virtual AWG model of filters depicted in Fig. 4 that if the
AWG input port is fixed to s = 1, a narrowband signal with
the central wavelength λ j exits from the output port l = j.
Since we assume all the receivers have identical QRx, in
Fig. 4, the output port of the jth QRx is indicated by l = j.
For the auxiliary receivers, the index l is a parameter to help
the model provide consistent indexing with the most general
case. Note that since the presented network at most supports
N different frequencies if the auxiliary blocked output ports
from N + 1 to 2N are equipped with demultiplexers, their
output indexes would be l ∈ {1, . . . ,N}. Let us highlight
that, in this section, in FTTQ structure for simplicity, we
have assumed that the guided frequency for the filters
is ωl1 = ωl = 2πc/λl , while for Mux–DeMux structure
ωmi = ω jm = ωi = 2πc/λi for i = j.
Adapting the general topology indexing given in (2), the

auxiliary vacuum input ports of DeMux are renamed as

â(1)N+i = â′′
i for i ∈ {1, . . . ,m− 1}

â(1)N+i−1 = â′′
i for i ∈ {m+ 1, . . . ,N}.

Moreover, the auxiliary blocked output ports of Mux are
relabeled as

â(3)N+i,l = â′
i for i ∈ {1, . . . ,m− 1}

â(3)N+i−1,l = â′
i for i ∈ {m+ 1, . . . ,N}.

These ancillary inputs and outputs, along with the unused
BS input port â(1)2N and the blocked output port â(3)2N,l , aggre-
gate to model an N × N Mux–Fiber–DeMux system with a

2N × 2N quantum operator, denoted by M̂
†
. As a result, the

overall input–output mode relation for this compound system
is written as

â†(1)i (ω) =
2N∑
j=1

M ji(ω)â
†(3)
j,l (ω) := M̂

†
â†(1)i (ω)M̂. (42)

Accordingly, the evolution of a general input state (1) to stage
(3) becomes

|ψ〉(3) = M̂
†|ψ〉(1)

=
2N∏
i=1

fi

(∫
dωζi(ω){M̂†

â†(1)i (ω)M̂}
)

|0〉(3). (43)

Using (39)–(43) accompanied with the above mode
renaming, the global state in stage (3) becomes

|ψ〉(3)=
N∏
i=1

fi

(∫
dωζi(ω)

{ N∑
j=1

Ami(ω)B
f
21A jm(ω)â

†(3)
j,l (ω)

+
N+m−1∑
j=N+1

A j−N,i(ω)â†(3)j,l (ω)

+
2N−1∑
j=N+m

A j−N+1,i(ω)â
†(3)
j,l (ω)

+ Ami(ω)B
f
11â

†(3)
2N,l (ω)

})
|0〉(3) (44)

where for i ∈ {N + 1, . . . , 2N}, fi(â†ζi ) = 1, and the follow-
ing substitution in (44) [or equivalently in (43)] is used:

G ji(ω) = M ji(ω) = Ami(ω)B
f
21A jm(ω) j ∈ {1, . . . ,N}

G ji(ω)=M ji(ω)=A j−N,i(ω) j∈{N + 1, . . . ,N + m− 1}
G ji(ω)=M ji(ω) = A j−N+1,i(ω) j∈{N + m, . . . , 2N − 1}
G ji(ω) = M ji(ω) = Ami(ω)B

f
11 j = 2N. (45)

Note that the filter passes frequency ω jm and since in an
ideal FTTQ system, only frequency band ω jm reaches the
filter F̂ j; therefore, its operation is approximated with the
identity operator from its input s = 1 to output l = j, i.e.,
QRx j = F̂ j = I. The Mux’s and DeMux’s input and output
ports are arranged in such a way that ωmi = ω jm provided
i = j (For example, by exchanging input port numbers 2
with 4 of a 4 × 4 AWG depicted in Fig. 11.). Thus, there
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is a one-to-one relation between transmitted and received
frequencies (see Fig. 4), i.e., the first transmitter is linked
to the first receiver, the second transmitter is linked to the
second receiver, and so on.

A. COHERENT SIGNALS AS INPUTS
In this part, we concentrate on the FTTQ communication
system when all the transmitters prepare coherent state sig-
nals [given in (8)] for transporting information. Consider the
approximation

|A ji(ω)|2 ≈
{
1, |ω − ω ji| ≤ �ωA/2

0, otherwise
(46)

for the wavelength Mux and DeMux. Using (10), and the
estimation Ami(ω jm) ≈ δi jAm j(ω jm) concluded from (46)
(neglecting the crosstalk), the spectral intensity at the jth
receiver’ site ( j ≤ N) becomes

I j j(ω jm) = (3)
C, j j〈ψ |â†(3)j, j (ω jm)â

(3)
j, j (ω jm)|ψ〉(3)C, j j

≈
∣∣∣∣

N∑
i=1

αiAmi(ω jm)B
f
21A jm(ω jm)ζi(ω jm)

∣∣∣∣
2

≈ |α jAm j(ω jm)B
f
21A jm(ω jm)ζ j(ω jm)|2

≈ |α j|2|B f
21|2|ζ j(ωm j )|2. (47)

Equation (47) indicates that the ith transmitter is linked to
the jth receiver providing i = j. Note that the AWG out-
put port number as a model for the filter is assumed to
be fixed to the receiver number, i.e., l = j. Equation (47)
shows that the intensity I j j(ω jm) is proportional to the fre-
quency amplitude |ζ j(ω jm)|2 of the jth transmitter, and its
mean photon number |α j|2. The fiber transmittance coef-

ficient can be approximated as |B f
21|2 = 10−ᾱL/10, where

ᾱ = 0.2 dB/km andL are the fiber loss per kilometer and the
length between Mux and DeMux, respectively [15]. Using
the Kelley–Kleiner formula [42], the probability of photon
counting in the single-photon detector of the jth receiver
is proportional to [1 − exp(−ηI j j(ω jm)�ωA)], where η is
the detector’s efficiency, and �ωA is the channel bandwidth
of the AWG. If transmitters emit weak coherent pulses as
inputs, i.e., |αi|2 � 1, the probability that a single-photon
detector click is commensurate with I j j(ω jm).

Note that the ancillary blocked output port of the BSwould
receive the following intensity:

I2N,l (ωlm) ≈
∣∣∣∣

N∑
i=1

αiAmi(ωlm)B
f
11ζi(ωlm)

∣∣∣∣
2

≈ |αlAml (ωlm)B
f
11ζl (ωlm)|2. (48)

By employing a wavelength demultiplexer (where its input
index is m, and its output indexes are indicated by different
l ∈ {1, . . . ,N}) located at the BS’s site (at the optical fiber

FIGURE 5. 4 × 4 quantum operator model for two-user (receiver)
one-way FTTQ topology. Red and blue arrows indicate input and output
signals, respectively.

link), an eavesdropper can access to the signal of the lth trans-
mitter l ∈ {1, . . . ,N}, meaning the transmitters’ information
leaks to this virtual port. This is reminiscent of BS attacks in
QKD protocols.

B. SINGLE-PHOTON SIGNALS AS INPUTS
This section studies an FTTQ communication system com-
prising two transmitters, two receivers, and transmitters
equipped with single-photon sources as given in (13). Con-
sidering the ancillary ports, such a system is expressible by a

4 × 4 distributer M̂
†
as depicted in Fig. 5. In a long-haul fiber

link topology, transmitters and receivers will be in different
geographical locations. However, in a passive photonic loop
topology, one transmitter and one receiver are placed in the
location of each user (see [13, Fig. 1]).
Like Fig. 4, we assume the QRx are the ideal filters, taking

signals from the input index s = 1 and transporting the sig-
nals from the receivers’ output port l = j for j ∈ {1, 2}. Since
the QRx j ∈ {3, 4} are not equipped to any QRx’s devices,
the index l for these receivers is a dummy index and does not
need sum over them in (14). Moreover, because input ports
i = 3 and i = 4 are fed by vacuum states, the sum-product
on i in (1) remains only on i ∈ {1, 2}. Therefore, using (14),
the state at stage (3) becomes

|ψ〉(3)S =
(
N1111â

†(3)
1,1,γ1111

+ N2121â
†(3)
2,2,γ2121

+ Nl131â
†(3)
3,l,γl131

+ Nl141â
†(3)
4,l,γl141

)
×
(
N1112â

†(3)
1,1,γ1112

+ N2122â
†(3)
2,2,γ2122

+ Nl132â
†(3)
3,l,γl132

+ Nl142â
†(3)
4,l,γl142

)
|0〉(3)

(49)
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whereNls ji and γls ji are obtained by (3), and (5). In addition,
according to (7) and (45), the unnormalized modified wave
packets contributing in (49) ∀i, j ∈ {1, 2} are

γ̄ j1 ji(ω) = M ji(ω)ζi(ω) = Ami(ω)B
f
21A jm(ω)ζi(ω)

γ̄l13i(ω) = M3i(ω)ζi(ω) = A1i(ω)ζi(ω)

γ̄l14i(ω) = M4i(ω)ζi(ω) = Ami(ω)B
f
11ζi(ω). (50)

In (50), A jm(ω) and Ami(ω) have nonzero values around the
central frequencies ω j and ωi, respectively. Hence, whenever
j 	= i the γ̄ j1 ji(ω) becomes zero. Furthermore, A1i(ω) is null
around the central frequency of ζi(ω), i.e.,ωi. Therefore, (49)
is simplified to

|ψ〉(3)S =
(
N1111â

†(3)
1,1,γ1111

+ Nl141â
†(3)
4,l,γl141

)
×
(
N2122â

†(3)
2,2,γ2122

+ Nl142â
†(3)
4,l,γl142

)
|0〉(3)

= N1111N2122|1γ11111γ21220γl1410γl142〉
+ N1111Nl142|1γ11110γ21220γl1411γl142〉
+ N2122Nl141|0γ11111γ21221γl1410γl142〉
+ Nl141Nl142|0γ11110γ21221γl1411γl142〉. (51)

Equation (51) shows the entangled state between real
(â†(3)1,1,γ1111

|0〉 = |1γ1111〉, â†(3)2,2,γ2122
|0〉 = |1γ2122〉) and auxiliary

(â†(3)4,l,γl141
|0〉 = |1γl141〉, â†(3)4,l,γl142

|0〉 = |1γl142〉) output states at
stage (3). Provided the first receiver (or user indicated by â(3)1,1
in Fig. 5) receives the single photon in the state |111(ω1)〉,
the collapsed state of |ψ〉(3)S after the projective measurement
P̂11(ω1) = |111(ω1)〉〈111(ω1)| becomes

P̂11(ω1)|ψ〉(3)S = γ̄1111(ω1)|111(ω1)〉
× {N2122|1γ21220γl1410γl142〉

+ Nl142|0γ21220γl1411γl142〉} (52)

with the detection probability proportional to |γ̄1111(ω1)|2
[see (16)]. As seen in (52), the second receiver (or user indi-
cated by â(3)2,2 in Fig. 5) does not have access to the encoded
information on the single-photon state |111(ω1)〉 received by
the first receiver. As a result, the central office can commu-
nicate with both receivers independently and securely. The
leakage of information dedicated to the first receiver toward
the second receiver due to the crosstalk is characterized by
the amount of γ̄2121(ω1) [see (50) and when in nonideal
AWG, A22(ω1) 	= 0]. The crosstalk can be eliminated by
increasing user frequency channel spacing. Furthermore, as-
suming transmitters utilize ideal single-photon sources, the
BS output port related to â(3)4,l gives rise to the signal loss in
the system.Whenever any detection occurs in the output port
related to the mode â(3)4,l , the detector of the receiver who was
supposed to receive that signal never clicks apart from the
dark count of its nonideal single-photon detector.
Using nonideal single-photon sources or weak coherent

pulses leads to security issues in cryptography applications.

FIGURE 6. Schematic configuration of polarization encoded BB84-QKD
based quantum WDM network using the star coupler among four users,
A: Alice, B: Bob, C: Charlie, and D: David. QT: quantum transmitter, BS:
beam splitter, PBS: polarization beam splitter, SPD: single-photon
detector, H: half wave-plate, DeMux: demultiplexer, PM: polarization
modulator, Att.: attenuator, SPS: single-photon source.

Assuming the central office is trustful, the information of
users via the BS output port related to â(3)4,l can leak to an
illegitimate eavesdropper. The BS model for the fiber link is
the reminiscence of the well-known BS attack utilized by the
eavesdropper in secure quantum communication protocols,
such as QKDs [47]. This leaked information quantified by
γ̄l141(ω1) and γ̄l142(ω2) must be excluded in the postprocess-
ing procedure (privacy amplification [48]). Hence, the secure
key rate of QKD protocols is limited.

VI. APPLICATIONS OF QWDM COMMUNICATION
SYSTEMS IN QKD NETWORKS
This section studies the BB84 protocol as a well-known
prepare and measure-based discrete-variable QKD proto-
col in the Lambdanet and WGR-based QWDM network
topologies [39]. For the sake of simplicity, a four-user QKD
network is analyzed. The generalization of this QKD-based
network for N users is straightforward.

In a point-to-point polarization-encoded BB84 QKD pro-
tocol (a two-user network), a transmitter, Alice, randomly
encodes classical bit into the polarization of input signals
choosing either a rectilinear basis [horizontal (H) and vertical
(V )] or a diagonal basis [diagonal (D) and an antidiagonal
(A)]. The information carrier can be either single-photon or
weak coherent pulses. The receiver, Bob, randomly chooses
the rectilinear or diagonal measurement bases for polariza-
tion measurement. He decodes the information encoded in
the polarization of signals based on the predetermined coding
model. For example, horizontal or diagonal polarization sig-
nals are dedicated to bit 0. In contrast, vertical or antidiagonal
polarized signals are related to bit 1.
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Fig. 6(b) depicts a scheme for random basis selection for
polarization measurement. The transmitted (reflected) output
of the 50:50 BS corresponds to measurement on the rec-
tilinear (diagonal) basis. A half-wave plate (H) transforms
diagonal (antidiagonal) polarization to horizontal (vertical)
one. Therefore, with the use of a polarization BS (PBS),
which transmits (reflects) horizontal (vertical) polarization,
and Hwave plates, it is possible also to separate diagonal and
antidiagonal polarizations. If an electro-optical polarization
switch replaces the BS, the number of SPD used in a quantum
detection setup (QD) is halved [49]. A correlation can only
be drawn between Alice’s and Bob’s bits related to the same
prepared and measured bases. Therefore, a sifting process
is required to remove uncorrelated bits related to incompat-
ible bases [39]. This section is processed as follows. First,
Section VI-A studies the polarization-encoded BB84 QKD
network in the Lambdanet topology based on the 4 × 4 star
coupler. Second, the QKDnetwork based on theWGR is ana-
lyzed in SectionVI-B. Finally, in SectionVI-C, a comparison
between these two QKD networks is made with the help of
existing experimental parameters.

A. LAMBDANET-BASED QKD NETWORK
Fig. 6 shows a 4 × 4 quantum WDM network between four
users, Alice (A), Bob (B), Charlie (C), and David (D). Each
user can have both transmitter and receiver setups. Never-
theless, for this fully connected QKD network, only three
users, Alice, Bob, and Charlie, need QTx. Furthermore, only
Bob’s, Charlie’s, and David’s sites must be equipped with the
measurement setups, i.e., QD (see the inset at the right-hand
side of Fig. 6). Since David does not send any quantum
signal in this scheme, the four-user QKD-based WDM net-
work runs by only three wavelengths. Fig. 6 assumes that
the QTx consists of a quasi-monochromatic single-photon
source or an attenuated narrowband laser source accompa-
nied by a polarization-modulating system. The signal trans-
mitted from Alice’s site passes through the detection parts
related to Bob (AB), Charlie (AC), and David (AD). Thus,
Alice can share the distinguished quantum keys with Bob,
Charlie, and David. It is worth mentioning that provided
the transmitted signal from Alice’s site is an ideal single
photon, Bob, Charlie, and David will not receive a similar
signal simultaneously. So, any pair achieves a different and
independent secret key. When the weak coherent source is
used, the network-extended decoy-state scheme of the BB84
protocol compensates for the security issue that arises from
the multiphoton states [50]. Since utilizing coherent sources
is, in practice, very common, all transmitters are assumed to
emit weak coherent states in the following.
As detailed in [51], photon wave packets provide var-

ious degrees of freedom for information encodings, such
as wavefront and polarization. This section exploits photon
wave packets’ polarization degree of freedom as the infor-
mation carrier and superscripts the polarization of photon
wave packets to highlight the information bit. For exam-
ple, consider Alice encodes classical bit 0 as the diagonal

polarization state of a weak coherent pulse. According to
(1) and (8), the emitted state in the preparation stage (1) is
specified by |ψD〉(1)C,1 = D̂(α1ζD1 )|0〉(1), where the subscript
1 is Alice’s index, and the superscript D indicates that the
polarization of electric mode is diagonal. Therefore, based
on the materials of Section III, specifically (19), the quantum
state at Bob’s receiver port ( j = 2, l = i = 1), labeled as AB
in Fig. 6(a), becomes

|ψD〉(3)C,21 ≈ D̂(α1γ̄1121)|0〉(3)

where from (7) γ̄1121(ω1) = A2,11(ω1)B21ζ
D
1 (ω1) which

only contains Alice’s transmitted diagonal polarization sig-
nal ζD1 . Recall that ζD1 (ω) is a narrowband wave packet
with the central frequency ω1 in the Lambdanet network.
Assume Bob’s received signal at port AB passes the polar-
ization detection scheme, shown in Fig. 6(b). The 50:50 BS

transforms the field operator as B̂S
†
â(3)
AB,ζD1

B̂S = 1√
2
(b̂1,ζD1

+
b̂2,ζD1

), where b̂1,ζD1
corresponds to the transmission port of

the BS and b̂2,ζD1
corresponds to the reflection port. Note that

the unitary operator related to the BS as a 2 × 2 star coupler
is indicated by B̂S. The unitary transformation associated
with the half-wave plate (H), ÛH, on the reflected beam

from the BS, gives rise to ÛHb̂2,ζD1
Û
†
H = b̂2,ζH1

, where the
superscript H shows the horizontal polarization. As a result,
the PBS in its horizontal port will experience the transmit-
ted photon with mean photon number 〈b̂†2,H (ω1)b̂2,H (ω1)〉 =
| 1√

2
α1B21A2,11(ω1)ζD1 (ω1)|2 [see (18)]. Thus, the single

photon detector SPD1 can click with the probability [42],
[52], [53]

P(L)
AB = 1 − exp

(
−η′

∫ ∣∣∣∣ 1√
2
α1B21A2,11(ω)ζ1(ω)

∣∣∣∣
2

dω

)

≈ η′
∣∣∣ 1√

2
α1B21A2,11(ω1)

∣∣∣2. (53)

Meanwhile, there is a vacuum state in the other port of
PBS, and the ideal SPD2, related to vertical polarization,
never clicks. Indeed, (53) is the one minus the probability
that the vacuum state is in the coherent state distribution.
Note that the total efficiency η′ comprises the detector
efficiency, channel transmittance, and other devices’
transmission coefficients in the detection setup from
BS toward SPD1 [see Fig. 6(b)]. In (53), it is assumed
that the demultiplexer bandwidth (�ωA) is the same or
wider than the laser bandwidth. Moreover, the amplitude
A2,11(ω) at the laser’s spectrum is almost constant and
equal to A2,11(ω1). Hence,

∫
dω|A2,11(ω)ζ1(ω)|2 ≈

|A2,11(ω1)|2
∫
dω|ζ1(ω)|2 = |A2,11(ω1)|2. If the bandwidth

of the demultiplexer’s output mode is less than the input
laser’s, ζ1(ω) will be tailored, and

∫
dω|A2,11(ω)ζ1(ω)|2 ≈

|A2,11(ω1)|2
∫ ω+�ωA/2
ω−�ωA/2 dω|ζ1(ω1)|2, where

∫ ω+�ωA/2
ω−�ωA/2

dω|ζ1(ω1)|2 < 1. One can insert this additional loss in the
heart of η′.
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FIGURE 7. Schematic configuration of BB84-QKD based quantum WDM
network using WGR among four users, A: Alice, B: Bob, C: Charlie, and D:
David. QS is a quantum source. PM is a polarization modulator, and Att.
is an attenuator.

B. WGR-BASED QKD NETWORK
As mentioned in Section IV, the introduced loss by WGR
is relatively insensitive to increasing the number of users
compared to the star coupler in the Lambdanet network.
Thus, the QKD network based on WGR is investigated in
this subsection.
For a fully connected four-user WGR-based QKD net-

work, Fig. 7 assumes Alice (A) and Bob (B) have quantum
sources containing two carrier frequencies, ω2 = 2πc/λ2,
and ω3 = 2πc/λ3. At the same time, Charlie (C) and David
(D) transmit a narrowband light signal with the central fre-
quency ω2 = 2πc/λ2. On the other hand, Alice and Bob
require one detection setup, whereas Charlie and David have
two [for a typical detection scheme, see Fig. 6(b)].
According to the table shown in Fig. 7, one can conceive

which user plays the role of a quantum transmitter (the table’s
columns) while the other is a QRx (the table’s rows) in each
link of the QKD network. For instance, consider Alice and
David, who exchange quantum data via a quantum signal
with central wavelength λ2. In this case, David transmits
an encoded quantum signal with a narrowband wave packet
around the central wavelength λ2. Meanwhile, Alice receives
the signal from the output port of her demultiplexer indicated
by AD. The quantum source is at Alice’s site in the QKD
link between Alice and Bod, and a detection setup is at Bob’s
port BA. In the same way, all users are linked independently
to each other. Therefore, this four-user router-based QKD
network only needs two carrier wavelengths λ2 and λ3, and
each user is equipped with a broadband quantum source and,
at most, two detection setups. Assume the quantum sources
are weak coherent pulses. Since every QKD link in the
network works analogously, we only concentrate on the

quantum state evolution between Alice and Bob. The results
of other pairs are similar. As illustrated in Fig. 7, Alice trans-
mits two quantum signals with carrier wavelengths λ2 and λ3.
Thus, the wave-packet ζ1(ω) incorporates two narrowband
wave packets, ξ1(ω) and ξ2(ω), with the central frequencies
ω2 andω3, respectively, i.e., ζ1(ω) = 1√

2
(ξ1(ω) + ξ2(ω)). To

avoid crosstalk, the wave-packet ζ1(ω) is prepared such that
its nonzero contribution only occurs as

ζ1(ω) ≈
{

1√
2
ξ1(ω), |ω − ω2| ≤ �ωA/2

1√
2
ξ2(ω), |ω − ω3| ≤ �ωA/2

(54)

where |ω2 − ω3| � �ωA. As shown in the bottom right-
hand corner of Fig. 7, Alice’s quantum transmitter can
provide a polarization-encoded broadband wave packet as
follows. First, a broadband laser source is demultiplexed.
Then, the polarization of each demultiplexed signal is ran-
domly modulated by a polarization modulator. Finally, the
polarization-modulated signals are multiplexed. In line with
the material of Appendices A and B, the field creation op-
erator related to the broadband input wave-packet ζ1(ω) =
1√
2
(ξ1(ω) + ξ2(ω)) (prepared by Alice in Fig. 7) evolves as

follows:

â†(1)
1,ζ

pin
1

DeMux+PM−−−−−−→ 1√
2
(â†(1)

1,ξ
p1
1

+ â†(1)
2,ξ

p2
2

)

Mux−−→ 1√
2
(â†(1)

1,ξ
p1
1

+ â†(1)
1,ξ

p2
2

) (55)

or using (9), the input coherent state evolves as

D̂1(α
′
1ζ

pin
1 )|0〉(1) −→ DeMux+PMD̂1

(
α′
1√
2
ξ
p1
1

)

× D̂2

(
α′
1√
2
ξ
p2
2

)
|0〉(1)

Mux−−→ D̂1

(
α′
1√
2
ξ
p1
1

)
D̂1

(
α′
1√
2
ξ
p2
2

)
|0〉(1)

(56)

where the superscripts pin and p1 (p2) are the input field
polarization and the polarization of upper (lower) output
ports of the demultiplexer chosen randomly by PMs. For the
sake of a better understanding of different signal modes, in
(56), the subscript i appears in the displacement operator D̂i
which illustrates the path that each light signal is passing. For
example, after demultiplexer, signals with different central
frequencies pass through separate paths 1 and 2. The narrow-
band wave packet around λi with polarization pi is indicated
by ξ pii (ω), where

∫
ξ

∗pi
i (ω)ξ

p j
j (ω)dω ≈ δi j, and ζ

pi
1 (ωi) ≈

1√
2
ξ
pi
i (ωi)∀i, j ∈ {1, 2}. Note that each independent field in-

dicated by the creation operator â†(1)
1,ξ

p j
j

is guided to the differ-

ent receiver j irrespective of its randomly chosen polariza-
tion. Hence, Alice communicates independently with the jth
receiver. According to (24), the state of signal in the output
port of Bob’s demultiplexer is associated with the Bob–Alice
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links and indicated by BA ( j = 2, l = 2) in Fig. 7 is

|ψD〉(3)C,21 = D̂(α′
1γ̄2121)|0〉(3) (57)

provided Alice prepares the coherent signal with diagonal
polarization and the mean photon number |α′

1|2, i.e.,

|ψD〉(1)C,1 = D̂(α′
1ζ

D
1 )|0〉(1). Therefore, the dominant value

of γ̄2121(ω) happens at the frequency band ω2 that is
γ̄2121(ω2) = A2,21(ω2)S21(ω2)ζD1 (ω2) due to (7) and
approximation (46) for AWG. As the 50:50 BS in the
detection setup halves the power of the signal, the SPD1
clicks with the probability

P(R)
AB =1− exp

⎛
⎜⎜⎝−η′

ω2+�ωA
2∫

ω2−�ωA
2

dω

∣∣∣∣ α′
1√
2
A2,21(ω)S21(ω)ζ

D
1 (ω)

∣∣∣∣
2

⎞
⎟⎟⎠

≈ η′
ω2+�ωA

2∫
ω2−�ωA

2

dω

∣∣∣∣ α′
1√
2
A2,21(ω)S21(ω)ζ

D
1 (ω)

∣∣∣∣
2

(58)

where the total efficiency η′ has defined in Section VI-A.
The approximation

η′
ω2+�ωA

2∫
ω2−�ωA

2

| α
′
1√
2
A2,21(ω)S21(ω)ζ

D
1 (ω)|2dω � 1

has been applied in deriving the last line of (58). To further
simplify (58), similar to the Lambdanet-based QKD, we
assume S21(ω) and A2,21(ω) are constant along the width
of the wave-packet ζD1 (ω) around the central frequency ω2.
Thus, (58) is estimated as

P(R)
AB ≈ η′| 1√

2
A2,21(ω2)S21(ω2)

∣∣∣∣∣∣∣∣
2

ω2+�ωA
2∫

ω2−�ωA
2

∣∣∣∣∣∣∣∣
α′
1ζ

D
1 (ω)|2dω.

(59)

To compare the Lambdanet-based-QKD with WGR-based
QKD, the input intensity of the transmitter source related to
each QKD link is assumed to be equal in both topologies.
Therefore, according to (54), in the WGR-based QKD, α′

1 is
adjusted such that

ω2+�ωA
2∫

ω2−�ωA
2

|α′
1ζ

D
1 (ω)|2dω = |α′

1|2
ω2+�ωA

2∫
ω2−�ωA

2

∣∣∣∣ 1√
2
ξD1 (ω)

∣∣∣∣
2

dω

= |α1|2

which implies |α′
1|2 ≈ 2|α1|2, where α1 is related to the

corresponding intensity in the Lambdanet network. This
condition can be provided by adding a proper intensity

attenuation at Alice’s site. As a result

P(R)
AB ≈ η′

∣∣∣∣ α1√
2
A2,21(ω2)S21(ω2)

∣∣∣∣
2

. (60)

Since a weak coherent state contains a multiphoton num-
ber state, the crosstalk happening, for example, in WGR
outputs, leads to security issues [54]. However, using decoy
states, one can estimate the lower bound for a single photon
gain and an upper bound for a single photon error of a coher-
ent state distribution, and accordingly, the secure key rate is
extracted likewise the point-to-point decoy state BB84 QKD
protocol [43].

C. NETWORK SECURE-KEY RATE ESTIMATION
In this section, we evaluate a maximum achievable secure
key rate between each pair in each above network topol-
ogy with the help of the existing practical parameters. The
asymptotic secure-key rate for the efficient BB84 QKD
without employing decoy states (neglecting photon number
splitting attack) is given by [55], [56], and [57] as

R = Q[1 − 2H2(E )] (61)

where Q is the gain of the transmitted signal in the re-
ceiver’s site. The error rate of the decoded information is in-
dicated by E and H2(x) = −x log2(x) − (1 − x) log2(1 − x)
is the Shannon entropy. For the Lambdanet-based QKD net-
work and the WGR-based QKD network, the secure-key
rate between Alice (A) and Bob (B) is gauged as follows.
The related gain for each topology (L=Lambdanet-based,
R=Router-based) is the summation of the probability of
photon detection at Bob’s site due to the sent data by Alice
and the detector’s dark count as

Q(L,R)
AB = P(L,R)

AB + Pd (1 − P(L,R)
AB . (62)

The raw key rate per bit by Bob (the probability that Bob’s
detector clicks after sending a qubit from Alice) is the gain
Q(L,R)
AB in (62), which has two contributions: the first one

is the probability of receiving data from Alice to Bob, i.e.,
P(L,R)
AB , plus the second one, the probability of dark count

detection while there is no photon reaching to Bob from
Alice, i.e., Pd (1 − P(L,R)

AB ). The total raw key rate at Bob’s
site is the product of this gain to Alice’s sending bit rate of
data, limited, e.g., by the modulation rate of the laser. The
raw key rate is the rate before any postprocessing.
The error rate appearing in (61) is given by

E (L,R)
AB = P(L,R)

AB E + 1/2Pd (1 − P(L,R)
AB )

Q(L,R)
AB

(63)

where E is a free error probability, including all possible
inline errors, such as the network crosstalk or misalignment
of polarization preparation and detection schemes. By as-
suming SPD are polarization-insensitive, their dark count
probability Pd introduces erroneous data with the probability
of 1/2. For obtaining a nonzero key rate R from (61), the
error E should be less than 11% (Note that H2(11%) = 1/2,
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FIGURE 8. Secure key rate subject to free error of QKD in the Lambdanet
(dashed-red and dashed-dot-yellow) and WGR-based (solid-blue and
dot-purple) WDM network.

therefore, for this erros R = 0.). Thus, this tolerable amount
of E has limited the admissible crosstalk in the quantum
network. As is clear from (63), the total error rate E (L,R)

AB
observed from the detected data at Bob’s site comes from
two terms: 1) the error on the received data from Alice and
2) the bit error due to the dark count. Note that the detector’s
dark count with the probability of 1/2 leads to the bit error
in the received data. Each of these terms is multiplied by
Bob’s fraction of the related received rate per the total gain
(Q(L,R)

AB ). For a four-user QKD network where |B21|2 = 1/4
and |S21|2 = 0.32 [58], according to (53) and (60)

PRAB
PLAB

= |S21|2
|B21|2 ≈ 1.26. (64)

This indicates the WGR-based QKD network’s superiority
over the Lambdanet-based QKD network. This advantage
becomes more noticeable as the number of users increases.
For instance, for 18-user QKD network the ratio PRAB/P

L
AB ≈

3.6 where |B21|2 = 1/18 and |S21|2 = 0.2 (see [45, Fig. 5]
and its peak on 3.5 dB which is equivalent to |S21|2 = 0.2).
Fig. 8 shows the secure-key rate R versus free error E. To
sketch this plot, we only consider the channel transmittance
(10(−ᾱL/10)) and the detector efficiency η in η′ and dismiss
other possible sources of loss. So, η′ = η10(−ᾱL/10) where
L = 10 km is the length of the single mode fiber between
Alice and Bob with the loss coefficient ᾱ = 0.2 dB/km, and
η = 10% is the efficiency of a typical single photon detector
with dark count probability Pd = 10−5. The sensitivity of the
mode conversion process to the input polarization state is
indeed an important factor that must be carefully considered
in practical quantum networks. In particular, polarization
controllers play a crucial role in mitigating these effects, en-
suring stable operation in applications, such as QKD, where
maintaining polarization integrity is essential for secure com-
munication. Addressing polarization dependence is key to
enhancing the versatility and robustness of quantum photonic
systems; however, it is beyond the scope of this work.

VII. CONCLUSION
This article details several quantum WDM network archi-
tectures following the systematic and unified approach of

a generic quantum WDM communication system presented
in [13].
We study the Lambdanet-based quantum network as a

fully connected QWDM communication system. We inves-
tigate the quantum version of the conventional Lambdanet
topology via quasi-classical (coherent) state inputs. We show
that, as expected, there is no quantum correlation between
the quantum states of different receivers. Indeed, the total
state is the tensor product of coherent states with modified
wave packets. At the same time, we explore the truly se-
cured quantum version of the Lambdanet through single-
photon sources. We derive the output intensity and the col-
lapsed output state after the projective measurement of the
received signals for the network. Employing single-photon
sources introduces a quantum correlation between receivers’
states.
Then, we investigate Router-based quantum WDM com-

munication networks. These networks deterministically
route the signal to the desired receiver to avoid broadcast-
ing and photon loss. Photon loss hinders quantum commu-
nication networks due to the weakness of quantum signals.
TheWGR-based network can establish pairwise links among
all users simultaneously. The network’s performance is ana-
lyzedwhile the transmitters’ sources are coherent, broadband
single-photon, and multiplexed narrowband single-photon
states. Similarly, feeding the network with coherent states
leads to uncorrelated final states at the receivers’ sites. More-
over, the topology can introduce an uncorrelated state at the
receiver’s outputs, provided that the WGR is lossless and fed
with single-photon states as inputs.
Furthermore, we introduce FTTQ receiver architecture,

inheriting its structure from the conventional FTTH tech-
nology. In this respect, we investigated the evolution of nar-
rowband single-photon and coherent signals through a wave-
length distributor, combining a quantum multiplexer, a lossy
optical fiber, and a quantum demultiplexer. Themathematical
quantum model of the wavelength distributer connecting N
users is studied via the 2N × 2N quantum unitary operator.
FTTQ establishes quantum links by devoting distinct wave-
lengths to each pair of quantum users and an efficient routing
mechanism.
Finally, we examine Lambdanet and WGR-based net-

works for QKD applications. We discuss the number of
required quantum sources, detectors, and dedicated wave-
lengths for each. The secure key rate analysis shows that the
WGR-based topology outperforms the Lambdanet topology;
specifically, when the number of users increases, the differ-
ence in the QKD communication rate is significant.
Maintaining quantum coherence throughout a QWDM

network is indeed challenging due to factors like crosstalk
and signal loss. However, the mathematical framework pre-
sented in our work offers strategies to address these issues.
Specifically, our methodology facilitates the characterization
of device parameters, identifying and mitigating crosstalk
and loss within the network. Future research can leverage
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FIGURE 9. (a) 2 × 2 star coupler formed by a 3dB-fiber coupler (2 × 2
balanced BS). (b) 4 × 4 star coupler formed by four 3dB-fiber couplers.
Note that in the schematic of the 2 × 2 star coupler (a), B11 and B22 (B21
and B12) are assumed to be reflection (transmission) coefficients.

this framework to optimize device designs and network con-
figurations, thereby enhancing the preservation of quantum
coherence in QWDM systems.

APPENDIX A
QUANTUM STAR COUPLER
As mentioned in Section III, a generic wavelength distrib-
utor can be a star coupler whose related unitary operator is
identified by Ĝ = B̂. A balanced star coupler combines N
input signals from transmitters and splits up equally among
all receivers. Fig. 9(a) and (b) depict 2 × 2 and 4 × 4 star
couplers realized by 3-dB-fiber couplers, respectively. The
unitary quantum transformation corresponding to a 2 × 2
star coupler shown in Fig. 9(a) can be understood by input–
output relations of an ideal lossless BS as follows [59]:

â(2)1 (ω) = B11(ω)â
(1)
1 (ω) + B12(ω)â

(1)
2 (ω)

â(2)2 (ω) = B21(ω)â
(1)
1 (ω) + B22(ω)â

(1)
2 (ω) (65)

where â(1)1 (ω) and â(1)2 (ω) (â(2)1 (ω) and â(2)2 (ω)) are annihi-
lation operators of input (output) fields. BS reflection and
transmission coefficients are B11(ω) = B∗

22(ω) = r(ω) and
B21(ω) = −B∗

12(ω) = t(ω), respectively [60].
Due to the unitary evolution connecting input modes to

output modes of lossless BSs, the reflection and transmission
coefficients of lossless BSs are restricted as

|r(ω)|2 + |t(ω)|2 = 1

r(ω)t∗(ω) + t(ω)r∗(ω) = 0. (66)

Employing (66), the commutation relations between output
creation and annihilation operators will be preserved. For a
concrete example, the input–output relation of the frequency-
independent balanced BS as a 2 × 2 star coupler can be
written as [

â(2)1 (ω)

â(2)2 (ω)

]
= B

[
â(1)1 (ω)

â(1)2 (ω)

]

= 1√
2

[
1 i

i 1

][
â(1)1 (ω)

â(1)2 (ω)

]
(67)

where B is a 2 × 2 unitary scattering matrix satisfying the
conditions in (66). The generalized form of (67) pertains to
theN × N star coupler introduces the following input–output
relation [40]:

�̂a(2)(ω) = BN×N �̂a
(1)(ω) (68)

where

�̂a(1)(ω) = (â(1)1 (ω), · · · , â(1)N (ω))T

�̂a(2)(ω) = (â(2)1 (ω), . . . , â(2)N (ω))T.

Superscript T stands for transpose. For the balanced star
coupler, BN×N is the N × N coefficient matrix in which the
absolute value of the matrix component becomes

|Bi j| = (1/
√
N ). (69)

For the more general case, since B(ω) is a unitary N × N
matrix, the input modes can be written with respect to the
output modes as

�̂a(1) = B†
N×N (ω)�̂a

(2). (70)

For the transformation represented in (68), there exists the
unitary operator B̂ (acting on the related Hilbert space) such
that

�̂a(2) = B(ω)�̂a(1) := B̂�̂a(2)B̂
†

(71a)

�̂a(1) = B†(ω)�̂a(2) := B̂
†�̂a(1)B̂ (71b)

where the unitary relation B̂
†
B̂ = B̂B̂

† = I is used to derive
(71b). Therefore, based on the Schrödinger picture, the input

state |ψ〉(1) evolves as |ψ〉(2) = B̂
†|ψ〉(1) [61].

Note that according to (68) and (69), the lossless N × N
balanced star coupler reduces the power of each input (clas-
sical intensity) by the factor (1/N).

A. LOSSY STAR COUPLER
As Fig. 9(b) shows, a combination of several BSs can fabri-
cate the star coupler. Therefore, studying a lossy star cou-
pler by quantum mechanical formalism suffices to revisit
the lossy BS. For a fully quantum mechanical view of the
evolution of an electrical field in a lossy BS when a light
beam interacts with a dielectric medium with complex trans-
mission and reflection coefficients, both field and medium
must be quantized as degrees of freedom of the compound
system. Analyzing a fully canonical quantization scheme for
the light field in dispersive and lossy linear dielectric was
carried out by [62]. Nevertheless, more simply, studying the
input and output fields far from the lossy BS with the help
of Langevin equations was performed in [63] is followed in
this article. In the presence of loss, (66) are transformed to
the inequalities

|r(ω)|2 + |t(ω)|2 ≤ 1 (72)

|r(ω)t∗(ω) + t(ω)r∗(ω)| ≤ 1 − |r(ω)|2 − |t(ω)|2. (73)
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The following equations give the general relationships be-
tween input–output annihilation operators of the optical
field passing through a lossy symmetric BS (B12 = B21 =
t, B11 = B22 = r) [63], [64]

â(2)1 (ω) = r(ω)â(1)1 (ω) + t(ω)â(1)2 (ω) + F̂1(ω)

â(2)2 (ω) = t(ω)â(1)1 (ω) + r(ω)â(1)2 (ω) + F̂2(ω) (74)

where F̂i(ω) for i ∈ {1, 2} are Langevin noise operators
which satisfy the commutation relations

[F̂i(ω), F̂
†
i (ω

′)] = δ(ω − ω′){1 − |r(ω)|2 − |t(ω)|2} (75)[
F̂i(ω), F̂

†
j (ω

′)
]

=−δ(ω−ω′){r(ω)t∗(ω)+t(ω)r∗(ω)} i 	= j.

(76)

The noise operators F̂i(ω) describe fluctuating currents in the
dielectric forming a BS, and their appearance in (74) gives
rise to preserving the commutation relations between cre-
ation and annihilation operators of input-output fields [65].
At optical frequency, the quantum state of the medium can
be assumed in its ground state. So in all the following calcu-
lations, the effect of Langevin noise operators on the input
state of the composite system (|0〉com), which contains both
the vacuum state of the input fields and the ground state of
the absorbing medium, becomes zero, i.e., F̂1(ω)|0〉com =
F̂2(ω)|0〉com = â(1)1 |0〉com = â(1)2 |0〉com = 0. Note that F̂i and

â(1)i are independent modes which means [F̂i, â
(1)
j ] = 0∀i, j.

For simplicity, we assume the reflection and transmission co-
efficients of the star coupler are frequency-independent, and
discrete optical modes are taken into account [e.g., by con-
sidering the BS (dielectric) is put inside an optical cavity].
Calculation of the normally ordered characteristic function
is a helpful tool to evaluate the effect of loss on the average
of the photon number received by each user from the related
output port of the BS, i.e., 〈â†(2)j â(2)j 〉 where j ∈ {1, 2}. The
normally ordered characteristic function χk for two modes is
written as

χk[ξ1, ξ2] = 〈eξ1â†(k)1 eξ2â
†(k)
2 e−ξ

∗
1 â

(k)
1 e−ξ

∗
2 â

(k)
2 〉 (77)

where k ∈ {1, 2} indicates that the characteristic function is
for the input (1) or output (2) modes. Using (74) and given
the medium is in the vacuum state (i.e., |0〉m), it is straight-
forward to show

χ2[ξ1, ξ2] = χ1[r
∗ξ1 + t∗ξ2, t∗ξ1 + r∗ξ2]. (78)

Note that F̂i|0〉m = 0. Therefore, with the help of the char-
acteristic function, the average photon number for the jth
output yields

〈â†(2)j â(2)j 〉 = − ∂2

∂ξ j∂ξ
∗
j

χ2[ξ1, ξ2]|ξ1=ξ2=0. (79)

Provided the single photon state |ψi〉 = â†(1)i |0〉 is prepared
by the ith input, 〈â†(2)j â(2)j 〉 = |t|2 + |r|2 ≤ 1 (which is less
than one due to the lossy star coupler).

For a lossy 4 × 4 star coupler as depicted in Fig. 9(b), the
Langevin equations are rewritten as

â′
1 = râ(1)1 + tâ(1)2 + F̂1, â(2)1 = râ′

1 + tâ′
3 + F̂ ′

1

â′
2 = tâ(1)1 + râ(1)2 + F̂2, â(2)2 = tâ′

1 + râ′
3 + F̂ ′

2

â′
3 = râ(1)3 + tâ(1)4 + F̂3, â(2)3 = râ′

2 + tâ′
4 + F̂ ′

3

â′
4 = tâ(1)3 + râ(1)4 + F̂4, â(2)4 = tâ′

2 + râ′
4 + F̂ ′

4. (80)

According to (80), the compact form of the Langevin
equations for the 4 × 4 star coupler becomes⎡

⎢⎢⎢⎣
â(2)1

â(2)2

â(2)3

â(2)4

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣
r2 rt rt t2

tr t2 r2 rt

rt r2 t2 rt

t2 rt rt r2

⎤
⎥⎥⎥⎦
⎡
⎢⎢⎢⎣
â(1)1

â(1)2

â(1)3

â(1)4

⎤
⎥⎥⎥⎦

+

⎡
⎢⎢⎢⎣
r 0 t 0

t 0 r 0

0 r 0 t

0 t 0 r

⎤
⎥⎥⎥⎦
⎡
⎢⎢⎢⎣
F̂1
F̂2
F̂3
F̂4

⎤
⎥⎥⎥⎦+

⎡
⎢⎢⎢⎣
F̂ ′
1

F̂ ′
2

F̂ ′
3

F̂ ′
4

⎤
⎥⎥⎥⎦ (81)

where F̂i and F̂ ′
i are Langevin noise operators of two left-

hand side BSs and two right-hand side BSs, as shown in
Fig. 9(b). Since the effect of these noise operators on the
composite ground state is zero, they do not contribute to
calculating the characteristic function. In line with (81), the
normally- ordered characteristic function of the 4 × 4 star
coupler output modes in terms of input modes is

χ2[ξ1, ξ2, ξ3, ξ4] = 〈e
∑4

i=1 ξiâ
†(2)
i e−

∑4
i=1 ξ

∗
i â

(2)
i 〉

= χ1[η1 = r∗2ξ1 + t∗r∗ξ2 + t∗r∗ξ3 + t∗2ξ4

η2 = t∗r∗ξ1 + t∗2ξ2 + r∗2ξ3 + t∗r∗ξ4

η3 = t∗r∗ξ1 + r∗2ξ2 + t∗2ξ3 + t∗r∗ξ4

η4 = t∗2ξ1 + t∗r∗ξ2 + t∗r∗ξ3 + r∗2ξ4]

= 〈e
∑4

i=1 ηiâ
†(1)
i e−

∑4
i=1 η

∗
i â

(1)
i 〉. (82)

It is worthwhile to study two particular cases, single-photon
and coherent (Glauber) states, as inputs of the star cou-
plers. In the former case, for single photon state |ψ〉S =∏4

i=1 â
†(1)
i |0〉(1)i = |1111〉 as inputs of the 4 × 4 star coupler,

the mean photon number in each output becomes

〈â†(2)j â(2)j 〉 = − ∂2

∂ξ j∂ξ
∗
j

χ2[ξ1, ξ2, ξ3, ξ4]|ξ1=ξ2=ξ3=ξ4=0

= (|t|2 + |r|2)2. (83)

For instance, using (82), (83) for j = 1 becomes

〈â†(2)1 â(2)1 〉 = 〈1111|(r∗2â†(1)1 + t∗r∗â†(1)2 + t∗r∗â†(1)3

+ t∗2â†(1)4 )(r2â(1)1 + trâ(1)2 + trâ(1)3

+ t2â(1)4 )|1111〉
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FIGURE 10. Building blocks of AWG.

= (|t|2 + |r|2)2. (84)

The detailed procedures to reach (84) are as follows. First
apply derivative with respect to ξ1 on (82) which leads
to the appearance of the summation of creation opera-
tors (r∗2â†(1)1 + t∗r∗â†(1)2 + t∗r∗â†(1)3 + t∗2â†(1)4 ) multiplied

by the exponential term e
∑4

i=1 ηiâ
†(1)
i and then apply deriva-

tive with respect to ξ∗
1 on the previous result which leads

to the appearance of the summation of annihilation op-
erators (r2â(1)1 + trâ(1)2 + trâ(1)3 + t2â(1)4 ) multiplied by the

exponential term e−
∑4

i=1 η
∗
i â

(1)
i . Both exponential terms be-

come identity at ξ1 = ξ2 = ξ3 = ξ4 = 0. Consider the in-
put of the 4 × 4 star coupler is the coherent state |ψ〉C =∏4

i=1 D̂(αi)|0〉(1), where D̂(αi) = exp[αiâ
†(1)
i − α∗

i â
(1)
i ]. As-

suming αi = α ∀i ∈ {1, . . . , 4}, it is easy to show that the
coherent state |ψ〉C is still the eigenstate of the output mode
â(2)i with eigenvalue (r2 + rt + rt + t2)α (apply |ψ〉C on (81)
and note that since Langevin noise operators apply to the
medium’s ground state, they will be excluded from calcu-
lation). Therefore, the mean photon value related to output
mode â(2)i becomes 〈â†(2)i â(2)i 〉 = |(r + t )2|2|α|2.
As a result, by increasing the number of users, the received

mean photon number also decreases due to loss in the star
coupler. Since the amount of introduced loss is an essential
issue in the quantum domain, this issue must be considered
when implementing any proposed quantum network.

APPENDIX B
QUANTUM ARRAYED WAVEGUIDE GRATING
Asmentioned in Section IV, a generic wavelength distributor
can be an arrayed waveguide grating where the unitary oper-
ator is identified by Ĝ = Â for a lossless case and Ĝ = Ŝ for
a lossy one. Furthermore, QRx are lossless AWGs Q̂R = Â.
The building block of an AWG is shown in Fig. 10. It consists
of an array of N planar waveguides linked to Nin input and
No output waveguides via two free propagation regions (FPR)

in the lens forms, where index in and o correspond to input
and output, respectively (assuming Nin = No = N). The in-
put signal becomes divergent in the first FPR1 (x0 → x1).
Consequently, the diverged field is coupled to all the ar-
rayed waveguides. Due to the different lengths of the arrayed
waveguides in the middle of Fig. 10, the expanded input sig-
nal experiences different wavelength-dependent phase shifts
along the different arrayed waveguides. The different length

between any two adjacent waveguides is fixed to �l = mλ̃0
nw

,

where λ̃0 is the design wavelength of the AWG, m is the
order of grating, and nw is the refraction index ofwaveguides.
Finally, the second FPR2 focuses the spectrally separated
signal beam at the distinct point on the plane x3 (x2 → x3).
Distances din, do, and dw are fixed parameters that indicate
the spaces between input, output, and arrayed waveguides,
respectively. According to [15], [45], and [46] with the de-
fined parameters depicted in Fig. 10, the elements of the
AWG transfer matrix (A) are derived by

Ai j(ω) =

e−i�0(ω)

+∞∫∫
−∞

dx3dx0bout

(
x3 −

(
N + 1

2
− j

)
do

)

× K(x3, x0|ω)bin
(
x0 −

(
i− N + 1

2

)
din

)
(85)

in which �0(ω) = ωnw(l0 + λ̃0mN/2)/c (c is the speed of
light in vacuum) is the overall phase shift corresponding to
the shortest length of the waveguide in the array, and the
integral kernel is

K(x3, x0|ω) =

∞∑
r=−∞

e
−irnwω�l

c

+( N−1
2 )dw∫∫

−( N−1
2 )dw

dx2√
αω

dx1√
αω

× bg(x2 − rdw )e
−i2πx3x2

αω bg(x1 − rdw )e
−i2πx1x0

αω . (86)

The integral kernel K(x3, x0|ω) involves two Fourier trans-
forms related to both FPRs FPR1 and FPR2, respectively,
from the curvatures x0 → x1 and x2 → x3. In both regions,
the distances between these curvatures are coincidence with
the focal length l f , and the Fraunhofer diffraction condition

is satisfied since l f � πW 2
x

4λ guarantees Fraunhofer diffrac-
tion for typical waveguide width Wx. The wavelength (λ)
focal length (l f ) product in Fourier optics propagation is
αω = 2πcl f /(nsω) = λl f /ns (λ = 2πc

ω
), where ns is the re-

fraction index in FPRs. The spatial mode profiles of input,
output, and arrayed waveguides are bin(x), bout(x), and bg(x),
respectively. The index of each waveguide in the array is in-
dicated by r, and the finite number of these waveguides (N) is
represented in the limits of integration. The first exponential
term on the right-hand side of (86) pertains to the phase shift
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between waveguides in the array. By assuming the similar
input and output waveguides, i.e., bin(x) = bout(x) since the
AWG becomes symmetric, A′

i j = ei�0Ai j(ω) is self-adjoint.
Hence, the coefficient matrix with the elements given by
(85), except for the common exponential factor (e−i�0 ), is a
Hermitian matrix. Since the AWG is assumed to be lossless
and symmetric, the energy conservation condition imposes
the related transform matrix to be unitary. To derive the ex-
plicit form of ωi j, the dominant frequency passing through
the input port j toward the output port i, the spatial mode
profile of each waveguide is approximated by delta func-
tions as bin(x) = bout(x) = bg(x) = δ(x). Substituting this
approximation to (85) and (86) yields

Ai j(ω) = e−i�0(ω)
∞∑

r=−∞
e−ir[

nw�l
c ω]e−ir[

2πdwd
αω

(i− j)] (87)

where we have assumed din = do = d. According to [46], by
considering the approximation αω ≈ αω0 = 2πcl f /(nsω0),
where ω − ω0 � ω0 and ω0 = 2πc/λ̃0 is the carrier fre-
quency related to the design frequency of AWG, (87) is
estimated as

Ai j(ω) ≈ e−i�0(ω)
∞∑

r=−∞
e−ir[

nw�l
c ω]e

−ir[ 2πdwd
αω0

(i− j)]

= e−i�0(ω)
∞∑

r=−∞
e
−i2πr

(ω+ωT dwd(i− j)
αω0

)

ωT

= e−i�0(ω)ωT

∞∑
r=−∞

δ

(
ω + ωT

dwd(i− j)

αω0
− rωT

)
(88)

where ωT = 2πc/(nw�l). To derive line three from line two
of (88), the following relation is employed:

∞∑
r=−∞

e
−i2πr ω

ωT = ωT

∞∑
r=−∞

δ(ω − rωT ). (89)

The maximums of (88) occurs at the frequencies

ω ji = c

�lnw

{
2πr − 2πdwd

αω0
(i− j)

}
, r ∈ Z. (90)

To derive the (90), we set the argument of the Dirac delta
function equal to zero. Without approximating αω, (87) is
rearranged as

Ai j(ω) = e−i�0(ω)
∞∑

r=−∞
e
−irω[ nw�lc + dwdns

cl f
(i− j)]

= e−i�0(ω)
∞∑

r=−∞
e
−i2πr ω

ω′
T

= e−i�0(ω)ω′
T

∞∑
r=−∞

δ(ω − rω′
T ) (91)

where it peaks at frequencies

ω ji = rω′
T

= 2πr

[
nw�l

c
+ nsdwd

l f c
(i− j)

]−1

, r ∈ Z. (92)

As it is clear from (90) and (92), for different i and j indexes,
whenever i− j is constant, the AWG-guided frequency is
the same for all related paths. One can realize ω ji as the
frequency of the ith input waveguide guided to the jth output
waveguide. The quantum model for the AWG was studied
in [45]. The input–output relation between annihilation quan-
tum field operators at frequency ω of a lossless AWG at the
input and output of waveguides is

�̂a(2)(ω) = AN×N (ω)�̂a
(1)(ω) (93)

where AN×N (ω) is a unitary frequency-dependent N × N
transfer matrix introduced in (85) and the number of specific
guided frequency passing from AWG is N. Therefore, the
input annihilation operators can also be written according to
output modes as

�̂a(1)(ω) = A†
N×N (ω)�̂a

(2)(ω) (94)

where

�̂a(1)(ω) = (â(1)1 (ω), . . . , â(2)N (ω))T

�̂a(2)(ω) = (â(2)1 (ω), . . . , â(2)N (ω))T

and (A†)i j = A∗
ji. Furthermore, one can find unitary evolu-

tion operator Â [45], satisfying the following relation:

�̂a(2) = A(ω)�̂a(1) := Â�̂a(2)Â
†

(95a)

�̂a(1) = A†(ω)�̂a(2) := Â
†�̂a(1)Â. (95b)

In an ideal AWG, different wavelengths of an input field exit
from different output waveguides. Hence,

|A ji(ω)|2 ≈
{
1, |ω − ω ji| ≤ �ωA/2

0, otherwise
(96)

where �ωA is the AWG bandwidth.
Fig. 11 shows a 4 × 4 AWG that guides four frequencies

in its output ports based on the frequency received from
each input port. On-chip schemes of the arrayed WGR in
C-, S-, L-, and O-band frequencies, as a device with low-
latency and nonblocking interconnection, were implemented
successfully [58], [66], [67].

A. DEMULTIPLEXING
Fig. 12(a) illustrates an example of wavelength multiplexing
in a 4 × 4 AWG, where a broadband signal launches into its
third input port. Consider the broadband wave-packet ζ3(ω)
corresponding to the input creation operator â†(1)3,ζ3

including
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FIGURE 11. 4 × 4 AWG, which can be used as a WGR.

FIGURE 12. (a) Demultiplexing and (b) multiplexing setup of a 4 × 4
AWG.

the sum of the narrowband spectrum profiles such that

â†(1)3,ζ3
=
∫
dωζ3(ω)â

†(1)
3 (ω) =

∫
dω

4∑
n=1

cnξn(ω)â
†(1)
3 (ω)

(97)

where cn is the normalized weight amplitude (
∑4

n=1 |cn|2 =
1), and

ξn(ω)= 1√
πσ

e
[− (ω−ωn3)2

2σ2
] ∀n, n′ ∈ {1, . . . , 4},σ�ωn3−ωn′3

is the normalized Gaussian narrowband function.

Since
∫
ξ∗
n (ω)ξn′ (ω)dω = δnn′ , the wave-packet ξn(ωn′3)

≈ 0 (n 	= n′) ∀n, n′ ∈ {1, . . . , 4}, where ωn3 is the guided
frequency from port 3 to n. Moreover, A j3(ω) 	= 0, where
|ω − ω j3| ≤ �ωA/2. Therefore, considering the condition
�ωA ≥ σ while A j3(ω) is almost constant and nonzero
along the width of ξ j(ω), the approximation ξn(ω)A j3(ω) ≈
δn jξn(ω)A j3(ω j3) is taken into account.
Using (94), the input creation operator given in (97) is

rewritten based on the output creation operator as

â†(1)3,ζ3
=
∑
n

cn

∫
dωξn(ω)

∑
j

A j3(ω)â
†(2)
j (ω)

≈
∑
n

cn

∫
dω

∑
j

δn jξn(ω)A j3(ω j3)â
†(2)
j (ω)

=
∑
j

c jA j3(ω j3)
∫
dωξ j(ω)â

†(2)
j (ω)

=
∑
j

c jA j3(ω j3)â
†(2)
j,ξ j
. (98)

Equation (98) describes the demultiplexing functionality of
the AWG. For a more general case, the creation operator
â†(1)i,ζ = ∫

dωζ (ω)â†(1)i (ω) with arbitrary wave-packet ζ (ω)
is entered into the ith input. The input operators related to the
ith port are rewritten based on the output operators related to
different output ports as

â(1)i,ζ =
N∑
j=1

∫
dωζ (ω)A ji(ω)â

†(2)
j (ω) (99)

where A ji(ω) according to (96) acts as a filter around the
frequency ω ji.

B. MULTIPLEXING
As shown in Fig. 12(b), consider each input of the AWG is
fed by a single-photon narrowband wave-packet ξi(ω) with
the carrier frequency ωi. So, the overall input is written as
follows:

|ψ〉(1) =
N∏
i=1

∫
dωξi(ω)â

†(1)
i (ω)|0〉(1). (100)

Assuming the central frequency of ξi is ωi = ω1i where ω1i
is the guided frequency of AWG from input i to output 1,
by use of (94) and (96) the state in the output port number 1
contains all the input modes as follows:

|ψ〉(2) =
N∏
i=1

∫
dωξi(ω)

∑
j

A ji(ω)â
†(2)
j (ω)|0〉(2)

≈
N∏
i=1

∫
dω

∑
j

δ j1ξi(ω)A ji(ω1i)â
†(2)
j (ω)|0〉(2)

≈
N∏
i=1

A1i(ω1i)â
†(2)
1,ξi

|0〉(2) (101)
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FIGURE 13. (a) Schematic configuration of a 2 × 2 lossy AWG modeled
by a lossless 2 × 2 AWG (Aideal) followed by frequency-dependent beam
splitters (BS1 and BS2). (b) Schematic configuration of a unitary 4 × 4
transfer matrix S which is equivalent to (a).

where ξi(ω)A ji(ω) ≈ δ j1ξi(ω)A ji(ω1i) and it is assumed the
bandwidth of ξi(ω) is less than theAWGbandwidth. Neglect-
ing crosstalk, all the other output states are vacuum states.
This is the multiplexing procedure. Note that in an ideal
AWG, A1i is only a phase term [see (96)].

C. LOSS EFFECTS
For a lossy AWG, ambient degrees of freedom (dielectric
medium), which consume some part of the energy of the
input field, must be considered. Due to the conservation of
energy

∑
j

|Eout
j (ω)|2 =

∑
j

∣∣∣∣∣
∑
i

A ji(ω)E
in
i (ω)

∣∣∣∣∣
2

≤
∑
i

|E in
i (ω)|2

where E in
i (ω) (E

out
j (ω)) is the electric field of input (output)

mode of ith ( jth) waveguide. Therefore, the eigenvalues of
the coefficient matrix A must be equal to or less than one.

To model the environmental effect, which leads to a
loss, we first investigate a 2 × 2 AWG. As illustrated in
Fig. 13, a lossy 2 × 2 AWG can be realized as an ideal
AWG (Aideal), where each output passes through a loss-
less BSwith a frequency-dependent transmission coefficient.
Hence, a 4 × 4 unitary matrix represented by S becomes
a mathematical model for a lossy 2 × 2 AWG. The abso-
lute values of matrix elements of an ideal AWG are one
or zero. Transmission coefficients of BSs as a loss model

equal transmission coefficients of a lossy AWG for each fre-
quency ω. The transmission and reflection coefficients of the
frequency-dependent symmetric BSs (B j,11(ω) = B j,22(ω)
and B j,12(ω) = B j,21(ω)) existing in the unitary S as a loss
model of a 2 × 2 lossy AWG (see Fig. 13), are chosen as
follows:

B1,11(ω1) = Ã11(ω1), B1,21(ω1) = i
√
1 − A∗

11(ω1)A11(ω1)

B1,11(ω2) = Ã12(ω2), B1,21(ω2) = i
√
1 − A∗

12(ω2)A12(ω2)

B1,12(ω1) = i
√
1 − A∗

11(ω1)A11(ω1), B1,22(ω1) = Ã11(ω1)

B1,12(ω2) = i
√
1 − A∗

12(ω2)A12(ω2), B1,22(ω2) = Ã12(ω2)

B2,11(ω1) = Ã22(ω1), B2,12(ω1) = i
√
1 − A∗

22(ω1)A22(ω1)

B2,11(ω2) = Ã21(ω2), B2,12(ω2) = i
√
1 − A∗

21(ω2)A21(ω2)

B2,21(ω1) = i
√
1 − A∗

22(ω1)A22(ω1), B2,22(ω1) = Ã22(ω1)

B2,21(ω2) = i
√
1 − A∗

21(ω2)A21(ω2), B2,22(ω2) = Ã21(ω2)

(102)

where Ãi j = Ai je
−iφai j and φai j is the phase introduced in the

path i− j of an ideal AWG. Note that, in (102), it is assumed
ω11 = ω22 = ω1 and ω12 = ω21 = ω2. In a general case, a
lossy N × N AWG is modeled by a lossless (ideal) N × N
AWG accompanied by N BSs, each of them is put in each
output of the lossless AWG. By use of (93), the input–output
mode relationships of an ideal N × N AWG and N seper-
ate 2 × 2 frequency-dependent BSs BSi i ∈ {1, . . . ,N} are
given, respectively, by

â(2)j (ω) =
N∑
i=1

Aideal
ji (ω)â(1)i (ω) (103)

â(3)j,l (ω) =
2∑
s=1

B j,ls(ω)â
(2)
j,s (ω). (104)

It may be helpful to mention that the generalized form
of Fig. 13 resembles Fig. 1 related to a general quantum
WDM communication system, where frequency-dependent
BSs are substituted for quantum receivers’ operators. Thus,
â(2)j (ω) ≡ â(2)j,1(ω) where s = 1. After inserting (103) into
(104), the output modes at stage (3) (after BSs) are rewritten
as

â(3)j,l (ω) = B j,l1(ω)
N∑
i=1

Aideal
ji (ω)â(1)i (ω) + B j,l2(ω)â

(2)
j,2(ω).

(105)

Therefore, a lossy N × N AWG is modeled by a 2N × 2N
unitary matrix which is identified by the transfer matrix S
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which relates input modes to outputs as

�̂a(2)(ω) = S2N×2N
�̂a(1)(ω) (106)

where

�̂a(1)(ω) = (â(1)1 (ω), . . . , â(1)2N (ω))
T

�̂a(2)(ω) = (â(2)1 (ω), . . . , â(2)2N (ω))
T

and the elements of S is specified by (105).
For instance, the S corresponding to a 2 × 2 lossy AWG

depicted in Fig. 13 becomes (107), shown at the bot-
tom of this page. If ω11 = ω22 = 2πc/λ1 and ω12 = ω21 =
2πc/λ2, Aideal(ω1) and Aideal(ω2) are unitary matrices look
like the following forms:

Aideal(ω1) =
[
eiφ

a
11 0

0 eiφ
a
22

]

Aideal(ω2) =
[

0 eiφ
a
12

eiφ
a
21 0

]

where φai j is the phase introduced in the path i− j of an ideal
AWG. The lossy 2 × 2 AWG is written as [45]

Alossy(ω) =
[
A11(ω) A12(ω)

A21(ω) A22(ω)

]

where

|A11(ω1)| ≤1, A11(ω 	∈ (ω1−�ωA/2, ω1+�ωA/2))) ≈ 0

|A22(ω1)| ≤1, A22(ω 	∈ (ω1−�ωA/2, ω1+�ωA/2))) ≈ 0

|A12(ω2)| ≤1, A12(ω 	∈ (ω2−�ωA/2, ω2+�ωA/2))) ≈ 0

|A21(ω2)| ≤1, A21(ω 	∈ (ω2−�ωA/2, ω2+�ωA/2))) ≈ 0.

As a result, according to (102) and (107), the unitary matrix
S4×4 in the frequency ω1 and ω2 become (108) and (109),
shown at the bottom of this page.
It is important to note that two extra input modes â(2)1,2(ω)

and â(2)2,2(ω) are in charge of adding noise to the system due
to the interaction of light and medium. The minimum noise
that arises from thismodel is related to vacuum noise for each
extra-added input mode in the BS.
Since, according to (85), the transmission coefficient is

sensitive more to frequency than the number of input–output
waveguides (Nin = No), increasing the number of users does
not significantly change the amount of loss in each channel.
Based on this claim, the lossy model presented in Fig. 13 is
designed.

D. CROSSTALK EFFECTS
In the real world, for an actual AWG, indeed, there is a
narrow frequency band �ωA around the central value ω ji of
each output channel in which |A ji(ω 	∈ (ω ji −�ωA/2, ω ji +
�ωA/2))|2 � 1. The frequency space between two adjacent
channels is indicated by �ωc, which is adjusted more than
the frequency band �ωA. The existence of a finite band for
the passing mode introduces two kinds of crosstalk effects:
1) out-of-band cross-talks and 2) in-band cross-talks. The
former is related to the contribution of the energy related
to frequencies that are different from the desired channel
frequency. The out-of-band crosstalk is usually omitted by
proper filtering. However, the filters will not vanish the in-
band crosstalk, which is associated with the energy of the
same frequency as the channel frequency that arises from the
adjacent channels.

S4×4(ω) =

⎡
⎢⎢⎣
B1,11(ω)Aideal

11 (ω) B1,11(ω)Aideal
12 (ω) B1,12(ω) 0

B2,11(ω)Aideal
21 (ω) B2,11(ω)Aideal

22 (ω) 0 B2,12(ω)
B1,21(ω)Aideal

11 (ω) B1,21(ω)Aideal
12 (ω) B1,22(ω) 0

B2,21(ω)Aideal
21 (ω) B2,21(ω)Aideal

22 (ω) 0 B2,22(ω)

⎤
⎥⎥⎦ (107)

S4×4(ω1) =

⎡
⎢⎢⎢⎣

A11(ω1) 0 B1,12(ω1) 0

0 A22(ω1) 0 B2,21(ω1)

B1,21(ω1)eiφ
a
11 0 A11(ω1)e−iφ

a
11 0

0 B2,21(ω1)eiφ
a
22 0 A22(ω1)e−iφ

a
11

⎤
⎥⎥⎥⎦ (108)

S4×4(ω2) =

⎡
⎢⎢⎢⎣

0 A12(ω2) B1,12(ω2) 0

A21(ω2) 0 0 B2,12(ω2)

0 B1,21(ω2)eiφ
a
12 A12(ω2)e−iφ

a
12 0

B2,21(ω2)eiφ
a
21 0 0 A21(ω2)e−iφ

a
21

⎤
⎥⎥⎥⎦ (109)
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According to (93), the outputs of the AWG when the ith
input port is fed are

Â
†
â(1)i (ω ji)Â =

A∗
1i(ω ji)â

(2)
1 (ω ji) + · · · + A∗

j−1,i(ω ji)â
(2)
j−1(ω ji)

+ A∗
ji(ω ji)â

(2)
j (ω ji) + A∗

j+1,i(ω ji)â
(2)
j+1(ω ji) + · · ·

+ A∗
Ni(ω ji)â

(2)
N (ω ji). (110)

If �ωc is big enough with respect to �ωA the prominent
terms of crosstalk in practice are related to the values of
coefficients A j−1,i(ω ji) and A j+1,i(ω ji).
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