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Abstract
Horizon-scale images of black holes (BHs) and their shadows have opened an
unprecedented window onto tests of gravity and fundamental physics in the
strong-field regime. We consider a wide range of well-motivated deviations
from classical general relativity (GR) BH solutions, and constrain them using
the Event Horizon Telescope (EHT) observations of Sagittarius A∗ (Sgr A∗),
connecting the size of the bright ring of emission to that of the underlying
BH shadow and exploiting high-precision measurements of Sgr A∗’s mass-to-
distance ratio. The scenarios we consider, and whose fundamental parameters
we constrain, include various regular BHs, string-inspired space-times, viola-
tions of the no-hair theorem driven by additional fields, alternative theories of
gravity, novel fundamental physics frameworks, and BH mimickers including
well-motivated wormhole and naked singularity space-times. We demonstrate
that the EHT image of Sgr A∗ places particularly stringent constraints on mod-
els predicting a shadow size larger than that of a Schwarzschild BH of a given
mass, with the resulting limits in some cases surpassing cosmological ones.
Our results are among the first tests of fundamental physics from the shadow
of Sgr A∗ and, while the latter appears to be in excellent agreement with the
predictions of GR, we have shown that a number of well-motivated alternative
scenarios, including BH mimickers, are far from being ruled out at present.

Keywords: black holes, black hole shadows, tests of gravity, wormholes,
naked singularities
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1. Introduction

Black holes (BHs) are among the most extreme regions of space-time [1–3], and are widely
believed to hold the key towards unraveling various key aspects of fundamental physics,
including the behavior of gravity in the strong-field regime, the possible existence of new
fundamental degrees of freedom, the unification of quantum mechanics (QM) and gravity,
and the nature of space-time itself [4, 5]. We have now been ushered into an era where BHs
and their observational effects are witnessed on a regular basis and on a wide range of scales.
Perhaps the most impressive example in this sense are horizon-scale images of supermassive
BHs (SMBHs), delivered through very long baseline interferometry (VLBI), and containing
information about the space-time around SMBHs. The first groundbreaking horizon-scale
SMBH images were delivered by the Event Horizon Telescope (EHT), a millimeter VLBI
array with Earth-scale baseline coverage [6], which in 2019 resolved the near-horizon region
of the SMBH M87∗ [7–12], before later revealing its magnetic field structure [13, 14]. This
was recently followed by the EHT’s first images of Sagittarius A∗ (Sgr A∗), the SMBH located
at the Milky Way center [15–24].

The main features observed in VLBI horizon-scale images of BHs are a bright emission
ring surrounding a central brightness depression, with the latter related to the BH shadow (see
e.g. [25–34] for some of the earliest calculations in this sense [35–39], for more recent studies
on the shapes of BH shadows and related observables, and higher-order photon rings in [40]).
On the plane of a distant observer, the boundary of the BH shadow marks the apparent image
of the photon region (the boundary of the region of space-time which supports closed spher-
ical photon orbits)22, and separates capture orbits from scattering orbits: for detailed reviews
on BH shadows, see e.g. [41–45]. Under certain conditions and after appropriate calibration,
the radius of the bright ring can serve as a proxy for the BH shadow radius, with very little
dependence on the details of the surrounding accretion flow [11, 12, 28, 46–52].23 This is
possible if (i) a bright source of photons is present and strongly lensed near the horizon, and
especially (ii) the surrounding emission regions is geometrically thick and optically thin at
the wavelength at which the VLBI network operates. Most SMBHs we know of, including
Sgr A∗ and M87∗ [46], operate at sub-Eddington accretion rates and are powered by radiat-
ively inefficient advection-dominated accretion flows, as a result satisfying both the previous
conditions.

The possibility of connecting the ring and BH shadow angular radii opens up the fascinat-
ing prospect of using BH shadows to test fundamental physics, once the BH mass-to-distance
ratio is known [62, 63]. For a Schwarzschild BH of massM located at distance D, the shadow
is predicted to be a perfect circle of radius rsh = 3

√
3GNM/c2, therefore subtending (within

the small angle approximation) an angular diameter θsh = 6
√
3GNM/(c2D) = 6

√
3θg, where

22 In the case of spherically symmetric space-times, such as with Schwarzschild BHs, the photon region is simply
referred to as photon sphere.
23 Some concerns on whether VLBI horizon-scale images are really seeing the image of the BH shadow surrounded
by the photon ring were raised in [53–57], but have been addressed in most of the above works. See also theoretical
concerns on the possibility of testing gravity using BH images raised in [58]. Finally, see [59–61] for further relevant
work.
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θg = GNM/(c2D) is the angular gravitational radius of the BH24. For Kerr BHs, the shadow
is slightly asymmetric along the spin axis, with rsh being marginally smaller compared to the
Schwarzschild case, but still depending predominantly on the BH mass M, and only margin-
ally on the (dimensionless) spin a⋆ and observer’s inclination angle i. Crucially, the values
of θsh and rsh can change considerably for other metrics, including those describing BHs in
alternative theories of gravity, the effects of corrections from new physics possibly leading to
violations of the no-hair theorem (NHT) [64–68], or ‘BH mimickers’, i.e. (possibly horizon-
less) compact objects other than BHs [69–80]. This paves the way towards tests of fundamental
physics from the angular sizes of BH shadows of known mass-to-distance ratio.

With the EHT image of M87∗, the prospects of testing fundamental physics with BH shad-
ows have become reality, as demonstrated by a large and growing body of literature devoted to
such tests, mostly focusing on the size of M87∗’s shadow, but in some cases also considering
additional observables such as the shadow circularity and axis ratio, as well as future prospects
(see e.g. [81–182]). The new horizon-scale image of Sgr A∗ delivered by the EHT offers yet
another opportunity for performing tests of gravity and fundamental physics in the strong-field
regime, which we shall here exploit. Even though such tests have already been performed with
M87∗, there are very good motivations, or even advantages, for independently carrying them
out on the shadow of Sgr A∗ (see also [183–187]):

1. Sgr A∗’s proximity to us makes it significantly easier to calibrate its mass and distance, and
therefore its mass-to-distance ratio, whose value is crucial to connect the observed angular
size of its ring to theoretical predictions for the size of its shadow within different funda-
mental physics scenarios. This is a distinct advantage with respect to M87∗, whose mass is
the source of significant uncertainties, with measurements based on stellar dynamics [188]
or gas dynamics [189] differing by up to a factor of 2 (see also section IIIA of [190]).

2. Sgr A∗’s mass in the O(106)M⊙ range is several orders of magnitude below M87∗’s mass
in theO(109)M⊙ range, allowing us to probe fundamental physics in a completely different
and complementary strong curvature regime (see more below and in figure 1). For the same
reason, Sgr A∗’s shadow can potentially set much tighter constraints than M87∗’s shadow
on dimensionful fundamental parameters which scale as a positive power of mass in the
units we adopt (as is the case for several BH charges or ‘hair parameters’).

3. Finally, independent constraints from independent sources are always extremely valuable
in tests of fundamental physics, and there is, therefore, significant value in performing such
tests on Sgr A∗ independently of the results obtained from M87∗. As we shall explicitly
show, unlike M87∗, the EHT image of Sgr A∗ sets particularly stringent constraints on the-
ories and frameworks which predict a shadow radius larger than 3

√
3M. We will consider

many such examples in this work.

To elaborate more on point 2. Above, we consider the Baker–Psaltis–Skordis ‘curvature-
potential’ diagram introduced in [191] to place, link, and compare on a common set of axes
the regimes explored by a wide range of tests of gravity. Specifically, on the x axis we plot
log10 ϵ, with ϵ the magnitude of the Newtonian gravitational potential, quantifying deviations

24 In what follows, we shall work in units where 4πϵ0 = ℏ= c= GN = 1. At times we will find it convenient to work
in units of BH mass, and therefore will set M= 1, while rescaling all other parameters accordingly.
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from the Minkowski metric. For the relevant case of a test particle orbiting a central object of
mass M (such as a BH) at a distance r, ϵ is given by (re-introducing SI units):

ϵ≡ GNM
c2r

. (1)

The larger ϵ, the stronger the gravitational field probed by an observer or a test particle, with the
limit ϵ→ 0.5 corresponding to a test particle approaching the event horizon—loosely speaking,
ϵ measures the ‘strength’ of the metric, and in the following we will refer to it as ‘potential’
(note that ϵ is simply the inverse of the radial coordinate in units of gravitational radius, and
is sometimes referred to as ‘compactness parameter’). On the y axis we instead plot log10 ξ,
with ξ the (square root of the) Kretschmann scalar which, for a Schwarzschild BH of massM,
reads:

ξ = (RµνρσR
µνρσ)

1
2 =

4
√
3GNM
c2r3

. (2)

The larger ξ, the larger the total curvature due to both local and distant masses—loosely speak-
ing, ξ measures the ‘strength’ of the Riemann tensor, and in the following we will refer to it
as ‘curvature’. For illustrative purposes, given that the EHT probes the space-time around the
BH photon ring, we compute equations (1) and (2) at r= 3GM/c2, which is the location of
the photon ring for a Schwarzschild BH, finding:

ϵ=
1
3
, ξ ≈ 1.2× 10−11

(
M
M⊙

)−2

cm−2 . (3)

While the shadows of Sgr A∗ and M87∗ probe (by construction) the same potential regime
(log10 ϵ≈−0.48), they probe two completely different curvature regimes, the former in the
ξ ∼O(10−25)cm−2 region and the latter in the much weaker ξ ∼O(10−31)cm−2 region. We
illustrate this visually in figure 1, where we show the region of potential-curvature parameter
space probed by both Sgr A∗ and M87∗, as indicated by the respective icons. Following [191,
192], the region bounded by the green dashed curve encloses other potential more distant
EHT sources, for which the expected resolution in units of gravitational radii is of course
much lower compared to Sgr A∗ and M87∗ (hence the lower values of ϵ probed). Finally,
the magenta points correspond to the S-stars orbiting close to Sgr A∗, following [191, 193].
Figure 1 clearly allows us to appreciate how the shadows of Sgr A∗ and M87∗ probe gravity
and, more generally, fundamental physics, in two completely different strong gravitational
field regimes, reaffirming once more the value in performing the tests we shall conduct in
this paper. We note that the tests we shall perform are parametric tests of theories of gravity
and fundamental physics scenarios. In other words, such tests are performed either on specific
known metric solutions of such theories, or anyhow on explicit metrics which are introduced
phenomenologically (and whose origin in some cases is well rooted into specific underlying
theories or frameworks). Another possibility, which we shall not pursue here, is to perform
similar tests on theory-agnostic metrics which, while not arising from any specific theory,
can be mapped to different theories and thus may effectively constrain a number of theories
simultaneously (see e.g. [52, 194, 195] in a related context).

The rest of this paper is then organized as follows. In section 2 we discuss the methodo-
logy and assumptions entering into the computation of the sizes of BH shadows, and give a
very brief overview of the fundamental physics scenarios we consider. Section 3 is divided
into a large number of subsections (from sections 3.1 to 3.41), one for each of the models and
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Figure 1. Regimes probed by various gravitational systems of interest, represented on
the Baker–Psaltis–Skordis ‘curvature-potential’ diagram. The shadows of Sgr A∗ and
M87∗ are indicated by the respective icons, the region bounded by the green dashed
curve encloses other potential more distant EHT sources, and the magenta points cor-
respond to the S-stars orbiting close to Sgr A∗. Credits for Sgr A∗ and M87∗’s images
are due to the © EHT Collaboration and © ESO (sources: ‘Astronomers Reveal First
Image of the Black Hole at the Heart of Our Galaxy’ and ‘First Image of a Black
Hole’ respectively—both images are licensed under a Creative Commons Attribution
4.0 International License).

fundamental physics scenarios considered (which in some cases contain various sub-classes),
for which we report constraints obtained adopting the previously discussed methodology. In
section 4 we provide a brief overall discussion of our results, and a brief overview of comple-
mentary probes and future prospects. Finally, in section 5 we draw concluding remarks and
outline future directions.

2. Methodology

The methodology we shall follow relies on comparing the observed angular radius of the ring-
like feature in the EHT horizon-scale image of Sgr A∗ with the theoretically computed angu-
lar radius of the shadows of BHs (or other alternative compact objects) within each funda-
mental physics scenario we consider, with prior knowledge of Sgr A∗’s mass-to-distance ratio.
Requiring consistency between the two quantities, within the uncertainty allowed by the EHT
observations, allows us to set constraints on the parameters describing the space-time in ques-
tion. This simple methodology has been discussed several times in the past (see for example
[62, 63]) and has been successfully applied to the EHT image of M87∗ by the EHT collabor-
ation themselves in [144], though for reasons discussed earlier in section 1, the application to
Sgr A∗ is in principle more robust. Note that, much as all related works in the literature, we
will be using the observationally provided values for the mass-to-distance ratio and shadow
radius implicitly assuming that their inferred values are independent of both the underlying
space-time metric and/or theory of gravity. This allows us to use the same values for these
quantities when moving across the different scenarios we consider.
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Table 1. Mass and distance to Sgr A∗ as inferred from the Keck and VLTI instruments.

Survey M(×106M⊙) D (kpc) References

Keck 3.951 ± 0.047 7.953 ± 0.050 ± 0.032 [201]
VLTI 4.297 ± 0.012 ± 0.040 8.277 ± 0.009 ± 0.033 [202]

To apply this methodology, we require two ingredients. The first is Sgr A∗’s mass-to-
distance ratio. The mass and distance to Sgr A∗, M, and D, have been studied in detail over
the past decades exploiting stellar cluster dynamics, and in particular the motion of S-stars,
individual stars resolved within 1 ′ ′ of the Galactic Center. A significant role has been played
by S0-2 which, with a K-band magnitude of ∼14, period of ∼16years, and semimajor axis of
∼125mas, is the brightest star with a relatively close orbit and short period close to the Galactic
Center. Its orbit has been exquisitely tracked by two sets of instruments/teams25, which we
shall refer to as ‘Keck’ and ‘VLTI’ (standing for ‘Very Large Telescope Interferometer’),
respectively. Following [20], we adopt the (correlated) mass and distance estimates given in
table 1 [201, 202], where uncertainties are quoted at 68% confidence level (C.L.), reporting
(where available) systematic uncertainties.We refer the reader to section 2.1 of [20] for detailed
discussions on these measurements.

The second ingredient we require is a calibration factor connecting the size of the bright
ring of emission with the size of the corresponding shadow, which quantifies how safe it is to
use the size of the bright ring of emission as a proxy for the shadow size. This calibration factor
depends on the near-horizon physics of image formation and, as already anticipated earlier, is
expected to be very close to unity for optically thin, geometrically thick radiatively inefficient
advection-dominated accretion flows, such as the one surrounding Sgr A∗. In practice, the
calibration factor accounts multiplicatively for various sources of uncertainty, ranging from
formal measurement uncertainties, to fitting/model uncertainties, to theoretical uncertainties
pertaining to the emissivity of the plasma (see section 3 of [20]).

Detailed studies of various sources of uncertainty have been conducted by the EHT in
[20] and used to determine the above calibration factor. Folding in the calibration factor with
uncertainties in Sgr A∗’s mass-to-distance ratio, and the angular diameter of Sgr A∗’s bright
ring of emission, the EHT inferred δ, the fractional deviation between the inferred shadow
radius rsh and the shadow radius of a Schwarzschild BH of angular size θ (θsh = 3

√
3θg),

rsh,Schwarzschild = 3
√
3M. In practice, δ is given by:

δ ≡ rsh
rsh,Schwarzschild

− 1=
rsh

3
√
3M

− 1 . (4)

The inferred value of δ depends on the mass-to-distance ratio assumed, with the Keck and
VLTI measurements resulting in the following estimates [20]:

• Keck: δ =−0.04+0.09
−0.10;

• VLTI: δ =−0.08+0.09
−0.09,

with a good agreement between the two bounds.

25 The motion of the S0-2 star has been used to set constraints on various aspects of fundamental physics, see e.g.
[196–200].
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In order to be as conservative as possible, and to simplify our later discussion, we take the
average of the Keck- and VLTI-based estimates of δ, treating them as uncorrelated, as they
are obtained from two different instruments/surveys. This leads to the following estimate of δ
which we shall adopt throughout this work:

δ ≃−0.060 ± 0.065 , (5)

which, under the assumption of Gaussianity (itself supported by the shapes of the posteriors
shown in figure 12 of [20]), trivially leads to the following 1σ and 2σ intervals for δ:

−0.125≲ δ ≲ 0.005 (1σ) ,

−0.19≲ δ ≲ 0.07 (2σ) . (6)

As is clear from the previous Keck- and VLTI-based estimates which we have averaged, there
is overall a very slight preference for Sgr A∗’s shadow being marginally smaller than the
prediction 3

√
3M for a Schwarzschild BH of given mass, with a ≲68% C.L. preference for

δ < 0. At the level of shadow radius rsh and once more assuming Gaussian uncertainties, after
expressing rsh/M= 3

√
3(δ+ 1) by inverting equation (4), it is easy to see that the bounds

reported in equation (6) translate to the following 1σ constraints on rsh/M:

4.55≲ rsh/M≲ 5.22 , (7)

as well as the following 2σ constraints:

4.21≲ rsh/M≲ 5.56 . (8)

These constraints are in good agreement with those reported in [20], though with slightly
smaller uncertainties (by a factor of ≈

√
2) as a result of having taken the average between the

Keck- and VLTI-based estimates. In what follows, we shall use the bounds in equations (7)
and (8) to constrain the parameters governing space-times beyond the Schwarzschild BH.

For simplicity, throughout this work we shall restrict ourselves to static spherically sym-
metric metrics, i.e. neglecting the effect of spin. The reason behind this choice is two-fold.
First, the effect of spin on the shadow radius is small: we illustrate this in figure 2 for the case
of a Kerr BH, where we plot the predicted shadow radius as a function of the dimensionless
spin a⋆, for different values of the observer’s inclination angle i. Clearly, the effect is more
pronounced for high inclination angles (i.e. for almost edge-on viewing), but remains small
(≲12%).26

Second, and perhaps most importantly, there is at present no clear consensus on the value
of Sgr A∗’s spin and inclination angle. The EHT images are in principle consistent with large
spin and low inclination angle, but are far from being inconsistent with low spin and large
inclination angle [15, 19]. To be precise, however, this is strictly speaking only true for the Kerr
metric, which has been assumed in deriving these results. Independent works based on radio,
infrared, and x-ray emission, as well as millimeter VLBI, exclude extremal spin (1− a⋆ ≪ 1),
but have been unable to place strong constraints otherwise [203–205]. Estimates based on
semi-analytical models, magnetohydrodynamics simulations, or flare emissions, have reported
constraints across a wide range of spin values [206, 207]. One of the most recent dynamical
estimates of Sgr A∗’s spin was reported in [208] by Fragione and Loeb, based on the impact
on the orbits of the S-stars of frame-dragging precession, which would tend to erase the orbital

26 It is worth remarking that this is strictly speaking true for the Kerr space-time. We will adopt the assumption
(implicitly also made in [144]) that the effect of spin remains small even in alternative metrics. Whether this is actually
true should be checked on a case-by-case basis, although for many of the cases we will study, the rotating version of
the metric is not available.
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Figure 2. Shadow radius in units of BH mass, rsh/M, for a Kerr BH (solid curves), as
a function of the dimensionless spin a⋆, for various values of the observer’s inclina-
tion angle i as given by the color coding (with i = 0◦ and i = 90◦ corresponding to
face-on and edge-on viewing respectively). The dashed cyan line indicates the size of
a Schwarzschild BH, i.e. the limit a⋆ → 0, for which rsh/M= 3

√
3. It is clear that the

effect of spin on the BH shadow radius is small, particularly at low values of the spin.

planes in which the S-stars formed and are found today: observations of the alignment of the
orbital planes of the S-stars today require Sgr A∗’s spin to be very low, a⋆ ≲ 0.1 (see also
[209]). Some of these estimates rely on an assumed metric, although it is worth pointing out
that the result of [208] does not. Constraints on the inclination angle are even more uncertain.
The inconsistency across different estimates of Sgr A∗’s spin prompts us to a conservative
approach where we neglect the effect of spin, while taking the very recent estimate of [208] as
indication that the spin may be low: for a⋆ ≲ 0.1, as figure 2 clearly shows, the effect of spin
on the shadow radius is negligible at all inclination angles.

Finally, simple shadow-based observables which are most sensitive to the spin are those
related to the shadow’s circularity, such as the deviation from circularity∆C discussed in [73]
(and adopted by several works which used the shadow ofM87∗ to constrain fundamental phys-
ics), which for a Kerr BH should be≲4%, increasing with spin and inclination angle. However,
the sparse interferometric coverage of the EHT’s 2017 observations of Sgr A∗, the associated
significant uncertainties in circularity measurements, and the short variability timescale of Sgr
A∗, prevented the collaboration from quantifying the circularity of the shadow based on obser-
vational features [18, 20, 210]. In closing, we note that most of the space-times considered in
[20] are also spherically symmetric, for reasons similar to the ones we outlined, providing an
independent validation of our approach (although with all the caveats discussed above).

2.1. Black hole shadow radius in spherically symmetric space-times

Here we briefly review the calculation of the shadow radius in spherically symmetric space-
times. If such a space-time possesses a photon sphere, the gravitationally lensed image thereof

9
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as viewed by an observed located at infinity will constitute the BH shadow27. Let us con-
sider a generic static, spherically symmetric, asymptotically flat space-time, i.e. one admit-
ting a global, non-vanishing, time-like, hypersurface-orthogonal Killing vector field, with no
off-diagonal components in the matrix representation of the metric tensor. Without loss of
generality, the space-time line element in Boyer–Lindquist coordinates can be expressed as:

ds2 =−A(r)dt2 +B(r)dr2 +C(r)dΩ2 , (9)

where dΩ is the differential unit of solid angle28. In the following, we shall henceforth refer
to the function A(r) =−gtt(r) as the ‘metric function’, and occasionally to C(r) = gθθ =
gϕϕ/sin

2 θ as the ‘angular metric function’ (though we note that the latter terminology is not a
widespread one). If the space-time is asymptotically flat, A(r)→ 1 as r→∞ in equation (9).
Note also that in most cases of interest C(r) = r2, although here we choose to keep the discus-
sion as general as possible.

Let us then define the function h(r) (see e.g. [43]):

h(r)≡

√
C(r)
A(r)

. (10)

If the metric in equation (9) possesses a photon sphere, the radial coordinate thereof, rph, is
given by the solution to the following implicit equation:

d
dr

[
h2(rph)

]
= 0 , (11)

which can be arranged to the following form:

C ′(rph)A(rph)−C(rph)A
′(rph) = 0 . (12)

Here, the prime denotes a derivative with respect to r. If, as in the majority of cases we will
consider, the angular metric function is C(r) = r2, then equation (12) reduces to the following
well-known expression:

A(rph)−
1
2
rphA

′(rph) = 0 . (13)

The shadow radius rsh corresponds to the gravitationally lensed image of the surface defined
by rph, and is therefore given by (see e.g. [41–43, 135, 211]):

rsh =

√
C(r)
A(r)

∣∣∣∣∣
rph

. (14)

For the ‘standard’ angular metric function C(r) = r2 equation (14) reduces to the following
well-known expression:

rsh =
r√
A(r)

∣∣∣∣∣
rph

. (15)

27 While a space-time with a photon sphere can cast a shadow, the existence of a photon sphere is strictly speaking
not a mandatory requirement for a space-time to cast a shadow, see e.g. [74].
28 We are implicitly assuming that r matches the quantity r provided by astrophysical determinations (which is math-
ematically consistent with our later treatment of the shadow radius).
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In the case of the Schwarzschild BH, whose metric function is A(r) = 1− 2M/r and whose
angular metric function is C(r) = r2 [1], combining equations (13) and (15) leads to the well-
known result rsh = 3

√
3M. For obvious symmetry reasons, the BH shadow for a spherically

symmetric space-time is a circle of radius rsh on the plane of a distant observer, irrespective of
the inclination angle.

Note that the computation we have outlined is strictly valid for asymptotically flat space-
times only. For other metrics, including but not limited to those matching on to the cosmolo-
gical accelerated expansion at large distances and hence asymptotically de Sitter, the size of
the BH shadow can explicitly depend on the radial coordinate of the distant observer, and on
whether the observer is static or comoving (see e.g. [43, 212] for extensive discussions on this
point). An example of such a situation occurs with the Kottler metric [213]. Given Sgr A∗’s
proximity to us, for practical purposes we focus on a static observer (i.e. one which is not in
the Hubble flow with respect to the BH) located at a distance rO. For simplicity we also focus
on the case where the angular metric function is C(r) = r2. Then, the angular size of the BH
shadow αsh is given by (see e.g. [43]):

sin2αsh =
r2ph

A(rph)
A(rO)

r2O
. (16)

In the physically relevant small-angle approximation, it is easy to see that the shadow size is
given by (see [43] for more detailed discussions):

rsh = rph

√
A(rO)
A(rph)

. (17)

The explicit dependence of the shadow size on the observer’s position is clear in equation (17).
It is trivial to see that for a distant observer viewing a BH described by an asymptotically flat
metric, equation (17) reduces to equation (15), since A(rO)≈ 1 as long as the observer is
sufficiently distant from the BH. For instance, for the Schwarzschild metric this condition is
satisfied as long as rO ≫M, i.e. the distance between the BH and the observer is much larger
than the BH gravitational radius. This condition is satisfied for the case of Sgr A∗, whose
distance from us of ≈8kpc should be compared to its gravitational radius rg ≈O(10−7)pc.

As a further caveat, it is also worth noting that the computation outlined in equations (10)–
(15) does not (necessarily) hold in theories with electromagnetic Lagrangian other than the
Maxwell one (for instance non-linear electrodynamics (NLED)), since in this context photons
do not necessarily move along null geodesics of the metric tensor, but along null geodesics
of an effective geometry [214, 215], a fact which has only been recently appreciated in the
literature.Wewill consider certain classes of NLED theories in this work, carefully accounting
for the effective geometry.

As a final caveat, it is worth pointing out that the ‘mathematical’ result for the shadow
radius obtained through the procedure discussed previously is ‘astrophysically’ relevant only
if the resulting shadow size is located outside the event horizon for a BH, or the throat for a
wormhole (WH). In the following, we have explicitly checked that this is indeed the case for
all space-times discussed, or added caveats as appropriate.

In what follows, we will compute the shadow radius of various space-times of interest, and
then compare them to the image of Sgr A∗ by imposing the bounds of equations (7) and (8)29.

29 For each space-time, we typically explicitly provide only A(r) =−gtt [and C(r) if ̸= r 2], as this is the metric
component directly entering in the shadow radius calculation. For most of the space-times we study, the condition
gttgrr =−1 is fulfilled: as discussed in [216], this occurs if and only if the radial null-null components of Rµν vanish
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These, as discussed earlier, already take into account various observational, theoretical, and
modeling uncertainties, including the potential multiplicative offset between the radius of the
bright ring of emission and the underlying shadow radius. We will show that the EHT image
of Sgr A∗ sets particularly stringent constraints on theories and frameworks which predict a
shadow radius larger than the Schwarzschild radius 3

√
3M. Although the effect of new physics

in many of the cases we will consider is that of decreasing the shadow radius with respect
to the Schwarzschild case, a few will actually turn out to increase it, and these will be the
models whose parameters are most tightly constrained. The key difference between these two
classes of scenarios can easily be understood in terms of the effective potential experienced by
photons which, assuming spherical symmetry and considering motion in the equatorial plane
(θ = π/2, which simplifies the calculations and is consistent with the assumed symmetries), is
proportional to Veff(r)∝ A(r)/r2. The shadow radius is then directly related to the maximum
of the effective potential, and this can easily be shown to move towards the left/right within the
scenarios leading to a decrease/increase of the shadow radius with respect to the Schwarzschild
case.

2.2. Brief overview and motivation of scenarios and space-times considered

Before moving on to actually performing our analysis, we will give a very brief overview of the
space-times we consider, along with motivation for moving beyond the Schwarzschild space-
time. We will consider a wide range of gravity theories, fundamental physics scenarios, and
space-times beyond those of the Schwarzschild BH, for which rsh = 3

√
3M. The NHT [64–68]

states that the only possible stationary, axisymmetric, and asymptotically flat BH solutions of
the 4D electrovacuum Einstein–Maxwell equations are described by the Kerr–Newman family
of metrics [217, 218]. Recall that the latter describes electrically charged, rotating BHs, and
reduces to the Kerr metric in the absence of electric charge, to the Reissner–Nordström (RN)
metric in the absence of rotation, and finally to the Schwarzschild metric in the absence of
both charge and rotation. As John Archibald Wheeler phrased it, ‘black holes have no hair’,
with the term ‘hair’ referring generically to parameters other than the BH massM, spin J, and
electric charge Q, which are required for a complete description of the BH solution.

At present, there is no sign of tension between the NHT and observations of astrophys-
ical BHs. Why, then, is going beyond the Kerr–Newman family of metrics a well-motivated
endeavor? The first reason is tied to the fact that a wide variety of theoretical and observational
issues hint towards the possibility that our understanding of gravity as provided by general
relativity (GR) is likely to be incomplete. These hints range from the quest for unifying grav-
ity and QM, to the conflict between unitary evolution in QM and Hawking BH radiation as
encapsulated in the BH information paradox [219], and finally to cosmological observations
requiring the existence of dark matter (DM) and dark energy, likely a phase of cosmic inflation,
and possibly a phase of early dark energy around the time of recombination. In the presence of
new physics which eventually will address these issues, it is perfectly reasonable to assume that
the NHT may only be an approximation, valid to the current level of precision. In fact, several

or, equivalently, if the restriction of Rµν to the t–r subspace is proportional to gµν (which on solutions of the Einstein
equations implies that the radial pressure is equal to minus the energy density). The only space-times we study for
which this condition is violated are: the Morris–Thorne traversable wormhole (section 3.10), the Damour–Solodukhin
wormhole (section 3.11), the Joshi–Malafarina–Narayan naked singularity (section 3.13), the naked singularity sur-
rounded by a thin shell of matter (section 3.14), the BH in Clifton–Barrow f (R) gravity (section 3.18), the Sen BH
(section 3.23), the Einstein–Maxwell-dilaton-1 BH (section 3.25), the BH in loop quantum gravity (section 3.30), the
DST BH (section 3.33), the BH in bumblebee gravity (section 3.41.2), and the Casimir wormhole (section 3.41.4).
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theoretical approaches towards addressing the above issues posit the existence of new fields
(particularly scalar fields) or modifications to GR (often introducing effective scalar degrees of
freedom), see e.g. [220–253] for an inevitably incomplete selection of examples. All of these
scenarios can very naturally lead to violations of the NHT30. Moving beyond astrophysical
systems, the study of controlled violations of the NHT is well-motivated by developments in
our understanding of the gauge/gravity duality [257], with important applications to various
condensed matter systems [258], including holographic superconductors [259] and quantum
liquids [260].

The second reason is possibly even more fundamental, and is related to the well-known
Penrose–Hawking singularity theorems, i.e. the fact that in GR continuous gravitational col-
lapse leads to the inevitable, but at the same time arguably undesirable, appearance of singular-
ities [2, 261]. For instance, the Kerr–Newman family of metrics possesses a well-known phys-
ical (non-coordinate) singularity at r= 0. The cosmic censorship conjecture [262, 263] not-
withstanding, the mere existence of singularities has prompted a long-standing search for ‘reg-
ular’ BH solutions, which regularize the central singularity (see e.g. [264–318] for examples).
Therefore, testing the metrics of regular BHs, or BH mimickers which address at least in part
the existence of singularities, is a very well-motivated direction, particularly at present time
with the availability of horizon-scale BH images. Note that many of these regular BH solu-
tions can be obtained as solutions to the Einstein field equations coupled to a suitable NLED
source. Finally, as the nature of DM, dark energy, and the origin of structure (whether through
a phase of inflation or an alternative mechanism) is not fully understood at present, one should
be open-minded to the possibility that one or more of these phenomena may be connected to
potential modifications of GR.

With these considerations in mind, in this work we will consider a wide range of space-
times beyond the Schwarzschild BH, testing them against the EHT horizon-scale image of Sgr
A∗. The space-times we consider broadly speaking fall within these (by no means mutually
exclusive) categories:

1. Regular BHs, whether arising from specific theories or constructed in a phenomenological
setting;

2. BHs in modified theories of gravity, modified electrodynamics, and string-inspired settings;
3. BHs in theories with additional matter fields (usually scalar fields), typically bringing about

violations of the NHT;
4. BH mimickers such as WHs (or effective WH geometries) and naked singularities (NSs);
5. Modifications induced by novel fundamental physics frameworks (e.g. generalized or

extended uncertainty principles (EUPs), non-commutative geometries (NCGs), or entropy
laws beyond the Bekenstein–Hawking entropy).

Of course, several space-times we will consider fall within more than one of the above
categories at the same time (especially 1. and 2., or 1. and 3.). Most of these space-times are
described by one or more extra parameters, which in most cases we shall generically refer to

30 Note that, although one would in principle expect the effects of dark energy and modified gravity models invoked to
explain cosmic acceleration to appear on scales ≳150Mpc, whereas Sgr A∗ is 8kpc distant from us, in practice these
models almost always result in unwanted effects (e.g. fifth forces) on local scales, unless screening mechanisms are
invoked [254]. These screening mechanisms typically kick in at scales intermediate between cosmological [O(Gpc)]
and local [O(pc)] ones, so quite naturally in theO(kpc) range, lending motivation to the search for novel phenomen-
ological signatures in this regime. In addition, it is worth noting that several ‘quintessential inflation’ models exist
wherein inflation and cosmic acceleration are unified as the result of a single scalar degree of freedom [255, 256].
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as ‘hair’, ‘hair parameters’, or ‘charges’, in the latter case following the language adopted by
[20, 144].

Before moving on to the results, one final clarification is in order. In all the cases we will
consider, the hair parameters discussed above essentially fall into one of two categories. In the
first case, they are ‘universal’, i.e. the same for each BH in the Universe regardless of its other
hairs (mass, spin, electric charge). In the second case, they are ‘specific’, i.e. they can vary from
BH to BH. With a slight abuse of language, we shall refer to these as being universal hairs
and specific hairs respectively: note that the two should not be confused with the concepts of
primary hair and secondary hair, although they are to some extent related.

An example of universal hair could be one which is exclusively determined by a para-
meter (e.g. a coupling) of the underlying Lagrangian of the theory (which is therefore uniquely
determined), or by another fundamental parameter introduced at a phenomenological level. A
very simple example of specific hair is the electric charge of a BH appearing in the well-known
RNmetric: this is a conserved charge which essentially emerges as an integration constant, and
which can therefore take different values from BH to BH. As far as we can tell, the distinction
between these two types of hairs has not been sufficiently emphasized in the literature on tests
of fundamental physics from BH shadows.

We note that the comparison between constraints on specific hairs obtained from BH shad-
ows and other astrophysical probes (for instance gravitational waves, stellar motions, and cos-
mology) is meaningful only if the constraints are referred to the same source. On the other
hand, in the case of universal hairs such a comparison can be made even without reference to
any specific source. In what follows, for each BH solution we will study, we will clearly indic-
ate whether the additional hair parameter which controls deviations from the Schwarzschild
metric is a specific hair or an universal hair.

3. Results

3.1. Reissner-Nordström black hole and naked singularity

The first geometrywe consider beyond the Schwarzschild BH, and arguably the simplest exten-
sion thereof, is the RN metric describing an electrically charged, non-rotating BH. Explicitly
introducing the BH mass (which we will later set toM= 1 for convenience), and recalling that
we are setting 4πϵ0 = ℏ= c= GN = 1, the metric function of the RN BH with electric charge
Q is given by [319–322]:31

A(r) = 1− 2M
r

+
Q2

r2
, (18)

where Q describes a specific hair. Henceforth, if not explicitly stated, the angular metric func-
tion will be implicitly assumed to be given by C(r) = r2. Setting M= 1,32 it is easy to show
that this space-time possesses an event horizon only forQ⩽ 1. However, even for larger values
of the electric charge the space-time, which is now a NS, can still possess a photon sphere (and
thereby cast a shadow-like feature), provided 1< Q⩽

√
9/8≈ 1.06: this region of parameter

space describes what is commonly referred to as the ‘RN naked singularity’.

31 For completeness, given the importance of the Reissner–Nordström space-time, we note that the metric function in
SI units reads A(r) = 1− 2GNM/c2r+GQ2/4πϵ0c4r 2.
32 This operation effectively corresponds to rescaling the Boyer–Lindquist radial coordinate and electric charge as
r̃= r/M and Q̃= Q/M respectively. Throughout this work we will drop the tildes, and whether we are referring to
the original or rescaled quantities should be evident from the context.
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Figure 3. Shadow radius rsh of the Reissner–Nordström black hole (solid curve) and
naked singularity (dashed curve) withmetric function given by equation (18) and in units
of the BH massM, as a function of the normalized electric charge Q/M, as discussed in
section 3.1. The dark gray and light gray regions are consistent with the EHT horizon-
scale image of Sgr A∗ at 1σ and 2σ respectively, after averaging the Keck and VLTI
mass-to-distance ratio priors for Sgr A∗ (see equations (7) and (8)). The red regions are
instead excluded by the same observations at more than 2σ.

Using equations (13) and (15), we straightforwardly obtain the following expression for the
radius of the shadow cast by the RN space-time, which is valid within both the BH and NS
regimes:

rsh =

√
2
(
3+

√
9− 8Q2

)
√

4+
√

9−8Q2−3
Q2

. (19)

It is at first glance not obvious that equation (19) does indeed reduce to the Schwarzschild result
of rsh = 3

√
3 in the Q→ 0 limit, due to the apparent divergence in the denominator. However,

the proper way of taking this limit is to Taylor-expand the denominator: when doing so, one
indeed finds that the denominator of equation (19) tends to

√
8/3, whereas the numerator

straightforwardly tends to 6
√
2, leading overall to the correct limit of 3

√
3.

The evolution of the shadow radius as a function of the electric charge is shown in figure 3,
for both the BH (solid) and NS (dashed) regimes of the RN space-time, alongside the obser-
vational constraints imposed by the EHT image of Sgr A∗ (equations (7) and (8)). We see
that as the electric charge increases, the shadow radius decreases, which can be understood
by studying how the electric charge affects the effective potential felt by test particles. This
is a feature which is common to a number of extensions of the Schwarzschild metric, as we
shall see throughout the paper: most extensions will lead to a shadow radius which decreases
with increasing charge/hair parameter (although notable exceptions exist, which we shall also
discuss in this paper).

From figure 3, we observe that the EHT observations set the 1σ upper limit Q≲ 0.8M, and
the 2σ upper limit Q≲ 0.95M. Therefore, within more than 2 standard deviations, the EHT
observations rule out the possibility of Sgr A∗ being an extremal RN BH (Q=M). Of course,
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the NS regime (M< Q⩽
√

9/8M) is completely ruled out: therefore, the EHT observations
rule out the possibility of Sgr A∗ being one of the simplest possible NSs (although other NS
space-times are allowed as we shall see later). Finally, re-inserting SI units, we see that the
previous 2σ upper limit translates toQ≲ 0.95

√
4πϵ0GM∼ 6.5× 1026C. In practice, this limit

is significantly weaker than the limit Q≲ 3× 108C, or equivalently Q≲O(10−19) in units of
mass of Sgr A∗, obtained from astrophysical considerations in [323, 324] (see also [325–329]).

3.2. Bardeen magnetically charged regular black hole

We now consider regular BH solutions, which are free of the r= 0 core singularity present
within the Kerr–Newman family of metrics. Several approaches towards constructing regu-
lar BH metrics replace the Kerr–Newman core with a different type of core, such as a de
Sitter or Minkowski core, or phenomenologically smearing the core over a larger surface.
The Bardeen space-time is one of the first regular BH solutions to the Einstein equations
ever proposed [330], and describes the space-time of a singularity-free BH with a de Sitter
core [331]. The Bardeen space-time carries a magnetic charge qm, and can be thought of as a
magnetic monopole satisfying the weak energy condition [332]. It also emerges in the context
of GR coupled to a very specific NLED Lagrangian [333], and can further be interpreted as a
quantum-corrected Schwarzschild BH [334].

The metric function for the Bardeen magnetically charged BH is given by [330]:

A(r) = 1− 2Mr2

(r2 + q2m)3/2
, (20)

with qm characterizing a specific hair and satisfying the condition qm ⩽
√

16/27≈ 0.77. We
compute the corresponding shadow radius numerically, and show its evolution as a func-
tion of the magnetic charge qm in figure 4. As with the RN BH, we see that increasing qm
decreases the shadow radius. Within 2σ, the EHT observations are consistent with Sgr A∗

being a Bardeen BH for any (allowed) value of the magnetic charge, including the extremal
value qm =

√
16/27M.

A comment, relevant for several other space-times, is in order here. Since the Bardeen reg-
ular BH can emerge within a specific NLED theory, there is potentially some ambiguity as
to how one computes the corresponding shadow: one can compute it (a) using the ‘stand-
ard’ formulae (equations (12)–(14)), thus requiring only knowledge of the metric function
equation (20), or (b) accounting for corrections to the effective geometry arising from the
underlying NLED theory. Approach (a) can be considered model-agnostic, in the sense that
the metric is taken as a phenomenological input without further questioning its origin, whereas
approach (b) assumes a specific microscopical origin for the metric. For the Bardeen BH, we
have chosen to adopt approach (a) for three reasons:

• Historically, Bardeen first proposed this specific metric on a phenomenological basis as a
toy model, and only at a later stage was the associated NLED theory obtained;

• The corresponding underlying NLED theory is arguably quite baroque, and was ‘reconstruc-
ted’ to give the desired solution;

• NLED is not the only possible microscopical origin for the Bardeen BH.

Regarding the second point in particular, it is worth noting that it is almost always possible
to reconstruct a possible NLED source for a given (regular or non) BHmetric. The correspond-
ing Lagrangian is not always guaranteed to be particularly motivated, and in fact more often
than not will be quite baroque. While this is somewhat a matter of taste, in our view a more
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Figure 4. Same as in figure 3 for the Bardeen magnetically charged regular BH with
metric function given by equation (20), as discussed in section 3.2.

aesthetically appealing approach is a ‘top-down’ one starting from a specific well-motivated
NLED Lagrangian, and finding the corresponding solution. For this reason, if a specific metric
can be supported by a NLED source, but the latter is quite baroque or was reconstructed a pos-
teriori, we choose to compute the shadow following the phenomenological/model-agnostic
approach (a). This is the case for the Bardeen BH, which is the reason why only one curve,
obtained from the standard formulae equations (12)–(14), is present on figure 4, and similar
considerations hold for other metrics we study later.

3.3. Hayward regular black hole

Another well-known regular BH solution has been proposed by Hayward [335]. This space-
time replaces the r= 0 GR singularity by a de Sitter core with effective cosmological con-
stant Λ = 3ℓ2. In doing so, one is assuming that an effective cosmological constant plays an
important role at short distances, with Hubble length ℓ. Such a behavior, while introduced
at a phenomenological level for the Hayward BH, has been justified within the context of
the equation of state of matter at high density [331, 336], or an upper limit on density or
curvature [337–339], the latter expected to emerge within a quantum theory of gravity [340].

The metric function for the Hayward regular BH is given by [335]:

A(r) = 1− 2Mr2

r3 + 2ℓ2M
, (21)

with the Hubble length associated to the effective cosmological constant satisfying ℓ⩽√
16/27M and, as originally envisaged by Hayward, characterizing an universal hair

(although, since the space-time is introduced in a phenomenological way, nothing prevents the
hair from being specific). We compute the corresponding shadow radius numerically, showing
its evolution as a function of the Hubble length ℓ in figure 5. Again, we see that increasing ℓ
decreases the shadow radius. Within the present constraints, we see that the EHT observations
are consistent with Sgr A∗ being a Hayward BH for any (allowed) value of the Hubble length
associated to the effective cosmological constant, including the extremal value ℓ=

√
16/27M.
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Figure 5. Same as in figure 3 for the Hayward regular BH with metric function given
by equation (21), as discussed in section 3.3.

3.4. Frolov regular black hole

A well-known generalization of the Hayward BH, with the same quantum gravity-inspired
theoretical motivation and featuring an additional charge parameter, has been proposed by
Frolov [341]. The metric function for the Frolov BH is given by:

A(r) = 1− (2Mr− q2)r2

r4 +(2Mr+ q2)ℓ2
, (22)

where the additional charge parameter q characterizes a specific hair and satisfies 0< q⩽ 1,
and the length below which quantum gravity effects become important satisfies ℓ⩽

√
16/27

as with the Hayward BH. In principle, q admits an interpretation in terms of electric charge
measured by an observer situated at infinity, where the metric is asymptotically flat.

Here, we focus on the charge q, while fixing ℓ= 0.3. This is similar to the choice reported
in [20], which instead fixed ℓ= 0.4, and can be motivated by the fact that the shadow radius
changes slowly with ℓ, as is clear from figure 5. Therefore, the limits on qwe will report can be
interpreted as constraints along a particular slice of the full parameter space (see also the earlier
work of [103] by some of us). We compute the corresponding shadow radius numerically,
showing its evolution as a function of the charge q in figure 6. We see that, for ℓ= 0.3, the
EHT observations set the upper limits q≲ 0.8M (1σ) and q≲ 0.9M (2σ), qualitatively similar
to the constraints on the electric charge of the RN metric Q we obtained in section 3.1. Recall
once more that these constraints are valid for ℓ= 0.3. From the results reported in section 3.3
and figure 5 for the Hayward BH, we can expect that fixing ℓ to a smaller/larger value would
result in weaker/tighter constraints on q, as increasing ℓ leads to a slight decrease in the shadow
size: in other words, we can expect a negative correlation/parameter degeneracy between ℓ
and q.
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Figure 6. Same as in figure 3 for the Frolov regular BH with metric function given
by equation (22), where we have fixed the Hubble length associated to the effective
cosmological constant to ℓ= 0.3, as discussed in section 3.4.

3.5. Magnetically charged Einstein–Bronnikov regular black hole

NLED theories are well-motivated extensions of Maxwell’s Lagrangian in the high-intensity
regime [342], and appear in the low-energy limit of various well-known theories, including
Born–Infeld electrodynamics [343], as well as several string or supersymmetric construc-
tions [344–348]. Another important class of regular BHs arises in the context of GR coupled
to Bronnikov NLED, where the Lagrangian of the latter is given by [349]:

L(U) = FµνF
µν cosh−2

[
a
(
FαβF

αβ/2
)1/4]

. (23)

We recall that the relativistic invariants U and W are constructed from the electromagnetic
field-strength tensor Fαβ and its dual F⋆

αβ as follows:

U= FαβFαβ , W= FαβF⋆
αβ ,

F⋆
αβ =

1
2
ϵαβµνF

µν , Fµν = ∂µAν − ∂νAµ , (24)

where ⋆, ϵαβµν , and Aµ denote respectively the Hodge dual operator, the Levi-Civita symbol,
and the electromagnetic gauge field.

Einstein–Bronnikov gravity admits regular BHs only if these carrymagnetic and not electric
charge, i.e. choosing a purely magnetic configuration for the gauge field:

Aµ = qm cosθδϕµ , (25)
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where qm is themagnetic charge. In this case, the central singularity is removed if the parameter
a= q3/2m /M is different from zero. The metric function can be written explicitly as [349]:

A(r) = 1− 2M
r

(
1− tanh

q2m
2Mr

)
, (26)

where qm characterizes a specific hair. As anticipated earlier, however, in NLED theories
photons do not move along null geodesics of the metric tensor, but of an effective geometry
which depends on the details of the NLED theory. Therefore, knowledge of the metric function
alone is in principle not sufficient to compute the shadow cast by BHs within NLED theories.

To proceed, we follow Novello’s method [214, 215] to compute the effective geometry.
Since these can now be considered standard references in the field, here we very succinctly
review the basic steps of Novello’s method, and simply refer the reader to [214, 215] for fur-
ther details. Novello’s method is itself based on Hadamard’s method to obtain the equations
for the propagation of the electromagnetic field, where the discontinuity surface Σ in the elec-
tromagnetic field is identified with the wavefronts. In short, one starts from the Bianchi iden-
tities involving the field-strength tensor Fµν and its dual. It is assumed that the field-strength is
continuous acrossΣ, while its first derivative is discontinuous, with the discontinuity paramet-
rized by fαβkµ, where kµ is the propagation vector. These conditions are then applied to the
Bianchi identities and the resulting equation(s), taking the form of a cyclic identity (involving
the tensor f and the propagation vector) with indices, say, αβµ, are contracted with Fαβkµ

to obtain a scalar equation. These equations are evaluated on-shell and, after simple manip-
ulations, can be expressed in the form geffµνk

µkν = 0, showing that photons move along null
geodesics of geffµν , itself depending on the NLED Lagrangian.

For the intermediate steps leading to the computation of the effective geometry, we refer
the reader to equations (2.10)–(2.21) of [104] by some of us (see also [350]), where these
steps are explicitly spelled out. We compute the shadow radius numerically, following the
procedure outlined in [104]. In figure 7, we show the evolution of the shadow size as a function
of the only free parameter, |qm|. We see once more that increasing the magnetic charge qm acts
to decrease the shadow radius. We also see that the EHT observations restrict the magnetic
charge to |qm|≲ 0.8M (1σ) and |qm|≲M (2σ), while noting that within Bronnikov NLED the
magnetic charge is in principle allowed to take values qm >M.

3.6. Ghosh–Culetu–Simpson–Visser (GCSV) regular black hole

The GCSV BH was introduced in [351–353], including work by one of us, as toy model of a
regular BH in the sense of Bardeen, where the core is asymptotically Minkowski rather than de
Sitter33: stated differently, the associated energy density and pressure asymptote to zero rather
than to a final value determined by the effective cosmological constant of the de Sitter case (see
also [131, 354–362]). While the GCSV BH is introduced in a purely phenomenological way,
Simpson and Visser (SV) argued in [353] that this space-time is mathematically interesting
due to its tractability (the curvature tensors and invariants take forms which are much simpler
than those of the Bardeen, Hayward, and Frolov BHs), and physically interesting because of
its non-standard asymptotically Minkowski core. The metric function describing the GCSV
space-time is given by [351–353]:

33 To the best of our knowledge, this specific metric does not carry a particular name, and here it is the first time it is
being referred to as ‘GCSV BH’.
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Figure 7. Same as in figure 3 for the Einstein–Bronnikov magnetically charged BHwith
metric function given by equation (23), as discussed in section 3.5.

A(r) = 1− 2Me−g2/2Mr

r
, (27)

where depending on the underlying origin for this space-time, g can characterize either an
universal or specific hair. As shown by some of us in [363, 364], the space-time described by
equation (27) can be obtained in the context of GR coupled to a suitable NLED source, with
g associated to the NLED charge.

We compute the shadow size numerically, and show its evolution against |g| in figure 8.
As for all solutions considered so far, we see that increasing the hair parameter decreases the
shadow size, as also observed in the earlier work of [131] by some of us. The EHT observations
set the limits |g|≲ 0.8M (1σ) and |g|≲M (2σ). We are not aware of any a priori theoretical
restriction on the value of g, given that the metric has been introduced as a toy model.

3.7. Kazakov–Solodukhin (KS) regular black hole

As a further example of regular BH, we consider the KS BH, which arises within a string-
inspired model where spherically symmetric quantum fluctuations of the metric and the matter
fields are governed by the 2D dilaton-gravity action [365]. The KS BH then provides a well-
motivated example of quantum deformation of a Schwarzschild BH. The metric function for
this space-time is given by:

A(r) =−2M
r

+

√
r2 − ℓ2

r
, (28)

where the hair parameter ℓ > 0 sets the scale over which quantum deformations of the
Schwarzschild BH shift the central singularity to a finite radius, and characterizes an universal
hair. Physically speaking, what effectively occurs is that the singularity is smeared out over
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Figure 8. Same as in figure 3 for the Ghosh–Culetu–Simpson–Visser BH with metric
function given by equation (27), as discussed in section 3.6.

a two-dimensional sphere of area 4πℓ2. While ℓ is expected to be of the order of the Planck
length ℓPl, in a phenomenological approach it can in principle take any positive value, as done
for instance in [366].

We find that a closed-form expression for the shadow radius can be provided, and is given
by:

rsh =

4

√(
9+ 3ℓ2 + 3

√
9+ 2ℓ2

)3

√
−4

√
2+ 2

√
9+ ℓ2 + 3

√
9+ 2ℓ2

, (29)

which correctly reduces to 3
√
3 in the limit ℓ→ 0. The evolution of the shadow size rsh is

shown against |ℓ|/M in figure 9. The KZ BH provides the first example, among those con-
sidered, of a space-time where the size of the BH shadow increases with the hair parameter.
As per our previous discussion, it is easy to show that the location of the maximum of the
effective potential for the KS space-time moves to the right with respect to the Schwarzschild
case for any value of ℓ > 0. The EHT observations set the limits |ℓ|≲ 0.2M (1σ) and |ℓ|≲M
(2σ). The physical meaning of this limit is that the singularity cannot be spread out across a
scale larger than the gravitational radius, and in any case has to be confined within the event
horizon. This example also highlights how the EHT near-horizon image of Sgr A∗ places par-
ticularly tight limits on fundamental physics scenarios which lead to a larger shadow compared
to the Schwarzschild BH.

3.8. Ghosh–Kumar (GK) black hole

Another interesting BH solution, which we shall refer to as the GK BH, was proposed by some
of us in [367], and is described by the following metric function:

A(r) = 1− 2M√
r2 + k2

, (30)
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Figure 9. Same as in figure 3 for the Kazakov–Solodukhin BH with metric function
given by equation (28), as discussed in section 3.7.

where depending on the underlying origin for this space-time, k can characterize either an
universal or specific hair. Although the above metric function is regular throughout the whole
space-time, there is nonetheless a scalar polynomial singularity at r= 0, which can be seen by
computing the Kretschmann and Ricci scalars [367]. In addition, the space-time exhibits an
interesting reflection symmetry r→−r. This can be viewed as a minimal deformation of the
Schwarzschild BH, and is similar to the SV space-time we will consider later in section 3.9,
albeit with a crucial difference in the angular metric function, which here is the standard
C(r) = r2.

We find that a closed-form expression for the shadow radius exists and is given by:

rsh =

√
X − k2

(
1+ 2

X
)
+ 9

X + 3√
1− 2√

X+ 9
X −2 k2

X +3

, (31)

where the quantity X is defined as:

X ≡
3

√
k4 − 18k2 +

√
k6 (k2 − 4)+ 54
2

. (32)

It is easy to show that, with X defined as in equation (32), rsh correctly approaches 3
√
3 in

the limit k→ 0, where X → 3. We show the evolution of the shadow size against |k|/M in
figure 10. We see that increasing |k| decreases the shadow size, as with most BH solutions
studied so far. We find that the EHT observations set the upper limits on the NLED charge
|k|≲ 1.4M (1σ) and |k|≲ 1.6M (2σ). To the best of our knowledge, these are the first ever
constraints on this space-time34.

34 In [367], it was shown that this space-time can emerge within a specific NLED theory, where k is related to the
NLED charge. Following similar considerations as for the Bardeen BH in section 3.2, here we have computed the
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Figure 10. Same as in figure 3 for the Ghosh–Kumar BH with metric function given by
equation (30), as discussed in section 3.8.

3.9. Simpson-Visser regular black hole and traversable wormhole

We now start moving away from regular BH metrics, considering a metric encompassing both
a regular BH as well as a traversable WH regime. A WH is a (typically tunnel-like) space-
time structure with a non-trivial topology, which can connect either two distant regions of the
same Universe, or two different Universes (see e.g. [368] for a review of astrophysical WHs).
In most cases, the field content needed to sustain the WH geometry requires a violation of
the null energy condition [369, 370], either in the form of exotic matter or a modification to
Einstein’s gravity35. The simplest WH configurations feature two ‘mouths’ connected by a
‘throat’, but more complex structures are possible.

In [417], SV proposed a one-parameter extension of the Schwarzschild space-time which
interpolates between the latter and a traversable WH, while passing through a regular BH
geometry. The SV space-time is described by the following metric functions:

A(r) = 1− 2M√
r2 + a2

, C(r) = r2 + a2 , (33)

where the new parameter is required to satisfy a> 0, and characterizes a specific hair. For
a= 0, equation (33) reduces to the Schwarzschild space-time. On the other hand, for 0< a<
2M, the metric describes the space-time of a regular BH with a one-way space-like throat.
For a= 2M, the space-time corresponds to that of a one-wayWHwith an extremal null throat.
Finally, for a> 2M, equation (33) describes a traversableWHwith a two-way time-like throat.
We also note that when M= 0, equation (33) reduces to the metric of the Ellis–Bronnikov
WH [418, 419]. The SV space-time and extensions thereof have received significant attention

shadow size following the phenomenological/model agnostic approach where we do not question the underlying
origin of the GK BH.
35 See for instance [371–416] for a diverse range of examples of WH solutions within modified theories of gravity
which violate the null energy condition in a controlled way.

24



Class. Quantum Grav. 40 (2023) 165007 S Vagnozzi et al

Figure 11. Same as in figure 3 for the Simpson–Visser regular BH and traversable worm-
hole with metric functions given by equation (33), as discussed in section 3.9.

in the literature, attracting several follow-up studies, see [420–449] for examples of represent-
ative works.

As one sees from equation (33), the SV space-time is the first example of space-time we
consider whereC(r) ̸= r2. As a consequence, the coordinate r is in general not the areal radius,
unless a= 0. This is also the key difference between the SV space-time and the GK BH we
studied previously, which are otherwise very similar, and underlies several peculiar features
of the SV space-time we shall now discuss. The properties of the SV space-time are easy to
compute analytically. To compute the location of the photon sphere we use equation (12),
which upon inserting A(r) and C(r) as given by equation (33), and working in units where
M= 1, reduces to:

2r

(
1− 2√

r2 + a2

)
− (r2 + a2)

2r√
(r2 + a2)3

= 2r

(
1− 3√

r2 + a2

)
= 0 , (34)

from which we trivially find the photon sphere location as being rph =
√
9− a2, as also

obtained in [417]. Note that these results are only valid for a< 3: for a⩾ 3, the space-time
does not possess a photon sphere (although, we stress, this does not necessarily mean that it
cannot cast a shadow).

To obtain the shadow size, we use the more complete expression given by equation (14),
finding that rsh = 3

√
3, with no dependence on the parameter a. Therefore, the shadow cast

by the SV space-time is in perfect agreement with the EHT observations within all four the
singular BH, regular BH, one-way WH, and traversable WH regimes, as shown in figure 11.
While phenomenological, this is therefore the first example (among those we have considered)
of a BHmimicker space-time which could be a viable candidate in light of Sgr A∗’s shadow36.

36 While the SV space-time was introduced on purely phenomenological grounds in [417], it can emerge as a solution
of GR coupled to a suitable NLED source and a minimally coupled phantom scalar field with an appropriate potential,
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On the other hand, complementary x-ray reflection spectroscopy constraints [451] obtained by
some of us set the very tight limit a≲ 0.5M at 90%C.L. [308], which is particularly tight since
it is obtained from observations of the stellar-mass x-ray binary candidate BH EXO 1846-031,
whose mass is 6 orders of magnitude lower than Sgr A∗.

The somewhat surprising result that the shadow cast by the SV space-time is identical in
size to that of the Schwarzschild BH deserves further comments. The fact that the SV and
Schwarzschild space-times are shadow-degenerate had already been noted in [452], and the
easiest way of seeing this is to perform a coordinate transformation and express the metric
described by equation (33) in terms of the areal radius R=

√
r2 + a2. In these new coordinates,

gtt, gθθ, and gϕϕ are exactly of the Schwarzschild form, whereas the only deviations from
the Schwarzschild form appear in gRR, which however does not enter in the computation of
the shadow radius as is clear from equations (10)–(15). More generally, [452] shows that the
condition for a space-time to be shadow-degenerate with the Schwarzschild space-time is that
the dominant photon sphere of both has the same impact parameter, after correcting for the
potentially different redshift of comparable observers in the two space-times. Besides the SV
space-time, [452] provides another example of a space-time which is shadow-degenerate with
the Schwarzschild space-time, termed ‘Class II’.

Finally, as anticipated earlier, we note that the absence of a photon sphere for a> 3 does
not necessarily imply that the SV space-time cannot cast a shadow in this regime. In fact,
as noted in [453], for a> 3 the WH throat can act as photon sphere. For the specific case of
a= 3, two photon spheres and an anti-photon sphere at the throat degenerate into an effective
marginally unstable photon sphere. This allows the SV space-time to cast a shadow. Given the
significantly more complicated behavior of the system in the a⩾ 3 regime, here we choose not
to cover it further, and refer the reader to [453] for more detailed discussions on the subject.

3.10. Morris–Thorne (MT) traversable wormhole

We now consider what is arguably the simplest example of non-rotating, asymptotically flat,
traversable WH, described by the well-known MT metric [454]:

ds2 =−eΦ(r)dt2 +
dr2

1−Ψ(r)
+ r2dΩ2 , (35)

where Φ(r) is referred to as the redshift function, and Ψ(r) as the shape function (although
the reader should note that different definitions and conventions for the redshift and shape
functions exist in the WH literature). One of the simplest choices for these two in principle
free functions consistent with a WH geometry is to set Φ =−r0/r and Ψ(r) = (r0/r)γ [454–
458], where r0 is the radial coordinate of the WH throat, and γ is a constant which we shall
henceforth fix to γ= 1. For this choice of redshift and shape functions, it is easy to show that
the Arnowitt–Deser–Misner (ADM) mass [459, 460] is M= r0/2, so the metric function can
be rewritten as:

A(r) = e−
2M
r . (36)

as shown for the first time by one of us in [450]. Following similar considerations as for the Bardeen BH in section 3.2,
here we have computed the shadow size following the phenomenological/model agnostic approach where we do not
question the underlying origin of the SV metric.
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Figure 12. Same as in figure 3 for the Morris–Thorne traversable wormhole described
by the metric in equation (35), whose shadow size is rsh = eM and does not depend on
any free parameters. Also shown are the 1σ, 2σ, 3σ, 4σ, and 5σ constraints derived from
the EHT observations, given by different shades of gray. The red regions are excluded
by the same observations at more than 5σ. For comparison, the size of the shadow of a
Schwarzschild BH with the same ADM mass is also shown (dashed black curve).

Importantly, the size of theWH shadow in units of the ADMmass is then uniquely determined
and does not depend on additional hair parameters, given that the only free parameter in the
theory (γ) enters exclusively in grr, which does not affect the computation of the shadow37.

For the choice of redshift function we have adopted, the equations governing the location
of the photon sphere and the corresponding shadow size simplify considerably. The equation
for rph takes the form rph(1− rph) = 0, for which the physical solution is rph = 1. Then, the
shadow size is given by rsh = 1/

√
e−2 = e. In other words, the size of the MT WH shadow

in units of ADM mass is exactly equal to Euler’s number, rsh/M= e≈ 2.718, i.e. almost a
factor of 2 smaller than the size of the shadow of a Schwarzschild BH with the same ADM
mass. By direct comparison, and as is visually clear in figure 12, the EHT measurements rule
out at very high significance (>5σ) the possibility of Sgr A∗ being a MT traversable WH, for
the particular well-motivated choice of redshift function Φ =−r0/r. Finally, we note that this
result has been also been discussed by the EHT collaboration in [20].38

3.11. Damour–Solodukhin (DS) wormhole

Another interesting WH solution was proposed by DS [461] (see also [462–466] for further
relevant work), with the goal of studying the extent to which globally static WHs can mimic

37 Note that in equation (36) the radial coordinate is only defined down to theWH throat, and therefore the limit r→ 0
(where formally A(r)→ 0) should not be taken. The location of the WH throat is controlled by the shape function,
which does not in itself affect the computation of the shadow, if not implicitly through the parameter γ which controls
the ADM mass.
38 As per earlier discussions, one has to ensure that the size of theWH shadow is larger than that of theWH throat. For
our choice of γ= 1, it is easy to show that the throat is located at r0 = 2M. Since the shadow size is rsh = eM> 2M,
the shadow size we have computed is indeed astrophysically relevant.
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observational features of BHs, including accretion of matter, no-hair properties, ringing of
quasi-normal modes, and dissipative properties associated to the event horizon. The DS WH
is described by the following metric [461]:

ds2 =−
(
1− 2M

r
+λ2

)
dt2 +

dr2

1− 2M
r

+ r2dΩ2 , (37)

and differs from the Schwarzschild BH because of the presence of the dimensionless parameter
λ, which characterizes an universal hair. When λ ̸= 0, equation (37), the would-be horizon at
r= 2M actually corresponds to a throat joining two isometric regions. Note that the would-be
Killing horizon where gtt = 0 would actually be located at r= 2M/(1+λ2)< 2M, so behind
the throat. As discussed in [461], this space-time provides an example of Lorentzian WH39,
where the throat describes a brane-like structure (a high-tension distribution), with radial and
tangential tensions proportional to 1/λ2 but with zero energy density, localized in a thin shell
around the throat. We also note that a similar space-time was studied in 3D in [471], with the
goal of restoring Poincaré recurrence in BHs: in this specific case, λ∼ e−4πGM 2

is exponen-
tially small, so as to mimic the expected dependence of the Poincaré recurrence time on the
BH entropy. In [461], it was argued that choosing exponentially small values of λ allows the
resulting WH space-time to mimic both classical and quantum properties of Schwarzschild
BHs.

In the following, we treat λ as a free parameter and simply ask what values are compatible
with the observed shadow of Sgr A∗, assuming that the latter is indeed described by a DS
WH. Note that as soon as λ ̸= 0 the space-time is no longer asymptotically flat, so in order to
compute its shadow we adopt the more general computation given by equations (16) and (17).
Following this procedure, we can easily obtain a closed-form expression for the shadow radius
as follows:

rsh ≃
3
√
3

1+λ2
. (38)

where the ≃ sign is included as we have made the approximation rO ≫ 1 (in units M= 1),
valid for Sgr A∗. We plot the evolution of the shadow size against λ in figure 13, where we
see that increasing λ decreases the size of the WH shadow. In particular, we find that the EHT
observations set the upper limits λ≲ 0.4 (1σ) and λ≲ 0.5 (2σ). To the best of our knowledge,
these are the first robust observational constraints on λ. We note of course that our limits are
consistent with the exponentially small values of λ suggested in [461, 471], for which the
impact on the shadow size is negligible as we could have expected.

3.12. Janis–Newman–Winicour (JNW) naked singularity

Having discussed a few interesting WH solutions, we now turn our attention to another fascin-
ating class of BH mimickers: NSs (see [472] for a review). The cosmic censorship conjecture,
taken at face value, appears to forbid the existence of NSs [2]. In addition, the end result of
gravitational collapse is commonly believe to be a BH, with the central singularity (if any)
surrounded by an event horizon, a result which seemingly enjoys support from Birkhoff’s the-
orem as well [473]. The first gravitational collapse solution of a spherically symmetric and
homogeneous dust cloud (the so-called OSD collapse) was derived in 1939 by Oppenheimer,

39 That this space-time describes a WH and not a BH can explicitly be seen adopting the Kodama–Hayward invariant
formalism (see e.g. [309, 467–470]), and verifying whether the Kodama energy at the would-be horizon is 0 (BH)
or >0 (WH).
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Figure 13. Same as in figure 3 for the Damour–Solodukhin wormhole with metric func-
tion given by equation (37), as discussed in section 3.11.

Snyder, and Datt [474, 475], and does indeed recover the Schwarzschild BH as final state.
Within the OSD collapse scenario, trapped surfaces will form around the center before the
formation of the central space-like singularity, which is therefore causally disconnected from
all other points of space-time.

However, the OSD collapse model (as well as subsequent refinements thereof) is highly
idealized in its assuming homogeneous density and zero pressure within the massive col-
lapsing star: this is not expected to be the case for realistic astrophysical stars. Under physic-
ally more realistic situations, the introduction of inhomogeneities in the matter density profile
and a non-zero pressure within GR leads to the possibility of dynamical collapse resulting in a
strong but non-space-like curvature singularity, not hidden behind an event horizon [476–485].
Therefore, given suitable initial conditions, continuous gravitational collapse of an inhomo-
geneous matter cloud can lead to the formation of a class of exotic horizonless compact objects
known as NSs, which have received significant attention, particularly in the recent literature
(see e.g. [486–505]).

One of the simplest known NS solutions is the JNW NS. This is a solution of the Einstein–
Klein–Gordon equations for a massless scalar field [506] (see also [507–510]). Despite being
a NS, it possesses a photon sphere and therefore casts a shadow. The JNW space-time is char-
acterized by a scalar charge which one can continuously adjust to recover the Schwarzschild
solution. Given its importance, this space-time has been the subject of a large number of stud-
ies, particularly regarding the possibility of observationally distinguishing it and other NSs
from the Schwarzschild BH, see e.g. [102, 485, 511–519].

The JNW space-time can be characterized by the following metric functions [506]:

A(r) =

[
1− 2M

r(1− ν)

]1−ν

, C(r) = r2
[
1− 2M

r(1− ν)

]ν
. (39)
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Figure 14. Same as in figure 3 for the JNW naked singularity with metric functions
given by equation (39), as discussed in section 3.12.

Here, ν = 1−
√

1+ q/M, q is the scalar charge of the NS, and the scalar field radial profile is
given by the following:

ϕ(r) =
q

2
√
M2 + q2

(
1− 2

√
M2 + q2

r

)
. (40)

Overall, the parameter ν characterizes a specific hair. Note that, sinceC(r) ̸= r2, the coordinate
r appearing in equation (39) is not the areal radius, which can instead be obtained through an
appropriate transcendental coordinate transformation. We also note that the JNW space-time
can only cast a shadow for 0⩽ ν ⩽ 0.5.

We compute the shadow radius numerically, and plot its evolution against the hair parameter
ν in figure 14. There is a wide range of parameter space where Sgr A∗’s shadow is consist-
ent with the corresponding compact object being a JNW NS. In fact, the EHT observations
set rather weak limits on ν, with ν ≲ 0.4M (1σ) and ν ≲ 0.45M (2σ), barely excluding the
extremal JNWNS, ν = 0.5. These limits can of course be translated into rather weak limits on
the strength of the scalar field from equation (40). More importantly, among all the examples
of BH mimickers we have considered so far, the JNW NS is one of the few which is in excel-
lent agreement with the EHT observations given the metric tests we have performed in this
work.

3.13. Joshi–Malafarina–Narayan (JMN) naked singularity

Another well-known NS solution is the JMN NS, developed by one of us in [520]. To distin-
guish it from another NS solution developed by the same authors in [521] we shall refer to
the solution considered here as JMN singularity of the first type, or JMN-1 for short, as com-
mon practice in the literature. The JMN-1 NS can be formed as the end state of gravitational
collapse given zero radial pressure but non-zero tangential pressure, i.e. in the presence of
an anisotropic fluid. As shown in [520], the non-zero tangential pressure can prevent trapped
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surfaces from forming around the high-density core region of the collapsing matter cloud, res-
ulting in the formation of a central NS over the course of a large co-moving time (see also
[522, 523]).

The JMN-1 space-time contains a compact region filled with an anisotropic fluid for r< Rb,
which is then usually matched to an exterior space-time. The interior JMN-1 space-time is
described by the following metric:

ds2 = (χ− 1)

(
r
Rb

) χ
(1−χ)

dt2 +
dr2

(1−χ)
+ r2dΩ2 , (41)

whose associated ADM mass is M= χRb/2, with χ characterizing specific hair, and whose
energy density ρ, radial pressure pr, and tangential pressure pθ are given by:

ρ=
χ

r2
, pr = 0 , pθ =

χ

4(1−χ)
ρ, (42)

satisfying all the energy conditions. It can be shown that the interior JMN-1 space-time can be
matched smoothly at r= Rb to an exterior Schwarzschild space-time with the same mass M,
since the induced metrics and extrinsic curvatures of the two space-times can be matched on
the matching hypersurface (see [524]).

The shadow cast by the JMN-1 space-time was studied in a number of works by some of us,
including [78, 485, 525]. It can be shown that the JMN-1 space-time does not support a photon
sphere and cannot cast a shadow for 0< χ < 2/3 (which can be re-written in the somewhat
more illuminating form Rb > 3M). On the other hand, for 2/3⩽ χ < 1, the JMN-1 space-time
casts a shadow of size rsh = 3

√
3χRb/2= 3

√
3M, i.e. identical to that of a Schwarzschild

BH with the same mass M. This is shown in figure 15. The physical reason for this is that
‘shadow photons’ are actually traveling in the exterior Schwarzschild metric, since the interior
metric does not support a photon sphere, and therefore the shadow size is identical to that
of a Schwarzschild BH, thus trivially ensuring consistency with the findings of [452]. The
photon sphere associated to the exterior Schwarzschild metric (rph = 3M) is astrophysically
relevant only if it is located outside of the matching radius (Rb): when setting M= χRb/2,
the condition 3M⩾ Rb becomes χ ⩾ 2/3, recovering the previously discussed condition for
the JMN-1 space-time to cast a shadow. Summarizing, based on the metric test considered in
this work, the JMN-1 NS is completely indistinguishable from a Schwarzschild BH, and is in
perfect agreement with the EHT observations, which therefore allow for the possibility of Sgr
A∗ being a NS.

In closing, we note that one of us studied the effect of spherical accretion upon a JMN-1 NS,
finding that the corresponding images remain indistinguishable from those of a Schwarzschild
BH, even when considering the accretion flow spectra at ≈200GHz [485]. However, a sub-
sequent study by some of us in [525] showed that the two can in principle be distinguished by
the intensity distribution of light inside the shadow region: although extremely challenging,
this opens up the intriguing possibility of discriminating a JMN-1 NS from a Schwarzschild
BH with the same mass, which is otherwise not possible with the test considered in this work.
Finally, we also note that in the 0< χ < 2/3 regime, for which no photon sphere exists, the
central singularity can cast a peculiar full-moon-type image [485] which, although inconsist-
ent with the EHT image of Sgr A∗, is certainly an interesting signature to look for in upcoming
SMBH images.
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Figure 15. Same as in figure 3 for the JMN-1 naked singularity with interior metric
given by equation (41) and smoothly matched to an exterior Schwarzschild metric at
r= Rb, as discussed in section 3.13.

3.14. Naked singularity surrounded by a thin shell of matter

In all the space-times we have discussed so far, the existence of a shadow (if any) was tied to the
existence of a photon sphere, which one could argue to be responsible for casting the shadow
itself. However, as shown in a number of recent works, the existence of a photon sphere is a
sufficient but not necessary condition for a space-time to cast a shadow. One particularly inter-
esting example in this context is that where the existence of a thin-shell of matter is responsible
for casting a shadow. Here, we consider a NS space-time surrounded by a thin shell of mat-
ter, studied by some of us in [526]. Specifically, we glue two JMN-1 NS space-times (see
section 3.13), an interior one (JMN-1i) characterized by the parameter χi and an exterior one
(JMN-1e) characterized by the parameterχe, at r= Rb1. The JMN-1e space-time is then further
glued to an external Schwarzschild space-time with massM= χeRb2/2 at r= Rb2. Explicitly,
the metric of the JMN-1i space-time is given by:

ds2 = (χe − 1)

(
Rb1
Rb2

) χe
(1−χe)

(
r
Rb1

) χi
(1−χi)

dt2 +
dr2

(1−χi)
+ r2dΩ2 , (43)

whereas the metric of the JMN-1e space-time is given by:

ds2 = (χe − 1)

(
r
Rb2

) χe
(1−χe)

dt2 +
dr2

(1−χe)
+ r2dΩ2 . (44)

As shown by some of us in [526] using Israel’s junction conditions [527], the gluing procedure
is possible even if χi ̸= χe, provided a thin shell of matter exists at the time-like hypersurface
r= Rb1. Note that χi and χe characterize specific hair.

If χe < 2/3, based on our earlier discussions in section 3.13 it is clear that the space-time
does not support the existence of a photon sphere in the usual sense. Nonetheless, if χi > 2/3,
the space-time can still cast a shadow, thanks to the presence of a cusp-like feature in the
effective potential which leads to the existence of a critical impact parameter (much like in the
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Figure 16. Same as in figure 3 for the naked singularity surrounded by a thin shell of
matter with metric described by equations (43) and (44), as discussed in section 3.14.

case where a photon sphere is present), as shown in [526]. One can then show that the shadow
size is given by:

rsh =
Rb1

√
1−χe

(
Rb1
Rb2

) χe
2(1−χe)

, (45)

which depends on the location of the thin shell of matter (Rb1), the radius where the JMN-
1e space-time is matched to the external Schwarzschild space-time (Rb2), and the value of χ
corresponding to the JMN-1e space-time (χe), recalling that M= χeRb2/2, and subject to the
conditions Rb2 > Rb1 and χe < 2/3 (or equivalently Rb2 > 3M), with the latter required for the
space-time to not possess a photon sphere, and therefore for the shadow to be cast exclusively
by the thin shell of matter.

For illustrative purposes, we consider an example where we fix χe = 0.6 and Rb2 ≈ 0.33
(implying that χeRb2 ≈ 2 for consistency, as we are working in units ofM), so that the shadow
size only depends on the physically most interesting parameter Rb1, i.e. the location of the
thin shell of matter. We show the evolution of the shadow size against Rb1 in figure 16. We
immediately note that the space-time can cast a shadow only for non-zero values of Rb1 ≳
1.5M. This is consistent with our expectations: in fact, the limit Rb1 → 0 corresponds to the
case where the JMN-1i space-time, and correspondingly the thin-shell of matter, is not present.
This case reduces to that of a single JMN-1 space-time already studied in section 3.13, for
which we know that no shadow is cast for χ < 2/3 (see figure 15), which is clearly the case
here since χe = 0.6. This result confirms that it is genuinely the thin shell of matter which is
responsible for the space-time casting a shadow, even in the absence of a photon sphere. Of
course, it is clear from equation (45) that the shadow size depends on χe and Rb2 separately, so
that different choices of χe and Rb2 such that χeRb2 = 2 would lead to results which differ from
those we have shown here. Nonetheless, the qualitative features we have shown and discussed
would remain unchanged: this is sufficient for the purposes of the present discussion with the
aim of showing that a thin shell of matter can cast a shadow.
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3.15. Null naked singularity

In the absence of a photon sphere, a thin shell of matter is not the only possibility for casting
a shadow. A relevant example in this sense was studied by some of us in [74], in the context
of a novel NS space-time described by the following metric:

ds2 =− dt2(
1+ M

r

)2 +(1+ M
r

)2

dr2 ++r2dΩ2 . (46)

The abovemetric describes a space-time ofADMmassMwhich approaches the Schwarzschild
space-time as r→∞, possesses a strong curvature singularity at r= 0 (as can be verified
by computing the Kretschmann and Ricci scalars), and is manifestly horizon-less. Note that
this space-time is not characterized by additional hairs. Since the singularity is null-like, we
shall refer to the space-time described by equation (46) as ‘null NS’ (NNS). We note that
this particular NNS space-time was introduced on purely phenomenological grounds, as a toy
model to explore the possibility of a shadow being cast in the absence of a photon sphere and a
thin shell of matter. We leave open the question of whether gravitational collapse from suitable
initial conditions can lead to the NNS space-time as end product. We note, however, that the
formation of null- and even time-like singularities from the gravitational collapse of matter
clouds is known to be possible and has been studied extensively in the literature (see e.g. [478,
522, 528–535] for relevant works).

From equation (13), it is clear that the NNS does not possess a photon sphere—formally, the
solution to equation (13) would be rph = 0. In other words, the minimum turning point radius
for a photon fired from infinity is r= 0, where the effective potential for null geodesics has a
finite value. Nonetheless, the impact parameter corresponding to the minimum turning point
radius is non-zero, and this allows the NNS to cast a shadow of size rsh =M. In other words,
despite the absence of an event horizon, null geodesics reaching the NNS from infinity with
an impact parameter b<M will be trapped closer and closer to the central singularity, and will
not be able to return to the observer: this leads to the appearance of a central dark region in
the observer’s sky, which we associate to the NNS shadow. The situation is perhaps visually
easier to grasp from figure 1(f) of [74], which shows examples of light trajectories around the
NNS, making the physical origin of the shadow clear.

The shadow cast by the NNS is of course too small to be consistent with the EHT obser-
vations of Sgr A∗, as is clear from figure 17. Therefore, much as the MT traversable WH, the
EHT observations rule out the possibility of Sgr A∗ being a NNS at very high (>5σ) signi-
ficance. Of course, as we have discussed earlier in sections 3.12–3.14, other NS space-times
remain potentially viable descriptions of Sgr A∗, leaving open the intriguing possibility that
the latter might not be a BH but an exotic horizonless object.

3.16. Minimally coupled scalar field with a potential

So far we have discussed a few well-motivated regular BH solutions, as well as BH mimickers
such as WHs and NSs. To continue our journey into horizon-scale tests of alternatives to the
Schwarzschild metric, we nowmove on to BH solutions which violate the NHT in a controlled
way, in the presence of additional fields or exotic interactions. As is well known, one of the
most straightforward (and well-motivated) ways of violating the NHT is through the presence
of additional matter fields, such as a scalar field. The following subsections will therefore be
devoted to the study of a number of ‘hairy’ BH solutions arising broadly speaking in scenarios
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Figure 17. Same as in figure 12 for the null naked singularity with metric given by
equation (46), as discussed in section 3.15.

of ‘new physics’, which include but are not limited to the presence of additional fields, mod-
ified theories of gravity (these two scenarios are not mutually exclusive), or new high-energy
physics models.

We begin by studying the simplest possible scenario where the NHT can be violated in a
controlled way, considering a minimally coupled real scalar field ϕ featuring a potential. The
dynamics of the field are thus governed by the following Lagrangian:

L ⊃ 1
2
∂µϕ∂µϕ−V(ϕ) , (47)

where here and in what follows the symbol ⊃ indicates that the Lagrangian contains at least
the terms on the right, plus potentially other terms which are irrelevant for the determination
of the corresponding BHmetric. Following [128, 536, 537], including work by some of us, we
take the following form for the potential:

V(ϕ) =
1

2ν4
e−2

√
2ϕg(ϕ) , (48)

where g(ϕ) is given explicitly in [128]. The specific choice of potential is not particularly
motivated from a high-energy theory perspective. However, in the context of BH physics, it
is particularly interesting because it provides a toy example of a controlled violation of the
NHT, which proceeds by explicitly introducing a new energy scale in the scalar sector. More
specifically, the scalar field profile is given by [128, 536, 537]:

ϕ(r) =
1√
2
ln
(
1+

ν

r

)
(49)

where the scale ν > 0 governs the scalar field fall-off, and effectively acts as a hair parameter.
The metric functions read (see e.g. [128, 536, 537]):

A(r) =−2rν+ 6M(2r+ ν)

ν2
− 2r(r+ ν)(6M+ ν)

ν3
ln

r
r+ ν

,

C(r) = r(r+ ν) . (50)
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Figure 18. Same as in figure 3 for the BH with scalar hair, as discussed in section 3.16.

Although it is not straightforward to see from equation (50), the metric function A(r) does
indeed reduce to the Schwarzschild limit 1− 2M/r as the hair parameter vanishes. This is best
seen by Taylor-expanding the metric function in ν, yielding:

A(r) = 1− 2M
r

+
3M− r
3r2

ν+O(ν2) , (51)

from which one easily sees that the limit ν→ 0 indeed recovers the Schwarzschild metric, and
ν characterizes an universal hair. We compute the shadow radius of BHs within this theory
numerically, as done earlier in [128] by one of us. We show the evolution of the shadow size
against the hair parameter ν in figure 18, finding that the shadow size increases quickly with
increasing hair parameter. As in other similar examples we have already seen, the EHT obser-
vations set particularly tight constraints on this scenario, with limits on the hair parameter of
order ν ≲ 0.01M (1σ) and ν ≲ 0.4M (2σ). This effectively constrains the energy scale at which
violations of the NHT become important, within this particular theory.

3.17. Black holes and wormholes with conformal scalar hair

We now study another scenario featuring a scalar field, which leads to a controlled violation
of the NHT. We consider a real scalar field ϕ, conformally coupled to gravity, through the
following Lagrangian:

L ⊃ ∂µϕ∂µϕ+
1
6
ϕ2R , (52)

where R is the Ricci scalar, and the 1/6 factor ensures that the coupling is conformal (in 4
dimensions). BH solutions within this theory have been obtained by Astorino [538] (see also
[539–546] for BH and black brane solutions within related models), and contain a hair para-
meter S related to the scalar field profile, and directly connected to the value of the scalar field
at the horizon. The hair parameter, or scalar charge, emerges as an integration constant and
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characterizes primary hair, i.e. it cannot be expressed as a function of the other hair parameters.
The metric function reads:

A(r) = 1− 2M
r

+
S
r2

, (53)

where the scalar charge S characterizes a specific hair and can take both positive and neg-
ative values, with S<M2 required in the former regime for the solution to describe a BH.
The space-time described by equation (53) is closely related to the well-known ‘BBMB black
hole’ [547, 548], and appears very similar to the RN metric [equation (18)]. However, there is
a crucial difference in that the scalar hair parameter can take negative values, which are instead
effectively precluded within the RNmetric asQ2 > 0. The S< 0 regime is in fact better known
asmutated RNBH, and effectively describes the geometry of a traversableWH [549] (see also
[128]). Formally, this corresponds to an analytic continuation of the RN metric for imaginary
values of the electric charge (thus negative values of Q2), although we discourage the reader
from taking this interpretation too far. We also note that the RN-like form of the metric is no
coincidence, and is directly related to the conformal symmetry enjoyed by the Lagrangian in
equation (52), see in addition [550] for earlier relevant results. Finally, it is worth noticing
that a similar metric arises in the context of a conformal massive gravity model where Lorentz
invariance is spontaneously broken (see [301, 551, 552]), although only for a very specific
choice of the function F appearing in equation (10) of [551].

Since themetric is RN-like, the shadow size takes the same functional form as equation (19):

rsh =

√
2
(
3+

√
9− 8S/M2

)
√

4+
√

9−8S/M 2−3
S/M 2

, (54)

valid within both the BH (S> 0) andWH (S< 0) regimes.We show the evolution of the shadow
size against the scalar charge S in figure 19. We see that within the regime S> 0 the shadow
size decreases with increasing scalar charge, analogously to the case with the electric charge
in the RN metric. In this regime, the EHT observations set the limits S≲ 0.65M2 (1σ) and
S≲ 0.9M2 (2σ). In the mutated RN BH/WH regime S< 0, the shadow size instead increases
when increasing the absolute value of the scalar charge, quickly bringing the shadow size
outside the range allowed by the EHT observations, which set the lower limits S≳−0.04M2

(1σ) and S≳−0.4M2 (2σ).

3.18. Clifton–Barrow f(R) gravity

Generalizations and extensions of Einstein’s GR have a long and rich history, but undoubtedly
one of the most studied theories in this sense is f (R) gravity, where the Ricci scalar R in the
Einstein–Hilbert action is replaced by an arbitrary function f (R). Several f (R) models have
been constructed in the literature with the aim of describing the late-time accelerated expan-
sion of the Universe (and/or an early accelerated phase of inflation), which requires satisfying
viability conditions including the positivity of effective gravitational couplings, stability of
cosmological perturbations, asymptotic ΛCDM behavior in the high curvature regime, stabil-
ity of the late-time de Sitter point, as well as observational constraints from the equivalence
principle, Solar System, and cosmological tests. For an inevitably incomplete list of important

37



Class. Quantum Grav. 40 (2023) 165007 S Vagnozzi et al

Figure 19. Same as in figure 3 for solution with conformally coupled scalar hair, leading
to a BH (S> 0, solid curve) or a wormhole (S< 0, dashed curve) depending on the value
of the hair parameter S, and with metric function given by equation (53), as discussed
in section 3.17.

works on a wide range of aspects of f (R) gravity, with particular reference to BH solutions
therein, we refer the reader to [553–608].

Clifton and Barrow considered a particularly interesting f (R) model in [609], whose action
is given by:

S=
ˆ

d4x
√
−gM2−2δ

Pl R1+δ , (55)

where δ is a dimensionless parameter,MPl is the Planck mass, and GR is recovered in the limit
δ→ 0. This theory was argued to possess several appealing properties, including its being a
one-parameter extension of GR not introducing any additional scale besides the already present
Planck mass, its providing a testing ground for new developments in particle production,
holography and gravitational thermodynamics, as well as its being one of the few f (R) mod-
els possessing simple exact solutions for Friedmann-Lemâıtre-Robertson-Walker (FLRW)-
like cosmological models and exact static spherically symmetric solutions generalizing the
Schwarzschild metric. Clifton and Barrow [609] does indeed identify such a solution, whose
metric function is given by:

A(r) = r2δ
1+2δ
1−δ − 2M

r
1−4δ
1−δ

, (56)

where δ characterizes an universal hair. It is easy to see that the above metric is asymptotically
flat only if −1/2< δ < 0 or δ > 1. We exclude the regime δ > 1, as we find a posteriori that
within this range the shadow size is by far too small and completely excluded by observations,
and therefore focus on the region −1/2< δ < 0.
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Figure 20. Same as in figure 3 for the BH in Clifton–Barrow f (R) gravity with metric
function given by equation (56), as discussed in section 3.18.

We compute the shadow size numerically, and show its evolution against δ in figure 20.40

We see that the shadow size decreases with increasing |δ| (i.e. with δ becoming more negat-
ive), and that the EHT observations set the limits δ ≳−0.15 (1σ) and δ ≳−0.20 (2σ). In the
δ < 0 regime, the existence of a stable matter-dominated period of evolution, which is itself a
prerequisite for a viable cosmological model, requires δ <−1/4 [609]. This makes our lim-
its particularly interesting, as they exclude this region, and therefore would appear to exclude
this class of models, highlighting a very appealing complementarity between BH shadows and
cosmological constraints.

3.19. Horndeski gravity

We now move on to a well-known and much more general class of scalar-tensor theories:
Horndeski gravity. On very general grounds, scalar-tensor theories are an appealing play-
ground for theorists as they encapsulate the key characteristics of several theories of modified
gravity, which typically possess a scalar-tensor limit. Back in 1974, Horndeski wrote down
the most general scalar-tensor theory with equations of motion at most of second order [610],
with the latter requirement sufficient to ensure that the theory is free of the Ostrogradsky
ghost [611].41 After living almost ignored for over 30 years, the theory, which encompasses
many well-known theories of gravity (including f (R) gravity) as specific cases, was ‘redis-
covered’ in [622, 623], making it a beautiful example of ‘sleeping beauty’ theory which is now
attracting a tremendous amount of attention (see e.g. [624–638]) after decades of dormancy.

40 We have found that a closed-form expression for the shadow radius exists, but is too cumbersome to report here. We
have nonetheless verified that our numerical results perfectly reproduce those provided by this closed-form expression.
41 Note that having second order equations of motion is a sufficient but not necessary condition for the theory to
be physically viable. As an example, the beyond Horndeski (GLPV) class of scalar-tensor theories has equations of
motion of higher than second order, yet does not propagate unphysical degrees of freedom thanks to a degeneracy
condition which allows to maintain the canonical number of degrees of freedom [612, 613] (see for instance [614–621]
for further relevant works).
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Here, we shall focus on the shift-symmetric subclass of Horndeski gravity, where the scalar
field ϕ enjoys a shift symmetry ϕ → ϕ+ const. This sector is of particular interest since a well-
known no-go theorem by Hui and Nicolis dictates that static, asymptotically flat BH solutions
thereof are isometric to the Schwarzschild BH, with a trivial (constant) profile for the scalar
field [639]. Of course, this no-go theorem comeswith several assumptions, which we shall here
break (see e.g. [272, 640–644]) in order to play with hairy BH solutions. The shift-symmetric
sector of Horndeski gravity we shall consider is described by the following action:

S=
ˆ

d4x
√
−g (L2 +L3 +L4 +L5) , (57)

where the four Lagrangian terms L2, L3, L4, and L5 are given by the following [610]:

L2 = G2(X) , (58)

L3 =−G3(X)□ϕ, (59)

L4 = G4(X)R+G4,X
[
(□ϕ)2 − (∇µ∇νϕ)

2
]
, (60)

L5 = G5(X)Gµν∇µ∇νϕ − 1
6
G5,X

[
(□ϕ)3 − 3□ϕ(∇µ∇νϕ)

2

+ 2(∇µ∇νϕ)
3
]
, (61)

which involve four arbitrary functions (G2, G3, G4, and G5) of the kinetic term X≡
−∂µϕ∂µϕ/2, (∇µ∇νϕ)

2 ≡∇µ∇νϕ∇ν∇µϕ, and (∇µ∇νϕ)
3 ≡∇µ∇νϕ∇ν∇ρϕ∇ρ∇µϕ,

and where G4,X and G5,X are respectively the derivatives of the functions G4 and G5 with
respect to X.

As discussed in [644], the no-go theorem of [639] essentially rests upon three assumptions:

1. The derivatives with respect to X of the Gis only contain positive or zero powers of X in the
limits X→ 0, r→∞;

2. The kinetic term X is canonical;
3. The norm of the Noether current associated to the shift symmetry is finite down to the

horizon.

Clearly, then, in order to find hairy BH solutions within Horndeski gravity, one must at
the very least break one of the above assumptions—the solutions which we shall consider are
obtained by breaking the first one. As shown in [644], doing so is possible at least for the
following particular choices of the Gi functions:

G2 ⊇
√
−X , G3 ⊇ ln |X| ,

G4 ⊇
√
−X , G5 ⊇ ln |X| . (62)

A choice of the Gi functions satisfying equation (62) has the potential to admit non-
Schwarzschild-isometric, asymptotically flat BH solutions, with a non-trivial scalar field pro-
file, and with a regular Noether current. In the following, we shall consider two specific solu-
tions obtained in [644, 645] for a particular choice of theGi functions satisfying equations (62),
which we shall overall refer to as ‘sqrt quartic Horndeski gravity42’, while simply referring to
the solutions of [644] and [645] as ‘Case 1’ and ‘Case 2’ respectively.

42 We are obviously using ‘sqrt’ as a shorthand for ‘square root’.
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3.19.1. Case 1. The first BH solution in the shift-symmetric sector of Horndeski gravity we
consider was studied in [644]. In the notation of equations (58)–(61), and within the system
of units we have adopted, the particular choice of Gi functions is given by:

G2 = ηX , G4 = 1/16π+β
√
−X , G3 = G5 = 0 . (63)

Clearly, G2 corresponds to a canonical kinetic term, whereas it is the particular X-dependence
of G4 (the 1/16π term simply leads to an Einstein–Hilbert term in the action, since it is mul-
tiplied by R) which allows for hairy BH solutions, by satisfying the specific set of conditions
laid out in equation (62).

Hairy BH solutions within this theory are described by the following metric function (again
within the system of units we have adopted) [644]:

A(r) = 1− 2M
r

− 8πpeff
r2

, (64)

which is clearly asymptotically flat, and where we have defined the hair parameter peff ≡ β2/η
which characterizes an universal hair. Note that, depending on the sign of η (which, in prin-
ciple, can be either positive or negative), peff can carry either sign: in particular, positive η
corresponds to positive peff, and vice-versa43.

Note that this BH solution is of the RN-like form. In [644], this was argued to be pos-
sibly related to the remnant of global conformal invariance enjoyed by the action defined
by equation (63), as the extremal RN space-time itself is known to possess a discrete con-
formal isometry related to spatial inversion44. Within the negative peff regime, peff >−M2/8π
is required (else the solution describes a NS), whereas no such restrictions are present in the
positive peff regime. Finally, we note that the positive peff regime is expected to described a
mutated RN WH, as the S< 0 regime of the BH/WH with conformal scalar hair considered in
section 3.17 (although we note that such an interpretation was not considered in [644]).

By virtue of the RN-like form of the metric, we can immediately borrow upon the previous
results for RN-like space-times (sections 3.1 and 3.17) to obtain the shadow radius as a function
of peff (see e.g. equation (54)):

rsh =

√
2
(
3+

√
9+ 64πpeff

)√
4+

3−
√

9+64π peff
8π peff

, (65)

which, we recall, is valid within both the peff < 0 and peff > 0 regimes. We show the evolu-
tion of the shadow size against the scalar charge peff = β2/η in figure 21, which of course is
qualitatively identical to figure 19, albeit with the x axis inverted and rescaled. We see that
the EHT observations set very stringent constraints on peff. In the peff > 0 regime, we find the
limits peff ≲ 0.002M2 (1σ) and peff ≲ 0.01M2 (2σ). On the other hand, in the peff < 0 regime,

43 As explicitly discussed in [644], although the kinetic term is phantom for η< 0, this is in itself not a guarantee of
the instability of the theory, as the latter depends sensibly on the quartic term and hence on the value of β, see e.g.
[646, 647]. To the best of our knowledge, an analysis of the stability of this specific Horndeski theory has not been
carried out in the literature, and doing so would go well beyond the scope of our work. Nonetheless, we note that the
BH solution is equally valid for the η> 0 and η< 0 regimes, provided peff satisfies peff >−M 2/8π, as noted in [644]
(albeit with a different notation compared to us), and as we later impose.
44 This symmetry is best known as Couch–Torrence inversion symmetry, and maps (t, r)→ (t,M+M 2/(r−
M)) [648] (see also [649, 650]). Under this symmetry, the metric of an extremal RN BH transforms as gµν → ω2gµν ,
with ω =M/(r−M), making this a (discrete) conformal symmetry. Moreover, it can be shown that the symmetry
interchanges the future event horizonH+ with future null infinity I +, and similarly the past event horizonH− with
past null infinity I −, allowing for an interpretation as spatial inversion symmetry.
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Figure 21. Same as in figure 3 for the BH in the Horndeski gravity sector described
by equation (63) and with metric function given by equation (64), as discussed in
section 3.19.1.

we find the limits peff ≳−0.005M2 (1σ) and peff ≳−0.01M2 (2σ). These constraints limit the
combination β2/η, with β governing the strength of the

√
−X term in G4 and η governing

the strength of the kinetic term in G2. A detailed study of the theoretical and model-building
implications of these constraints as well as the complementarity with cosmological, astrophys-
ical, and GW constraints (which is the subject of a rich and rapidly growing body of literature,
see e.g. [651–680] for examples of these constraints and observational signatures of Horndeski
gravity) would be very interesting, but goes significantly the scope of the paper, and is therefore
left to future work.

3.19.2. Case 2. We now consider a different BH solution in the shift-symmetric sector of
Horndeski gravity, studied in [645], and whose shadow was first computed in [154] by some
of us. Using the same notation of equations (58)–(61), the authors begin from the following
particular choice of Gi functions [645]:

G2 = α21X+α22(−X)ω2 , G3 =−α31(−X)ω3 ,

G4 = 1/16π+α42(−X)ω4 , G5 = 0 , (66)

which clearly generalizes equation (63), with the latter recovered for α22 = α31 = 0 and ω4 =
1/2. Note also that the theory described by equation (66) is known to be weakly hyperbolic
for α21 ̸= 0 [681], but its stability has not been examined for α21 = 0. The authors of [645] at a
later stage focus on a particular choice of the α parameters, which still preserves the regularity
of the Noether current associated to the shift symmetry, and the finiteness of the energy. More
specifically, the following choice of Gi functions is studied [645]:

G2 = α22(−X)
3
2 , G4 = 1/16π+α42

√
−X ,

G3 = G5 = 0 . (67)
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The above is clearly not a generalization of equation (63): while theG4 functions are identical,
there is a crucial difference in the G2 functions. Therefore, we should not expect the BH solu-
tion derived within this sector to (necessarily) reduce to the one studied in section 3.19.1.

The corresponding BH solution is indeed qualitatively very different from the one con-
sidered in section 3.19.1, and is described by the following metric function:

A(r) = 1− 2M
r

+
2Mh
r

ln
( r
2M

)
, (68)

where the hair parameter h characterizes an universal hair and is related to the fundamental
Lagrangian parameters α22 and α42 appearing in equation (67) through the following:

h≡ 2
√
2

3
√
3
α42

√
−α42

α22
. (69)

We see that the above space-time is asymptotically flat, while computing the Kretschmann
and Ricci scalars signals the presence of a scalar polynomial singularity at r= 0. In the h> 0
regime, which for consistency requires α22 < 0 and α42 > 0, the space-time only contains
one event horizon, analogously to the Schwarzschild metric. In the h< 0 regime (and more
precisely for h ∈ [−2;0]), which for consistency requires α22 > 0 and α42 < 0, the space-time
contains two horizons: an outer event horizon, and an inner Cauchy horizon.

Unlike the earlier [154] by some of us, where the analysis was restricted to the h< 0 regime,
here we do not set any prior restriction on the sign of the hair parameter h. While slightly
cumbersome, a closed-form expression for the shadow radius exists and is given by:

rsh =
3hX√

1+ 2(−1+h lnX )
3hX

, (70)

where the quantity X is defined as:

X ≡W

[
2e

1
3+

1
h

3h

]
, (71)

with W(z) denoting the principal branch of the Lambert W function, also known as omega
function or product logarithm function. In figure 22 we show the evolution of the shadow size
against h. We see that the shadow radius quickly increases with increasing |h| in the h< 0
regime, while decreasing more slowly with increasing h in the h> 0 regime. As a result, neg-
ative values of the hair parameter are very tightly constrained: we find that consistency with the
EHT observations requires −0.01≲ h≲ 0.40 (1σ) and −0.15≲ h≲ 0.60 (2σ). As with the
BH in Horndeski gravity studied in section 3.19.1, these constraints limit a particular combin-
ation of two fundamental Lagrangian parameters (in this case α42

√
−α42/α22), and a detailed

study of the theoretical and model-building implications of these constraints, as well as the
complementarity with cosmological and astrophysical constraints, while interesting, is left to
future work.

3.20. MOdified Gravity (scalar-tensor-vector gravity)

A particularly interesting modified theory of gravity was put forward by Moffat [682], and
typically goes by the name of scalar-tensor-vector gravity, but is also often referred to as MOG
(short for MOdified Gravity), as we shall do here. MOG is a covariant scalar-tensor-vector
theory of gravity which introduces an additional massive scalar field and an additional massive
vector field, while allowing the coupling strength of the latter, as well as the gravitational
constant, to vary in space and time. The theory effectively adds a repulsive Yukawa force
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Figure 22. Same as in figure 3 for the BH in the Horndeski gravity sector described
by equation (67) and with metric function given by equation (68), as discussed in
section 3.19.2.

to Newton’s acceleration law. For the full action of MOG, we refer the reader to [682]. We
also note that MOG has a long history of successfully explaining several astrophysical and
cosmological observations: for an inevitably incomplete list of important works on MOG, see
for example [683–707].

A particular BH solution within MOGwas derived in [708], assuming that the gravitational
couplingG is constant (although not necessarily taking its Newtonian value), i.e. ∂µG= 0 (see
also [709–711]). In this configuration, the metric function of the resulting BH solution is given
by [708]:

A(r) = 1− 2M(1+α)

r
+
M2α(1+α)

r2
, (72)

where α is a parameter controlling the strength of the effective gravitational coupling G=
GN(1+α), and characterizes an universal hair. We immediately notice that the space-time is
of the RN form, with effective charge proportional to the BHmass. Clearly, one of the effects of
MOG is modify the BHADMmass asM→M(1+α), as already noticed in many works [690,
697, 708]. In the following, however, we shall opt for the same strategy adopted bymany earlier
works, and report the shadow size in units of the ‘bare’/source/Newtonian massM rather than
the ADM mass. The rationale is that this is the ADM mass quantifies the energy measured by
an observer at infinity, but dynamical measurements of the BH mass sufficiently close to the
horizon will actually probe a quantity which is much closer to the Newtonian mass. This is
indeed the case for the S-stars which underlie our mass-to-distance ratio prior, as explicitly
discussed in [697]. In addition, one can envisage constraining α through independent tests of
the strength of Newton’s constant, allowing to disentangle the Newtonian mass from the ADM
mass.

Having made these considerations (see section 3.38.1 for further considerations of this sort
in the context of another model), we compute the shadow size in units ofM as done in various
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Figure 23. Same as in figure 3 for the MOG BH with metric function given by
equation (72), as discussed in section 3.20.

earlier works (we refer especially to [697]), and show its evolution against theMOG parameter
α in figure 23. Moreover, we note that a closed-form expression for the shadow radius can be
found, and is given by the following:

rsh =
√
2α

3+ 3α+
√
(1+α)(9+α)√

−3+α+
√
(1+α)(9+α)

, (73)

which, although not obvious at first glance, does indeed reduce to 3
√
3 as α→ 0, as can be

seen by Taylor expanding equation (73) in α. We see that the effect of increasing α is that of
very quickly increasing the shadow size. Despite the RN-like form of the space-time, this is a
result of our choice of reporting the shadow size in units of M rather than M(1+α), for the
reasons discussed above.

We note that the EHT observations set extremely tight upper limits on α, of the order of α≲
0.01 (1σ) and α≲ 0.1 (2σ). These limits are much tighter than the limit α≲ 0.662 obtained
from the motion of the S2-star in [705], and safely exclude the range of values of α required
for MOG to explain the rotation curves of dwarf galaxies, 2.5≲ α≲ 11.2 [683]. On the other
hand, they are competitive with the upper limits of α≲ 0.1 arising from neutron stars [693],
and α≲ 0.03 coming from globular clusters [686]. Overall, the limits we have provided on
the MOG parameter of order α≲ 0.01 are therefore among the tightest in the literature.

3.21. Brane-world black holes

We now consider one of the most well-motivated high-energy physics models: the Randall–
Sundrum II (RSII) brane-world model, which has been tested over a wide range of scales
and using an enormous variety of probes (see e.g. [712–726]). This is an AdS5 brane-world
model where the extra dimension has an infinite size and negative bulk cosmological con-
stant [727]. When projecting the full 5-dimensional BH solution of the theory onto our 4D
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space-time, BHs effectively inherit a tidal charge q which carries projected information about
5D bulk (and in particular the AdS5 curvature radius ℓ), while characterizing the effect of
the bulk on the brane. More specifically, the tidal charge controls the strength of projected
Weyl tensor Eµν which transmits tidal charge stresses from the bulk to the brane, and takes the
form [728]:

Eµν =−

(
q

M̃2
Pl

)
1
r4

[uµuν − 2rµrν + hµν ] , (74)

where M̃Pl is the 5-dimensional Planck mass, uµ is the velocity 4-vector, rµ is an unit radial
vector, and hµν = gµν + uµuν . Physically speaking, a negative tidal charge amplifies gravita-
tional effects of the bulk on the brane.

BH solutions within the RSII model have been studied in a large number of works (see
e.g. [589, 729–738], as well as [739, 740]). The metric function for spherically symmetric
solutions takes the following form:

A(r) = 1− 2M
r

+
4M2q
r2

, (75)

where q characterizes a specific hair. We note that the metric function is again RN-like as with
a few other metrics discussed earlier. Therefore, we can immediately borrow from the previous
results, and write the shadow radius as a function of the tidal charge in a closed form:

rsh =

√
2
(
3+

√
9− 32q

)√
4+

√
9−32q−3

4q

. (76)

In figure 24 we plot the size of the shadow radius as a function of the tidal charge: the plot
is of course analogous to figures 19 and 21. It is clear that the EHT observations place very
tight limits on the tidal charge, q≲ 0.15 (1σ) and q≲ 0.2 (2σ). The same observations also
place very tight limits on the negative tidal charge regime, q≳−0.01 (1σ) and q≳−0.1 (2σ).
This is in contrast with the shadow of M87∗, which instead exhibited a very slight preference
for negative tidal charge, as noted earlier in [101, 124]. This is due to the fact that M87∗’s
shadow size is slightly larger than what would be expected given its mass-to-distance ratio, or
conversely one could argue that its mass-to-distance ratio is biased low. At any rate, this fact
again highlights how Sgr A∗’s shadow places particularly tight constraints on scenarios which
tend to enlarge the shadow radius compared to the Schwarzschild BH.We note that the negative
tidal charge regime of the RSII BHwould in principle appear to admit an interpretation in terms
of mutated RN BH/WH (just as the space-time discussed in section 3.17), though to the best
of our knowledge we are not aware of this possibility having being discussed in the literature
on brane-world BHs.

3.22. Magnetically charged Einstein–Euler–Heisenberg black hole

Earlier in section 3.5 we discussed regular magnetically charged BHs arising from Einstein–
Bronnikov NLED. Another well-motivated NLED theory is Einstein–Euler–Heisenberg
NLED [741], which appears in the low-energy limit of Born–Infeld electrodynamics [343],
and is described by the following Lagrangian:

L(U,W) =−1
4
U+

µ

4

(
U2 +

7
4
W2

)
. (77)
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Figure 24. Same as in figure 3 for the Randall–Sundrum II brane-world BH with metric
function given by equation (75), as discussed in section 3.21.

Choosing the same gauge field configuration as in equation (25), and carefully accounting for
the NLED-induced effective geometry, BH shadows within the Einstein–Euler–Heisenberg
model were studied by some of us in [104], whose procedure we follow. For complete-
ness, we report the metric function for magnetically charged BH solutions within this theory,
given by:

A(r) = 1− 2M
r

+
q2m
r2

− 2µ
5
q4m
r6

, (78)

where qm is the BH magnetic charge and characterizes a specific hair, and µ is the NLED
coupling appearing in equation (77). We note that as long as µ ̸= 0, values of the magnetic
charge qm > 1 are allowed.

We compute the shadow radius numerically, following [104] by some of us and once more
carefully taking into account the effective geometry induced by the NLED coupling by adopt-
ing Novello’s method [214, 215] (again, as in section 3.5), for the intermediate steps of this
calculation we refer the reader to [104]. Note that we now have 2 free parameters: qm and µ.
However, for simplicity, we fix the Lagrangian coupling to µ= 0.3. The reason is two-fold:
(a) as noted in [104], most of the effect on the shadow size come from the magnetic charge
qm rather than the NLED coupling µ, and (b) µ∼ 0.3 is approximately the largest allowed
coupling before the perturbative approach of the theory around the Maxwell Lagrangian for
µ→ 0 ceases to be meaningful.

In figure 25 we plot the evolution of the shadow radius against qm, at fixed µ= 0.3. We
immediately note that the behavior of the shadow radius, and therefore the constraints from the
EHT observations, depend on whether we are in the qm < 1 or qm > 1 regime. For qm < 1, we
find the upper limits qm ≲ 0.7M (1σ) and qm ≲ 0.8M (2σ). On the other hand, for qm > 1, we
observe a sharp discontinuity in the shadow radius, with the shadow size apparently diverging.
This feature is due to the appearance of a singularity in the NLED-induced effective geometry:
for more details see [104].

Leaving aside the issue of whether the qm > 1 regime is physical in first place, given this
singularity, in this regime we find that the shadow size varies drastically as qm changes. For
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Figure 25. Same as in figure 3 for the Einstein–Euler–Heisenberg magnetically charged
BH with metric function given by equation (77), where we have fixed the NLED coup-
ling to µ= 0.3, as discussed in section 3.22.

µ= 0.3, consistency with the EHT observations requires qm ∼ 1.25M. This number depends
to some extent on the value to which µ is fixed (see [104] for further discussions), although
for values of µ≲ 0.3, following the results of [104], we can expect consistency with the EHT
observations for values of the magnetic charge 1.1M≲ qm ≲ 1.5M. We stress once again, how-
ever, that it is unclear whether we can consider this range of parameter space physical.

3.23. Sen black hole

The Sen BH is a non-regular space-time appearing in the low-energy limit of heterotic string
theory [742], whose field content includes the electromagnetic field Aµ with field-strength
tensor Fµν , the second-rank antisymmetric tensor gauge field Bµν (also known as Kalb–
Ramond field [743]), and the dilaton field Φ,45 as described by the following action in the
string frame [744] (see also [745–748] for other examples of BH and black p-brane solutions
in the low-energy limit of string theory):

S=
ˆ

d4x
√
−ge−ϕL , (79)

where the Lagrangian L is given by:

L= R− 1
8
FµνFµν + ∂µΦ∂µΦ− 1

12
HκλµH

κλµ , (80)

with Hκλµ the third-rank tensor field (Kalb–Ramond 3-form) defined in terms of the tensor
gauge field and the field-strength tensor of the electromagnetic field as:

45 In heterotic string theory the dilaton, the Kalb–Ramond field, and the metric tensor appear as a set of massless
excitations of a closed string.
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Figure 26. Same as in figure 3 for the Sen BH with metric function given by
equation (82), as discussed in section 3.23.

Hκµν ≡ ∂κBµν + ∂νBκµ + ∂µBνκ −
1
4
(AκFµν +AνFκµ +AµFνκ) . (81)

The metric function derived in this configuration was found by Sen [744] and reads:

A(r) = 1− 2M

r+ q2m
M

, (82)

where qm is an effective charge (including both the electric charge and an effective charge
associated with the dilaton field) measured by a static observer at infinity, which characterizes
specific hair, and is bound by the requirement qm ⩽

√
2. Various studies have been devoted to

the Sen BH and its rotating generalization (the Kerr–Sen BH) in the literature, see for instance
[749–758].

A closed-form expression exists for the shadow radius, and is given as follows:

rsh =
3− 2q2m +

√
9− 4q2m

2

√√
9−4q2m+q

2
m−3

q2m

. (83)

Although not obvious, equation (83) reduces to 3
√
3 as qm → 0, as can be seen by Taylor

expanding it in qm. We plot the evolution of the shadow radius against qm in figure 26, from
which we see that the shadow radius quickly decreases with increasing charge. We also see
that the EHT observations set the upper limits qm ≲ 0.6M (1σ) and qm ≲ 0.75M (2σ), ruling
out the possibility of Sgr A∗ being an extremal Sen BH with qm =

√
2M. We further note that

complementary x-ray reflection spectroscopy constraints obtained by one of us set a much
tighter limit, qm ≲ 0.6M at 90% C.L. [759], where as in section 3.9 M denotes the mass of
EXO 1846-031.
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3.24. Kalb–Ramond black hole

Remaining in string-inspired scenarios, another interesting BH solution has been derived in
a scenario where the Kalb–Ramond field Bµν plays a key role in driving spontaneous break-
ing of Lorentz symmetry [743]. Specifically, the scenario considered by [760] envisages a
field content including the Kalb–Ramond field Bµν and the Kalb–Ramond 3-form Hκµν .46

Inspired by the Standard Model Extension (an effective field theory containing all possible
Lorentz breaking operators in addition to the Standard Model and GR Lagrangian terms [761–
763]) and by heterotic string theory [760], considered a scenario where the Kalb–Ramond field
acquires a non-vanishing vacuum expectation value (VEV) bµν (with b2 = bµνbµν), as well as
a non-minimal coupling to the Ricci tensor with strength ξ2 (for the full action of the theory,
see [760]). The non-zero VEV spontaneously breaks Lorentz invariance, leading to a host of
interesting observational signatures [764–766].

BHs within this configuration have been studied by [760], and found to be described by the
following metric function:

A(r) = 1− 2M
r

+
Γ

r
2
k

, (84)

where Γ is an integration constant, and k is related to the Kalb–Ramond VEV and non-minimal
coupling strength through k= |b|2ξ2 and therefore characterizes an universal hair. For illus-
trative purposes, here we choose to focus our attention on the parameter k which is of more
direct interest (since it enjoys a direct physical interpretation) and is expected to be small. To
this end, we fix Γ = 0.5: although there is no deep motivation for this value, this allows us to
also compare our results to the earlier work of [108] by some of us.

We compute the size of the Kalb–Ramond BH numerically, and show its evolution against k
in figure 27. As already found earlier in [108], we see that increasing k decreases the size of the
BH shadow (see also [767]. For this particular choice of Γ, we find that the EHT observations
set the upper limits k≲ 1.2 (1σ) and k≲ 1.5 (2σ). If independent limits on the Kalb–Ramond
VEV are available, these limits can be translated to limits on the Kalb–Ramond non-minimal
coupling strength (and vice-versa). However, we stress that these results only correspond to
a slice of the full Γ–k parameter space, and that smaller (larger) values of Γ would lead to
weaker (tighter) constraints on k (for more details see [108]).

In closing, it is worth noting that the space-time described by equation (84) is closely
related to the 4D string-corrected BH solution found by one of us in [768], which general-
izes the Callan–Myers–Perry BH [769] through a dimensional regularization-like procedure
akin to the one considered in 4D Einstein–Gauss–Bonnet gravity, which we will discuss later
in section 3.27. The solution derived in [768] corresponds to equation (84) with k= 1/2 (thus
leading to a 1/r4 correction to the Schwarzschild BH), and requires Γ⩽ 27/16M4 ∼ 1.69M4.
However, it is easy to show (as we have explicitly checked) that within this particular space-
time, and given the above upper limit on Γ, the EHT observations are not able to set any
meaningful limit on Γ: thus, we will not discuss this space-time further47.

46 Since the electromagnetic field does not appear within the field content considered by [760], the contributions
related to Aµ in equation (81) vanish.
47 Note that for this particular space-time we cannot translate the Reissner–Nordström constraints on Q to constraints
on Γ, as the latter space-time corresponds to k= 1 (and Γ = Q2), whereas here we have k= 1/2.
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Figure 27. Same as in figure 3 for the Kalb–Ramond BH with metric function given by
equation (84), where we have fixed Γ = 0.5, as discussed in section 3.24.

3.25. Einstein–Maxwell-dilaton gravity (EMDG)

Still remaining in the string-inspired realm, one of the models in this context which enjoys par-
ticularly strong theory motivation is EMDG, which arises as an effective theory of the heterotic
string at low energies once the additional six dimensions of the ten-dimensional manifold are
compactified onto a torus [744], see also section 3.23. In EMDG, a dynamical dilaton field Φ
evolving under a potential V(Φ) is included in the GR Lagrangian as:

L ⊃ 1
16π

(
R+

1
2
(∇µΦ)2 +V(Φ)

)
+

α ′

8
ΦFµνFµν , (85)

where α ′ regulates the coupling of the dilaton to photons. Given a BH of dilaton charge Q,
the corresponding metric function of the so-called Einstein–Maxwell-dilaton-1 BH is given
by [745, 746, 770]:

A(r) = 1− 2M
r

(√
1+

q4

4M2r2
− q2

2Mr

)
, (86)

with the requirement that the parameter q= Q
√
α ′/8 associated to the dilaton charge, which

characterizes a specific hair, satisfies q⩽
√
2.

A closed-form expression exists for the shadow radius, and is given as follows:

rsh =

√
6(q̃+ 6)− q2

(
q2 +

√
q4 − 20q2 + 36+ 16

)
2
√

2− 16
2q2+

√
2
√
q4−(q̃+16)q2+6(q̃+6)

, (87)

where the quantity q̃ is defined as:

q̃≡
√
q4 − 20q2 + 36 . (88)
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Figure 28. Same as in figure 3 for the Einstein–Maxwell-dilaton 1 BHwith metric func-
tion given by equation (86), as discussed in section 3.25.

Although not obvious, equation (87) reduces to 3
√
3 as q→ 0, as can be seen by Taylor expand-

ing it in q. We show the evolution of the shadow radius as a function of the charge parameter q
in figure 28. We see that the EHT observations set the upper limits q≲ 0.8M (1σ) and q≲M
(2σ), ruling out the extremal Einstein–Maxwell-dilaton-1 BH (q=

√
2M).

3.26. Einstein–æther gravity

Einstein–æther gravity is a theory of gravity that dynamically violates Lorentz symmetry by
means of a unit norm time-like vector field (the ‘æther’), which defines a preferred time-like
direction at each point of space-time. The Einstein–æther gravity Lagrangian is governed by 4
free parameters ci with i = 1,2,3,4, and is given by the following [771–773] (see also [774–
783] for other important works):

L ⊃−hαβµν (∇αu
µ)(∇βu

ν)+λ
(
u2 + 1

)
, (89)

where uµ is the æther field, λ is a Lagrange multiplier enforcing the condition uµuµ =−1, and
the tensor hαβµν is given by:

hαβµν = c1g
αβgµν + c2δ

α
µδ

β
ν + c3δ

α
ν δ

β
µ − c4u

αuβgµν . (90)

In what follows, we will adopt the widely used shorthand notation cij = ci+ cj, cijk = ci+
cj+ ck.

Two exact static spherically symmetric BH solutions within Einstein–æther gravity are
known [784, 785]. The first solution, commonly referred to as Einstein–æther type 1, holds
for c14 = 0 and c123 ̸= 0. The metric function for this space-time is given by:

A(r) = 1− 2M
r

− 27c13M4

16(1− c13)r4
, (91)

with the requirement 0< c13 < 1, where c13 obviously characterizes an universal hair. We
compute the shadow radius numerically, plotting it as a function of the Lagrangian parameter
c13 in figure 29. We see yet again an example of shadow radius increasing with increasing
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Figure 29. Same as in figure 3 for the Einstein–æther-1 BH with metric function given
by equation (91), as discussed in section 3.26.

fundamental parameter, which leads to this scenario being tightly constrained by the ETH
observations, which set the upper limits c13 ≲ 0.1 (1σ) and c13 ≲ 0.75 (2σ)—note that the
cis are dimensionless. While this is an independent constraint on c13 obtained in the strong-
field regime, we note that it is still significantly weaker than constraints arising from GWs.
For instance, the multi-messenger GW event GW170817 sets the very stringent limit |c13|≲
10−15 [786].

The second exact BH solution in this theory holds for c14 ̸= 0 and c123 = 0, and is commonly
referred to as Einstein–æther type 2. The metric function for this space-time is given by:

A(r) = 1− (2− c14)M
r

− (2− c13 − c14)(2− c14)2M2

8(1− c13)r2
, (92)

with the requirement 0⩽ c14 ⩽ 2c13 < 2, where c13 and c14 obviously characterize universal
hairs. In this case, the space-time is described by 2 free parameters. For illustrative purposes,
we fix c13 = 0.99, close to the maximum value allowed, which as argued earlier is completely
excluded in the case of the Einstein–æther type 1 BH. The purpose is simply to illustrate how
a non-zero value of c14 can in principle help bring a previously excluded range of c13 values
into agreement with the EHT observations. We compute the shadow radius numerically (see
also [787]), plotting it as a function of the Lagrangian parameter c13 in figure 30. In this case
we see that in principle a value of 1.3≲ c14 ≲ 1.4 is allowed by the EHT observations, when
fixing c13 = 0.99. However, we note that these values of c14 are excluded by GW observations,
with the GW170817 event setting the very stringent limit c14 ≲ 2.5× 10−5 [786].

In closing, we discuss important relations between Einstein–æther gravity and other well-
known theories of gravity, to which our results could therefore carry over. We first note that
Einstein-æther gravity is closely related to Hǒrava–Lifshitz (HL) gravity [788, 789], a well-
known and well-studied candidate theory of quantum gravity which achieves power-counting
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Figure 30. Same as in figure 3 for the Einstein–æther-2 BH with metric function given
by equation (92), where we have fixed the Lagrangian parameter c13–c13 = 0, as dis-
cussed in section 3.26.

renormalizability by adding higher order spatial derivatives but not time derivatives, thus tam-
ing the UV behavior of the graviton propagator, at the cost of explicitly breaking diffeomorph-
ism invariance48. Einstein–æther gravity is known to appear in the IR limit of HL gravity (when
operators higher than second order are neglected), provided one requires the æther field to be
hypersurface orthogonal at the level of the action [800]. In fact, the Einstein–æther BH solu-
tions we have studied are also solutions of the IR limit of HL gravity, as discussed in [785]
(see also [801] for other BH solutions in HL gravity). Another well-known modified theory
of gravity appearing in the IR limit of (projectable) HL gravity is mimetic gravity [802–804]:
see [805] for a full proof of this equivalence, and [806, 807] for discussions on relations to
Einstein–æther and HL gravity. Mimetic gravity is related to GR by a singular (non-invertible)
disformal transformation, and has gained significant attention recently (see e.g. [808–833], and
[834] for a review). Spherically symmetric solutions in mimetic gravity have been studied in
[835–846], though the issue remains open as to whether mimetic gravity can actually support
non-pathological BH solutions. A full investigation of the relation between Einstein–æther
and mimetic gravity as far as BH solutions are concerned is therefore warranted, and is left to
future work, where we also plan to study the shadows cast by spherically symmetric space-
times (BHs, WHs, or NSs) in mimetic gravity.

3.27. 4D Einstein–Gauss–Bonnet gravity

The Gauss–Bonnet invariant G is a very important quantity, which in more than four dimen-
sions plays a role in determining the allowed Lagrangian terms (Lovelock invariants) of
diffeomorphism-invariant, metric theories of gravity with equations of motion of second
order [847], and is given by:

48 This explicit diffeomorphism invariance breaking has been argued to lead to several pathologies in the IR, see e.g.
[790–799] for discussions thereof, as well as possible ways out.

54



Class. Quantum Grav. 40 (2023) 165007 S Vagnozzi et al

G = Rµν
ρσR

ρσ
µν − 4Rµ

νR
ν
µ +R2 . (93)

Crucially, in four dimensions G amounts to a total derivative, and therefore cannot contribute
to the gravitational dynamics. However, in [848] Glavan and Lin proposed what effectively
amounts to a dimensional regularization procedure applied to the following action:

S=
ˆ

dDx
√
−gαG , (94)

by rescaling the coupling constant as α→ α/(D− 4) (see also the generalization of [849]).
This procedure is shown to lead to non-trivial contributions even in D= 4, and we refer to the
resulting theory as 4D Einstein–Gauss–Bonnet gravity (4DEGB). See e.g. [850] for a recent
review of the theory, [851–860] for important discussions on possible pathologies associated
to the rescaling procedure, and [861–880] for other important works on the theory.

With all the caveats discussed in [851, 853, 855–859] in mind, static spherically symmetric
solutions within 4DEGB gravity have been studied, and the metric function is given by the
following (see e.g. [112, 115–117, 848, 881–890]):

A(r) = 1+
r2

32πα

(
1±

√
1+

128παM
r3

)
, (95)

which, although α characterizes universal hair, requires α⩽M2/16π ∼ 0.02M2, i.e. α⩽
O(1018)m2 for Sgr A∗. We need to take the negative branch of equation (95), as it is the only
one which recovers the Schwarzschild metric function A(r) = 1− 2M/r in the limit r→∞.

We compute the shadow radius numerically, and show its evolution as a function of α
in figure 31.49 We see that the shadow radius decreases with increasing α. However, for
all values of α⩽ 1/16π, the shadow radius is always consistent with the EHT observations
within better than 1σ. Therefore, the size of Sgr A∗’s shadow does not place meaningful con-
straints on the 4DEGB coupling α, which is instead constrained by alternative astrophysical
probes. For instance, the tightest constraint on α comes from binary BH systems, which limit
α≲ 108m2 [891]. For comparison, it is useful to recast the previous limit in units of Sgr A∗’s
mass: noting that Sgr A∗’s gravitational radius is of order rg ≈O(107)km, the previous con-
straint translates to the extremely stringent limit α≲ 10−28M2, much tighter than any con-
straint realistically achievable from BH shadows.

3.28. Asymptotically safe (AS) gravity

The issue of the non-renormalizability of GR, currently one of the biggest obstacles towards
constructing a full quantum theory of gravity, has prompted a number of interesting ideas,
many of which conjecture the existence of novel symmetries. AS gravity broadly falls within
this category, in that it provides a quantum realization of scale symmetry. While, classically,
the absence of dimensionful couplings is enough to ensure the realization of scale symmetry,
this is no longer true at the quantum level, due to quantum fluctuations in the vacuum. In AS
gravity, quantum scale symmetry is realized thanks to the presence of an interacting fixed point
of the renormalization group (RG) [892, 893]: beyond a certain energy scale, a transition to a
quantum scale-invariant regime occurs, and the strength of the gravitational constant flows to a
constant but non-zero value (the case where this constant is zero would essentially correspond
to a realization of asymptotic freedom). Therefore, within AS gravity quantum scale symmetry

49 We have found that a closed-form expression for the shadow radius exists, but is too cumbersome to report here. We
have nonetheless verified that our numerical results perfectly reproduce those provided by this closed-form expression.
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Figure 31. Same as in figure 3 for the BH in 4D Einstein–Gauss–Bonnet gravity with
metric function given by equation (95), as discussed in section 3.27.

is achieved at fixed points of the RG, enabling an UV extension of GR (interpreted as an
effective field theory) and restoring the predictivity of the latter in theUV.Currently, AS gravity
is considered a very promising approach towards a theory of quantum gravity (see [894–897]
for reviews), and has been the subject of study of an enormous body of literature, see e.g.
[898–929] for important examples.

RG-improved BH space-times within the framework of AS gravity were first studied in
detail by Bonanno and Reuter in [930], considering the following expression for the running
of the gravitational constant as a function of momentum k:

G(k) =
G(k0)

1+ωG(k0)(k− k0)2
, (96)

where k0 is a reference scale later set to k0 → 0, so that G(k0) effectively corresponds to
Newton’s constant GN as measured by low-energy observations. Close to the RG fixed point,
i.e. for k2 ≫ G−1

N , the gravitational constant runs as G(k) = 1/ωk2, where ω is the inverse
dimensionless fixed point value: thus, the gravitational constant ‘forgets’ its IR value when
entering the quantum scale-invariant regime. To consider the impact of equation (96) on BH
space-times, one needs a prescription for converting k to a position-dependent IR cutoff.
Various well-motivated prescriptions were studied in [930]. Here, we simply quote the final
expression, leaving the reader to [930] for further details:

G(r) =
GNr3

r3 + ω̃GN (r+ γGNM)
, (97)

whereM is the BH mass, and ω̃ is an in principle free parameter, related to the inverse dimen-
sionless fixed point value ω, and expected to be of order unity from first principles consider-
ations50. To obtain the RG-improved AS-driven corrections to the Schwarzschild space-time,
one therefore simply replaces G in the latter with equation (97), after identifying r with the

50 It is worth noting that the arguments presented in [931] lead to the specific prediction of ω̃ = 118/15π ≈ 2.5.
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Figure 32. Same as in figure 3 for the BH in asymptotically safe gravity (in the IR limit)
with metric function given by equation (98), as discussed in section 3.28.

usual radial coordinate (see also [83, 932–947] for other relevant works on BHs in AS gravity).
As argued explicitly in [930], γ plays a very minor role in the phenomenology of the model,
especially at the scales relevant for BH observations. Therefore, in the following, we shall set
γ= 0, which effectively corresponds to considering the IR limit (r≫√

γ) of equation (97).
Explicitly, the metric function we consider is therefore given by (where we have obviously set
GN = 1 for convenience):

A(r) = 1− 2Mr
r2 + ω̃

, (98)

where ω̃ characterizes an universal hair. One can easily show that the Kretschmann and Ricci
scalars associated to the above metric are finite throughout the entire space-time, which there-
fore describes a globally regular BH. Because the curvature scalars are finite everywhere,
including r= 0, the metric describes a globally regular BH space-time. The impact of this
and related space-times on BH observables such as shadows and gravitational deflection of
light have been recently studied in [83, 948].

Here, we shall focus on the region ω̃ <M2, for which the BH possesses two horizons. We
compute the shadow size numerically, and show its evolution against ω̃ in figure 32. We see
that the EHT observations set very weak limits on ω̃, with the upper limit ω̃ ≲ 0.9M2 at 1σ.
Converting this to the dimensionless ω̃, we find that this corresponds to a very weak limit,
and we are left to conclude that based on this metric test the EHT observations are unable to
set strong constraints on AS gravity (though the situation may be different with other types
of tests, see e.g. [942, 943, 945–947]). On the other hand, complementary x-ray reflection
spectroscopy constraints obtained by one of us set a much tighter limit, ω̃ ≲ 0.05 at 1σ [949]
from observations of GRS 1915+105, an x-ray binary system with mass of order O(10)M⊙.

3.29. Rastall gravity

Rastall’s theory of gravity is perhaps one of the best known and studied non-conservative
theories of gravity, i.e. theories where the stress-energy tensor is not covariantly conserved,
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∇µTµν ̸= 0. The theory was introduced by Rastall in [950] with the motivation that in the
strong curvature regime the covariant derivative of the stress-energy tensor may not vanish but
could depend on the space-time curvature. Based on phenomenological arguments, Rastall
proposed that ∇µTµν ∝ λgµν∇µR, with Einstein’s equations being modified to:

Rµν +

(
κ− 1

2

)
gµνR= Tµν , (99)

where we refer to κ as the Rastall coupling parameter, and Einstein’s equations are recovered
in the limit κ→ 0. Rastall gravity has been at the center of a surge of interest in recent years,
with applications to a number of interesting scenarios from thermodynamics to cosmology
(see e.g. [170, 951–969]), although we note that concerns have been raised about its possibly
being equivalent to GR in the gravity sector, modulo an artificially isolated part of the physical
conserved stress-energy tensor in the matter sector [970].

By construction, while all vacuum solutions of GR are also solutions of Rastall gravity,
the non-vacuum solutions depend on the Rastall coupling parameter and can be significantly
different from their GR counterparts. BH solutions in Rastall gravity have been studied in
several works [971–973]. Here, we shall consider the solution obtained by Heydarzade and
Darabi [972], describing BHs in Rastall gravity surrounded by a perfect fluid with equation of
state ω. In this case, the metric function is given by:

A(r) = 1− 2M
r

−Nsr
6κ(1+ω)−1−3ω

1−3κ(1+ω) , (100)

where Ns is the field structure parameter, which is related to the energy density of the sur-
rounding fluid and therefore characterizes a specific hair, as does ω, whereas κ characterizes
an universal hair. The reason why it is interesting to consider a surrounding fluid is that, as is
clear from equation (100), depending on the value of κ the surrounding field acts as if it had
a different effective equation of state. In the following, we aim to focus on the Rastall coup-
ling κ, while also exploring the role of the equation of state of the surrounding fluid. In our
baseline cases, we shall therefore fix Ns = 0.005 (so that it has little impact on the resulting
shadow size), considering the cases where the BH is surrounded by dust (ω= 0), which we
later extend to a stiff fluid (ω= 1, which can be generated during a period of kination, where
the energy is dominated by the kinetic energy of a scalar field), radiation (ω = 1/3), and a
fluid with equation of state ω =−1/3 (which can be associated to cosmic strings, and is the
effective equation of state corresponding to spatial curvature).

We compute the resulting shadow size numerically, and show its evolution as a function of
the Rastall coupling κ in figure 33. For the cases where the equation of state of the surrounding
fluid is ω ⩾ 0, we set the upper limit κ⩽ 1/6 [212], ensuring that the energy conditions are
not violated (by construction this cannot be done for the ω =−1/3 fluid) and the space-time
is asymptotically flat. In these cases, and in particular for our baseline case with Ns = 0.005
and ω= 0, we see that the shadow size grows extremely slowly with increasing κ, in a way
which is hardly visible by eye. We find that the largest correction to the shadow size relative
to the Schwarzschild counterpart within the whole κ⩽ 1/6 regime is at mostO(10−2), and as
a result the EHT observations are unable to set meaningful constraints on the Rastall coupling
parameter κ. On the other hand, for ω =−1/3 the shadow size starts increasing quickly once
κ≳ 0.25, and we find the upper limits κ≲ 0.01 (1σ) and κ≲ 0.25 (2σ). To further show the
role of Ns instead, we return to our baseline case with ω= 0, but setting Ns = 0.1. In this case
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Figure 33. Same as in figure 3 for the BH in Rastall gravity with metric function given
by equation (100), with the field structure parameter Ns and equation of state of the
surrounding fluid ω fixed to different values (our baseline case corresponds to Ns =
0.005 and ω= 0), as discussed in section 3.29.

we see that the shadow size increases more markedly, and is excluded by the EHT observations
within 1σ, while at 2σ we find the upper limit κ≲ 0.07.

3.30. Loop quantum gravity (LQG)

LQG is arguably one of the leading approaches towards constructing a quantum theory of grav-
ity. One of the main hurdles towards constructing such a theory is the difficulty in construct-
ing a quantum Riemannian geometry, going beyond the classical (fixed) reference space-time.
The first steps towards this task were completed by reformulating gravity without reference
to any background field (not even a metric), and subsequently introducing non-perturbative
techniques from gauge theories, once more without reference to any background (see e.g.
[974–978]). A theory with no background fields only has access to an underlying manifold
and is therefore inevitably diffeomorphism-covariant: this, together with the non-perturbative
methods mentioned previously, leads to a fundamentally discrete geometry, whereas the famil-
iar continuum space-time of GR results as an emergent phenomenon upon a coarse grained
description of the fundamental quantum Riemannian discrete structures. Summarizing the
main features of LQG in a few lines is close to impossible: loosely speaking, we can say
that LQG leads to a granular space-time structure, with a minimum length of order the Planck
length, and ‘woven’ out of Planck-scale loopswhose network and evolution thereof are referred
to as spin network and spin foam respectively. A significant amount of work has been devoted
to LQG in recent years, and we refer the reader to [979–1008] for examples thereof (includ-
ing cosmological applications), as well as [1009] for a comprehensive review of the status
of LQG.

BHs in LQG have been explored in several works [985, 1010–1013]. Here we shall consider
the LQG BH constructed in [1014], whose shadow was studied by one of us in [111], and
described by the following metric functions:
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Figure 34. Same as in figure 3 for the loop quantum gravity BH with metric described
by equation (101), as discussed in section 3.30.

A(r) =
(r− r+)(r− r−)(r+ r∗)2

r4 + a20
, C(r) = r2 +

a20
r2

, (101)

where r+ = 2M/(1+P)2 and r− = 2MP2/(1+P)2 are the BH’s two horizons, while r∗ =√
r+r− = 2MP/(1+P)2. On the other hand P= (

√
1+ ϵ2 − 1)/(

√
1+ ϵ2 + 1) is the poly-

meric function, where ϵ denotes the product of the Immirzi parameter γ and the polymeric
parameter δ (where typically ϵ= γδ ≪ 1): the former is an area parameter [1015–1017],
whereas the latter was introduced to define the Hamiltonian constraint in terms of holonom-
ies [1018], and was conservatively assumed to be constant in the approach of [1014]. Finally,
a0 = Amin/8π is related to the minimum area gap of LQG, i.e. the smallest non-zero eigen-
value of the kinematical area operator. Note that all three a0, γ, and δ (and therefore ϵ and P)
characterize universal hairs.

The above space-time depends upon the two parameters P (or equivalently ϵ) and a0, and
reduces to the Schwarzschild space-time in the limit P→ 0, a0 → 0. However, since a0 is
expected to be extremely small in LQG, we do not expect it to play a relevant role as far as
astrophysical BHs are concerned. Indeed, we have explicitly verified that a0 plays a minor role
in determining the shadow size. Therefore, for the purposes of this work, we set a0 = 0, so that
the only free parameter is P. We compute the shadow size numerically, and show its evolution
as a function of P in figure 34.51 We see that increasing the polymeric function decreases the
shadow size, and the EHT observations set the upper limits P≲ 0.05 (1σ) and P≲ 0.08 (2σ).
These can be translated into the upper limits ϵ≲ 0.5 (1σ) and ϵ≲ 0.6 (2σ), which are rather
loose as on theoretical grounds we expect ϵ≪ 1. However, this remains a valuable constraint
on an interesting theoretical scenario, particularly given that observational constraints on LQG
are not easy to obtain.

51 We have found that a closed-form expression for the shadow radius exists, but is far too cumbersome to report here,
to the extent that it would easily occupy an entire page, but would lead to little physical insight. We have nonetheless
verified that our numerical results perfectly reproduce those provided by this closed-form expression.
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3.31. Kottler black hole

The Kottler space-time [213], also known as Schwarzschild–de Sitter space-time, is the unique
spherically symmetric solution to Einstein’s equations sourced by a positive cosmological con-
stant Λ. It is a particular case of the McVittie metric, which describes models interpolating
between Schwarzschild and FLRW space-times in a continuous manner, and is part of a lar-
ger class of space-times which generically describe BHs embedded in an expanding Universe
(see e.g. [1019–1043] for further relevant works). The Kottler BH is described by the following
metric function [213]:

A(r) = 1− 2M
r

− Λ

3
r2 , (102)

where Λ characterizes an universal hair. The Kottler space-time possesses two horizons for
0< Λ<

√
3M, with the vector field ∂t only being time-like between these two horizons. We

therefore restrict our discussion to static observers whose radial coordinate is bounded above
by the coordinate of the outer horizon, which is anyhow always guaranteed to be the case since
the latter corresponds to our de Sitter cosmological horizon in the physically interesting case
where Λ is the cosmological constant responsible for cosmic acceleration.

As discussed at length in [43], the Kottler space-time is an excellent example of a BH
whose shadow size depends explicitly on the radial coordinate of the observer, due to the
metric described by equation (102) being manifestly non-asymptotically flat. Considering the
importance of the Kottler space-time, we shall derive the exact expression for the shadow size,
following the discussion of section 2.1. Explicitly, we find:

rsh =
3
√
3M√

1− 9ΛM2

√
1− 2M

rO
− Λ

3
r2O , (103)

which clearly reduces to 3
√
3M in the limit Λ→ 0 and rO ≫M, the latter being clearly the

case for the EHT observations of Sgr A∗. We further note that the requirement of the observer
lying within the cosmological horizon ensures that the term in the square root to the right of
equation (103) does not turn negative. As per our discussion in section 2.1, for the purposes
of our discussion it suffices to consider a static observer, whereas considering an observer
comoving with the expansion of the Universe would complicate the discussion considerably.

We show the evolution of the shadow size as a function of the cosmological constant Λ in
equation (35). As a note of caution, we plot the shadow radius in units of the Newtonian mass
M: since the Kottler space-time is not asymptotically flat, the ADM mass is not well-defined,
however for the purposes of our discussion consideringM will be sufficient. Figure 35 displays
the features we could have expected from a qualitative assessment. For Λ≲ 10−41m2, the
product Λr2O ≪ 1 considering rO ∼ 8kpc≃ 2.5× 1020m, and therefore the size of the Kottler
BH is essentially that of a Schwarzschild BH of the same mass. Clearly, this includes the
value of Λ indicated by cosmological observations, Λ∼O(10−52)m2 (corresponding to the
dashed vertical line in figure 35), for which the product Λr2O ∼O(10−12), clearly too small to
be appreciated by current EHTmeasurements. Only for larger values ofΛ, whenΛr2 becomes
of order unity, does the effect of the cosmological constant become visible, acting to quickly
decrease the shadow size. We therefore conclude that within a Kottler space-time where Λ
is responsible for cosmic acceleration, there is no detectable imprint on the size of the BH
shadow, as we could have expected from back-of-the-envelope calculations, but reassuringly
confirmed by the full computation (see also [160] by two of us for different perspectives on
the subject, as well as [1044, 1045]).
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Figure 35. Same as in figure 3 for the Kottler BH with metric function given by
equation (102), as discussed in section 3.31. The dashed black vertical line corres-
ponds to the value of the cosmological constant indicated by observations, Λ∼ 1.1×
10−52m2.

3.32. Electromagnetic-Weyl coupling

One of the simplest extensions of the Einstein–Maxwell equations of GR and electromagnet-
ism involves a direct coupling between the electromagnetic andWeyl tensors. TheWeyl tensor
Cµνρσ , invariant under conformal transformations of the metric, is a measure of the space-time
shear, and is given by the following [1046]:

Cµνρσ = Rµνρσ −
(
gµ[ρRσ]ν − gν[ρRσ]µ

)
+

1
3
Rgµ[ρgσ]ν , (104)

where the square brackets indicate the antisymmetric part. A direct coupling between the
electromagnetic and Weyl tensors is allowed, in which case the electromagnetic sector of the
Lagrangian is given by [1047, 1048]:

L=−1
4
FµνF

µν +αCµνρσFµνFρσ , (105)

whereα is a constant with dimensions of length squared. Assuming that the gravitational sector
is still described by GR, Maxwell’s equations are modified as follows:

∇µ (F
µν − 4αCµνρσFρσ) = 0 . (106)

Clearly, the coupling to the Weyl tensor modifies the propagation of photons across the space-
time, leading to a series of interesting phenomena including apparent superluminal propagation
and birefringence [1049–1051]. This model is perhaps not a model of modified gravity in a
strict sense, but is perhaps best interpreted as a model of modified electrodynamics, with such
modifications actually expected when considering the effects of one-loop vacuum polarization
on the photon effective action in QED as well as the effects of tidal gravitational forces (see
[1047] for early discussions).
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As in most modified electrodynamics models, here as well photons travel along null
geodesics of an effective geometry. We follow [1052] who computed the effective geo-
metry experienced by photons traveling in a Schwarzschild space-time in the presence of
electromagnetic-Weyl coupling. As discussed in [1052], only two of the three possible polar-
izations turn out to be physical (likely as a consequence of gauge invariance and the Ward–
Takahashi identities), which the authors refer to as ℓ-polarization and m-polarization, or PPL
and PPM respectively: we refer the reader to [1052] for further details on the derivation of the
modified light-cone conditions and of the physical polarizations. TheWeyl-corrected effective
geometry corresponding to an underlying Schwarzschild space-time is then described by the
following metric functions [1052] (see also [1053–1062] for further relevant works):

A(r) = 1− 2M
r

,

C(r) = r2
(
r3 − 8αM
r3 + 16αM

)−1

(PPL polarization) , (107)

C(r) = r2
(
r3 + 16αM
r3 − 8αM

)−1

(PPM polarization) ,

where α characterizes an universal hair. The fact that only the angular metric function C(r) is
modified is a direct reflection of the modifications to the light-cone structure due to the direct
coupling between photons and the Weyl tensor.

We compute the shadow size numerically for both PPL- and PPM-polarized photons, and
show its evolution as a function of the Weyl coupling α in figures 36 and 37 for PPL- and
PPM-polarized photons respectively. We see that in the former case increasing α increases
the shadow size, whereas the reverse happens in the latter case: this is not surprising, as the
respective angular metric functions are the inverse of one another. For PPL-polarized photons,
we find that the EHT observations set the upper limits α≲ 0.01M2 (1σ) and α≲ 0.2M2 (2σ).
For PPM-polarized photons, the limits are instead looser and read α≲ 0.25M2 (1σ) and α≲
0.3M2 (2σ). Taking α≲O(0.1)M2 as a representative limit, in SI units this translates to α≲
O(1017)m2, significantly weaker than some of the best constraints on this parameter arising
from gravitational time delay/advancement, light deflection, and frequency shifts, with Cassini
tracking setting the upper limit α≲O(1012)m2 [1063, 1064].

3.33. DST black hole

In [1065], Deser, Sarioglu, and Tekin (DST hereafter) introduced a class of gravitational mod-
els whose modifications to GR forbid Ricci-flat geometries, while preserving as many features
of GR as possible, including the derivative order of the Einstein equations in Schwarzschild
gauge. This class of models was introduced as a tool to better appreciate the nature of Ricci-flat
geometries, and relies on the addition to the Einstein–Hilbert Lagrangian of terms which are
non-polynomial in the Weyl tensor, as follows:

∆L=
√
−gβn |trCn|

1
n , (108)

where C is the Weyl tensor already encountered earlier in equation (104), the index n labels
the various models belonging to this class, and the trace operator acts upon the (mixed) Weyl
tensor as follows:

trCn ≡ C cd
ab C

ef
cd . . .C

yz
.. C ab

yz , (109)
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Figure 36. Same as in figure 3 for theWeyl-corrected (PPL polarization) BHwithmetric
described by equation (107), as discussed in section 3.32.

Figure 37. Same as in figure 3 for theWeyl-corrected (PPMpolarization) BHwithmetric
described by equation (107), as discussed in section 3.32.

for n copies of the Weyl tensor, where n can be any arbitrary positive integer. To the best of our
knowledge, [1065] was the first to introduce the non-polynomial gravity approach. Models of
these type have later been considered in various works (particularly in the search for regular
BHs), see for instance [1066–1075].

Without loss of generality, we shall follow [1065] and take n= 2, while defining σ =
β2/

√
3, so that equation (108) reduces to:

∆Ln=2 =
√
−gσ

√
3
∣∣∣C cd

ab C
ef

cd

∣∣∣ . (110)

64



Class. Quantum Grav. 40 (2023) 165007 S Vagnozzi et al

This particular Lagrangian admits an explicit static spherically symmetric solution, the so-
called DST BH, with metric function given by [1065]:

A(r) =

[
1−σ

1− 4σ
−
(
2M
r

) 1−4σ
1−σ

]( r
2M

) 6σ
σ−1

, (111)

where σ characterizes an universal hair. It is easy to show that the above space-time is asymp-
totically flat for 0< σ < 1. In our subsequent analysis we have imposed σ> 0, whereas the
upper limit guaranteeing asymptotic flatness σ< 1 turns out a posteriori to be satisfied given
the very stringent limits on σ imposed by the EHT observations.

While slightly cumbersome, there exists a closed-form expression for the shadow radius,
given by:

rsh =
2

3σ
σ−1 3

σ−1
4σ−1X√(

3
σ−1
4σ−1X

) 6σ
σ−1

(
σ−1
4σ−1 − 2

4σ−1
σ−1

(
3

1−σ
4σ−1X

) 4σ−1
σ−1

) , (112)

where the quantity X is defined as:

X ≡ 8
σ

σ−1 (4σ− 1)
(σ− 1)(2σ+ 1)

, (113)

which clearly reduces to X → 1 when σ→ 0, from which it is relatively straightforward to
see that the limit rsh = 3

√
3 is indeed recovered when σ→ 0 in equation (112). We show the

evolution of the shadow size as a function of σ in figure 38, where we see that increasing
σ quickly decreases the shadow size. We note that the EHT observations set the very strin-
gent limits σ ≲ 0.04 (1σ) and σ ≲ 0.05 (2σ), which directly translate into upper limits on the
Lagrangian coupling β2 in equation (110) of β2 ≲ 0.07 (1σ) and β2 ≲ 0.09 (2σ). To the best of
our knowledge, we are not aware of any observational constraints on σ: a study on collisions
of spinning particles near DST BHs was conducted by one of us in [1075], finding a behavior
very close to that of GR, while the same work entertained the possibility that a very tiny dis-
crepancy in the observed value of Mercury’s perihelion precession might be explained by a
value σ ∼O(10−9). However, our upper limits of order O(10−2) on σ represent the first ever
robust observational constraints on a non-polynomial gravity model.

3.34. Rindler gravity

In [1076] (see also [1077]), Grümiller constructed ab initio the most general theory for gravity
in the IR (i.e. at large distances) consistent with an assumed set of symmetries and assump-
tions, including spherical symmetry, power counting renormalizability, analyticity, and so on.
While themodel was constructed based onwell-founded theoretical assumptions, it also enjoys
phenomenological motivation in its ability (at the time) to potentially mimic DM and/or dark
energy, as well as explain a number of puzzles such as the flyby [1078] and Pioneer anom-
alies [1079]. While the theory is now understood to be unlikely to successfully mimic DM and
dark energy (see e.g. [1080]), and interest in these anomalies has now partially faded [1081],
here we shall simply consider it as being an interesting IR model for gravity.

In [1076], Grümiller constructed the Rindler gravity model from the following effective
field theory for a scalar field Φ in 2 dimensions:

S=
ˆ

d2x
√
−g
[
Φ2R+ 2(∂Φ)2 − 6ΛΦ2 + 8aΦ+ 2

]
, (114)
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Figure 38. Same as in figure 3 for the DST BH with metric function given by
equation (111), as discussed in section 3.33.

whereΛwill eventually play the role of dark energy, and a is a constant with SI units of acceler-
ation. For a test particle located at large distance from a source (where the Newtonian accelera-
tion is negligible), positive/negative a provides a constant acceleration towards/away from the
source. The new term admits a simple interpretation: a Rindler acceleration, see [1082]. While
the above theory is written in 2 dimensions and thus cannot be a realistic description of our
world, given the interesting phenomenology associated to the Rindler acceleration outlined
in [1076], here we shall adopt an equally phenomenological standpoint where we examine
the consequences of a Rindler correction to the Schwarzschild metric (setting Λ = 0), taking
the above model as theoretical motivation. That is, we consider the following metric func-
tion [1076] (see also [1083, 1084]):

A(r) = 1− 2M
r

+ 2ar , (115)

where a characterizes an universal hair, and which is manifestly not asymptotically flat52.
We compute the shadow size numerically, using the full computation outlined in section 2.1

for non-asymptotically flat metrics, and show its evolution against the Rindler acceleration a in
figure 39, considering only positive values of a as required to explain the observational anom-
alies the model was constructed to account for [1076]. For convenience, rather than reporting
the shadow evolution against aM, we report a in units of pc−1. We also note that a closed-form
expression for the shadow radius can be found, given by:

rsh ≃
√
3
(√

1+ 12a− 1
)√

1+ 2arO

2a
√

2
√
1+ 12a− 1

(116)

which, although not obvious at first glance, does indeed reduce to 3
√
3 as a→ 0, as can be

seen by Taylor expanding equation (116) in a (we have made the valid approximation that

52 We note that this same space-time can arise in a wide range of theories other than Rindler gravity, see e.g. [1085–
1091]. It is also a particular case of the Kiselev BH [1092], with equation of state of the surrounding fluid given by
w=−2/3.
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Figure 39. Same as in figure 3 for the Rindler BH with metric function given by
equation (115), as discussed in section 3.34. The dashed black box corresponds to the
region possibly indicated by observational hints (explaining DM and/or the Pioneer and
flyby anomalies).

whenever the 2arO term is dominant over 1, it naturally also dominates over 2/rO). We have
verified that this closed-form expression is in excellent agreement with our numerical results.

As with the Kottler space-time considered previously in section 3.31, it is clear that the
effects of Rindler gravity on the BH shadow only become significant when the term ar becomes
sufficiently large. For smaller values of a required to mimic DM and/or address anomalous
acceleration hints of the order of a∼ 10−10ms−2,53 corresponding to the dashed black box
in figure 39, the effect on the shadow size is too small to be appreciated by the EHT observa-
tions. We conclude that, for phenomenologically interesting values of a, this model is in excel-
lent agreement with the EHT observations but cannot be distinguished from its Schwarzschild
counterpart, at least not based on the metric test we have considered here.

3.35. Black hole surrounded by perfect fluid dark matter

We have spent considerable time discussing BH solutions in modified theories of gravity,
broadly defined. We shall now turn our attention to BHs surrounded by various forms of mat-
ter. The influence of external matter fields on BHs has been the subject of significant study, at
least since thewell-knownKiselev space-timewas proposed [1092].While particular emphasis
has been placed on the possibility of quintessence surrounding BHs (see e.g. [1098–1117]),
here we shall consider a much more strongly motivated scenario: that is, one where the BH
is surrounded by DM. In fact, it is now an observationally established fact that DM is present
in (almost) all galaxies, and is therefore expected to accumulate around SMBHs inhabiting
galactic centers: therefore, it is worthwhile to consider how the surrounding DM back-reacts
on the BH metric.

53 It is of course no coincidence that this if of the order of the MOND acceleration [1093, 1094], as Rindler gravity
produces an interesting MOND-like phenomenology (see [1095–1097] for related work).
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The above question has been considered in several works [1118–1120]. Specifically, con-
sider a perfect fluid DM component, described by an equation of state w= 0. The metric func-
tion associated to such a configuration is then given by (see [1120]):

A(r) = 1− 2M
r

+
k
r
ln

(
r
|k|

)
, (117)

where k is an integration constant, ultimately physically connected to the amount of DM sur-
rounding the BH, and which characterizes a specific hair. We note that the above metric is
not the metric one would obtain when setting w= 0 in the well-known Kiselev metric [1118].
The reason, as explained in [1121], is that the Kiselev metric does not describe a space-time
surrounded by a perfect fluid in the sense we are using here: in fact, it is easy to show that the
energy-momentum tensor sourcing the Kiselev metric inevitably possesses shear stress com-
ponents, and therefore cannot describe a perfect fluid [1121]. This is not the case, instead, for
the space-time described by equation (117), which has been explicitly derived by starting from
a perfect fluid source term (see [1122–1141] for other relevant works).

While the size of the shadow cast by the BH described by equation (117) is easy to compute
numerically, we also note that a closed-form expression exists and is given by:

rsh =
9kW

(
2
3e

1
3+

2
k

) 3
2

2

√
2+ 3W

(
2
3e

1
3+

2
k

) (118)

where once more W denotes the principal branch of the Lambert W function. As a check,
we find equation (118) to be in perfect agreement with our numerical results. We show the
evolution of the shadow size as a function of the perfect fluid DM parameter k in figure 40,
where we see that the shadow size quickly decreases as k increases. We find that the EHT
observations set the upper limits k≲ 0.07M (1σ) and k≲ 0.15M (2σ). We are not aware of an
explicit discussion of the physical meaning of k in the literature. On dimensional grounds, we
expect the combination c2k/G to be related to the integrated amount of DM present in a shell
surrounding the BH. Given the physical situation at play, we would expect the upper limits
on k/M to constrain the integrated amount of DM present in a shell size of size given by the
photon sphere, although this does not allow us to estimate the (dimensionless) numerical factor
relating these two quantities. At any rate, a more complete discussion requires a full physical
interpretation of the parameter k, which is currently lacking in the literature: we plan to return
to this issue in future work, to which we defer a more comprehensive discussion on the topic.

3.36. Black hole with a topological defect

Topological defects play an important role in several different context of physical interest,
and likewise can be produced within a variety of different scenarios, including during phase
transitions in the early Universe [1142], or associated to the spontaneous breaking of symmet-
ries [1143–1146]. For example, global monopoles can arise in association to the breaking of a
globalO(3) symmetry down to aU(1) subgroup (this can be realized for instance with a triplet
of scalar fields ϕi), and their stability has been studied in various works [1147–1149]. The
gravitational field associated to a Schwarzschild BH carrying a global monopole charge was
first studied in [1150, 1151] (see also [1152]), and the corresponding BH solution is described
by the following metric function:

A(r) = 1− k− 2M
r

, (119)
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Figure 40. Same as in figure 3 for the BH surrounded by perfect fluid DM with metric
function given by equation (117), as discussed in section 3.35.

where the fundamental interpretation of k depends on the model being examined. For instance,
we can consider a triplet of scalar fields ϕi satisfying a global O(3) symmetry, described by
the following Lagrangian:

L=
1
2

(
∂ϕi
)2 − λ

4

(
ϕiϕi− η2

)2
, (120)

for which the associated global monopole is given by:

ϕi = ηf(r)
xa

|x|
, (121)

with f(r)→ 1 as |x| → 0, and k in equation (119) is given by k= 8πη2. In this case, k is there-
fore related to the amplitude of themonopole field. Interestingly, the samemetric can describe a
BH surrounded by a cloud of strings [1153], in which case k is associated to the gauge-invariant
density of the cloud of strings

√
−γρ= k/r2. In both cases, k characterizes a specific hair. See

also [1154–1168] for further works on BHs carrying global monopole charges or surrounded
by clouds of strings.

The above space-time is manifestly not asymptotically flat, itself a direct consequence of
the presence of the global monopole charge: in fact, it is globally conical. We can easily find
that the location of the photon sphere is given by:

rph =
3M
1− k

. (122)

To obtain the shadow size we can exploit the fact that A(rO)→
√
1− k as rO →∞ (and more

precisely for rO ≫M), although we need to pay attention to the mass parameter which sets
the scale of the shadow radius. In fact, performing the coordinate transformations t→ (1−
k)−1/2t ′, r→ (1− k)1/2r ′,M→ (1− k)3/2M ′, it is easy to see that the ADM mass is given by
M= (1− k)M ′. We then find that the shadow size is given by:

rsh =
3
√
3M√
1− k

. (123)
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Figure 41. Same as in figure 3 for the Schwarzschild-like BH with a topological defect
with metric function given by equation (119), as discussed in section 3.36.

The difference between whether we choose to report the shadow size in units of the ADM
massM or the parameterM appearing in equation (119), then, amounts to a factor of (1− k).
Here, we choose to report the shadow size in units of M, and show its evolution against k in
figure 41. We find that the EHT observations set the limits k≲ 0.005 (1σ) and k≲ 0.1 (2σ),
which correspond to limits on the amplitude of the global monopole field of η ≲ 0.014 and
η ≲ 0.06 respectively. Given the very tight limits on k, 1− k≈ 1 and the ambiguity associated
to reporting the shadow radius in units of M or M ends up making virtually no difference in
our final results.

3.37. Hairy black hole from gravitational decoupling

Obtaining exact solutions to Einstein’s equations in theories of gravity beyond GR is usually
a difficult, if not impossible, task. While one case where this is possible is that where a perfect
fluid acts as gravitational source, this ceases to be true as soon as the perfect fluid is coupled
to more complex forms of matter-energy. In recent years, a very interesting technique has
been proposed by Ovalle to overcome these difficulties: the minimal geometric deformation
approach and its latter extension, the extended gravitational decoupling approach. We shall
broadly refer to these approaches as ‘gravitational decoupling’. This approach was initially
proposed in the context of the Randall–Sundrum brane-world model [1169], but its power
was quickly realized, to the extent that it has now been applied to an enormous variety of
scenarios (see e.g. [1170–1219] for an inevitably incomplete list of examples). The strength
of the gravitational decoupling approach is at least three-fold: (i) it allows to construct new
viable BH solutions by extending simpler seed solutions; (ii) it can be used to systematically
decouple a complex source energy-momentum tensor into more simple tractable components;
and (iii) it can be utilized to find exact solutions in theories beyond GR. In the context of
the present discussion, our interest in this approach rests upon its potential to describe BHs
surrounded by various forms of matter. For complete details on the gravitational decoupling
approach, we refer the reader to [1169, 1183, 1192].
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Here, we shall base ourselves upon the work of [1220], where the authors applied the gravit-
ational decoupling approach to obtain a minimal deformation of the seed Schwarzschild space-
time describing a hairy BH sourced by spherically symmetric ‘tensor-vacuum’ θµν such that
the existence of a well-defined event horizon is preserved, while the (primary) hair associated
to the additional source does not violate the strong and dominant energy conditions. In short,
[1220] obtains a general solution describing a spherically symmetric space-timewhich violates
the NHT in a non-pathological way. In particular, the work finds that the charge associated to
the primary hair increases the entropy of the space-time compared to its Schwarzschild value.
Specifically, this BH solution is described by the following metric function [1220]:

A(r) = 1− 2M
r

+αexp

(
− r
M−αℓ/2

)
, (124)

where α and ℓ are the parameters which quantify deviations from the Schwarzschild metric,
both characterizing specific hairs, with 0⩽ ℓ⩽ 2M representing the charge associated to the
primary hair and the Schwarzschild space-time is recovered for αℓ= 2M (as well as in the
physically less interesting case α= 0). In particular, the combination ℓ0 = αℓ quantifies the
increase in the BH entropy from its Schwarzschild value S= 4πM2. The fluid surrounding
the BH which sources this space-time can be associated to DM.

For illustrative purposes, in order to focus our study on the charge parameter ℓ, we fix
α= 1.0, so that ℓ0 = ℓ. We compute the resulting shadow size numerically, and show its evol-
ution against ℓ in figure 42. We see that decreasing ℓ from ℓ= 2M decreases the shadow size,
consistently with earlier findings of some of us in [142]. For this particular choice of α, we see
that the EHT observations set the lower limits ℓ≳ 0.35M (1σ) and ℓ≳ 0.15M (2σ). These lim-
its can be translated into upper limits on the entropy increase compared to the Schwarzschild
value S= 4π (in units where M= 1). In particular, we find that the associated hair cannot
increase the entropy bymore than 3%. Broadly speaking, this places constraints on the strength
ofNHT violation, in the presence of hair which does not violate the strong and dominant energy
conditions. Finally, we stress that much as with a few cases studied earlier, these results only
correspond to a slice of the full α-ℓ parameter space, and fixing α to smaller (larger) values
would lead to weaker (tighter) constraints on ℓ (for more details see [142]).

3.38. Modified uncertainty principles (UPs)

The final scenarios we study can generically be referred to as ‘novel fundamental physics
frameworks’, which do not necessarily modify gravity (at least not directly, although as we
shall see they lead to a sort of ‘backreaction’ on the metrics of BHs in GR). We begin by
discussing modified UPs which go beyond the Heisenberg one.

While GR is strictly speaking not incompatible with QM, the introduction of gravity into
quantum field theories appears to spoil their renormalizability, which is one of themain reasons
why the construction of a full theory of quantum gravity has eluded us so far. Various proposals
for rendering gravity UV-complete have been explored, ranging from the addition of higher
order curvature terms (it is known that adding terms quadratic in the curvature tensor to the
Einstein–Hilbert action renders the theory renormalizable [1221–1223], albeit at the price of
a loss of unitarity), to the use of Lorentz violation as a field theory regulator [1224].

However, it has long been suspected that gravity should lead to an effective UV cut-off, in
turn leading to a minimum observable length and/or a maximum possible momentum, based
on gedanken experiments wherein the high energies used to resolve small distances eventually
‘disturb’ the space-time structure due to their gravitational effects, to the point that space-time
itself cannot be resolved below some distance. Support for these ideas range from various
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Figure 42. Same as in figure 3 for the hairy BH from gravitational decoupling with
metric function given by equation (124), as discussed in section 3.37.

general considerations, including within quantum gravity and QM [1225–1229], as well as
string theory [1230–1234] (see also [1235–1244]). In the presence of a minimum length scale,
gravity could therefore actually help rather than hamper achieving renormalizability.

These ideas have motivated approaches wherein the Heisenberg position-momentum com-
mutator [x,p] = i, or equivalently the Heisenberg UP ∆x∆p⩾ 1/2, receives (quantum grav-
itational) non-linear corrections [1245–1247]. Such approaches are typically referred to as
generalized uncertainty principle (GUP) or EUP, see e.g. [1248, 1249] for reviews. The nota-
tion and language when it comes to GUP and EUP is at times rather loose, but for consistency
here we shall use the term ‘GUP’ to refer to the case where Heisenberg’s UP receives correc-
tions non-linear in momentum, typically associated to minimum length scenarios. On the other
hand, we shall use the term ‘EUP’ to denote the case where the corrections are non-linear in
position, as occurring in scenarios which introduce a (typically large) new fundamental scale
(see e.g. [1250]). Here we shall first discuss GUP scenarios, before turning to EUP scenarios
afterwards.

3.38.1. Generalized uncertainty principle. Various GUP models non-linearly deforming the
Heisenberg UP have been proposed in the literature, in most cases driven by phenomenological
considerations themselves based on theoretical expectations. One of the earliest proposals is
that of Kempf, Mangano, and Mann, wherein Heisenberg’s position-momentum commutator
receives corrections non-linear in momentum, as per the following [1251]:

[xi,pj] = iδij
(
1+β1ℓ

2
Plp

2
)
, (125)

where ℓPl is the Planck length and β1 is a dimensionless parameter. In turn, equation (125)
implies the following corrected UP:

∆x∆p⩾ 1
2

[
1+β1ℓ

2
Pl(∆p)

2
]
, (126)

with minimum measurable length given by ∆x≈ ℓPl
√
β1.

72



Class. Quantum Grav. 40 (2023) 165007 S Vagnozzi et al

Adifferent GUP scenario which admits both aminimum length and amaximummomentum
was instead presented in [1252, 1253] (see also [1254–1256]), and modifies Heisenberg’s
position-momentum commutator as follows:

[xi,pj] = i

[
δij−β

(
δijp+

pipj
p

)
+β2

(
δijp

2 + 3pipj
)]

, (127)

where β = β0ℓPl and which in turn implies the following corrected UP:

∆x∆p⩾ 1
2

(
1− 2β⟨p⟩+ 4β2⟨p2⟩

)
. (128)

The minimum measurable length implied by equation (128) is given by ∆x≈ ℓPlβ0, whereas
the maximum momentum is given by ∆p≈ ℓPl/β0. Notice that the deformed commutators of
equations (125) and (127) have both been introduced on phenomenological grounds: however,
in both cases the expected value of β is of order unity, and can be obtained using low-energy
formulations of string theory [1257, 1258], by studying corrections to Hawking’s theorem
for the BH temperature obtained from two different approaches, or by computing the leading
quantum corrections to Newton’s gravitational potential [1259].

In the following, we shall consider the GUP characterized by equations (127) and (128).
GUP-deformed BH solutions have been studied in several papers, and here we shall build
upon the results of [1260–1262], where it has been shown that GUP effects physically lead
to what one could consider quantum corrections to the BH ADM mass, which is modified to
M=M+βM2

Pl/M
2, whereM can be interpreted as the ‘bare’ mass. Thus, the metric function

for a GUP-corrected Schwarzschild BH reads [1260–1262]:

A(r) = 1−
2M
(
1+ β

2M 2

)
r

, (129)

where β characterizes an universal hair.
Despite the fact that various GUP tests have been performed in the literature using BHs

and their environments (including their shadows), the form of the metric function given by
equation (129) raises the question of whether one can actually discriminate a GUP-corrected
BH from a ‘genuine’ Schwarzschild BH. In our case, we believe this might indeed be possible
for Sgr A∗, for the following reason which echoes the argument presented previously for MOG
in section 3.20. We interpretM as being the ‘bare’ mass of the system. Quantum effects which
correct M→M effectively change the total mass/energy of the system, as measured by an
observer at infinity (given the definition of ADM mass). However, a measurement of the BH
mass through dynamical probes sufficiently close to the event horizon will effectively probeM
and notM: this is indeed the case for the S-stars orbiting Sgr A∗ (and in particular the S2-star),
whose motion has been used to obtain the exquisite mass-to-distance ratio measurements we
adopt as priors. Moreover, the uncertainty on the mass (which does not disappear when we
later fix M= 1, but is simply transferred to the mass-to-distance ratio) is part of what allows
us to constrain the hair parameter β: we fix the bare mass, and ask how much of a change in
the total mass/energy of the system we can tolerate when varying the hair parameter. While
this physical interpretation has, to the best of our knowledge, never been explicitly discussed
in the literature, it is the assumption which de facto underlies the many BH metric-based GUP
tests (see e.g. [97, 1263–1266]).
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Figure 43. Same as in figure 3 for GUP-corrected BH with metric function given by
equation (129), as discussed in section 3.38.1.

Keeping in mind the assumptions and caveats discussed above, it is straightforward to show
that the shadow radius associated to the GUP-corrected BH with metric function given by
equation (129) is:

rsh = 3
√
3M= 3

√
3M

(
1+

β

2

)
. (130)

We show the evolution of the shadow size as a function of β in figure 43. We see that the EHT
observations set the upper limits β ≲ 0.01M2 (1σ) and β ≲ 0.14M2 (2σ). Restoring the Planck
mass to obtain the dimensionless GUP parameter β, we require β ≲ 0.14(M/MPl)

2 ∼ 2× 1088.
Unsurprisingly this is approximately six orders of magnitude stronger than the limit obtained
from the shadow of M87∗ in [97, 1264], as Sgr A∗’s mass is about three orders of magnitude
smaller. However, this same limit is still weaker by several orders of magnitude compared
to the limits obtained from independent tests such as perihelion precession, pulsar periastron
shift, light deflection, gravitational waves, gravitational redshift, Shapiro time delay, geodetic
precession, and quasiperiodic oscillations (see e.g. [1264, 1267, 1268]). Nonetheless, our limit
remains a valuable complementary constraint on an fundamental physics scenario of great
theoretical interest.

3.38.2. Extended uncertainty principle. In the GUP scenarios discussed so far, momentum
appears to play a preferred role. However, other possibilities discussed in the literature envisage
either a ‘democratic’ extension where both position and momentum play an equally important
role (see e.g. [1250] by one of us), or scenarios where the corrections to Heisenberg’s UP
depend only on the position operator itself. It is worth reminding the reader once more that
these deformations, while inspired by theoretical scenarios, are nonetheless introduced at the
phenomenological level. With these caveats in mind, in the following we shall consider an
EUP scenario, where Heisenberg’s UP is corrected as follows:

∆x∆p⩾ 1
2

[
1+α

(∆x)2

L2
⋆

]
, (131)
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Figure 44. Same as in figure 3 for the EUP-inspired BH with metric function given by
equation (132), as discussed in section 3.38.2. The black shaded band denotes the range
corresponding to galactic and sub-galactic scales L⋆ ∼O(0.1–10)kpc (with α= 1),
where EUP-related effects could potentially mimic dark matter.

where L⋆ is a new large fundamental distance scale, and α is generically expected to be of
order unity. It is fair to say that EUP scenarios have received much less attention than their
GUP counterparts, the reason possibly being that the need for new macroscopic gravitational
physics has only recently started to become appreciated. This is not unrelated to the recent
realization that when dealing with BHs, quantum gravity effects may be relevant not only on
microscopic scales, but perhaps more importantly on macroscopic horizon scales, and may
well be tied to puzzling theoretical aspects such as the information paradox or singularity
removal: see e.g. [1269–1271] for various proposals to address the information paradox which
envisage new physics appearing at the gravitational radius of a system rather than at the Planck
scale. Related recent works have put forward the possibility that the horizon itself may have
a quantum origin, for example within the corpuscular framework, wherein BHs are described
as Bose–Einstein condensates of N soft gravitons weakly confined to a region whose size is
comparable to the BH gravitational radius [1272–1276]. See [182, 1277–1280] for further
EUP-related works.

The effect of an EUP of the form given by equation (131) on BHs was studied in [1281].
The effect of the EUP is analogous to the GUP effect discussed in section 3.38.1, and amounts
to (quantum) corrections to the BH ADM mass. As a result, the metric function of an EUP-
corrected BH is given by [1281] (see also [1282, 1283]):

A(r) = 1− 2M
r

(
1+

4αM2

L2
⋆

)
, (132)

where α characterizes an universal hair. As is clear from equation (132), the EUP-inspired
corrections are large only when L⋆ is sufficiently small (this makes sense if we think of L⋆
as corresponding to an inverse energy scale). We show the evolution of the shadow size as
a function of log10(L⋆/

√
α), with L⋆ measured in pc, in figure 44. We find it convenient to

express L⋆ in these units since the possibility of partially mimicking the galactic effects of DM
has been discussed in the literature [1281], and relies upon L⋆/

√
α lying on O(0.1–10)kpc
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scales, i.e. those relevant to dwarf and spiral galaxies. From figure 44 we see that EUP effects
do not lead to visible changes in the shadow radius as long as L/

√
α≳ 10−5 pc. For smaller

values of L/
√
α, the shadow radius increases drastically. Values of L/

√
α≃ 10−6 pc are com-

pletely excluded by the EHT observations, as the resulting shadow is much larger than what
these observations allow. In addition, the black shaded band in figure 44 denotes the range
corresponding to galactic and sub-galactic scales L⋆ ∼O(0.1–10)kpc (with α= 1) discussed
previously, where EUP-related effects have been argued to potentially mimic the effects of
DM. On these scales, EUP effects leave no visible imprint on the size of Sgr A∗’s shadow: this
is to be expected, given that such scales are several orders of magnitude above the scale of Sgr
A∗’s gravitational radius, which is in the ∼O(10−7)pc range54.

3.39. Non-commutative geometry

Another approach (arguably enjoying stronger theoretical motivation compared to the ones dis-
cussed previously) which naturally introduces a minimum length scale occurs within NCGs.
The term NCG encompasses a rather large ensemble of approaches: while we shall here shall
use it in the sense of a space-time with non-zero commutation relations among the posi-
tion coordinates [1286], of enormous importance is the spectral approach to NCG pioneered
by Connes [1287]. The non-commutativity of space-time coordinates naturally encapsulates
the discrete nature of space-time expected within several high-energy frameworks, including
attempts towards constructing a theory of quantum gravity. For instance, this is a natural out-
come of string theory, where target space-time coordinates become non-commuting operators
on aD-brane [1288]. It is worth noting, however, that motivation for NCG covers a wide range
of frameworks going well beyond string theory.

One of the earliest approaches towards constructing a non-commutative field theory was
based on the Weyl–Wigner–Moyal ∗-product [1289–1293]. However, this approach left open
several important questions, concerning among others the issues of Lorentz invariance and
UV finiteness. This prompted the development of a different approach, the so-called coherent
state formalism, wherein physical coordinates are commuting c-numbers, built as expectation
values on coherent states [1294, 1295]: within this approach, one can construct an explicitly
UV-finite non-commutative field theory (see also [1296]). The literature on NCG is extremely
vast and it is not possible to do it justice here: for representative examples of important works
on NCG and its applications to various scenarios of interest, as well as related ideas, we refer
the reader to [1297–1346].

In the approach we shall follow, the non-commutativity of space-time will be encoded in
the commutation relation between space-time coordinates:

[xµ,xν ] = iϑµν , (133)

where ϑµν is an anti-symmetric real matrix. Within the coherent state formalism, the issues of
covariance and unitarity are solved if one assumes the following block-diagonal form for ϑµν :

ϑµν = ϑdiag(ϵij , ϵij , . . .ϵij) , (134)

54 Another modified uncertainty relation scenario with a minimal length and maximal momentum it could be inter-
esting to consider has been proposed in [1284, 1285]. To the best of our knowledge, BH, WH, and naked singularity
solutions within this model have not been derived. We defer a full study thereof to future work.
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where ϵij is the two-dimensional Levi-Civita tensor, and ϑ is a fundamental constant with
dimensions of length squared, and reflects the fact that within NCG the best possible localiz-
ation of a particle is within a fundamental cell of area ϑ. It has been shown in [1294, 1295]
that the main outcome of this approach is to replace point-like objects with smeared struc-
tures, a fact which can be seen explicitly by computing the NCG-induced modifications to the
Feynman path integral. This basically amounts to a substitution rule, where Dirac delta func-
tions are replaced by a distribution of ‘typical’ (in a loose sense) width

√
ϑ. The same of course

can and will occur for finite mass distributions, including the mass density of a particle-like
gravitational source: rather than being localized at the origin, this will be smeared and dif-
fuse throughout a region of typical width

√
ϑ, as a result of the uncertainty encoded in the

non-commutativity of the space-time coordinates in equations (133) and (134). Applying this
‘substitution rule’, [1347] was the first to study NCG-inspired BHs: we use the term ‘inspired’
since, in this approach, the choice of the function with which to replace the Dirac delta essen-
tially amounts to a phenomenological, but theory-inspired, choice. In the following, we shall
consider two different choices for such a function describing the smearing of the mass distri-
bution of a point-like gravitational source: a Gaussian in section 3.39.1 and a Lorentzian in
section 3.39.2.

3.39.1. Gaussian mass distribution. We begin by choosing a Gaussian mass distribution,
as first considered in [1347]. We note that this is the choice which enjoys strongest theoret-
ical motivation. In this case, the point-like mass distribution ρ(r) =Mδ(r) is replaced by the
following:

ρϑ(r) =
M

(4πϑ)
3
2

exp

(
− r2

4ϑ

)
, (135)

so that the point-like gravitational source diffuses throughout a region of size
√
ϑ. Given this

choice of mass distribution, the corresponding BH solution was studied in [1347] by con-
structing the (covariantly conserved) energy-momentum tensor corresponding to the energy
density of equation (135). The final result is that the metric function describing NCG-inspired
BHs within this scenario is given by [1347] (see also [1348–1362] for further works on NCG-
inspired BHs):

A(r) = 1− 4M
r
√
π
γ

(
3
2
,
r2

4ϑ

)
, (136)

where ϑ characterizes an universal hair, γ denotes the lower incomplete gamma function,
and the Schwarzschild metric is recovered in the limit r/

√
ϑ→∞. For

√
ϑ < 0.5252 the

above space-time possesses two horizons, whereas an extremal BHwith degenerate horizons at
r= 1.5873 is recovered for

√
ϑ= 0.5252. In the following, we shall focus on the

√
ϑ⩽ 0.5252

regime.
We compute the shadow size numerically, and show its evolution as a function of the NCG

parameter ϑ in figure 45. We find that the shadow size depends extremely weakly on ϑ, so
much so that the evolution cannot be appreciated by the naked eye. This is consistent with the
earlier findings of [1363].We find that for the extremal value

√
ϑ= 0.5252, the relative change

in the shadow size compared to that of a Schwarzschild BH with the same mass is of order
O(10−3). We therefore conclude that this particular NCG-inspired BH is in perfect agreement
with the EHT observations, but distinguishing it from its Schwarzschild counterpart appears
extremely unlikely, unless unrealistic angular resolutions of O(nas) can be reached (which is
extremely far from feasible).
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Figure 45. Same as in figure 3 for the NCG-inspired BH (with Gaussian mass distribu-
tion) with metric function given by equation (136), as discussed in section 3.39.1.

3.39.2. Lorentzian mass distribution. Remaining in the realm of NCG-inspired phenomen-
ology, another possibility which has been considered in the literature is that where a point-like
gravitational source is smeared across a non-Gaussian distribution. An example which has
been studied in this sense envisages a Lorentzian distribution (see e.g. [1364–1366]), so that
equation (135) is modified to the following:

ρϑ(r) =
M
√
ϑ

π
3
2 (r2 +πϑ)2

, (137)

where again the source diffuses across a region of linear size
√
ϑ. The resulting NCG-inspired

BHs were studied in [1365], and shown to be described by the following metric function (to
lowest order in

√
ϑ):

A(r) = 1− 2M
r

+
8M

√
ϑ√

πr2
, (138)

where ϑ characterizes an universal hair, and which is clearly of the RN-like form, so we can
write down the following closed-form expression for the shadow radius:

rsh =

√
2
√
π

(
3+

√
9− 64

√
θ
π

)
√

32
√

θ
π+

√
9−64

√
θ
π−3

8
√
θ

. (139)

We show the evolution of the shadow size as a function of the NCG parameter ϑ in figure 46.
Compared to the previous Gaussian mass distribution case, we now find a stronger effect on
the BH shadow size, which decreases with increasing ϑ. This is likely due to the fact that a
Lorentzian distribution has heavier tails compared to a Gaussian one with the same value of
ϑ. We find that the EHT observations set the upper limits ϑ≲ 0.02M2 (1σ) and ϑ≲ 0.04M2

(2σ), both comparatively weak as one would typically expect NCG effects to show up at much
smaller scales (see e.g. [1367]).
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Figure 46. Same as in figure 3 for the NCG-inspired BH (with Lorentzian mass distri-
bution) with metric function given by equation (138), as discussed in section 3.39.2.

3.40. Barrow entropy

Since the discovery of Hawking evaporation and the fact that a temperature can be associ-
ated to BHs [219, 1368], the intriguing connections between thermodynamics and gravity
have flourished and given birth to the vibrant field of BH thermodynamics [1369–1371]. The
Bekenstein–Hawking entropy relation envisages a simple proportionality relation between the
entropy and area of a BH [1368, 1372], and is unquestionably the most studied entropy relation
in the BH thermodynamics field. However, over the past decades various alternative entropy
relations have been explored, with a wide range of different theoretical motivations, includ-
ing the fact that the non-extensive nature of gravitational systems such as BHs calls for a
non-extensive entropy-area relation (unlike the Bekenstein–Hawking entropy): see e.g. [1373–
1382] for important examples thereof.

As first explicitly noted by one of us in [155], in the context of a BH the presence of a
modified entropy-area relation effectively back-reacts on other thermodynamical quantities,
including the BH’s mass. IfM is the BH ‘bare’ mass and S(A) = S(M) is the entropy-area/mass
relation in question, the ‘dressed’ mass M̃ is then given by M̃= (∂S/∂M)/8π. The necessity of
constructing a consistent thermodynamical system in the presence of a modified entropy rela-
tion is indeed an issue which has started receiving significant attention recently, see e.g. dis-
cussions in [1383–1386], as well as [1387].

A particularly interesting modified entropy relation has been considered by Barrow [1388],
motivated by possible space-time foam effects. Barrow entropy leads to a fractal structure for
the horizon with a volume which is finite (but larger than in the standard case), and area which
can be either finite or infinite. In the toy model considered by Barrow, a three-dimensional
fractal is built around the BH event horizon, modifying its total surface and volume55. In this
picture, the entropy-area law of a BH is modified to:

55 As Barrow himself stated, this modification was inspired by animations of the Covid-19 virus as a sphere with
several attachments leaving off its surface to increase its surface area in order to increase the total number of possible
latches to other cells.
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S=

(
A
4

)1+∆
2

, (140)

where ∆ characterizes an universal hair, 0⩽∆⩽ 1 is related to the dimension of the fractal,
with ∆= 0 resulting in the usual Bekenstein–Hawking entropy S= A/4, and ∆= 1 leading
the largest deviation of the BH entropy from the Bekenstein–Hawking value. Since its pro-
posal, Barrow entropy has been at the center of several interesting applications, among which
it is worth mentioning its use in driving a model of holographic dark energy [1389–1391] (see
also [1392–1415]).

As shown in [155] by one of us, the back-reaction of Barrow entropy on the Schwarzschild
metric modifies the ‘bare’ mass toM= (∆/2+ 1)(4π)∆/2M∆+1, so that the metric function
of the Barrow entropy-corrected BH is given by [155]:

A(r) = 1− (∆+ 2)M∆+1(4π)∆/2

r
. (141)

It is therefore trivial to show that the shadow size is given by56:

rsh = 3
√
3M= 3

√
3

(
∆

2
+ 1

)
M1+∆π∆/2 . (142)

The shadow size increases with increasing ∆, reflecting the fact that the BH surface area
increases due to the quantum gravity effects envisaged in [1388].

We show the evolution of the shadow size as a function of ∆ in figure 47. With the
same caveats already discussed previously for MOG in section 3.20, as well as GUP and
EUP scenarios in section 3.38 (see also [1385] for a different point of view), we clearly see
that the EHT observations set extremely strong constraints on the parameter ∆. In particu-
lar, we find the upper limit ∆≲ 0.001 at 1σ, tighter than cosmological constraints requiring
∆≲ 0.1888 [1416, 1417], but weaker than Big Bang Nucleosynthesis constraints requiring
∆≲ 1.4× 10−4 [1418]. At 2σ, we have the weaker constraint ∆≲ 0.035, which is nonethe-
less still stronger than the cosmological one. One particularly interesting consequence of these
limits is that the behavior of a holographic DE component based on Barrow entropy is preven-
ted from deviating significantly from the cosmological constant Λ, particularly in the phantom
regime, and for this reason we expect that Barrow entropy cannot play a significant role in the
context of the Hubble tension [1419–1423]: see e.g. [1424–1438] for relevant discussions in
relation to phantom dark energy. This highlights an interesting complementarity between BH
shadows and cosmology, already hinted to in some of our earlier results, and which we plan
to explore more in future works.

3.41. Other models and space-times

Although in this work we have covered a large number of scenarios, our limited resources
meant that we were inevitably forced to make a choice as to which models to study, leaving
out an even larger number of potentially interesting ones. Here, we very briefly comment on a
few interesting models which have been left out.

3.41.1. Vector-tensor Horndeski gravity. While Horndeski’s scalar-tensor theory [610] is
probably among the best known modified gravity frameworks, much less known is the fact

56 Note that equation (27) in [155] by one of us features a spurious factor of 2∆, which we have corrected here.

80



Class. Quantum Grav. 40 (2023) 165007 S Vagnozzi et al

Figure 47. Same as in figure 3 for the Barrow entropy-corrected BHwithmetric function
given by equation (141), as discussed in section 3.40.

that Horndeski also wrote down the most general 4D vector-tensor theory with second order
equations of motion [1439]. While not sharing the same success as its scalar-tensor coun-
terpart, the theory has started re-gaining interest recently (see e.g. [1440–1459]). The theory
allows for the coupling of vector fields to gravity through their field-strength tensors, and this
can be done for any vector field, including the gauge fields of the Standard Model. With Fµν

(possibly carrying additional gauge and/or family indices) denoting the field-strength tensor
of a gauge field, the gauge-gravity coupling is of the form:

L ⊃ λ

4M2
Pl

(
RFµνF

µν − 4RµνF
µαFν

α +RµναβF
µνFαβ

)
, (143)

with λ the dimensionless gauge-gravity coupling, which of course can take different values
for each gauge field.

In [1460], one of us derived upper limits on λ by estimating the order-of-magnitude of the
gauge-gravity coupling as∼λRF2/M2

Pl, withR andF the typical curvature and field-strength
tensor strengths respectively, and requiring that the Horndeski interaction term be weaker than
both the Einstein–Hilbert and Maxwell Lagrangian terms, in order for the associated effects
to be subdominant. This leads to upper limits of the order of:

|λ|≲
(
ℓR
ℓPl

)2

, (144)

where ℓR is the length scale of the system under consideration. For instance, in the case of BH
shadows one expects the correction to the shadow size due to the gauge-gravity interaction to
be of the order of:

δrsh
rsh

∼ λ

(
ℓPl
ℓR

)2

, (145)
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where ℓR ∼Mbh/M2
Pl, with Mbh the BH mass. Requiring that the fractional correction to the

shadow size be much smaller than unity results in the upper limit:

|λ|≲
(
Mbh

MPl

)2

. (146)

For M87∗, equation (146) gives the limit |λ|≲ 1088. Of course, with Sgr A∗ we can improve
this limit by about 6 orders of magnitude as a direct consequence of the fact that we are probing
a regime of much higher curvature (see figure 1), obtaining |λ|≲ 1082. This is still 7 order of
magnitude short of the strongest constraint obtained in [1460] from neutron stars, and is overall
weak in a broad sense. It is plausible that cosmological or GW constraints on this theory may
yield much stronger bounds but such constraints, to the best of our knowledge, are not yet
available.

3.41.2. Bumblebee gravity. Bumblebee gravity, first proposed by Kostelecký and Samuel in
[761] (see also [1461, 1462]), is a class of effective field theories of gravity exhibiting spontan-
eous Lorentz symmetry breaking driven by the dynamics of a vector field acquiring a VEV. As
such, the model constitutes an interesting playground for studying effects associated to spon-
taneous breaking of Lorentz symmetry, and has been the subject of a large number of studies
(see e.g. [395, 1058, 1162, 1463–1487]). An exact non-rotating BH solution in bumblebee
gravity was constructed in [1488], and is described by a single additional parameter ℓ, which
is related to the VEV of the bumblebee field, with the full metric given by:

ds2 =−
(
1− 2M

r

)
dt2 +(1+ ℓ)

dr2

1− 2M
r

+ r2dΩ2 , (147)

However, in this metric the only modifications to the Schwarzschild space-time appear in the
grr term, and do not therefore change the size of the shadow, which remains 3

√
3M. Therefore,

for the purposes of the metric test presented in this work, BHs in bumblebee gravity are not
distinguishable from a Schwarzschild BH with the same mass. A rotating version of this solu-
tion was derived in [1489] (see also [1490]): for what concerns the shadow size computation,
this BH has the same form of the Kerr metric, with an effective spin given by a⋆

√
1+ ℓ, and

therefore can only be sensibly constrained if one has an independent spin measurement. We
note, however, that the correctness of this BH solution was criticized in [1491] (see also [1492,
1493]).

3.41.3. Dynamical Chern–Simons gravity. Dynamical Chern–Simons gravity modifies the
Einstein–Hilbert action by adding a scalar field ϑ with a standard kinetic term and a potential,
and coupling this field to the Pontryagin density obtained by contracting the Riemann tensor
with its dual, as follows [1494, 1495]:

L ⊃ α

4
ϑRµνρσ

∗Rµνρσ , (148)

where the dual of the Riemann tensor is given by:

∗Rµνρσ =
1
2
ϵρσαβRµν

αβ . (149)

Such a coupling enjoys strong motivation from various theoretical scenarios, including string
theory, LQG, effective field theories of inflation, and so on, and has been extensively studied
in the literature [1496–1510].
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As shown in [1494], non-rotating BHs in dynamical Chern–Simons gravity are still
described by the Schwarzschild space-time. Physically speaking, this is a consequence of
the fact that the stationary Cotton tensor vanishes on a spherically symmetric background.
Therefore, at the level of non-rotating solutions as considered in the present work, the EHT
observations cannot be used to test dynamical Chern–Simons gravity. Rotating BH solutions
in this theory have been considered in various works. While exact solutions valid for all val-
ues of the spin are not known, a number of slowly-rotating solutions have been derived in the
literature [1511–1515].

3.41.4. Casimir wormhole. The Casimir effect, i.e. the force exerted between two plane par-
allel, close, uncharged, metallic plates in vacuum, was predicted theoretically almost a century
ago [1516], and later verified experimentally. The associated Casimir energy has long been
known to be a potential candidate source to generate and support a traversable WH (see e.g.
[369, 1517], as well as [1518–1527] for later works). In [1528], Garattini explicitly construc-
ted various interesting traversable WH solutions supported by Casimir energy. One example
is described by the following metric:

ds2 =−
(

3r
3r+ a

)2

dt2 +
dr2

1− 2a
3r +

a2
3r 2

+ r2dΩ2 , (150)

where a is the throat radius. From the above we can immediately read off that the WH’s ADM
mass is M= 3a, so that the metric function can be rewritten as:

A(r) =

(
r

r+M

)2

. (151)

It is easy to see that the above metric function is identical to the metric function of the null NS
considered in section 3.15. The key difference between the two, rendering one a WH and the
other a NS, lies in the grr metric element. However, this does not impact the computation of the
photon sphere and associated shadow size. Just as for the null NS, we find that the CasimirWH
does not have a photon sphere (formally the solution to the equation determining the photon
sphere is rph = 0). We would nonetheless expect it to cast a shadow of size rsh =M, which is
immediately ruled out at very high significance by the EHT observations. However, a definitive
answer as to whether or not the Casimir WH casts a shadow would require a light trajectory
analysis similar to the one performed by some of us in [74] for the null NS (see figure 1(f)
thereof), given the presence of the WH throat at r=M/3, which may prevent the results of
[74] from fully carrying over here. We defer this analysis to a future work.

3.41.5. T-duality. In string theory, T-duality is an important symmetry relating the physical
properties of two otherwise unrelated backgrounds (loosely speaking, one at large radii and
the other one at small radii), which however behave identically as far as physical observables
are concerned [1529]. However, T-duality is not an exclusive property of string theory, and
has been observed to emerge quite generally in a number of other systems [1530], wherein the
path integral is invariant under exchange of the infinitesimal path lengthDx→ 1/Dx. Recently,
an important application of T-duality consisted in the formulation of a finite electrodynamics
theory driven by a T-dual photon propagator [1531, 1532], which naturally incorporates a min-
imum length ℓ0. String-inspired T-duality corrections to BH space-times have been studied in
[1533], and subsequently in [1534] by one of us. There, it was found that the resulting BH
solution is identical to the Bardeen regular BH considered in section 3.2, with the minimum
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length ℓ0 playing the role of Bardeen charge qm in equation (20). Therefore, we can automatic-
ally translate the results obtained in section 3.2 to the T-duality scenario, finding that the EHT
observations are unable to place meaningful constraints on the minimum length ℓ0, at least
based on the metric test considered here.

4. Brief discussion

Having tested a wide variety of models and fundamental physics scenarios, our goal here is to
provide a very brief bird’s-eye overall discussion of our results, while also providing an out-
look on complementary constraints and future prospects. We note that a much more complete
discussion, at least as far as complementary constraints from additional probes is concerned,
is provided in section 6 of [20], to which we refer the reader who wishes to examine the topic
more in depth. Several of the scenarios we have considered featured dimensionful parameters,
either tied to fundamental Lagrangian parameters, appearing as integration constants (possibly
tied to conserved charges/hair parameters), or introduced on phenomenological grounds. For
these parameters, the constraints we have obtained (upper or lower limits) are typically of order
O(M), withM Sgr A∗’s mass. This is not unexpected, given the fact that BH shadow imaging
probes horizon scales of order M, that the EHT resolution is comparable to Sgr A∗’s grav-
itational radius, and also given the results of related earlier works based on M87∗’s shadow
(whose constraints we have nonetheless improved typically by at least 3 orders of magnitude).
Where available, we have reported constraints on the same scenarios based on complementary
probes such as cosmology, GWs, and x-ray reflection spectroscopy to mention a few: typic-
ally, these constraints are much stronger than the ones we have obtained from the shadow of
Sgr A∗.

The above points clearly raise the question of whether there is value in performing shadow-
based tests of fundamental physics, if the resulting limits are so weak.We believe the answer is
a resounding yes! Although in figure 1we have only shown a small region of the Baker–Psaltis–
Skordis potential-curvature plot, it is clear that BH shadows probe a regime which cannot oth-
erwise be tested by other observations: therefore, regardless of the weakness of the resulting
limits, verifying that GR holds (or at the very least is not in strong tension with observations)
in this region of parameter space as well as within other widely distant regimes provides a
very non-trivial consistency check/null test of the theory. This point was strongly emphas-
ized in [20], to which we refer the reader for further discussions (see in particular figure 23
thereof). Nonetheless, we have also noted that for the case of dimensionless parameters we
have been able to obtain comparatively strong constraints, in some cases competitive with or
even stronger than cosmological ones, particularly within scenarios where the extra parameter
makes the BH shadow larger.

The above discussion, however, raises another question: can one truly straightforwardly
compare constraints based on BH shadows to those obtained from these other probes? This is
not a simple question. If one has a specific model in mind, then this is in principle possible,
provided one is able to exactly compute the signature expected in these complementary probes,
within a given model, from first principles. However, this is not always simple: in fact, in
most cases, this is not even possible. To model cosmological observations, leaving aside the
spiny issue of non-linearities, one needs to solve the full Einstein–Boltzmann system, whose
derivation is in general not simple for an arbitrary fundamental model57. For GWs, if the field

57 In fact, one often works with parametrizations which capture the effect of new physics in a model-agnostic way,
but are not necessarily tied to any fundamental model.
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Table 2. Summary of our results. The first four columns indicate respectively the
model’s name (‘BH’, ‘WH’, and ‘NS’ stand for ‘black hole’, ‘wormhole’, and ‘naked
singularity’), the corresponding section, the main references for the corresponding solu-
tion (these are not necessarily the references where the underlying model was first pro-
posed or discussed), and the equation(s) where the metric function(s) are presented,
alongside further restrictions on the values of the hair parameter(s). The final column
summarizes the 1σ and 2σ constraints on the hair parameters: ‘unconstrained (consist-
ent)’ indicates that the parameter is unconstrained because for all parameter values the
shadow size is consistent with the EHT observations (for AS gravity this occurs only
for the 2σ constraints), whereas ‘excluded’ indicates that the model is excluded for all
parameter values. The final five rows are separated from the previous ones and formatted
differently to indicate that these models were only briefly discussed in section 3.41.

Model Section References A(r), C(r)
Constraints
(1σ, 2σ)

Reissner–Nordström
BH

Section 3.1 [319–322] Equation (18),
Q/M ⩽ 1

Q ≲ 0.8M, 0.95M

Reissner–Nordström
NS

Section 3.1 [319–322] Equation (18),
1 < Q/M ⩽√

9/8

Excluded

Bardeen BH Section 3.2 [330] Equation (20) qm unconstrained
(consistent)

Hayward BH Section 3.3 [335] Equation (21) ℓ unconstrained
(consistent)

Frolov BH Section 3.4 [341] Equation (22),
ℓ= 0.3

q ≲ 0.8M, 0.9M

Einstein–Bronnikov
BH

Section 3.5 [349] Equation (26) qm ≲ 0.8M,M

GCSV BH Section 3.6 [351–353] Equation (27) g ≲ 0.8M,M
Kazakov–Solodukhin
BH

Section 3.7 [365] Equation (28) ℓ ≲ 0.2M,M

Ghosh–Kumar BH Section 3.8 [367] Equation (30) k ≲ 1.4M, 1.6M
Simpson–Visser BH Section 3.9 [417] Equation (33),

a/M< 2
a unconstrained
(consistent)

Simpson–Visser WH Section 3.9 [417] Equation (33),
2 ⩽ a/M< 3

a unconstrained
(consistent)

Morris–Thorne WH Section 3.10 [454] Equations (35)
and (36)

Excluded

Damour–Solodukhin
WH

Section 3.11 [461] Equation (37) λ ≲ 0.4, 0.5

Janis–Newman–
Winicour NS

Section 3.12 [506] Equation (39) ν ≲ 0.4M, 0.45M

Joshi–Malafarina–
Narayan-1 NS

Section 3.13 [520] Equation (41),
2/3 ⩽ χ < 1

χ unconstrained
(consistent)

Thin shell matter NS Section 3.14 [526] Equations (43)
and (44),
χe = 0.6,
Rb2 ≈ 0.33

Rb1 ≳ 1.5M, 2M

Null NS Section 3.15 [74] Equation (46) Excluded
Minimally coupled
scalar with potential

Section 3.16 [128, 536, 537] Equation (50) ν ≲ 0.01M, 0.4M

BH with conformal
scalar hair

Section 3.17 [128, 538] Equation (53),
0 ⩽ S<M 2

S ≲ 0.65M 2,
0.9M 2

WH with conformal
scalar hair

Section 3.17 [128, 538] Equation (53),
S< 0

S ≳−0.04M 2,
− 0.4M 2

Clifton–Barrow f (R)
gravity

Section 3.18 [609] Equation (56) δ ≳−0.15,−0.20

BH in Horndeski
gravity (case 1)

Section 3.19.1 [644] Equation (64),
−M 2/8π <
peff ⩽ 0

peff ≳−0.005M 2,
− 0.01M 2

(Continued.)
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Table 2. (Continued.)

Model Section References A(r), C(r)
Constraints
(1σ, 2σ)

WH in Horndeski
gravity (case 1)

Section 3.19.1 [644] Equation (64),
peff > 0

peff ≲
0.002M 2, 0.01M 2

BH in Horndeski
gravity (case 2)

Section 3.19.2 [645] Equation (68) −0.01,−0.15 ≲ h
≲ 0.40, 0.60

MOdified Gravity Section 3.20 [682] Equation (72) α ≲ 0.01, 0.1
Brane-world BH Section 3.21 [728] Equation (75),

q ⩾ 0
q ≲ 0.15, 0.2

Brane-world WH Section 3.21 [728] Equation (75),
q< 0

q ≳−0.01,−0.1

Einstein–Euler–
Heisenberg BH

Section 3.22 [104] Equation (78),
µ= 0.3, qm < 1

qm ≲ 0.7M, 0.8M

Sen BH Section 3.23 [744] Equation (82),
qm ⩽

√
2

qm ≲ 0.6M, 0.75M

Kalb–Ramond BH Section 3.24 [760] Equation (84),
Γ = 0.5

k ≲ 1.2, 1.5

Einstein–Maxwell-
dilaton-1 BH

Section 3.25 [745, 746, 770] Equation (86),
q ⩽

√
2M

q ≲ 0.8M,M

Einstein–æther type
1 BH

Section 3.26 [784, 785] Equation (91) c13 ≲ 0.1, 0.75

Einstein–æther type 2
BH

Section 3.26 [784, 785] Equation (92),
c13 = 0.99

1.3 ≲ c14 ≲ 1.4

4D Einstein–Gauss–
Bonnet gravity

Section 3.27 [848] Equation (95),
α ⩽M 2/16π

α unconstrained
(consistent)

Asymptotically safe
gravity (IR limit)

Section 3.28 [930] Equation (98),
ω̃ <M 2

ω̃ ≲ 0.9M 2,
unconstrained
(consistent)

Rastall gravity Section 3.29 [972] Equation (100),
Ns = 0.005,
ω= 0, κ ⩽ 1/6

κ unconstrained
(consistent)

Loop quantum
gravity

Section 3.30 [1014] Equation (101),
a0 = 0

P ≲ 0.05, 0.08

Kottler BH Section 3.31 [213] Equation (102),
0 < Λ<

√
3M

log10(Λ[m
−2] ≲

−41.0,−40.5
Electromagnetic-
Weyl
coupling (PPL)

Section 3.32 [1052] Equation (107) α ≲ 0.01M 2,
0.2M 2

Electromagnetic-
Weyl
coupling (PPM)

Section 3.32 [1052] Equation (107) α ≲ 0.25M 2,
0.3M 2

DST BH Section 3.33 [1065] Equation (111) σ ≲ 0.04, 0.05
Rindler gravity Section 3.34 [1076] Equation (115) log10(a[pc

−1]) ≲
−8,−7

BH surrounded by
PFDM

Section 3.35 [1120] Equation (117) k ≲ 0.07M, 0.15M

BH with a
topological defect

Section 3.36 [1150, 1151] Equation (119) k ≲ 0.005, 0.1

Hairy BH from
gravitational
decoupling

Section 3.37 [1220] Equation (124),
α= 1.0

ℓ ≳ 0.35M, 0.15M

GUP BH Section 3.38.1 [1260–1262] Equation (129) β ≳
0.01M 2, 0.14M 2

EUP BH Section 3.38.2 [1281] Equation (132) log10(L⋆[pc]/
√
α)

≳−5,−4
Non-commutative
geometry (Gaussian)

Section 3.39.1 [1347] Equation (136),
ϑ ⩽ 0.5252

ϑ unconstrained
(consistent)

Non-commutative
geometry
(Lorentzian)

Section 3.39.2 [1365] Equation (138) ϑ ≲ 0.02M 2,
0.04M 2

Barrow entropy Section 3.40 [155] Equation (141) ∆ ≲ 0.001, 0.035

(Continued.)
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Table 2. (Continued.)

Model Section References A(r), C(r)
Constraints
(1σ, 2σ)

Vector-tensor
Horndeski gravity

Section 3.41.1 [1439, 1460] — |λ| ≲ 1082?

Bumblebee gravity Section 3.41.2 [1489–1491] — ℓ unconstrained
(consistent)?

Dynamical
Chern–Simons
gravity

Section 3.41.3 [1494] — α unconstrained
(consistent)?

Casimir WH Section 3.41.4 [1528] Equation (151) Excluded?
String-inspired
T-duality-corrected
BH

Section 3.41.5 [1534] — ℓ0 unconstrained
(consistent)?

equations cannot be solved exactly, in general one can only obtain conservative limits on new
physics provided the BH metric is known. Finally, for x-ray observations, one needs to known
the corresponding rotating BH solution, which again is not always known or even easy to
obtain.

Even if we leave aside the above problems, there remains the issue that several tests of
gravity are not based on specific models, but rather on model-agnostic parametrized tests,
each based on different frameworks and optimal only for the particular systems studied:
among the many examples, we mention the PPN expansion [1535], post-Keplerian paramet-
rizations [1536], parametrized post-Einstein frameworks [1537], effective-one-body frame-
works [1538], post-Newtonian frameworks [1539], and so on. The differences between these
types of tests do not allow for a simple cross-comparison (if such a comparison is possible at
all) with the results obtained from BH shadows, particularly without reference to any specific
fundamental model. However, as emphasized in section 6 of [144] (to which we once more
encourage the reader to refer to), the wide range of assumptions and conditions involved allow
at the very least for important null tests/consistency checks of GR. In fact, if no deviation
from GR is observed in any of these probes, barring extremely unlikely fine-tuning or fortuit-
ous cancellations, large deviations from the Kerr–Newman family of metrics are very hard to
accommodate. Of course, going from such a consistency check to constraints on specific the-
ories remains difficult, but there is no doubt that such consistency checks are highly valuable
in their own right.

A related concern was raised in [58], where it was pointed out that theO(M) upper limits on
fundamental physics obtained from BH shadows, when extrapolated to the potential-curvature
regime probed by GW observations, would allow for extremely large deviations in the latter,
which are not observed. This is simply another way of stating the fact that GW constraints are
in principle much tighter than BH shadows-based ones. However, most viable models beyond
GR (including many of the ones we have considered) are equipped with screening mechanisms
which allow them to pass Solar System tests of gravity [254, 1540, 1541]. The computation
of the expected GW signal in the presence of such screening mechanisms can be significantly
more complicated, and is an issue which has not yet been addressed in full generality (see e.g.
[1542–1546] for important works).

Still along the above line, it is also worth noting that GWs are sensitive to the dynamics
of the theory, and in particular to the propagating gravitational modes, whereas BH shadows
provide a static test of photons propagating along the BH background (see e.g. [1547–1549] for
important discussions in this sense). This distinction can become particularly important in the
presence of screening mechanisms, and further hinders a direct, straightforward comparison
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between constraints obtained from BH shadows and GWs or, for that matter, other dynamical
probes of gravity in the strong-field regime, particularly if based on model-agnostic paramet-
rizations which do not necessarily (if at all) take the effect of screening into account. These
difficulties notwithstanding, a more detailed exploration of these points, and more generally
of how to cross-compare and combine BH shadow tests with complementary tests, is clearly
warranted, and we certainly plan to return to these issues in future works.

In closing, we briefly comment on how the constraints we have obtained can be improved by
future probes. We expect improvements at the very least on two fronts: (i) improvements in the
precision of the (already exquisitely precise) mass-to-distance ratio priors for Sgr A∗, and (ii)
improvements in the angular resolution achievable by VLBI arrays. Regarding the first point,
significant improvements can be expected from GRAVITY+, the upgrades to GRAVITY and
the VLTI instrument, featuring wide-separation fringe tracking, new adaptive optics, and laser
guide stars. Thesewill enable all-sky, high contrast,µas interferometry, which can significantly
improve the precision to which sources orbiting around Sgr A∗ can be tracked, thereby improv-
ing the determination of Sgr A∗’s mass. The first phase of GRAVITY+, named GRAVITY
Wide, has just begun, and we can therefore expect more precise measurements in the near
future [1550]. Further improvements can also be expected from MATISSE, a second gen-
eration mid-infrared imaging spectro-interferometer for VLTI, which has recently seen first
light [1551].

On the VLBI side, significant improvements can be expected from the next-generation EHT
(ngEHT), the planned upgrade to the EHT array, which will double the number of array anten-
nas and incorporate dual-frequency receivers, while more than doubling the sensitivity and
dynamical range compared to the current EHT capabilities [1552]. The ngEHT is expected
to begin the commissioning phase no earlier than 2027, so improvements in this sense may
be expected in the next decade. Even more futuristic upgrades to the EHT involving space-
based telescopes can further improve the achievable angular resolution by more than an order
of magnitude, potentially reaching O(µas) resolutions [1553]. Looking even further into the
future (most likely no earlier than 2060), x-ray interferometry (XRI) through constellations of
satellites is an interesting possibility which may achieve sub-µas angular resolution [1554].
However, XRI is best suited for imaging SMBHs with optically thick disks, and the corres-
ponding images would therefore not probe the photon sphere, but the inner edge of the accre-
tion disk, whose location however is expected to dependmore strongly on the BH spin, making
it absolutely necessary tomove beyond the spherically symmetric space-times considered here.

We expect that the improvements on the mass measurements and VLBI sides discussed
above will allow for substantial improvements in the limits we have obtained, which should
be strengthened by at least a couple of orders of magnitude. Of course, by the time these lim-
its are obtained, we expect complementary limits (e.g. from GWs and cosmology) to have
become tighter as well. Additional improvements on the BH shadow side can be achieved if
a robust measurement of the spin of Sgr A∗ (or, for that matter, of other BHs being imaged)
can be obtained. In this case, the use of techniques based on orbital angular momentum and
twisted light in the vicinity of the BH appears promising, although for Sgr A∗ the use of these
techniques may be challenging due to its very short dynamical timescale [85, 1555, 1556]. In
closing, we further note that VLBI images allow for a wide variety of tests of fundamental
physics beyond those we have considered here, including but not limited to tests of the equi-
valence principle based on multi-frequency images [105], to probes of ultra-light particles and
other aspects of fundamental physics based on shadow evolution [92, 150, 159, 169], spin
measurements [1557], and polarimetric measurements [1558, 1559], and various tests of fun-
damental physics based on the BH photon ring, its auto-correlation, and other probes [40, 169,
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1560–1564]. Studies on these and related possibilities are underway, and we expect to report
on these in future works.

5. Conclusions

Horizon-scale images of SMBHs and their shadows have opened a new unparalleled window
onto tests of gravity and fundamental physics in the very strong-field regime, including the pos-
sibility that astrophysical BHsmay be described by alternatives to the Kerr metric. In this work,
we have used the horizon-scale images of Sgr A∗ provided by the EHT [15–24] to test some of
the most popular and well-motivated scenarios deviating from the Kerr metric58. Compared to
horizon-scale images of M87∗, there are significant advantages in the use of images of Sgr A∗,
as we discussed towards the end of section 1, with the most notable advantage being that Sgr
A∗’s proximity to us results in an exquisite calibration of its mass-to-distance ratio, essential
for connecting the angular size of its shadow to theoretical predictions within a given model.
Our tests have been performed by connecting the angular size of the bright ring of emission
to that of the underlying BH shadow, and utilizing prior information on Sgr A∗’s exquisitely
calibrated mass-to-distance ratio: this is a robust and well-tested methodology, adopted for
instance by the EHT collaboration themselves [20, 144]. We also note that our tests are para-
metric, and are complementary to theory-agnostic tests which can simultaneously constrain
several theories, and which have been considered elsewhere (see e.g. [52, 194, 195]).

We have studied over 50 well-motivated scenarios, including both fundamental theoret-
ical scenarios and more phenomenological ones, considering in particular (see table 2 for a
summary of the models considered as well as the corresponding results): various regular BH
space-times; string-inspired space-times; metrics arising within NLED theories; space-times
violating the NHT due to the presence of additional fields (including but not limited to scalar
fields); alternative gravity theories; fundamental frameworks leading to new ingredients such
as modified commutation or entropy relations; and finally BH mimickers including various
WH and NS solutions. For almost all of the space-times considered, we have found that the
EHT observations set limits on fundamental dimensional parameters of order O(0.1) times
some power of mass M, which is not surprising considering that the EHT angular resolution
is comparable to Sgr A∗’s gravitational radius, so constraints of this order should be expected.
For dimensionless parameters, we have found constraints of the order orO(0.1) or stronger (in
some cases surpassing complementary constraints from cosmology). Overall, we have shown
that the EHT horizon-scale images of Sgr A∗ place particularly tight constraints on funda-
mental physics scenarios which predict shadows larger than that of a Schwarzschild BH of
the same mass, as the EHT observations on average prefer a shadow size which is slightly
smaller than the latter, given the Keck and VLTI priors on the mass-to-distance ratio (this had
also been noted in [20]). Finally, we have shown that the metric tests considered in this work
do not exclude the extremely intriguing possibility of Sgr A∗ being a BH mimicker, in the
context of various WH and NS space-times we have studied.

There is certainly ample opportunity for further work in this very promising direction. First
of all, for obvious reasons we were forced to make a selection when considering which fun-
damental scenarios to study, and many interesting models were inevitably left out: we plan
to return to these in future works. These scenarios could include viable models for the DM

58 See [1565] for a similar set of tests making use of flare data from Sgr A∗.
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and dark energy permeating the Universe, as well as well-motivated alternatives to GR59: in
this sense, a detailed investigation of the synergy between BH shadows, GWs, cosmological
and astrophysical probes, and laboratory tests of gravity and fundamental physics is certainly
a direction worth pursuing (see e.g. [191]), as one can expect a very strong complementarity
across these probes, although with all the caveats discussed in section 4. A future study could
also include the effects of rotation on all the space-times considered. In closing, BH shadows
have opened an unprecedented window onto gravity and fundamental physics in the era of
multi-messenger astrophysics, and we have only just begun exploring their potential (see e.g.
[1581–1630] for other works along similar lines, first appearing or updated around the same
time or after our preprint had been posted to arXiv).
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Note added

We had independently started this work before the EHT press conference announcing the
new observations of Sgr A∗ on 12 May 2022. Some of the models we tested (specific-
ally the Reissner–Nordström, Bardeen, Hayward, Frolov, Janis–Newman–Winicour, Joshi–
Malafarina–Narayan, Kazakov–Solodukhin, and Einstein–Maxwell-dilaton space-times) have

59 Concerning alternatives to GR, it could be particularly interesting to examine possible constraints on torsion and
non-metricity, especially in light of the so-called ‘geometrical trinity of gravity’ [1566], which offers three com-
plementary descriptions of gravity in terms of the effects of curvature, torsion, and non-metricity. Static spherically
symmetric within teleparallel f (T) gravity and non-metricity (symmetric teleparallel) f (Q) gravity have been obtained
in recent years, see e.g. [1567–1576]: we defer a dedicated study of torsion and non-metricity constraints from BH
shadows to a follow-up work. Other solutions it would be interesting to study include those of [1577–1580].
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also inevitably been tested by the EHT collaboration in [20]. However, in this work we have
considered other models and scenarios beyond those considered by the EHT collaboration.
We have verified that, for the overlapping models, both results agree, therefore providing a
valuable and independent cross-check.
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[833] Jiroušek P, Shimada K, Vikman A and Yamaguchi M 2022 J. Cosmol. Astropart. Phys.

JCAP11(2022)019
[834] Sebastiani L, Vagnozzi S and Myrzakulov R 2017 Adv. High Energy Phys. 2017 3156915
[835] Deruelle N and Rua J 2014 J. Cosmol. Astropart. Phys. JCAP09(2014)002
[836] Myrzakulov R and Sebastiani L 2015 Gen. Relativ. Gravit. 47 89
[837] Myrzakulov R, Sebastiani L, Vagnozzi S and Zerbini S 2016 Class. Quantum Grav. 33 125005
[838] Chen C-Y, Bouhmadi-López M and Chen P 2018 Eur. Phys. J. C 78 59
[839] Nashed G G L, El Hanafy W and Bamba K 2019 J. Cosmol. Astropart. Phys. JCAP01(2019)058
[840] Sheykhi A and Grunau S 2021 Int. J. Mod. Phys. A 36 2150186
[841] Gorji M A, Allahyari A, Khodadi M and Firouzjahi H 2020 Phys. Rev. D 101 124060
[842] Sheykhi A 2020 J. High Energy Phys. JHEP07(2020)031
[843] Casalino A, Sebastiani L and Zerbini S 2020 Phys. Rev. D 101 104059
[844] Nashed G G L and Nojiri S 2021 Phys. Rev. D 104 044043
[845] Nashed G G L and Nojiri S 2022 J. Cosmol. Astropart. Phys. JCAP05(2022)011
[846] Nojiri S and Nashed G G L 2022 Phys. Lett. B 830 137140
[847] Lovelock D 1971 J. Math. Phys. 12 498
[848] Glavan D and Lin C 2020 Phys. Rev. Lett. 124 081301
[849] Casalino A, Colleaux A, Rinaldi M and Vicentini S 2021 Phys. Dark Universe 31 100770
[850] Fernandes P G S, Carrilho P, Clifton T and Mulryne D J 2022 Class. Quantum Grav. 39 063001
[851] Lu H and Pang Y 2020 Phys. Lett. B 809 135717
[852] Kobayashi T 2020 J. Cosmol. Astropart. Phys. JCAP07(2020)013
[853] Ai W-Y 2020 Commun. Theor. Phys. 72 095402
[854] Arrechea J, Delhom A and Jiménez-Cano A 2021 Chin. Phys. C 45 013107
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